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History and Aims of the PME Group

PME came into existence at the Third International Congress on Math-
ematical Education (ICME 3) held in Karlsruhe, Germany, in 1976. Itis
affiliated with the International Commission for Mathematical Instruction.

The major goals of the International Group and of the North American
Chapter (PME-NA) are:

1. To promote international contacts and the exchange of scientific
information in the psychology of mathematics education;

x®]

To promote and stimulate interdisciplinary research in the afore-
said area with the cooperation of psychologists, mathematicians
and mathematics teachers;

3. To further a deeper and better understanding of the psychological

aspects of teaching and learning mathematics and the impKca-
tions thereof.
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Preface

Hosting the PME-NA meeting involves a great responsibility for the
Program Cominittee. The Local Committce took the challenge to organize
it because we thought that our mathematics education community would
gain not only by the variety of research ideas presented during the confer-
ence, but also by the direct interaction with other researchers.

The theme of the conference is “The importance and the role of repre-
sentation and mathematics visualization in the learning of mathematics”;
this area has been part of the research agenda of many scholars around the
world. Thus, the conference becomes a natural forum to reflect on the di-
versity of research that the mathematics education community has pursued
recently. Noted Scholars were invited to address fundamental issues re-
garding this theme. Raymond Duval, from University of Littoral Cote-
d’Opale, France, and James Kaput, from University of Massachusetts-
Dartmouth, USA, have worked extensively in this area, and they present
two visions that include theoretical foundations and current research direc-
tions. The corresponding titles of these presentations are “Representation,
vision and visualization: Cognitive functions in mathematical thinking. Basic
issues for learning” and “On the development of human representational
competence from an cvolutionary point of view: From episodic to virtual
culture™. Pairick Thompson, from Vanderbilt University, USA, reacts to
these presentations.

Abraham Arcavi, from Weizmann Institute of Science, Israel, in his
plenary, highlights diverse examples showing “The role of vit.ual represen-
tation in the learning of mathematics”. Sunday Ajose, from East Carolina
University, USA, comments on the ideas presented by Arcavi.

A plenary panel addressing the topic of representation from a disci-
plinary perspective includes the participation of Ana Maria Ojeda and Luis
Moreno, both members of the Mathematics Education Department,
Cinvestav-IPN, Mexico. The corresponding titles of their presentations are:
“Concept and representation in the rescarch on probability education”, and
“Situated tools and situated proofs”. Ed Dubinsky, from Georgia State
University, USA, reacts to these presentations.

Thomas Kieren, from University of Alberta, Canada, addresses a ple-
nary on “Language use in embodied action and interaction in knowing frac-
tions” and Jere Confrey, from University of Texas at Austin, USA, com-
ments on this presentation.

The working and discussion groups proved to be an cfficient mecha-
nism to promote discussions among participants at the conference held in
North Caroline State University. To follow up the groups agenda. the

1-@
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PMENA XXI program includes eight Working Groups and two Discussion
Groups which will meet three times (4 hours), during the development of
the conference. These groups are: -
Working Groups
Geometry and Technology
Representations and Mathematics Visualization
School Algebra: Theory and Practice
The Role of Advanced Mathematical Thinking in Mathematics Educa-
tion Reform
Gender and Mathematics: Exploring the Absences in Research
Rational Numbers > Representational Fluency > 21" Century Concep-
tual Tools. “Going Beyond Constructivism”
The Complexity of Leamning to Reason Probabilistically

Using Socio-Cultural Theories in Mathematics Education Research
Discussion Groups

Social and Cultural Context in Mathematics Pedagogy

Performance Assessment of K-12. Preservice Teachers” Mathematical
Content Knowledge

The Proceedings include the papers of the plenary speakers and the
discussant reactions: 8 reports of the working groups and 2 of the discus-
ston groups, 83 research reports, 37 short oral reports and 13 poster re-
ports. There were 166 proposals submitted for review. For the first time
some guidelines for evaluation were sent to all reviewers to assist them in
their process of evaluation.

The editors wish to express thanks to all those who submitted propos-
als. the reviewers of proposals. the PME-NA XXI Steering Committee,
and the PME-NA XXI Local Committee and especially we would like to
acknowledge the support received by the University of Morelos and the
Department of Mathematics Education of Cinvestav-1PN.

Fernando Hitt
Program Chair

Manuel Santos
Conference Coordinator

Mexico. July. 1999
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REPRESENTATION, VISION AND VISUALIZATION:
COGNITIVE FUNCTIONS IN MATHEMATICAL
THINKING. BASIC ISSUES FOR LEARNING

Raymond Duval
Université du Littoral Céte-d’Opale, Boulogne, et Centre IUFM Nord
Pas-de Calais, Lille
duval @univ-littoral fr

Mathematics education has been very sensitive to needed changes
over the past fifty years. Researches in developmental psychology, new
technologies, andnew requirements in assessment have supported them.
But their impact has been more effective on mathematics curriculum and
on means of teaching than on the explanations of the deep processes of
understanding and learmming in mathematics. Difficulties of such research
stem from the necessity of defining a framework within the epistemological
constraints specific to mathematical activity and the cognitive functions of
thought which it involves are not separated. That requires going beyond
local studies of concept acquiring at each level of the curriculum and beyond
mere reference to very general theories of learning and even beyond global
description of student’s activity in classrooin.

Representation and visualization are at the core of understanding in
mathematics. But in which framework can their role in mathematical
thinking and in learning of mathematics be analyzed? Already in 1961,
Piaget admitted the difficulty to understand what mathematicians call
“intuition”, a way of understanding which has close links with representation
and visualization: “rien n’est plus difficile & comprendre pour un psych-
ologue que ce que les mathematiciens entendent par intuition”. He
distinguished “many forms of mathematical intuition™ (1961, pp. 223-241)
from the empirical ones to the symbolizing ones. From a coghnitive
viewpoint, the question is not easier. Representation refers to a large range
of meaning activitics: steady and holistic beliefs about something, various
ways to evoke and to denote objects, how information is coded. On the
contrary. visualization seems to emphasize images and empirical intuition
of physical objects and actions. Which ones are relevant to analyze the
understanding in mathematics in order to bring out conditions of learning?

Our purpose in this panel is to focus on some main distinctions which
are nccessary to analyze the mathematical knowledge from a lcarning point
of view and to explain how many students come up against difficulties at
each level of curriculum and very often cannot go beyond. Studies about
reasoning, proving, using geometrical figures in problem solving, reading



of graphs... have made these distinctions necessary. They lead not only to
emphasize semiotic representations as an intrinsic process of thinking but
also to relativize some other ones as the distinction between internal and
external representations. They lead also to point out the gap between vision
and visualization. And from a learning po:nt of view, visualization, the
only relevant cognitive modality in mathematics, cannot be used as an
immediate and obvious support for understanding. All these distinctions
find accurate expression in different sets of vognitive variables. Within the
compass of this panel we shall confine ourseives to sketching the complex
cognitive architecture that any subject must develop because it underlies
the use of representations and visualization 1 mathematics.

I. Three key ideas to define a framework
to analyze the conditions of learning

1. The first one is the paradoxical character
of mathematical knowledge

On the one hand, the use of systems of semiotic representation for
mathematical thinking is essential because, unlike the other fields of
knowledge (botany, geology, astronomy, physics), there is no other ways
of gaining access to the mathematical objects but to produce some semiotic
representations. In the other fields of knowledge, serniotic representations
are images or descriptions about some phenomena of the real external world,
to which we can gain a perceptual and instrumental access without these
representations. in mathematics it is not the case.

On the other hand, the understanding of matiematics requires not
confusing the mathematical objects with the used representations. This
begins early with numbers, which have not to be identified with digits,
numeral systems {roman, binary, decimal). And figures in geometry, even
when they are constructed with accuracy, are just representations with
particular values that are not relevant. And they cannot be taken as proofs.

2. The second one is the ambiguous meaning
of the term “representation”

This term is often used to refer to mental entities: image, something away
or missing that 1s evoked and, finally, what subjects understand. In this
context, “mental” representation is considered as the opposite of signs which
should be only “material” or “external” signs. Semiotic. and therefore
external representations, would be at first necessary for the communication
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between the subjects. But this is a misleading division (Duval, 1995b, pp.
24-32) which brings about two very damaging confusions.

When it 1s applied (o the representations, the distinction mental/
external refers to their mode of production and not to their nature or to their
form. In that sense, signs are neither mental nor physical orexternal entities.
More specifically, there is not a term to term correspondence between the
distinction mental/material and the distinction signified/signifiant, because
the signifiant of any sign is not determined by its material realization but
only by its opposite relations to the other signs: it is the number of possible
choices what matters, as Saussure explained it. The binary system and
decimal systems are very trivial examples of this semiotic determination of
significance: the significance of any digit depends not only on its position
but also on the number of possible choices per position. And, as for language,
any use of a semiotic system can be mental or wriiten (that is external).
Thus, mental arithmetic uses the same decimal system like writien
calculation but not the same strategies because of the cognitive cost.

There are two Kinds of cognitive representations. Those that are
intentionally produced by using any semiotic system: sentences, graphs,
diagrams, drawings... Their production can be either mental or external.
And there are those which are causally and automatically produced either
by an organic systent (dream or memory visual images) ot by a physical
device (reflections, photographs). In one case, the content of the
represcntations denotes the represented object: it is an eaplicit selection
because each significant unit results from a choice. In the other case. the
content of representations is the outcome of a physical action of the
represented object on some organic system or on some physical device
(Duval er al., 1999, pp. 32-40). In other words, the basic division is not the
one between mental representation and external representation, which is
often used in cognitive sciences as though it was eviagent and primary, but
the other one between semiotic representation and physical/organic
representation. We cannot deal anyway with a representation without taking
into account the system in which it is produced.

3. The third one is about the need of various
semiotic systems for mathematical thinking

History shows that progress in mathematics has been linked to the
development of several semiotic systems from the primitive duality of
cognitive modes which are based on different sensory systems: language
and image. For example, symbolic notations stemmed from written language
have led to the algebraic writing and, since the nineteenth century, to the



creation of formal languages. For imagery, there was the construction of
plane figures with tools, then that in perspective, then the graphs in order to
“translate” curves into equations. Each new semiotic system provided
specific means of representation and processing for mathematical thinking.
For that reason, we have called them “register of representation” (Duval,
[995b). Thus, we have sceveral registers for discursive representation and
several systems for visualization, That entails a complex cognitive interplay
underlying any mathematical activity.

INTENTIONAL < 1 AUTOMATIC
bringing into play asemiotic system E through activation of organic systems
(mentally or 1
The DENOTE the The IS THE
objectina K of the expericnee of the
A A
e N I PR
s N ' 7 <
# RN | . | | \
non-analogical analogical reproductio internal
disciersive representation I of perceived ofwhat has been
repiesentarions providing a i imitation mental images
statement visualization : n stmulaiion
formulas.. graphs ) A
‘ ‘7 geometrical i
; / [
\_\ // X
The acquisition »f the ‘
systems and their «fntemalizat
requires a very long -

Figure 1. Cognitive classification of conscious representations. This
classification can be expanded more and inclades all kinds of
representations. We can notice the existence of two heterogeneous
kinds of “mental images™: the “quasi-percepts” which are an
extension ot perception (on the right) and the internalized semiotic
visualizations (on the left). Actions like the physical ones (rotation,
displacement, separation) can still be performed on some quasi-
pereepts and their time cost can be measured by reaction times to
comparison tasks.

Firstly, as well as for discourse (description, explanation, reasoning,
computation) as for visualization. we have two kinds of registers: the
registers with a triadic structure of significance (natural language, 2D or
3D shapes representation) and registers with a dyadic structure of
significance (symbolic notations, formal languages. diagrams) (Duval,
1995b, pp. 63-64). Within a dyadic structure any meaning 1s reduced o an
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explicitly defined denotation of objects. Within a triadic structure, we have
meanings playing independently of any explicit denotation of objects and
one must take into account their interplay. We can even fall into a cognitive
conflict between the meaning game, which is proper to the register, and the
denotation set for the representation. For example, the complexity of
geometrical figures stems from their triadic structure of significance.
Secondly, mathematical thinking often requires to activate in parallel two
or three registers, even when only one is externally used, or seems sufficient,
from a mathematical point of view.

This need of various registers of representation gives rise to several
questions that are important in order to understand the real conditions of
learning mathematics. First of all, there is a question about the specific
way of working in each register: what operations are favored, or are only
possible, within each register? This question is not trivial, because there
are several registers for visualization and because they cannot be the same.
Then, there are questions about the change from one register to another
one. Are these changes very frequent or necess~ry? Are they always easy
or evident to make? At last, is there a register more convenient or more
intrinsically suitable for the mathematical thinking than others? It is obvious
that registers with dyadic structure are technically more useful and more
powerful than registers with triadic structure. But natural language remains
essential for a cognitive control and for understanding within any
mathematical activity. These questions may appear unimportant from a
mathematical point of view. Even more, very often a mathematician cannot
see why these questions arise. But from a didactical point of view, they are
those questions that the difficulties of learning pose.

I. How the probiems of mathematics learning
come to light in this framework

1. No learning in mathematics can progress without
understanding how the registers work

Cartestan graphs are very common cxamples because they look
visually easy to grasp. But many observations have shown that most 15-17
year old students cannot discrimimate the cquations y =x +2and y = 2x
when looking at the two graphs presented in Figure 2. Notwithstanding
this kind of failure, students succeed in the standard tasks such as
constructing the graph from a given equation or reading the coordinates of
a point! This kind of fatlure means that graphs cannot be uscful
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Figure 2. Visual discrimination of two elementary linear functions.
This kind of discrimination presupposes that the qualitative values
of two visual variables be distinguished: comparison between the
angle with x-axis and the one obtained by bisection of xy angle,
and position of crossing point with y-axis. Most often students
confine themselves to the visual variable which is not relevant:
how far some points are above x-axis (Duval, 1988).

representations neither to control intuitively some calculations nor to
organize and to interpret data in other fields. And we have similar
observations for each register of representation, even those which look more
natural, like geometrical figures, or which are very utilized, like the decimal
system in which the position of digits determines the operative meaning
(French National Assessment, 1992, 1996).

All these repeated observations show that semiotic representations
constitute an irreducible aspect of mathematical knowledge and that wanting
to subordinate them to concepts leads to false issues in learning. That
amounts to forget the paradox of mathematical knowledge: mathematics
objects, even the more elementary objects in arithmetic and geometry, are
not directly accessible like the physical objects. Each semiotic register of
representation has a specific way of working, of which students must become
aware.

2. We must distinguish two kinds of cognitive operations in
mathematics thinking: “processing” and conversion

Mathematical processes are composed of two kinds of transformations
of representations. There are transformations that are made within the same
register of representation, like arithmetical or algebraic computation. The
semiotic possibilities of generating a new representation from a given
representation are exploited. With the dyadic siructure, these possibilities
depend both on the semiotic system and on mathematical rules. The
geometrical figures give also rise to the intrinsic gestalt transformations of
configurations apart from any previous consideration of mathematical
propertics. These gestalt transformations are like the visual transformations
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that anamorphoses or jigsaws lead to bring into play. We have called
“processing” this kind of transformation.

O~ A~
/N

Figure 3. Visual change of configuration. The figurative units of
any figure can be “reconfigured”, mentally or materially, in another
figure. For this kind of merely figurative transformation, neither
hypotheses nor mathematical justification are required. Very often
problem solving or explanations meant to convince students to
resort to such transformations as if they were immediate and
obvious for every student. Many observations show that this is
not the case. There are factors that inhibit or trigger the «visibility»
of such transformations. We can study them experimentally (Duval,
1995a).

And there are transformations that lay on a change of register: the
representation of an object is “translated” into a different representation
of the same object in another register. For example, when we go from a
statement in native language to a literal expression. The transformation of
equations into Cartesian graphs is another example. We have called
“conversion” this kind of transformation.

- One does not pay very close attention to the gap between these two
kinds of cognitive operations that underlie mathematical processes.
Nevertheless, if most students can learn some processing, very few of
them can really convert representations. Much misunderstanding stems
from this inability. But, very often, teachers attach more importance to the
mathematical processes than to their application to daily life problems or
to physical, or economic problems.

3. Conversion of representations is crucial problem
in the learning of mathematics

Mathematical activity, in problem solving situations, requires the ability
to change of register, either because another presentation of data, which
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fits better an already known model, is required, or because two registers
must be brought together into play, like figures and natural language or
symbolic notations in geometry. From a didactical point of view, only
students who can perforim register change do not confuse a mathematical
object with its representation and they can transfer their mathematical
knowledge to other contexts different from the one of learning. Two facts
show the great complexity of conversion operation.

* Any conversion can be congruent or non-cengruent. When a conversiorn
is congiuent the representation of the starting register is transparent to
the representation of the target register. In other words, conversion can
be seen like an easy translation unit to unit. Very accurate analyses of
the congruent or non-congruent character of the conversion of a
representation into another one can be systematically done. And they
explain in a very accurate way many errors, failures, misunderstandings
or mental blocks (Duval, 1995b, pp. 45-59; 1996, pp. 366-367).

¢ The congruence or the non-congruence of any conversion depends on
its direction. A conversion can be congruent in one way and non-
congruernt in the opposite way. That leads to striking contrasts in the
performances of students, such as those summarized in Figure 4.

Starting Register Target Register 144 students
tl
(ZDRep.) | 1ofk|p / 5_5._»‘/'/ 83
u
TDG of1lmlo 2 Y4

- 2 u 1 0 a C
GIT 34
M/ ol1 1o [a

Figure 4. Elementary task of conversion (Paviopoulou, 1993, p. 84)

Of course, the contrasts caused by the non congruence can be observed in a
systematic way at all stages of the curriculumn, from the more clementary
verbal problems at primary school (Damm, 1992), to the university level.

It is surprising to see that this wide-ranging phenomenon is always
ignored in the teaching of mathematics. Most teachers, mathematicians and
even psychologists pay little attention to the difference of nature between
processing and conversion. These two kinds of cognitive operations are
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grouped together in the unity of mathematical processes to solve a problem.
And when a change of register must be introduced in the learning, one
generally chooses one direction and the cases that are congruent. From a
cognitive point of view, it is frequently a one-sided activity, which is
proposed to students! There 1s something like an instinct to avoid the non-
congruence situations that lead to real difficulties. But they are impossible
to avoid especially when transfer of knowledge is required. Then failures
and blocks are explained as conceptual misunderstanding, what is not a
right explanation, since we have a contrast of successes and failures for the
same mathematical objects in very similar situations. In reality the fact that
students don’t recognize anymore, when direction of conversion is changed,
reveals a lack of co-ordination between the registers that have to bring into
play together. The coordination of registers is not the consequence of
understanding mathematics; on the contrary, it is an essential condition.

4. The learning of mathematics and the progressive
coordination between registers

All these various and continual observations point out to a basic
requirement that is specific for any progress in the learning of mathematics:
the coordination between the registers of representation. This basic
requirement is not fulfilled for most students, what is noticed in a global
way often at the end of learning. For example, many teachers have, in one
way or another, experienced what Schoenfeld (1986) described after a one
yearlong study:

[S]tudents may make virtually no connections between reference
domains and symbols systems that we would expect them to think
of as being nearly identical... the interplay occurs far more rarely
than one would like (pp.239-242)

[T]he students did not see any connection between the deductive
mathematics of theorem proving and the inductive mathematics of
doing constructions... they fail to see the connections or dismiss
the proofs as being irrelevant (pp.243-244) If students fail to see
such obvious connections, they are missing what lies at the core of
mathematics (p.260)

Schoenfeld characterized this splitting rightly like an “‘inappropriate

compartmentalization” (p. 226). But, unlike Schoenfeld’s analysis, the «ind
of operative connections we expect to be made when learning is not between
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deductive and empirical mathematics, proofs and constructions, nor between
mathematical structures and symbol structures, but between the different
registers of semiotic representation. These connections between registers
make up the cognitive architecture by which the students can recognize the
same object through different representations and can make objective
connections between deductive and empirical mathematics. Learning
mathematics implies the construction of this cognitive architecture. It always
begins with the coordination of a register providing visualization and a

register performing one of the four discursive functions (Duval, 1995b, pp.
88-94).

III. Viston and visualization

From a psychological point of view, “vision” refers to visual perception
and, by extension, to visual imagery. As perception, vision involves two
essential cognitive functions.

* The first one consists in giving direct access to any physical object *in
person”. That is the reason why visual perception is always taken as a
model for the epistemological notion of intuition. Nothing is more
convincing than what is seen. In that sense, vision is the opposite of
representation, even of the *“mental images”, because representation is
something which stands instead of something else (Peirce). We shall
call this function the epistemological function.

» The second one is quite different. Vision consists of apprehending
simultaneously several objects or a whole field. In other words, vision
seems to give immediately a complete apprehension of any object or
situation. In that sense, vision is the opposite of discourse. of deduction,
which requires a sequence of focusing acts on a string of statements.
We shall call it the synoptic function.

In fact, visual perception performs in a very imperfect way the
synoptic function. Firstly, because we are inside a three dimensional world:
just one side of things can be seen, and complete apprehension requires
movement, either of the one who is looking at it or of what is seen. In any
case, this movement is a transformation of the perceived content: we have
just a juxtaposition of successive sights which can be full-face, in profile,
from above...Secondly. because visual perception always focalizes on a
particular part of the field and can jump from one part to another one. There
1s no visual perception without such an exploration.

Now we can ask the following question that 1s decisive in the
perspective of learning: are there cognitive structures that can perfarm both
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the epistemological and the synoptic function for the mathematical
knowledge? The previous remarks lead us to answer this question negatively.
More precisely, they lead to distinguish visualization from vision. Unlike
vision, which provides a direct access to the object, visualization is based
on the production of a semiotic representation. As Piaget, who has
highlighted the synthetic inability of 3-5 year old children for the drawing
of geometrical gestalts, explained it:

Le dessin est une représentation, c’est-a-dire qu’il suppose la
construction d’une image bien distincte de la perception elle-
méme, et rien ne prouve que les rapports spatiaux dont cette image
est faite soient du méme niveau que ceux dont témoigne la
perception correspondante (1972, p.65).

We have here the breaking point between visual perception and
visualization. A semiotic representation does not show things as they are in
the 3D environment or as they can be physically projected on a small 2D
material support. That is the matter of visual percept'on. A semiotic
representation shows relations or, better, organizat:on of relations
between representational units. These representational units can be 1D
or 2D shapes (geometrical figures), coordinates (Cartesian graphs),
propositions {propositional deductive graphs or “proof graph”), or words
(semantic networks). And these units must be bi-dimensionally connected,
because any organization requires at least two dimensions to become
obvious. In a string of discrete units (words, symbols, propositions) not
any organization can be displayed. Thus, inasmuch as text or reasoning,
understanding involves grasping their whole structure, there is no
understanding without visualization. And that is why visualization should
not be reduced to vision, that is to say: visualization makes visible all that
1s not accessible to vision. We can see now the gap between visual perception
anu visualization. Visual perception needs exploration through physical
movements because it never gives a complete apprehension of the object.
On the contrary, visualization can get at once a complete apprehensicn of
any organization of relations. We say “can get” and “cannot get” because
visualization requires a long training, as we snall prove it below. However,
what visualization apprehends can be the start of a series of transformations.
that makes its inventive power. This difference between visual perception
and visualization entails two consequences for the learning of mathematics.

Visualization refers to a cognitive activity that is intrinsically semiotic,
that is, neither mental nor physical. Also such expressions as “mental image”,
“mental representation”, *“mental imagery”, are equivocal. They can only
be the extension of visual perception. Accordingly, Neisser wrote:
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“[V]isual image” is a partly undefined term for something seen
somewhat in the way real objects are seen when little or nothing in
the immediate or very sensory input appears to justify it. Imagery
ranges from the extremely vivid nnd externally localized images
of the eidetiker to the relatively hazy and unlocalized images of
visual memory.

(Neisser, 1967; p.146)

Experiments on mental rotation of three-dimensional objects, since
Shepard and Meztler (1971), are in the line of this conception of mental
image as an extension of visual perception. But “‘mental imagery” can also
be a mere visualization, that is, the mental production of semiotic
representations as in mental calculation. Thus in “mind”, we find the split
into two kinds of representation back (Figurel). By resorting to mental
images one does not avoid the difficulties arising from the paradoxical
character of mathematics.

The way of watching is not the same in vision than in visualization.
Two phenomena are confusing this issue. First, when they are graphically
produced, semiotic representations are subject to visual perceptive
apprehension. In that sense, visualization is always displayed within visual
perception or within its mental extension. Second, some semiotic
representations, like drawings, aim at being “iconic” representations: there
is a relating likeness between the representation content and the represented
object. so that one recognizes it (a tree, a car, a house) at once, without
further information. Iconic representations refer to a previous perception
of the represented object, from which to their concrete character. In
mathematics, visualization does not work with such iconic representations:
to look at them is not enough to see, that is, to notice and understand what
i1s really represented.

The use of visualization requires a specific training, specific to
visualize each register. Geometrical figures or Cartesian graphs are not
directly available asiconic representations can be. And their learning cannot
be reduced to training to construct them. This is due to the simple reason
that construction makes attention to {ocus successively on some uniis and
properties, whereas visualization consists in grasping directly the whole
configuration of relations and in discriminating what is relevant in it. Most
frequently. students go no further than to a local apprehension and do not
see the relevant global organization but an iconic representation.

To sum up. visualization, which performs only the synoptic function,
Is not intuition but representation. In that sense, there are several possible
geometrical registers for visualization. Visualization in mathematics is
needed because it displays organization of relations, but it is not primitive,
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because it is not mere visual perception. In this respect, there is leaming
from the geometrical registers. Is there any vision that could perform the
epistemological function? That is a philosophical question. From a cognitive
view, the essential fact is the paradoxical character of the mathematical
knowledge, which exciudes any rcsort to mental representations as direct
grasping of mathematical objects, at least in the didactical context.

IV. How visualization works toward understanding

We have characterized visualization as a bi-dimensional organization
of relations between some kinds of units. Through visualization, any
organization can be synoptically grasped as a configuration. In this way,
we have as many kinds of visualization as kinds of units: geometrical
configurations where units are 1D or 2D shapes or Gestalts, Cartesian graphs
where units are couples {point. coordinates}, propositional graphs where
units are statements... For the visualization of each register of visualization
there are some rules or some intrinsic constraints to produce units and to
form their relations. Thus, geometrical configurations can be constructed
with tools and according to mathematical properties of the represented
objects. One does not draw a pentagon as an oak-leaf or as a flower. There
lies the point where visualization leads away from any iconic representation
of a material object. In the perspective of learning, three problems have to
be taken into account about visualization: the problem of discrimination,
the problem of processing and the problem of coordination with a discursive
register.

1. Hew can the relevant visual features be discriminated?

Unlike iconic representations, visualizations used in mathematics
are not sufficient to know what are the denoted objects. Very early, young
children learn quickly to recognize by themselves images of physical objects.
perhups because schematizations of frequently perceived outlines are
automatically developed. But learning visualization in mathematics is not
quite so easy and successful as it is for physical objects and real environment.

In front of simple Cartesian graphs, most students only have a local
apprehension confined to the associations of points with coordinates. They
do not get a global apprehension of all visual variables, which enables them
to discriminate visually between the different graphs of functions such as

]

y=2-x y=2x, y=x+2.
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In other words, Cartesian graphs do not work visually for most
students except for giving the naive holistic information: the {ine goes up
or down, like a mountain road. But that can be misleading when they have
to compare the graphs of two series of observations. And Cartesian graphs
can perform anyway a checking or a heuristic function in the tasks of
formulae computation or interpretation. No connections can be made
between the different graphs and the definitions, descriptions or explanations
that are displayed in other registers.

Some simple 2D geometrical figures are taught at the primary level:
triangle, circle, different quadrilateral polygons. But all these geometrical
figures are equivocal representations. They can be hard iconic
representations and they are nothing further than an herbarium of
mathematical Gestalts. Or they can work as representations of geometrical
objects and, in this case, they must appear as 2D organizations of | D figural
units. In other words, there are quite different apprehensions of the most
clementary geometrical figures; the one which is according only to the
spontancous perceptive work, and the other which is “discursive™ or
anchored in some statements (definitions, theorems), (Duval, 1998. pp. 39-
40). Thus, with the discursive apprehension, we can have several figures
for the same geometrical object: for example, there are two typical figures
to represent a parallelogram (I and IT in Figure 5).

! ¢ 5 X

| I

Construct a parallelogram of center O
having vne side on DAL another on DC

Figure 5. Which of the two figures, 1 or I, can be useful to solve
the problem? With the visual help of Figure 1, one can only roughly
make the drawing by successive attempts of measurements on DA
and DC. With the visual help of Figure 11, one easily succeeds by
drawing the diagonal DOD’. Although they knew all the properties
of parallelogram, most students failed as if they were confined
themselves to visualization I (Dupuis, 1978, pp.79-81). In fact, I
and IT give a visual help only when one works with configurations
of 1D figural units.

s LJ 16



Such observations have been made many times for very simple
problems (Schoenfeld, 1986, pp. 243-244). And these phenomena are all
the stronger the geometrical figure appears as a joint of several Gestalts
(triangles, parallclograms, circles, straight lines). For most students, there
is like a heuristic deficiency of geometrical interpretation to visuzlization.
But the equivocal character of geometrical figures appears also when a
figure is directly taken for proof and leads to reject any resort to deductive
reasoning. In that case, the figure works as a truc iconic representation
which makes discursive apprehension meaningless. _

All these observations, which can be made anytime and anywhere in
curricula, reveal the intrinsic difficulties of mathematical visualization. The
intricacy of mathematical visualization does not consist in its visual units—
they are fewer and more homogeneous than for the images—but in the
implicit selection of which visual contrast values within the configurations
of units are relevant and which are not. Here is the representation barrier
specific to learn visualization in mathematics. Is it really taken into account
in teaching?

Very often one believes that to learn how to construct graphs or
geometrical figures is enough to learn visualization in mathematics.
Moreover, in this kind of task students get satisfactory results. But any
such a task of construction requises only a succession of local apprehensions:
one needs to focus on units and not on the final configuration. In other
words, a student can succeed in constructing a graph or a geometrical figure
and being unable to look at the final configurations other than as iconic
representations. That is easy to observe and to explain.

Constructing a graph requires only to compute some coordinates and
to plot a straight line, a curve: one goes ever from data tables, or from
equations. to graduated axis. But visualization requires the opposite change:
one must go from the whole graph to some visual values that point to the
characteristic features of the represented phenomenon or that correspond
to a kind of equation and to some characteristic values within the equation.
Therefore, visualization causes the anticipation of the kind of equation to
find out. And this gap between local apprehension and global apprehension
that can exist to the end of the construction is more important for geometrical
figures than for graphs. The reason is that from a geometrical figure we
have not one but many possible configurations or subconfigurations. And
the relevant configurations or subconfigurations in the context of a problem
are not always those highlighted at first glance. What we called above a
heuristic deficiency is like an inability to go further from this first glance.
What reason is 1t due to - teaching or some cognitive way of working?
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2. Visualization and figural processing

In order to analyze any form of visualization there is a key idea: the existence
of several registers of representation provides specific ways to process each
register. Thus, if geometrical figures depend on aregister, that 1s, on a system
of representation, we must obtain specific visual operations that are peculiar
to this register and that allow to change any initial geometrical figure into
another one, while keeping the properties of the initial figure. What are
these visual operations?

Three kinds of operations can be distinguished according to the way
of modifying a given figure (Duval, 1988, pp. 61-03; 19954, p.147):

(a) The mercologic way: you can divide the whole given figure into parts
of various shapes (bands, rectangles) and you can combine these parts in
another whoie figure or you can make appear new subfigures. In this way.
you change the shapes that appeared at the first glance: a parallelogram is
changed into a rectangle, or a parallelogram can appear by combining
triangles. We call “‘reconfiguration™ the most typical operation.

=/ LN

Figure 6. Figural processing by reconfiguration. Apprehension of
this transformation within the only starting figure can be inhibited
by the visual difficulty of do: Hle use of one sub-figure. But the
starting figural frame is not changed like in the examples in Figure
3.

(b) The optic way: you can make a shape larger or narrower, or slant, as if
you would use lenses. In this way, without any change, the shapes can
appear differently. Plane figures are seen as if they were located in a 3D
space. The typical operation is to make two similar figures overlap in depth
(Duval, 1995 b, p.187): the smaller one is seen as it was the bigger one at
the distance (See Figure 7).

(¢) The place way: you can change its orientation in the picture plane. It is
the weakest change. It affects mainly the recognition of right angles, which
visually are made up of vertical and horizontal lines.
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Figure 7. Figural processing by overlapping in depth of two similar
figures

These various operations constitute a specific figural processing
which provides figures with a heuristic function. One of these operations
can give an insight to the solution of a problem. We call it the operative
apprehension of a given figure. It is different both from perceptual and
discursive operation.

Operative apprehension is different from perceptual apprehension
because perception fixes at the first glance the vision of some shapes and
this evidence makes them steady.

(Starung figure) ¢

F
Comparison probiem : 15 the periineter of the triangle ABC
greater, equal or smaller than the length of the two
segments EA and AF?

g _E
A r
. C.:_
F
subconfiguration or shape orgamsation (1) subconfiguration or shape orgamsation (I1)

(key figure) F

Figure 8. The perception of the starting figure highlights the shape
organization (I) ana makes it steady. But solving the problem
rcquires the apprehension of the shape organization (iII). Changing
the perceptual apprehension of (I) into a perceptual apprehension
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of (II) constitutes a non-natural jump, because the symmetry axis
AO sets forward the triangie within which the side BC is like an
indivisible visual unit. Changing (I) into (II) requires looking at
BC as a configuration of two segments! Moreover, the starting figure
can be constructed without having to take into account the shape
organization (II) with BO and BC as symmetry axis. Less than
fifty per cent of 14-year-old students succeeded such a jump. And
key figure does not help them for that (Mesquita, 1989, pp. 40, 68-
69 Pluvinage, 1990, p. 27). However, by changing just a little the
problem statement, and therefore the starting figure, all students
can succeed: by naming I the point of intersection between AO and
BC and by asking them to compare BT and IC, students are led to
look at BC as a configuration of two segments. In that case, the
statement of the problem becomes a congruent description of the
subconfiguration (II), and geometrical visualization is reduced to
an illustration function (Duval, 1999). But the learning problem is
bypassed. A true didactical approach requires to embrace the whole
range of variations of the conditions of a problem and to bring out
the various factors that make them clear. It i1s only on the basis of
students’ knowledge that teachers can organize learning sequences.

In operative apprehension, the given figure becomes a starting point
in order to investigate others configurations that can be obtained by one of
these visual operations. In this respect, operative apprehension can develop
several strings of figures from a given figure. According to the stated
problem, one string shows an insight to the solution. The ability to think of
drawing some units more on the given figure is one of the outward sign of
operative apprehension. Now we can pose well the problem of heuristic
deficiency: why perceptual apprehension does not ever lead to operative
apprehension? For each operation, we were able to identify visual variables
that trigger or inhibit the visibility of the relevant subfigure and operation
within a given figure. And we were able to define the conditions of their
influence on operative apprehension. Even the use of key figures in problem
solving depends on these visual variables. Therefore. it would be naive to
believe that providing students with key figures would help them in problem
solving. At the least change in the starting figure, most students do not
recognize the correspondence with “he key figure anymore. The visual
variables must be taken into account in teaching. Their study opens an
important field of research in order to understand the way cognition works
for visualization in geometry (Duval. 1995a, pp.1438-154: 1998, pp. 41-
46).
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Operative apprehension is independent of discursive apprehension.
Vision does not start from hypotheses and does not follow from mathematical
deduction. Otherwise, geometrical figures would not perform a heuristic
function but only an illustrative function (Duval, 1999). That is the blind
spot of many didactical studies. They do not differentiate between
visualization and hypotheses, which Zepend on two heterogeneous registers
of representation, and they subordinate the way of working of visualization
to the way of working of deduction or of computation. In fact, shape
recognition is independent of shape size and of perimeter magnitude. For
example, when hypotheses include numbers as measures of sides or
segments, operative apprehension is neutralized and the figure fulfiils only
an illustrative or support function. We can have even a conflict between the
figure and the measures leading to a paradox. The most well known case is
the reconfiguration of an 8 x 8 square into a 5 x 13 rectangle, within which
a parallelogram is perceptively reduced to a diagonal.

Figure 9.

Visnalization consists only of operative apprehension. Measures are
a matter of discursive apprehension, and they put an obstacle in the way
not only for reasoning but also for visualization. Usually, the introduction
of “geometrical figures” runs against this fact. Mathematical tasks are
conceived as if the perceptual, discursive and operative apprehensions were
insepurable! And the general outcome for most students is the inhibition of
operative apprehension and a lack of interplay between perceptual and
discursive apprehension.
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3. Transitional visualization and development of the
coronation of registers of representation

There is an introspective illusion that often distorts the analysis of
mathematics learning processes. What is simple from a mathematical point
of view appears also simple from a ccgnitive point of view when we are
becoming experts. In fact, more often than not, what is taken as
mathematically simple becomes cognitively evident only at the end of
learning (Duval, 1998c). That is why assuming these simple-evident
conditions cannot be taken as a starting point for learning and teaching. As
I said above (I1.4), learning mathematics implies the construction of this
cognitive architecture that includes several registers of representation and
their coordination. Thus geometrical figures used to solve problems involves
some ability in operative apprehension and awareness of how deductive
reasoning works. Students do not come into such apprehension and
awareness by themselves. Moreover, some coordination is required between
operative apprehension, discursive apprehension and deductive reasoning.
In other words, geometrical activity requires continual shifts between
visualization and discourse. In order to achieve such coordination another
kind of visualization is required.

The introduction of graphs in proof learning is well known since
their use with computer tutor (Anderson et al., 1987). This example is
interesting because it shows the hidden cognitive complexity of any
visualization. In front of that use we must ask two questions:

 Firstly, what can be visualize from any propositional graph?

* Secondly, what kind of task makes the students able to understand proof
by means of visualization?

The answer to the first question seems easy. “Proof graphs™ display
the whole deductive organization of propositions like a tree structure. But
from that. one does not visualize how such organization works. The essential
point is not visible on a graph: each connection is only based on the status
of the connected propositions, and we have three kinds of deductive status.
And in order to be able to become aware of this point. one must succeed at
least once in constructing a whole proof graph. That concers to the second
question, we find two kinds of task: to construct oneself the whole graph or
to find out forward and backward paths from hypotheses to the to-be-proven
statement. which are already given at the top and at the bottom of screen.

In Anderson’s research, proof graph was used to provide heuristic
help “during problem-solving™. Hence the second kind of task was chosen.
As to what graph is expected to visualize, 1t 1s mainly “a hint in the form ot
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suggesting the best nodes from which to infer” (Anderson et al., 1987,
p.116). In other words, proof graph must focus attention on the new step to
find out in order to progress. This way of using a graph turned out to be
aisappointing. And it 1s ~asy to know why. On the one hand, a graph cannot
perform a heuristic function in geometry problem solving: that depends on
figural processing. On the other hand, if the goal is to undersiand how
deductive organization of propositions works, the task has the crucial point
bypassed. In fact, proof graph becomes a helpful visualization for the
students only when they have to construct it by themselves according to
rules explaining how to shift the status of propositions into visual values.
Then proof graph can visualize not a particular proof of the to-be-proven
statement, but how any proof works (Duval, 1989, 1991). To understand
how a mathematical proof works and why it does not work, as other language
reasoning is the necessary condition for being convinced by a mathematical
proof. We are there on the crucial threshold of learning in mathematics.
Under very specific conditions, proof graph is a kind of visualization that
allows one to explore and to check our own understanding of deductive
reasoning. Once this threshold is crossed, proof graph becomes useless and
interplay can start between deductive reasoning and geometrical figures.
Proof graph is a transitional visualization that furthers register coordination.
It may more evident for proving than for any other mathematical
activity, that what is mathematically simple is cognitively complex and can
be understood only at the end of learning. Heterogeneous ways of working,
specific to each register, must be first learnt in parallel. Is it possible to lead
frontally all the training that this requires? For experimental reasons, our
researches have aimed separately at cach register and we have identified
some conversion problems. But, recently, an attempt to join all the aspects
involved in proof activity has been made within a computational
environment (Luengo, 1997). And this attempt seems to be promising.

STATEMENTS IN NATURAL LANGUAGE GEOMETRICA L. FIGURE

o e Perceptual ap = Operative ap
I p p

L Deductve reasoning [nscursive apprehension. «

way of mathematcal working
i asttuahon of geometty problem solving

Figure 10. Skills and coordinations to be developed in mathematics
education. Most often students confine to perceptual apprehension
and reduce discursive apprehension to simple denomination of
recognized shapes.
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Conclusion

There is no direct access to mathematical objects kat only to their
representations. We cannot compare any mathematical object to its
representations, as we can compare a model with its photo or its drawn
image. This comparison remains attached to epistemological patterns to
analyze knowledge (Platon, Res Publica VI 510 a-e, X 596 a-e), and it
cannot be relevant in mathematics and in teaching of mathematics. We can
only work on and from semiotic representations, because they are the means
of processing. At the same time we have to be able to activate in parallel
two or three registers of representations. That determines the three specific
requirements in learning of mathematics: to compare similar representations
within the same register in order to discriminate relevant values within a
mathematical understanding, to convert a representation from a register to
another one; and to discriminate the specific way of working in order to
understand the mathematical processing that is performed in this register.
This is not the familiar way of thinking. And it is the reason why an
anchorage in concrete manipulations or in applications to real situations is
often pursued in order to make sense of the activity proposed. But that
comes often to a sudden end, because it does not provide means of transfer
to other contexts. Besides, representation becomes usable in mathematics
only when it involves physical things or concrete situations. We find the
same problems with visualization use, whatever the register be, it focuses
on a synoptic way, organization of particular units and it does not show
objects as any iconic representation. One does not look at mathematical
visualization as one does at images.

Mathematical activity has two sides. The visible or conclusive side
is the one of mathematical objects and valid processes used to solve a given
problem. The hidden and crucial side is the one of cognitive operations by
which anyone can perform the valid processes and gain access to a
mathematical object. Registers of semiotic representation and their
coordination set up the cognitive architecture which anyone can perform
the cognitive operations underlying mathematical processes. That means
that any cognitive operation. such as processing within a register or
conversion of representation between (wo registers, depends on several
variables. To find out what these variables are and how they interact is an
important field of research for learning mathematics. Indeed, from a
mathematical point of view only one side matters, from a didactical point
of view the two sides are equally essential. In concrete terms, any task or
any problem that the students are asked to solve requires a double analysis,
mathematical and cognitive: the cognitive variables must be taken into
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account in the same way as the mathematical structure for “concept
construction” (Duval, 1996). But for that, teachers must know themselves
these variables and take them into account as didactical variables. They
must be able to analyze the function that each visualization can perform in
the context of a determined activity (Duval et al., 1999). We are here in
front of an important field of research. But it seems still often negiected
because most didactical studies are mainly centered on one side of the
mathematical activity, as if mathematical processes were natural and
cognitively transparent. There is no true understanding in mathematics for
students who do not “incorporate” into their “cognitive architecture” the
various registers of semiotic representations used to do mathematics, even
those of visualization.
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ON THE DEVELOPMENT OF HUMAN REPRESENTATIONAL
COMPETENCE FROM AN EVOLUTIONARY POINT OF
VIEW: FROM EPISODIC TO VIRTUAL CULTURE!

James J. Kaput
Department of Mathematics
University of Massachusetts—Dartmouth

The modern human mind evolved from the primate mind
through a series of major adaptations, each of which led
to a new representational system. Edach successive new
representational system has remained intact within our
current mental architecture, so that the modern mind is a
mosaic structire of cognitive vestiges from earlier stages
of human emergence (Donald, 1991).

INTROGDUCTION

Recent work by evolutionary psychologist Merlin Donald (1991) argues
that human cognition has developed across evolutionary time through a
series of four distinct stages, each growing out of its predecessor and yielding
its own cultural form. They began with episodic (ape-like) memory and
passed through mimetic (physical-action-based), mythic (spoken), and
theoretical (written) transformations. David Williamson Shaffer and I have
argued that we are entering, via computational media, a fifth stage of
cognitive development leading to a virtual culture, which will replace the
writing-based theoretic culture and which will support and be supported by
a new hybrid mind, just as each of the predecessor stages subsumed its
prior stage (Shaffer & Kaput, in press). [ also draw upon recent work by
Terrence Deacon (1997), who argues that the development of human
linguistic competence needs to be viewed in a new way, through the co-
evolution of brain and language, and where the major defining features of
real human language are its embodiment of a relatively small number of
recombinable (syntactical) elements and symbolic reference, features not
shared by communication devices used by other species.

I suggest that the evolutionary perspective needs to complement
mathematics educators” other ways of understanding the learning and use

' This paper draws upon jomnt work with David Williamson Shatfer which
appears in a recent issuc of Educational Studies in Mathematios. My work in
the paper was supported by Department of Education OFRT grant



of mathematics, especially the semiotic side of the subject. It turns out that
mathematics has played a critical role in the deveiopment of both writing
and computational media, each the means by which .. new stage of cognition
was reached. Further, our understanding of language. especially its
referential nature and its refationship to brain function, has implications for
how we understand the symbolic aspects of mathematics and how they
may be leamed. [ will recount first the Merlin Donald analyses and then
move on to describe the new stage into which we are emerging.

Four Stages of Mental Evolution: An Overview?

In Origins of the Modern Mind (Donald, 1991), Merlin Donald argues from
anatomnical, psychological, linguistic and archeological evidence of human
evolutionary development that human culture has gone through four distinct
stages of development. He suggests that each of these stages of cultural
development was driven by a specific cognitive advance, and that these
changes in cognition led to changes in brain development as well as new
kinds of communication and social interaction. These assertions are
consistent with those made by Deacon (1997). See Figure | for a timeline
that situates the stages within our species’ evolution.
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Figure I: A Four Million Year Timeline

- This section draws upon Shafle & Kaput (in press)
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Stage 1: Episodic Cognition

The first stage Donald outlines is essentially that of primate (ape-like)

cognition with origins among early primates more than three million years
ago. This stage is based on “episodic” thought, which Donald describes as
thinking based on literal recall of events. Apes can remember details of, for
example, a social interaction, and can even recall those details in context—
thus an ape might “remember” that a larger male is dominant becausc he
can recall a fight where the dominant male won. But, as Donald and many
studies of primate behavior make clear, apes do not “represent” events in
the sense of attaching labels to events or generalizing from events except
in a straightforward associative way. They do not process events other than
storing their images in episodic memory, apparently with acute event
perception. Referential language as we know it does not play a role, because
there is no substantive semantics that might relate situations or events beyond
direct, conditioned associations—there is nothing for that kind of language
to “be about,” and there is no separation possible between event and
cognitive replay of the event. Donald argues that apes who have learned
‘rudimentary sign language are essentially storing and using the signs in
much the same way as they would process any kind of conditioning—they
“remember” signs as responses leading in certain circumstances toward
pleasure or away from pain (p. 154). Deacon (1997) argues that this 1s not
language in the general sense of embodying real (flexible) reference and
real generative syntax. Nonetheless, it served primitive social and survival
needs very well, for millions of years.

Stage 2: Mimesis—the Roots of Reference

Episodic cognition provided a basis for social interaction by giving
carly hominids the ability to recall previous events and respond accordingly.
This rudimentary socialization was extended by the development of the
fundamental ability to “represent” cvents physically dating from homo
crectus about 1.5 mithon years ago (see Figure 1). Donald describes this as
“mimesis.” or “the ability to produce conscious, self-initiated,
representational acts that are intentional but not linguistic” (p. 168). For
cxample, following the gaze or pointing gesture of another requires an
understanding that their gestures are referring to something of interest. Or,
more dramatically, reenacting or replaying events using the body or objects
shows a basic ability to process events and to communicate about them to
oncself and to others—the beginnings of (1) creating an autonomously
controllable self separate from the world and (2) a base for intentionality.
This form of communication also helps explain social changes and other



achievements such as increasingly elaborate tools, migration out of Africa,
seasonal base camps, and the use of fire and shelters——all before spoken
language would be physiologically possible. Hence much more is involved
than what Piaget would call the development of the sensori-motor child.

Even in modern humans, mimesis is usually an elaboration of
or a summary of episodic experience ... The representation of
skills, whether in crafts or athletics, involves an episodic re-
enactment. In modeling social roles, events are assembied in
sequences that convey relationships. They resemtle the events
as they occur in the real world; in fact they could be seen as
an idealized template of those events. ... Episodic event
registration continues to serve as the raw material of higher
cognition in mimetic culture, but rather than serving as the
peak of the cognitive hierarchy, it performs a subsidiary role.
The highest level of processing in the mimetically skilled brain
is no longer the analysis and breakdown of perceptual events;
it is the modeling of these events in self-initiated motor acts.
The consequence, on a larger scale, was a culture that could
model its episodic predecessors. (pp. 197-8)

Donald argues that this ability to represent events was not (and 1s not)
dependent on language. The morphological changes requirad for the
development of speech are quite dramatic, and therefore unlikely to occur
without some evolutionary pressure favoring the ability to communicate
using language. Donald believes that the evolution of language was
dependent on this prior cognitive development: namely, the development
of crude symbolic reference usable in a voluntary way (as opposed to alarm
calls, mating sounds, etc.) It also reflects neurological evolution, especially
the substantial enlargement of the brain and changes in its structure as
reflected in evidence from the available fossil record. It is also essential
for the level of social attribution necessary for the social structures known
to exist during this period. Finally, he argues, this form of communication
is consistent with self-generated practice (“auto-cued rehearsal™) and
pedagogy based on mimicry.

Stage 3: The Emergence of Syntax and Real (Spoken) Language and
the Mythic Culture

The development of language marked the arrival of a “mythic” culture
based on narrative transmission of cultural understanding, comprising the
third stage beginning about 300,000 years ago (see also Bruner, 1973, 1986,
1996). I will quote Donald directly and extensively.
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[Language’s] function was evidently tied to the development of

integrative thought — to the grand unifying synthesis of formerly

disconnected, time-bound snippets of information. ... The myth is

the prototypical, fundamental, integrative mind tool. It is inherently

a modeling device, whose primary level of representation is

thematic. The preeminence of myth in early human society is

testimony that humans were using language for a totally new kind

of integrative thought. Therefore, the possibility must be entertained

that the primary human adaptation was not language qua language

but rather integrative, initially mythical, thought. Modern humans

developed language in response to pressure to improve their

conceptual apparatus, not vice versa. (p. 215).
From Deacon’s (1997) perspective, we need to be aware of another factor—
the fact that the emergence of language and changes in the brain occurred
in concert. That is to say, language evolved according to the young child’s
brain’s ability to learn it—and vice-versa. The next quote heips set the
scale of the changes we are concerned with as we contemplate the move to
what we will term the “virtual culture.” In particular, the meaning of what
it is to be luenan was deeply transformed, anatomically and socially, as
rapid and fluent spoken language emerged.

Mythic culture, like all major hominid innovations before it, was a

complete pattern of cultural adaptation, including some very

complex anatomical adaptations....Changes occurred in most areas

of the brain, as well as to many peripheral nerves and receptor

surtaces. There was major muscular and skeletal redesign, including

the face, body mass, cranial shape, respiration, and posture; there

was a revolution in social structure; and there was a great change

in the fundamental survival strategies of the human race. The entire

nervous system had to adjust to its new selection pressures and

changing conditions; it was not a simple matter of acquiring a new

“language system™ with a cleanly isolated cerebral region attached

to a modified vocal tract. (p. 263)

Another important factor to be acknowledged 1s the new role of spoken
language as a creator and organizer of human experience, and how this role
was manifest both psychologically and culturally.

Mythic integration was contingent on symbolic invention and
on the deployment of a more efficient symbol-making
apparatus. The phonological adaptation. with 1ts articulatory
buffer memory, provided this. Once the mechanism was in
place for developing and rehearsing narrative commentaries



on events, and expansion of semantic and propositional
memory was inevitable... . At the same time, a major role in
attentional control was assumed by the language system. The
rehearsal loops of the verbal system allowed a rapid access
and self-cueing of memory. Language thus provided a much
improved means of conscious, volitional manipulation of the
modeling process. (p. 268)

I should note that Donald is by no means a naive realist in his use of the
word “modeling” above. He well understands—-and indeed this is one of
his key lessons—that humans build worlds by building world-making tools
on an evolutionary scale, not only on a developmental scale. Indeed, this is
one of the reasons we need to attend to the evolutionary perspective.
Relatedly, in her recent book on language and development, Katherine
Nelson (1996) accepts Donald’s categorization of stages of mental
development, but argues that in individual (as opposed to evolutionary)
development, the evolutionary relationship Donald describes between
representation and language is reversed. That is, Nelson argues that culturally
available language drives, or at least strongly influences, individual cognitive
development (as well as symbolic competence). Language provides an
external structure that scaffolds a child’s ability both to represent events,
and later to develop narrative and categorical understanding of its world,
where its world is already richly structured linguistically. Papert has made
a similar point about the development of mathematical understanding in
the context of a mathematically-rich surrounding culture (Papert, 1980).
In other words, it seems reasonable, probably obvious, that characterizations
of evolutionary development of a cognitive ability and individual
development of the same ability might differ—and that the evolutionary
development of a new form of representation might have profound
developmental consequences.

Stage 4: The Emergence of Writing Part 1: The Semiotic and
Psychological Sides

The fourth stage Donald identifies is that of “theoretic culture,” a culture
based on written symbols and paradigmatic thought. Again, Donald argues
that the principal driver here was in the needs for a new cognitive ability
rather than a new means of expression. In this case, the need to work with
complex phenomena drove the development of pictographic external
representations beginning 30-50 thousand years ago. While these showed
up earliest, and apparently in the service of mythic ritual (e.g.. the many
lce-Age cave paintings in uninhabited ceremonial places). they use episodic
reference (realism), grew out of mimetically organized and transmitted
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manufacturing skill, and drew upon the kind of conceptual skill that made
and maintained the mythic stories. However, they seemed not to evolve
into either ideographic or phonologically-based forms of expression, which
appear in the historical record very late, about 6000 and 4000 years ago,
respectively—at the emergence of cities and city-states and the associated
commerce.

Many, but by no means all, recorded societies have developed
pictographic competence, but only about 10% have developed some form
of indigenous writing, and fewer still actually produced a body of written
literature of any kind, so pictographic notation seems to be relatively
independent as a means of expression.. The record-keeping needs of
commerce and astronomy drove the creation of external symbol systems
(p. 333ff), of which mathematical notations were probably the first as argued
in great detail by Denise Schmandt-Besserat (1978, 1992, 1994). She
provides detailed descriptions of how marked 1contc clay tokens repres “nting
traded quantities (e.g., the number of containers of grain, or vessels of oil)
were impressed on the outsides of the clay envelopes that contained them.
These envelopes containing the tokens, with two dimensional impressions
of their contents on the outside, were accounting records. Over two millennia
ot more the redundant tokens gradually were replaced by their aescriptions
on the outsides of the envelopes, which, in turn, became clay tablets with
increasingly stylized cuneiform markings impressed on them.

Of special interest to mathematics educators is the matter of how
quantities came to be expressed, how the new degrees of freedom available
in visual (over oral) representation were employed to convey information
and the intentions of the writer (who was usually a highly trained scribe),
and the question of how phonetic writing (writing based on the representation
of sounds—phonemes) related to the strictly visual starting points of writing.
While space limitations prevent a full discussion (these issues are the subject
of entire scholarly fields), we can summarize a few of the more salient
findings.

Apparently, number symbols constituted the first purely visual, non-
iconic and non-phonetic symbols. And in the various ways that larger
numbers were represented, via embedding and grouping, we see the
beginnings of systematic structure being imposed on the two dimensional
space—driven by the need to be unambiguous in matters of trade and
accounting. Of special interest is how the idea of representing a quantity
efficiently and unambiguously scemed to emerge. According to Harris
(1986). the essential step (which he identifics as the starting point of writing)
was the invention of the “slotting™ systems for accounting to overcome the

3o 02



inefficiencies of repetition required of iterative token systems. Previously,
the accountant had to count every item, every token, or every token-symbol,
when making up a total or determining a balance. Each item was individually
represented in a kind of “count-all” system. As trade increased to involve
thousands of items, this system was errcr-prone and inefficient, and led to
the use of “slots™ in lists to represent, for example, the kind of item in one
slot , and the number of such items in another slot. Thus lists took on new
form, with explicit places for suct: things as the properties of items (e.g.,
new, old, paid-for, owned-by), type of item (e.g., sheep, jar of oil), and the
number of such item. Thus there were distinct places for different kinds of
signs, with an implicit linguistic structure that was, in turn, not designed as
a way of encoding specch, but rather as an independent visual expression
of the mental models and intentions of the writer. The invention of writing
and the invention of a way to represent quantities seem to coincide!

The resulting system that evolved over the millennium or more that
followed was highly complex, required skilled interpretation, and used all
kinds of different conventions, including mixes of phonetic, pictographic,
spatial, and other grammatical markings intended to reduce ambiguity. This
complexity evolved not only in cuneiform texts, but in Egyptian
hieroglyphics (which tended more rapidly towards phonetic representation),
and in Chinese ideographs (which did not) as well as in Mayan writing
(which was less standardized and allowed the writer more flexibility). In
all these ¢:'stems, mapping onto a sound-stream was subsidiary to the
expression of ideas. Indeed, the remarkable success of Chinese ideographic
writing over several millennia, despite the complexity that prevented
universal literacy, makes clear the functional independence of writing from
speech —writing did not arise as the encoding of speech.

Nonetheless, over several millennia of evolution in the Mediterranean
basin and the Middle East, apparently driven by the need to counter the
pull towards complexity in expression, and the simultaneous need to support
an ever wider literacy, scripts became ever more phonctic, with smaller
clusters of signs (syllabaries) specifying individual sounds, leading to the
Arabic, Hebrew, Aramaic and Phoenician alphabets about 3500 years ago—
all of which had a few dozen orless of such sets of signs. And about 3000
years ago, the Phoenician alphabet was adapted by the Greeks to form what
has become the basic alphabet of Indo European languages—about two
dozen recombinable marks with which to create strings of visual marks
that map onto a sound stream—the pre-existing speech system-—and vice-
versa. This solved the complexity problem by tapping iato an existing
powerful ana flexible system while sacrificing some of the directness of
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purely visual systems. Both Deacon (1997) and Donald distinguish between
communication and the use of specific language systems, and Donald points
out that actual communication even today involves a mix of alphabet-based
writing, ideograms (sometimes called “icons” nowadays), pictograms, and
logograms—as well as gesture and various forms inherited from mimetic
culture. This is especially true in mathematics, where a large variety of
non-phonetic logographic signs are used (parentheses, bars, brackets,
slashes, dots, operation signs, etc) as well as varieties of positional
conventions, e.g., exponents, fractions. In some ways, mathematical writing,
in its flexible exploitation of two dimensional space and non-phonetic
character, shares features with the early writing forms. And it also shares
the complexity problem that limits broad learnability—which keeps
mathematics education researchers 111 business. It also lacks one of the
strengths of alphabetic writing, which can draw upon acoustic memory
(“*sounds like ...").

Donald traces out the different neurophysiological changes in memory
processing assoctated with the different kinds of external representation
systems, including parallel visual and auditory processing associated with
alphabetic systems. One basic point is that the nature and processing of the
biological mind is changed, and changed in different ways, by the presence
of different physical notation systems. Old neurological structures come
to be used in new ways since there isn’t time for biological evolution to
have an effect.

Stage 4: The Emergence of Writing Part 2: The Theoretic Culture Side

Writing, and hence the existence of stable external representations,
involved two profound changes: (1) a shift from auditory to visual
modalities, and (2) a move to deeply engage non-biological means to suppoit
mental processes. But before writing, 4000 years ago, an enormous amount
of practical knowledge had already been built at widely dispersed locations
across Europe, Asia, and Central America, knowledge that did not require
sophisticated writing—domestication of animals and plants, sewing,
metallurgy of various kinds, sailing ships, beer and wine, baked bread, and
so on. In the form of early astronomy, the beginnings of scientific thinking
in the sense of sclective observation, data collection and organization, and
cven prediction, were also in place, often using external measurement and
data collection devices such as the specially organized sets of stones in
Stonchenge. These kinds of invention had practical uses, both for
agricultural and socto-cultural purposes, and, to a certain extent, amounted
to working models. While mtellectual theorizing had yet to begin, the



practical progress created an increase in wealth that would (for the political
elite) create room for a version of academic life in Greece about 2700 years
ago.

In addition to the non-cognitive enabling practicalities, and a certain
political openness to the exchange of ideas, the availability of alphabetic
writing “eventually created the inteltectual climate for fundamental change:
the human mind began to reflect on the contents of its own representations,
to modify and refine them” (Donald, 1991, p. 335). This lead to the birth
and rapid growth of analytical philosophy and logic, mathematics (especiaily
geometry and the idea of proof), biology (especially systematic taxonomy
and embryology), geography, among other fields such as theater, politics,
ethics and architecture, that began the “theoretic culture.” Somehow, the
structure of the humnn thought process had suddenly changed. How and
why?

The key discovery that the Greeks made seems to have been a

combinatorial strategy, a specific approach to thought that might

be called the theoretic attitude. The Greeks collectively, as a society,

went beyond pragmatic or opportunistic science and had respect

for speculative philosophy, that is, reflection for its own sake. ...

In effect. the Greeks were the first to fully exploit the new cognitive

architecture that had been made possible by visual symbolism. ...

The critical innovation was the simple habit of recording speculative

ideas—that is, of externalizing the process of oral commentary on

events. Undoubtedly, the Greeks had brilliant forebears in

Mesopotamia, China. and Egypt; but none of these civilizations

developed the habit of recording the verbalizations and speculations,

the oral discourses revealing the process in action. The great

discovery here was that, by entering ideas, even incomplete ideas,

into the public record, they could later be improved and refined.

Written literature for the first time contained long tracts of

speculation—often very loose speculation—on a variety of

fundamental questions. The very existence of these books meant
that 1deas were being stored and transmitted in a more robust,
permanent form than was possible in an oral tradition. Ideas on
every subject, from law and morality to the structure of the universe,
were written down, studied by generations of students, and debated,
refined and modified. A collective process of examination, creation,
and verification was founded. The process was taken out of
birological memory and placed in the public arena, out there in the
media and structures of the Externatl Symbolic Storage System. ...

36



They founded the process of externally encoded cognitive exchange
and discove.y. [italics in original] (p. 342)

Over the two millennia since this breakthrough, progress in the
application of this evolutionary innovation has been slow and irregular.
For the first thousand years, while thought and effective use of language
were held in highest value across western civilization, the actual exercise
of these values were primarily in the form of oral debate—although the
rules of rhetoric and the various curricula intended to teach them were
recorded in writing, with Aristotle’s rhetoric being the foundation.. These
values were also given expression in the core curriculum structures that
were at the heart of the universities founded at the beginning of the next
thousand years, especiaily in the Trvium, which focused on logic, grammar
and debate and gradually shifted from oral towards written forms. But, of
course, specialized knowledge exploiting externalized thought processes
and specialized symbol systems , and their products, began to grow more
rapidly in the past 400 years, a growth that is accelerating. Formal
arguments, systematic taxonomies, induction, deduction, verification,
differentiation, quantification, idealization, formal measurement, detailed,
systematic analyses, all subject to continual iterative public scrutiny in a
shared extra-cortical space that extends in time across generations yield
systems of thought that feed recursively on themselves. And with the
invention of the printing press, the number of participants could likewise
grow. Indeed, because the central material object of the theoretic culture 15
the hook, the printing press would have such a profound effect on the shape
of our societies, at least western societies (McLuhan, 1962).

At the same time, as Donald suggests, the mythic forms of meaning-
making and significance, continues to coexist with this theoretic one after
tens of thousands of years.

The first step in any ncw arca of theory development is always

anti-mythic: things and events must be stripped of their previous

mythic significances before they can be subjected to what we call

“objective” theoretical analysis ... “demythologized.” ... Before

the human body could be dissected and catalogued, 1t had to be

demythologized. Before ritual or religion could be subjected to

“objective” scholarly study, they had to be demythologized. Before

nature could be classified and placed into a theoretic: | framework,

it too had to be demythologized. Nothing illustrates the transition

from mythic to theoretic culture better than the process of

demythologization, which is still going on, thousands of years after

it began. The switch from a predominantly narrative mode of
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thought to a predominantly theoretic mode apparently requires a
wrenching cultural transformation. (p. 275)

The Hybrid Mind At Work in a PME Plenary

Donald argues that all of these ways of thinking—episodic, mimetic,
narrative, and theoretic—exist simultaneously, and that we move among
and use them in a fluid way. So, for example, a plenary PME lecture
(spoken!) involves mimetic, mythic and theoretic written representation.
Episodically, you are likely to recall whether the speaker perspired, or
scemed engaging, or sneczed, and you see the speaker’s inevitable mimetic
gestures ‘and motions, perhaps accompanied by non-written graphics. We
cannot ignore the mythic context, which serves to define the social, political
and participation structures of the event. One might even characterize the
almost (but not entirely) ritualistic repetition of the “history and aims of
PME,” as well as the honor given to its founders in our shared documents,
as residual mythic elements. But at the same time we attemipt to build
science within the theoretic cultare. And, of course, the entire event has at
its core the “paper.” stored in the proceedings that are laboriously constructed
and that we happily carry home with us. Donald refers to the “hybrid
mind™ as our means of actively and generatively embodying all the cultural
and representational forms that preceded us.

A Fifth Stage of Cognitive Development: Autonomous, External
Processing L.eading to a Virtual Culture

The Externalization of Computation

I can type the following two-variable function into my computer and
see the surface that constitutes its graph, as in Figure 2, within a fraction of
a sccond:

Z=[sinxy + 1/2cos 2x + [/3 sin 3y + 1/4 cos 4(x+y)]/[ 1+ Isin Sy + 1/
2cos Ox + /3 sin 7y + /4 cos 8xl]

Morcover, I can then use my mousce to manipulate that graph as if it
were a physical object—turn it on its side, rotate it, cte.*  Even more
stgnificantly, any constant in the function can be treated as a parameter and
allowed to range over whatever domain 1 choose to define. In other words,
this can be experienced as a class of functions, not a single function.

CThis was taken from the standard desk accessory Macintosh graphing caleulator
demonstration written by Ronald Avitsur (and included on every Power PC
NMacmtosh  without Apple Computer Company's ofticial knowledge!)
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Figure 2: Graph of z

As 1 type. my computer is automatically checking my spelling and
underlining in red all words not appearing in its dictionaries. Indeed, literally
millions of computations are taking place in this box on my lap during the
writing of this paper. You, on the other hand, are reading a static, inert
(black & white) printed document, an item and an activity from the theoretic
culture. an external, physical record of my work. Figure 2 is an external
record of computations done elsewhere.

As you drive your car, many different microprocessors are computing
such things as the fuel/air mixture being injected into the cylinders based
on data continuously drawn off the physical vehicle. Any passenger airplane
has many such processors of varying complexity, forexample, taking weight
distribution data for the plane before take-off and outputting settings for
the wing and tail flaps, lift-off speed, attack-angle for lift, and so on. Abstract
and highly complex representations of chemical and rnicrobiological entities,
particularly genomes and proteins, can be treated as formal systems subject
to algebra-like manipulation, and then manipulated by computers to examine
new possibilities for drugs and therapies—the sciences have assumed new
computational forms with new intermediate objects. While the designs of
these processors and the computations they are performing are the products
of human minds. the computations they are performing are occurring outside
human minds. autonomously and, in some cases, almost invisibly. Indeed,
many millions of computations at many different locations across and above



the continent were required to send this paper to the editors, and many

more millions to print and copy it. All of these took place outside human
heads.

Much could be said about what makes these externally executed
computations different from those that we actively perform with our minds.
usually in tight loops of interaction with physical material. For our purposes
here it suffices to remind ourselves that the traditional numeric or algebraic
computations that dominate school curricula are comprised of highly
organized productions of physical character strings on paper by following
certain rules. These rules, in turn, are executed in concert with highly
organized semiotic space in very physical ways that involve much more
than knowing the rules in an abstract sense. In addition to “mathematical
mental actions” involving some level of understanding of the rules, they
involve varying levels of perceptual processing, fine motor skill, and so
on, just as with the abacus—although the abacus involves different actions
on different physical material. Our typical characterizations of school
algorithms tend to underplay their physicality, their dependence on actions
both structured by and that structure physical material. This tendency to
underplay the raterial side of algorithms in practice may work to underpiay
their difference from machine executed algorithms and cause us to overlook
the significance of what has changed now that computation can be executed
autonomously without direct human facilitation.

Returning to Donald, the development of an ability to represent events
created a “mimetic” culture based on communication mediated by the
exchange of physical gestures, actions, postures, etc. The addition of
language made possible a “mythic” culture based on the exchange of
narrative stories—the great stories that embodied, enriched and organized
human experience within and across generations before the dawn of writing.
The creation of written symbols led to a “theoretical” culture based on
external symbolic storage, and led to an entirely new means of organizing
and enriching human experience that led, in the west, to science, and to
logically organized mathematics. Continuing the progression, we suggest
that the computational media are in the process of creating a new, virtual
culture based on the externalization of highly general algorithmic processing
that will in turn lead to profoundly new means of embodying, enriching
and organizing all aspects of human experience.

(g
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The Role of Mathematics in Making the Computational Medium, Hence
Virtual Culture, Possible: Part 1—The Development of Human-Driven
Symbolic Computation

Donald’s analyses of each prior evolutionary transformation suggests
that we should look for the roots of the development of the posited fifth
stage of cognition in changes in the way we represent or model our
experience of the world within the prior stage. That is, we should look at
the cognitive processes that made computational media possible. Their
development depends on two factors: (1) the ability to create explicit rules
of transformation on well-formed systems of symbols independent of
particular fields of reference, and (2) external physical systems capable of
autonomously applying those rules. The second of these, while not
independent of the first, is relatively easy to account for—the history of
computationai devices leading to the miniature integrated circuits of today.
[t1s not our focus. (Note that we ignored the nature of the different physical
media in the development of writing, but they surely played a significant
role. In particular, the cuneiform script and its predecessors mainly used
objects pressed into wet ciay rather than a stylus; and later, more alphabetic
writing gradually moved towards a stylus writing on papyrus, rolls of which
provided convenient and efficient storage of large amounts of text.) Instead,
we will look. in a dangerously brief way, at the first factor, which, just as
was the case with the prior stage, had its foundations in mathematics.

As described earlier, the first, and certainly the most well-explored,
systems of notation were designed, or evolved, to represent concrete,
physical quantities, especially what we would today call discrete quantities.
Importantly, the various number systems supported, to varying degrees and
with varying degrees of explicitness, rules for operating on them, especially
for addition and subtraction (Kline, 1972). We will skip over the rich history
of notations for numbers (see Cajori, 1929) and jump to the base-ten
placeholder system of numerals and the algorithms build upon it. Just as
was the case millennia carlier, the needs of commerce drove the development
and adoption of algorithms that we largely still use today as docuniented
by Swetz (1987). For our purposes, the essential feature of such a notation
system is that it was designed to support, with the participation of an
appropriately trained human. a particular but broadly useful form of
reasoning—not merely the static representation of information. It is an
action notation system (Kaput, 1989).

A prodigious advance in the development of mathematics was the
creation of another, more general and thererore more powerful set of
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algorithms for representing and manipulating quantitative relationships:
namely, algebra and the rules for manipulating algebraic symbols to solve
equations, transform character strings into one or another canonical form,
and so on (Bochner, 1966). Asis well known, this system gradually evolved
from a “rhetorical” sherthand tc one that used genuine mathematical
variables with Vieta (Klein, 1968), and then to an action system in the
hands of the those who needed it in the pursuit of equation solving and.,
more intensely, in the development of and exploitation of calculus (Kline,
1972).

In both the numeric and the algebraic systems it is essential that one
can perform operations on the symbols without regard to what they might
refer. In Bruner’s terms (Bruner, 1973), the symbols are being treated as
“opaque.” That is, they act as objects with their own identity and rules of
transformation, which is different from a use based on what the symbols
stand for, which Bruner refers to as “transparent” (Bruner, 1973). Inevitably
in practice a mix is used—as is especially the case in the computational
chemistry and microbiology example mentioned above—tiie rules for acting
on the representations are developed in relation to what the symbols stand
for, computations are carried out, and then their physical significance is
investigated. All these systems extend the pracessing power of the biological
mind rather than its memory, and all require a human partner.

The Role of Mathematics in Making the Computational Medium, Hence
Virtual Culture, Possible: Part 2—The Emergence of Formality and
Its Instantiation in External Devices

Euclid’s geometry served for 2000 years as an idealized model of the
geometry of the world, and its main function was as a model of mathematical
reasoning, which, in turn, served as an idealized model of human reasoning.
This changed in the last 200 years with the development of non-euclidean
geometries. About a hundred years earlier, Descartes, through a clever use
of geometry. freed the notion of number from dimensionality and made
products of any two numbers possible without worrying about the physical
dimension of the product (Klein, 1968; Kline, 1972). In addition, various
algebraic maneuvers in equation solving led to the appearance of such novel
“unreal” things as zero, negative numbers, roots of numbers, and even roots
of negative numbers. Gradually, the notion of number was generalized and
abstracted. the idea of a number svsfem emerged, and by the latter 18" and
early 19" century the idea of universal, and then abstract, algebra began to
emerge. Over the space of a few centuries, mathematics was loosening its
tethers to material reality.  Paradoxically, at the same time. of course.



mathematics was being used to create an entirely new set of extraordinarily
powerful models of the material world. This divergence of purpose gradually
led to the fissure separating mathematics from science, and was an instance
of the knowledge specialization that has marked western science since the
Renaissarice.

But within this newly freed mathematics, the idea of a logically
consistent system independent of any kind of reality took hold, and, indeed,
a notion of mathematics as a formal system defined only by logically
consistent actions on symbols was put forth by Hilbert and others around
the turn of the century—the formalist view. While the logical foundations
of the formalist view of mathematics as a whole were undermined by
Goedel’s work, the idea of formalism and of a formal system not only
survived, but has become an essential feature of the rathematical landscape.
The idea that one could define well-formed formulas and explicit rules for
their transformation set the stage for the idea of a computer program, made
explicit in somewhat different ways by Turing and von Neumann (Von
Neumann, 1966, Turing, 1992). While the idea of universal (as opposed to
numerical) computing machines and logic machines goes back to Leibniz
and even earlier, the underlying intellectual infrastructure was not available
to render it viable until well into the twentieth century. Of course pragmatic
factors, both military and commercial, as always seems to be the case, drove
the actual physical realization and early applications of computers. But
now the computations could be designed by a human, but executed
independently of a human! (It should perhaps be pointed out that Von
Neumann conceived of computers that could design themselves, and, more
recently in the 1970’s, John Holland (1995) developed the idea of genetic
algorithm, wherein the program modifies itself across iterations by way of
random mutations of its operation strings, yielding a new level of processing
autonomy.) The human could now interact with the model, even change it
“on the fly,” but its underlying computations could be executed
autonomously of the biological mind rather than in direct partnership with
the biological mind as was the case with the previously discussed action
notation systems.

Moreover, the success of mathematics as a means of modeling aspects
of experience—not merely the physical world—had validated not only the
utility of many different mathematical systems (e.g., non-euclidean
geometrics), but the idea of an abstract, formal model itself, one with no
necessary connections to anything else. Once computers were available
within which to instantiate those systems, the freedom to construct and
explore such systems led to an explosion in the use of computer models,
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especially simulation models, and deep changes in the nature of the scientific
enterprise (Casti, 1996). Space limits discussion of the kinds of models
now possible, but we must acknowledge that, particularly through the
exploration of dynamical systems, an entirely new view of the world 1s
emerging (Heim, 1993; Cohen & Stewart, 1994; Hall, 1994; Holland, 1995;
Kauffman, 1995; Casti, 1996; Resnick, 1994).

Two other, related, innovations feed the process of creating a vitrual
culture. One is the connectivity revolution, currently in the form of the
World Wide Web and in local networks, but soon to take the form of more
flexible “just-in-time connectivity.” This allows the widespread sharing of
data, analyses, and, most especially, models and simulations—including
the collaborative manipulation of such models, and a rapid distribution of
new insight and modifications. The second innovation involves the feeding
back upon itself of the computation processes to form new visual means
for the presentation of models and simulations and new ways to interact
with them. In particular, it is now possible to design and build human-
computer interaction systems that take advantage of the highly sophisticated
physical and perceptual competence of human beings. Hence it is possible
to create manipulable worlds with increasingly arbitrary “reality”—but
without the constraint of physicality (Kaput, 1996), particularly with
freedom from the time and size scales of the physical world. The nature of
modeling has both changed and been democratized in the sense that one
need not be a programmer or mathematician to use models and simulations
profitably.

In the face of these changes, we are being forced to reexamine the
ideas of mathematical abstraction, idealization, and even the psychological
idea of abstraction (see Nemirovsky 1998&; Noss and Hoyles (1996; and
Wilensky (1991). Briefly, as these authors variously suggest, we may need
to make room in our notion of mathematical understanding for a kind of
“concrete abstraction” that builds mathematical meaning “additively” as
an active web of meaningful associations rather than “subtractively” by
deletion of elements and features.

Comparisons to Prior Stage-Transitions

The hominds and their episodic mind were of their world.  They did
not model it in any explicit way and changes were extremely slow because
they depended on physical evolution. The mimetic mind, millions of years
later. began the process of building autonomy. a separation from their world
that was both the basis of symbolic reference and the beginnings of self-
initiated practice with the means of modceling actions and experiences, and
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communication. The possibility now existed for feedback cycles within
which the individual could intervene. With spoken language and the mythic
culture, ever more comprehensive narrative stories about the world became
possible, and with them appeared new forms of experience and meaning,
new ability to effect change in others and in the physical world, and new
forms of knowledge. Change became even more rapid as feedback cycles
tightened and more knowledge could be shared more widely. The move to
writing broke the limits of the biological mind, provided external resources
for mental activity, both memory and processing. Even the process of
thinking, at least the stylized oral aspects of it, could be externalized and
made available to be shared and improved by others and even across
generations, enabling even more rapid cumulativity and reshaping of
knowledge than that begun by the Greeks.

At the same time, the process of demythologizing and sccularization
of human experience into the theoretic culture continued and continues
today. The “heavenly bodies™ became celestial objects that move according
to human-specifiable rules, the earth became just another celestial object.
the human body became a subject of study and the heart an organ, humans
were recognized to be yet another species, the mind became subject of
study. the societies we live in became subjects of study, the idea of “life”
has become yet another formalism, and even the process of knowledge
building, even model building, became a subject of study.

The induction into the symbolic forms and the products of the use of
those symbolic forms became an increasingly important part of individuals’
development, requiring new institutions and methods—the idea of
education. Importantly, education, while mediated by written material,
maintained its goal of producing sophisticated speakers for more than 3000
years—should we be surprised that changes in mathematics education
require generations, and that we seem to be educating people for the past?
Within the past 300 years, change has accelerated. In particular, the focus
of education shifted from narrative and the classics to the new products of
the theoretic culturc. As our means of understanding—rapid, shared
modeling and simulation, for example—bccome incorporated into the
processes of education, we can expect change to accelerate even more.
The book will be supplemented by the simulation as the primary intellectual
object® and the learning feedback lcop will be both enriched and tightened.
The reader is also invited to examine Shaffer and Kaput (in press) for more

“This characterization was offered by David Shaffer (personal communication)
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detailed discussions of the implications of these changes for mathematics
education. In the plenary discussion I will offer some concrete illustrations.
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REPRESENTATION AND EVOLUTION: A DISCUSSION OF
DUVAL’S AND KAPUT’S PAPERS®

Patrick W. Thompson
Vanderbilt University

Duval and Kaput present two verv differently-oriented perspectives
on the important issues of repiesentation in mathematics education. Yet,
without setting out to do so. each paper speaks directly to issues raised by
the other. I shall structure my comments by first focusing on the two papers
independently and then on the two togeiher.

Comments en Duval
Duval opens his paper with a commenit that I found refreshing because 1t is
S0 true:
Research in developmental psychology, new
technologies, new requirements in assessment have
supported [needed changes over the past. 50 years].
But their impact has been more effective on
mathematics curriculum and on means of teaching
than on the explanations of the deep processes of
understanding ard learning in mathematics.

Such explanations require explanatory frameworks, systems of
censtructs from which a researcher can formulate descriptions and
explanations of important phenomena. Duval focuses on issues he sees as
foundational to our understanding what conditions are propitious for
mathematical learning. In the process he touches upon a myriad of
distinctions that attempt to clarify essential ideas underlying representation
and visualization. Among these are

» We never deal with mathematical objects, but only with

representations of them
e “Representation,” is commonly used, is ambiguous — that there
is acommon confounding of issues in thinking of “internal” versus
“external” representations

» Representational uctivity is fundamentally semiotic in nature, and
that semiotic systems are never transparent and must be developed
within themselves

" Preparation of this paper was supported by National Science Foundation Grant
REC-9811879. Any conciusions or recommendations stated here are those of
the author and do not necessarily reflect official positions of NSF.
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e Semiotic activity occurs within registers of representing — systems
of semiosis.

e Mature mathematical processing is founded on coordinating
Processes across semiotic systems.

» Mathematical visualization is different from perceiving, “to look
at [drawings] 1s not enough to see, that is to notice and understand
what i1s really represented.” and is based on “operative
apprehension” - seeing a present figuration as being but one
possible state of a system of transformations.

Out of this Duval identifies three conditions for leamning
mathematics:

to compare similar representations within the same
register in order to discriminate what are the relevant
values within a mathematical understanding, to
convert a representation from one register to another
one, and to discriminate the specific way of working
in order to understand the mathematical processes
which are perform in this register.

And he finally concludes with a statement directed at mathematics
education researchers:

We are here in front of an important field of
research. But it seems still often neglected because
most didactival studies are mainly centred on one
side of the mathematical activity. as though
mathematcial processes were natural and
cognitively transparent.

Duval’s emphasis on “registers of representation” (words, symbolic
expressions, graphs, diagrams) reminds me of Post, Behr, Lesh, and Harel s
ideas regarding modes of representation in their Rational Number Project
investigations (Behr, Khoury, Harel, Post, & Lesh, 1997; Behr & Post, 1980;
Behr. Harel, Post, & Lesh. 1993: Lesh, Behr, & Post, 1987). But it is
different, too. The RNP’s attention was on external figurations and meanings
they possessed, whereas Duval’s notion of representation (semiotic system)
is more attuned to the activity of the representer. But his point is well taken
that we must give explicit attention in instructional design to students’
coordinating representational processes across registers. I am unsure, though,
what Duval has in mind that is different from what Kaput (1987a; 1987b:
1989 1992) has described as translating among representation systems and
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working within a representation system. Kaput’s definition of representation
system is broad enough that it fits Duval’s idea of a register, so it cannot be
that Kaput talked about just (what might be called) symbol processing.

On the other hand, I wonder what, precisely, Duval means by a
register, what he calls a system of representing. Is this an ad hoc construct,
suggested to us by observing that there seem to be different but loosely
equivalent ways of representing what appears to be a single idea? Or is it
defined operationally by specifying cognitive operations that cohere intu
schemes that express themselves in equivalence classes of externalizations?
That 1s, does Duval arrive at specific registers by identifying certain cognitive
operations that express themselves in different settings in apparently
different ways (thus, determining, from the individuals’ perspectives,
equivalent representations)? If so, the register is the scheme of operations.
Otherwise, I don’t know what a register is except that it is determined by
social convention.

I also wondered whether Duval’s appeal to semiotics was in the
Sausserian or Peircian traditions. At times it is reminiscent of both — his
reference to dyadic relationships being more Sausserian and his reference
to triadic relationships being more Peircian. But it seems that Duval
addressed a very different matter than either Saussere or Peirce. Saussere
focused on semiotics without appeal to an external reality (whence dyadic
relations between signifier and significant), whereas Peirce held a slot for
an objective referent. But both Peirce and Saussere imagined an active
interpreter who made a signifier into a sign. However, Duval agrees very
much with Saussere and Peirce in the importance of talking about people
developing and coordinating semiotic systems. As Chandler (1999) notes,

This highlights the process of semiosis (which is

very much a Peircean concept). The meaning of a

sign is not contained within it, but arises in its

interpretation. Whether a dyadic or triadic model is

adopted. the role of the interpreter must be

accounted for - either within the formal model of

the sign, or as an essential part of the process of

Semiosis.

Comments on Kaput

Kaput places issues of representation into a larger perspective of
evolutionary psychology. As I am unfamiliar with Donald’s book, I shal!
tuke Kaput's fascinating account as being an acceptable presentation of it.
He recaps Donald’s (1991) theory that three major advances in human culture
occurred in consonance with fundamental changes in human cognition.
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Socialization emerged with the emergence of episodic memory. foundations
of semiotic man emerged with the emergence of the capacity to use one
item of experience to refer to anoher. Historical and persisting cultures
emerged by way of humans’ capability to experience events vicariously
through telling and listening to stories. Theoretic culture emerged as a
byproduct of humans’ capacity to reason formally about their actual use of
semiotic items — to attend to matters of form in their use of signs and symbols.
Kaput extrapolates from Donald’s theory to suggest that human culture
is at the dawn of yet another stage, a stage that is enabled by human’s
capacity to produce autonomous computations. This 1s the stage of virtual
culture, brought about by informational interconnectivity on a massive scale.
While I am fascinated by Kaput's ideas, I wonder if he has changed
Donald’s thesis in subtle, fundamental ways. His presentation of evolution
has, at times, a decidedly Lamarckian and teleological flavor
Modern genetics differentiates between genotype and phenotype. As
I understand it, a genotype has to do with the genetic structure inherited
across generations, whereas phenotype is the set of characteristics exhibited
by members sharing a common genotype. It is a tenet of modern genetics (I
am told by my science education colleagues) that phenotype cannot influence
genotype. Put simply, children of weight lifters will not inherit the fruits of
their parents’ efforts. They must exercise, too. in order that their bodies
show the same characteristics as their parents’ bodies. Now, the children of
weight lifters may have a higher percentage of weight lifters among them
than the general populace, but that is because they are around people who
lift weights, not because of an inherited trait. Lamarckian biology. as I
understand it. proposes that the phenotype can. in fact. influence the
genotype.! This is not widely accepted, I am told. and is at best controversial.
Teleology is the idea that nature evolves in a way to reach a particular
end. This, too. is rejected in modern genetics. That 1s. it is considered a
mistake to make claims like “Frogs developed webbed feet so that they
could swim." and like "Birds developed wings so that they could fly.” Rather,
more appropriate claims would be “Frogs that had webbed feet swam faster
and with greater agility than frogs that didn’t, and therefore had a higher
survival rate in areas where farge fish also populated the waters.” They did
not develop webbed feet in order to escape from fish. Instead, those who
had inherited thar nutation ended up with higher escape rates. Not all

' Piaget subscribed to this view based on research he conducted in his youth on the
shells of fresh water mollusks. Smooth-shelled mollusks moved trom placid waters
to fast-flowing waters developed ripples in their shells. Offsprings of these mollusks.
placed in placid waters. had rippled shells as did theiwr offsprings.
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mutations make a difference. Some make a positive difference, some make
a negative difference, and some make no difference in survival rates.

One way to test for Lamarckianism in our understanding of culture is
to imagine an infant transported from its native culture to an adoptive family
in another. Infant Papuans brought to the United States to live with an upper
middle-class family will probably exhibit all the characteristics of someone
born to that culture (except perhaps for characteristics due to interactions
with others that express others’ attitudes toward children adopted from
another culture).

Kaput’s extension of Donald’s theory seems to break with Donaid’s
Darwinism. For example, Donald (as in a quotation presented by Kaput)
made it clear that he did not think of language as an evolutionary
breakthrough. Rather, he considered integrative thought as the evolutionary
breakthrough. Language was an expression of this new genetic mutation in
the face of pressures of persisting. Now, I say “persistence’ instead of
“survival” for a reason. Survival has existence at its core. To survive means
continue to exist as a living entity. Persistence has coherence at its core.
Persistence entails survival, but it also entails the pressures of abduction,
reflection, and socialization (coordinating competing perspectives).

Kaput’s extension does not point to any underlying change in the
human genotype, and if there is such a change, he implies that it is because
of current human activity — whence the Lamarckian flavor. Increased sunspot
activity would obliterate the virtual culture overnight, but our cognitive
potentialities would be unaffected. Kaput is probably correct that we are
entering a new stage in human culture, but I do not see a deep connection
with Donald’s evolutionary psychology.

What Kaput and Duval Say to Each Other

Kaput pointed to the accelerating emergence of increasingly virtual worlds
with which and through which humans interact. Duval emphasizes that
thoughtful, didactic attention must be given to helping students employ
any register of representation powerfully and flexibly, and that deep
mathematics emerges from their coordinating across registers their specific
register-centered activities. It would be interesting were Duval to analyze
Kaput’s virtual worlds for what he sees as registers of representations and
didactical strategies to make them evident, and for Kaput to analyze Duval’s
didactics to see wherein it could be empowered by infusing it with
perspectives of a virtual culture.
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THE ROLE OF VISUAL REPRESENTATIONS
IN THE LEARNING OF MATHEMATICS

Abraham Arcavi
Weizmann Institute of Science, Israel
ntarcavi@ wiccmail.weizmann.ac.il

Introduction

Vision is central to our biological and socio-cultural being. Thus,
the biological aspect is described well in the following (Adams & Victor,
1993, p. 207): “The faculty of vision is our most important source of
information about the world. The largest part of the cerebrum is'involved
in vision and in the visual control of movement, the perception and the
elaboration of words, and the form and color of objects. The optic nerve
contains over | million fibers, compared tc 50,000 in the auditory nerve.
The study of the visual system has greatly advanced our knowledge of the
nervous system. Indeed, we know more about vision than about any other
sensory system’”. As for the socio-cultural aspect, it is almost a commonplace
to state that we live in a world where information is transmitted mostly in
~ visual wrappings, and technologies support and encourage communication
which is essentially visual. Although “people have been using images for
the recording and communication of information since the cave-painting
era ... the potential for *“‘visual culture” to displace “print culture” is an
idea with implications as profound as the shift from oral culture to print
culture.” (Kirrane, 1992, p.58).

Therefore, as biological and as socio-cultural beings, we are
encouraged and aspire to ‘“see’” not only what comes “within sight”, but
also what we are unable to see. Thus, one way of characterizing visualization
and its importance, both as a “‘noun” —the product, the visual image— and
as a “verb” —the process, the activity— (Bishop, 1989, p. 7), is that
“Visualization offers a method of seeing the unseen” (McCormick et al,
1987, p. 3). [ take this sentence as the leitmotif of this presentation in order
to re-examine first. its nature and its role and then, the innovations of research
and curriculum development .

Seeing the unseen - a first round

Taken literally, the unseen refers to what we are unable to see because
of the limitations of our visual hardware, e.g. because the object is to far or
too small. We have developed technologies to overcome these limitations
to make the unseen seeable. Consider, for example, the photographs taken
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by Pathfinder on Mars in 1997, Or, for example, a 4,000 times amplification
of a white blood cell about to phagocytise a bactcrium, or a 4,000 times
amplification of a group of red blood cells. We may have heard descriptions
of them prior to seeing the pictures, and our imagination may have created
images for us to attach to those descriptions. But seeing the thing itself,
with the aid of technology which overcomes the limitation of our sight,
provides not only a fulfillment of our desire to “see” and the subsequent
enjoyment, but it may also sharpen our understanding, or serve as a
springboard for questions which we were not able to formulate before.

Seeing the unseen - in data

In a more figurative and deeper sense, seeing the unseen refers tc a
more “abstract” world, which no optical or electronic technology can
“visualize” for us. Probably, we are in need of a “cognitive technology” (in
the sense of Pea, 1987, p. 91) as “any medium that helps transcend the
limitations of the mind ... in thinking, learning, and problem solving
activities.” Such “technologies” might develop visual means to better *‘see”
mathematical concepts and ideas. Mathematics, as a human and cultural
creation dealing with objects and entities quite different from physical
phenomena (like planets or blood cells), relies heavily (possibly much more
than mathematicians would be willing to admit) on visualization in its
different forms and at different levels, far beyond the obviously visual field
of geometry, and spatial visualization. In this presentation, I make an attempt
to scan through these different forms, uses and roles of visualization in
mathematics education. For this purpose, I first blend (and paraphrase . the
definitions of Zimmermann & Cunningham (1991, p.3) and Hershkowitz
et al. (1989, p.75) to propose that:

“Visualization is the ability, the process and the product of creation,
interpretation, use of and reflection upon pictures, images, diagrams, in
our minds, on paper or with technological tools, with the purpose of depicting
and communicating information, thinking about and developing previously
unknown ideas and advancing understandings.”

A first type of the “unseen” we find in mathematics (or allied disciplines,
e.g. data handling or statistics) consists of data representations. The
following example (See Figure 1) is a chart, considered a classic of data
graphing, designed by Charles Joseph Minard (1781-1870), a French
engineer.

Tufte (1983, p.40) considers this graph a “Narrative Graphic of Space
and Time”, and refer. to Marey (1885, p.73) who notes thar it defies the
historian’s pen by its brutal cloquence in portraying the devastating losses
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suffered in Napoleon’s 1812 Russian campaign. At the left, at the then Polish-
Russian border, the chart shows the beginning of Napoleon’s campaign
with an army of 422,000 men (represented by the width of the “arm”), the
campaign itself and the retreat (black “arm:’"), which is connected to a sub-
chart showing dates and temperatures. The two-dimensional graph tells the
“whole” story by displaying six variables: the army size, its exact (two-
dimensional) loc ation, direction, temperature and dates in a compact and
global condensation of information. The visual display of information
enables us to “see” the story, to envision some cause-effect relationships,
and possibly to remember it vividly. This chart certainly is an illustration
of the phrase ‘‘a diagram is worth a thousand (or “ten thousand”) words,”
because of a) their two-dimensional and non-linear organization as opposed
to the emphasis of the “printed word” on sequentiality and logical exposition
(Larkin and Stmon, 1987, p.68, Kirrane, 1992, p. 59); and b) their grouping
together of clusters of information which can be apprehended at once,
similarly to how we see in our daily lives, which helps in “reducing
knowledge search” (Koedinger, 1992, p. 6) making the data “perceptually
easy” (Larkin and Simon, 1987, p.98).
Anscombe (1973, p. 17) claims that “Graphs can have various purposes,
such as: (i) to let us perceive and appreciate some broad features of the
data, (i1) to let us look behind those broad features and see what else is
there”. And he presents the following example (See Figure 2) for which the
data are described by the following identical parameters (See Figure 3)and
which looks quite different when the data are plotted (See Figure 4)

In this case, the graphical display may support the unfolding of dormant
characteristics of the data, because it does more than just depict. As Tufte
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(1 111
X Y X Y X v
10.0 8.04 10.0 6.4 10.0 7.46
8.0 6.95 8.0 8.1+ 3.0  6.77
13.0 758 13.¢ 874 13.0 12.7=«
30 8.8 9.6 8.77 90 7T.11
1.0 8.33 1.0 9.26 11.0  7.61
140 996 140 8.10 1-.0 8.84
6.0 7.24 6.0 6.13 6.0 6.0
10 426 4.0 3.10 . 3.39
120 10.84 120 913 12.0 8.1~
7.0 482 70 7.26 7. 6.42
5.0  35.68 5.0 474 50 372
Figitre 2
N =11
mean of X's = 9.0
mean of Y's = 7.5

Figure 3

8.0

8.0
8.0
8.0

- 8.0

8.0
3.0
19.0
3.0
8.0
8.0

6.58

v
Y

5.76
7.71
8.84
8.47
7.04
5.25
12.50
5.56
791
5.89

equation of regression line: Y = 34 0.5X
standard errorofestimate of slope =(0.118
L= 4.24
samm of squares X - X = 110.0
regression sum of squares
restdual sum of squares of Y = 13.75
correlation coefficient = .82
1t = 67

= 27.50

says, that in this case: “Graphics reveal data. Indeed graphics can be more
precise and revealing than conventional statistical computations”™.

Seeing the unseen - in symbolis and words

Visualization can accompany a symbolic development, since a visual image,
by virtue of its concreteness, can be “an essential factor for creating the
feeling of self-evidence and immediacy” (Fischbein, 1987, p.101).



(3] -~

— et g s m —— - P T S 4 g o e nas oy

(14} xv

-
[}
”
"
[ ]
21 . 1]

.
L]
e ®

DT J e ey S T T R - R aademetend ot 1

Figure 4

Consider, for example, the mediant property of positive fractions:

a a+c ¢

b b+d"d
Flegg, Hay and Moss (1985, p. 90) attribute this “rule of intermediate
numbers” to the French mathematician Nicolas Chuquet, as it appears in
his manuscript La Triparty en la Science des Nombres (1484). The symbolic
proof of this property is quite simple, yet it may not be very illuminating to
students. Georg Pick (1859-19437) an Austrian-Czech mathematician wrote
“The plane lattice ... has, since the time of Gauss, been used often for
visualization and heuristic purposes. ... [in this paper] an attempt is made
to put the elements of number theory, from the very beginning, on a
geometrical basis” (free translation from the original German in Pick, 1899).

a
Following Pick, we represent the fraction -~ (whether reduced or not)

b

a
by the lattice point (b,a). The reason for representing ; by (b,a) and not

(a,b), is for visual convenience, since the slope of the line from the origin

a
Oto (b,a) 1s precisely — , and hence fractions arranged in ascending order
p y b g g

4
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of magnitude are represented by lines in ascending order of slope. Visually,
the steeper the line the larger the fraction. (Note also that equivalent frictions
are represented by points on the same line through the origin. If the lattice
point P represents a reduced fraction, then there are no lattice points between

O and P on the line OP). Now, the visual version of the mediant of é , % ,

which is % , isrepresented by the diagonal of the parallelogram “defined”

byj]?-and ;i

>

a c
The same holds in general for ; ;1_ [ would claim that the
“parallelogram” highlights the reason for the property, and may add meaning
and conviction to the symbolic proof. In this example, we have not only

a
represented the fraction —- visually by the point with coordinates (b,a) - or

b

the line from the origin through {b,a) - but capitalized on the visualization
to bring geometry to the aid of what seem to be purely symbolic/algebraic
nroperties. Much mathematics < nbe done on this basis; see, for example
Bruckheimer and Arcavi (1995).



Papert (1980, p. 144) brings the following problem. “Imagine a siring
arounid the circumference of the earth, which for this purpose we shall
consider to be a perfectly smooth sphere, four thousand miles in radius.
Someone makes a proposal to place a string on six-foot-high poles.
Obviously this implies that the string will have to be longer.” How much
longer? Papert says that “Most people who have the discipline to think
before calculating ... experience a compelling intuitive sense that “‘a lot”
of extra string is needed.” However, the straightforward algebraic
representation yields 27(R+h)-27R, where R is the radius of the Earth and
h the height of the poles. Thus the result is 27h, less than 12 meters, which
is amazingly little and independent of the radius of the Earth!

For many, this result is a big surprise, and a cause for reflection on the gap
between what was expected and what was obtained. Papert wa-
uncomfortable with the possible morale from this example, that our initia
intuitions may be faulty, therefore they should not be trusted, and it is onl
the symbolic argument that should count. His discomfort led him to propos
a visual solution, which would serve to educate, or in his own words t
“debug”, our intuitions, so that the symbolic solution is not only correct
but also natural and intuitively convincing. His non-formal and graphica
solution starts with a simple case, a string around a “square Earth”

T

“The string on poles is assumed to be at distance h from the square.
Along the edges the string is straight. As it goes around the corner it follows
a circle of radius A4.... The extra length is all at the corners... the four
quarter circles make a whole circle... that is to say 27h.” (p. 147). If we
increase the sides of the square, the amount of extra string needed is still
the extra four quarters of a circle. Then he proceeds to deform “continuously”
the square towards the round earth. First by looking at the shape of an
octagon.

#y
61 : {

<



The extra pieces of string *“is all in the pie slices at the corners. If you
put them together they form a circle of radius k4. As in the case of the square,
this circle is the same whether the octagon is small or big. What works for
the square (4-gon) and for the octagon (8-gon) works for the 100-gon and
for the 1000-gon.” (p. 149). The fermal symbolic result becomes now also
visually (and thus intuitively) convincing. After such a solution, we may
overhear ourselves saying *I see”, double-entendre intended. Visualization
here (and in many similar instances) serves to adjust our “wrong’ intuitions
and harmonize them with the opaque and “icy” correctness of the symbolic
argument.

Another role of visualization in an otherwise “symbolic” context, is
where the visual solution to a problem may enable us to “see”, that is to
engage with concepts and meanings which can be easily bypassed by the
symbolic solution of the problem. Consider, for example, the following:
“What is the common characteristic of the family of linear functions whose
equation is f{x)=ax+a ?” The symbolic solution would imply a simple
syntactic transformation and its interpretation: flx)=ax+a= a(x+1) -
regardless of the value of @, all the functions share the pair (-7,0). Compare
this to the following graphical solution, produced by a student. The first «
is the slope, the second is the y-intercept. Since slope is “rise over run”, and
since the value of the slope i1s the same value as the y-intercept, to a rise
with the value of the y-intercept must correspond a run of /.



(0.b)

(-1.0

Sophisticated mathematicians may claim to “see” through symbolic forms,
regardless of their complexity. For others, and certainly for mathematics
students, visualization can have a powerful complementary role in the three
aspects highlighted above: visualization as (a) support and illustration of
essentially symbolic results (and possibly providing a proof in its on right),
(b) a possible way of resolving conflict between (correct) symbolic solutions
and (incorrect) intuitions, and (c) as a way to help us engage with and
recover conceptual underpinnings which may be easily bypassed by formal
solutions.
Foreseeing the unseen - at the service of problem solving
Davis (1984, p. 35) describes a phenomenon which he calls visually-
moderated sequences (VMS). VMS frequently occurs in our daily lives.
Think of the “experience of trying to drive to a remote location visited
once or twice years earlier, Typically, one could not, at the outset, tell anyone
how to get there. What one hopes for 1s,...,a VMS. . .: see some key landmark
. and hope that one will remember what to do at the point. Then one
drives on, again hoping for a visual reminder that will cue the retrieval of
the next string of remembered directions.” In this case, visualization is a
tool to extricate oneself from situations in which one may be uncertain
about how to proceed. As such it is linked, in this case, not so much to
concepts and ideas, but ra*’ . -~ procedures. One of the mathematical
examples Davis (p. 34) bri:.zs + e following: **A student asked to factor
x2 - 20x + 96, might pon’ - or a moment, then write
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x2 - 20x + 96
( ) ( ),

then ponder, then write, ‘xz -20x +96
(x )x ),
then ponder some more, then continue writing
x2 - 20x + 96
(x- )x- ),
and finally complete the task as x2 - 20x + 96
x-12)(x-8)”

The mechanism is more or less: “icok, ponder, write, look, ponder,
write, and so on.” In other words, “a visual clue V| elicits a procedure P
whose execution produces a new “isual cue V7, which elicits a procedure
P7,... and so on.”

Visualization at the service of problem solving, may play a central role to
inspire a whole solution, beyond the merely procedural. Consider, for
example, the following problem (Barb: <, 1997, p. i8).

Let n be a positive integer and let an nxn square of numbers be formed
for which the element in the ith row and the jth column (1<4,/,<n) is the
smaller of / and j. For n=5, the array would be: P

2Show that the sum of all the numbers in the array is ]2 + 22 +37+ ...

+n".
] ] 1 1 l
] 2 2 2 2
1 2 3 3 3
] 2 3 4 4
] 2 3 4 5
A solution.
] 1 ] ] ]
l 2 2 2 2
1 2 3 3 3
1 2 3 4 4
] 2 3 4 5
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“Algebraically, we see that the sum of the numbers in the kth gnomon
consisting of the numbers not exceeding & in the kth row and the kth column
1S

(1+2+ ...+ K1) 2+k= k2. The result follows.” (Barbeau, p. 20)

This solution has some elements of visualization in it: it identifies the
gnomons as “substructures” of the whole in which a clear pattern can be
established. However, an alternative solution presented by the author is
even more interesting visually.

“We can visualize the result by imagining an nxrn checkerboard.

Begin by placing a checker on each square (n? checkers); place an

additional checker on every square not in the first row or the first

column ((n-l)2 checkers); then place another checker on every
square not in-the first two rows or the first two columns ((n-2)2

checkers). Continue on in this way to obtain an allocation of n2 +

(n-1)2 + (n-2)? + -+ + 22 + 12 checkers; the number of checkers

placed on the square in theith row and the jth column is the smaller

of tandj.”

In the examples in previous subsections, visualization consisted of making
use of a visual representation of the problem statement. I claim that, in this
example, visualization consists of more than just a translation, the solver
imagined a strongly visual “story”{not implied by the problem statement),
he imposed it on the problem, and derived from it the solution.

Probably the inspiration for this visual story, was the author’s previous
experience and knowledge, which helped him envision the value of the
number matrix as height, or in other words he probably saw a 2-D
compression of a 3-D datarepresentation. In any case, one’s visual repertoire
can fruitfully be put at the service of problem solving and inspire creative
solutions.

Seen the unseen - more than just believing it?
Perhaps also proving it?

“Mathematicians have been aware of the value of diagrams and other visual
tools both for teaching and as heuristics for mathematical discovery. ...
But despite the obvious importance of visual images in human cognitive
activitics, visual representation remains a second-class citizen in both the
theory and practice of mathematics. In particular, we are all taught to look
askance at proofs that make crucial use of diagrams, graphs, or other
nonlinguistic forms of representation, and we pass on this disdain to
students.” However. “visual forms of representation can be important ... as
legitimate elements of mathematical proofs.” (Barwise and Etchemendy,
1991, p. 9). We have already illustrated this in the example of the mediant
property of fractions. As arother example. consider the following beantiful
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proof taken from the section bearing the very suggestive name of “proofs
without words” (Mabry, 1999, p. 63).

I 12 13 /
7+(7) +(F)+ =3

[t can be argued that the above is neither (a) “without words” nor (b) “a
proof”. Because (a) although verbal inferences are not explicit, when we
see it, we are most likely to decode the picture by means of words (either
aloud or mentally); and (b) Hilbert’s standard for a proof to be considered
as such is whether it is arithmetizable, otherwise it would be considered
non-existent (Hadamard, 1954, p. 103). As to the first reservation, we may
counterargue that visualization as a process is not intended to exclude
verbalization (or symbols, or anything else), quite the contrary, it may well
complement it. As to the second reservation. there is a “clearly identifiable
if still unconventional mevement ... growing in the mathematics community,
whose aim (s to make visual reasoning an acceptable practice of
mathematics, alongside and in combination with algebraic reasoning.
According to this movement, visual reasoning is not meant only to support
the discovery of new results and of ways of proving them, but should be
developed into a fully acceptable and accepted manner of reasoning,
including proving mathematical theorems.” (Dreyfus, 1994, p.114)
Consider, for example, the following

How many matches are needed 1o build the following nxn square?
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This problem was tried in several teacher courses in various countries and
with several colleagues, and the many solutions proposed were collected
and analyzed (Hershkowii., Arcavi and Bruckheimer, submitted). The
majority of the solution approaches were visual, yet they differ in their
nature. There were those who decomposed the whole array of matches into
what they saw as easily countable units. For example, a square, U’s and
L’s,

.} L TR I

67



Others identified L’s and single matches. and looked at the whole as

L -] [ -]
H 8 b
[ -3 [ -
oL 8 § 8 A
L -u L - [ g
8
J i . i )
E N -:'-“' - -

Some participants counted unit squares, and then proceeded to adjust
for what was counted twice. Yet others identified the smallest possible
unit, a single match and counted the n matches in a row (or a column),
multiplied it by the n+/ rows (or columns), and then multiplied by 2. It
would seem that the simpler the visually identified unit (one match), the
more global and uniform the counting strategy became.

Some participants imagined units whose existence is only suggested:
the “‘intersection” points,

ot Yy ¢ s SRR,

and the proceeded to make auxiliary constructions to make the count
uniform
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which then they adjusted for double counting.

Thus decomposition into what was perceived as easily countable
units took different forms, but it was not the only visual strategy. Anocther
visual strategy consisted of changing the whole gestalt into a new one, in
which patterns are easier for the solver to identify. For example,
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Change of gestalt took other forms as well: instead of “breaking and
rearranging’’ the onginal whoie as above, imposing *“auxiliary constructions”

!
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whose role consists of providing visual “crutches”, which in themselves
are not counted, but which support and facilitate a certain counting strategy.

Surprisingly, visualization, for others, was sparked by their symbolic
solution. Having obtained the final count in the form 2n(n+1), they applied
a symbolic transformation to obtain 4 x . This transformation suggested the
search for a visual pattern which would illustrate a counting strategy. This
exempiifies how visual reasoning can also be guided, inspired and
supported, by a symbolic expression, namely by “symbol sense” (Arcavi,
1994).

In sum, we found that visualization consisted of processes different in
nature. However, all of them seem to corroborate Fischbein’s claim that
visualization “not only organizes data at hand in meaningful structures,
but it is also an important factor guiding the analytical development of a
solution.” (Fischbein, 1987, p.101). We propose that visualization can be
even more than that: it can be the analytical process itself which concludes
with a general formal solution.

Do you and I see alike?

“We don’t know what we see, we see what we know”. 1 was told that this
sentence is attributed to Goethe. Its last part: “We see what we know™
«pplics to many situations in which students do not necessarily see what
we as teachers or researchers do. For some this sentence may be a truism.
already described in many research studies, nevertheless it is worth
analyzing some examples.
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Consider the following taken from Magidson (1989). While working
with a graphing software, students were required to type in equations one
at a time, and draw their graphs. The equations were y=2x+1, y=3x+1,
-y=4x+1, and students were asked what do they notice, in which way the
lines graphed are similar and in which way they are different, and to predict
(and test the prediction) about the graph of y=5x+/. The expectation was
that the task would direct student attention (at least at the phenomenclogical
level) to what an expert considers relevant: the influence of the numbe.
that multiplies the x, and that all lines-go through (0,7). Presmeg (1986, p.
44) stated that many times “an image or diagram may tie thought to irrelevant
details”, irrelevant to an expert that is. Some of the answers reported by
Magidson certainly confirm this: there were students who “noticed” the
way the software draws the lines as “starting” from the bottom of the screen.
Others talked about the degree of jaggedness of the lines, which is an artifact
of the software and depends on how slanted the lines are. And there were
those who noticed that the larger the number, the more “upright” the line,
but when asked to predict the graph of y=5x+ 1, their sketch clearly did not
go through (0,1).

A similar phenomenon in a slightly different context is reported by Bell
and Janvier (1981) where they describe “pictorial distractions”: graphs are
judged by visually salient clues, regardless of the underlying meanings.

Clearly, our perception is shaped by what we know, especially when

we are looking at what Fischbein (as reported in Dreyfus, 1994, p. 108)
refers to diagrams which are loaded with an “intervening conceptual
structure”. Some of the visual displays I have brought so far are either
displays of objects (matches) or arrays of numbers which allow one to
observe and manipulate patterns. Others were displays of data, for which a
small number of ad-hoc conventions suffices to make sense of the graph.
However, when we deal, for example, with Cartesian graphs of linear
functions, what we look at has an underlying representation system of
concepiual structures. Experts may often be surprised that students who
are unfamiliar (or partially familiar) with the underlying concepts see
“irrelevancies” which are automatically dismissed by the expert’s vision,
even to a point that they may remain unseen.
I would like to claim further: in situations like the one described by
Magidson, what we see is not only determined by the amount of previous
knowledge which directs our eyes, but in many cases it is also determined
by the context within which the observation is made. In different contexts,
the “same” visual objects may have different meanings even for experts.
Consider for cxample, the following diagram.
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What we see are three parallel lines. If nothing more is said about the
context, we would probably think about the Fuclidean geometry associations
of parallelism (equal distance, no intersection, etc.). Consider now the same
parallel lines, with a superimposed Cartesian coordinate system. For a
novice, this may be no more than two extra lines, for experts, this would
probably trigger much more: the conceptual world of Cartesian
representation of functions. The lines are now not only geometrical objects,
they have become representations of linear functions, and hence suggest
notions like, tc each line corresponds an equation of the form y=ax+b (or
any other equivalent form), that these lines have equal slope (share the
same « value), and the non-existence of a solution for any pair of equations.
It may also re-direct the attention from the notion of distance between
parallel lines (as the length of a segment perpendicular to both) tcwards the
notion of the vertical displacement from one line to the other, namely

/

\




which is refiected by the difference in the b values.

If we now remove the superimposed Cartesian referents, and replace
them by a system of parallel axes to represent linear functions, experts
familiar with such a representation see very different things.

\

In this case, the three lines are the representation of just three particular
ordered pairs of a single linear function. The inclination of the lines have to
do with the slope (the “a” in y=ax+b) but for different reasons. The
parallelism indicates that an interval of the domain is mapped onto an
interval of equal length in the co-domain, namely that the slope is /. (Further
details about the Parallel Axes Representation, and its visually salient
characteristics, can be found in Arcavi & Nachmias, 1989,1990, 1993)
Thus, many times our perceptions are conceptually driven, and seeing the
unseen in this case is not just producing/interpreting a *“‘display that reveals”
or a tool with which we can think, as in many examples above. Seen the
unseen, may refer to the development of a conceptual structure which
enables us to see through the same visual display, things similar to those
seen by an expert. Moreover, it also implies the competence to disentangle
contexts in which similar objects can mean very different things, even to
the same cxpert.
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Visualization in mathematics education
- some unseens we are heginning to “see”

There seems to be wide agreement on the centrality of visualization in
learning and doing mathematics. This centrality <tems from the fact that
visualization is no longer related to the merely illustrative only, but is also
being recognized as a key component of reasoning (deeply engaging with
the conceptual and not the merely perceptual), problem solving, and even
proving. Yet, there are still many issues concerning visualization in
mathematics education which require careful attention.

Borrowing from Eisenberg and Dreyfus “1991), I classify the difficulties
around visualization intc three main categories: “cultural”, cognitive and
sociological.

The “cultural” difficulty refers to the beliefs and values held about
what mathematics and doing mathematics would mean, what is legitimate
or acceptable, and what is not. We have briefly referred to this issue while
discussing the status of visual proofs. Controversy within the mathematics
community, and statements such as “this is not mathematics” (Sfard, 1998,
p. 454) by its most prominent representatives, are likely to permeate through
to the classroom, via curriculum materials, teacher education etc. and shape
their emphasis and spirit. This attitude, which Presmeg (1997, p. 310) calls
“devaluation” of visualization, leaves little room for classroom practices to
incorporate and value visualization as a an integral part of doing
mathematics.

The cognitive difficulties include, among other things, the discussion
whose simplistic versicn would read as follows: is “visual” easier or more
difficult? When visualization acts upon conceptually rich images (or in
Fischbein’s words when there are intervening conceptual structures), the
cognitive demand is certainly high. Besides, reasoning with concepts in
visual settings may imply that there are not always procedurally *“‘safe”
routines on which to hang (as may be the case with more formal symbolic
approaches). Consciously or unconsciously, such situations may be rejected
by students (and possibly teachers as well) on the grounds of being too
“slippery” or too “risky”.

Another cognitive difficulty arises from the need to attain flexible and
competent translation back and forth between visual and analytic
representations of the same situation, which is at the core of understanding
much of mathematics. Learning to understand and be competent in the
handling of multiple representations can be a long-winded, context
dependent, non-linear and even tortuous process for students (e.g.
Schoenfeld, Smith and Arcavi, 1993).
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The sociological difficulties, include what Eisenberg and Dreyfus (1991)
consider as issues of teaching. Their analysis suggests that teaching implies
a “‘didactical transposition” (Chevallarc, 1985) which, briefly stated, means
the transformation knowledge undergoes when it is adapted from its
scientific, academic character to the knowledge as it is to be taught. It is
claimed that this process, by its very nature, linearizes, compartmentalizes
and possibly also algorithmetizes knowledge, stripping it (at least in the
early stages) from many of its rich interconnections. As such, analytic
representations, which are sequential in nature, seemn to be more appropriate
and efficient for teachers.

Another kind of difficulty under the heading “sociological” (or better
sccio-cultural), is the tendency of schools in general, and mathematics
classrooms in particular, to contain students from various cultural
backgrounds. Some students may come from visually rich cultures, and
therefure for them visualization may counteract possible “deficits”. In
contrast, visualizers may be under-represented amongst high mathematical
achievers (Presmeg, 1986, 1989).

Recent curriculum and research stucies are taking into account some
of the above difficulties and to address them, in order to propose and explore
innovative approaches to understand and exploit the potential of visually
oriented activities. Consider, for example, the following task from
Yerushalmy (1993, p. 10),
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in which the goal is to sketch the graphs of different types of rational
functions of the form , obtained from the given graphs of f(x) and g(x),
and analyze the behavior of the asymptotes (if any).

Arcavi, Hadas & Dreyfus (1994) describe a project for non-
mathematically oriented high school students which stimulates sense-
making, graphing, estimation, reasonableness of answers. The following,
solution produced by a student learning with this approach we found
surprising and clegant.
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given were the tenth element of an arithmetic sequence (aj9=20) and
the sum of the first /0 elements (S79=65). The student found the first element
and the constant difference mostly relying on a visual element: arcs, which
he envisioned as depicting the sum of two symmetrically situated elements
in the sequence, and thus having the same value. Five such arcs add up to
65, thus one arc is /3. Therefore the first element is /3-20=-7. Then, the
student looked at another visual element: the “jumps”, and said that since
there are 9 jumps (in a sequence of /0 elements starting at -7 and ending at
20), each jump must be 3.

DiSessaet al. (1991) describe a classroom experiment in which young
students are encouraged to create a representation for a motion situation,
and after several class periods they ended up “inventing” Cartesian graphing.
By being not just “consumers” of visual representations, but also their
collective creators, communicators and critics, these students developed
meta-representational expertise, establishing and using criteria concerning
the quality and adequacy of representations. Thus visualization was for
them not only to work with pre-established products, but also was in itself
the object of analysis.

When a classroom is considered as a micro-cosmos, as a community of
practice, learning is no longer viewed only as instruction and exercising,
but also becomes a form of participétion in a disciplinary practice. It is in
this respect that Stevens and Hall (1998, p. 108) define “disciplined
perception”. Visualization by means of graphs, diagrams and models is a
central theme which “‘develop and stabilize ... in interaction between people
and things”. Ways of seeing emerge in a social practice as it evolves.

2
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Nemirovsky and Noble (1997) describe a research study, in which, a
student makes use of a physical device which served as a transitional tool
used to support the development of her ability to “see” slope vs. distance
graphs.

In sum, new curricular emphases and approaches, innovative classroom
practices and the understandings we develop from them, re-value
visualization and its nature placing it as a central issue in mathematics
education. This should not be taken to mean that visualization, no matter
how illuminating the results of research, will be a panacea for the problems
of mathematics education. Some difficulties may be solved, others not.
However, understanding it better should certainly enrich our grasping of
aspects of people’s sense making of mathematics, and thus serve the
advancement of our field.

Paraphrasing a popular song, I would suggest that “visualization is a
many splendored thing”. However, borrowing the very last sentence from
(the English poet) Thomas Gray’s (1716-1771) poem entitled “On the death
of a favourite cat, drowned in a tub of gold fishes” (whose story can be
easily imagined), I would also add

“Not all that tempts your wand’ering eyes
and heedless hearts, is lJawful prize;
Nor all, that glisters, gold.”
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DISCUSSANT’S COMMENTS: ON THE RCLE OF VISUAL
REPRESENTATIONS IN THE LEARNING
OF MATHEMATICS

Sunday A. Ajose
East Carolina University, USA
ajoses@mail.ecu.edu

Making visual representations of things is a natural cognitive
activity, which is valued for good reasons. For example, visual images can
facilitate the recall of facts and events; they can also be crucial in the search
for solution(s) to mathematical problems (Polya, 1945). Not only that,
anyone who has studied mathematics can, in all likelihood, recall an instance
or two where a visual clue made all the difference in his/her learning of a
mathematical concept or procedure. In spite of these advantages, “visual
representation remains a second-class citizen in both the theory and practice
of mathematics” (Barwise and Etchemendy, 1991). Most mathematicians
just distrust visual thinking, and look down on proofs that make heavy use
of that form of thinking. Professor Arcavi seems intent on changing these
old attitudes.

In his paper, Professor Arcavi makes a strong case in support of a small
but growing group of mathematicians who want to “make visual reasoning
an acceptable practice of mathematics, alongside, and in combination with
algebraic reasoning.”

To begin his enlightening exploration of visualization and its role
in the learning of mathematics, Arcavi defines visualization as “the ability,
the process and the product of creation, interpretation, and use of and
reflection upon pictures, images, diagrams, in our minds, on paper or with
technological tools, with the purpose of depicting and communicating
information, thinking about and developing previously unknown ideas and
advancing understandings.” He then identifies three roles which
visualization may play in the leamning process. Visualization, he asserts,
can serve as (a) support and illustration of essentially symbolic results (and
possibly providing a proof in its own right), (b) a possible way of resolving
conflict between (correct) symbolic solutions and (incorrect) intuitions, and
(c) a way to help us engage with and recover conceptual underpinnings
which may be easily bypassed by formal solutions” to problems. To defend
these claims, Professor Arcavi uses engaging problems to show real
situations where visualization actually plays these roles. I find these
tllustrations quite compelling; they make a case with which few, if any, in
this assembly would disagree.
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The professor then turns his attention to three types of difficulty, which
the concept of representation faces in the mathematics community. The
first type stems from cultural (mathematics culture, that is) beliefs and
prejudices about the nature of mathematics and what it means to do
mathematics. As indicated earlier, most mathematicians do not consider
visual thinking as any form of mathematical thinking. Instead, they see it
as too “slippery” and, therefore assign low status to research on mathematical
representation.

I think that the widespread misperception of visualization may be due
in part to the different definitions of the word. The Oxford English
Dictionary, which shapes popular understanding of the meaning of English
words, defines visualization as “the power or process of forming a mental
picture or vision of something not actually present to the sight”; or “a picture
thus formed. When one compares Professor Arcavi’s definition with that of
the Oxford English Dictionary, it is obvious that the two definitions refer to
different phenomena. It is quite possible that the acceptance of the former,
richer definition may lessen the level of opposition to representation within
the mathematics community.

Another type of problem arises from the slow but challenging task of
learning to make competent translations between visual and analytic
representations of the same problem. Still a third type involves the issue of
equity for students from visually rich cultures. I think this last issue is best
dealt with by re-valuing visualization in mathematics.

Although Professor Arcavi makes a very strong case for using visual
thinking in the leamning and doing of mathematics, I am not sure that his
reasons will change my minds. Feelings of opposition those boarders on
prejudice seldom yield to reason. Thank you.
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CONCEPT AND REPRESENTATION IN THE RESEARCH ON
PROBABILITY EDUCATION

Ana Maria Ojeda Salazar
Cinvestav del IPN, México; University of Nottingham, U. K.

Abstract. This work refers to the way in which elements in the constitution
of concepts in the individual are being considered in a research project on
stochastics in education. Emphasis is given to the link between concepts
and representation by means of semiotic registers. Results from research
exhibits how the way of using semiotic registers in classroom sessions on
probability can hinder further development of the concept at issue and may
impose constraints on the students’ interest in the study of random
phenomena.

Introduction

As a result of an investigation carried out on students’ understanding
of fundamental ideas of probability at pre-university level (Ojeda, 1994), a
research project on stochastics in the Mexican system of education has
been conducted over the last five years. Three factors are at the core of the
investigations: the epistemological, the psychological and the social factors.
The first one concerns the conceptual development of stochastics, esther
from a phylogenetic or an ontogenetic point of view. The psychological
factor considers reasoning and biases when individuals face uncertainty.
Very briefly stated, we assunie in our investigations that knowledge results
from social interaction, and that knowledge is actively built in, that is,
knowledge constitution demands the individual’s active involvement.
Therefore, the three factors we have been considering are closely
intertwined, although some of our studies may rather stress one or two of
them.

The epistemological stance in our research points to the difficulty of
considering a conceptual system provided by the mathematical model vis-
a-vis the individual, for him or her to understand the basic ideas it involves
and to apply this model. rhatis, we are concerned with a conceptual system
produced by mathematicians, the fundamentals of which is expected to be
re-produced by the educational system. This problem, including the way in
which it is decided what is “fundamental”, has been discussed by Chevallard
(1991).

As researchers in mathematics education, our task aims at the discovery
and interpretation of facts and phenomena in mathematics education, in
order to understand and to improve the teaching and the learning of
mathematics. In this task, an educational system, student and/or teacher
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and means and conditions to communicate ideas, are to be considered in
respect to a specific mathematical content. This mathematical model 1s a
system of abstract entities and relations logically and deductively stated,
from axiomatic grounds, as definitions, theorems, corollaries, propositions.
The terms we use to refer to the mathematical content in relation to the
individual, such as notions, ideas, concepts, are not deprived of ambiguity.
Often they are indistinctly used. For instance, concept is defined in the
dictionary as something conceived in the mind, as a thought, a notion; as an
abstract or generic idea generalized from particular instances (Merriam-
Webster’s Dictionary). However, in order to take into account different
levels of abstraction in the individual’s intellectual activity, we refer to
notion, then idea and finally concept.

The term concept has been borrowed from philosophy, in particular
from the analytic school of philosophy, where concept is a logical entity.
From a social perspective regarding knowledge and its constitution in the
individual, Sfard (1996) quotes Foucault to characterise concept in discursive
terms, as ‘...a virtual entity “constituted by all that was said in all the
statements that named it, divided it up, described it, explained it, traced its
developments, indicated its various correlations, judged it ... (p. 403). In
addition to the conditions that our sensorial system imposes on the way we
perceive our reality (Schmidt, 1996, pp. 386-388), and to our daily
experience (in a social community), by means of education we have a view
of the world structured from projecting over it (the world) our concepts.
Once certain concepts are introduced in a determined way, we only can use
them by following the profiles that reality adopts by projecting over reality
those concepts (Mosterin, 1964, pp. 11-39); that is. we consider reality
according to the conceptual schema we use for that consideration. A concept
1s a rule that may be applied to decide if a particular object falls into a
certain class. Concept formation refers to the process by which one learns
to sort one's specific experiences into general rules or classes; whereas
conceptual thinking refers to one’s subjective manipulations (that is, to treat,
relate or operate with) those abstract classes.

Fundamental ideas of stochastics

As a general orientation for our project, we have regarded ideas of
probability and statistics as fundamental in the sense in which Heitele has
spelled them out in his proposition for the curriculum of stochastics (1975).
That 1s. as those ideas that provide the individual with an explanatory model
of the (random) situation with which she or he is concerned, with no changes
in essence but in their linguistic presentation and sophistication at the
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different levels of his or her conceptual development. We could add to this
characterisation the meaning of niode! as “a system of postulates, data, and
inferences presented as [or that provide the individual with] a mathematical
description of an entity or state of affatrs”, after The Merriam-Webster’s
Dictionary. More specifically, Heitele proposed as fundamental ideas for
the curriculum of stochastics the following: norming our beliefs (in the
mathematical sense of norm), sample space, addition of probabilities,
independence and the product of probabilities, equiprobability and
symmetry, combinatorics, random variable, the law of large numbers,
sarnple, urn model and simulation. It is by posing in the teaching of
probability rich situations from whose study several interrelations among
these ideas could be laid out, that chance, and probability, can be put into
focus (Ojeda, 1994; Gonzalez, 1995; Alquicira, 1998).

However, this general guide is not deprived of the main drawback one
has when facing chance, since a duality lies at the very meaning of
probability. The fact that the meaning of probability has so much attracted
the attention of philosophers and scientists of all times (e. g. Hacking, 1975;
Kriiger et al., 1987) suggests that probability requires a different way of
thinking from the one needed for other mathematical concepts. Lack of
instruction in this subject matter would result in an incomplete background
to face a wide range of world situations. Freudenthal pointed out that “the
usual mistakes in this field differ greatly from mistakes in mathematical
techniques. Those who never had the opportunity of making these mistakes,
also did not either get the opportunity to unlearn them” (p. 587).

Yet this complexity does not imply that education in probability be
beyond the scope of children before the age of preparatory or university
level. On the contrary, delay of instruction in this discipline may result in
the rooting of misconceptions (Fischbein, 1975). Even pre-school children
and children aged 6-8 years old can be posed activities involving chance
(Limdn, 1995; Gurrola, 1998), although appropriate teacher training should
be required (Lépez, 1998).

Freudenthal expressed the importance of probability and statistics in
the mathematics educational task (1973, p. 581) stating that “probability
provides the best opportunity to show students how to mathematize, how
to apply mathematics - not only the best, but perhaps even the next and last
opportunity after elementary arithmetic ..." (p. 592), as this topic is the
privileged field of mathematics applications. Still research in primary
education has offered evidence that a correct performance with fractions
does not imply a correct performance in probability, and that correct insight
in probability may occur without a correct handling of fractions (Perrusquia.,
1998).
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Freudenthal recognized the difficulty involved in the concept of probability.
and expressed this by quoting Poincaré (1896} at the beginning of his
discussion:
Calcule des Probabilités. Premiére Le¢on. 1. L'on ne peut guére
donner une définition satisfaisante de la Probabilité (p. 1)

Le calcul des probabilités offre une contradiction dans les termes
qui servent a le désigier, et, si je ne craignais de rappeler ici un
mot trop souvent répeté, je dirais qu’il nous enseigne surtout une
chose: c¢'est de savolr que nous ne savons rien. Fin.

(p-274)
The epistemological triangie

There is a double conceptual dependence that comes to the fore
whenever the meaning of probability is at issue, as Hacking has expressed
it: ““[o]n the one side it is statistical, concerning itself with stochastic faws
of chance processes. On the other side, it is epistemological, dedicated to
assessing rcasonable degrees of belief in propositions quite devoid of
statistical background.” (1975, p. 12). From a formal point of view,
Bernoulli's theorem (the weak version of the law of large numbers) accounts
for what probability is. This mathematical result can be used to express the
duality of the concept -f probability, since a gradually established statistical
regularity is explained by the limiting a priori probability p which. in its
turn. is explained by the tendency of the relative frequencics shown *in the
fong run”. Nevertheless, it is this duality (an empirical/a priori idea) at the
core of probability which seems to us to provide the best example of the
way in which Steinbring has schematised the constitution of mathematical
concepts (1997): as gradually built in from an interplay between contexts
of reference (objects). symbols (signs) and the concepts themselves from
previous stages in their constitution. He refers to this basic scheme in the
constitution of mathematical concepts as the “epistemological triangle”
(1997). With one example, Figure | freezes this spiral-fike process, which
cvolves whenever the individual overcomes epistemological difficutties that
force hinmy to refine. modify or even to change his or her previous conceptual
scheme. Figure I shows the way in which we identify the elements in the
triangle with regard to the analysis we carry out in our researches. The
example concerns the law of large numbers as it is proposed that secondary
school teachers introduce it in the classroom setting. That is, to carry out
sequences of Bernoulli's trials (for instance, tosses of a coin) and (o register
the occurrence of the outcome in cach trial (heads or tails) in a diagram
(sign) in order to focus on the gradually attained stability of the relative
frequency (concept) (SEP. 1993). In the following section we explain how
to register the outcomes,
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Figure 1. Example of the identification of the elements in the
epistemological triangle.

The object toward which the individual's action is directed, or the conteat
to which his or her activity refers, must be distinguished from the signs
(symbols) used to denote the attribute or attributes at issue. Equally, in this
scheme the object (or context of reference) must be distinguished from the
concept. It 1s from the reinterpretation of the result obtained, or of the
actions executed with regard to the object, -that is, to explain or to judge
the result or the actions- that the constitution of the concept, or its evolution,
takes place: concept formation builds on itsclf. This interpretation underlines
the dynamic character ol the process in the sense that it involves not only a
sequence of actions to be reconsidered (reviewed) but their connection as
well.

Three factors have to be pointed here. Firstly, that there is no restriction
on the nature of the object, as tis degree of abstraction can vary from physical
world to conceptual obiects, in particular, to the mathematical concepts
themselves; that is, there 1s a transttion from context-dependency to context-
independent for the concept to evolve (Steinbring. 1998). Scecondly. that it
1s the individual htm or herself who 1s compelled to re-interpret his or her
result and actions with regard to the object/context of reference in order for
the concept to evolve. The individual’s activity can refer to a mathematical
concepl, but the reinterpretation of the actions or of the result obtained
regarding the object results either in its being refined, corrected or even
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discarded. depending on the degree of correspondence of previous
experiences (with respect to that concept) and the reinterpretation made.

Thirdly, 1t seems necessary that notions be rooted by facing at first
concrete physical situations from which a kind of ontological control could
be established over the development of concepts, for the individual to make
sense of his activity at every stage of abstraction. Notwithstanding this
claim has been made on the grounds of theories of genetic epistemology
(Piaget, 1951), which have greatly influenced curriculum design, it seems
to be a postulate often neglected. In the case of probability, an example of
overlooking this recommendation is the presentation of the classical
definition for the a priori probability, as if this idea be innate, that is, as if
it had emerged without any need of empirical acquaintance. Moreover, in
the case of probability, it scems that contravening this order can result in
difficultics in understanding the law of great numbers even at university
level. Forinstance, even though the classical definition of probability follows
froma logical reflection about the geometric properties of a physical random
device (a die, coin, a pin, a spinner) considered as “ideal”, taking it as the
first step for teaching the law of large numbers instead of experiencing
with the actual occurrences of possible outcomes from successions of
mdependent Bernoulli's trials using one of such devices, can result in
unchorage in the idea of equiprobability even when facing contrary evidence
of refative frequency tendencies from long sequences of trials (De Ledn, in
progress with students of Social Sciences).

The epistemological triangle suggests that the evolving process of
recurrence among object, sign and concept, results in the definition of a
mathematical entity, which is more and more precise to the extent to which
the individual has to reinterpret, to actively consider,  his or her actions
regarding the different aspects of the concept. However, this indication is
not necessarily observed in probability education, and it is commion instead
to have the teaching of probability starting from definitions, even in open
educational instances (e.g. see Vizquez for the case of Mexican TV
secondary education, 1998).

It1s worth stressing here the importance of the context of reference in
the teaching of probability. Freudenthal pointed this out by stating that there
should be awareness of the vaite of the isomorphism of problems (the same
formal problem presented in different contexts) for the constitution of the
mathematical entities. Tt is regarding the context of reference that
psychological factors may give an account of drawbacks for the selection
of the attributes from the context of reference concerning the concept. For
instance. chronological order among cvents may be a drawback to
understanding conditional probability (Ojeda, 1994 1998).

as
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We have referred to the epistemological triangle for the analysis of
didactical activities on probability proposed for elementary and university
mathematics education.

The role of semiotic registers of representation

In the epistemological triangle, the context of reference is as important
as the signs we use to represent the attributes with which we are concerned
and to have a physical support for establishing and keeping track of the
logical relations among them,

Natural signs are constituted according to experience; they suggest to
us the actions to be carried out. Hence, the interpretations that children
make of the tasks they are asked about may not inform about their
understanding of that task as was intended. Among other aspects, Gurrola
(1998) studied the answers of children aged 6-7 years given to questions
concerning the idea of chance, by proposing to them a seesaw trial to mix
randomly equally sized marbles in two colours. The trial had a small divider
in the middle as a reference for the arrangement of the marbles. The device
was presented to a child, Almendra, at first showing all the marbles in one
colour on one side, and all the marbles in the other colour on the other side.
After several movements to and fro of the trial, it seemed that the girl did
net have a notion of chance, which was in agreement with Piaget’s results
(1951). However, 1t turned out that she was focusing the task as a game 1o
control the arrangement of the marbles since, pointing to the divider, she
stated that this is meant to keep them in their place. Therefore, further
questioning once the divider was removed revealed that she did have an
1dea of chance, what was confirmed with the explanation she gave using a
drawing of the trajectories of the marbles that she did (see Figure 2).
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Figure 2. Figurative register produced
from the random mixture experiment.
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The signs we produce result from the need to overcome the limitations
of natural signs (availability, being unwieldy) and to fix aspects of the context
of reference, in order to focus on and to establish logical relations either
among those attributes or with others. For secondary school pupils, labels
for the relevant elements of a concrete physical situation (urns) had a
mediator role between the situation and the diagrams that pupils produced
to solve combinatorics problems referred to that situation (Elguea, 1998).

Written or printed forms are physical existences with a value of
representative of meanings (of those attributes); they are produced under
control and suggest the actions to be carried out in order to attain a target
(to answer a question, to solve a doubt).

From the cognitive point of view, for the students to be introduced to
the basic stages of the subject of probability, the use in teaching of means
of organising the relevant information about a particular situation (context
of reference) and to treat their data, results in prompting their mathematical
activity (Ojeda, 1994). In more general terms, for the individual to develop
and to communicate a mathematical activity, a system of signs, a semiotic
register support, is necessary. A semiotic register, according to Duval (1996),
constitutes a system of representation if it allows three cognitive fundamental
activities: its production, an inside treatment, and an in-between treatment
or conversion between different semiotic registers. The semiotic registers
used in the mathematical activity are the algebraic, the graphical, the
figurative and the natural language. Different aspects of a mathematical
concept and of its levels of sophistication (formal structure) demand the
staging of particular semiotic registers (Duval, 1996). For example, whereas
the formal notation for Bernoulli’s theorem (lete, ne R, ®e>0, ®n >
0, 3Ne N ™M ®n>N, P(f -pl<e)>1-n)allowsamore analytical and
precise description of probability as a limit of relative frequencies. the
diagram in Figure 3 shown some paragraphs below prefigures this result as
an account of the frequency approach to probability for a particular random
situation (a sequence of tosses of a coin).

Figurative registers provide a global structured organization of the
relevant information for the students to have support to articulate their
(mathematical) activity and to carry out a consecutive sequence of actions.
For instance, at the same level of abstraction of conditional probability, the
use of Venn diagrams with areas corresponding to the probabilities of the
events represented, resulted in preparatory students urnderstanding better
the theorem of total probability, whereas tree diagrams favoured their
understanding of Bayes' theorem (Barrera, 1994). Even though the work
realized was complemented with the use of algebraic and numerical registers,
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the former figurative registers had a mediating role between the situation
posed and the use of the mathematical results presented by means of formal
notation, as the labels did in the case of secondary pupils.

However, the didactical value of the use of semiotic registers different
from the algebraic register is not to be neglected with regard to the latter.
More over, the semiotic registers cannot be used indiscriminately, without
awareness of what they should be expected to suggest to the students, for
their mathematical activity to be prompted. It is necessary to understand
the way in which one can form and -express with semiotic registers the
specific mathematical result at issue vis-a-vis the cognizing individual. For
instance, a tree diagram with proportionally varied scale so to aliow the
register of the outcomes from a relatively large number of trials of Bernoulli
(50) is proposed in the guide for teachers (SEP, 1993) with the following
instruction: From the starting point, draw a line to the next point on the
right if the outcome on the right occurs, and to the left if the outcome on the
left occurs, and so on to the end (p. 373). It consigns the number of trials on
the right side and, at the bottom, the percentages corresponding to each
branch, that is, the percentage of total occurrences of the outcome on the
right, or path, in 50 trials. Figure 3 shows the resulting path using correctly
the diagram for tosses of a coin, whereas Figure 4 was drawn by secondary
school pupils during a classroom probability session, after the teacher’s
instructions (for each trial as quoted above), and according to his conducting
of the class (Alquicira. 1998). The way in which this graph was drawn by
the students prevented them from following the sequence in which the
outcomes were ¢ccurring, as for each draw, the corresponding line started
at the top of the graph; therefore, instead of one branch (path), there were
as many branches as trials were carried out. Thus, no treatment of the register
was possible. The diagram in Figure 4 does not allow one to thoroughly
reconstruct the results of the sequence of trials; a precise reference to
“number of occurrences” (as a random variable) is not possible there, as it
can just be done by counting the “peaks” in Figure 3. Even more, an
analytical way to obtain different paths ending in the same percentage, or
in slightly different percentages, hence emphasising the idea of chance,
cannot be worked out with Figure 4. The session in which this diagram was
obtained wus as follows. The teacher proposed that the class draws at
random, with replacement, from an urn containing marbles in two colours,
but 1n proportions unknown to the students:

We are going to carry out an experiment with the urn; you are
going to mark on the graph [he shows his own copy to the students]
with a line from the starting point, where the first point is in the
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first curve. Let's see; draw a line dividing at the midd!e [he points

at an imaginary vertical line going down from the starting point on
the top of the graph].

Thus, since the beginning, the class accepted (as they drew the line) what
they were supposed to discover on the grounds of facts, that is, the
proportions of the two kinds of marbles in the urn.
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Figure 3. Tree diagram register Figure 4. Pupil’s graph after
sheet, produced correctly. teacher’s instructions.

On the left, if vou agree, we are going to register the [occurrences
of] vellow marbles and on the other [the occurrences of] the white
marbles. ... Let's carry out the experiment as many times as
possible, and you are going 1o repeat [sayl by watching the graph
if there are more of these or of these [he shows a marble of each
colour], and then we'll try to agree on how many of each colour.
The graph may say if there are more of these or of these. And then
we'll measiere how many i all.

After some draws were recorded, the teacher stated:

More we draw, more it's going to approach the corresponding
probabiliry, isn'tit?



Having completed the sequence of 50 draws, the teacher said to the class:

This graph is pointing at 50%. Of course, that’s probable, isi't it?
It’s not exact, it can'’t be exact ... We see there is a fluctuation, but
it tends to 50%. The more repetitions we do, the more it's
approaching 50%; that’s a personal appreciation.

At least three points may be considered here. Firstly, that the pupils
were not given the opportunity to find in the tendency of the data a suggestion
to relate the number of occurrences of the two possible outcomes in one
trial with the proportion of the two kinds of marbles inside the urn, and to
reflect about the conditions under which the phenomenon can be repeated;
that is to say, to take the graph as a sign of the evidence obtained from the
draws. Secondly, that transgressing the order by announcing “the” answer
beforehand, deprived the activity of incentive fer the students to make sense
of the task proposed, to appropriate the question posed. Thirdly, this question
was not answered at the end.

In terms of the epistemological triangle, the aim of the activity is
misguided since the initial drawing of a line through the middle that the
teacher proposed: using his knowledge of the proportions of the marbles in
the urn (the context), he favoured the sign corner over the context of
reference corner in the epistemological triangle. The class did not interpret
the resulting 50% in terms of the context of reference (the composition in
the urn). Finally, the teacher’s remark at the end of the session regarding
the progressive tendency towards 50% as to be taken as personal
appreciation (opinion), withholds the activity from objectivity, whose search
should be the aim when facing chance. As Hacking (1975) puts it, “[t]he
old medieval probability was a matter of opinion ... {which] was probable
if it was approved by ancient authority” (pp. 43-44).

Remarks

An account of the link among aspects of concepts (the elements, the
relations they involve and their interpretations regarding different contexts),
and their expression by means of semiotic registers can provide the research
with grounds to carry out systematic analysis in order to complement the
information concerning the understanding of those concepts.

The attention to registers produced by the individuals themselves
involved in the research at issuc is a way in which either their
misinterpretations of the situation thcy are posed may be revealed or the
information about their understanding of it may be complemented. However,
research is also needed concerning the constitution and transition in the
individual from natural signs to artificially produced signs (we refer here
to written or printed signs).

-
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Teacher training is needed on the use of semiotic registers in order to
profit in probability education from the advantages that could be derived
from didactical activities whose designing includes intentionally combining
these resources on the basis of the aspects of the concepts at which they
aimed. In the same vein, designers of textbooks and guides for teaching
shouid be aware of the potential that the use of semiotic registers can supply
to prefigure concepts of stochastics, and should provide instructions for
that use accordingly.
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ON REPRESENTATIONS AND SITUATED TOOLS

Luis Moreno-Armmelia
Departamento de Matemidtica Educativa, Cinvestav
Imorenoa@data.net.mx

Introduction

Since ancient times, philosophers have dealt, in their attempt to ex-
piain the issues that arise from the theories of knowledge, with the idea of
representation. To illustrate the importance of this notion, we can mention
that the Encyclopaedia Britannica has 1741 references of the various ways
in which the idea of representation is used in different disciplines. Repre-
sentation, hewever, is a slippery concept. And because of its long past,
using Seeger’s words (Seeger, 1998, p.311), “it does not seem possible just
to define what is understood as representation and makeA fresh start”.

In modern times, Kant’s epistemology introduced an important dis-
tinction at the core of what is understood by representation. In his Critique
of Pure Reason (1797), Kant asserts that whenever a person is in contact
with the world, the impressions he/she receives are put through an organiz-
ing process by the innate cogni.ive structures. In much the same way as a
liquid 1s given shape by the container that holds it, so are the sensory im-
pressions shaped by the innate cognitive structures that process that infor-
mation. Our knowledge of the world is therefore just an interpretatior., as
given by our intellect, of that external reality. In Kant’s view, knowledge of
reality is not an isomorphic copy of that reality. The idea of knowledge as
a reflection in a mirror is abandoned. Knowledge is now considered a rep-
resentation, a map of a territory, not the territory itself, as is described by
Korzybsky (Le Moigne, 1995, p.69). Kant believed that all objects of sen-
sation must be experienced within the limits of space and time. All objects
therefore have a spatial-temporal location. Because space and time are the
backdrop for all sensaticns, he called them pure forms of sensibility. This
approach to the theory knowledge had a profound impact from its very
inception. The cognizing subject was given a central role in the production
of knowledge; this became the foundation for contemporary constructivist
episternology —which answers many of the 1ssues raised against the Kantian
school.

In Western culture, it is in the Renaissance that the individual comes to
the foreground, and with it the conception of knowledge as a phenomenon
centered in the individual subject. It would not be until much later, in the
first decades of the twentieth century, when, as a consequence of various
social and cultural movements of the nineteenth century, that new concep-
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tions of the human being arose. These new conceptions rejected the
inmutability of ideas such as “time” and *“'space”; they introduced a con-
tingent element in the nature of knowledge, and with it, a more diverse
interpretation of the term representation.

In order to understand a human being, it would no longer be enough to
study his present: it became necessary to take into acc 1nt the various ge-
netic domains that constituted his history. Different theories then emerged,
such as that of epistemological constructivisim and the social-cultural ap-
proaches, all of which—from different cognitive perspectives—, gave a pri-
mary importance to the genetic domains.

We should comment that the existence of these two different ap-
proaches: one which emphasizes the role of the subject in cognitive activ-
ity, and the other which puts the emphasis on the social-cultural dimen-
sion, has been reflected in the educational field as an almost irreconcilable
tension between cognition and culture. In our view, this is an unfortunate
state for education; as Noss and Hoyles (1996, p.107) explain: “if teaching
is to figure alongside learning, we have as much to gain from Vygostky as
we do from Piaget”. We need to be able to articulate these different points
of view in a way which would allows us “to treat mathematical learning as
both a process of active individual construction and a process of
enculturation” (Cobb et al., 1997). This is not an easy task.

On Signs and Representations

The production of signs and representations is crucial in order for hu-
man beings to be able to assimilate what is external to them and communi-
cate the results from those assimilations, to other human beings.

The use of signs and representations inside a culture gives them a con-
ventional character and an agreed meaning. It is thus that a ring may be an
indication that the person wearing it, is married. Depending on the nature
of the relationship between the sign and the object represented, signs are
differentiated, according to Pierce, into icons, indexes, and symbols (Dea-
con, 1997, pp.70-71). Because this denomination is dependent on the relu-
tionship of the sign with an object. no sign is intrinsically an icon, an index,
or a symbol. “The differences between iconic, indexical and symbolic rela-
tionships derive from regarding things either with respect to their form,
their correlations with other things, or their involvement in systems of con-
ventional relationships™ (p.71).

We would like to suggest then, that the systems of representations that
we use —specially those we use in mathematics— have a cultural origin
and therefore, so does the knowledge which is produced with their help. [t
is important to point out that this assertion does not compromise the objec-
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tivity of knowledge. It does force us, however, to reformulate the issue of
objectivity in terms which differ from those inherited from the epistemo-
logical realism.

There is wide evidence that suggests that the sign systems play a fun-
damental role in the development and use of concepts. They act as media-
tors of thought.

Sign systems offer users the possibility to approach a problem in di-
verse ways (according to the sign system being used). In a learning situa
tion, signs are part of the structuring elements in the interaction between
the subjeci and the emerging concept. By changing a system of representa-
tioh we could highlight different characteristics of a concept. Metaphori-
cally speaking, we could say that each system of representation allows us
to see a different facet of the object-concept being studied.

On Cognition and Historical Development

Theories of learning have to respect ¢ fundamental principle: cogni-
tion is mediated by tools either material or symbolic (Wertsch, 1993). Tech-
nology. in all its forms, modifies, substantially, the process of knowledge
production.

Learning involves the construction of representations. It is through the
construction of representations of an observed phenomena, (or of a math-
ematical concept) that we make sense of the (mathematical) world. Repre-
sentations become mediational tools for understanding.

It is possible to support these ideas with some historical examples.
Once I say this I have to make clear that I am not suggesting to transfer this
support from a genetic dcmain to another one.

The decimal representation of numbers is, perhaps, one of the best ex-
amples of how an adequate symbolic representation becomes an instru-
mient with which to explore: The reasoning is (almost) impossible without
this representational system.

The geornetric continuum appeared, in Euclidean mathematics, as an
abstraction of the physical continuum. Because of the characterization of
continuity as neverendug divisibility, it was possible to coriclude that the
continuum was not made of indivisibles. On the other hand, number was
the prototype of discreteness; number was a collection of units (and the
unit was not a number).

This scenario changed radically with the work (1585) of Simon Stevin
(Waldegg, 1993). The Greek concept of number had developed as a result
of an abstraction process applied to the material world. Stevin challenged
the Greek viewpoint to accommodate the utilitarian matter of measure-
ment in the real material world. In his work (Moreno, L. & Waldegg, G.),
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he identified number and magnitude, attributing numerical properties to
continuous quantities and continuity to numbers. From this point on, it is
not possible to separate the concept and its symbolic representation. For
example, the infinite divisibility of number corresponds to the operation of
division made possible by the decimal notation. The new concept of num-
ber was partially possible through a reflective abstraction. Number was
understood as “that through which the quantitative aspects of each thing
are revealed”. Therefore, arithmetic operations are sustained, at a first
moment, on the actions that are carried out on quantities (Waldegg, 1996).
Afterwards, the symbols used in the decimal notation are identificd with
real numbers. In a sense, this means that symbols becormes icons. In fact,
cultural icons. This narrative also seems to illustrate Damerow (1988) view-
point on cognitive structures. According to Damerow, the initial concep-
tual change “might be exogenous to the cognitive system and historically
as well as culturally determined. Part of individual development would
then consist of the effort to appropriate culturally developed cognitive struc-
tures” (Nicolopoulou, 1997, p.208).

Ceognition and Context

When the epistemological realism is applicd to the educational ficld, it

is accompanied by a conception of cognition as that of a mechanism which
extracts information from a stable and objective world. As has been pointed
out, this view of realism deeply constrains the possibilities for the study of
learning mechanisms as they happen in a local, socially constructed envi-
ronment (i.e. in the classroom). It is from there that the theories of situated
cognition have emerged. In the field of mathematics. however, situated
cognition has presented us with a formidable challenge (Noss & Hoyles.
1996, p. 36). Mathematics does not accept propositions anchored to fixea
referentials, which are dependent on the accidents of the context.
Street mathematics, as it has been called, take advantage of the meaning
of the context in which problems arise. In school, the manipulations of
syntax make it possible to carry out operations of the type “the price of an
apple multiplied by the number of apples™. We cannot help at this point but
to remind the reader of the state of the mathematics of magnitudes before
the emergence of Algebra (sec Galileo's Dialogues concerning Two New
Sciences).

Nunes et al., (1993} point out. that there is ¢vidence that the pragmatic
schernes of street mathematics can be generalized: users resort to the sym-
bolic system provided by money in order to carry out activities of situated
transference. Thus, a person's situated knowledge can be used as support
for expressing more general relationships as well as for inducing from there
a reflection on the activity. We enter here into the complex world of ab-
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straction. We have given this illustration because it gives some insight into
the solution to the problem of how the representational systems being used
can be used to cross the gap between a situated exploration and the need to
systematize.

On cognition and computing tools

Our goal in this section 1s to articulate a reflection on the ways in
which computational tools mediate the construction of mathematical con-
cepts.

Computing environments provides a window for studying the evolving
conceptions of students and teachers, as they use the tools provided by that
environment.

We have noticed that —according to the students— mathematics refers
mainly to a set of symbolic expressions. Knowledge of this mathematics
means to be able to use algorithms to transform a symbolic expression into
another. Now the presence of graphing tools tends to shift the attention
from symbolic expressions to graphical representations. At this point, it is
important to highlight the importance of articulating the different systems
of represcntations. These are tools for understanding and mediating the
way in which knowledge is constructed.

Our efforts to articulate a reflection on computational tools lead us to
consider the phenomenology we can observe on the screens of calculators
and computers. The screen is a space controlled from the keyboard but that
control is very much one of action at distance. The desire to be able to
interact with the screen objects provide a motivation for struggling with
the complexities of a computing environment (Pimm, 1995, p.36). On this
respect, Balacheff and Kaput ( 1996) have talked about a “new mathemati-
cul realism™ due to the new experiences while working within a computa-
tional environment. We suggest that this new realism i1s due, mainly, to the
nature of computational representations. Computational representations are
executable representations. Consider, for instance, the environment pro-
vided by Cabri-Geometre. Therein one can transform (by dragging) a tri-
angle into another while trying to invalidate a property (for instance, that
the bisectors always intersect in an interior point of the triangle). The im-
possibility of invalidating the property leads to a proposition we call a “theo-
rem”. The Cabri environment is well suited to close the gap between the
notion of drawing and the notion of geometrical object.

There is another attribute of executable representations on which we
want to cast light. It is the fact that they serve to externalize certain cogni-
tive functions which tormerly were executed by people. That is the case,
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for instance, with the graphing of functions. Now the student has the op-
portunity to transform the graph into an object of knowledge. This is simi-
lar to what the Greeks did with writing. They used the writing system not
only as an external memory but as a device to produce texts on which to
reflect. As Donaldson (1993, p. 342) has said, the Greek's critical innova-
tion consisted of “externalizing the process of oral commentary on events™.

The interaction between diverse executable iepresent ions facilitates
the construction of situated abstractions (Noss&Hoyles, 1996, pp. 105-
107; Sacristan, 1997). Situated abstractions refers to the understanding
and encapsulation of processes within the context in which they have been
explored. Let us explain: At a first moment students can make some obser-
vations situated within the computing environment they are exploring, and
they could be able to express their observations by means of the tools and
activities devised in that environment. That is the case, for instance, when
the students try to invalidate (by dragging) a property of a geometrical
figure and they cannot. That property becomes a theorem expressed through
the tools facilitated by the environment. As a result we have a situated
proof (Sacristan, A. op.cit. ; Sacristan, A. Noss, R. & Moreno, L, 1999, in
preparation)

We retain the use of the adjective “situated” just to call attention to the
role of the environment and the tools employed. A situated proof is the
result of a systematic exploration within an (computational) environment.
It could be used to build a bridge between situated knowledge and some
kind of formalization.

T. Nunes et al. (1993) have observed that Brasilian children used the
moncy system to transfer their arithmetic strategies from one context to
another. The money system, paper and coins, worked as a universal refer-
ent. Similarly, observing our siudents while working in a computing envi-
ronment, we noticed they could articulate the results of their explorations
in a way that could be taken beyond the environment in which they were
found. The students purposely exploited the tools provided by the comput-
ing environment to explore mathematical relationships and to “prove” theo-
rems (in the sense of situated proofs). Let us illustrate this point with the
case of continuous non-differentiable functions. While working with the
algebraic calculator TI-92, the students observe the dynamic drawing pro-
cess of the polynomial approximations to Weiestrass™ function, and begin
to understand the randomness “hidden” in such a function. They realize
this characteristic of the function under consideration, thanks to the dy-
namics provided by the executable representation of the Weierstrass™ func-
tion.



Drawing by hand and using a computing device to draw, are different
cognitive activities. Of course, the nature of the mediational tools appiied
in cack  ase, support this assertion. We suggest that the executable nature
of the computer’s represcntations “orients” the reflections of the students
to structural considerations: An apt tool for exploring the present example
is the zoombox. Through its use, students may discover the degree of com-
plexity of the function, perhaps only from a visual point of view. The tool
is used, here, as a microscope, and not as a magnifying glass. We think this
difference is important: What one can sec by using a magnifying glass
belong in the same structural domain as what one can see with naked eyes.
The microscope, on the other hand, allows one to enter a new structural
domain. It is not just a matter of scale, but of obtaining a new object of
knowledge. This way, students can generate and articulate relationships
that are general to the computational environment in which they are work-

ing.

Note. The field work, supporting our assertions, is part of the project “La
incorporacion de nucvas teenologias a la cultura escolar” (referred to be-
low) and of sceveral joint works with Ana Sacristan (see references).
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DISCUSSION OF THE PAPERS BY MORENO AND OJEDA
Ed Dubinsky
Georgia State University

Both of these papers provide us with some important, although fairly
familiar insights. Moreno considers representations from a very general
point of view and Ojeda explores concepts in the context of probability.
The two reports also share a certain lack of clarity or at least incompleteness
regarding their central concerns. Ojeda tries to explain what she means by
concept by giving us a number of characterizations that car. be quite different
but without either choosing or synthesizing.

Moreno, on the other hand tells us that “Representation...is a slippery
concept” and also that it is not just a copy of an external reality, but he does
not appear to even try to capture this mercurial notion.

What 1 find most interesting in Moreno’s discussion is the notion of
“situated abstraction” for which he credits Noss and Hoyles. The insight
here, which also appears in Ojeda’s paper, is that if we include as part of
the “environment” mathematical and mental realities as well as physical
ones, then yes, even the most abstract mathematical concepts are “situated”
that is, inextricably linked to their contexts. This moves the argument about
context independence/dependence to the question of whether an abstract
concept, such a mathematical group can be considered as part of a “real”
context. Moreno helps even further by pointing that (you should excuse the
espression) situated well between physical and mental reality is the reality
of computational environments provided by computer software. I would
go so far as to say that these insights, if carried to their natual conclusion
render irrelevant the whole notion of situated cognition and the controversies
surrounding it .

It would be nice if such insights could be applied to enhance our
understanding of representation but as I indicated above, by not really getting
into what he means by representation, Moreno foregoes that task. He does,
on the other hand take on the issue of cognition versus culture. Here,
unfortunately, he perpretrates some common misunderstandings. Vygotsky
does not advocate social interaction as a source of mathematical knowledge
so much as the transmission of meaning from a parent or teacher or advanced
fellow student to the novice. And the idea that mathematical learning is
“both a process of individual construction and a process of enculturation”,
for which Moreno credits Cobb, was strongly expressed decades earlier by
Piaget who alsc includes maturation as a third component of the process.
It is certainly true that (as Moreno quotes Hoyle and Noss as saying) “we
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have as much 1o gain from Vgotsky as we do from Piaget”. But I do not
think this is the case so much for the sources of mathematical knowledge
as it is for the mechanisms thro{xgh which it can develop such as the zone
of proximal development, the use of language, reflective abstraction and
the intra-, inter-, trans- triad.

A point of major importance is that although the present paper by
Moreno is an essay in which a number of statements are made without
supporting evidence, we are told not only that the evidence exists but is
soon to appear in works being prepared in collaboration with A. Sacristan.

We can look forward to the appearance of this material which can move
Moreno’s ideas from opinions to the results of scientific research.

I was very pleased but a little disimayed with the paper by Ojeda. On
the one hand, I think it is really important for the field of mathematics
education to confront some of the very difficuit (for students and for
mathematicians) topics, to try to understand what it might mean for an
individual to understand such a topic and to think about what kinds of
instruction will or will not help our students achieve such understanding.
Ojeda’s paper is a serious step in this direction.

On the other hand, as I indicated above, I had considerable difficulty in
understanding what the author means by concept. I don’t think this is a nit
picking point about wording because both the title and the text indicate that
Ojeda’s concern is with conceots in the area of probability. She is concerned
with epistemological, psychological and social factors involved in learning
a concept and tells us that in order to consider levels of abstraction, she will
“refer to notion, then idea and finally concept.” It seems like an important
point, but she tells us nothing about her meaning for first two of these three
term and several different, perhaps conflicting, things about what a concept
1s. We »et the Webster dictionary meaning, the concept-as-category
meaning, the point that “probability requires a different way of thinking
from the one needed for other mathematical concepts” and the formal
mathematical definition. I have tried, without success to see what Ojeda
might mean by concept, for example in the case of the concept of random,
which has always given me a great deal of difficulty. I was not helped in
my quest by anything in this article.

Ojeda announces her position that “knowledge resuits from social
interaction, and that knowledge is actively built in”, presumably by the
individual as a result of this social interaction. I would argue, with Piaget
(as I indicated above) that social interaction is a major factor, but equally
so is an individual’s interaction with the rest of her or bis environment and
individual maturation of mental and physical resources. On the other hand,
[ applaud the strong stand the article in favor of basing the development of
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understanding on direct human experiences. Although nota very new idea,
this is extremely important, especially for the more complex mathematical
concepts svuch as probability. Ojeda’s structure of an epistemological triangle
involving an object or context of reference, a formal definition, and a sign
or symbol is a useful tool. I also enjoyed reading her description of an
instructional experience in which the teacher takes the game away from the
students by giving all of the answers to questions without allowing the
students any space to develop their own ideas. As much as we all perhaps
agree with Ojeda’s point here, I think we cannot be reminded too often of
now difficult it is, in practice, for a teacher to refrain from saying too much
too soon.
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LANGUAGE USE IN EMBODIED ACTION AND
INTERACTION IN KNOWING FRACTIONS

Thomas Kieren
University of Alberta
tom.kieren@ualberta.ca

[f one takes an embodied view of language use in mathematics knowing then one
needs to consider not only the mathematical sign and its referent, but also the
person using the language in mathematical knowing actions. But this person’s
knowing coemerges with a cospecified environment and in particular, with others
in that environment. “The individual can be viewed as being involved in a number
of simultaneous conversations which he or she shapes through action and lan-
guage use and in which her or his language use is occasioned. This essay is based
on the observation and interpretation of use of mathematical language of children,
primarily eight years old, as they engage in situations involving the use of frac-
tional numbers. This interpretation includes the consideration of various levels of
language use, particularly informal metaphoric and metonymic uses of fractional
number language, of the interplay between language use and the children’s math-
cmatical construct use, of the roles of interaction in and with environmental fea-
tures as well as the relationship of language use and mathematical understanding
as a process.

Bertrand Russell, in his Introduction to mathematical philosophy (1924)
suggests that a natural number like three can be characterized as the set of
all sets which can be put into one to one correspondence with any con-
structed trio. It might be expected then that when a person, particularly a
child uses the word “three”. he or she will be pointing to some exemplary
trio. The characteristic of “threeness” is necessarily abstract and relational
in character and in making reference to a situation using a sign for three,
the child at least unconsciously might be making a one to one correspon-
dence. Of course, we know that young children say, “I am three” without
necessarily invoking such a correspondence, although one most often ob-
serves such a statement accompanied by the raising of a trio of fingers
which is at least a cultural, if not a mathematical correspondence. Even
this last rather simple action language example we observe some of the
ideas discussed by Sierpinska (1998) in her sociohistorical analysis of math-
ematical language and communication: children use [mathematical] lan-
guage to communicate with others {and othernesses], and the child’s lines
of thought and language use interact.

The disct sion above suggests that in using symbols for three in ac-
tion, a child will not be simply pairing the number word/symbol with a
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referent object in some way, but will be enacting a relationship involving
correspondences, or successors for example, intertwining language use with
her or his thought. If this is the case for natural numbers like three, it is
even more evident for fractional numbers such as three-fourths. Even in
the case of one half where it is evident that children have some form of this
concept and can use the word half referring to an amount or an active pro-
cess (“I'm three and a half”, “My half is bigger”, “I will cut the cake in
half™) at an early age, using one-half as a word is not simply a process of
matching a word to an indicated object., For consider the half piece in
Figure 1 below. If one centres that piece on the unit piece vertically many
persons, even adults, will notice that the piece no longer “looks like” one
half. Thus in using fractional number language, a child will be intertwin-
ing that language use with thought/actions which are relational in character
and involve what have been observed as constructive mechanisms in
children’s fractional numbers (Behr et al., 1992; Kieren, 1976; Confrey,
1998; Steffe, 1999) such as partitioning, splitting, or unit reconfiguring
and which involve the use of at least proto-ratio notions.

Embodied use of fractional language

The best way to understand the embodied use of fractional language
by children is to consider some language samples drawn from the artifacts
of such actions. The first set of such examples are given in Figure 2 below.
They have been drawn from the work of eight year old children from three
different classroom studies of fractional knowing in a suburban school in
Edmonton, Canada. These classes involved children with a wide variety of
histories of performance in mathematics. Children were involved in using
a variety of materials in lessons which were aimed at engaging them with
the use of the various fraction sub-constructs - e.g. quotients, operators,
measures - (Kieren, 1976). The “fractional pieces relating to the students’
language samples are shown in Figure 1.

These particular fractional language samples were drawn from work
done in a lesson which was early in a series of lessons and projects which
invoived what Simmt (1999) calls variable entry prompts using the first kit
in Figure 1 above. They are called prompts rather than problems because it
is the students and their lived histories that determine what are taken to be
the problems in the setting for each of them and not the set task itself.
Their variable entry nature reflects the proscriptive rather than prescriptive
nature of the prompts and is evident in the variety of “good enough” re-
sponses based on very varied student backgrounds. These prompts and the
subsequent student actions and language use were at the heart of lessons
which Schonfield (1998) would characterize as emergent - that 1s the na-
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Figure I. Pieces from Two Fraction Kits

ture and direction of the lesson coemerged from the actions and language
and interaction of the students and the subsequent actions and interactions
of the teacher:; the lesson “direction” was not pre-determined by the teacher,
even though the prompt was based on the teacher’s view of prior student
actions, thinking and language use. In a way the curriculum in this lesson
was “wrapped around” the previous lived curriculum of the students and
the teacher. In this setting, even though the teacher used standard symbols
and words in her communications, the s<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>