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ABSTRACT

Research in mathematics education offers a considerable
body of evidence that both high and low-achievers can
benefit from learning mathematics in meaningful contexts.
This case study offers an in-depth analysis of the learning
process of a low-achieving student in the context of Realistic
Mathematics Education (RME). The focus is on the use of
productive and counter productive strategies in learning
fractions. We found support for our idea that low-achievers
do benefit from RME, but experience difficulties in the
formalization process with regard to fractions. We seize upon
the observed difficulties by discussing the implications of
uniform standards in mathematics education.

INTRODUCTION

In this article we describe a case study of a low performing
student in mathematics who learned fractions in a newly
designed program. In this, fraction teaching found a place in
a setting where meaning was negotiated and where the
number line and the bar were central models to support the
students in developing fraction strategies. We reported else-
where on the development of the program and its impact on
the learning processes and outcomes of students in grade 6
(9-10 years) (Keijzer, 1994; Keijzer & Lek, 1995; Keijzer &
Buys, 1996; Keijzer, 1997; Keijzer, 1999; Keijzer & Terwel, 2000;
Keijzer & Terwel, 2001). We found that students in this
experimental program outperformed students in a control
group, where the students mainly worked individually and
where the circle was the major fraction model (Keijzer & Terwel,
2000; Keijzer & Terwel, 2003).

The student we write about in the present study, Shirley,
belongs to the 25 percent weakest in mathematics in her age
group, as judged within a national context (Janssen, Kraemer
& Noteboom, 1995). Janssen, Kraemer & Noteboom consider
students in this group to be low-achievers that need special
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teacher’s attention. In the present case study we observe low-
achiever Shirley having major difficulties in learning fractions
and answer the question why fractions are that difficult for
Shirley. Moreover, regarding the limitations of case-study
research, we consider to what extent findings concerning Shirley
can be generalized for low-achievers like her.

This case study is part of a larger research project in which
we analyzed the development of grade 6 students (9-10 years)
learning fractions in two different programs (Keijzer & Terwel,
2000; Keijzer & Terwel, 2003; Keijzer, 2003). All students in this
project were observed meticulously during their fraction
lessons. In these observations and in our analyses of test results,
we noticed a so-called “Matthew-effect”; the strong students
grew stronger, while the poor performers in mathematics stayed
behind (Kerckhoff & Glennie, 1999). For this reason we tried to
uncover the processes by which low-achievers in mathematics
end up with disadvantaged outcomes.

Theoretical Background

Low-Achievers in Mathematics Education
Many researchers in mathematics education focus on learn-

ing processes of low-achievers in mathematics. There is some
evidence from the literature that the process of learning arith-
metic for these students is different from that of students
who perform normally (Van Lieshout, 1997; Milo, 2003). Others
(e.g. Kraemer & Janssen, 2000; Kraemer, 2000) argue that the
learning of arithmetic of low-achievers in mathematics is
different from their more advanced classmates because these
low achieving students lack a repertoire of context-bound
mathematical relations and therefore experience difficulties
when there is a need for considering numbers as formal objects,
as they miss the reference to the contexts which embedded
these more formal objects and relations. Hoek, Terwel and
Van der Eeden (1997) found similar results in their research of
interaction processes in cooperative groups in secondary
mathematics. Moreover, they found an additional mechanism
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that disadvantaged low-achievers as help seekers: “Low-
achievers are not always able to ask for the right help, because
it is difficult for them to explain what they do not under-
stand.” (Hoek, Terwel & Van der Eeden, 1997, p. 366).

According to Sweller’s “cognitive load” theory (1994,
1999), it is conceivable that low-achievers may also have
problems with memory capacity, especially in solving complex
problems in real-life situations. These problem situations are
essentially “ill structured” and require flexible problem-
solving strategies. Therefore the learning of a new mathema-
tical topic,  for example fractions, as it necessitates the use of
new problem-solving strategies and the many factors
represented in an ill-structured problem situation exceed the
limits of their memory capacity. These memory problems are
even increased by inefficient management of their memory
capacity, especially in the context of a less efficient problem
representation and a more complex road to the solution
(Pollock, Chandler & Sweller, 2002; Krutetskii, 1976; Reigeluth,
1999; Hoek, Van den Eeden & Terwel, 1999).

Kraemer and Janssen (2000) indicate, however, that low-
achievers can achieve number relations if these are given
sufficiently lengthy explanations in meaningful, recognizable
and identifiable contexts.

Fractions and Realistic Mathematics Education
The fractions curriculum considered here was developed

as an extension of the “Fractiongazette” [De Breukenbode
(Bokhove, et al., 1996)]. Both the Fractiongazette and its
extension were developed within the Dutch context of realistic
mathematics education (RME). This implies that recogniz-
able and meaningful contexts are used to help students build
upon their informal knowledge. Moreover, these contexts lead
to modeling, schematizing and hence to the construction of
formal relations between numbers and other mathematical
objects (Treffers, 1987; Freudenthal, 1991; Gravemeijer, 1994;
Van den Heuvel-Panhuizen, 1996).

Starting from the RME paradigm, the constructed extension
of the Fractiongazette is marked by whole class discussions
in which meaningful fractions are negotiated and constructed.
Thus the teaching may be characterized as interactive and
reflective. The curriculum is directed towards the acquisition
of number sense (Greeno, 1991; Mcintosh, Reys & Reys,
1992), that is, students learn to attach meaning to fractions in
various kinds of situations, develop a good notion of the
size of fractions, and learn to handle fractions in simple
applications.

Recent research in the Dutch context of RME offers a
considerable body of evidence that both high- and low-
achievers are helped by acquiring mathematics through
problem solving in meaningful contexts (Van den Heuvel-
Panhuizen, 1996; Van Luit & Van de Rijt, 1997; Hoek, Terwel
& Van der Eeden, 1997; Kraemer & Janssen, 2000; Kraemer,
2000). By learning fractions in meaningful situations in this
RME-context, the fraction program discussed here might

remove some of the difficulties mentioned by Hasemann
(1981). By using meaningful contexts, the students develop
“fraction language,” meaning that they can connect fractions
in written or oral form to a division, like “two thirds” means
“you have to divide in three and take two.” Furthermore, the
contexts are chosen in such a way that the number line as a
model for fractions comes into sight (cf. Moss & Case, 1999).
As regards the fractions that belong in the same position on
the number line, equivalent fractions are highlighted, laying
a base for formal manipulations with fractions.

Although results of RME in this respect are remarkable, it
has its limitations. For instance, one could argue that these
contexts, which are meaningful to most students, might be
meaningless to many low-achieving students. And, if low-
achievers come to regard a context which is meant to be
meaningful as just another confusing mathematical artifact,
learning fractions could easily degenerate into a mechanical
application of the rules of arithmetic (cf. Erlwanger, 1973).

An Experimental Curriculum
The curriculum considered here contains a four-stage

teaching strategy in which number sense is developed by: (i)
providing a language of fractions, (ii) developing the number
line for fractions, (iii) comparing fractions, (iv) learning formal
fractions. In the curriculum, different situational contexts and
models are used. Two types of fraction-generating activities,
dividing and measuring, lead to the bar and the number line
as central fraction models. In the teaching of the curriculum
students are offered the opportunity to present their
approaches at several levels.

Problem Solving
Several researchers (e.g. Behr, et al., 1983) show that

teaching fractions in the way described, with students
constructing their own higher level fraction relationships,
inevitably leads to problem solving, where problem solving
may be characterized as consisting of all those heuristic
approaches to mathematical solutions in which the problem
solver has no direct algorithmic approach available.
Verschaffel (1995) points to three types of knowledge needed
for problem solving:

1. the flexible use of a rich and well organized, domain-
         specific knowledge base;

2. the ability to use heuristic methods;
3. metacognition.

Verschaffel emphasizes that these points represent
difficulties especially for those students who are weak in
mathematics. In combination with the argument advanced by
Behr et al. that constructing higher level fraction relation-
ships can be regarded as problem solving, Verschaffel explains
why fractions are so difficult for low-achievers.

A low-achiever’s learning process in mathematics
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A similar argument is presented in Nelissen (1998a).
Nelissen takes the formation of representations as the starting-
point for his argument: “By reflecting on their own actions,
children can construct representations on a higher level,
requiring critical testing.”1 (Nelissen, 1998a, p. 175)

Nelissen specifies the problem solving process for both
high- and low-achievers. In solving mathematical problems,
low-achievers, once they have found a (usually standard)
approach to a solution, in general hold on to it. By contrast,
high-achievers in general dare to change their strategy and
abandon a chosen solution where appropriate. In addition,
Lemoyne and Tremblay (1986) characterize good problem
solvers as students with rich and precise associations. They
argue that problem-solving strategies largely depend on
linguistic and heuristic strategies. This links up with Nelissen
(1998b) who argues that both the learning of language and
the learning of mathematics are characterized by the use of
representations. He shows what makes learning mathemati-
cal language so difficult:

In daily life ambiguities [in natural language] do
not trouble us, because there are many situ-
ational cues. In mathematics classes, however,
children are often unprepared when confronted
with words such as: table, times, angle, magni-
tude, power, set, small number, operation, match,
dividing, etc.2  (Nelissen, 1998b, p.15/6)

Booth and Thomas (2000) add yet another argument to
the difficulty of problem-solving tasks for low-achievers in
mathematics. They state that it is easier for students to use
visual representations of problems that are context-near, such
as drawings, than more developed representations such as
schemata and models. They argue that more developed
(formal) representations of this kind might cause problems
for low-achievers.

Turning Tide for Low-Achievers
In summary, the aforementioned researchers observed

the following characteristics in low-achievers’ cognitive
functioning:

• low-achievers often undertake long and complex searches
and lack the metacognitional strategies to escape from solu-
tions that work elsewhere (Krutetskii, 1976; Verschaffel, 1995);

• low-achievers have problems with cognitive overload,
especially in solving complex problems in real life situations
(Krutetskii, 1976; Sweller, 1994; Sweller, 1999);

• low-achievers lack the flexible use of a rich and well
organized, domain-specific knowledge base (Verschaffel,
1995; Lemoyne & Tremblay, 1998; Kraemer, 2000);

• low-achievers lack the ability to use heuristic methods
(Verschaffel, 1995; Nelissen, 1998a);

• low-achievers have difficulties in understanding more
developed representations like schemata and models
(Nelissen, 1998a; Booth & Thomas, 2000); they also experi-
ence difficulties in developing mathematical language
(Nelissen, 1998b);

• low-achieving students experience difficulties when there
is a need for considering numbers as formal objects and there
is no clear reference to the contexts that produced them
(Kraemer & Janssen, 2000);

• as a consequence, low-achievers are not always able to
ask for the right form of assistance because it is difficult for
them to explain what it is they do not understand (Hoek,
Terwel & Van der Eeden, 1997);

• finally, they face dropping out (Holt, 1964).
Although these researchers provide a considerable body

of evidence that low-achievers experience major difficulties
in problem-solving situations, many others find arguments
in the nature of problem solving to make this the starting-
point of their mathematics education. These researchers thus
challenge the deficit approach of low-achievers by actively
searching for means to value low-achievers’ social and
cognitive possibilities. Kraemer (2000) found that low-achiev-
ers in mathematics are best helped if they have a chance to
explore well-chosen contexts thoroughly. Schoenfeld (1994),
Kovalainen, Kumpulainen & Vasama (2001) and Streefland &
Elbers (1995 & 1997) show another inviting manner. They
made the classroom “... a community of mathematical judg-
ment which, to the best of its ability, employs appropriate
mathematical standards to judge the claims made before it.”
(Schoenfeld, 1994, p. 62).

In the case of fractions, for example, Behr et al. (1983),
Streefland (1982 & 1990), Watson, Cambell and Collis (1993),
Tzur (1999) and Mack (1990 & 2000) show how the
construction of fractions by students can originate in the
solving of meaningful problems. Watson, Cambell and Collis
(1993) show that offering students open problem situations,
where no solution is at hand, may result in several approaches
on various levels. Watson et al. point out that, in this way,
justice is done to the potentials of all students (cf.
Freudenthal, 1973).

Although meaningful situations help low-achievers to
acquire mathematical knowledge, their high achieving peers
do a much better job (cf. Keijzer & Terwel, 2000). The
“landscape of learning” metaphor used by Fosnot and Dolk
(2001) provides an appropriate way of depicting the way
students learn. Fosnot and Dolk consider learning as making
a journey through the landscape. Different students take
different routes on their way to the horizon, each having their
individual experiences. In this metaphor, the low-achieving
students are the ones who leave the main route, and get lost
in the realization that they are without adequate means to
find the way back and that some parts of the terrain will
remain closed to them.

1 Translated from the original Dutch text.
2 Translated from the original Dutch text.
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Research Questions

By and large, there is a considerable body of evidence to
justify the conclusion that a problem-solving approach in
teaching can implicate difficulties for low-achievers. This
effect is strengthened by the fact that the teaching here
concerns fractions, one of the most difficult subjects in primary
school (Hasemann, 1981). However, other researchers show
that when mathematics education is aimed at learning in
meaningful contexts, there is little room for a curriculum design
in which mathematics consists in merely following incompre-
hensible rules (Treffers, 1987; Freudenthal, 1991; Gravemeijer,
1994; Romberg, 1994; Schoenfeld, 1994). The basic issue in
the development of mathematics education can therefore be
stated as follows: how can we adopt a problem-solving
approach to teaching fractions in such a way that both low-
and high-achievers benefit from this approach? This
developmental question was elaborated elsewhere (Keijzer,
1994; Keijzer & Lek, 1995; Keijzer & Buys, 1996; Keijzer, 1997;
Keijzer & Terwel, 2000; Keijzer, 2003) and resulted in the
curriculum we described earlier, in which well-chosen contexts
are discussed and subsequently elicit the number line as a
model for fractions, which establishes a basis for formal
manipulations with fractions.

Here we focus on the learning processes of Shirley, a low-
achieving student in mathematics, and formulate our main
research question starting from the perspective discussed in
the previous paragraph. However, we are not merely
interested in Shirley’s learning. In analyzing her learning,
within the theoretical framework presented, we look for
indications for possible generalizations of Shirley’s learning
to the fraction learning of other low-achievers. Thus, although
the case-study design enables us to carefully analyze
Shirley’s learning, its generalizability to other students’
learning is limited. Considering this, we formulate our main
research question in a general sense and specify this question
to Shirley’s learning in two additional questions:

Do low-achieving students really benefit from a realistic
problem-solving approach in acquiring mathematical
insights and proficiency in the domain of fractions, and
what are the main obstacles in the formalization process
from real-life situations to mathematical number sense?

From this overall question we formulated two questions
concerning Shirley’s learning:

(I) What are the characteristics of Shirley’s learning
               process in the acquisition of fractions?

(II) What are the key processes showing that Shirley’s
               learning process develops less well or not at all, in
              particular with regard to fractions?

We will look at Shirley’s choice and use of strategies in
problem solving and how she copes as a low-achiever in the
mathematics classroom. From other research conducted in
this field we learn that low-achievers in mathematics are in an
unfavorable position when learning formal fractions. They

experience difficulties in problem solving tasks (Verschaffel,
1995), which can conclude in failing to learn fractions and
desperately trying to cope with the situation by using counter-
productive strategies (Holt, 1964).

METHOD

In this study we closely follow the learning process of
one student. Several researchers show the impact of a case-
study design as a means to reveal the effects of fraction
teaching programs (e.g. Erlwanger, 1973; Carraher & Schlie-
mann, 1991; Mack, 1990; Mack, 1995; Mack, 2000; Hunting,
1983, Tzur, 1999).

In the previous paragraphs we provided several elements
of the theoretical framework underlying the present study.
This framework includes the theory of realistic mathematics
education, RME (Treffers, 1987; Van den Heuvel-Panhuizen,
1996), as it has developed in the Netherlands over the past 30
years. Moreover, it includes the notion of learning mathe-
matics as a social enterprise (Schoenfeld, 1992; Schoenfeld,
1994; Romberg, 1994; Cobb & Whitenack, 1996; Greeno, 1997).
And finally it includes theoretical notions on the learning of
fractions by the way of modeling well-chosen contexts
(Streefland, 1983; Streefland, 1990; Treffers, 1987; Freud-
enthal, 1991).

We collected our data on the development of Shirley in
three different ways. First, we audiotaped and observed all
the lesson on fractions Shirley attended during the year the
research took place. We elaborated the data for each lesson
into a report containing both essential narratives about the
things that went on during the lesson, as well as protocols of
relevant student-student and student-teacher interactions.
The combination of teacher and researcher roles helped us in
valuing the qualitative data (cf. Tzur, 1999). In addition, we
tested Shirley three times using standardized tests to estab-
lish her skill in “numbers and operations” and “measurement
and geometry” (Janssen, Kraemer & Noteboom, 1995).
Furthermore, in three standardized interviews we determined
Shirley’s knowledge of fractions. All interviews were
audiotaped and transcribed for further elaboration. Elsewhere
we provided an extensive description of the interviews and
the measures we took to standardize the interviews (Keijzer
& Terwel, 2000; Keijzer & Terwel, 2003).

Yin (1984) states that one of the main problems in
performing a case study is to organize the large amount of
research data that is generated during the inquiry. In this
study our data include protocols of all the fraction lessons in
grade 6, results of general mathematics tests, and accounts
and analyses of standardized interviews. To make it present-
able we adapted this material in several steps. First, we rewrote
the protocols and our analyses of the interviews as narratives
(cf. Gudmundsdottir, 1995) which tell the story of Shirley’s
progress with fractions. We then ordered these narratives in
such a way that they show key moments in Shirley’s

A low-achiever’s learning process in mathematics
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development and clarified how she constructed her fraction
knowledge. After having ordered these key elements we
labeled the stages in Shirley’s learning of formal fractions as
follows: “acquisition of fraction language,” “process of
formalization,” and “dropping out.” In addition, we used the
labels of the stages to reduce the number of narratives. From
the narratives in the first stage of the program we selected
those that clearly show the improvements in Shirley’s mastery
of fraction language. Similarly, from the second stage we
selected the narratives that give a clear example of Shirley’s
struggle with formal fractions; from the third stage we chose
the narratives which show how Shirley signals that she is
dropping out.

Data and Analysis

Introduction

As stated before, Shirley, being a low-achiever, belongs
to the 25 percent weakest in mathematics in her age group as
judged within a national context. From the diagram that
displays the pre- and post-test scores on the general math-
ematics test recorded at the start and the end of the case
study,  we read Shirley’s progression in this one-year period
(Figure 1).

Here we present a description of Shirley’s learning of
fractions in the sixth grade (9-10 year). Since we wanted to
disclose the learning process of a low-achiever in the sixth-
grade curriculum, Shirley participated in the program for the
whole school year. Her test scores, which did not differ that
much from the average student, suggested to us that Shirley
should have been capable of following at least a major part of
the developed program. However, our choice implied that
Shirley would remain in the program even if that would not be
the case in normal teaching. We did not offer Shirley special
treatment or extensive help, since we wanted to find out how
she would develop in the fraction program without such
treatment or help. 3

We decided to conduct our research in this way in order
to provide arguments concerning the extent to which low-
achievers should have to learn formal fractions at all in primary
school. In normal school practice there is only a limited amount
of time for fraction programs. Bokhove et al. (1996) in their
program the Fractiongazette suggest about 80 fraction lessons
in grade 6, 7 and 8 (9-12 year). The most recent Dutch textbook
series spends about this time on the teaching of fractions
(e.g. Huitema (ed.), n.y.). Moreover, this limited attention to
fractions is in line with Dutch curriculum standards
(Commissie Heroverweging Kerndoelen Basisonderwijs
[Committee for the Reassessment of Curriculum Standards in
Primary Education], 1994). And, if this limited time is not
sufficient to teach fractions in a meaningful manner, there
would seem to be a good reason for reconsidering educational
priorities.

Following Yin (1984) we established three recognizable
stages in the development in Shirley’s learning of fractions.
Initially, Shirley is involved in the process of learning the
language of fractions. Subsequently, relations between
fractions are explored. Here we see, however, that failure leads
to the drop-out process.

Acquisition of Fraction Language

From the beginning, the fraction program in which Shirley
was involved paid considerable attention to the learning of
fraction language. Many researchers underline the impor-
tance of the knowledge of fraction language as a basis for
forming proper and extended fraction concepts (Bezuk &
Bieck, 1993; Connell & Peck, 1993; Mack, 1995; Mack, 2000;
Streefland, 1983; Streefland, 1990). Others show how students
get stuck during (formal) operations with fractions when
their fraction language is not firmly based (Clements, 1980;
Hunting, 1983).

3 We were well aware that in the research we were
responsible for Shirley’s development. Of course, we did not
want to do anything that might harm her and we would have
removed her from the program immediately.

A low-achiever’s learning process in mathematics
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When we observe Shirley’s acquisition of fraction
language, the first thing we notice is the difficulty she
experiences in dividing an object into equal parts, or parts
equal in size. In Shirley’s first lesson we introduced a context
in which cakes have different toppings. One of the students’
tasks is to make a cake with four toppings of equal size.
Though the equal size of the different parts of the cake is
emphasized in discussing the situation with the students,
Shirley produces the division depicted in Figure 2. In her
attempt to divide into four equal parts, Shirley at first separates
topping K, then marks the position of taste A, and finally
makes C and S. Unlike many of her classmates, Shirley does
not divide by drawing two perpendicular lines. This indi-
cates the first clear distinction between her approach and
that of most of her peers. Drawing two lines, as most students
did, can be seen as a prelude to understanding the numerical
relation between a half and a quarter, 1/2 = 2/4.

When discussing the sharing context in a whole class
discussion introducing the student’s tasks, Shirley unmis-
takably brought forward that divisions made should result in
equal sized parts. We noticed that here the context largely
determined Shirley’s approach. When asked to make sure the
parts are of equal size, she suggests the perpendicular division
as a solution to the problem: “You just need to make a stroke
this way (Shirley indicates a horizontal line) and this way
(Shirley indicates a vertical line).” However, when working
individually, the context probably is not that evidently present.
We assume Shirley reads the problem in her task as dividing
in any four parts that are about equal in size, leading to the
division presented (cf. Weade, 1995).

In the following lessons, we see how Shirley meets with
considerable difficulties in naming fraction parts. In her fourth
lesson she names most parts as “a quarter” or just “piece.”
To Shirley, the situations presented could be dealt with using

Shirley’s cake with four toppings,
which should be divided into parts of equal size.

FIGURE 2

just the words “piece” and “quarter” as equivalent terms and
did not stimulate her to build up a more developed fraction
language. By that time, when most of Shirley’s classmates
know how to name fractions which move forward as parts of
a folded bar, Shirley denominates parts-wholes in terms of
halves and quarters only.

Shirley’s first ten lessons in fractions were mainly devoted
to helping her to develop a fraction language. After these ten
lessons she was interviewed. One of the interview problems
is about a partly painted wall. In a picture we showed Shirley,
5/6ths of the rectangular object were shaded. We asked Shirley
to name the part painted in terms of fractions.

Shirley restricts herself to an informal fraction name and
calls the shaded part “three quarters.” When we ask her to
write this down, she gets a little confused. Here a more
advanced fraction languages is needed, but not available. At
first she names the fraction “3 quarter,” but Shirley is not
sure this is the right answer, so she next tries “3/1” and “1/3.”

After this interview, the lessons gradually focus less on
the acquisition of fraction language. The aim in the next ten
lessons is to develop the number line as a model for fractions
and to form several strategies in comparing fractions. These
comparison strategies for most of Shirley’s classmates
gradually develop into formal reasoning with fractions. Shirley,
however,  experiences difficulties in grasping the strategies
involved in comparing fractions and more and more uses
generalized, but uncomprehended numerical relations. For
example, she constructs fractions equivalent to 2/3 by
imitating her classmates in doubling of numerator and
denominator to thus produce the equivalent fractions 2/3,
4/6 and 8/12. Moreover, she starts guessing answers. After
the second series of ten lessons we interviewed Shirley a
second time.

In this interview we use a bicycle-tour context to ask Shirley
to compare the fractions 2/3 and 5/6. Here we observe how
Shirley is unable to position 2/3 on the line depicting the tour.
Moreover, her strategy in comparing 2/3 and 5/6 shows that
Shirley has a poor understanding of fractions.

Interviewer: “Who do you think got further?”
Shirley: “Janneke.”
Interviewer: “Why do you think that?”
Shirley: “Because 5/6 is greater than 2/3.”
Interviewer: “Can you explain a little more?”
Shirley: “Well, because that is sixth and that makes larger

pieces than thirds.”
So, according to Shirley, 5/6 is greater since the pieces in

5/6 are bigger than those in 2/3. Later in this interview we
observe two approaches to compare fractions side by side.
First, Shirley, the same way she compared 2/3 and 5/6, focuses
only (and wrongly) on the denominator of the fractions
involved. Secondly, she decides on the size of the fraction by
considering both numerator and denominator. The greater
these two numbers are, the greater the fraction. She seems to
be unable to generalize the equivalence of the fractions 2/3
and 4/6 she found just two weeks earlier. Moreover, when

A low-achiever’s learning process in mathematics
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she is searching for fractions close to 3/4, her approach
becomes even clearer. According to Shirley 3/3 and 3/5 are
equally far from 3/4, as they are both “one away from 3/4,”
again she refers to pieces, no matter from what division these
originate.

The following lessons were aimed at further development
of the number line. This served two objectives. By considering
fractions at the same position on the number line, equivalent
fractions emerged, clearing the way to reaching more formal
relations between fractions. On the other hand, positioning
fractions on the number line provided the students with an
opportunity to reconsider strategies in comparing fractions.
Thus, on several occasions after her second interview we
discussed comparing strategies with Shirley. However, at the
end of one year of fraction learning, after 30 forty-five minute
lessons in fractions, Shirley still encounters difficulties in
comparing simple fractions. Moreover, she experiences some
difficulties in dividing objects when the division is described
in terms of fractions and in the (exact) positioning of fractions
on a number line. She, however, developed a feeling about
where some simple fractions should be located, like she now
recognizes that fractions where the numerator is one less than
the denominator, like with 5/6, are not that far away from 1.

On the whole, we observe that emphatic attention to the
learning of fraction language did not result in Shirley’s
developing a firm grip on the language of fractions. She used
informal fraction-names for an extended period of time and it
took her a very long time to use formal fraction-names next to
the informal ones. Moreover, Shirley continuously struggled
with the meaning of fractions and from time to time treated
them as two whole number pairs.

Process of Formalization
In our program of fractions, well-chosen contexts elicit

fraction language, followed by operations with fractions.
Fractions hereby transform from describers of recognizable
situations to formally embedded mathematical objects
(Bergeron, Herscovics & Bergeron, 1987; Dubinsky, 1991;
Freudenthal, 1973; Hart, 1987; Krutetskii, 1976; Moore, 1994;
Piaget, 1973; Streefland, 1987; Streefland, 1997). The learning
of fractions may thus be regarded as a process of formalization.

For Shirley, too, interpreting recognizable contexts forms
the start of the fraction learning process. In her second lesson
we ask Shirley to divide a sausage into four parts. Shirley
does so by halving the sausage twice. In her third lesson, the
context of baker Bas is reintroduced. This baker prepares
fruit tarts with different toppings. Shirley works on the problem
of preparing a fruit tart with 1/3 pineapple, 1/3 berries and
1/3 kiwi. She divides the tart into nine pieces and makes three
pieces of kiwi (K), three pieces of berries (B) and three pieces
of pineapple (A).

Shirley interpreted the situation as such, that dividing in
many parts could facilitate making divisions. And, in some
sense these constructions in Shirley’s second and third

lessons look promising, in view of the intended process of
formalization.4 Let us therefore turn to more formal situations
to see how Shirley uses and generalizes these potential
equivalence relations.

As we saw, after about twenty lessons Shirley did not use
the equivalence of 2/3 and 4/6 to compare 2/3 and 5/6. In her
second interview we asked Shirley to arrange the fractions in
three groups: smaller than one half, exactly one half and greater
than one half. Unlike her classmates, Shirley did not halve
the denominator to compare this result with the numerator,
although this strategy could be expected from Shirley’s
approach when dividing a sausage or fruit tart. The context
of the fruit tart probably helped her to understand the fractions
involved, and supported her in visualizing the fractions, which
in turn created an overview of the situation. However, in
comparing bare fractions, she seems to place fractions with
large denominators and numerators in the group exceeding
one half. More generally, we observed that Shirley compared
fractions by looking at the size of the denominator and the
numerator. However, when she was asked to use a bar while
comparing the fractions, she replaced this approach by
reading the conclusion from the two divided bars.

We further observed that Shirley had difficulties with
fractions in situations that are less familiar to her. In the
fifteenth lesson we introduced the context of the fraction-
lift.5 Here the vertical number line represents a so-called
“fraction house,” which houses a number of fractions. Lifts
connect the different floors in the building. The numbers of
the lifts indicate the stops they make: for instance, the 3-lift
stops three times, at 1/3, 2/3 and at the top of the building
(at 1). Similarly, the 4-lift stops at 1/4, 2/4, 3/4 and at 1, the
2-lift stops at 1/2 and at 1, et cetera (Figure 3). This context
thus makes explicit the different fractions belonging to the
same position on the number line.

The fraction-lift was developed as context, where numera-
tor and denominator could be considered separately and
where fraction positioning on a number line – by means of
the lifts – made considering equivalent fractions necessary.
Moreover, the fraction-lift provides for a language to consider
fraction positions and therefore facilitates fraction operations
(cf. Sfard, 1994). This provides opportunities for students to
explore the situation by taking the role of the fractions
involved (cf. Tuyay, Floriani, Yeager, Dixon & Green, 1995).
However, the result of this context-construction is also rather
abstract in the sense that it is hardly embedded in meaningful
experiences apart from those within mathematics as abstract
structure itself. We saw that especially low-achievers could
be disadvantaged in this situation.

4 However, the division of the fruit tart could well be the
result of a misconception of the problem. Shirley here could
have interpreted that 1/3 pineapple, 1/3 berries and 1/3 kiwi
meant 3 pieces of each, since three pieces is her meaning of 1/3.

5 The fraction-lift is an idea of Adrian Treffers.
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In the fifteenth lesson we discuss fractions which live at
the top of the building. All students know that 4/4 lives at
that highest position. Shirley is eager to name another fraction
at the top: 8/8. She shows she sees regularities and tells the
8-lift will go to ½ and so does the 16-lift. Later in a similar
situation we ask Shirley where the 3-lift stops.

Teacher: “Shirley, where do you think this lift stops first.”
Shirley: “At one quarter.”
Other students (whispering): “One third.”
Shirley (aloud): “One third.”
Teacher: “Let’s take the 9-lift now. Do you think this one

will stop at one third too?”
Shirley: “Yes…eh…no…eh…no, it does not.”
What we see here typifies Shirley’s way of dealing with

fractions in non-familiar or artificial contexts. If she is asked
to show the meaning of fractions within a flexible context,
she fails. However, if she recognizes regularities in the
numbers, she is eager to bring in several other examples.
Here also, the strategy, which in general can be described as
“doubling,” is Shirley’s favorite, where she once again focuses
on the uncomprehended numerical relations. Moreover, like
many low-achievers, she holds on to these results without
questioning these or searching for more meaningful extensions.

In the seventeenth lesson Shirley shows that a few of the
fraction relations she constructed by doubling both numera-
tor and denominator became “fraction-facts,” to be used in
suitable situations. In this lesson we introduce a computer
version of the fraction-lift. While playing the game, Shirley

The fractions 1/2 and 2/4
belong on the same floor.
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shows she knows that 5/10 is halfway up the lift-line and that
placing a fraction there can be helpful. Another observation,
however, shows the important disadvantage of relying solely
on memorized fraction-facts. In the fourteenth lesson we
discuss a school journey with the students. In this context
the children are allowed to choose between two attractions.
We tell the students that 3/5 of the students chose the first
attraction and 2/5 the second. Shirley explains why she thinks
more children chose the first attraction. She points at the
fraction 2/5: “I know this is a half and the other one is more
than a half.” Shirley memorized the equivalence of 2/5 and a
half and then used this “fact” in her reasoning.

In the discussion following Shirley’s explanation, Shirley’s
classmates try to convince her that 2/5 does not equal 1/2.
Charley explains: “2/5 is less than a half. 2½/5 is a half.” He
draws a bar on the blackboard to clarify his conclusion.
However, although we saw frequent examples where Shirley
supported her own reasoning by using a bar, it now seems
very difficult for her to use Charley’s reasoning in reviewing
her answer. Moreover, Shirley has not developed a mechanism
to check her answer by using her knowledge of fraction
language (2/5 meaning 2 of 5 pieces), nor did the situation
invite her to make her own drawing. In addition, she does not
seem to be willing to review her answer once she has found a
way to solve a problem.

After about twenty-five lessons, Shirley considers
fractions as formal objects where the denominator decides
the kind of object. This supports her in adding and subtracting
fractions with equal denominator. She uses this knowledge,
together with known relations between simple fractions like
¼, ½ and ¾, to roughly position the result of sums like 2/5 –
¼ and ¾ + 1/5 on a number line (Figure 4). In doing this,
Shirley, depending on her strategy, shows a reasonable knowl-
edge of the size of the fractions involved.

On the whole we see that Shirley has major difficulties in
explaining her approaches and inclines towards instrumental
understanding (cf. Booth & Thomas, 2000). In familiar
contexts, presented visually, we saw that Shirley was able to
interpret the situation and could solve connected problems.
But we also found how Shirley experienced difficulties
in interpreting the visually presented fraction-lift. Our

Placing 2/5 – 1/4 and 3/4 + 1/5 on a number line.
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observations and those of other researchers suggest that
familiarity with the context is a more important key to success
than the manner in which the problems are represented
(Kraemer, 2000; Featherstone, 2000; Greer & Harel, 1998; Koch
& Li, 1996; Mack, 1990; Streefland, 1982).

Facing problems

In the thirteenth lesson we present the context of a paint-
ing contest. We tell the students that 600 children partici-
pated in the contest. We use a bar to depict the 600 children,
when we discuss what number of children used a felt pen
 (1/2 of the participants), what number of children were 4 and
5 years old (1/5 of the participants in the contest), et cetera.

At the end of the lesson we explore divisions in a bar
while dealing with fractions with denominator 10. The results
are represented on a double-indexed bar. On the bar we write
the number of children that fits with 1/10 and 2/10. When it is
Shirley’s turn, she is asked what number of children is 3/10 of
the group of 600.

Shirley knows she has to add 120 and 60 to solve this
problem, but experiences great difficulties in doing so.

Shirley: “Ah…240.”
Teacher: “Please try one more time.”
Shirley: “…”
Teacher (points at the drawn bar): “1/10 of the children

equals 60 children, 2/10 equals 120, 3/10 equals …”
Shirley: “It’s 240!”
Other student (whispering): “180.”
Shirley (repeats): “180.”
From this moment onwards, Shirley experiences difficul-

ties in working with fractions as a result of her weakness in
basic number strategies and especially as a result of her
incapacity to see multiplicative number relations. Moreover,
from this moment too, there is a shift from developing models
from situations to using models for situations where formal
manipulations with fractions are needed (Gravemeijer, 1994).
These two elements of the fraction program in which Shirley
is involved signify the start of facing major problems in learn-
ing fractions. In the next lessons Shirley signals her dislike of
the fraction program. Frequently she scamps her work and
on some occasions, when she is working individually, she
does not want to be helped by her fellow students or the
teacher. She copies her answers from her neighbors and yells
out numbers at random to answer questions during the lessons.

Our observations of Shirley are consistent in this respect
with findings by Deal et al. (2000). In their case study they
describe the development in reasoning of Reed, a low-achiever
in mathematics. Deal et al. found that Reed was unable to
construct reasoning on more formal levels. Moreover they
state: “Reed remained hesitant throughout the study, despite
the play-like atmosphere and the research team’s frequent
visits to the school,” (Deal et al., 2000, p. 25). Under similar
conditions we observed the same hesitant reactions from Shirley.

Summary

The fraction program followed by Shirley started with
situational contexts which evoked fractions. Shirley seemed
able to deal with the problems as long as informal answers
were a possibility. At the same time, she started to construct
formal fraction language when negotiations in the classroom
forced her to do so. While doing so, Shirley experienced her
first difficulties in the acquisition of fraction language. It took
her quite some effort to get the idea of pieces of equal size –
as fraction characteristic and not one imposed by the
individual context only. However, her proficiency gradually
developed and after 30 lessons was able to (instrumentally)
add fractions with identical denominators, while still encoun-
tering problems in translating fraction symbols into divisions
on bars, circles or a number line. More generally, Shirley
experienced obstacles in situations where she was asked to
order (mental, schematic or physical) objects.

At the next stage of the curriculum, with situational
contexts aimed at positioning fractions on a number line and
on comparing fractions, Shirley developed strategies, like
doubling and memorizing fraction facts, that can be charac-
terized as instrumental understanding. In manipulating
fractions, she generalized number patterns without realizing
how these referred to the situational contexts underlying the
number patterns. This answers our research question (I)
concerning the characteristics of Shirley’s formal fraction
learning process.

When unfamiliar situations are applied, in which real
understanding of the formal nature of fractions and fraction
language is needed, Shirley starts dropping out. The process
is strengthened by Shirley’s limited number strategies and
also by her lack of enthusiasm for the topic of fractions.
Shirley gradually developed several coping strategies in
handling fractions. These strategies constitute an answer to
research question (II) concerning key processes showing
how Shirley’s learning process develops less well, or not at
all. These strategies include:

• use drawings and informal approaches to deal with
fractions,

• generalize simple numerical relations that come forward,
• when no way can be found to reflect on her answer, state

that the given answer is correct,
• when mathematical connections cannot be made, yell

out answers,
• when problems do not make sense, copy answers from

others or use the back of the worksheet to make drawings,
especially when the context encourages you to do so
(cf. Schoenfeld, 1992, p. 359).

During the research year we found that Shirley gradually
and consequently grew in her knowledge of fractions and
observed her – in some sense adequate – coping strategies.
This convinced us that we could go along with Shirley, to see
how she liked to draw on the back of her worksheet, how she

A low-achiever’s learning process in mathematics
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made others laugh when yelling an answer and how her friends
liked to help her with their answers to protect her from failure.

Shirley – in some sense – failed to cope with our fraction
program, but was able to survive in her group (cf. Holt, 1964).
We therefore found a more or less negative answer to our
main research question. We were not able to adapt a problem-
solving approach in teaching fractions in such a way that
both low- and high-achievers could benefit from the approach.

DISCUSSION AND CONCLUSION

Our point of departure for the study presented was the
following question: Do low-achieving students really benefit
from a realistic problem-solving approach in acquiring
mathematical insights and proficiency in the domain of
fractions, and what are the main obstacles in the formaliza-
tion process  from real life situations to mathematical number
sense?

In the case study described here, we found that Shirley, a
low-achiever in mathematics, experienced several difficulties
in learning fractions as part of our program. We analyzed the
obstacles Shirley found on her way and established from the
extensive literature on learning mathematics that Shirley’s
development is typical for low-achievers. In this way we found
indications that low-achieving students use at least two kinds
of strategies: constructive and disruptive strategies, that is
productive and counterproductive strategies. The construc-
tive strategies are the ones mentioned by Alexander, Graham
and Harris (1998) and Siegler (1991) in their analysis of
cognitive strategies. In this category we encounter, for
example, the strategy of drawing the situation and using a
model, drawing a bar or dividing a circle. However, Shirley,
like many low-achievers, often uses disruptive, counter-
productive, self-defeating and (even) self-handicapping
strategies. These strategies include taking a wild guess and
seeing what happens, making the teacher do the job, cheating,
and copying answers without understanding. The students
thus express anxiety and a fear of failing, which, in turn, is a
threat to their self-esteem. In the course of Shirley’s year-
long learning process we see a kind of shift from productive
strategies towards counterproductive ones, and even
disruptive strategies as described so vividly by Holt (1964).
There is a limit to the effectiveness of providing low-achiev-
ing students with strategies and models for handling problems
with fractions. The transmission of techniques for thinking
and problem solving falls on barren ground unless anxiety
can be reduced and children are given more time to explore
fractions in familiar contexts, in a more relaxed pace, under
the guidance of  the teacher and in interaction with more able
peers (Schoenfeld, 1992; Greeno & Goldman, 1998). We argued
that the limits inherent in teaching primary school mathe-
matics to low-achievers provide a convincing argument for
setting different priorities in the teaching context. Further-
more, spending more time on the teaching of fractions, for

example by devoting special attention to low-achievers, in
this case, appears not to be an appropriate choice. Since we
are dealing with low-achievers in mathematics, there are
probably other topics requiring more serious consideration
with regard to how educational time should be spent.

In analyzing Shirley’s learning process we observed her
fraction-learning process in depth. We saw how difficulties
arose due to Shirley’s limited knowledge of number relations,
her uncertainty in representing problems and her lack of
reflection on her work. In this connection, let us look at Van
Streun’s (1989) schematized problem solving. In his schematic
representation (Figure 5) we can track Shirley’s approach in
solving problems with fractions. When her first inspection
leads to the conclusion that she does not recognize the
problem, she drops out. However, when the first inspection
leads to the recognition of a known problem – that is, in
Shirley’s perception – she then assumes she knows the
answer at once, or starts some (usually erratic) algorithmic
approach. In other words, Shirley ends up on the left side of
Van Streun’s diagram, while teaching was concentrated on
the right side, that is, on heuristic approaches. This adds
another answer to the question of why low-achievers
experience so much difficulty in the program described.

Sweller (1994) adds yet another explanation for why
fractions should be so troublesome for Shirley and low-
achievers like her. Sweller describes how a program such as
the one developed could easily cause “cognitive overload”
in low-achievers. Sweller proposes to reduce cognitive load
by means of improved isolating skills and strategies. How-
ever, as Schoenfeld (1994) points out, the interconnectivity
is inherent in learning mathematics since it is about mathema-
tization, abstraction and understanding structure:

FIGURE 5

Scheme for solving problems,
adapted from Van Streun (1989, p. 17).
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Learning to think mathematically means (a)
developing a mathematical point of view – valuing
the processes of mathematization and abstrac-
tion and having the predilection to apply them,
and (b) developing competence with the tools of
the trade and using those tools in the service of
the goal of understanding structure – mathemati-
cal sense-making. (Schoenfeld, 1994, p. 60)

We only analyzed the learning of one student. We argued
therefore that our conclusions cannot be easily generalized
to the whole group of low-achievers. However, as the
observed patterns in Shirley’s learning are typical for many
low-achievers, we are convinced that Shirley and low-achiev-
ers like her are trapped, on the one hand, by the nature of the
mathematics learning as proposed by Schoenfeld and as
elaborated by us in our fraction program, and, on the other
hand, by the limits of their mathematical abilities.

If we want to establish “mathematics for all” we should
set priorities for all students. In the case of low-achievers
this might well lead to limited attention to fractions in order to
enable these students to develop the mathematics that suits
their aptitudes (cf. Kraemer, Van der Schoot & Engelen, 2000).
Or, as Doornbos (1997) pleads:

In primary education…an exhaustive list of
unequivocally formulated standards – aims for
all students to be pursued – is superfluous and
mistaken. We are talking about the education of
children of school age. Also, children who
experience temporary learning difficulties, or
whose ability to learn is limited should be made
to feel welcome, without being discriminated
against. (Doornbos, 1997, p. 26) 6

Shirley and other low-achievers should feel accepted at
their school. Teaching formal fractions and requiring her to
discuss formal relations that are obscure to her, and forcing
her to construct models that do not help her to gain the
required insights should not be part of her curriculum.

We propose that uniform standards be reconsidered and
that we abandon the idea in primary education that, with
some exceptions, all students be required to learn the same
things. Students who cannot learn formal mathematics should
be welcomed and experience mathematics they can under-
stand and use in daily life. The policies advocated by those
in the public arena who talk of uniform standards should be
regarded as unrealistic and even counterproductive.

We need in mathematics a “sounder” model of learner
growth and academic development (Alexander, 2000). This
point of view is not only based on the experience of the large
differences in the acquisition of mathematics observed in
various studies in mathematics education (Terwel, 1990; Hoek,
Terwel & Van den Eeden, 1997; Hoek, Van den Eeden &
Terwel, 1999), but also on the theories and views of scholars
who have encountered individual students like Shirley in
their research, in their classes or in their tutorial interactions
(Davis, 1994; Freudenthal, 1973, 1991; Doornbos, 1997;
Gravemeijer & Terwel, 2000).

Our views should not be understood as a plea for early
selection, ability grouping or streaming. On the contrary, in
our opinion the issue of how to organize teaching in such a
way that all students can benefit is still very much open to
resolution (see Keijzer, 2003). Finally, we agree with
Freudenthal (1973), who was strongly committed to math-
ematics as a human activity, that both high and
low-achieving students should be included in the community
of learners.
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