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Mathematics and proof are two closely related concepts. Mathematics not
only shows what is right or wrong, but it also teaches that it is not
enough to know the latest formulas and results should be explained with
cansality. In this context, students learn the underlying meaning behind
what mathematicians do by way of proofs. Accordingly, this study aims
to analyse the mathematical proof skills of students studying science
teaching. The study group is composed of 50 first-year college students
Studying science teaching in the academic year 2011-2012. The study
employs case study method as a form of qualitative research and six
open-ended questions are used for data gathering purposes. The obtained
data show that students successfully employ mathematical proof methods
(induction, deduction etc.), but the majority of the students accepted the
technique of giving a numerical value as a method of proof.

Introduction
One of the most important functions of education systems is
to develop the reasoning skills of students (Fitzgerald, 1990).
So, it is necessary to organize mathematical proof activities
and take proof to the center of mathematics education in
order to enable students to develop their mathematical
reasoning skills from the very first years of their education life
(National Council of Teachers of Mathematics [NCTM],
2000;  Schoenfeld, 1994; Stylianides, Stylianides, &
Philipppou, 2007). In the most general sense, proof is the act
of establishing the truth of a statement or a result by way of
showing adequate evidence (Yildirim, 1996). In other words,
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it is a systematic and complex problem-solving activity where
hypotheses are formulated and tested (Shipley, 1999). Bell
(1976) defines proof as a process occurring as a result of
some stages, and emphasizes that verification (verification of
a statement), explanation (demonstrating why the statement is
true), and systematization (organizing statements, axioms and
theorems in an inductive system) are the significant stages of
this process. Mathematics and proof are two closely related
concepts because mathematics not only shows what is right
or wrong (Hanna, 2000), but it also teaches that it is not
enough to know the latest formulas and results should be
explained with causality (Given, Celik, & Karatas, 2005). In
this context, students learn the underlying meaning behind
what mathematicians do by way of proofs (Imamoglu, 2010).

Proof has a significant role in establishing, developing
and conveying mathematical knowledge (Stylianides, 2007).
Proof presents new problem-solving methods, tools and
strategies to students (Rav, 1999) and also helps students in
developing their critical thinking abilities (Fawcett, 1938).
Moreover, it enhances their mathematical understanding by
aiding them to get a better grasp of concepts (Hanna, 1990;
Hanna, 2000; Hersh, 1993). While proof has an important
position in establishing mathematical knowledge, proof
process is considered as a hard, meaningless and reluctantly
done activity by students in mathematics courses (Alibert,
1998; Almeida, 2003; de Villiers, 1990; Hemmi, 2010; Jones,
2000; Knuth, 2002; Raman, 2003).

One of the basic levels that requires using proof is
high school level. During the years of high school, the
process of abstract thinking develops and during these years
the mathematical proof methods of deduction and induction
methods are formed. In addition, use of geometric proofs
commonly take part in geometry curriculum related to high
school (Dreyfus, 1999). In this framework, students should
be able to understand mathematical proof within both
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mathematics and geometry courses at high school. However,
most of students have difficulty in understanding the process
of proof. Consequently, these students lack proving skills
when they come to university. In this context, students who
were studying at the Department of Mathematics Teaching
should be able to understand and construct mathematical
proofs. The process of proving is also seen in mathematics
courses related to science programs. Students who were
studying at the Department of Science Teaching can use
proof to verify or explain a statement with various methods
in ‘General Mathematics I or 11"

Previous studies mainly examined the mathematical
proof of students at high schools and the students who were
studying at the Department of Mathematics Teaching in
university. (Dreyfus, 1999; Gibson, 1998; Giiler, 2013; Giiler,
Kar, Ocal & Ciltas, 2011; Giiler, Ozdemir, & Dikici; 2012;
hnarnoglu, 2000; Ozer & Arikan, 2002; Knapp, 2005; Moore,
1990; Moore, 1994; Weber, 2006). However, not many
studies are found regarding the mathematical proof skills of
students studying physics, chemistry, science etc and little
research has been done on the students who were studying at
the Department of Science Teaching in university. However,
it is important to know the science students’ proof mistakes
in the process of proving. Since proof is a basic skill in
mathematics (Tall, 1998), it is highly important to determine
the proof skills of these students, and find out what
difficulties they face with regard to mathematical proof .
Hence, the main purpose of this study is to identify the
mathematical proof skills of students of science . For this
reason, I aim to contribute to the efforts to fill this gap in the
literature.

Method
This study employs case study method as a form of
qualitative research. Case study method has a longitudinal
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analysis design with limited samples instead of studying
limited variables and following specific rules (Bogdan &
Biklen, 1998; Patton, 2002; Richardson & Ginsburg, 1999).
Case study aims to provide a detailed description of a case
and illustrate it as it is (Creswell, 2007; Ekiz, 2009; McMillan
& Schumacher, 2010). Qualitative research is a process
examining and making sense of social life and human-related
problems with its own methods (Cepni, 2009). As this study
aims to thoroughly analyse the proof skills of students, case
study method is preferred as a matter of course.

Participants
The participants consist of 50 first-year college students
studying science teaching in the fall term of the academic year
2011-2012. They are selected using the purposive sampling
method which is a random sampling approach. In qualitative
studies, purposive sampling makes it possible to carry out a
detailed study of cases deemed to contain significant and rich
knowledge (Buytkoztirk, Kilic Cakmak, Akgin, Karadeniz,
& Demirel, 2011; Ekiz, 2009; Lincoln & Guba, 198, Patton,
2002). Accordingly, purposive sampling method is used to
make a thorough study of the subject.

Data Collection Tool
As the data collection tool of this study, at the first stage, a
researcher and an expert selected 12 questions from the
literature according to the level of students. To validate these
questions, two specialists were consulted regarding the
content, language and level of questions, and after doing the
required corrections and revisions, six of the questions were
left out. These four questions were omitted because of not
catching the optimum level with the science students,
(including the proofs that the mathematics students
exclusively were able to do), existing many questions that
measuring the same proof skills, and for lack of time. Hence,
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the finalized data collection tool consisted of six open-ended
questions.

The questions are given below:

No Question References

1 If b is divisible by a without Ozer and
remainder, and c is divisible by a Arkan, 2002
without remainder. Then, show how
(b+c) is divisible by a without
remainder.

2 If a is an even number, and b is an  Ozer and
odd number, show how a* +b” is an Artkan, 2002
odd number.

3 If the square of a natural number is Imamogluy,
an even number, the natural number 2010
itself is also even.

4 1+3+5+....l L. +2n-1=n" hnarnoglu,
(n=1) 2010

5  Explain why the interior angles total Baki, 2008

of a triangle is 180°
6 Demonstrate why the diagonals of a
rectangle are equal.

Coskun, 2009

At the second stage, these questions were presented
to the science teaching students. The participants are not
allowed to compare their notes to prevent influence between
them and they are asked to answer the questions by the
researcher. One hour was given to students for answering
the questions in written.

Data Analysis
The obtained data were analyzed with content analysis
method. Data analysis is a systematic and repeatable method
where some words of a text are summarized for smaller
content categories with a specific rule-based coding. The
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primary aim of content analysis is to reach concepts and
relations that will explain gathered data. It is necessary to
make a reliability study in cases where multiple researchers
collaborate in a data analysis. In such a case, researchers code
the same data set and make a numerical comparison of
coding similarities and differences to reach a coding
percentage. A reliability level of 70% is required in such
studies (Yidirim & Simsek, 2011). So, after an evaluation of
the study data, two researchers performed coding at different
times. Then, the codings were compared and the coding
reliability level was found to be 82%. The remaining 18% was
corrected after the researchers reached a consensus. Later on,
the data were classified under specified codes and rendered
meaningful for readers, and unnecessary codes were left out
keeping to the aim of the study. These codes are grouped
under the following significant sections:

Codes  Explanation

la Correct use of mathematical induction method

1b Wrong use of mathematical induction method

2 Giving a numerical value

3 Generalization

4a Correct use of deduction method

4b Wrong use of deduction method

5 Accepting correctness of a proof

6a Correct use of verbal expressions

6b Wrong use of verbal expressions

7 Using wrong or meaningless expressions

8 Showing the correctness of the suggestion moving
from the data known

9 Benefiting from examples

10 No answer
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Results

The results of the study are gathered from the written
answers of first-year college students to six open-ended
questions. In this context, below are the results of how
students use mathematical proof for each question.

Table 1 shows the codes related to the written
answers of students to the first question and also the
frequency values of these codes.

Table 1 Codes Related to the Written Answers of
Students to the First Question and the Frequency Values
of These Codes.

Codes f
2 Giving a numerical value 29
3 Generalization 1
5 Accepting correctness of a proof 3
6a  Correct use of verbal expressions 1
7 Using wrong or meaningless expressions 1
38 Showing the correctness of the suggestion 15

moving from the data known

As can be seen Table 1, it is found that 29 students
tried to employ mathematical proof by giving a numerical
value. These students gave numerical values in substitution
for a, b, and ¢ to show how (b+c) is divisible by a without
remainder. It can be said that students are mistaken in
thinking that it is possible to demonstrate the correctness of a
statement by giving a numerical value. Related to this, S,
coded student’s answer is exactly provided below:
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Figurel StudentS$,’s answer to
the first question

Figure 2 Student S;’s answer to
the first question

Table 2 Codes Related to the
Written Answers of Students to
the Second Question and the

Frequency Values of These
Codes.
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2 Giving a numerical value 34
3 Generalization 9
6a Correct use of verbal expressions 3
8 Showing the correctness of the suggestion moving 4

from the data known
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Table 1 shows that 15 students tried to justify the
statement in the first question by using the known data (using
division and addition). This code gives student S;’s answer to
the question.

Table 2 summaries the codes related to the written
answers of students to the second question and also the
frequency value of these codes.

It is found that 34 students used the method of giving
a numerical value during the proof process, nine students
tried to come to a generalization. On the other hand, three
students tried the correct proof method of using verbal
expressions, and six of them attempted to show the
correctness of the statement by using the known data.
Student S,,’s answer is given in code (6a).

“Osy Sum of an even number and an odd number
always results in an odd number. An even number’s square is
again an even number, and an odd number’s square gives an
odd number. So, sum of an odd number’s square and an even
number also results in an odd number.”

Table 3 below shows the codes related to the written
answers of students to the third question and also the
frequency values of these code.

Table 3 demonstrates that most of the students use
several numerical values to come to a generalization or use a
single numerical value while trying to prove the third
question. However, 2 students either tried to perform an
operation considering the proof as correct, or made mistakes
with meaningless and wrong expressions. Moreover, one
student couldn’t provide an explanation to the question.

Below is the answer of student S, in “generalization” code.
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Table 3 Codes Related to the Written Answers of
Students to the Third Question and the Frequency
Values of These Codes.

Codes F
2 Giving a numerical value 15
3 Generalization 24
5 Accepting correctness of a proof 2
6a  Correct use of verbal expressions 4
6b  Wrong use of verbal expressions 1
7 Using wrong or meaningless expressions 2
38 Showing the correctness of the suggestion 1

moving from the data known

Figure 3 Student S,,’s answer to the third question
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Students answering with code (5) accepted the
statement as correct rather than showing that if the square of
a natural number is an even number, the natural number itself
is also even. One student’s answer is given below.

According to Table 4, majority of the students tried
the proof by induction method. Some of these students used
it successfully (la), while some left it undone or couldn’t
finish it as a result of applying wrong steps (1b). A student’s
answer in code (1b) is exactly shown below.



Vol. 38.2 Educational Research Quarterly 13

Figure 4 StudentS,’s answer to the third question
Table 4 below shows the codes related to the written
answers of students to the fourth question and also the
frequency values of these codes.
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Table 4 Codes Related to the Written Answers of
Students to the Fourth Question and the Frequency
Values of These Codes.

Codes f
la Correct use of mathematical induction method 30

1b  Wrong use of mathematical induction method 13
2 Giving a numerical value 5
3 Generalization 1
7 Using wrong or meaningless expressions 1

Figure 5 StudentS,,’s answer to the fourth question
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43 students preferred the correct method while trying
to prove the fourth question. Students in this sample learnt
proof by induction method with its applied side in General
Math-I course three months before this activity. The high
percentage of correct method usage in the question can be
attributed to this condition.
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Table 5 below shows the codes related to the written
answers of students to the fifth question and also the
frequency values of these codes.

Table 5 Codes Related to the Weritten Answers of
Students to the Fifth Question and the Frequency
Values of These Codes.

Codes f
2 Giving a numerical value 1
4a  Cotrect use of deduction method 28
4b  Wrong use of deduction method 5
5 Accepting correctness of a proof 6
7 Using wrong or meaningless expressions 1
9 Benefiting from examples 7
10 No answer 2

In Table 5, more than half of the students used the
method of proof by deduction. 28 of these students used the
method correctly (4a), while 5 of them applied it incorrectly
(4b). Some of the students who correctly used the method
applied the statement

“Exterior angles total of a triangle is 360 °”, some applied
the statement “Inscribed angle is half of the central angle
with common endpoints”, and others used the statement
“Alternate interior angles are of equal measures”

trying to move from general acceptance to specific validation.
Related to this question, below are the answers of studentS
andsS,,

Conversely, students answering in code (9) gave an
equilateral triangle example to explain that the interior angles
total of a triangle is 180" rather than proving it. But, it is not
enough to give a single example to show the correctness of a
statement. Students answering in code (5) accepted the .
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Figure 6 Student S,; and
S,,’s answer to the fifth
question
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Table 6 Codes Related to the Written Answers of Students to the Sixth Question and the Frequency
Values of These Codes.

Codes f
2 Giving a numerical value 1

Accepting correctness of a proof 6
6a Correct use of verbal expressions 2
6b Wrong use of verbal expressions 1
7 Using wrong or meaningless expressions 8
38 Showing the correctness of the suggestion moving from the data known 21
9 Benefiting from examples 4
10 No answer 7
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“Interior angles total of a triangle is 180 as truth and
then performed mathematical operations. Two students failed
to give an explanation to the question.

Table 6 below shows the codes related to the written
answers of students to the sixth question and also the
frequency values of these codes.

According to Table 6, about half of the students (21)
attempted to show the correctness of the statement related to
the equal diagonals of a rectangle by using the known data
and values. They made use of Pythagorean Relation to
successfully show that diagonals of a rectangle are equal in
length. Student S;;’s answer is given below.

Figure7 Student S.’s answer to the sixth question
b
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Students answering in code (9) applied the knowledge
that “diagonals of a square are equal” to explain the equality of
the diagonals of a rectangle. However, while a specific
example is enough to show the falsity of a statement, a single
known example is not enough to prove the correctness of a
statement. Students are required to review all cases. Seven
students couldn’t give an explanation to the question.
Students answering in code (7) either formed incorrect
equations out of the perimeter formula of rectangles, or used
meaningless and wrong expressions. Quotations from two
students are shown below.
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“S;,. 1 can’t say much about the statement: “Diagonals
of a rectangle are equal.” I can’t explain it, because it’s
a globally accepted rule.”

S, Diagonals of a rectangle intersect vertically. To
have equal diagonals, diagonals should intersect in a middle
point at 90° angle.

Looking at student S,;’s answer, it is clearly seen that
he doesn’t have the knowledge that diagonals of rectangles
(excluding squares) don’t intersect vertically and also he has a
misconception that the length of diagonals of all polygons
with vertically intersecting diagonals is equal.

Discussion and Recommendations
This study aims to analyse the mathematical proof skills of
first-year college students studying science teaching. It is
found that students preferred different strategies while the
proof process and a majority of them used giving numerical
values as a method of proof.

This result shows parallelism with the results of
similar studies and the consequences of the students’
experimentations of proving by giving numarical
values.(Giiler, Kar, Ocal, & Ciltas, 2011; Knuth, Slaughter,
Chooppin, & Sutherland, 2002). On the basis of questions,
most of the students selected the method of giving numerical
values in the first three questions, proof by induction in the
fourth question, proof by deduction in the fifth question and
proof by using known data in the sixth question. In line with
these findings, though partially, students studying science
teaching selected the correct strategies and performed
mathematical proof by proper method like induction and
deduction. A similar study reveals that students use similar
proof methods; first-grade students are inclined towards
inductive reasoning and senior students are inclined towards
deductive reasoning (Imamoglu, 2010).
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Considering the findings from the code related to
“oiving numerical values” and “making use of examples”, it is
found that students think giving a single numerical value or
an example is enough to show the correctness of the given
statement. However, students are required to take all cases
into consideration to show the correctness of a statement
(Dreyfus, 1999). As per the findings of the study, it is
suggested that teachers help students in finding the correct
method of proof by providing and using deduction,
induction, proof by contradiction etc. methods to explain the
correctness of statement during the courses. Moreover,
teachers should also practically teach the students that giving
a numerical value can be used to show the incorrectness of a
statement, but can not be used to prove the correctness of it.
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