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TRANSITIONING FROM WHOLE NUMBERS TO INTEGERS 

Laura Bofferding 
PXrdXe University 

/%offerding#PXrdXe.edX 

This paper presents the results of a pre-test, instruction, post-test study that investigated students’ integer 
mental models and how their models changed based on instruction. Sixty-one first graders’ responses to 
questions about the values and order of negative numbers were categorized according to a series of mental 
models. The models reveal that initially, students over-rely on the values and/or order of whole numbers to 
varying degrees when working with negative numbers. Focused exploration on the properties of negative 
numbers helped students transition to more sophisticated mental models compared to only learning about 
moving in positive and negative directions on number lines.  

.eyZords� 1Xmber Concepts and 2perations� (lementary School (dXcation 

Purposes of the Study 

DXring stXdents¶ progression throXgh early elementary school, one of the foXndational mathematical 
Xnderstandings they mXst develop is that of nXmbers �1ational 5esearch CoXncil, 2001� 1ational CoXncil 
of 7eachers of Mathematics, 2000�. DXring this time, stXdents learn the coXnting seTXence, nXmeral 
names, and nXmerical valXes. ,n particXlar, stXdents mXst coordinate their NnoZledge of nXmber valXes 
and order²Xnderstanding that moving one nXmber forZard in the coXnting seTXence corresponds to a one�
Xnit increase in valXe²so that they can Xse this information to solve addition and sXbtraction problems 
�Griffin, Case, 	 CapodilXpo, 1995� FXson, 2004�. As stXdents move along the continXXm of nXmerical 
Xnderstanding, difficXlty arises Zhen they mXst e[pand their nXmber NnoZledge to inclXde negative 
nXmbers and rethinN hoZ nXmerals relate to nXmerical valXes� 10 is big in terms of positive nXmbers bXt 
small Zhen made negative� the inclXsion of negative nXmbers also reTXires stXdents to reevalXate the 
meanings of addition and sXbtraction �e.g., adding no longer alZays resXlts in a larger nXmber� �%rXno 	 
Martinon, 1999� .�chemann, 1980� MXrray, 1985�. FXrther, stXdents mXst navigate the changing 
meanings of the minXs sign �it can mean an operation, a negative sign, or an indication to taNe the 
opposite�, Zhich later interferes Zith stXdents¶ ability to redXce polynomials and manipXlate algebra 
problems �Gallardo 	 5oMano, 1994� 9lassis, 2004, 2008�. 

 Past research on negative nXmber instrXction and stXdent learning e[plored Zhether stXdents coXld 
learn hoZ to solve integer addition and sXbtraction problems from a particXlar method of instrXction 
�/inchevsNi 	 Williams, 1999� SchZar], .ohn, 	 5esnicN, 1993� 7hompson 	 DreyfXs, 1988� or Zhether 
one method of instrXction is more effective than another �/iebecN, 1990� -anvier, 1985�. 5esXlts from 
these and other stXdies highlight strategies stXdents Xse to solve integer problems. For e[ample, to solve ±4 
� ±3, a stXdent might add 4 � 3   7 and then add a negative sign to get ±7 �%offerding, 2010�. Another 
stXdent might treat negatives as Zorth ]ero and get an ansZer of ±4 becaXse adding ]ero Zill not change 
the ansZer �%offerding, 2011�.  

What might accoXnt for these differences" 2ne inflXence on stXdents¶ solXtions to integer addition and 
sXbtraction problems is hoZ they thinN aboXt the valXes and order of negative nXmbers in comparison to 
positive nXmbers. +oZever, research does not provide a clear pictXre of Zhat the transition from Zhole 
nXmber to integer Xnderstanding looNs liNe. 7his stXdy contribXtes to this area by addressing the folloZing 
research TXestions� �1� What are first grade stXdents¶ mental models of negative integers in relation to 
order and valXe �the elements Xnderlying the central conceptXal strXctXre of nXmbers�" �2� +oZ do 
stXdents¶ mental models change based on integer instrXction"  
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Theoretical Framework 

7he central conceptual structure of number �CCS1� or mental number line is a mental model or 
internal strXctXre hypothesi]ed to sXpport nXmerical thinNing �Case, 1996� Griffin, Case, 	 CapodilXpo, 
1995�. 7his strXctXre involves foXr components� nXmber Zord order �i.e., the coXnting seTXence�, a 
tagging roXtine for coXnting obMects, nXmerical valXes, and Zritten symbols. AlthoXgh yoXng children may 
learn hoZ to say the nXmber names in order, they do not initially Xse this process to TXantify sets� 
similarly, they might compare tZo sets of obMects visXally instead of coXnting and comparing them 
nXmerically �Sophian, 1987�. (ventXally children coordinate the foXr components, creating the fXlly 
integrated CCS1. %y referring to this mental model and coXnting Xp and doZn their mental nXmber line, 
stXdents can add and sXbtract single�digit nXmbers �Case, 1996� Griffin, Case, 	 CapodilXpo, 1995�.  

As stXdents learn aboXt negative nXmbers, they need to modify their CCS1. %ecaXse there are no trXe 
physical manifestations of negative nXmbers, stXdents need to reason that nXmbers fXrther to the left on the 
mental nXmber line are smaller than nXmbers to their right, even if before ]ero and even if they contain the 
same nXmerals. 7herefore, Zhile �2 and 2 looN similar and are eTXally far aZay from ]ero, the nXmber 
fXrther to right on the nXmber line is greater. StXdents mXst also Zrestle Zith the changing meaning of the 
minXs sign� for e[ample, ±4 ± ±3 does not mean sXbtract 3 tZice �MXrray, 1985� bXt taNe aZay ±3 from ±
4. 

SitXations, sXch as this one, Zhere stXdents mXst reorgani]e their NnoZledge strXctXres, involve 
conceptXal change. ,n the conte[t of nXmbers, stXdents have initial mental models that nXmbers are 
discrete, Zhich arise from their e[periences Zith obMects �Gallistel 	 Gelman, 1992� 9amvaNoXssi 	 
9osniadoX, 2004�. StXdents Zho have an initial mental model for negative nXmbers might ignore the 
negative signs and treat the nXmbers as if they are positive� for e[ample, they might place negative 
nXmbers ne[t to their positive coXnterparts Zhen ordering them �Peled, MXNhopadhyay, 	 5esnicN, 1989�. 
As children have more e[periences Zith a concept, they begin to restrXctXre their initial mental models in 
order to deal Zith neZ, conflicting information� this process resXlts in one of many synthetic or 
intermediary mental models. For e[ample, Zhen stXdents learn that negatives e[ist, they might thinN that ±
7 is greater than ±3 becaXse 7 is greater than 3 �Stavy, 7samir, 	 7irosh, 2002�. With time and e[perience 
stXdents Zill eventXally develop the formal mental model, Zhere negatives are ordered opposite their 
positive coXnterparts on the nXmber line²Zith ]ero separating positive and negative valXes²and nXmbers 
decreasing in valXe to the left and increasing in valXe to the right. 7he goal of this stXdy is to address the 
research TXestions by Xsing the lens of conceptXal change to investigate hoZ stXdents¶ mental models for 
the CCS1 change dXring the transition from Zhole nXmber to integer Xnderstanding. 

Methods 

Participants and Site 

7his stXdy tooN place at the end of the school year in a diverse elementary school in California. ,t Zas 
important to recrXit stXdents Zho had initial mental models for negative nXmbers so that , coXld e[plore 
the transitions they maNe as they learn aboXt the topic. %ased on pilot ZorN, , selected and recrXited 
stXdents at the end of their first grade year. 2verall, 61 first graders participated.  

Materials and Data Collection 

Interviews.  7he stXdy consisted of a pre�test, instrXctional intervention, and a post�test. %oth pre� and 
post�tests Zere condXcted as individXal intervieZs by a trained gradXate stXdent and me. Additionally, the 
tZo tests had the same TXestions, althoXgh Zith different nXmbers. 7he goal of the TXestions Zas to 
determine stXdents¶ Xnderstanding of negative nXmber valXes, order, and symbols �see 7able 1�. AlthoXgh 
Ze also asNed stXdents arithmetic TXestions, resXlts for those data are not discXssed here. After stXdents 
solved a TXestion, Ze asNed them to e[plain hoZ they solved it, and stXdents did not receive feedbacN on 
Zhether they ansZered correctly. 
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Table 1: All Pre-Test and Post-Test Questions for Each Category 

Category Number Pre-Test Questions Post-Test Questions 
CoXnting 1 Start at five and count backwards as far as you can. Can you count back 

any further? Is there anything less than <last number said>? 
1Xmber /ine 1 Fill in the missing numbers on the number line. 

 
2rdering 2 Put these number cards in order from the least to the greatest. Which is the 

least? Which is the greatest? 
a.  2, �3, 0, �9, 3, 8, �5  

b. 6, �6, 4, �7, 3, �1  

a.  5, �2, �8, 1, 7, �4  

b. 3, 8, �9, �7, 0, �5  

Greater 7 What are these two numbers? Circle the one that is greater. 
a. 8 vs. 6 
b. 3 vs. ±9 
c. ±2 vs. ±7 
d. ±5 vs. 3 
e. ±8 vs. ±2 

a. 6 vs. 4 
b. 5 vs. ±7 
c. ±3 vs. ±1 
d. ±8 vs. 4 
e. ±6 vs. ±2 

 Two children are playing a game and trying to get the highest score. Circle 
who is winning. 
f. Abigail� 4 vs. -oseph� ±7 
g. Crystal� ±7 vs. /eon� ±3 

f. Amy� 5 vs. .en� ±9 
g. Dan� ±8 vs. Will� ±6 

 
Instructional intervention.  %ased on their performance on the pre�test, stXdents Zere stratified and 

randomly assigned to one of three instrXctional groXps. 7he groXps Zere designed to provide stXdents Zith 
differing levels of e[posXre to negative nXmbers so that , coXld e[plore the Zays in Zhich their mental 
models change. , taXght each instrXctional groXp for eight, 45�minXte sessions and folloZed strict lesson 
plans to maintain proper instrXctional treatments.  

7he Integer Operations groXp only had e[posXre to negatives. 7hey learned hoZ to Xse a nXmber line 
to move more positive, more negative, less positive, and less negative, bXt they did not learn specifics 
aboXt negative nXmbers. 7he Integer Properties groXp learned aboXt the valXes and order of negative 
nXmbers as Zell as hoZ to tell the difference betZeen positive and negative nXmbers and minXs and 
negative signs. Finally, the Combined Integer Instruction groXp had three lessons in common Zith the 
Integer Properties groXp and five in common Zith the Integer Operations groXp. 7herefore, they learned 
the order and valXe of negatives as Zell hoZ to Xse movements of more and less on a nXmber line to add 
and sXbtract integers. 

Data Analysis 

7o analy]e the data, , first transcribed stXdents¶ responses to the pre� and post�test TXestions and 
classified them as correct or incorrect. 7he coXnting and nXmber line tasNs needed to inclXde negative 
nXmbers to be considered correct. %ased on the methods employed by 9osniadoX and %reZer �1992� to 
identify mental models of the (arth, , first formXlated possible integer mental models Xsing previoXs 
resXlts from the literatXre �Peled et al., 1989� and the CCS1 as a gXide. For each test, , then coded stXdents 
according to the mental model that ZoXld accoXnt for the pattern of their responses to the intervieZ 
TXestions. As , coded, , created additional mental model categories Zhen necessary to captXre differences 
in stXdents¶ responses that Zere not depicted by the initial mental models hypothesi]ed from the literatXre. 
As foXnd by 9osniadoX and %reZer, some stXdents fell into categories that Zere mi[ed versions of tZo 
other categories, Zhich sXggests they have inconsistent mental models. 2nce all stXdents Zere categori]ed 
according to an integer mental model, , compared the percentage of stXdents Zith each mental model in 
each instrXctional groXp before and after instrXction. 
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Results 

2verall, across the pre�test and post�test, stXdents demonstrated a variety of mental models for 
integers, reflecting initial, intermediary, or formal Xnderstanding of the concept. 

Initial Mental Models (in ascending order) 

Whole number mental model.  StXdents Zith a Zhole nXmber mental model treated all negatives as if 
they Zere positive. When coXnting bacNZard they stopped at ]ero or one, their nXmber lines only inclXded 
Zhole nXmbers, they ordered negative nXmbers ne[t to positive nXmbers �e.g., 0, 3, ±5, ±7, 8,  
±9� and choose greater integers based on absolXte valXe �e.g., ±9 ! 3�. 

Continuous zero mental model.  AlthoXgh stXdents Zith a continXoXs ]ero mental model also treated 
negatives as if they Zere positive, these stXdents Xsed repeating ]eroes on their nXmber lines and�or Zhen 
coXnting bacNZard as demonstrated by StXdent 403� ³Five, foXr, three, tZo, one, ]ero, ]ero, ]ero.´ 
Similarly, %ishop, /amb, Philipp, Schappelle, and Whitacre �2011� had three first graders label mXltiple 
]eroes Zhen playing a nXmber line game. 7heir treatment of ]ero sXggests that these stXdents have some 
idea that the mental nXmber line continXes indefinitely less than one. 

Absolute value mental model.  7he absolXte valXe mental model is the first Zhich involves stXdents 
noticing a difference betZeen positive and negative nXmbers. StXdents Zith this mental model separated 
the negative nXmbers from the positive nXmbers Zhen ordering them �sometimes correctly� bXt continXed 
to claim that negative nXmbers have the same valXes as their positive coXnterparts. 7herefore, Zhile they 
might have correctly ordered negatives before ]ero, they still claimed that ±9 is greater than 3 and ±7 is 
greater than ±2. 

Symbolic mental model.  StXdents Zith the symbolic mental model correctly coXnted into the 
negatives. Additionally, Zhen filling in the nXmber line, they often did so correctly bXt Xsed their oZn 
notation to indicate negative nXmbers. For e[ample, one stXdent Zrote ³13´ for negative three, Zhile 
another stXdent Xsed an ³;´ instead of ³1.´ ConseTXently, Zhen ordering and determining Zhich integer 
Zas greater, they treated all negative nXmbers as if they Zere Zhole nXmbers becaXse the problem notation 
did not match their invented notation. 7his resXlt highlights the importance of the role of symbols in the 
central conceptXal strXctXre of integers. ,t is possible they coXld have ordered the nXmbers Xsing their oZn 
notation, bXt, XnfortXnately, this Zas not tested. 7herefore, the stXdents¶ Xnderstanding in this category 
may be Xnderstated. 

Ordered nothings mental model.  A feZ stXdents not only separated negative nXmbers from positive 
nXmbers Zhen ordering them bXt also treated negatives as Zorth ]ero. 2ne stXdent MXstified her order of 
the nXmbers �±3, ±5, ±9, 0, 2, 3, 8� e[plaining that ³nine minXs nine is ]ero,´ as is five minXs five and 
three minXs three. /ater, Zhen comparing ±2 and ±7 she e[plained that althoXgh 7 is greater than 2, both of 
these nXmbers Zere ]ero.  

Intermediary Mental Models (in ascending order) 

Separated value mental model.  7he separated valXe model is the first e[ample of a mental model 
Zhere stXdents start to add to their CCS1 instead of trying to fit negative nXmbers into positive nXmber 
rXles. StXdents Zith this mental model coXld correctly order integers and coXld determine the larger of tZo 
negative integers or the larger of tZo positive integers. +oZever, Zhen given a groXp of positive and 
negative integers, the stXdents ignored the negative nXmbers Zhen determining Zhich nXmber in the groXp 
Zas greatest or least. 7herefore, a stXdent in this category might say that ±3 is greater than ±5 and 2 is 
greater than ±3 bXt Zhen given ±5, ±3, 2, and 8 ZoXld say that 2 is the least. 7his behavior may arise from 
stXdents thinNing that anything less than ]ero is not a real TXantity. 

Equal/Unequal magnitude (mixed) mental model.  StXdents Zith this mi[ed model gave responses 
consistent Zith having a Zhole nXmber mental model for some order and valXe TXestions and a magnitXde 
mental model for others.  
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Magnitude mental model.  StXdents Zith a magnitXde mental model ordered negatives before ]ero 
bXt either reversed their order �e.g., ±1, ±6, ±7, 3, 4, 6� and claimed that ±7 is greater than ±2 or ordered the 
negatives correctly bXt thoXght that nXmbers fXrther aZay from ]ero Zere larger, again claiming that  
±7 is greater than ±2.  

Equal/Unequal integer (mixed) mental model.  Several stXdents treated negatives as positive Zhile 
ordering them bXt then correctly determined the greater of tZo integers for all combinations of integer 
pairs. 7hese stXdents had both Zhole nXmber and integer mental models.  

Dual value (mixed) mental model.  StXdents Zith the dXal valXe mi[ed mental model alZays 
identified negatives as smaller than positive nXmbers bXt sometimes treated negatives fXrther aZay from 
]ero �e.g., ±9� as larger and sometimes correctly identified them as smaller than negative nXmbers closer to 
]ero �e.g., ±1�. ,t is possible that stXdents Zith these mi[ed mental models Zere in the process of 
transitioning from relying on one mental model to the other. 2n the other hand, their responses coXld have 
been inflXenced by the conte[t of the TXestion. 

Formal Integer Mental Model 

StXdents Zith a formal integer mental model correctly ordered negative nXmbers in relation to positive 
nXmbers and consistently identified the greater integer regardless of Zhether tZo or several integers Zere 
presented. 

Changes in Integer Mental Models 

While stXdents across instrXctional groXps had a similar spread of mental models on the pre�test  
�15±17 stXdents in each groXp started Zith initial mental models�, there Zere several changes by the post�
test. 7able 2 shoZs hoZ stXdents¶ mental models shifted in each instrXctional groXp. 7he cells shoZ the 
percentages of stXdents in each instrXctional groXp Zho started Zith a particXlar integer mental model 
�initial, intermediary, or formal� on the pre�test and ended Zith a particXlar mental model on the post�test. 
StXdents Zho started Zith initial mental models and shifted to formal mental models made the greatest 
transition. 

As shoZn in 7able 2, most stXdents in the ,nteger 2perations groXp �Zho did not learn aboXt the 
properties of negatives� started Zith initial mental models on the pre�test and still had initial mental models 
on the post�test. 2n the contrary, most stXdents in the other tZo groXps transitioned from having initial 
mental models on the pre�test to having intermediary or formal mental models of integers on the post�test. 

Table 2: Percentage of Students with each Mental Model on Pretest and Post-test  
by Instructional Group 

  Mental Models on �Pretest, Post�7est� 
Group n (I, I) (M, M) (F, F) (I, M) (M, F) (I, F) 

Combined 
,nstrXction 20 20� 0� 10� 35% 5� 30% 

,nteger 
Properties 20 5� 5� 10� 35% 10� 35% 

,nteger 
2perations 21 62% 5� 14� 10� 0� 10� 

Note. ,   ,nitial Mental Model� M   ,ntermediary Mental Model� F   Formal Mental Model. A stXdent 
Zho falls in the �,, ,� category demonstrated an initial mental model on both tests. 

 
7o test Zhether the average differences in mental model advancement Zere dXe to the instrXctional 

treatments versXs chance, , Xsed the .rXsNal�Wallis 1�Zay A129A by ranNs �Shavelson, 1996�. StXdents 
Zho had reached ceiling �i.e., had formal mental models� on the pre�test Zere eliminated from the analysis, 
Zhich resXlted in 18 people per instrXctional groXp. 5esXlts indicate a significant effect for instrXctional 
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groXp �Hobserved 9.8064, Hcritical 5.99, ��.05�. PairZise comparisons reveal that the Combined ,nstrXction 
�mean ranN   31� and ,nteger Properties �mean ranN   34� groXps improved significantly in terms of 
developing more formal mental models for negative nXmbers than the ,nteger 2perations groXp �mean 
ranN   17� �HSD   7.76, � � .05�. 7here Zas no significant difference betZeen the Combined ,nstrXction 
and ,nteger Properties groXps. 

StXdents in the Combined ,nstrXction and ,nteger Properties groXps both had instrXction on the 
properties of negative nXmbers� hoZever, only one stXdent from the ,nteger Properties groXp continXed to 
have an initial mental model for integers at the post�test. FXrthermore, this stXdent progressed from 
treating all negatives as positive �Whole 1Xmber Mental Model� to interpreting the valXe of negative 
nXmbers as different from positive nXmbers �2rdered 1othing Mental Model�. 2n the other hand, foXr 
stXdents in the Combined ,nstrXction groXp continXed to have initial mental models for integers at the post�
test, and all foXr treated negative nXmbers as if they Zere positive �AbsolXte 9alXe and ContinXoXs =ero 
Mental Models�. 7his difference is sXggestive that spending focXsed time �more than 3 days� on integer 
properties helped stXdents in the ,nteger Properties groXp develop more advanced mental models. 7his 
resXlt ZoXld need to be stXdied fXrther, thoXgh, to determine hoZ generali]able it is and Zhether it can be 
replicated.  

Discussion and Implications 

7he resXlts of this stXdy highlight mental models that stXdents develop for integers and provide insight 
into the process throXgh Zhich stXdents, Zho have developed the central conceptXal strXctXre of nXmber, 
e[pand or restrXctXre their conceptXal strXctXre to inclXde integers. As foXnd in other research on 
conceptXal change �9osniadoX 	 %reZer, 1992�, the stXdents¶ initial mental models for integers Zere 
constrained based on their cXrrent NnoZledge �in this case, their NnoZledge of Zhole nXmbers�. 7heir 
Xnderstanding of hoZ order, valXes, and nXmerical symbols relate led stXdents to interpret negative 
nXmbers as a different type of positive nXmber. Some stXdents Zith initial mental models ordered 
negatives apart from positive nXmbers bXt did not Xse this information to reason that the valXes ZoXld also 
be different� meanZhile, others sorted them separately and considered negatives as amoXnts taNen aZay, 
eTXivalent to ]ero. FXrther, stXdents Zith intermediary mental models NneZ that negatives Zere less than 
]ero bXt had not associated them Zith the order of nXmbers definitively.  

,dentifying stXdents¶ integer mental models can help teachers better Xnderstand stXdents¶ incorrect 
solXtions to integer arithmetic problems. FXrther, the resXlts of this stXdy have implications for hoZ 
cXrricXla and instrXction coXld sXpport stXdents¶ learning of abstract concepts and help move them along 
the continXXm of nXmerical Xnderstanding. %ased on the integer mental models identified, several 
concepts to emphasi]e in integer instrXction over several lessons inclXde distingXishing betZeen the 
negative sign and the minXs sign, Xnderstanding the symmetrical natXre of the nXmber line, distingXishing 
betZeen greater distances from ]ero versXs greater nXmerical valXes, and identifying the difference 
betZeen negative nXmbers and ]ero. As Zith other notation and representations, stXdents need formal 
e[plorations Zith negatives becaXse e[posXre to them does not maNe their strXctXre obvioXs. StXdents in 
the ,nteger 2perations groXp did not learn the strXctXre and valXes of negative nXmbers throXgh hearing 
the Zords ³positive´ and ³negative´ ZithoXt associating the Zords Zith their symbols and meaning. 
,nstrXction on negatives �and other abstract ideas� needs to help stXdents see the strXctXre of the concept� 
there is symmetry in the nXmber seTXence Zhen ]ero separates the positive from the negative nXmbers, 
nXmbers increase as Ze coXnt Xp throXgh the seTXence, and the minXs sign taNes on neZ roles �9lassis, 
2008�. FXrthermore, teachers can Xse familiar representations to e[tend stXdents¶ thinNing� classroom 
nXmber lines or nXmber paths shoXld continXe beyond ]ero into negatives �even in the yoXnger grades�, so 
that as stXdents learn aboXt negative nXmbers, they receive constant visXal feedbacN of their e[istence.  

AlthoXgh cXrricXlXm developers, researchers, and policymaNers continXe to place negative nXmbers 
late in the cXrricXlXm²6th and 7th grades �1ational Governors Association Center for %est Practices 	 
CoXncil of Chief State School 2fficers, 2010�²this stXdy demonstrates that stXdents are TXite capable of 
learning aboXt integers mXch earlier than fifth grade. ,n fact, stXdents in this stXdy Zere able to learn aboXt 
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negatives as early as the end of first grade, althoXgh Zhether this ZoXld be beneficial in the long term 
remains to be investigated. 
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