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Causal mediation analysis decomposes a total average
treatment effect (ATE) on an outcome into indirect and
direct effects; the most common example is the decompo-
sition of the ATE into a natural indirect effect (NIE) and
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Abstract

In causal mediation studies that decompose an average treatment effect into indi-
rect and direct effects, examples of posttreatment confounding are abundant. In
the presence of treatment-by-mediator interactions, past research has generally
considered it infeasible to adjust for a posttreatment confounder of the mediator—
outcome relationship due to incomplete information: for any given individual,
a posttreatment confounder is observed under the actual treatment condition
while missing under the counterfactual treatment condition. This paper pro-
poses a new sensitivity analysis strategy for handling posttreatment confounding
and incorporates it into weighting-based causal mediation analysis. The key is
to obtain the conditional distribution of the posttreatment confounder under
the counterfactual treatment as a function of not only pretreatment covariates
but also its counterpart under the actual treatment. The sensitivity analysis then
generates a bound for the natural indirect effect and that for the natural direct
effect over a plausible range of the conditional correlation between the posttreat-
ment confounder under the actual and that under the counterfactual conditions.
Implemented through either imputation or integration, the strategy is suitable
for binary as well as continuous measures of posttreatment confounders. Simu-
lation results demonstrate major strengths and potential limitations of this new
solution. A reanalysis of the National Evaluation of Welfare-to-Work Strategies
(NEWWS) Riverside data reveals that the initial analytic results are sensitive to
omitted posttreatment confounding.

KEYWORDS
causal inference, direct effect, indirect effect, posttreatment confounding, potential outcomes,
RMPW

a natural direct effect (NDE). Past research has generally
considered it infeasible to adjust for a posttreatment con-
founder when there exists treatment-by-mediator inter-
action (Avin et al., 2005; Robins, 2003). A posttreatment
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confounder may be viewed as an additional mediator that
precedes the focal mediator on causal pathways. Handling
posttreatment confounding is a cutting-edge problem in
causal mediation analysis. This is because a posttreatment
confounder is only partially observed. Specifically, if an
individual has been assigned to the experimental condi-
tion, the individual’s potential posttreatment confounder
value associated with the counterfactual control condition
is unobserved. In this sense, the problem with statistical
adjustment for a posttreatment confounder is a problem of
missing data.

This paper proposes a new sensitivity analysis strategy
for handling posttreatment confounding and incorporates
it into weighting-based causal mediation studies. The key
is to obtain, for individuals in the experimental group,
the conditional distribution of the posttreatment con-
founder under the counterfactual control condition, which
is then adjusted for along with the distribution of the
same confounder under the experimental condition. The
analyst can make the adjustment flexibly through ratio-
of-mediator-probability weighting (RMPW) that allows for
a treatment-by-mediator interaction (Hong, 2010, 2015;
Hong & Nomi, 2012; Hong et al., 2015; Lange et al., 2012;
Tchetgen Tchetgen & Shpister, 2012). Corresponding to a
plausible range of the conditional correlation between the
posttreatment confounder under the experimental condi-
tion and that under the control condition, our analytic
procedure generates a bound for the NIE and that for
the NDE, and thereby enabling the analyst to assess the
sensitivity of the initial results to the omitted confounding.

Researchers have proposed several alternative strategies
for handling posttreatment confounding in the presence
of treatment-by-mediator interaction. The most relevant
alternatives invoke an extra assumption about the ignor-
ability of the posttreatment covariate that is viewed as the
first among several sequentially ordered mediators, along
with a series of model-based assumptions within the linear
or generalized linear structural model framework (Albert
& Nelson, 2011; Albert et al., 2019; Daniel et al., 2015;
Imai & Yamamoto, 2013). Past research that has proposed
to use weighting to adjust for posttreatment confounding
similarly invokes additional strong assumptions involving
the posttreatment confounder (Hong, 2015; Hong et al.,
2018; Huber, 2014). Other researchers have opted to change
the causal estimands such that the interest is no longer
in decomposing the ATE into NIE and NDE (Geneletti,
2007; Rudolph et al., 2018; VanderWeele et al., 2014; Miles
et al., 2017; Wodtke & Zhou, 2020) except under special
conditions (Vansteelandt & Daniel, 2017).

Our solution focuses on decomposing the ATE into
an NIE and an NDE. There are important distinctions
between our key identification assumptions and the
extended sequential ignorability assumptions proposed in
the past research. For example, unlike Daniel et al. (2015),

our strategy does not require the strong assumption that
the posttreatment covariate be conditionally independent
of the potential outcomes given the observed pretreatment
covariates. Rather, we allow for unmeasured confounding
of the relationship between the posttreatment covariate
and the outcome. This is because instead of attempting
to identify the treatment effect mediated via the posttreat-
ment covariate, this paper has a much less ambitious goal,
that is, to assess the potential bias associated with the
omission of a posttreatment covariate that precedes the
focal mediator. A unique feature of our method is that we
obtain the conditional distribution of the posttreatment
covariate under the counterfactual treatment condition as
a function of not only pretreatment covariates but also its
counterpart under the actual treatment condition. Similar
to Albert and Nelson (2011), we consider the conditional
correlation between the posttreatment covariate under the
actual treatment condition and that under the counter-
factual treatment condition as a sensitivity parameter and
estimate confidence bands for NIE and NDE within the
range of plausible values of this sensitivity parameter.

This article is organized as follows. Section 1 introduces
the application study and illustrates the need for handling
posttreatment confounding. Section 2 presents the theo-
retical rationale for our new solution. Section 3 lays out
a sensitivity analysis strategy for assessing the potential
consequence of omitting a posttreatment confounder. Sec-
tion 4 investigates the performance of the new method
across a range of realistic scenarios through a series of sim-
ulations. Section 5 demonstrates the implementation in the
real-data application. Section 6 concludes and discusses
further extensions.

1 | APPLICATION CONTEXT

The welfare-to-work reform bill in the mid-1990s was
intended to reduce welfare applicants’ dependence on the
cash assistance system by providing incentives for partici-
pation in the labor force. Shortly before the new legislation,
a randomized evaluation assessed the potential impacts of
this radical overhaul of the welfare system. In Riverside,
California, 694 welfare applicants with young children
between ages 3 and 5 were assigned at random to either
an experimental condition (T = 1)—a labor force attach-
ment (LFA) program—or a control condition (T = 0). The
LFA program offered job search services and incentives
including a threat of sanctions should one fail to meet
the program requirements for actively seeking and secur-
ing employment; in contrast, the control group members
were guaranteed cash assistance without the require-
ment for employment. The psychological well-being of
welfare applicants with young children was of concern
because many were single mothers already disproportion-
ately depressed at the baseline. Under the experimental
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condition, the prospect of potentially losing the public
safety net would likely trigger or aggravate depression.

1.1 | Research questions and causal
estimands

Hong et al. (2015) investigated whether a treatment-
induced change in employment played a mediating role in
transmitting the program impact on maternal depression
(Y) 2 years later. A self-administered 12-item question-
naire (Center for Epidemiologic Studies-Depression Scale;
Radloff, 1977) measured depressive symptoms during the
past week. The score ranged from O to 34 with a mean
value of 7.49 and a standard deviation of 7.74. The media-
tor (M) indicated one’s posttreatment employment record
prior to the measure of depression. For simplicity, we
reexamine the results based on a binary mediator that
takes values M = 1 if an individual was ever employed
and M = 0 if the individual was never employed during
the 2 years after randomization. The following research
questions correspond to the ATE, the NIE, and the NDE:

ATE: What is the average impact of the LFA program on
maternal depression 2 years later?

NIE: How much of this impact is attributable to
program-induced change in employment?

NDE: What would be the average program impact on
maternal depression if every individual’s employment sta-
tus counterfactually took the value it would have in the
absence of the program?

Each causal effect is defined in terms of potential
outcomes:

ATE = E{Y(1) - Y(0)} = E{Y(1, M(1)) — Y(0, M(0))};
NIE = E{Y(1,M(1)) — Y(1, M(0))};

NDE = E{Y(1, M(0)) — Y(0, M(0))}.

The sum of NIE and NDE is equal to ATE (Pearl, 2001,
Robins & Greenland, 1992). Here M(1) and M(0) denote
an individual’s potential employment status under the
experimental condition and the control condition, respec-
tively; Y(1,M(1)) and Y (0, M(0)) denote the individual’s
potential depression level under the respective treatment
conditions; the third potential outcome Y (1, M(0)) denotes
the same individual’s potential depression level under the
experimental condition should the treatment counterfac-
tually fail to change the individual’s employment status
from its value associated with the control condition M(0).
Each potential mediator or potential outcome is a ran-
dom variable that “naturally” takes different values. The
NIE is the average impact of the program on maternal

depression associated with a change from M(0) to M(1)
should all individuals be subjected to the new policy
requirements; the NDE is the program impact on mater-
nal depression should all individuals’ employment status
remain unchanged by the program.

1.2 | Initial results and potential bias
Although individuals were assigned at random to one of
the two treatment conditions, they were not assigned at
random to different mediator values under each treat-
ment condition. Researchers of the original study (Hong,
2015) made adjustment for a set of pretreatment covari-
ates including demographics, family structure, education,
baseline depressive symptoms, prior employment his-
tory, and prior history of welfare dependence through an
RMPW analysis. This adjustment strategy simply trans-
forms through weighting the mediator distribution of the
experimental group to resemble that of the control group
within levels of the pretreatment covariates. The average
weighted outcome of the experimental group identifies the
average counterfactual outcome E{Y (1, M(0))} under the
assumption of no omitted confounders. The RMPW strat-
egy allows for treatment-by-mediator interaction. This is
relevant because the mediator—outcome relationship dif-
fered between the two treatment conditions as reported in
Hong et al. (2015): as anticipated, an individual’s failure
in seeking employment heightened depressive symptoms
under the experimental condition but not under the
control condition. More generally, RMPW is flexible for
handling any types of nonlinearity because it does not
require an explicit specification of the outcome model; it
also has the flexibility of accommodating multicategory
and multivalued mediators.

The researchers reported tentative evidence that, on the
one hand, assignment to LFA indeed increased employ-
ment rate from 40% to 65%, which would lead to a
considerable reduction in depression on average as a result;
on the other hand, should the employment rate have
failed to improve, assignment to LFA would have increased
depression on average. The estimated effect size of NIE was
—0.11 with a 95% confidence interval [—0.24, 0.01]; and that
of NDE was 0.13 with a 95% confidence interval [—0.09,
0.35].

The identification required the sequential ignorability
assumptions (Imai et al., 2010):

(1) Ignorable treatment assignment given the observed
pretreatment covariates X = x:

Y(t,m), M), M (') LT|X = x.
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FIGURE 1

(A) Causal diagram for individual i under the control condition. (B) Causal diagram for individual i under the experimental

condition (this figure appears in color in the electronic version of this article, and any mention of color refers to that version)

(2) Ignorable mediator value assignment under each
treatment condition given X = x:

Y(t,m)AM@),M (') |IT =t,X = x.

While Assumption (1) was guaranteed by the random-
ized treatment assignment, Assumption (2) would be
violated in the presence of omitted pretreatment con-
founders. Hong et al. (2018) proposed a weighting-based
approach to sensitivity analysis that is integrated with the
RMPW strategy for causal mediation analysis. Conducting
a sensitivity analysis with the same data, they reported that
the initial estimate of NIE was sensitive to bias associated
with some of the omitted pretreatment covariates.

Assumption (2) would also be violated in the pres-
ence of a posttreatment covariate that confounds the
mediator-outcome relationship under either or both treat-
ment conditions. One example is posttreatment welfare
amount. On average, individuals in the experimental
group received significantly less welfare amount than did
their counterparts in the control group during the first
year after randomization. Within a treatment group, a
higher amount of posttreatment welfare appears to be asso-
ciated with a lower propensity of employment. Another
example is whether an individual was continuously on
welfare during the first year after randomization. The pro-
portion of such individuals was significantly higher in
the control group than in the experimental group. Those
with continuous welfare were also less likely to become
employed.

We use Z to denote a post-treatment covariate. To
clarify the unique challenge to causal mediation analysis
in the presence of posttreatment confounding despite
the randomization of treatment assignment, we illustrate
with a pair of graphs each representing one of the two
treatment conditions. As shown in Figure 1(A), individual
i under the control condition would display potential
posttreatment covariate Z;(0), potential mediator M;(0),
and potential outcome Y;(0). Figure 1(B) shows that
the same individual, under the alternative experimental
condition, would display Z;(1), M;(1), and Y;(1). Under

treatment condition ¢ for t = 0, 1, a vector of pretreatment
covariates X; may predict Z;(t), M;(t), and Y;(t). Moreover,
a vector of unobserved pretreatment covariates U; along
with a set of individual-specific random events denoted by
¢; may predict Z;(t) and Y;(t). In the current application,
examples of U; might include whether an individual
was financially dependent on relatives at the baseline;
examples of ¢; might include whether important com-
munications from the social services administration were
accidentally lost in mail, a random incident that could
cause an unintended lapse of welfare. Here the value of U;
is fixed for individual i; in contrast, ¢; is a random variable
that generates uncertainty in the individual’s value of
Z;(t). The conditional correlation between Z;(0) and Z;(1)
depends on the variance of U; relative to the variance
of ¢;. In our new strategy for sensitivity analysis, we will
relax the second component of the sequential ignorability
assumption by instead assuming ignorable mediator value
assignment given X; and Z;(¢). Under this assumption, U;
and ¢; are conditionally independent of M;(1) and M;(0).
However, it is well known that statistical adjustment for
a posttreatment covariate would introduce bias in identify-
ing the ATE (Rosenbaum, 1984). The observed value of Z; is
related to the potential values of the posttreatment covari-
ate as follows: Z; = T; Z;(1) + (1 — T;)Z;(0). Because Z(1)
and Z(0) have different distributions in the population,
comparing individuals in the experimental group whose
Z (1) = z with those in the control group whose Z (0) = z
is tantamount to comparing “apples” and “oranges” in
many cases. To remove bias associated with the posttreat-
ment confounder in identifying the NIE and NDE, it is
necessary to make statistical adjustment for both Z(0) and
Z(1) along with X. The fundamental difficulty is that the
analyst could observe either Z(0) or Z(1) but not both.

2 | THEORETICAL RATIONALE FOR
THE NEW SOLUTION

In the presence of a posttreatment confounder that pre-
cedes the focal mediator, M(t) now represents M(t, Z(t)),
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whereas Y (¢, M(t)) now represents Y(t, Z(t), M(t, Z(t))),
for t = 0, 1. In a causal mediation analysis, the major
challenge is to use the observed information to iden-
tify the counterfactual quantity E{Y (1, M(0))}, which
now represents E{Y(1,Z(1),M(0,Z(0)))}. We modify
the sequential ignorability assumptions as follows for
t,t'=0,1andt #t':

(1*) Ignorable treatment assignment given the observed
pretreatment covariates:

Y(t,m),M@),M(t'),Z(t), Z (') LT|X = x.

Given that Z(¢t) and Z(t") are each specified under a respec-
tive fixed treatment condition, the following result can
be easily derived from assumption (1*). This variant of
assumption (1¥) states that the treatment assignment is
ignorable given the potential posttreatment covariate val-
ues Z(t) = z and Z(¢') = Z’ in addition to X = x. Web
Appendix 1 shows the derivation.

Y(t,m), M(t), M({')UT|Z ()= 2,Z ({') =2 X = x.

Assumption (1*¥) and its variant are guaranteed when
the treatment is randomized, which is indeed the case
in the current application. However, like assumption
(1), assumption (1*) could be overly strong in a quasi-
experimental study in which treatment selection might
be associated with unobserved pretreatment covariates
within levels of X.

(2*) Ignorable mediator value assignment under each
treatment condition given the observed pretreatment and
posttreatment covariates:

Y, m)ULM@),M({)|IT =t,Z({)=2X = x.

This assumption rules out cross-world connections
between the mediator and the outcome. Assumption (2*)
is considerably more plausible than the standard ignor-
ability assumption (2) that conditions on pretreatment
covariates only. This is simply because posttreatment con-
founding is often inevitable. As we discussed, in the
NEWWS data, welfare receipt under the experimental con-
dition during the year after the randomization is regarded
as a posttreatment covariate Z(1) that could confound the
mediator—outcome relationship. In general, individuals
eligible for a greater amount of welfare tended to face more
barriers to employment, which could also make them more
depressed. Under assumption (2*), among individuals with
the same baseline covariate values X = x and addition-
ally with the same posttreatment welfare receipt Z (1) = z,
the potential level of depression 2 years after the random-
ization Y (1, m) is assumed to be independent of potential

employment status associated with each of the two treat-
ment conditions M(1) and M(0). Nonetheless, assumption
(2*) might not hold should the mediator-outcome rela-
tionship be confounded by additional pretreatment or
posttreatment covariates. For example, a family member’s
health problems before or after the randomization might
predict employment and depression. Omitting a potential
confounder as such would likely violate assumption (2*).

(3*) Conditional cross-world independence between the
posttreatment covariate and the mediator:

M({)Lzm|T =+t,Z(f) =2, X=x

Assumption (3*) simply states that under treatment con-
dition ¢/, when Z(t’) and X are already given, Z(t) does
not supply additional information about M(t"). Potential
violations of assumption (3*) are conceivable if additional
pretreatment or posttreatment covariates predict M(t')
and Z(t) without affecting Z(t'). However, in the cur-
rent application, it seems unlikely that among individuals
in the control group who received the same amount of
posttreatment welfare and shared the same baseline char-
acteristics, their employment status under the control
condition would be additionally predicted by their coun-
terfactual posttreatment welfare amount associated with
the experimental condition.

The following theoretical results are key to our new solu-
tion. Given the focus on decomposing the ATE into the NIE
and the NDE, we identify E{Y (1, M(0))} by applying the
RMPW method to individuals in the experimental group
for whom Z(1) is observed. We explain in Section 6 how
the results may apply to an alternative decomposition of
ATE.

Theorem.

Under assumptions (1*) and (3*),

P(M@©0)=m|T =1,Z (1) = z, X = x)

= /P(M(O) =m|T=0,Z(0) =z, X =x)hydz,

where h, = h,(x) = P(Z(0) = Z/|T = 1,Z(1) = zX = x).

See Web Appendix 2 for the proof. This theorem
states that, for an individual who has been assigned
to T =1 and displays covariate values X = x and
Z (1) = z, the individual’s conditional probability
of displaying a certain mediator value under the
counterfactual control condition M (0) = m can be
obtained when we relate it to the conditional probability
of the mediator value for the individual’s counterparts
who have actually been assigned to T = 0 with covari-
ate values X = x and Z(0) = z’. Importantly, for the
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focal individual who has been assigned to T = 1, the
conditional probability of M(0) under the counterfactual
condition needs to be averaged over the individual’s
conditional distribution of Z(0) denoted by h,,.

P(T=t)
Let W,(x)= T TX =2

to T =t, for t = 0,1, with covariate values X = x.
When the treatment is completely randomized,

W,;(x)=1 for all individuals. Let W(x,z,2z') =
P(M(0)=m|T =0,Z(0)=2' X = x)

PM(1)=m|T =1Z1)=zX = x)
to T = 1 with covariate values X = x and Z(1) = z.

Henceforth we use W(z') as a shorthand for W(x, z, z’).
Lemma.
Under assumptions (1*), (2*), and (3*), NIE and NDE can
be identified through weighting:

for individuals assigned

for individuals assigned

NIE = E{W, ®)Y|T = 1}

—E{/W1 ) W(Z")Yh,dz'|T

1}

|
—

NDE = E { / W, (x)W(z')Yhydz'|T =
—E{W,®)Y|T = 0}.

Web Appendix 3 provides a proof of this lemma.

The theoretical result enables sensitivity analysis for
assessing the potential consequence of omitting a post-
treatment confounder. In the subsequent sections, we
propose and evaluate analytic strategies for empirically
estimating the parameters that define the distribution of
Z(0)whenX = xand Z (1) = zare given. The conditional
distribution of Z(0) depends on the unknown conditional
correlation between Z(0) and Z(1) regarded as a sensi-
tivity parameter. Although we restrict the discussion to
the case of a completely randomized experiment, it is
straightforward to extend these strategies to evaluations
of treatments randomized within levels of pretreatment
covariates.

3 | SENSITIVITY ANALYSIS FOR A
POSTTREATMENT CONFOUNDER

This section describes the theoretical models and the
analytic steps that we use to obtain the conditional distri-
bution of Z(0) for individuals assigned to the experimental
condition in a completely randomized trial. Assuming a
bivariate normal distribution of Z(0) and Z(1) condition-
ing on the observed pretreatment covariates X = x, we
obtain the conditional distribution of Z(0) for individuals
assigned to T = 1. For a binary confounder, we instead
assume a bivariate probit model for the joint relationship
between Z(0) and Z(1). We then impute Z(0) by taking

multiple random draws from its conditional distribution;
an alternative strategy is to take the integral of Z(0) over
its conditional distribution. For the simplicity of presenta-
tion, below we describe the analytic strategy for the case of
a continuous posttreatment confounder and leave to Web
Appendix 4 additional details about the case of a binary
posttreatment confounder.

3.1 | Theoretical models

As illustrated in Figures 1(A) and 1(B), Z;(0) and Z;(1) are
each a function of observed pretreatment covariates X;,
unobserved pretreatment covariates U;, and the impact of
random events ¢;. In general, the causal effect of T on Z
may depend on X, U, and €. Because the impacts of U;
and ¢; on Z;(t) are not empirically distinguishable, we use
r,; to denote their joint impact: Z; (¢) = u(t,x) + ry, for
t=0,1.

Let u(t,x) denote a function of x under treat-
ment condition ¢; wu(t,x) may take any flexible
parametric or nonparametric functional form. For
individual i whose T;=1,Z;(1)=z, and X;= x,
due to the randomness of r;; and ry, the coun-
terfactual Z;(0) is a random variable. We assume

_ 2
that <r01> ~N <<O> ,< % ‘0100216())). Here
i 0 P109100 O3

ry; and ry; are assumed to be bivariate normal; O'tz = var
(rilT;=t,X;=x) for t=0,1; and p;9= corr
(Z;(1),Z;(0)| T; = t, X; = x) = corr(Z;(1), Z;(0)| X; = x)
under assumption (1*). By convention, oy, oy, and piq
are assumed to be invariant across different values of x.
We will investigate potential implications of these distri-
butional assumptions through simulations presented in
Section 4. We derive the conditional distribution of Z;(0)
for individual i whose T; = 1,Z;(1) = z,and X; = x:

E{Z;(0)|T;=1,Z,(1) = z, X; = x}

(o]
= u(o,x>+pmo—f<z—u(1,x>>;

var {Zl (0) | Ti = l,Zl(l) = Z, Xi = X}
= (1=p3) o5- D)

In its essence, pjo determines the relative contribu-
tion of the observed value of Z;(1) in predicting the
counterfactual Z;(0) for individual i. The value of p;,
which is bounded between —1 and 1, cannot be empiri-
cally obtained. To further narrow the bounds, the analyst
may utilize an additional baseline covariate C. Let p,c =
corr(Z,C|T = t,X = x) denote the partial correlation
under treatment condition f. As shown in past research
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(Olkin, 1981; Stanley & Wang, 1969; also see Yang et al.,
2017), pyq is restricted by the inequalities:

PicPoc — \/(1 —pic) (1= p3c) < P10 < PicPoc

/(1= p2) (1= %) )

When Jadditional covariates are available, the analyst may
compute J bounded sets, the intersection of which defines
a conservative bounded set of values for p;,. Alternatively,
viewing C as a vector of dimension J, one may explicitly
derive the bounds on p; (Olkin, 1981).

3.2 | Analytic steps

There are four major steps in conducting the sensitiv-
ity analysis. Step 3 can be carried out through either
imputation or integration.

Step 1. Predict Z as a function of observed baseline
covariates and obtain the residuals. For individu-
als with Z = zand X = x, the residuals are iy =
z— (0 x)ifT = 0and 7} = z— (1 x)1fT = 1;
the respective sample variances are a and 0' . The
set of covariates that predict Z should contaln but
should not be limited to the confounders of the
mediator—outcome relationship; and the prediction
model for Z may take any flexible form. This is
because, as we will show through the simulations,
including strong predictors of Z may reduce the
range of the bounds in a sensitivity analysis.

Step 2. Obtain the conditional distribution of Z(0). The
analyst may choose a set of evenly spaced hypo-
thetical values of p;y within its bounds including
the maximum and the minimum. Corresponding
to each hypothetical value of p,, the parameters of
the conditional distribution of Z;(0) are estimated
for individuals assigned to T = 1 when u(0,x),
u(1,x), oy, and o; in Equation (1) are replaced by
their sample analogues.

Step 3. Use imputed values of Z(0) in an RMPW
analysis. When implementing the lemma through
multiple imputation (Little & Rubin, 2019),
the analyst may take K random draws from
the conditional distribution of Z;(0) for indi-
vidual i whose T;=1,Z;(1)= z, X; = X, and
M;(1) = m. Let z], be the kth random draw.
The imputed values are viewed as given in each

set of imputed data. To estimate the weight
——  PM;(0) = m|T; = 0,Z;(0) = 2], , X; = %)

ik = 3 , a separate
P(M;(1) = m|T; =1,Z,(1) = 2,X; = X)

propensity score model for the mediator is fitted

to the data in each of the two treatment groups.

The denominator of the weight is individual i’s
estimated propensity of displaying the observed
mediator value m under the experimental con-
dition; the numerator is the same individual’s
propensity of displaying the same mediator value
under the counterfactual control condition as
a function of x and the imputed value zlfk. The
model fitted to the control group data is used for
predicting the numerator. The sample estima-
tor of NIE and that of NDE are averaged over
the K random draws of Z(0), which will gener-

T L vK LY % TiWiY;
ate NIE = = Ek:l < T T and
e — L vK > T,WikY; _ Y, (-T)Y;
NDE = K Zk:l > TiWik 2,(-Ty) } a

completely randomized study. In accordance with
Rubin’s rules (Little & Rubin, 2019), the standard
error for NIE and that for NDE are each pooled
over the K estimates.

Alternative Step 3. Integrate over the predicted distri-

bution of Z(0) in an RMPW analysis. Alternatively,
we may implement the lemma through taking
the integral with respect to z’ over the condi-
tional distribution of Z;(0) for individual i whose
T,=1,Z,1)=z X;=x, and M;(1) = m. We
estimate W;(z") as a function of z’, as specified in
the lemma, and apply the normal density function
tohy = f(Z(0)=2'|Ti= 1,Z;(1) = z, X; = X)
in the integration. Subsequently, the sam-
ple estimator of NIE and that of NDE

. — ,T[Y[
can  be obtained as NIE = Z‘—T -
. TiY; f@@dz’; NDE = X T [ Wi@)hiydz!

2 Ti f Wi(2)hyyr dz’ T/ Wz(z )hlz/ dz’
Zi(l_Ti)Yi

Y1) in a completely randomized study.

Extending the previous results for RMPW-based
causal mediation analysis that take into consider-
ation the estimation uncertainty in the propensity
score-based weight (Bein et al., 2018), we derive
the asymptotic standard error for NIE and that for
NDE when the integration method is employed
and obtain estimates of these standard errors
accordingly. The derivations are outlined in Web
Appendix 5.

Step 4. Sensitivity analysis. Steps 2 and 3 are repeated

at each hypothetical value of p;y to obtain the
bounds for NIE and NDE estimates. These are to
be contrasted with the initial estimates of NIE and
NDE, respectively. In addition, to assess whether
the results of hypothesis testing are sensitive to
the omission of posttreatment confounding, the
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analyst may estimate the confidence bands for
NIE and NDE across the range of p;o. These are
to be contrasted with the respective confidence
intervals for NIE and NDE obtained from the initial
analysis.

4 | SIMULATIONS

To assess the feasibility of this novel sensitivity analysis
procedure and to evaluate its performance, the simulation
study addresses two sets of research questions. The first set
of questions concerns the performance of the imputation-
based RMPW approach and the integration-based RMPW
approach when the distributional assumptions about the
posttreatment confounder are valid; the second set of ques-
tions is about their performance when such assumptions
are invalid. We use the oracle estimator of NIE and that
of NDE as the benchmark because they are consistent
estimators. These oracle estimators are obtained by using
the true value of Z;(0) in the RMPW analysis. We also
present the results for the naive estimators of NIE and NDE
when the RMPW analysis makes no adjustment for the
posttreatment confounder.

In the imputation-based RMPW analysis, the number of
imputations is set to be 25. In the integration-based RMPW
analysis, we apply the method of Gauss-Hermite quadra-
ture with 10 quadrature points to approximate the values
of integrals when Z is continuous. The sample size is set
to be n = 200 in contrast with n = 2000. Additionally, in
simulation scenario 10, we consider a sample size simi-
lar to the application study with n = 700. The number of
replications in each simulation scenario is 1000. We gen-
erate data under assumptions (1*), (2*), and (3*), where
we allow for unmeasured confounding of the relationship
between Z and Y. In addition, the treatment-by-mediator
interaction is present in all simulation scenarios. Web
Appendix 6 provides details of the data generation. The
simulation results for all 12 different scenarios of data gen-
eration are summarized in Tables 1 and 2 for NIE and NDE,
respectively.

4.1 | Performance when the
distributional assumptions are valid

Research Question 1: When the model for Z is correctly
specified, are the imputation-based RMPW estimator and
the integration-based RMPW estimator consistent with
their benchmark values when p; is equal to its true value?
There is clear evidence that, for both a continuous Z and
a binary Z, the results are consistent when p;, is equal to
its true value. This conclusion holds across a wide range
of scenarios. Specifically, simulation scenarios 1-6 evaluate
the performance of the proposed estimators for a continu-

ous Z; and scenario 11 for a binary Z. For a continuous Z,
scenarios 1-3 consider a true value of p;o being 0.5, 0, and
—0.5, respectively, when the sample size is 2000; in paral-
lel, scenarios 4-6 consider the same set of true values of p;,
when the sample size is reduced to 200.

Research Question 2: For a correctly specified model
for Z, does the result deviate from the benchmark value
when the hypothetical value of p;, deviates from its true
value? As anticipated, the deviation from the benchmark
value increases when the hypothetical value of p, is far-
ther away from the true value. This is true for both a
continuous Z and a binary Z. Figure 2 provides a graphi-
cal illustration based on scenario 1 where Z is continuous,
P10 = 0.5, and n = 2000. For both the NIE and the NDE,
the imputation-based estimate and the integration-based
estimate increasingly deviate from the benchmark values
as the hypothetical value of p;, shifts farther away from its
true value. The patterns are similar for different true val-
ues of p;( (scenarios 2 and 3), for a binary Z (scenario 11),
and for different sample sizes (scenarios 4-6).

Research Question 3: Does the integration method out-
perform the imputation method in terms of the efficiency
of estimation? Do the confidence bands accurately reflect
the estimation error when the imputation method or the
integration method is employed? When comparing the
true standard error (i.e., the standard deviation of the
NIE estimator or the NDE estimator over the 1000 repli-
cations) between the imputation-based strategy and the
integration-based strategy, we find no evidence that one is
more efficient than the other. This is true for both a con-
tinuous Z and a binary Z. For both the imputation-based
estimator and the integration-based estimator, there is a
general tendency that the estimated standard error con-
verges to the true standard error when the sample size
increases. The estimated standard error for the imputation-
based estimator tends to be slightly greater than the
true standard error regardless of sample size. Comparing
between the two different sample sizes (2000 vs. 200), it
appears that the imputation-based estimator is preferred
when the sample size is relatively small as it tends to err
on the conservative side; when the sample size is rela-
tively large, the integration-based estimator is preferred as
it tends to closely approximate the true standard error.

Research Question 4: When the prediction model for
Z does not match the data generation model, is the result
still robust at its true value of p;,? Is there an increase in
the width of the bounds for the estimated values of NIE
and NDE? Is there an increase in the width of the con-
fidence bands for NIE and NDE? A comparison between
scenarios 7a and 7b reveals the implications. The pre-
diction model for Z specified by the analyst is different
from the data generation model in scenario 7a and is the
same as the data generation model in scenario 7b. The
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FIGURE 2
refers to that version)

former explains less variation in Z when compared with
the latter. Figure 3 displays the estimation results. Despite
the differences in how the structural part of the prediction
model for Z is specified, the point estimates of NIE and
those of NDE are always consistent at the true values of p;,
corresponding to each model. However, the bounds for the
NIE and NDE estimates become wider in scenario 7a. The
impact on the width of the confidence bands appears to
be negligible. We conclude that even though the structural
part of the prediction model specified by the analyst tends
to deviate from the data generation model in practice, the
estimation results are robust. However, an increase in the
predictive power of the model for Z will effectively reduce
the width of the bounds for the NIE and NDE estimates.

4.2 | Performance when the
distributional assumptions are violated

Research Question 5: Is there a consequence when
homoscedasticity is violated in the prediction model for
a continuous Z? In scenario 8, we specify o, o1, and pjg
each to be a function of a pretreatment covariate; the analy-
sis, however, assumes homoscedasticity. As shown in Web
Figure Al, violations of the homoscedasticity assumption
do not appear to be consequential. At the value of the con-
ditional correlation p; for the overall population, the NIE
and NDE estimates are consistent with their respective
benchmark values.

Research Question 6: Is there a consequence when
multivariate normality is violated in the prediction model
for Z? We find that when violations of the multivariate nor-
mality assumption are not severe, such as in the case of
a continuous Z taking non-negative values with a small
degree of zero inflation (scenario 10) or in the case of a

Scenario 1: NDE

NDE Estimate
0.95
1

0.90
1

0.85
1

-1.0 -0.5 0.0 0.5 1.0

Simulation results for scenario 1 (this figure appears in color in the electronic version of this article, and any mention of color

binary Z generated with logistic random errors (scenario
12), the NIE and NDE estimates deviate only slightly from
their respective benchmark values at the true value of py.
However, when violations are severe, as in the case of a
continuous Z that follows a gamma distribution rather
than a normal distribution (scenario 9), the estimation
results are no longer robust. Web Figure A2 provides a
graphical illustration of the above results.

Conclusion. For a continuous or a binary posttreatment
confounder Z, when the distributional assumptions are
valid, the imputation-based strategy and the integration-
based strategy both produce NIE and NDE estimates that
are consistent with their respective benchmark values at
the true value of p;,. This is true even when the structural
part of the prediction model for Z deviates from its data
generation model. The results also remain robust when
homoscedasticity is violated or when multivariate normal-
ity is violated to a minor degree. However, these strategies
do not produce robust results when multivariate normality
is severely violated. The simulation results provide impor-
tant implications for data analysis. As the true value of
P10 is unknown to the analyst, a sensitivity analysis must
compare the initial estimates of NIE and NDE with the
bounds for the new estimates obtained over the plausible
range of p,¢. By including strong predictors of Z that help to
increase the explained proportion of variation, the analyst
may obtain relatively narrow bounds for the NIE and NDE
estimates and thereby increasing the chance of arriving at
a definitive conclusion.

5 | NEWWS APPLICATION

The initial analysis of the NEWWS-Riverside data did not
adjust for potential posttreatment confounders. We assess
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the sensitivity of the initial results to such omissions by
applying the proposed strategies. We first evaluate the
influence of a continuous posttreatment confounder—the
amount of welfare received in the first year after the ran-
domization. The prediction model for this continuous Z
is specified as a function of not only the pretreatment
covariates that predicted the mediator but also two addi-
tional strong predictors of Z (namely, welfare amount
received in the pretreatment year and number of chil-
dren in the household at baseline). To constrain the range
of py9, we further utilize a measure of duration of wel-
fare dependence prior to the randomization. Applying
Equation (2), the range of p;y becomes [—0.86, 0.98],
within which we choose 20 evenly spaced values. To
enhance the smoothness of the results, we conduct 200
imputations when implementing the imputation-based
procedure. Figures 4(A) and 4(B) display the estimation
results obtained from the imputation-based analysis and
the integration-based analysis, respectively. In each figure,
the horizontal dashed line in the middle indicates the
initial estimate of the NIE or the NDE in effect size; the

upper and lower dashed lines correspond to the initial 95%
confidence interval of the effect size; each circle represents
the adjusted estimate at a given value of p;(; and the cor-
responding vertical line represents the adjusted estimate of
the 95% confidence interval. Over the range of the plausible
values of p;,, we find that with adjustment for posttreat-
ment welfare amount, the estimated effect size of NIE is
bounded between —0.15 and —0.12 and that of NDE is
bounded between 0.14 and 0.16. These are distinctly differ-
ent from the initial estimate of the effect size of NIE (—0.11)
and that of NDE (0.13). Apparently, omitting posttreatment
welfare amount led to a positive bias in the initial NIE
estimate and a negative bias in the initial NDE estimate.
We then evaluate the influence of a binary posttreat-
ment confounder indicating whether an individual was
on welfare constantly during the first year after the ran-
domization. From both the imputation-based analysis and
the integration-based analysis with adjustment for this
binary Z, the bounds for the NIE estimates are (—0.15,
—0.12) and those for the NDE estimates are (0.13, 0.16).
Unsurprisingly, as this binary Z (indicator for constant

85U80|7 SUOWIWOD /181D 3|cedlidde aup Aq peusenob aJe sappie YO ‘@SN Jo SN 10} Akeiq18ulUO AB|1IAA UO (SUORIPUOD-PUe-SWLRY/Woo" A3 1M Afeiq1jeu|uo//Sdny) SUORIPUOD pue swie | 8 88s *[£202/90/02] o AreiqiTauljuo A8|im ‘(ouleAnde™) egnopesy Aq G0ZET WOIG/TTTT OT/I0P/W0o" A8 | Akeiq1jeuljuoy/sdny wol papeojumod ‘2 ‘€202 ‘0270THST



ws | \wiLey DIOMeLcs

HONG ET AL.

A
o 4
o
8 |
<
=
5 4
w w
zZ 57
& |
<
i ik
N
e
3
Q
086 05 ) 0’5 0.8
P10
Bounds of NIE: [-0.15,-0.12]
®) g
o
s |
<
e
=1
w v
Z =l
&
<
9 -
e
8
o
086 05 0 0’5 098
P10
Bounds of NIE: [-0.15,-0.12]
FIGURE 4

04

03

NDE

0.1

00

-0.1

P10
Bounds of NDE: [0.14,0.16)

04

03

NDE

01

08 05 ) 0’5 0.8
P10
Bounds of NDE: [0.14,0.16]

(A) Sensitivity of the initial estimate of the effect size of NIE and that of NDE to the omission of posttreatment welfare

amount (imputation-based). (B) Sensitivity of the initial estimate of the effect size of NIE and that of NDE to the omission of posttreatment
welfare amount (integration-based). (this figure appears in color in the electronic version of this article, and any mention of color refers to
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welfare dependence) is closely associated with the contin-
uous Z (welfare amount), the sensitivity analysis arrives at
a very similar conclusion.

6 | DISCUSSION

Adjusting for posttreatment confounders that precede the
focal mediator has been a major challenge in causal
mediation analysis. This paper proposes a new sensitiv-
ity analysis for assessing the consequences of omitting
observed posttreatment confounders. The key is to obtain
predicted values of the posttreatment covariate under
the counterfactual control condition given an individual’s
observed posttreatment covariate value under the exper-
imental condition as well as the observed pretreatment
covariates. The analyst will then adjust for the posttreat-
ment covariate through an RMPW analysis and obtain
bounds for the NIE and NDE estimates. The analysis can
be implemented through either imputation or integra-
tion over the conditional distribution of the posttreatment
covariate. Unlike the linear or generalized linear structural

modeling approach that requires correct specifications of
not only the mediator model but also the outcome model,
the weighting approach does not require the analyst to
specify the response surface and therefore prevents bias
induced by outcome model misspecification.

This paper makes a few important contributions to
the literature on handling posttreatment confounding in
causal mediation analysis. First, our new solution invokes
a set of identification assumptions that are different
from the standard and the extended sequential ignor-
ability assumptions, which distinguishes our approach
from the alternative methods. Conditioning on not only
the observed pretreatment covariates but also a poten-
tially important posttreatment confounder increases the
plausibility of mediator ignorability. Moreover, instead of
assuming the ignorability of the posttreatment covariate
given the observed pretreatment covariates, we assume
cross-world independence between the observed mediator
and the counterfactual posttreatment covariate condi-
tioning on the observed posttreatment covariate as well
as the pretreatment covariates, which is arguably plau-
sible in many cases including the current application.
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Second, this new solution applies to both continuous
and binary posttreatment covariates. Third, this approach
allows for a treatment-by-mediator interaction and can
be extended naturally to the alternative decomposition
of the ATE into a pure indirect effect and a total
direct effect (Robins & Greenland, 1992), which involves
identifying E{Y(0,M(1))}. Specifically, under assump-
tions (1¥), (2*), and (3*), E{Y(0,M(1))} can be identi-
fied by E{/ Wo(x)W(2')Yh,dz'|T = 0} where W, (x) =

P(T=0) , W(z’) _ P(M(l):m|T:1,Z(1):z’,X:x)’ d
P(T =0|X=x) P(M (0)=m|T=0,Z (0)=2X=x)
hy =P(Z(Q1) =Z'|T =0,Z(0) = z,X = x) for indi-
viduals whose T = 0, Z(0) = z, and X = x. Fourth, as
we have shown through simulations, the estimation results
are robust even when the structural part of the predic-
tion model for the posttreatment confounder deviates from
its data generation model, when homoscedasticity is vio-
lated, or when multivariate normality is violated to a minor
degree. Fifth, by obtaining the bounds for the adjusted
NIE and NDE estimates and additionally by obtaining the
confidence bands for these causal effects, we can assess
whether adjustment for the posttreatment confounder
would alter the initial conclusion in terms of not only the
practical significance but also the statistical significance.
And lastly, we underscore the practical value of including
strong predictors of the posttreatment covariate in the pre-
diction models as it will effectively make the bounds more
informative for sensitivity analysis.

Several limitations of our approach are to be addressed
in future research. First, while assumption (1¥) was guar-
anteed by the treatment randomization in the current
application, violations of assumptions (2*) and (3*), if exist,
could potentially invalidate the sensitivity analysis results.
Second, the estimation results are not robust when mul-
tivariate normality is severely violated. In some cases,
the analyst may overcome this limitation through appro-
priately transforming the posttreatment covariate. For
example, if Z follows a lognormal distribution, a log trans-
formation will be a suitable solution. Future research may
explore other strategies such as deriving the conditional
distribution of Z that follows a nonnormal distribution
or applying copula to the residuals obtained from the
prediction models for Z. Third, the proposed weighting
approach is semiparametric and avoids bias induced by
outcome model misspecification, however, possibly at the
price of a decrease in efficiency when compared to the
competing linear or generalized linear structural model-
ing approaches. Combining weighting with covariance or
prognostic score adjustment may improve precision in esti-
mation. In addition, estimation instability might arise due
to extreme values of weights. Besides a common remedy to
trim the weights, machine learning techniques may poten-
tially improve the estimation of the weight (Lee et al.,

2010). Fourth, because the minimum/maximum values of
the bounds for NIE and NDE cannot be explicitly derived,
they are empirically established when the grids for p;, are
fine-grained and when the patterns are smooth. The peak
values might be overlooked in the absence of these con-
ditions. Finally, some posttreatment confounders precede
the focal mediator M, whereas some others are concur-
rent to M. This paper is restricted to the former case.
Qin et al. (2021) proposed a sensitivity analysis strategy
for causal mediation studies that involve two concurrent
mediators that are not conditionally independent. Readers
may also consider alternative strategies proposed by Imai
and Yamamoto (2013), Daniel et al. (2015), and Albert et al.
(2019).
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