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While computing technologies are widely available in secondary schools, these technologies have had only 
limited impact on changing classroom practices. Partly, this can be attributed to an underdeveloped 
understanding of the role of the teacher in engaging in classroom practices that can support student 
learning with technology. In this study, we analyzed the teaching practices that supported students’ 
learning of a conceptually rich and deep topic (the average rate of change) when using an exploratory 
computer simulation environment. The results illustrate the demands placed on teachers when faced with 
the multiplicity of student ideas generated by their interactions with the simulation and three aspects of a 
teaching practice in response to those demands. These findings contribute to evolving frameworks for 
understanding meaningful and productive technology use in teaching secondary mathematics. 

ey ords  eacher no ledge  echnology  Modeling  Advanced Mathematical hin ing 
 

ver the past three decades, m ch research has foc sed on the potential for comp ting technology to 
impact 16 mathematics ed cation. Graphing calc lators, internet access, and most recently  interactive 

hiteboards are no  idely available in secondary schools and colleges. t the idespread availability 
of comp ting technology has had only limited impact in ma ing the inds of changes to classroom 
practices envisioned by research. While many factors contrib te to the s ccessf l adoption of any 
technology, one cr cial factor in any ind of change to classroom practices is the teacher God in  
S therland, 2004  thven, Deaney,  ennessy, 2009 . An nderlying ass mption of this st dy is that 
o r nderstanding of the role of the teacher in s pporting learning ith comp ting technologies is 

nderdeveloped. 
he need to nderstand the relationship bet een pedagogy and st dent learning ith technology as 

identified in the early 1990s by oyles and oss 1992  as they observed the inescapable and perhaps 
npalatable fact that simply by interacting ith an environment, children are nli ely to come to 

appreciate the mathematics hich lies behind its pedagogical intent  p. 31  they also noted the sparseness 
of research that addresses the nat re of pedagogies that can s pport st dent learning ith comp ter 
environments. More recently, thven and colleag es have noted that the teaching practices associated 

ith the idespread se of graphing technology have received relatively little attention from researchers 
thven et al., 2009 . thven et al. arg e for the development of teachers  craft no ledge to s pport 

their classroom se of technology. his perspective is in contrast to a less sit ated approach to teachers  
no ledge that is characteri ed by the PAC  technological pedagogical content no ledge  constr ct 
Mishra  oehler, 2006  eiss, 2005 . 

he larger goal of this st dy is to contrib te to the development of a model of teaching practices that 
s pport st dent learning ith e ploratory comp ter sim lations. o that end, e investigated the teaching 
in a pre college classroom setting here the st dents sed a comp ter sim lation to st dy of the average 
rate of change, a traditionally diffic lt, yet concept ally rich and fo ndational topic in mathematics. r 
st dy as g ided by the follo ing estion  hat as the nat re of the teaching practices that s pported 
st dents  learning of average rate of change hen sing an e ploratory comp ter sim lation  

Theoretical Background 

M ch recent or  on the relationship bet een teaching practices and technology has dra n on the 
PAC  model, often e amining the preparation of teachers or the professional development of in service 

teachers e.g., o ers  Stephen, 2011  eiss, 2005 . o ever, Graham 2011  and others have critici ed 
the PAC  model for lac ing clear theoretical distinctions bet een the elements of the model, a lac  of 
precision in definitions, and diffic lties in discriminating bet een the proposed constr cts of 
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technological content no ledge  and technological no ledge.  he f iness at the bo ndaries of the 
PAC  model may call into estion the e istence of the proposed constr cts or it may simply point to 

the need for empirical or  on teaching practices that can inform revisions and clarity ithin the model. 
r p rpose in this paper is not to criti e the PAC  model, b t rather to st dy teaching practices to 

better nderstand the role of the teacher hen sing comp ter technology, in partic lar an e ploratory 
comp ter sim lation. As oyles and oss s ggested in 1992, s ch a pedagogy o ld incl de introd cing 
a mathematical agenda, a progressive se ence of comp ter tas s, related paper and pencil or  and class 
disc ssions of comp ter based or , and small gro p activities to bring together comp ter and non
comp ter or . thven and colleag es 2009  arg e that, hen sing graphing soft are, the teacher 
plays a f ndamental role in ma ing the mathematical relationships meaningf l for st dents by s pporting 
the mathematical interpretation of the technology based representations. r goal in this st dy is to 
contrib te to a clearer nderstanding of the nat re of teaching practices ith comp ter technology, 
partic larly as st dents come to nderstand the concept of average rate of change.  

ver the last t enty years, researchers have doc mented the diffic lties that st dents enco nter in 
learning to interpret models of changing phenomena Carlson et al., 2002  hompson, 1994 . n this paper, 

e dra  on a modeling approach to st dent learning that aiser and Sriraman 2006  identify as a 
conte t al modelling  perspective. his perspective emphasi es the design of activities that motivate 

st dents to develop the mathematics needed to ma e sense of meaningf l sit ations. M ch or  done 
ithin this perspective dra s on model eliciting activities developed by esh and colleag es e.g., esh  
a o e s i, 2007 . S ch activities confront the st dent ith the need to develop a model that can be sed 

to describe, e plain or predict the behavior of familiar or meaningf l sit ations. Considerably less research 
has foc sed on model e ploration activities, here st dents e plore the mathematical characteristics of the 
model. n this paper, e foc s on a set of model e ploration activities sing a comp ter sim lation 
environment, accompanied by st dent presentations and teacher led disc ssions that foc sed on the 

nderlying str ct re of the model, on the strengths of vario s representations, and on ays of sing 
representations prod ctively. h s, for this st dy, e designed an instr ctional se ence that began ith a 
modeling activity to elicit the constr ct of average rate of change, follo ed by model e ploration tas s that 
e amined the nderlying mathematical str ct re and its representations. he foc s of this st dy is on the 
role of the teacher in facilitating st dent presentations and leading class disc ssions that s pport st dents  

nderstandings of ho  to represent the average rate of change. 

Research Design and Methodology 

his st dy sed design based research as an approach to st dying teaching and learning as it occ rs 
ithin the comple ity of a nat ralistic classroom setting Cobb et al., 2003 . his approach is intended to 

generate principles of practice, in this case related to teaching ith comp ter sim lations. We dra  on the 
m lti tiered design e periment esh  elly, 2000 , hich provides a frame or  for collecting and 
interpreting data at the researcher level, the teacher level and the st dent level. Central to o r analytic 
approach is the notion that, as researchers, e e amine the teacher s actions in the classroom and her 
interpretations of those actions, hich are in t rn infl enced by the st dents  interactions ith the tas s in 
the sim lation environment. he researchers and the teacher the third a thor  collaboratively developed 
the tas s that ere designed to s pport st dents in nderstanding the concept of average rate of change. 

Simulation Environment and Task Design 

We began the instr ctional se ence ith a model eliciting activity, sing the physical sit ation of 
motion along a straight line. St dents created graphs sing their o n bodily motion and a motion detector 
and rote verbal descriptions of that motion. his incl ded comparative sit ations of faster and slo er 
constant speed, changing speed and changing direction. Follo ing the model eliciting activity, the st dents 
engaged in a se ence of model e ploration tas s. hese tas s ere designed to help st dents to thin  
abo t the nderlying str ct re of the model of constant and non constant motion. An important goal of 
these tas s as to engage st dents in sing informal and formal lang age to describe the average rate of 
change and to develop their nderstanding of the representational systems for describing change. As 
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arg ed earlier, this brings ith it a concomitant role for the teacher in sing instr ctional strategies that 
ill s pport st dents in interpreting the mathematical relationships intended in the tas s and instantiated in 

the comp ter environment. 
he model e ploration tas s sed SimCalc Math orlds ap t  oschelle, 1996 . his comp ter 

sim lation environment as designed aro nd the conte t of one dimensional motion to e plore the 
relationship among position, velocity and acceleration, the connections bet een variable rates and 
acc m lation, and an nderstanding of mean val es. he drag and drop environment ma es se of 
piece ise linear f nctions to create position or velocity graphs  these graphs drive the one dimensional 
motion of cartoon li e characters in the lin ed Wal ingWorld. he MathWorlds environment reversed and 
e tended the representational space of the model eliciting activity ith the motion detector here bodily 
motion created a position graph  in the sim lation environment, the st dents created velocity graphs that 
generated the cybernetic motion of a character. From the sim lated motion, the st dents created position 
graphs, th s developing an nderstanding of ho  the position graph co ld be constr cted by calc lating 
the area bet een the velocity graph and the x a is. n e ploring this lin ed relationship among the 
characters  motion, the velocity graph and the position graph, st dents began to reason abo t the position 
of characters solely from information abo t the velocity of the characters. his model e ploration tas  
provided an opport nity for st dents to develop their abilities to interpret position information from a 
velocity graph and velocity information from a position graph. S bse ent model e ploration tas s 
introd ced the concepts of average velocity, negative velocities, linearly increasing and decreasing 
velocities and their associated position graphs.  

Context and Participants 

he se ence of model e ploration tas s as part of a larger set of modeling tas s that formed the 
basis for a si ee  co rse for st dents ho ere preparing to enter their niversity st dies. he teacher 
and the first a thor collaborated in the development of the entire set of tas s for the co rse. he teacher 
had three years of e perience teaching secondary and college st dents  this as her second year teaching 
the s mmer co rse. here ere 17 st dents in the co rse all of hom vol nteered to participate in the 
st dy. hree of the participants ere female and 14 ere male. All participants had completed fo r years 
of st dy of high school mathematics  11 st dents had st died calc l s in high school and si  had not 
st died any calc l s. he model e ploration tas s ere done individ ally at a comp ter  ho ever, the 
participants ere enco raged to disc ss their or  ith each other. Follo ing each tas  in the se ence, 
there as a hole class disc ssion that s ally involved st dents in presenting the res lts of the or  
prod ced d ring the model e ploration tas s. he class disc ssion follo ing these tas s foc sed on the 
mathematical str ct re of the model and on the relationships among different representational systems.  

Data Collection and Analysis 

Consistent ith the methodology of m lti tiered design e periments, data for this st dy ere collected 
at t o levels  the level of the teacher and the level of the st dents. he data so rces at the teacher level 
incl ded videotapes of all class sessions, ritten field notes and memos, class materials s ch as or sheets 
and a record of board or , the teacher s lesson plans and annotations made by the teacher d ring the 
lesson. Follo ing each lesson, there as a debriefing session ith the teacher, hich capt red the 
teacher s reflections on the lesson and any changes to the plans for s bse ent lessons. hese debriefing 
sessions ere a dio taped and transcribed. he model e ploration activities ith the sim lation orld too  
place over a total of si  lessons  each lesson lasted one ho r and 50 min tes. Central to o r analytic 
approach is the notion that as researchers e e amine the teacher s descriptions, interpretations, and 
analyses of artifacts of practice that ere developed, e amined and refined d ring o r collaborative or  
on the design and teaching of these si  lessons. n this paper, e only report on the analysis of the teacher 
level data, altho gh e ac no ledge that this analysis as infl enced by the data at the st dent level. 

he analysis of the data too  place in three phases. Consistent ith the iterative approach of design
based research, the first phase of analysis too  place d ring the si  ee s of teaching. n this phase, the 
research team met ith the teacher and reg larly engaged in disc ssion abo t the model e ploration tas s, 
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the progress of the class as a hole, and o r observations abo t st dents  thin ing abo t average rate of 
change and their lang age for e pressing their ideas. Analytic memos ere ritten by members of the 
research team to doc ment their emerging nderstandings of the teaching practices and observations abo t 
st dent learning.  

n the second phase of the analysis, the research team vie ed the videotapes and rote a detailed script 
of each lesson, identifying the nat re of the teacher s activity in each segment of the lesson and its time
stamp and d ration. Follo ing the principles of gro nded theory Stra ss  Corbin, 1998 , preliminary 
codes ere developed to categori e hat the teacher did in the classroom. Dra ing on this analysis, the 
research team identified a set of appro imately si  to eight video segments ithin each lesson that 
capt red rec rrent themes and for hich e anted the teacher s retrospective perspectives and 
interpretations. hese video segments ere the basis for video stim lated recall ith the teacher and gave 
f rther insights into the teaching practices from the perspective of the teacher. his in t rn led to f rther 
refinement of the coding scheme. n the third phase of the analysis, e coded the videotapes of the si  
lessons sing the revised coding scheme. As e analy ed the teaching practices, e so ght confirming and 
disconfirming evidence in the teacher s lesson plans and annotations d ring the lesson, and ith the 
teacher s perspective on the lesson from the de briefing intervie s and the post lesson video stim lated 
recall. his led to the form lation of the res lts in three broad categories  1  pressing st dents for 
representations  2  harvesting st dent ideas  and 3  sorting o t and refining st dent ideas. n this paper, 

e report on the res lts in the first category  pressing st dents for representations. 

Results 

A representational press occ rs hen the teacher applies press re on st dents for the p rpose of 
f rthering the st dents  emerging nderstandings of the representations of average rate of change, hich in 
this case occ rred ithin the comp ter sim lation environment and in st dents  related or . his related 

or  co ld be any one of the forms of the follo ing representations  lang age both ritten and spo en  
table  symbolic s ch as f nction notation and algebraic e pressions  iconic or graphical  and enactments 
either cybernetically in the sim lation orld or bodily in the real physical orld . We fo nd three 

categories of representational presses that the teacher engaged in  1  e plicitly inserting a representation 
into the disc ssion to s pport connections to other representations  2  pressing the st dents to give 
interpretations of their representations in terms of the conte t of the tas , hile artic lating arg ments that 

stify their interpretations  and 3  pressing st dents to se representations to clarify a sit ation or 
estion. D e to space limitations, e report here only on the second and third categories. 

Interpreting Representations 

n this episode, e ill strate ho  the teacher pressed the st dents to give interpretations of their graphs 
in terms of the conte t of the tas  hile artic lating arg ments that o ld stify their interpretations. his 
episode occ rred in the fo rth day in the se ence of the si  lessons. he teacher led a hole class 
disc ssion abo t the characteristics of three different linear velocity graphs and their corresponding 
position graphs, hich had been the foc s of the tas s ith the sim lation environment. he three velocity 
graphs are sho n in Fig re 1 and their corresponding position graphs are sho n in Fig re 2. 



	���������"������������������ *),-�

�

��������!��#��#!���!��#$�#!�'�������!��#��#�%���#&#�%+)*+&#�	��������������������
���
�������������������������
����
�������

��������
����
���������������	��������������
���
���������
������������ ��!���"������������������
���������#�

 
   a          b           c  

Figure 1: Comparing three velocity graphs from the simulation environment 

 

      
   a       b        c  

Figure 2: Comparing the corresponding position graphs 

D ring the hole class disc ssion, the teacher labeled the graphs on the blac board ith the st dents  
verbal interpretations of the graphs. Graph a  as described as constant velocity and constant speed  
graph b  as described as increasing velocity, increasing speed, and acceleration  and graph c  as 
described as decreasing velocity, decreasing speed, and acceleration. he position graphs sho n in Fig re 
2 ere interpreted as  a  linear, increasing position  b  c rved, accelerating, increasing position, al  
slo  then fast  and c  accelerating, increasing position, al  fast then slo .  n the follo ing e cerpt 
from the class disc ssion, the teacher foc sed st dents  attention on the velocity graph c  in Fig re 1. n 
this e change, e see the teacher pressing st dents 1  for the se of appropriate lang age to describe the 
graph, 2  for ma ing connections bet een cybernetic and physical enactments, and 3  for nderstanding 
the meaning of the relationship bet een a constant or linearly changing velocity graph and its associated 
position graph. 

1 Tchr: o  o ld yo  describe this motion here graph c  in Fig re 1  
2 Chris: Uhmm, it s deceleration ina dible  
3 Tchr: ay, so e also have acceleration here, o ay, hmm, beca se hy  
4  Several st dents tal ing   
5 Tchr: eca se hy  
6 Chris  Umm, as the beca se the velocity is changing 
7 Tchr: Um, ho  o ld yo  have to al  f yo  ere trying to match that graph from the third 

day e did Hiker an earlier activity  o re holding the motion detector. o  o ld 
yo  tell the person to al  

8 Quent: For hich one  eacher points to graph c  in Fig re 1   
9 Vic: o  tell him to al  a ay from the censor  
10 Quent: eal fast 
11 Tchr: eal fast 
12 Vic: And then slo ing do n 
13 Tchr: And then slo  ay.  
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his episode began ith the teacher pressing the st dents to interpret the decreasing velocity graph 
from the sim lation environment and to verbali e deceleration as changing velocity. n t rn 7, the teacher 
pressed for a description of this changing velocity in terms of enacted physical motion. She invited the 
st dents to describe an enactment of the motion in terms of a device the motion detector  that co ld 
meas re and record the physical motion of a person al ing. n this ay, the teacher engaged the st dents 
in generating verbal descriptions of sim lated motion that ere e plicitly connected to physical motions 
that the st dents had e perienced earlier.  

Using Representations to Clarify Situations 

n this episode, e ill strate ho  the teacher pressed a st dent to insert a representation into an 
arg ment so as to s pport and clarify his reasoning abo t a specific sit ation. he teacher had posed the 
follo ing estion to the class for home or  f t o people ta e a al  and end together, have the same 
velocity thro gho t the al , then both m st have al ed for the same amo nt of time. r e or false  

his tas  as designed ith some intentional ambig ity aro nd hat it means to have the same velocity  
that the st dents o ld need to resolve in ans ering the estion. n the class disc ssion the ne t day, the 
teacher polled the st dents and made p blic the res lt of the poll  all of the st dents, e cept one, tho ght 
that the claim in the posed estion as tr e. he teacher decided to hear abo t the false arg ment   

1 Vic:  t says ta e a al . t doesn t say that they started the same time, so one person  can have 
already been going at  that for a hile so  they co ld have . at the same time so  et s say 
ina dible  one s going some hat faster and the other one co ld be going some hat slo er, b t 

the slo er one started earlier  so they end together, at the same place at the same time  b t  
this does not seem,  mean  they had their o n velocities, h for the al  that is to say that, 
they both had the e act same velocities. 

2 Tchr:  s this bo ncing off of ic or ne  idea  to orge ho is holding p his hand  
3 Jorge:   have a ne  idea. Uh, it says that they have the same velocity . f they didn t have the 

same velocity and one person as already ahead of the other then they o ld never end p at the 
same time. 

4 Tchr: Uh h h 
5 Jorge: i e if t o people are al ing at 4 meters per second  ho  are they gonna end p at the 

same place in the same amo nt of time if one already started al ing. 
6 Tchr: So hat do yo  ta e same  to mean  
7 Jorge: hat  basically t o people are al ing at the same time, and one al s for a longer 

dist ance , for a longer amo nt of time, then he ll al  more distance. 
8 Tchr: ay. 
9 Vic:  Um 
10 Tchr: o Vic  Do yo  have a reb ttle to that  
11 Vic:  Uh h h 
12 Tchr:  o  ant to arg e ith that  
13 Vic:  es, m, that s still not ta ing into acco nt that someone co ld have already been ahead of 

the other person . t going into, the velocity, m, b t it s still, ma ing the velocity constant. t 
isn t saying that it has, that is, that it has to have the e act same velocity. t says have the same 
velocity thro gho t the al .  hat co ld mean anything. hat co ld even st mean constant 
velocity. 

n the first t rn, ic offers the arg ment that the same  velocity means that the al ers each had their 
o n same  constant velocity thro gho t the al . t, in t rn 5, orge ma es clear that he has interpreted 
same  velocity to mean the same as each other  both are al ing at a constant velocity of 4 meters per 

second.  n t rn 6, the teacher ac no ledges the ambig ity of the meaning of the same  and in t rn 10 
invites ic to f rther his arg ment.  
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Figure 3: Representing the “same velocity” with different times 

After chec ing ith the st dents in the class for their nderstanding of ic s arg ment the teacher 
as ed ic  Do yo  thin  that yo  can demonstrate hat yo  are tal ing abo t ,  a s ggestion ic ic ly 
ta es p  he goes to the blac board and dra s the graph sho n on the left in Fig re 3. his graph sho s 
the slo er one  as ic e pressed in t rn 1  starting behind the other al er in terms of position as 

e pressed in t rn 13 , b t both al ers al  the same amo nt of time and hence this is not a 
co nterarg ment to the original claim. As ic elaborates his thin ing, he correctly revises his graph to the 
one sho n on the right in Fig re 3, hich sho s the slo  al er being ahead of the fast al er, b t the 

al ers al  for different amo nts of time, an arg ment that convinces many st dents that the original 
claim is false. he teacher had not and co ld not  f lly anticipate all of the st dents  arg ments and 
pressing for representations as helpf l to her in nderstanding the comple ity of the st dents  arg ments. 

Discussion and Conclusions 

St dents  diffic lties in learning to interpret rates of change, partic larly in the conte t of one
dimensional motion, are ell no n in the research literat re. Comp ting technology o ld seem to hold 
great potential for helping st dents to nderstand this rich and yet challenging concept. o ever, the 
relationship bet een pedagogy and st dent learning ith technology is still an area in need of research 

oyles  oss, 1992  thven et al., 2009 . he comp ter technology provided a fle ible ay for 
st dents to represent their ideas and to manip late them. As st dents engaged ith the tas s in the 
environment, and the related non comp ter tas s here they had to interpret the meaning of graphs and 
give verbal descriptions or arg ments stifying their representation, more st dent ideas ere generated 
and conflicts among interpretations arose that needed to be resolved by mathematical reasoning. he 
technology also provided a common frame of reference for small gro p conversations and hole class 
disc ssions. o ever, as oyles and oss 1992  arned, one cannot ass me that the st dents f lly 

nderstand the representations in the comp ting environment. he generation of st dent ideas and the need 
for st dents to interpret and give meaning to the representations in the comp ter environment place ne  
demands on the craft no ledge of the teacher. n this st dy, e fo nd the emergence of a teaching 
practice that responded to these ne  demands, namely pressing for representations. hro gh this practice, 
the teacher pressed the st dents to artic late the connections among representations, to ma e 
interpretations of their representations hile giving arg ments to stify their interpretations, and to se 
representations to clarify sit ations and resolve estions. 
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