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The parametric tests for equality, of variance are weil known. The .
classical F- test is typlcai}y used to test the hypothesis of equality ef
two variances while tests developed by Bartlett(1937), Cochran(1941) and
Hartley(lQSO) are probably the most commonly used for the k-sample hypothe-
sis. These tests assume an underlying normal dlstrlbut;on and are quite sen- '
51t1ve to departures from normality (see Box(1953), for example).' Thus, when
i considering data that are from non-normal distributions, alternative non-
4 '
parametric tests must be employed.
Fligner(1979) has proposed a class of two-sample distribution-free tests
which possesses very desirable'properties and is an attractiye alternative
, ?
. . to other nonparametric tests for.scale. The present paper extends the Fligner

M BRo g

- ) -

class of tests to the more general k- sample case. For thls general case °
+ ! .

when the null hypothesis’ 1s reJected 1t is necessary to apply‘post hoc .

multiple comparison procedures to determine specific population d1fferences.

’

Thus, this paper will also consider an appropriate 'post hoc procedure for

t
P

the k-sample class. .ot -’/(.
,
Notation - |

* .
o

‘ Let the k independent random sanfples (Xij’ i=1, ..., nj; j = 'i, cee k')
. . . ’ - )

originate from k populations with abselutely continuous cumulative distribution
functio’ns‘Fl, .« , F,, Tespectively. Let Fj(X) = F(8;(X - v;)), where

(ej > 0) and vj are the'scale and location parameter, . respectively, for
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Fj(X). Furtﬁér,'let théﬂfolkowing quantities be defined:

.-Ql, ee Q denote the order statlstlcs of the combined sample

-

of the N (N = ZnJ ) observations;

(Ql’ v Q- =L e, k, are measurable functions of

J
the order s?atlstlcs from the combined samples;

~

V.. =h X i=1, ..., n,,
PR e LSRR 0 F , 0 _
the only requlrement on h is that the Vij's be measurable;

j =1, ..., k, where

n 1] in the combined sample of.
N V..'s
1)
(J) is an indicator varlable such that Z(J) = 1 if the ith smallest

observatlon is from the Jth population and 0, otherw1se.

'R, m=1, ... , N, is the rank of V,

a

The null hypothesis of interest is Hy: 91 = ,,, = ek, Vi = e = Vg,

while the alternative hypothesis is Hy: Si < ej; Vi = oo SV, for some

pair, (i,j)! The hypothesis is stated in terms of the scale parameter since

. -

" the variafices do not always exist. Furthermore, attention is restricted

.
-

to situatfions such\{hat F(0) = % and .F(*) is increasing in some neighbor-
' ‘i
hood about zero; thdg,‘the vj's are the unique population medians (Fligner,1979).°

¢

Fligné}'s Two Sample Class of Tests

Prior to developing the k-sample extension to Fligner's class of ,

statistics, it is necessary to illustrate the two .sample case.

! When testing hypotheses about the scale parameters, the appropriateness of
‘many nopparametric procedures depends upon the assumptions made regarding
the location parameter. Many-of‘ghe usual nonparametric tests make- the
assumption of equality of the population medians.(Fligner,1979). This requirement
assures-the consistenly of the statistics ‘(Fligner § Xilleen, 1976).

.There are two general types of ,alternative hypotheses for nonparametric
statistics--the first type of alternative is asymmetric one (with

common median). It is this type of alternative for wh;ch th$ usual non-
parametric tests are most appropriate. However, those usual tests can be
used yhen the alternatives are asymmetric, so -long as F(0) = %. Nonparametric
statistics proposed for alternatives having common median are generally
very inefficient for alternatives with mass ctonfined to the positive'axis
since F(0) = 0 in" this case and the assumption of common median is violated.
Thius, a second general type of scale alternative carries the assumption

F(0) = F,(0) = 0, i.=1, ... , k. For these alternatives a shift in scale
garamete bauses chan e in locatlon paraméter. Duran(1976) considers tests
or scale for both condltlons :3 g

-
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Fiigne.r[s(‘197'9) class of distribution-frge statistics assumes the
.o w
7 location parameters are equal. ﬁqt Mp =

4

be the pth'combined sample quantile

]

\

X

b

M Xy

0 < p < 1.% Further

Al

n,1’

1

.

x12’

’

r = Np 0.<p < % and Np & positive intkger
: .-= {Np+TI} p=1%or Np not a pSsitive integer,

LI ]

]

—_—

RO

<"

where {+} _denotes the greatest 1nteger functlon

“

)efme M

M!, Q('\I+1)/2 for N odd and M,

~

\

Y

9rand‘mlp—QN+lrf°r0<p<;5 Whenp

(QN/Z + Q(V/2)+_1)/‘2 for N even, Thls com-

pletely defines the pth combined sample quantile for 0 \f_p < 1.

When 0 < p < i;, let Vi

»

-3

. = h(X.. * b i
j* p(XlJ,Mp,M,/Z,,Ml_p) e defined as

fo.llows:

®

-

D

s T T TR TR
5’ = Pyeemdeo o M ’éij Sty o
s XIJ - M‘;-p . . X35 7 Mip.
o T +_Maxtl(M1_I; : fl%.),j(M,ls - M) , ' ,1
_Th:a ;\€atistic ~ 1 ”’ . Y R o
- l TN;P “.g aN’,P(R )Z(l) ) igiaN:P(Ri; ‘ ,(é) ,'

- where aN’p(i)’ i=1,

under Ho; © 1.

1=62,\)

-4

. N
L]

v, (Fligner, 1979).
° »~

a

. . .
, N, is any vector of scores, is distribution-free

g

 The symmetry required in Fllgner s deflnltl,on of Mp and M

1s not pres ent

in the definition of the sample quantlles in many texts (e g., Glbbons, 1971

p- 41).

-
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feémales. To test his theories he selects 12 (all that were available) nine ,

' - § * . 4
For 0 < p <% and r given aéiigove, Fligner defines his class of

statistics, denoted by I = ( TN p: 0 < p <%), by using the following scores:
. , Pz

-~ 4

L)

-

- . . . 4 )
aN’p(l) 2i | jevenand 1 <i<r ) (4)
= 2i-1 ioddand 1 <1i < r
= N-i+r T <i<N+ler . o '

= 2(N - i)+2 i even and N+l-T < i <N

.- = " 2(N - i)+l i odd and N+k-r < i <N - A

i = 2i j evenand 1 <i<r (5
a.N,p( ) (5)
= 2i-1 i odd and l.i i<r
= " N-i+r r < i< Nél-r ’

= 2(N - i)+1 i even and N+l-r < i < N

= 2(N - 1i)+2 i odd and N+l-r < i <N -

: , '

when N is odd. . . ‘

2

A series of examples will best illustrate. the Fligner class. First, ~\\\\\w/)

.

it can easily be shown that the statistic Ty 5
4 ’,

statistic. The following example was reported in Penfield(1972).

is the Siegel-Tukey (1960)

Exggple I

B 3 -
An experimenter wishes to determine whether a special training program

will influence the abstractQEeasoning scores of nine year old mentally retarded
' | -/
N - g /

“* The Siegel-Tukey test replaces the combined samples' data with a reordering /
of the ranks (based on the origimal data," not the V..). To illustrate the

ranking procedure, consider the following chart (N i%Jassumed to be an even number).
/

Ordered Score: Q Q. Qg <Q ... QN/2°'°QN~3 Q-2 W1 K

- .

Siegel-Tukey Ranks -1 5 8 ... N... 7 6 3 2

i /
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~ year old girls who havé IQ scores recdrded between 65 and 75 on the Stanford
Binet. He randomly assigns six of the children to the experimental condition
and six to the éentgpl Aftéf trainingtheexperimental group for a month,
5 the experlmentg} then g1ves both groups an abstract reasonlng test. He
N !
. be11eves that the scores of the group rece1V1ng spec1a1 training will have
" greater dispersion ‘than those of the control group. Is he justified in '
g méking this cenjecture k a = 0.05)? |
W L
B For ths example Ny =n,-= 6 and N = 12. From equatlo (1) -
. L PR
L {(12) : 1} 7. The original data, the V. iy’ R, and aN i (R )y 2Te
presented in the table below. Applying equation (2), J = ij - M, for
2 .
all xij’ where M15 = (Q6 + Q7)<2 = 24. Further, equatlon (4) is used to '
determine the scores aN,%(Rm) since N is eyen. ) . ~
) > ¢ ¥
F
' 4
.o TABLE 1 P
, Pertinent Data For-Analysis. - ‘
// . . ‘ Of Example I Based:Upon TN,% . ) . . J
- - -.Experimental- : Control
ot Yy R asRY Y5 Vij Rg 2y u(Ry)
! . - N , -
5o, 19 -5 -1 L 20 -4 2 4
21 -3 3 5 22 -2 4 8
27 3 9 7 23 1 5
) | 30 6. 10 6 . 23 a1 6 12
31 7 11 L3 25 .1 7 11
y 35 11 12 2 26 2 g |, 10
. \ [ ) L
. z = 24 L = 54
.- 5 §




12
2% = z a12 %(R )Z( ) = 24..It should be clear that the a12 1(Ri)
2 i=1
glven by equation (4) are the Slegel Tukey ranks derived according to
12

footnote 4. Further, since the Slegel-Tukey statistic is TST = I RST z(l)
- i=1

are the Siegel-Tukey‘ranks, le:p = TST‘ It can be also e3511y

»72

Thus, T

whe?e RSTi

shown that TN,% = TST for N odd. . :

The other extreme member of the Fligner class, Ty ,, is 2 linear

izgl), where Ri are the ranks of

N o1 2

function of the statistic TN =

i=1 -

V.. )
ij

.  To determine T, = {N°0 + 1} = 1, sinceNp= 0. From equation (2)

N,0’

Vij = |Xij - M%I for all xij' Thus, thé Vii:for Ty3. 37¢ equal to 'yij{ -

foroTN’%.

ment holds for N odd),‘;hen f}om equation (4) ay O(i =N-1i+ 1, for all i.

. -

For illustrative purposes sqppose.N is even, (the same develop-

Thus, . \

i . <

. N -
\.0 2y oy )z(l) = T V- Ry 1)2(1) ; (5)

1 i=1

<
-3
i~z

N N .
(1) "
ny(N+1) - IRZ;
i=1

-l

¥ .
\nl(N +1) 2 TN

- -~

Examining Table 1 and recomputlng the values of Ry correspondlng to [V

12 .
z Rizgl) = 9+7+6+10+11+12 55% Thus, TN 0= 6(12 + 1) - 55 -= 23.
» A .

i=1 \

J

It now remains to consider the non-extreme;members of the Fligner class.
When 0 < p < %, the"vector of scores ay p(i) agrees with those’ used in
. 2 . ‘
copputing TN  fori <.r and i >N - r + 1 from equation (4) or (5). These
»72 .

ve .
-

3 Ty was proposed by Fllgner and Killeen(1976) and is an’ appeallng statistic

A

1f the populations are symmetrlc sle the .Fligner and Kllleen(1976) article .
for a complete description of Ty

® It is assumed that the probablllty of tles is zero. H9wever, some of the £'s
and h functions create ties in the combined sample of V..'s. If the method

. based on the ranks of the V 1 b
o w1 e distribution-free whe F X) = F (X).
g%i 2q’ 1197%) ﬁs’tﬁéﬁds ose ﬁ1g§t O% %1gsmgn tﬁe sa%e side of the
n me on a ran om approa 7 ~

P

ldn were en ase
. ° .

- Ix. . - 5 ' C _
= IX.. M%H for all xij' . K

¥

for breaking the ties does not distinguish between the samples any statistic
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scores are applied to the outer 2(r-1) observations, that is, those less

than M_ or greater than Ml- . -
o gd s, ! (D7 the s <
Let T, = I R.)Z. + I R.)Z.;”7, the sum of th
y ! N.p i=laN’%( 1) 1 i=N-r+ZaN’%( 1) 1

outer scores for the- first sample obsérvations. Then for the remaining

N - 2(r-1) observations, R, is the rank of V.. = ]X.. - M%I for
. . 1 lJ [N lJ

-

M < X <M, fTom equation .(4) or (5). _ T .
P— 1 2 PoNere1 ay N-2(-1) ) \
Thus, T = Z(NN-1i+71)2;7= ¢ (N-1i+ 1)Z;"/, which is
NP i=r t i=1 - t
I\ equivalent to thé~por§30n of the statistic Ty o corfespondiné to the central
N - 2(r-1) obgervations (from equation (4)). T = T1 + T2 Q\Therefore,

N,p N,p N,p’

' TN p is computed by performing the Siegel-Tukey stdtistic (TN 11) on the outer

observations and TN q on the inner ones. T

N ’

.

N,p can be considered a compromise

’

betweeq TN’%‘and TN 0 .

' To illustrate Ty

’

rconsider Example I and suppose the interest is in,

’ -
°

determining the value of Ty 3 Since p =%, r = 12°%'= 3 from equation (1).

Furghér, M% = Q3 = 21 and er% = QlO = 30. Applying ‘equation (23,

d .
> = R . .
Vij = Xij - 21 ‘ xij <21 ) (6)
. = 'lxij.- 24 21 SXyss0 - ’
TR ‘xij>3o_ X .
, From equation (4), since N is even, i
» aN’%(i) = ' i even and 1.< i <.3- ) (7). ‘
L - ioddand 1<i<s3 C
= 12-443 s<i ’ '
= 2(12-i)+2_ 1 even and 10 < i'i 12 .
=  2(12-i)+1 i odd and 10 < i < 12 ~
o
Q ot
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Table 2 outllnes the relatlonshlp among the or1g1nal data from Example I,
N e )
the V. ij’ Rm and 312,%(Rm)'
) TABLE 2
Pertinent Data For Analysis . .
0o v . -
' . E le I Based T * ; .
: . Of Examp e ?se Ung N,k ‘ |
Experimental . S Control P
N - . ~ - ‘ N .
B T R R e I T e e
y; -~ R
4 19 -2, 1 1 - 20 -1 2 -4 ¥
: 1 o .
21 » 3 9 -6 22 2 7 8
27 % . g 7 23 1 4 11 ¢
" 30 6 10 5 23 1 5 10
31 7 11 3 \ 25 1 "3 12 ;
.38 11 12 2" 26 2 6 8
. L =24 L= 54
) A . -
[ . ‘ , 4
Examining the a12 %(R ), it is evident that for R < 3 and R > 10,
the a12 L(R ) are 1dent1ca1 to the Slegel Tukey values. For 3 < R < 10
the values of a12 »(R ) =N+1 -vR s where R = m - (r - 1) (see the dis-
cussion of TN 0 sor the ratlonalé of thls translatlon) From Table 2
12 !
_ (1) _ . )
lexli - E aN: 4(R )Z . - ) R
i=1 ‘ o
Fligner(1979) no;ed that for each value of p, the vector 6f scores
(aN’p(l), aN,p(Z?, e, aN’p(N)) is a zearrangément of the integers %, ... ,

Applying a theorem by Fligner, Killeen and Hogg(1976), Ty p.has the same

distribution, under Ho, as the two sample Wilcoxgn(1945) statistic, regardless




4

I3 / . R ' ’ . 9[

<C (o), where
n,,n

of p.7 Thus, H 1is fejected at level o whenever T
9 ] .

\ - N, 2
C ‘(@) is the lower ath percentile of the two sixple Wilcoxon null distribution.

n,n, L ..
In Example 'I‘C6 6(.05) =

-

28. Therefore, the null hypothesis of equality

of the scale parameters would have been rejected based on all three

,

statistics T T and T . n
\T 0 N)I/Z : <, . "% -~

Clearly, had other valuesof p been selected the nuLl hypothes1s may not

N,%:

have been re;ected Thus one muet dhtermine the conditions under which each
member of the Fligner class of statistics should be used. Since there are

many alternatives, one should select the particular To which will provide

A - 'Y .o ’p

sthe most powerful test, given the constraints imposed as a result of the- .
. ) . —~—

shape of the distzibution of the underlying population of scores. Thus, S

F(X) must be known *to select. the appropriate fest.

It is infrequent that F(X) is known. For unknown distributions one may
. [ . .
use adaptive procedures to discern ‘the nature of the underlying F(X) from the

’

~ sample data. Adaptive procedures‘are techpiques which use the’sample data

» [ s’ !
to select an appropriate model (i.e,, in' this case the appropriate value of

" p) and then to make an inference based on-the chosen model. R

-7

- - o

Fligner(1979) used the procedures of Randles and Hogg(19§3) and Hogg,

Fisher and Randles(1975) to determine an adaptive test that was distribution-

free when the a#sumption$ of equal medians was satisfied and was relatively

/

insensitive to small failures in that assumption. An adaptlve test is
=
e
distribution-free when the pre}iminary sélection of the model is statistically

independent of the final test.

r P
Lehmann (1975) prov1des a deta11ed description of the two sample Wilcoxon

StatlStlc p) ) . ) . +. 5

~

1




e - ! - £
Fligner(1979) used a Monte Carlo study to investigate the behavior of

the test procedures and E;en used “those results to obtain the method for,

selecting a statistic TN p* Herbased the selection on the tailweight of
> - ’

a

the distribution. Let Q be defined as follows: . . .
-~ . ‘ N
Q = Q- Q)/2 g - M |/M) for N< 20  (8)
i . oo . .
- o= 100 g5 - L gg)/ MU 5 - L gp)  for N> 20

«
[ ]

where UB(LB) is the sum of the iargeét (sﬁallést) NB order statistics with
.« " fractional items being used when NB is not an integer.

. & . .
o Fligner(1979) asserted that if the statistie Q classifies the distribu-

-

tion as heavy tailed, the test is to be based on TN 10 for medium tail
. R

weights, TN 15 while.%or lighter tailed distributions, TN 0 Smaller values
3 ¢ S ) -
of Q signify lighter tails. Fligner defined the following selection procedure:

*

»
s

Whenever Q < 2.6, base thé\test-oﬁ TN 0’ 9

Whenever 2.6 < Q < 3.5, base the test on TN 1. .
- 24>

Whenever Q > 3:5, base the test on T

N,
e . & s .b
A , Examining the data from example I to determine the appropriate test
(\9 statistic, we obtain.the ‘following: ;ﬂ,'( i .
Q = (35 - 19)/(2°46/12) = 16/7.667 ‘= 2.09 . (10)
’ - ) i ‘. '

!
W

Hence, from equation *(9), fhe:appfbpriate test statistie to use for’those
data 4s IN;O:
: N ) .
All members of the Fligner two sample class-of statistics;.with the
Y ’ / A g
. B exception of the Siegel-Tukey equivalent STN %) cannot be computed from the
£ . . LY 2 . - .

L4
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ranks of the ori%Znal data alone. Thﬁé, they are not rank statistics. However, . Lo

they are dlstrlbutlon free under the null hypothesis. (Fligier, 1979) The . /
- . /

chief difference am/ng the class members 'is the manner in wh1ch each T, uses -

N,p it
the dlsper51on informatlon‘present in the sample data. As Fligner(1979) hotes,

. - 5 . . .
each observation's dispersibn information can bé viewed in terms of the obser-

vatijon's distance from some central value or from where it falld in the

ordéring of the samples . R . . ’ ’
Finally, F;igner(1979) also showed thet for any P, and Py, 0 < P;,P, < 1,

.when te;;éég'the null hypothesis, the exact Babadur(}967) efficiency of the

Jest based on T N,p relative to the.test based on Ty p is one when the populations
AR 1 . b 2 -

are symmetrlc. Fligner noted that the Bahadur efficiency result suggests that
for moderate sample sizes, under the assumptions of the null hypothesis, the

’ 3
power properties of the various members of the class should be similar. .

s

) k-sample Extension To Fligner's Class - .

~5

Because of the broad range of use for the Fligner class, it is desirable to
extend it to the‘more general and probably more fréquently occurring, #k sample
problem Puri(1964) has developed a generallzed k sample testing procedure for .
con51der1ng this problem Prevlously, Penfield and Koffler(1979) have derived and
compared the k sample analogues to the two sample Mood(1954), Siegel- Tukey(l%}?}

2

and Rlotz(1962) tests based on Puri's methods. 3\ #hf =

Puri's statistic is'defined as follods: ;

- A k 2 2 “ -
Tl S Tomg(sys - uy DA : ' - (11)
J=1 . . . .
where
. N . ’ . .
2(3) 4 : .
Sy . = 1 I E : (12)
™ N,J _n—j'-i=1 N 1 i . /\ . ‘ ‘:
> ¢ [~ 4
. o 1() »
A
. ‘% i
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¢ “\I i and A are norgxaﬁﬂziﬁmg cbnstants vh»at .do not»’“depend on 3 and are equiva- °
AL 2 A@‘”‘ - ,,‘(»,. £ .

’1%5' ‘9)' and??“lfa’&'(s IHo), respecmi?gly , I . , A

-~

- - 7R A

= w o By ;'.%s a varlable whlch ﬁé;'m1ts the SUb?t%tlon of a. var1ety of, stat15t1ca1
- ;:c%ggf&i%j;ties@:EN .= i dn‘-z;:e&ponds to the Slegel-fi'ukey’ sta‘@;s i¢, E (1-N+1/2)
TR e & N, 1 “é;é” xmv. ¢ N’

&
10 the Mood test E}and EN” =@ 1(1/N+1)), ‘where <I> 1s the«stan%ar normal “ o —

R . —
. %c& N . et )
s cygpulative di's¥ribution function, to Klg}’s test..Jluzﬂi{l%ST Towedrthat

—_—
g . <
,——_,_'

e T

wtmnf{imsymptotlcally da.strlbutlgn free wken each sampié is adJusted

".wf
- ’: & 4

for its sample median, prov1ded the. populations are symef}’i‘lc. Usmg ‘theorems

4 9

from Cheg;noff and Savage(1958) Pur1(1965) Showedthat the 11m1t1ng’distr1butlon

f (11) is x2 with k-1 degrees of freedom, centrals inﬁder Ho and noncentral under %
. & .
I ‘Hy, when‘the‘ values of Uy )3 and A are E S .lHo) and Varf’Sﬁ . [He),. respectlvely.

S

“The values of E(Sy: .}Ho). and Var(S }Ho) wan be derlved from the Tethods

N, j
of Lehmann(1975): A . A y W _ .

HR

3 . . 7&;
VB

¢ T M
... (S .N,j [HO) = E EN i/N = 'F %: ]

- ‘ “:Q

A 5

1 ? 5 . . e

i
¥
v
vz
=]
A
w

' N n.
Var(SN,J.[Ho) = j _E

P
¥
i

s ’ “ s ‘“
; ,
o

To generalize the Fllgner clasé of two sample’ statlstlcs to the k ”Sample .

case, EN 1%15 .defined by equatlowéigtl) or (5) for N even or odd respectlvely R

- Given the many members of Fligner! %class (1 e., 0 <p< 5,/&”4‘1 -even Br odd.

Vg o < s .

with different values of r depgﬁndmg on the relatlonshlp o;f* p “and V], . qk

* Al -

might appear that the derivation of equatlons (13) and (14) would be very
. Y -

cumbersome and complex. This is not so. ‘ . :
N A @ - * . ’::ggﬁ; |
As Fllgner(1979) has noted, for each value of p (regardless of whether N ! \

, 1s even or odd), the vector of scores aN 1, ..., ay p(‘l‘;{) is just a

”

» 5‘,9
- " e . . -
v L " l . - fx LN
e ‘ . "
N ‘ . ' L B

. %‘“ﬂ . *

w




rearrangement of the integers (1, ,N). Thus,
= ' S .
could determine E(Sy ’lHo)\and Var(S iHo) as follows (Lghmann , 1975):
b ‘E(S IM"W TA/N‘= NN+1) = Nel (15
/// ! . 1 N2
— . ) ) /
) . N -n N = 2
Var (s, JHo) = j T (g, - By )
- »J i=1 ) ‘N‘fl
n . N(N-1)
N - n N 2 2
= j 0 2% - NN} .
ﬁ nNEN-1) 171 4 . ,
i \
. , = N ocnmenene1) - N2 )
nN(N-1) 6 4
4 - ’ 4
= (N - nj)(N + 1) (16)
5 - 12n,
[ o . J
‘ . ' Tﬁgs, given equations’(ll),IQ}S) and (16), the form of the k-sample
e %1ignér test can be represented as
;. ‘L lzc ‘ g R.)z) (N_+ 15)2
- '._- n ‘( - aN,p( i)i /nj = _._2__ §17)
hiy J I -
e (N - ny) N+ 1)712nj -
. ) . ,i‘ :‘é '.«, a v
. which simplifies to tgf folTowing: -
by . '
' : (3
L= 12 I (g p(Ri)Zi.J - (1)) %/ N - n)
(o1 I71 7,
3 - Y 2 T(” - 1) - ) (18)
Q where T(J) is the value of Ty for the jth sample. .
ERIC Mo P | H
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Equation (18)'is appropriate regardless of the value of p. Further, Hy is

] - Y

rejected if L > X? (1-q). : -

-]

It is instructive to illustrate the k-sample Fligner test with -an example.

We shall simultaneously exemlne TN,O’ TN,% and TN,%'
' v
) Example II

- .
’

In a study by Kerst and Levin(1973) imagery and sentence mediators that.

~

linked the stimuli and responses of pictorial paired associates were either pro-

vided by an experimenter ot generated by fourth and fifth-grade students. Sub-
. ' L
jects were randomly assigned to conditiéns. The four strategy conditions unhder

.

study were as follows:

K 4
3

subject-generated (sentence)
subject-generated (imagery)

experimenter-provided (senténce)t -

NN N
B - . .

experimenter-provided (imagery) v

Scores represent the number of correct responses to 20 paired-associate
learning items. The experimenters note that although the four strategy conditions

did not differ among themselves with respect to central tendency, an examinatiom

L) ’ -

of the variances using a parametric test showed them to be significantly different.
- 0‘
‘re data suggest that the variances of the two experimenter-provided conditions

.,- . .
were substantially less than those of the two subject-generated cong;tions.

- ¥ . B
. . . ’
- - -

o

1

i

" To analyze the data using Fligner's k-sample statistic, a sample of ten scores '

from each condition was selected for illustrative purposes. These data and the
Rk and aN,p(Rk) correqupdlng to TN,O’ TN,% and TN,% are listed in Table 3.

Appendix A contains the necessary information for the derivation of the figures

L}
Y - -

\)‘ N 1 fangd . .
EMC in Table 3. 19 ) : - ..

A ruiToxt provided by ER
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TABLE 3 - ~ .
Pg;c;tinent Data For A'nalgis of Example IIX .
Based On the k-Sample Extension to TN , T and TN ’
P - ’ ’
> = ’ .’.
* : ¢ T T T '
o - N,0 N,% . N,%
Condition y Score .Qk T 3 v R 3 v . R n 5
- S k N;0 | ij k N, % ij k L)I,& N
. & 3129 38 3 |-4 3 ¢5 |-9 .3 5 .
I 5 418 36 5 |-3 & 8 | -8 4 .8
(n_ =.10) 5 5178 37 4 -3 5 9 |-8 5 =9
6 8 | 7 35 6 |-2 .8 .16 |[-7 8 16
6 647 33 8 |-2 6 12 | -7 6 12
16 28 | 3 17 24 -3 26 4 3 28 26 .
' 17 . 35 | 4 24 17 4 33 15 4 35 11
T 331 4 22 19 4 31 19 4 33, 15
- , 19 38 | 6 29 12 7 38. 6 6 38 6
N 19 37 | 6 28 13 7 37 7 6 . 37 7
I =111 =121 z = 115
‘1 1|12 g0 1 |-7 1 1 |-12 1 1
II 3 2 {10 39 2 |-5 2 4 |-10 2 4 !
(n_ = 10) 6 - 717 34 7 |-2 7 13 (-7 7 13
o 7 9| 6 30 11 -1 9 17 |~6 9 17
8 10| 5 .27 14 5 35 11 |- 5 10 20
17 31 | 4 320 ° 21 4 29 21 .4 31 19
17 34 | A 23 18 4 32 18 4 34 14 ,
@ 18 36 | 5 26 15, 6 36 10 5 36 10 .
- 20 39 | 7 31 10 8 39 3 7, 39 3
. 20, 40 | 7 32 9 | 8 40 2 7 40 2
) L =108 £ = 100 £ = 103
9’ 11 | 4 25 ‘16 | 4 34 14 |-4 11 21
I1I 12 15 | 1 5 36 1 14 36 |{-1 15 29 .
) (n3 = 10) 13 21 0 2 39 0 12 38 0o 21 39
: 13 19 | 0 1 40 0 10 40 0 19 37 ",
. 14 22 |1 4 37 1 13 37 1 22 38 °
15 25 | 2 11 30 2 20 30 2 25 32 .
, 15 27 | 2 13 28 2 22 28 2 27 27
~ 15 26 | 2 12 29 2 21 29 2 26 29
16 30 | 3 19 22 3 28 22 13 30 22
17 32 | 4 21 20 4 30 20 4 32 18
. ‘ » L = 297 T = 294 £ =292
‘ 1 N
11, 12, 2 14 | 27 2 23 27 |-2 12 24
v 11 13 | 2 15 26 2 24 26 | -2 13 25
(n = 10) 11 14 | 2 16 25 | "2 25 25 | -2 14 28
. 12 17 | 1 7 34 1 16 3 | -1 17 33
12 16 | 1 6 35 1 15 35 |-1 16 32
12 18 | "1 8 33 1 .17 .33 |=-1 18 36
o 13 20 [ -0 3 38 0 11 39 0 20 40
, 15 24 | 2 10 31 2 19 31 2 24 34
15 23 | 2 9 32 2 18 32 2 23 35
. 16 29 13 18 ,23 |3 27 23 3 29 23 |
Lo T | =304 | 7 5-=30s I = 310 .

«
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Ties among the data were broken as follows: ties tp the right of the combined

'1 N A - y s -
samplé median were assigned lowei ranks than those t§ tiie left; ties on the

v g
¥

-

same side of the median were broken based on a random approdch.
. .

s L

From equation (i8) the following values for L were determined:

- §
'

'
't

. o - 2 2
R Ly= 12 {(1f1 - 10+41)% + (108 - 205)° + (297 - 205)° +-(304 - 205)%}
- a1 7 . 30 30 30
T 30 , . ~ o
e L - 356,20 o -

~
-

. 2. 2 "2 2
, L = _ 12 { (121-205)" + (100 - 205)° + (294 - 205)" + (305 - 205)° } ™
- 4 4130.%7
= 351.24 - - ) » .
\ ) 2 2 2 \ .
A L = 12 { (115 - 205)° + (103 - 205)" + (292 - 205)° + (310 - 205)%}
T 0 : ‘ -
= 361.93

-

The null-hypothesis was one of no difference 'in scale among the four

Y

“ types$ of lea‘ng strategies. For a = .05, Ho is rejected if L > xz(l-u)=x§(.95 )=7.81.
. . k-1

or TN the null hypothesis

N, %
is rejected. ‘
. "3 ' .

Similar to the two samplé case, .the question now arises as to which mem-

Thus, regardleés of whether one uses TN 0’ T L
. “

2 )

.
2

ber. of Ehe Fligner class is most appropriate for different situations. Puri(1964)
.noted that in general the efficien?y of the L statistic based upon k-samples
agrees with the eff{ciency of the two sample test statistic. Using that infor-
mation,"one Edﬁld-afgue that the adaptive précedure derived by Fligner(1979)

for the two sample problem could be applied to the k-samble cage.®

® At this point it is conjecture that the two sample adaptive test could be
extended to the k-sample case. A Monte Carlo study, sipilar to the one con-
ducted by ‘Fligner(1979) would provide valuable information in this regard.
- 17




= 167;

Q. = 10(40 - 4)/(331 - 167) ¥= 2.195. -

From equation (9) since Q = 2.195 < 2.6, the appropriéte test is based on

Tyo° . v ,

’

“Post Hoc Procedures .
< %
When considering k > 2 samples, it is not sufficient to simply reject

the null hypothesis of equality of the k scale parameters. Should this hy-
. .24
pothesis be rejected, it is necessary to determine the specific reasons for

the rejection (i.e., to determine which of the ej's are significantly dif-

ferent).

3
¥

The use of a posteriori or post hoc procedures can be used for such
determination. Significant differences among the scale values of the res-
pective populations are determined by using post hoc procedures for testing

meaningful ¢ontrasts of the ej's.

“~//”iﬁ/pontrast of the parameters ei, cee ek is a linear combination of the
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ej's and is defined as ¥ = cjej where the cj's are known con§%ant coef- -
j=1 k . o .

ficients, subject to the restriction that I cj = 0. The samplé estimate of the

' " ko J=1 /

population contrast is ¥ = zc.ej, where 6 is the”sample estimate of the scale
j=1 ' '

parameter 6. Furthermore, the variance of Y 'for independent, random samples is
/I —

’

given by the ip{lowing: ' /

~ / N
, ~ - ~ k . )
6 = Var(¥) = Var( I c.8.) ¢
y j=1 JJ ) /
k 2. N k k ~ ~ .
£ L ciVar(8.,) + I Z c.c,,Cov(6.,6.,) ~ (19)
j=1 J J © j=1j'= J LR .
i#i'

] .

-

When Sj is defined aEcording to gquatidn (123, ci:is'derivéd as follows:

b4
" A, k P N _ 5 k k 'k _
6 = Zc.(N-n.}) L (E,. -E,.)" + I L -c.cC L (E - .)
y J=1 J__—J i=1 le le J=1 J|=1 J J‘ i=1 N,!l Ele—
n,N(N-1) . o j#i' N(N-1)
. 2 S ¢11))
: k k 2 k 2 k k
Since I c. = 0, it follows that (Z c.,})” = Z ¢, + L L c.c,, =0
, j=1 j=11 j=17 . j=1j1=17
i#i’
k 2 k k
Hence, Z c. = -1 L c.c.,. Substituting this information into equation (20)
i1 J i1 s1=1 J J - ‘ .
j=1 j=1 j'=1 . -
i#3' )

-

and “simplifying, we obtain the following:

. kK , N C_ ‘
o =_1_ .flfj_ifl(EN,i - Ey i) (21)
) N -1 J n. .
j
4
- ;19
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2

Sche{£&(1953) has proposed a method based upon the F distribution for

testing contrasts. Scheffé's theorem states that in the limit the probability

is 1-a that the values of all contrasts (¥) will simultaneously satisfy the

{

inequality

— A

: ¥-So. < ¥ < ¥4S0., where S = (k1) (B yp(1-0))  (22)

Y b4
¢

Gold(1963), Goodman(1964) and Marascuilo(1966) have extended Scheffé's

'simultaneous confidence interval method to encompass the y? distribution in-

stead of the F distribution.® The analogue’ states that in the limit the

k.
probability is 1-a that all linear contrasts of the form Y= L S5 9.
j= 1
51mu1taneously ‘'satisfy the inequality glven by equation (22) where S = (¥? (l-a))ﬁ

k-1
If the overall null hypothesis is rejected, the;% is at 'least one

contrast (Y¥) that is significantly different from zero. Equation (22) can be

used to determiné the significant contrasts.- If the confidence interval does not

- .

contain the value zero, .one would reject the null hypothesis Ho: ¥ = 0 in

.
I

favor of H;: ¥ # 0..

For the Puri generallzed k sample statistic, the form of the confidence

—

interval is glven by the fOllOWlng

i
l

k - k

y 2= Y
: (XT=(1-a)Var( I c.§, .9)%F < v
- J =1 JSN,J k_l ‘ j=1 J %,J -_— \
; y (1) Vaz( 1 )% (23)
. .S, . l1-a)Var( Z c.S,, . 2 .
< E1%5N, 5 : Ak-1 je1 INJ

J L]

’ Marascuilo and McSweeney(196D present aproof of fthe x2 analogue to
Scheffé's theorem. . .~

;/B
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, S
YFor the Fligner procedure, equation (23) becomes the following: ¢

k ; kK o L k j
5 et L2 ey} I D e v < 3 c_T( )
j=11 N,p k-1 —i——j=1J — - 321§ N,p
" n ;rj n,
3 i j
. k 21
+ (¢ @) {Ne+1)} T c)? (24)
k-1 - 12 . J=1_J_
, T
j

In éxample IT the null hypothesis of equality of the four scale para-
meters was rejected; thus, it is aﬁpropriate to consider post hoc procedures
to determiné which conditions were yielding siggificantly different resul}s.
All six pairwise contrasts and a complex contrast were considered. The co;plex
contrast examined whether there was a significant difference betweené%onditions

1 and 2 (subject-generated) and 3 and 4 (experimenter-generat®d). Table 4

presents the relevant information, to evaluate the significance of the contrasts.

k4

-

Table 3
Post Hoc Procedures for Example II
~ .
il
Contrast Estimated. Estimated
. Contrast(¥) Variance(oé) Upper Limit | Lower Limit | Decision
1S - = 0.3 27.3 -14.3 14.9 NS
wl N, 1 sN,2 )
b4 . |S - S =-18.6 27.3 -33.2 -4.0 S1G
2 N1 TN, 3 ’
¥ S - S =-19.3 27.3 -33.9 -4.7 SIG
3 N, 1 N,4 - . f ) .
. . Y, :
Y S - S =-18.9 27.3 -33.5 -4.3 " SIG
4 N\ N,2 N,3
¥ S - 8§ =.19.6 27.3 -34.2 -5.0 - SIG
5 N,2 N, 4
vy S -8 = -0.7 27.3 -15.3 13.9 NS
6 N,3 N»4 -
b4 S, 4§ 2
A MY , ,
(s +S )/2= | 13.7 -29.4 - -8.8 SIG
N,3 N,4 19 1' ” H
L3 LY \
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From Table 4 it can be seen that the sgbject-generated éonditio;s
(Conditions 1 and 2, Wl) were not si§?ificant1y different from each other,
nor were the experimenter-proﬁided ones (Conditions 3 and 4, W6)Q How-
ever, the significanceof WZ,WS,W4, and Ws indicates that each of the sub-

ject-generated conditions was sigmificantly different from each of the
¢ .

'experimenter-provided ones (p: < .05). Furthermore, the average response

L4
H

’ -

to the subject-generated conditions was also significantly different from

L
the average response to the experimenter-provided ,ones (W7). Thus, ,one *

could ‘conclude that the spread in scores was not affected by which of the
€ .
two subject-generated conditions nor which experimenter-provided con-

ditions was used. However, the spread of scores was significantly dif-

Fl
<

ferent depending~upon whether "2 subject 6r experimenter condition was

J
>

used- .

Summary . \\\\/ . ) ~

Behavioral science data are frequently non-normal. However, too often

researchers rely upon the classical normal theory parametric tests to

N . »
analyze such data even though the tests may not be robust to violations

of that assumption. Fligner's class of t§6 sample tests for scale'is an

. ' g
important development becduse the test is distribution-free and has

desirable properties.’ ©
L4

Since researchers typicalk¥y consider more than two- samples, it is
équally'importani to develop éimilar procedures for the more general
k-sample case. Thié paper outTFined the development of the k-sample exten-
sion to the two-sample Fligner class of tests, based upon the generalized
Puri medel. Assumihg rejectiorn| of the nuli hypothesis under test; appropriate
pos£ hoc procedures for the t; t were developed ﬁased on the chi-square
analogue to the Scheffé ég;orém.

* ‘
(/1 .‘) 3

b4 [y




N,p)

20

|X. .
.lJ

h v+ 41 - 1 1<i<40

- 13 1<X,.<20

.
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APPENDIX A |
T T
N,% . N,%
10 21
8 13
' L3
1 ' 13
7& . <o
Xj5 -8 Xpy¢8 Xjj - 13 1X;5<20
[X.. - 13] 8%<X,.<17
1) - 1)= ~
K. - 120 17>X, :
1J . 1J '
2i .- 1i.even'l<i<l0  2i i even I<ic<2l
2i-1 i odd 1<i<10 21-1 i odd 1<i<21
50-i  '10<i<31 2(40-1)+2 1 even 20<i<40
2(40-1)+2 i even 31<i<40 2(40-i)+1 i odd 20<i<40
2(40-1)+1 1 odd 31<i<40
i .
f
- 23
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