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Abstract
The paper is focused on students of Mathematical methods in economics at the Czech university of life sciences
(CULS) in Prague. The idea is to create a model of students’ progress throughout the whole course using the
Markov chain approach. Each student has to go through various stages of the course requirements where his
success depends on the completion of the previous duties. It makes the whole process ideal for usage of Markov
chain theory in practice. We show how students’ achievements during the semester affect the final result of the
exam in terms of the final grade. The final grade can be understood as an absorbing state of a Markov chain that
is terminal and cannot be transitioned from. With the help of Markov chains, the probability of success at the end
of the course is shown regarding the students’ behaviour and diligence during the course. This helps to identify
weak or critical stages of the entire course and also supplies the planning of time capacity that will be needed to
examine all students in the end. The mathematical model is constructed and consequently used in the case study
at the second half of the paper.
Keywords: examination, absorbing Markov chain, probability of success, teaching of quantitative methods
1. Introduction
The evaluation of students’ progress is a very important part of any educational system. Making the decision to
let a student pass or fail is difficult especially if the teacher is supposed to decide only by the final exam results.
The performance of the student can be influenced by many factors and the teacher has limited time to assess the
acquired knowledge and other required skills. The difficulty of the decision is compounded by the fact that
students need time to learn, so mistakes are to be expected (Scanlan et al., 2001). Failing a student is stressful
both for the student and for the teacher (DeBrew & Lewallen, 2014).
To make a final grade decision is even more complicated if the teacher does not know the student personally and
does not have enough information about the student’s progress during the course. To support the decision making
process at the final exam, the partial evaluation during the semester can be introduced. This was the case of the
investigated course with about a thousand of students and ten teachers. Passing the partial tests during the
semester enables the students to move forward to the exam. To get to the face to face communication with the
examiner suppose passing the written examination test.
There are three attempts for passing the final exam with some time for study in between the attempts (usually all
the attempts must be finished in 5 weeks) in order to improve the results (to pass). The results of these attempts
can be also taken as a partial evaluation serving as a feedback for the student. The whole process is described
further in the Method section.
The question is how the partial grades influence the final grade. Both the partial evaluation and the final exam is
time demanding hence it is important to evaluate each stage of the students’ evaluation. The goal is to define the
role and significance of all the evaluation stages and think over some reduction or enhancement. The
mathematical model based on Markov chain is possible to apply because each student must finish several phases
before getting the final grade.
1.1 Background
The final grades are often used as a measure of transmission of knowledge in a course, for evaluation of the
teachers, the university, and the curricula. Assessment can be a powerful force for supporting learning and a
mechanism for individual empowerment (Broadfoot & Black, 2004). The availability and accuracy of
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information on academic performance affects both the design of the educational system and the functioning of
the labour market (Betts & Grogger, 2003). Recently, there has been growing attention to academic standards
related to the connection of students’ entry levels and their assessment outcomes (van de Watering & van der Rijt,
2006)
It is generally supposed that the final grade is a measure of the students learning in the particular course but there
are many more influential factors.
The reality in addition to the absence of an objective measure of student learning further faces a number of
difficulties regarding empirical methodology (Beleche et al., 2012). The grades are never totally objective. Their
variation arises from three sources: the student, the teacher, and ‘‘nature’’, which reflects random and
unmeasured factors (Grant, 2007).
The teachers vary considerably in their grading standards (Figlio & Lucas, 2004). The high grading standards
may help some students at the expense of others (Betts & Grogger, 2000).The students benefit academically
from higher grading standards while the high-ability students benefit more than low-ability students (Figlio &
Lucas, 2004). The higher graduation standards lead to relatively increased dropout rates and affect decisions to
remain in school (Dean et al., 2001). The dropout rates are serious issue in many western countries while the
attention has been shifted from the demographic and family factors more to the psychological and behaviour
factors of the students (De Witte et al., 2013).
The assessment and other skills of the teacher play an important role. Kyriakides et al. (2009) stated that the
teacher’s behaviour is dependent on his or her beliefs and knowledge and interpersonal competences. Grades
may vary across teachers in the same institution because some instructors are more willing to withstand the
complaints (Stratton, Myers, & King, 1994). The grade inflation results from the desire of both instructors and
students to be “nice” and with the academia's progressive loss of autonomy (Oleinik, 2009).
On the student’s side, grades may vary due to differences in the willingness to trade off leisure for study or in the
ability to learn a subject (Grant, 2007). The student’s background (i.e. age, gender, father's and mother's
education level, the social status of father's job, the social status of mother's job and the economic situation of the
family) has significant effects on student’s achievement but the strongest effect has the prior knowledge
(Christoforidou et al., 2014). The self-estimation is not necessarily in line with the prior knowledge. Dochy et al.
(1999) stated that the more prior knowledge a student has, the more he tends to underestimate his performance.
The relationships of the achievement motivation (having three types of achievement goals, i.e. mastery goals,
performance goals and social goals) and the achievements (particular learning in a particular setting which is
defined by examination grades) are positive and significant with remarkable gender differences (Awan et al.,
2011).
One of the unmeasured factors is often the item difficulty. An assessment can contain some easy items as well as
some difficult items, but the overall difficulty of the assessment should be adjusted to the level of the student
population taking the assessment. An assessment should have a certain level of difficulty, enabling an average
student to pass. Average students can be defined as those who are generally sufficiently prepared for
participation in the classes and have confidence in their own capacities to study for the assessment (van de
Watering & van der Rijt, 2006).
The predictive power of partial evaluation has not been clearly determined. By Hamid et al. (2013), a positive
self-esteem, proactive coping, and mathematics anxiety are predictors of good results in mathematics. Grant
(2007) shows that performance in a previous class has no predictive power in the following class. By Beleche et
al. (2012), the grade received on the final exam is superior to the grade in the course.
The utilization of partial testing in the teaching-learning process involves breaking up the subject matter content
into smaller hierarchical units for instruction; specifying objectives for each units; designing and administration
of validated formative test; offering a group based remediation in areas where students are deficient before
moving to another units and then administration of summative test on completion of all units (Ajogbeje et al.,
2013). Ajogbeje (2010, in Ajogbeje et al., 2013) opined that the breaking up of subject or course into small units
enables students to adequately prepare for periodic tests, which gets the students to be more involved thereby
enhancing their performance.
1.2 Continuity with Previous Research
The authors’ previous works (e.g. Dömeová et al., 2011; Vostrá-Vydrová et al., 2012; Jindrová et al., 2013;
Dömeová et al., 2013) deal with some courses in the University of Life Sciences in Prague. These studies were
based on a self-evaluation of the students expressed in a questionnaire. Present study is based only on objective
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information on the students’ results made by the teachers.
1.3 Goal of Present Investigation
The study is mapping the students’ progress throughout the whole course requirements using the Markov chain
approach. The goal is to make clear how the various stages of the course requirements (partial evaluations)
contribute to the final exam. The Markov chain approach is based on the fact that the student is allowed to
continue only when completing the previous duty.
2. Method
In the following section, the means of computation are described as well as the characteristics of the data used in
the model. It is also necessary to briefly describe the process of examination and the conditions of successful
completion of the course. Students’ advance throughout the course of Mathematical Methods in Economics II is
depicted here in two stages. The first stage shows students’ progress through the exam terms they have available
during the exam period. The second stage illustrates how the progress is made within the single exam term as
each exam term consists of number of stages that have to be passed (e.g. writing part, oral part). The general idea
of modelling here is considering the various stages of the examination process to be the following states of a
Markov chain. It is then possible to determine the probability of students’ success at the exam as well as the
mean time taken to successful exam completion.
2.1 Computational Background
The computation itself is based on theory of Absorbing Markov chain. This is a special case of Markov chain
with the finite state(s). The basics of Markov chain theory will not be described here as it is quite well-known
topic. To find more about its fundamentals see for example Tijms (2003), Borovkov (2003) or Grinstead and
Snell (1997). We shall further use the notation introduced by Grinstead and Snell (1997). Let us define the
transition matrix
of the Markov Chain with absorbing states and transient states:
(1)

0

where
is
matrix expressing transitions between transient states,
is nonzero
matrix
expressing transitions from transient states to absorbing states,0 is the
zero matrix and is
identity matrix. The transition matrix is filled with the normalized gathered data (i.e. frequencies of students in
the particular state). The computation is done using fundamental matrix given as
(2)
The matrix here in formula (2) is of size
and thus generally different from the matrix from (1).
Elements of the matrix express how many times the Markov process in average reaches the transient states.
With the fundamental matrix
it is possible to define the expected number of steps before the chain is
absorbed. For each transient state the number of steps can be expressed as
component of column vector
:
.

(3)

where is a column vector of length all of whose components are equal 1. The fundamental matrix
is
also useful for computation of absorbing probabilities. Let
be the probability that the absorbing chain will
be absorbed in an absorbing state when it started from transient state . Let be the matrix with components
. Then is an
matrix defined as
(4)
where

is the fundamental matrix and

is the sub-matrix from the transition matrix

above.

2.2 The Course and the Exam
Mathematical methods in economics II is taught in the 3rd semester of the bachelor studies. The course consists
of some advanced methods in the field of operations research, such as Game theory, Decision Making, Inventory
control etc. The course falls under the general rules applied in the Czech University of Life Sciences. That is,
every student has to receive the credit first, regarding his activity during the semester as well as the successful
completion of the credit test(s). After the credit has been received it is possible to take an exam. In case of failure
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there is an option to repeat the exam twice (if possible due to exam term capacity). If any student fails to succeed
even at the 3rd exam term he has to try again in the next year. This is, however, not taken into consideration in
our computations.
During the semester, the students are required to take a number of small credit tests. 660 points out of 1100 are
required to receive the credit at the end. For those students particularly good there is an option to receive so
called bonus points that can be useful at the exam later. Practically, for every ten points above 900, the student
will receive 1 bonus point (so 20 at max) that is added to the writing exam result later, possibly making it easier
to pass.
The exam itself consists of few stages that have to be gone through before it is successfully passed. After the
student has received the credit he comes to an exam term. The exam starts with the writing part. One can get
maximum 100 points out of the test (or possibly 120 with the bonus points). The test is divided into two
sections–the theory (40 points) and practice (60 points). There is a requirement for passing the writing part–at
least 20 points from the practical part. The number of points achieved from both parts will affect the exam final
result. There is the rule that the students have to reach over 50 points to get to the oral part of the exam. Those
who have not reached over the limit fail the exam. The achieved points generally affect the final result of the
entire exam that can be Excellent, Very Good, Good, or Failed. The number of points corresponds directly with
the final result as shown in the Table 1. Although it can be changed slightly during the oral part of the exam
depending if the student was able - and in what manner–to answer the questions of the teacher.
Table 1. Final result depending on the points achieved from the test
Writing test points

Final result

0–50

Failed

51–60

Failed–allowed to try to improve at the oral exam

61–75

Good

76–90

Very good

91–100 (120)

Excellent

Note that if the student gains 51–60 points from the test he is allowed to convince the teacher of his knowledge
at the oral exam and possibly improve the final result to Good (or rarely even better). Similarly if the student
receives more than 60 points from the test and does not prove the sufficient knowledge at the oral exam he can
fail anyway.
2.3 Participants and Data Gathering
There is a Student information system in CULS in which the grades are filled in by the teacher after the exam. It
is rather simple to export all the results to excel file that gives a lot of possibilities to work with. For each student,
it is possible to see how many attempts he needed to pass (if so) the exam. This makes available all data required
for modelling of the first stage of the experiment. The data for the second stage cannot be found in the system.
There is but a final result and number of attempts, however, there is no information how many points the
particular student gained from the writing test and how many bonus points (if any) he had brought to the exam.
For the first stage, the data of all students attending the course are used. There are total of 998 students. For the
second stage, it was necessary to gather data manually. It was not possible to gather results for all 998 students
due to technical reasons. Finally 278 students were observed in terms of the results of both writing and oral
exams.
2.4 Case Study
The case study consists of two stages. The first shows the students’ progress through all exam terms during the
exam period and the second shows students’ progress through single exam term more in detail, both of them with
the help of Markov chains.
2.4.1 First Stage
There are 998 students that enrolled the course of Mathematical methods in economics II. Let us define four
absorbing states and four transient states of the Markov chain. The absorbing states are Failed, Successful at 1st
attempt, Successful at 2nd attempt, Successful at 3rd attempt. Once one of these absorbing states is reached it
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cannot be left anymore. The transient states are Course enrolled, Credit acquired, Failed at the 1st attempt,
Failed at the 2nd attempt. It is possible to create matrix of frequencies with all eight states. For better
convenience the matrix is depicted as the Table 2.
Table 2. Matrix of frequencies–stage 1
Transient states

Course
enrolled
Credit
Transient

acquired

states

Failed at 1st
attempt
Failed at 2nd
attempt
Failed
Successful at

Absorbing
states

1st attempt
Successful at
2nd attempt
Successful at
3rd attempt

Absorbing states
Failed at

Course

Credit

Failed at

enrolled

acquired

1st attempt

Successful at

Successful at

Successful at

1st attempt

2nd attempt

3rd attempt

0

979

0

0

19

0

0

0

0

0

431

0

0

548

0

0

0

0

0

110

201

0

120

0

0

0

0

0

92

0

0

18

0

0

0

0

312

0

0

0

0

0

0

0

0

548

0

0

0

0

0

0

0

0

120

0

0

0

0

0

0

0

0

18

2nd

Failed

attempt

The numbers in the table show how many students moved from one state to another. The rows indicate states
(experiment
1) preceding the states (experiment ) in the columns. For example, in the 1st row, number 979
means the number of students who enrolled the course and managed to gain the credit. Number 19 indicates the
number of students who failed to gain the credit. Obviously, there is no possibility to move from absorbing state
to transient state (lower-left sub-matrix). Reaching the absorbing state is terminal as shown in the lower-right
sub-matrix. Sum of its diagonal numbers is naturally the same as the entering number of students, i.e. 998.
For the purpose of computation, the transition matrix of Markov chain is required. The transition matrix,
however, works with probabilities and not with frequencies as we have them in the Table 2. It is necessary to
transform the matrix of frequencies (Table 2) into the proper transition matrix. This can be done easily by
normalizing each row of the matrix by

∑
acts as an element of the frequency matrix (Table 2) and
where
is then possible to apply the formulae (2), (3) and (4).

(5)
is an element of the transition matrix. It

2.4.2 Second Stage
278 students were observed closely in terms of their progress through single exam term of Mathematical
methods in economics II. Once again, let us define four absorbing states and four transient states of the Markov
chain. The absorbing states are Failed, Good, Very good, Excellent. The transient states are Exam enrolled,
Practical part successfully finished, Entire test finished (50-59 points), Entire test finished (60-100/120 points).
Two groups of students were observed separately depending whether they have some bonus points (175 students)
or not (103 students). For both groups, the frequency matrices are created as Tables 3 and 4.
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Table 3. Matrix of frequencies–stage 2–students without bonus points
Transient states
Exam
enrolled

Practical part
successfully
finished

Entire test
finished
(50-59)
points

Entire test
finished
(60-100)
points

Failed

Good

Very
good

Excellent

Exam
enrolled

0

74

0

0

29

0

0

0

Practical part
successfully
finished

0

0

23

26

25

0

0

0

Entire test
finished
(50-59) points

0

0

0

0

6

13

3

1

Entire test
finished
(60-100)
points

0

0

0

0

3

9

9

5

Failed

0

0

0

0

63

0

0

0

Good

0

0

0

0

0

22

0

0

Very good

0

0

0

0

0

0

12

0

Excellent

0

0

0

0

0

0

0

6

Students without bonus
points

Transient
states

Absorbing
states

Absorbing states

Table 4. Matrix of frequencies–stage 2–students with bonus points
Transient states
Exam
enrolled

Practical part
successfully
finished

Entire test
finished
(50-59)
points

Entire test
finished
(60-120)
points

Failed

Good

Very
good

Excellent

Exam
enrolled

0

143

0

0

32

0

0

0

Practical part
successfully
finished

0

0

14

125

4

0

0

0

Entire test
finished
(50-59) points

0

0

0

0

3

11

0

0

Entire test
finished
(60-120)
points

0

0

0

0

13

51

33

28

Failed

0

0

0

0

52

0

0

0

Good

0

0

0

0

0

62

0

0

Very good

0

0

0

0

0

0

33

0

Excellent

0

0

0

0

0

0

0

28

Students with bonus points

Transient
states

Absorbing
states

Absorbing states

The interpretation of these frequency tables (matrices) is similar to the one under the Table 2. Once again, it is
necessary to transform the frequency matrices into proper transition matrices which are done by (5).
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3. Results
Two stages of students’ progress through the course and exam were observed with the help of Markov chains.
Applying the formulae (2), (3) and (4), it is possible to determine number of steps before the chain is absorbed as
well as the probabilities of absorbing. The results for the first stage can be found in the Table 5.
Table 5. Results of the first stage
Failed

Successful at 1st
attempt

Successful at 2nd
attempt

Successful at 3rd
attempt

Expected number of steps
before absorption

0.31

0.55

0.12

0.02

2.52

0.3

0.56

0.12

0.02

1.55

Failed at 1
attempt

0.68

0

0.28

0.04

1.25

Failed at 2nd
attempt

0.84

0

0

0.16

1

Course
enrolled
Credit acquired
st

The interpretation of the Table 5 is as follows. The rows indicate transient states and columns indicate absorbing
states. The values inside the table show the probability of transition from transient state to absorbing state. For
example student who enrolled the course has a “chance” to fail at the end with the probability of 0.31. The last
column on the right shows how many transitions are expected to reach any absorbing state. Obviously, at the
beginning (state Course enrolled) the expected number of steps is the highest.
The second stage of the observation was divided into two sub-sections depending on whether the students had
bonus points or not. Results for the students without bonus points are shown first at the Table 6.
Table 6. Results of the second stage–students without bonus points
Failed

Good

Very good

Excellent

Expected number of steps before absorption

Exam enrolled

0.61

0.21

0.12

0.06

2.19

Practical part successfully finished

0.46

0.30

0.16

0.08

1.66

Entire test finished (50-59) points

0.26

0.57

0.13

0.04

1

Entire test finished (60-100) points

0.11

0.35

0.35

0.19

1

One can interpret the table as the students’ chance of getting one of the four grades. For example, probability of
getting excellent grade at the beginning of the exam is 0.06.
Second, the same situation is shown for the students who brought some bonus points to the exam thanks to their
effort in the semester. The probabilities and number of expected transitions are shown in the Table 7.
Table 7. Results of the second stage–students with bonus points
Failed

Good

Very good

Excellent

Expected number of steps before absorption

Exam enrolled

0.3

0.35

0.19

0.16

2.61

Practical part successfully finished

0.14

0.43

0.23

0.2

1.97

Entire test finished (50-59) points

0.21

0.79

0

0

1

Entire test finished (60-120) points

0.1

0.41

0.26

0.23

1
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4. Discussion
Let us focus first at the results of first stage of the experiment depicting students’ progress throughout the whole
exam period. At the beginning (state course enrolled), the probability of the failure (meaning that student will
not succeed at any term) for a student is 0.31 and the success 0.69. A student is most likely to succeed at the first
attempt with the probability of 0.55. Being in the state credit acquired does not make much of a change
compared to the state course enrolled. There were only 19 students who failed to acquire the credit. Considering
the total number of students observed, the number of 19 is insignificant. In other words, reaching for the credit
does not make a significant change in probability of the course completion. If one has failed at the first attempt
the probability of the repeated failure is 0.68. If one has failed at the second attempt the probability of the failure
is even higher 0.84. That shows the fact that there is rather low improvement of those students who failed at their
first attempt. Students who come and fail the exam repeatedly are usually those who do not have enough
predispositions to master required knowledge at all.
The results suggest that only one attempt will show the student’s ability of passing or failing the exam but the
evaluation in several steps is giving out an important feedback which is able to change the final results. By Yeh,
2009, the feedback builds students’ self-esteem, confidence and desire to perform at a high level, then lack of
adequate feedback is perhaps the most important cause of low student achievement.
There is but a small proportion of students who had failed at the first attempt and then succeeded at the second or
third. Those are the students who underestimated their preparation for the exam or students who simply had “bad
luck” at the first attempt though they might have the ability and knowledge to succeed otherwise. It is necessary
to bear in mind some random and unmeasured factors including the student’s possible health or other problems
(Grant, 2007). More attempts can eliminate the current indisposition and other random factors which can affect
the final result if there only one personal contact with the teacher.
At the beginning, the expected number of steps (moves from one state to another) is 2.52 in average. Of course,
with the increasing number of steps taken, the number of expected steps before absorption lowers. If one is in the
state at Failed 2nd attempt the expected number of remaining steps is obviously 1 as there is no other option of
more steps to be taken.
4.1 Progress throughout the Exam Procedure
The second stage of the experiment was related to students’ progress throughout the single exam term regardless
the number of attempts.
4.1.1 Students without Bonus Points
Before the test starts, there is 0.61 probability of failure and 0.39 of success. Before the beginning of the exam
there is very low chance to receive the best grade excellent. After the practical part of the exam is finished,
students’ probability to succeed raises to 0.54. At this point, the most decisive and important part is still ahead of
the students. Students who finished their test with the “critical” result 50-59 points have 0.74 probability of
getting any grade; those with more points from the test have even greater probability of succession 0.89.
Students with 50-59 points gained have lower chance to be successful because as the teacher is more thorough
with asking questions. There is also 0.11 probability to fail even with the more than 59 points gained. These
students are usually those poorly prepared, writing test cheaters or sometimes students who are over-nervous but
otherwise well prepared.
4.1.2 Students with Bonus Points
One can notice significantly better results in this category. At the beginning, students have only 0.3 probability of
failure. Once the practical part is done the probability of failure lowers to 0.14. With the test finished with 50-59
points probability of success is 0.79 and with the more than 60 points gained it is even 0.9.
It is clear that the students with bonus points from the semester, i.e. those working better continuously, have
better chance to pass the exam. There are no big differences between these two groups of students in the
probability to fail the exam after being successful in the examination test: compare the values (Tables 6 and 7,
lower lines) 0.1 and 0.11. It proposes that the students who are able to write the test with satisfactory number of
points can pass the exam without the bonus points. It can be concluded that the partial evaluation during the
semester is more helpful to the weaker students what is an inverse effect comparing with the higher grading
standards (Figlio & Lucas, 2004).
The effect of changing the grading standards is ambiguous. More able students may increase effort in order to
reach the new standard while less able students, who must increase effort by a greater amount to increase their
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achievement, may give up instead (Betts & Grogger, 2003). On the other hand the grade inflation defined as
“student attainment of higher grades independent of increased levels of academic attainment” (Eiszler, 2002) can
have very negative effect to the knowledge acquired during the studies. According to Oleinik, 2009, the best
remedy against grade inflation would be evaluations, both of students and of instructors, in a stable set of
exogenous norms, academic independence and fight against corruption.
Another factor which can help the low-ability students is an introduction of both effort and knowledge grades.
Swinton, 2010, finds that the effort grade affects the knowledge grade positively because more student effort
does lead to increase learning.
The further research should be focused on more detailed analyses of dropouts, and on comparison of high-ability
and low-ability students. It might be useful to introduce some effort evaluation, e.g. number of hours spent on
studying, number of self-tests taken, etc., and assesses the improvement of knowledge, dropout level, and the
final grades. The particular items difficulty should be possibly analyzed by an independent study.
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