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Comparisons Among Approaches to Link Tests Using
Random Samples Selected Under Suboptimal Conditions

Sooyeon Kim & Michael E. Walker

ETS, Princeton, NJ

Equating the scores from different forms of a test requires collecting data that link the forms. Problems arise when the test forms to be
linked are given to groups that are not equivalent and the forms share no common items by which to measure or adjust for this group
nonequivalence. We compared three approaches to adjusting for group nonequivalence in a situation where not only is randomization
questionable, but the number of common items is small. Group adjustment through either subgroup weighting, a weak anchor, or a
mix of both was evaluated in terms of linking accuracy using a resampling approach. We used data from a single test form to create
two research forms for which the equating relationship was known. The results showed that both subgroup weighting and weak anchor
approaches produced nearly equivalent linking results when group equivalence was not met. Direct (random groups) linking methods
produced the least accurate result due to nontrivial bias. Use of subgroup weighting and linking using the anchor test only marginally
improved linking accuracy compared to using the weak anchor alone when the degree of group nonequivalence was small.
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Large-scale assessments use multiple test forms to increase test security and integrity of scores. Test score equating adjusts
for any differences in difficulty across forms to produce comparable scores over different forms and testing occasions.
Equating the scores from different forms of a test requires collecting data that link the forms. An equating design, the
data collection plan for equating, is one of the most important factors in achieving score comparability. The choice of
an effective equating design involves multiple practical considerations that include test development issues, test admin-
istration conditions, and statistical characteristics required to achieve the desired degree of equating precision (Kolen &
Brennan, 2004).

In one of the most commonly used equating designs for adjusting test scores, two nonequivalent groups of examinees
each take a separate test form along with an anchor test of items common to both groups. Although this nonequivalent
groups with anchor test (NEAT) design can accommodate nonequivalent groups, a major difficulty is constructing a
satisfactory anchor test.

A simpler and ostensibly more straightforward design is the random groups design: Here, two test forms are ran-
domly assigned! to examinees from the test-taking population in the hopes that the randomization will yield two groups
of nearly equal ability on the constructs measured by the test. Based on this assumption of equivalent groups, one can
attribute differential performance on the two test forms to differences in form difficulty. The random groups design intro-
duces fewer complications in form assembly, as there is no need for a common item set that reflects the total content and
statistical properties of the test. In contrast to the single group design, in which each examinee takes both test forms, the
random groups design minimizes test-taking time and eliminates the potential complication of order effects (see Kolen
& Brennan, 2004, pp. 273-281, for a discussion of this design and other equating designs).

In general, all equating methods give reasonable and similar results when minimal group differences exist and when test
forms exhibit reasonable parallelism in terms of content and statistical properties. When these conditions are met, the ran-
dom groups equating design may be the preferred design because it results in no form assembly difficulties (Kolen, 2007)
and involves few statistical assumptions (Kolen & Brennan, 2004). Unfortunately, this design requires large sample sizes
before one can be confident that the groups have been made nearly equivalent in ability through randomization. In that
situation, group score differences directly indicate differences in form difficulty. Kolen and Brennan (2004) suggested
1,500 people per group is sufficient for equipercentile linking methods.? However, a recent resampling study showed that
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even 1,500 examinees per group yielded an absolute standardized mean difference (SMD) between groups of 0.05 or more
almost 20% of the time (Walker et al., 2018). This study showed that group differences that large often result in meaningful
differences in linked test scores (i.e., a “difference that matters” or DTM; see Dorans & Feigenbaum, 1994).

Even with a random groups design, then, it may be advisable to use an anchor test, either internal or external,® in
addition to the two test forms to be linked, as a way to control the impact of any group ability differences (see Angoff, 1984,
p. 104, Design IIT). Nontrivial group differences detected by common items may indicate potential problems with random
groups linking methods (e.g., equating bias and a threat to the validity of test scores). A mix of random assignment
and common items in the linking process allows the anchor test to be used to empirically gauge the violation of group
equivalence. As in the NEAT design, however, the estimated equivalence/nonequivalence between the groups will be
more accurate when the scores on the anchor have a strong statistical relationship with the scores on each of the tests
to be linked. An adjustment derived from a poorly constructed anchor test may be harmful, leading to more erroneous
results than no adjustment at all.*

In practice, problems arise when the groups are not equivalent and there are no common items by which to measure
or adjust for group nonequivalence across the two forms to be equated. Several approaches have been proposed as alter-
natives to a common anchor for equating new forms administered under this circumstance. Livingston (2014) tried two
procedures for using demographic information to achieve groups equivalent in ability, methods he referred to as “demo-
graphically adjusted groups.” In one procedure, the composite variable that best predicted test scores was used to obtain
examinee weights. In the other procedure, propensity scores were used to determine the weights. He found that although
both procedures greatly reduced the ability difference between the groups, neither procedure was adequate for creating
equivalent groups.

Haberman (2015) proposed pseudoequivalent groups (PEG) linking, which weights the individual test takers in the
new form group to adjust for group differences in ability. The weights are determined by minimizing a discriminant
function formed from the test takers’ background variables (e.g., age, gender, education, major of highest education,
job type, purpose for taking the test, number of times the test was taken previously). When the relevant background
differences between the groups are eliminated, the scores on the two forms can be directly linked, as in an equivalent
groups equating design. With an established testing program that uses common items for equating, Haberman verified that
PEG linking produces results similar to the conventional linkings with anchor tests. As an extension of the PEG modeling,
Lu and Guo (2018) further proposed the use of both background information and anchor test scores to adjust for group
ability differences. Using simulated data, they showed that the linking based on common items could be improved by
incorporating the PEG adjustment procedure into the NEAT process.

Using variables other than scores on an anchor test in linking is not a new idea (see, e.g., Livingston et al., 1990; Mislevy
et al,, 1993; Wright & Dorans, 1993). Using real data from a college admission test, Wiberg and Branberg (2015) compared
the scores derived from three different equating designs: (a) a nonequivalent groups with covariates (NEC) design, (b)
an equivalent groups (EG) design with neither covariates nor anchor items, and (c) a NEAT design. The NEC design
produced lower standard errors than the EG design, indicating that direct linking could be improved by using covariates
to adjust for differences in test score distributions. When covariates were used together with an anchor test, the smallest
standard errors were obtained over a wide range of test scores. The authors concluded that covariates would be useful in
practice because not all standardized tests have anchor tests (e.g., because of test security concerns).

In another study, Longford (2015) linked 2 years’ tertiary school admission tests by forming pairs of examinees across
the two cohorts. Because no anchor was available and the two cohorts of examinees were nonequivalent, Longford
matched the groups on propensity scores derived from a set of background variables. The author emphasized that the
success of the propensity score approach would require a sufficiently rich set of background variables.

In the absence of anchor tests, then, collateral information has been used for test score linking either as surrogate
anchors (Wallin & Wiberg, 2019) or to weight samples to approximate equivalent groups (Haberman, 2015; Liv-
ingston, 2014; Longford, 2015). These methods appear to work well when collateral information is not only abundant but
also strongly statistically related to the test scores. The present study further explores the use of collateral information in
test linking. We examine an unfortunate but realistic situation with nonequivalent groups, a weak anchor, and minimal
collateral information.

This study evaluates three approaches that could be used to reduce group nonequivalence when both randomization
and the anchor test are problematic: (a) samples weighted by subgroup membership, (b) adjustment through a weak anchor
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Table 1 Descriptive Statistics of Total and Anchor Scores in Two Research Forms Derived From the Total Group and Two Subgroups
AandB

Total group Subgroup A Subgroup B
(N = 132,486) (n = 68,951) (n = 63,535)
M SD M SD M SD
New form score (X) 36.48 10.95 33.51 10.40 39.70 10.62
Ref form score (Y) 39.32 10.99 36.48 10.71 42.40 10.45
Anchor score (V) 1.86 1.39 1.45 1.20 2.30 1.45
Corr. X and V .64 .52 .67
Corr. Yand V .62 .50 .67

(39.32—36.48)

Note. Forms X and Y are built to be parallel in content but unequal in difficulty (SMD =
(10.99+10.95)/2

between total and anchor scores.

= 0.26). Corr. = correlation

(i.e., common-item linking), and (c) adjustment through a mix of sample weighting and a weak anchor. By creating two
test forms with a known relationship to each other and using them in a resampling study, we evaluated each approach’s
ability to reduce group nonequivalence and thus minimize linking bias and error.

Method
Data

We chose an operational form of an international large-scale test that included 100 multiple-choice items and had been
taken by 132,486 examinees in a single administration. Using this form as an item pool, we created a pair of research
forms (called Forms X and Y) with 62 items each. The two forms share 24 items in common, such that the anchor test
was a scored part of the total test. Forms X and Y were built to be parallel in content but unequal in difficulty to reflect a
situation in which equating is necessary. Based on the scores of the total group shown in the second column of Table 1,
the SMD between the new and reference forms in difficulty was 0.26.°

The test takers were classified into two subgroups (subpopulations) based on their nationality or geographic region.
Subgroup A included approximately 52% of the examinees and Subgroup B included the remaining 48% of the examinees.
Table 1 presents the descriptive statistics for the test scores and anchor scores in the total group and in each of the two
subgroups. Although the two research forms shared 24 items in common, we chose the five hardest items out of the 24
items to create a weak anchor that did not necessarily represent the total tests in either content or difficulty. As a result, the
correlations between the total scores and anchor scores were moderate (r = 0.64 and 0.62 for Forms X and Y, respectively).

As shown in Table 1, Subgroup B outperformed Subgroup A on both research forms. The SMD between Subgroup B
and Subgroup A was 0.59 on Form X and 0.56 on Form Y. Because the anchor included the five hardest common items
that would presumably discriminate better among high performers than low performers, the anchor score variability was
higher for Subgroup B than for Subgroup A, as were the correlations between the total and anchor. Subgroup membership
exhibited a weak-to-moderate relationship with total and anchor scores (r = .27 for total scores; .30 for anchor scores).
These correlations were much weaker than the correlations between total scores and anchor scores.

Criterion

An equating based on samples of examinees is accurate to the extent that it matches the equating in the population(s) from
which those samples are drawn. In this study, the total group, which is a mix of two major Subgroups A and B, could be
considered the target population for the equating of the two research forms. The direct equipercentile equating of scores
on Form X to scores on Form Y in the group of all 132,486 examinees was treated as the true (criterion) equating function.

Before conducting the criterion equating using the total group of examinees, we computed two subgroup linking func-
tions and then compared them. Only if the linking functions were nearly identical across subgroups could we legitimately
combine the two subgroups to compute the criterion function. Each of these subgroup linkings was a direct equipercentile
linking using only the examinees in the corresponding subgroup (68,951 for Subgroup A and 63,535 for Subgroup B). The
difference between the two subgroup functions was smaller than 0.25 (one quarter of a raw-score point) across nearly the
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Table 2 New Form Sample Subgroup Composition Conditions Used in This Study

New sample proportions New sample proportions

Condition Subgroup A (%) Subgroup B (%) Condition Subgroup A (%) Subgroup B (%)
1 45 55 9 53 47

2 46 54 10 54 46

3 47 53 11 55 45

4 48 52 12 56 44

5 49 51 13 57 43

6 50 50 14 48 42

7 51 49 15 59 41

8 52 48

Note. Reference form sample proportions are fixed at 52% for Subgroup A and at 48% for Subgroup B.

entire score range, with the only exceptions occurring below the first percentile. Accordingly, we used the direct equiper-
centile equating derived from all examinees from both subgroups as the criterion equating for the following resampling
study.

Procedure

Table 2 presents the 15 subgroup composition conditions included in this study. In all conditions, sample size per form
was fixed at 1,500, and the reference form sample always had 780 examinees from Subgroup A (52%) and 720 examinees
from Subgroup B (48%), which is matched to the target population in terms of subgroup composition. By contrast, the
percentage of the new form sample from Subgroup A varied from 45% (in Condition 1) to 59% (in Condition 15), in
increments of one percentage point. The percentage of the new form sample from Subgroup B consequently varied from
55% (in Condition 1) to 41% (in Condition 15). Given these combinations, and given the subgroup means in Table 1, the
maximum expected SMD on the anchor test score between the new group and the reference group (i.e., the difference in
anchor score means between the new and reference groups, divided by the reference group standard deviation) would be
about 0.05 standard deviation units for Conditions 1 and 15. The minimum expected mean difference between the two
groups would be zero for Condition 8, when the proportions of examinees from Subpopulations A and B were the same
for the new group as for the reference group. Because the samples are chosen at random, however, there will inevitably be
some variation in the size of the SMDs across samples.®
Four methods were used in this study to link the new form to the reference form based on data from the samples:”

e Direct equipercentile (DE): This method is based on the assumption of equivalence of the new form and reference
form samples.

e Direct equipercentile with weighting (DE-weighted): DE linking is performed after weighting the new form sample
to match the reference form sample in terms of subpopulation composition.

e Chained equipercentile (CE): The forms are linked through the five-item anchor.

e Chained equipercentile with weighting (CE-weighted): CE linking through the five-item anchor is performed after
weighting the new form sample to match the reference form sample in terms of subpopulation composition.

We completed the following steps, using the four methods above, in each of the 15 subgroup composition conditions
in Table 2:

1. Draw a sample of 780 examinees (52% of 1,500) from Subpopulation A and a sample of 720 examinees (48% of
1,500) from Subpopulation B by simple random sampling without replacement, using SAS PROC SURVEYSELECT.
Designate the combined sample (n = 1,500) as the Form Y (reference form) sample.

2. Without replacing the examinees selected in Step 1, draw simple random samples of the specified size from Sub-
population A and Subpopulation B. For example, in Condition 1, 675 examinees would be selected from Subgroup
A and 825 examinees from Subgroup B. Designate the combined sample (n = 1,500) as the Form X (new form)
sample.

3. Link the new and reference forms using the DE and CE methods.

4 ETS Research Report No. RR-21-14. © 2021 Educational Testing Service
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4. In the new form sample, apply weights to individual examinees’ scores to make the weighted composition of sub-
groups the same as in the reference form sample.

5. Link the new and reference forms using the DE and CE methods with weighted samples (i.e., DE-weighted, CE-
weighted).

6. Compare each linking function in Steps 3 and 5 to the criterion by computing the difference between the reference
form raw scores linked to each new form raw score value.

7. Repeat Steps 2-6 (200 replications for each condition).

8. Calculate conditional bias, standard deviation (i.e., standard error of equating, or SEE), and root mean squared error
(RMSE) for each of the four linking methods at each raw score point, as defined in Equations 1 through 3.

S [6 () = ¢ ()]

Bias; = d, = , ey

CSEE; = sd; = \/Vari [{?yjzl (xi) —e (xi)},..., ?yj:] (x;) = e, (xi)}], (2)

RMSE; = 1/ Ef +sd?, (3)

where i is a score point, j is a replication, J is the total number of replications (i.e., 200), 'éyj (x) denotes the raw score
equivalent calculated from one of the linking methods in sample j, e, (x) indicates the raw score equivalent from the

criterion equating function, and Ei is the difference between ?j (x;) and e (x;).

. . .2 .
As overall summary measures, we computed the weighted average root mean squared bias, 1/ Y, f;Bias;, the weighted

average SEE, 1/ Y, f;SEE?, and the weighted average RMSE, 4/ Y, fRMSE? across the new form group score distribution,
where f; is the relative proportion at each score point in the new form raw score distribution of the total population.

Results

Compared to the reference form sample in which subgroup composition was constant across all 15 conditions (i.e., Sub-
group A = 52%; Subgroup B = 48% of the sample), the proportion of examinees from Subgroup A in the new form sample
was lower in Conditions 1 through 7 (45%—51%), higher in Conditions 9 through 15 (53%-59%), and equal in Condition
8 (52%). As a quick check on the reasonableness of the simulation, we computed the SMD on the anchor test for each
simulation. As expected, the differences were largest when the new form subgroup composition differed the most from
the reference form composition. SMDs for Condition 1 ranged from —0.04 to 0.14, with an average of 0.04. SMDs for
Condition 15 ranged from —0.13 to 0.05, with an average of —0.05. SMDs for Condition 8, on the other hand, ranged
from —0.01 to 0.09, with an average close to zero (—0.005).

Figures 1-3 plot the conditional bias, SEE, and RMSE, respectively, associated with four linking approaches under
the new sample subgroup composition conditions shown in Table 2. For simplicity, Figures 1-3 present the results from
the five conditions, Conditions 1, 4, 8, 12, and 15 selected from 15 conditions. Figures A1-A3 in the appendix present
the same type of results associated with the remaining 10 conditions. Each figure has five individual plots, and each plot
displays four lines associated with the four linking approaches used in this study. The solid line represents the result from
DE linking, the black circles represent the result from DE-weighted linking, the dashed line represents the result from CE
linking, and the black triangles represent the result from the CE-weighted linking. In each plot, the horizontal axis presents
raw scores on the new form ranging from the first percentile to the 99th percentile. Tables 3 -5 present the summaries of
deviance measures — bias, SEE, and RMSE, respectively —averaged over the entire range of raw scores under each new
form sample condition.

Bias

The deviation from the zero line (i.e., no bias) increased as the deviation of the new form sample from the reference form
sample increased in terms of subgroup composition. When the new form sample was matched in subgroup composition
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Figure 1 Conditional bias under the selected five new form sample subgroup composition conditions. Note. The proportion of sub-
groups in the reference form group is constant (A = 52%, B = 48%). DE = direct equipercentile; DE-weighted = direct equipercentile
with weighting; CE = chained equipercentile; CE-weighted = chained equipercentile with weighting.
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Figure 2 Conditional standard error of equating (SEE) under the selected five new form sample subgroup composition conditions.
Note. The proportion of subgroups in the reference form group is constant (A =52%, B = 48%). DE = direct equipercentile; DE-
weighted = direct equipercentile with weighting; CE = chained equipercentile; CE-weighted = chained equipercentile with weighting.
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Figure 3 Conditional root mean squared error (RMSE) under the selected five new form sample subgroup composition conditions.
Note. The proportion of subgroups in the reference form group is constant (A =52%, B = 48%). DE = direct equipercentile; DE-
weighted = direct equipercentile with weighting; CE = chained equipercentile; CE-weighted = chained equipercentile with weighting.
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Table 3 Weighted Average Bias Associated With Four Linking Approaches Under 15 Subgroup Compositions in the New Form Sample

New sample proportions

(Subgroup A vs. Subgroup B) CE with weak anchor
N = 1,500 DE DE (weighted) CE with weak anchor (weighted)
1. (A = 45%) and (B = 55%) 0.48 0.00 0.00 0.00

2. (A =46%) and (B = 54%) 0.39 0.00 0.00 0.00

3. (A = 47%) and (B = 53%) 0.33 0.00 0.00 0.00

4. (A =48%) and (B =52%) 0.26 0.00 0.03 0.00

5. (A =49%) and (B = 51%) 0.20 0.00 0.00 0.00

6. (A =50%) and (B = 50%) 0.15 0.00 0.00 0.00

7. (A =51%) and (B = 49%) 0.00 0.00 0.00 0.00

8. (A =52%) and (B = 48%) 0.00 0.00 0.00 0.00

9. (A =53%) and (B = 47%) 0.00 0.00 0.00 0.00
10. (A = 54%) and (B = 46%) 0.11 0.00 0.00 0.00
11. (A =55%) and (B = 45%) 0.20 0.00 0.00 0.00
12. (A = 56%) and (B = 44%) 0.26 0.00 0.00 0.00
13. (A = 57%) and (B = 43%) 0.30 0.00 0.00 0.00
14. (A =58%) and (B = 42%) 0.38 0.00 0.03 0.00
15. (A = 59%) and (B = 41%) 0.48 0.00 0.08 0.00

Note. DE = direct equipercentile; CE = chained equipercentile. Gray shading indicates in Condition 8, the new form sample was
matched in subgroup composition to the reference form sample.

Table 4 Weighted Average Standard Error of Equating (SEE) Associated With Four Linking Approaches Under 15 Subgroup Compo-
sitions in the New Form Sample

New sample proportions

(Subgroup A vs. Subgroup B) CE with weak anchor
N = 1,500 DE DE (weighted) CE with weak anchor (weighted)
1. (A = 45%) and (B = 55%) 0.53 0.54 0.54 0.55

2. (A = 46%) and (B = 54%) 0.53 0.53 0.55 0.55

3. (A =47%) and (B =53%) 0.53 0.54 0.53 0.53

4. (A = 48%) and (B = 52%) 0.52 0.51 0.56 0.56

5. (A = 49%) and (B = 51%) 0.53 0.52 0.55 0.55

6. (A =50%) and (B = 50%) 0.53 0.53 0.56 0.56

7. (A =51%) and (B =49%) 0.53 0.53 0.56 0.56

8. (A = 52%) and (B = 48%) 0.49 0.49 0.55 0.55

9. (A = 53%) and (B = 47%) 0.53 0.53 0.55 0.55
10. (A = 54%) and (B = 46%) 0.54 0.54 0.55 0.55
11. (A = 55%) and (B = 45%) 0.52 0.53 0.52 0.52
12. (A = 56%) and (B = 44%) 0.53 0.53 0.55 0.55
13. (A =57%) and (B = 43%) 0.50 0.50 0.54 0.54
14. (A =58%) and (B = 42%) 0.53 0.53 0.54 0.55
15. (A = 59%) and (B = 41%) 0.50 0.50 0.53 0.54

Note. DE = direct equipercentile; CE = chained equipercentile. Gray shading indicates in Condition 8, the new form sample was
matched in subgroup composition to the reference form sample.

to the reference form samples (Condition 8), all four approaches produced zero or nearly zero bias along the entire raw
score scale. This was also true for Conditions 7 and 9, for which the new and reference form samples tended to be nearly
equivalent. Although the performance of all approaches was influenced to an extent by dissimilarity between the new and
reference form samples, only the conventional (unweighted) DE method was heavily impacted by the degree of dissimi-
larity because this method assumes the equating samples to be equal in ability.

The unweighted DE approach led to the largest bias under the two most extreme conditions (1 and 15). The overall
average bias for these two conditions was about half a raw score point (0.48), as shown in Table 3. Although Conditions 1
and 15 both led to the same size bias, the direction of the bias was reversed in the two conditions. Random groups equating
assumes that the new sample is the same as the reference sample in ability measured by the test. By design, the new form
samples in Conditions 1 through 6 included more test takers from the more able subgroup (i.e., Subgroup B) than did
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Table 5 Weighted Average Root Mean Squared Error (RMSE) Associated With Four Linking Approaches Under 15 Subgroup Com-
positions in the New Form Sample

New sample proportions

(Subgroup A vs. Subgroup B) CE with weak anchor
N =1,500 DE DE (weighted) CE with weak anchor (weighted)
1. (A = 45%) and (B = 55%) 0.72 0.54 0.54 0.55

2. (A = 46%) and (B = 54%) 0.66 0.53 0.55 0.55

3. (A =47%) and (B = 53%) 0.63 0.54 0.53 0.53

4. (A =48%) and (B = 52%) 0.58 0.51 0.56 0.56

5. (A = 49%) and (B = 51%) 0.56 0.52 0.55 0.55

6. (A =50%) and (B = 50%) 0.55 0.53 0.56 0.56

7. (A =51%) and (B = 49%) 0.53 0.53 0.56 0.56

8. (A =52%) and (B = 48%) 0.49 0.49 0.55 0.55

9. (A = 53%) and (B = 47%) 0.53 0.53 0.55 0.55
10. (A = 54%) and (B = 46%) 0.55 0.54 0.55 0.55
11. (A = 55%) and (B = 45%) 0.56 0.53 0.52 0.52
12. (A = 56%) and (B = 44%) 0.59 0.53 0.55 0.55
13. (A =57%) and (B = 43%) 0.58 0.50 0.54 0.54
14. (A = 58%) and (B = 42%) 0.64 0.53 0.54 0.55
15. (A = 59%) and (B = 41%) 0.67 0.50 0.53 0.54

Note. DE = direct equipercentile; CE = chained equipercentile. Gray shading indicates in Condition 8, the new form sample was
matched in subgroup composition to the reference form sample.

the reference samples. Assuming group equivalence introduced negative bias (i.e., lower linked scores) in the new form
conversion, because the performance of the more able new form group made the new form look easier than it really was. By
contrast, the new form samples in Conditions 10-15 included more test takers from the less able subgroup (i.e., Subgroup
A) than did the reference form samples. Assuming group equivalence resulted in positive bias (i.e., higher linked scores),
the performance of the less able new form group in this case made the new form look more difficult than it really was.

The other three approaches produced small or negligible bias across the entire score region in all 15 conditions. As a
result, their weighted average squared biases were essentially zero in all conditions, as shown in Table 3. Among the three,
the CE approach produced the largest bias, mainly in the upper score region. The DE-weighted approach led to the least
bias. Although weighting reduced bias with both DE and CE linking, its effectiveness was critical with the DE method, for
which no anchor was used. As shown in Figures 1 and A1, the CE and CE-weighted approaches produced nearly identical
results in most conditions.

Standard Error of Equating

Figures 2 and A2 represent the conditional SEE (CSEE) results associated with the four approaches in the selected five new
form sample conditions and in the remaining 10 conditions, respectively. As expected, weighting did not alter the CSEE
for the DE or CE linking methods in any part of the score range, resulting in only two curves in each plot in the figures.
As shown in Table 4, under Condition 8 where both the new and reference form samples were matched to subgroup
composition in the target population, the DE method led to the smallest SEE, about half a raw score point. Because the
number of test takers was constant (i.e., 1,500 per form) in all conditions, the overall average SEEs were similar (ranging
from 0.49 to 0.56) not only for the four approaches but also across the 15 conditions. Thus, the degree of dissimilarity
between the new and reference form samples did not influence linking error. Even so, the CSEE patterns for the DE
methods differed noticeably from those for the CE methods. The DE CSEE curves aligned near the 0.5 line across the
entire score range. The CE CSEE curves were higher at the lower score points but lower at the higher score points.

Root Mean Squared Error

Figure 3 depicts the conditional RMSEs associated with the four linking approaches under the selected five conditions
(see Figure A3 for the remaining 10 conditions). As shown in Table 5, the magnitude of RMSEs, as a combination of
the bias and the standard error, was larger than half a raw score point (0.5) in most conditions. The two DE methods
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exhibited the smallest RMSE (0.49) in Condition 8, while the DE method without weighting showed the largest RMSE
(0.72) in Condition 1. The largest conditional RMSEs associated with the DE approach occurred a little below the mean,
at raw scores of 31 (Condition 1) and 34 (Condition 15). As expected, the CE approaches led to larger RMSEs than did
the DE approaches in the three conditions (7 to 9) where the new form sample was nearly matched to the reference form
sample in subgroup composition. As in the case of bias, the overall average RMSEs of the conventional (unweighted) DE
method increased as the deviation of subgroup composition in the new form sample increased.

Discussion

Direct linking methods designed for use with random groups designs can be problematic when randomization or spi-
raling are not properly carried out. Even with properly conducted procedures, randomization consistently yields nearly
equivalent groups only when samples are very large. If the samples are not appropriately assigned, conventional random
groups linking may result in systematic bias and may have severe consequences for test takers and users. This study com-
pared two equating methods, direct equipercentile (no anchor) and chained equipercentile (common-item anchor), with
and without subgroup adjustment by weighting, in a situation where groups were not necessarily equivalent. We used
actual test data to create the situations in which the groups taking the new form and the reference form differed system-
atically in subgroup composition. To reduce the impact of inadequate randomization or weak anchor, we applied weights
to individual test takers as a function of their subgroup membership, which was in turn related to test performance. The
subgroups in this study were real geographic regions where the examinees were tested, not an artificial grouping variable
created for the study. The actual ability difference between the two subgroups was large. Using test takers resampled from
the actual test takers, we computed three statistics summarizing the score differences between each linking method and
the criterion.

When the new and reference form samples were clearly matched in subgroup composition, the DE method performed
slightly better than CE in terms of bias. When groups differed in composition and, consequently, a major assumption of
DE was violated, the procedure yielded biased results. CE, even with a relatively weak anchor, showed comparatively little
bias in the same situations. Thus, the benefit of weighting to match the new form sample to the reference form sample
was much more salient for DE than for CE. Once proper weights were applied to individual test takers in the new sample,
DE linking bias was nearly eliminated. In the present study design, given the use of stratified random assignment to
the equating samples, subgroup membership was the only possible cause of systematic ability differences between those
samples. When the test takers in the new form sample were weighted to control for subgroup membership, the samples no
longer differed in ability, so there was no need for an anchor. As shown in Tables 3 and 5, weighting reduced the average
bias to near zero and reduced the average total equating error (i.e., RMSE) by at least 25% in the extreme conditions (1
and 15).

A recent study (Walker et al., 2018) showed that repeatedly sampling pairs of groups of size 1,500 from a normal dis-
tribution of scores could yield an absolute SMD between groups of 0.05 or more almost 20% of the time. Further they
showed that DE linking with groups that differ by this much will result in a meaningful difference in equated test scores
(i.e., more than half a reported score point, or a DTM; see Dorans & Feigenbaum, 1994). Similar trends appeared in this
study. In Condition 8, where both the new and reference form samples were matched to the target population in subgroup
composition, the average linked score differences (i.e., bias) were close to zero across the entire score range. However, the
SEE was 0.49, which is about half a raw score point. Thus, while expected linking results in this situation displayed little
bias, several replications showed differences (i.e., sampling error) too large to ignore. Together with the previous stud-
ies (Kim & Moses, 2019; Walker et al., 2018), this result indicates that even randomization may not guarantee equivalent
groups unless the sample size is very large. Using DE linking in this situation will on those occasions lead to nontrivial
bias.

Several recent studies have used covariates or background information to improve linking results. Brianberg and
Wiberg (2011) showed that the use of covariates such as gender and education with linear linking exhibited less error
than linking without the use of the covariates. Sansivieri and Wiberg (2017) obtained similar results by using covariates
with IRT observed score linking. Lu and Guo (2018) showed that the use of the minimum discriminant information to
create pseudoequivalent groups before equating in a NEAT design reduced equating error compared to linking without
using the additional background information. In the present study, linking through a weak anchor led to only small
bias because the degree of deviation from group equivalence was rather small. Thus, the additional reduction in bias
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owing to weighting was almost negligible. If the new and reference samples showed larger degrees of nonequivalence,
however, linking through a weak anchor (i.e., a poorly constructed anchor test) could lead to greater bias due to incorrect
adjustments in group ability differences (Kim & Moses, 2019).

Here, we examined equating cases in which there were moderate fluctuations in subgroup composition between the
new and reference form samples and thus small ability difference between the samples for equating. We also weighted
the new sample to match the reference sample, which was representative of the target population in terms of subgroup
composition. Therefore, both samples were matched not only to each other but also to the target population. Previous
research (Schmitt et al., 1990) found that matching both samples to the target population was not as effective as adjusting
the old form sample to match the new form sample. In a recent study (Lu & Kim, 2021), however, equating was most
accurate when the new form and reference form samples were weighted to be similar to the target population. When the
target population was a combination of the two equating samples, and one sample was weighted to be similar to the other,
the equating was less accurate, but still much more accurate than equating with unweighted samples.

In this study, we considered the simple case where the subgroups were characterized by only one grouping variable
with two subgroups.” Thus, weights are determined as a function of subgroup sample sizes in the new and reference
forms. The proposed method could be expanded to include three or more groups classified with more than one grouping
variable. With test takers’ multiple background variables that are statistically related to the test scores, such as age, gender,
education, and testing experiences, and so forth, the weighted equating proposed in this study can still be implemented, but
with a more sophisticated weighting process. Some possibilities are propensity score matching as in Longford (2015) and
Livingston (2014), Haberman’s (2015) minimum discriminant information adjustment method, or the Qian et al. (2013)
poststratification ranking.

When a proper anchor is unavailable and group equivalence is questionable, it is critical to find a stratifying variable
that is at least moderately related to performance. Better covariates exist. Even so, less obvious variables (e.g., school,
district, test center, even ZIP code) may also be used as covariates, especially for large-scale assessments. If these sub-
groupings differ even moderately in average performance level, then weighting the old and new form samples based on
these groupings could be beneficial. Recall that the subgroup variable used in this study accounted for less than 10%
of the total variation in test scores; yet stratifying on this variable effectively reduced linking bias.!? In this study, we
weighted the samples based on the same variable used to create nonequivalent groups. Clearly this is a limitation of this
study although we do not think the current results are spurious. An extension study that adjusts for group ability dif-
ferences via weights determined by minimizing a discriminant function formed from various demographic variables is
underway.

Notes

1 One method of random assignment involves employing a simple random process, in which the test proctor effectively flips a coin
(although usually some other more practical but similar randomization method is used) to decide which test each examinee
receives. A more systematic way of assignment consists of alternating, or spiraling, the test forms in the stack of forms to be
handed out and then distributing them to examinees in that order. Often referred to as “pseudo-random” selection, so long as
there is no systematic ordering of examinees at the outset (e.g., always seating students of low ability between students of high
ability), then a spiraled sample may be treated as a simple random sample for all intents and purposes (Kish, 1965).

2 This recommendation is based on a maximum desired standard error of equating of 0.2 standard deviation units across the
middle 95% of the score distribution.

3 An internal anchor is part of the test itself; an external anchor is not. An internal anchor consists of a set of questions from the
reference form that have been included in the new form. An external anchor is a common measure, separated from the test itself.
Ideally, the external anchor should measure the same knowledge and skills as the test to be equated.

4 This would happen, for example, when the groups differ systematically on the anchor but do not differ in the ability the test

measures, or vice versa. In other words, that will happen if the anchor measures a different set of skills from the test.
__ 39.32 (Mean of Form Y)—36.48 (Mean of Form X) __
5 SMD = (10.99 (SD of Form Y)+10.95 (SD of Form X))/2 0.26.
6 In this study, the 15 conditions were chosen to mimic as closely as possible the plausible situations caused by limited

randomization in actual operational settings. Testing programs that use the random groups design for equating generally
implement it properly. Ideally, the tests are spiraled within classrooms or test centers. If the difference in average performance
across test centers is fairly large, this type of cluster sampling will produce reasonably equivalent groups with smaller samples.
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Without these well-defined clusters, random sampling will consistently yield equivalent groups only with very large samples
(10,000 cases or more). In most testing situations, some deviation from group equivalence is unavoidable.

7 The appendix presents equations for both direct and chained equipercentile methods. Note that we can offer the SAS code upon
request.

8 In Condition 1, where 45% of examinees in the new form sample come from Subgroup A and 55% of examinees come from
Subgroup B, Subgroup A test takers receive a weight of 1.1556 (=52/45) and Subgroup B test takers receive a weight of 0.8723
(=48/55). The weighted percentages in the new form sample are 52% for Subgroup A and 48% for Subgroup B, equal to the
corresponding percentages of examinees in the reference form sample. No weight is necessary for the test takers in the reference
form sample.

9 Examinees’ other background information was unavailable in the dataset that we had for this study.

10 As an example, we examined published accountability data from a large southwestern school district (Clark County School
District, 2019). School membership explained 12% of the variation in accountability test results.
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Appendix
Direct and Chained Equipercentile Methods

Equipercentile equating is based on a percentle definition of equivalence. That is, a score on the new form and a score on
the reference form are considered equivalent in a group of test takers if both scores have the same percentile rank in the
group. The direct equipercentile equating function transforms each score on the new form to the score on the reference
form that has the same percentile rank in that group. The following function describes direct equipercentile equating
(Kolen & Brennan, 2004).

ey (x) = G [F (0], (A1)

where X is a random variable representing a score on Form X, and x is a particular value of X. Y is a random variable
representing a score on Form Y, and y is a particular value of Y. G™! is the inverse of the percentile rank function of Y in
Population 1, and F is the percentile rank function of X in the same population.

For the chained equpercentile equating method, scores on Form X are linked to scores on Form Y through an anchor
test V that is taken by both Population 1 and Population 2. Form X scores are first converted to scores on the anchor test
by applying the equipercentile function in (A1) to data from Population 1 (new form sample):

ey (x) = H' [F, (0], (A2)

where H;! is the inverse of the percentile rank function of V' in Population 1, and F, is the percentile rank function of
X in the same population. Then, the anchor set V scores are equated to Form Y scores in Population 2 (reference form
sample):

ey () =G)' [H,)], (A3)

where H, (v) is the percentile rank function of V in Population 2, and G is the inverse of the percentile rank function
of Y in Population 2. Lastly, the Form X scores are equated to Form Y scores through a chain consisting of the two
equipercentile equating functions:

ey () =G, [H, (H{' (F, (0))] - (A4)

In this study, both DE-weighted and CE-weighted methods used the weighted score distribution of the new form
sample. For those methods, each test taker in the new form sample receives a weight as a function of his or her subgroup
membership. Then, the frequencies on scores of Form X and anchor (i.e., grouped data) were counted based on those
weighted examinees. The percentile ranks of the new form sample were determined based on the grouped data. We can
offer the SAS code upon request.
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Figure A1 Conditional bias under the 10 new form sample subgroup composition conditions. Note. The proportion of subgroups
in the reference form group is constant (A = 52%, B = 48%). DE = direct equipercentile; DE-weighted = direct equipercentile with
weighting; CE = chained equipercentile; CE-weighted = chained equipercentile with weighting.
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Figure A2 Conditional standard error of equating (SEE) under the 10 new form sample subgroup composition conditions. Note. The
proportion of subgroups in the reference form group is constant (A = 52%, B = 48%). DE = direct equipercentile; DE-weighted = direct
equipercentile with weighting; CE = chained equipercentile; CE-weighted = chained equipercentile with weighting.
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Figure A3 Conditional root mean squared error (RMSE) under the 10 new form sample subgroup composition conditions. Note. The
proportion of subgroups in the reference form group is constant (A = 52%, B = 48%). DE = direct equipercentile; DE-weighted = direct
equipercentile with weighting; CE = chained equipercentile; CE-weighted = chained equipercentile with weighting.
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