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Foreword

'NFORMATION on recent efforts to improve elementary
school mathematics instruction is made accessible to States
and local school systéms in this bulletin. Numerous re-
quests made to the Office of Education confirm the need
for a single source in which factual descriptions of the major
experimental projects and other improvement procedures are
brought together for study. .

No evaluation of individual projects is attempted. How-
ever, some guidelines for decision-making are suggested in
the beginning and in the final sections of the bulletin. Each
State or local school system will need to engage in careful
study and thoughtful evaluation as decisions are made on the
use of experimental programs in particular situations.

Appreciation is expressed to the llowing for their co-
operation in reviewing a tentati t of this bulletin:
Directors of experimental projécts; general curriculum con- .
sultants; mathematics consultants in State departments)of
education; mathematics educators; specialists of the elemen-
tary schools section, and specialists in ‘mathematics, second-
ary schools section, U.S. Office of Education.

.+ States and local school systems may wish to reproduce the’
entire bulletin or parts of it for their own use.

J. Dan Huw, _ Eric R. BABER,
Director : Assistant Commaissioner
Instructional Services Branch' Division of Elementary and
: ~ Secondary Education
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Why the Increased Emphasis on Mathematis Totay?

DUCATORS ARE AWARE that changes are taking place in
elementary school mathematics todsy. The purpose of this
bulletin is to provide information for professional personnel respon- .
sible for elementary mathematics programs on (1) why changes are
occurring ; (2) the nature of the changes as seen from a study of selected’
experimental programs; (3) how changes are being accomplished ; .
(4) the effect of changes on methods of teaching; and (3) implications
- for elementary mathematics instruction. -
Teachers of elementary schools today find themselves in the midst
-of a general educational.revolution with many measures underway
to improve . education generally. As a part of this reformation, ’
elementary schopl ‘mathematics is currently receiving considerable
emphasis. . ' T
Reasans for Changes - ] -
One reason for change is found in the rapid advance of knewledge
in mathematics which makes increasingly grester demands on an
-enlightened citizenry.. Other reasons for change are (1) the need for
more effective articulation from one grade to the next and from
elementary to secondary school; (2) the recognition that the regular
elementary mathematics program, limited mainly to emphasis upon
the facts of the four fundamental processes, is somewhat barren of the
fascinating, interesting phases of mathematics; (3) the need for better
‘understanding of the structure of mathematics as essential to satis-

factory and permanent grasp of subject matter; and (4) the need for
improved mathematics programs for children of different abilitias.

Historical Background

Historically, elementary school mathematics has gone through
severa] changes which have influenced textbook writers and others
responsible for the mathematics curriculum. Concern for the child
as an individual and as a learner caysed educators to question the
grade placement and the usefulness of certain topics in elementary
school arithmetic. As a result of research and experience certain
topics were introduced later in the child’s school life. Topics\in_ '
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arithmetic believed to have little use in daily life were omitted, and
an effort was made to have children proceed in learning at rates moro -
nearly commensurate with their abilities. . SO
Elementary school mathematics also has been influenced by chang-

ing emphases in methods of teaching. - As a reaction against & method
based largely on repetition, some teachers experimented with inciden-";

~tal teaclifhg where need was the paramount reason for learning. -
A study of results led_to the conclusion that mathematics could not
“be learned well By either the drill or thé incidental approach alone,
nor even by the two combined. The. heart of mathematics—its
structure ' and meaning—were neglected in both’approaches.

.. For the past 20.to 25 years; much of the research, as well as some

~ of the practice in the elementary classroom, has emphasized mean-
. ingful teaching, and in particular the “whys” of the processes as

" related to computational procedures. During this period, elementary
school mathematics textbooks have reflected these emphases. Never-
theless in elementary schools today, the major method of teaching

: mathemzics continues to be drill with rather fragmentary efforts in

‘the direction of meaning. < | - e

Current Thinking

‘The realization that past. achievements are not sufficient for
today’s ‘world has brought together groups of professional people.
_representing different backgrounds of experience and training. to
“study educational problems and to suggest directions. “An illustra-
tion of one such group effort was the Woods Hole Conference: at
- Cape Cod where scientists, psychologists, educators, and others

- . met to consider the goals and content of American education. The

following statement about the problem of readiness for learning gives
some indication of the thinking of ‘this group. “We begin with the
hypothesis that any subject can be taught effectively in some intel-
- lectually honest form to any child at any state of development.” ?
~ A similar position was taken by the authors of the Twenty-Fourth
Yearbook of the Natignal Council of Teachers*of Mathematics in pre- -
senting a flow chart of 32 mathematical ideas? with suggestions for-

" - !Henry VanEngen. 20th Century Mathematics for the Elementary Grad¥. The AritAmetic Teacher, .
- 6::72 March 1959, defines strulture **As the search for patterns . . . patterns which can be used to arrive

+ . st solutions to problems . -+ - "An understanding of structure provides a method for. solving “‘whole

classes or-groups of problems simultaneously. It.is a powerful method whjch rests on abstractions and

A. _ . Reneralizations of & high order.” For a more nearly complete explanation of the term 'mam." e
. Jerome8. Bruner. ‘The: Process of Education. Cambridge, Mass.: Harvard University Press, 1961, p. 17-32.

.- Jerome 8. Bruner. - The Process of Education. Cambridge, Maes.: Harvatd University Press, 1961, .
-. - $National Council 6§Temhdn of M'lth_elhtt_i,m.‘- The Growih of Mathematical Ideas, Grades K through 18.
Twenty-Fourth Yéarbaok of the Council, 1989. The Council, 1201 Sixteenth Street; NW., Washington
2,D.C.: p. 430498 Sce AppendixB. : : - @ o

-
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3
ways that they might be developed from preschool through grade 12.
Experimental groups throughout the country today are trying to .
identify the unifying ideas pervading all mathematics and to deter-
mine ways of beginning the development of these ideas in the ele-
mentary school. ,

The shift in tenmnology {from “anthmetlc” to “elementary school
mathematics” implies a changing emphasis. The mathematics pro-,
gram for the elementary school child, formerly limited mainly to one
Qranch of mathematics, is being broadened to include all branches

. which are appropriaté for children within this age range.

]
[

 Cooperative Experimentaﬂon

New expenmental text materials are bemg written for elementary
~ grades, tried out in the classroom, evaluated, and revised after use.
_ If experimentation is -to be successful, it must reflect the increasing

mathematical knowledge of our times and, therefore, the greater
need for structure, for pattern, and for relahonshlps to bring meaning
and understanding to this vast body of knowledge. Nor must we
neglect to consider our knowledge of child development and our
democratic ideal of helping each child learn all he is capable of learning.

Psychologists are assnstmg by turning their attention to the types

of learning which go on in the classroom, and to the complexity of

- the classroom situations which .produce general understanding of the
structure of & subject. They are concerned with the relatedness of
learning, with its value for later study, and with the process by which
entirely-new material becomes a part of learning that is familiar to
the child. They characterize the child’s learning of ‘mathematics
by several lgvels, each of which is pertinent to the development of
fundamental mathematical ideas. There is (1) the level of the con-
crete or the world of thmgs, (2) the level of internalized experiences
in which the child imagines how experiences fit together or rejects
trial and error; and (3) the use of abstract principles and generaliza-
tions. The degree of difference between levels depends upon the
methods of teaching and upon the child’s ability to comprehend.

, Many current educators ‘are therefore led to conclude that certain
topics can be introduced much earlier than was formerly believed.

~ Goals—Oid and New -
- From the previous discussion it may appear that former geals for
elementary school mathematics are being forsaken. This is not the

L4
L4
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4. . ELEMENTARY SCHOOL MATHEMATICS ,
' case. The following frequently quoted purposes continue to be major
- goals for elementary school mathematics: e
. ‘1. To develop concepts of quantity and of quantitative relationships; to
© - 7. develop the child’s ability to think in quantitative situations. _
-~ 2. To develop as high a level of skill in computation as is realistic in consid.
_ eration of each child’s potential. = - o ' R
- 3. To recognise those situations in daily living requiring mathematica]
solutions: and the appropriate techniques for solving them. 4
* 4. To develop an understanding of our numeration system and to recognize |
the value of the base 10 in concept development as children work with -
~To these the following goals, having some elements of newness,
should be added: S : : DU

1. To help each child understand the structure of mathematics, its laws and |
principles, its sequence and order, and the way in which mathematics as a
_system expands to meet new needs. : B o
2. To help each child prepare for the next steps in mathematical learning
which are appropriate for him in terms of his potential and his future .
educational requirements, - o 4
Some of the-recent findings on learning and concept development
‘have implications for thesteaching of elemetary school mathematics.
Studies in perceptual psychology indicate a relationship between the
way & person acts and the way in which he perceives himself and khis
world. “If his perceptions are extensive, rich, and highly available
'when he needs them, then he will be likely to behave in effective,
~ efficient, ‘intelligent’ ways.”* A child perceives what seems appro-
priate to him in response to a need, in accord with his own goals and
~ values. ' If threat is present, perception is blocked. From this point
~of view, intelligent behavior can be modified, changed, and shaped
.~ according to the quality of the person’s perceptions. ‘The task of the
- educator is to present challenging situations which the learner will

approach with anticipation of success. : ,
In the past much emphasis has been placed on what children ‘know

-and on their misconceptions.. Attention is now being directed to what
children can learn about a given concept at different stages throughout
the elementary grades and to the methods of presentation which are
most fruitful. Evidence is accumulating to indicate that children
can learn.complex concepts and can begin learning them earlier than

, hnﬂ been: considered possible.* Crucial questions center around (1)

~ the kinds of experiences which are appropriate to begin the develop-

$Arthur W. Combs. New Ideas About Personality Theory and Its Implications for Curriculum Devel-
- opment. - Learning More About Learning. - Washington, D.O.: Association for Supervision and Curricu-
lum Development, 1201 Sixteenth Street, NW, February 19080. p.13. = - 2 o
- tO. L. Davis. Children Can Learn Complex Concepts. - Educational Leadership, December 1060. p.
1 - C , : _ _

‘.
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ment of a cencept; (2) how experiences may be planned and paced
through the grades with appreciation for continuity and flexibility as
to gra.de levels; and (3) variety of experiences for fostering and
maintaining interest. Efforts which formerly went into finding ways
of motivating repetitious drill are now being -directed to ways of
providing sequential practice in which succeeding exercises have ele-
ments of newness. Motivation, as well as depth and breadth of
learning, is obtained through the selection of learning experiences.®

‘Ralph W. Tyler. Psychological Knowledge and Neodod Curriculum Resesrch. Research ‘Frontiers
in the Study of Children’s Mu. Milwaukee, Wis.: School of Eduemon. University of Wisconsin,
my 1960. 85 p.




What Changes Are Taking Place?

Discovery and Intultive Thinking

- \
Some of the new mathematics content for, the elementary grades’
has resulted from attempts to find out if younger children can succesd-
fully grasp simple selected geometric and algebraic ideas which i
~ regular programs are met for the first time in the secondary school}.
Proponents .of these innovations believe that through a discov
approach to learning children often grasp an idea intuitively long bej
fore they are ready for the detailed step-by-step analysis of the pro

- By an intuitive approach is meant a method which yields .possible

hunches or rapidly formulated ideas which will later be subjected '
to more formal analysis and proof. The method implies a freedom \
to make mistakes and to question. It makes use of what is known |
to arrive at a workable procedure as a starting place for solying a

- problem situation. Important aspects are the “critical question”
and a low technical vocabulary. If the child can answer certain key
questions, depth of understanding is assumed even though he cannot
express his understanding in ‘words. . ' '

-

- Geometric and Algebraic Ideas

It is believed that the study of geometry can be expanded far °
'beyond a meager knowledge of shapes, forms, and the computations
required for finding areas and perimeters” It may include discovery
of the principles underlying area and perimeter and the development
of simple concepts with regard to points, lines, and planes in space.
From their earliest school experiences with blocks and puzzles, children
work informally with shapes and forms. While the lines, points,
and planes are ideas, their representations in pictures or in the rea] ‘.
environment of the child may be made concrete. In fact, it is possible
that simple aonqebts of geometry are easier for the child to grasp
than much of the abstract work with the operations of addition and
subtraction which children have usually been expected to master
- during their first 2 or 3 years in school. Y P,

~.- 'Evidence is accumulating from experimental centers to indicate

that the mathematics program for children of grades 1-6 ‘may be

‘ (] . . ‘ ' e
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\
greatly enriched and broadened by mcludmg some simple algebraic
ideas. < The mathematical sentence in the form of an equation provides' .
s way of getting at the nature of the operations of addition, sub-

_ readily to the use of letters or of frames, such as boxes, triangles, and
ovals as placeholders. These are replaceo by numerals to make
the sentence true. For example, by using frames for the mathematical -
sentence O+1=0 children observe that the numeral which replaces
the circle is always one more than the numeral which replaces the box
and that there are an infinite number of replacements for both.
Letters M and N (M+1=N) or X and Y (X+1=Y) may later be
substituted for the frames to emphasize that any number may be used
for M and that in this particular equation N will always be one more
tian M. They learn that replacements are made in such a way that
the symbols on both sides of the equals sign represent different names
for the same number. ‘ In other words, if the box is replaced by 3,
the oval should be replaced by 4 to make the sentence true. The
number sentence is 3+1=4; 3+1 and 4 name the same number.

- Children learn that sometimes a true sentence can result if one and

only one numeral is selected. The only replacement for the box,

in‘the equation O +3=7 which will result in a true statement is 4.

Sometimes several replacements are possible. The frames in. the

equation 7=0+O may be replaced by 3+4, 4+3,146,6+1,2+5,

5+2, 047, and 740. When the child lesrns about fractions many

\other replacements are possible. Sometimes none of the numbers

ildren know will work. Replacement for the frame in the equation

+4=2 must wait for an understanding of negative numbers.

* Operations and Properties of Numbers

Subtraction and division are presented as the “undoing” of addition
and mulbiplication, respectively. Subtraction reyerses the action
associated with addition or brings the elements back to their original
condition. ‘In like manngr division reverses the action associated with
multiplication.

Children I that zero is a number having specml properties. It
is & number that designates not any. When it is added to a number,
the same number results. When it is subtracted from a number, the
same number results: 3+0=3 or X+0=X, 4—0=4, or X—0=X_ .
It is known mathematically as the identity element for addition, be-
cause when zero is added to a number, the sum is the number itself.
- They learn that one is the number in multiplication which serves a
' similar purpose as zero in addmon It does not change t,he product
8X1=8, or XX1=X. : )

traction, ‘multiplication,.and divisioh. The equation lends itself -
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Principles involved.in the commutative, associative, and distr{by.

"tive laws of mathematics are o fundamental part of the newer experi-
" ' mental programs. Through the application and understanding of
these principles, children are assisted in developing not only skill by

~ also concepts of the nature of the operations, appreciation for the
flexibility which is possible in mathematics, and understandings un-
dubhgﬂmakmMmmorbmuofﬂumﬁgnn&wm&m The
significance of these laws and properties of mathematics becomes clear
to children who have opportunities to discover them and to observe
what happens as they are used. Their application may be made simply
and concretely in the early stages of learning and extended a8 advanced
- mathematics ia experienced in later grades. The definitions and illus-
trations below serve as a reminder of the laws and of some of their

applications to the mathematics of the elementary school child.

mmummmm -
 (In oll illuatrations a, b, and‘caumum'nﬁm.-) |

“The order in which ;wo'numben‘m 3+2=2+3; K+K-}{+%
added does not affect the sum. a+b=b+a ‘

The order in whigh the numbers are : 4X3=3X4; Qxxx-%xu
used in multiplication does not .

affect the product. _ - tx,b-@s

Mmmu'nau..uum,

Numbers may be regrouped for 3+ (2+4)=(3+2)+4 or
- adding without changing the sum. 3+6=5+44 _
' ’ : ‘ 8+ (b+e)=(a+b)+e

Numbers may be regrouped for 2X (3X4)=(2x3) x4 or
multiplying without changing the 2X12=6X4 } A -
product. . . ‘ v aX(bXc)=(aXb)Xe . e

The associative property is also used in adding and in multiplying
- fractions: 4 ‘ - S |

KO RO=GR+R n
HxO=oixk . [
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- Children in elementary school make use of thls propert.y when they
_regroup numbers to add and subtract.
Illuwauonl : ) ‘ 77 g . C N ,
24 or 20+-4
+37 or 3047

80+11 or 60+1 or 61

Iluatration 8: } v
o 46 or 30+16
—28 or 20+ 8

10+ Sor 18

Ilustration 3: 9+7==(9_+l)+6'or 1046 -

_ As answers to column addition examples are checked, both the
commutative or order property and the associative or regrouping
property are used: When addihg down, the numbers are grouped
(3+4)+6 and when adding up they are grouped 6+4)4+3.

3
4
+6

——

| Dktﬂhuﬂvemm

The distributive property combines 2(3+4)=(2X3) +(2X4)
addition and multiplication. 2X7=6+8 _
' a_(b+c)é(aXb)+(a><c)

Illustration 1:  8X36=8X (30+6)
- =(8X30)+(8%6)
=240+ 48=288

 Tuatration : 3ex24-(3exzo)+(3sx4) | .
S a(30x20)+(6x20)+(30x4)+(6x4) -
; =eeo+m+1zo+z4=se4
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© The Clesure Property

The term closure refers to a set and to an operation on the elements

of that set. ' S ” S
Under the operatioii of addition, the sum of-two counting numbers

(1,2, 3. . .)is always another counting number or another number

in the same set: 3+4=7; 77+ 9=86. ‘The sums 7 and 86 are counting

" numbers. 5 |

- Under the operation of multiplication the set 6f natural numbers
is also closed because the product of two counting numbers is always
another counting number: 3XX4=12; 9X12=108. :

- Counting numbers, however, are not closed under the operation of
division. For example, 5-+2 gives a different kind of number than a
counting number: 2—7 gives another kind of number. ' Fractions

- and negative numbers are created in order to have closure. In other
words the counting numbers are not closed under the operations of

subtraction and division. e 0 . :
Emphasis on the laws and principles of mathematics illustrates the
- trend of the newer mathematics to extend and expand familiar topics
‘of standard programs in both depth and breadth. Although an under-
standing of the’ basic ideas of these laws and . principles has been
~included in the content for pupils in some textbooks, the laws and
principles as such have rarely been explained in teachers’ manuals
and guides and teachers have had little opportunity to realize the
importance of these structural features of mathematics. -
~ Extensions of Famillar Topics
Other extensions of familiar topics éxpand the study of our decimal
numeration system to include an introduction to negative numbers
and powers in the upper elementary grades. An introduction into
‘bases other than 10 may provide interest and variety, but it is intended
primarily to promote a deeper understanding of our decimal numera- -
tion system. The emphasis on relationships within and between
processes is continued as children are encouraged to reason from known
to unknown facts: If 545=10, then 5+6=11; if 10+6=16, then
9+6=15; if 10X6=60, thén 9X6=60—6 or 54; if 3+9=12, then
12—3=9 and 12—9=3; if 4X6=24, then 24+6=4; if “X K=}, then
KX Y=X, and K+%=%, and K+%¥=K, otc. - . .
- .« Teachers of the early grades are familiar with a study of “‘groups”
- a8 background for the ‘arithmetic operations of addition, subtraction,
- multiplication, and division. Some of the newer programs are using
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the concepts of sets and the terminology of sets as & more mathemati-
cally accurate introduction to these operations. A “set” is a well-
defined collection of objects which are not necessarily alike in any way;
for example, a triangle, a square, and a circle; and a balloon, a cart,
and a jump rope. In each example there are three things. The
objects of one set can be matched one-to-one with the objects of the
other. The triangle can be matched with the balloon, the square with
the cart, and the circle with the jump rope to show that these are equi-
valent sets. Both have the same cardinal number. The numeral “3”
names the number of objects for either set. The objects in two sets
may be combined to make a third set. A set may be separated into
two subsets. One set may be compared with another. A set may be
used repeatedly or divided into subsets having the same number of
elements. These procedures of identifying, combining, separating,
and comparing when performed with numbers are roughly analogous
to the operations of addition, subtraction, multiplication, and division
with numbers.
~ Still other extensions and applications of familiar topics include (1)
a greater emphasis on the understanding of large and small numbers
to help children better meet today's needs; (2) different ways of
arriving at the same answer; (3) more emphasis on estimation and
mental arithmetic as essential for the numerical thinking demanded
by our society today; and (4) variety in practice procedures required
for maintenance of skills which will foster interest and provide new
learning at the same time.

1




- How Is Mathematics Taught?

Guidance in Thinking and Reasoning

- In of the newer programs today there is greater emphasis on
both :ylbes of reasoning—inductive, from the particular to the general,
and deductive, from the general to the particular. Children are
guided to conjecture from individual situations to what the universal
situation might be and to test their conjectures to see if they work.
They are also led to arrive at conclusions deductively by reasoning
from basic principles. L - :

The newer programs demand careful development and guidance
from the teacher. It may be that well-conceived standard programs

- suffered a basic weakness because of the ease with which the content
could be assigned for independent work or for homework by children.
Teachers who have tried out the new materials are finding that de-
veloping concepts and helping children build a mathematical structure’ .

‘requiro continuous guidance. While children are not left to their
own devices, there is an appreciation for the different ways of thinking,
for the fact that there is more than one way of arriving at an answer,
and for the gradual refinement to higher levels of performance.

- Experimentation and discovery are encouraged, and the attitude A
that learning mathematics can be a creative adventure is fostered.
When thinking is valued, oral participation by children and observa-

~ tion of them at work become important. Thus mental arithmetic, or

. ways of solving problems without pencil and paper or with & minimum
of recording, is an ability to be stressed. The relation of the un-
known to the known, which becomes apparent as patterns are dis-
covered, makes learning easier and more permanent. The emphasis

- on generalizations helps the child to fit new bodies of learning into
the overall structure without upsetting past learning or endangering
ideas to be developed in the future. ‘ :

L4

Contentand Method -

, In some of the newer programs content and method have been so ,
- closely interwoven that a separation of the two is extremely difficalt.
In fgct, method is so significant a part of the programs that the
technique of demonstration by highly skilled teachers has been a
12 - >
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major means of dispensing information on the projects. Demonstra-

_Aiogs with classes of children have been held in many parts of the
country. Principals, teachers, and supervisors observe and later
participate in a discussion of the classwork and of the project in
general. \

Supplementary Aids

Television, teaching machines, and programed learning materials
are now being utilized to some extent in elementary school mathe-
matics. Television programs have been developed.for the inservice
education of teachers. Some TV programs have the dual purpose‘of
classroom instruction for the child and inservice education for the
teacher. Some experimentation in the areas of teaching machines
and programed learning is underway. The individualization of
instruction and immediate awareness of whether an answer is correct
or incorrect appear to be the plus values most often attributed to the
teaching machines. . . S

Many school libraries are building valuable resources for able
learners by increasing their supply of trade books dealing with mathe-
matics. Annotated lists of these with suggested grade level designa-
tions appear periodically in The Arithmetic Teacher.!

Concrete and pictured materials have long been considered essen-
tial aids to making mathematics meaningful for the child. Materials
are also used widely in the newer mathematics programs. There is
perhaps a trend toward a greater uso of the type of materials which
emphasize structure, such as, the counting frames, the abacus, and
rods or strips based on s unit length. In regular programs the use of
materials often represents a stage or level of development of & new
mathematical idea. In the newer programs materials are used to
stimulate, to initiate, and to assist the child’s thinking process.
Hopefully they are used under the guidance of the teacher when and
if they serve these purposes. :

clmmn Organization

Whether the classroom is organized as self-contained, departmental-
ized, homogeneous, heterogeneous, or according to some combination
of these, it is-obvious that great variability in both skills and under-
standings still exists within a single classroom. In fact, when differ-
ences increase as they should, few teachers feel satisfied that they

e e — 5 -

-mm-um..mmmmcm.m.mw my.bymmu'd
Council of Teachers of Mathematics, 1301 Sixtecath Strest NW., Washington 6, D.C. R
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aré achieving the goal of meeting individual differences adequately.
Not only are there differences among children, but variability also
exists among the skills and abilities of any one child. Certainly the
aim is not to reduce differences, but with good teaching-learning situa-
tions to create even greater ones. As schools acoept differences and
plan ways of meeting them, they will find some practices and pro-
cedures for study and evaluation. Some of these, such as team
teaching * and departmentalization ® are administrative plans which
require attention to the total organization of the school. The decision
to select any organizational plan shoul¢ be made with recognition of
the limitiations and strengths within the local situation, on the basis *
of research findings, and in the light of the educational philosophy
of the school system. ' : ’ % ’

Even when the organizational pattern of the school facilitates the
teacher's task, teachers still find that some grouping within the class
is necessary. Subgroups, which are often organized after the initial
introduction of a new topic, bring children together for different kinds
of instruction. The slower children move at a slower pace, the mathe-
matics content is limited to the easier, lees abstract phases of topics,
and a greater use is made of concrete and other types of learning
aids. A good program for the slow child provides more experience
of every type that is appropriate for him, with sufficient vhriation
to stimulate interest and thought.. The more able children move at
a faster pace and deal with more abstract material. These children .
are often able to visualize and imagine the concrete situation to the
extent that there is little need for actual manipulation of materials.
The able child is challenged with more difficult problems and examples.
It is justifiable to include some examples not frequently met in real
life situations merely because they bring completeness to the struc-
tural patterns of mathematics. A tendency to demand that more
problems be solved or more examples be worked when the child already
has mastery of a topic must be avoided. One guideline which teachers
have found helpful is the challenge to solve the same problem or work
the same example in several ways. Infollowup discussions the various
methods may be evaluated for accuracy and efficiency as children
. share with each other the thrill of inventing ingenious methods of
* solution. These children are encouraged to be re-creators of mathe-
matics, to make discoveries for themselves, not. be just learners of
mathematics. Able children should have opportunities to practice
and to reach a high level of performance in mental arithmetic, .

? Stuart E. Dean, Team Teaching, Schoe! Life, Vol. 44, No. 1, September 1961. p. 5-8. L
oawmnmmqm.wmmhmm Study
nmUuawvmammumuMsmt 18p. ’ :
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Teachers also findea tieed for still another type of mathematnes
subgroup designed to meet special learning needs of children. ' Special
instruction for this group may provide children with the prerequisite
skills for long division or for division of fractions. At times all
members of this group may have different needs so that mst.ruct.lon
becomes individualized. .

A few schools have pmvxded apecml classes and wachem with specml
qualifications for very able children in mathematics in grades 5 and.”
6. Classes meet two or three periods a week and cover topics not
included in the regular program.: Instruction highlights exploration,
discovery, and creative approaches to topics.

Teachers in self-contained classroom situations use special projects
and assignmenta drawing content from recreational mathematics,
such as games and puzzles, from the history ofygnathematics, from
real life applications, from new topics, and from extensions of topics
being studied. Self~toach|ng instructional lessons or units which can
be used with a minimum of guidance from the teacher have proved
8 fruitful source of material for able children.

Retation of Mathematics to Other Subject Aress

The ‘'mathematics content which is structural is -probably best
learned within the system and sequence characterizing it. Tllustra-
tions are the numeration system and place value; the operations of
addition, subtraction, multiplication, and division with whole numbers
and fractions; and t.ho generalizations, principles, and laws of mathe-
matics. Most of the newer programs, which are generally mathe-
matncnlly oriented, develop mathematical concepts from physical
experiences which are then abstracted into an ideal system. Applica-
tions are chosen primarily to clarify and show the use of the mathe-
matical principle involved. The applications, uses, and needs for
mathematics are often realized in relation to other subject areas or to
life experiences. Naturally no sharp lines of demarcation exist
between the two although the emphasis usually may be clearly defined

_in one or the other category.

Mathematics often assists the lwner in developing sotial studies or
~ science concepts. The concept of interdependence, for example,
clarified as 8 child becomes able to think of distance in terms of
reduction in the time required to travel from one place to another as
a result of immeoh_of transportation. Quantitative con-

‘Pred J. 'umndan"m mmmmumm
: ummmmqmmmmamv&mm
. 1, October 1000. 40 p. .
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cepts are essential to meaningful interpretagjon of map scales, com. -
parisons_of population statistics, and area measurements. On the
other hand as a child deals with very large numbers in his study of
~astronomy, or the very small numbers used in making fine measure-
ments, he begins to appreciate the ‘contribution that concentrated
study of the structure can make to his understanding of both mathe-
~ matics and science. Tl L SRR °.
Many téachers have- participated in special projects designed to
relate some aspects of science and mathematics. One such effort is
-an Elementary School Science Project developed at the University
of California.® Teachers will find another useful resource in Sawyer’s

- booklet Math Patterns in Science.® . R
" Problem-solving and the ability to do critical thinking are not
“unique to mathematics. = Social studies and science abound in oppor-
tunities for the exercise of these abilities. One of the challenges of

’ ~ education today is to determine the contribution different bodies of

subject matter can make to such fundamental abilities as problem- .
solving and critipal thinking. S .

¥ D. C. Ispen, Phyllis Raabe, and 8. P. Diliberto.~ Coordinates—An Introduction to the Use of Graphs
and Equations To Describe Physical Behavior. University of Californis, Berkeley, Calif,, 1960. (Tents-
tive form) : :

*W. W. Sawyer. Math Patterns in Science. American Education Publications, Education Center,
&
L

- Columbus 16, Ohio, 1960. 31 p.




smc_ttn EXPERIMENTAL PROJECTS

AS STATED IN THE FOREWORD, it is not the purpose of this
bulletin to evaluate or recommend programs. Rather the purpose
is to acquaint school personnel with the various projects and to
provide factual information and pertinent guidelines which may be
helpful in improving elementary school mathematics programs
throughout the country. _

Teachers of elementary grades who have not had the advantage of
recent inservice workshops or courses in modern mathematics may
find it helpful to refer to a glossary of mathematical terms as they
read the descriptions and illustrations from experimental projects.

Recent experimental projects, which have not been available to
- school personnel generally during the 3- to 5-year period since they
have been underway, have been selected for discussion. The many
inquiries received by the Office of Education indicate a widespread
need for specific information on the projects selected. A brief treat-
ment of some other programs directed toward the improvement of
instruction in elementary school mathematics is found in a later
section of the bulletin. ‘ .

The purbose of these programs is not necessarily. to create a new
and different program in elementary school mathematics. Rather, -

through these programs an attempt is made to test out certain ¥ .

probable ideas on a wide scale to see how workable they are. One
purpose is to help all teachers learn to do better what some teachers
have been doing well for a long time, to help children see the basic
structure unifying the subject as they learn mathematics, thereby
~ helping them to think clearly and reason correctly. While the ex-
perimental programs give new dimensions to the learning of elemen-
 tary school mathematics, it is not intended that they entirely replace .
the standard or present program. Most of the experimental programs
claim that their work is within the framework of the existing curricu-
lum. New ideas can supplement and implement the developmental
program which presents a solid and substantial base on which to
build. _ : %
Descriptions of selected programs are limited to the simpler ideas -
developed by each project and to changes in method and content.
Teachers and other interested school personnel are encouraged to
consult project materials directly to-learn about the systematic:
3 : ' 17
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developnent of the materials and to sense the upper levels of go. |
complishment attained by children using project materials in experi-
mgntal situations. - o
- While each project has unique characteristics, all share common
goals of adding new content, although not the same content; pre-
senting new approaches to method; emphasizing the meanings and
understandings inherent in the structure of mathematics; seeking
. to motivate and stimulate greater interest in mathematics; and
- exploring mathematical content appropriate for different levels of-
ability. S . : '
Some differences in approach and in method are apparent. There -
. is a difference of opinion on the need for exactness and precision in
‘mathematical vocabulary. While all ‘are agreed that mathematics
~ must be learned meaningfully, some rely more on inductive discovery
4 (from specific to general) and others on deductive reasoning from
examples (from general to specific). Of course both methods. are
often evident within a single program. Some are broad in scope -
having as an explicit goal the development of a complete mathe-
matics curriculum. Others aim to develop materials for teaching
certain topics or to produce supplementary materials.
The experimental projects have been concerned with the total
* problem of finding out more about how children learn as well as. with
improving the mathematics program. .
Some of the materials developed by experimental projects are now
available from commercial publishers. For specific information on
"' materials available and. on how they may be obtained, the reader
- Iay write to the director of the particular project. :

| *School Mathematics Study Group Program’

_ Consideration of the mathematics programs at the elementary school
level by the School Mathematics Study Group began with a con-
- ference on elementary school mathematics calléd in 1959 by Prof.
E. G. Begle, director of the project. In attendance were university
professors of mathematics, high school and elementary school teachers,

- 1 Direotor: Prof. E. G. Begle, Amistant Director: George L. Roebr; School Mathematics Study Group,
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supervisors and-education specialists with specific interest in math-
ematics, psychologists, and representatives from scientific and gov- °
ernmental organizations having an interest in mathematics. From
this ‘conference came the recommendation that a critical study of
elementary school mathematics curriculum be undertaken. Among
the aspects of the total elementary mathematics program suggested
for study were: (1) the grade placement of topics; (2) development
of concepts and mathematical principles; (3) the possible introduction
of new topics particularly from geometry; (4) topics for able learners;
(5) training for teachers; (8) the relation of elementary school math-
ematics to {uture atudy of the subject; (7) methods and materials
for effective classroom instruction; and (8) the application of findings
on con¢ept-formation, from psychology and child development to the
~ learning of mathematics, _ '

In March of 1960, a detailed outline of a suggested program for
grades 4, 5, and 8 was developed. For 8 weeks during the summer of
1960 a writing team conposed of classroom teachers or supervisors,
mathematicians, and mathematics educators worked together to pre-
. pure materials. At this time units comprising a complete course for
grade 4 and sample units for grades 5 and 6 with accompanying
teachers’ manuals were prepared. The format of the units is the
“write-in” text workbook type with explanation and instruction;
space i8 allowed for pupil answers, for completion of exercises, or
for carrying out activities. In this tentative form tryouts were held
in 27 experimental centers over the country involving around 12,000 ‘
students and 150 fourth grade; 110 fifth grade, and 110 sixth-grade
teachers. Each center was associated with a college or university
which provided consultant service for the participating teachers.
Regular meetings were held to build the mathematics background
for units to be presented and to evaluate those which had been taught.
In evaluating each unit teachers were requested to give reactions to
the appropriateness of sequence and grade level of each unit, the
difficulty of the material from the standpoint of concept development
and reading and the amount of time devoted to teaching the unit,
the use of supplementary materials or additional practice exercises,
and the effectiveness of the teacher’s commentary. On the basis of
the experiences of the participating teachers and their evaluations,
the units were revised and completed during the summer of 1961
and tried out again during 1961-62. Following a final revision of
units currently available for examination and study, textbooks for.
general classroom use will be made available. " Tt is the intention of
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~ SMSG in the near future to extend its study and writing downward to
grades 1, 2, and 3. o . L
According to. the committee, the proposed SMSG curriculum is not.
radically different from the regular present-day program in its organi-
zation. The present program is viewed - as being based on social
applications while the goal of the proposed changes of the SMSG is
to provide a curriculum based on mathematics. There are some new
- topics and new approaches to old ideas. - The SMSG committes
believes that a healthy fusion of the old and the new will lead students
to a better understanding of the basic concepts and structure of
- mathematics and will provide a firmer foundation for understanding
~and use of mathematics. The committee hopes that the materials
they have prepared will serve a8 models and as a source of suggestions
for textbook authors and as aids in Preservice and inservice teacher
education programs. - e o
. Another point of view held by the committee is that skill in compu-
- fation and insight go hand in hand in .mathematics, both being
'~ essential to proficiency. Emphasis is placed on precision of language °
of mathematics and on knowledge of and appreciation for a mathema-
- tical system which expands gradually to make more and more mathe-
- matical solutions possible. - , o
In an ‘effort which is national in scope, the School Mathematics
Study Group has research and development in the teaching, of school -
mathematics as its. primary purpose. It expects to continue to
_develop courses, -teaching materials, and teaching methods; to pro-
mote inservice education; and to. carry out long-term evaluatiops of
its mathematics programs. ' AT

Nature of Content

" The content includes: - .
1. Extensions of all of the content mow ‘covered in elementary school
methematics with more breadth and depth, placing greater emphasis
~ on the laws and principles of mathematics. .= - 2 0

4 2. Introduction of simple concepts throughout the elementary grades on

an intuitive level by methods which are consistent with later approaches

~to the topics. New topics include intuitive. geometry and simple
algebraic ideas. L g s

3. Emphasis on precigion of mathematical language as an aid to logical
thinking, and on symbols a8 a means of short-cutting language.

o"
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A listing of the units for grades 4, 5, and 6 followed by selected
illustrations from some of them will provide information on the nature

of the proposed changes:

" Grade 4
Concept of Sets
Numeration

Properties and Techniques of

Addition and Subtraction, I

—

Properties of Multiplication' and

Division _

8ets of Points

Properties and Techniques of
. Addition and Subtraction, II

- Techniques of Multiplication and
Division ‘

. Recognition of Common Geo-
metric Figures

Linear Measurement ="
Concept of Fractional Number

Grade 5
Extending Systems of Numera-
tion
Factors and Primes

Extending Multiplication and
Division : . '

Congruence of Geometric Figures
Addition and Subtraction of
Fractional Numbers

Measurement of Angles
Area
Ratio

(Supplementary Review Exer-
cises)

Grade 6
Exponents

Multiplication of Fractional
Numbers :

Bide-Angle Relationships of Tri-

angles

The Integers
Coordinates
Division of Fractional Numbers
Volume .
Organising and Describing Data
(8upplemeritary Review Exer-
cises) -
Sets and Circles

A more deiailed description on selected units from grades 4', 5, and

6 follows: _

Grade 4—Concept of Sets

The purpose of the unit on sets is to help children become better
acquainted with the idea of set and to begin building a ‘““set language”
as aids to more effective learning of mathematics. The meanings of
set, sets within sets, equal sets, empty set, union of sets, and intersec-
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tion of sets are déveloped through discussion, classroom experiences.
and exercises similar to the following: v
Mhatraion 1: ~—SET ¢ —

"l‘he picture at the ’rl'ght‘ shows 7

rooms in Jane's school. Rooms 101, IOI, 1021103 104
- 102, 103, and 104 have windows along S
the front of the building. Rooms 105
104, 105, 106, 107, and 108 have " -
windows along a side of the building. 06| =
o

Set cnt'iol,‘ioz, 103, 104). See figure. -
Bet D={104, 105, 106, 107, 108).

' We write: CUD=| 101, 102, 103, 104, 105, 108, 107, 108). :
We read: the uniori f Set C and Set D is the set whose members are
101, 102, 103, 104, 105, 106, 107, 108. '

. Ilustratson 8:

Set R={10, 20, 30, 40, 50}
Set 8=160, 70, 80, 90, 100} - |
Which one of the sets below is the union of Set R and Set S? .

«

Set M=170, 90, 110, 130, 150} »
,sﬁt N=‘lwo 90; 80; 70» 60, 50, 40, 30’ 20, 10} .

Copy and finish: RUS={N}

A
A'\

| Mz N
} Bet X is the set of numbers wé use,wheh we cdunt by §'s, surginé with 5

and ending with 30.
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Set Y is the set of numbers we use when we count by 10's, starting with
10 and ending with 50. A

8et X={8, 10, 18, 20, 25, 30}
Bet Y={10, 20, 30, 40, 50}

The numbers that are members of both Set X and Y are 10, 20, and 30.

We write: XNY=1{10, 20, 30). - .
We read: The intersection of Set X and Set Y is the Set 10, 20, 30.

Grade 4—Properties and Techniques of Addition and Subtraction

Addition and subtraction are explained as operations on numbers,
or a8 & way of thinking about two numbers and getting a third
number. Subtraction is presented as undoing addition or finding the -
missing addend. The properties of addition are emphasized.

Illustration 1: Write the correct numeral or word to complete this chart. The
first exercise is done for you as a sample.

m Result Operstion used .
1 57 12 ‘Addition
2 9,3 —_— Subtraction
3 10, 2 ) b I -
4 10, 2 L I
5 .. 10, 2 L, N

Illustration 2: Statements like those in Box-

A are called mathematical sentences. A
: 6+4=10 -
1. (q) Is it true that 6+ 4=10? 9—3=6 -
(b) Is it true that 9—3=6? 0+8=8
that 746 »12? 7+612
that 10— 10 »10—9? 200— 100 »200
, ~ 10—10#10—9

o
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Iliustration 3: Thinking About Additien Facts

You show addition like this: The names of the parts in qn
9+5=14 9 addition sentence are:
bl 9 + 5 =
14 oddend  gddend  gypm
You read addition like this:

9 and 5 are 14, or 5 sdded to 9 is 14,
or 9 plus § is 14.

liustration 4: Thinking Abeut Subtraction Facts

You show subtraction [ike The names of the parts in q
thss: sublraction sentence are:
9—08=4¢ ] . '
’ -5 : 9 - 5 = 4
T4 | sum . addend  addend
You read subtraction like this:
8 mbtnotgd from 9 is 4, or
9 minus 5 equals 4.
Tliustration 5: Pleturing Matkematical Sentonces v

A number line can be used to picture mathematioal sentences. On the |
number line below, two mathematioal sentences are pictured:

8+6=11and 11-6=5

Lllllll-llll‘l
012345678 9107
L — L

5 5

Y L ’ -
' | 1
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nmtrabon 6: Addition will undo subtraction. For example, if we start with 9,
- then subtract 2, and then add 2, the result is 9, the number we started with.
Adding 2 undid subtracting 3. We can show this in these two ways:

9—2=7,80 74+2=9,
or (9—2)+2=9.

Subtraction will undo addition. For example, if we start with 3, then
add 5, afid then subtract 5, the result is 3, the number we started with.
Subtracting 5 undid adding 5. We can show this in these two ways:

3+5=8,808—-5=3,
or (3+5)—5=3

&, :
. llustration 7: Addition is a Commutative Operation
For example: 3+5=8
5+3=8

The sum is the same even if the order o! the addends is changed® So we
can write: 3+5=58+3 .

lllustration 8: Additien l- an Aupduin Operation

Adding thme numbers must be done in two steps. You may add 3, 4,
and § in either of two ways.

(B4+4)+5=7+5=12
3+ U+5)=3+9=12

_\ The sum is tbe same even lf we dnd group the addends differentiv
8o, we can write ’

B+4)+58=3+(4+95).

Grade 4—Properties of Multiplication and Division

The operations of multiplication and division are made intelligible
to the child through an array or an orderly arrangement of objects in
rows and columns. Multiplication is described as an operation .on
two factors to get a product The application of the commutative -
and associative properties is made to multiplication. Division is
explained as undoing miultiplication or as the process of finding
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& missing factor. As a larger array is separated into two smaller |
arrays children are led to appreciate the contribution the distributive

property can make to learning to multiply t_md divide.

Tllustration 1: ¥ ‘
An array is an orderly arrangement of objects in rows and columns.
The eggs in one-size egg carton form a 3 by 4 array. The crayons in
one-size box form a 2 by 6 array. .

Here is an array of 2 by 6:

Illustration 2: Maultiplication

" We write a multiplication oenténce like this::
SXe4=20

We read a multiplication sentence like this:

8 times 4 is 20.
§ times 4 equals 20.

The names of the parts ol a multiplication sentence are:
5X4=20
factor times factor equals product

‘When we operate on {wo Jactors and get a product, we multiply.
' A

Illustration 3: Make a chart with 4 columns ag lbovn below. 8tudy and com.
_plete the chart. . :

Numbers oper- Number Mathematical
ated o0 ‘vhleh results omum lnl-mdol:s‘
4,2 6 Addition 44+2=6
7,4 3 Subtraction : T—4=3
43 12 Multiplication 4X3=12
45,9 8 Division ’ 45+9=3
6 4 24 cccemcccvdenccet | eceeeceeans
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[llustration 4: Division '

Division is an operation of mathematics. It is one of the four basic
operations. .

An operation on numbers is a way of thinking about two numbers and
getting one number. When we think of 6 and 2 and get 3, we are dividing.
When we think of a number and ope of its factors and get the unknown
factor, we are dividing.

We can picture division with arrays. When we think of the number
of columns there are in an array with 6 elements and 2 rows, we are
dividing. When we think of the number of rows in" an array with 12
objects in 3 columns, we are dividing.

-

lliustration §: Multiplication and Division

Multiplication will undo division. Think of 8, divide by 2, and then
multiply by 2. The result is 8. The multiplication by 2 undid the division
by 2.

(8+2) X2=8 -

Division will undo multiplication. Think of 8, multiply by 2, and then .
divide by 2. The result is 8. The division by 2 undid the multiplication

by 3.
(8X2)+2=8
Illuﬁmﬁou a:
8| x |10 8Ix|5
8
15 .
8X 16= (8 10) + (8X5) |
The heavy line shows a possible way to fold the array. The sentence
below the picture shows the relation between the whole array and the two
smaller arrays which the fold makes. The array can be folded in many
other ways. Find six different ways of separating the ’my. Write the
mathematical sentence for each separation. Ly
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Grade 4—Sets of Points

 Beginning concepts are developed for the geometric meaning of
- some of the following: - point, space, line segment, line, the number of
lines which can g0 through a given number of points, points anq lines
extended to form rays and angles, intersection of lines and planes ang
figures such ss polygons and circles.

lllu:lin_tion I: Space Is the set of all points.

This niea,ns all exact locations everywhere. Al the locations on the head
of a pin, all the locations in your home, in yoyr city and the sky above, ip
your country, in the world, and in the entire universe are polntq in space.

We name this “line segment AB.” A ghort way to write ““the line segment

AB" is AB. The line segment ends at points A and B. Therefore points
A and B are called endpoints. _ : ;

{lustration 3: Below is & picture of a line,

A C- D -

s

The arrows are \ised to show that it 80es on and on in both dimcl‘ions

without end. Only part of the line can be pictured on this page. We
can call the_ line pictured, line AB. . .

. Both A and B name points on the line. C and D name other points -
on the line. We could also call this line, line CD, or line AC, or line AD. _
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represented by the crease? If so, show them.
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lllustration 4: Put your finger at a point on the top of your desk. Are there

many points which are not in the plane represented by the top of your desk?

From now on we shall think of a part of a plane as a set of points in spaoce.
It is the kind of set suggested by all points on a flat table top, or on a
wall, or on the floor. A piece of paper lying flat on your desk also suggests

a part of a plane.

litustration 8: Fold a piece of paper in half. We think of the crease as a line

segment. 8tand the folded paper on your desk so that the crease does
not touch it. “ 4 ’

crease

" Does this suggest parts of two planes which contain the line segment

lllustration @: A ray has one endpoint. The endpoint is named first. This is a

picture of ray BA, What is its endpoint? ,
A B

————- : —

Ray BA is not tfne same as ray AB. Can you tell why? The endpolni
of ray BA is B. What is the endpoint of ray AB?

We can say that a ray i% the union of the endpoint and all points on a
line in one direction from this point.

A ray is always part of a line. A set of rays is nicely represented by a-
beam of light from a flashlight. Each starts at the flashlight and extends
in one direction without end. '




~'Grade 4—Linear Measgrement

’

This dmwing represents a new geometrio figure called an angle. An
angle is the union of two rays which have the same endpoint but are not
on the same line. : : o

The unit on measurement is geometric in nature ‘
and compass are used to draw and compare segments.

. Ilustration 1: Wé=wwt to find the measure of ﬁ) We use our compass to help

~ U8 measure a line segment.

. C )
S e
"~ Our unit of measure is AB. N
A . B
. Welay ot A oo CD three times. -
We label the intersections E and F. )
" See the Picture below. '
¥ —— SN | : b 4 v
. C ... E C F
* We'say the measure of CDis3.

‘We write: m CD=3. -
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Illustration £: Using your inch scale and your centimeter scale, find the measures
of this segment in inches and in centimeters.

>

m AB (in centimeters) = _____
L 2
Tlustratson 8:
: 1. Take a piece of wire, 15 inches long Bend it to make a simple closed
curve.
What is the length of the wire when it is bent in the shape of a closed
curve? .

2. Straighten out the wire, and bend it to form a different closed curve.
What is the length of the néw curve? What happens to the length of the
wire when you change the shapelof the simple closed curve?

Grade 5—Extending Systems of Numeration

Extensions of our base 10 numeration system include exploring
large numbers by reading, writing, renaming in several ways, and ex-
pressing them in expanded notation form (3,604=31,000+6X100
+0X10+4); exploring fractional numerals and decimal numerals
through thousandths in a similar manner; providing experience with
oountmg and place value in base ﬁve system of numeration and
‘finally in. any base. . .
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Ilustration 1: Sinoe 300 means 3 hundred, we can write it as (3% 100). 50 meap,

8 tens, which can be written as (5X10). 2 ones can be written as (2X1),
Writing 352 as (3X100) + (5X 10) + (3X1) is called ezpanded notation,

Look at the numerals in the chart below. Place values are written at
thetopoftheohnrt.‘Uuthochlrnohelpyounehowthmnummhm
written in expanded notation. ’

glelgfg|ef=["]"
g(8]2|"

o . 41283 = (4x1<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>