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This paper describes a model for building cognition-and-instruction-based goal trajectories (GT) in the 
context of a study that examines the validity of curriculum-embedded assessments. The model consists of 
six design processes and two constraints. The GT is constructed from curriculum-specified learning goals 
as well as developmental progressions and learning trajectories derived from empirical research. The GT 
is designed to inform both the selection of assessment activities for data collection and the interpretation 
of empirical results. Two primary results of the design process are presented: (a) a goal trajectory for 
promoting algebraic understanding and (b) the relationships between the trajectory and features of the 
Common Core State Standards. Implications of the design model for building GTs that can be used to 
assess student reasoning are discussed.  

.eyZords� Assessment and (valXation� CXrricXlXm Analysis� /earning 7raMectories 

Introduction 

/earning traMectories are constrXcts designed to appro[imate variability and change in stXdent 
NnoZledge states over time. 7hey are domain�specific and therefore relate to Xnderstanding and reasoning 
in a particXlar domain sXch as algebra, geometry, place valXe, and rational nXmber �e.g., Clements 	 
%attista, 2000� Clements, Wilson, 	 Sarama, 2004� Confrey 	 Maloney, 2010� Daro, Mosher, 	 
Corcoran, 2011� FXson, 1998� Griffin, 2009� Simon, 1995� Simon 	 7]Xr, 2004�. With optimal design, 
learning traMectories can be Xsed to sXpport formative assessment processes that inclXde connecting 
observed stXdent performances to domain�referenced �e.g., ³stXdent x is distance y from e[pected µe[pert¶ 
performance levels´� and individXal�referenced �e.g., ³stXdent x is distance y from e[pected stXdent x 
performance levels given Zhat the teacher Xnderstands aboXt the NnoZledge states of stXdent x´� Zays of 
acting �CoZie 	 %ell, 1999�. 7hXs, if a traMectory reveals a diagnostic range of stXdent Xnderstanding that 
a teacher or stXdent is liNely to encoXnter it may provide a basis for instrXctional responses that promote 
learning.  

Most learning traMectories are designed to directly inform learning and instrXction. ,ndeed, the goal 
trajectory �G7� concept described here is based Xpon the Zell�established idea of the learning traMectory, 
bXt the G7 serves a different pXrpose Zhich is to maNe the otherZise implicit models of learning 
progressions in a math cXrricXlXm e[plicit, an e[press priority for researchers interested in tracing stXdent 
NnoZledge states in the conte[t of a math cXrricXlXm. 7he present paper describes a model for bXilding a 
G7 and e[plicates its Xtility for evalXating the variation and groZth of mathematical Xnderstanding and 
reasoning in the conte[ts of particXlar cXrricXlXm�embedded assessments in .±6 math cXrricXla. 7he 
research is sitXated in the conte[t of a larger stXdy designed to address some of the most pressing problems 
of classroom assessment practice, and is aimed at strengthening the linNages among assessment design, 
instrXction, and stXdent learning. 

7he cXrrent notion of the G7 incorporates elements of the developmental progressions that partially 
compose typical learning traMectory constrXcts �e.g., FXson, 1997� Griffin, 2009�. (lseZhere, cognition�
and�instrXction�based design methods have been designed for ³forZard engineering´ a mathematics 
cXrricXlXm �e.g., Clements 	 %attista, 2000�. %y contrast oXr G7 serves a pXrpose of principled 
retrospective evalXation that is focXsed on the embedded assessments in an e[isting mathematic 
cXrricXlXm.  

7hXs, the cXrrent approach to formXlating a goal traMectory Zill be most XsefXl to researchers and 
practitioners that ZorN in sitXations Zhere an instrXctional seTXence is present �i.e., in a ³scope and 
seTXence´� bXt Zhere a developmental progression²as defined by empirically and theoretically groXnded 
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models of learning²is implicit. 7he approach consists of si[ primary design processes� �a� Define the 
design prodXct, �b� Specify the pXrpose of the prodXct, �c� ,dentify the featXres of the design prodXct, 
�d� (valXate, �e� Update, and �f� Classify the featXres. 7o illXstrate these design processes, Ze focXs on the 
goals that comprise the algebraic reasoning strand of the standards�driven cXrricXlXm, Everyday 
Mathematics �(M� %ell et al., 2007�. 

Method: Six Design Processes and Model Constraints 

2Xr cXrricXlXm�and�instrXction�based model for bXilding a goal traMectory has si[ design processes 
and tZo design constraints �see FigXre 1�. 7he processes are cognitive activities that are either e[pressed 
by an individXal or distribXted across several people and media. 

a. Define Goal Trajectory as the Design Product  
7he first process, Define the Design Target, refers to activities in Zhich the researcher or evalXator 

articXlates Zhat Zill be designed. ,n the present case Ze soXght to design a G7 that modeled variability 
and groZth in NnoZledge states in and over time for fifth�graders learning hoZ to reason algebraically in 
the conte[t of a specific math cXrricXlXm. We Zanted the G7 to be a cognitive model Zith cognitive Xnits 
at a level of specificity described by the cXrricXlXm. Additionally, Ze Zanted the G7 to have properties 
sXch that it coXld be Xsed to estimate variability and groZth throXgh its different ³levels.´ 

b. Specify the Purpose of the Goal Trajectory 
7he second process, Specify the Purpose, refers to activities in Zhich the researcher or evalXator 

specifies the aim of the design prodXct. ,t addresses the TXestion, ³Why do Ze need or desire to design 
sXch a prodXct �i.e., the G7�"´ ,n the present case, the pXrpose of designing a G7 that models variability 
and groZth in stXdent NnoZledge states in and across time Zas to help Xs �a� select cXrricXlXm�embedded 
activities, and �b� interpret stXdent performance on the selected assessments. 7he G7 is an important tool 
in oXr investigation of the cognitive, instrXctional, and inferential validity of cXrricXlXm�embedded 
assessments. 7hXs, in the cXrrent sitXation the pXrpose Zas pragmatic. +oZever, in other cases the design 
prodXct can have empirical, pragmatic, and�or theoretical considerations. 

c. Identify the Features of the Goal Trajectory 
7he third process, Identify the Features of the Goal Trajectory, operationali]es the elements of the 

design prodXct. ,n the present sitXation the featXres Zere cognitive Xnits and properties of the G7. As 
mentioned earlier Ze Zere concerned Zith preserving the level of cognitive specificity described by the 
cXrricXlXm. ,n the conte[t of Everyday Mathematics �(M�, the cognitive Xnits Zere tied to the learning 
goals sXch as Use patterns to find basic facts and Use rules to complete function tables/machines. 7he 
learning goals comprised the Patterns, FXnctions, and Algebra �PFA� learning strand in the Grade 5 (M 
cXrricXlXm. Another featXre Zas the ordinal property of the G7. 2Xr intent Zas to design a G7 Zith 
ordinal levels that coXld appro[imate variation in stXdent performance and groZth in cognitive comple[ity 
over time. 

d. Evaluate Process Outcomes 
As shoZn in FigXre 1, the foXrth process in the model, Evaluate, serves at least tZo fXnctions. 2ne is 

to evalXate the agreement betZeen the pXrpose of the design prodXct �i.e., process b� and its featXres 
throXghoXt progress in the design cycle. For e[ample, given the pXrpose of the design �see section b. 
Specify the Purpose�, selecting cognitive Xnits at the larger grain si]es of learning strands �e.g., 
measXrement, nXmber, or geometry� or content threads �e.g., patterns and fXnctions, algebraic notation and 
solving nXmber sentences, or properties of the arithmetic operations� ZoXld not have given the G7 the 
necessary poZer to model cognitive variability in or among stXdents. At those levels the G7 ZoXld only 
describe tZo NnoZledge states� haves and have�nots. 7herefore, it Zas critical to evalXate each featXre of 
the G7 Zith this constraint in mind.  

A second fXnction of the Evaluate process is to assess the e[tent that the design featXres and the 
method for assigning them into meaningfXl levels of the G7 is viable given the model¶s design constraints 
Zhich are e[plained beloZ. 7he dashed circXlar path indicates that �a� the oXtcomes of tZo related 
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processes are cross�evalXated �e.g., oXtcomes of processes c and f� and �b� the decision to move forZard 
Zith the design depends on the balance of that cross�evalXation� if the balance is positive �i.e., consistent 
Zith the scope of the model� then advance, if negative �i.e., inconsistent Zith the scope of the model� then 
the model needs to be Xpdated �process e�.  

 

 

Figure 1. Model of goal trajectory design processes with examples 

 

e. Update 

7he fifth process, Update, serves to maNe process oXtcomes consistent Zith the model or maNe the 
model consistent Zith process oXtcomes. ,f an evalXation of tZo process oXtcomes reveals an 
inconsistency �e.g., a learning goal defined as a featXre of the G7 does not ³fit´ into a level of the G7�, 
then one or both of those oXtcomes Zill need to be Xpdated. ,n this e[ample a decision may be made to 
modify a traMectory level, a decision may be made to e[pand the traMectory by adding a level� or a decision 
may be made to modify the learning goal. ,f the tZo evalXated oXtcomes are related to processes c and f, 
then it may also be necessary to evalXate the oXtcome of process b. 7his particXlar chain of evalXations 
may sXpport a decision to Xpdate the pXrpose of the design �e.g., the G7 is XsefXl for selecting embedded 
assessments bXt not for interpreting stXdent performance�. 7he cyclic iterations betZeen Evaluate and 
Update processes can be one, feZ, or many in the actXal design cycle. ,ndeed, the model is referred to as a 
design ³cycle´ becaXse it is not linear in a strict sense. ,t is important that researchers or evalXators 
engaged in the design cycle Neep carefXl records of the model¶s development from initial conception to 
final design. ,n oXr proMect Ze Zrite reports that trace the natXre of the design cycle as it Xnfolds. 

2nce the learning goals Zere identified in the cXrricXlXm and e[tracted, Ze met Zith the cXrricXlXm 
developers to evalXate �a� the e[tent that oXr search for PFA learning goals Zas e[haXstive, �b� oXr 
Xnderstanding of the cXrricXlXm layoXt, and �c� the degree that the level of learning goal information Ze 
decided to Xse at that point in oXr design ZoXld enable Xs to bXild the desired G7. ,ndeed, oXr in�depth 
cXrricXlXm analysis revealed several layers of learning goal information. ,n its early stages, oXr G7 
referenced information from all of these layers. +oZever, based on discXssions Zith the cXrricXlXm 
developers Ze Xpdated the model to inclXde only a single soXrce of learning goal information, the Grade�
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/evel Goals Chart. 2Xr rationale for this decision Zas that the Grade�/evel Goals Chart highlights the 
Xnits in Zhich the Grade 5 PFA learning goals are introdXced. Using the Grade�/evels Goal chart as oXr 
point of reference Ze Zere able to ³see´ the concepts and sNills that encompassed the Grade 5 cXrricXlXm 
over time. 7his satisfied a demand of oXr model �i.e., bXild a G7 Zhose levels e[press ordinal relations� 
and Ze Zere ready to enact the si[th design process. 

f. Classify Features into Levels of the Goal Trajectory 
The sixth design process in our model for building a goal trajectory is Classify. To classify means to 

abstract a smaller set of cognitive constructs from the learning goals that approximated the major forms of 
reasoning in the trajectory. The Grade-Level Goals Chart yielded 38 PFA learning goals across the 12 
units of the Grade 5 curriculum. The goals were organized into seven general levels of reasoning that were 
scheduled to be introduced in the PFA trajectory. In effect, the Classify process “collapses” all related 
learning goals across task demand (e.g., recall vs. recognition) and external representation format (e.g., 
base-10 blocks vs. arrays) resulting in a general set of learning goals and a manageable GT. Notice how 
Figure 1 indicates that the Classify process is constrained by two sources of information: (a) prior research 
in developmental psychology, cognitive psychology, and mathematics education on the development of 
and variability in algebraic reasoning (i.e., the “Empirical Model”), and (b) the instructional sequence of 
key concepts and skills as outlined by the curriculum (i.e., the “Curriculum Model”). As depicted in Figure 
1, the resulting learning trajectory was subjected to an Evaluate-Update Cycle before final approval. 

Learning Goal Trajectory for Understanding Patterns, Functions and Algebra 

7he resXlt of the design processes in the cXrrent case is the Patterns, FXnctions, and Algebra �PFA� 
goal traMectory shoZn in 7able 1. 7he design processes revealed that the general PFA goal traMectory for 
acTXiring algebraic thinNing Zas implicitly characteri]ed by (M as groZth from none or very little 
Xnderstanding of patterns, to identifying and Xsing patterns, to formali]ing patterns as a means for solving 
problems, to generali]ing rXles from patterns and seTXences, to formali]ing rXles in notational, graphical, 
and tabXlar formats, to finally being able to reason Zith and aboXt variables. 7he organi]ation of the 
traMectory Zas consistent Zith a groZing body of research in cognitive science and mathematics edXcation 
Zhich sXggested that algebra acTXisition coXld be defined by cognitive groZth along a mXlti�path 
continXXm of reasoning Zith patterns and seTXences, generali]ing rXles from patterns and seTXences, 
representing fXnctions among rXles, patterns, and seTXences, and formali]ing variables to thinN aboXt 
fXnctions �Carraher 	 Schliemann, 1992� .apXt 	 %lanton, 1999� Moss 	 Mc1abb, 2011� Smith 	 
7hompson, 2007� Warren 	 Cooper, 2008�.  
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Table 1: Goal Trajectory for Understanding Patterns, Functions and Algebra 

 Level of Understanding Examples 

6 

Abstract Algebraic Functions 
(Represent functions using 
words, algebraic notation, 
tables and graphs; represent 
patterns and rules using 
algebraic notations; translate 
from one representation to 
another; use representations to 
solve problems involving 
functions) 

• Use a variable to represent unknown quantities to solve 
problems 

• Represent an algorithm as a general pattern with variables 
• Solve linear equations with one unknown and multiple 

operations using trial-and-error or equivalent equation 
strategies 

• Solve problems involving functions using representations; 
including translating from one representation to another 

5 

Algebraic Functions 
(Represent functions using 
words, symbols, tables and 
graphs; use those 
representations to solve 
problems) 

• Represent functions using algebraic notations  
• Use representations of function(s) in tables and graphs to 

solve problems 
• Use patterns, tables and graphs to define relationships 

between volumes of 3D solids or between radius and area; 
• Represent rates with formulas, tables and graphs 

4 

Function Rules 
(Describe and/or write rules for 
functions involving the four 
basic arithmetic operations; use 
rules to solve problems) 

• Identify and use patterns in graph coordinates to match graphs 
with situations 

• Use patterns to identify the relationship between numerators 
and denominators; use patterns to identify relationships 
between fractions and decimals 

• Generate rule for comparing, ordering fractions 
• Describe the patterns in an area model 
• Use rules to complete function tables/machines 
• Use words and symbols to extend patterns/ to describe the 

operations of Addition, Subtraction, Multiplication and/or 
Division and/or create/use rules to solve problems 

3 

Numeric Pattern Rules 
(Use words or symbols to 
create and/or describe rules for 
numeric patterns; use rules to 
extend patterns and solve 
problems) 

• Use words and/or symbols and/or arithmetic notation and 
extend patterns to describe geometric rules 

• Use and describe patterns to find sums 
• Describe number patterns related to exponents and/or use 

them to solve problems 

2 

Numeric Patterns 
(Identify, use, expand, 
describe, or create numeric 
patterns) 

• Complete number sequences 
• Use patterns to find basic facts 
• Describe and extend patterns among facts and their extension 
• Identify and/or use patterns in skip counting 
• Count in Equal Intervals 

1 No Understanding of 
Patterns 

• Not able to complete number sequences or count in equal 
intervals 

Relationships Between the PFA Goal Trajectory and the Common Core State Standards 

,n addition to being consistent Zith empirical models of groZth in algebraic reasoning, the traMectory 
also aligned Zith the mathematical content domains and practices oXtlined by the Common Core State 
Standards �CCSS� in several interesting Zays. First, the Grade 5 (M traMectory for Xnderstanding patterns, 
fXnctions, and algebra embodies tZo Grade 5 CCSS content domains� Operations and Algebraic Thinking 
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�2A� Zhich focXs on Zriting and interpreting nXmerical e[pressions and analy]ing patterns and 
relationships and Number and Operations in Base 10. Second, the Grade 5 goal traMectory relates to these 
CCSS content domains across Grade 2, Grade 3, and Grade 4 bXt the mathematical foci �i.e., ³clXsters´� 
vary among the grades. For e[ample, Zhereas the CCSS Grade 5 2A domain has tZo relevant clXsters that 
focXs on �a� Zriting and interpreting nXmerical e[pressions, and �b� analy]ing patterns and relationships, 
the CCSS Grade 3 2A domain has foXr clXsters that emphasi]e �a� representing and solving mXltiplication 
and division problems, �b� Xnderstanding properties of mXltiplication and the relationship betZeen 
mXltiplication and division, �c� mXltiplying and dividing Xsing strategies �e.g., 8 � 4   32 therefore 32 · 4 
  8� and properties of operations, and �d� solving for XnNnoZn TXantities that involve the foXr operations 
in addition to identifying and e[plaining arithmetic patterns. Aspects of the goal traMectory also map onto 
featXres of the Grade 6 CCSS content domain, Expressions and Equations, Zhich inclXdes clXsters that 
focXs on �a� applying and e[tending Zhat is Xnderstood aboXt arithmetic to algebraic e[pressions, �b� 
reasoning aboXt and solving one�variable eTXations and ineTXalities, and �c� representing and analy]ing the 
relationships betZeen dependent and independent variables.  

%esides aligning Zith the CCSS mathematical content domains, Ze also foXnd the goal traMectory to be 
Zell�aligned Zith the CCSS mathematical practices� that is, the varioXs habits of mind that mathematics 
instrXctors are e[pected foster in their stXdents sXch as constrXcting viable argXments and reasoning Zith 
others, modeling Zith mathematics, Xsing appropriate tools strategically, and attending to precision. 7here 
are varioXs mathematical practices that map onto particXlar levels of the goal traMectory. For instance, taNe 
Use a variable to represent unknown quantities to solve problems, taNen from the si[th level of 
Xnderstanding in the goal traMectory, Abstract Algebraic Functions �7able 1�. 7he level of Xnderstanding 
relates to the CCSS mathematical practice that indicates variables are Xsed to solve problems becaXse they 
can help make sense of TXantities and relationships. 7his mathematical practice implies that variables have 
greater Xtility than as simple tools for identifying or recalling ansZers. A second e[ample of the alignment 
betZeen the traMectory and the mathematical practices described by the CCSS can be foXnd if one looNs at 
Complete number sentences in the Numeric Patterns level of Xnderstanding in the goal traMectory. 7he 
latter is related to the CCSS mathematical practice that promotes the capacity to seeN and Xse strXctXre to 
describe and e[tend facts and patterns. 7he implication is that engaging stXdents in practices that give 
them opportXnities to identify the strXctXre of nXmber seTXences shoXld lead to efficient pattern 
identification strategies that can be applied across different tasN sitXations. 

Discussion 

A si[�process model for bXilding cXrricXlXm�and�instrXction�based goal traMectories for cognitive 
research and instrXctional assessment Zas proposed. We instantiated the processes of the model in the 
conte[t of oXr ZorN Zith the Patterns, FXnctions, and Algebra learning strand in the Grade 5 Everyday 
Mathematics cXrricXlXm. 7he design processes yielded a XniTXe representation of the goal information that 
Zas already represented²albeit, ³hidden´²in the organi]ation of the cXrricXlXm. ,nterestingly, the 
representation that Ze constrXcted as the PFA goal traMectory Zas TXite different from the representation of 
that information as presented by the cXrricXlXm.  

Re-Presentations of Curriculum-Embedded Goal Structures 

 Cognitive psychologists have reliably shoZn that different representations of eTXivalent information 
can vary in the Zay that they preserve information, and this in tXrn can yield differential affordances for 
accessing and Xtili]ing the same information �e.g., /arNin 	 Simon, 1987� Palmer, 1978� =hang 	 
1orman, 1994�. An evalXation of the model proposed in this paper indicates that the benefits of the 
constrXcted G7 are the resXlt of the aforementioned representational effect �1icNerson, 1988� =hang, 
1997�. ,ndeed, the G7 affords fresh and important insights into stXdent Xnderstanding that e[pand Xpon 
Zhat is available from the Everyday Mathematics cXrricXlXm materials, Zhile also remaining faithfXl to 
the cXrricXlXm by basing the G7 on the cXrricXlar learning goals and instrXctional materials. For one, the 
goal traMectory alloZs Xs to predict and accoXnt for a Zider range of stXdent performance on an activity 
than Zhat is XsXally estimated by the cXrricXlXm, becaXse the cXrricXlXm�based representation is typically 
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limited to dichotomoXs evalXations of stXdent performance sXch that stXdent performance either reflects 
evidence of goal acTXisition or it does not. A second benefit of the PFA goal traMectory is that it maNes it 
possible to interpret stXdent performance in terms of the cognitive constrXcts that are relevant to a 
particXlar domain in the conte[ts of the cXrricXlXm and scientific progress. 7hXs, the goal traMectory 
affords greater diagnostic information aboXt stXdent performance relative to the learning and acTXisition of 
algebraic thinNing.  

Investigating Curriculum-CCSS Goal Alignment 

AlthoXgh the CCSS are based on notions of a learning traMectory or progression, their e[plicit 
description of one is limited to e[pectations of mathematical content domains and practices across not 
within grades. %y comparing oXr constrXcted G7 to the CCSS it became clear that for a teacher at a 
particXlar grade the CCSS Zas not intended to represent the e[pected Xnderstandings and reasoning 
patterns of stXdents ³Zell beloZ or Zell above grade�level e[pectations,´ nor Zas it meant to accoXnt for 
variation contribXted by (nglish langXage learners or children Zith special needs. We propose that G7s 
help to illXminate²Zithin the conte[t of a particXlar mathematics cXrricXlXm²the potential for mXltiple 
levels of NnoZledge and reasoning that may be observed as stXdents complete a given activity.  

Mapping the CCSS 2perations and Algebra content domain onto the G7 of an elementary grades math 
cXrricXlXm revealed interesting relationships betZeen each level of the goal traMectory and the CCSS. ,n 
particXlar, as the G7 levels progressed, the nXmber of shared relations betZeen each level and the 
standards increased. Whereas the earlier levels of the traMectory shared a one�to�one relationship Zith the 
CCSS standards, the advanced levels of the traMectory shared a one�to�many relationship Zith the standards 
in Zhich a single level of the G7 Zas linNed to mXltiple goals in the CCSS. Finally, in sXpport of the 
CCSS¶s position aboXt the breadth of mathematical practices, oXr analysis indicated that the CCSS 
mathematics practices Zere differentially instantiated at each G7 level of Xnderstanding. 7he e[tent that 
these patterns Zill emerge Zith other G7s �e.g., 1Xmber and 1Xmeration� and the empirical validity of the 
G7 levels is cXrrently being investigated. 
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