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History and Aims of PME

PME came into existence at the Third International Congress on
Mathematical Education (ICME 3) held in Karlsruhe, Germany in
is affiliated with the International Commission for
Maihematical Instruction.

The major goals of the Group and the PME-NA Chapter are: .

i. To promote international contacts and the exchange of

scientific information on the psychology of
mathematics education.

. To promote and stimulate interdisciplinary research in

the aforesaid area with the cooperation of
psychologists, mathematicians, and mathematics
teachers.

. To further a deeper and better understanding of the

psychological aspects of teaching and learning
mathematics and the implications thereof.
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Editors' Preface

The Conference Committee decided to select three themes for
this conference: Diversity and Equity, Teacher Education, and

“Technology.” We also chose to organize the plenary sessions around

these three themes in different ways. The Diversity and Equity
strand will begin with a panel of Gilah Leder and Walter Secada, with
a response by Ubiratan D'Ambrosio. We are indeed pleased to have
these distinguished scholars, especially our colleagues from _abroad,
provide some theoretical frameworks for our irsestigations in this
critical area. This panel will be followed on Monday motning by
equity discussion sessions in which you will have the opportunity to
explore the ideas brought up in the panel in more depth and in
smaller groups. Some of these discussion sessions have a focus, while
others are more open in nature. However, all of them should provide
substantial time for participant discussion.

The Teacher Education plenary consists of a lecture by Tom
Cooney with a response by Alba Thompson. Cooney raises questions
about the direction descriptive research is taking us and suggests a
way to look at teacher education that might improve both theory and
practice.

The Technology theme also has a unique format. The Plenary
lecture by Jere Confrey is followed by invited lectures on the theme;
then Alan Schoenfeld synthesizes the information presented in all
seven lectures. The papers printed in this volume provide a major
focus on the learning of fundamental concepts of variables and
functions and the role of multiple representations in that learning.
Confrey's paper also provides a connaction between the technology -
and equity themes as she explores how the teaching of algebra needs
to change tb reach a goal of “"algebra for all.”

The research papers represent a variety of interest and have
been organized in these volumes in the following categories:

—

Advanced Mathematical Thinking
Algebraic Thinking
Assessment and Evaluation

w
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Epistemology and Cognitive Processes
Functions and Graphs

Language and Mathematics
Modeling

Number and Proportion

. Probability and Statistics

10. Problem Solving

11. Social and Cultural Factors Affecting Learning
12. Students' Beliefs and Attitudes

13. Teacher Education

14. Teachers' Beliefs and Attitudes

4.
S.
6.
7.
8.
9

Each research report proposal was reviewed by three
reviewers with experience in the speciality using the criteria
established by PME-NA as guidelines. [In cases of disagreement, the
Conference Committee members studied the reviewess' comments
and carefully considered the proposal. This procedure resulted in
denying about one-fourth of the proposals.

in addition to the 59 research reports, there are 45 short orals,
6 posters, and 14 discussion groups in the program.

We would like to thank the other members of the Conference
Committee for their valuable assistance, and all of the reviewers for
their gencrous contribution of time and expertise. Special thanks go
to Laurie Dengel for her invaluable assistance throughout the
summer in keeping all our records straight.

: Joanne Rossi Becker
Barbara J. Pence
September, 1993
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DIVERSITY AND EQUITY: INEVITABLE OR A PARADOX?

Gilah C. Leder
Faculty of Bducation
Monash University - Clsyton
victoris, Australis, 3168

Four major arese have shaped the way I bhave reflected on the
topic set for discuseion: the links between diversity, equity,
and inequity; selected parsdigms for sddressing gender
differences in mathematics learning; the importance of the
socisl context in which mathematics jie learnt; snd revieiting
previous research. Each theme suggests directions for future
reseerch. The main srguments and topics to be sddressed are
outlined below under the relevant headings. As requested, the
focus in this paper is on gender.

Diversity: dssirable or & cause for comcera?
It has been srgued (s.g., Pessov, 1960) that diversity is -
essentiel if equity is to be schieved:

Democracy ie not the fruit of uniformity. Divereity
within unity doss not equal & single progras in
every clsesroom. The ideal is best schieved wvhere
arrangements include guidance ... to cultivate
individual differences. (Passov, 1960, p. 85)

Yet divereity can slso lesd ¢to, or be the result of,
inequitable outcomes, practices, opportunities oxr resources.

More than seventy years sgo Terman and hie colleagues (e.g.
Terman, 1960; 1965; Terman & oden, 19%47) embarked on an
ambitious project: documenting the lives of s grou of
etudents who scored very high on certsin IQ teste. Identitying
nonintellectusl fectors likely to fecilitste life success® wee
an important part of the work. Comparisons of thoss ultimately
judged successful, snd those not (srgusbly s vslue-lsden
rsther than ebsolute Jjudgement), 1led to & muaber of
provocative conclusions.

Both groups sppesred to be equelly successful during the

'gefined se ‘the extent to which s eubject had made uss of
hie (sic) superior intellectusl ability, little weight being
given to esrned incomse’ (Terman, 1960, p. 9)
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elementary school years, began to draw apart in the early high
school ysars, and differed substantielly by the end of high
school. Various explanations for the behaviour and performance
patterns among the two groups were put forwvard. Some
differences in the home backgrounds of the two groups werse
noted, for example.

But the most spectacular differsnces between the two
groups came from three sets of ratings ... on e
dozen personality traits.... These wers ‘persistence
in the accomplishment of ends’, ‘integration towards
goals, as contrasted with drifting’, ‘self-
contidsnce’, and ‘fresdom from interiority
feslinge’. (Terman, 196y, p. %%)

In this case the divereity identified wae linked with negative
rather than positive outcomes.

The influence of affective factors on fulfilment of potential,
identified by Terman and his colleagues, is notevorthy and
coneistent wvith persistent conclueions drawvn in the
mathematics and gender srea. Affective variables (including
confidence, beliefs ebout sex-role congruency, ettributionel
style, willingnese to take risks, ...) are often oited as
partiel explanations for gender differsnces observed in
mathematics learning. The dete in Table 1 offer & convenient
summary of such fectore. Mors detailed 1ntomtion~ can be
found in Leder (1992).

Tabla 1: Selected models of mathematics learning

Author (s) Year | Relevant components in the model

Deaux & Major 1987 | beliefs about the et, ebout

self, social expectations, effect
of context, rssyu.se to actions

selected

Eccles 1985 | persistence, self-concept of
ability, attitudes, expactatione,
attributions

Ethington 1992 | self-concept, expectetions for

success, stersotyping of maths,

difficulty of maths
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Author(s) Year | Relevant components in the model
Fennena & 1983 | confidence, willingness to work

Peterson inde; ently, sex-role congruency,
B attributional style, engeges in
high level cognitive tasks

Leder 1990 | contidence, attributional style,
learned helplessness,
| orientation, sex-role ocongruency

Reyes & Stanic | 1988 | societal influences, teacher
attitudes, student attitudes

Terman’s recosmendations for future research ectivities remain

timely and applicable as wvell to research on mathematics and

gender: :
Intellect and achievement are far from perfectly
corrslated. To identify the internal and external
factors that help or hinder the fruition of
exceptional talent, and to measure the extent of N
their influences, a&are surely among the major
problens of our time. (Terman, 1960, Pp. 58-56)

Paradigms for addressiang gemder differeaces in mathematics

It is convenient to focus on the various theoretical models of
gender differences in mathematics learning which vere
discussed during the opening session of the International
organisation of Nowen and Nathematics Bducation (IOWME) Study
Group (ons of the strands organised as part of the 7th
International Congress on Mathesatical Bducation (ICHE-7) held
in Québec in 1992). The distinction drava in the previous
section between functional and dysfunctional diversity
continues to be en implicit theme.

Four theorstical perspectives were identified at IOWME: the
intervention perspective, the segregation perspective, the
discipline perspective, end the feminist perspective. These
categories are not mutually exclusive. Rather, there is
inevitable overlap.

The intervention perspectiva

Those working in this paredige assune that intervention
programs can end should be mounted to ensure thet more females
engage in mathemetics end related pursuits. Thus equity is

o BEST COI?Y AVAILABLE 28
EMC s . .

Aruitoxt provided by Eic: ’




Q

ERIC

Aruitoxt provided by Eic:

equated with equal participation outcomes. ZExemplas of

possible initiatives are outlined economically in the 7
strategies put forward by Amot and Weiner (1987). Long as well
as more readily echieveble short term goals are included.

Table 2: Strategies for enhancing gender equity

ACTION | STRATECIES/OUTCOMES
Persuading girls into math, Exploring wvhat is ‘herstory’

science and technology or girl-and wosman-centered
science and technology -

Requiring a coepulsory core Providing both groups with
of subjects: math and science | skille and knowledge to
for girle; humanities for chellange the traditional
boye work and homs environment

Reducing stereotyped choices | Broadening girls’ horisons
and models

Revieving school Changing the nature of
organiestion, e.g., uniform, | schooling

discipline

Producing in-service courses | Exploring sexual harassment
and policy guidelinee in school and the workplace
Creating posts for equal . | Pacilitating consultation and
opportunities collective working

AMapted from Amot and Welner (1987, p. 356) ‘

However, initiatives taken to increase females’ participation
in aathematics are sometimes overtaken by events which occur
in the wvider contaxt. Por example, es unemployment increasas,
many disillusioned youth ere sceptical about erguments which
stress that studying mathematics will laed to increesed
employssnt opportunities. In such a climate, previously
succassful intervention strategies which focus on tha
usefulness of mathamatics become irrelevant.

The segregation perspective

Thosa working within this framework assume thet curricula and
methods of teaching are gesared to the needs of males rather
then females. Many of the lattar, it is argued, will respond
better in a learning environmant sensitive to the needs and
preferences of females. Organising - learning in single-sex
settings is sean as en attractive end vieble alternative to

6
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ths far mora common co-sducational setting.

Yot single-sex schooling as the preferred option for improving
schooling for g¢girls has as many advocatss as critics (see
e.g., Leder & Porgass, in press; les, Marks, & Byrd, in
press). Ths lattar noted that

U.8. single-sex Catholic secondary schooling has
been shown to produce benefits, ugchny for young
women, on & rangs of outcomes, cluding academic
echievement, academic ettitudes and aspiretions,
‘lees stereotypic viewe on eex-roles in family and
professional life, and political activism.

Their recent study (lee, Marks, & Byrd, in press) explores and
documents effectively the complex interaction of the many -
often subtle =~ fectors that need to e considered when
different educational settinge are compared. A number of
Austrelian reesarchars sre also cautious about the supposed
advantages of the single-sex strstegy. In s comprehensive
review of rssearch on single-sex and coeducational schooling
Gill (1988) concluded:

Not all ¢girls vho are educated in single sex classes
or schools do well. Simply grouping girls togethar
in single sex classrooms is not going to bring about
the desired changes in educational outoomes. However
when girls are seen to echieve highly or enrol in
highar numbers in mathematics and science it seens
that single seax learning experiences are frequently
involved (p. 14)

willis and Kenvay (1986) have bean particularly critical of
the eingle-sex strategy as & =eans of redressing gender
inequities in education.

The fundamental problem with the single-sex etrateqy -
is that it refuses to acknowledge the ocomplex ways
in which schools interact with the gendar and class
structure of society.... (T)he single-sex strstegy
appears naive, partial and particulerly
inappropriate for the najority of girls who ara
rejected by the competitive academic curriculua.
Even within its own terms, hovevar, the single-sex
stratsgy in its most populer manifastation is
unliksly to changs the educational opportunities of
girle in any fundasentel way because it focuses
almost exclusively on changing the behaviour of
girls. It neglects the much more difficult problem
of changing the attitudes and behaviours of boys and
teachsrs, end the nature of the curriculum itself.
{pp. 137-138)

It seems premature to conclude that segragated schooling per
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se will necessarily minimise lmquitio..

The discipline perspective

various writers have argusd that the nature of the mathematics
(and science) taught in schools (and universities) needs to be
questioned and possibly reassessed. Some of the etretegies
outlined by Amot and Weiner (1987), and summarised in Table 2,

. challenge assusptions implicit in traditional mathematics

curricula. willis (1989) wmaintained that a mathematics
curriculun embedded

in real-world social concerns and in people-oriented
contexte; presenting it as making ‘humansense’, non-
arbitrery, ncn-absolute and also fallible; and
presenting e eocial-historical perspective to help
studente become avare of the ‘person-made’ quelity
of mathematics (p. 38)

is possible and more likely to be inclusive of girls. What
such @ curriculum might look like has been shown by Barnes
(1989) who wes asked to produce ‘gender inclusive material for
teaching calculus in Australisn schools’. Among the guiding
prlnciplu she adopted wers the following:

Present mathamatics as a human endeavour, changing
and developing over time, and not, es students often
perceive it, something thit has been handed down to
ue complete and perfect, all ‘worked out by
‘oupnl'brun-' vho were very different froam ordinary
mortals. ' ’

Present mathemetics in context - as e eocially
relevant activity, helping us to  understand the
vorld ve live in and to solve problems of concern to
people today, especially young peopls.

Velus the lifs sxperiences end culturel background
o; all students and the mathematics thet arises out
of them.

Given the paucity of curriculum materials written with such a
focus it could be argued that umnder current circumstances,
inequity is ineviteble.

The feminist perspective or mors appropriately: feminist
parspectives

It is beyond the ecops of this paper to present a detailed
discussion of this vast end complex literaturs. Instead, I
will continue the: link with the IOWME session by focusing on
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the three broad feminist theories discuseed by Hura (1992):
the feminism of equality, radical feminism, and feminism of
difference. Some of the key slements of the different theories
are summarised, all too simplistically, in Tabls 3.

Table 1: Overview of three feminist theories

Theory ) Important slemants

Peminisn of equality Is action-oriented, demands
actual ard legal equality
betvesn sales and females,
and conslders political
action aid the socislisation
and sducation of femkles as
sffective tools for changs.

Radical feminiem srefuse to define themselves
throuzh equality with men.
The; dontit{ patriarchy as a
social, political amd
economic system that
oppresses and exploits wosan
individually and
collectively, sexually and
o?ononiany' (ura, 1992, p.
3

Peminisn of difference ‘I Do not wish to sliminate
gender distinctions. on the
contrary, they insist on the
recognition of differsnos,
they see women as possessors
of specific knowledge,
culturs and experiences and
the feminine ss an
atfirasation of life. They
assert that women have their
own ethics, their own way of
knowing and their own

- language. They wish to

’ reclaim and revalue all
things from a feminine
perspective. (Mura, 1992)

Thers is an interesting correspordence between the firet threes '
perspectives discuseed and the feminist paradiges sumsarieed
in Table 3. Those relying on strategiss described under the
intervention perspactive heading sees to be working within the
feminiea of equality paradigm, those adopting the arguments
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put forward under the discipline perspective heading
apparently identify most readily with radical feminism, while
those advocating strategies described under the esegregation
perspective heading seem to be working within the feminisam of
difference paradigm.

The following dialogue. reported in Phillips and Soltis
(1991), 1is sobering and serves ae a suitably cautious
oonclusion to this second theme. :

A: Perhaps you can help me. I’ve been trying to make
sense of something, but I can’t quite do it.

B: I'11 try. what are you trying to understand?

A: I’ve been taking a course on learning thecries
and I've tried to use them to help me understand how
I learned to juggle laet ssmester.

B: That ehould be sasy. I took that learning course
last year. What’e the problea? -

t - There are two problm really. riret, some
thoorlu don’t seem to work et ell, but if they are
valid theories they should explain all cases of
learning, shouldn’t they? .

B: Well, perhaps ... which theoriee don’t sse. %o
work?

A: Plato’s theory for one, I didn‘t ‘recall’ how to
juggle did I?

B: How do {ou )mw you didn’t? If you didn’t have an
inborn ability to 3Jjuggle you could never have
nastered it, right? I’ve tried to learn how and I
can’t,....

B: Try the Gestelt theory. Didn’t you juet Xkeep on
trying until it all cams together in a rhythm, a
pattern, a smooth flowing continuous action es a
vhole? One minute you couldn’t juggle and the next
you could! Thet’es Gestalt!

A: OK, you’ve convinced me that I could use Lockean,
Platonic, and Gestalt theory to explain my learning
to juggle when I only thought I could do it with
behavioral, problen-solving, Piagetien, and
information-proceesing theories. But that gets me to

10
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my second problem. If all thsse theories can explain
the same phenomenon, how do.ws know wvhich is right?

B: Whoever said theoriss nesd to be right or wrong?
A: Don’t they?
(Phillips & Soltis, 1991, Pp. 98)

our challenge is to distinguish between ths two sets of
' theories.

fLearaing mathematics in a social context )

A common element (either implicit or explicit) in the various
approaches for explaining/reconciling/applauding differences
in mathematics learning is the importance of the broad social
context in which learning occurs., Material found in the print
media can serve as a convenient indicator of this ehvironment.

A case study: election campaigns
{November 1992, U.8.A.; March 1993, Australia) -

Some recent excerpts from the popular (Austrslian) press (Fed
1993) illustrate the conflicting messages used to woo female
voters. For examples

Under the headline: Policy launch reises debate on notion of
‘women’s vote’

the Prime Minister was quotad as saying that
Women were concernsd about unemployment and losing
their jobs, and saw the issues of pressing concerns
to be child care, violence against women and woman'’s
health. (The Age, Teb 11, p. 8, 1993)

The article continued:

Paul Keating (ths Australian Prime Minister) finally
realised he had a problem with women ... His tone
was patronising, his perspective out of touch.... By
June, the well-known expatriate feminist Dr Anne
Susmers was in his office on a ... contract to clean
up his ect. (The Age, Peb 11, P. s, 1993)

Part of Dr. Summers’ epproach was to arnn:go for Mrs Ksating
to step ‘into the campaign spotlight with a modslling
appearance in Vogue Australia magazine’. Interviews which

/
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might focus on her opinions, valuee, or intellectuel pursuits,
rather than her appearence, wers not encoureged. ‘Her wmedie
reletions during the election are being ruled with an iron
tist by her spaciel adviser (vith her) medie exposure (kept)
to e minimum’ (The Age, Pedb 17, p. 1, 1993). rocusing
primarily on women’s appearance, it seens, is still considered
a vote wisner. The many syndicated articles thet ragulerly
eppsar in the popular press reveel the continued pravalence of
stereotyped reporting in other countries as well.

Whatever our own veluee - and I have concentrated
intentionally on aspects of the Australien culturel climate to
pereonalise thie eection - it ie unreelietic to ignore the
context in which studente make educational and eventual career
end life choices. Both short and )ong term solutions need to
be considered if diversity and equity are to be reconciled.

Revisiting previous research

Elsevhere (Lader, 1992) I have ergued the importance of using
multiple methodologies to examine gendexr differences in
sathematics education. Large scals studies sexved, and still
serve, e useful purpose but need to be supplemented with
intensive observations of e email group of students. I will
drev on two recent studies from my own work to illustrete why
pravious research tindings should not be aeccepted
uncriticelly.

Rravioun assumption 1: females prefer to work (do mathematics)

cooperatively in groups and do better in such a setting.

Intensive observations, over e eustained period of time, of
five estudents (thres femalee and two males) working on s group
project during mathematics lessons ravesled coneiderable
atereotyping of tasks. This ocourred even though one of the
females took on the organisational leadership role, wae
accepted by the others in that role, and often dominated the
group discussion.

The feneles typically took on (or were eesigned) the
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recording, colouring in, and presentation of the final
product; the mathematical exploretions and calculations were
carried out primarily by the males. Tvo rapresentative
excarpts from the field notes taken during the observation
period are reproduced below:

Girls coloured bar graphs, labelled graphs and axes;
boys ca.rctuu{ flottod graphs (Extract from summary
of main activities carried out in lesson 4)

Girls .worked on writing up report; buys worked on
mathematical calculations related to projected
profits of new canteen (Extract from summary of main
activities carried out in lesson 6)

The students’ assassment of ths work done in’ cless wvas
_realistic amd reflected the different activities in which they
had been angaged. According to the three girls in the small
group, the purpose of lesson 6 was to ‘write up the report’,
‘tinishing graphs, working together’, amd ‘writing up the
results’. The two boys in the group considered that the main
purpose of the same lesson ves sworking with calculators,
cooperating’ and ‘figuring out the results’. Ssall group work,
per se, does not ensure that females are more engaged in
mathematical tasks. What are the features ~ group compcaition,
task set, classroom climate ... which facilitate diversity and
equity?

Previcus assumption 2: females are disadvanteged on multiple
choice questions, particularly if a penalty is imposed for
wrone answers, because they are less likely to guess/take
risks than males.

Three stetistical measures of risk taking were applied to dats
from the Australian Mathemetics Competition, which currantly
ettrects epproxieately one-third of Australia’s secondary
school students. In line with {findings reported in ths
literature, tha results obtained indicated that malas were
more likely than femeles to teke risks on multiple choice
questions. Yet vhan esked whether thay ‘would guess the
answer’, ‘lesve @ blenk’, or ware ‘not sure what I would do’

TA)
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under different conditions females consistently indicated that
they were both more likely to guess than males and less likely
to omit questiors of which they were uncertain. This
interesting paradox warrants further investigation.

Collectively, the two examples illustrate the importance of
reassessing earlier findings and of using aifferent research
strategies to explore issues which have already attrected
research attention.

Education is a complex social phenomenon. Any
research in it, quantitative or quelitative, will
involve a good deal of interpretation about what has
to be controlled or taken into account to undarstand
the results.... we cannot even presume. that the
phenomena we study are the ‘same over time or in
different countries, that what holds in one
sl%utlon eos will apply elsewhers. (Yates, 1993, p.
10

Concluding ocomments .

Mathematics and gender issues have attracted much ressarch
ettention in recent years and are likely to continue to do so.
It is a far cry, oconceptually, from sex differences in
mathematics learning (a popular topic two decades ago) to our
current oonsiderations of equity end diversity with respsct to
gender. The diversity of research paradigms, research
techniques, and settings in wvhich relevant research has been
carried out has heightened our appreciation of the myried of
subtle factors that may help explain when diversity is
desirable and wvhen it is a cause for concern. As I have argued
in a somevhat different context (Lader, 1982) a common
languege and respect for alternate positions are needed if
constructive debate is to occur between those grappling with
the same issues from different positions or within different
theoretical framevorks.

Educationally, femeles are not a typically disadvantaged
group. They often do well at school and in many countries now
have higher retention rates than males. They are certainly
capable of doing mathematics, although there are some
differences in the ways they participate in mathematics and
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related subjects, both in school and beyond. Acceptance of
this as e reasonable synthesis of ressarch findings to date
inevitakly shapes decisions about future research. The egenda
for future research most likely to facilitate diversity amd
aquity needs to be set collectively. In this paper I have set
out some of the variables and constreints wvhich are e high
priority for me. Discussions during the oonference should
clarity further the most constructive path ahead.
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EQUITY AND A SOCIAL PSYCHOLOGY OF MATHEMATICS EDUCATION

&

Walter G. Secada
National Center for Research in Mathematical Sciences Education!
University of Wisconsin-Madison
In previous work, § have critiqued much of the current research in mathematics
education for its uncritical use of psychology. That use has resuited in mathematics
education accepting a world view in which social and public events have become private and
part of an individual’s inner world, in which particular cultural norms are taken for granted,

and in which social issues are transformed into problems residing within individual students.

Based on those critiques and since equity is an issue of social justice, I have questioned the
utility of much of mathematics education research for developing an agenda for equity in
mathematics education’
Some Legacies of Psychology and Education

' Critiques of the uncritical uses of psychology and of structural inequities in education
are not new. Women, minorities, immigrants to the United States, and people from lower
social class backgrounds have repeatedly been subjected to psychological analyses and
research that have defined them as fundamentally deviant and deficient when measured
against dominant norms. The common school was created, in part, to Americanize
American Indians and the children of immigrants, to prepare young ladies for their roles in
society, and 10 train people from the lower social classes for manual labor and other menial

jobs. The purposeful denial of educational opportunity to African Americans, Asian

Americans (especislly in California), and Hispanics (especially in the Texas and the
Southwest) and the use of psychological theories and testing to grant legitimacy to those

practices are part of the story of the common school up to & scant 30 years ago.
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Over the past thirty years, social and educational policy and research have moved

E

O

away from accepting beliefs about social-group inferiority and the sorting functions of
schools. And, the most blatant actions supported by such beliefs seem to have disappeared.
Yet many practices and organizational structures found in schools, which are the legacies
of those beliefs, have not disappeared; rather, they have become covert, transformed for
other (seemingly more benign) uses, and affect our ongoing efforts to improve schooling for
children. What is more, beliefs about non-dominant groups that can be traced to these
earlier times reappear with frightening frequency and derive new support from psychological
resem:h: Finatly, efforts to re-create and improve the sorting functions of schools continue
to reenter the public policy and research arenas.

Matheinatics educators who work in equity should not be too surprised that progress
has been slow. For example, over those same three decades (and even longer if we go back
to John Dewey and other progressive educators), educators have invested large amounts of
intellectual, financial, and material resources in studying and trying to change how children
are taught their school subjects--mathematics being one of the most visible examples. Yet
study after study and report after report have documented our limited success in changing
the pedagogical legacies of the creation of the common school. Why then, should we
assume that in the case of equity--an area in which the inteliectual resources have been
fewer and policy support often has been one of malign neglect if not outright antagonism--
we would have made substantially more progress in changing those same legacies?

Nor should we be surprised that beliefs and inequitable practices, which can be
traced to the early years of psychology and the common school and which should be

oﬁsolete. reappear with distressing regularity. Many policy makers are the products of those

-~
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carlier times. And just as there have been ebbs.and flows in' research, policy, and pn.tctice.
between (a) progressive positions and (b) basic skills and traditional forms of teaching, so
too should we expect similar sorts of ebbs and flows for the case of equity.
The Curreat Centext\
These observations and criticisms should not be taken to mean that I believe that
nothing can be developed which would .suppon a mathematics-education equity sgenda
based on psychological constructs and research. On the contrary, mathematics education

is consolidating its hard earned gains in research (viz, the Handbook) and policy (viz., the

NCTM Standards documents). Those gains rely, in large part, on advances in our
understanding how people reason and learn mathematics, and how teachers learn to teach
mathematics. That work could help in the development of an equity agenda.

What stands in the way of an equity agenda being developed, , however, is that much
of this work fails to question the boundaries of cucrent practice in ways that incorporate
what is known about the social contexts of-teaching and learning. For example, the
p;ychological evidence that is cited as supporting the Standards documents revolves around
carefully defined ideas of understandiug: understanding has coberence, is constructed and
develops slowly, is linked to pre-existing knowledge, and can involve the re-organization of
knowledge. Absent are the psychology of affect and analyses of (a) the social and cultural
origins of understanding and (b) how understanding develops in context.

An Analysis of Reform

4]

For & moment, assume that the case that is built in the various reform documents is
compelling. Assume that the school-mathematics curriculum contains trivial facts

unconnected to the mathematics that people in the real world will need in order to function.
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Assume the curriculum lacks coherence, ignores students’ informal knowledge, sacrifices
depth for superficial coverage of content, and interferes with the construction of knowledge—
in other .words, the curriculum actively interferes with how people reason mathematically.
Assume that teaching as telling dominates over students constructing their own knowledge.
Assume that a single person tries to exert control over the day-to-day lives of students in
ways that are problematic and seem unconnected to the purposes of schooling. Finally,
assume that the same elementary-school content is covered yearly with little hope of
students encountering new and potentially more interesting content. From these claims--that
something is pathologically wrong with current practice in school mathematics—have come
the calls for change.

For the moment, however, let’s put aside those calls and instead inquire about what
would constitute a psychologically healthy and adult-like response to such a sad state of
affairs. As I suggest in my Handbook chapter, the healthy response by any adult would
include disengagement (broadly construed) in those practices with a concomitant lower
performance on outcome tasks. Among the indicators of disengagement are time-off-task,
increased school absence, failure to persist in course taking, and dropping out of school.

Next, consider the student populations who fit this profile. Historically, they have
been labeled disadvantaged, at risk, or in other ways that suggest deviance or pathology.
They include minorities, students from society’s lower socio-economic strata, and the
children of immigrants. But, the above analysis suggests that, in fact, these students are
reacting in a mature, adult-like manner to educationat experignces whose characteristics

have remained constant since the formation of the common school. Moreover, this analysis
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suggests that, from an affective point of view, the pathology lies in the studeats who accept

such a sorry state of affairs.
Secial Evidence

Evidence in support of this analysis can be found in a range of areas. First, there is
evidence concerning the low-quality instruction that minority students and students from
lower SES backgrounds receive. This includes studies on ability grouping and tracking, on
categorical programs such as Chapter 1 (the old Title I) and special education, and
comparisons between urban and rural schools on the one h;nd versus suburban schools on
the other. These studies all point to an inescapable conclusion: the worst quality education
is provided to those students who fit the profile of being disengaged and low-performing’

Moreover, there is social science evidence to suggest that mino_rity students, students
from lower SES backgrounds, urban and rural students, and children of certain immigrant
groups who are being socialized according to their traditional norms are all socialized to
take adult-like responsibility for themselves at a very carly age. This includes caring for
younger siblings, performing large and meaningful tasks, and accepting responsibility in and
helping to support an extended family. One characteristic of adult-like learning is that
people judge the utility of what they are supposed to learn; such judgements are critical for
these children. ‘
An Example

As an example of how this analysis might work, consider the case of how one middle-
class family confronted a common crisis in the learning of third-grade mathematics. A
common third grade objective is the memorization of basic multiplication facts and an all-

too-common method for achieving this objective is through the use of timed tests.
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Shortly after the start of the second term, a third grader returned home very upset.’
(S)be began saying that (s)he hated mathematics and was no good in the subject. After
much prodding, this child told its parents that the teacher had begun to use two sorts of
timed tests. The first was written, in which children were given 3 minutes to complete a
worksheet of all 100 facts (up to 10 x 10). The second test was oral; the teacher would call
out multiplication problems in a non-stop monotone and children were. to write the number
sentence with the correct answer. The speed at which the teacher read off the probiems
meant that the children could not stop and reason through their answers; they simply had
to react. On top of that, the teacher posted each child’s performance so that he or she could
trace improvement during the course of the term; the goal was for each child to score 100%
by May.

The father determined that his child actually agreed with the teacher’s goal of
memorizing the number facts: “You may not think that this [number facts memorization} is -
important, dad, but I want to get an A" The timed tests were so stressful that the child
could not pe rform well; and also, (s)he was embarrassed to compare her/his performance
against the rest of the class. With this information, the father called the teacher and set up
a conference.’

The meeting between the parent and teacher was uneven, to say the least. The
teacher insisted on the validity of the academic goal (memorizing the number facts) and that
the method of timed tests was benign: "Like & sprinter who uses time trials to help chart her
progress.” The father insisted that the objective was not at issue, but tha.t the problem lay
in what the timed tests and grade posting were doing to his child . Finally, both agreed that

the child had bought into the objective of memorizing the basic facts, that the parents would

22

45




Volume 1

help the child memorize them, and that the teacher (who recalled that another student, who
had sc(;rcd a 0 on the exam, cried upon seeing the results) would take steps to reduce the
children’s anxieties.

The teacher did seem to alleviate the third graders’ anxieties, though the timed tests
continued through the end of the school year. As children got perfect scores they were
given rewards and encouraged to try to complete two or more worksheets in the given three
minutes. The parents and child created a ten by ten grid with the number facts on a large

poster that was hung in the child’s room. The third grader had to figure out what weat in

each of the squares before the answer was written in. On request, the parents also drilled
their child on the multiplication facts”

‘This particular vignette shows how school mathematics is co-constructed by a child,
the parents, and the teacher. In this example, the parents intervened with both the child and
the teacher in an effort to repair a rift in how the child was experiencing school mathematics
and to minimize the likelihood that the student would disengage from the class because of
testing.

All the participants agreed, after some negotiations, to the eventual objective—the
memorization of number facts. The distinction between goal and how it was being achieved
(timed tests and out-of-school practice) proved to be subtle, but important since it allowed
for that agreement to take place.

Interpretation is at the heart of this event. These middle-class parents interpreted
their child's reactions as anxiety. Other parents might interpret it In a different way, for
example, a5 an indicator of ability or as another example of the meaningless things that

schools ask students to do (and that the child should ignore). The teacher, on the other
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band, saw the timed tescs as benign events whereby where children could trace their own

growth in “learnina the basic facts.” The child saw the tests as stress producing,
demonstrating a personal lack. of ability, and humiliating. One can imagine the teacher’s
reaction to the student had (s)he, whose interpretation of the test differed so radicaily from
the teacher's, begun to withdraw from mathematics and had parents, who also did not share
the teacher’s interpretation, sanctioned the child’s doing so.

The repair was also socially negotiated. Other children might not be as forgiving of
events such as these. Indeed, though this particular student saw that the timed tests were
meaningless since the mathematics that they contained did not help in solving real problems,
(s)he bought into the teacher’s agenda because (s)he wanted to get an A.

Other parents might have reacted differently based on their interpretations of this
event, Some middle class parents might provide different kinds of support to their children,
intervene with the teacher in a different way, or they might force their child to memorize
the facts because they learned the facts in the same way. Other parents might not have
done anything, instead leaving it to their children to make some judgements about \Yhat is
being asked of them and to take appropriate actions. For example, 9- and loye;r old
Hispanic children often help to take care of their siblings, may work in the fields if they are
migrants, and decide whether or not to go to school because their parents had to go to work
early; in comparison, this event seems like a minor one that does not require adult
intervention. Finally, other parents, who may have had similar experiences in their own
schooling, may encourage their children to resist the teacher’s efforts.

There are many possibilities, but two points remain:
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1. the memorization of number facts and the use of timed tests were a' socially
constructed event. In another setting, it may bave been constructed diffezently and
the results may have come out differently.

2. psychological theories of learning are inadequate for explammg events such as this.
The meanings that were attached to timed tests and to the memorization of number
facts, the negotiations among the participants, and their subsequent actions cannot
l.,e explained by accounts based solely on the individual. A full account requires
cultural and social analyses.

Towards a Social Psycho_lou

One way of reading the above vignette is as a story of how middle-class parents short-
circuited what could have turned into an adult-like reaction by their child and to treat the
intervention as the social pathology which requires psychological explanation* Another
reading could come from an equity point of view. In this case, one could look at variability
in how similar events are constructed by students, parents, and teachers across different
settings. An equity issue would be asking on whom the burden falls for repairing the child’s
educational experiences.

Regardless the purpose, we need are ways of understanding how variation in setting
can lead to variation in meaning, the possibilities of learning, and the learning which
actually takes place. It is for this that mathematics education needs to move beyond

narrowly construed, psychological accounts to a broader, social psychology.

Ideas from ethnomathematics, situated cognition, social contructivism, and neo-
Vygotskiian theories of learning show promise in this regards. All seem to aver that the

settings in which mathematics is learned deeply affects how that mathematics is structured,
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recalled, and applied in later life. If mathematics is learned as meaningless and done by
brute force, then those features (and their consequent affective states) will beeome part and
parcel of a child’s basic understanding of mathematics. If the adults who are supposed to
‘support students’ learning do not help that learning to make sense or if they do things which
lead to student resistance in mathematical contexts, then it should be hardly surprising that
students’ meta-cognitions-and beliefs re-create these same characteristics (recall that meta-
cognition is thought to grow out of social interaction).

Hence, the kinds of social psychological efforts that I am calling for are those which
combine social and cultural analyses, the psychology of affect (beliefs and feelings), and the
psychology of learning.

Equity and Social Psychology

Equity includes a strong value position that we should try to distribute resources fairly
and create a fair society. Though there may be disagreement on all of the details of how
such an agenda might be enacted, there is broad based agreement among equity advocates
that destereotyping of people is an important first step. Unfortunately, even among people
who work in equity, there are beliefs about student abilities, upbringing (¢.g, cultural
deprivation, disadvantagement, at-risk), and the like which have resulted in a discourse of
social-group deviancy and deficiency. 1 would hope that niy analysis of the reform’s rhetoric
makes plausible the possibility of mathematics educators unlearning those beliefs and
avoiding the resultant discourse; there are other ways of telling the story of differential
student ackievement and course taking.

But also, I would hope that we avoid going to the other extreme. Though I may have

alluded to a social pathology that resides in the middle class because it prevents its children
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from behaving in an adult-like manner, my intent was not to create a new stereotype. My
goal was to drive home the point of how value-laden and socially constructed are the ways
by which we are interpreting the phenomena that are at the heart of equity.

Nor do I advocate a wholesale abandoning of notions of knowledge deficiency.
Deficiency should not be measured against some dominant-group norms; instead, deficiency
should be measured against each individual’s stated goals. It is a fact that some people
cannot accomplish their stated goals because they do not know something that is needed in
order 1o accomplish those goals; in this sense, their knowledge is deficient.

I began and ended my Handbook chapter with a call for scholarly inquiry on the
nature of differential student achievement. I have sketched out, in some rather broad terms,
how such inquiry might need to create 2 social psychology of mathematics education. The
goals of such an effort should be to question the boundaries that have been placed around
the traditional uses of psychology in mathematics education and to draw synergistically on
fields of inquiry that help us understand the social contexts in which mathematics is taught
and learned.

There is on~ final imperative with which I would end this paper. If my acalysis is
right—i.e., that the achievement and course taking patterns of students who have traditionally
been labeled as disadvantaged and at-risk has been the result of their experiencing the worst

cases of schooling—then reform, if it is to matter, needs to begin with those students

populations. We need to take seriously their educational conditions and to create
curriculum, teaching, and assessment practices which support reasoning, are meaningful to
students against their cultural identities and lived realities, and that prepare them for the

reality of the world that they will inherit.

Py}
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There are four reasons for this. First of all, we owe it to them. All along, their
performance has been an carly-warning signal of what the reform bas recently come to
understand. Second, they are the most critical test of assertions about reform and teaching
for understanding. Other studcﬁt populations are likely to be more forgiving of our errors
and hence their responses to reform efforts will not be a valid tests of its efforts. Third, the
history of educational innovation bas shown that gcnuipc reforms move from populations
that are labeled as economically disa.dvantaged to their more affluent cohorts, but not in the
‘teverse direction because of institutional and social barriers. And fourth, the history of

reform and innovation is one in which the rich get richer: those who are situated to profit

from a innovation get a disproportionate amount of those benefits! We need to take -

affirmative action to avoid re-creating stratification of opportunity along new and more

potent lines of enhanced mathematical programming.
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1 The preparation of this paper was supported, in part, by a grant from the Office of
Educational Research and Improvement, United States Department of Education (Grant
No. R117G10002) and the Wisconsin Center for Education Research, School of Education,
University of Wisconsin-Madison. The opinions expressed herein are mine and they do not
necessarily express the views of either OERI or WCER.

2 Some mathematics educators who write from cross-cultural or international
perspectives have criticized American writers for limiting themselves to work that has been
carried out in the Unitcd States and to American issues or perspectives. Though 1 have
sympathy for that cn'ticisn&, there is a countervailing danger when writing about soclal issues:
superficial coverage and stereotypes may replace more subtle, nuanced analyses. In the case
of equity, 1 prefer to write about contexts with which 1 am most familiar and to work in
eoalition.with' people who work in other countries or from different perspectives. Hopefully,
as we find common ground in our work, we will be able to generate broader analyses that
avoid the pitfalls of stereotyping cultures or countries. -
3 1 am not suggesting tlgat the quality of education received by middle class or white
students is wonderful. What.l am rejecting, however, is the simplistic assertion that things
are uniformly bad everywhere. There are important distinctions to be made in the quality
of education that students receive; and we serve no one very well by ignoring those
distinctions, as do many of the reform documents.

4 Prior to that meeting, however, was scheduled another series of timed tests. The
night before these weekly tests, upon realizing that (s)he could not avoid them, the child
spent a full baif hour breathing into a pillow, unable to go to sleep until the parents said

that (s)he did not have to go to schoal the next day.

0
29 ’ 5~¢




O

s Multiplication flash cards were sold out at the local teacher store. The sﬂes clerk
noted that they did a brisk business from third grade parents throughout the school system
at that time of year.

6.  Indeed, given the complaints about parental resistance to new mathematics curricula

and evolving ways of teaching, such a reaﬁing may not be too far off the mark.
7. For example, in our study of school-level reform in the teaching of mathematics, Lisa

Byrd and 1 have surveyed of schools that were nominated as engaged in efforts to
substantially enhance their mathematics programs. Over 70% of the 200 schools that

responded to our surveys described themselves as suburban.
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DIVERSITY AND EQUITY: AN ETHICAL BEHAVIOR
Ubiratan D'Ambrosio

Comments motivated by the papers of Gilah C. Leder and
Walter G. Secada presented at the 15th Annual Conference of
the North American Chapter of the International Study Group
for the Psychology of Mathematics Education, Pacific Grove, CA
17-20 October 1993.

Although the main concern of this meeting is Mathematics Education,
I believe I will be allowed to subordinate my comments to a higher
objective: the survival of civilization on Earth with dignity for all.
This is not merely jargonizing. The world is threatened, not only by
aggressions against nature and the environment. We are all equally
concerned with increasing violations of human dignity. _We face
more and more cases of life under fear, hatred and violations of the
basic principles upon which civilization rests. A return to barbarism
and even the inviability of our species are possibilities for the future.
This has everything to do with Education, in particular with
Mathematics Education. We recognize that Mathematics has so much
to do with the modern world, with everything that is identified with
advanced science and high technology, that Mathematics indeed
created the possibilities of such development. Besides, Mathematics
has understood standards of precision, rigor and truth which
permeate every fact of modern thought. Mathematics is a body of
knowledge which grows from ecarly concepts taught in the schools
and popularly, rightfully, identified as a single mode of thought. Are
we ready to risk a return to the Middle Ages’ clamor against
mathematicians? Or to some literary views of Mathematics as having
nothing to dc with love and tenderness?

1 see our mission as educators as the generators of new directions
towards allowing each one to develop and to fully realize his/her
creative potential and towards a more just relationship between
individuals, escaping from vicious behavior. We as Mathematics
Educators use Mathematics as an instrument to carry on this major’
mission. 1 hope everyone agrees, Mathematics has much to do with
this role, and I hope no one will object to these major, someone may
call visionary, objectives underlying my comments. If we arc unable
to identify in Mathematics a role compatible with this, why
Mathematics in schools?

(94}
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1 like to see Mathematics Education in these broad terms,
particularly when related to diversity and equity. I can sympathize
with Gustave Flaubert when 1 read his pungent defense of the right
of the people 10 read Madame Bovary and the almost despair of D.H.
Lawrence when The Lover of Lady Chatterly was banished. All this
has to do with diversity and equity. We now face similar problems
of a similar nature as Mathematics Educators.

The two major objectives I see for Education rely upon diversity -
each individual is different from any other individual - and equity -
just, fair and impartial behavior not imposing on anyone's right to
develop and realize his/her creative potentials. Although somewhat
unusual in discussions - about Mathematics Education, 1 will begin
with some reflections on ethics.

Diversity and equity are implicit in what is called the ethics of
diversity, which calls for an individual behavior of human beings
based on i) respect for each other, as individuals with all their
differences, and for a social behavior of human beings showing and
acting with full respect for cultural diversity, both essential for the
creativity and preservation of the dignity of the species: ii) for each
and every human being to be in solidarity with fellow human beings
in the satisfaction of their needs for survival and transcendence; iii)
and human beings sharing their responsibility in the protection of
the common good and of bio-diversity, essential for the preservation
of life in its various forms. Love, solidarity, and responsibility are
the essence of this ethics of diversity.

Some may be questioning what does this have to do with
Mathematics Education. 1 say, everything! And the papers of Gilah
C. Leder and Walter G. Secada, in which special attention is given to
research in Mathematics Education, focus on these same issues. 1
may say | am echoing the concerns of both, maybe in a different
stylc 1 hope these thoughts will not be merely discarded as
jargomzmg. a classifier which has been entering some educational
circles in the USA.

The title of Leder's paper reveals in itself the main difficulty of the
issue. 1t touches the ideological issue. To be more explicit in
bringing ideology to the discussion, 1 would add the word "desirable"
to the title. And by accepting the desirability of diversity together
with equity, an ethical behavior would be implicit in the entire
discussion.
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Leder focuses on gender. The first and major part of the paper is a
well-organized search of the literature and a very convenient system
for the analysis of this literature. Indeed gender is in the root of the
theme diversity and equity. Nothing is more evident and desirable
and needed with respect to diversity, and nothing is more violated
throughout history with respect to equity. And we see a much
broader perspective on gender based inequities in several sectors of
socictal behavior, particularly scientific knowledge. It is clear that in
every culture we have seen the growth of a class which expropriated
knowledge genecrated by the people as a whole. And for vatious
reasons, the main onec is the "golden egg metaphor,” that is
preserving the women as producers of the main factor in work.
Women are excluded from ruling classes, hence from having
influence over this production. = While shocking to some analysts, this
seems to be the root of the inequities. The prevalent idea was: let us
preserve women to do what can not be done by men. Males could
not produce new workers. This is clear in the Middle Ages figure of
the "pregnant male” and the conflicts involving Mariolatry.  Of
course, the growth of the importance of Mathematics in societal
affairs naturally implied the undesirability of having women
mathematicians. This is absolutely the same behavior as relating to
slaves, to immigrants, and to other classes of individuals which were
an important factor in production: that each one be placed in the
societal machinery as cogs.!

According to Leder, this was a "popular topic two decades ago."
Indeed, we can trace these concerns much carlier, explicitly back in
the ecighteenth century, when models of democratic socicties were
taking shape. The comparative study of Marc-Antoine Jullien, in
1817, has a special section devoted to "Education of Women,” which
discusses the “influence of women which, well directioned, becomes
the complement of education for men."2 It is clear, in these as in
other proposals, that classes were educated with specific purposes to
serve a hierarchical social structure.

1 See the interesting’ colteclion of essays The "Racial” Ecopomy of Sci

Science:
Toward a Democratic Future, ed. Sandra Harding, Indiana University Press,
Bloomington, 1993,

2 Marc-Antoine Jullien de Paris, Esboco de uma obra sobre. A Pedagogia
, trad. Joaquim Ferreira Qumes, Atlantida, Coimbsa, 1967 (ed. orig.
1817): p. 40.
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Thus research in this areca has much more to do \Vith social and
political factors than with cognition. Every and each individual
learns differently from each other: John and Thomas, identical twins,
react differently in the samec situation, as well as John and Jim,
neighbors, so why not John and Mary, and why not Mary and Kun-
Teal and Sigrid aind Ogunlade? People are different -- period! A
broad theoretical framework allows for the recognition of this kind of
behavior.  Regrettably, much of current research in cognition by
Educators is narrow and thin. 1 disagree with Secada's claim that
criticism of American writers comes from their emphasis on
American issues and perspectives. It is correct to do this since it
refers to the country’'s most immediate interest. My view. is that (he
criticism comes from an intellectual behavior similar to what in
ancther context Senator James W. Fulbright labeled The Arrogance of
Power (1967). But it is absolutely unfair to say that this is
characteristic "of USA academe. This is typical of scholarly
chauvinism so common in the academic circles. This is manifest all
over the world, above all in the choice of editorial boards of journals,
in the blind referring system, in the citation game in which “"dwarfs
stand on the shoulders of dwarfs" and in several other indicators
which are, indeed prevalent in the USAJ

What does this have to do with the topic of this paper? Clearly, this
attitude of academia is carried on to Education, particularly to
Mathematics Education, as a forin of pedantry. As a result, the public
image of the mathematician is built on this, the attitude of the

teacher reflects this and school systems act based on this perception.-

This arrogance of knowledge, intrinsic to mathematical knowledge, is
in the root of our discussion on diversity and equity. 1 hope to make
this clearer as we proceed.

The importance of research is undeniable. But how does research
affect practice? Research results may help the future work with the
subjects of research, that is students plus the researcher(s). ' But
change where and when or change one individual anc we have a
different group, an entirely different situation.

3 This is not easy for me to say and I anticipate a possible resentment. This is
not new. When he was askcd to make a study of the Swiss educational system,
back in the ecarly nineteenth century, Marc-Antoine Jullien of Paris
anticipated the reactions of the Swiss: "He is a foreigner, they wiil say, a
Frenchman in charge of a study of comparative pedagogy in the several
cantons of Switzerland.” See footnote 2, p. 33.
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Let me give an image. A good actor the moment he enters the stage
to perform Hamlet reviews the audience and recognizes that they all,
his faithful fans who acclaimed him three years ago, are there. But
he also recognizes in the audience Mr. Peter Claudius, who a few
weeks ago had been considered not guilty by a popular jury - on a
tight vote - on a passionate murder case. He must realize that if he
performs Hamlet with the same accent as he did three years ago, this
time instead of applause he may incite a riot! -
Rhetoric is as yet a major tool in education even if we concede that
the role of the teacher is changing to a managing role in a joint
educational venture.# To know the learners is essential for the
teacher. And research is an instrument for knowing.  Thus the
teacher as a researcher comes as a most attractive proposal. These
holistic views of education and the role of research in educational
practice do not differ in essence from the position expressed by
Leder in her paper. Indeed she quotes Yates (p. 12) to stress the fact
that there - are differences in time as well as geography when using
research results. The same situation may give origin to different
strategies. Again, the teacher as a rescarcher is a possible direction
to follow.

From the very beginning of his paper Walter G. Secada recognizes
that equity is an issue of social justice. He touches the main point
when he says that “school was created, in part, to americanize
American Indians and the children of immigrants, ta preparc young
ladies for their roles in society, and to train people from the lower
social classes for manual labor and other menial jobs." (p. 1). And he
proceeds to recognize that efforts to change this are met with
reactions which practically annihilate these efforts. In the midst of
recognizing these difficulties a message of hope is implicit. An
anthological assertion in Secada's paper is the following: “consider the
student populations who fit this profile {of time-off-task, increased
school absence. failure to persist in coursc taking, and dropping out
of schooll]. Historically, they have been labeled disadvantaged, at
risk, or in other ways that suggest deviance or pathology.  They
include minorities, students from society's lower socio-economic
strata, and the children of immigrants. But, the above analysis
suggests that, in fact, these students are reacting in a mature, adult-

4 As proposed in Ubiratan D'Ambrosio "Environmental Influences,” Studics ig
ical Education. vol: 4, UNESCO, Paris, 1985: pp. 29-46.
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like manner to educational experiences whose characteristics have
remained constant since the formation of the common school.
Moreover, this analysis suggests that, from an affective point of view,
the pathology lies in the students who accept such a somry state of
affairs.” (p. 4). This goes straight to the point. The system labels
them misfits.

‘A similar approach is central in Michel Foucault's analyses of systems
such as health, justice, knowledge, and in his analysis of sexuality.
Why not of Mathematics Education, where the filtering tools are so
subtle and at the same time so strong" It is. very difficult to go to
the essence of the subject without raising the issue of tiie importance
of history and epistemology. Except for the brief initial remark of
Secada quoted above, both papers avoid these discussions.

We need an holistic approach to knowledge, such as the one in the
Program Ethnomathematics, to face all the complexities of the theme,
which bring together cognitive, epistemological, historical and
political analyses.> Secada provides examples which have
correspondents in several other cultural environments and which are
in the heart of these considerations and his two points on the top of
page 9 can be regarded as a research program. Indeed he proposes
this as a broad social psychology. 1 believe research on the theme
diversity and equity has to follow these paths.

But then Secada becomes compromising in his proposals, allowing for

-some commonalities that interfere with diversity. The first
paragraph under the heading "Towards a Social Psychology" (p. 9)
points to some basic issues. He recognizes that parent reaction to
innovation could be interpreted as an important form of pressure. 1
am bold in saying among Mathematics Educators that this may be the
result of an over-valuation of Mathematics in general education. 1
know this is a very sensitive question, but it has to be considered if
we want to face seriously the matter of diversity and equity.

This is in fact slightly implicit in Leder's paper. I will rephrase what
she writes at the end of page 12, enlarging the class of “they" -
females in the writing of Leder - to the totality of the species:

5 See the historiographical proposal in the paper, Ubiratan D'Ambrosio, "The
cultural dynamics of the encounter of two worlds after 1492 as seen in the

development of scientific thought" in Impact of science on society. vol. 42, n.3.
1992; pp. 205-214.
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; Everybody is certainly capable of doing mathematics.  Surely, but at
what expense to their individuality - hence creativity? Is it
worthwhile? Does it have a justifiable purpose? This brings to my
mind the educational proposal in Anthony Buigess' A Clockwork
QOrange. | discuss these matters with some detail in another paper.$

Summing up, I claim that diversity stands for creativity as bio-
diversity stands for the environment: absolutely necessary. And that
equity is the essence of morality. No one disagrees. Indeed, the two
papers reaffirm this. Then, why this meeting and the papers? Just
to reassure us of what no onc disagrees?

Of course, everyone is waiting for proposals on how to preserve
diversity while at the same time achieving equity.

My radical - ideal - proposal calls for an inversion of roles: the
teacher learning from the swudents and the students learning from
their environment (nature, artifacts, family, community, peers) and
all together - students and teacher - moving into critical reflection.
Practical proposals on how to bring this into effective classroom
practice is contained in several projects developed in the course of
these last twenty years. Of course, compromising has always been
necessary; fortunately, at a decreasing rate. My analysis is that
eventually the dream - nightmare for others! - will twrn into reality,
in spite of a few backlashes.

6 Ubiratan D'Ambrosio. “Mathematics and Literature” in Essays in Humagistic
Mathematics, ¢d. Alvyn White, MAA (to appear). ’
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ISSUES IN ACHIEVING EQUITY IN MATHEMATICS TEACHING AND LEARNING

Nadine S. Bezuk and Frank A. Holmes
San Diego State University
Ouulmhbadienoqunylnmmmmbrﬂsmdents.pamcuhnymoseﬁomdlvmoﬂ\nlcmdwm
Qroups. Wowmmtmmummammwnmgmqw. This discussion session on equity wit
focus on thres broad issues: How to faciiltate oollaboration among differsnt groups of people invoived in
students’ education, how 10 faciktate change in teachers, and how 1 impact students.

|
|
\
\
Ouwr thesis is that many differant groups of people {such as teachers, parents, students, university professors, i
and district administrators, for example) must work together toward achieving the goal of heiping all st;xdonu ‘
succeed in mathematics. What contribution can this coilaboration make? What types of collaboration are |
| important? What factors fackitate or impede this collaboration? ‘
chanas in |
Some factors that we have found 10 be effective in changing teachers' approach 10 teaching mathematics
iwiudouuthqasushlmdp«bddhhraeﬂonbomen teachers and mathematics educators, with workshops
and discussion groups year-round rather than fust for a few weeks In the summer; as wel as providing
opportunities to “iry out” new techniques in a less structured setting, In our case, in before- or atter-schoo!
mathematics enrichment sessions with childcen.
How to impact students?
Thers are several components o( our philosophy regarding improving students’ mathematics understanding,
achievemaent, and atiitudes. These inciude the following: (a) "beyond the beit” activities:-in our case, before-

and after-achool mathematics enrichment sessions, which increase the amount of time students devote 10
mathematics each week; (b) enrichment rather than remediation, aimed at helping students become interesied in
mathematics, confident in their ablkity to sucosed in mathematics, and viewing mathematics as more than just
computation; {c) focus on developing conceptual understanding with students constructing knowiedge rather
than on drill and practios akmed at memorizing procedures; and (d) starting atan 84rly age-in our case, in second
grade, providing a solid foundation and fesling of success.

Our discussion session will consider thess issues eiming at establishing e dialogue among persons of
different experiences and viewpoints and expanding and elaborating on these critical issues.
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Feminist Perspectives on Equity in the 1990"a

Presenter Lyn Taylor & Charlene Morrow

University of Colorado-Denver, Mount Holyoké College
Institution

We propose to facilitate an equity session focusing on: reactions to the plenary
panel; avenues to "connected” teaching; equity implications from the NCTM Standards
(both the Curriculum and Evaluation Standards for School Mathematics (1989) and the
Professional Stapdards for Teaching Mathematics (1991)); recent Women and
Mathematics Education (WME) equity contributions; issues raised by the AAUW
report (February 1992) about how poorl;! gitls are served by our nation's schools; and
international perspectives on gender enquity presented at JOWME in Quebec (1992).
‘We believe that there are common themes that weave together and connect these .-
topics.

In Women's Ways of Knowing (1986), Belenky, Clinchy, Goldberger, and
Tarule give a compeling description of the ways in which our nation's educational
approach alienates women from most academic areas. As women described
meaningful educational experiences, it was clear that these instances allowed the
weaving together of multiple aspects of their lives. These have been called connected
leaming, measiing that students are encouraged to build on their entire knowledge base ’
rather than leaving all persoaal experience at the classroom door. A teacher who
facilitates this kind of leaming is engaging in connected teaching. The following
avenues describe the joumey from disconnection to connection that we have cbserved
in our students:

Confirmation of self in the leaming of mathematics

Learning in the believing mode of communication and questioning

Taking on challenges with support

The development of voice

Becoming a constructor of knowledge

Redefining and connecting mathematics in meaningful ways
We will describe and facilitate discussion among the participants in this session about
the approaches used in our classrooms (at SummerMath and the University of
Colorado-Denver) that facilitate our students’ journeys to become connected knowers.

As President and past-President of WME we would like to share and discuss
WME's gender equity contributions ( Think Together sessions at NCTM meetings,
resource bibliography, newsletters, annual program at NCTM, and our current
proposal for producing a new interactive video series updating the Multiplying Options
and Subtracting Biasintervention program). We look forward to facilitating lively
interactive discussions about these new frameworks for thinking about gender equity
in the 1990's.
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ON THE NOTION OF AUTHORITY APPLIED TO TEACHER EDUCATION

by
Thomas J. Cooney
University of Georgia

There has been a dramatic change in how we see research contributing to the improvement of
teaching and teacher education. We have come to appreciate the value of descriptive studies that
yield insightful stories about teachers and life in the classroom. But the question arises as to what
role theory should play in the telling of these stories. One particular theoretical orientation that has
potential involves the notion of authority. Scholars such as Green, Rokeach, Perry and Kelly all
discuss aspects of beliefs and the role authority plays in conceptualizing beliefs. By considering the
.nature of authority, we can conceptualize the process of teacher education from a perspective that
can enhance our potential for conducting research and for designing teacher education activities.

We have come a long way in tesms of thinking about what constitutes science in the field of
mathematics education and how research can inform the art of teaching. Even a bricf comparison of
chapters in the first three Handbooks of Research on Teaching reveals profound differences in how the
ficld has changed. I would make the same claim with respect to teacher education. Compare the review
written by Brown, Cooney, and Jones (1990) with that written by Cooney (1980) a decade carlier.
Research has moved from an analysis of what teachers were to what teachers did to what wachers decide
to the more contemporary emphasis on what teachers believe. It would limit our characterization of
change, however, to focus only on what is studied. What has also changed is our orientation and
expectations regarding the kinds of outcomes we value from research on teaching and teacher education.
We have clearly moved away from deterministic methodologies toward more descriptive ones.

The seminal work of Kuhn (1970) laid the foundation for us to think of research less as searching for
answers and more as understanding context and meaning. Concomitantly, the Platonic view of
mathematics that often underlicd the positivist approach to research on the teaching of mathematics has
been challenged and e'ssentially discarded. Further, the innovative work of Thompson (1984) and Ball
(1988) have emphasized the human experience in teaching. Mitroff and Kilmann's (1978)
personifications of different rescarch types highlight a crisis of belief about science and allowed us to
appreciate the role of telling stories as a means of conveying research findings.

Although I am very sympathetic with respect to the many wonderful stories and descriptions we have

about life in the classroom and about why teachers believe and behave as they do, I have a certain
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uneasiness about this line research. Centainly careful descriptions of teaching can better enable us 0

undefstand and focus on what is really important. Further, descriptive studies do not have to serve as the
step child for experimental studies. But it does seem reasonable to chailenge ourselves to ask the
question, "For what purposc are the descriptions intended?” This is not to pass judgment on what has
been done, but rather to bring into qucsl:ion the relevance of our orientations toward leaching and teacher
education. How is it that we can otient our research so that we can collectively develop the kind of
descriptive power that propels us forward as a field? I am concemed that our current emphasis on
description is, in some sense, for its own sake and creates the potential of us entering a new era of dust
bowl empiricism in which the dust consists of endless descriptions that fail to make us collectively wiser
as a profession. As a partial response to this concem, 1 would like to address a possible perspective on
how we can orient ourselves toward teacher education so as to improve both its theory and practice.
The Importance of Orientation

It is difficult to imagine a quality mathematics teacher education program that does not embrace a
significant amount of mathematics albeit connections between teachers’ knowledge of mathematics and
their teaching of mathematics is not well documented. There is evidence (See Brown, Cooney, and
Jones, 1990) that many elcrﬁemary teachers lack the mathematical sophistication necessary lc; promote
the kind of reform being called for by the National Council of Teachers of Mathematics. While the
documentation that clementaty teachers lack an understanding of topics such as ratio and proportion,
geometry, measurement, and number relationships is not unusual, it begs the question of how this lack of
understanding influences i;lstruction or how it should be addressed. So long as we hold the view that
*something" is lacking, (c.g., mathematical knowledge), we run the risk of conceiving solutions that
emphasize the "giving" of something--more mathematics. pedagogy. or psychology.

As a profession, we have distanced oursclves from thinking of a child's mind as a pot to be filled. It
is less clear, however, that we have collectively discarded this metaphorical perspective with respect to
teacher education We are filled with wonderful ways of telling teachers what it is that they should know

about how students construct knowledge. If teachers are asked to learn mathematics through a process
of transmission, then we should not be surprised that their teaching consists of basically this same means

of delivery. I recall an interview with a mathematician who maintained that his lectures could help

64
\‘l ‘ 41
RIC BEST COPY AVAILABLE




E

O

ERIC 65

students see mathematics come alive. He failed to realize the incongruity that exits in trying to make
something come alive through a passive medium. In short, the medium belied the message.

Studies cited by Thompson (1992) reveal that many middle school and secondary teachers
communicate a limited view of mathematics. Although it is not clear whether the teachers held a limited
view of mathematics or whether the ethos of the cl#sroom encouraged or even dictated the
communication of a limited view, the question seems moot when you consider the effect on students.
Other studies (See Brown, Cooney, and Jones, 1990) suggest that what a teacher thinks about
mathematics is influenced in fairly substantial ways by their experiences with mathematics long befcre
they enter the formal world of mathematics education. Further, these beliefs do not change dramatically
without significant intervention. What seems crucial is that we develop a way of thinking about how
teachers orient themselves to their students, to the mathematics they are teaching, and to t{ie way that
they see themselves teaching mathematics.

How is it that we can think of teachers’ beliefs in a generative way? Green (1971) offers the

following three metaphorical ways of thinking about belicfs.
We may, therefore, identify three dimensions of beliefs systems. First there is the quasi-
logical relation between beliefs. They are prithary or derivative. Secondly, there are
relations between beliefs having to do with their spatial order or their psychological strength.
They are central or peripheral. But there is a third dimension. Beliefs are held in clusters, as
it were, more or less in isolation from other clusters and protected from any relationship with
other sets of beliefs. Each of these characteristics of belief systems has to do not with the
content of our beliefs, but with the way we hold them. (p. 47-48)

The constructs of quasi-logical and psychological strength are quite different. A person can believe that
technology should be used to teach mathematics and therefore believe that students should be allowed to
use calculators--a sort of primary/derivative kind of belief. But the psychological strength of this belief
may not be very strong. That is, when a teacher is faced with the usual classroom impediments. his/her
commitment to use calculators dissipates.

Rokeach (1960) also talks about beliefs being psychologically central and the notion of primary
beliefs. He writes, "The concept ‘primitive belief is meant to be roughly analogous to the primitive

terms of an axiomatic system in mathematics or science” (p. 40). From these primary beliefs stem other
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beliefs that are more peripheral. Like Green, Rokeach discusses the notion of beliefs that are in isolation
from each other. Thus, according 1o both Green and Rokeach, it is possible for a teacher to hold
simultaneously that problem solving is the essence of mathematics and that students best learm
mathematics by taking copious notes and masicring every detail. Isolation occurs when the
contradictory beliefs are not explicitly compared or when beliefs are held from a nonevidentual
perspective, that is, they are immune from rational criticism (Green, 1971).

For Rokeach (1960) belief systems exist along a continuum of openness /closedness. Briefly, a
closed system is one marked by a dogmatic state--where things are right or wrong, black or white, and
shades of gray do notexist. Itis here that the notion of luﬂ;oﬁty and how one relates to authority plays
a central role in determining whether a system is open or closed. Perry's (1970) scheme of intellectual
devélopment focuses on an individual's relationship to authority. When a pecson belicves an authority is
all knowing, answers to questions are based on that authority and consist of a single voice. This typifies
what Perry calls dualistic thinking and reflects what Rokeach calls a closed belief system. Perry’s
analysis of intellectual development moves from dualism to the recognition that multiple interpretations
of events exist without evaluation (multiplistic position) to an evaluation of each position (relativist
position) and finally to a commitment to one of the positions (commitment position). Kelly (1955)
introduces the notion of "permeable constructs” as a way of describing the extent to which evidence can
be incorporated into a person’s belief sysiems. In this sense. a permeable belief is quite sirnilar to what
Green calls "evidentially held” beliefs. Kelly's notion of "permeable beliefs” is also related to P_eny‘s
scheme of intellectual development in that a dualistic perspective (Perry) that is based on the
absoluteness of authority is unlikely to result in permeabie beliefs. Reliance on external authority
preciudes the acceptance of evidence conteary to constructed beliefs since the external authority on
which the beliefs are predicated is omnipotent. .

The common denominator in Rokeach, Perry, and Green's analyses is that of how people orient
themselves to authority. When a teacher believes or teaches from a set of nonevidentually held beliefs
the act of "teaching" becomes one of indoctrination (Green, 1971). The notion of indoctrination is
particuiarly relevant as we consider the notion of helping students belicve that mathematical truth is a
function of reasoning rather than a decluration from authority. Fundamentally, the issuc is one of howa

person comes to know something. In this sense, there is a certain inseparability between the
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mathematics that is taught and the means by which it is taught. This inseparability is often lost in our
zeal to “train” or to "give" teachers whatever we deem their “deficiency” to be. It is a common trap for
‘a.ll teacher educators as we fail 10 see the symmetry between what and how we teach teachers and what
and how they teach their students.

Green (1971), Rokeach (1960), and Perry's (1970) emphasis on authority has considerable import for
how we can think about teacher education. It provides a leverage point in helping us consider how
teachers can separaté authotity as a responsibility for classroom .mmngemem and authority as the
determiner of truth. While Maturana's (1978) concept of the individual as a self-organizng entity
provides an important perspective for wacher education, the question I am raising is how the person
orients that organizing process given the context in which they exist. For example, most of the research
with which I am familiar suggests that teachers who are authoritarian by nature also place considerable
emphasis on basic computational skills. (See, for exarple, Donovan, 1990.) In a cument project on
assessment, [ have found that the teacher who is the strongest disciplinarian (whose students are
challenging from a management perspective) also has a view of mathematics that is computational in
nature. In this project, she has developed expertise in creating and using open-ended questions but
always in a computational context, e.g., "How would you explain to Tom. that he made a mistake if he
thought 1.26 + 3.4 = 1507 Another teacher, who teaches in a relatively high SES, private school, uses
open-cnded questions in a much more expansive way, .g.. "Pele maintains that an equilateral triangle
can not have a right angle. Donna claims that he is wrong? Who is right and why?" The second
teacher, who has minimal concerns regarding classroom management, places much more of an emphasis
on the students' internal reasoning processes to determine the truth of a mathematical statement. The
challenge we face is to help teachers sort out these two distinct responsibilites as they reconsider their
role as teachers of mathematics.

In a recent methods course, we were using materials developed as part of an National Science

Foundation project with preservice secondary teachers. During the conduction of one of the

experiments, one of the preservice teachers procluimed with a sense of satisfaction, "I finally know the
right way to teach mathematics!™ It was a moment of both triumph and defeat. Triumph because she

conveyed a sense of exuberance and understanding about what that experiment had been about; defeat
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because she missed the more general point that the teaching of mathematics is problematic and cannot be

reduced to any predetecmined “right” way. A relevi it question is whether her beliefs about the teaching
of mathematics were held evidentially, thus making th*m more resilient when buffeted by difficulties
she would surely face as a beginning teacher or whethe: they were held nonevidentially being rooted in
what an authority had told her. Another question is whether her more currently constructed belief is
psychologically central (an unlikely event) or if it is consistent with whatever constitutes her “core” set
of beliefs. If the "core” belief comes into conflict with the more peripheral belief (i.c., using -
experiments to teach mathematics) then it will surely be the case that the peripheral belief will cease to
influence her teaching of mathematics.

The case of Frvd (Cooney, 1985) presents a teacher who held a relativistic view of mathematics (or
at least one in which problem solving was seen as the essence of mathematics) yet held a dualistic notion
of pedagogy. When the students failed to appreciate his more experiential way of teaching mathematics,
he resorted to teaching by the textbook. He had no pedagogical alternatives to help him realize his
problem-solving orientation toward the :eaching of mathematics. It appeared that his beliefs about
mathematics and his beliefs about the tezching of mathematics were held in isolation from one another.

A Concluding Remark

‘There is considerable rhetoric at the present time about teachers reflecting on their teaching of
mathematics and about helping them to become aware of their teaching behavior. Fundamentally, the
notion of reflection is rooted in the constructivist notion of adaptation. (See, for example, Von
Glaserfeld. 1989.) The relevance of reflection and adaptation to the preceding analysis is that neither
can meaningfully take place from a closed, dualistic perspective. In a study repocied at this conference,
we found that two preservice teachers initially rejected the use of technology as a means of eaching
mathematics. One of the teachers maintained this belief throughout his undergraduate experience while
the second teacher's belief was transformed into a conviction that technology was an esseatial tool for
teaching mathematics. Based on observational and interview data, we concluded that the first teachers'
belief systems were essentially dualistic, closed, and isolated. They seemed impermeable. The second
teachers' belief systems were more permeabic &..u open. That is, the second te.cher's peripheral belief
about technology was eventually incorporated into his more psychologically central belief that his

primary objective in teaching was to help stdents develop into responsible adults.
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There is no merit in using various theoretical perspectives to describe what teachers believe and do
unless that orientation enhances our research and development efforts. 1 belicve an analysis of authority
and belief systems has the potential to enhance that effort. It encourages us to see teachen’ beliefs as
systems of beliefs and not as entities based on singular claims. Too, the notion of authority provides us
with a conceptual orientation that enables us to create activities that encourage teachers to wonder, to
consider what might be, to reflect, and, most importantly, to be adaptive. Such an orientation is essential
if we value moving the enterprise of teacher education out of the realm of being simply an activity and
toward being a discipline worthy of study.
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THE ROLE OF TECHNOLOGY IN RECONCEPTUALIZING FUNCTIONS AND
ALGEBRA

Cornell University

An invited address for the Group for the Psychology of Mathematics Education -
North American Chapter!: 2

Aslloma}, Catifornia
October 17-20, 1993

In mathematics education, we see evidence of two distinct orientations to the use of computer
technology. The first is oriented towards using the technology to teach the traditional mathematics
topics, with a more efficient, dynamic, or appealing presentation. Accordingly, the computer is
viewed as an efficient or an effective device for carrying out the standard algorithms or for storing
large quantities of information. The majority of the uses of graphing calculators fall into this first
orientation---their advauates imply that they necessitate no serious reconsideration of our
curriculum. However, if we automate the topics we used to make the basis of our curriculum,
(such as long division, symbol manipulation, plotting graphs) without rethinking the curriculum,
we will encounter resistance by those who understandably fear the students will learn less. This
way of approaching the new technologies, which 1 will refer to as "unplanned obsolescence,” is &n
intellectual dead-end. It teaches us, however, a critical lesson about our curriculum. Our standard
curriculum is not predetermined by some external structure inherent &0 the discipline of
mathematics; it's persistence depends on its inertia, making it inherently conservative. Challenges
1o it can be successfully blocked by: 1) our own dogged conceptions of mathematics, 2) a self-
perpetuating curricular system which is held in check by accountability to pre- and post-
requirements, 3) unimaginative assessments, and 4) smug and unjustified assumptions about who
can and cannot learn mathematics. These systemic constraints have allowed the curriculum to
resist change for too long, in spite of its weak connections to practices outside the school, its
generative sterility for its students and discriminatory its practices.

The second orientation to the use of technology entails the expectation that new technologies
will fundamentally transform the curriculum. This orientation recognizes that technologies (that is,
any significant tools) necessarily alter the character of knowledge. Knowledge, in this sense, is

1 This research was funded under grants from the National Science Foundation (Grant
#9245277), and the External Research Division and the Apple Classrooms of
TomorrowSM of the Apple Computer Corp.

2 Members of the Research Team: Jere Confrey (Project Director), Erick Smith, Forrest
Carroll, Jack Rutter, Susan Piliero, Dolores Higareda, David Dennis, Shawn Haarer, Julie
Dent, Raj Sundra, Dan Flerlage, Lewis Hicks, and Steve Hoffman. - -
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not a set of descriptions about the world, but a set of hard-womn realizations about how human
beings interact with the world (including with each other) through the use of tools (including
language). One can distinguish two broad categories of tools--those that help accomplish some
task, working tools, and those that assist us in communicating to others, communication tools.
Both types have significant impact on what we consider to be knowledge and how we share that
knowledge with others.

In 1985 at Comell University, I designed and implemented a new precalculus curriculum
designed around the use of contextual problems, families of functions and their transformations.
In 1987, my research group and I designed and implemented version one of Function Probe, a
multi-representational software that is built around the use of graps, tables, equations and a
calculator. As we have used and revised the curricular materials and software, we have found
ourselves needing to alter significantly our understanding of functions and functional families.
These changes have led us to reconceptualize our views of mathematics and how it is taught and
leamed. So, 1 would like to begin by discussing the theoretical view of mathematics that currently
guides our research and design work, then discuss our design principles, and finally I will
illustrate some of them using examples concerning functional relationships.

Theoretical Underpinnings in Piaget and Vygotsky

I have argued elsewhere that Pnget and Vygotsky's frameworks for intellectual development
need to be integrated, but that the integration is not simply a matter of mixing and matching the two
theories (Confrey, in press a; Confrey, 1993). In discussing one possible form of integrating the
theories, I have begun by pointing out a fundamental characteristic that is shared by the two:
genetic epistemology. Both theorists believed that the character of knowledge is comprehensible
only by examining its genesis. This view is the central tenet of all constructivist epistemologies,
and it is the strand which unravels the tenaciousness of absolutist or realist perspective of
knowledge. Genetic epistemology leads us to abandon the view that knowledge can be detached
from humanity and described as the accumulation of facts. Unless one believes in an immaculate
conception of knowledge, one must recognize that the “true” (as etemnal, universal and
depersonalized) view of any knowledge no longer is viable. Genesis implies that knowledge
develops in relation to humanity. It requires a knower and a known as an indissolvable pair.
Thus, knowledge is necessarily embedded in a historical, cultural and environmental context.

Where Piaget and Vygotsky differ is in their choice of emphasis conceming the sources of
knowledge. Piaget locates his primary source of constructive activity in the interactions between a
person and his/her environment. He suggests that by examining the actions a person takes while
engaging with challenging tasks, we can find the seed of his/her knowledge creation.
Perturbations, disequilibrations or problematics (felt-needs to act) are the catalysts for consmructive
activity. These disequilibrations, experienced in relation to a person's current perspectives, then
are either admitted or ignored, and if admitted, they either fit neatly and are assimilated to existing
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structures or they perturb the existing structures, forcing accommodation. Over time, the repetition
in experiences lead to internalization through a process of reflective abstraction. This process of
problematic, action and reflection can be described as the development of schemes, where a
scheme becomes the means by which one anticipates, acts and mentally operates, and finally °
assesses the outcome (Confrey, in press a; Steffe, in press). Contrary to most charactures of
constructivism, Piaget did recognize a significant role for others, but the role was one of
socialization for the most part, where language served to capture and comimunicate the results of
cognitive activity, rather than as guide to its construction.

In contrast, Vygotsky locates the major impetus for knowledge development in one’s social
interactions and cultural context. For Vygotsky, the higher cognitive ideas are first between
people, interpersonal and then become internatized 1o be intrapersonal.. "It is necessary that
everything internal in higher forms was external, that is, for others it was what it now is for
oneself" (Vygotsky, cited in Wertsch, 1985, p. 62). Vygotsky's work has two primary intellectual
roots. One is in the work of Marx and Engels, and is built around the idea thatit is through labor,
laboring on an object and with tools, that one witnesses fundamental transformations in the objects
and discovers invariances. “Activities" which include labor, play, schooling, family living etc.
then are the source of knowledge. For Vygotsky, his original focus on labor led him to assert that
tools mediate knowledge. Vygotsky then extends the meaning of tool to view language as a form
of a psychological tool.

The second influence on Vygetsky is Hegel's dialectics. When I first read Vygotsky, I
wweated the dialectic as a dichotomy, an "¢ither-or™-- however, a dialectic involves the pulling apart
of two components to create an opposition (as in a tension) which would collapse if either partner
could not sustain its own integrity. And, a dialectic should invite one to examine the irterplay in
the space created by the opposition.. In Hegel, this allows one to work towards the creation of a
“unity of opposites." For Vygotsky, knowledge evolves as the dialectic or interplay between
thought and language which he argues have different roots. He creates his dialectic by locating the
origins of thought in tool activity while locating the origins of language in social interchange. In
the process of language development, he stresses the role of affect and the imitation of sound,
thythm and gesture. Language and thought begin to interact, according to Vygotsky, around age
two and higher level development results from this interplay. Thought influences Janguage
development and language development influences thought.

1 have argued elsewhere that Vygotsky's empirical work did not recognize two equal
partners in this dialectic -- that in choosing “word meaning" as his unit of analysis, Vygotsky
privileges the systematic, taxonomic forms of thought over what is learned in interactions with
physical 1ools; however, theoretically, he argues for a genuine dialectic between thought and
language in which tools mediate knowledge. '
Anply Thou, D,
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This same dialectic can be applied to the development of mathematical knowledge and the

-tole of computers in this development. Clearty mathematics possesses the characteristics of both

thought and language-- it 's origins can be traced to its usages as a tool and its communication
through compact forms of 1anguage.

Consider the most common tools; they are grounded in human's forms of physical activity
and they express, as it were, our common experience; they are constrained by our biological
engineering. Think about what comes to mind when one envisions tools-- rakes, hammers,
utensils, typewriters, screwdrivers, sewing machines and vehicles-- these are typically physical
systems which allow us to accomplish some purpose, to do something, which usually involves
physical activity. When we use tools, our attention is focused primarily on effecting an outcome--
succeeding in completing our task. And, with repeated tool use, we often discover that across
“realizations"3, the invariances in what we act upon become apparent. Emphasizing the role of
action in the use of tools does not imply that master crafts people know only how to act directly
with their tools. Clearly, they also know how to move systematically in a space (Millroy, 1990).
But, the tool image, generates for as implicit connections to action-- and this is one of the issues I
wish to stress in this paper. Action, and its tiés to goals, operations, and reflections, are too often
quickly neglected in our traditional presentations of mathematics-- and I would like to challenge the
wisdom and necessity of this. Mathematics, I would claim, never loses its "grounding” in human
activity-- even in thé most complex torms of thought.

In contrast, viewing mathematics as like leaming a language allows us to focus on the
creation of an elegant structure and describe it in an symbol system with which we can construct
logical propositions, forms of argument, legitimate rules of transformations and declare resul's via
proofs. When we think of languages, we think of English, Spanish, Chinese, Afrikaans, symbol
systems, traffic signs, code books, sign language and so on. Language, in Vygotsky, is not
simply a matter of competent use of the syntax-- however, what avoids this is its interplay with
thought. Language is not completely independent of activity; its meaning emerges from the
interplay of language and activity. We have plenty of evidence of the ability of a computer to
construct syntactically "correct" dialogue, but little or no evidence that such dialogue conveys any
meaning. Vygotsky recognizes that language can be constructed syntactically by children through
imitation of adults while lacking any real meaning, and argues for the importance of this kind of
development as an essential stage in the leaming process. His description of the “pseudoconcept”
is aimed at acknowledging that children often use words before they have grounded its meaning in
conceptual operations. Vygotsky suggests that this usc of language that runs ahead of cognitive
depth is an important part of leaming-- and describes a key mechanism in how adults teach children
to advance to higher levels of cognitive thought.

3 The term "realizations" comes from its use in simulations where a "realization” is
equivalent to a “run” of the simulation.
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Volume 1

When children leam arithmetic, they draw on both characteristics of mathematics— as & tool
and a language. They may work with manipulatives, as tools to solve the problem, say to find the
cost of a pen (13¢). a book (99¢) and an eraser (11¢), but they also quickly enter into a structural
exploration as they use contrasting methods. One child may have figured that 99 + 11 was 110by
thinking of 11 as 100 + 10 while another figured the pen and eraser cost 24¢ averaging their costs
and adding 12+ 12 and then adding 99+ 24 as 100 + 23. Sharing their results and convincing each
other of their method's validity leads them into discussing the structural relations. That is, children
regularly work with rathematics both as a tool, to accomplish the task, and asa language to move
around systematically within a structure. In the past, we described the differences between the
approsches of the two children as differences in "strategies™ what [ am suggesting instead is 10
take notice of the children's competence in recognizing that additive relations form a whole
stucture. Asking students the question “why" can lead them to draw oft both characteristics in
justifying their answer.

Viewin), mathematics as & dialectica! interaction between a tool and a language opens up some
interesting possibilities. For tools have action, doing, as their primary foundation, and language
tends to place that action at a dist