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: 1t was shown that PCI ls relatcd to Cliff's consistency lndax C In the
following manner, Whan the |tems are arranged In ascending order of the
/PFOPOrtlons of Individuals In a group who pass the |tems, and the PC| |s
computed fdr each Indlyldual, a certaln welghted avarage of these POl's
. ylelds an Index which Ys a allght mod|fication of Cliff's C,
: One way of conceptualizing what the RCI measuraes |s the extant to which
. each Indlvidual's particular response pattarn contrlbutas to, or detracts
. from, the overall tonsistency found In the group's mode of responding.,
P The foregoing' observations make It clear that one use of the PCl con-~
| sists In spotting anomalous response patterns that result from a student's
_problems, for example, From this It is a short step to utllizing the PCI
" for ldentifying a subgroup of students for whom the givep set of [tems

{ approximately gonstitutes a unldimensionally scalable set., The duality

i

between students and Items then permits selection of a subset of items for
further Improving the unidimensionality. :
Very roughly speaking, the culling out of students and/or Items to
“achleve unidimensjonal ity by using the PCl proceeds as follows. Students
whose response pattérn are so anomalous (i.e., so atyplcal of the group) as

i to have negative PCl values are eliminated from the outset. The we ighted

'\ average of the PCi's of the remaining members of the group (referred to

\ above as resembling Cliff's C) Is computed. Then, in a manner somewhat

| analpgous to removing varlables in the backward elimination method of

| stepwise multiple regression, students are successively removed from the

' group In such a way that at each step the PCl-weighted~average for the
remaining group shows*the largest igcrement from the previous value. A

I syitable stopping rule terminates the process before the group gets

| Intolerably small In slze. A computer routlne for effecting this procedure

- | was developed.

The PC| measures the degree to which an individual's response pattern
resembles the group's modal response pattern. Sometimes, however, we need
a measure of -how constant an individual's response pattern remains for
parallel subsets of items ocuurring earlier and later in a test. One
reason for this |s that students often switch their rules of operation --
_elther from one erroneous fule to another or from an erroneous to the

; .correct rule == as they proceed through a test. Thus, their response

" patterns tend to be Iinconsistent among one another while learning is taking
place, but become more and more consistent as they reach mastery level. An

- index for measuring Individual consistency was developed and called the
individualized Consistency Index (ICI).
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| ABSTRACT g
‘ . ‘, ) ] s . " ‘ & B :,. ‘ * ) ‘ 'r:’\
' An Index meaaurlng the degrep to whlch 4 blnary reaponse pattern

k]

conforms to some base) ine pattern was dnflnod and namad thh Pattern
COnformlty lndex (PCI). By ”basallnq pattern" we mean a blnary response

vector wlth all the O's precedlng the l's when the ltems are arranged -
’ * 3 r

in descendlng order of‘dlfflcqlty; lg;;ome‘o;her,'purbosefully defined

order. ’ ' , Tl v, o

It was sh wn the PCI Is related ;o Cllff's conslaﬁency Indax Cy
X -tm

9 manner. ‘When' the ltemg are arranged lnf

:ln the followl

.of the proportlons of individuals ln a group Qhﬂlpass t e~ltems] and

\Q

Y- :-'; ' the PCI Is computed for each lndlvldual a certplq we!ghted dVerage '
S ‘ 3

A

v . L " . . . . . .

A s ¢ ’ R { ¢
& b L f v, . . Al
M

( 7
f”honceptd%}l ln what t ¢l measures/ls the*extent*
&£ 'M P

IR to Whlch each lndfvldﬁ?l's partlcular response patternmcontrlbutes to,.,

‘ N 2 . \.,k¢¢ . . (\ L4 -

Jl or’ detracts fromﬁ‘the overall qonslstency found in the group 5 mode of e
| - {

1.

o 8 T J"~ N ’f'\%-' ,
o respondlng. - ) .,‘ : v - ‘ R 7}\)

S The foregolng observatlons make It clear thet o )use of the PCI .

S

.« : ' consists of spottlng anomalouSEll.l‘pse patterns that ré}ult from -
a studeht's problems, for example. From~thlc lt‘ls a shbnt step to N

utlllzlng the PCI for IdentlfyLng a subgroup of studentgxfor whom the

given-set of ltems approxlmately constrtutes a: uanlmenslonally

El \, .

: ¥ ,

scalable set. The duallty between studen;s and Items then permi
* N9 N *:Y.—.‘. M
‘y‘\// Y selection of a subsetdof ltems for further lmprovlng the unldimenslon-
- ' . * 6) "- 14 t\f‘\\/g N ; i. ) 3

.
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Vary raughly speakling, the culling aut of students and/or |tems
l

to achleve unldlmangluhdllty by using Lhu PLI proceads as tallows, Stu-

.

dents whose response pattern ard so qudumdluuu (1,a,, s0 atyplcal of
tha uvnup) as to have nagatlivé PG| vnluas hra allminated from the
outﬁut. Tha Wdlghcad average of tha PCl‘s‘nf the remalnlng membérs of

the group (reférrad to above as resamb| ing Cllff'h C) s computed, Than,

v

ln 4 mannar somewhat analogous to removing varlablaq In the backward

»

“allimination method of stepwlise multiple regression, students ave successlvaly

removed from the group In such a way that at\each step the PCl-welghted~

-~

average for the remalning group shows the largest Increment from the
‘previous value. A suitable stoppling rule teernates the procass

, IR ,
* before the/group gets Intolerably small In size, A computer routine for

\

effegﬁlﬁg thls procudre was developed, ' ! ) .
e 4

"The PCl measures the dggrée to hich an Indlvidual's response

pattern resembles the group's modal response pattérn. Sometlmes, however,

A
4

we need a measure of how constant an individual's response pattern

remains for parallel subsets of items ocurring eprﬂler and later In a

.test. One reason for this Is that students often switch thelr rules

of operation =~ elther from one erroneous rule to another of from;an v

erroneous to the correct rule -~ as they proceed';hrougb a test. Thus,,
< '

their response patterns tend to be lnconsistent @mong orié” anOther whllex

learning is taklng place, but become more and ﬁore consistent as they
N

reach mastery level, An’ lndex fdr measurlng |nd|vldual~con5|stency

H

was developed and called the Ind|V|duallzed Conslstency Index (ICI).
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OETECTION OF AﬁERﬂANT RESPONSE
- PATTERNS AND THEIR EFFECT ON DIMENS |ONALITY
: .

Kikumli thsunka‘a Mauulmn Tatsuoka -

\
'

lNTR)OUGTiON

\ \
! 1

lt wuuld saei [llldqtu ndy that tha posslblity of an
sxaninee's gatting correct anawnr» For tha wrong reasons always lutka
behlnd dichotomously scorad ta;c,ltwns and thraatans to destroy tha
vafldlty of tha tast ~- excapt for the fact that, untl! ruéancly. this
possibility has largely been, Ignored by psychometriclans, Altﬁough,
scattered attempt;“haVe baen made to glve partial credlt for partial
knowledge, procedures for gjgprcdltlng correct answers arvlved at by
Incorrect means have largely bean confined to the use of formulas for
correctlon for guessing. This pauclty may not be devasCatlﬁd far
standardlized abillty tests, but is pr?ctlcally fatal In the context of
achlevement testing that Is an Integral part of the instructional
pfocess. There the test must serve the purpése of dlagnos[ng what type
of ﬁ?scqngaption exists, so that apprOpr]ate remedial Instructlon may
be glven. This calls for delving into the cognitive processeé that are .
brought Into.pléy In sol;lng problems, and trying to pinpoint just
where the examineewwent astray, even whgn fhe,correct answer was
fortuitously produced. . N .

This type ofitestlng was pioneered by Brown & Burton (1978),
whose celebféfed BUGGY is essentially an adaptive diagnostic testing

_System which utlllzes network theory for routing examinees through a

set. of problems in the addition and subtraction of posltlve integers.



rd

The branchlng Ia such that sach successive prablam asirves Lo narrow
[ [ /
down the scopa of Mhypotheses' as (o the typa(s) of miscancepeion halid

by the axamlnea unfll flaally a unlique diagnosis |s made.
Tatsuoka #&MaL. (1940) dnv;lupdd‘a dlagnoatfe testing system
wh(ah dlff;rad From BUGGY [n Lhal Lthe tast was not adapt lve but
"unngqntlunnt“. l.a., lloear. The tast waQ copnatyucted Far gyse In
uunluné\luh with lassuns In the addiclon and sybteacitlon of $lgned

\

numbers (puslciva and naga@lv« In(ﬂgnrﬁ) for elghth grade students
and uonslsked of faur pqr‘!lal aubkusta‘of 16 ltems sach, A system nf‘
arvor V¢utu;i was davalopad for dlagnoslng the types(s) of error
comml it ted, \\ |

CruclETf$o this system of error dlaunoalu Is the abl[lty to
tell whether andxlp what exteit a rasponss pattern Is "typlcal' or
'conslistent''., We ﬁgy speak of consistancy wlth respact to slther
the avarage rbspénsn\pagtern of a group ér an Indlvidual's own response
pattarn ovor‘flma: To measure consistency In these two senses, two
related but distinct Indlces are developed In this paper. They a;e
called the "Norm Conformity Index" (NCI) and "Individual Consistency

3

Index" (ICI5, respectively. \

It Is shown tﬁat a certaln weighted average of éhe NCil's of
the members of a group ylelds one of .Cliff's (1977) group honélstency
lndiqes, ct!' The hléher the value of Ct‘,_the closer the group data'

set Is to being unidimensional in the sense of forming a Guttman scale.

.

Response patterns produced by erronedy s are usually quite
p P \

different from the average responsé pattefn. Hence, removing individuals
1’@-‘. / . .




1 +

) ) . S _ (
“with luw (usually negacive) NCI values -- l.e., thuae with akiei Cant

Feapainas patterita = will yleld a Jdata ast Chat is waie neaily

1

unldimens iogat, ' '

the 1Ct, un the ather haml, medasures the deyrae ta which an

)
. ] -
Individual 's rasponse pattarpy remaina lovarlant over tima, Thus, for

exampie, In the alyned=number, teat conslating of fowr paiallel

aubtests, the 1C1 Indicates whather an examlnee's response patiein

»

changes markadly frum ong subsal (o the next ur tvemalns vaelat lvaly
’

stable, Low (] véluda. fsticat lng Instablllivy of response pattern,
Cwanld suggest that the examlnes was st11] [0 the early stages of
ln&rnlnq; changlng hls/har mal“ud tar solving equivaleat problems
from one wave to the nﬁxt."A hlgh 1C1 valuae, raflecting stablligy
M
of reasponse pattcrn, w0QJd slgnal the naar[ng of mastery or a |narqlnq

'

plateau,

C‘ While the NCI and 1CI, can each serve useful purposas as

a2

suggyasted above and |llustrated In datall balow, examining them jolntly

opens up varlous'dlagn0§tlc possiblilitlies, as does the consideration of

-

..-edch of them In combinatlion with the total test score,

A

ERIC

Aruitoxt provided by Eic:
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CLIET (1977) daFingd variaus consistency fodices based an the
natlan of dominance dhd countardominance relationihips betwesn palis
af Irems.  Some of (hesw are n}lesgly related €0 indices davaloped
A0 the theary ust@aiahllit}, atlyinating In the 193075, Abthaugh
CLIFF s indicaa dfd‘dQFlVQd from the dominance matvix for (he data
sel of an entlre geoup, they can be snpreaied as welghtad mvirugun
of the corrasponding Indlces based on const]tuent subgroups of .
examlnees. (Krus, 1975; Hokken, 1970; Yamqmétu £ Wlse, 1980,)
Nuvar!h;l-us. it should be nuted that thgn Indlcas are madny ey ur
group conslstency and do not represent Ipdlvidual examlnees’ conslatency
of responses, /
, Blrenbaum & Tnt&uoka (1980) danonsknatad that Individual response
patterns offar powarful informat lon- for determining any erroneous
rule of oparatlon that a glvan uxamlnas may have used In taking a
test, Tatsuoka et al. (i980) daveloped a dlagnostlc systenm for
'Idontlfylng erroneous rulos by generating ”arror vectors“. each of
whose binary elements represents the ﬁrasence/absence of a specific
"atomic" error. In thls paeer wé develop an Index that Bssoclatcs with
each response-pattern vecto} a number between -1 and | (lnclusf&e)
representing the deéree of concordance the vector shows wlth a Guttman
. vactor of the same léngth Clze.. the same number of 1's) with the
ltems arrangéd in some purposefully specified order. For Instanée,
they may be arranged -- as they are in comput ing Cllff's‘lﬁélces -
"In descending order of difficulty for the tétal group; e« they , i
.may be arranged in any paftlcuiar ofdgi that sults a glven purpose.

>

. 2

)
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\
be should ue Auted (hat graup catalatsncy e Clifr'y asjas 1»
viak i sdd whaii (he 'Hmi‘mt gra uidered by JIfFhouley. Ay changs wf
;lum Tetter by wonidd veanlt 1o & desradas in tha value uf any sf
LHIfE s conalateney tndives.  lhe value yighks-l Gy eavh uf LHIfT'
Formilas idy therefure, he vegarded as & Fancifon of [Fem ardes
Caitabdasr a4 Jdatasel canslaf ing uf iu:C' e p8yauh 'y Peaponaes
pattarn row vactur %, The dominanve matila T thia reapuiae pateern
ia ‘ .
A1) Y% = N - (u”) i bu) = Lo 0 o (= enbar G o ftems)
wheiae %' Is the tranapose of the complemaint of %, By constract bon,
‘n” “ 1 when the Individual geta ftam | wrong and Jtem | 'lghl;‘ ‘
ol hmJWl uqdu,"; - ()
OF course §F j(hq’ ardering of the )lxinm: tn % 'Iu Ghahged, the
domfnance matvtx will also t,‘hcm‘ua, Consaquent ly, the conslatency ,":_,\:L
;
index assoclated with m&punnd*paltm‘n S, deflnad as
(2) ¢, = 2,/ - v, ’ ' %
where’ Ua = I ¥ n” (the sum of the above~dle\monul aﬂi'éunm)t's of N),
and U = ‘ by n‘j (the sum of all the elements‘ of N), ~
Jji -
Is a function of the Item order, 0. To make thls fact explicit,
we write Cp(O). e : ) .

ERIC

Aruitoxt provided by Eic:
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3
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R B e \
T 00000

L o | b 10110+
~ - - . - . B f_\\ ’b‘ . ) -‘ | R

. N=sls="0 (10119) =100000!
T e wooo0o0] - - '

RPN AL R
‘Here u, =35 I nlj.- 2 and U= 6 ; hence frém‘ Equation (2),

v

\ (0 = (@6 -1 = =13
Y o | |
‘Example 2: Let S = (00111), the Guttman Vector with three 1's.

Then : ) R ' | |
] Cfoor1)
vl ooran ,
N=TS's=

T O .

(00111) = |[0'0Q 00

Lo 00000
‘ ,oJ_-} ~ loodoo) o

4 o .

Uy=6, U=6; henceC (0) =12/6-1=1.




[o ~ fooooo0
! .
| o 00000
X P :
0 ((11100) = 00000
B ' 11100
P -
SR ARARYY

. ‘ |
Here U = 0,\U = 6; hence Cp(O) = 0/6 - 1 -l

From thé oregoing examples, the first two of the following

propertles of C (63 may be inferred. The other properties are

-5

“lllustrated by further examples, and intuitive arguments are glven

~to substantuate them. Thelr Formal proofs are not difficult But

-~ \

tedious, and are therefqre-omltted.' 7 ‘L
Property 1: o =1 5.¢_(0) <
R . p s
. Property 2: ' If the ©rder of items i’ reversed inS, the

absolute value of C (0) remalns unchanged

but its slgn is reversed

Since U= 3 § nlj =3Iz (l-si)S;; it Is invariant with respect
ji I oo o .

‘to permutations ‘of the elements of S. On the other hand, -if the

order of the elements of S is reversed, so that Sl =S sei: s

n=i+i
the U_ for the new dominance matrix will become U' =1 I n',, =
» O EL IR
n n

I I (1- Sn-l+l)s -j+1 % which can be shown to be eHual toU - U,
f=1 jei+] , |

" e ¥

T LT



Therefore Cp(d)‘-.Z(U-Ua)/U -1

=20, /0 + 1 = -cp(o) . | ‘

roperty 3: The conslstency index C (0) associated wlth~a 2 x n data

4

If S é’——-, the consistency index for S iIs

S .
a (S T [_L - <! )
c,(0) = (s! s Z)LSz] S'8; + 5158, -
Tﬁéfefore, if we let Co . -

U, =%z n(k) for k= 1,2°

3 j | ) ] . ]
and U= I n(k) for k=1,2 ., - '
. q ka - ij A v : '
. I ' o :
'i) : J .- ‘ . . o _-‘ ..' .‘,‘ ) . 'l ~ ) -

it follows that the U and Ua‘for S;are;givéﬁ;by

U= Ul f U2 .
. A
and .
- ¢ \

Ua ula'+ U2a N
Hence, - )

¢ _(0) 2(Ula + UZa) -

Uy + 4,
) U] ZUla U2 2U2a Sy .
U' + U2 Ul U' + U2 //UZ
2



- Y’ 9
) - ) ,
oy (zu' ')+ _22 (zu2 ) ') ,
_ Yirtp N 4 Uit N Y,
= w!vcp(d‘ *we (0, " - ‘

1T T2
o A ! . o .
two Indlvﬁduals are of a slngle individual taking a set of items on

Remark: . The two response’patterns S and‘S"may be either those of

two ocqasl s (as In airepeated-measures deslgn) or two parallel ;.3

)

. 4,
sets of-ltems. ln the first case the C (0) associated with. the 2xn
datad matrlx would be an average C (O) for the palr of Indlvlduals,

" In the second It would be an average over two measurement occaslions

- : %

for one person.

‘ ' s s . : s
By mathematical induction on Property 3, it follows that the Cp(O)

—

-

associated with an N x n data matrix * /", BN -
Pl L.
— S 1- <
~ - 11 ) \
s
R S { '
. - e -
, X = . i ‘
) : \ f - o
i © ] . . ) ) 3 v
. n

- - -

Is a welghted average of .the C (0)'s associated with the Indlvldual

response-pattern vectors S], 52’ cee Sﬁ, In- partlcular, when the -
“items are arranged in descendlng order of'dlfflculty for the group
7 comprlslng the N Indlvlduals, the C (0) associated: wlth X is one of
Cllff's (1977) consistency Indlces, .y For thrs*ﬁgrtlcular.ordering |

of Items,'we give the name '"norm COnforMIty Index" to the Cp(D)‘s




associated with the individual response patterns. . .
. . . A - o
Definition: Norm Conformity,lndex, NCI - . . e

When the item ordering Is in descending order* qf difflculty for

8

~-a particular group (designated the-“norm groupU), the‘conslstency index

§ [

c (0) associated with the indiVldual's regponse pattern S Is: called

v

~ . «the norm conformity index, denoted by NCI. ﬁThus, NCI indicates the
a '
extent to which:a response vector S approxlmates the Guttman vect\f y

s

(in which all the zeros are to the left of the l's) with the same -
4 - 5

‘number of l's, when the - itans are. arranged in descending order of

difficulty for the norm group.. E >.<“ )

SRV
With this definition, Sﬁus an expanded version ‘of Property 3,
s e
we state the relationship between Cliff's consistency index C and

A

-the NCI's for the individuals - in the group as_- '

-~

v

brogerty 4 Cliff's consistency index ctl is a weighted average

of the NCI, (kHI’,g’ ooy N), with weights W, = Uk/U; i;e.,\\\\
7N . : X . _ i
» . ctl = 2 (Uk/U) NC|k, L ] ) ‘ : B
AL _ .
~ where’ = -
U =% = f;‘) ,
i J>i .
‘and
N
U= I U .
ks (K .

.

, e »
Example 4% Let S = (OlOll), -\jOOlll) and S = (OOOOl) be
the response-pattern ‘vectors for three individuals Then, by

calculations similar to those shown in EXamples 1, 2, and 3, we get

2

Q " N o ! 1]7




- ' ) . . ) u‘_u ) \:; ) . Wi
(upon writing NCI for cp(o)) X ' A y' .
n o \ | ‘ . :
U,=5 Y 1= 6, aNg!) = 2/3 “
° . A . . / - )
¥ Upa =6 U, =6, N.C_LZ =1
‘ U3a'= l;, 'U3M'=‘5lf,’ Nc\"3 = 1 . :/
. 3 .M . » y o
Hence, R . _
o ° - _‘(
wNCI, + w,NCI, + w3nc_|,3 = (6/16) (2/3) + (6/16)(]) + (h/l6)(l)
' T =-7/8 . | , x?*
. "y . ‘- s - | N
On_the other hand, with < . - S
) o Joroan7
| 001 e
o o % oo -
: < : . I vy -
e . - 01123
D looar2 T
1 -— . ’ ' ! '
X'X = N = 0 l 012 ™~
L 00001 | . o .o
\ .«-oooooJ’; SN
N ’ . - ) .
. . e ) . °
> N
 thus veéifylhg‘ Pr?pert::y h, DR — ,‘
In the paragraph precedlng Property L, the order of the items - |
was taken to be the.order of &iculty for the group of which
the lndlvidual was a member, for C (0) to be called NCI. -Actually,

. /"_\\\_f\v ’ _ *d




} , | ' / ¢
R as‘evldent in the formal definition of NCI, the group need not be

one to whlch;thevlndlvldual belongs. It can be any group which the

researcher chooses for deflnlng the basellne or "crlterlon order"
of the ltéms, hence our referrlng to it as,the\\\rm group, and the
lndex as the norm conformlty lndex. Thus, for example we might be

concerned with two groups of students wlth vastly dlfferent lnstruc-

tlonal backgrounds ‘but similar ablllfles“
? ' ~Hi’:’, e . \ .
ﬁy" for the difficulties of varlouS»skPlls to bé’rather different in the
o . . . B X . .

-tw0rgroups. We might take Group 1 as the norm group, thus arranglng the ° .

It is then qulte posslble

ltems ln descending order of dlﬁflculty for'this group. We could
compute NCI's for members of both Group | and Group 2 on the basls of

thls.crlterlon order, and would probably find the mean NCI for the

. r ¢
two groups to be slgnlflcantly different. The following examples,
w ! . . . ) . ' & )
. based on real data, Illustrate this. ® B
: N P ¢ :

\{A

Examgle 5¢ The seventh grade students oﬁ'ﬁ Junlor high school
were divided at random into two groups, which were given different
oo -

‘lessons teaching signed-number operations. (Tatsuoka & Birenbaum,

w

- 1979). »One'sequence of-lessons taught the operations by the Postman -

Storles approach (Davls, 1965) while the other used the number-llne

method. - @' = i
' After addltlon problems had been taught, a 52 jtem test lncludlng

both addltlon and subtraction problems was admlnlstered to all students. ~

7 A t-test showed no slgnlflcant dlfference between the mean test

4

score-of the two groups, as lﬁdlcated in Table l However, ‘when NCI's
were computea for all students, using the ltem-dlfflculty order in s
N ’ . | 1 O A Y .




) , o -
- f’lﬁs?' ) v u( ";f ' ‘,‘
o . L w1 ’
;f | I U
| e -
Group ] (the'Postman-Storiés groap) as the basellne, thbre was a e :
slgn icant difference between the mean NCI of the two groups
. / — S ) ! \
insert Table about hehe él -
. \'v ® ’. :7‘\
The means of test scores and the Norm- Conformity Indé&i -
. ~ » | f
. | 4
Group 1. (N = 67) Group 2 (N N =6 62)
-Score” "Lc,/ 2 ?)‘ : - %.‘ ’
‘ S o
mean 20.06 - 18. 36} t = 1.190
. ' > {
SD 1 8.30 7.88@ p> .05 -
RS )
1 . - - W ;
: ~ - Vb | ?
‘mean .55 . 45 | t = 2,246
D .- .23 g .23 - |p = .0284

ExamEle—6: Tatsuoka & Birenbaum (l979) demonstrated tha

proactive inhibition affected the performance on tests in mat
I

through subsequent instructions, The responSe patterns of st

-

gstudied new lessons written by usjng a different conceptual f

-~

from that of their previous instructions ‘showed a significant

r'd

perfonnance pattern. By a cluster analysis, four groups amon

response patterns are signlficantly different were identlfiedi

values for 9] students based on the order of tasks determined

o
t

erial learned .
udents who
ramework

ly different

j which

The NCJ
/ .

¢

proportion correct in the total sample were calculated and an

variance was ‘carried out. JThe<F-value was SIgniflcant at p =

A ‘.“/

lnsert Table 2 about here
.}

lby the
alysis of
0.05.



n-item test, N = S!S the assoclated dom!nance,matrlx, and

. 14
. o
Table 2 .
N
ANOVA of Norm Conformity Index for Four Groups
Wlth lefepent Instructlional Backgrounds
<

‘Group N Mean of NCIs F

1 3y 0,18, .3.62 with df = 3, 87
227 0.h1 |

3 20 0.35
4t 10 0.18

’

Up to this point, the U, and U in 51\ (2) defln:ng C (0) -- and

hence NCI as a speclal case -- were defined in terms of the numbers_qf
/ -
dominances and counter‘dominance§ between item pairs in the dominance.;

matrix N. We now show that Ua can be explicitly defined in terms of
B : ) v

the proximfty'ef a response vector $ to aGmttman.vecfon_ﬁyéh'the same

number of I's, -

_Phogertx $ Llet S be a response-pattern vector of an examinee on an

« n v
U = 3 Z n o o
SR I N L

k)

Then'u is also .the number of. transpositlons requlred to get from S to
the ﬁeversed Guttman vector (all Is precedlng the zeros)
,fince nl4v-‘(l -'sj)sj; it follews thatv

U =32 I (1 =s,)s
N 1]



g0 . ‘ - B
. T ' ‘
is the number of ordered pairs (Si’ Sj) [i<j] _of elements of §

such that S; = 0 and sJ = l.. That ls,'tf for each s; = 0, we countlthe
number of 5 =1 to its rlgnt in S, then the sum of these numbers over
jthe set of 0's in S 1s equal to U But this is the saﬁe as the"

number of transposltions (interchanges of elements in ad|acent (0,1)
pairs) needed to transform S, step by step, into (1 1. ... 1 00 ....OYK

Thus'Ua is a measure of remoteness of S from the reversed Guttman .

vector, which is equivalently its proximity to the Guttman vector.

-
2 * ) _,/—&C‘

Examgle 7: Let S = (01 O ‘1 1 ). Then, S can -be transformed

~into (1 l l 00) by five successive franspositfons:

(1o r ) +Qoo1>(10101)

> (1100101010 ~(11100);

thus Ua = 5 by the present'definltion. On the other hand,

] T " . forga '_ :
. 0 _. 0ooooo |
N= | [OIOII]";_QIOII_- ,
ol . 00000
[ 0 | _ cdbooo

. and U, = I % n,.= 5 by'the earlier definition.
. i . -

g Y

It may also be noted that, if we denote the nhmber of 1's in

the lower triangle of S'S by Ub’ i.e.,

then UbiS the numberof ordered pairs (s s S ) [j'< i] of elements
4 _ :
of S such that s; = 0 and s =], Hence,' ] N NS
. A

2R



U= I n sf. Ua + U

i 1J ' b

is the number'of pairs (si. s, )"with's '# s' that can be formed from
the elements of S. Thus, U= x(n ~- x) where x is the’ numger of\l'
insS, or tng test score earned by a person W|th response pattern S
Consequently, Ua/U and Ub/U are the proportions of (Oal)npairs and '
(1,0) pairs, respectively, among all possible ordered pairs (Si’ sj)x{
[i < j]a of unlike elements. When S is a Guttman vector, (0 0 ;..0 I R B
U-“- U and Ub = 0, because all ordered pairs of unlike elements are s
'(O,I) pairs. Conversely, when'S is a reversed Guttman vector

(l | l'o 0 ¢.0 0), U_ = 0 and U, = u. Hence U /U ranges from *

i

0 to | as an’ increasing function of the degree to which S resembles:
F
(or is prOximal.to) a Guttman vector. Slmilarly, V] /U measures

" the proximity of S to a reverse Guttman vector, or its remoteness
from a Guttman vector, Jn fact Ua/U was denoted by U and proposed
as an index -of "deviance" of score patterns by van der Flier (l977) -~

-

With the. -above redefinition of U and U, the sense in which NCI

»

Is a measure of the extent to which a response pattern approximates

~

‘a Guttman vector should have become clearer

Ncn = 20 /U-l : o

is a rescaling of U /U to have limits 1 and’ -l instead of l -and 0

At should be noted that U /U and hence also NCI is undefined




" reversed Guttman vector with the same number of 1's. Hence, if t

17

{:
.

for a person who has a test score of either 0 or n, since U = x(n. - x)

= 0 in both thése cases. There are two ways (at leaét) In which to cope
with®this problem. The first is arbltr;rlly to set NCI = 1 when U = 0,
which is analogous to setting 0! = |, This.is reasonable because

U= Oonly for $= (00 ..,.0)and S=(11... 1), both of thch

are Guttman vectors in the sense of having no zero to the right of

'any 1. The second solution is to rédefine NCI itself as

(3) NcCI 22U, + 1)/u+1) -1

which will automatically make NCI = 1 for the all-correct and
all-i%correct response patterns. Each of these solutions, however,

gives rise to problems of its own, as shown In the discussion section

.~ Pl

below.

Property 6. Suppose Sl and S, are two n-item responée patterns

withthe s;me-ngmber xfg? I's, anthhat,S2 Fesu]ts from S, by

1
applying t successive transpositions. ,Then
' ' )

€(s,) =€ (5)) * 2t/x(n = %)

where the + sfgn Is taken when S2 is ¢loser to a Guttman vector than

is S| and the - sign when fhelopposlﬁe is true, #

From Property 5 the Ua associated with a given response pattern

S Is the number of transpositions necessary for getting from S to the

)
-

s the number of transpositions it takes to get from Sl to SZ’ it

3
s
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féllows that

u2a - Ula tt '

if 52 is farther from the reversed Guttman vector, i.e., closer to
the thtman vector, than is $)» and
u2a = Ula -t

4 o

if the opposite is true. Consequently,

. + l
c (s,) = M2a 1 = fffle___fl__ |
p'T2 U » ' U
~ . * ’
'O = ‘_.__..zula‘ -1 + _Z-E. -
! ur U
= c (S ) + 2t
p 1 x(n=x)
v::hen.s2 is closer than Sl to the Guttman vector. The sign preceding
: ‘ . - .
2t/x(n-x) becomes - when 'S, is farther than §):to the Guttman vector.

ExamEle.S:. Let Sl = (101011) and SZ =(010111).

It takes two transpositions to get from Sl to 52 H
(1_9 lol1)>(@11011)>(01011 1),

and Sz-ls closer than Sl‘to the Guttmanbchtor (001 111). Therefore,.
by Property 6.wé should have

‘Cp(sz)\ = cp(s])'f (2) (2)7(8)(2)
. » = c (s 172,




+ . Forthe two response patterns,. we have

Uy, =5 and U

la 2a 75 |

so that | _
C(5)) = (2(5)/8 -1 = 4
4 ~and _ ’

Cl8) = @8- = 34

satisfying the above relation,

Property 7: . The weightsglioplied to Individual NCI's in

computing Cliff's consistency§

Cet (¢f. Property 4) are invariant

ems] #

of changes inthe baseline orde

This iIs true because the weights

U
= P ,
e wp : ZUp ‘ ’ .

depend only on Up = xp(n - sp),'where X, is the total score earned

”ﬂ_h¥_person P -qji.e., on ‘the number of 1's in response pattern Sp, and

not on thelr positions.

it follows that NCI's associated with response patterns

yielding scores close to n/2 get high weights while those ;orrequnding
to extreme scores get low weights, It is also seen that‘whqn the number é?
of persons is large, each wp Is a fairly small positive number; yhiié

the NCI has a value between 1 and -1, Negative NCI's are an obstruction

to having a large group consistency index, C

t1




- INDIVIDUAL CONSISTENCY INDEX
.',2 the preceding sectlon‘ we deflined, and descrlbed various |
‘_propertles of, an_lndex which measures the extent to which an
lndlvldual's redponse Pattern "conforms“ to that of a norm grpup. -
In some sltuatlons It is deslrable to measure the. extent to which an |
qulvldual's response pattern remalns unchanged or “conslstent“ over
the passage of tlme. For example, it Is reasonable to expect that,.
~ when @ student ls In the process of learnlng - and hence presumably
modlfylng the cognitive processes by whlch he/she attempts to solve
. problems e-'hls/her pattern of responses on successlve sets of similar
ftems,wl!l ohange consliderably from one'set.to the nextt When the
‘ student‘approaohes mastery or a ''learning plateau", 'his/her response .

pattern will probably remain relatively- consistent from one set to .

- the next. To deflne an index, ca!led'the‘lndlvldual‘Conslstenoy lndex_
(ltl), that“w!]l serve to measure thesdeoree of conslstency (or
stablilty) of‘an Indlvidual's response‘pattern over time, and to
'Investlgate Its propertles, are the purposes of this section. in the .
lnterest of clarity and ease of exposltlon, we embed our dlscusslons
‘_ln the .context of an actual experimental study.'q

A 64-1item, slgned-number'test was administered to 153 seventh *
graders at a junior high sohool. The test comprlsed_16 dlfferent"
’ tasks.belngitested by four parallel Iteﬁg eaoh.i»The items were arranged | .
‘so that four parallel subtests were successively given to each testee.
Nltbln'each 16=item subtest, the order -of items was randomized. Thus,

e

for each examinee there are four response-pattern vectors with 16

2
-1

Egy L
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elements eech. The' lndlvldqel dongretency Index (IC1) is deflned on
these four replicationd: we shall come back to thls test later, bhut we
flrst Introduce IC| by a slmpler example. Suppose a person took fogr
parallel tests A, B, C, D with seven Items each. and that his/her | 1
response patterns were as shown In the second column of Table 3, Also
shown in thls table are U = x(7 - x) for each response pattern, the
number U of transposltlons needed to tra;;form each response pattern

Into a reverse Guttman vector, the C (0) for each response pattern, and

the weight to be applled to ¢ach cp(o) for getting an overall Index.

Table 3

Four response paterns and‘varlious quantlitles

assoclated

2:;:];?}) "ﬁiiiiiie' Yy Ya Cpl0 "
1 (oloot0) 12 - 333 N\ 286
2 (0010010) 10 6 .200 \; .238
3 °  -(1000010) 10 l -.200 .238
b (looool)) 10k -.200 238
| The weighted average .
jﬁl W, cp(o?j = -.143 |
‘ L ' : e

4
would be Cliff's consistency index C el lf the four response patterns of

Table 2 were those of four individuals and if the Items had been arranged
;3

in their=difflculfy order for the group. Let us rearrange'the Items (or

rather the sets of parallel.ltems)‘in’their order of difficulty for the

LY

28
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~

for the parson, whlch Is (2,4,5,7,3,1,6). The response paiterns and .

A

other quantities occurring In Table 3 now become as shown In Table 4,

4

~ which also has a new column showing the number of transpositions t

v ]

necessary to get from the Jth response battern In Table‘3 to the new
one here. . |
- | K Table 4
Response patterns resultlng'from thosétln \

Table 2 by.arranging the items In difficulty
v order, and various-assoclateéd quantities.

o\

‘Parallel Reéponse. , 0. '
test # (J) Pattern tJ , U} Uja _ cp(o')J Y
1 (0000111) 8 12 12 1.0 1286
2 (0000101) 3 10 9 .8 1,238 ;
3 (0000011) 6 10 10 1.0 .238
LY (0000011). 6 10 “IO = 1.0 .238

[}
i

the'that the new CP(O) for each response pattern satisfies Property 6:

N

c (o' = C (0), + 2t, /U,
| p( )J ‘ p( )J‘. FJ J
The welghted"average[qf“fhe new CP(O) vélues is
£  w,C (0 = ,9524 ,
j“l J P J }

This Is what we"%%]i the Individual Conformity Index, Ill; We may state

» its-definition dﬁg?bllowso
Definition: Individual Conformity Index (IC1). Given a set of

response patterns shown by a single Individual on a set of parallel

tests; we arrsnge the parallel items in their overaJl‘order‘of dlffldulty

. ‘ 2Ye}

A~




for thd indlvldual and compute the C (0) for each response pattern
thus modltled. If we now form a Wnghted average of theseih (0)'s
as though we were computlng Cllff's c el in accordancejwlth Property 4y,

the re;ult is the iCl.

.

- Remark: Note that ICI Is an attribute ot'a single individual,
not of a group as, fs Cllff}s conslstency index. ICI dlffers also from
;NCI in that the latter (also an lndlvldual attrlbute) depends on the
basel ine order of ltems, lae., the dlfflculty order in some group.
specifled as the norm grqup,.whereaS‘ICI is computgd for an individual
wlth no'reﬁerence to'any_group. Rather, ICI requires that the
individual in question has taken twb‘or morekparailel tests, éﬁd

measures the consistency of his/her response patterns across these

pgral]ei tests, |

Progertx 8: Since the parallel items are arrénged.ln thelr
order of dlfflculty for the: lndlvldual ln questlon when IC[ is computed,
whilé they are arranged in their order of dlfflculty for a norm group
when NG| s computed, It follows that

Icl 2 NI

. for each examinee.

2

P



APPLICATION TO ERROR ANALYSIS: |

:.§ Birenbaum & Tetsuoke (1950) found thet 1-0 scorling hased slmpIV
on right or wrong answers ceueed eerIoue problems when erroneous ru)ee
of elgned~number operations were used by many examinees. ‘The point Is
that meny erroneous ruIes can lead to correct answers In many Items.

To highllight the extent of, the problem, Tatsuoka et al. (I980)
developed an almost exhaustlve set of 72 erroneous rules for doing
addItIon and subtractlon of peIrs of signed numbers, and enumerated the
number«:fcorrect answers that wouId result from consIstentIy using
each Inco;rect rule for a set of 16 Items. The resuItIng histogram
Is-shown ‘In ﬁ}gure 1, where It can be seen that, in an extreme case, -
12 out of the 16 Items could be answered correctly by an erroneous.

g
rule of operation. o : : .

UsIng reaI data from a 64~ Item test conslstIng of four parallel
subtests of 16 Items each Blrenbaum & ‘Tatsuoka first dld a prInpraI
components anaIysIs_gn the orIgInaI data‘-- wIth;the Items'scored 1 er-
0 iIn the usual manner. Next,'the data were mddlfled;hy gIvIng a score
of 0 when an Item was correctly answered presumably by use of an
erroneous rule, and another prlnclpal compenents anaIysIs was done.
(DetaIIs,of.how It was judged that a cgrrect answer was arrIved at .
by an -incorrect rufle are glven'ln Birenbaum & Tatsuoka, 1980.) The
Change'between the two analyses was dramatlc. The dimensional ity of
the data hecame‘much'more'cIearcut with the modified data. The
Item-total correlatlons became much higher, while the means: of the 16
tasks (each represented by four parallel ‘items) did not. change )

significantly.

-~ x
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The aLova phenbmanonfaungoita\yhvuoma‘achlovamant tests cannot he ',

. | .

|- P

- 26

~

treatad ag unidimensional even‘thoqgh'ihe ltems are taken from a single ;/ -

content domaln.

The fact that corraéc answers can ba -obtalned by arroneous’

rules apparently makes for a chaotlc, m tidimenslonal domain (Tdtuuoka [}
J : -

Blrenbaum

1979), which Is "cleaned up" by'the~rnséorlng. Brown & Burton .

(1978) wafned of the same problem, namely that Qrong rules can yield the

¢
correct answers In some items lnvolvlng addltlon and subtraction of

posltlve 1

ntegers,

-

) ve]
] H'.

The lndlces developed in thls paper, NCI and ICI, are’ useful for

detectlng erroneous rules that are conslstently used by an examinee or a

.group of examlnees.

\

)

This capablllty s useful not only in the teaching

process,_fo? diagnosing a student's problem, but also gives some leads tq

anresslnglqome psychometric issues such as thégdjmeﬁslonallty of

‘achl evement tests.

( .

Tabléls shows a 2 x 2 contlngency table based on comblnatlons of

°

'htgh and 1dw NCI and ICI values, with a characterlzatlon of the status

of students in each cell

Table 5

dependent also on the scére earned.

\

bﬂTypes of'studeqts with high and low NCI, IC] and score.

NeT~LE! Low & _ High
There should be few ‘students If score is high, all is well,
, in this cell (none If the If is 1 tudent h E
‘High cutting points for -ICl and. 7core 'S OW, S'u e? a? a Iy -
NCI are the same, since serious misconception (consistently
ICI > NCI always). uses an fncorrect rule) which, how-
- ever, leads to correct answers to
easy items and wrong answers to
' hard items,
The errors are probably If score Is high, student is merely
random.s getting a few of the easy ltems
wrong, - . '
Low , ¥ score is low, student is getting
many of the easy items wrong. The
response pattern Is strange, and a
) serious problem exists.

<
<o
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Exampla 9: The examplae described at tha beginning of the sactlon on
' : #

the lndivldual Con:lstdncy Index was thoroughly analyzed In Tachnlcal
Report 80-1 (BIrenbaum } Tatsuoka, 1980) with refpect to arror analyses,
We call this data the NOVomber data hereafter. .Thera are 16 dlfferent

erroneous rules. dlagnose

In the report. Tabla 6 shows the response

patterns and NCl and ICl‘yalue: for three students, Student 1 performed
X , .

‘all addltléh prol lams co rectly but he falled to change the sign of

the subtrahend qp he _ verted subtraction problems to additlon problems.

Student 2 always aned
for her answers. She faleed to dlscrlmlnate subtractlon prob-iems from
] " - £ Y

;”lLéd\ his erroneous rule conslstently to all
wg118 en

’

or made carelessg*lstakes. &gtermlnlng ‘the rules of operatlon, both

de

right and wrong( Is dlsﬁ? i\? in detall in the téchnlcal report 80-2

(Tatsuoka et al., 1980)ﬁk:  . I '}5j v i

<
«




Table 4
The response patterns, NCI, 1CI and*scores

-

of three students,
o oiponléu to four parallel forms within
. | the 6h=]tem tesit
Task No.* Example | Student 1 | Studant 2 | Student 3
6 6+ 4| w0) | 11 (0) [
15 =6+ 4 | 11 (-2) 0000 (~10) | 111 !
13 - 12+-3 | 11019 0000 (+15) /| 1119
5 < N-3+12 | 101 (9) 0000 (+15) RN
10 -ih+-5 | 111 (-19) | 1 (=19) | 1
p 3+-5 | 1111 (-2) | 0000 (-8) | 11
14 =5+ -7 | 11 (<1h) | 111 («12) ma
7 8- 6 | 0000 (+14) | 0000 (+14) |. 1111
8 =16 - (~7) 0000 (-23) | 0000 (-23) | 11N
16 2 - 11 | 0000 (+13) | 0000 (+13) o111
13 =3 - +12 | 0000 (+9) | 0000 (+15) 1
1 6= (-8) [ 0000 (~14) | 0000 (-1%) 11
12 9.~ 7 | o000 (+2) 111 (+16) 0011
b 1 - (-10) | 0000 (~9) 0000 (-11) 1010
2 -7 -"9 | 0000 (+2)' | 0000 (+16) e
9 - -12-3 | 0000 (-9) 1111 (=15) o1
NCI | 0.9759 ~0.2560 0.7073
et | 1.0000. | - 1.0000 " 9268
Score 27 20 58

*The tasks are ordered by their overall‘dlfficu[ties over four

parallel forms.

<
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Table 6(a) Is the 2 x 2 conclnganay}tnhIQ'WIth .90 as the dividing
i

\\; palme for 1C) and ,60 For NCIL In the sub anple of 75 students wha eaine
\ scores of 53 or higher, while Table G(b)TIQ the aurfﬁspundlnp table for
h? scudents wltﬁ dcoras of 52 or lower, | The dividling polnt, 42, for
\ scores was chosen because -~ as shown ln!Flgura 1 == 12 ou( of sach
subtest of 16 ltems could conce lvably be'anawared by canslstaﬁt use of
an erroneous rule; 13 Is the smallest pumber of Items that cannat be got
correct In thls way, which correspands to 52 out of the entlre Lest 6( .

four parallel subtests of 16 Items sach, Hence It seems reasonable Lo

regafd Siwor less as “low scores'.

%

Table 7,

Two-way classificatlons based on ICI > or < .90
and NCI > or < ,60 among students with
(a) scores > 53; (b) scores ¢ 52.

, . X /
NeT—L&! 90 | .90 (Ner—Lc! .90 .90
.60 | 8 18 |26 760 3 27 30
60 1 26 " 23 hg 60 12 5. 17
3 34 1 wm |75 - s | 32 | 47
(a) = R (b)

Let us see what we can say about the performances of the students .
| represented In the November data, from the contingency tables of Table 7,
In light of the characterizations glven In Table 5 and with the three

students' response patterns in Table 6 to guide us to some extent. Note

-GSl
<

l;g&k;~ | \ 2 L




Flrat chni; desplitn the very hlghcut=off paint of ,90 foy the "high

< 1GY catagury, substantlelly more than ona-half (73 aut of 122) of the

students have hfgh 161 v;nd.-. ‘This raflects tha fact that'thu.n5?Mluunu
were olahth graderw who had already recalved falrly axtanslve Instruction
In signad=number operatlons and hence a relatively largp prapartlon of‘thmn
ahuwod stable rquponsa puttqrnu over the four parallal subtuutsz thuy
had'alroqdy qpproachad mtutary or learning plataauu - tha rhftar belng
more lkely In this case In view of the fact that only 75 (or 61.5%) of
them had scores ov-r_ﬁztout of 64, As oxpactud. very few Qtudanf;

(11 out of 122) had low Ile’comblnadwwlth high NCls. Many more had
low-ICl ; low=NC| combinatlons; ttese are students who quq'more or r;ss
"random'' (or at Ionst-non-sfstemaclc) orrors but -who nevorihofa:o made
relatively more errors among ltehs that were easy for the oroup as a

whole. It Is reasonable that about 703 of the low scorers who had

low NCIs fall ln this category, whila only 53% of the high scorers with

low NCIs dld. .

Returning to the{hlgh-JCl\group, oembors of whlchighe three students ‘

“represehted in Table 6 are different kinds of examples, the high-iCl,

high=NC! students with hlgh'scores are the '"problem-free' types exemplified
hy Student 3. Unfortunately there are only 18 suoh studonts while there
are 27 hIgh-ICl,-hlgh-NCI students wfth }ow scores. Student 1 |s an
example of this type of student, and his respoﬁoo pott ns corroborate
the characterlzatlon Ip Qable 5, that he has a serlous misconceptlon, but

> one which leads to conﬂhof answers (except for one Probab y careless

error) to the easy |tems (addItIOn) and always to wrong answers to the
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harﬂ‘ftcmga b che high=1C1, lawsNCE catwgary, mﬁ;x students (23 out
of 38) ara high seorers, Thess students can aaslly ha renedlated’,
for they are probably getting only a Faw easy liems wrong, ((t lf al
unfaﬁtunl&n fact that & faw sasy ftems mldsed can gauﬂn‘thg NCI to
become qulte low.) ~The students who have ma most serlous problams
are tha high=iCl, low=NCl low uéururu, of whom there are fortunataly
only flve, Student 2 In Table 6 enap)iflas this typa, and her »
unusual reaponse pattern (which remalna perfactly conalstent over

the four parallal ‘subtestd) will take quite a bit of remedlal Instruction

to ractify,

A
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- APPLICATION TO ERROR ANALYSI&; |1 ‘

n the wwi‘c‘m:& uc:suu»? te was ahowi how the sxlatence aid
smriousness of & student's misconceaptlon(s) could be determined bv
wxamining the 1C1-NCli-scare éamblﬂntlgns with sach quantity dichatomi ged
a8 high/low. Anather concern we hinﬁlﬁ srrar andlysls iy (0 discuver
'ﬁm satant o which g dataset has been “conteaminated’ == |n cém sense of

(s ha.vhm tts wil_dim-m!m;allw dﬂ;mwd == by tha conslstent occurrenca
of ervonecus rules of operation. This can ba dope by drawling a scatier-
plot of NCI agalnst total score For the glven dataset and camparing it
with the carresponding scatterplot based on synthetic data uunarut;d by
the 72 arronecus rules referred to at the boglhnlng of thae pravious
section. It Is convenlant also to draw the regression line of NCI on
score for the synthetlc data.

The procudufq'lg Illustragcd In Flgure 2, where the~scatterplot of
NCI against "task-mastery scofe*’ for the November data (points
rqproigntdd by X's) 1Is superimposad on the carresponding scq;tar@lot for
the artifically produced data generated by erroncous'rulas (polnts

”’fobfesented by o's) with the regression |ine shown, It can be seen at a
glance that almost all 6f the real data points fall above the regression
llne for the synthetlc data. In fact, a large majority of them even
fall gbove tﬁe dashed line parallel to the regression line, which Is

drawn one S.E. above the latter.

*The ""task-mastery score'' Is defined as follows: If a student gets
“at least three of the four parallel items testing a given task, his/her
mastery score for that task is 1; otherwise it Is 0.

y i')
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We may senclude Fram (he Taregaing grephical (nspeciinn that fhe
Hovember date wire Falrly Yaleant'. By contrast, (he dete gbtalined Fiom
the QCVOi;Eh graders tanted after baing taughi slgned-nwmber opsvaiinns
via twn PLATO sesalons of sdout one hour sach (sem Eranple & above)
warm found to be highly “contaminated', Plaura 1 ahows (he scattarplut
of NCI against rest score f;;r ong af these sht,i_i&tkh, ta which many
polats Fall In the reglon occupled by the Synthetlc detapalngs i

Flgure 2, suggesting that uses of atrupsaus ules abuunded,
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_ Flgure 2, Scatterplot of NC| vs, total score for the
November mastery score data, superimposed on that. for
72 synthetic response patterns generated by erroncous rules.

x = real data (N = 127)

. o = synthetic data (N = 72) . //// / v
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Figure 3. Scatterplot of NCI vs, total score for the
January Postman Stories group posttest
N = 60)




EXTRACT ING UNIDIMENS|ONAL SUBSETS

Item Characteristic Curve (ICC) theories are useful and powerful

_ test-theormeedals especial ly for applications in adaptive testing. If

the test items are drawn from a single, unidimensional domain, logistic’
medels are convenient for estimating the item-curve parametefs. Tatsuoka
(1980) examined the response patterns of students for whom ability
estimates with known item parameters falled to converge by the maximum-
likelihood method, and found them all to have low NCI values. Conversely,
when the NCI is very small. the maximum=~1ikel ihood method often fails
to yield a convergent estimate for the ability variable 6. Table 8 shows
three sueh nesponse patterns (along with one for which the 0 estimate did
converge) for the L48~-item Stanford Vocabuiary Test taken by the seventh
graders in the JanuarQ expefiment .The item parameters for the three-
parameter logistic model fitted to these data were estimated by LOGIST
(Wood, Wingersky & Lord, 1976). | ”

. Table 8

One Convergent and Three Nonconvergent Response Patterns -
For Estimating 6 by the MXL Method and Their NCI Values

i3

™

3

Response Patterns . © eésti- No. of *
(48 items ordered rougffly from easier to harder) - = mated ~ NCI itera-
' : " ) tions
lb 000010110000000010001100000000010000100000001001 -3.789 ~  .0158 25a
b 111100001600000009000000000100010000100110000000' -1.335 ﬂ‘.2526 7

000000000000000000000000000000000000001111111111  =4.957 ~ =1.0 25

'000000000000000000000000000011111111110000000000 ~25.00 - 4739 25

Y

Iterations were terminated at 25 tentatively, but the decrements of three

cages exceeded 001. b
; .

These two response patterns are taken from the real data and the other

x.

two a?*‘hyﬁethet*éaT'respbnSE‘patterns.

| 42
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%he problem of non-convergence of maxlmum-llkellhood estlmatlon'
procedures for ICC models due to fallure of the data to exhlbit uni=-
dlmenslonallty has been plaguing researchers for a long time. Mokken
(1970) goes:as far as to state that, although |CC theory has many
valuable features, studies in socliology a@d’polltlcal science are not

A~

quite reaglito take advantage of the reflned¥parameter estimation
nethods that it bffers:' To'cope wlth this sltuatfon, he'developed
~a techinque for extractlng scalable subsets of Items from a given
dataset, Similar technlquesAhave been developed fn the fields of
educatlonal and psychological testing (Krus, 1977; Reynolds, 1976;
Yamamoto GIWlse, 1980) . Tneoretlcally, all tnese mﬁf}ods (which are
based on order analysls).show a duality between items and examlnees,

«

and hence can in prlnclple be used for extracting subsets of examinees

as we:l as items In which unidimensionality will hold. In- practice;’

however, nost lf not all of the&'would be quite ineficient for extracting

examinee subsets because the domlnance matrix for this purpose ‘would

be of order equal to the number of examlinees lnstead of test items, .

and would thus be very large. We therefore present a new technique,

based on the NC|, for extractln§ unidimensional examinee subsets that

; does not require the use of a'domlnance matrix as tne startlng point

and hence;is probabiy more efficient than those that do (although we have
not'yet made a formal comparison). Our technique'is, of course, just

as applicable for extractlng unldlmenslonal item subsets, but in that

case jts advantage, if any, over prevuous ‘methods is probably negligible,
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Recafllﬁg that C1iff's ‘Jroup consistency index Ctl Is a

weighted average of the NCl's of the memberé of the group-(with,the ‘
group itsglf definipg_the itemjdffflculty order), It is cféar‘that
individuals wifh\negative NCI vadues are detrimental to the goal of
getting a large‘ct1vva]ue. We therefore[remove awy indivlddal with a.

‘negative NC|- from the group at the outset, before starting qur extraction

procedures. Let the -NCI for ths j=th member of the group thus purged be

-

0 | . ' 2U.a
. , NCI, = —d& - 1
J u,

Then, by Property 4 the overall consistency of the group, whose{;Tze

we denote by N, is

Cp(SN) Z wJ NCI . : .
J=1 Y
where.
N

=U/ZU . =
3 e .

Now suppose we remove the k-th member of the group and denote the

*
reduced data matrix by XN-I' Then ,

%It s realized that removal of an individual from a group may con-
ceivably alter the difficulty-order of the items, and hence the NCl's
but this is improbable, especlally when the deleted individual has a‘
small NCI, as we shall presently see he/she does.

.
x\ *
’ <

79N
M
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e : N-1
where ¢ * ) )
. N N e

W' =U/ZU =U/(ZU, -U) .

=
The r;egultlng change in overail consistgnéy is
ac - €, (hey) = €, (%)
.jikw}'NC'j - j‘fl.wJNcl"j )
Y ‘ ' N

L 6 _z-~.:;:,¢_,Nc L ‘NC'
(j=l J [‘j "k k j=1 J

N ,
- - - Pd
= ~j§1 _(wJ. _ wj)NClj | wch'k .
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- . Where U; is ah abbreviation for g -Uj. . "

: Therefore L 3= | o

W s oe—K §ow NCI, = weNel, e e
; “p u. - hk AJ=1 j k k S ,: . -ﬁ - e

C(x) -Nol, | , Lot
v -y LP N k T e
L

since ‘ . S
) . . . wk = Uk/ (U. - Uk) L) . ) . '» ,:,r . .‘  :.“' ‘ ' : -'

Wthhqs see that, in order to make ACp as'large'as poss!b]e'-4nﬁhatbis

to have the removal of the k-th member result in as“large ankfncrease -

KR A*'
a0

in Cp as possible -- two conditions must be satlsf:ed' namely, NC1k should

* N “

be as small as possnble, while U should be as arge as- possible._ The ‘

0

k

first of these conditions is intuitively obvious, - Since .the overall

[

Cp Is a welghted average of the indlvldual NCl's, ellminatlgn of the~ e

<

smallest NCI would be expected to increase: the group Cp the most.

‘However, since the latter is a weighted rather than a stralght average '1/'

of the NCI's, it is also necessary that the NCf to be ehrmiﬁated have :
- .as high a wéight as possible, namely, that the agéociated‘uk‘be aé"_j': ¥

‘large as pessible. 'Recalling that R o S L . K

U, = xk(nexk) o

) N ) X 2 ) . X . B
’ " . 5 . 8
B Lo .8 e ! 3 a P i

A

L P ) . . L. o P

v it follow hat x, should bevaé‘t]bse'as possible tq‘h/foniqfderfde

k .
U, to be large. T R AN .ﬂ;g“

U M -

s




. R . . . R - .
. N . . o4 . . -
— - a

4o

From a purélyfmathematical standpoint, the above optimizing. condi~

tion fon~ACp would require our actually computing ACp for each potential

lndlvidqai to be removed, for there could be a tradeoff between NCIk

being.sq?ll and Uk being lérge (tee., lxk - n/2| being small). In |

practice, however, it is highly unlikely that a person wf;h*a small

NCI would haQe a‘middling score ghat could yield a largemug.‘ That is, 5,
practically everyone with a small NCI would haye a relatively extreme
" score, Ieadlnglfo a féirly small Uk' Hence, the smallness of NCI
becomes the overridingnﬁonsideratlon inlielectigg;Phé individual to:
hbe~removed. It theref;re sufflﬁes to coﬁbuge ACé in accordan;e.withA-
“Equation (4) foh_just those members of the group who have the‘féw

e . ,
smallest values of NCi and select the one among them that yields the ' .

largest ACp. :
In the foregoing manner, we would successively remove the membér
of the gemainlhg group that prodﬁces the largest increase in the overall

Cé (nating that U. and Cp(XN) have to be recomputed at each step),

until the value of Cp achieves a satisfactory target magnitude,

5N
a2
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A | | DISCUSS |ON

The subset of examinees (or items) extractable by the technique

: , . - ,
described in the precedlng sectlon == or, indeed, by all earller,l
methods, to our knowledge -~ is unldimensional (or nearly so) i

the scalability or order-theoretic sense. On the other hand, the

unidlmenslonality of data’ required for satisfactory practical

yud

*

functioning of, and parameter estimation in, ICC modeis is more ™,
X
" closely related to that in the factor-analytic sense. } §§ince it Is.
2

~well known (e.g., Guttman, 1950; DuBois, 1970) that séaFability of

a set of Items leads to’a slmplex and == depend|ng on the distribution
of difficulties of the items =~ may produce a correlation matrix with .
up to n/2 factors; it may seem meaningless to strive for unidimen-

slonality in the sen’e of scalabllity*when the purpose is. to |mprove the

0 applicability of ICC models.

Despite the foregoing circumstance, experlen M_h
when a set of items approximates scalability in a §iven group of

eXamlnees, the factorial structure also becomes "cleaner" and the

estimability of the latent tralt parameter is improved. Th|s is

described in detail by Birenbaum and Tatsuoka (1980), who found that

1 i

all these improvements == scalabllity,<factorial determinancy and

l

estimability of 6 == result slmultanedusly when item scores are

A

*Lord and Novick (1968, pp. 374- 375), show that tne matrix of |tem
tetrachonics having unit rank (when communalitles lare jnserted in the
diagonal) s a sufficient but ''very faf from being .(a) necessary'"
condition for the. assumption of local Wndependence of the items to hold,
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modlfled by assigning zeros to those |tems that were deemed (by an
elaborate system of error analsyls) to be correctly answered for
wrong reesons. Thus, lmpngvlng unidimenslonality in the scalability

/ , ‘
sense == or, to put It another way, removing examinees with aberrant

response patterns =- does enhance the pﬁactical applicability of T
models ub to a certain po]ut. iBut there are limits to the efflcacy‘
of this approach, which aEe'discussed elsewhere (Tatsuoka & Tatsuoka,
1980).

We noy turn our attention to a couple of difficulties wlthdthe NCI -
that‘we'have yet to resolve to our satisfaction. The firstbis the k@__q_
excessiveiy small (i.e., close to -1) value received by a student
‘whose test score would have been per}ect'eXcept for hfs/her getting:
one or two ver& easy items wrong by mistyping or some other clerical
error., For insta;ce,'conslder the response pattern (1M111no0),
whose NCI value is -.818. Yet, tuis students getting the second
easiest item wrong is almost certainly due to a random clerical error,
and hence the response pattern should not be regarded as "extremely
atypical' in the sense ofzits implying a serious misconception, ;In
particular, it seems |ncongruous that such a response pattern should
. be automatically deleted from the outset in the method for extraction
of unidimenslonal subsets discussed in theﬁprecednng section, Thus,
this extreme sensitivity of the NCI to one or two ""happenstantial'!
zeros in a ?esponse pattern that would otherwlse ﬁecelve a value of

+1 0 ls an undesirable property so long as we adopt overall group

consistency as thevcriterion for extracting unidimensional subsets,
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Pg;tunat;ly, however, the ébove defect of the NCI does not affect
its usefulness in thé diagnostic procedure utilizing the fourfold
table, b;:;;{on the~NCi, ;CI and score combination, displayed in Table 4. -
It will be ;ecalled that, so long as the total score is high, a student.
~ with low NCI 'will not be.diagnosed as having serious problems even
when the ICl is high. If is also seen from Table 4 that, before any
diégnosis can be made on the basis of ,the NCiI's being high or low, j;
is essential to examine whether the total test score is high or low.
All in all, it appears that the ICI is the more useful of the o |
two indices for diagnostic purposes. Its drawback is that it T
requires:tﬁévtestAto be constructed:ou; of two or-more parallel subfésts.
Alterpétlyefg;'we”mlght say tﬁat,‘for achievement tests to perform as
powerful diagnostic tools, ‘they should incorporate several parallel
subparts. |
it was pointéd out earlier that Equation (2) fails when
the tést score |Is either zero or perfect, making U = 0. In;uitively,
Cp should have_the vélue } in both th;se cases, since a response vector
with all elements equal 0 andlbne with all elements qual 1 are both
\Gu;tman yectors; Th;s can be bfought abdut‘;n one of tws ways:
(é) by.arbitrarily defining Cp % 1 when U = 0 despite thF-féct that
'Equation (2) does n;t apply in this case -- much as we;define 0! = 1

even though the definition nl = 1.2.3 .. n does not make sense for

n=0; or (b) by changing the very definition of Cp to read




. 5) ' 3 Cp - _D-:‘-—— -1 ’ | . . ﬁ H‘ .7 _. | . |

instead of cp - 2y /U -1 as in Equatl §z? 3

~ Alternatlve (a) has the advantage of preservlng the definition

of CIlfffs consistency index Ct]iaﬁ\a weigbted average
Z w,~-NCL ' ' : ' ’
Pt St I -

with

, = U / L Ui

as stated in Equetlg”“ ‘Abr any patte}nswith UJ = 0, wj would be

0 and hence the value Nbl}'-“i would not enter into the weighted »
average for computlng’ctii
because perfect and all-zero respdhse patterns do not contribute

This is consistent with Cliff's definition,

anything to a dominance matrix, since no item dominates any othet item
Ih such response pattehns. . .
On the other hand, alternative (a) has the dlsadvantage of - renderlng
undef ined the ICl for a student with perfect (all all-zero) response
. patterns on all of the parallel subtests, for the comblnlng wenghts
for all the (individually perfect) Cp's would then,take the indeterminate
form 0/0, Thue, it would require another definition by fiat to give

such a student's ICI the value of 1, which is what is should be,

slnce all the response patterns are identical



\J.-; ' . “5
By contrast, alternative (b) would avoid this difflculty. With

the revised definition (5) for Cp, the'comblnlng welght assocjated with

the Cp of the J-th among a set of m response patterns would be

/ v . ' “

) Wy —Eglil——-
LU +m
J=1

Consequently, the combining weights used ln calculating the IC! for

a student who consistently shows perfect (or all-zero) response

patterns on m parallel subsete would uniformly equal‘wj'= 1/m. Hence

his/her 1C1 will now be 1.0, as It should be.. On the other hand,

altennatlve (a) would lead to an overall group consistency index that

does not agree w(tﬁ‘CJltf's ctl’ since each Efl would no lonoer be

"a llinear transform of Ua/U,

Thus, each of the alternatlves for maklng NCl take the value 1.0
for perfect and all-ferq respqnse patterns has lIts advantage and its
dlsadvantage, and we‘nave a dilemma. In view of ;the more Important
role played by the ICI compared to the NCI ln error diagnosis, we are
lncllned to favor alternative (b) However, further investigation of

other poeslble lmpllcatlons carrled by definition (5) for pattern

conformltv needs to be made before we make a defini}e commitment,
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