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Relational understanding constitutes students’ awareness of appropriate
procedures to solve problems along with logical reasoning. Itis pivotal to
help students solve problems in mathematics. It is necessary that the
teaching of mathematics be directed to achieve relational understanding.
Accordingly, students are capable of solving complicated problems in
mathematics. This current research aims at analyzing and describing
relational understanding and the patterns of answering questions of the
fifth graders on integer operation. This study used a qualitative approach
with a case study as the research design. Further, three students
belonging to the fifth grade of Elementary School in Malang City,
Indonesia, were set up as the research subjects. A test was administered
to measure the subjects' relational understanding. All collected data were
analyzed using an interactive technique. The result has indicated that the
highly-proficient student was able to show excellent relational
understanding. Besides, it was shown that the fairly-proficient student
could show good relational understanding. The lowly-proficient student
was shown to be able to achieve only half of the holistic criteria set for
relational understanding. The patterns of answering the questions
demonstrated by all students in all levels included jotting down the
models, completing the models, and answering the questions. The highlyproficient student understood the information and wrote it down. Whilst
the fairly-proficient student understood the information without
translating it into the written form. At last, the lowly-proficient student
did not pronounce any signals of understanding of the information
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Introduction
Skemp (1976) defines two types of mathematical understanding: relational
understanding and instrumental understanding. Further, Skemp (2006) asserts that
relational understanding constitutes students’ awareness of appropriate procedures to
solve problems along with the logical reasoning for the choice of those procedures. Besides,
Weber (2002) states that relational understanding comprises an understanding of informal
concept ideation, concept definition, as well as the reasons why certain concept exists.
Instrumental understanding is the ability to appropriately apply any memorized rule to
solve a problem without knowing why the rule works (Skemp, 1976).
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Minarni, Napitupulu, and Husein (2016) assert that relational understanding is the
ability to deduce specific rules or procedures from a more general mathematical
relationship. For example, the product of two numbers with the same sign is positive and
that product of two numbers with the different signs is negative. Relational understanding
does not focus merely on a set of procedures to arrive at the answers, but it also improves
students' understanding of mathematics (Napaphun, 2012). Students are often confused
about relational terms, tend to use all numbers in word problems, apply the principles of
the wrong operation to reach a final solution, and only possess an instrumental
understanding of arithmetic operation on the principles of integers without relational and
logical understandings (Yung & Paas, 2015).
There are four benefits of a relational understanding of mathematics. First, students
will be facilitated to solve complicated problems more efficiently. Second, it is easier for
students to memorize and comprehend concepts in mathematics. Third, students could
achieve the goals of their learning. Fourth, it helps students generate and create original
ideas (Skemp, 2006). Accordingly, students should be encouraged to have a relational
understanding. To achieve this understanding, they must develop conceptual structures
that contain relevant concepts (Star & Stylianides, 2013).
It takes a long time and teachers’ perseverance to develop students’ relational
understanding. Therefore, equipping students with relational understanding should be
initiated from elementary school. For instance, the fourth and fifth graders could be
assigned to solve some problems. In this sense, students will develop in these four areas.
First, they will develop an understanding of various concepts in mathematics. Second,
relational understanding facilitates students to perceive every problem holistically. Third,
students are trained to apply a series of principles and concepts in mathematics. Fourth,
students will improve their inductive skills (Napaphun, 2012). Researchers of relational
understanding focus mainly on its development while learning arithmetic and algebra
(Todorova, 2016; Patkin & Plaksin, 2018; Stephens, 2006)
It is necessary to teach integers to students as the knowledge about integers will
facilitate them to solve problems in their daily life (Musser, Burger, & Peterson, 2005). The
integer is an abstract material, considering the existence of negative integer that is rarely
found in daily life. Therefore, students tend to find it problematic to calculate. Addition and
subtraction are important parts of life and people do not usually go through a day without
needing to add or subtract something. Addition and subtraction are also the building
blocks for more advanced mathematics (Caron & Jacques, 2001). However, students still
find it difficult to deal with integers. They could not recognize which number is bigger and
are confused to decide the correct calculation operation (Van de Walle, Karp, & BayWilliams, 2008). Almost all of the examples of arithmetic problems in elementary school
math curricula incorporate operations (e.g. addition and subtraction) on the left side of the
equal sign and the "answer" on the right side (Seo & Ginsburg, 2003).
There have been some previous researches regarding relational understanding.
Anwar, Yuwono, and Rahman (2016) postulate that subjects with visual and symbolic
representations can build relational understanding. Nevertheless, the visual representation
displayed by the subjects on the measurement concept is not accurate. Another research by
Safitri, Juniati, and Masriyah (2018) reveals that regarding relational understanding at the
stage of understanding the problem, the subjects can state and write what is known and
asked and mention key concepts related to rectangular problems. This shows that the
relational understanding of the students with high, medium, and low mathematical abilities
still needs to be further investigated.
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There were some underlying reasons why this research was carried out. First, this
was regarding previous researches that had not attempted to focus on a relational
understanding of integer operation at the elementary school level. Second, this current
research was considering the importance of teaching mathematics. Therefore, based on the
above elaboration, the research problem of this current research was set as “how is the
relational understanding practiced on integer operation by the fifth graders in elementary
school?” and “how do the fifth graders pattern their strategies for answering questions on
integer operation?”.
Research Methods
A case study was employed as the research design. The subjects involved three fifthgraders from one of private Elementary Schools in Malang, Indonesia. They represent three
categories: highly-proficient (S1), fairly-proficient (S2), and lowly-proficient (S3).
The data were taken from the test and interview. The test was administered to
measure the students’ relational understanding with one question regarding integer
operation based on the relational understanding indicator. The problems were chosen
based on the indicators of competences on integer operation adapted from Davis (2006) as
shown in Table 1.
Table 1.
Indicators of relational understanding of integer operation (Adapted from Davis, 2006)
Category

Indicator

Description

Applying a series of procedures
holistically

Applying the basic steps for mentioning initial
temperature, calculating the increasing temperatures,
making a mathematical model, solving the model, and
solving problems
Mentioning initial temperature, calculating the
temperatures, writing a model, and solving the model, as
well as answering the final temperature of the ice block
after 15 minutes
Resulting in the correct answer based on proper
procedures. The temperature of the ice block after 15
minutes is 3o Celsius.

Applying procedures smoothly
Procedural
Resulting in incorrect answers

Showing the ability to apply
procedures
Knowing when to apply certain
procedures
Having prior and pre-requisite
knowledge to apply procedures
Conceptual

Detecting errors when applying
procedures
Providing logical arguments
when applying procedures
Recognizing new
problems
when
procedures

types of
applying

Explaining what is known and asked, making a
mathematical model, and solving the model (finishing the
operation orderly), and answering the problems
Knowing when to apply certain operation procedures
Having prior and pre-requisite knowledge to solve
problems of integer, calculation operation, as well as
procedures to calculate integers
Detecting errors in calculating integers, positive and
negative signs, as well as the orders in calculation
operation of integers
Providing logical argument when applying basic steps,
such as showing the procedure to solve a certain problem
and explaining why the procedure is taken
Recognizing new types of problems that can be solved
through certain procedures
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An interview guide was used to collect the students’ arguments in answering the
questions related to integer operation. The unstructured interview was conducted to
collect the data.
The problem to investigate the student relational understanding is as follows:
The initial temperature of the ice block in a refrigerator is -70 C. After being taken out
from the refrigerator, the temperature rises 20C every 3 minutes. What is the
temperature of the ice block after 15 minutes?
There were three activities to analyze the data: reduction, presentation, and drawing
conclusions. All activities were carried out in parallel during the process of collecting the
data. The data reduction activities on interview results were performed by the following.
Firstly, summarizing the interview results in the form of note-taking or record the
information from the students. Secondly, sorting out the data between the most and least
important based on indicators had determined. Finally, the most important data were
analyzed. The main role of the interview was to reveal deeply the information about the
relational understanding of integer operation.
The data were presented in a descriptive based on the reduction activities. It makes
easier to understand what happened in the systematic organization of the data. The
conclusion drew by the researcher should be supported by valid data. In this phase, the
conclusion would be based on the results of the analysis of the whole data.
Results and Discussion
Case 1: Highly-proficient Subject (S1)
Figure 1 shows the excerpt of answering the problem of the highly-proficient student.

Figure 1. The excerpt of highly-proficient student answer

Figure 1 indicates that S1 was able to perform the procedure correctly. The subject had
mentioned what had been identified, what was questioned, and how to answer along with
the mathematical model. Afterward, S1 was completed the model and solved it correctly.
This was supported by the interview excerpt with the student.
Researcher
S1
Researcher
S1

:
:
:
:

Researcher
S1

:
:

What does the expression of “in 15 minutes ...” imply?
It refers to “the final temperature after 15 minutes.”
Why is it written “-7+(15:3x2)? Could you please explain it?
The initial temperature is -70C, isn’t it? Then, it requires us to find out the
temperature after 15 minutes. That is why I should add -70C to the temperature after
15 minutes.
Then?
As in every 3 minutes, the temperature rises 20C, the temperature after 15 minutes
will be obtained when 15 is divided by 3. Then, the result of the division should be
multiplied by 20C. The final result of the calculation is to be added to the initial
temperature.
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The interview excerpt showed that the patterns of answering the question include
writing down the information that is known and asked, constructing a mathematical model,
completing the model, and answering the question. All the procedures were stated clearly
and comprehensively. The model constructed by S1, (-7 + (15:3x2)), had shown the order
of time and pattern of answering the question. The initial temperature, (-70 C), was added
by the temperature after 15 minutes, ((15:3x2)0C). Then, S1 performed a division
operation, followed by multiplication. Furthermore, S1 completed the operation in the
bracket preceding the addition operation.
The effectiveness of the student in doing the procedure has shown by his performed
in solving the problem. The student could answer the problem quickly with no interference
during the answering process. S1 has been identified as the information and questions in
the problem, constructed the mathematical model, and performed the procedures to solve
the problem. Afterward, S1 could complete the problem correctly and effectively. The
interview excerpt showed that the subject was not interfered with by any problem in
applying the procedure.
Researcher
S1

:
:

Do you find it difficult to answer?
No, Sir. I have been accustomed to answering in such a way for integer operation
and had done the same thing before

The student also has performed correctly in every step of solving the problem. He
could successfully communicate the identified information, how to answer, and the
solution to the problem given. The student also demonstrated the ability to explain the
procedure for solving the question. That ability showed in the excerpt of the student
answer in the interview.
“It is told that the temperature increases 20C in every 3 minutes. The final temperature is sought after
15 minutes. As in every 3 minutes, the temperature rises 20C, I divided 15 by 3, which is 5. 5 should be
multiplied by 2, which is 10. At last, 10 is added with the initial temperature of -70 C. Therefore, the
result is 30C”

Besides, S1 knew when to use the correct procedure to calculate the initial temperature, 70C. The subject could calculate the increasing temperature per 3 minutes by dividing 15 by
3 and then multiplying it by 2. Furthermore, S1 obtained the model, -7+(15:3x2). Then, the
student answer is 3oC as the solution to the problem. An interview with the subject has
revealed that S1 knew when to apply the correct procedure.
Researcher
S1

:
:

Explain the steps for solving the problem
I divided 15 by 3, resulting in 5. Then, I multiplied 5 by 2, resulting in 10. I added
100C with an initial temperature of -70C. The results is 30C

Furthermore, S1 possessed pre-requisite knowledge in solving the operation of
integer problem. The knowledge comprises integer, time, temperature, addition,
subtraction, multiplication, and division. An interview with the subject has revealed that S1
utilized the knowledge to solve the problem.
Researcher
S1
Researcher
S1

:
:
:
:

What are the operations used to solve this problem?
Addition, substraction, multiplication, and division
Other than time unit, is there another unit in that problem?
The unit of temperature, which is the celcius degree
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Figure 1 also showed that S1 did not make an error in performing the calculation. An
interview with the subject has revealed that S1 was aware of the inexistence of error in the
calculation.
Researcher
S1

:
:

Do you know that there is an error in your operation procedures?
After rechecking, I do not find any error in the process of calculation, Sir.

The subject also demonstrated his logical arguments when applying the operation
procedures of integers. The subject could show and explain the steps of finding out the
temperature after 15 minutes. He also recognized a new type of problem to be solved
through proper operation procedures of integers. Then, this subject successfully identified
that the problem could be solved by addition and multiplication operations. This finding
has also been confirmed by an interview with the subject.
Researcher

:

In your opinion, is this considered a new problem?

S1
Researcher
S1

:
:
:

Yes, it is new
Why?
To solve this problem, I must use all operations, namely: addition, subtraction,
multiplication, and division. The previous question was not the same as this one.

Based on the data analysis, the highly-proficient student (S1) showed the ability to
operate effectively, generate the answer correctly, and perform the procedure accurately.
Besides, S1 knew when to apply the procedure and anything required to apply the
procedure. The student was aware of errors in applying the procedure. He succeeded in
accurately giving a logical argument and recognizing a new type of question that could only
be solved using specific operating procedures. Based on the description above, it can be
concluded that S1 showed excellent relational understanding to perform the operation
procedure of addition.
Case 2. Fairly-proficient Subject (S2)
Figure 2 shows the excerpt of answering the problem of the fairly-proficient student.

The student did not mention
the initial temperature, but
performed the addition of the
temperature.

The student created model
and tried to finish the model.

The student answered the question.

Figure 2. The excerpt of fairly-proficient student answer

Figure 2 indicates that S2 could not write the information in the problem completely. He
only wrote down the additional temperature per 3 minutes but to be mistaken in
expressing it. Besides, the student was able to create the mathematical model even though
partially. He calculated the added temperature after 15 minutes separately. In the next
step, S2 calculated the initial temperature of -70⁰C added by a total of temperature after 15
minutes. Overall, S2 could solve the problem correctly. This information was supported by
the excerpt from the interview as follows.
http://journals.ums.ac.id/index.php/jramathedu
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S2
Researcher
S2

:
:
:
:
:
:

Researcher
S2

:
:
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What do you get from the question?
The initial temperature of -70C and 20C increase per 3 minutes
What are you supposed to find out?
The temperature of the ice block after 15 minutes
Is 15 equal to 100C?
Not at all. I wrote it without any purpose. I mean, in 3 minutes, the temperature
rises 20C; 40C in 6 minutes; 60C in 9 minutes; 80C in12 minutes; and 100C in15
minutes.
Why did you write it as “-70 C + 100 = 30 C”?
I did so because the initial temperature is -70C. After 15 minutes, it is clear that
the temperature rises to100C. The initial temperature is added by the extra
temperature after 15 minutes. There it is; the temperature after 15 minutes is
30C.

The interview result showed that the pattern of solving the problem demonstrated by
S2 encompasses: writing down the information that was known, designing mathematical
models partially, completing the model partially, and answering the questions. However, he
did not write down the information questioned. The student has shown a good
understanding of what was informed and questioned. Besides, the student has being able
to answer the question correctly. Despite, the subject could not transform the information
and question the problem into a mathematical model correctly. Interestingly, the student
did not use of the mathematical model completely like S1. Instead, he used a partial model
before combining it. Even more, S2 did not apply the operation concept of division and
multiplication to calculate the increase of the temperature after 15 minutes. Instead, S2
applied a repeated addition to the temperature per 3 minutes.
The subject was also shown to be quite effective in doing the procedure in solving the
problem. His procedure to answer the question was considerably fast. He did not find
obstruction when solving the problem. S2 could mention the identified properties, but not
the questioned one. The subject was also able to create a mathematical model before
answering the question. This was supported by the data from the interview as follows.
"No, Sir. I have been accustomed to answering the question regarding integer this way before.”

Furthermore, Figure 2 demonstrates that S2 could find out the right answer on every
single step. It was shown particularly when stating the identified properties, making a
judgment on the result of the procedure, and showing up the final answer to the question
given. The subject showed the capability of explaining the steps of implementing the
procedure to answer the question which is demonstrated on the following result of the
interview.
“It is informed that the temperature increases 2o in every 3 minutes. The question asks for the final
temperature after 15 minutes. After 3 minutes, the temperature rises to 20C. After 6 minutes the
temperature rises to 40C, and so on. After 15 minutes, the temperature rises to 100C. Then I add -70C to
100C and get 30C.”

The data analysis revealed that the fairly-proficient student has shown relatively
good relational understanding to perform the addition operation even though inaccurate.
The subject could operate the procedure effectively and know when to use it. He knew that
the pre-requisite knowledge was needed to use the procedures and recognize the errors
made in the solving steps. This subject could also give a logical argument why such a
procedure was worth doing and recognize a new type of question that could be solved by
integer operation.
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Case 3: Lowly-proficient Subject
Figure 3 shows the excerpt of answering the problem of the lowly-proficient student.

No question was directed or
stated.

The student answered the
question.

Figure 3. The excerpt of lowly-proficient student answer

Figure 3 showed that S3 was unable to perform the procedure correctly. The subject
could not even mention the identified properties, the questioned problem, and the
procedure to be solved the problem. The student has tried to create a model even though
incorrect. Afterward, the subject attempted to solve the model to find out the solution but
was still erroneous. This pattern was underpinned by the interview result as follows.
Researcher
S3
Researcher
S3
Researcher
S3
Researcher
S3

:
:
:
:
:
:
:
:

Researcher
S3

:
:

What do you get from the question?
The initial temperature of -70C
Is there anything else?
........ (remained silent, then answered)... It rises 20C
What is questioned?
The temperature of the ice block after 15 minutes
Why did you write down “-7+2+2+ and so on”?
I did it because the initial temperature stated is -7, and the temperature rises in 15
minutes. Then, I added -7 with 2 for 15 times
Why is it written-35?
Of course, because of the preceding number is negative

Based on the interview result, it is clearly shown that the pattern of answering the
question demonstrated by S3 is as follows: did not write what was informed or questioned
and attempted to design a mathematical model even though being mistaken. The subject
has understood the initial temperature. However, he did not understand the increase in
temperature every 3 minutes. Besides, S3 also understood what was questioned.
Remarkably, the student attempted to design an addition operation started by -7, then
adding it with 2 to 15 times. The subject did not understand the meaning of 2⁰C increase
each 3 minutes (the concept of multiplication). He also was mistaken by replacing 15
minutes with 15 times (the concept of time). Further, S3 could not perform the addition
operation using negative integers.
Besides, S3 could not perform the procedure effectively. It can be seen from a similar
pattern with unable to perform the procedure correctly. This is supported by the interview
result as follows.
“I just do everything based on the given instruction, by adding all numbers given.”

Figure 3 also showed that the subject used the wrong procedure to solve the problem.
It can be seen from the results of his identified information, the result of the process, and
the answer to the question. S3 has shown the inability to explain the procedure of
answering the question. It was shown from the following excerpt from the interview.
“I haven't successfully found out the correct procedure to answer the given question.”
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The lowly-proficient student (S3) showed inadequate relational understanding. The
subject could not operate the procedures correctly. S3 did not know when to use the
procedure precisely and could not identify the pre-requisites needed for doing the
procedure. He was not aware of the errors made while performing the procedure. Besides,
S3 could not give a logical argument and recognize a new type of question that could be
solved with specific procedures.
The highly-proficient student was equipped with excellent the relational
understanding, the fairly-proficient student was good, while the lowly-proficient student
was relatively deficient. The students with highly- and fairly-proficient mathematical
abilities have been equipped with good relational understanding. On the contrary, those
with lowly-proficient ability were shown to be less in relational understanding. The
students with highly- and fairly- proficient abilities could synthesize a concept
procedurally and explain the concept systematically. This is in line with research by Safitri
et al. (2018) that there are differences in relational understanding in solving problems
among the students.
According to Skemp (2006), relational understanding offers the key benefit that
functions as a tool to facilitate mathematics learning. The higher students’ relational
understanding, the easier they solve problems in mathematics. Therefore, students could
achieve the goals of their learning. In other words, those who are equipped with low
relational understanding would be difficult to achieve the goal. On the one hand, according
to John, Jennifer, Louann, and Karen (2014), relational understanding is defined as any
novel concept or procedure that does not only need understanding but ideas and
knowledge as well to make learners be able to find out several connections as expected.
Instrumental understanding occurs due to the students’ failure to meet a half or the whole
indicators set up for relational understanding as proposed by Davis (2006). Moreover,
Skemp (as cited by Walle V. De & John, 2008) claims that instrumental understanding
exists since the students do not have an adequate conceptual understanding. In other
words, the procedural knowledge they possess could not accommodate their conceptual
understanding.
The typical pattern of answering the question demonstrated by the highly-, fairly-,
and lowly-proficient students included constructing the mathematical model based on the
question, completing the model, and answering the question. All students understood what
was questioned, but not all of whom understood the information implied by the question
itself. The highly-proficient student understood the information and was able to state it
correctly and comprehensively. The fairly-proficient student could understand the
information stated in the question, but was not able to translate it into a written form
correctly. Meanwhile, the lowly-proficient student appeared to be incapable of
understanding the implied information and stating it in a written form.
In answering the question, the highly-proficient student was shown effective in
operating addition, multiplication, and division. The fairly-proficient student skipped
multiplication and division but kept operating addition recurrently. Meanwhile, the lowlyproficient student tried to operate addition when answering the question but remained
unable to operate the addition using a negative integer.
Conclusion
The following section sums up the patterns of students' relational understanding in
solving problems. The student with high ability could perform the procedure of operation
relatively well and effectively. Therefore, the problem can be solved properly and correctly.
The pattern of answering the question is consisted of jotting down what was informed and
http://journals.ums.ac.id/index.php/jramathedu
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questioned, structuring/designing a mathematical model, completing the model, and
answering the question. To complete the mathematical model, the student-operated
addition, multiplication, and division.
The student with fair ability could show up good relational understanding since the
student had been able to operate the procedures correctly. He knew when to apply specific
procedures and utilize the pre-requisite knowledge to perform the procedures. The student
with this sort of fair ability did not know errors might potentially occur. However, the
student could come up with logical arguments regarding the performed procedures.
Besides, this type of student succeeded in recognizing a new type of problem that could be
solved by certain procedures. The pattern included partially writing down what was
informed, structuring a mathematical model, completing the model part by part, and
answering the question. The student had a good understanding of the question. He was also
able to answer the question even though could not write the answer correctly. The student
only used repeated addition to complete the mathematical model.
The student with low ability has shown poor relational understanding. The student
could not perform the procedures smoothly and unable to find the answer to the problem.
Besides, He did not know when to apply certain procedures and possess pre-requisite
knowledge. The student could not identify any errors that might occur and provide logical
arguments when applying certain procedures. Therefore, the failing to recognize a new
type of problems were susceptible to occur. The student constructed a mathematical model
directly preceding the answer to the question. He also did not understand the information
stated in the question, unable to operate an addition using negative integers, and did not
understand the concept of multiplication. The student performed repeated addition in
completing the mathematical model. The pattern of students' relational understanding in
solving problems as described above is important and interesting to study. Therefore, the
next researchers can continue this current research to investigate students' relational
understanding patterns on other topics.
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