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are trying to imporve. their competence in mathematics.; Since the project is
\supporte‘a ‘b}z,the School Mathematics Study Group, tha textbook SMSG Volume IX,

-~
-’

Preliminag "Statement . s . v

Thie program is developed for use with elementary school teachers who /

A Brief Course in Mathema:bics for Elementag School 'I‘eachers, was ‘used as
the point of deparhure with the expectation that the progremed materials could
serve as added help for teachers who areh us:lng the text ami/or the filps devel-

“oped to supplement it. Such 8 'program, if indeed it is an effecti‘ve lea:ming

device, mey be used with the above ‘mentioned textbook, with other similar . ~
“textbooks or without any. aupplementary materials.‘ I-Iowever, research auppoél'\s \ -
the thesia that léarning 18" more 1ikely when two or more ‘media are used than/

wheg learners depend on one medium. P S ‘ ‘ > S
% b

{2 For the reasons statad above bhis program follows the SMSG Volume IX.
rather e»losely\, It has been eeparated\ :lnto units &sociated with the chapters
in the text. The sym'bol;ls\h m has: 'been made to conform to that used in the book, . .

“although some ideaa an& concepts have ‘been .extended where necessary for

»
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: elementary school teaeﬁers . - L L
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The Pbint of View Toward Programing B . N

-t - - N = : 3

Although each member of the Writlng Team was 1urnished with a copy of . "

-~

the first two volumes of A Program for First Year Algebra written' ‘by.an SMSG
" .+ Writiag Team at Stanfofd Univeraity during the summer of 1963, it was not . .
considered mandatpry that the Writing Team for Elementary School Mathematics T

follow either the format of the philosophy of this particular approach to
programed instruction,. =~ = \ » \ L

T b N »

< ' The Team had little knowledge of the theory invalved in programed

- ‘instruction and ro experience—In writing ‘programed material. However, many .
books regarding programing were made available to it ‘before any programing
was attémpted. ) T U SR -
N A N N » ‘ .~ N :

These were read and discussed at group sessions and the projecy consult-
ant Dr. Robert w Scofleld Head Department of PBychology, Oklahoma State
University, was oi valuable assistance in setting upea procedure for writing /
the programs. The procedure fidally agreed upon about January, 1, 1965,

K

.» - be described as’ folloWS'

T e
o 1. Make an 1temized outline of the sub.ject matte to be . : j

cOVered for continuity and complete coVerage.“ S

\2. Since the studéut is supposed to learn from a careful
consideration of the frameo of the program, each
vportion of the program is presented with little or no .
‘ 1ntroductory remarks.. When: an introduction is incl q
.. it will conoist of a few sentences to relate the \ N
‘ - material to what has already been done and to give
the student some idea of what to exp€ct. It is true
 that the student must be .told some things, but it .
’ - © is usually possible to inolude this in the frames
-‘with.proper cueing. Deflnitions are usually restated o
;or amphasis. We have not used the method of ling
r RN ~ thé students and then asking them to exhibit this

knowledge in a series of frames, fo]lowing these




;, . N : " {\l\ ."‘ | ‘ . * . 3-
“‘, . The imogram consists pf two sorts of frames. The Skinneria‘h
’ N i }.ype and the Crowder type. This choice was fna.de pnmarily }
. M 7. because thé Writi'mg .am felt that.this forumat vould add to -
: e ‘ ) :-»-,; R bhe appeal and the \ efulnese of the program a's a Whole{‘ Tt
!\ o . ,‘ . vas. felt‘that some’ ypes ofi subject matter lehd themsel:res \
. / . 7 . " * to one ap;proach and some tof another. Decisions were “made on ‘
.. e ‘- these while the p?ograms were being developed. Thé varietir‘ .
" ) . LU mtroduced 1nto the programs was also considered useful. L
e R ‘ . 3 \.'Ih‘e program for éach chaptaer .38 divided into Several sub- / T “’\.

» N a . ~
progmms to m:mform to natural divisiops of the subject . /

L matter. For example, one Sub—Program in: Chapter h deals with, . e
: . " . '3‘ ' N%atlon Systems to Other Bases an9 another Sub»Program ~§i; ‘:7 ._

N R deals witly Addj:tion and Multipligation with Nﬁmerals ‘to the ‘
\ 3 @._s_emahdtgthe&sehve.). " . ‘ ‘ -

N N
e o ) »

. In addition to th'is some of the sub-programs ‘are followed 'by a LT
~ short’ stateme,nts ‘Buxmnarizing the oontentt cqvered. . Tﬁis

o | : o
‘ .\’\ o . matter of pul,ling the m.aterial together at f'requent intervals )
\ LY ' 1s oonsidered a good grograming technique s’ Another. reasqn for B
. . % LI N .
o ‘this is $o exnibit the stucture of mathematics to ’g}e\s;udent.
o * Otherwise the ‘realization oi‘ the exlsting. structure: of the

Ty \ subject would b&leﬁ: to the, Etudent and it is ‘doubtful
\ \a.whether this would, in fact, tal’:e P! ace, w‘nﬁe “the studen’t 13 ‘

e ~immersed in a long list of" frames with no distinctive divis:lons. o e
. - o o ~

L, As a part of the ‘writing prqcedure many of these programed ,,“‘ . \
chapters have ‘Deen tried oyt with classes of 1nser\rice teachers ‘ ,

;o ' -t ‘and classes of preservice teachers. These have not been . ,
\ e;tperimental situat‘ions with control groups, etc. The purpose‘ “
B " was to. find possible errors and misstatements and to discoyer
whether! there werev'sequent:es of frames, 1n which- the\ programs. .
* ' are 1nadequate for efficient learning. A numb&!r of revisions )
have been made as a result of these tryouts. T N
L " s e N K
O ~In most of the t:hepters of the program ideas and concepts ar developed; .
howewer, Chapters T, li\).,‘ andél ‘are intended to develop \f:miliiriiy »:1th ths\
mechahi\cs of the arithmetical operations prey;lously considered‘. . v
\ ot R . ) ’) - . )
- . e - o, . .

-
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v :Ehis ook ‘consi,sts of a 1arge number of questions interspersed with
brief. expository passages. !llhe questions are enclosed in boxes to separate

1

‘them :t’rom the’ expository material. o T

-

> " p'There are two types of questions. The first type consists of a ~state-
vment of which a pert* is missing. The locetion of the miss:lng part is
indicated by an underlined blank _space. You are to f£ill in the miss:lng

‘ part. The correct anS}er will Jben i’ound iumediately to the right and out—

o side the box. ) N . . -

» . o N voor
. - . . N
i ] -

The secOnd ‘type consists Jof a queBtion together with a number of ;possi'ble
‘answers. You are to indicate which answers are correct. Inside a amaller
- box eac‘h of the possible answer's is discussed 80 you will know if your choices

.were correct and you will know why you Jv.;na'!me w::ong if you made an incqrrect
“choice. \ : = ¢ PR n
.. 5 . . ‘. . 2 \ * » L

* You should use a sheet of paper to cover up the corrett answer i n:the )
, book until after you have made your response. Then move thq, she¥t of psper
) Just enuugh t0 check the ansver to that question vithout expo;s:lng the a.nswers

- -

" * to later questions. : , .

4
! You mey»record your response either in the book or on a eeperate sheet

*

v

.+ of peper. . In any cgse you will wi'sh to have scratch paper available to do -
-necessary figuring as.you go along. : : . . A
N . * *. ' ) . - ? ‘
) . . N o v :
] ~ . . ’
> . RS
- E S 3 . .
. ) . S . ’
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. ) . CHAPTER 1

PRE-mm IDEAS ‘ >

.. ) X ~

. W o . ‘
. The correct comunieat‘loe of ideas requires an agreement on the meaning-
of words and symbols. One of the primary purposes of this program is to |
aequaint ‘the teecher of elementary mathematics with correct mathematical ideas
and coneepts appropriate to the 1anguage of and consistent with more advanced \

& . »

mathematicg. .
1-1. Sets o ~ o | N
)
The idea- o:&.’faet" or collection underlies much of ‘the development of

»

mathemati c8. . .

L] Y N N

1 | The picture below represents a ‘of dishes. + | set

~

v \ K
. S
B "’ )
~ A ) b
e This picture represents & . of silverware. . '] set
Y —rﬂ—_ j
‘ L]
]




§ o . \ . . R
) l M LN
‘ *
N LI 3 * * ’ 4
+ 3 | This picture represents a of tires. set
Y, . ) &
. “ Al ! ‘ . -
2 * 2 . . a
. ) N -~ . " Q R
> ! . . R | »
a . o N x L
} . » L °~ e v R
N 2 g R . .
? N A
) v T e
A\ N - N
\‘\. ) ) ;Y . ‘:‘ : \“ ) k3 R : *
N ‘\‘» . "\ ° " . N h » -
. N . \ . » N . .
4 | This pictlre represents a of twihs. set
. ‘ s ﬂ:* -
A . . W
a .
~— .’ > - F
*
? \ . * )
5 A flock of geése is a ‘of geese. s'et/i
) The of pupils in the third grade has set . :
4 : . . .
N children as members. J .
, . .
., c L
Mathematicians have selected the word set to refer to any collection of
objects or “ideas. The objects which belong to a \sgt are called ‘elements or
- members of the set. e ot
AN
y y . - v
, -
T Jig, Ann) 'ﬁary Alice and Bill.are ° ‘oi;_u the members or
N i : % .
. pupi¥E” in the front row. %I%’:‘ nelements\
N 8 M
: ¢ S :
: " N d:fv:}i“:x ‘ *
A ] w_
Ceen Ty \
» ~ L -
) ! » .
~\L \)‘ | N o .
: .




;N - o
. < Y. \ :
3 . £ _ .
2. F 3 - M ' * . . '
N 7 T
+ Figure 1.1
] .
*
8 In Figu.re 1.1 above are. some dravings of thinga '
* called “gismoa. " THe gismos represent a* i set
- o:t‘ things. : K 4
‘ 9 'I!he gismo carrying a cane is a " of or?an ) member
S N . of* the set of gismoa.. - — ' element
. 10| .If we name the set q:f‘ gismos with the upper case ' N
. . | 1ester G, then the gismo carrying a cane is
a of G. ‘ member
1L | A gismo weaplng shoes is not an element of the - )
"1 set . \ . Ge
| - 7 = 4
] ¥ . .
. ;o= 3. . .
15 . _
Q ‘ . -y . '
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) i » .

3 -
N N . » N vox « .
. \ .

" The g:lsmoa 1'n Figure 1, l are named Bert, Gert, yAce and Ike in the

],eft to right crder shown. : . \ .
y » . } i R Vo v e ) - ‘ | s .
- C— ‘ > -
12 ¢ [Gert Ace, Ike, Bert) I‘epresents the set of gismoat

Tt

16

Bert ie' (Cheek appropriate answers. ) - : R
D&),\a member of G " T I
> D(Q) .an element of G\ . . »: e " ’

D(c) a ﬁ,?e letter word

‘e e

D(d) a member or element of G -

-~ " L h

A Y

WK L 24
Answe;'s (a), (Ip)uand (d) are eorrect.. Note thatﬁ s:pé’eiﬁ.c
order, :ls not implied. Answer {,c) is o"bvious:ly incorrect..

r g <

N

N > > \u
)
P
.. . v - »
N B -
N . N
» . * » N .
N \ - » ~
' N N hd R

2, . > _ h - N — g >

* The relation "equal" 15 used to- show thet objects are the seme and only

“the names may be changed. A e o
’ .\‘\"w’ ~ ; . ' ‘
' N3 | It follows from the. ;preceding Btatement that'a ° o
:rearrange'ment of. the elements of & set results in . { '; . .
Bn set. T : equal
% Two sets- are equal if they haveé the aame eie;nente
regardless of how ‘they are speei:f‘ied. . e ~ "
) -3
.15 ] Equality is designated by the ‘sy'mbol -, It :
) A and B denote sets, “then A = B ieans the .
elements of A sare the same as the elements \ S .
of Y - C B.

»
L

The braces (") are .used to enclose a listing of the elements‘of

a get and are read "the set." Occesionally braces are used to eﬁlose a
word descriptlon of a set.

= M N -

‘ﬂ

" Using tne nStationxw‘;ith ‘braces ‘write the set of . \
vowels of the English alphabet. (a,e,i,0,u}
e . : . ‘ \ . . ‘

. \ o h
; ‘,'\ ' ::. e \ . .
. " i 13 e . | o R

-“ .

AL




»
N

17

18
19

¥ R o ‘ . ) l
» i . . N - N . . “" o » N
.\) : T Lob ) "‘ ) [ . .
If the upper case 1etter V is used %o nime the .o . . oY
set of vowels, then (a,e,i o u] = . ' * . i
J".—.-—'—\-
In Frame 17, u 15 an element of ‘ . . v .
Mathematical B?mbols may be used’ o write the . .|. *
statement, ﬁ is an element of V." This is': "+ - s LT
written as u ¢ V. The ‘symbol ¢* means 7 . | is an element
(e : .. ; ] of or is a
. ﬁL T * | member of
The denial that an element is “a member of a get . R
. .
can be i;ybolized by a- slash across the membership \ e
symbol . Thus, o ;! v is iead‘n v, ) . 1. "m is‘not an
MR element of V..
» N K P N .\
] Ve , Y
Check %he correct mathematical~statement or statements for the . .
1
‘.sentenqe, Bert, the’gismo, is a member of the sét denoted
y | G:" . . - .
J(a) Bert € G ‘ o O(e) re G - -
(o) G ¢ Bert " ’ [](d) Bert ¢ (Ace, Ike, Bert,‘Gert}
. 21(a) Correct. 21(&) also is correct. -

21(b) Incorrect. G is a name for the set, not .em'~

»

element of the set. .

3

21(c) This would be correct if r were anothér name | A

for Bert. It is an incorrect response, however.

21{a) Correct. ‘gﬁ(a) also is correct.

- . N

N N ) \ F

a e

Juat as upper case letters eustomarily are used to name & Set, lower :

case, letters: often are used to name an element or member of & set.

\

€Y

”~



%/

-

~ KR}

oo | 18 ve use the first, letter of each gismo B name, \ \
written in 1ower cgse, to represent “the gismo, o X L
L . ﬁaenamongthe gismosv R B o . : . . -
G = {Bert, Gert, Ace, Ike} .

N A ) s T

a €G 18 a statement meaning . Ace is an eled
c T s E R ment of the set
S I N . ‘ of gismosM
., 23 | Using a symbolic Statement similar to,that in SR ‘
» | Freme 18, state “Gert'is"a member of the set .  |. * . Yo
. > | of gismos.". . R . | ge6 - oo
\°_ N * : N L
2h | Yet A= {g,b,c,d,e, ..‘.,y,z}.‘. The symbol ... ‘is c‘alwe .
© | ellipsis and means "and so on." Which of the following statements )
. are.correct? S ‘ _ ‘ R
(a) dy!A D(c) me A .
O) vyfa - 0O(a) Aca v
24(a). Incorrect) d is an element of . A. . e
R 24fv). Incorrect. This is a misuse of symbols. An ‘
- - upper case letter is used to .designate a set : Coe
and "a" 1is a lower case letter. 1 .
' | 24(c) Correct. Although "m" is not specifically
SO 0 listed; it is implied by the ellipsis.
. 2 ~7
e | 24(a) Incorrgct. a €A, however.

T
- N N N . v
X

.. 25 | Let B = the set of‘presiden‘t‘s of the United

-

. States. Then, George Washington € ) . B N
, 26 | A1 Capp B. \ ¢
27 | Let M = the set of states of fhe United States
R ‘N = the set of common fractions.
§ Sl S o |
;. ‘ Then, 'é"\.f .- ‘ N . .
© 28 | Texas € . \ : t. M
15 ¢ , :
- ‘
" ) ). . - 3 b !




’ ,‘0

s
”~

. k . N
. . ‘ . . . 1 a
?’»“ 3 ‘ E)
K “ - ; L ; .
29 Alaska L N.
30 qupose W= (o, 1,353, .,.) Y
\ Then,. T W :
LI . . h “
31 { And, 5 W. )
. "’:‘\ M ~ v

\ empty set.

. "
indicates that there is no member of the empty set.

vt oa few membera , others haye
1isti.ng ‘of elements.’
'finite. ‘1‘&‘ a set is not finite, it :LB saic’l\to be :ln:fini‘!‘.e.~

9
*

32

33

34

*  named

The reader may have p'bserved that aome- of ‘t.he se'\:s considered have only’

»
N

S o 2

4

G, the get of gismos, has
. . N ‘“ ‘

The sé% of letters of the alphabet is

1

)

fnfinite, empty, finite) o N

...} ;5

=[0123,

N " R
. (several mkmbers, no members,“one .membfr)‘
o . .

(infinite; ﬁnite, ~ empty) . C e

Yyt

X SR '
“ A set may have no members at all.

empty. set.

{mail carried by the pony expreas in 1963]§
[jet planes that existed in 1963 B.C. ;.

Two examples of the empty set are

-

geveral members

ny members ) and some havemo ‘end to an at‘bempted
If evxen}y element can be nsted, we sey that the set i®.

o »

F RN v

.
»

-

finite

-

infinite

If a set has no members, it is

. \ “

The convention for usi.ng braces in set qnotation also applies to the

It is designated by { }.

The empty space between the braces
Any example of the

empty set has the same members as any other example of the empty set because

*none of them has any member.

only one such set. : .

»

This is why we say the emp_ty\ set; there is
N ‘~

>

W



" 35 | & symbol used, :t‘br the empty set is o Yy - N\

36| In Figure l :1, the set of gism)m riding ho:rses ; '

. asf - - ® . .| fintte and -
‘ i (ﬁnite, ‘empty, infinite) oo - - empty
. 3T R= {a;pple, elephant the ‘color red algebra) _‘ .
These el’iﬁ\nts are related. by the comnon | : i
‘f characteristic of beld’nging to T ~_ 4) | get R
A N " '7‘? . T o . ) o ‘
38 'I'ne set o:t‘ letters used to spell "a e{' SR {a,r,e} .
. . o) S '
. 39 QEhe set of letters used to spell "Area" “’\ ) ‘ .
) ﬁk is N -\" iﬂ‘:‘ % N BERE - . L o » > 5 \{ajr}e:!.’ # A
) . : »r » ~ %0 . . } N . “ .
3 hQ;‘ The aet of letters" used to spell "rare! . oo ~ L
R | :!.B . . o . . {a,r’,eJ

(1t vsually is desirable not %o repeat the\same\

_element in a set.) ‘

41-| The set of letters used.‘ %o spell "Oklahoma“

\ .ﬁ i‘s . - \ .
\

{O,k,l,a;hém]

. ‘\-, . N

1-2.- Chapter Summ&ry *

-

The primary concern of Chapter 1' is an introduction to the language of \
sets. The idea of a Set as a well-deﬁned collection of elements or members
is fundamental to the development of this program. o .

. The readex should adopt the special symbolss { }, ‘€, ¢ end the
ap;propriate use of letters in naming sets. Sets may be made up of abstract
ideas, concrete objects, or a combination of these.

At this palnt, the reader should have the understanding that a set may
be finite or infinite. A finite set may be em ;1’:21‘ A particular“order of
ligting the.elements of a set is not.implied By set noCation. (Sometimes,

. for convenience, we do impose an order on a particular set. ) v
We will arbitraﬁly agree never to list the same element twvice in a
- ~listing. However, we do\*not eliminate the possibility of hav:lng two or more
elements which 100k alike. For example, consider the set of prime factors
‘of 8. This set is denoted by (2,2,2) and will be considered 1n\etlater
chapter. \ . ‘

.

L
J . . 1

~ ' '8 ‘ ) N

A

-4
-
#H




. aml umi‘icatlon of numez)nal lconcepts . : -

2*'1 (3

>

»

Man's need for counting and ordering colleotions motivated the creation

I
of number concepts.

1anguage, relations and opera

. \
4 . N AN

. n
Matching Sets

»

Sets, 'hjn, are pre-number ideas and some of the

ons of bets contribute much toward clarifi cation .

Before 'the c\reation o:t' numbers man could ‘have kept a record of a flock

o:t‘ sheep by pairing 'each animal with a jpebble.

He also could have pgired -

each animal with a maz?t in the sand or ‘with a finger on his hand. *

1| in the following example, * 1is paired with X
Use double arrows %o

of M

by.use of a double arrow.
complete the pairing of the elemen
. with the elements of N.

.M‘a{*:h‘(‘)}_ o

L I \ ; S
o N=(x,¥y,z2) B
. -

If &%

>

-
A

2 | Use the sets in Frame 1 to form'a different

~ F e A
pairing of the members. o
\ ) . L \" .
M= [ w 3 A ) 0}
p] DN
Sl \ ®
1l . N=(x,y, 2} N
\‘\\'\‘ ~ \
. - ‘ .
) *»
’ A
)
NV SN
o 0 ©9 .
N N
N A )

[

L]

(*,A,O?; ‘

111

A X, Y z} \

{(*,a,0)

!nyili

»

or

(*,a,0)

‘[ Y z) ~

There are three
ather pairings.

il

&



& Do X B \ . .
*.'l' ’ .f. & ‘\ .. NN = * Ne ) .
=~ , o3 '.'L‘ryc-to pair. thg menmbers - of F with those of- E.
‘ v; \s“ ‘v‘ ‘ . . , ?
. w 1 OF = {\d, ﬂ:, q:\WT L
> “ b N ‘
.:s‘ : T . . o o .
. . » .E =\‘{ g‘, %" c\]‘ » " . “w A ) '} R
~. ‘ ‘ ' : \ T
‘g‘ N h N * , ‘ ) - f »
‘ ) o .‘ k‘ . \\‘u
N -, b, When we exhause the elehtn‘bs of both se'i:s dn a
L3 ‘*’\\‘ RN peffring, ve say that the sets match, Show - “that R §
one of .the sets 1n Framé 3 nmtches wi-th N of
PR Framel. '-‘.,\ o N B
: . .
5 Given P = {a, b, c} \ ‘ .
q (a,0,0,%)
= (@, ﬁ: Y) ‘ \
\ ' . 8= (Maxy, Dick, Bill} . \\ \e
o " ‘ * Wni'ch of these sets match? .
6 | If, C and D are matched sefs and:jhe ele-
o 4 ments o:t‘ D are rea.rranged ‘thgp the sets
¥ \ match.
lell,‘may not)
Y A . . . : \l
T A one-to-one correspondence between the elements
" | of two sets is & peiring vwhich simulteneously
“exhausts both seta. Thus, matching.sets form Lk
-a correapondenge. \ .. ‘
2 \ \ ﬂ" m; R
. Ny
/ N 10 . >
e
hl - Y * - - 1)

»

{ea,B,7,

i

BRI

)

Since \E is .

. exhausted,

cannbt aix
1 ,ea.ch ‘el ment :i.n
~ F “with a corre-» i

g

s;pondent j.n E

N={(x1y, 2}

E‘= { ‘a’ \‘b,

)

-
) one-to~-one

*

»

“V

X,
cl



I

R : 4 - M D ”: A N
i“ ’ ¢ N 2 s .i:;:‘) ¥ > ' ‘\‘l \
\ o ‘ -y A 2ar .
[N N ° N, ", ] ;i ' \
» > RS
. > R N
. ¢ - s N ) K D . r . .
8 | Consider M= [a, b‘} .. v N =
~ N N ‘\ . - - N
-' »\‘ ] x N ." N . . ~ - R
» o = »\,‘\ ) .
L. N = t“': “"} s R .
:- < . T ‘0 vy ® ) ‘ * N - . i T
:ﬁ (*;D) e | IR * ; ) . ) .
' “\ . L NN - :
. . . ‘
Show that M ma.tehes M. . K o i
. ' . ST "% P 4 R .
Db . M= {a,® -~ . ° o b lay B} . \
: - . N . . . I I ‘ .
NI - ® . . ! N S b . o
Lt e AR (8,5} R
N * o oo : . - 7
SRS T (V) NV RN ; . . 4
NN N R . o SCIC J » R or - -~ N NN
. Y N R - - - ‘\‘ LR .
‘\o\ . \ . . . ~ e L . » ) . N _" . 2
o oo o . : {a; b} »
Y -
&, .
af - (a;‘ } . w
L « . .
. C : S N I - \ \ . . :,\.‘ Z~§
9 { Since M mhtches N, then N \ M. matches - TS
N \\"\ N . o \ ’
LI} : . . . .
» N > " N ~ ~ » .
. . » - i
;10| since 'M -matches: N apd N matches G, . N
: . : . ,‘\:\ hS Y )
then M G ’ matches
» . »
n o
- ? N * L]
N » .

* ~ Frames 8, 9, and 10 emphasi ze th:ree important properties of matched

sets which mathematicians refer to as the reflexive property, the s metric
]

. propert.y, and the transitive prope:rty , Tespectively. The transitive
property i.l].\i'J trated in Frame 10 is especially useful. I:t‘ A matches B
and B matches C, ” then ve know.that A matches C without ;perfbming

W
a pairing of the elements. ° :
. : A . N
-
- LY
w»
.. . . N *
\ .
. .
.-
. .Y AR}
¥ . R S
\ . ~ -
» - 2 B
o

‘.
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N Sy . . i
.Given the following sets:.

-~ D

F = (u, 'v, w]

. (t)

{m3'n; o} - .

E. \\{x) ¥}

"

wla M o . I

-

Check ‘the r‘es:punse which correctly relates the sets.
G (=) Dimatches E D (c) F matches o
.0 (o) E mat‘ches G 0O (¢) D- matches F

1. . ‘ R ‘ . 3 |
. )* 11(a) D. has more elements thqn E. This response is
i N incorrect 33 since any ;pairing of elements of D and'

LI

- »‘o:f.‘ D " are* exhausted.

- . ~ “&_

ll(b) G has fewer elément)s than E. This respoms‘e is
o incorrect, sinece any pairmg of elements of B

~

. P and. G exhausts ﬁhe elements of G before the
S A elemen,i’.s of E are ‘exhausted. .
Il(c) Since;any ‘pamf:mg of the elements o:IE‘ F with the
L elemen‘bs of D exhausts both sets at the same
R | © ‘time, this response 18 correct. ll(d) also is

A

. correct. ’

11(a) Since any peiring of the elements of D with the
, ’ ‘elements o{ F exhausts both §ets at the same

E »exhausts “the elements of . E- before the Q}ements

gt

o

_ + time, this response is correctt’ "11(c) also is o
" correct. T § - \
\ M Iy
. Consider theé sets . il
. . 2
a P= {?, b,'C}~ ang : . - »”
\\ R . l’ q
- Q={*,O)<'>,.A}. . ,
We find Q has more elements ‘than P, since on.
pairing the elements of P and Q the{elementa) : \ ’
of Q are not * ., In this case, we say . exhausted
VN
that Q is mo:re than P. )




g

‘\ B A has l‘no:r:e elements than Bov.o.oo '; \ K

5'33‘;,}1‘13}9 eigments of A a,nd B ere exhausted

. “~ a

- . .. . v

N

- LI \ . ‘ -
Using-the sets of Frame 12 we see P has :t‘ewer ‘ .
-elemgnts '}han - Q, and we say that P B i

. . ~_ -
ig *  ytham Q. . - A P * less

- S . Wit oo NN
"Let "A dnd B. denote Sé?ts\\n\a pairing oi’ the A .
elements of A gnd - B ‘there are the following
possibilities.

elements. of - A3 “in this case, -we say that . * °

«««««

e elements of. _Bj \in this case, \{e say that .«
- A has fewer elements than B. ~ >, ) -1 ’

-

’o D P ~
, Bimultaneously; 1n this casa, we say that
A ‘B,

v »

(2) The elemen’cs of ‘A are exhausted before. the \ N R

‘ k-{1). The ‘elements of B are * exhausted before the .

* S S : . matches

Given the sets

i A ©,0, 4, ) ) . . .
. * Y N N ’ . . .
{u, v} .

C = {*,@}

"

B

U

*Check each resPonse vhich correctly relates the sets.

R 4
0O (a) There\fis a one-to-one correspondence between the

elements of* A and B.
D {v) G~ matches B.~
O C is less than A .

] . 0y »

(0(a) Any peiring of the elements of B with the

elements of C.is a one—to-one correspondenee. .

>

»

bétween A and B..'

15(b) Correct. 15(0) and, 15(6.) also are correct.

is correct. 15(%) ana 15(d) . also are correct,

15(a) Correct. 15(b) and 15({:) also are correct. ' .

.15(;&) Incorrect. There ia no one-to—one correspondence

15(c) Since a jpalring exhausts C Dbefore A this response

— — :

13



s | L
S ‘ L - S L - st
. \ . ié \ﬁ\he‘ék all ‘correct i‘esponses for the‘giv;n' sets: : \\‘ *
e Y S A T I
PR | . :B‘={'f,€l\,3f: o ’ \ ; ‘
) ¢ = {r,‘\B,‘X? ).
' ’ (a) Since /A matches B and B matches c, then ;. 1
N - . A matches c. ‘ o N 1
' i (b) c matches I B - ——
SRR | (*c) * @B U e | o " B ¥
vl @ oyens T T
7 (e) There is a one-to-on;e corres.;mnd.en&e between tlfe. ) \
‘ S ~ members of C_ and the members of B. T
T . C .
; ‘\ 16(a) Correct. \ This is an example of the transitive \ ,
property of a ::elation. See also 16(b), 16(c),

16(e). | o

16(b) Correct. This is gn’exemple of the reflexive
‘ property of a rela.t?pn. . See also l6(a) , 16(c),

‘ai o 16(6) U | ( .

B

. -

-

1 16(;).\Cprrect. % is a member of B,

\ R )
16(d). Incorrect. y £ B. ‘ﬁowever; y€C and y €A.
16{e) Correct. .Sinc'e G matches B and B matches C,
‘then we have a‘n exa@mplg of ‘i;.)he symmetric property
s d of a relation.',
) w ! » )
. o
1Tl Ir K denotes The aet of letters used to spell .
the word "attract," then .

A . ' R .

X = . o : s {a, £, T, ¢}

T . . . - ‘o

. .18 | If ‘H' denotes the Bet of letters used to spell
o ‘the word "cataract," then .
\‘ - » > ) H =" . \ . \‘ {c, &, t, r]
* . 03 ) 1’"’

h Y N . w ? >




N N s - »
C. ot ) ha :

. 2‘
y V N o . . ‘ B
: L T o - 1 - ‘ v
. 19 | Using the sets in Frames 16 and 17, we say JLthat - ~ . .
* | K . H emd H mat‘ches o matches; K S
i il 2 - — \ i ;’ J"’

Frames 17, 18 and 19 should lead the rea.der to conclude ‘that K mhtches
H since there exists a one~to-one correspondence between the members of K

M
: and the members of H. Also )y K &nd H are di:t‘ferent represent‘;tions 6:[‘

" the same set and any set matches i‘t‘.self. : : : " ‘ N

. . o ot .
20 | Consider P . - - k )

- ) o . . - : * .

. \ R = {a, b c, d] . . B -

% N 2 v . » ~ ) R \ ")

- 8= {u: V; W, x: ¥} o R S
"X = {o» % <>} oo

Y

Any pairing of the elements o:l’ X with the
elements of R exhausts X befort R. -

*

Hence, X :x:s than 5. ‘ - less
- et - » R -
Nt ‘ \ . - - ®
21 | R is than S. less .
—_— \ |
22°'| Since X is less than R and R 1is less ‘ )
~than 3, ‘then,\_ X is than S. T less
23| s is morethan R and R is more than® X,
- | therefore S is than X. \ more
N . N :

* -

Frames 20 through 23 are ‘intended to illustrate the .transitive, property

of the "more than" and "less than" relations for sets.

~ ‘g‘\ - Y

Y -

oh | If R is more than S and S is more than T, then: (Check

all correct responses.)
o A

O (a) R matvches T.: S L - ‘ . .
'O (b) R is more thean T. - . v
. - L 4 -
J{J (¢) R is less than T. . ‘ ‘s
) ¢ - a
24{a) Incorrect. -Review Frames 20 - 23. B R S

RY

24(b) Correct. Continue to next frame.

t .
24(c) Incorrect. Review Frames 20 - 23. ’ .




3 - 2 } L N N l N
) . o ’ i - n .
Vot \,‘\Q : S s . ) . -
-7 . 251 If M is more than N and N is less than P, ‘then: (Check one.)
. . 1’ . R :
o T ‘'O(a) M 1is more than ‘B. . ' -
\ RS it O(p) u°1s less?thah P. \, . + 1\
D(c) M matches P./ L \ . ‘ ‘ ‘\ .
D'(d) No correct ¢ /mlusion can be d:rawn from the given - .
. conditions. ot v o \ \
N / . . . ]
25¢a) Incorreet. \'Gonsider' M= (a, ‘bfc],‘ N=(x,y), .
) ’.* . P=(n:’ 8’ } ‘ :\‘ B N . N . >
.‘: . :‘\ N . *\ » . .
. 25(v) Incorrect. Consider M= [a, b, c,/d], N
i N: {x, ¥), = [r, 8, t}. . .
. 7
o (e) i[ncorrect. Consider the Be't'.s in ei'l:.her 25(a) or
25(b), _both c; which satiafy the given «conditions,
' f M is more. than N and N is less’ than P. . -
25(d) Correct. While exactly one of the relatibns (a),:
_ (b), (c) must be true; we do not have enough
. information to determine which one. '
- N LY 4 \
v 2-2. Number . S . B
Consider the following sets for Fremes 26 - 37.
A= [‘)OJ\*)O) C= [ﬁ: a, v, ) ‘
B =‘[a’ b’ C, d) N D = {*’ ""o]
* ’ . . - A -
. 26 A matches B and B c.. : . matches
t .
2T 1 A matches

29 |

- . yE

»8 Lmbn‘a set F distinct from A, B and C

Co A . . ’

puch that F matches A, B and C. Cos
F = N . B y \ »
NE )
R ) - v » i
F v . A. . ‘
e O . .
AR ‘ :
v o, 16 7.
i?S
n? o ‘\ \ ot
> 2
I S e g
" R

For example, .
{3: Y, %, Vj

matches

ve

¢



\J ’ . " 3 ; * ' N ’ \’\‘; ’ 3 ;
AR TR A e T | S Tl
30} F - B. . o . matches .
\ N \ . ‘ ~\‘ . ‘ ‘ - . . 2
31 |.F ‘ ) ;e matc‘h C.- o o ' o \lg.oes - \“ - '
. (d.oes, does notT Y RN - AT *. o ?
. 32 |.F L match ) IR alll : ‘does.mot . o
. (does, ngs not) j P S L T SR T
. 4 N . . . - S ‘ - e . . jv\ . v ,
33 We call the \common property of the matching sefe | AN
S | ArB G R am alT otherse’l;a -which match theseh | R - ST
& e . ‘:‘\o\{
- "= | the ‘numbexr of the. se‘t‘.s.» In this N ,ﬁ’; ‘ s ! e

" “‘ example, fourness is the ‘commort . of ‘these o ‘;‘ i X

) mtching Bets, \"\ ‘ - \i . . 3 e .
. :,T\ N N - . . . b
’ - ";ﬂ\ ' l‘

3% If s denotes any ﬁnit.e set, then the \
- p;‘operty of S be represented by the . ;
B 1 symbol N(8). , - . C ! . -
;i\ . * N . \ : . ‘, a . - ! * + 7 ., v
‘.; . 35 ‘If ‘A = { A b} O’ .*"0]’ then N(A) = —;_—_t "h{; C‘ \ . : )

N R ; ' [ \~ ) R h ‘ p* * a\
36 Since B'= [a, b, ¢ a} matches A" ‘then o
MB) =WA) = ___ " . S W
o7 rn D= (40}, then N(D) = o R ; - o
e - ‘ BNY
. N » RIS Y w0 T W .
38| Ir NR) =14, Ns) =6, N(F) =3, and T is any set which C ‘
° matches S, then: _ (Check all correct answvers.) o “ : o
o, o 1L »
O() XD =% Q) N =6<¢ 0 (c) m('rh.—‘;
. 138(a) Incorrect. T matches S, vut  N{T) ="N(8) = 6. . N
la ) . It - . .
38(b) Correct. T matches S and N(Tg= K(5) = 6.
: . ‘ 3
: | 38(c) Incorzect. M does not match F. \ .
s - 0 3 r
> . i - o i \a . i
C, The nunﬂ)er property associated with a set is called the cardi‘na'l Humber
3 . -
N o:r the set, \ L . . .
N ! . ‘ . LI :
. ,~' 0 N > » it‘:
: - N N
17 N \ . -
N N \\‘
) ¢+ e 2
. SRS :



2 .
- N X . )
[} v . - - V‘ - = - v .
39 | If A = (m; u, d}, . then the cardinal number \
Cloef A ds : . .3 o
- ; ) ‘ ° - * . N \ ) *7} A ~
: i : o A N . ) v,
40-} N(A) is a symbol for the _ ‘number of A. * | cardinal ~
o . 41 ,‘I'hpw‘\:‘ardinal* }xmtfﬁer\ of the empty set is ' . . 0 or zero
2\ . . . | v-“ | i ) « . \ . ) |
) ke Ir B :‘l*gs more than A, then N(B) is sald to 1 R
' ‘| be greater. than - . T v | n(a)
‘.\ N \: B . . r R L) ) '. ) N -
‘ 43 | N(B) > N(A) is a symbo)ic yey of stating the - )
'}l relation between the number properties of the _ |
; o0 gets in Freme k2, Hepee, the. symbol . . N B
e, —_— . ¢ .t
- means "ig gree,ter then." ) S SN -
. W4 | If B is less than. A ~ we reverse the.. symbol : @
“ Ny .
in Frame 43 an% wﬁte N(B) N(@). . - S
% + 45| Consider " G.= {*,(},o] : .
. N S . R : . ?
oy e e
i . L I=(a, B,'v] | . .
Which of the following are correct: w i
Of) 6=1 . 0 (b) N(H) > N(I) 0 .(c) X(6) <N(x) .
h5\\(a) Incorrect. These sets are not identical S X
7 . i . .- N . > . . o . e R
. ) ‘
A -} 45(b) Correct. u5(c) also is correct.
‘\' 45 (c) Correct. 45(b) also is correct.
.\\,‘,\ ) . ’ ' . - " - N s ) ] - N 3 ~
The common number property (or carginal number) shared by. all sets
‘ which match has been our early consideration. The collection of all cardinal
) numbers assigned to finite sets 18 called .the set ®f non-zero whole numbers.‘i
The whole number zero is the number proper!;y {or cardinal numbe:r) of the
empty set. . ! 3 )
- ~ . ' \%«
¢ b. : ) ’»
. 2y % 18 ) ,




> .
» . -
* 3

 +The’ rel'htions < and > are used to 1mpose -an order on the set of.

‘whol‘e numbers.” This order, in 'l:urn, simplifies the problem of indicating a

‘nsting of these numbers.

' Thus, if we consider a Pfinite set of whole numbers

such ‘as  £6, O, 2 1, L} and order its. elements in'a row such tha'l; each is

¥
\ i/

L 4
»
K\\
|
£

@

\

¥

" u6

48
AW

51

R

.52

-

: ~1ess ’chan the one to its right, we obtein (0 1, 2, &, 6] N

Order thé elements of each of the iféllovieg
_ sets using the left to right ordering of <. N B
"W, 2, 3i';\ S ] e 5,0
(6, 25 3, 5, ¥, o, ;; o ~ ‘}E;I?§,3,#;5,6)
\(&é,au,m\*\c\\‘f : ) iim&%&&

N . i . - C ~

~

.

This procedure motivatea us to use the order on the set of whole
numbers as follows:,

*
»

A3
-

»
»
N R
1y

»

W=1(0,1,23 45,6 T, 8 ... .

A Y
*
2

¥

IE:E a pairing of the elements of A w:l'l;h the
elements.of B ° exhausts B with exactly one.

\ eleme&l; of A left. over, then N(A) is called

the successor of .

If N(B) =5 sand N(A) = 6, then ‘N(A) is
the - of N(B). . A '
- -

\ : L .
If W, ‘the set of, vhole numbers, is ordered 80
that between any pair of elementa from left to

right ‘we correctly could write <, then
W;= - »

If W is ordered ag in Frame 1&7, then every
elemegt) is %o the left of :létﬂ )

7

N(B) - |

o4
&

succea‘sox‘:

1 10,1,2,3,4,5, ...

~

>

successor

Ny



Sk

25

56

.51

~ 59

-

Delete the element zerp from the set W. he
_Bet o:t‘ elements remaining is called the set of

Y

count:lng numbers. ‘Thus,’ 5

n‘ CB‘\ .

- An obvious, bﬁt fi'equentljoverlooke;. fact should
~be nof;ed about G, 'bhe set of counting humbexrs .
If we impose the same orde{' used in Frame 23, and
v select any finite set D beg}nning with one and
include all successive numbers up .to some nmnber
- n, then N(D) . ot “

Ppp———

»
1 4

N({l;.E;.3, b, ..., 87, 88,'89}) T

V. . »
. ) -

Let i! denote any set, To obtain the count of R
‘* we match the elements of R with the elements_of
| a set uD as~D is descri'bed in Frame 5h. Th\

N(R) =N ). \ o
LY e

If R = [b a, 4, e, f e}, then !
D.={1, 2, 3, b, 5, 6) and
NR) =N(D) = .

" The cmler relation on the set of coun:bing numbgrs

is a ‘mat'ber of convenience.
q(IBJ 1, 2,9, h; 1, 5f\6; 8}) =
l N([l, 2, 3’ veay 8, 9.})= ‘ .

t

Order the members of S = {5, 7, 1, 3, 6, &, 2} \
using the relation > from left to right. )

S.= L)

". \ T

Order the se;c. in Frame 59 using the.relation
< from left to right. t
\ S = X »

T ———— R Y

A ]

Q

> T
11,2,3,4,5,6, ..

"N(D)

9 - :
JES .
. - ;\ * _ i -
(7,6,5¥F,3,2,1)

~

a

(1,2,3,4,5,6,7)



. Q R ‘ .
. v . 2
& : -
W, s )
1 | #ihe cardinal number of the set in Frame 60 \
| is e ’ N(s) =7
62 | Obtaining the count of & set is called counting. | |
" Y Counting gives us.the __ property or " number
cardinal number of a set. ’ ‘ ‘ ‘
v . , .
W 4 -
T 2-3. Number §ehtencés‘~ » ) ‘ n.
\ 6> L, 3<5, h=2 are °xamp1es of what we designate as number ’{
’senf.ences. Notice that a number sentence is not’ necessarily true. * o
LI B . . \ : N . ’ § N \ > i
63 | . The. number senwente for the’statement, o \ \ \ § v o ‘
"Six is gz’éé.{:ei' than two," S Y . \ Tt
B8 . 3
16, . ‘ ] 6> o\
] Let N(A) L and N(B) = 7. Simce N(A) <N(B), | \ 3
we may write the number®sentence . . \ h<y o l!;
- ) é

/ e - - - s _ . .

A useful device is the pai:cing of nmnbers with po:lnts on & l:lne. If we

K

represent a line by the sk.etch

\\

: - \ : - >
\ > \\ . i \ N < kN
. i : ’ » ) b ) &
then we may establish a pairing of the whole with points on the line by :
selecting an arbitrary point @nd~peiring it with O. T ,
0 * . 4
- - - —~—
) v ) ‘0 ) 3
'Then.we select an arbitrary line segment for a unit.
| unit T R
. A N . -
L - ——} —_ : =
Y 1T - ~ '
L A} '
' .. a )
. 3 0 .
. ~

ALY



» 1
2. X .
T »,‘) \‘ . \\ D ) N R i . .
et - . v ‘ N R
-‘\: L . N & . . ) ) N ' )
< - By common convention, this mt~~segment is used to space successive points
to the' right of the point labelled O. N
¥~ R \ e - '.f N .
St ) unit " unit
. . M P ~— R » .
- —_— ——— e
N - [N ‘ - R ‘ » 0 \» i . . . . -
‘ Ke then use the set o:f' vhole numbers o:rdered by < and pelr theae po:.nts
N froff left to right mn whole mmbers.. | ° . :
\ » . \ . /._ N . . * . . ( ' . \) R
-~ R -
\ ~ o 1, -2 3 % 5 6 7 &
- ) - N ’ ) N X ' N .
* 65| A line used"in this manner is called & number | -
- line, The point. paired with 4g to the 0
| left of every point paired with & counting <
1 number. ' ‘ ’
~ N N \ -
66| Since 10 ° 7, we expect the point paired =~ - b
. | with 10 to be to the of the point right
o ? ¢ : R -
. %ed»\ vith T. (Lleft, rignht) m
67 | If the point paired with N‘C) {8 to the left .
of the point pa:).reé. with N(D), then
o Ne) ). S S| <
\ : LN
’ . V
\ N - - 7
- - A N
* X N i
:.‘ 14
< . o . 20 \
. \ . 31 ; R . t
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_NAMES FOR NUMBERS .

%ﬁl., Inﬁroduction L R R o
We haVe introduced the concept of number ag an idee and as a symbol
eeeociated with collections of met@hed sets. .. We' have used the phrase:"number
property of & set" as the identiffcation of the number. By this meane we N
have been able to compare numbers as mare than or leee t‘nan, have been able .
%o order. nunbers, -and he'\ve written sets of. ordered numbers such as (0, 1, 2, \
\~3;1‘ 5:5 7, 8, 93 apd (9,8 7,6, S,h 3,2‘,1,0}. Numbers also -
have been easociated with pointa on a\line making a numbey 1ine. ‘
‘Now we ere interested in ayeteme o:t‘ writing numbere or systems of
« numeration. In generel we need ways oi‘ writing or talking qbout numbers
end in 80 doing we use the phraae 'names for numbers." .

» ?
»

W : -
M R BN > N
e . H -

“ 3-2. The Beginningg of m.lmeretion - "

"~ From primitive times "names for numbers" have been both marks or symbols
and words. We lmow little e’bout the primitive man's idea of number. We do ‘
lmow that he tled knots in a rope or collected pebbles e.nd used the idehd @
one—to-one co‘rrespendence between matched sets to indicate the number oi’
fighting wen -in his tribe, and so forth. It is probeble that he connted »
using nis fingers. Today, some primitive tribes use the word ¥or “hand" to
. indicate ;E‘ive. Since he had ten fingera , the American Indian used "one \ -
I.ndien" to indicate the number concept "ten." :

‘Primitive man made marke) such as ﬁ/ / / / on the Jvells of the caves in

'wihichhe li.ved to indicate numbers. Probebly before this he mede marks in

+the sand or other soll for the game purpose. When this occfurred he was

\writing the filrst names for numbere. \Todav‘we call these names for numbers

numerals, - *

23 a,, .

-y,

& "W, ’ o ‘ T



N

2

T

We alresdy know that number‘is an sbstract idea

and we speak of "the numbeir property of a
collection of matched sets.” Primitive man
ysed the symbol ./// as a numersgl for the

number” . A numeral is a name for a

number; it represents the number.

L4 N

is

The numerwse Por the et of triangles.
A A A
A & . e

L4

The Roman mumeral for the set of’ triangles in

‘| Frame 2 is _ . - NN
\. .\\ Y . *
A primitive man's numeral for the set of \ \ N
coconuts would have been . - .
,00,0 ; S, —_
o0 ‘
. ) D ‘ ¥ ) ) ‘ 4 )

The Roman for the get in Freme 4 is . VI. ~

v

~ o
In mathematics.we use the symbol = to indicate
that two symbols are names for the same thing.
From Frames 4 and 5 we may write = = .

-

Let A and B neme.sets. Then A = B means
that all the elements of A also are elements
of B and all the elements of B ‘aiéo are
of Ay

The Romdn numeral for 18 is - .
R - » ~ —

Using the symbol = and a Roman nlxgner?l we may

L]

sey 18. .

< 2 o

/111]] ox

knots in a =

string, etc.
A SR

muneral\ .

=

-
S

elements

-

XViil

LR ¥

18 = XVIII




N A @ » '
3. . -
- 10 | We may write 9=-IX ’ because 9 and IX are \ 1 NN
. _ for the same number. o names
“1Y We say 3 + h =8 - l because 3+ % and + \
.| 8-1 - the same number, “that is T pame or
L I ‘ T B represent
12 | Three other nemes for the number seven are ' | .
B (S R |
3 8 . . . N :\ \\ ‘ > . ‘ . N . »
— - ot . ‘ - 5 + 2
| < \ < ‘\‘w N . . A “ . ‘ ‘ . J VII o
» ,§ e — . N \ . ] R N . N
i - ‘ > LI ° * r 1
N ) ‘ E N\
. * : e v
v I this aub-prcgram we have been interested. in Bymbols as names for

numbers. Primitive man used simple sy-mbols and had only a few of them.
" Roman numerals » with which all of us are familiar, are more complicated. As
we shall see, the Romans had ways of extending the idea of numergtion to
include much larger rmumbers. We shall be interested ‘in what somg of the
ancient’ civilizations d:id about these extensions to fit their more compli-

cated neeWWe calil these numeration systems.\ ~ . .
o ' ) A . . ’ *

. ' : ’
3-3. Numeration Systems’ :

131 Bsing Roman numerals write the numeral associated

with A = (John, Mary, Billl. \ S =
- ’ N R : ’ ) - * A \
1k The Romad numeral associated with °
‘ = (a, ¢, b, e, :t‘ g} is . R A ¢
15 | VIII is a numeral. - . . Roman

16 The Roman numerals for the ﬁrst three counting
numbers are. . ‘ R I,'II, III
w‘ N \ ‘\ .‘ \l‘ *» \

17 | Roman numerals are marks or Bymbols for naming

R4

. \ . numbers

-
[
"'& )
-




18

- 20

.22

3

2h

26

“The? Roman numeral for the numbé}_ten is .

19

) 223 was written as’

7

NS

This is & new symbol not used before in this

‘ chapter.

The numeration system we use today is called the
: Hindu-Arabic numeration system. . In thie system

the \symbol or name for the number ten ia .
. » . N —

- N .
h »

. .
The name for the nmnbe;r thirteen in the Roma.n

system 18 3 but in the Hindu-Arabic
system-itys - . . ‘

»

' The Egyptians wrogte their basic numérals up to

ten by the use of a Vertical stroke with repeated
strokes. The Egy’ptiqn numeral for seven was

;‘d,ri‘t'ten . o Y ‘

:.\vs‘: . ) B ]
The yptians wroie nine as .
N . °

. L ] N
The Egyptians also grouped by tens and invented

“the symbol /) (a \heel-bone)‘i:gr ten. Using

this syrqbol they wroi;e’ 13 a8’ .

Lol

45 was written in Bgyptian numerals as .

However, 45 'was written in Roman numerals as

*

- For 100 the Egyptiens used the symbol %

(a coiled ropej and .the Romans used the.letter C.

Hence, 100 = . = .
*{ N N

by the Romans and

&

as by the Egyptians.

e,

26 .

L

/////////

N ///

-

X

/7/)/7/7/////

S XLv T

100;‘9f=

COXOIIT
el

C

¥

\\‘
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0 wus were sufficient for their needs.
e e number 2321 was written by the Egyptians

29 | The Romans

. 28 The Egy’p‘l:isgs ’ i:he Romans and all ancient peoples v

were i‘orced to invent new symbols since a s:mgle \
‘ Bymbol .waj noty repeated more than nine times. \
. '.['nus y in Egypt the following di:tferent sxmbols
1 *were uwsed for 1, ZLQ, 100, .1000, et cetem.

-

a
~

'_JI
S

the vertical stroke
N ‘ LY

o 10 7 the heel»foone‘ AR
) 100 9 the coiled rope
1,000 ¥ the lotus flover
- o 7/ ’ . B . \ ~
10,000 4 . ‘the pointing fimger
100,000 - &* fjsh or pollivog °

R \ _\
astonished man

LY v

. - R
as . » ’ I .
X

——————————

The ‘Eg}\?tians\ had no symbol for the numbe? 2€ro.

‘;‘ N >~
»

~ have a symbol for | .
(aid, aid nov) *

the number zero.
< Ty =

2

-

[4 < a
‘ N

K

- In this sub-program we have introduced the idea of a numeration system

and have used the familiar Roman numerals. Mostly, however, we have used .the '

- Egyptian numeration pystem because it is more primitive and less complicated.

Both Byatems , 88 well as the Hindu-Arabic systam we use, made groupings on

the bagis of ten. Because man has ten :t‘ingers » most of mankind's nmneration

. of numeration. . . ) :

a

' gystems grouped on the base ten. We call all such systems base ten. systems

. Thus , the Egyptians used single strokee to represent all. numbers ‘up 'l:o
ten, for example, // for 2, //// for . Hovever, instead of ten
strokes they wrote the heel-bone symbol /7 for ten. This symbol could

S
»

ol
J\ . . . &1 > \

2



e et be repea,‘ted up to nine times and with these repetitions all o:f.‘ the numbers up

»“ i '/-

to 999 could be written. For the number 1000 another symbol ? a
\ drawing ‘of a colled rope used in surveying o perhaps the end of a scroll

\WB.S

‘used.

‘If the’ stroke 15 included, a total of seven symbols were invent

and used. These were sufﬁcient for the needs of the Egy'ptians.
Neith%r the Romans nor the' Egyptians had a symbol for the number property

S d.id have such a symbol.

900 A.D. o Cat
‘ 3-4. Zero and the Decimal System
30<] The number p:;operty of the empty set is repre-
‘sented by - .
W -
N ‘ . .
3). . In the ‘Hindqurabie nmneration system the first
ten numbers are not represented by strokes or
. ’ the repetition of a single symbol. The set of
. numerals for the first ten numbers is .
*.1 These are called the basic num€rals. s
- ) - . .
32 | To write another numeral for ten in the Hindu-
Lo . . - \ . >
Arabic numeration system we use 0 end I in .
' 1 the following manner: .
33.] To write another numeral for thirteen we use
1l and 3 in j:.he following manner: .
34 | The number seventy-two is written .
N “ |
35 | Another numeral for sixty-nine is —— )
36 | To write a numeral in the hundreds we use a basic

of the empty set, which we write as O.

)

numeral in the third place from the right. For
example, the numeral for eight hundred sixty-four

is .

—

Qe 28 v

L

)
N

»

0 or zero

h

L]

(0,142,3, h,ﬁ,

6,7,8,9)

-

10

T2

69.

However, some o:IE‘ the ancient systems
Th;e J{ind.u-Arabic system did not use O until about

»



- ‘ W
.37 | Another numeral fon nine hundred six is ‘ P ‘QOSV .
38 | since in Frame 37 there are no tena in the. number, ° .
2 we use . to fill. the second place. v : v 0. .
Y T . v
. + [ . oo é . NN N h ] | »
39 | The numeral ,.30(1‘ kre;presents the number oy three i
-t v S - \ thousand six =~
r - N N ) ‘ )
R \ . - ) R R [ : . »
. N . . *
.. 40 | The Egyptians and the Romans _~. _ need , " had no
fora O. C ‘ ({had, had no) : '
\\ - \ : .
2 . X . B » : *
‘ . L » N . , .
M * \. PR \ Lo " .
» ’ ‘

' 't.hing (number), ve ma&write . Voo ' . B .

. This chapt@r has 1ntrgdut:ed the idea of .names for numbers. We cal‘.l
thgse numerals. We have alwaya apoken of Roman numerals. "I'he concept of

\ number is an abatract Jdep, the number property ‘of a collection of matched

sets. A number has miny names;, ‘bhose used by, other peoples as well as
symbols vri%ten Pn verious ways such gs A, IV, b, aﬁbd 80 forth” We
know that we alsomaywrite L as 2 + 2, 5»1, g-, 8+é.,~\and 80
forth. Since the symbol = "3 used to relate differept names for the_seme

% . B . N ' w
%///J v - Ba2 2 S /

-

We have talked briefly about numeration systems which are ways :ln which

pumber names Or xfmmerals may be written. 'I'hese are different for different
times and peoples. ,,We are.,fmni&.iar yith and uSe both the Roman ,and “the Hindu-—
Arabic numera;,isn syatems. To some extent we considered the ancient Egyptian .
nmneration system primaxifly to show that the Hindu-Ara‘bic syatem has‘many
advantages_ over the ancient syatems,. ' .
In the next chapt‘er, we conaid.er place value systems in more deggil.‘ In
ths chapter we did show that 'l:.he use of %0 and the place value principle

hawe certaln advantages. For ’chese and other reatons the Hindu-Arabic

~ » numeration system is used almost evewihere 1n‘¢.he ‘World today‘ \-‘\\‘

-

. & . e N . "

R
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A

- 3 | Ina set represented by

‘properties o:t‘ten are not well known.

[y
N . > ’ N -
N .
. . A F 4 . N o
> T N N Ad
. g N ’ . N
. A CHAPTEH\ .
. -
.

Numﬂonsxsmmwxmmsrsmm
' Amnowmmsm

*

h-1. - The Meani;g of Numerals to the ?Base Ten .

We are concernéd in this chapter with the Hindu-Arabic numera’c.ion system.

This system is commonly known over the worlc‘t‘ today , but some of i't.s bas‘lu

We will see,.befo:re the end of this

cha;pter that the same- propertiea apply to numeration sys‘tems to ba.ses other

thaxl ten. -~ ’ ¥ R
\ - C e - ) \ b
. | ~ - .
; - - - - ; - "
1 I+ A = {ball, bat, car, boat}, N

then “the number property of A is .o

D ey, - . 4 . s ) L
. . R i

. . - - \'W _* ) &
2 If the elements of a set are represe&ted‘by N

crosses as“followss * ¢

\‘l"’ .o
3 ‘ .
+ ’ )

then the number property of the set “is .

s

-

4o+
+ +.|_
+++

“we often rearrange thése elements or group éxem

in the following manner. ‘ ¢

++ﬁ+++++++ +4+

 and ‘the number property of -the set i represen‘bed

by the numeral .

LN

D

- R »

s
Y
J N
» “
7
{
13



R
Y
N

represents objeets or elements of the

group of __ ‘objJects. - S

In the nﬁmeral'~15 s 1 represents the nmqber ‘ \;_* o
~ property of a set of obJects and 5 b». .
represents- the number \ﬁmperty of & set of L
ob;jects‘ R R :
o - S i‘ “ " ‘iv‘ " s’"{
In the numeral 20, 0 represents a'set of no < .
\ elementa » 'bui,-. :H; also serves the ;pux:pose of - .
enabl:ifng us to write 2 ) in ‘t;he — place. L ‘
" The basic »set of numerala or d:lgits uaed in the
. Hindu-Arabic system is _ A ’ ,
, In the numeral 337, T represents ‘\a\\‘prop‘erty of -
‘& set of units, ‘ ‘
the 2 a get of S, c -
and the 3 . R ( e
.In the numeral hos6, 0 r;.presents a set of =
hondreds which has no._____ . :
In the numeral 472, 7 represents 7(105 and; K
N répresenta 4( X )e s o .
. L 8 3% ’ .
! A :
9 LS

*In the pumeral 10, the 1 represents one '

BEtof crosses, . \“ “ » ) NI A »
[ o
' ¢ . N »
In the numeral 13 ,.the 3 represents \
. b .
elements. ‘ ‘ S
- a : . \‘ N J R ;
The nwneral O is the name fér a - number
and indicates the ,Befb having no elements. : e
. « ‘ - » N N N ‘ - ‘ :}
N({ ])s\‘ . | D Lt

V - e :
N . N » N
L N - N I Lo Y
. . -8 N k"" v

N - W A Ny \
R, Yo r v NN
. N ..“y\»m < ~ L N o
X N - [ N = N
N N 2
‘ . \ v . \ o . WNov
\ w0
: L e e " R T SR
In the numeral 13, the 1 stands for or..- ' 4= = a

. . e
& e
: . \ ag
2 \"
N - Y
‘ N
M h W “‘
\‘!\ > N
. )
Jlo N
» R N t
*_‘,“ N * ~§ n
A Y ) R
S =
.3 .
. AR )
[N N ‘
yhole. .
(Y ¥ ’ :
0 h P Ty
3 Vo
L SN
. NN “ > .
' 10 or ten .
\l'\\ L AR - . : )
\:\}}“\‘ ] i '\’\})
10 or %en
\ 1t h v
. N i S
N ; . !
L ¢ da
Lo -» ~
sepond  ox tens )
{031:2\33‘:1‘:5) . !
6: 7:8.79. . .
"” A ,\ hd .
° M ) X J .
A} & ¢ =
.- ) ‘ \
T N
2 tens,
a set of 3
hundreds
] .
" elements MG
X N 7.
4 Y
- ) fi
4(10 x 10)’



R - 2 \\h '
‘ ' ‘, ‘N £ - j ‘ :
15 In the pumeral 5320, 5 repreeenta ‘ L X R
T 1 ¢ x -x J S ~6(10 X 10 X 10) | ~egl
“ 16 | The numgralf T3 ma&~§e wit'éen aB A ) S . l :
oy e R I L S
17 |} ‘The numeral 5&73 ma.y‘b.e written as' - AR T : VR
T e ( )+ ( -)w . : 3§1M10>§10) +
N B ; 10X10) + -«
R . -} 7(0) + 3 T
18 Since , in this syatem, ‘the baaic set o:E’ numerals o ‘ e
*{ has ten elementa, its‘ .baae 18 R } R ‘
: - .u oo ® AR T,
19, *_In a. ayatem with the baae ten,-if the third digit
from the r:l.ght is b, it repreaenta ( ~ l "
20 }:[f the sixth digit’from the right iz g, it )
frepresenta\ =~ { D .. ‘ et .
. ‘ — — ' : A

- \ ,‘ e value re;presenteﬁ by a d.igit oY ‘basic numeral of the H:lndu-Arabic
) ‘ numeration gystem depends bo‘th op the' digit itsel]lfl and on the place it
occupies in the complete mmeral . That is , in 173 » ‘the digit 7 actg,\al
_ represents 7(10)  or 70 and the 1 representa 1(10 X 10) or. 1(100)
. or 00. Since there are ten basic numerals or diglts, 0, 1, 2, 3,\1;, 5,!
6, T 8, 9, we say ‘the system hes a base ten. In a given numeral suchw ag - ”
73§‘6’, _the ﬁrs[ _placa on ‘the right tells us how many objects.oxr upits a:z,'g S ,I'
1nclq.ded,. that 18, 6(1) 3 the second place to the right tells us how many
aeta of (10) are 1nc1\.ﬂed, that is, 9(10), * the third “how many sets of

(10 x 10); ‘the fourt.h how many sets of {10 X 10 X 10) Hence, the number -
ma;v be writt@n \ .o . LT . . w
1396.= ’7(10 X 10 X 10) + 3(10 X 10) + 9(10) +“5(1) o \——r .

- We» shall find thet an anal.ogoua thing Qccurs when nmneration systems to

-

other 'baaea are uged. . o -




-

h-2,

Numeration S&stems to Other Bases

As ve have sa:!.a., Qi:.he\ humeratibn’ system to the baaé t&n is built up by

‘Then by the use of positional notation or place value we are able to write

names for numbers larger then 10 using the same

21

22

sle digits.

Separating a set of objects into Bets smlier or larger than ten may be
~done similarly and th:ls leada us to consider numeration systems to other
bases. We use base seven and base five sg illustrations in the following

' . programs. Any ofher base may be used. Histo:t'ically,lbases of five, twelve,

re

twenty and sixty have ‘been uged. e, .
Seperate the following set of obj% into e
‘Bets of seven elements each.
A . -
. ‘ had LY
. > F'S N
. : A v W
\ ., A K A A {The arrange-
a e A - ment of objects
A » <A 4 is not unique,
A a ‘e, “but there. should
\ oA be .3 Sets each"
. A A " P with 7° objects -
A e B ' and ‘4 ‘more
AN Y S objects. )
\f, R, . . . . .
We observe that there are sets with 3
T "elements in each set and elements L S
| left over., - .
) N S e
The number of objects in Frame 21 to the base. "
N - ~ “ ) ] . . N
is written Busevenf | o seven orj.,t
» - o
. \ . * ) » - N ‘
The 3 .in 34 , represents o‘b,je?:ts. - 3(7) or three
R .- seven . .
- ~ o . times seven
“ . N - or 2lie,
. .\.31“ \ o
» ‘ - 4"3 h “

Y4
~t‘.‘\



AN \‘ ~‘*; “ R e “ - R N . R . ) . ) l., : -\. ;
' ‘.‘ ~ . ’ : T : \ > * . : N . \ NN . ‘ ﬁg N \‘,“
)‘ & \ k aw . Y. . \ . j
25 The m:mber of onects in ’c.he set of elem\gnts '@ ‘ ‘ A
‘ . repreaented by the crosses ‘ .J‘ \/\ o R § N R SR .
SR (PR + + + + e o S
s ‘ z 3 ) e /. T R x
. “may be wr:ltt.en to the basa seven as _— : . \\maeven S
Tt ‘ . . )
- 26 The ;mmber‘ of Sbaects in : S 8
:§ - . L — I . — T N “ . E NN ‘ )
T e ~ N — JR o . . U e e
VA . : . \ . ] » .
t Q ‘ . N o \ o . ' ’ N
| N ‘ b ' : . . - ‘e
S \ : : : . \ e »
Lo »ma:v toenwritten to the base seven as - ’Paeven .
ey : S~ S o i Co .
I ~ . ’ . ‘ ‘ N N h b - v >
2T In ‘tihe numexal 3h2 seven’ 'bhe digijt. Y mea.ps " - NS
- } --—-(16 ven) or ~‘[h(10)]seven‘ . ’ o ‘ D'Be'iren -
o N N A ” « N
L ‘ LN \ . \ . \ » . ‘ RN *
. .28 | A numeretion system to the base seven has the \ \
- following set of ‘seven basic digiis: e -
' & — : o o ) oo . ¢ \{0:&-:2)3:“":5:6} S
. — — N \ - : \
N : : N - : @ § \
Note. Although it is not absolutely necessary, we follow the practice of )
using symbola such 88 5., en? 3 sive’  Oseve n(:m‘B . v\m‘) “and the like,
each time we refer to'a bgse other then ten. As ih Freme 27 a‘bove , &n
expression such'as - 4 (10 seve o) sometimes W11l be shortened to
~[(20)) seven * where the square bracl;et is used to indicate tha‘t. all numerals
within the bracketa ere understood to be to the baae aeven, five, and 80 on. .
For emphagis and clarity, we sonetimes will use symbols Buch as 8,‘_’ en’ 221; en’ ‘
* or ([3(10) +2], . But if no.base is indicated, 1t vill be understood o
' .
" meen base"ten. Te . ¥
Al ‘ ’ .
- ' N * -
‘ »
’ 35 N \ \ ¥
ﬂ ’\\\ N ‘ 3

-y

. -) * . . ‘
. B . ) " "



.; .
= »h . N . v ')
" N ‘ f . . i N *
29 The numeral 323even is the \san\le as
30 10 equal to 7
‘ seven (13’ i P not) ‘ ten
. 31 [5(10 x 10)] is - %o
. v? (equal, not equal)
| [5(7 x 71 leen® | :
32 352 0ven = [3 (10 X, 107 +5 (10) aeven and
[3(7 % 7)‘ +5(7) + 2] seven areﬁiffere\nt
for the seme number, * :
331 [3(7x7) +5(7) + 2], = ten®
. \3& The numeral Eshseven may be written as
i [%( )&.3( )+ lt];ae'ven .
- = : ‘ IR s ’
- 35 :3:?5 seven mqy be written ag‘ .
3 d+ol )+ )+ I
" . or as [ ( ) + 5(. )]ﬁte“nﬂ .
3 &
or as ten® -
]
36 | The use of 0 in the numeral 305033%11 indicates
that the set of (10 X 10) . 18 )
: aeven R
S ] ama that the set of - - is empty. * :
N . . !
v - i T
\ \\4 P 36
N

is

~[.'a(m X 10) +

equél

names:

3(10) + u]aeven_

a

»

-

[3(:0a0x10) + '

0{10x10) + 5(10)

seven

[3(7x7*7) *+ -
10 0) RO

1064,

ten

empty;

Oones oOr units



31

Given ‘the following set of objects:
o O 0 o o 3
DR - R °© o ~
o oo
0 o)
° 0o ° . e
‘ Separéte this set into sets of five. .
_ 38| To the base five, ‘the number of pb,jects in ‘t.he
Tl set in Frame 37 iB written . e
7 e .
39 | In the "pumeral 33 five ' the second 3  from the
right repres:gts \ obJjects.
" 40 |. The number of o}::jeéts in the set
‘ ~ A%
- 0 0 \ ’
< o e < ot
SN LN .
-is writtgn five® ~
i ) \ . i )
. ) C = . . »
M| Bpye =l L -0 Tave ,
=1 ( @ ]i‘ben.
- ) .
= ten .
FE \ 21‘3fi\re [ ( )+ ( )+ \ ];hen
¥ = ten"\ \ R . K4 .
SIS
\)4 ‘\ ! . » .
J N

&

N

Buo)lﬁve =
305)sen
15

ten

10

five

LY

{3(10_)+3]miE

(365) +

‘l:en

18ten

:

[2(5x5) + 4(5).

3l en

73ten



¥

M

[ A ° : . :? o~
43 {3333, .
BC )+ ¢ Y+ ¢ )+ =on | Bhoaoo)
- —_— — 2 five +3(00a0)
\ ‘ ~ T . +3€10)
\i\ L . > ‘/ T ) \ + 3 I)Jﬂve
o N S
R R | e sfg)
- : ) ten
| o . 1 = P%ep
' r ’ . ~\ 4 N . \
A %‘Bhﬁve = ; seven » ‘ ‘ ) 2301‘.’.s=.-1r\en
46 ‘ Qszﬁeﬁn \+ BFlﬁve“ = - ten 238‘!‘.e11 -
\ ’ . .

We may sumaxize this sub-program in which ideas®s about numeration

systems to the baae seven and base :t‘ive have been developed as follows.
® In a numeration system to the base seven there is, of course, a set of
'‘seven baaic digits, (0, 1, 2, 3, 4,5, 6}, as was stated in Fvame 28. A

. set of aeven o'b;jects&as a number prope:rty w:ritten as losevan' - To avoid
‘conmsion any numeraﬂo\the base seven has the base witten to the right .. -
and below the symbol, for example, hseven’ 2363eve For the sake of

b;‘evity, this was not done in the set {0, 1, 2, 3, 4, 5, 6) -above or in
the res;ponge to Frame 28. We do“\?ometime.a ) enclose ~aevera1 numerals in
brackets and consider all of them to the base seven, " for example, .

[5(10 X 10) + 1(10) + o]sgven' In the numeral 2368eve ' the second digit

froxg the :r:lght is in terms of "mse_vér; and means [3(10)]seven Since

and 3

»

10__ 1% another name for 7 1t is possible to

seven ten’

‘write [3(10)] = [3(7)],,,+ Hence, ve may write the numexal 5321#laewm

sev‘en 3ten’
seven
as follows: . .

532l fwmx7 7)+N7Xﬂ*2W)*“mn

-

_Beven

Multiplying and edding as indicated gives the numbe? 1880 to' the base ten.
We do not need to write the word “te ! here since it 18 understood. Since

*

. | ~



these are different names for the same num‘oer, 1t is proper to write

\532haeven 1880. Use of the base :E‘:Lve , OF any other base, Tollows the

seme ‘procedure. \ S \ ) . ‘ )
It should be clear by now -that with g nmnera?:ion system to the "base NN

seven, the numerals T, 8 and 9, ae well as 17, 27, 38, 83 and so forth,

do not exist. We have used the word "seven" to indicate the base, but at

all places where the numeral has been used, the numbers were irritten in the

base ten. The numeral 10 s
‘seven

nmnber property of {X, X, X, X, X, X, X} and all sets which match it. The
numeral\ 7 ten is also a number property of these sets and hence,

often read, ) one ohy base seven, is the

*

~_loseven =T ten® This gives 0s the relationahip between these two numeration

. ‘ gystems and enables ‘.15 to. nove from one to the other. o e
‘ In like manner, with a system to the base five » ‘the numerals 5, 6 Ts
\8 9, 15, 16, 26, 72, and so forth, do not existh As discussed above, we

may write 10 = 5 ten and use this basic relation to. shift from one”
. t) N N *

‘ system to the other. R I‘
I will be wseful in understanding numbers to other bhases to ‘.Lea.rn to
perform the ordinary operations such as addition &nd multiplication with
" thenm, _ These will be discussed in the next program. !

.
> . .
L P S “ ]

ho3.. Addition a.nd Multiplication wlth Numexrals to Base Seven and Base Five ’

Addition and multiplication will be discusséd formally in other chapters )
but a brief discussion of these operations with numerals to other basas will )
N ®
: prove use:t‘ul in understanding the basic properties of positional numeration

} systems.’

)

K N f - e t

47 | With numerals to the base ten, o .
L] . .
L +2 =6 . .

. ten ten ten I
‘Similarly, with numerals ,‘t.b the base seven, ‘ :

h ) + 2 = . » ) 6 N N .
A seven gseven seven . seven




- 50

51

S y; e et g s T e g~ S \xé‘%nv‘&ii‘a\\*., ; \.* ' |
3 | . . i ‘Nﬂ\\\ . . \
| With mnnara.la to the baae seven, ‘BBeven + aseven ‘
~:uma;prmsze::rt;a a mnnber with which we assoclate the :
\ . ‘
numeral ( )saven® . (Jfo)aevgn J
. “ S .
.er al§° may writg 3seven + Gseve‘n 8. -7 ) .
aeve—n { a:;é“ﬁ“ geven ) oo o
= (33even ~ 1‘ﬁte*\anan) +‘28_even
\" ( ‘.)seven M seven (20 )seven
‘ ’ ‘128even N
= )seven' . (m)aeven
. I - . -
A.nd. ‘ 5§evan * :’seven may be ‘wﬁt'be\n as ‘
) - o i _ 4 :
5;tbsieven + (aseven, * \35even)
= ( \\‘ ) ) N S ‘\”"’\‘ (1 )
seven seven seven
3seven
y"\ . \ . ) \ o
N AN ]:\ - . N
boivert Boive . ’ : .
. 8 ~
R v Y ¥ 3
= hfive_-" uﬁve * 3f1ve3 S ‘ . : '
= {hfi;we + 1fi've) *3pive
= ﬁ%re' l‘?'ﬁve ;
A . . .
= (?f;five *2ve) * 2pve ;
. ‘
= fve? * lE'ﬁ
o £ ve\ ve
* : \ 40 iTy) ‘-
" O .
u“ N ) §
. » - n hd :



"6 + -

231 Seven 6iswev\en. :
| P I e+ )
={  seven seven) seven - o ( seven ‘lseven)

. S R . s . » 5 R
R . - 2geven
: = seven . > \ o B Lgeven

L ey

~ Note: In F:zémés h'? 53, we have tried to show how one adds' with simple onéw
. diglt numbers. o the base seVen apd tg the, 'base five. If you have understood
. ‘this, you should be able to make an addition’ table to base seven or base five,

perhaps you could make one %o othgr bases. Here is one to base seven: -

“n

» N »
+ 0 1 2 3 L 5 6
4 - - ?
0 0 1 245 - 3 b 5 6
. . X
) : 1 1 2 3 h 5 6 10
A
. >l 2273 % 5 6 1w n o >
] \ N . . L‘ #
3 3 b 5 6 10 1 12
' 6 10 1 1 13 \
s Co . v . .
5 1 5 6 10 11 12 13 1
' 6| 6 10 1 12 13 Wu 5 co
o e - A
Addition Table to Base _Seven \
‘ LI
N Using this table one is able to find the sum of any pair of one—d,igit

numbers written to the base séven. To become proficient in sdding such
numbers , one would need’ to memorize ‘the additjon. facts, as grade school
children mus‘b do with numerals to the base ten.

\
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SRR

- 56
57
g

- 29

61

"6

Y

R St AN SN N

N
0.
.

seve
aa
Add:
N ;Add‘:
Add:

“Add:

Add:

34

3k

34

—
. . Y \ N - .
-Addition Table to Base Five

* N - )
#ﬁve Five
" '
= ten®
-+ = »
n sBeven seven
\}Sseven * 32geven = seven'
}hfive + 21five = five®
ahse‘fe§ * 65aeven 2> seven®
-

five " Beive = pive' -

+23 = .
seven seven seven
N » < .

+ D _ ) .
ten 3d;en t&n
N . N
. . .
»
A Y
\”
\ o . x"
v Cg2
- . N
» _’

T

\ 2
hY
[y
N
\
»
-y
Ny
»
-
» -
»

'3 h101 12

1o 234

123 k1o

L 4

2 3 ) 16‘:11‘

A

k10 11 12 13

» . .
nﬁve »
‘ -~
Gtgn l
13 " )
. 1388'?81'1 \ .
hsseven .
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L
woluiply: (2.0 X (B34qy)

=\ 3ten N 3‘l;en

ten® -
A Al
L ]

Maltiply: (2

N

éeveh) . (33even) '

>

= \; + N
= 3geven * seven

seven'

. : 'S
muiply: (2500) X (pyye)
o= 3i';hre + 3five ,
3ﬁye * (2ﬁve + ~1five)

+ 1ﬁve

1t

= (Bﬁve + 2:f'ive)
1oi‘i‘ve + 1Tive

five*

K

)

Multiply: ~(hseven) X (5seven
. . 1

= Sgeven .:.?seven *3 *5
™
105even ¥ 1%even

seven

+ 6
seven
seven’

- !

e equal to 6 .
Tis, 1s not) ten

¥

seven equal to 1
eVel {is, 15 not)

N

lﬁve‘

v

hgseven equal to 28‘beﬁ‘
i (is, is not) '

(hﬁ.ve) x (hﬁve) = % five'

.
8 w

seven

<o
67

¥

S

ten

| 26
is

is

is not

sgeven .
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I £~

N : N ’ ~

»
»

Mul‘tiply (21» Pive’

:f‘:lve) X (33ﬁve) =

Construct ‘a mltiplication table to base five.

e

00 0 0
01 23 k&
0 2 b11i3

0 311122

‘0 k132231

* I

We have introduced in this sub-program some o:t‘ the problems imrolveti

:ln adding and multip&ying with nmnerals to bases éeVgn and i‘ive.
correctly many of' these prqplems one nmst understa.nd clearly the ‘meanin‘g of 2t

To angwer

plaeeb valugy and this is one :reason Por introducing thisa section here. :

Similar exercises fgr the elementary school student would lead to & deeper

‘ understanding of the idea qf ;pl 231

. muitiplication tables for bases ot}

malme Ve have exbibited adﬂition and

by than ten, these. gould be memrized. o

RN

walue,.

,»\‘\i ‘,ﬂ" .

%

&_ O * ?:k
~ ;ﬁ

b, Fur»ther Meaning\of Numerals to Base Seven

¥
——3 N

Al

\ sllowevé::, memori zation is not as important a% a grasp o:t‘ ‘the &otion of place -

-

w o

R
L 3

- a-ki?

We want to go further into tﬁg meaning of the nnmeration sysl‘em 'tza 'the
» S ba@e sevén as an illu\'kration of a numeration-v systenthto any basé“ B,

» . N o 0 TN

N 8.

»

L4 - -
v A | E \ \ N
v—mJ——‘-men-n~- 73
. e

— .
When“ﬁe a¥e counting with numbers“‘t‘ "‘Eﬁ_‘base
ten, the next n\nneral\after Q'hexf‘ - ™




T
8-

* 19

8 |

) : C“ B »i} FR
N » \ ad
» ~
AN 5 A
‘\
Suppose we are counting with nnmbers to the base
seven. The next numeral a:t‘ter~ sseVen is
. T
¥ o . A
The next six numerals ‘to the base seven are
———-—v——, N ~
N ) { =~ N .
N N ) \: N
,____) o‘
- . - L *
; ——_n_’ - N !
= " N . S
P’ \
- ‘ .
\'\ N & N
. e . . ) .
. Yy . R :
Jf 6Beven means . [ ) ]seven' .
‘ -
» L]
The next numeral after 16 is .
: \ seven . ——
v . .
‘ S ‘ \ - . \ Y
goseven [ ) ( ) ) ]seven . A
e m‘ 1 .
S geven . R
\ O%h). - T
= {3020 * ¥ ven .
. ) + . . -
=t () gen'.
™
than 66
One Bire ap 6 seven
. : . ’
+- + .
- \[ ( ) " l]seven
»
+ . .
(6 l) seven = seven \ .
A ¥
® l
w )
Y R j,\ !
, o
. » 115 : q‘
S it - W 1)
oW » - .
o . » N

20

» TR ~ LI

-
seven

seven

&

seven
“seven

seven

16

seven

[1(10) 5]

seven

seven

7

(2(10) + 0l

[3(7 + 4]

(Y

ten CFI

[6(]:0)+6+1]

Beven

%anven

-
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¥
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»
‘\
A
~
+
-~
~
Al
L 4
+
-
*

e first two place values from the right to the

base B are B? :

Bi
S ——————

%

- N
- ?

“Five plgce values to the base B ,from the right are

.
.
J;
.
.

. - . \ . R D \h YL
~ + 1010’ \ o -
[6(10) - 1(:|.o)]8eyfm | |
2 - . . \ cn d
Neeogm + D ' N
_ [(6 1'? X lolsevgn e T -
= [10 x 10]B‘eyeh>~ N
LI . - *
= . C? 3 . ) 3
-geven . e :
— o . _,
- . | ,
X .0
The next number after 6668even \1\3 ~ . -
oy o o \\‘ k‘*
)+ ~ .
L1000, o vey = [ ) ]seven
N ‘ﬁ ' .
\\ N * . \
. The first five place wvalues of numerals to the \
base seven are E " A :
) Sy
¢
> bR N
—l;*’ - N “A‘,‘k;:?‘
N . ) N . -
. . ’\ »
N X
. . .

N

._____’~ \
N * ~ -
'Q L)
> - ¥ 1
» RN -
——?
W ¥ 'S
: ° L ]
S ——— ~ -4 .
—F
N x
: =
.
. A
\ \
g O v
S N ’ '

s » » . . -
= ‘m:
-
.
‘ ‘Q .
100 .
seven -

[1(10%10X10)
¥0)_
< - 'seven

A
1
seven
1 -
osevgn

(29% 10 qem

03000) 1y

(tox%;’)x;oxm) seven

™

'

104

; 1]3 ‘

10y

{10 x .m)]3

~

(10x10x10 )
(100000x10)

A4



!
. K I -
A o.‘,' st)‘wﬁ,,\}a ,) od) ”)‘.);\)))’

G . - R PO T

h«-5.‘ Summary :f.'or the Chapter X ) R
) o ‘ RS
*I'he concepts involved in this chapter on' numeration systems to “the ba&au

ten, and also systems to other bases, are nec-essary to ‘a full un&ers‘tanding

o of- numbers and how we use the symbola for numbers. J‘;t is imporl'.ant tha.t we -

vnderatand the Mndu-Arabic numeration Bystem, because-&his.,jes ‘the one used

»

"“widely over the world. L : o, e .
' This system &f writing the ¥i names for numbers involves “thfee basiq
charaeteristics. T \\ ‘

1. ‘There i‘s 8 single; mark oy symbol for each of the 10 basic
S digita, that is, 0,: 1., 2, 3, 4,5, 6 7, 8 9

T

\2\.‘, There ‘s a. symbol 0 for the number property of the empty set.
3. ‘ 'I{here is a way of writing the names for all"m:nbers. greater
t{mn 9 by theuse of the basic digits and an ag;reement on the

“place walue or positional value of ‘eacH. "Thus the numeral,

- “ h62h mea}ns' S 4 v . N o
: ’ ) TN
" h62h h(lo X 10 ?10) + 6(10 * 10) + 2(10) + lu{l)

¥

) ‘l‘his numeral also may be written h62h h(103 ) + 6(102) + b
* although we have ‘not uBed this notation in the above p:rogram.

-

We also discovered in the program that there are numeration systems with
*  other bases. We used those to the base five and base seven’ as :illustrations.
‘It is clear that these systems have the same three basic charactenstics as

* the Hlndu-Arabic system. We hgve found, in working with children and with
‘ teachers, that the use of other bases clanfies the basic concepts of the
system we.use.' The lack of :Eamlliarity :f'orces the student to understand the

‘® basic concepts. ) o .

: S . - N TR S R R - TN A . N
¥ . -~ .o ~ a NN R N [ ] . N » .
) . B : N BN F NN . N . ) ’
R L 2 D DRSS . * - . N . N
. - . oo B : w et .

N
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. Other ideas’ vere deve

5-1. The Whole. Numbe:rs (Rev:lew) v, ‘ . o . : .

property of a ‘collectic

|+

.
-

“ The. numbey 'p

]° ascending oxder.

b\ ‘CHAPTER " 5 - "
‘,] PBOPMI& oF HHOLE NUHBEBB
UNDm THE orm'm:on 01" ADDI'.IIION

a

7
.

Earlier wq devgloped. the jdea that a m:mber, such s ‘three three, is a connnon

, 4 -1, end sol

R

 of matched sets, such as“ A = [penci]) bottle, book] . \jﬁ
"and all the Bets which, x*atch A.\ We’ alao have aaid that the numerals 3, III,
v a're d:lrferent names :!'or ‘the number three. ‘

\ wmen.%n be included in the followinyab-program. R

3

B = iJa

e
and all sets which Jnat?:h

v ' ' f\\
‘Rhe symbol 4 is a name for tha mnnber four and

is. called a
nﬁatches \

&ﬂm»\wv A,\
| B

_ List the ‘elements o:[' the set “of nume:qals*,'\
U+ 3, 7, 2) in aacend:lng order.\" .
: . 37

-

Nf’

A
-y
.

=

Write snother set vhi
B = {Jane, Ge s

For example: _ "‘

" -

C

«‘Vrite‘ the set of the first ten whglehnmnberé ifx

! * =
2 . P’

E 4
v

: 5 - . ’ : . o \L‘
List the first five ordered whole nyubera. \

.xr B is a aet, ‘hhen the number property of S is
denoted by . .

.
»

. {pencil, ink,
chalk, pen)

2%

1"(2 3;1‘ 7) »

* A

(o, 1;2;3:"‘)5)'
6;7)8)9]

1, 2, 3, L, ‘5 t

.o -
N a . -
N R ¥

N(s) ’



10

N N N N N PN . N A A
e SRR C o . o s RS N
. NS R N N A A ® » N

. _ -~ .

-
. N
.. . N IR

S
3 »

. ) ,‘—"\ » = . . N ‘
If C .and D ‘denot,e-se'bs and the members of. C

and D ara in .ﬁge-toﬂ-one correspondence ,\‘l;hen

N(C) = . . : ¥
: . ) . 3 N ¥
. U NN \ L
The number property of \\‘ .
S = I&esk"“chdtr, ‘hat, coa;v pen, pencil}
is denoted'by ‘the B 6. ~
. A \ 3»\

S\\inlrrame 9 has the numbér property -

155-2‘.

13;

M N g - -
N B -~ oy N

Sets uhder\thé‘OPeration of Union

numeral

A

6 pr\six oigYi‘

In thig Bub-program ve use (0, 1, 2, 3, L, 5, 6, 7, 8,9, 10 11 12,
The numeration:*

14, ...} ‘which we speak of as the set or whole ‘numbers .

\system is to the base ten. .
"To develop the baaic idea or definition of addition as an/operation on
a pair of whole numbers we. use Bets and some properties of sets. . The
Jollowing program vill be’ on sets,apd ‘the gnion of_aets.

LY

- > Y N »

12

13

_ Write the set whose elements are members of

{pencil, bottle,-eraser] and
{desk chair, pencil, hat, coat, pen}

7

A_or B. . “ % 23

Do we need to write "pencil" twice? "
v ‘ ) . {yes, no).

When we puiptwo sets tdgether, as in Frame 11, %o

form a single » we call this the union of

the sets.
: > \ ) \“ »
-4
ge '
NI 50

-

‘ N
{peneil, hat,

eraser,
- desk,

no

set

pen
chqir

]

1’ vottle, coat,

4



. Ky “\“ ) -~ ‘\\\::;$\
- t ) ) ®
:3‘ lll- me . . of N \" ) ‘ R ~\.
'8 = (chair, desk, book) amd -7 .
" M = {apple, book, chair}
is (cheir, desk, book, apple). v
We dencte this set by sUMW
15 | Write the set vhich is the union of
-~ r B = {tree, rose, ‘pear} . and
N C = {orange, pear, apple}.
| Buc- .. |

16 Copsid.é:g B and C, the sets in Frame 15.
‘w(c) = .

 N(BUC) = i

) ) i R ’ \ ) *

1T Consider the following pairs of setsl
A = (pencil, eraser, Gottle} ~and Q

'F = (desk, :;iegcilQ pen, chair, hat, coat])

8 = {book, chair, desk) and e
1 " M = (apple, chair, book}

B = {tree, pear, rosejygend . =

\ . N
. C = {orange, apple, pear} .
" Each pair bhas at least one common oL
18 | Given- \ T )

D = (Jane, George, Bill} and

\fn.te the set which is the union of D and E.

\DUE-- . i ) .
‘ﬂ »
: . I
) - 51 \-}_)
¢ BN

v

™

» *

v E2EN

(treey rose, -
pear, apple, \

| orange}

- .

3 or three
3 or three
5 or five . 7

. é‘.

member or @~
.elemept

{Jane, Geoxge,
Bill, Ellen,
Dorothy, Joe,
Marion)

LS ' i .

.

S
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EKC

Tt Providsd by ERIC

234

22

23

2k

. 26

*Is (BWC)UG = BU(CUG)?

{pen, é‘f&ck,&pple, purse} and ‘
{chalk, ruler, \pencil}\ are . setB.

» .
-~
]

Theunionof Lo ey
"B = {tree, rose, pear) - .and .

»

C = {pear, apple, orange)

18 a set denoted by BLJC. What is the union \

of BUC and G = (elm, oak)? B
We denote this. set by, (3L C) U G.
(BUC)UG = UL
.) .‘] . '
Write C UG :E‘or the sets in Frame 22, ‘
‘T‘r . . R .;‘

cuc~_- ‘

Write the set BU (cG).

\ZBU(CUC!\: .

N

es, no

‘Given the following sets: -

]

5= {book chair, desk] °

(desk »chair, coat, hat, pencil, pen} ¢

s

= (vbook, apple, chair).

‘ Wri;ce g\U(MUTF) and (SUM)UF.

SUMUFR= .

(SUM\YF =

¢y A )
o ‘element
common
s
o .
d.is:]oint
. !
{tree,rose,pear, ;

oak, elm, apple,
orange) :

{apple,oak,
orange, elm,pear)

¥

\ {tree ,rose;,peaz:, ‘
oak, elm,apple,
orange)

’ yes

v

»

{chair,pen,desk,
book,apple,coat,
pencil,hat}) :

{apple,book,
chair,desk,pen,
coat,pencil,hat}



27 | 1s. SUMUF) = (SUNUF? _ 5 ,
S & o . ~« \yes, no
Fe ) .o % ) X ) ‘_‘
N ) -~ 2 N . \ i N
28 q((\suu\)u DR d |
29 | Write. EUD using < LI '. - '
E = (Joe, Dorothy, Ellen, Marion} and NG
. = (Jane, ﬁill George}. - o '
EU D ‘; a \ ) ¢ -
30 | Is E\)D the same as D\JE? ° .
e . L (yes, no) . N
. N . . . . . Q ——— )
31 | Since EUD = DE, wve say that D and E
‘ are commutative under the operation ) .
. ———-—'—\, SR . e —
32 | M(EUD) = . R
33, ,II(DUE) =; '»‘ . v\;
.o ) ‘ ‘0
Summary - i

*

The union of A and B is written as A\ )B.

-

~ yes

eight or 8
(Ellen,Bill,
George,Joe; Jane,’
Marion,Dorothy}
ves |

wnion «

In this sub-program we have defined the union (sometimes called the join)
of two sets A and B to be the set of distinct elements of the two sets.

The order in which the - ‘.f -

elements are writien makes no differense ) and although a particular elemept

may appesar 1n both sets, 1t 'appears only once in the union.

{8 the same as AU B,

e may say AUBE BUA'

Since BUA"
for 'any pair of sets

A and B. This relgtion is called"the commutative property of sets under

the.operation of union.
We also recalled that any set S has & number ;property written as N(S)

‘Since AUB is a Bet, its number property is N(AL) B).
BUA,

of gets,
union allows us to work’ with only two sets at a time.

it follows that N(A\U B) = N(BU A)

Since A'JB =

o~ A

The operation of union (or Jjoin) has meaning only when apjpl;led to a pair

‘When three or more sets are involved our - procedure in finding the

This 1s no real \

‘ difficulty, however, since we know how to find the union AQ) Z‘B‘ of A

-~ 53 | r*
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IS AR - ;\ A * N
and B (or of an;y ‘t.wo sets) 'I'hen we can find the union of A\UB band C. o
We have written ‘l;his as (AU B)U c. "F\irthermore, we discovered that

f(AuB)uc =AU (BUC) fo:r all sets A, B &nd C. This relation is

called the associative pI"opert.y of sets under the operation ‘of union.

By using the conmmtative property and the assogiative pro;perty 8 seri.es

-of three or more sets under the opera‘tion of union may be rearranged in any

desired sequence, thus, (AUB)UC = (BLUA)UC =BU(ALUC), and so
forth. _> ‘ L ‘ . L

The union of three or more sets is a set. Therefore we may think of the:
number propeﬂ%r of ‘the unioh of three or more gets. And we write . )
N((RUB)U ) = (W) (B UC)} as‘a result of the assbciative property of

sets under the operation of union.

~

5-3., Disjoint Sets, Whole Numbers and the Opei'ation ofAdditiori

s e-We mEy use’ dis.joint sets and the number properhy of sets to deﬁne or

give meaning to th:\bina:ry ‘operation of addition in the set of whole numbers. -
Some of the frames in the following sub-program will be for the purpose of
recalling and reinforcing the ideas jpreviously déveloped regarding disjoint

:

fets » “the union of sets, a.nd the number property of sets.

.. *

34 { ' Two sets which have no common elements. are

N

sets. . \ - disJjoint

" C \ \ L
35] Let A and B denote sets. The of A union
and B 1is the set which has agaits elements ' . - f
those elements which belong to A or to B or

to both A and B. . \

AR
n

36 | Since two disjoint sets contain no common elements,
their union cont;!\ad.mer.~ all the in each of ‘ elements
the sets. \\ } o

22

37| The number property of
. - 2
= (oak, elm, hickory, walnut, pecan} ‘ \ ‘ “
‘ "l
A}

*

is represenhted by N(B) = » ) - .5

o \ | B

, ".4
[ 4



38

.\39

‘4O

RN

k2

©

B

A

»

A numeral for the number propei"ty of

C= [peach, ﬂear, vapple} S

r

s . ) ‘ -

—— f ~ .
- z -
NN .

Using B in Frame 37 and ¢ in Frame 38,

ZBUC ' T
The number prop of BUC is
TMBUC) = i e
— x \
o | | '
N(B) = 4 R
. ) - \ ‘ i . N

\ “ N(BUC) =

"“In Frame 42,

Given the numbers 2 and 3. Choose a set D
having 2 members and a sgoint set B hav:lng

3 membe:rs.; N
[ W' . . -
E= W' ‘
N -—q——— N N

R N . , NN
Write the union of D and E, the sets you chogey,
in Frame 42. % ‘ ) o

-

DUE = .

Sep————————

Y S |
The ‘number property of ‘D\JE “in Frame "\LS is
N(pU E) = .
we started with the numbers 2 and 3,
and found disjoint sets having 2 and 3 members -
We then found that the union o:f'

. these dis,jcint sets had. “the number groperty 5
This suggests the addition sentence o

respectively,

5

{oak,apple,
pecan, elm,
hickory,walnut,

N,p¢w}

NN

‘ ‘eigilt or 8

five

5t".hreg .

elght .

{ygper , ﬁenc;i' 1)

{book, pen,ink)

{pencil,paper,
pen,ink,bdok}

v

: ,,;,#l

;”a%
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\ht’Sl Use this same. idea on t{ne disjoint sets’ R \
A
;B = {oak, elm, hibﬁry, walnut, pecan}
* €= {peaeh,, pear, apple}. " '
‘1 >
This suggests the addition sentence . o 5+3 =28
47| Thus, if A and B are disjoint sets and if . . s )
N(A) = a and N(B) = b, then N{AUB) = . a+b .
| B ST _
" 148 |.Given any two whole numbers e and ¥'f, we may . \ )
) find two ___ sets E and F_. such ‘that t. disjognt
N(E) =e and N(F) = £ ) ‘ -
2 N N X . . N B N - N .
ho | If N(EUF)sg, then‘-~ + =, . e+f =g
. - - . X o 2

N . . N
A} . Al N

Summary
In this sub-program we have used the idea of thé number properties of
_twa dis,join gets and the number property of their union to. provide Ray of

pairing “two jnumbers and always -obtaining a third number. For example,
N(B) =5, N(C) =3, and N(BLIC) = 8. We ‘call this association the -

: operation of addition | use ‘the symbol + to denote this binary operat:[on.\

Thus, we define addit}ron in the set o:_f"whole numbers as follows:
o o X X ». .
Definitiont If N(A) =a end N(B) =b where A and B are dia,join.t
y setsy then & + b is the number property of AWUJB..
N(AUB) c, then ‘a +b =c.
Tuis is a defipition of sddititn in terms of disjoint sets and the set
i
. operation un:lon. If a apd b) are any two whole numbers, then we can -
alvays find disjoint sete A ‘anl B such that N(A) = a and- N(B) =
The union of these dis*)oint sets is denoted by AUB, and N(A \UB)

&

is some whole number ¢ such that c = a + b. -l
N R}
1 . N e
. . A \“ .
1 .
- . ™~
i -
L9
Y )
56 :
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‘ §-h Properties of Whole Bumbers under the Qperation of Addition

A}

" We recall that ea.rlier in this chapter it was established that: therd is

‘a binary operation of union on any two sets. From the"meaning of. this
operation applied to sets it is possible to establish that sets are closed,
comutative and associative under the binary ogﬁration-of union1¥\3w the use

of disjoint sets, e have made a d.eﬁnition ior the bipary operalion of e ‘

additiOn for the set of vhole® numbers . B

L d

‘In the following sub-program, we again uge disjoint sets to establish N

the fact that the set of whole numbers has the commutative, associ tive , and
closure properties under the operativn of addition and that there exists an

' :I.d.entity element for addition. ‘ Y = . )
; . \ . N . * B . A
50 | From Frame 43, what does the co:mnutative ; ,
propen;ty of sets under the 0peration of union ‘ ‘ :
tell us? ’ ) . s DUE=EUD
—_— . \ — o
\\’

51 | What do ué know then about the addition -

L]

gentence in Frame k5% S ‘ 2+3=3+2
52 | How may we write the‘add.ii‘;ion sentence in )
Frame 49? N ot : - . e+f=f+e
- 53 | From these statements we may say that the set of | . \
. \ . ;

whole numbers has the " property under the . commutapive
operation of addition. "

LY

54 | Since the process of asséciating disjoint sets and
their union with whole numbers may be applied to

. any two numbers, we also sey that the set . | vhole
of whole numbers is closed under the operation‘ of ‘

'a@dition; : \ ‘ -~




56

57

61

62

: L t o - P
‘ »
J »
- : ’ B
Slgppose we want to a.dd the three numbers 2 3
> and. 5. Consider ‘ . " R
B = {pencil, paper]
. . SN e
*C= {peach R yea\{, apple} : S \
‘D = (oak, elm, hickory, walnut, ‘pecan}.
Are. thgse disjoint sets? -
\ o, -~ Tyes, no)

N ' b) *
Merue)="{ .+ ). '
N\((:guc)u D) =( + ) . .
:N(Bu(cu D)) g S G
. Sidce the asaociative prqperty of sets under 'l:he

“operayive union sta.tea that
(BUC)UD = BU (€UD),
number Bentence (2 + 3) + 5 e ‘

. ‘ ~ \ Voo .
!L'!;e';:ntenéé (2+3)+5
illustration of the

_set of vhole numbers ‘under 'l:he operation Q:E‘
sddition, - + \ - st

complete the

=2 +(3 +‘5) ié\‘ an
Qroperty of the

-

LIS

Let a, b,.c repreaent any trip'le of vhole

Write the xmmber aentence which atatea
‘the associative property of the set of whole& "
numbers under, addition. -

. numbers .

What other property under addition would be used,
‘~towrite"a+ (b+c)=a+ (c+b)?

v

-

A
[

T M N ‘
»
“ >
3
2
»
3]
3
B d
A Y
1 / "
. e,
-6 3 N
. \ » »
yes .

2+ (3 +5)

| assoclative ’ ‘

a+(b+ec)

¢ -
the commutative ‘
property .

»
A}



65 If E=~{};

‘63  Becaii that the empty” set has no~member§ or

elementa. I:f:‘ E is tha empty. set, . *t.hen

\ A . " .
CoEeln T I
b‘ \If ) T . N -

LN )

B = {James, Bd.ll, ’Ellen, Ha.mld} S .
_vhat is. BUE? ‘ S RS AN |

L
v

\\\:\.Wi,\ BUE. ’ s ‘ . ‘ \\.r .

el p—— L? »

In~gen\e:t\'a1,‘ if E is the e@ty set ar;d,: S is \any \
set, then SUE = .+ The empty set is .
X called the identity element for the set operation

. s \\1 »

wnlon, .
"then N(E) = 0. Let N(A) = a

Since A\UE = A, we may write the addition

sentence | . \ " :

o Y

-
-

By the commutetive property under union and the
properl'.y Of the identity Ment* E,

AU E=EUA = A.
gdditioh sent'ence~_ = = e

Hence, we may write the

a . ., ﬁ ) *
The number O is called the identity element for
addition and means that if is added %o
any number, the result will be that number.

- . . . »
‘ » #‘“ : .
If n is any whole number, then

»

Y

n+0= a = »*

KN

Ellen,Harold]}

a™ 0=

a+0=0+a=a

<

In thia sub-program we have developed three ad.ditional properties of

the set of whole numbers under the operation of addition.

In the p:rev:l ous

sub-program we developed,, 'l:.he closure property o:f the whole numbers umler

addition."

»

This means that when we are add;lng whole numbers, these four

{ Jemes,BA1Y, _ .

s

v LAy
L T



. : o
5 \ - . - N N :%
a % B
i » ¥ . ¥ ]
proper‘ties will hold for “any whole mnnbers.\ These properties are the
:f‘ollowing' ‘ S e * ‘

» . K ¥ R .

\ (1) For any whole numbeis & and b, a¥be=c, ) ‘

. o | “where ¢ isawholenumber -~ . (closuwre) = .
. '(2) For any whole numbers ‘a and b, R ‘
. ' a+b=hta. o (commutativity)
o0 ‘ (3) For any whole numbers a, b angl c, \ \ \
(a+b)+c=a+(b+e). ~ . (asgociativity)
o (k) There is a unique wholé number O such
that n‘+0=d+n=p for any whole .
number n. ‘ A . . \
‘ ]
. A ‘ .
%
. "
[}
R} »
" '
@ . N
»
RN
' -




T . . ‘ ' CHAPTER 6
- S SUBTRACTION AND ADDITION. S ;
- . h * .
N ' y o . ' A - * ! ’ 7\1 . .
We shall find it advantageous 'to present the operation of subtraction

R

~, from three points of view, representing two fundamentally different approaches.
The :E‘i:rst approad'h is similar to the way we have defined addition, that 18,
In terms ‘of sets and set operations. The second approach defines subtraetion .
direetly in terms of sets and set operations.‘ The third approach defines
subtraction directly in terms of addition of whole numbers; that is, as an =~

» ~

inverse operation. ‘ ~
Approaching subtraction through sets and set operations is done in two | N
* different ways, one corresponding to & “take-away -operation, the otheér to an MW

"gdd-to" operation. | ) ‘ LR )
N - A X - ) N . . R
) ) e . e \
6-1. Subsetg and Remainder Sets h - o SR R

AN

We: haye learned some things about sets. Now we need to deyelop two :

additional concépt.s: subset and remainder set. We ﬁrst consider the no'tion \
N L] ———————— ; -

of subset. . » \ \ _— . o . ~
, ot s . = Y
1| Consider : ) R l L )
: * ) . ' N . - * ) R N
| 1 A = (Mary, George, Bill, Ann, Tom, Allen} . \
- ‘B = (Mary, Ann, Tom, Bill}. ‘ 0 R
Every ‘member of B a member &f A, B is v
: . e - {is, is not) . A .
% 2 | Given a pair of sets such as A and B. If T SN
gverfy member of B also is a member of A, we ., \ L S
say that B is a i&bset of s ’ A coe s

\ . . - R ¥ NN [

3 | -Given the sets of Frame 1, ve say that B is

b Since every memb: £ B ig member of . B, ‘ : . I

we also can say that B isa' of B. subset . .

R ]




|

R 22

>

‘Any set - g gubset of itself.,

1: (is,‘ is nof)

i
Let - E - [ballg bat, Book] Find ja subset of
E with the rmmber property 3 a),ad name this
Set F- . ) N . »

ST
K= S .
: { N

-\

- Let G be a aubset Qf [ball, bat, book} such

‘that N(G) = 2. ‘ - .
Then: G=__ \:
v 1Y
‘or G= -~ , ° *
OI“\GF ;‘ ‘ \

We designate that C is a subset of D by the

expression CC D and means that every membe?- \

of C _ > & mend® of DI
o {is, is n%t) :

. mhe symbol € is.read "g S aubaet o:f.’.“

T
»
LY

Let E be the set of all children in a glven
claaa , and D be the sgt of all boys in the
same class.’ _'.['hez; D is a of C.

A}

- »

D _ ~__ a subset of C" if there is no -
(i2,7s not) .

element of C ‘which is onot an element of .

3
N

» ~
-

Since’ i;he:cs.;~ is no elemexrt of the empty set
that is .not an elemeyt of D, the empty set
isa of D.

» AN

£3 ‘18 a.subset of G = | ).

L

) isa of every set.
o L] .

Y » - . .

- ' *
* ey

\],‘ N . -

\ ) 62 Rl
‘o . . 2 .

‘10,

‘is

»

Bsubset

is

subset

o -

subset

(ball,bat,book) -

*{ball,bat)
{bal1, Baok)

(bat,book)

3

For example,
{ball,book)



- - ﬁ Ay * - s
\ \ - - ¥
N \ \\ ‘ ) ' .,
. 15‘ mle Btatement, o » N . N \ v N \ . ‘c:
N "'The empty set is a Bubset of A, .
(\
'\ | cen be written Bymbolically as. \ . \ {lca =
\ - - . 5 . » .
) B E \ ) ‘ h n ! N - 2 . 3‘ >
15 '.l‘he sts.tement o o - o ‘ ‘ .
T ST ey A 16 a subset of 1tself," , R
can be written lically as .« . L "AcCA o
R - M N . . \‘ A
‘ e ' i
16 Consider ZR a {0 1, 2, 3] Which of ‘the following dd not. repreaent
R | subgets of R? (Check a11 eorrect responses ) ‘c . S
D (a) {0, 1,-2, 3] . o, R PR . - o
. . . . s - ) R ’ . s S " ;
. b { } ) < x . o T e -t B = ki
& O ( ) ; N S R - ‘
L O e (0; 5} . - " R .
- - ! v \ - 56
D(d) (1, 2) . . et L R
. R LN R 3 A
D (e) (O, 3, 2} v e T - i
16(a) Incor:c:ect,\,}_sinc‘e every set is a sibset of itelf. -
? y | ‘ . . . < X ‘« X \-\ . R . “:
'36(b) Incorrect, since the empty set is a subset of o
ever.Y set' ;‘ ’ \ ‘0 \ q ’ F ¥
16(c) Correct. (O, 5}': is not a :‘mbset of R ;;ai”nc‘e -
. 5 ~is not a member of R .
16(a) Incorrect. : Si}nce every member ;o:t‘ (1 2}. is g - -
. a member of R, {1, 2} is a aubset of R.
Y, R . ) ) t ? *
. | 16(e) Incorrect. Since every memben'of (Q,-1, 2} is N
S . @ member of R, (0, 3, 2} 1is a subset of R. o
. N * N T N
‘!. N LY - -
. T s ’ : )
. 63 ”"l >, m




. 17 | Which of mﬁollomng‘mpnm of
1 N \ A={(a, b, c,q, e}
(a) {a, b, B} ; - i
- s N ' N N J
: (b) b,c, d \ o \ ‘

SN . (c) {ﬂ-:@} o . N V e

| 17(a) Incorrect, since g is not a memberlof A,

. but is & member of (a, b, gl. o .
¢ “{ 17(v) This 15 a listing and by agreement does not
" SR represent a set. Hence it cennot be a subset.
R o L ar(e) Correct. Bach member o:t‘ {d, c] ia a member ‘
R h N o Y Of A = [a_’ b’ 0, d., e] *

| . . R -

e
The notion of' proper subset is? qu; ge:mane 1o the development of sub-
traction from sets, but on occasion is a useful COncept and hence will be
introduced. The reader can proceed to Frame 2h.if he 80 chooses without

any loss of continuity in the development of subtraction.

\ .
. . ) a .
N - N Y R . .
- N ..
N . o . . .
EM S - *

18 | A proper subset of A is a- of A $ !  subset
" | has some , but not all ‘of the members of A o
. as 1ts members. t \
N o - ‘ ? M .
19 { A proper subset / .be empty. tannot
: . (can, cannot)
a . - 3 -
" 20| The pumber ﬁropertjr o\i‘ a proﬁgr subset of A" .
‘ KN is 1e£53 than ‘the . property of . A. numbexr
. R T ) .
. P . . \:u?
» h )
. 2y . ™
\ o . e
7y 8
hd sll' : %
> ' ‘ i M ‘
Yo \
R Ey
Y »



21 |

22

‘Consider T = (2, 0, 1}.‘ Which of the following i-ep:g'esents a
proper subset of T? . \\ ‘
O (a) (0, 1, 2} ‘ . . -
O w2
rd ot ) N
D) 3. . L .

.

' 21(a) Incorrect. {0, 1, 2) is a‘subset of T, but
it contains all of the elements of ‘1‘ “Bo it is

not a proper subset of T. '

»

321(1)‘) Correct, sinée‘ {0, 2} contains some 'but not R
. all tﬁ‘ ®clements of T. ‘ ‘

- 21(c) Incorrect. {1, 3) is not a subset of - T since -
‘ it con*tains an element ‘that is not in ol

- . N /. i
Vf
Consider U = (2, 3, 1,70}, Which of the following represent
_proper subsets of U? ’ i o
(2) (1} .
O®) o ., |
O 3 o o
. i
22(a) Incorrect. Since the empty set contains no
. . - elements, it is not & proper-subset of U.
22(b) Correct. (0} contains some, bub not all of the .
elements of- U and O is a member of U. T
B ) \ . . ";“ 4
22(c) Correct. {o, 3] contains some, but not all of )
the members of U. \
* > Ran
)y ®
) 65 M X \

e, -

e



@

.23 [ Wnich of the following subsets are not proper subsets of” X = (k, 2, 0}?

0@ ) e
D (b) {u’ 0,2) v ‘ . : 'm\\‘
O() o, . - >

. .

OE Saaa T —

23(&) Correct. A proper subset of X Just contain
some but not all elements of X. { ]} contains

no elements of X. . T >
v . S . . ) | .
‘ 23(b) (4, 0, 2} contains all the elements of X, R 1 1

- tontraxy to the definition of proper subset.
* Hence, this response is correct. )

-

‘“f“23(§) Incorrect. (0 hy * containa some but not all
] of the elements of, X ‘and is a proper subset

of X. e , \ .. \ S

f-. N ~
v - "
y » - - \——/

.7 Let us now consldex remainder sets, a concept which underlies one

approach to subtraction.

£ ) N -
* . »

e
2k | Let A denote the set of letters used to \ :
‘ \Bpell the word "contract". Hence, \ ‘ y v
) A= . {e,0,n,%,r,8}
’ . R R N
3
25 |- The set of letters used to spell the word
"attract" is )
N
B = . \ B (t,r,a,c)
A \ w e '
26 | Consider the sets of Frames 24-25. B is a N
subset of A and ‘the set of elements of A !
vhich are not elements of B is . ‘ | (o,n} )
%
-~ L]
b N
> . \ .
' 66




27 | The set of elements of A ‘which are no*lf

) Wwb&r& ]} ls-a Bubset of A,
is called the remaindex set of - B w;lth respect
o to A and is designated by A ~ B." Hence,
o for A and B, the sets of Frames 24-25,

~ . \ k) N v
. \ .

R | \A~\1B‘=‘ -, ‘ . . s , {o,n} . *

-

28 If N isa subse;h of H, the set consisting of
‘the elemenrts of M not elements of N is \
the -~ set of N ’with respect to M. remainder ‘
. . ’ ] ‘
29 | We denote the remainder set \o:t" N ﬁit}}lrespect \ ‘
| %o M by . The symbol ~ is fesd | M-N
& "wiggle". : .

30 The remainder S.Lt of N with respect to M : ‘ \ .

may be found by "tak:lng avey" the of |’ ‘members or
N from M ¥ ‘ elements

31 Let A = set of letters, used to spell the _vord "contract”

. B =setof 1etters used to spell the word\ "attract”

‘ = {a). ‘ . .
\!l'hen, (t, r, ¢} may be indicated by the follow:lng:\ (Check one.)

| Ota) {*F - 0w FB " Ofe) B~F .

-

- | ]31a) Incorrect, since A~ F = (€0, n, %, 7).

L

. /\ 31(b) Incorrect. Since B is not a subset of F,
N . F ~ Bnhas no meaning. : ‘ B

31(c) Correct. B~ F = (%, r, c}] is the remapinder
set of F with respect to B. - . ‘ ¥ 4




\ 32 | If G is a subset of K, -indicate symbolically : o
R the set of elyents of H which are not ‘ e e
elements of G. ‘ \ \ . H~ G —
g = ~ *e ’ \ . . :i oo *
33 ﬂtt T = R~ S2§fs called the _  sqt of remainder
S, “with respect to R. \

N N NN
g ‘ " . > - 1‘
N » N

6-2. First Definition of Subtraction '

»

T - We now define g.\btrac‘t.ion in terms of sets » subseta » and remaindexr sets.
- 3b If A {book, pen, dqg, bot‘ble, box} , \
then, N(A) . ~ 5 -
'35 | Let B'= (pen, bottle, box}. Then B is a | '
of A and N(B) = 3. subset
\ . R ‘
36} If C=A~B, then C = . * ) ~ {book,dog}
l . \ N
37 | N(A ~ :a) N(C)»= . ‘ ‘ 2 \
. ) . ) SN
38 | We then say that ‘ Lo . T .
N(A), -N(B) =5 -3 =NA~B)=_ = . | 2

~

39 | Consider the numbers 5 land 2. Choose D = (s, b, ¢, 4, e} and
a subset of D such as E = (b, a}. Since N(D) = 5 and N(E) =
it follows that 5 - 2. =3 . because: . ' -
. .
D (e) D~ B) = N({a, g &) = |
D (b)° NW(E~ D) = N({a, c, &}) =3 T
D (C) - N(D ~ E) = N({a: b, e}) = 3\ !

*39(a) Coi'rgct.
'39(b) Incorrect. 'Reread Frames 24-33.

39{c) Incorrect. Reread Frames 24-33.




. The above 111u3trates our Plrst definition o:r subtraction. Let ¢
" denote & number and d a number less than or equal t0 ¢ (d}\e-)—’ We

40 | Given the numbers 3 and 1. \Chc;ose A=1{x,t,y)

.41 | Given the\numbe‘rs a=3 and b=2, If

s ~ 1 43(b) Correct. B is a subset of A and N(A) = 8. l

MC . \ . . _“ ) ) '...,,"

_obtain the remainder, or the resuli of Subtracting aTYow T —denoted by

¢ ~-d, -as the number property of a remainder set. Arbiti‘ariiy choose &

set C ‘s&ch that N(C) = c. Next choose a set D such that D is a subset
of C end N(D) =d. Then ¢ -d = N(C ~ D). | |

1}

and B = [t) Since the remainder set A ~ B (x, ¥}, T
3-1-= N(A 'B) = . ‘ \ - 2

’

A =[x, t, 8}, then” B may be the set © 'l (r,8) or (s,r)
ox or = . R L {t,a} or (s,t);
‘ ‘ ~ v ‘ S {t,7) or (r,t)

42 | Using A, ‘the set given in Frame k1, and’ your response for B
in Frame %1, A~ B = . \

0@ @ 0 () 0 (o

ha(a) Corrlct if your set B = {s, t} or (t, 8}.

lta(b)‘ ‘Correct, ir your agﬂ Ba={r, t} or {t, r}.

li2(c) Correct, if your set B = (r, 8) or (s, r).

3} If a=8, v =5 and the set B is chosen o0 that B = (o r, s, u, t)

“then for N(A ~ B) = 3, set A could be: ({Check one.)

- £} (a) A= {‘m,:\n, 0, Py Ty 85 Wy t} ‘ >
"0 (v) A=(s, w t, p, 9, T, m n}
O() A=1{qg r,5 5, u,mn)’

O@ A={(aq,r, s} ~ ~ i

43(a) Incorrect. B is not a subset of A.

43{c) Incorrect. B 1is a subset of A, but N(A) =

43(d) Incorrect. iq,:r, 8} has the number property 3, not 8.

6 . - .

’\)




L " X .
qf o s
! \
|#4 | Given R = {elm, oak, cedax} .. & o -
5 N 3 S = {cedar, elm,.oak}, . ~ ! i
- N ) 4 \ o . . ’ N . ‘ Y ‘:»!\
: %vn, 5 . -a-subset—of-—FR: — . is 3 ;
; '(18,‘ is ‘not) C s . ‘ . i
‘l\lb';'; .ReB8= . - 1 \ h "the empty set
R R I} oxr{})
“ 46| NR~S) = . o i 0
’ . . C . . .
47 | Hence 3~3=N | ) or . . _‘ A NR~ S); O
48| Given A= (s, c,d) and B={ ). o |
en, B ; \ ° a gubset of A, . o is : ol
y - . (is, is not) B o - \ N \
49 | Using sets A and B of Frame 48, :
A~B= BENLE '\“ . ) ‘ {a,c,d}
50| WA) =3, W)= and WMA-B)=_ . % 3 |
51| It follows that 3 -0=_ . = 3TN
‘\\
‘52 \I:t‘ R=1{x, t, v, y} and S = { }, then Re S= . (Check one.)
.0 r 0O (o) s, D) res
- ] 52(a) This is a correct response and is the most
economical way to express the set R ~ S.
X B » 3 ) »
4 .
52(b) This'is not a correct response. Retuxn to the
definition of ~ in Frame 24 and continue
v therefrqm. ‘ oo
\ \ \
52(c)  This is!a.correct response since =. means the *
A . same-set is named. However, 52{a) -is more \ \ :
desirable. ‘ \ ‘ )
' T0
?” r~
LIS K r
. a




N

53»: We observe from Frame 49 'bha.t A~{])= L
‘ and.:rrcmrrame52that R~{]= . I R

"‘

54 | If S is am' set whataoever , then :
- -t } - o - R

. ss | I follows that for any set S

N(S~{}) L B I ()

PO

» X .

56 | Ir N(A ~ B) = N(A). for suy set A. Then

-

Q) 3=0 D\(b‘);\hm (w] (e) n={) R

\ N |
. - . NEASER - - T
56(a) Incorrect. N(B) =0, but B=1{ }.
. N N ‘\ ) e w, . N - . . . N
o 56(b) . Incorrect. If an element is placed within the
* braces, we do not have the empty set.
" . N Y
56(c) Correct.
: s — \ ' ‘ ‘ o \1\\
© 57| Let Ma) = 5. Since 'Ma~ ( })=TN4), . . 2
- o | 4% follows that 5 - 0 =" . 5
\ 58 | Similarly, 3 - O'= . \ ‘ 3
59 | It  _1_1_ is any number, ther} n -0= . ‘ n

A

»
.

* 4
The foregoing definition of su‘btraction is given in terms of a set, a
subset of this set, and the remainder set. This definition of subtraction
Justifies the "take-away" method of subtracting b from & if b < a. "Two
© special cases considered vere (1) if a =b,_ then a - b =b.a=0

and‘(a) if »=0, ‘\then\§-‘b=a_o=‘a -




-

6"3 »

e

.{~

Secondfl)eﬁnition of Subtraction

In order to introduce a ,second deﬁnition of subtraction we will use

.6

the union ‘of disjointhsets in a manner\similar to that used in addition.

e

>

W

-

.

\53

v

Iet K = {boat, kite, ball, bat, doll}
J = {boa’t ball,. bat}
I:E‘ P denotes the reminder set, then

PeK~ds= .

J and P are \ since they have no
elements in common. ‘

A
\
by

. We hiso note that JUP = 3 .
\ L —_—

A
\ A

Similarly PUJ = .

If JWUP =K, it follovs that
JU(K“'J)= *

— e —

)
A

Since union is commutative

JLMK~J)=¥K{JNJ L

f J;.‘

{kite,doll)

dis:)e;int

[boat kite,l
pig do:;l}

- {boat,kite,
- ba’c d.oll]

)
R

"union of disjoint sets and wiggle are lnverse operations.

"

»

Fll ,

ali,\ \

One fact suggested by Frame 64 and Freme €5 is that the .operations of .

Another pair of

\ 1nverse operations*is sddition and subtraction of numbers.

Definition:

b~s
(]

Instead of using remainder sets we may defing subtraction as :E‘o lows.

Let N(A) =a, N(B)=>b, and N(C) = c. Then,
a-b=c if apd only if N(A) = N(BLC) with

) ,732

» ?

’
O
R N
.
b SN

‘e



RS
»
-

Tet P = (a, b, €, d,)," @ ={b, 4, €], p = m(P) and: q = N(Q) |
Then .p - q = N(R) where: (Check one.) °

~

67

. 68

69

Kl

' D) r=(x S \
o® -t .
0 () R={aL, q); o I

66(s)

| 666

_ 66(‘15‘)‘

A

This response is. cmrrec,t since Q and R -are
disjoint ‘and . N(QUR) b= N(P) e

This response is incorrect even 'though .
N(Q‘u R) =k, since Q and R are not disjoin\;.

This. response is. incorrect even though Q and R
are dis;joint, since N(Q UR) 5, not b

A

~ .

BUC =
‘N(BUC) =

~BUD‘~“’ {

In th:1§ and the following frames consider

A={¥*, + G,O,A}

\c={; 2

: ~D_{<>,*;

N(BUD) = _

O,al . W______

}\ o \ l i . ¥ \(O;O\,p:‘;*}i

T3 t ‘4
3

‘ 2 .



s

‘.y’

Using ‘the sets,of Freme 67, N(A) = ‘ (Cthk one.)

»

\‘;\
| 70(v) Incorrect. N(BUD) =4, since B and D are
v not disjoint. Note that N(B) + N(D) does
equal 5, however. . .
71(e) Incorregt. N(C\UD) =3 and N(A) = 5. ‘ e
. Rk ‘
Rl \ ’
. 72| Since A matches. BUUC, N(A)=N{_ ). NBUC)
N . \ N ' N
] - ) . '
Bl W) - )=Nc). . ~(B)
74 | Since A matches CUB, N(a) =N ). N(cUB)
75| If N(A) =5, N(B) =3, N(C) =2, and,B o
R . A ]
cand C are disjoint as in Frame 67, then
o 5-3=__ and o' %
5 - 2 = .. : 3
In this definition of subtraction we \sel‘ect sets A and B such that
N(A) =a =and N(B) =b (b <a). We choose another set C such that B
and C are disjoint and ,B\JC matches A. Then N(B\UC) = N(A). This .
is equivalent to fi number ¢ which if added to b gives a.
S 1
Y : . »
. 761 { } has no elements in common with the set B. ;
) Hence, () and B are disjoint ‘
> -
TlBUL)=_°* . : B
B/l B=( 1V . B ¢ '
{ \ \ ~

k. /

) MBUC) () WMUD) () meud)

»

-}:71(a) Correct, since B and D are disjoint akd
© N(B\LC) = 5. C




*y

. L] ) . 6 =
’ ‘% ‘ - ) } .“‘?"
78 : .. ) ‘ : L it’:ivr '
19 N(B) N({ N R - B ‘ v
R ‘: ; : o : \ ‘ ‘ : N ‘c'—??}?’
-80 ~It. now follows that = ‘ ‘ \ F IT . § S
| "‘ ‘ N(B) - N‘ =N - ). ~\ ) o By N(B \
1 NE) - N )) = X ) e T@:()
R : D s .
81 | A second conclusion is that o
N(B) - N(B) =N( ). ‘ | RI(EN
8."2 .Again we arrive at the conclusion that. “if n is !
" _any number, then \n - 0 = " and n - n = . n; O
6-k. Third __giinition of Subtracudn N | :
\ The thifd d.'e:t‘inition of subtractiorr is closely related %o the. definition w T
"_;just developed. In the second definition we sought. to find a ditjoin'b se‘b : o
with the appropriate number property. Instead of working with sets ve now Y
~ define subtraction in terms of addition as follows: .
X . . ‘
Definition: a - b™» ¢ if and only if a=Db+c.” \ T . )
. ) .
8315 -1=4 since 1 +4= . 5
84 | Since 5'- 3 = + 2. 3
R . ‘ '
& | 8- =3, fince 8 =5 + 3, ‘ 5 t
N \ . \\ ~ ,‘ N . » “ -1 ‘
86 | Since 9 =&+3, 9-6=_ . . ‘ 3 »
.87 | Since 15 =7 +8, then ,15- _* =8. - . "
88| 12=5+7=7+5. Hence 1285 - T .
* N arld. 12 - 7 = . \ N . R 5 N '\
o ’ N
/ h . .
‘ ‘ ” 4 * to
1
Qo
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: . . %, s N
. IS - ° . B ‘;‘{;q.
" . Lo RS oo . \
N .
N 89 | In working with vhole numbers 3 -5 = (Chﬁck oné.») ot . 5
N N LN N N R .

Ny & R . . - R . R L ) . K . LI N -

v . - - . ~ . . .
S0 0 “(?) é‘\‘* : O.(v) o~ . - (O (¢) not'possible Lo
e s 8 - ¥ ' \ . v .
S S R . o RN LY. § . - 1>
~i . . ~ » ¥
RS AN vy 2 S ,
S R . 89 8 Incor:gect , sinc:e 5 t2= '{ , hot 3 . L
NN . N . . Q\ . . N .. A
I ‘Q R -’\: . . . e
-1 . Ty Bt C W e R .
. \y . . s - N
-83(1:) 'I;xcorz_‘ec;t, sipce 5 + 0 5, > ”nqt 3.{ . . S N
) N N * . N . . o
- . < - ‘- 2 . SN . RS R N
) Q N - \‘\ . . L N
",, R ~ N ’ C . . S
K . ‘R N .
R 89(’&") Corsect, '.['here 't no-vhole number which ir ‘ S
w - : o \
- A N > - N
5 . . added ‘l'.o 5 giveg 3. ~ - ;,‘. . .
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‘ I ' CHAPTER 7

" ADDITION AND ‘SUBTRACTION TECHNIQUES

N »
-,

In this chapter we see the manner 1n which the propertiea of whole

~numbers are used in computatienal techniques of’ addition and su‘btraction. .

E There are no nev concepts 1ntroduced.

- *

‘1 6 +3 = ) ,;\"\ N . - ;
- T R
.2 Then, - 367+ 3 ma;y be written a8 ) »
(3)(16) +‘ +3 [ . . i e >
o e ! . ‘ .
3 .| Or, using aasociativity, as \ S
(3x10)+6+‘ L e
4 | pras (3x20)+" =39 . R

53| Write 236 in expanded notation: _ -

~

6| The sum- 236+ 3 sy e written as

| (2x100)+(3><10)+( +3) . :
] Th‘en, (2 X 100) & (3 X 10) + = 239 . i
8' - \9 _'_\5 = ; . . ‘ ~ ‘ ‘ \;\ ;‘

~ + N [

10 | Then, "6‘9\-+ 5 méy be written‘a“s‘ ST

- ‘(6 x 1@ + ( + 5) * | ‘ | . ‘
. . .. o i ’ N ' ." \
B 11 ‘59 "‘5 = (6% 10) o+ 2o o \ R
12 (5 x lO) e lh (6 X 10) + (1 X 10)‘ _
13| (6% 10) * (1 "X 10) + N may be written &5 " .
[(6 + 1) X e T i |
* \ L4 . » \, .- *» :
‘ b, I(G +“1)‘X 10]~+~h.~=:{. X 10) + h, .
;\‘ t‘. \\\ . toy * v ~:‘
15 Finelly, 70 + h = S . S ;
¢ S m
A N . ‘ . “ ‘
LA ' - =T

9 Furthemo?‘e', 1 = (1‘«?(-‘10»)\_,; o
N\ N A——

X X,

W

LY



e
A

. a7

"To find the sum of b and > we could‘writ‘e\‘;

- :.\‘[(h X 10) +(~ N+ (h + 5) o .a

A

v
3

a8

p}

(s % 10) +

]*[( 25+5]-

‘ ~'1‘hen, by using comnuta:bivi‘hy and assoc:lativity,

this becomes.

A

[(lkxlo)+(2x10)]+(h+5) may be

wit&anras
N 1};!-2)><10)‘+_____.

~

hh + 25 = ( X 10) +9 ~
. . - - —_T—- ‘ » . »
To add 38 and \hé,\ -write ’
[(3x20)+8+[( ")+ 1.,
Then, rewrite this as °
[(3 x 10) + (4 x 10)] + ( ¥ ) =
(3 x 10) + ‘(y.x‘mn .
This may be writ"‘ten as’ ¢
[(3+h)xl‘0]+{( nxlO)-»-h]
\Or as 1;‘;

[(3+1;+1)><10]+ _ . “~
Trus,” 38+ 46 =

= * .
——

Find th-e sum of . 276 and 398 by wri‘ls‘lng

276. as  (2°X )+(7>< )+6
and 398 - as ( X 100) + ( ¥ 10) >
Then, 276 + 398 = (2 X 100) + (T x___ ) +

(3‘>< 100) + (

*
*

g
Using the propert:!es of whole nurgbers , the -

above becomes -
[e+3)x 1 +0(7T+9)x___ )+,
¥ : A ) 78} '
i“’ ~

\ . o
}; ‘ . . : L A e

___‘__x 10) + (6‘\ + 8)-

»

"4

?

{(d x 10) + 6

8+ 6

1h



-

28y It now :t‘ollows that 276 + 398 =
.(5x100)+(16><10)+( x10)+h

29}, This becomes
“ (5X1OO)+[(16+1)xlo]+h.
(5><100)+( xlo)+h

- 30 This nov is rewritteh as
- (5:%100) + [(X0 +7) X0} + 4 = _
menﬂux _ )+ (7%x10)] + 4.
— S
‘3"1 Henge,. 276 + 39’8 = )
[( ‘+~ )xloo]+(7><10)+h.-..67h

32" '.['he sum o:t‘ 276 and 398 eould be written as

. i . ) ‘ ‘ o+ 328 R ‘;
| And :m add:l.ng, the sum oi} 8 and 6 18 >

or T and h
w

~ . ’ x

33 .Add the I ten “to (7 +9) t’ena whj,eh gives
1T 'Bens ar (3.0 + ) tens. B
* o3y 10 tens is the seme as \hundred.‘
35 Add the 1 hundred 3to {2 + 3) hundreds = .
% which gives 6 hundreds. LT
'; Hence, S 276 . LT N .
i + 398  will give ¥he sim .

\

. \ : .

. ? 36 ".1?0 :fi;gd the difference 57 - 22
write 57 -.22 as (50 + 7) - (20 + )

< =, (50-2) +(7-___Y
= 30 +5
) * = 35 '
R .
& .
.= . . hd
, R . . é‘ - 't "Es‘.\’ -

*" B ee
N R % L .

\
-

1 .
17
100
(5 +1)
Y \
- ten or 10
7.
N 1\‘*
674 . .
2
{
2.
S
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37

38

39

Lo

-
\
*
-
v
-
PR
N
>

| 1t follows that 57 - 22= - "+ _

e
Writing 57 - 22 1in vertical form as )
‘ 50 + 7 “

.subtract 20 + 2

y - = N “ N
N ’ . * 'i
Consider the differgnce 52 4427 .
Write 52 as’ +2 o )

.and 27 as 20+7. .

" In order to subtract 20 + 7 from 50 +2,
150 +2 may be written as O + w2,

{

Now . W+l +2

subtract 20 + 7
glves + +2 = 25 .
» ———— A
* »
a - m
»
' -
- N—
= - »
v N .
' .
~
™
. ~
LY Y
E » L4 N
L - ) N v -
LN
~ A
- 3 *
N N
- [NEY
» .
4 M * o~
» \\’
L ] Al
A .
. o * .
i \ y h S :
* *
&)
-
.
» ) b
N A -
- - &
e 87 ~
L]
q Yy
. ? N - ’\'{' . - 1 Y * .?
v R
N . . .

30 +5
' 35 @
’\\

20

10

L X4

\‘



-

- - . CHAPIER 8 -

: % . PROPERTIES OF WHOLE NUMBERS
s B . UNDER THE OPERATION WLTIPLIGA'EFON
8-1. @dition (Review) \
e
_ We have 1earned ‘that dition is a bi:nary operation on whole numbera.
- For any two, whole rmmbers the operation of add.ition, defined in terms of the
union of d.is.joint sets, resulis in another whole number. R
A If B and C denote sets, then the w of ‘I union - e
vﬁ and, C has as it8 elements those eleménts Y ‘
which belong ;t,o "B or to_ c or to both B W v
and ci 3 * . A ‘.‘) > o ) .
» Coow c :
2 [ since diajoint sets’ eontain no elements in common, ‘ N
~their ‘union contains -all o:f tl‘ie :En‘each ] _elements
of th:e Beta. ‘ t : \
*.V :~,3 Tl{e number propéerty of T . ‘ B | .
\\‘ N ? N a -~ R - . a N :‘i - A
e A SV 'B = {Jane, George, Bob, Bill} = , : S C.
1 N . » N t N . - Y .
oY R o . R o . N ." ) N
R ig S ‘ )\ . b or four
AT A rnumeral for the nnmber property of R o 1 ‘ N
v IJ - {Ellen, Ann, Al‘ner‘h] . Y
’ . ‘\ » - e A - . ,&‘ ¥ ' \
is ! CTE \ S 3 or three
\ s np— \ N N . s kY S . . %‘ . N ” 4} . ‘
.5 For the sets of Frames .3 and 4, T, ) N e T » .\
. ~a. B)Uc - . a . . ﬁ K1 . {Jane’mlen’ S v
¥ oL - .. & * 0. : * Ann,Albert,Bob,
. o S N SR Billl ,Gegrge}
v 6 The number property of Bl C is . -} sevenor 7,.
7.1 N(B) = " o A ‘ four or 4
r ' . A : - S e -
N(C) = o , | thee or3 .
R . — ., ? L g - - * [
b “ NBWC) = . " L ’ sevenor 7
5 : : . | a——-——‘ . ) R ;. .
N . . . a\'.
N \ - R ’J . —
. : 88 - \

b e T



NN oo v - ~ . ~ v - *

g i .
8 Since B and C have no elements in common, \ ’
then B and C are - gets. ‘ - disjoint
~ Y . -
RN \ : -
. 8-2. 'The Operation Mtiplicaﬁ:ion \ ' . - "
~ »
- . m:l.tiplication msx..bg_iqﬂ,ggd in terms of the ‘union of d:ls,joint ‘ i
. matching sets. ., - . o . *
\ : .. . ~ . .
S 9 Given three ﬂiajoint sets of trees to be planted L
.o . B on the school ground' o L. . - .
P = {elm, oak, birch, hiskory] ; _ ‘ C
P . . ' .
ro \ ° B =\(plum, ap;ple, pear, peach)
§ : » C= {lgackberry, maple, -chestnut, willow} '
| The total number of trees may be found by . ‘ :
: counting. E['he‘muiber of trees is . N 1 >
:‘ ) 10 | By one-to-one comapondence between the elementé \
' \ we find that A . B.o™ X : - matches
11 | Likewise,. B matches ‘C,~ and by the transitive o
N [oroperty A wmatches - - . \ L A
. . R Y. .
N > i - . ) N ) ¥ .
"? 127 Since A, B and C are matching sets, then they ,
%1 all have the seme . property. numbexr’ .
- - . ’ . . \ i kI ~ N . -
13 | NA). = N(B)-=N(C) = . . \ : 4 or four
: p \ ———
14 | Addition and the associative propert.y\ may be used
LI o to find the number of trees in Frame 12, Hence, )
LI (h‘+h)+h=.8-r-h=* EPRIC N 12 . .
®. s Ny _— o . .
. 15 | The total number of trees in® A, B and C is the { o
. # of (A‘\J B)UC, | T ; ftmmber property
16 | N (AU B)U C) =N ) + N(C) =12, ‘ AUB
N Y . ’,, ? N “., . n
/ " ‘ N Y ‘.~ } . . ) . L} L .
\ .. . N [N * ° ‘ N
h ] > . e .
» . . A ~ . R * N M -
. a‘\ . . “ - . -
; - 7 3 h , » 82 w . T ’
\ 8‘9* . . L
v - h N a . L]
s ~», N T &




ot

.

1? The trees mpy be arrangfd in a rectangular array

»] ~
X, :c x X
x x x :x
. X X X X
'
\ The above array illustrates the number sentence
3 XY = . = J‘
F - S . ‘\‘ »

18 Ar:range “the treas in a rectangular array of b
: :rows with 3 trees in each row‘ \

-* - - . *
i : ‘ ¥ . ’

: - - ‘ . :
. \ B I
*.b
. N
) ) L ] * ’ N
54 | The above array fillustrates the number sentence
1 3+3+3+3=fbx =12,
; a N . : s i

*

_ 19 | Given the numbexrs 2 and 5. Exhibita 2 by 5
\ rectangular\ a:i'ray of pi:}ects guch that there are
a o N »

2 rows and D columns. : . v
q
A Y ' ~
b}
. .
N
- P -
.
N L]
~ PO \‘ a . T
-) . A
) . ‘ ¥ ou

¥
The array illustrates the number sentence .
Q‘x N .

)( Yowm 10 i ) N
. T il T ' . S ’ At
B
- . R
* - -
3 S
- - L]
- *
- v A
- 83 . “
b » »
-
\ S 90
” * » .
1 . ~ . - w*

of 3 vrows with & ttrees in each row as follovs:

1Y

2%x5 =10
~ o
1

-~

x -



P

=8

)

. . S
Lo - “
. . 3

The = of ob.jccta in the rectangula.r array
of Frame 19 is. represented »y (2 x 5) The
number o:E‘ (2 x5) is callad the product of the ‘

R
»
M 1Y

\factore 2 and 5. RN . s ~.’.~
R O . .

‘w

Arrange ten ob,jects 1n a rectangular az;ray of
5 TOWB w:lth 2 ob,jects in each row.

)

‘,ss’

N

fThe array illustrates the m)mber Sentence
X =10. . /\ \

Since the number of ob,jects in the rectangular

arsay o:E‘ Frame’ 19 is the same as the numbex of
ob,jecte in the rectangular e,rray of Frame 21,
it follovs that X = X .3

~ - e

- Let m and n denote whole numbers. The %otal
number of objeets in a rectangular a(ray of
m Tows and’ n columns is denoted by -

[ X ). The number {m X n) is called

the Eroduct of the factors m and n. |
T YN . .
\{Ehe total number of objects ln a rectangular array

oi‘ n _rows and m columns is denoted by the
rp,roduct {_ x ) of the factors n.and-m. -

- : ) *

. Since the number property for the total set of .
objects.in the rectangular arrays for Frames 23 |
and 24 is the same, mXn =nXm and,the

- vhole ‘numbers‘\are _ unden the operation of

nmltiplication. ‘ : . ' . .

Y .
» R . -
. ad
N .

s ]

- * * »
N N *
N . N N
- . v
N .  e— H
F »
X - N
+ . . ' d
. .
R}
. N
»
» »
N
*
» »
S . R
£l - »
-8 . i .

;A

5X%2=10  '°

Y
w» A
- . .
: %
\3" \‘
.
F * o
kxx S
1 x
% ixx
X X
A
xXx .

EX‘j 5)(2

e
»

. commutative
‘ LR



26.| Ifh p and q are any vhole numbers , then the
1 product (p X q) can be expressed as & p by
q \\rectengt\lar arrey of objects. The number

proi)e:z;ty\ofgthe P by q array of objects is \ . ‘ .

itself a __ Y number . ‘ o _ whole ‘
T . B ) . . R . A R v 7

\ e : . :

27" | Since the produ¢t of two whole numbers is a

whole number, that is, a member of the set of
SRR f

‘whole numbers, the set of whole numbers is

under the operation of multiplication. . closed N

\.. v o
In this\ sub-program the idea that multiplication of two whole numf»ers is '
basic'elly the union, of disjoint sets, each with the same number ;property, has \
f been considered.\ The product X'5) of the factors 3 eand 5 may be " )
“ associated with the sum [(5 VI?S + 5] and also may be thought af ‘ag the R
“number property of a rectangular array of three rows with Tive ob,jects in

each \rov. The 3 by 5 array is the set.of objects in .
i »
- 2 X X X X X
. dIx x X XX

w . A

© . and fllustrates the number sentence 3 X5 = 15, .

The preeeding is a method of associating a single whole number with the
product {(m'x n) of two whole numbers m and n. Hence, the operation of
multiplication is defined for any two whmle rnumbers. The set of whole » '
numbexrs is closed under the operation of multiplication. Since m Xn=nXm

. for any- vwhole numbers m and n, the operation of multiplieation is . ‘ e
“ commutetive‘

-

“3*,\;8-3‘- The Associative Property under Multiplication .

e .. Recall that the set of whole numbers has the associative property with
IR \‘respect to addition. Now the associative pro;pe:&y o:t‘ the wholé numbers with
‘ respect to mltiplication will be considered. : !




et s g e Ty

28

—_- X =24,

3 N Re——— A

Conaider the product 3 xhxa, ‘The e:tpression
"(3x4) X2 means that the product - .
is to be considered :t‘irst , ‘then, thi! p:roduct :Ls
o he multiplied by 2.

N\

Since ‘the operation of multiplication is
~for whole numbers , ‘the product of any two whole

In Freme 28, if. (3 x 1&) is replaced by 12,
then the product (3 x &) x 2 _becomes

i numbers ig a whole m::mber.\ )

e 0

.
-

If the product 3 X h X 2 .is considered as

3 X (h\x 2), one obtains -X = 24,

. | For the product 3~)< 4 X2 we may write
(3xs) x2=

x( X

)B. N )

Consider f£he/product 2 X 5 X 3.

(2x5)x3__ ' - equal to 2X (5%3).
- (ig, is noi;) ’

Thé'prod\ict in Frame 33 and its solution is an
illustration of the. ‘
' multiplicatim:i.

 property under

Given the three whole numbers 8, 4, 5.

Then, 8 X 4 X5 = (8 x &) X
= X
Ad, Bx4x5=__ x( x )
) = X
Co= - * . IS
Hence, (Bxh)X5=8x(bx5).

) . Al .

. . o
- :—‘/\\/

- -

.

" closed,

12x2

. 3x8

is

assoclative

>

(B\x L) x5

32 X5
160

8 x 20

160

(3 x4)

»

~

. 7
1 8x(k x5)

»

\ 3 X (5X2)=21l»



»
v .

35\ Let a, b, ¢ denote any tr‘iyle of iwhole numbeféj e
- Write the associative property unde‘r malti-
" | plication. 3 ‘ \ o
N T . ‘ - R L \\ . ‘ R
~ N .

»

-

A{Thile stat.ement
'is true for all
whole numbérs
?: b: ‘C‘)\

* \/ .

iQXb )xc# ax{bxc) |

-

'I'he preceding aub-program presented 'the aasociatize property of the set

of whole numbers under the operation of multiplication.

corresponds to the aaaociative propb(ty of addi'tion developed eaylier. A
formal statement of the asaociatiw)‘ property is as follows: .

If a , b and ¢ are any three whole numbers y
then ‘(a X b) X ¢ = a X {b x ¢).

;e-i;: |

a—

Rearrangement Using Conmutati\dty and Associativity

This prop?rty -

pt

AR Y

" The whole numbers are both co@n:t.ative and. associative with res;pect to

mltip"lication. Now consider using the commutative and assocliative properties

in combination mith each othe:r in the rearrangement of the :E‘aetora of a

product. - . o ‘ ‘ . .

If 7 and b
then by

37 C.ons.’gder the product 7% b x 5.
| are associated together as (7 x &),
the commutative property uhder multiplication

we may write-
. Txhkx5=(7TXxXk4)x5
L 4 ) »
’ 3y -
={ X )x5
. LR ) »
= X ) K . -\

38 | The use of the commutative property in.a series of
factors enables us 10 resrrange ihi, factors.
| Arother rearrangement of thé three factorS™n
Frame 37 is )

YT XL x5 =7 x (B x5)
. =, )(‘( X )
. = X X

&
3
“

a0

(d x7) x5
bx7Tx5



use of the, &nmutati’ve property.

.2 X3X5ﬂ _‘s N .
)ﬁ i B -
2xhx3x5 : o

——————

2x3 x4 X5

.

hx§x2x5'

i

@
>
N »
’

1‘

\ . ,
By the use of the commutative and the assocmtive properties of multipﬁ\
capion, it is possible to :rearrange a set of factors in many d.ifferent ways.
');

1Y
s .

1S -

85 The Roles of 1 and O in Multiplication

The number 1- plays, with resmégt to mul‘tiplication, ‘a role analogous

to that played*by O with respect to addition.

~

* ¥ NN (W

A

t

PLad

’tO [x_—;?_i'—x' This array represents the

- numbef gentence . .

This array represents ‘t.he number

7 ' sentence .

*

o

42 |/Since the number of elements in each of the above
arrays is the same, namely four, r number
sentence is written as ..

1xh=_ X . B

43 | The number of objects ina 1 by n array
the same as the number of objects

{is, isnot\)
inan n by 1 ‘array. I{énce, _
1Xn=nX1l=n for any whole number 'n.

N

by
A,
1x£fh
i!‘
b x1 =4
,'3
® ‘\“‘;
. " oo
3 L]
<
\~;\
3 N \\
b X1
”
Lis” r
vy \
A
r *
\.

. Y
In the get of whole numbers the number O,
the identity element for addition, also h

“respect to multiplication.’ N

3

A

be31des playing the role of
a rather special properby with.



[FESIN

‘ . -
© bk The set oi’ elements in a 0 by 5 arra\;/ . SO .
(18, iS not) N “ - ! - \\ LI ‘ Ny N
- . B . t v o . . ‘ . i ~' . 'S \ N
kg Héﬁce'; 0x%5 = . I
. . . \ NN \\ . o o s ) —_ \ .
46" !Ehe set o:t‘ elements in a: 5 by 0  array is: o Y empty
K . LN B N y L 1 .
1}7; Hence, 5)(0‘: "_e .." " “\ 0 -
. : . . “ \ J ‘ : . 5 g ‘» . -
Mloxs - 5 X 0. N -
” . 3 . \ \ \:J' \
49 ] 0xn=0 for any whole number .. S R . no
50‘\ o X 0= for anLY ﬁhole fumber “n. - R 0, ,
NS A b_\ * R : . \ . . \":‘{
51 Thug, for any’ yhole nmnber n, W : .
nX0=0Xns= T T v
. -/ Bk -
\ 52\~ *The identity el&m;nt or multiplication in thg set o»f whole . o
: s numbers is the number . . AN . f :
' L . : \“ ’ 1 N ¥ . *
'\D(a) o D‘b')l\ 0 L
- * - . »t ' N
‘ 52(a) “Incorr .0 is the identity element‘\t‘or ; 1
of’ addition in the set of* whole numbers, but is no'l;
* tl? 1dent:lty, alement for multipitcation. ‘
s2(o)™ Corre sinte"l Xn=n.X1= n for any whole . ~
" b ) ‘ N
A m)mber n. R - ) e . " Y
1. 52‘({:)j Incorrect. See 52(b). o .
: ) 0
» » T oW . .
8-6. The Distributive Propefﬁi \ o . " . ;

/

We have seen that multiplication may be described as repeated addition.
3 % 7 ot 7 + T = 21, Apother impm*tant property that links

" For example,
the two operatioons addi‘blon and nmltiplication is the distributive prope

of multiplicatibn over addition. - > C e .
‘ -’ » M h \ - . N \& * A - \’j .‘
3y . . . . ~
o~ . - .
. /
. - 89" 9
* - * 6 ~ ¥
* e a ) ~
- i . : et - - ) N RN ‘ -

rw:
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o

i

over additlon .

<
% X Thi.s array repre-sents t\he

x A x x o prf:duct\_( X ).

X X X x ‘ ‘ S

. ,;.’

This array represents’
the product

-
.

-
X ox o x x X
» 1]

A}
v X X X X'X

X X x X

The following array represents “the . product
% X (u =+ 5).

X X X x_gx X X X X .
X "X X X | X X' x x
X X ?.( XLX X X 3( X
‘@(3xh)+(3x5) 12+ =7 .
3')‘<(h+5)=3x" - . e
(3 x k) +(3x5). 3% (b +5)

, =) R - }
(Tx5)+ (T x2ys_* 4 =§-. | .
7x{5 +2) = %  =h9. SO
7% (5 + 2) (1x5) + (1 x2).-

=, *

~\‘ ) R ) -
Frames 53 - 6_1,“suggest that

ax(b+e)=(axv)+( _x )

for any three whole numpers a, b, c.
The sentence

. ax(b+c)\-.(a‘xb)+(a>(c)

is called the ai stributive Ergpertl of multiplication

13 »

» 3 ‘
N
15;
9. 27
35 + 1k
TXT
(a X c)
‘ ‘\

*



’ - 3
‘ )'. ! N * » *
. | \ 8
2 * :
\_\ é\m .’ N “‘ . .+ N N N DY ’d
~In this chapter we have considered the binary operation of multipli-— ‘
catj.on and its properties. These proﬁertie.s may be smmnarized as foll-ows.
» (1) For any whole numbers a and b, a X b*= n, .
' where n''is & whqle number. o (closure) - ;
(2) For any whole numbers a and b, \ - ‘
axXh Sb'Xa.- L (conmutatiﬁity)
(3) For any whole mnnbers a, b and ¢, - ‘ . -
(axb)xc=a ‘% (b x ¢). T (essociativity)
(4) There is ei\uniqué whole number 1 such that , ! \
nX1ls=1Xn=n for eny whole number ‘n. . (identity element)
» . hd o Y
(5) For any whole number n, N . ' N
nX0=0Xn-=0. ) (m@ltipncauon
VoL . \ property of 0)
(6) For any whole numbers &, b and ¢, : .
ax(b+c)= (axDd)+ (axec) . (dist;'ibutivity)
- ; .
. ~
? ! » _c A
n“ \
. \
» ¥
R . R ) .
[ = » * \
N\ .
’
91 :



.  CHAPTER 9

'DIVISION

9-1. Division of Whole Numbers

“In the pret:eding ehapter a. rectangular array of a Trows with b members o
Ain each row was used as a physical model for the produc:t (a x b). From this ‘
and other modelé the propert‘.ies of ,multiplication for whole nurnbers were
developed. The whole numbers under multiplication have the properties of- )
closure , commutativity and assocn.ativi‘ty , and multiplication is distributive
over addition. .Also s the numbers 1 'and O .were found to have spemal‘
properties,’ t\hati is . ‘ . Yy \

. - : Al N L

. = lxXa=a Oxa=0 - '

. aXl 0

1]

1

axo0

a

»
Division, thg subject of this chap‘l;er, is related to multiplication in '
much the same way that subtraction is related to addition. First, we review
multiplication as modeled by arrays and then, using the same model develop

divisidn.

»

N 8

The array 3 . hd
Lix. x x ‘
. X X X v '
. * X x X b
X % X - ,
jllustrates the number senten::e\ b x3 = R 12 ’
The array ‘ 4 . - J )
‘ 3 x; X X X & . -
‘ ' X X X X
_ X X X X 4 d .
illustrates the number sentence.. __. x b =12, T 3 .
' The array N .o = . . !
S e l® x x X x .
* X X X X X N -
- v :
jllustrates the number sentence 2 X = 10, 5

i

1 ” s
1

'93




' 1!;: . Draw an array which | ] B
e § :lllustrgtes thg number ‘ . I . ’
S §' Bentence 3 X2 =6. b . ‘ o .
. § RV - f} ‘ - - 1 X
. H S . . .. -\ ‘ i .
> “‘ 5.1 .Draw an axray w;hich o h B . 13
| illpstrates "the number ‘ v "2lxxx
‘ . ‘ | sentence 2 X 3\ = : . ‘\ \ ! xxx
\ - N ™ ‘ -
R J ‘
. \ X ;
: . Y . -~
\ It should be observed that a notational convention has been adopted in
writing these ‘Arrayé If the arrays do not agree exactly with the form of
the array as given in the responses to Frames 4 - 5, the reader should \2
“ .. réview the chapter on multiplication (Chapter 8). The manner of writi:;\g )
B these arrays plays an important role in the d‘ésrelopment o} divi sion. ~
Dl BT on T Ay be aeacrIbeq as :t‘inding the unknown factor in a multipli- T
cation problem vhen the product and one factor are known. ‘ : .
. . , .
6| 1r 8 and Db. are known w_l;oie numbers, then .
al 2 +Db=n, read "a divided by b equals pn,"
) fsa | » sentence which seys the same thing - \ number o
as a = b X n. - — S ‘ '
. \ ) ‘ 1 ‘ v
.7 | Accoxdingly, if b £0, divisionof a by b S .
) . may be defined as :t‘ollows:‘ a+bxn if and ' .
\ only if + The number n is called the: a=bXxn .
. A g‘ uotient: . . .
i 8 12: 3=~ sing:;e 12 = 3 x 4, v ) L
» 9 Since 12 = l& X3, 12 + b = ", ) ' 3 )
£ - ) ) . N . .
N .
< " »
\ | ’ ) *
I's ' . -




* L » b Q‘ . “ ~ .
ot t
10 | In terms of an array, the number sentence '{'%’i \ -
. s e o \
1253 = L ‘,14\
. B :
N . * \i . v .
. - 31 x ‘- .
- : . '
x 4 '
- . Ry
b
> N ~ . - >
g while the number sentence 12 + Ut =3 1is ~ T
¢s | represented by . ‘&\\ Ce - b‘.f’ v R
» ’ v "
.~ * y 43
L I T "
’ ' ~hpxxx
N XX X
v " XXX
t h )
. . ,. XXX
- ’ -
. .
. . » Y -
. ‘ N . ~ *, '“
11 | Since 20 =5 X L4, 20+ % = b, »)
12 | Since 20 =4 x5, 20% = 5. b
N \ , *
13- \Arraqge the elements of (%,x,x,x,x,x} into .
an array which illustrates 6 + 2 = 3!
. LY 3
. . e 2lxxx
. X X X
. ‘e w . . ~
* 14
» AS
. —_
. . N 'y
- ‘ )
. % v .
o , 1 0 \ '
ERIC * 01 ¢ A
\ s ' 7




\h. . . LTS

-

Your attention 13 called to the order indicated in these ai'rays a8 used

L

:E‘o:r d.ivis:loﬁ. The ord.e s -of utmost importance and mus‘t be presarved. Be'
. sure tpat your answers :&?ee exact]y with those given in the ;prog{am before:
v éopt;r{uing. ‘ " ' \ a ‘v ? ; : v

~ 14 | Arrange the elements of ‘ . '
' (x,%,%,%,%,%,%,%x} into - - ]“h -
' an a.rray which 111uatrat§§ - 2l x xx x
. 8+22 het , Cjxxxx
R 15 Arraﬁgé the elements of , ; ' .
S o [x,%,%,X,%,%,%x3x}  into . . v .
. \‘an array which illuatrates - . '
BRSO 2, . -
. . » . C -
- : . ) . ‘ )
. . - ¢ h ) i
16 | ‘Consider S = {x,\x,x@c,x,x,x‘} + Wpich of the following is an array
. to illustrate N(S) + -
. o _ '

M Of(a) ¥ 0 () y

) ) x x x°
T X X X S

. N .
. 0O® Tx =~ - (a) none of these S
e N ' R L
L - Ix N .. . < \ -
16(a) Incorrect: This is an array, w illustrates
‘ 9 +3, not 7+3.\N(‘S)=7- : T
) ‘1\6(’0)' Incorrect. This is an array, ibut it illustrates
. . 51-3, not ?-}3.~N(§)=7. ,
. K 16(c). Incorrect. This is ngt an array. (See C;aptef 8.) 4N
16(d) Correct. A . ‘
2 - -
N : N v \
o ] 1 92 1 96 ’ ) ‘ )

)

“

.
&



20

B ' :?‘8 (3 X?).‘l" ~ . X . T 1

» : . .\
. .\ . “

|+ In Frams 1§ ve congidered several possibilities for L ng to -
represent T + 3, mnone of which worked. Which of the following
explains wl;yf"? +.3 ' cannot be illustrgted by a rectangular arrdy?

a) I don?t know. - ? ) *
0 (=) on™

- N LN

3
»

D (c) The se'l; of vhole numbers is not closed under the
R oper&tion of division. )

D (b) 3Ixn i‘ T for a.ny whole number . : v

17(a) This possibly is correct, but we yant a better ,
ansver than this.

*

17(b) . Thia response is correlc;t. ~17‘(‘c) also 1s correct.

A ]

17(c) This response 13 correct. 17(b) also is correct,

N

b}
" Instead of looking for a number n sﬁeh that

T=3Xn, wve consider the number sentence

A LI

- . Y

SNV . s
In the number sentence T ='(3 X 2) +1, the

pumber 1 is called the remainder.

N > 3
- . >

We now illustrate the divisipn 7 +3 by tfge .
arrarggement ’

A L)

.
¥ »
-
X X ’ v : N -
’ .

X X * .
F »

This is & rectangular array of three rows? v&t‘h

S

of 2 .end & remainder .of 1. N

@

*

pumber 2 - is called the g , and f.he\' . | quotiens

" two elements in each row indicating a ‘  quotient

»



@

e

The follcwi);xg five frames consist of various arrangementa. + In each frame,
. complete the number sentence or write the corﬁeaponding nimber 5entence , 88

appropriate. o . " e ,
* \
N . }' .
4 "; . - LY
: ' ‘ ' lw !
N \ -
22 . . v \ \ i 1
C . a X-x Xx xv‘\x o ’ ‘ b / )
r N -~ x \x . R
R - l x,x X X X . . v, o
12 = (2 X ) + Y - 12=(2x5)+ 2
\‘\ \ :‘.? .
23 —
1. — \ .. -1,
" x
: X - ' B
X X X N A )
. . x
- X X & \\ 4 -
‘ ) +3. . 23 =(4x5)+3
N N ) R N >
. L
=% . N C
X X X X .
. X X X X 'S x \ -
X X X x° v X -
. X X X 2 :
\' Ay
X X X X >
- o0 W
’ = ( ) + . 23=(5%u)+3
A Y \ - N i
.23 X X X X% X ) ’ .
X X X X . *
. N = ( X ) + . ‘ * 10= (2)( 5)"‘ 0
. A - \ - - \
‘ . 98 \ - >
. . 1 04 ’
. R ot
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Arrangements help us to visualize the number sentences. \ /n “the next fow

frames » try to complete the Bentencea without drawing the, a rangement.e.

’ »

26

o7

. o8|

l’a\ .29

. I'f»ue conbider the. two. number sentences 19 = - (6 x 3) 41 and .

one a,nd say that it is i

33

-8 * R N (YN /’*
: * T e 4 o
N 17 =, (5 ‘x 3) + : W . . \“:N- T . 2 . »
) ! . ‘\‘ ‘ . ‘ . /, o ' .
Belox s S 5
x N * ’
13 ( x 2) + l' ) 'S f‘ 6

. . . N N . .
> L “ :
. - .
N - b -
.

w=(nx P )+m,, 3

~ NN . ~ - N ‘
=s(3x_ v )+o0, . : ‘ , 13 -
. _—— . . ~ ‘

5= (8x Jes. 7 " o

-t ) P *

hox . )+ . , boo 1§ X 0) + b

¥ ] ¥ . [ ¥
[ - ¥ N

NN -

(6 X 1) +13, Yo oth of which are true, we find that we prefer the first

“best form" according to common practice.’
&8 - .

— )

>

In e"prpblem 4f division such as 19 + 6,° we say that the senterfe

is in best :E‘qrxn if the remainder is

w - » . R

O (e) = whole puaber less than.‘the divisor 6.

AY

o N 2N N
0O (b) ‘any whole number.

33(&) This is correct) .since in considerlng an atrangement N
the remainde? cannot be ai stributed into another .
column in the rectangular Array-of: the arrangement. .

- » - -

33(b) This is ineorrect, as it gives to basis for
determining "pest :t‘orm at,all.

N

EW )
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e
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Which of. the following number sentences is i;'the best form?. . « °
O () 19=(6x3)+1 ) o
g\ Q (v) 19 (6x25+7. N
-0 te)- 19-—(6xk)-5 i , o

36

37

\

A
A
1

x » e Y N .

3&(&) ThlS is in the best form since in the number
g) +r, r

A} ¢ = is less than the divisor d. Thus, f T e
\ 9 =(6x3)+1 "is 1n best form since 1 < 6.

‘.
A sentence n = (d X the remainder r

reg

32 |

: ?
3h(b) The sentgnce is true, but the’ remsinder is' not °
B leas than 6, hence it 1s not in the best form, .
T 3L(c) ‘The sentence 1s true, but this senteénce ' cannot
"~ be represented by an arrangemenﬁg an implied
- . . ' condition for best form. : -
— T \
- &
- — . - 1 FY
The number.'sentence...15 = (5 X 3) * O RaY-Bommn frommmmm e
B - - 1Y
vritten more simply as 15 = ( X ). T (5 x 3)
. ) a to M \ ) !
L . ’ -~ i ’
The number sentence 9 = (9 X 1) + 0 'may ve ° .
written as 9 = { X ) - (o x1)
v .. . \ LI ¥
Singe O (is the addftive’identity element in the
set of whole numbers, the nwmber sentence L. .
= {d X q) + 0’ may be written as ‘ \ .
“ ? r
n=( X ). . oo o= (d % q)
N
» '. ’ , .
From the above frames we contlude that if the
remainder is 0, it ve . \ need h9£
N (mus* need not) .
written in the number senkence. . SRS
- ) w

N
] R

Zero,ls7a very special numner, ahd one must be | very careful in using 1t.

Ve have just observed that if the remainder is zerc we need not wribve it.

In the follow1ng frames, we point out other relationships involving zero.

-

*6



» S » :
N ] - » N
k) -
39 {-If n'f o, ‘then n + n = " dince n=nXx1l. ° . 1.
Lo S . R \ \ "
40 | This*illustrates the mathematical fact that-any * N
) nonzero number divided by itself yields a ‘ ¢ .
of 1 (the identity of multiplicstion). quotient
41 | Therefore, 5: 5 =\; - -‘ . v ‘: ) . 1 ‘\ .
42 | Sipce m=1Xn, n s L's . . n’
43 | Iri particular 7 + 1‘.-- " . ) ; T

»

‘),.l; In words the preceding two frames state tHat any
_whole number n divided by 1 gives as a .3
- | aquotient the number "a . ¥ n

45 | If m £ 0, ‘then O+n= _ since 0=nXxO0. )
) X Ll —— * ‘,- »

~

»
- *

46 | Frame hf. 111ustrates a fact with which many

‘e

students have, trouble , that is, if zero is . 2’
divided by any " number, the gquotient is . " nonzero
' | zero. o - . . /
s 47 | For example, &0 5 = . ) o, .
N . —
- 4 -
48 | Which of the following number, sentences are true? \ : <
S 2)70:0X%x0 . . ‘ .
~ 8 N .
(bp) 0=0x1. N

A ,’J ' . : ) 0 ‘
(¢c) 0=0xn, vhere n 1is any whole number, \ .

* -
c e .
‘/ * A - hE

1t

. Each is trug. ‘Thes\e number sentences illustrate the
fact that O + 0 1is an subiguous symbol. If there

? f were a unigue number ¢ such that 0 + 0 = ¢, the}x

| 0=0Xc would be true only for this particular . ¢

number c. But 48(c) shows us that 0 =0 Xn ilor

any whole numbe’ n,, 6 and not fox Jjust one particular~ )

-

one. *

‘101 10? T .
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49 | Wnich of fthe :tfollowiné numbe;:&s‘ent?}eé are true?

SO 7 +,‘9‘:=0":\ SRR
. D(b)"i»}\o-ei‘
Q (e) '7 +0=7 . )
‘1 0@ 7+0 is undefined

D; (e) ‘none of the above

»

49(a) This i‘espense 18 incorrect since T # 0 X O0.
v ~ . ~
h9zb) B8 ‘respc;n*se is incorrect since T £ O X 1.
~ L - . R : . x .
49(c is response is incori‘eet since T ;‘ 0% ?;*

N

4k9(d) This _Tesponse is correct sinee the deﬁnition
) of division states if b ;4 0, a+hb=-c if
and only if a=b Xe. ‘

'49(e) " Incorrect. Aee,hQ(d): ‘ .

* ~

» . i\
3

In the two preceding frames we observed that O + 0' is an ambiguous

syubol and that if & # O, then a + 0 does not represent any vhole number

at elJ.. We use these observations a8 ireinforcement to our assertion that

division by zero is not defined.,

- Y

3

The number sentence 30 + 6 = n. states that n is a whole nimber such. g
that ( 6 x n) will be the same as 30, Our knowledge of multiplieation tells

us ‘that n = ‘5. In some cases, however{ such as T + 3 = n,

a whole numbe:r n such that 7 =3 Xn.- But 7 + 3 can be accomodated in N

the set of whole numbers by representing 7 as (2 x3) =121.
~ say, "7 divided by 3 gives a quotient 2 and a remainder

. N . e -

v
-
.
.

one cannot find

Thus one can
1. .
an
9
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9-2 Properties oi‘ Divi sion

-

» .
“'ﬁ .
. .

b

»

. compuﬂti“onal “techniqyes.

v )

"\

2.4

-

-

N . ~
? .
. .

1‘5 0

Since the sum» or produci; of two.»whole numbers T

=% is-plvéys a

, the set of whole

.~ - -

'numbera ie closed under the &erations of "~ v
acmtion and multrpiicauqn. oo

AN - N s N .

Y ?
. - e

~

The .set of whole numbers is ;mt closed \mder ‘ .

-
~ F .
-

In studying the operations of addition and nmlt:lplication, a numbgr o
propertiea 'were o‘oahrved In this part of the program we consider several
Imoperties of division, some o:E‘ which may prove usa:t‘ul in developing

. whole number

~

~

. efther division or ' S « . "subtraction
:‘\ ) » ‘ R - v X ’k \" — — » . ;k‘
_ 52 The fact that divis:.on dties not have tl‘le closure property can be -
‘ ilIustrated ‘oy the following. o ‘
\ -~ ‘ . f\ R
A D (a) 6+3=n "where n belongs to ghe set of whole .
o : numbers. ) g T
: . . - .
. : N . .
N L fC] (b) 6 + h n Wherc ‘n - belongs to the set ‘of!whole .-
” - . . ! numbers. \ \
- . o -
' R r re
AN ;52(3)' This response 1s 1ncorrec‘b since 6 + 3 2" and .
) 1 . » 2 is a vhole humber. ‘ 7
) \; A :, \ ) o . -t
52(b) This response is correct since there is no whole
v o number n such that 6 * b = n. ! . -

'\

-

?

i Axw binary operation, which could be' designated by the’ symbol .
said to be commutative if’ (a - b) is the same 85 (b :m a). For our

*

-

. purposes

*

coum be addition, nmltiplication, ‘and 50 Iorth.

R

%53

v'lhole numbers since a X b

»
-

Multiplication is comnu’cative in the set of

X .

103
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25

- . . ..

‘\

»

i

>

0O (=)
0O (o).
0 ()

the operation of division is commntative‘

the operd%ion of~division is not commutative. = ..

“» 3

not enough evidence is provided to decide whether or nqt
the operation of division, in general 1s hommutative.

\ . e S \ \
~Addition*is commutative in the set of whole ° ~ ° .
. a ) » . ]
numbers since & +b = . ) "b+a
Since l+1=1+%1 and 5 +5=5+5, we c‘pclude

b .

CJ (d) division of a number by itaelf is commuhax1Ve. o , ]
“ ? . ‘8 ¥ . * - . R . . ‘s ) N
- v
55(a) This response is incorrect. Two numericeﬁgfxamplea

. ] 55(v)

53(e)

55gd)

are.not sufficient to conciude the generality.

While the response is correct the information given
does not lead to thig conclusion.

This response is correct on the evidence given.

This response i8 correct on the‘bnsis of the infor-

mation given, but Yyou should have checked 55Kc) also.

Since 4 + 2 £2 + L ‘

0O (2)
[3 {v)
CJ (c)

The operation of division is commutative.

~

The operation of division\is not‘commntative.

N

Not enough evidence is given to decide whether the

‘operation of division‘is or*is not commutative.

‘56(95

56(a)

56(0)

This résponse is incorrect. A basic property of
division must bé ¥ue for all cases ‘and it i3 not

trué’ for this case.

This response is correct} A basic property must be
Since & +2 42 +h,

Hence division '

true forxr all'caSee.
.cagse for which it does not hold.
. )

is not commutative;

This response 1s incorrect. A basic¢ property must

be true for all casesiand‘we have‘qhown it not to

a

hold for at least one case.

we have one

104 ‘ .
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)

63

“An operation ‘# 1is said to be'associative if ° . v .
a »(b »e)=( » Yw L -1 (awb)ec
N ‘ . ' R » ) “ i ) & A ’ N . ) N \'
s . " * - . . N . »
Since. 12 + (6= 2)=k - <M .
. N . R
and (12 +6) +2 =1, it folloys that g | :.
division -’ .associative. ‘ is not.
: (is, is not) . | »
. : ”
1. . Coe . . -1 .
We observed subtraction to be an 1nv}:rs‘e operation - R . e
. to addition.” In & siniilgr manner we observe - . - e . .. ‘ T
i gi\fision to be an inverse operation to- . . multiplication
: —— . e -
 That-is, (3 X5)+ 5 = . 3.
(0x5)+5 = . o ¢ .
: » ) - ' .,
(9x3) +5 = . 9 ’
~ : \ . . 3 n o
In general, }1‘,&!@ whole number b, B
(b X5) +5/4 - . . ., b
R B . ) ) ‘\ ] » » F a !
‘%e also observe that (n X 2) +2=__ . n-
tax15)+ 15= . 1 a .
r . ) . ! .
In general, for any whole numbers & and ‘b, v,
(axb)+ b= , provided b £ O. ‘ . a o T
Thus, division by b can be 't:.hought of as the
.of the operation of msltiplication by b, inverse
provided b £ 0.
. A'word of caution must be inserted here. In whole numbers, (a + h)

may not éven be d‘eﬁned. Hence (a +b) XD alsq may not be defined. Ir

{a +b) is defined, then (a + b) X b.1is always a, .provided b # 0. :

N

b

2



9 » * ";"t - “ . " ;
68 | (15 +2d)+3="__ 3 = o
6| +3) + (2 +‘3) =__x =
{' . . J\ N N - ‘: ‘i ‘
. 70 It follq:ws that (15 + ) + 3 and . .
. y .
(15 4 3,),-* {ah .4 3) are names :f'or' the same
. ~ n‘ﬁmber. : : L
- 71 .| This. again generalizes: If a+n and bsn
U "are whole numbers, then ‘ . ]
", \(a‘-i- n) + (bga- n) = ( + )+ n. .
: 72 | since (@ +b)+ n=(a+n)+(b+mn), = °
) diwision distributes over addition from the
¢ Co ‘providqd all quotients exist.
: {left, right) s
73 | On the other hand! 6 +(2+1) = =, .
™| (6+2)+ (6+1) = e
.ov .\ B . Iy ‘ n
\ ) 6%(2+1) and ('6~:»2)+(6+1) arenames‘
"] for whole numbers.
o (the same, Jifferent) . \ .
A u} .
76 Ite‘ollows that division \
* R Ndoes, does not)
distribu‘te oKer additi%\ from the left. )
* ] . ‘ . . )
A (15—6)+3= i, = . ‘
. Y
78 | Hence (15 - 6) +3 and (15 = 3)}- (6 + 3) are
names for the same numbex.
79 | In general if (a -b) +n, a+n, b+n all !
represent whole rnumbers, then {a - b) + n  names -
the semé whole number as { +:+) -{( + ).
R
. . 106 R
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does not

(a%n) - {b+n)



K "9 .
- » : LY
? \ \i . . . . . » . o . N N
8o Hence division L~ distribute over’ does ‘ :
{does, does not) *
- ‘ subtraction from the right. . * .
\ ‘ . \ . o ) s \ o . N .
81 Division does nqt* distribute over subtmction from o N .
. the "~ . This fact may pe demonstratgd . left - )
{(left, xight) . - : . : T
. 8s it,vas for sddition. \ o o ‘ o
N 3 S ’ ‘ Y \": *
A \ .T . . . NN » . - ‘\,
» , > : : N - v v : ’ A
A In this' ].)atter portion of the program some of 'the properties prr division e
. have been cons:l:déred.; In summar,y[ we notle ‘that o:rder o:f‘ performing ope:-ations S

,and hence o:t‘ notation is extremely important, An awareness of- this now can
minimize a great deal of confusion later.

) R “.
Iy )
- .
* . )
]

Y ks

107 )



CHAPTER 10

MULTTPLICATION TECHNIQUES'

« Voo .
. ~ v
an

-

-

Multiplication techniques use the comuta'tive ) associative and distribu-

. ~'l‘.:lvve properties and the special propertles of O and 1. In thd.s chapter,

RA

no new concepts are tin‘h?zguced. * . :

Y

o

.
>

~

— - — —+
1 Consider the product 2 >* 23. N N
\ axe3=2x[(2x10)+ - _]. | ,\/ 3
7 A N ) s .
2 | By the d‘is_ﬁriﬁuti"ve ~pr\opa:r-w this becomes
[2 x (2 x10)] + (2 x ). - 3
: 3 | using the agsociatiye property ‘ W\ .
{2 x (2 x 10)] +(2x/j(={(2x2)‘x F+(2x3) | 10
{ = (ux10)+6 |
" "“‘ - )tg .
: L e 3 .
L | Consider the product 6 X 1l -, ‘
\, 6x1h‘='6x[(1xlo)+‘~ ] ) ., 4
= [6x (1x10)] + ( & x4&). 6
. N . . Y. | ) ‘\.‘ - ‘
5 | Hence, 6 X 14 = (6 X 10) + _° -, 2h \
N N N . “’
| ) : .
N 1 LN
6 (6 x 10) + 2k may be written as
T . . .. :
(6 x 10) +[(2 x Y+ k)= > 10
[(6x10)+(  XxX10)] +4 . . 2
X N .
i . . " »
7 | Then 6‘X11g=[(6+2)x10] + b
' = ( X 10) + b ' 8
= 8’4‘ . |
. 109
. i ) : M 1 (1
. ~ ® > 9
LN :
. - ®
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o RS . o - . hd
.8 | Constder 6x 14 as (6x10)+(__ ).
‘N Then 6.)§\].I+~=60+:\ ’
9 | Consider the product .3 x 12, ,
CfBxr=@+3)x22 - e
’ =(uqx'12)~+(3\x\ ‘)‘ ¢a
Lt . .o A\
10| Write. 2 in expan&ed form and wse the
distributive property to obtain
[hox(10+2)]+[3x(10+2)] R
' " [ (4 10X 10) + (hx10x2)1+{(3><10)+( n.
11 | “And use the comﬁuta_tive , assoclative and
distribdtive properties to obtain )
Y : » . O . .
' (» x100) * [(8 x10) + (3 x10)] + = '
N L » ‘
S . (b x 100) + [(8 +3) x ] +6.
12| Then " 13 X 12 = ko0 + +6
N * . .
13 | To find the product
h3 ~ Y
X 12 o
one thinks (2 x ) and (2 X _ ).
- ) *
which would give .+ = 86. HRANE
~ R N . 3
. . L4
.14 | Then, (10 x ) + (10 % )\J
giVing ‘ + B = .
15 | It now ‘foll\ows that ‘ ,
12 X 43 = 430 + 86 = . r
. 1o,
. .~ . “

12

110
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e . CHAPTER 11 ! . R
U N . T '
¢ e . . % DIVISION TECHNIWES =~ | . .
i . . i : - N N . . . ) R
(0 In (}hapter 9 it was ohserved tha‘l:ﬁ\.i:vision as an opera’t;’ion may or may
pot yield & whole number. However, from a + b,/ with a > b, one cduld

obtain a whole number quotient, 8 and a remainder r where r<hb or r =
Thuys a+ b cen be expressed in equivelent form a\a (q Xb) +r- where

r<b or w = 0, provided 40, - . -
) an this chapter,no new conc;epts are introduced.
> N ‘ . . -

a ;\. . ’ T ’
1 {939+3=(30+9)+3 A
=(30+3)+( &+ ) .
. =120+3 | . ' '
2*__.
? > . Tak . - * L
a - N - . .
2 1 39 +3 cen be written in the equivalent form
"39=(_ X 3) + 0. ~

3 §- 40 +'3 is not a whole number since 40 = 39 +:
‘and . (39 + 1)+ 3 48 not & whole number.

L '+ 3 can be written in the equivalent form:

Mo=( ~ x )+
r - o ~ -

J , .
D ‘_ 40 + 3 yields a quotient of \\g_nd a
< remainder of 1. S ‘

'S

L6 ‘Uaing the form 40 = (g X 3) + r
{~ - N ) : *

.

= and r = . :
? . . A N h——a——- . ? . R
771 97+ 4% written in the form a = (g X b) + r is
\ , A\
97 = ( X )+ . i
. Ta 111 ‘
? N
* N llb

-

.
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14

15

W
‘16»~

T 10,4 10 + 5= 25\ o B

COns:ider the problem 575 + 23. This could be
written as (230 +230 + i +23 =

(ago + 23) + (230-+ 23) +-.(115 + ) =

i

‘ . ’ - . 1]

o divide 600 by =, writie
(230 + 230 + 115 +25) + 23 ‘which vould not

»

yield a whole number, Tnis p.ivision yields &

A -
a N

(230 + 23) ¥ (230 %,23) + (115 + 23) + (5 + 23)

-wlith a remainder' of N
o N —p—

And 600+23 mtse,gin a-(QXb)'l-r\ N
Porm would be 600 *()26)( )+2. .

600 "+ 23 could ve put in vertical form by noting

an the right the number of nmlt.:!.;plea of 't.he .
diviaer. Consider ‘t‘.he i’allowing‘ ,

e
30 | . i o
230

70
115 L

25
-3

-
2

v

‘i\a the quo‘hient;
LR ‘
i}
The! remainder 18 .

v : e

, LW

.o

10

107
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18 §

| vertical form would give -

N » -
»

Conside;' 15,119 +\\13. ’v{riting this in A
L e o,
13 /15119 T ~

S v U R
2119 S

‘ Tﬁe\@o‘pient would be ‘and the remainder
ET RS

Y
-

| e mathematical sentence equivalent to -

-
-

LN

15,,119: I3 s 15,119 = ( © %X 13) + 0,
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CHAPTER 12 . !
- ? Fa .
, SENTENCES, NUMBER LINE
> - v - t
" ’ ’ Y
N 3
. ) \ _ o . .
Introductlon -. : ( \ g
N3 3 FY

- Up to this point we have been using mathematical symbola ‘for numbers, )

! for opera‘t;ions ) O!Zd for relations betueen numbers. One purpose of this
b

\ chapter ig to ¢

: Fo:tm.llas and equations are forms of number sen‘ﬁ'ences.

ot

Y

-

T-5=2 isa \ . N o \ numbe!{ sentence
T-5=9 also is a \ . \ -7 .} number sentence
* N “- R - N N
' . RN . } \ N
7T-3+5=0 a number sentence. a is ‘
\ {13, 18 not) v
" T-3+5 : a number sentence. : ‘18 not
{ils, is not) o e . "

-
L TN
¥

a

ine these symbols in cer‘t.ain ways to form number sen‘gences. R

-‘D(a) 7T+2=5 "
a0 () '~?=2+51 L ~vCl(dl) 7+5+2 L0

Considg:'r the symbols: 7, 5, 2, = . Indicate which of the following

are number sentences. . ’ - —

' ~D(c):5+2.=7

)

\ . A
A AN

5(a)- Co:rrec‘t. This is a number sentence, even though
i‘!‘;s not true. Refer to 5(b).and 5(c). -

) ¢
5(b) Correct, and also is a true number sentence. R
4 > Refer to 5(a) and 5(c). L

.
N - . -
a

5{c) Correct, and also is a true number gentence. -
\ Refer to 5(a) and 5(b). \ o -

,S(d) Incorrect. This is not a number sentence, but is
& number phrase, See 5(a), 5(p,. 5(c).
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12 . -
“ N . ’ ) -
(A - N Y . h -
o ’ N .
6| In the number sentence 2 + 3 >-7, 'the symbol. o,
« ‘ ‘ §cts as a verb. - \ T >
’ ‘ LI 4 \ b ) . ‘ . > S . ’ ; v
T In the number sentencg 2 +3 <7, the symbol’ \ \
T { <. acts as a ‘e . T - b vert .
; . ., ———— S > .
' - * .‘ : .‘ ’ N A ' ) N - \‘ \ M ? “
‘8 :7,+ 2\3 9 is a number .sentengk. . true -~
. o {true, false). : ' .
- “ - “‘ \\ i - . - - ? » .
. 9 1+2=10 isga ___ number sentence. |, falpe . -
o o o+ {true, false) : o
» T ‘ T ¥ » T h
104 7 +-2 and 5 +14 are examples of number phrases. '
* |’ Wnat symbol may be used as a verb to.-form a true . - t
~~ "numbe:g’ sefi‘bencq?t‘rom ‘these: two phrases? - o= - -
11} Vhat symbol may be used as a verb to form a false L , .
numhef\sentencé‘from ¥he two phrases of \ . T N
Frame -10%? - .o o # or >or <
12-2. Open Number Phrases and Sentences . ) " t S

L - . ]

If a number phrase has. a space not filled Ry a numeral, it is usual to .
fial that space by some lettér such as n or a. For instance, n + T is
a number phrase in which a numeral is represented by n. This phrase is
called an _ES_ number phrase since the numeral to replace n is open to

assignment. When one or more open nnmber phrases are used in a number -

séntence, the sentence is called an open number sentence. : "

.t . > . -
. »




R ‘ . o,

12 Which of ;‘l',he following aré/ open number aentenca%? '
(Check one or more.)

-

. e . o
D(\a) \3+n.?n+3 R e
R RO s . ’ Ly X
.;D (b)-5+2="9 .f‘a ; - | 4.

. Q-.(c) 5>2+n‘ S o .

s N . \ J ‘. ‘* ‘ -
D(d) n+8=3.6 \ T e

oY D(e) The slyaox 8 am 7 i8 19, - . s

)
k2 .

‘12(a) Correct. This number sentence 17 made \p of
o . - two open number phrasea, hence, it is an open
| . numbexr sentence. Note that 12(c) and 12(a)

-

« also are correc't .

[
H

.
B
v

12(b) Incorrect. This is not an open number sentence..

'

- . However, it is a true number sentence.

R}

12(c) Correct, This mumber sentence is madé up Qf
" one open number phrase. Note that 12(a)
and  12(d) also‘are correct.

‘ 12(a) Correct. This ‘mumber sentence is made up of
one open ntmber phrase. Note that 12(a) and

Y " 12(¢) also are correct.

.
. ]

12(e) Incorrect, This pumber senténce is a false .

number sentence, and it is not open.

-y

w

-

. T, ur - .
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13| vhich o:f the vfollowing numbe:r sentences are 'crue X fa.lae ’ .
) and/or open? (Check appropriate’anmrs ) .
~ \ k‘ ’ P N
. . ! . : i . ~, ’ .
- ? True Ii"alse gpen . . N S \w . \; R \ N . . . N :
. “ 1 . \ . \; e \‘ ‘\ o N \.‘) N . N . :‘ \_ .
N R 0 " ; x"\(a) 8+7=12. - T *
o ‘ \ K a i‘ . ‘ ‘Y‘ - ) . %
- . . B "'. ‘D ‘ (5) n q:h ?’1} . \ht‘"v o \ : .-
Y ~D\I"D 0 (c)3>2+6"\
» N i.\ ._w.- _:' - P> “‘a ENEN - N : N B \d ‘ S . P‘ ¢ . "\ N ) ‘ N .
% WU I = S :Dw (“) *‘ 5 # 0.2 1 T
. ' R . o~ \“3\\" l,; $° ' ~ .
0~ 0o -0 (e) n'+-8.=16 -
e o M \:‘\& 1 . s . ; -
» | - ' Do et Iy C. T
- \ SRR 1 D ]
1 # | 13(a)  False, and isxﬁt open. ~ o ‘ \
N ‘ . - . - N N o . *
e 13(v)." Open and True, This: number sentence 18 made wp - :
° NN b bl
o:t’ ahwo open number phraaes ; hence’ it \:Ls an open o
~ number sentence. And n + h =b4+n 1s true . ) : i
for all whole nmbers n. ’ "
A ¥ N 1Y ' -
13(c) Felse.® Thia 18 not a 'true number sentencie , and
1 it 18 not open. | o N . .
« " |.~. }13(a) True. This is a true sentence, and it is not open. |’
. N - NN N N t N a0
> - ’ NS K o . : N
. 13(e) . Open. \@3, have. no ua?/ pf telling whether it is
true w%‘alseb».t\leo‘,g_ pee re3ponse 13 (b) .
? A 7 o IR B . N
IS N -
“ L 2 ,
- - )
R - a \ . : :
~ . < . v ‘
.. : : 118
gt .
b » 9 » .
122 .
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© 12-3. Solving Open Sentences = o T .

>

From A = {0, 1, 2, 8, 4} select the subsets of A such that each

" member of the subset selected makes the number sentence tme in the followi’ng =
:E‘ram«es.. E E ! . Y
N Y -% N i . N . .
Y225 e ‘ 3y
. . ‘ h ’ h T-‘ o . ‘ 3
\ ‘ x - - : L Co e
1Bl n+2<5 . | Lo, 1,2
. " o ) 5 ‘ >
: ) * ‘, ) b » &
Bl n+2>5 L . (b} \
. ‘\ Ny “ \\; . R ‘\\: ‘. - L | ‘
Bach set selected above » provided it is a subset<of A and provided eéch
of its members makes the corresponding sentence true, is called the solution
set for the open sentence, @ o
-~ ) AT
"17 | Any member which nakes an open sentence true is ) K
| calledas n of the open sentence. o 1 solution )
:o . . L ) .I““ ‘ ‘ N . '. »
18 1 the numbers, any,one of which makes an open ‘
. ‘sefftence true, form a _= of solutions called:. get
the solution set fnf the open sentence. 1 h .
N ¥ N d ® ‘. N "
19 | Write the solution set of whole numbers for the ; A .
e number sentence n - 4 <5. . ‘ o {4, 5,6, 7, 8}
N o . . - 2 . | .
20 | When we have found the set of all éolutions of N )
- an open sentence, we say that we have ~' Solved
‘| the sehtence. ~ , ‘ ‘ . :
- 3 2 -
‘ R ». AN :-' . N »
: ‘ ‘ . . '
» * *
a
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12-k, ;Uaeg‘_Matﬁematical Sentences S R 4

21 | Given the open sentence n *+5 = 7. Which of the following

is represented by this open number sentence? = (Check one.)
D (a) What number added tQ two equals seven?

O (v) ‘John has “seven pennies. He has five in one hand.
T How many does he have in the other hand?

O (c¢) Bill has five ‘animals. <He buys geven more. How
many does he have all tbgether? \ T e

A}

21(a) Incorrect. 'There is no relationship between this
statement and the open number sentence. This
statement is represented ’by the number sentence

4 1 e2+n-= 7

21(b) Correct. = \ .

{ 21(¢). Incorrect. An open number sentence to represent

. this situation is 5 + 7 ='n, .

-
T

22| There are 22 children in a class. Ten of the children are bo‘ys.

“How many girls ‘are there? Select the open sentences which express

responses . )
O(a) 40 +n =22 O fe) 22-n=10

D (b) 10+22=n 'O (@) v=22-10 ‘ .

A

22(a) Correct. This number sentence mathematically *

represents the problem which was given in words.

»

* 22(b‘)' Incorrect. This number sentence is false since
the set of girls hag already been included in

k. the 22 members of the class. N

22(c) Correct. Bead explanatlon for 22(a).

22(a) Correct. Resd explanation for 2?(a)'.
2.

Cd

n

the relati!nsh;l.p between the numbers involved. (Check all correct -

124 . 120 R '
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gy e = e

-

—
What is .the solution of the problem in \
N <
Frame 227 . 8 B
N ) - %
‘ . \ § . ¢ .. < \
12-5 Solution Sets on- tha Number Iine ‘ AR

Ot

Sometimes a number line is used to represeﬁt the Bolution set o:t‘ a

" number sen‘bence such as T - . = n. See Figure 12 1 below.
o el L Ly
. Q 1 2 3 4 35 & K ¢
s Figure 12:1

«

“26\

2k | The solid "dot" on sthe number line in Figure 12.1
indicates, the’folution of the,number sentence
T-4=n i n= .

25 | Using solid dots, ipdica.te the solution set of the
number sentence n + 4 = 7 on the number line \
below, ’

® T T R S YR T TR
\ e s ]
o I 2 3 4 5 8
Ny ‘ o * ‘ * b .
Using solid"dots, indicate the solution set of
the number senfence™ '+ 4 < 7 on the number
> 1line below. ‘ ) :
- 1 1 ] 1 ) 1 i Lo ’
oo I 2 3 4 5_6 7

27 | Using golid dots, indicate the solution set of
the number sentence n - 4 <3 on the number
line below, \

" = I U TS H | Lo
0 1| 2 3 4 5 8 :
121

t . ]

W

v W %

b
3

RS VY TG S N W T T
o1 234 007

L |

: o,

o1 23 4 B 8Y

)

l‘ B



- \" * 7 \
- CHAPTER 13 - S
S ' AN INTRODUCTION TO GEOMETRY: .
P o . POINTS, LINES AND PLANES ’ ‘
“ 13-1. Poimts- - I ; L.

In this chapter ve discuss three baaic ideas in geomet:zv' points, lines

and plane . 'We consider some of the properties of thebe familiar ideas and
. /

our discuasions will not- set up any formal deductive: aystem. The. i‘irst idea

discyssed is that of E nt. The term point is undefined in the Btudy of

. geometry. . : ‘ c o - s }‘ »
N ‘ . . . . . ‘\ R s . ‘ . . . e
1 [ me symbol 2 15 not & number But represents ; T
a . . number
. * : 1 S N
2 In geometry, the symbol . is not a point, but e
* .. . : . etar
be used to re] esent a . ) . ints RN
maY pr — o \ PO\ . < ¥
- -

3 | Select the better repreaehtation of a point:© (Read. all reayonsea.)‘
- o o K \

.

;‘ D (a) !Ehefshérp end of's; straighi'.fpir\r.' ‘ DR
| O (b)‘ The head o:f a straight pin. ) ‘
. - 0O ¢ c) The location vhere two adjace;rt'. valls and the floor \
- . of a room meet. ' N : |
‘\ (d) The eraser end of & pencil,

a -
»
»

3(a) If the pin is considered stationary,. this response ‘
b ig correct. It is incorrect if the pin is ‘thought

of a8 moving. ‘

»

3(b) This response includes many more points than the
. example in 3(a). " Hence, it is incorrect. .

o

3(c) This response is correct. toe .

¢ - . .
| 3(a) Tnis response is incorrect. Even if the percil is
considered stationary, the eraser end of a pencll

e |

A is a representation of many points. ', ">
;‘ ’i N '
» : N . ms ¢ o
£y T 1 2 6
» R \ N
; 7 . . -

«n



)
\

A ‘ Since we think of . point as a B:lngle 1oca.tion,

does it ;pove?
~ {yes, no)

et

no

~ : . . . .

54 The tip of the pencil you are uaingﬁreprqsents a y 3.
point. Move the pencil to your other hand, then i

: the tip represents . ) A poinf. \a. different
‘ (the same, a different) e -

. : S

6 | If a point P is represented by a small dot on ‘
a sheet of paper and the paper is moyed, the | s
\ . does not move. However, -the representation point

of the: pgint doeg move. .

. . R
3 A > > - v

- - 0y
- T] Adotona sheeﬁ of \pgper can represent a point but actuwally it |, ‘
. represents the following: (Check all correct responses.)
0 (a) zero points - o O (c) only two points
» . - Q o :
0 (b) only one point O () many points
b} B o N > A
7(a) This response is incorrect because any represen- | ¢
" tation on paper covera many points.
\7(b) ‘This &-eapo;xse is incorrect because any repreaen— ‘ .
- tation on papir covers many points. !
. . ;
T7(c) This reéponse in incorrect because any represen- .
tation on paper covers many points. :
. . 7(d) This response is correct because any representation . ’
N ; on peper covers many'points. SN

L
<

Altholfgi: it is not accurate, we use a small dot on a sheet of paper as
a model of a' point.) It is.a rejpresentation of a point, not the actual point.
. Points generally are labeled by capital letters, such as A B ‘P, Q
C and so forth. » . >

R In this sub-;proéram we have s'treaseci the following: a polnt imqolve? N

N

. poaition only; a point may be represented by a dot on paper, the engd-of some
pointed object such as a needle or pencil the corner of a room, or by a -
cgpital letter such as P. If the dot is erased or the needlé is moved, the

\ . ) : ‘ . :-

N

B 137 124 L oo

-
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original point rémairds, since it is a position.
- tion has been given for ypoini‘.. ‘

mept of geometxy, . . ‘

L8

¥

13-2. Sets of~PbintB

-

13

.

Note that no formal, defini-
The term point is undefined in the develop-

Lo
[
»

14

We think of 1:I.nes, \ﬁrves‘ and p_ anes as sets of points, and space as

the et of all points. If spake is the set of all poihts: (or locations),

" we shall find that geometric ﬁgures ‘such as lines, curves, rays , angles,

triangles, and ci:rcles may be thought.. of as subseta of the set of .all points

‘ ‘in ijace. )

8

101

. w

¥

Ay o tw

Space is 'h}gdught of as the set of all e

~

Givenr points A ‘and B bslow. Plaee your pencil
on point A and, without lifting your pencil from

L 4

the paper, ‘move- “the pencil te point B.

A |

K W—

AN * . .
e B
The path you made represents a set of .

~

Given points M and N below. Using a pencil
make two gifferent paths from M to N.

a

sets .

»

The paths represent
\ ‘ (the same, different)

of points. N

A

»
.

points or
Jlocations

ev,>

points

.M

different

a

¢



X N M 3 .
’ ‘ . : o S
‘A curve isa _of points all of which are- ‘ " ses

on a particular path,from a glven point A to
a_given point B and :lncluding\ A and B.
Frequently in other mathematical considera.tione ‘
" this definition is modified to include curves« \ \
which do not have endpoints. The line is & - o
special case of a curve without endpoints.

-

*

12 |

The number of curves from g:hren point A to given point 3 1s.

O (a) only one o .

\ . o
0O (v) only‘ two b . :
O () any wﬁolg number ", R

. oo
12(a) This is incorrect. It is possible to draw more
. B ‘ »

tpé.n one. . . \
12(1)) This is incorrect. It is possible o dxfaw‘ nore
* thap'two, N ‘

@2(c) This is correct.. In fact, there is no limit to

N

*

the number which can be drawn. s

. B -
Fd ] N

- O (a)” a point

The path from C to D is called:

O (v) a curve

O (c) space - '

l3(a) Inciorrect. The path contains many points.

«13(b) This is correct.

R 13(0) Incorrect. Space 18 the set of all points,
' A 5 ) ‘\
14 | The number of curves from point P to point Q

aw

is : . . S infinite
(finite, infinite)’ » : . ‘

.

129 126 .
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17,
‘~§\ line

a8

- f -
-~ N . R, -

If AB is extended in both directions so that

20

21

22

19

,‘ \ N 1 - -
A b : .
N o o

A * N R

3
S . . . T e

{#inite, Infimite)’ _ |
R ::. "

I:E a patmi'rom A 1;0h :B is made by mov:lng a
pencil along a ruler or & straight-edge , Ve

segment.

) xefer to the path as a
’ LIS
'We use the symbol CD. to "represe;it‘thé
. determined by the points c
and Bbe C qand D “are called endp_o::.n‘ts
. and are a part of the 11ne segment.,

AN

AR

-

~ - N RN 3 ?

calted a straight line segment) determ:.ned
by the points. A -and B.
¥ contains points

. N . . ‘2

it does not Stop at any point, the result is,
‘a . \ \

= 3
' )

Arrows are used to indicate that a line doéé
not stop. Thus T is used as a symbol fo:r\\
.the line containing the points and

*
*

———ip—— R N

*
~

» .
——————t

(_The set of points vhich ma.ké up each curve is .

L4

Name the line segment (aometimes unnecessarily ‘

The line segment AB 1is % subset of the line

A

B

Nnd . -

infinite

line

segment

1jne

"y

(X4
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o
-
-
“
Y
[
r.
w -
¢
x -
L)
\\\
2
"
4
»
+
S
o

A

»
% .
-

| ow

“Wnich of the following rerresgnfs a special’ curve called a line? .

. ‘EJ (6):\ i ‘

.\
»\
\ : M
) »
i‘ ' N
PN ‘\\
N . .
nd -
owm
-
’
N

: N

%

23(a) Incorrect.. It reﬁresgnts & curve, not a line.

23(b) j'l'his :l:é~ correct.
1 23(¢) Ix{qonect. It represents-a line segment , not
) a line. ‘ '

n

= 23(:1) Incorrect, The picture conhisj;s of several

. n) curves. \ o

\ -
.. 18

v,



o »“ o : — ) \ : N
' B} aq‘ Which of the follow:lng‘ is a model of 15 determined by the ! ‘
- points A and BY L . ‘ .
S ‘\C]\(a) '., X k - " ‘\ a
) T, - —_ : —_ i . .
\ » : A . ’ 1 ' X . B ) ’ ‘1
0w »
2 S ‘,~ | - \ - T «
. B A .
RN o
’ . v ¥ - \ ’ ‘ o , . o “\
0@ . T e |
C L= __ - . \ ‘ .
. R A Y
- \ T Y - "
- ' N
* ) D (d) ) X
2&(&) This continués. in both' directions through A . N
and B. ' Correct. . o
/A ] 24(v) This continues in only one direction through |
. B. Incorrect. \ S
a . N R \ : k] . ) . ) )
2h(c) $Encorrect. .
- . : - ?
2hk{a) Incorrect.
L) » N * ,’I‘
!
129 T 1 o
!
Q y

SN

we s 132



Wh:lch of the rollowing atatementa are true concerning the model

*

’oelow?

Owmw . .
-0 ) ®-%  ‘ L
Ows-®"m .
Q‘(d)‘ﬁ“,?lf : -

: X . i R > o

25(a) Every point on v ia a point on B anc'l

"
conversely. -Correct. . '
T ) ~ . . Yo - .
s R : ’ N $
25(b) The points on CB are not the same ag the points
on AC. ~ Incorrect.
25(1:) Evefy point on AB is e point on ‘B anda e
g conversely. Correct. ‘ o~
| o ~ . N

i)

25(d) The points on AB are not the same as the
‘ points on ‘ﬁ AB is a part of AB.,

Incorrect O




ta L.
> : . . - .
L +

-

26 Draw -a model of 'the;line segment determined by -

: B, and T, the pair of points given below. ' - E :
E. . ) . N R T ’ o0 i
. . \ x ) »
- ) IS > ‘ N Q“’ ‘ ) F N
« o .* Y RN - .
) U 4.

“®F in Frame 26 is.the set of all points on IF ., )

27
between E and T “and includes the points E
’ : " ' A

P

T

. - o :
o : . - -

.-

28 | Draw a m:d.)l’ of the line determined by the

~ points £ and B. 5 B- . .
A : el ) -

~ . )
L

* -

>
) (} o,
o . C AN
o ‘a : . ,\“:"

29. ‘Dr\aw representations of all possible'lines
‘determined by the points A, B and C.

A g !
4 . cC
- R4
™ é ‘ ' »
30 | Draw a model of all possib‘le line segments )
. determined by the points A, B and C. - 5
‘ A ‘ - ~ \ A
IO I ’ .
: L J
c C
» » *
> L XS
. X A B
' & . .
B . :
’ &
) , 131 - ‘
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Henceforbh, we will dispense with "a model of" or "a representation of"
when you are agked to drav a model of a line or a lipe segment, with the
. understanding that it is possible to draw the model of or the repreaentation

~of, but impossible to draw the line or line segment. - ‘( ‘ T,
! ‘31“ Draw all possible lines’ through all three.
points A, B and C. ‘ < ‘ ~ *
A . B C . AB C
. . . . . L e————
32 | Draw all possible lines throuéh all three . . | ‘ v
yoints A, B and C. \ \ : \‘ .
° e ‘ . . T Q-—b-———ﬂ.-—mt—h
B L A - C .| B A C
: . - ‘ .-
33 | .The line in Frame 32 may be denotpd by |
N 7 :
R N RIS )
o v or py:g
'§ R —— *
? or C T . B
e . o | .
1 . or * ; m
or . . ‘ ©®
. A A q
?
3b I8 has the following number of endpoints; (Check bne.)
0O (a) zero O () two "
O (b) 01'1?‘ a (d) many
31&(;) Cor:rect. A line extends indefinitely in both
‘ : \di'rectiona and has no- endpoints. ot
. N . v ; . .
) \ 3hbb) Incorrect. A line\kps no endpoints. .+  *
3h(c) Incorrect. A line has no endpoints.
‘ . [
. “ | 34(a@) Incorrect. A line has no endpoints. -
- 132 ‘ : A -
- * ) Sew °
o "1 30
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[
who
us
¥t N
P35
f
A )
-
k]

T ¥ o, . N . °

R »

‘ Whalt ‘?-FB“ the :si'?aieat number of 1fnes .that.can®
be*;dra\\v{n 'lsl:}.rougha ;g‘iven»spoint?\ ‘ . '
- ’ ) ) .- . a . Ld

' Drav all ‘;posaible lines through ‘béth

. ) - Y
He * . [ -

A S

Y [N » N r’
X N
- R
‘e ~ ’, ® ~
: B
] ‘h\: . -
a “t» e . €

. N N - R N N
How many lines cen be drawn through any two
different points? \ ‘ ‘

» -

K N N v \

The figure below is a model of the _1_‘9_1 from A

_—

-

" through j§ The ray is denoted by ' AB.
. . ; >, . . » .

A a B

- A

The figure below is a model of a ray and is'
-denoted by B . :

« 2 - - '\ - 3>
. ¢, . D
> \ ! v
‘ . |
| Given points A and B. Draw a line or portion
of a line detexrmined by A and B and having
8 . T )
(a) no endpoints * R .
_ A B
-~ R o \ ‘
(b) two endpoints - °
. . A B ‘
~ R ~ . ‘
(e) one and only one o .
" endpoint ; B
& ( a -
» -
133
. 136
> - .
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R N N
N S N

! 40| A ray is a portion of a line starting at a point
" and anluding .that point, and extending in & ° .
L direc‘t.ion(s) one
(zero, one, two)
41 | The ﬁgu:ra ‘below is g model of 'bhe ray with ‘ R
endpoint - ‘B a,nd extending through A, The ray N
& s denoted by B o ‘ . T
2. R >
The ﬁgure below is & model of a ray and is .
denotedlxy e, LN b 1 &
k‘” » ' N N N - .
¥ gm— - .
C . ‘ = o Do .
~ . W ] B
42 | Consider the following model: o
N o . .
g Four d.{ffgrent TRYyS are: + 2 "
. . ) o \ M or B,
o : - . Thede are the
R R : . ot : sgme ray.
. ~ W or B
« , A . These are the
\ » - same ray.
" 7
;g‘ s : - “ s
A , i
~ L . N
43 B is a set of pointa consiating of A and all . ,
N & ] points of H wl‘dch are on the aame gide of A
o ], a8 the point - . B
AN Is the set of ;points A8 the same as Jthe set .
- . q; .o
—;\..‘sm_‘:.‘.\.“;.\\\\\\_t... ..o.f points o JEEEG VU N RO . no
X . (yes, mo) . .
a . © 134
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"A'ray from B through ¢ and ex‘t:end:mg contimously in the direction of

45 Witﬁ reference to the ﬁgura below, which of the following A b |
statements a:re true? R ‘ - B K ‘ o R S
O (a)\ =18 T Oe) TE=TF
‘D~-(b) ®we® - 0 O @T-F |

v

45 ('a) Both rays consist of the same po:lnts , ‘therefore |:

A

-they are equal. Correct.

“h5‘(bf)‘ %@‘&we consist‘of ‘the same points, therefore - R

1 »

they are equal. Correc .

. i N . N
“h5{c) 'l'hese raya have the spiie endpoints but are in

‘oplmsite directions. '.Ehey are d:lﬁ’erent rays,

-and therefore are not equal. Incorrect. .

h5(a) -These rhys have ‘the same. dii'eétions but have
. i fferent endpoints, there:fore they are not ‘ / .

equal. Incorrect.
T

L]

T In this aub-program ve have s‘tudied sets of points whic'h are subsets of
the set of all possible points or locations.. Amr path from one point to
another point and including: the two points is called a curve.: We have

~devoted most of our attention %o line segments and lines. A line segment ‘ {-‘

ls an in:t‘inite Bet of’ pointa, \tvo azl.’ vhich are called its endpoints. A 1ine
1s presented as the extension of a line segment extending continuously in
both directions. A line also is an infinite set of points. We usually use
the symbols ¥ and X¥ for the line segment and the line respectively,™
determined by the pointa X amd Y. A line is a spetial case -of a curve. )

AN

C. is denoted by T ’ . T \ .

Y . » N <
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. 13-3. FPlanes and the Relationships of Points, Lines and Planes

‘ A'plane is a subset of the points in sliace. It is infinite in extent.
o In this sub-progrmn some relationahipa between points , lines and pldnes are
illustrated.

46 Think of your desk top as a model of a plene.

r : A

~'I'h:l.ls is only & xr nof a ;part of a plane. N :gepreaentati‘on
‘*““‘“*\——"“'\-*i;’?“ “Sub‘h“d“mﬁr'eaenfa a set o:t‘ “ In space. ‘ points
W81 If the desk were moved, the of points T set
e IR . SN ’
. * would not change ., -
N N Y
49 | The plane represented hy the desk top is the set o P
of all points obtained by extending all line \ "
. ~with endpoints on ‘the desk top. s ‘ segments '
- 50 ‘Consider two points A and B on this model of -} Y 2
a plane. A and B determine * lines? .} one and only one

K

-Ihow many ) \ ‘ >

u

51 ISE' A and B are different points in spéce, Nthereia

one and only one line ~];)as:a:lng through A and B B - R
.52 .ProEex?tx 1: Through any two = points in apece " dgifferent. )
] there is exactly one line. ‘ - v \
g ' . ‘ \ : ) v _‘ 5.
* 53 | .Consider two points A and B wh¥ch lie in a model

)

of a plane. ¥}
B ) . {does, does not)

lie in the plane. - | does

54 A}:':roge:t'il;;[ 2:' If two different points lie in a plane,
| the 1ine determined By the two points __ "in .o | Ues
% ‘theopl‘&ne. ) . M

A . .

25 Select another model of a plane holding it above the - e
desk. (Thia could be a small piec; of cardboard.) The \
plane represented by the.desk top and the plane re;pre-

s -

_ sented by the cardboard model“are B B | ‘different
‘ (the same, different) \ /

4 »
R

A -

" 56| Hold the cardboard model of a pla.ne in one hand so

;"that“your ‘thumb 18 &t HoTnt B~ and"sr‘dw‘.‘f‘r—n—n'd'dl”e "
| finger is at point A.~ Poes BB 1ie on ‘the plane?
Y ' ° X - * K yes

{yes, no) - B .




N - - 2 > B ’
S h \h
¢ 5T The number of jpla.nes vhich can be :repreaented by.‘the cardboard
‘ :mod.el holding points A and - B stationaxy is: (Chet?ﬁ one. )
0 (a.) one 0 (v) twq 0O (¢) many . R
. . * R . ! .
A ] 5T(e) Incorrect. See 57(c). \__\ A
57(b)i‘lhcorréc't p—— 57\(\6)“;‘““ SRR S e
. ‘ a \ ¢
o ‘ 57(c) Correct. As a matter of fact, there are 1nrinite1y
1. meny di:t‘ferent plenes manta:lmlng 8. See the
R {l picture below. - : i/’
AN
v
. & - ¢ »
L8 . r

-

58 Pro‘;g\ertx 3s- ,Througﬁ two points in space, and hence

through a°line in space there are x
\ o . how many

possible planeé. A1l of these planes intersect in

in & line, that is, their intersection is & line.

v

"3
L]
-
¥
:(J
’

, S 137

infini telf many



. . " . L N \\ ~ . T . \
- 599 Howmany poai‘bions of the carclboa;cd model a:re poss:lble T
" .. |.holding points Ay B\and c stationary? - | -one and.only one

» R . N

--60° Progertx h. . Any three poin‘ba not on the same 1ine -
detemﬁ.ne:one and on]y one . L plane

61 | Consider 1 on another model of a plane. R

Point M " lie on m S \ does

. ‘ (does, ‘does not) o -~ R
. e 0 ) : N

. 62 Ple.ce your pencil point on M. The point - Mo

. nes on the line mpresented by -the pencil. “ A

v |

: 63 \M is a point lying on both o and the line = . N
_\ represen’ted by the pencil. M ig called the.

. _— K 1n‘bersection of these two . I : . lings

e 6h Progertx 53 If two differgnt 1ines in apace .
\ intersect, thelr ixrtersection is one _ . ‘ " point

\]

A

\65 If two distinct l:lnes in space 1ntersect 'bhe number of points in
. ‘ | the intersec'bion is. .(Check one.) S ‘ ¥ 8

’ ' - O (b)) one. U (@) many
) ‘\ * 62(&) Incorrect, If there are no poiﬁts in ‘the

.intersection, the two lines do not intersect.

D . . N

‘65(b)‘ _Corregt., ;

65(c) Incorrect. If the igtersection contains s .
. 1 -~ points, the two lines are the same line and
their intersection contains many points,

65(d) Incorrect. If the intersection contains wmany
‘ - points, the two lines are the same line and |
v . ‘1 | their intersection contains meny points.




66 Lay your pencil on a model of a plane ‘80 that a
| point of the pencil correspond.s to pgint A in
‘the model and another point of “the pencil corre- .
B aponda to pnint "B in ‘the model. e-sl:i.ﬁe

: repreaented by the ;;encil is denoted vy . ‘ri Py
,‘E . : R \ . o E ‘ o | . i
67 The intersection of XF end the plene repre- S Y

sented by the model is . | . ‘ 1 ¥

68 Propgrtx 6: If a 1ine and. a plane intersect,
their intersection i either _point or 1 one
the entire e ~ » line

. - ’ [
A

: v : O ‘ o L .
.- For the toilﬁiring“t‘wo‘ frames, consider the pair of planes below, ,
dénoted by Plane 1 and Plane 2. + '

L]

- 139 ‘ -




T0

«

LY
N ¢ "\"\\. \
» e \ ‘ x
Hold & model of eagh :pléna‘ 80 \'bha.,t points A o
and D. ere on both models and point C is . .
‘on the model of Plane 1 but not on the model T
Oof Plane 2. See ‘ﬁgqre belovw. . .
q -~
\ -
The intersection of the model of Plane 1 and .
the model of Plapne 2 is the line determined
by the polnts and . : A; D
Property 7: If two different planes intersect,
their intersection is a straight . line
»

H



-

o

3

. < .

g

- In this. sub—program we have diacuased the meamng of a plane and +the

meanings of cerbain rela‘tionships between points, lines, and planes‘

From

these relationships we have .discovered Beveral properties of points, lines,

) and Pl&nesi

we need to lmow as we continue the Btudy o:t‘ geomet:r:y.

are the following: - - N

N

These properties are identified. in the program and are'facts
The meven propeﬁ.ies .

(1) Through any two different points in space ‘bhere is exactly

(2)

(3)

)

(5)

™"

(N

a line,

one line.

fc\

2

k]

I:E’ two different points lie in a plane, the line de‘termined‘

by the points lies in the plane. ) .

-

Through two points in space , and hence through a 1ine in

"space, there are many ppssible planes.

» 2

Any ‘bhree points not on the same line determine one a.nd

only one plane.

=
-

.

If two Qifferent lines in space intersect, their intersection

~d

is one point.

»

Tr a line and a plene intersect, their intersection is

either dne pbint or the entire line.

A

If two different Planes intersect,- their intersection is

X

—

141
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CHAPTER 14 .
S CILOSED CURVES, POLYGONS AND ANGLES
‘ \ '\ B ‘ N . . \\ . . \ o ~ : . : !‘ N
T.;JA_-J_;._Im:emscﬂng,.g:c__Parallel Planes and Lines -
1 If two diﬁ'erent planea ‘ ) 1ntersect s do not
i “ L {do, do not) i -
h
\then they ‘are - p_arallel. - A
-2 If two diﬁ’erent lines in the Bame Plane do .
: not 1ntersect ,- then they e.re ) . parallel °
‘ N ‘ o ’~ . RN
3 Two dif:f‘erent planes either \ oY are intersect
\parallei ,‘ ‘ o T o ‘»'.:
o . . o B
N » 'Y N — - A
4 | If a line and a plane do not intersect then ]
. N N » ~ R “ .
. they are . . S . &l perallel
 14-2. The Sgparation Pi‘operties Q:_f_\'Pl\anes s }lxﬁg and. Poinda \
SN o . S oon
‘5‘ Any plane 1n space sep ate all points in .
space 1nto three. aubseta. the points on one. .
side of the plane, the points on the other
side of the plane, and the points in ‘the . . plane
itsSelf ‘ench form a subset. ' \ s
; ) . ‘ ) ’,
6" | The set of points on one side of the P e N plane
. .| is called a half-space. . _ , .
o T And the set of points on the other side of the. .
plane 15 cal'led a oo . . half-space
<~ 8 | The points on the separating plane do not lie o
‘ in either " : ‘ N half-space

Lt
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1h

~ subset.

N

Any line ;\ln\ o plane sem\‘ ates ell points \\o\i‘ that

‘plane\ "1151;0 three subsets: the points on one
side of the line, the points on the other side °

of the line, and 'bhe poin‘ba in the : K 3

 —

itself each :t‘orm a s bset,

*

‘The set o:E‘ points in a ;plane on one. side or

‘the other side of & 1 " e in that plane is
called & ha -plane. ‘ '

\ '.Ene se'b of points on the Beparating line doeB

not lie in either .
A poin‘t on a 1:1ne Be mates all points of that N

 line into three subsets: - the :points on one side
“of the: jpoint, ‘the points on ‘the other pide of

the point, and the itself ea.ch form &

-

" The set of i)ointé on a i:lne “on one side. or the
other side of a p on that line is cal)‘.ed .

& half-line. : : : . v

)

The point i::':E’ separation does not lle in elther

»

In\Fra_.meé 5 - 13 we have considered the 8 n
properties by points, lines and planes.

.

. +

line
7. M
line

" half-plane

point

point

haif:une '

separa'i;ion ‘

« &
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“‘14-3. Plane Curves

.16 

21

19 |-
1A\

The ‘set of all po;lhts which’ lie on a particular

‘path from a given point A to a given point B,
~and including A and B is called a

\ Ffequentiy in other ma‘thematicai considerations

-this definition is modified to. include curves
«<which do not have endinta.\ The line is a

special case’ of a curve having no endpoin‘ha‘ \

¥

A —————
kY

A line seginen‘t i8 a special case of a .

3

N

The points of a curve always lie in the same
plane. : -

.. {true, false)é

If all the pointa of a curve lie in a plane,
then ‘t'.he curve is called a plane .

]

A ; curve is a set of points vhich can be
—

‘ reyresented by a pencil c’lrawing made wi‘l',hou‘b .

- 1ifting the ‘pencil off the paper.

F)

Y

Line segments are exasmples of ©° -  curves.

RN

-

BERECIEN VT

curve

curve

. ,falaé \

curve

plane

plane



v 1 : E : “ \_‘;

Cbkek, Closed Cin'vea

v

A closed curve is @ plane curve vhose representation can be dram w:lthcu'l;

retracing and with the pencil point stopping at the seme point from which it °*
' started. Some examplea are:

*
“ R > N N

>

..

v

=

Closed Curvas - Simple Closed Cmes : r

221 If a cloéed curve

intersect : does not
(does, does no‘t;) \

itself at any point, it is called. 1 sim&_ closed
cmo . . i

. N . . N
-

-

~

23] We could apeak gorng around™a simple

curve and, when %dn ve pess through each -
< point Jjust once, . exqept the atarting point.
o . (For the .remainder of this chapter, we consider ,
o ‘ . only simple closed curves in a plane.) : ' \

*

clS)Bed

‘ 24 | Every simple closed curve in a plane separates the
plane :lnto three subsets: the interior points
-of the eurve, -the -exterior- ~poin*bs of the cyrve,

and the iteelf each’ form a aubqet.

N
) ) .

curve

»




-Any two ;pointa in the interior of a simple closed

25
curve be Joined. by a portion of a
¢ Tcan, can not)

. curve wh:lch does not’ :Lnter;;ct*the omginal

. aimple elosed. curve, o .

26 | The same is true for amr two :poin‘ﬁs ‘in‘\the \
exterior of a a:lmple cloged curve. _ -

: PR Itme, ﬁlae)

- ; % ‘ \ )

% 27| The interior of eny simple closed curve, to-
gether with the 8 e .¢ _ 4 curve is
called a :beg}on. \

. \ o T , \

28| The aim;;;e cloaedt\eurve is called “hliei boundary.
of the ‘ .

o " . /o

29 | Note t.ha‘b the bound.ary of a region is a part o
of the : . L !

e —
. J .
o

:M P_lxsm v .

301 Polygons have Bpecial names ac’rding to the
ndmber of line segments involved. A triangle .
is a polygon with - line segments.

« 31| A guadrilateral is a simple closed curve made up

I \ line segments.’

b how many

32 Peritago‘n, hexagg_ﬂ, *octago_xi and’ décaggn are names

S for having .5, 6, 8 and 10 sides ’
- I‘EBPGCﬂVEI% o
33 | If a simple closed curve in a plane igs the union

of three or more line gegments, it is called

-

a - .

—

can

true

region .

region
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L Note that the deﬁnition of polygon speciﬁea

- ; \ curve in a plane. Jh other words y !
+#  _  |a curve can be the union of three"' more

S ‘segments, ‘and. not bg & yo]ygon. Polygons are

simple closed . ‘

N

S . | defined aa Bign___ cloaea. :plane cnm@. Some \ e . R . .
plane, curves sre not po]ygons. ° T \ ! -
. S ) ‘.’ ) R . R . . ‘
- V- Below are gome plane-curves which are not polygons. v
., . - ) S .
R ) v .
| 3 ~
» ‘ . -
X ‘ M , ,\
) o R
s R . AR
* ) 2t ' . ». N . /
W6, Angles - ‘ L \
r - e ey ; »
' 35 |, An angle is the union of two reys which hayvea . o
~  common endpoint and " - parts of the . ", | are not
NI - ' Tere, are mot) . = -+ - o
v same line, . AR
. ‘ ) o ‘ Cavy .
s Co \36 The common € . % Of the two rays is called . endpoint
> the vertex of the angle. e - T ‘
37 | Note that in the figure below, S .ig & point of the ‘
\ angle QFT sinoe S is on ﬁ' Point w_ . | 1s not
) N . ; lis is noﬂ
' a point of the angle since it’ 18 not either B or _
. ' ﬁ. ! « ™
» i * .
e, " N - :
B \ < . -
R T \ ~;::“’$
N “{ " ¥ N
v » ~ \ ‘\ \
\
- £y a ‘ . -




N

RSN

:‘J!he 8 1‘:‘6 " 21 angre
_3.5 ‘The symbo ran_..._.,_ ;|- angle .

. . . . R ..-~ .C\.‘. »!

. 39"\{ \An angle usua.lly is d.enotecl by neming three ;points ;ff:f“ A

% 7] of the a.ngle' the ﬂra't. a point (no*l'. the vertex) ~

on one ray, the seconq ‘ﬁhe — an&@ha ﬁxird. "“";\irerﬁex
a,point (not the ‘v‘erte;c) on thg other Ty, . e

e .
R

»

N

- N A * T, - . .
DI . . . R v
——— . \ NN . NN

40} Correct namea :t‘or the e;ngle represented by the :gigure below are? : R

.4

(Uheck all - correct responsea ) L

0 (a) LGAB

e

‘
vy,

D (v) anzle PAQ

. : \ Ve ) .
.0 (e) [mac y
'O (2 sl
e e

L) w
SO

4o(a) Correct. See also 4o(b), 40(c), .40(a).

"y - . - . X e

= 1 ho(‘b) Correct. See also hp(at) , 40fe), vo(a). .

+ ] 40(c)” Corzget. See also ho(a), lgo‘(b),fho(a‘).‘ B
4o{a) Corre;'ﬁ. See also ho(a) 5 +40(b), lso(c)

R\

Q
Lole) Incbr:rect , since the yertex A -.is written fi;rat.

Ca g
] . \ . %,

- \ e
i ) \‘

R " In the freceding frame note that. it I's correct to say
T LCAB = angle PAQ = angle - QAP since [cas, a.ngle PAQ) ‘
\ ana angle QA:P -are different .. for the same ° ‘ names

angle. : oLt

?

N
LN . N - »

» g . N .

R v N

. > N A T
" We have been concerned in Chapter 13 apd Chapter 14 with various™

. geometric figures and some of thelr properties. We now twh to a conaider-

~ ation of theirmeasures or sizes. .




R \ mmcmormmormmmm /‘},

- R N ]
. ‘\\

j In Cha;pters 13 and 1k, e considered 11nes ) \Hne segments , .T8YB and
~ simple cloaeq plane curves, The latter 1ncluded polygons with various numbera.
of sides as wel), a8 figures bounded by a' curved 11ne. . Although we talked ’

" ~about the set of pointe Inkerior to the Bimple closed curve ) the set of points

making up the ‘boundary and the set of exterior point®, we did not couns{der sny

of the ;pz‘qperties of geometric :E':Lgures which igvolve: the 1dea -of size or
meaaure. We now consider some geomet:‘ic ;l’igures to deternrlne how the‘ concepts
“of ":m equal to, "is more than and "is less ‘than" apply.

v N ~ A

RS
A N N By

. - ‘3*5 RN ~ N N N N
i 2 S AN R . N . . o N E .

and. (8 - h) "are different’ . for the number U, names

2 Consiuér‘thé figure below. IB = W==08 . - .

' is a true statement because 1B, 'TD, AD amd =
CB are diﬁ‘erent names for the’ ~ ped} of” * |  seme
points, name]y, the line segment. ' " ) .

-

4

‘ : * $ . T ° .
3 Coneider the figure below, AB is not equal to
TD because AB and 6D " do not. - the same‘ ) i represent

line segment. . A v

‘*-,‘1}.;—1.’ Cogg::uence of Segments ‘ o . ‘ s )
1} 7 -3 = 8- 4 i a true statement be&uee (7 - E) I | ‘ .‘ \ -_




*.AB:I.B

rd]

. In the ﬁ.gure o:t‘ F:rame 3 ’y \ :
i - ‘J\\ _N\\ \\

- ﬁual , DOt equal)

~ » ~ RS N N
» - . - - N * ¥

| Ip the figure below, ﬁ’ e

W

In the ﬁgure below, XX 4T :18 a true ata‘tq-

ment (s;nce X! and CD
line Bemn‘ban ) . ;

different

8 . : R [N

¥ L.

. Make a representation of the line segment bod

1. of Frame 6 by placing one tip of . the’ compass

on X and adjusting it so the other tip falls.
on Y. If the compass is moved, the tips df the *
compass determine a line segment which is called

a represantation of the line segment _ v
+ "o o
Compare the representation of *ﬁ ‘with CD by
. placing one point of the compass on- C and - R
geeing if the other point®of the compass falls ‘
on D. The other peint of the compass \
fall on D.

{does, does not)

Representatidns of line segments may be moved. Since,

& line segment is detemﬂ.n?d\bx 1ts two endpoints and

‘these pointa repreaent poait:lons in space » they caxmot

¢ be moved.
{can, cannot)

153 - 152

Hence, line segments

be moved .

L 4

L

equal

“
=

AN

represent
N; Ao
— ) A}
XY

*
does
cannot
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1

12

13

»

D

{ Ve may \cbmpare them by making a i'epresentatian L

of BB, say vith a compass. If dme point of
the compass is placed on C, we find that the
otlier ~poin£ will fall \

{between C and D,. beyond Dy,

.

A

Hence, we may sey that AB is

—————

‘We often express the relation in Frame 10 by
using the symbol < , Thus, AB €D.

s

" If any two line segments are compared by using

representations of ;;hem, there are three

-«

possibilities:

Either KB CD, .
o B B,
or KB and CD are congruefft..

In the third ‘¥®sibility in Frame 12, nemely,

that AB- and CD are congruent, we
N ' . .{can, cannot).

Bsay AB = CD bvecause AB . and €D represent
RS R N,
different sets of points. - )

- N .

D 15

»

>

&l
LA
8l

v

. -

/Bl Bl
A\ A

cannot

b ]

3l g

A}

\ less than or
not, as long as

\ \between C and D

>

Y

i

»

P
ra



more than and not’ less than the repneaenta.tion

~"\ea;\:la.l,\?’ denoted, ‘ny the gymbolg _— In the
figure below, MN___  TQ.. -

- N BN

L R . N - - h

¢ ¥
L 4

1h If one representation of a-line segment is not

of ano‘bher 1line’ segment we use the word "congruent,
denoted‘ by the symbol 2,  rather tha.n the word

n

X

N S

5

‘w

o
* a

Sl

In th:ls Bub-»program we have introduced the com;parison of two or more

line segments. 'I’h{s is ‘oasic to the ide} of length to ‘oe discussad in the
next chapter. In mathematics, since the word or symbdl for "equal is used
only vhen two phrases name ‘the same ob,ject 5 1% is fot ;poasible to speak of

cannot be movéd. r

However, we do make a representation of a line segment by using a

-

‘equal line segments unless they do indeed represent exactly the same segment.
\ Again, since a line segment 15 determined by two fixed points in space, it

»

compass, a stretched string, marks, or a tracing on a card or paper, ‘'or a .
. stralghtedge. These representations of line Begments (ve wsually use a -

compass, if available, becaust it is hendier) can be moved and for this

reason we can compare two 61? more line segments. If we are given any two
line segments such as AB and €D, then by usirkg representations of these '

18\ true:
- . “AB . < -CD
( N
B > TD
‘\; . A—§ ™ ‘6’3

Notice in’ the laBt statement above we use i"é, ~the symbol for ‘congmer;ce\ to
indicatl that AB is not more than and is not less than ©D.
that in the study.of mathematics we vant the word "equal" used if and only if
Note ;that BB = ( AB

:Ls a true statement.

1;51&

‘y

3

‘we have different {or the gsame) names for . the same thing.

The reason is

‘ segments we may discover that one and only one of*-the following statements )



2 . . o 15
. . ' o ‘ ' ‘ .
15-3. Mson of &g T ,
\ In comparing angles we use tracings q}l’ 'the angles as we did in .comparing
segments. . ¥
® 16 | In the figure belowf, ﬂ;é angles BAC ‘and  DAE - o
" | are . ‘ ‘ | equal or =
- ot ' ‘ \
2 . \ - Co .
‘ 17 | The reason we may use the kqual symbol in Frame 16 -
- is because 7’&}131&\ 'BAC" axd ."angle DAE" are "
L ‘ for the same de% of points. s different names .
- « o . . ’ )
18 | Given the angles BAC ‘and EDF below.
. N . . . a . N NG
A - s
‘Make & tracing of /BAC, call it JMON, end . .
place it over /EDF so that -0 falls.on D : \ -t
_and ON falls on DF. Hence, /eac ., /EDF < or is less
because ON falls withif [EDF.. . - - .| then
\ , i
& »
- w i
i.. y
| - o : ~
| ¢ |
W -
. ’
> ~, .
155 A D ‘




20

—— Tmt——— Ry

21

» - AN .

A

The result of the comi.\a;ison is /BSQ

H

1
£

The three possibilities in coinparing the angles. -
MNO and RST are: ‘ '

* elther /MNO [BST, o

s A, 1 )

or Z"’.NO‘__‘ [ y]——
- or [MNO [_RST.
. C
‘Consider pointa A, P and B on the 1ine W
Buch that P is be'tween A and B. \ ‘\
" — Q
% C
- . -

A P B \
Select a point Q not pi:g and‘draw T@.
By i“ool;ing at the figure or makimg a tracing
representation of JAPQ, wé find: that

[APQ N LBPQ- i
Ny |
: . "‘
. - Ot
. ~
156
157

Y ;' T

¥

X or .is more -

> -
<
1Y v
]
> .
3

“
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22 | Use tne figure below to com?are ARG and  /BEQ.
. .\ - . . O ‘ ‘
- e g . ) v
g ) ..‘ N -
-— - » - \
A P B T
. i$4 3 ! )
We find that /JAPQ __ = [BPQ. ]l \
‘ ) . . N 3 \‘ . . e . 3
If this is true, we call the 'angles APQ and ) .
‘BPQ right angles. Later we learn that the
. dégree measube of each angle is 90°, Further- ’
more, ir P is a point on AB and LAPQ [BPQ, ‘
w&: say that ﬁ ia perpendicular to AB. | L~
\ 23\ In the figure below, compare the two angles - . . .
APQ and BEQ. . . o -
L] ) ; N
P ‘
We find [APQ [BPQ. = ’
o4 | I# /MNO®> /PRQ and /PRQ > /ABC, then it ' '
& .£ollqgs that /MNO [aBC. >
. N R N »
N N * - \
- " > » : .

-
Y
s

In this sub-program we have developed sbme ideas analogous to those for

line segments. We may compare angleg by using a repreaentation of one of the
_angles, W

sually traced on paper, then placing the tracing over the other
' angte. Given any two angles such as /ABC and /DFF,

IS

then by using

- <

. 157



N - . <

mpresen‘tations of them we' may discover that one and only. one of the rollowing

atatements i,s true.. o o ;“ T N
. \ RN ) . . iABC > L'Dw \ . R |
C e e e e
~ ¢ . : A D g N - . ML TS i .

| fec s foer

Right angles vere discusaed briefly and defined. They will be used more
and more 1n Bucceeding chaptera. One way to make a model of four right ‘

' angles ia to use a sheet of :paper, fold and crease it once anywhere,, then '
" make a aecond fold so the crease :E‘olde on itaelf. The result is a model of

four right anglea‘ o [ Co
\ - \ ‘E: . N ' . - . . .

154, Classification ‘of Triangles and ggmlaf’terala‘

25 | +In the triangle AZBC,
~ vh
' use a compass to . N N
compare the line . "’
« | segments 'AC and . ) .
) BC and the line RN
segments K:l?? and =, ‘ o
‘BC. It is,found that AC B + | RAC=2EC ’
N {. “w . “ Ve
26 { From ’g statements in the response to Frmne 25 ‘
AC iB . ‘ .o o K= .
» /‘ . C -;\ “ »
. \ \ o
2T § It /all three -sldes of a triangle are ® o x':tmg:n.\verﬂ;~ /
tpen the t:r:Langie is called an g\i_ilatera : " Lo
triangle. ‘ o oo
N ! \ 7 > : . \ - ;‘ ?
. ‘.j L} s ot ‘ R \ ‘
28 | In the triangle EGF below, compare the sides
¥ and GF and the sides ;G and FF. N
. . . A Y
<
| iE | * :
The results are 1G GF and 10 . T WIT,; B<F
. {59%% ’
29




.

36

“30

29

35

37

38

39

_ compare the side MN

“\ - . -
From the statements®in the response to Freme 28,

@ ) -EF_- ?

- ~

In the triangle EGE of Frame 28, 6 and EF

are . ’ Such a triangle is isosceles, that .

is, 1f two sides of a triangle are congruent, then

the triangle is called an 1sosce1ea triangle.

. . . -
N . . .
N N ) N
. a

In an isosceles triangle at least two sides
afe . . o e

» l
In an equilateral tr{aﬁgle‘all three sides:

are .
N 1

.‘ :\:.‘

Priangle ABC in Frame 25 is both . - end
iséscelea. ) B

i \ . N
‘ : O . \\\
In the triangle MNO, -

with the side WO, and
compaye the side Fﬁ?

with the side ON. The M ‘ N
,results are MN . MO and MO ‘W. L
Hence, MN < < ON. g

——

. ' , ‘
In the triangle MNO of Frame 34, no two .
are congruent. Such a triangle is called a

scalene triangle.

In a scalene triangle no two sides are ___ .

L

A triangle with all three sides congruent is

: »
\
\

>

A triangle with at least two sides congruent

iS: -

A triangle with no two sides congruent is

; - 159 ‘ ‘ %

zl

Y

»
M "~

2 or congruent

= or congryent

Q

equilatérai

equilateral

~
i

isosceles

Y

scalene



n

»v

triangle. .

.
L TN

| In the triangle ABC, 2B is perpendicular to -

: prﬁé, angle BAC is a i an%le.‘

B

A
A tria.ngle which haq a
triangle.

The triangle ABC in Frame 40 is'a

angle is & right

LY

~ b .
]
~

¥

Compare the sides AB and AC of trlangle ABC
in Frame ko, 'I'h\e result is AB AC,

\‘

From the answer in Frame 43, the triangle AIBC

is also ‘ ‘. . o .

In the triangle DEF below,; each of the angles is
smaller than a angle 8nd each is called an
acute angle.

! . 60
| v v1g

| MR L3
| ,

N
AR |
~l
X
X .
right
o .
\’ )
;e
3 *
3
H
1YY
* “ R
right R
1.,

?
— et ®
AB 2 AC
“
- i‘
‘isosceles
‘right -
477
) N
) -




46"

b7

| obtuse angle. )

Since all angles of 'bhe triangle . DEF of
“Frame 45 are anglea, the triangle is
‘f:alled an’ acu't.e triangle. *

~

In 'bhe triangle MNO below, 'bhe angle OMN :ls

RN

greafl‘.e:n ‘than & ° angle and is” ralle& an T

c*.
The triangle MNO 1in Frame 47 ia called an

-

triangle .

»
> >

Use a compass to compare “the sides of the
quadri latenal ﬁ&ﬁﬁn '

50

51

52

Each side is to every other side.

~

A quadrilateral with all sides is .
equilateral. Such a "quadrilateral also is
;alled a rhombus. ‘

) . \ N i f

| A-quadrilateral with no pair of sides . is

*

called a scalene quadrilateral.

S

A quadrilateral with all of its ‘angles __ -
\ S

angles is called a rectangle.

\ 161

R . 18»

AR

S
- -
Jorrent
N

obtuse

-

congruent™

congruent

*right

congruent or =



- - N ) ] N ) N N » . '
s \15 R . .. )
~ . .53 ;chuadrilateral vith each pair of 6ppoa§.teﬁsideaj . o \1 ‘&
| congruent and " . is called a parallelogram. parallel N
N . ’\ o - R LI B * .
. l; . . ‘_ . . N R - ;\:;%c ) ‘ i B .
54 I A rectangle also is a p, o . Rarallelogram * |
oY ) . . . . - .- \\ ~~' LR -“‘{
25 | An equilateral gquadrilateral also is a P m. , ;parallelogram\'
- \ a N N ‘ N N N . —— R R ‘ N .
56 | A quadrilateral with each sides to every congruent
- other side and all its angles right angles ig \ A
-t cgiled a’'square. : : o \ oz ‘ : ) \

= B LS

e classi:f‘icatiohs of’ ’f
asgified according to

In this sub-progrém we_have discussed ‘s_ome\ of
triangles andoquadﬁlaterals.\ These figures may he

properties of their sides or according to properties their angles. The
» \. l -

mos‘t\ important of these are summarized as ‘the follov;ing

; .
- Triangles are . . Ir \ X
Equilateral all three sides p.i-e conjruent.
Isosceles ‘\ - at least two sides are congrugnt. .
. . "Scalene \' . no two sides are cong.::'u‘?nt;
: - . v -
Bight' \ " one angle is a right angle. N \ .
« Acute \* v . eéch angle is:léss than ‘a: \.:right\ ari\gle'\. .
L / © Qbtuse \ - o:ne‘ ar;lgle is an obtuse angle. N
‘ These classifications overlap., An equilateral Jtriangle is,alat; isosceles
- . and acute. Right, acute, and obtuse triangles may also be 1aos;eles. An-
\ acute triangle may be equilateral,isoscelgs, or s}:alene. ’ .
: ‘ Quadrilaterals are ‘ Ir \ - .
. Equilateral - \ \ " each side is co ent to éve:ry other side.

Scalene ) no two sides are nt. . 1

Sguare\ \ each side is con o every other side

and each angle is g rigljlt angle.

L Rectangle .- &ll of its angles are right angles.

,‘* E . Parallé‘lograr‘n each pair of opposite sides are‘?dngruent

and parallel. R
‘ \. -

| Sy

¢

3
¢
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We now shift our atten:\;i.on '!;o another simple clqsed curve, the eircle.

-

Thia curve bears certain relationa 0 ;polygona of many sides.

-
EXY

\3'\ )

e

© Circles

~

15-5+

)

. \G:lvenf the‘ﬁ.gw:e below. Use a bomi:ass to find . R
e. representation of the line segment OA and N . ‘
\ compare this segment w.l’bh OB .and OC. The
\ | result 1s OR 0B ac.

» . . ’ y T . °

Select anb'bher point X on the simple closed

58 ,
| curve in Freame 57 and compare Of with OA.gp -
. | since OX s to Ok, it also.is

‘congruent to OB and to OC.

congruent
Y

»
R TN

A circle is a simple closed curve having a point O in its "
Pnterior such that, if A and B are any two points on the ‘ N
_curve, ‘then Ok = 0B. O and OB eand all other Line segments -

i Definition:

‘from "0’ to points on ‘the closed curve are ca}.led radii of the

circle.

-

The point O is called the center of the circle.

-

163"

189 .

v '
.
.

F]



ECh v, .
™ “w '
- » 59 | Given the circle with center O and radius OA.
: e ’ oy
— A x - -
) ‘
4 \\\" s .
- S :
\ - ‘ .
. ,Select points M, N, P in the interior of the ¢
T \'\f N circle. ‘Use a compass and compare OM OF and L N
A T vith the radius OR. The results are: \ o
‘ ~) owm & LT T M <OR
_‘ - "“ 'O_P - tTA- e 6-P- < bI
i‘ SN \60 A ﬁﬁ;ﬂ: guch as M is in the of the circle interior
- "{\3 -1 with ‘g.‘f‘nter O “:and radius OA if OM < OA.
. ) 6L In another circle. sé]:ect the points X, Y, \‘"’Z in -
e o
. ‘the extgﬁor of the, ‘circle ,and compare [ OY and N
oz with O_A The results are: .. - @ » ‘ :
. Y . . . )
N - S S ® >
" ~ — ) N N S—— ——
T - | tz>0a
o BN B N
ks *‘ .
¥
I\ . ; S
. = |
N N ”» C e
. ‘\»\x N ) T . ’ ’ ’ a
2 ° ., . > N : {\ . ‘: th - . Y
- . ‘r’ . SO ‘ ’
Y ¥ ; a N N ' \\




\ - e
s . ( A ‘ e \O z
62 ,J A point such'as X is in the exterior of the. :
A cixele if, 'b'i . _Oh. C 0X >0h
. 63 | A circle is a aimple closed cu}'vem The 1 ntegior
e | of a circle vith center O and relfts OA \ .
5 consists of all points M such ‘t.tiat oM OA. OM < 0K
\‘" R - N » \ Y
64 | The exterior of a circle with center O a}nd
: radius OA consists of all points X sﬁg ' K
that 0K GA. - S X >0&
_W~ : - . R \Q
6 ‘\Sha\.dé lightly the interior of the pircle , center 0.
"P.The uniod of the circle and its intedpr is called = |
. a_‘circula:t‘ L . L v
. - “? “.\.i" {
) ¥ . - . NN ‘}.
* T ’ . D M
\ ’, .
- “n x ' - ’ A
- » " N -
» . . f‘ » »
66 | The is‘-called. the b gﬂ of them o circle
gircular ‘region. | St -
: — SN ]
67 | A circular region is the . of a cirdle and 4 union
itg interior. 2 ! o ' R
N ‘ " " ‘ ; ) ‘ \ ‘ “ - u
-» \ .§° '
‘ o
) o~ I
L ] Al N
- v N ~ ’ * | &
o g = i 0
B ! ;
N 165 ] \\f .
- ) . 1 8'8

‘&,
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68" Iﬁ*a glven circle,‘dr§w~a\radiﬁs EK \and extend
| DA ﬂhrough O until it meetd the circle on the
- ‘m»-ex_ss,a,e_o:.ﬂom.a;_—n.-—whe-a—nem——ﬁ-——-—
’ is called a diameter of the circle.
\ N ’\: -
3
B
S \
* A
C N ) Y ? N -
.. 69 | Consider a circle and : P
points A and " B ‘on A -

70.

T

R ‘parts or. l:lne segment.s., :
e Y lhow mamy) . N\
i ‘w e ,
| O Two ;points. on a circle separate the .circle into

the circlé. One L
portion of the circle “; Q
(an arc) is written ‘
APD. Ebints A and B

separate the circle into. arcs and

-

* A single pbiht P on a‘circle |
. " {does, dges not )
separate the circle into two parts. )

Y \ * \ . >
. Given a line‘segment A
AB. Point ‘P between

A and B Bepara‘tes.

the segment into

'diatinet parts or arcs. : \

lhoﬁ many J N

A

two

B . .
N > y
¢ . 166 :
.. .‘ ‘ ) ‘- A ';S?
} N ’ . ; »



73 | Two arcs of a circle may or mey not_be congrueﬁ‘b.‘ .
If the points A and B are en@ﬁdints ofa . - - .

diameter, then the two parts of the circle are ‘
arcB. Each of these arcs is called a - congruent
Bemi-circle And AB 13 called the diameter of

 the semi-clrcle. ‘ \ R Lo
)‘. ) . v . ) N . NN . s
Th | The union of a semi—ci:clefan& its diameter and
its interior points is called a sem -Circular »
. \ ‘ " . ‘ region -

»

In this sub—program we have introduced the concept of a circle as a =
particulag simple closed curve , one that has a point O in its interior such
that all line segments from O to points qn the curve are congruent pegments.
A circle. separates tﬁ: plane_inté_threé regiQns: the iﬁterior of the§ciicle,
the exterior of the circle, an& the circle‘itself. The union of the interior
of a circle and the circle itself,is called a circular region. Thus, tﬁé
word “circle" refers to the boundary between the ¥nverior and the exterior

of a circle. A circle 18 a set of points and is an example of a simple
closed curve. Later we measure the length of a circle, but the ' area of a
circle" has no meaning. However, the "area of & circular region" does have.

meaning. When we talk about, area, we mean the area of a circular region.

15-6. Sum'nags ‘ ) - SR |
In this cgapter we have use& metric properties of sets of points;)but we
have not done any measuring nor have we defined maq&urement. We re-emphasize
the fundamental meaning of the word equal" and the symbol = as used only
when we have two names for the same object, For 1ine‘aegments*aa\well as
other geometric‘figures, we try to obtain a représentation of the line
segment, such as the separation of the points of a compags. These represen~
tations can be moved, but the points and segments themselves cannot be moved.
‘In this chapter, by means of representations, we compare two line
" pegments and all we are able to do is te‘say that one segment is shofter or
longer thaﬁ~the other or that they are congruent., Hence, given two line
pegments AB and MN, we say that one and only one of the following state-

»

ments is true:
¥ \




.

#Ht

& & &l
v oA
2 B g

b A

With\angles‘we do the same ihing. By comparison, we say thﬁt\one and

N

» . only one of the following statements is true:
- S [poB < /vnm
) ' % ‘ . H ® "I
\ [poB > /MNR .

-/AOB = LMNR .

Tangles and quadrilat als are classified according to whether sided

are congruént or greater than r less than. PN

‘a‘) FRR \\;_

—_— A circle was diacussed a8 & simple closeq,plane curve with a eenter -and
equal radii. The set of points interior to a ‘circle fogether with the points
on the circle form a set called a circular region.
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CHAPTER 16

LINEAR AND ANGULAR MBASURE

~
-

16-i. Introduction R

/

Mpch of our previous efforts haye been directed to countingvthe members
of a set and ﬁsing these numbers in arithmetical operations of addition,\\

subtractloﬁ multlplicatlon and division.‘ The concept of measure alsc

depends on counting. 2

»

"1 | If we wish to find out how. many books are on a
| shelf, we -the number of books there.

~

2 | On the ogrer hand, we _ the length of :a
desk. 9§ :

LS

The act of measuring a line segment involves the selection of a suitabié
EY ————tveimi WAy W A —————————

. eount -

measure

‘uniﬁ and applying this unit unit to the Line segment, counting the approximate

number of times this unit fits the line segment. This number of wnits is the

length, or magnitude, of the line segment, and is wrltten as

. S
»

3 In measurlng a line segment, we the ,

v | the line.

N

- *

N Two line segments are equal: if tﬁsx<fonsist of

the same | : of points.

,//; \The measure of two equal line segments is

(the same;different).

number of times that the unit is applied to N

"n" units.

set

the same

K4

. Our interest also lies in line segments which have the same measure bvut

ére not equal. Such line segments are sald to be congruent.

are congruemt, we write AB T CD.

If AB and CD

L]



- ~If two line segmen‘bs are not congrueht, then the meaaure of one is less
thaggthe measure of the other and we write m(AB) < m(CD) or "m(ED) < u(ZB)
'where m(m) denotes the measure of KB and m(CD) denotes the measure

" of CD.C T o -
v 6 The e¥mbol for congruent is . 2
* 7 | BB TD means that the line segments AF and o
‘ 1 C0 have the ‘measure. o . same
8 | If two line segments are congruent, these line .
segments have the same , and also have measure
" .fs. the same length. \ R .

o detemir{e whether or not two line segments sre congruent, it is
necessary to compare their lengths. This can be done by placing the ends
(tips) of a compass (or aividers) on the endpoints of one line segment and

seeing vhether Yhe tips of the compass will coincide with the endpoints of

Ay

the other line segment.

~A ‘ B C—— \ \‘,D

L

. i D —
- .9 Set a compass to the length of AB, compare to

TD by placing one tip on C. Since the second

s

tip falls on D, the line segmerfts are . congruent
: B - ’ : ) L
l(\)‘ Now conside® another line segment CE. Keeping the " p
’ \ com_pass\ set to the rength of K‘E, hplape one tip of » ‘
the compass on C and compare CE to the’length
of A“f.; When the second tip falls between C and ‘
" \ ~B, we say that the measure of AB | is less :hhan -
‘ the measure of CE and write m(AB) __ m(CE). <
. N . N
11 | The measure of CE also is greater than the measure‘
of AB., This may be written > m(AB) " | m(CE) > n(AB)

R’

me . . .

v



I
Foe .

16:3

b )
*

One speaks of AE as less than CE if m(AB) < m(CE). For notational .. ..
simplieity, this relationship is ay’mbolized. by writidg AB < CE. In subse-
gquent parts of this prﬁg&'am, this simpli:t‘ied notation is used. o

. “ Y

A}

162, Measuring & Line Jment S

-

Fundamentally, the measurement of line segments*is a process of c:ompa:ring \
‘ohé line segment to another one. If, however, theé line segments are not con- \
: gruent, it is not sufficient to determine whether one JLB greater tha.n or less
than t,he other. k )
One needs to select a line segment , Tor example AB, to serve as a unit.
The unit selected is arbitrary, and its measure is gg_g.‘ Once a unit is
selécted. for a giv,eﬁ_problém, hdwew}er, it is the smallest length that will
- .be accepted in measurements of tha“§ problem. One may select as a unit any
‘ suitable leng‘r.h, for exa.mple one-thirﬂ of “an inch , a8 the a,rbitra:ry unit.

12 | In compariﬁg our unit AB to some line segnignt, ‘ - s
there are three possibilities: , \‘ ‘
th€ line segment may be to, greater than , ’ congruent
or the unit AB. . \ less than

3

13 | If ©D 'é\A_ﬁ, we say that A-ﬁ, and CD ha‘s}e .

the _ _ . : o . same length or
- (o0 same mehsgure
14 | since CTD 2 AB, -we nlay use either _ or : D

——

AB as a unit.,

15 The number assigned to the unit AB is . L or one
. ’ a
16 | The exact length of the used in measure- unit

ment is arbitrary. e )

‘\ Y ¥
: 17 | Any line segment which is cohgruent to our unit

———— » - N
. AB has a measure of . . : 1l or one

N . N
N N ) . .
i)
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18

19

20

21

22

23

2k

- . i |

\ example and using

segments each _

To measurs a line semnént such as EF for T
RS as a unit, proceed as
follows: set the égmﬁass such that its pointé
are on R and S and atrike off on AB a

wnit length from A; the measure from A to
this point-is one . :

From the endpoint of the unit segment now marked

on AB, strike off another unit length. The
length from A %o this second point is \

?

» v

-

On doing this a third time, if the final mark
is at B, the length of A8 is _ S

N .
In general, to measure a line segment, we first
choose a suitable and asaign to it the

measure one or l. \ .

Then, with a compass, we strike ofi“—succfesaive line

to, the unit. * ;\‘é‘
If, on the last strike, the point of the compass
coinci[dgé with the second endpoint of the line ’
Segment béing measured, we count the number of
units. ' If flge coﬁnt is n, ‘then the length of
the line ségment‘ iz said to be - .

-

L] N »

! [N — . N
The m?as;su;'e of the-"}ine segment AB in ‘{‘rames

»
»

»

o

Y

-

P

& counting numbel)

v
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\‘ 8

29 .

,;30

31

—%hJ1&etermrne*the‘igggzgftf”ﬁ“Iine Segment, one
also must specity the ) e o
. r . N
)
The 1ength of: a line segment AB used in
Frnmes 18 - 20 1s \ .

. ™\ i .
Tb measure a line segment ~ " ‘the. number

of times the cposep unit is used to completely
cover the 1ine!§egment:. \ '

4 ~

If n ‘units are used to measure a line segment,
one says that the 1en${ of the line segment

The measure of the line segment in Frame 28
is . ‘

Instead of using a unit as measured by a compass,
select a starting point at or near one end of a
straight-edge. Having selec{ed 8 unit, mark off
a unit length from the starting point. The
measure of this segment is .

L]

From this point mark off another unit. The
measurement from the starting point to this
second endpoint is - +« In a similar manner
additional units are marked off on the straight-

A »

edge. N

A

16

- ——

iunit

count

n units

3 qp}ta\f

two or 2

A ruler is formed by coﬁhting‘and labeling the units along a straight- °

edge.

E :32~

p—

A e b
The measurg of a 11ne segment e
- 3 . {does, dues'notf

depend upcon the endpoint from which the units are
counted. \

173

does not

>
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16-3. '.I!he _Bgro:dmate Nature of Measure

ﬁ meaaured in *berms of the unit TE of the last section has a length
of 3 units. - We lmow, however , that other line segments will not necessarily
be meaaured evenly with a g;lven unit. . a

>

MmN A . B

)

33 | The sentence,

» "A line segment is 3 units long;" ‘ : }, N  '
A, ' | meens that the measure of the line segmentis the. - L
4 , \ ‘
rmmber . ooy - \ | 3. or three

C A

. 3% | When we measure AB and N using TS as the

. |'Ynit, ve find that each'is _ units long. 3
- N . . 1.
35 | However, AB and MV are not . . . congruent
. : N B ) zi ) .

36 Thus, 'to say thet a line segment is 3, units long
vneans that its 1ength 18 closer to three units

‘than to units or to wnits. In 2; b
: . general, measurement of a line segment 15 approximate.

e ¥

*

.Once a unit is selected for a ghven problem, 1.1:"18'\1’:he e.inallest length
that will be aceepted in.the measurements of that problem. \

» A * -
>

R S H ‘ J
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v
\
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37| wnen RS above is the unit, the measure of HJ lies half-way
between 4 and 5. The line segment HJ should be aséigned the -

“measure . . . (
N k]

D@ %O e O 35

Y

v \
37(a) This’ response is incorrect. Once & unit 1;‘ 1t \
R ~_'selected, the length must be apecified as a wholeg | '
1 number of these units, and ‘the measure ie that : .
o whole number. .
37(b)*f§hisfresﬂonse is incorrect. 37(c) is correct. °
Remember that at best, measurement is an approxi-
mation. Here we have a difficult situation. To
do better ve would have to select a new unit, one S
that may be smaller than .ﬁg. However, by
convention, if a length is as much or more then
one-half unit more than the smgller measure, ve

use the larger measure.

>

\37(c) This response is—éc?rect. ‘Bead 37(b).

»

16-4. Standard Units

The actusl selection\br a unit is afbitrary. Howevér,jto give measure-
ment meaning, it becomes ﬁecessary to agree upon & unit to be used univerhally.
Such units\ere called standard unit The standard unit is one ac&epted by -

" all concerned with its use 50 that measurement may be interpreted at

" enother time and place. L - o

‘ Historically, there‘have been many units. In the United States the
Natiénal Bureau of Standards\is responsible for the establishment of our
standard units. .

Today, there are two major sja¥ems of units 1n use. The British~Americaq

system has_as basic units the familiaer inch, foot, yard and mile. The
' particular unit depends upon the use to which the meggurement will be applied.
The second system in conmon usage is the metric system with the meter as the
basic unit. In 1960, the meter was redefined.in texrms of the wave length

of orange.light from krypton 86.

» .
N . Y

N
- 17g
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16~5. Grouging of ﬁnits .

_»  The standaXd units are frequently converted in reporting ordinary
lengthg. For example, 12 1nches to the foot, 3 feet to the yard 5,280
feet to the mile and so forth. These equivalences are’ advantaggous in

e specifying lengths.

VA o J . _

‘ 38| For example, 41 inches may be written as
feet and inches. : ‘ 3;‘ 5 -

A
- . } »

e
[N .

39| It also may be written as. yard‘ and 1
’wt;‘he Se

- Lo Ifa linezgégment has a length of 36 1n§hes,
it is 1mplied that the unit is the inch and ‘
its measure is closer to . .than to 35 -1 36
or to . N 37

Y

A

41| By convérting to feet the 36 inches become
“ ‘ feet. ‘ . . 3

42| But, if the unit is a foot, this implies that the

length of the line segmen}y is closer to 3 feet \
than to feet or to 4 feet. 2
—— . \

43 | The assumed error in any quoted éeasure is at most \
half a-unit. In Frame 42, six inches is the
implied erior‘ Therefore, a length of 3 feet
implies that its actual length lies between 30 ‘
incheg g inches. o L2

44 | This statement tells us much less than the original
\ statement that the line segment has a length of 36,
inches. To correct this we can say that the line %
segment is 3 feet, -0 inches long or 3 feet
" long to the inch. . hearest

& * t

45 | Ina simllar manner we could have said that the line
segment has a length of ~yard to the nLarest one
inch. \

N R 176 :'
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16-6.  Sumary |
, f[n‘measuring a line segment, one first must select' t the iength of.
which is assigned the humber one. The unit is then appl?,éo §fi'?he line seg-
ment to be measured. Finally the number of succesﬂve segments, each o ent i
¥to the unit, is determined as ‘the messure, If the last unit ends on the
terminal point of the line segment, we have a measurement that is exact (to
within experimental error). Usually it is necessary to determine the wbe:r
o:f' units that most nea:rly approximates the g.ength of the line segment.

¥

16-7. The Naming of Units

In the' British-American system of standard units, the inch is frequentlir

used., Hewever, there are many occasions for which a smaller unit is desired.
‘ . R \ \

-

- 46 | If a carpenter needs to determine the length of ay
board to the nearest quarter (%;) inch, he will

~

select as his unit the " inch. " . | auarter
N ’ R k] %
47 | Technically, the length Qf the board will then be' N A
stated in terms of a of" quarter- .i + | vwhole number
inch wnits. | & B

L3N

48 {"In practice he will probably sfate the length of
the board in terms of feet, j 3
inches. In measuring and cutting his board, he
must know that his unit is the inch,’ ¢ guarter
\ . \\ ) ’ S >
9 | In a simila¥ way, the machinist specifies a - \
tolerance that must be met. This allowable B \ e
tolerance is thé& \ of measurement that he - unit
ot must recognlze and uﬁ

\ R}

Even the cook is faced with the problem of usuxg units of measurements.
When a ceke recipe calls for one cup' of flour, the flour must be measured to
mthin some spe01i‘ied linits or the cake does no*t; come out right. Maybe the
cake making wonld be more successful if¥the unit of measurement were specﬁ'led i

L]

more carefully. | - i N

- ?




- i . . ; ) * \ ’ * . 1 > * \ ~ \‘
e v 10 ‘ Y- . AP P -
- * N . x? - - ) . B - . A BN
. : . o . .
,\‘16-8 Measurement o:t' 'Angles T oo i * . w
I L) o \
.. Thnis sub-program will ve bri;f and what is done will depend on a, ﬁrm
, grgsp of the idea of measure of a 1ine segment » 88 discu@é;d dn the prev@’bus
L Q séctiéns, and on the deﬁni‘l:ion of an angle didcussed in apter 1& SR
.f » Y ¥ ) N -, [N : o - g “' S
. B | XU
3 T 50 Basically, mee.surement consists of three thingb. A
~ ) - NN i .. AN R
. ' The first 18 “to ,aelect a which, will be . unlt: ..
‘ " e ass&gnedsa value of . S : oot one or 1 .
T 51 'The unit: used. 0 measure an angle is an angle‘ BN AN R NPT
7+ _+ | Once the unit is selected it is app]ﬁied totile 4 ] 0T s T
' ‘ ,,' angle ) separating it, :Lnto a m:nnben of smaller - B . B
N 3 parts , each of which ia ___to the unit anglé. ‘tcangrugn‘li o
. . \ N \ \,“t . ‘ i N o L L ~ . R - 8 \:‘!
’ 52 | We finally cmnt the N * sinto number g\)f units
_ which the angle is separatgd. This cotmt is the " vy ~ #"
T measure of the angle. - .. o oo ; ‘
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""‘ ;ﬂt T~ In 'the picture above, ve see ae\féral angles any one ot which may be bmd
N ;‘ as & pni‘b or can Ve meaa%ed"once 4 unit :Ls seleﬂ’ﬁﬁd ‘Let the angle ABC ;
betheurﬂtangle.&&. ey - N S T ‘(j v . N
. « . NN . R ~
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531 Consider the a.ngle DEF. ‘Using LABC as the ,- - L N
o unit angle, the' angle "DEF- is separated into \ . )
\~ - - pgrba each congruent *t;o 'bhe unit, amgle. . . 3_ - .
B e T LI
AR Y L o : - S “‘\
5.1 me consn.der ‘the angle GHK It 13 not saparated T )
f L b : ‘ \ ) =™
. e L o .
into a whole number o:r — pa;rte by &he )se | ‘ congruentt
| oof the um‘.t a.ngle "ARC, \ o ~ » N c
‘.. . . o \ . \\\ “ ; . . N . - ee
56 ]'memeasure of [Gmc 18 more them _ buto | W
&1:;.\.»1es§ then —— e | T 5 ..‘: ‘-
.\t R . ) . N - - »
\"57, Since the measure o:t’ angle GHK if nearexr . 5 oo
B than h unit. angles, )re BRY" that its measure S
f\ is; .. Y 5 \ \‘ '_ : R T N S ‘5.
Measurement is, at best an appro:d.matio( o Phe .
R - measure of an angle can ‘be.. determined only to \ . :
R ~with:i.n half a uni‘h. For bo‘th line eegmenta and~ . L
R "anglés the erro:ra can accumula:be g:lving NN \
ol different ‘vala.ges for the sum of the measures . 3
N : amd ‘the measure of the sum. * T R

- As a convenience 'in measuring ‘angles g kind of ruler is neededs For
) e:nam;ple, the face of 't:.he clock may aerve as g device for measuring angles. _“\ -
Such a’device is not called a ruler, but ‘.Ls named. & protractor. o
o " The mos‘l', :t‘amil:lar standard unit o:t‘ angle .measure 18’ the degree. The
’symbol ? ° & is used for the a.e'gree. Th:l.a unit haa been uaed longer and -
more consistently than any o‘hher'\mit. Ot}xer angular u:ni‘ha uaed toda,y ar;e \

>

e
“the radian and the mil measure. *
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'y \ oo S e
‘ ‘o ‘ .
' By deﬁnition, there are 360 degrees dn a circle.
canter P below. o T

» . Tt
L] X . ﬁ
" W
5
L. * &
N ‘J »
58 | If’the angle ABC ‘ilgseleqted as the wgit T
angle, “then it separates %the circle into > .
| 12 y \ ,parbaf ‘ . i congme:::t
S .
59 Coﬁbequently, the '(‘13111;'m"i*biéat:contaim;~ \ 30
degrees. = ° h \ N *
- 9\ ) " R » - »
60 | The measure of an’angle is accurate ‘only to’ , .
within the nearest . unit., ) . helf ,
) . Lo ‘ T e,
- N » - .

LY

Consider the circle

= In summary, .We Observe ’chat the meaaurement of an angle is very spimilar
%o the measurement of a line aegnent. 'In both cases, a unit is aelected

. and this unit is applied to the 1ine segment or angle to ‘be measu:t:ed.

> measure 1s the number of times that the unlt is used.,
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. 'CHAPTER 17: ) - -
' FACTORS AND PRIMES . -
. ) .
This chapter is concerned with whole numbers and some of the properties ; T
of whole numbers useful in the study of fractions or rational numbers. Whi:l.e

1% is not an exercise in computation, it will involve a knowledge bf tech-

niquea of computatio;x previously' presented.

‘U

'.Eh:roughout this chapter; "number"

will mean "whole number," that is, & member of (0, 1, 2 3, &, 5, I T I
. PR A L -
ot = . . . : b .
- 17-1. Products and Factors .. °® ‘ B '
- . . - - . - ’ a '
‘l s E['he products ll' X 3 13, t‘\ o, \‘ * 12 .
2 ".tfne product of b end 7 e S 28
.3 | In.ghe mathematical sentencé, "5 X 7 =35," . /—\ \ .
the mmher 35 is the Y of 5 ama 7. * product
"v a ) N NN & . . »
b .;I.f 21 is consid.ered as a produc‘t of o whole .
‘mnnbers > the two: numbers are‘ _ and . D R YRR ¢ \ .
Iy ° . \.g. ' \ N ’ o . )
.7 is'a factor of k2 because 6 XTa = . k2 i . R
°: -t N v R . . ‘ ' ‘ 0
6, *6;\ also is a D‘f,\"ﬁ& . . N factor - * .
S ? 3 ) > . * N .
N N ‘\ . ’ AN b ] * > . . i ~t . ' R
T } Since 5 Xk = 20, either the number . 5 L . .
1. or the muber "{s a factor of 20, * b ' '
8 | Since 3X2=6, thenboth 3 and 2 are - A ";\Q"
O of 6. L ce i *
| Y | * \\ U ? \ '
© 9 One also can say that 3 is a factor of 6 - .
because 6 + 3 1is the ,whole number t. " ~
3.
ot . * & ) R
N . N A
T * T ‘
- ' ' ¥ - - 181 i y



10

11
12

13

Factors are involved in the following dperations{ (Check one ox more.)
N . N . N R * ( .
O(=a) eddition O(c) multiplication
O(v) aivision. o (0(a) subtraction R )
10(a) Incorrect, Factors are used in the' operations
, of mnltiplication ‘and division, LI
10(b) Covrect. . \ e
S - \ \
10(c) Correct.. " '* o
‘ ) W . ‘ . ’
10(a) IncorrecpégFSee 10(a). . - -
/ N ‘ g ] N
8 is a factor gf 24 “pince 24 ; 8 = o 3
. “ ) ’ . ’ ’ , i
1l is a g of .n -since n + 1= factor
! —
n 1s a ] of n since n +n = 1. factor
Definitibn; a 1s a factor of b provided
theﬁe is a wholé.number n such that N TS ;
n Xa = o o k ) b %
\ i i N . \ . . »
The set pf factors of 28 is _ . . {1,2,4,7,1k,28)
s ; . ) N e N .
Jv; i ) ) b ) B - s M
£ X *
The set bf factors of 8 is: - (Check one.) ,
‘ N | . . L
» t » h X . .
(af ‘ [‘2") 16, 8‘5‘2: k, 1} D(C) {4, 2, 8, 1} NN ‘ i S
. D(h:‘ (3» 5, 6, 2] O@: &8 . .
-~ ™~ - . . ‘~ »
14(3) Incorrect %nﬂis not a whole number. Furthermore,
. N
1 § 16 1ip not e factor of, 8 since | 16 13 greater
. & than 8. !
N 1 A . » A - ) N I
°] 'li(b) Incorrect. q; these elements only. 2 dlvides 8. )
16(¢c) Corvectm Note why the other ansvers are 1ncorrect..
. | 3
) 16(a) - Incorfaet. \ and .are factors of 8. Since &
} “and 1 also are fa ors of. 8, then {2, L4} is
! not the set of factprs of\ 8. . S
§ ! N .‘ ) ¥ ¥ X
- e "o
| - !
} . 182 } N .
vk ) 1152;3 . .
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Selsr;t 8 set A each member nf whicp, has 6 as a :E‘actor* :

") A=(6 12 22} " L SR

X’D(b) A =;= [12, 36, 72} ° . ‘\; .
©Ole), A= (1, 2,3, 6} |

17(a)

\
\

l}(‘gb)

17 {c)

There 18 no wholé numbe;'“ n such that \
68( n = 21. This desponse is incdrrect. .

-

Correct., 6 X2 =12, 6 X 6.=v36 6 x12 = T2,

Therefore, ' 6 is a factor of each :member of

{12 36 T2} . ) : N
Since there is no whole number n .such .that
nX6=1, nX6=2, or 6xn=3, then6

is not. a :E‘&ctor of 1, 2, i Hence, this is

_ hot a correct response.

5 ~

. vProduch has been used ?e:t‘ore as ano‘bher

v
L]

:E'or the answer when numbers

are mul'biplied. ?actor involves the inverae i lea; when two whole numbers are’
multiplied to obtai“n a product each of ‘the numbera used in the multiplication
18 called a factor of the number vhich is the product. U

We sey that 27 is a. .factor. of 1lr
whoﬁ.e number, nemely 7, »@\ch multiplied "by 2 gives 1y ‘t.hat is
7 x B =1k,

Given a number such as 36,

»

'Qecause we -are able to find another

N .

one cap often, by inspection, write

all of its facters, including, 1 and_ 36.\ The ,’c‘acto:-rs of 36 are 1, 2,.3,
l;., 6, Y, 12, 18,‘36; . Yo

N N

»

- . N

o a . - Lt oy
17-2. Prime Numbers - 0 2 \
e - . L,
18 | The factors of ' 7» a:r@ s and e . T
‘ \ 3 % . \ - 1,
.19 | The set of factors of 13 is \ -
i LR ) .
20 | The set of factors of 7 other than 7 and. 1 N
s . - a ~
is s - R B B N
N F——————— R R t . *

?
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- : \
menber of which has exactly two different factors

is . The megbers of this set are called
the prime numbers less than 10. .

21 | e'set of vhole numbers less then 10 each

-
o
L d
-

‘Definition: Any whole number which has exactly tvo different factors
is called a »prime mnnber. The only factors of a prine

number are the number j,‘tself and 1.

22 | The number one . @& prime number.
(fs, is not) =~ .

23 | The number 1 is not a prime because it does not®
have exactly two different . . . \

24 | The next prime number greater than 10 is

. ) . N

A ]
il »

2 | The first twe prime numbers greater ‘than 18

v
»

281 0 1% not"a prime number because it does not have
exactly different factors. '
T . o .

R 13 ' .- . N
» . ‘ ™
- 29 The set of factora of 6 is . ot
. ‘ . \ \ - N~ -» - . . . \‘

AR

30 §he rumber 6 1s\not a ‘fnughber because it

has moye. then two different fgctors. ¥

&TeA ‘ and -~ 6 . . .
26 1'3X0=0 and b X . =0, .. e
B .~ ) ) . N \
27{ 3, 4 and O ‘are\all of zerc;."

| ke

factors

11

bt

S

-t
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. 1
31 Which of the :rollowing sets have only prime numbers as members? ,
(Check the correct responses.) ‘ )
‘,O(a) (6, 2, 11, 7) O(e) 43,5, 7, 9)
Q) (1,3,5 70 O(a) (2,3, 7,5 :*~ ¥ .
{ 31(a): Ihcm‘m;. Zero is not prime.
31(b) Incorrect. One is not a prime since it does not )
‘have two. dif:f'erent factors.
31(c) Incorreet. 1, % and 9 are all factors of- 9. 4 . X 2
-Henie, 9 1s not prime. '\ v
- . N
31(a) This \18 the correct response.
. Definition: AW vhole number, other than O and 1, which is nota
“ prime number 13 called a composite number. A composit;a*‘i\ Te .
' * number has at least one factor in addition to iiself and *1l.
. R ) . \“ ‘ . . i -
* 32| The number 15 has the fa¥tors 15, 1, 3, 5 .
. and thus is a number. ™~ conpgpite .
'—"—_. v | o .
33 "..The set of coxﬁposité numbers less than- 12 . ‘ s )
is - " ) a ’ / ~("‘%6.‘83‘9;103 E
R ‘ i \ ~ - ) . . » ‘ . . -
34 1 All ‘even numb®rs greater j;hax\ 2 are gomposite :
numbers , because each has more Ehan two .different .
factors. N .0 ) - :
N . * .
. . L% NN _
All numbers in decimal notation which end in 5 a ° - '
or 0, otler than 5~ and O, are -~ _»composite
) . N N ‘\? \ a
b 1. . » \ R A "
. . \ F] -
i J‘ . .. N - " i . R »
\ a of 6, we say that 6 is ;ffgctor
qtigle of 3. \ .
s a fattor.of 3 and as-a conseguence, 3. * e -
. A 3 ‘ .
e : ~ A
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- : 38 Every whole number is a factor of 0 e.nd o . M
~ is a of every Whole number. ‘ | maltiple .
\ - 39 Every whole numher ia a multiple of 1 , &nd ‘1 . ;
\ ‘ isa_ . ¢ of eve:ry ‘who,‘l.e nmnber. factor o
. ™ * = N N -
. p y‘*‘ " " i
S " |
N . . » ‘ ‘ ‘ N
o ’1;0 It A is' a aet c:r compoaite numbers, then A could equal:
. B R | . »
‘ o O(a) l'O; 9: 10] i D(e) {ll‘ 6 15} -

A Q(b) (2, 8, 12}\ D(a) (6, 9, 81} :
o . ; ‘ : —
oo " 39(a) Incorrect. 0 is gxcluded frcim the liat o:f‘
. S R K composite numbers by deﬁnition. L i ';{ >
\ ‘ 39(b)~ In:".vorrect. Each member ef the set 13 'a‘multiple
. , . of 2 tfut 2 ié a p.rime number. ‘ i

.»

39(c) Correct .

|- 39((1) Cerrect. .

» »
v

N
-

Al

. S In this’ su'b—program. the notiorn of prime number hae been introduced as &
whole numbex which haa exactly two dif:f‘erent :Factors, the numbey itself

~ and 1.
3, 13-, are prime'nwnbers.

because it has many factors, that is,, 0

SFor exaxrrple., since 2

- 2% 1,83 =3X1, 13'2 13 X 1, then 2, -
The number Q' "is excluded from the set of primes
; l X O, 2 X 0, i.‘t’ o =

n»XO.

‘ 'The number 1 also iB excluded since 1t

Ay

does not have tyo ai stinct whole

\\ number :t‘ac‘hors.. ‘ ".' Cw et 3 . \' g
f .. All whole numbers R other 'than 0, 1° and the prime numberB a.re called
. -comp_osite numbers s To e composite » & humber must have at 1east one fact%
L othen than‘ 1 and itsel:{'w Some 'composite mmbers @re easy to recognize , 88
T :f‘dr exanrple, ell multiples ef 2 greater t.han 2.
Co ~ LA e e
. ™ SR S : e o )
L T Caae L . . ‘
s 17=3. Facto‘ri‘ng_ and Prime Fectorization - . L. »
" : _*_. It 13 *frequently desimble to ;‘actor a number into more than two factors.
: ', Fox example, 30 6%X53 ) but 6 may be factored as (2 % 3). Hence, we
- ngy writ% 3‘) 6 x 5= (2 Ny 3) x 5 “2 X.3 ‘x‘j ‘where each of“tfe factors
B N-R 3, 5 -1s a prime. o , v
. ,( ‘ S ‘f'i,' o "y . .
’; . ~ - L l 3 186 ‘ . \
’ TR Rcal .
LRIC ’ | : v
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A

The mumber' 42 may be expressed as 6 X T.
- Bxpress 42 as a product of primes.

2 =2 % ( X \ Y. | .

WIf 42 'is expressed as U2 =v3 X 1h, - 'l;her;; as -
product of primes 42 =3 X { X ).

Note that the prime factors of U2 are alveys

the same except for the in which they are

| written. The writing of a number as a product of

primes is called the prime factorization of

that pumbér.

Each of the final factors found in Fremes 41,
42 and 43 are prime numbers or . factors. - N

*

The prime factorization.of 30 is .o
o
The order \ importent, but it is

{is, is not) °*
. 6ften desirable to write the prime factors in -
increasing order. \ -

Al

5 %11 X3 X7 is the prime ___. _ of 1155.
a~

The - number 90‘ may be factored and written as

90 = 30 x 3 or 90 = 2 X 45. In each qaée the

prime factorizstion of 90 i:l; N e
\ : ’

Some numbers may be expressed as a product of

composite numbers. For example, 90 = 6 % 15.

Factoring these composite factors gives the ‘

prime factorization __ _ ° .

Each prime faitoﬁzation of 90 is the _ and

is 1nﬂependen‘t\\ of hgw it is &tained except for the

order in vhich the prime factors appear in the

" product.

a

187 18 N

BN | pr\.i.me“\
e | 2ax3xs
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51 2)(2)(2)(3)(3)(5)(5 is the prime - factorization
of 1800. ‘ “

\ " v
82 Every composite number c&n be factored as a product .
IO T P of - in exactly one way except for the order primes
BN in vhich the factors appear in the product. ‘ ‘

. We have developed an idea vhich is fundamental in the study of numbers.
That is, a.ny composite number can be factored completely in only one way.

7 Thus, if the prime factors of any number are found the result will be the. i

A )

_ Bame faetors , except possibly :f'or order.” This has been Btated :t‘ormlly in

Hame .oe, and allows us to speak of the prime fa.ctorization gf a number..
- The statement in Frame 52 is called the Unique Factori za‘tion Theorem

Fundamental Theorem of Arithmetic. Only a composite number has a prime
%

factorization; a prime number does not have a prime factori zatibn.
Now let us consider a way of f:lnding the prime factorization of large

-

. composi te numbers.

. -

53 ] To testvif a prime number Buch as 3 is a factor
L of, & given number. such aa 312, divide the number .
by 3, that is, 312 +3 = __, & wvhole —1 104

number.. . ) e : 1 ‘ -
. ‘ . . . : ) \ .-
54 | Since, 312 = X ', it follows that \ 3 X_104
3 is a factor of 312, . ‘ \

'55 | Since 104 is-an even number, it has the prime

factor 2, that is X = 10k, 1 axse
56| 52+2= ‘ . . . 26 -
57 | 52 = x . "2 x 26
N ) & .
58] 26 = . X . o ‘ 2 x13
\ e . \ , . :t . N - Y i
59 | Hence, in writing’the prihe factorization.of 104, -
. we must use the prime factor 2 times. | three o
. - (how many] .
. ) ' AN 188 o - ~
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60 | The prime factoﬁzaltion of 312 15 _ 3x2x2Xx2X13
In practice it may be convenient to start testing :
with the smallest p;ime numbers. .

U

~ 61 " The prime factorizatinn of 7lh is. (Seleéf\the correct responses.)\\

‘ D(a) 6><7><17 \ 0O(a) 2Xx3XTX1T
) Ofb) 3 x1Tx2x7 OCe) 1x2x3Xx7x17
Ote) X 3 X7 I

61(a) iQQ;;feéﬁz The number 6 is coﬁpgsite.
61(b) Correct. 6l(d)hhlso is correct. ,il
61(c) Incorrect. 3h - 2 x-17..

61(&) Corréct, El(b) also is correct.

61(e) ~Ingorrect\srnse’fﬁ;’number 1 is not a pmime.

-

~ ——
IR

"

62 | .The - prime factorization of 1485 is: ‘(Sélect the correb£ responses. )
J O(a) 9%x3x5x10 . DM@ 5x3x3X1X3
- O(v) 5x3%x9,x11 \ D(e) 1x3x3x3x5‘x11

L

COe) 3x3 x'3 X.11 X 5 R

r N . .!!,'i :
62(a) Incorrect. 9 =3 X 3. :

BN N w
62(b) Incorrect. The number 9 iB composite.
62(c) Céérect.& 62(da) also is correc‘t .

A Y N . . . N
. 62(a) -Correct. 62(c) also is correct.

© | 62(e) Incorrect,since the number 1 is not a prime. .

) N >

>

N \

a v R . -
In this sub-program we observed ‘that a composite number may be factored
into primes in only’ one way. -Different approaches to finding the factora may
\give different orders of the factors, but these are not considered different

factorizations. ' : .’ L ) .
: g




1Tk, : The Greatest Common I“acjior\ of Two Numbers L. Y > \
. N . - ‘ : \ \ : \
763 | e setspi" all -factors of 72 is T, {1,2,4,8,3,6,
‘ W o ‘ ‘12 2h 18,36,72)
! *‘. . | € . ‘ ) : A NN .
64 | T™e'get of all factors of 30 id . (3,2,3,5,6,10,
. v .. -\ . — ) - 15’30}
. [
v 1% \
€5 | The set of f?ctors common to both 72 and 30 .
is S ) * {1)23‘336}
‘» N
R i D } .- .
66 | The largest single factor which appears in both
|72 and 30 18 _ . ‘. Wecall 6 the 6
greatest common factor (a!%reviated. g.c.f.) -
of 7,:-3 and 30. \ . . s
R ‘ . N : N ‘\v;\"
. )
© 67| The prime factord zations of 30 and 72 ~are - R
. Al \‘ N
39 2 x 3 x 5 -, -
72 = 2 X 2 X 2Xx3x%x3 ~ *
e > . .
Let us pair factors from their prime factorizations, ~ t
' ° | ‘ a o
/] 0= (2%3) X5 . B v
/ T2=2x2x (2x%3) X3 : ~
. . . o s L™
/ The greatest common factor is ‘ T * .
A X = . ‘ 2X3%6
. _—_ ) TN . .
"68 | The pirime factorizations of 72 anmd 54 are: Y T
™ T2=2x2%x2x3x3=(2x3x3)x2x2 l
‘5h=2x3"x3~‘x3-(2x3x3)~x3‘ . ) -
. . N \ \ N
The g.c.f. is found to be oo » "‘ ‘
. X X. = . ‘ . Ja2ax3X3 =18
; " ’ : | N ¢
69 | The set of all factors of 8 is ‘ , : .£1,2,4,8) .
s - and the set bf all factors of 9 is . {1,3,9} -
’ L] N h
v . : »
?O The g.c.f. of 8 and 9 is N 1
A . . . :"m ~:. ‘ | -.‘ 190 * ‘
. ’ - . N »
. S - . 1 91 .
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80

- Blhrames "{1 - 80 indicata the - tgree inatances in .

| 'The prime i‘actc\:rization\of \9/ i# . - —and

-

the prime fac‘bor:lzation.,oi‘ 9 | ié . .. —
Note that the greatest common :E'a.ctor of 8. and
9 cannot ’be obtained by ta{:lns pairs of factors

“from the pﬁ.me factorization. N .
C - " , - .
The set-of allpfactors of 7 i\s‘ I
The set of all factor® of U9 is "\ ‘
. N R S
\~ﬂ@e g.c.ft N Of 7 m l“'g iB » \\:;
T VA SN
The prime factorizhtion 6f 49 is .
Stnce 7 is & __ mumber, it db;s not have a E
: prime.;factorizatiqgl. , Ilence; “the g.c.f. of T N
and 49/ cannot be o‘btained by taking peirs of
fac m the prime factonza&on. e e
” . \\\ ) L] \ N N
The set of ;!;-fénqtors of 5 is-__ . "
Thé™det of all factors of T 18, o . '
: AN o . . o .o
The . g.‘e.f. Of 5 B.nd 7 18‘ ) .
. T

Néith:?\i nor 7 have p{ime factorizations
since. they both are o

LN

vhich the greatést ‘common factor of. twp’ numbers
cannot be obta;lned by taking pai:rs of factors |
from the prime . !

-

»

'I'hese cases occu:r when the greateat common: factor

is "1 y O when at least one number is a prime.

" The g.c.T. of 5...and‘25 ig’ « The gc.:r.

of 5 and 25 cannot be obtained from the prime

factorization because 5 \is a primw :
14 . ) F . ) ..
» * ’ ¥ “0 . ® .\~ T \ )
.- R . L] ‘ .
] ) L] . \\1 92
° ‘ ) t Y ) ~
N /\ .

v

17
axexa2 \
» 3 x 3 ' | . N . .
. o
{1,7) ‘
1
7 .
(N
"prime .
by . .
N
L .
‘ K] b\
{1,5}. N -
: Ky
{1,7] ~
1 -
=
: . -
prime :
factorization
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- 83| The g.cof. of 10 and 21 is_ A 1
a0 . N L Y ) . ‘ . ‘ ‘\ i . » ‘.
~ 8§ Although 10 and 21 are composite numbers, . :
"} the g.c.f. could not be obtained from the | \ '
.'  prime. ‘ . . _— ’ -] factorization |
et s save & v . . i » Lo e . » \ o . v

* & Since X and 11 are primes, the g.‘c.i‘. cannot

‘ be obtained from the . prime factori za-
LI ; : . o ‘1. tidn »

-

.-
~ H LI

. . AN
- N N ? ~
-

’ A Y )
86 |1 It should be noted, however, that wlien the prime ™.

" * | factorization of two numbers does not yleld the . ‘ .
T g«.c.fy, then the g.c.f. is either or . 1 S
.. one of the two numbers. !
N » T >
"7, 77 'The greatest common factar %ay be used in reducing a fraction to the

lowest form. ‘ ‘ .
A o l
17-5. The Least Common Multiple of Two Numbers ’.

» N 3‘

_ The notion of the least common multiple of two or more numbers appears °
"as the lowest common denominator in addition a;;d‘subtraétian of fractions.
D ) L]

-

— o B, -
87 | .If one considers a number, such as 5 apd miti- :
v . |'plies it successively by the members of the get ' B N
' of whole numbers, the :result of this miltipli- o ‘
uno ? catiqn is the set . ‘ . -1 {0,5,10,15,20
\ , R . 25’ e .}
. 88 | The set of multiples,of 3 is . 1 (0,3,6,9,12,% -
. — . 15, «ou)
89 | The set of multiples™sf % is .~ ‘ (0,4,8,12,16,
» » o . N ) , LR IR »~
S ’ A
90 | 12, 2k and 36 are common . of 3 and b, miltiples N
. \ .
- * & )
. ) s \ .
. ’ . N -
» ‘ : '192

e o 48 SR
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91 _The smallest conmon multiple of 3 and M (othe:\r\

1 than zero) of the sets of maltiples of 3 ‘and o

A -1s . The number 12 is called the | R
. lesst common multiple (abbreviated l.c.m.) of” -

: 3 \ m h‘ . N \: * ) ’

. N
» N
3 - «. - » A

. 92 | The set ~of‘“1;m1tiples of 15 is . » .

AN B

(0, 15, 30, 45, 60"75: 90) ees) o \ ‘ \. I
The se'l; o:f multiplea of 6 is , ‘ . A . .
. {0 6 12, 18 214 30 36, S :

. | The lesst comion multiple of 15 and 6 is .
R B . S
{593‘ The set of xm;.ljhiplés of- 2 is ’ : R B ’ '\

- (0,2, 4, 6, 8 10, .0}, " o, R
and the set of miltiples of 3 is o ’
L 10,3,%6,9,,12 wa) o : ‘ S -
6 is the | " " of 2 and 3. " | leagt common
‘ multiple
‘9h The least connnon multiple of 6 and 10° ia- - . .
O 6 - , Dm. ]
o o . . Ota) 20 . i

94(a), Incorrect. While 60 is & colﬁon multiple of
poth mumbers, it is not the lL.c.m.

gh(b) Correct.” This is the least number (other ‘than .
' . zéro) which is common to both gsets of multiples )
* of 6 and 10. \ N
. . ‘9h(c) Incorrect. O is a common multi;ple of both 6 "
. ® b ., =and 10, but 'bhe geﬁinition requires a cbmmon ‘
- \ multiple to be greater than zerQ. N v

oh{a) Tncorrect since 20 18 not & multiple of 6

L W *
' N -

'\\\
\
1 A I
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98

Writing‘the sets of niultipleshto obtain the l.c.m.\
is sometimes less economicel than' employing prime ~ !
* factorization. The prime factorizations of 15 )
and 6 are: “« \
15 =3 X5 B .
6 =2 X 3
Any multiple of 15 must contain the factors 3 \
and 5 s&nd any multiple of 6 must contein the s s
, Tactors 2 and 3 Hence , any common multiple \
of 15 and 6 mist contain the ‘Pactors . 13,5, 2
Some poasiﬁlé products containing the factors of .
6.and 13 .ave: . .
3IX5X2X2=60
3X5%x2%xX3=9
3X5x2=30
3X5%X2%X0=0 ~ .
3X5X2%7 = 210.
A1l of these are  multipleg ofr 6 and 5. gommon
The least common multiple of 6 and 15 ’ .
| is _» . ‘ < 30

r
a

S

The prime factorization of 198 is 2 x 3 X3 X ll and the prime [
factorization of lh? is 2Xx3x7.°

Find the least common multiple of 198 and 42 by"w:riting the
prime factorization of 198 and multiply it by the part of the
prime factorization of h2 not included in ‘chat of 198. The

prime factorization of the least common multiple of 198 and h2 ia'
(Check all correct f‘s;mnses )

Q(e) 2><3x3>t11x2x3x7

Ov) 2><3x‘11x7 \

D(c) ax3>¢3x11x7

~{:)(d) 2x3x7><3><11 T ' »

w R !
. R - .
- . 19 -

PP 1"
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N N . - ~
& by A

98(&) Incorrect. The prime factorization of 198
B ‘ i includes the 2:X3 from the prime’ facto:rization B

o \ \ ~of k2. The only factor of the prime factori zation N
| of k2 ‘ot included i the prime factorization of

~‘.:«'~ 198 is 7. @» o I‘ - .

*“

\ 98(b) Incorrect. The Yactor 3 mst appear twice -
Ao since i‘b\ appears twice 1n one of the prime -
» H .

\ * . factorizations of one of the numbers. S .

1

98(\c)\ Cor.réc;". See 98(d). ‘ . | -

1

.| 98(a) Correct, but in this ordering of factors, the

l.c.n. is more difficult to recognize.

To find the ieast common multiple of two numbers, first find the prime

factorization of one of the numbers, “then multiply it by the part of the a
prime factorization of the other number not included in that of the first.

99 ,Since both 7 and 17 -are prime numbers, the =

l.c.m. of 7 and 17 is . “ “taue - .

100 | The l.c.m. of 12 and 12 is, . 12

= h ..

101 | The prime factorization of the lL.c.m. of 7
and 42 1is , since 7 is prime and the TX3 X2
prime factorization of %2 is 2 X3 X T. ‘

1p2:| The prime factorization of the 1l.c.m. of 7

and 62 is . \ A “l7xe2xmn

+

-

\If one or both of two numbers are primes, these are used as factors in
the prime factorization of the 1l.c.m. . .t

' Multiples of numbers can be found by multiplying the number by O, by 1,
by 2, by 3, et cetera., Multiples of 8 are 0, 8, 16, 24, 32, kO,
48, ... end multiples of 9 are 0, 9, 18, 27, 36, 45, ... The- -ledst
common multiple can be found by this method, but may require writing down
»  many terms of each sequence before a common one is found. °

Beciause of the tediousness of writing these terms, the use of prime °
factorization for findj:ng 'the l.c.m. is more convenient. ,

L)
» N
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17-6. Chapter Summary ‘
‘The notions developed @n. this chapter have been based on\factors of whole
numbens. We have considere fin ing the factors of a given number an&'also )

of finding‘a number if we ow ‘the factors. A factor of & number implies a

) multiplication and we say that a‘ is a factor of b provided tnere is a

*whole number . .such that n X & = b. We also may determine Whether or not
a is a factor of b by dividing b by a. If the result is a whole number
E’ then we know that: n X a = b and a is a ‘factor’ of b.

N\
A prime number is defined as any whole number which has exactly two

different factors. This exclwdes O and 1 and all numbers whlch have more ..

L,than two factors. This enables us ta write the set of primes as fqllows.

8

~ »

-

*

»

»

. {2 3’ 5) 7) 11 13_, 17; 19, Oti} at . - i

¥

" A1l other whole numbers, exceﬁ% 0 and 1, form the set of cogggsite numbers
which ‘may be written as: ) ) . \

K]

{‘h, 6, 8, 9, 10, 12, 1k, 19, 16, 18, ...} .

4

For a congideration of the various factors of composite numbers, one’ .

arrives at a conclusion called The Fundamental Theorem of Arithemtic. This
. ‘ U ‘

theorem is stated as followsg
Every composite number can Ihjfhctoyed as”a product
. of primes in“exactly one way except for the order in

which the prime factors appear in the product.

*This statement 4180 is known as the Uhique Factorization Theorem.

>

-y

Tﬁus, we are able %o consider any composite number and write 1ts prime

factorization. Far example, . ” N
90 =2 X3 X3 X5 and 1092 = 2xXx2X%X3I X7 X113 .

The fact thap each composite number.has a unigue prime fattorizatiOn is
useful in g number &f plakes in arithmetic and.algebf;. In this chapter we
used this fact to find the greatest common factor of two numbers and to find
the least’ common multiple of two or more numbers. The greatestd;ommon factor
is Yound useful.in the 51mplification of fractions. The least®common multiple

of twg or more numbers is uded in sddition and subtraction of fractions. *

.
N A
.
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. . - CHAPTER 18 \ \ . N
. ) ! . o ° . * A\
- . R  INTRQDUCING RATIONAL NUMBERS . .
N N N N -, N &
. R * \\ hd N . . - b * . N
. i i . . .‘v
-~ ", R \ - . . 7

j . Al our wqu with nuihbers up to thia Jpoint has been with the’ set of whole
- nmnbers, Ne ha.ve- Jgetended as 1f they aye the only numbers 'which exist. \We

B 2. e

e e -»

Y. have co 1dered the operations of addition. and mul*tiplication in_ he set oe ‘““*‘"*T'*':j%;“
¥ N .

oS whole num'bers and have studied propertles of these operations. v
" o, Y * . '
.y . e - ’ ; : -
N - A . ’ !t
18-1. * Introducing Rationsl Numbers ° B ~ R LT .
\ . S (‘ - X . . X . N . ) -.
> 1 5 + 2 - . “ \ \. a‘ - ’ S 7 ) - : . N -
N ! * \ N N . . . N .
» . . i ¢ - . . ’ \ B
2 5 + 2 represents 8 mem'ber of the set of . . - '
* .« = » v . [ ~
whole et \ . numbers o2
“‘l‘:‘ )y \\ | ;“:“““WMNM* s A N N N O s ." N =
\ } s~ . T
v ) 1 - \ = N N . e—
\3- The sum of two.whele numbers is always & whole i
. number‘ I ] ’\;.‘ . . O ‘ . C AN ot v
' &4 | Since the.sum of two %hole numbers is a whole )
nwnber, j:he set of whole nunrbers is- - under . closed_ N o
. the opezcation of addition'. e s ) .
N » -
- - » - o N} k
5 5 )( 2 = ) R ) lo
» . . R T .
-~ - R . NS k] v '
: \ )
\ 6 | 50X 2 represents a member of the set of _° whole -
" numbers, ' . . ’ . .
- ~ : - * N N » \ A ' -
. ) - . A ” -
7 The product of two whole numbers is always a\
. . ! NN . ‘ whole, number . °
8 *Since the product of two whole numbers is a whole ' e
number,*the set of whole numbers is \ closed
under the operation of multiplication.
&
. & . . A
y N * \
» a .
. RN ) . .
v 197. ! . i B b PO v
N . a ' - » ~ '
N . s * *
4 t . ,
oo \ .




= ! *1\8 » . >t » A . ' .‘
) l N \ - ‘\ B .‘v. ‘ ) \ & a N ) ’ ‘ U ) " .
A . Recall from Chapter 9 a definitlon of the operation division. Iet g,
\;(_r ~ b.and n. represent whole numbers, where b is not zero. Division may be
. defined in terms of mmtiplic‘é‘t'ibn as follows: )

» . »
-

f! Deﬁniticm a +b=n if and only if a="b X n.

- v 3 -, .
S s e . : . ,
9 For exa.mpfe B+r2=14 ‘\since 8=2x L. Iy
10] 122+h = since 12 = b x 3. ~ | 3
L v . R ot . .
T ; . . . . LT
11 | 144 + 6 = 24 since 14k = 6 X . S 2k ..
n ‘ A : . : : \ o . )
- N . . ’ J’ . . Rk T .
w2 T+ 6.= . . S Impossible.,
‘ ~ (whole number) .. There is no
. b .. . _ *whole number
‘ w o . o . ~ n such that
N . 17 = 6 X N ) t
) » Ky .
13 | The quotient of two whole numbers \ : . 18 not
, ‘ | elways a whole number. (is, 18 not) )
N . , .
14 | The set of whole numhers is .not : under the ‘Closed
\ operation of aivision. ) ‘ - \ | e
R

A ]
4
.

15 | -Eight pieces of candy. are to ‘be d’ivided equaldy among four boys.

" Bach boy will receive. . <. : \
O'(a) 3 pieces = O-(c) 1 plece
. O 2 jpieces D (a) cannot 'be done - :
‘ 15(a) This response is incorrect since b x 3 2,
i not 8, - g ‘ e
15(b) his respohse is correct since % X 2 = 8 £
- M \
- |1 15(c) This response {s incorrect sincq b x1=h,
) ndt 8.
15(a)” 4 x 2 = 8 and therefore 14(b) 1is the correct
response, | R ‘ <
— TN 2 = N
i Lt
. *
198 1 Qq .
‘ 7 »
L 2




PRV

»

»

;_6

-

A

in the form & .aq b.

one way of indicating a rational number.

4

.18

16(b) This response is incorrect since 3 X 2
" mot T. - . .

r 'y

16(c) This response is incerrect since 3 X0 =0,
not 7. But if the girls, wait until this :

>

problen is solved in the set of whole numbers s

\ < 18
ngen pieces of candy are to be diviﬂed equally among three girls. ‘ .
Each girl will repeive
D (a) 3 pleces : O (c) o] pieces . A .
; 0O (‘b) - \pieces O (d) cannot be done
1 16(a) This rgspohse is incorredt since 3 X3 =9,
o . l’i{)t T. - Sy e a . . +1
= 6, -

-— M ~

, ‘this response m‘lght be correct. A
\\16(-11) This response is correct since there i's no -
whole number 1 such. that 3xn=T. T
T . jﬁ N
b . * \ NS
If S+ 2 =n, then n is\a member Of. the~serof: .
(One &t the two responses-is correct,) :
O (a) whole numbers o -
. N s N .
O (v)  rational numbers ¢

17(a) This response is incorrect since 3.xn £5

if n 1is a whole number. !
H ) - N
*17(b) This response is correct. 2 x% =5 and

n

"five-halves, wntten '2-, is & rational

- number representing five Mivided' by two.

" -
)

L2

b

- -
»
-

The rational nuiber representing T + 3, if
1 written in the form 2, 1% .

b)

.

. 199

» ’ \ B ‘
We have now used wiggle nudders such as & end b, with b not zero,
number in this form is called a fraction,. and is

.

A

v

v
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. i : § - .
.. \ o \“ 8 \ St *
19 | The number represented by 5 is a member of the set of: \
N :; - a - < \
» a h NN >
< o, 0 (a) ‘counting numbers . ) . e \
N 3. . . N O - -
" (O (v) whole numvers, R
- " (O (c) rational numbers .
———————— A e - . s v e g vk S i e AR W ik A ‘ N ; s __‘ =
119(a) Incorrect. The s&t of counting numbers is.
- ) denoted by’ {1, 2, 3,.4, ees) and 58— _does
* not belong to this set.
= o 19(b) Incox\reet. 'I'he set of whole numbers is -
) denotea by, (0,71, 2,3, .} and ;\does’“
- not belong to this sety -
N a { - 8> , :
. |Y19(e) Lorrect since 5 represgnts & rational. .
AR ’ < \ - . 8 ' ‘m,‘ S
. number and 3 = 8+ 5,
\ : =
»
, .
- . ,
Lo .20 I‘f n represents a whole number and n ;l o ) v X '
| then 0+n=0 s:ince nXo = . " 0 - “
= ) Q * L] b
. v :
[, b
» 3
? N (~ . °
x «
3 ¥ . . ) ,
a \ . - ? . M -
* N ’
: » 200
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e ‘ ~ ~ .
: ) S : N DA *
: .

3 X

|, The number sentence O# b = 0 1B true if. b is any element of

T, R N L ] R .
_the following set: (Check all correct responses. )

Ofe) G 69

-

L4 .‘ ‘ »
Om w25 Ol il 2 3)

. R *
can be any whole.humber except .
v ) v

0. 21(c) aléo‘is correct, . ‘ .

- 21(a) .Correct‘sinhg b

1
. . . ) A .
.| 21(v) "1Incorrect since b cannot be O. Recall that

division by O. is undefined. ,

~

21(¢) C&rrech since B can be any whole number except
0. 21(a) also is cdrrect.

L

K * ) @ &,

j v . : .
\ ~
. ~ A -
"\-wﬂ - v Y \s N
‘wﬁiéh of the fpllpwikg is a set of{;ational numbers:* . .
~ " o .
\ 5 3 Lo - 2 1 044
D(g) ‘{25 Qf 3} ) . D (b) (2) 3? g}
¥ . T 3 . N » v
22(4) Tncorrect. @ does not represent a rational
* . .. ' number since 3 + O is undefined.
Y R . \ at ,
22(b) Correct. BEach member of the set is a number
of the Form '%, where a .and Db are whole,
numbgrs and* b # 0. " . ‘ X .
N L2 . . A < .-r - -

U‘IW‘

If a belongs to A, and ¥ belongs to B, then
. N .

a rationdlinumber when:

G (a) A= (1, 8} .and B ::{’-&, 3} “

*
represents

O () A= [0, 6) ana B= (2,30}
O(c) 4= (5,7) anda B= (0, 4} ~»
i 1 1 .8

Correct.

23(a) All the fractions

N . 5 .
represent rational numbers.

23(b) Correct., All the fractiohy

represent rational numbers.

.

23(c)

Incorreci., %

‘definition of division:

1 8
IEICY Iandg
23(v) also is correct.

0 0 6° . .6
22 30° 2 - 30

23(a) also is correct.

numbers, since b cannot be O according to our

* .
and % do not represent rational * '

=N
Al
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18-2.. Models for Rational Numbers

In setting up. physical models for rational nufibers we usua.llv begin by -
fixing some "basic unit R for..example, a segment a rectangular region , 8
This unit 18 then

These parts, cqmpared ‘

eircular reg:i.on, or a collection of 1dent1ca1 things.
separated into a certain number of’ congruent parss. |
" to the 'unlt, glve us the bugis for a model for rational numbers,-

- . IO R
2&% In the model below, if the "basic unit" is the )
. square region, then the part shaded represents RS \
. one of the * congruent partst \‘ ' 2 or two ',
{how weny) |, :
] N e - » .. \
? . * ‘a* *
» \ N . .
L s - -
s »
* ) M ) 3 " N
? R " . J
: 25 |' In the model below, the part shaded represents Y
. L .
' ‘ one of the L or four

congruen‘t parts of the Dbasic
upit, the circular region. ‘

- e - a
- ]
. R ,
A 26 | In the model below, the part sheded represents .
) _ of the four congruemt pares, ' 2 or two
o/ . - ’
’ i
¢ \ )
\ \
v ‘ “ .
» s . *
3 v 202 ?

.
. W



,\ \~ ‘ “‘ \‘\ ‘ \;
» v %‘ ;‘.\ :
N : : . »
2T ¥ '.[‘he raticnal number % s uééd to. réprese oty "at
b Y
< of the """ congment parts of soe basic /411:. R
-1 Thus, 52- represents -2° of thg i congruent
parts. . . \ o
® 2 : )
28 | Tne rational number '$ represents 5 of the
. \ congruent parts. (It is apparent that .
the basic unit is used several times.) . -
N . N N N
29 The rational number % represents of .
tlxe 17 congruent :parts. .
- 0 ~ R k y > ‘ ‘.
30 | The raj.tional number § ;epresents»* of
the '3  congruent parts. '
31 | Does the rational number % Tepresent nothing?
{yes, no i " \ ‘ - .
320 of a pie.
Y ’ . v o . \”.
. N 0 /.. 0O
33. The model b,elow rep;esents N of a pie. The T
‘ . mean there is riothing in the pan. =
(\doe(s, apes not) -
+ Bugy~ i
= . .
’x
.” ) .
- . » , ? .
& »
2 203
® 2 O 4
- . Y

No:' % repre-
sents yone ‘of
k. congruent,
parts, .
LS

A ?
;]
does not,
. L S
’ -
v . .

N
:x
e, .
N
.
N
b
. :
»
- n
-
[ g )
-
-
< A
-
N
.
N -
-
.
_
-
»



e L. . 2
= 1:8. B » -
34 | Tu the model below, the shaded region can be .
. ~repf-ese’m‘led by the ratfonal r'mnﬂ"agr - . 'l;:-
" > ) " s * - ) 1 ‘ »
- . - / v : -
: -l ~ -
: A / \ , -
s ’ a | “ ////////// / / . :\‘\‘ ;‘: » :
N L " . N . \ o / /// / . . . -
ey /lﬂ%' 1 B . - .
. 5‘ - " 4 FE : ‘T‘ ' .~} B ).‘\;\. ) hd .
.- n ‘ : ‘ ‘ > . " ‘ ‘ ’ "o : ~ e RN .‘* b e - ) .
. . m » e ‘~.: . - 2 e e R 'ﬁ ‘ . L
* 35 Mhi‘ch of the following _is a-modgl for E\ of a c\ircula::\- xeglon: - :'ﬁ
AR ‘\“ - . i y‘ . ‘l.‘ ‘ . . T
. a - .
. o 3
O (a) ) 1. ] :
3 E=ICRR IV AANE N AN |
low, " D.Q Q D
\ N . 0~ . ‘ \ N . ‘ . " A N } ) .
35(a) Incorrect. There are 5 congment.regflons, but
. each region is not %- of a cirtular region. ¥ T
1 35(b) .Correct. There are 5 congruent regions, and
’ ‘ each is ]1; “of 'a circular region. Note why
: 35(a) and 35(c¢) are incorrect;
. 35(¢) .Incorrect. Each region is f‘of B circular .
/ region, but there are only 4 of thgn, not 5. .
| ‘
/- ]
)i
» L}
; N . “\
" 204 -
‘ .
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38

A d
N

» A

.Shaddvh region (or regions) which would
represent the rational number %

> ) .. A N
N N
N \
’ P
- vy |
! !
—:——&L.u--— . P—--—l———--l
. ’ —— . gJate ‘
A “ )
‘ ] -
L i
G N - . N o
. !
N .

Shade a:region (or regions) which would

represent the rational number %. -

* 4 - : A} .18 ‘
‘ The ‘square regiol to the right -1 - S
N - a4 b » ~
\ . represents ‘the "basic unit" in - ’
- Frames 36 - k0. . - -
. - -
s‘ ‘ AN R , . &
36 | Shade a region .(c‘r\regious) which would *. | Shade any 1 of
~ ‘ : . . 1 . the rectangular
r‘-e;pr,esent the‘ rationa;l numbex X regions, but .
- : e '} . not bvoty. For '

exampljﬁ‘
4

> R .

Shade any 5 of
the smaller s
square regions.
For example:

NN AN N ‘\

»

+

ALY

- ] Shade-any 3 of
the triangular ‘

regions. For

exawmple:

a




\ * ) 1 3 \3 3
- S S
39'| Shade a region (or regions) which would =~ Shade any 2 of *-
. \ a2 - . " the square
rep!:esent the rational number 3 regi ons.‘ For
. . A | L example: -
» = » . N N * N ) >
) 7 e
. N N . = 4 . ‘
N ? ) N t N = a . {
> * . ) ’ ) M b a - -
40 Shade a region (ox. regions) which ‘would -+ } ghage any 2 of "

represent the rational number 3 80 that the triangular\
5 R reglons. or

\ ) . . ‘é‘ = 1. \ RN ‘ ‘\ ~ > | | . \ " ‘exgmple:

|
The numbers for ’which our regiona are models are called rational numbers.

The particular numeral form in which they are often expressed ls called a
~tf'raction. In general the “:E‘ractional form" 2 répresents a "rational number

b
provided a is a whole number and b is some whole number other than zero,

that is a counting number.' SN : . .
Referring to- our models , we see that 'b b, the. denor;)inator, always

designates -the number of congruent parts into which the basic unit has been

partitioned, while a, the numerator, indicates how many of these congruent

\parts are to be cona;dered.

Al

&




by

1}%\ m(KL’) = m('ﬁﬁ). .
\hh m{DR) = w(AE). |

Consider the segment AC below. - A
[N . . \
. v A B . Q. b
X + } —

*

—

The segment AB is congmerit to the segment

,,'}36, written as AB 2 BC. Hence , the measure,

of segmept " AB is. the same as the measure of .

s Segment . BC. And‘the measure of segment AB

is %— the meagure of segment .

L N .~ . . . .a . N
a .

~

- T L oe~ . — \ N . "
Y AN

" Gonsider:the segment AE" below. .

If AB = EC 2

A B L5 v

Fﬁ":" FE, then the measure of
2R = the measure of AD,

-

[

N

In F:lgure 18 1 below,\’che segment, \:hose endpoints A and B are labeled

wis

. Zero and one has been partitioned into twelve congruent ‘segments.

-
! . -
‘ . ¢C p D E F G B
——t + ' — 4 ' + i
/ . ) 1
» ‘ o L ) .
. ‘ : ‘ . Figure 18.1 e
- 4
~ | -
The rational number 1355 is associated with the : '
point' _ . ‘ 1 C

1e . 207
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. .18 N /e
N - .‘ . \  ‘ ‘ = : . - R
- . » ; > ) ‘ ) \ -
D 46| The rational number T.IE' is°asgociated with the ] .
> » polint . N E
L ' ‘ ‘ \ . .
47 | The retional number 'i% is assoclated with the ~
\ point . -F
S 4B} The rational number ilg magy‘be associated with the ,
N _point . ‘ B
h ] * *
TR " 49 The rational'\i\mnber\ 1—02»,“@/59 agsociated with the ‘
3 : de }j)Oin?t ) . : o ) M ( ) A
. - - ———— . ‘ !_ ) . . . m
\D 3 - PR B Y - ’ - — ¢ - ‘- N
@*ﬁ} » v . , ‘ ] . \ . \ “. \ \
o ‘In the model below, label the indicated points :A, B, C and D with
appropriate rational numbers for Frames 50 = 53. '
o . " »
A B ¢ - \
-t} - 4 g $ ’ + -+ ! } {- $
~ 0 > “ l . i )
* - Bl N :
50 | Point A 1is labeled with the rational ‘ ’
: o \
number »
| . g
51 | Point B is lebeled with the rational
| number __ - . - ’ . % ~
. ) . 1]
52 | Point C is labeled with the rational R
number . \ %
53 | Point D 18\ 1a1;e1ed with the rational )
\ v number _ . o . %
- > \

‘ 209



\a

-

55

‘\56

51

B 58

59

>

the Pozl:nf&g P,

Ir FP = FB, then point. may be 1a‘beled

with the fraction %. 7 c ot
B ) ? \ . \‘,‘

If aegment AB is partitioned into h congruent
segments, the fraction T may be used to 1abe1 /
$he pltnt’ P o

R

A} N
h

3

I segmen't AB is ;partit:loned into 6 congruent
s&gments , the fra.ction T mey be used to label -
the ;point P.

M 4

»

If segment AB is partijdoned inte 8 congruent
segments, the fractio f—g~ may be used to label

» »

. .
2 . N *

Write the set of all fractions any ‘one of which

¥

-may be used to label the polnt P:
9 N r

1 . )
A% T B B 0 127 verl
x

) ot
If point Q is such'that .BA  QC'2 AP, then

ppint Q may be }abele{l wit —2— . ?

———

. 3

If segments 2B and PG are partitloned into I

congruent segments each, "the :fract:lon l may,
be used to label the point Qo % .

By segments AB and :BG are ;parbitioned 1nto 3
congruent segments each, the fraction T may be
used to label the point Q.

mp’”

1o

. .
. &0
L
.

(47

) :

123 h
GLEBo 1

»

)



-

¥

If seghents AB and BC are partitioned 1hto 8

}

62
. congruent ‘segments each, the fraction way. %2-
\ be used td label the point Q.‘ . -t
‘63 Write the set of all fractions, any one of which
o : * »
ma.y "be used to la‘bel the point Q:
o \ . _ - -3 12 !-i
o ‘{2: T ;39 B 100 12 “f} . .{Qz‘g:%:?yl@)
' " N 18 -
. : ot N ’i - 12, ) (R c}
Consider thé Following model of & humber line for Frames 64 - Th.
' Ce S
- . 4 } i
0 ' “ 2 3 N
N -, ~ 2 N
64 | The point labeled with the whole number O }
| may be labeled with the fraction % "since ‘ >
O + l =‘ . ‘\ \ A \ 0 -
: e o ‘ \ M ¥
65 | The point labeled with the whole number O way be
labeled with the fraction g since 0O.¢ = 0. 2
~ - A ' R
66 | The point labeled with the vhole number O way
be labeled with the fraction since b ~
0+3=0. - . '
" 67 | In general, if k is any counting number, the .
. point labeled with the whole number O may be
labeled with the fraction’ % since .
+ = 0. ‘ A4 0+k=20
b
68 { Write the set of all fractions, any one of which may .
be used to label hhe point labeled with the whole
number O: . , N '
0000
[ . . }- {I’"é"g’n{ e a
. 210 - .
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18
Y \ * ‘ .
69 'Thera are i b infinitely wany
. . (a Finite number of_, ‘infinitely man;ﬂ . B
‘ frac:hions in the set in Frame 68 since 'I:'here is no
* ‘ 1as't coun’ting .number k. .
" 70 The point 'la‘béled with the Whole number 1 "may
- " be labeled with the fraction % since
"\ 1+1= - . oo ® . 1 -
\:\ct‘ o . C N, N
71+ The point labeled with the whole ‘number 1 may T .
N + be labeled with the fraction g— "since . C \
2+2 .t D oy
‘ : ) . . : . ) . 1 s . !~
- : ) SN ‘ N N
1 The proint 1abeled w:lth the whole nmnber 1 may S
be labeled wi‘th ‘the fraction . gince . |- %
3+3=10 l . i l . ‘\ - \ “‘ s\‘ )
~h B o ..
, 73| May the fraction 3 be used to label the point L )
-labeled with the whole number 17%. ‘ ) Yes, since.,
. . . Z‘yes, nos t b+ d =1 7
» ‘ - ) ~; v ’ N o \ ( '
‘T4 | In general, if n is any counting number, then ‘
the point labeled 1 may be labeled with the
fraction % since + ‘ = . . n ~l-\‘n-= 1
» d ﬂ N
. . . R - A
Congider the following model of a number line for Fremes" 75 '~ 80.
- ' + s - '
Q 1 2 3 L 'S 6
75 | The point labeled with the whole numbe® 2 may
be labeled with the fradtion —i- since co. - .
+ = ' .. - 2+)l=2
' - -’ R 3 f“&"é\
n ‘\ . ) ‘W
'y ‘ ,
N - - ¥
L . » - >
Ty 211 .
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18 . g
. » » ’
R . ) \ [

76-1 Write the set of all fractions, any one of .
which may be used to 1abe1 the point 1abeled !
with the whole rtumber 2. ' \

- . va . R - N
-t \ ' ) . 2 — \t — —— — '\ N - 2 h 6 8 10
\ 3 Ty Ty T Ty T o ‘"J‘ . ‘ {1:2:3:]::5:“
1 b~ 0 T ' ‘ |
- i; . ‘ ~ . \ ‘ N . - ’ z" ) “ e }
. g X e N v ) . - ) N \ N .

L =TT The point labeled with tb.e whole number 3 may, ~ s
L. be la‘beled with ‘the” fraction % since - \ \ L
. £ = e 0 L 3+1=3

- . TN oW ' . . » [N .
. . ) 1 f’ ) ‘ v,
N 78 The poin*t labeled with the whole num‘ber L mway - ..
S . be labelea wit,h the frac‘bion - §1nce ‘ . - :T,I:
a N h + l = )'l‘v N o . : ) \ T v
A R X ) \ . , \“ BN - -..-"’ . .
X | . . ’ Ty " . * > R = .
_ 191 The point labeled with, th‘g {vhole number 5 may
" | be-iabeled vith the!fraction 2 since - N
o . » . o, = . ' ’ : ) a“ e 5 + 1= 5
N . R \ . N [ 2N
’.‘, 80| In géheral, if 'n is any whole number, the point ‘
‘ .| 1abeled with n way be labeled with the fraction \
B since + = . . n+ls=
1 . B
ke v P ( .
he ‘Y .
> L] \ ( N \ . -’
o . .
&
’ . )
'u * } >
. Al
- N ] » ~
* 7
- . ~
v A 4
* - N >
: o 213 e




. are being cpnsidered.

19-1. Eﬁuivalen*t Fractions N

L

1Y

new

i ]
"

»

' S CHAPTER 19

EQUIVADENT FRACTTONS.

.
ot -
) :
5 \ 1
- * -
e A

>

We have developed models for rational numbers from two different points

of view, namely,-unit regions and the number‘line. Wg have noted that
N . - hdA
number b

fractions of the fbrm %‘ name such numbers, with the cw‘tiing

designéfing how meny congruent parts the unit Tegion or segment

»

v N *

N

A -'. N ) . N . ‘f' . » ‘z,\ . ) .
> . . *

>

1

“w

»

s"@mmea '
E |

- into aﬁg\thg\whole number & \design‘ating héw‘marw of these cong ent'pérts

-

Y

.Model D \

-

. v . T o
In the following frames, Model A represents the unlt region,

L 4

: : - . +
N N . ) L4

In Model B the unit region has ‘oeen‘pai'titione.d

into 3 conéruent‘ parts and ~ of these .

parts are shaded. \

Ny
2

O “ ) ' .
Hence, Model B is a mod

1 for the rational
pumber -, ' o .

R

In Model C the unit region has been partitioned
into -, géngment parts and. 4 of these

Y

goarts are shaded., \ '

wlro

-

N



*y

.o

»

b Hence » Model c 18 a model for the rational
number . :

»

*

54 In Model D",tlle unit region has been pa"rtitioned'
into \ congruent parts and __.of these

part;s are shaded. ‘
6 | Hence, Model D 15 e model for the rational ~  —

number _ . oo -

?

Y. ’ ——

] | Since the shaded portions in Models B, c and D are

congruen‘h and have the same measures ) the numbers

representing them are the same. .

' Hence, %, % and - g are different names for -

-

| the rational number.

ch-'

» L J

—

In the models below, the segments E, €D and EF

each haa the measure 1. . ' X
- \ /
- < Y ¢ .

game

are congruent and . ,

214

~215 e

 —— 4 + 5
» 0 RN - P
- ‘ H " e
— — 2
o~ - 1
14 ‘l ) ’;
— N SO 3
N o ) .\ . ‘
AB 1s per:l:itiened into 3 congruent segments;
CD ia@mmm_) 9 congruent aegments, and
EF is partitioned into 18 congruent segments.
A
8 | Since segment AP is 2 of the 3 congruent parts
of segment TB the measure of' AP is —23- the "
measure of AB and the fraction -23-, is assoclated
L with point . ) P
-1 . ’\\ .



10

1

3|

14

\1,5

16

17

18

19

' Since segment CQ is

| are thq same.

r . :
of the 9 congruerrt
parts of segmeht <CD, the measure of CQ is 3
the measure of CD and ‘the :l’raction is
associa‘ted with point Q.
of the 18 con-

‘the measure of ]

Since segment R is
_ gruent pat"tﬁ of segment °E'F_,
ER is

fraction -3 is associated with the point .
\ a

.the measure of EF and the

»
»

Since AP = CQ ER, the measures of these segments
12

Hence, the fractions g, é and X

3’9

are &ifferentnames for ‘the same numbex.,
T g8
1.
Bach mem'ber of {3, 3, 3 12 -8] is a d:lfferent
name for the rational numbet,
v’

2 _2x2 L4 o . .
If 33 xn =% then n = since \3\ x‘2
is another name for 6

2l 2xn 6

\If‘ 33 %x3°9 then n = .

8 L x2 n ) B
I p=fxa~g ™ "
ceennd

10 2 xXn. 2
If 15?3Xn'\3’ tben n = .

‘ 8 .bx2 n- ,
If12=m--6" then n = "

2 Q‘\ ~‘

by 2x2 2 .

If_"6'=.3x2=n, then n = .

9x5

-29-~ and ~——§ are different names for the same

19

~3

rational

»

.- L}

game

-
.

~
L]
-

rational number

T

~»

. %%

ay
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19 . R . v
*‘ - N . \ N 4 . -
5
\20‘ % and -5———% aré/ different names for the ; | seme
- rational number, ~ .
" N » ) ; . ’ 2 ’ J )
21 % ‘and % are v s namei’ for the Aifferent
- (the same, different) . K o
J+ seme rational number, .
. : ® I
f \ - .- i
v ™ * R N - - .
22 | The senterd a_2 X X ‘is true provided k belgongs to the set of:
| SENPRE YT b xk ¢ i‘ S  uhe set oty
‘ - D'(a)\ counting\n\umbers‘ O(v) who;!.e\numbers * ’
' -7 Z :
- 22(9:) This response is eorrect since .k “can be any
- mem’ber of the set (1, 2, 3, b, ...}. o
22(‘0) .This response is incorrect. .Since O 'belorigs 1
" to the set of whole numbers. , ‘;‘ g -g— and | . ¢
: ~ division by O is undefined.
* L - v o e
‘ 35— } \ N - ] .
23| 35 is another neme, for the rational number:
O=) 3 Dwf - Ote) 2 '
. -
| 23(a) This response\is incorrect since 5 X7 = 35, ° ,
“but 3 x T £ 20, .
2§(b) ‘This response is correct since % = )'E—X-E = 32.
rect 8 X5 - 20
23(e) This response is incorrect since T X'k = éo,
o put 9 x4 £ 3B N :
: . 7 %k : N -
?)4 «The fraetlonal form 13 x & is called a higher \
‘form of the fraction _ wvhere k is a " i:{?: .
lorm . B
counting number greater than 1. . .
R R “ .- ~;.
» \td . *
N \‘»“' ]
\ . -
-3 * >




LI \ ’ )“ » ) ° - -
o ) . et “ 1m
? - - . ~ * ) . » -
. - > . % ‘ : R ‘ R
v 25 ‘I‘he highest form of 'the fraction 3 - is* \ R e RN
B e . » ’ ‘ i ) :
D(g) 3 o+ O ) \ oo . . T
R . ] . . . o Y N ‘ . - - ’ ’ \i
o L ] ]-l» N N . \ N . R N -
. D) Z. . - 0O non-g:&&tent AN S
. ~ N Y » Py
.. 4 T T — k‘ i g = 5 L b o :
CoLe 25(a) ~"Incor‘rect ,aiiice~ thepdmgction z is a h:,lghér Forme | L) ooe T
» a A - LR 3 N ™ 1Y ‘ ‘a \ « '0 ‘\ ‘\ . P
v 25(‘0) -Encorrect since the fraction —-5 is a higher form. SR
\ 20 = 1.
*25(c) Incarrect since “the fractibn -3-6 is:a highew. -
; . ?‘ '; \‘f T > 2 2 Xk . - ‘*‘; .“’.j~~ » -
KU SR 25(4a) "This response is ‘correct, ‘since - 3% 30k and . A oL
d ot b there is no greateat count:Lng number X “since - S
e ’ig:; 1 is greater than k for any counting . B A
Tl ber L - Tt e " \
N . : > R ‘ — - '
. w ‘ ‘ . R +— - ~ N - ~
‘ a .i . A4
e e ok ‘ ‘ . .
= 26| The fractional fom b < vhere k> 1 is N R .
‘ “calle‘d & higher form Ff the f{ac‘tion‘ o . ) ‘ %‘
N \
27 | A highest form of the fraction = - ‘ ] aoes hot \ e
' A : P 3N
exist. S e (does, does nf:»t) ‘ o -
R » - . - ) . ) > \j‘
- 28 |. Twa lower forms of the fraction D ire the ’ D .
DS . E } 50 - 3 . 1‘2 e,
" fractions : . and . > 12 35 R R
: .-
) " bR i . = \ . l" . . R
D29 The lowest form of the fraction %% is the . o vV oe
. fraction . . W 2 i
' ; i ’ - &
S R ) \ » b W
. . e h
o ? v ! i ) A W,
~ a s ’2 : » &
. » H
N N . > \
- r N »
ca1r \ >
‘ 1
1y . =

[



» ~\‘ ’ N
1 - 46 R
30| The lowest form.of the fraction = is: :
o] (a) -Q S s (O I
-] D(b) l":lo . \fﬂ(d\) ‘none of these - - 4
~ . N > ‘ N ) ‘ N
- 30(&) Incor,rect since g%g is a lower form 'bu:t:. not the ‘
L A °
N 1 I ‘ lowest form of 5&5 See 30(d) v ,k
Ny ' ' \~" v N | i | *
\ 30(b) . ‘Incorrect since -l-,: is’a lower fprm but not the . P
N N N »
o R B filowest forn of 726 See. 30(:1) _ R il
‘ A ) o . ‘\\“ N ) K A . . R \ . \ \
S | 30( c) Incorrect since gg is & lower ‘f;:rm but not the, | . .
9 )'}6 " X S ;Q
lowest form of #zm. See 30{a), \
e ) \ < 6 |
o 30(d) This response is correct sidce % is the lowest
- . t . . \ ' ) N
" : : h6 )
. i form of the fraction 355‘ Yo - |
e : . o - | |
> " In thié sub-program ‘we have de‘velop'ed the idea that any rational number
) can be represented by different fractions wh:lchvk.re sald to be gguivalent.
) Any fraction can be changed tQ an equivalent fraction "in h:lgher terms by |
L multiplying both numerator and denominator by the same_ count:lng num‘oer k ‘
"~ where k >1. Since %’ % il}: for any countfng number Xk, there is no:
highest form of the ‘rational\nm\n'ber % since there is no greatest counting
number - k. P o
" . *
. 13
,19-2, Equivalent Fractionsin Lower Terms
31 | Since 15+ 1=15 15+3=5, 15+5=3 and .
J 15 15 =1, any member of. {1 3 95, 15} is a \ . S
factor of the number . ¢ . I» N



C : N ‘ 19
32 13 +n ‘18 a whole x'mmber,‘providedt‘ n is a | \ \ .
. < - of the number 15. e ‘ factor -
‘ \ e . T
.33 ] The set of all factors of 19 s~ . T (1,2,5,10}
34‘ The set of numbers &ommon to {1, 3 5, 15) a.nd ) -
o .
oo, 2, 5, 10} is _ * \ \ 1 (1,5}
.35 {1, 5) 18 the set of all __ factoys of common
15 and 10. e . S ) \ — . .
. . . \ * } v
36 ] Since. " {1, 5}\ is the set of common factors of ‘
‘ :| 15 =nd 10, ‘the greatest common factor of .
15 snd 20 15 . 7 e s Is
v LT o S . .
-1 ‘ LIS . ‘ ‘. R ‘ ‘ ‘ . .
3T The greatest common factor of two ‘non-zero whole B B .
. numbem n and o 1is the greatest num 1n the . ‘
set of _all., . of n a.nd \ <1 common factors
Y . N - : > "
38 The 1owest :form of the fraction ﬁ-g FETOR / T B

|- . and 12 are common fac‘tofs of 36 ‘ana 48 and

(a) %18; since %ga%‘%—i—g L

R :
‘ D(b) %% since i—g :,%%—%
D(c) -8 since 'E-g=-g:-§—g N S . A

D(d) i- sipcg'a-g;%-%% R - Vo

. ‘38(&) This response in incorrect. See 38(d).

- 3\8(b)\ This response is .iric_:‘errect. See ;8(“&).
38(e) Th:!.s response is incorrect. See 38(&).

38(a) This _response is correct. Note that 2, 3,6 ,

that 12 15 the greatest common’ factor of 36

‘ v and. 48, Hence % is the lowest form of the
\ 1 ) fraction ﬁ-g. . / )
‘ : - 219 L
- N
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by

19

39

b1

43

45

46

a7

48

49

+

2 is called the lowest fom o:f' the fraction pL

13 21

gince 7 ,1is the __ ° common factor of 1k andB 21.

o P——— B s

>
[

The greatest common factor of 18 and 2k is. .
: X . 18 oL
Hence, the lowest form of 3y 1is .

Write the set of all common " factors of 28

The set of all commdn factors of 8 and 20 i,s P
’ . . .
‘Tﬁe, greategt number ‘{“1, 2, b} is =,
e . o 20 . L ~\ N «
Hence, the lowest form of N3 is : . .
The set of all common factors, of 18 .and 2k
is . el e A S

16

v

(1,2,4)

b

S

2.
2

greates‘b

- {3,2,3,6) .

W

- and ll»«? N : 1 {(1,2,7,14)
» . >
- . N : \ gy
The greatest commor factor of 28 &nd 42 = \
s« S S e
Hence, is the lowe\stx form of g%. , gw -
a a8 X k o o N \
7 1s a lower form of um if k #1 and k Dbelongs to the set of:,

. & .
w ((a) A1 factors of (a x k).

T

D

D(bibAll factors of (v x k). . .
D(c) All common -factors of (& X k) and (b\}( k)
n9(a) .. This response is incorrect. See h9(c). ;
49(b) This response is\incorrect. See 49(c). ) 1
-h9(c) This response is ‘correct. If k ;4 1, then
- \ a<(axk) and ‘b < (b k)
a Xk
lower form of Tk For example
) lower fpem of -§- since
S .
e -
" & .
: ‘ 220
X !‘h
' ; e
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50 & _1s the ldvest :l‘om of the ‘fraction BXS g x
is a member- of the set of common factors of (a % k)

’ | and (b X k) and k is the _ ‘ -+ | greatest
‘ (least, greatgst{) o

* member in +the set.

N . \ ‘ . i . .
C 5; The set of gommon facfors of 9 and’ 20‘ is B »
R T T 1) ‘
52 | The lowest .form of ‘-2,% s o 0 L 'é%
‘ \‘53‘ \-.:— is :Ln lowest form provided the counting gumber ’ .
b 'is the.only common fac’cor uf a and. B, R

N R
. ?

o {\ In this sub-program, ve have discovered 'bhat some fractions can ‘be
changed to equiva.len‘o fractions. ":ln lower terms." If a fraction has no

L ] ay

o common factors in its numerator and denominator othef\ than 1, it is said’

.0 be "in lowest’ tems or "in loweat form." Any given :t‘raction can be °
"+ expressed in lowest form.,- ‘ S e s
. o . ‘§

:‘ *e L . . . ~ - )

19-3. Order and Equivalence for Rational Nunbers

Recalling ‘our work with whole num‘bera ) We see that there are essentially
’ three relations’ ‘be‘t:ween any two mumerels . m and n; either they are *
equivalent, that is ,. they name the same number; or the number n "is
greater than' the number -m; or the number n " "i8 smaller than" the
number m. Thug, if ;_r_x_‘ S.nd an denote members of ‘the set of whole numbers )

*

then c’m'e‘ and only one of the following statements is true:

K]

n = m
. n.->m v
. Y
* Ay n < m
]
» » * -
? ?
~ ) .
: o e . o
' N ) ' 2 0 ') N
o Ly .
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) R N N ,\ N . \‘ ) . \ N .. ‘ . ) o N i 6
o N e . : .
S o A similar atatement can be mede about two fractions. Given fractions

% .and -g—, one and only one of the following stateunents muat be t:rue.
o . (1) %:%, that is, they are equivalent f:g'actiohs, ‘
5 ‘ (2) % > ﬁ-, ‘that is, the rational number named by the fraction .‘%
e o e : is g_ater than the rational num'ber named by the fractio ﬁ
g (3) <3, thatis, the rational number nfned by’ the fraction 2
. e - is smaller than the rational number named by the fraction -3-.
. ’ [} a X d ‘ \ - !
oS4 P b Xn i n=__ . i . d
e » . N R
~ . N 1 .. Q > »
| §- 52 s
\ a ' -4
, 56| 1 2=, then 2X4.5XD provided n- . |y
. . | = S . . .
574 1 2 x4q e X then (a xd) =" X ) | {(c XD) or
. ) bxd axb. ‘
v \ ’ S . (b x¢c)
NN 58h “Thus, %= % if andyonly if (a X a) = ( X Ye (¢ X Db) or
N ‘ . o N (b X ¢)
N n 6 i A N ‘\. ~ i N * .
59| § =~E sipce (6 xL) = ( X. ). (8 x3) or
. \ S (3x8)
- 60 ‘1%1‘% since (9x3) 4L x ). . (12 x 2) or
\ ‘ . L f‘, { { (2 x12
2 8 ... 9752 R . 3
61 S=15 but #-?:\ since (9 x 3) # (2 x12)
¥ N 8 .~ N ‘ ,
6| 2> s > . . 8
B> g 9> N . .
a ‘axd.”’ c exb S a_c | R
63 el v and°3=dx’b',:[f Xt then '
' §§§>§x€ and (a xd) > ( X DR , gxb)(or
. 4 X . (b x¢c)
Q. \ N ‘ i 2,\?‘3 r" %

N




ak N o . » . B
. N oo. . ‘. - NN \ \) " . 19
‘ S e L ’
* »o . « o .
64| mus 2 >% 4f and only if (axa)> (b x ) e
&5 ‘E >3 since (3x3)>( ___x  Jv s (. x2) or
‘ . o (2x¥)
. “  1 2 I e . . \ ~ .
66 372- # 3 since (T x3) (. x J¢ (12 x 2) or
. ‘ ‘ ‘ ~ . - (2 x 12)
. N qQ ‘ :‘ ) . T . . N ) . N
67 % = '1% but . 172- # -l% since (7 x12) # (8 x ) 12 s
r N N N R . . ) “ :-\*»‘
68 -1% < i% since T < .. 8 \‘
Y » a. - i N N \'I.
o]l B aXxXd c*c b a ¢ ‘
P 69 b= pxa o T3 I §<g ‘then .
axd _ceXb & o o \
: < and (a xa) < ( X DR . (c«x b) or °
b xd . dXxXb ‘ ( (b % C)
- R
70| Mus <3 1if and only 1f (a X @) < (bex )e ¢
71| 7 <35 since (% x35) < x . ) (7T %3) or
- \ ‘ ; (3 x7)
'72~ Given fractions .% and %. ‘I'heﬁ: ’
” . AN R _‘ . ALY @i‘.\
O(a) £=< ifand only if a xd =Db xc.
Clv) %\>~§¥1ij and only if @& xd>b ®c.
. v . ' oy .
2! Ole) %éﬁ- if and ?nli' ir a Xad<b x\c.. .
. Al) responses ere correct but only ong is truve for
a particular pair of fractions. Thus,
o . LR -
%::% since 2 X6 = 3 X h;
)2 . -
>§\since 3x3>hx2;~‘ -
~ é} 1 since 3x2<7x1.
L] -
223 *
* ‘ 224 o
» X
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19-1; " A New Propertx of an‘bera

N
In the set of vhole num‘bers , (n + 1)\5 ca.lled the successor of n
and (n - 1) is. called the predecessor of n.

.

131 For example, in the set of whole numbers, ‘t\he \
‘ ‘successor of 4 is s » ) c1 5
L 3 N . N .
Th | The successor of 19 is . L 20
o N \ . .o B . ) L)
v 5 Tl}e~ successor.of 215 is - . ‘ s ‘ 216
76 If n \rgp\resentg any whole number, ‘then thi .l
* ' successor of n way be represented by _: . ‘ n'+.1
B T7 | The. predecéssor of 8 13: . N T 7“
NN . A . \ . .
78| The predetessor of 25 is __ . o -
2 ‘ : . ‘ ) . ’ * . N Q“ : 2 ) N )
79 If n represents any whole number, then the B
| predecessor of n may be represented by . n-1,
80| 'There are whole numbers between 5 and 87 | two ‘>
) " (how manys ' -
. . .
.b - N ‘ - » \
81| Compute: (8 -5)-1. \ o~ 12
82 | There are.__ whole numbers Dbetween 12 . * four o
) _(how many) S
and T? - . ‘ \ “
a o~ ‘ . N “ -
Compute: (12 ~7) -1 .. oo . I
: R » & : \ .
, How many whole rumbers are there between 17 ¢
‘ 1]
: and 187 . . T | zero
o D'} ; Y \ ~. . LR
8 | Compute (18 - 17)>~1 . ___ . . = ... . 0
‘ e
: . I~
pore)
29
- \" R
Y \ '

&

S
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i - . 3,

Giv:en‘ whole numbers & and b such that a < b,
" If we compute (b - &) - 1, we have answered the

Ay

question, "How many . whole numbers are there

| 6 is the

7T 1is the

. n v N . .
R between‘ .and . . | - ‘ a;. b
' - 3 Ce — . . 3 ’ . N
There dre : ) ~ . .. | & finite number
B (a finite.pumber of, infinitely many) "of .
whole numbers between two given. whole numbers ‘ ‘
E arid b‘ ‘ R ¢ ' \ AR \‘
N N ‘ o - : )
' The number of whole numbers between 6 pand 7
18 ) - \ R ’ A '\O

v
S
N 5 N4
EN v
) » -

of 7 lin the set of whole m.un’bérs. T predecessor’

1]

90 of 6 the set of whole numbers. | - succeasor
91 I:ﬁ‘: a -and b are whole nbmbers such thé't a>b and (_a - b) - 1 =0,
then: ° . : " \
’,V O(a) a* is th‘e‘:‘successor of b. ' \ R
. - i » 0 - . L\‘ . N .
{(v) v is the predecessor of a.
O(c) v 1s the successor of a. . )
91(a) Correct, a is greater than b and there is no -
whole number bet%en. a and b,
- 91(b). \Cor:r‘:gct.\ b is smaller than a and there is no _
. vhole number between a and b, \ -
91(c) Incorrect. The successor is always greater,
- and b P a. L \
. : _ _ '
I .»\ N -

of

Since T is <the successor of 6 there is no whole number between . 6

v

7

-and 7, and ve say that, 7 is Just after" 6. ~S:I,nce 6 is the predecessor
there is no'whole number between 7 and 6, and we say that. 6 is

"Just before" T. We say also that 6 and 7 are "next to" each other.

iy
”

o



Lo L,
N » " ’ N .
) ~‘In genera.l, 1f whole ‘number a 1is the successor of whole num'ber b,
. then there are no whole numbers between a and b. We say that a 1is ",just
. after"” b, that b is "Just before" - a, and that a and b are "next to"
) each other. ‘ ‘ : ST
i In the following :t‘ramea R we consider a quest:lon concerning rational
numbers: Given.a rational number f;‘ , dpes ‘it ‘have a successor in t}‘e set

of rationdl nimbers , and does it ha‘\re a predecesaor in the set of rational

~
N

numbers?
v 1
-7 In the‘ following f‘rames, con.sijgr the ‘two : \ ‘ -
& 2
:E‘raotions 3. and 3% - A
. N B * ) . - v
e g2 | The rational numbe:r represented by % has many
‘ ‘ v -- i ..E ¥ - . o > .
B names such as 2, -E, % 3*‘ 10 a.nd 15 vhere ‘
n= . . \ o . . 6 .

o - . \ - N ».
\ . : ‘ . .
93 The rational number rgpresented by % has many

names such as 3, Z: =< éand 3.% _where

n= g \ - 8 i R .

“6- e, 1 . -

94 | Using the name 15 for th3 fraction 5
the name -l% for the fraction \3 ) ve know that

75 1s smaller than 73 since. < . 6<38
\ ’ b}
95 | ow .2 <=L since < | qE<T .
'@ Ti12 ¢ — : \
6 H- Lol since 2= vwhere n ‘ | 6 -t
9 ence 3 since 3 =73 ere = .

since < . . T<38

97 | a1so £ < —>

n .
15 vhere n = . 8 .

1

98 | Hence iza-<-3- ‘sihce

Wi

N “ ‘ N { \ *
99 Since -é- < -1- <z 3, ve say };hat the fraction

1
- is 'between 5 and 3

3

and.’ N N ‘ v
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102

Ly

y . . .
' t x T R
N * * . a
e i N
Ly A B o
‘;‘ ‘l s i 2 LN e
S ’ -2 3 o
\ Figure 19.1 =~
In Fremes 100 - 105, vefer to Figure 19.1 above, - * )
1200{ Point A is-lsbeled with the. numfb“ez; . i
. N *
101 | A may be 1a,be1ed also with’the number *i% N
o where ns=_ . A . i 6 .
Point B is labeled with the mmber . -25
J - N : \\‘ . » R R N .
L3 N . . N .
103 \B uay be 1abeled also with the number % | I
‘~where n=2 . . - 8ia-
A : .
. DN l 6
10k | Since 5 is greater than 15 the point c:
‘a.séociated with the number -3;2- will be to ‘t;he .
of the point A in F:I.gure 19.1. . right
(r:lght, 1ert§ o
X . ‘ } ' )
105 | Since 35 _is smaller than B’ the point C -
© | associated with the number b Wil de to the |
of the point B in Figure 19,1.. left
(xight, left) o ' .
106 }n Figure 19.2 below if po}nt C _represents the
nunber 3'12" draw C 1in its proper place:
. .
‘: 3 - re i : o’ : : A _b
"o i £ Y o L:f 1
\ 2 ~ 3 2 3
-+ TFigure 19.2
)
. o7
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. N

© . 108

*

\ b N » . W

Since point C' is ‘between points A and B
:Ln Figure 19.2, we say the number —7— is - .
‘ ‘n ..]; .2- . A
. the ~nutn‘m':\z:s 3 and 3 .
e et 1 . B
%2- iz hetween \-2- -and 3 ‘There ) Coa .
. (is, is not)
rational number between' = end sk. :
e 2 2 [
9.’ ’ : LY

112

‘ :113

1k
115

116

Another name for -;- is ér-h, where n = _ .«

> - : » ) “ N

Another neme for 1'12- is ﬁ:, where n = .
1\ . N e

1. gg .

2 < if n= . . . .

Hence, -ﬁ- is betwgen % apd -:Ea-\if..n= e

4 . ) s

x

Tt \ possible to continue this :brocess;
{is, is not)

ft;o find a number “be‘tmeen '- and —-E

w

N

]

»
N v

" 1 n ‘
Anothe? name for 5 ~:].sr. N} whereﬁ n‘.- .
A

\ 1 n ‘ :
Another name f_g_r EE is 8 ?vhere nom o

l - n 1
2<T€5<§E o=

! ' t

228

229

N

betwegen ~ L

K\ ‘ ~ " )
is . . BN
If you. responded .
"is" to this :
frame, go immedi- .
ately to Frame .
l:L'L. It you
responded ''is
not" contime to -
the next frame,

is

If you responded
Ms" to this
frame, go immedi-
ately to Frame
116. If you
responded “15’
‘not" continye tQ
themflext freme.

a N\

26 \ .

.

25
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. A -, N ,
n a » 1 - N l . ) ‘ . ‘ .
| 117 ; ‘- H:enca’ 1:8 4.8 he:t'.ween § and éi i{f n = ____,_' - 25 N
A ) . R . N . t ‘J . N NN *
. . “ v “
v 18 It is possible %o eontinue thia process to find ~ \
R \ ag o number between 'r- a.nd %% T *1, rational '

~

119 ‘g name»for the rational: number be‘tween % and

N E% is —5" where n=__ . . | b9 L
: 120 Thus, there re . M o ‘ infini'liély wany
. ‘ AN ‘(a finite aumber of, inﬁnitely man'y) R
v rational nmnbers between % ‘and -5 ‘ ,

-
v
A < - »
R R . . "

121 | In the set of rational numbers the successor of % is:

o£ .
2 o 2 . |
| Bes o O 3 :
. D(‘b)‘ g% - . Of(a) %‘- does not have a successor
= 1 : . " in the set of rational numbers.
‘121(a) Incorrect. Eﬁ- is between 3 and 3 -
» . " .
* . See 121(a). Ll : ‘
. moorrect, L 1s between L ana :
R E lEl(b) _ Incorrect. 192 is between 3 and -9-%,
‘See 121(d). \ . ‘
S > ‘ \ . »
‘ 121(e) Incorrect. é—, and 12; are different, names for
) the same rational number since % = %
See 121(4d).
\ ‘ L
) 121(d) Correct. % does not have a successor in the .

& -

set of rational numbers.

£

L

122 | Since % has ho‘success?r in the set“of‘ rational
. | numbers, -for any rational number -3- different - N \ -
from "%' ‘there - a rational number is
(is, is not) \ ) o
a .a S * e
between b and . - . Lo
» e

8

L.



O ~ N N N N AN B
e -3 . \ ¢

123 | Since there \ - ' a rational number . ‘is, \
(1s, 1s not ) 8 . IR B :

; between any two different rational numbers, ‘the

set \,f rational pumbers is said to be dense. ‘ . .
12& Any set of numbers which has inﬁnifely nany Co

members between two given members is said to

. 4y

be . o~ . o 3 dense _

* .
* Y N .
A Y

125 If a eet oi‘ numbers , has two members guch thet .. I Y v
| there is no member between them, the set is -

®

| not a5 B : dense | |

<

N - o . . » . +

126 | The s\e‘t of whole numbers _ . .dense. ‘ | is not
s a7 B (is, is not) .o e o

* 127 | The following sets are deunse: : ) ‘ 0
O(a) the counting numbers o
O(b) the vhole numbers. ‘ N e A

O(e). the ratienal numbers ) \ o -

B . 127(8.) Incorrect. 6,and T are counting numbers,

but there 1B no counting number between them,’ .

; ‘ﬂ.é?(b) Incorrect. ‘29 is a whole number, but 29 \ e .

. \ _ T does have a whole number successor.

127(0) Correct. Between any two different rational
numbers -% and % there is at least one other
rational number and hence there are infinitely many.

Al ]

Q
-

[ 8 T

In this sub-program, we have developed a new property \of‘ numbers., We
nave shown that between any two different rational numbers, no matter how
close, there ard many other rational numbers. Among other things this means

. the.t unlike ‘the whole numbers , one cannot identify the number that comes
"just before", or "Just after" a given rational number,
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Ghap'ter 20 : o
S ADDITION AND SUBTRA(.‘I‘ION OF RATIONAL ‘NUMBERS ‘
BN RN . N . ‘g '
. *.Adaition of Rational Nunibers . ' ’ ‘\""ﬂ;é_ : :

Addition of whole numbers is defined in terms of union of d:l.s,join‘b se‘ts. .

N(a) “+ N(B) = N(Al B) 1if and only if A and B .are "tlisjoint sets.

'Y | The Basic Unit

‘ We use ‘these same 1deas to motivate the deﬂnition ‘of a&dition of" rational
s numhera. \ . \

-

“ oo Al

- a »

‘ ~ The fraction
" region shaded horizontall:v.r R s

" In Figure 20.1 the region shaded verticalg is

" region’ aharied vertically.

In ‘Figgrg 20.1 above the region shadgd < L
‘horizontally is 1 of .
of the basig¢ unit. -

congruent parts -

i ~
Y

S Fa

-

~may he used to represent the

»

¢ R

1 \of ) congruent part‘.s of the basic unit.

B
AN

The fraction may be used to represent the

. . .
A T il

. a

In Figure 20.1 “the union of 'bhe. shaded regions

is g OF t\xe & congruen‘b regions of the .

b‘as*ié unit,

e

-* Pigure 2041

o

g

v



;i\«gi 6 The. rraet:!.on Y ey be ueed to represent ‘the -‘E—
S union of the shaded regions. . . S .
R . o . ‘ : . » .
‘ T S:!.nce ‘t.he shederl regions represent dis,jo;j.nt se‘t;s . ‘ B T
~ 'the:l.r union is_ represented 'by 32; 'and e,lso can be:- -
N : . R
N represen‘l;ed ‘by 'E . L ‘ ‘ %‘*]}i ST
-8 Figure‘?oyz is a model,for. ﬁ*r T N 6 B ”
' * h ‘\ ' \ % 1 ) ~
N Y Hi \ -
‘ il Lo
e . ) : o ot
i ¥ 1 'y ) \ : N ’ ’ .
*r \ R . N - ‘n
2 ) _ Lt
9 Sinee 6 b+ 2, E+'ﬁ= 3 ‘12 w5 - f (h,... 2)
a | .t . . . o R

:;‘ - b ) \ ) N LEEERN N . - »

EON - From these examples we can motivate the definition of ad&ition of" o

o rational nqm'bere as follows\ The union of & of the b congment parts of . -
"a'unit region and & of the b congruent parts of the unit region is the N
\game as fa + ﬁ ‘of the ‘b congruent parts of the unit- region, when the twe N ;'5

- s.ubregions are die,joint. R
I :

‘ Thus » let us me.ke the following definition of addition of' ‘8 ps.ia!' of .
rational numbers having ‘the same denominators: = . e -~
Definition: Given two fractions & eand S. Then 24+ &= EX S
e . \ b ) I S ,

e \ o \ -
. : \ - ) ‘ i
~ \. \ . . ; i L2
: . . . .
;0 . ’ t rede




a ] -

\-TLO‘ %+~%i§§h§§a}ne 8s’ o R
T A
. 8 L 2 - \

N N ‘lO(a‘.\) ) ;nc01f1‘e¢t -since § + § —TZ _ not lF . ;

\ 10(b) Correct since 3+5= 8. lO(c) and 10(&) also

SR I are correct.  * \ ‘ ) :
o . \ v ~ o
: . ‘ . o ; 8 u' v e
: lQ(c) Correct since 3 +5 = 8 and L= 5\. 10(b) and 10(d)
' a@lso are corvect. | R L .
*10(d) Correct by the'definition for addition of rational | | -
> . numbers. 10(b) and 10(c) also are correct. _

-

VR N N }

- R
B o o e T — a .

) A N N

*

»

Properties of Aaaition'*of Retional Numbers

3
[ }

" 20-2,

We . s‘hould now .check tqQ.see vhether or not ad.di*‘tion of rational numbers \,
. as we have defined it.has the properties characteristic of additn.on of whole
‘ numbers.‘ These properties are ’_, (1) closure, (2) commutatslvity, (3) ass0c-

lativity; (b) additive identity. L L
. i ‘ ESIEY . ) . \ o \‘ R \ i . o . N
N - r . N N N > N Ad
11| If a end ¢ are whole numbers, then (a +¢) is ‘ .
-  pumber. 7 7 : whole o {
X \ ) '
12 | Hence, the et of whole numbery is ° under the closed - .
operation of ¥ddition. ' ‘ 0T
3 13 L If _ﬁ_, b and ¢ are whole numbers.and b £ O,
then Bf ; < ~__a rational number. is
e ST 1= not) N .
is | since 2 -2 + 3, then 2+ & . . is
e . . P L b b (is is not)
. a rational number. E v L
» o ‘ N -
15 | Thus, ‘5' + % is always ar rational nuwbexr and the"
| set of ra't.ional numbers is " under the opera- closed .
{ion of addi}:ion.
\ X
Y . o . .
L o 233
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. We have seen thet. the set of rational numbera with the same qg.gnominatora
is clnaed under the eperat:lon of additian. \
* We now tumm to aqgther property of the whole numbera to Bee 1f it appl:les ‘

s alao to 'the ra.tional numbers.
i N AR . s
16 % + %— ‘ equal to’ % +\-§—. T is
(48, is not) . !
. \ R . i . \ e o e,
17 $+§{- is \ to %-r-l?‘- L equal -
y . (equal, ‘not equal ) RN B
N . R . . L . = i
* 18 'I.‘he order of the addends in the aum of two rational . c ‘ RN
" numbers ‘ . give different. results. | does not \
: oo (does, does noﬂ ‘ N S Y : '

4 . »

-

- 191 e addition of two rational numbers is independent o
of the in which they are aa.ded. ' \ \ .order

20 k".l'he 'bwo examples given in Frames 16 and‘ 17 swggest
v 7] the conclusion ‘that addition of rational numbers

LY

has 'l:&le roperty. - ‘ ’t conmu‘bati;ve
. R %_—'— P P ] B . AN PN -
; 21| A Et’:lnite number o? examples ‘\ ) . sufficient .j is not
T " R € T ia not)
A . : <
T “to draw a general conclusion. - . . ‘ .

RN

s

. A fin:].te number of examples can giVe an intuitive Jua‘hification for a

generali:gation, but the follow:lng theorem and proof furnish conclusive N :
. evidefce ‘that the rational numbers are commutative under addition.

) . . Theorem: )
- T, t,%, . r
N +*gk ;f o Iif % and&;:- are rétional pumbers
. Proof: ‘ .
22f I+ % = 3’—2‘—*5 by the definition of of ¥+  [|' addition
- rationa]: numbems. .
. »
. 23 5 234




20

REE S s \ w .
23 | \r : bl L ;?‘ since addition of whole numbers
is e ~ ~ ‘e ,“bcémnutétive
ayf XXz, % +I by the definttion of addition of D .
' numbers. \ e T - ratiopal . o
‘\; ‘ Al " N N NN . . .
25| Therefore, -i: + % = % + —E is = for  true
S (tru€, not true) .
‘| eny pair of yational numbers. : .
.- We have seen that the sum of ‘tw‘o\ﬁum‘bez;s is independent of the order of T

the addends for both rational numbers and whole numbers.

 Let us see if the result of perfoming two or more sué’cesaive addi‘hions is )

.independent of the order in which the additlons are performed.

?

1 ,2.3 .8 5.8
Bl GrPry=7r7c T
. % 8 . .
.2 i " ) 11 N
=+ + =)=t R - »
a7l gr Gry)=3+F = 7 ,
onl 2.3,.8 . 2,:3,8 .
28] (5+2) +5 s+ (3+3). n
(R o R
291 The three preceding frames seem to indicate that the
sum of three rational numbers ‘ independent
: (:La, is not)
of the order of performing the additions.
0] (3 + %) + <= -(-3-%33—)- + 3 by the definition of
addition of * numbers . -
: ) 3 . i A \‘
S L“%ﬁl > -& _lad g) * C by the definition of
of rational numbers. _
32 {a ha g) re_ad t(lb ha §)‘ by. the property
"of whole numbers.. ‘ ‘ ‘ :
v ' : Y? o

Z

235
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Thet is, addi‘bion
in the set of rational numbers has the commutative pmperty. ‘

-

vy

e

""la',

ol

is

rational )

addition

e

assoclative !



Cy

36.

20‘ \ ) - A
33} &‘—*JM -(3—‘3-3— by the defini‘b:lon of ‘
l addition of ﬂ g number;. ® \ .| rational _
e N R
.3k i—(1 =+ ( + E) 'by 'bhe deﬁni‘bion o .
,} of of rational numbers. . o addition
35 Tn}ererdise, (2 ) + S + ( -
da d d d
. W

~
™~
-

‘ ) - \ SR .
. 0O (v) the commtative property ' T

The statement ( 3 ﬂ) + = ﬂ + ( + -) shows symboliﬁally that
addit:l.on of rationa,l numbers has : o s

.

‘ O (a) the closure *pi'oper‘by

-~

~ - \ \‘v' )
* O (c) the associative property

‘36(a)\ ‘Incorrect. While addition in the set of rational
numbers has the ‘?D.bsure properby, the statement
is a symbolic representation of the associ‘qti‘?e

\ \I)roperby. =
- L

36(b) Incorrect. While. addition in the set of rational
numbers has the commutative property, the state-
“ ment is a symbolic representation of the associa- )

- \ \tive properpy. \

36(c). Correct. The statement )
‘ \ a_ b c a ¢ 1 4
N (ﬁ+-ﬁ-)+aaa+(a+a) .
< indicates that the result of performing two
puccessive additions is independent of their
order.
Le Id *
. \ N *
& S A
A /
N
v 236



N .:-:_'.w.\m».,.».m-b } R SR .1:\_‘.‘ ; s NN R . R . R ~ o 0 - B ‘\ veoame
N . < S ‘ \» \‘ .- N - “ ‘20 .

- We have seen tha‘b the resul‘b o:t’ perfoming 'bwo successive addi‘bions is
inde:pendent of the order 4n -which the additiona are ;perfome&. That is, -

addition dn ‘l'.he Bet’ of retional numbers has the associative propexty. It is

possible to verify that ‘the resilt of per:f.’orming any finite number of suc-
\t-essive additions is independent of the order in which the additions are
perfomem ’ ‘ R ‘

Zera is the itlentity élement for addi'bion in the. se'l: of whole numbers.
‘That is, 0 +n=n 4+ 0=n for any whole number n.

b -

\‘ 37| The set of rational numbers have . | does
HURU (does, does not) A \ \
an identity element for addition. . o \\ -

-
v

v

-— "._*\\\\:m [N

— - v

381 The me\?tity for addition in the set of rational mumbers is: <

iy ' O 0 . 0 v » ' 1
: D (2) 5 | Q) & ‘ ‘ D (¢) 3 ‘
| 38(a) Theorrect. % does not represent a ratibnal"number.‘

\ 38(b) .Correct, provided n is & counting num’beri
. Proceed to Frame L2. N

"38 (¢)~ Incorrect. O does not represent a rational

[5)
number .
A 4 -
By g7 s w3 3
O R N - : . . .
ko 2+3. — . +0 or
0155773 . 2 T 2
l1,0_1 _ ) ) . . —
LY Tl- + o= -E if n= —_— L i
7 ‘ . \ -
k2| 12 v#0, 2+ 2-220 by the definition of o \
of rational pumbers. - . _ addition “

N 3




o T - NL e . . " & v
20 .. C . \ N 3 , LR W
. : . , . N ‘ o ‘ K -
. 1"3 If b # 0, a b % Bin?e a*+0= . a. \
v o - ,  o, -
‘ <. Wy | Henee; 2 +2.2 8 shere b £0, is ‘th;e SN
-—w——-~\--— - R L —h»w» b PJ ‘b! R \ . .
‘ :I,dent:lty‘f o of rational numbers. addition |
N . ) . - ' \ .
‘ N s AN - v .
Ve ha defined addition of frac‘tions for the case where the denomina-
tors ave the ame, That is,. 3+ %= 22=, provided afo. If the |
Bt . Genominators are not the same, we use the idea of eq_uivalent fractions (as
discussed in Ghapter 19) to arrive &t a suita‘ble definition for adaition of
rational numbers. i . ‘
. » 4 : \" T . NN
: ) ; ) o
. i L - N .
1&5 The sum of L and L ois \\‘\'
S 2 3 ‘ \ :
. L . . . . v
+ 2 (N
0O (a) 3—5'- ? N
' N
N 2 ’
0w £ { |
‘1 > .~ N ‘;
1 0O () 'z \ - : ‘
' 1.1 3. 2 + 2 \ '
. h5(a) Correct. 2~‘!‘ 3 =‘ + g l—g— N . \
1 1,1+1 ’
. h’j(b ) Iansrrec't. '2- + § ¥ 'é—';—s-\. .
hs( ¢) Incorrect. 3 is ‘the prodnct {or the difference) 3
1 3 A
of 5 and 3 , not the sum.’ \‘
* ‘ . t
‘See 45(a). -
a aXxXad, T ¢ eXb )
% | Since p=gxa. ™ ITxD '
L d
a . c_ axa, | X ) . . ‘ v
pta=vxa” axo . . (e x®) |
. . »
. . 238
? 3, ¥
’ 2\3 .{)




’ . . \ \n '
N ~f Al - S > N g 3 .
.47 since (v x d) = (@ x 1), the fractions ‘ |
o 1 axd d : c P b )
o and '_T hava . ‘
LR pxd . (the same, different)
\ ,denominatonis.~ \ ‘ \ ™
. \!: ~‘ . o . N 2 T
ST a X x4d eXb (axd)-&-(c xb) ~
Il R arTIxe " AL by the
) ‘ ' \ . ) &‘ ) - - N N
L \definition’of ; rational numbers « :
e e e Lox s )+l ox )
‘ 49 t Hence, g *3 —+ % d .
N -‘ ' R
2.5 _(2x Gx ) >
.50‘ ‘Thus; 3 T I X7 7)(3 B
i ? PN .
AN . . ' N
aleas (U0 x e x )
= - - .
A3 3% 7
‘ 2~: . ( . l . . .
2 2 =‘ + * . .
213*7 21 :
’ ' 2
. 2.2, — - L
53 3 +‘7 . A - . : 2
o — .
Yy .
»—m’.—_‘~ ———— e '%g. »
* ‘ )
. \ \ 2 ‘ k
239 40
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addition

(2 x )+ (5 x 3)

*(a x d)-;-‘t‘b\ xg)

s




" 20

54 ] The sum of i B\:t\ld -2% is B | |
e A 2 w) 202 RN S
™S D) . e - —— e e st
O g 005 85w v
, -.f ‘ o 54(a) Incorrect since -i% + % ¥ i‘g : .
’ N ) : XN - 5
' x - o = ~ R o ) . )
Y e 17 (17x26)+ (12x2 L2+ 60 502"
. | 94(b) Correct stnce 75 + 3 T1zx26 . 32 %i‘a' ‘1
. | 54(c) also i correct.
v . ;
: \ 17 ’
¥ o 54(c) Correct s:lnce = \
R B YO 2 DA 1
‘- L Q7 x 26) + (12 x5)" W2 + 60 _ 502 221 X 2 _;_% ‘
L * 2 x éG \ 312 312 15 X2 .
5h(b) also is correct. ° ) 0 NE
\‘ N
. - . ) AY 2
ao-fs. Subtraction of Rat:lonal Nufbers  u L \
N N . N LN
In the set of whole numbers » subtractien may be d:e:t‘ined as followa:
Defini‘bion‘ a-c¢c=n Iif and. only if n +l~ = N
We wish to define subtraction in the set of rational numbers in an :
analogous manner, aa followa' : >
\ ‘e n Mn . c _a
De finition. ‘ -a “3°1 if and only if’ F+ 3 =17 .
N » e ‘ f/:- g o W ey ‘ N - ——-
. 55| % - 5= — since : ‘ o 1 ‘
56 -;— - % N5~ since i b

N S ‘ N ) .
a 57 it3g= __\_5_& by the d of addition
rational numbers.

240




. B N . %o 3
N ‘n.e_a n+c ‘ o L .
:8,11’ E‘*-‘iﬂ-d- then 3 n vl . 8 \
59 \;\~-~I&.-P?%v§an_§.,_;:bhen.._n.§tw¢g“ S a&.“ 5 8 - 2
~ N » ] b R ) R . N . \ A R » ?? ) . )
- . S . ' : o
60] If n+c=a, then n=a- _ . ‘ - | a-c \ et
) N n. ¢ a A \\ o ‘ . ‘ i : .
61 @us, if E*Enﬁ, then.nn_a- . . ,a-c¢
* 3

{

62 ‘i[f B,S-8 then and n =a - C.

. N Y . . c - . ‘\ . i N
~:; ThBrBfOI‘B, %‘E‘jaTl' . . i 1 Q

Pl

=71
alo

Y

ol
1]
alo
f
« oo
XIX

ol
XKix

65 L faxa) - ( \x\ J \ . (bx::)nr\(é:x'b) |

AR )

]

66 ‘Henc‘e;“ %-%n( %;& L. o R *(éax.d) -\bec)'

e1 'g;i‘( %-)‘(_ 1. o ‘ (3?<\5)'or(5f>.<3)\ .

\ b 28 - 15 - ! ‘ :
69 | Hence, ‘5-%8\ 5 n\-?S-,-- I~ : 13‘

1 1 3.2 . 1 .
Tl 3-5=-252- —. . Z *
nli-1.8:-2, .o — =
152710 . 10
‘ . »
. 3 Tl ’
) 21&1 > ) \ “ .
\ 242 |
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20 . . A
. o
oot . s . S R Y N
20-h. Properties of Subtraction
I A (A
) X ~ X t.
731 But~ (3 -~ 5) - : represent a whole
. . {does, does not) -
- pumber.: . ‘
" T4 | Hence, subtraction .of rational numbers .
\ have the closure property. =
Tdces s does not)
R A ~L
76 | Hence, the set of \rqtibnal ougbers under the opera-
tion of subtraction commatative.
. : (is, is got)
t . N
gl @-3 .3 b3 ’
e g —
. ’ . . N
. 9 5 3- 9 - L I
™ \7"“'\("?‘7)"'7‘“‘!'-ﬁ——--' o e
79 | Hence, - - 2) - - ;l 2 (2 3—) and the. rational
“ numbers have the associative property
{do, do not) >
under the operation of subtrac‘\:ion.
. ) . \ . \
v - ' .
bol2-.2.3:2. .
‘ 33 3 3 ..
wla a_8a-a _ >
. 81 ,-6 - ‘-6 = B = T . .
. K
82 1.0 1-0_
L L ot
a\ O a-0
Bls 3% "% °
¥ - 2z -

LY
)
F 3
(3 -5) . v
does not g
"
o’
o
‘does not
?
Y
- .

18 IlO;b

= R



N . 5 s ‘ - \ “\ ) . . 20‘
Sl 20 16 _ 6 . "] w0
ot ‘Bll‘ 1 (3-3 13) - 13 13 ]3 = “a NN ]-3 ‘
5] @+ -3 a; S -% by the definition of ' o
N 3 of ra’hional nunﬂoe:;s. ‘ .{. =ddition
‘@ . NN . N - ’
» ) * > \ I hd
. wtov - e
8‘6 ; 5—%-9 - % = ia_;_{_)___g _ by subtraction of .
' numbers. . ‘\rational:
‘87 (Q*C).-\c;‘___‘\ . * - * a .
:9 . b = b t [«} ‘\
88 ‘ . a
89; MR o 10
90 Y7 subtraction ‘of
' . N rational
J
-9 ‘b a-c, -- - LLM by the deﬂnitiop for .
R “ of ra‘tional nolibers . . > addition
- (a -c) +ec C . ) S
92 \ ) b d M . X . ~ - a
u‘ “? ’ s 3
98 | Hence, (G- +g=5 - .
. i ~ ‘ ?\ ' 2 ® )
s ERAY L _3 LS '
M G-Pra-grrT 5
¥
N X
a ¢ . ¢ a. ¢ c 3 o
B G- ey @YY T =
’ at
. . = " - ~ 't Y
. * 7 * » .
sl d-D gD - 3
R\ 1 a ) '
' 243
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Chapter 21

MULTTPLICATION OF RATTONAL NUMEERS -

N
Lo X . oo
. v . .
L Low R N - :
N N : v a . N

21—1. Mult;pucation of“Ratioml Numbers

~
Al

In ‘bhe last chapter we defined addition for rational numbers in a way
that used only properties of whole num‘bers. We showed that this addit:lon has
such propert;ies as closure, commtativity and associativity that are character—
i.s‘bic of addition of whole numbers. We found tha:t the bina::y operation addi-
_ pion in the set of rational numbers imrolves taking ‘two numbers and associating

with them & third number called their Vgum,"
- Our tasks for mltipl:lcation of rational numbers are clearly of the same )
»80rt, With each pair of rational numbers we want to ‘associate a third number
. called their "product.” ‘We want vays of doing this that involve ony pre-
viously learned o;perations and concep‘bs. We would like the propert.ies of such

.t
. A -

ml'biplication t0 be.pretty mach the sa.me as those of the now familiar multi-
~ plication of whole numbers. Furthermore, in order to be consistent with our
efforbs so far, we want to find physical lﬁodels which justify and give content \
to the procedures we .develop. -

i}
We define mul‘ciplica‘bion of rational numbers as follcws.

]

]

TP - ‘ \ S ~~a3" ¢ .. @ 'c.\_‘a-‘x’c*V
De.i’inition‘ Given two rational numbers o and 3 Thefl 5 X 3 “pxa’

This definition gives a computationa.l procednre 'bhat depends only on

nmltiplication of whole numbers: As with whole‘numbers, we call g ;g_ the:
a ¢ . ~
product of the two factors 5 gnd 3 ‘
& . . .
2.4 2x4 . 8
L 3*7e3%T e ' - T
“ L
h 2 ‘hxa . * ‘8
PlTYsT ANy T —— ‘ 21 :
3,8 _( X ) _12
< ' . . . A
| 7.3 8- x - ) . ’ ‘
h'gx5‘ E)(fp 530. (7)(5) . )
4 . ) .
2. &_/ . ‘“,
LN . . 216\ ' -
. \ ™ . . 24 . ® . *
\ \-ﬁs

e
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7] QxpaQXET LT 2
’ 4 375 3X5 # - 15
M . - >
N .,. " G . \\ ) . -
’ . v The }fallowing frames attemyt to exhibit some mod.els illustrating t.he
" pmduct of two rational nmnbers. L. . .
. - . >
N N N
3 ‘ N > X
' N \* N N N - ]
\\ . N - n . =~
. - 8 Consider the figure below. The she.d.ed regioh is a 00
- o model for the ratioml number S . S % =
. ’ - . ) ‘ ’ ’ .
C . 1 : -
. ) ) ): ] : ) ‘.)
o - ' M - 7 N ‘iiﬁ
. N . “‘ RS e )
N » NS W N » A; ;)
N . N ) ” ’ - * ' N
~ > 9 Conslder ‘the figure below. The shaded region 1s a °
* S model for the mtional number . %—
oY . 1 )
) ) . B \
Q “ \ * }) -
> \‘ ,‘[ ‘
-~ )
- » R AR
e o - = o : \ :
< 3* ‘ * . R ‘37\?? ~ @
: ‘ . \ | . .
’ ) . A » " ~\ ‘
- &£ !
T N ‘ ’\
N =R
L) v N
\ AN
W * - N .
R . . \ \
\ v 4
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Consider the figtire ‘below, The shaded region-rep- ’

resents the ra.p;l.pn_alfﬁumber 1—6;_)- or \% X e

-‘» ’

C’:onsidezj tﬁe figure below. “The shaded region

. N 1) N
rgpresents the rational numbey or
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AR MRS S T | oL N 3
N Sant oy AN & LU A ges T
a

« >+ . i3 | Wnich of the following is a mgdel fcyr“% x% ? (Check all correct

: ‘ L , .
| responses.} ' o Ve _ - : 5

o

R \. . ! "‘ BN R
| i 1.
] -..-_4..&_-1——-._—‘_-6'—“.—--

ST

! ! 1 '

132(a)~ Correct. % x% = %—ﬁ—gmé% . See 13(c).
. . . » . . . . .

-~

" 13(v) Ir;cofreqt. % x% # %'?6- .

A}
N kY
C . ‘ D

2x3 6
NS 13(c¥ Correct. fEx

% TXZ-%0° See 13(a).

|

248 |
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a-2. “Properties of Multiplication of Bationsl Numbers = L

*

\f‘ We should"now check o see whether or not multiplication of rational
R nmnbers as wa‘hmreh deﬁned. 3t haa the. propert.ies characteristic of multipl:l.ca-
tion of whole nmn‘bers. These properb:les are: (1) closure; (2) conmu‘bativity,

»

{3) assoeia‘bivity, (1») multiplicative ;Ld.ezrti‘hy. e

N LTS

s

-

-y

s t . . ~ ) Y .
N . .~ . N . N . , N S
. R N - N * A

14| If & and b ‘arve whole numbers, 'thei; (a xb)

isa . pumber. . whole
15 Z?Iencge, the set of ‘whole numbers is under ‘the _closed
operation of mnl'tiplication. ‘ o ; '
16 | I 8, 3,’ ¢ and 4 are whole numbers, b # 0‘ and
"] a0, then. %—-E——%‘ a rational number. is
N ~ (Ts, is not) e e '
*. . 17| .since %—:%—&=%x§, then 2 x 2 . & is -,
: ‘ (is, is not) ) .
~ | rational number. : . Ve Ll ot

18| Thus, if b £ 0 and @£ 0, then %'x% is alvays
‘ & rational number, and the set of rational numbers

is under the operation of mnltiplication. ; ‘closed:

>

We have seen that the set of rational numbers is closed under the opera- )
t:lon of multiplicatign. \ )
We now turn to another property of the whole numbers to see if it appliea

aiso to mul’tipl:.ca‘bion of rational numbers. -

¥

: J - °
, 19 éx% equaltog-x%. is -
X . (is, is not) ‘ - !
. 20 ??2" X -g- it : to 35- x~% . ' equal -
. (equal, not egual) :

/“ T e




T 22

. 23

25

26 |

N ’ ’ . !
u‘.'he ordexr ,or the factors in the product of two

ational numbera ' \ g:lve different
(does, does not)

»
»

%

L]

[

The ‘multiplication of two rational numbera is inde-
péndont ‘of the. in which they are mnl‘t‘.iglied.

The two examples giVen in ‘Frames 19 and 20 suggest
the conclusion that multiplication of rational numbers
has the propexrty. ?

a
A

A finite number of examples ) aufi‘icient
R (is, is not)

to d;raw a gene:ral concluslion.

‘ msu]-ts L ' - = N R e B
> R . .

)

» -
N

order

comnmtative

is not °

A £i7fte number of examples can give an intnitive Justification for a
generalization, but the following theorem and proof i’u:mish conclusive
evidence that the rationa.l nunbers are commutative unéler multiplication.

- . N

N

»
-

Theorem: o
Ex."E:Ex-{, 4f L and & are rational
8 v v 5 8. 5 v, o
numbers. * / )
L ) ) .
Proof: .
>

o3 XY 4y tre definition of of

B, vV BXY
- rational numbers. ' .. ‘
X ~ ‘ \ -~

rxt tXr \ | -

BXYV * Y X8 since multiplication of whole
numbers is .

Vs , S
T Xr =

¥+ X8
‘of __ numbers.

28|

=2 %I vy the definition of multiplication

4

Thexrefore, -:: X —:‘; = -3- x% -is 3 for
. . (true, not true)
any pair of rational numbers.

3

N

‘multiplication

- commtative

;'ational .

true .

l,.//‘ ‘, :
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We have seen tha:h the prodnct pf two mxmbers is independexrb of the order
of the factors for both rational numbexs - and whole numbers. That is, malti- ‘
plication in the set of rat:lonal numbers has uhe commutative property.

Let ua aee if the result of perroming ‘l:.wo or more successive multiplica—
tions is ind.ependent ‘of 'l;he order in which ‘t.he mul‘bipl:hcations are performed.

S e

\ e .~ i . v
A3 Tl Bl N
B9 EXF Xp =6 X5= 5 : I
a ' ' ‘ ’ Q
1.3, _ 1«2 .o - 21 :
1 3xExp =3%% " W %
LY . . N
]
<X 1 I RS B | N =
.| Gxd xf 3 x @ xD. \ -
N ‘ . h,‘ , -* N
N - - “‘
32 The three precec‘ling fromes seem to indicate that the - i
T ;prodnc‘b of three Yational numbers b is
. - {is, is not) ’
S independent of the order of performing the maltipli- ¥
cations. R T
a [ axce e <
B 33 ( ) X3 F= {'b_‘)(_a} X3, by the definition of mul- B
T tipl*lcation of : gumbers . : . rational .
" a X ¢ e_’aXc)‘x.é L ~
34 > % X F= {bx—d)—)(_f by the definition of ‘ i .
of rational nunbers . ' mltiplication
7
' (\EXC)xe_aX(cié)\ ‘
35 1. BXd XF -"bx(axt) by the property ‘ an-;ociat:I.Ve
- | .of multiplication of whole numbers.
aX{cXe . R
36 W‘i’&")ﬁ% -(-a-—)- by the dt‘efi~nition of .
ot mul‘biplication of numbers. . rational
) i e \e X : RS
37 -(m X (- X ) by the def inition of .
of raticmal numbers. : . - multiplication
. ‘ 88 y e B (S8, -

251
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cations are perfomed .

. o S S RO ‘i o -
. . . . \ o . »
.39 The statement (*- c) x ‘x (— %)' shows symbolicadly that multi-
plicetion of rational nmnbers hes ‘ ‘
O (a) tne closure property - v N
O (v)  the commutative property: R - . "
A > . . ~ ] ‘ > . . ~" - ~\ 3‘

O (e) the essocjlaitive property
. N N t

v

N N d’ N
39( a) Incorrect, While multiplication in the set of rational
mmbers has the closure property, the statement is a
symbolic repres entetion of the \aasocietive property.

39(p) . Incorrect. While mltiplication in the get of rational 3
numbers has the comutative property, the statement is a

\symbolic representetion of the associative property. \
L) : X Y

39(¢) Correct. 'The stetanent‘ - v

‘l» “— c b-h —ci E v N *
N ¢ )x gx(Zx3)

. X .
N }

. «indicates that the result of peri’oming two successiye
1 nmltiplications is independent of their Qrder.

$
i

We have seen that the res‘uIt of per:t‘orning two success.ive miltiplications

‘18 independent of the order in which the multiplications are performed. That

is, multiplieetion in the set of rational numbers has the assoclative property.
It is possible to verify” that the resnlt of performing eny finite number of

N

~ successive multiplications is independent of the order in which the multipli—

B}

B ]
- >

One is the identity element for multiplication in the set of whole numbers.
That is, 1l Xn=n X1 = n for eny whole number n.,

. -
- N N
. . L
N T
.

n R }

N

RN

[N
oL
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N

21

(does, does not)
N -
element which is the identity for multiplication.’ |

/7 i

v L

ﬁﬂ
3
w

]

]

. . : .M X )
‘40 | Te identity for multiplicetion in the set of rational mumbers is a
represented by the fraction: ™ . R ‘ ‘ N
K ey B - 1
O ()" 2 e ROR-S D) §
\0‘ e — — ‘ h
40(a) Incorrect. T is the identity for additiom) .
not multiplication. I .
fho(b) borrect, provided n # 0. Proceed to Frame 45,
A Y . N \ :
“ Ce ¢
ko(c)- Correct. %:‘-_ is another name :for ;I:- . Seexko(b) and
proceed to Freme 145. X
]
A ’
\ 2.,1"2x1_ ’ N 2
MLSXTEsRT T . N 5
‘2.2 -k n ) ‘
ko 5X3 =165 vhere . n. . &’ 2 -
el2.7 .1 2 ‘ ‘ *
L - X = e e = . . -
3 5 X3 5= 5 whe:f-e n 5
¢ . B ‘ J
] {a,n_2Xn___ '
e 5xn_\5Xn' : 2
a.n &Xn g e ‘ *
L5 b*x el X n by definition of of muJ?tiplication
4 rational numbers.
46 | But &X1 equivalent to 2 . \A.r( ‘
. ‘b X n i b . . .
. 77 (is, is not) \ E o .
. a._n \ . ‘ o .
1&7“ Hence, 5 X5 = allly provg.ded \jn # 0..‘ . a
. ’ N s n a \ . . § 1 > : .
- 48] Since T Xa = the identity for - - of * *F - multiplication -
Yoz : ; n_ 1 * .
rational numbers is — = =,
: n 1 . P .
o = T - o \ .
49 | The set of rational numbers have an. does ;‘ .

-4 )
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A

LY . - »

}“‘ : - Recall that mltiplicati%n is d:lstri'but:lve over addit:l.on in the set of  *.
wholemmbers. That 1s, & X (b + ¢) =(a x'b)+(a>tc) )
Let us see if multiplication is, ‘distributive over addition in: the set of

..

»
. rational numbers » z e e e e e o s St T
PN : N ) - {\ N . . R .
N - \ L .
2 . N
Theorem: ' \ S
. . R -
\ c a ¢ a @ i o
. 52X ) (@ xP =G .
* a ¢ e \ '
if ¥ 3 and 3 ere mtional numbers .

1w

Proof':

?0 H"b X (C “—) = x.(c + e! by the definition of R "“H addj_\tgsﬁ . .

of rational mnnbers ) and a ;4 0. ) \ \ 1 '
-1 a ¢+ e aX{c+e
51 :.;x( 3 )-_- b>(<d lhythedefinitionof
‘ of rational numbers. : multiplication .

- “ ]
.

- ax(c +/e) (a Xe) + (axe) - ) T

2 | /% T T X4 by the ] diatri‘btt;lw:'
R property- of multiplication over addition in the ‘

» set of whole numbers. ) ‘

*(axc)+(a><e)=(a><c) (a Xe) .. | R
23 b ¥a =y xa T bxa PV the
definition of addition of \ numbers « rational
ke, | (aXe) , (axe) 8
wh PXd  bXd )"’( X3) by the .
= * | gefinition of ;:mltiylicg.tion o:f rumbers « rational
N :. . ) .94
55 | Merefore, Ex ($+3) = (EFxF +Ex3 1s
S ) for any three rational numbers « true

{true, not trde) N .

*
’ N

B 56 | Hence, in the set of rational mumbers, mltiplica-

tion is __° ‘over addition. ~ . ~ distributive |
| - R S

4

251

251
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500

L

‘a c . e a._c \ﬁ e b
*XG* X G Xy
 elzi@ely o fy .
62 3.)((2"‘5) “ﬁ"‘ ,1:2-\ L . 5
A |
lsxG*P- 1w * T - ~
fl \

—7
/.

In thg set of whole mmbers and rational m.mbers the identity element
has the following multiplication property

for qdd:ltioh » denoted by O,
OXnanx{) =0 :t‘oranywmole number ‘n.
' /
!-.

¥

55

R

st gx @+ 3% o+ = 7.« Rt
o < .

o 1x @b -@ede@ede g o ah |3
9| §x G = - ek ) 2
60 -3-x(- 3)-3-x(-5- g) g xg= g - 3

61\.%:#(%-&-%} )+(3x3) S
| 10*336“;'_‘:2'0 rge 50 9%

) I

10

»

" A more \gmeral rep:eéentation of the distributive property is the statement:
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(FR

. TN ': Tu v " Q ”
b d X : N
21
. . ~\
el 3x0.3X0 . -
ol B -l -
\\g . 5 x\\O‘u L]
65 § 3" 8x3°_Fh
L a,Qa_akX 0 \ ) : N
661 5 X% "5 xXn by the definition of of - .
‘| rational numbers. AN {
aX0 0 . . ‘ T " S
61| 3% = Since aXx0-= — —
\  a,0_ 0 A ‘ a
68 | Hence, X3 =g=0 an the product of ¢ and
‘ “the identity for addition in rational mumbers is
equal to . ‘ ’
. N N . ' ‘
- N \‘\\, “ e \
2 3 2 % n . . A
6o §x3~55F -8 were ne o
T T O T P
N » ) . . R » °
T2 Tlgle numbhers % and % are multiplicative invera(es o

{or reciprocals) since their product is the identity
element for . ‘

3
The.reciprocal of % is the number —— .
~ The reciprocal of % ‘is ‘ .
The, reciprocal of 1 is -
i . 2 77— )
R
; . 256 :
) r ;1 .
. . 256
‘ |

N ‘:~

N '\
o \
0 ' . N
maltiplication

0 ‘

% or\ 0 » 'N
6 \
D

(a X b) or any
couhting number

T
~‘~:

-multiplication

b

N . ; .
S TR

2

T .

//
/-



.
78
N .
- .
e
Al
O

» . R
= . .

The reciprocal of ] is T ! X

R S | 3 .

‘ o " 2
N i - .
. S ai K = . o1 *

The reciprocal of < is _ . = ~ \
. L - ' ) . 3
i . N

t )

v R " T

The rec_iprocai of 9, L o

-

O (c) ad®s not é::?.st.

O (a) is

1° o . . (O3N

0. : o .
u.\ . R . o t .. . “m’;‘ N ) o
| o (v) 1s % o L
: - ‘ . : .
.

78(a)

‘78(b) ‘

. 0.0 _0 1 o eoar.
Igcarrect. X3 =7 not ¥ . ‘See 78(c).
- N

. . N | \\ C
does not represent a rational number.

D

ol

Incorrect.

- See T8(e)e N ‘ L :

78(c)

R .
Correct. The ;mimbe;- -?_— has no reciprocal since it is .
impossible to find a mumber such that the product of this

number and® & 1is the identity for mltiplication.

.
t RN
\
. A
257
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» ‘ *‘%}‘I‘“F;" . S T s ’ R o ) TN e
LA o . . .
' *i. ’ X N s . ‘ ! t .
LR -. o R . i ¥ L R N \‘\ N
o " \ . 'CHAPTER 22 ~ \ :
. _DIVISION OF RATIONAL NUMBERS

i N
N : . S .
.- . - Q\ N . .

-

We® have defined apec:!fieglly for ra*l::l.onal mmbers three of the four ‘
standard 'binery operations‘ on numbers. In each cas.e we have observed that S .

" rational mmbers certainly involve different situations than whole-mmn‘bers. o .

That is, "add:ltion“ for whole numbers is by no means exactly the same as .
vadgition" for ratiohal rmmbers, nor is “nmlt:l:plication" for whole numbexgs \
the seme as "multi‘plicatipn“ for rational mmbers' But the properties of the
set of rational mm'bers under the operations of addition and multiplication
are the same as for the set 'of whole nunbers. oo : o L
The ¢ definitions of the operations have been férmulated in such a way tha't )

such standard properties s commtetivity, sssociativity, distributivity, and

\apecial properties of the :laentity elements fokr addition and nmltiplication

still a:pply ) ! o : \ e
The pattern we- will follow in discussing "aivision" for rational numbers’

W

wil'l, by now, be e familiar one. A&s ’before, we want to preserve, as. far as

possible, the speclg)l definitions end praperties that apply to division of

whole numbers. Mult:lp]ication w:lll come into the Jnatter, as you would expect.-

These considerationa‘%d us to a. deﬁn:[tion of the operation of division of . N .
rational numbers. - \ Coo . o

. . IR " -

22-1 Division of Rational Nmnbers o :
The definition of division of whole numbers is »a + b =n if and only"
if a=1b Xn. Thus, the ‘definition of d:lvision of: rational numbers is-

L

I . 8,8.0 .e [V
.Dei‘inition.‘\b-f-d X if)and only if S=3XD b # 0, d;!o, n;éo.

2.2 1 2_2 * - > \ 1
1 34'3 3 since g 3 ) N > .

6 ,3.2 3.2, RN 4 o 6
2 10-0-2 5 since 2)(5 . )

\
\ 259 Y.



3(e) Incorrect. Ycu found the prcduc'c of %

%

Ehoose a different _response. S

16 48 - -
120 =5 X2k

B(b) Correet. K X‘

3(c) Incorrect. 3(b) is the correct. res

rather Aifficult to arrive a‘b

t
%-r . The following theorem provides a

L A R 3" { . FRMNE
e - h \
» -
2 N . D I ) : - :
5—‘&% ‘is equal to: - .
O (=) 5 O (v) "16 (O te) No correct answer given.
N 20 . » 30 . v N o
1 . N . . - N .
. . 0 N ¢ a7

algorithm for - ﬁnding a fract:lon which rep: esents the - N

ol e acd

Theorem: o e .
. & \c a.,d ‘ ) y
$HE=EXT, If ©40, c#0 am dfo.
Pr@d : ’ » *
a &
T3 j sifhce the two fractions . \
sdent v (are, are nctT

Cal - s

a c\ X d a
= {m} x- since {—-x—a} represents the

1dent:x.,ty elanent for ___ of rat:lonal mmbers.

»

a c Xd a .
SN Xy weme

plication ‘of whole numbers. . .

~

property of multi

g d) x 2 by the definitior of of

o

‘ raticnal numbers. .

8 _ctx@xa :
b“dx(cxb) by the

plication of rational numbers. ‘ 4

pé

property of malti-

]

are

multiplication

comuta'!;ive

2

“multiplication

associative

Y



e S Sl .
) ‘ 1 ‘ ., a2
o v ) Ca

9 ’b =3 S % (a -) 'by the e property 01’ commutative
) multiplication of rational nmnbers. A
R . R A
3 U b , )
a . c_ a_d ‘ : - A2 .
« 10 sHa=g X T y the deﬁ.nition of c‘l:tviaion : .
"o ¢ mmbers.. . e o) _retional
e \ .
~ Je2 3..2_% ‘ :
*a ~ P 3 eI x il B e . h
R Eed=§x3 B o 8
Voo lsizels, 18 16
12 ‘7'\"3‘“7)(_*_-\ = I 1 2
Za2a2x8a o ) ’ o
N = x = 'Y - "“
B "95 9 9 5 —t - 5
\ . ; . i
. 1 0 1 - 0 1 - ‘ . . a
_11?.\21:"3 EXT 28 . o
ﬁ e SRV .
~ h]
L ’
Y m 2-2 perties of Division of Rational Num berg ) o \
. r . N L] Y ’ . N
e e : & ' 5
151.5+2 a whole number. is not :
. 113 R :ls notf :
. \ - A -
- 16 -The whole numbers closed under the are not .
‘ . ‘ _ Tare, are not) °
operation of diviaion. ‘“ 2
N | . . " a.c _a 4 Q .
, \»17‘ I‘f‘b;‘O,\c;‘O, af0, them g+3=¢ 2
/ ] as the result of a theorem. - : . .
18 % X 4 1s e*rational number, since multir:lication .
‘ T of rational nunbers has the property. closure
— Xi, : - T .
" ‘19 _Simée 2,£.8 x 4 and = X a ':ls ‘é rational &
o T b & b e P e '
o number, % +-§ z ‘rational mumber. . LT K
_ : . {is, is noﬂ . &
. .. N :
. » N . v' " N e
261 p oW
) R ‘ d
~ 260 R
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N
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o
A
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-
T |
. \
A
. .
[
N
.
.
- N
A \‘
L4
.
N N
1
N
S N Y
l\ >
A
&
-
. .
=
.
.
b
?
»
X

AN p
sy . S

*

“ . ) D 4
K “ ) . v R X e v
e Tl (3 1) *13; 3"'13»' - - e ‘\‘\ 1
- N ) o . t -b g } ‘ .

o =

C e o o SR T
BLhT TN
5 3 ‘_\a— ) . PR @

. r’ \— \.\

3-»(—+%) 4,

From Fremes 2h and 25, one tan ‘say. ’c,hat division of

el

raﬂ’jmal numbers does’ not _have the propertyw
N .. ) . - " ) N
“ % ,:?)“ . . . . ’ . ‘{: . . \,: v
N ;:*. . “ R ,aff .
B ) L, R R ) s ‘s » e RN

é"

. Doed diviaion in ‘l:.he ‘,aet o:t‘ x’at:lona:[. ,rmmbera distr:l‘bu'be over‘

:EronLthe r.;ght but® not over addition :t‘rom the left? .-

- N -
) [ : n o - oo
¥ . N v’ . L
R A
L . A

T

R o . R o

Y . N

M () 3+2. -
, ?(ag 5 ‘F‘E ‘;‘__._' . .

r‘,
A .
N . J

(b) (i + 8y a2 ='ﬁ

.
N

)

r—-‘lﬁ.? ,mn—v &
7

;
e AR N
~ t 13 X . .
= —— =, .
AN na 10
¥
) . » 5
» ~ £ Y
N ?
»a N
* »
. » . NI
. RS
. L] ~ -
!" » - - N & A ~
\ . . o .
i) -
) )
»
* \ 3 v .
- N ) .
. . . 262
\ AN . R . LY
N N ) N
N A oD .
X . N 21: . .
s oo RO g
A} “a ¢ N \‘ . kW
> r » NN R \\ .8
. N Rl
Y .\‘
R \

3.2y .1, - s ' \
Consider ( +1;)-&2. . RN F

2k

‘ asaociativé‘ :

L 4

‘ »L\

s

1
10

L teo | Tms, %-- £ is \always a rational mumber 1 b # o, RS
o Jcho.ema d f 0, and division of rational numbers -
’ oy has the ‘properby. ‘\ \ : closure
L I} i A H \. R ;l b N u »
U + . N : ™ . ")
.t - 21 3._'_ ﬁ;\‘ * e— ' \ . 6
\ \ 2 5 » |
Tl T S T,
LN NE 1 3 i\ :‘: *
EY 22 —
) ",.‘?\\ ) -‘—w———— Sk o ) r 5 ) N
o 2 R AN . * )
't*; ] . - {
‘ 1 ‘ .0
23 | Thos, ;! + 3 and division of rational b
. N . r “ . .
: rmmbe\rs. ﬂpea not have the . property. \\ commutative
N \“.\ o S i ; \ & )
) » ‘ N ),‘. ¥ y \“ .
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. , (Teft, ight) | o
» ¥ A
- > t ,‘
\ L}
, R *
> ~ R \
- * }
> »
o ' ~ EN ~
»
T ) . 263 .
v . »
. ) ‘283‘)
) . * A
B L ’

28

over add:lt:lon from the

ak
T - - .
- » - E
>

»

A - )
. .

! ) -

.Alpo, ir 3- -E) +- is distributive, then

u)<§+%+-«(3+5+( +d

"‘X S TSN S
\ X .

(eretia >»»<1;+->= e ——

n N
N N - LTS
. N N

» -

Hence, for this exBmple, = .
R N - : . - - T
. N e o A N f" X Y -
oo ‘3¥2~*.}_= ‘j_ + 2 1k , . -
“‘ (5 ) ‘Il-) 0 e ( ) ( ) | '3- ‘ ‘ :‘:..
Cow ‘ ; . . \ s . - ,“.\:’)

and div:laion is ¥ _* aeyer addition frcm ‘theuright.

z+c 3] g_____

I:t’ divlsion were distri'butive over addition from the
left, thm the result woulclﬁbe as follows.

@+B+@+%=N+i\\;\g~ <
T _120+%0, .
A Y \ “ 72 ‘ .—_L— ‘ q .

. - S

Since i—- t S a.?éo » Fremes 28 and 29 show “Ehét in the

set of rational mnnbers divieion QOea not distribute
£y - * )

N,

-
A
+
3
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»
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CHAPIER 23

~In the‘last few chapters we have consid;?ed‘thé rational numbers named
as fractions in the "form ;, with a & whole number and b a counting
nnmber, and we have. discussed ways of computiqg with such numbers, chiefly
by manipulation of their fractional forwms. -

Another common way of naming rational numbers, as you know, is by
decimals, sometimes called decimpl fractions. This chapter considers this

way of naming rational numbers, the operations using these numerals, and the
justification of "rules“ that are commonly stated for doing such operations.
y this way of writing numbers also are discuBSed.

actions ;orce themselves on the attention of youngsters very
Ge of their use in our monetary ‘system. More important is the
the 'decimal notation is used in virtually all technical, scientific
and business computing for both the English’ system and Metric system of

l measurements. And, as will be aiscussed in Chapter 30, decimals provide the

only convenient means we have of dealing with certain numbers that: cannot be

N
toe

named with a fraotion in the form %.
~ For the moment however, we will regard our decimals as naming numbers
which could just as .well be named by whole numbers, fractions, or mixed
numbers,, Most’of our discussion will deal .with "terminating decimels" and
their fraction equivalents, for example, T =75 8 = {%6, and so on.
Near the end of the chapter we will discuss some "¥epeating decimals" and -
their fraction equivalents, for example, %—= +33333 4,8 o ‘

.
A
a . " . .
kY * / ) ~ r,
. .

~ - >

Y

»

23-1. Introduction . .
. — — _
1 In the decimal .0132, the 3 represents . N,
“three _ - of one. . T thougandths
o % ? ) N . :
N . [ w ) “ - R ) -
2 Th the decimal .517, the' 5 represents five
a _of dbne. - S -] tenths
N * . L N
3 In the decimal .27, the 2 repregents two tenths
or twenty e . A L hundredths

- 3




B
N

‘41 In the decimal .15, the 5 represents five

hundredths or five tenths of one | .

. If you answered all four of the precgciing
frames correctly, proceed to Frame 2k,

- >

notation :

- 3105=(3x1000)+(1><100)+(o><10)+(5x1) :

F:Lgure 23.1 e

3 . - . »
R
*

5 { In the whole.number 3105, the 3 'repreaenit.s
three and is in the thousands place.

-

;6 In the whole number 3105, the O. represents

o

tens and is in the tens place,

- v

T In the whole number 3105, the 5 represents.
five - and is in the last or ones place.

8 | In the whole number 3105, the 1 is in the

i place,

{
4

‘ ténth

nd!l'h)oﬁollowing is a representation of the whole number . 3105. in
eXpanded N

. N

thousands
zero
~ones

R Y

hundreds

In our base ten place value system each d¥fit represents a certain number
according to i‘bB place. The, central ldea of the base ten place value notation
is that the value of each place immedia.tely to the left of a given place is
ten _t.g._ge_q the valve of the glven place, and the value of a place 1med:late1y

to the right of a given place 'is one tenth the value of the given place.

>

L4

9 | In the whole number 37, the 3 1s in the tens

place and represents ' ones,

10 § In the whole‘ number "105, the 5 <18 in the oneés
plage and represents five of ten.,

s thirty or

3 X110

* tenths
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. 1h

)

two

In the whole ‘number 312,
B of one hundred.

one ten or one

-

In the whole number 5203,

) .m...___...‘—;\

In the whole number 5203,

two tenthg of one o

Thns, in any whole number;

may be thought of as

SN 23\.»..\ e R s ————

»

the 1 Yrepresents

»

‘the 2 represents

the 2 represents

2 -

N x

1 in the hundreds piace

of one thousand.

,‘d..‘\m

-

o

‘ tenth\

~ hundreds

thousand

™

one tenth . . ’

To make our plaCe value system serve for naming rational numbers as well

as ﬁﬁf;e nnmbers, ve simply extend this idea of place value hw saying that
there are places to the right of the ones p&ace and that the value attached

to each will be, as 1n whoig numbers, one tenth of the place. immediately to
1ts left, . '

3

'

a

A

The digit Q is in the ones place in the following numbers :

D 340

0 (v) \2!;.6 |

0 () 304

O (a) Oh.3°

15(&) Theorrect.

- the U4 is in the tens place.

15(d).
15(5) Correct.\

15(c) Incorrect.

and 15(d).

a

15(4) Cdrrect. The

tenths place.

and the 4 is*in the tenths place.

The O is in the ones place, while
See 15(b) and

The period or dot, called a decimal
‘point, is used to indicate that the place on its
immediate left is the ones place.

The ones place is Sécupied by the \O \ .
See 15(b) ) )

]

L is in the tnes place.

that the 3 is in the place designated ‘as the

See 15(b). *

’. . *

\'\: —

267

*



€5

16

17

18

20

21

.22

\23

25

¥

In the decimal 3.4, the’ b represents four ¢
tenths of the place on the keft which‘ is the’
place. - ‘

-~

-

In the decimal 0.25, the 2 repreéents two T

NN

The tenths place in the decimal 0.05 18 occupled-
by the digit . \ ‘

In the decimal .32, the 2 represents two tenths

of one _ . o ) .

" since 2 X - twc} tenths of one tenth is
30 * 1o T oo’ ol one

Jtwo .

3y
AL

\iF'hua,L in the decimal .32, the 2 represents
two ) . "
Since SR SRVE S :e tenth of one hundredth
106 X 10 = 1000’
will be one :

£y )

Thus, the 3 _in the decimdl 0.123 represents
. » N
thousandths. .

- »

2

30,2 3.,
100,~ 10 T 100

100 -~ 100

;“Xﬁgue‘2$2 ? “

, {Thp’ number sentence in Figure 23.2 written ‘in
ecimal notation would be e e
' )
»35=f30+.05=-3+ .
.52 = + .02
- . .
(.7 + .03) + .002 = s, .
* ;, > .
268 .
’ *»
\. 286
N » ' »

%y

tenth
hunﬁredths
hundredths

thousandth

»
-
»

three

05
.5 or

20

132



31

32

‘.l'he aecimal .53 :ls ‘read as fif‘ty;-three‘

.swritten BB the decimal \ .

Five hundredths wdul,d be written as the decimal =~ °

‘gystem of notation. Fill in the names of the

hundredtw and .72 would he read as

undred six thousandths would be
N .h

~

The number

\ .\\ . ‘ " ‘ \ l
T - ‘ L _

The decimal 2.01 is read as two and one hundredths.
The decimal :point is represented by the word ‘

3

in reading the declimal.

[ '

- e ! T h

Twenty-one and sixteen hundredths would be written |
as the decimal “ ‘ : £
— N . N j

. \ K .

S R : {\. N \ §

In the diagram belownthe letters under the dashes |

represent names of the place values in“the decimal .-

\ !
place values which are not already labeled.

~ ~
- L. N R o

» »

ORI O R O N ol ORI O RN
) .

(a) __
(b) tens \

By
(c)
(a) _

{e) hundredths

ad
-

(£) _ S

3

23

hundreds

ones

?
tentha

thousandths

. )
. ‘\, aeventyv-two
1 ‘

| hundredths, ‘ B N

Dec:lma.ls can be expreseed in expanded notation 1n muach the Bame way aB
whole num‘bers. “For example, 1.32 = (1 X 1) + (3 X )+ (2 X =—

»

1
100°°

-

e,

.

‘rg,'



g

. 35'

36

Write 10.3 in expanded notation.

10.3 =

The decimal .04 written in expanded notation
would be: . o \
o

§ N . . .
(8 x10) +(3x1) X (0x==) + (1L xs==) is
TS | 10’ - 100
the expanded notation for the decimal .

g

(1a0) +(0q)
+ (3x5)

: ‘\(Q’%‘)\ +( 1%):
o)

.83.01 L

P—

5

v

" Four hundred and ‘foui te‘pths‘ could 'be‘ written as

‘O (e) .k
0 () %00.h
0 (e) (hx100)+(0x10)+(0x1)+(hxlo

0O a) (hxlo)+(0x1)+(h-xlo

4

thep decimal point in reading 8 decimal.
36(b) and 36(c).

number. See 36(c) '
for the number. See 36(v).

" the decimal point in reading a decimal.
" "36(b) and 36(c). |

36(a) Incoxxect. Recall that the word "and" represents

36(b) Correct. This is the decimsl form for the
36(c) Correct. This is %he expanded note.tion form .

36(d) ~Incorrect. Recall that the word '* " represents

See

See

A

270



. “\37 The dec;lpal .3 represents 16 or o0 ‘30 B i \
, i N i \\ o . R 1 “1.: . § . )
38| The decimal .3 rep?eeents % °F Tooo o 300 | | |
‘ 39] The decimai 3 is the Bame as three hundred ) o . \ ‘
thousandths ‘written a8 the decimal —_— ' ‘ .300, . o e
\ | | R
4o \Thus, .3 R equal .300. \ does \
, (does, does not) \ \
41| In a given decimal, the affixing of zeros to the :
right o:t‘ the last digit on the right . ‘ "does not i
, Tdoes , does not7 . \
change the value of the given decimal. : - *
~ h2| The decimal .172000 equal .172. does -
* . - (does, does not) :
k3| Thus, the\deletibn of one or'more successive, zeros
) from the right end of a decimal \ . will not
affect its value. (wil‘l, will not)

* N N T e

-yt

. DN .. R S .
, Sipce it is possible to affix or delete zeros at the right end of a ) ’(
 decimal, it is possible to represent any pair of decimals so that they. both ' ”
have the same number of decimal places to the right of the decimal point.-.
. . 1 A N
. ) b ) : : - ’ Y
b | The two decimals .213 and .17 expressed as .o .
thousandths would be .213 end _ L | aro R
respectively. \ ‘ ‘ ] ) .
“ o “ . \ ‘s v
~ !
45| The two decimala .0698 ana 1. 3 expressed as | N
| ten thobsandths ‘would be _ and .0980; 1.3000
krespectively. . \‘» . . ~ . \ v
) L
x ~ R |
F A
. .o
271V : ° .
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v

same number of decimal jpla.ces to the right of the decimal point may be used.

R ays

The fact that any pair of decipals ‘can be éxpressed 8o that each has the

to compare the two decitals,

46

e

-

ha

1 are ‘ and 182 > 30.

.32 and 2’7 are read as thirty—two hundredths
and twenty—seven hundred‘ths respectively.

.32 > .27 since the two decimals are expressed
in the same parts of the bas# unit » namely o
‘hundredths, and for the number of parts, ‘

2 ____ 27,

-

e

.182 > .030 sincé the parts of the basic unit

thousandths

LR
-,

el

To compare .12 and .138, the parts of the ‘basic unit would

I;roba,bly be: »
O (a) tenths ‘ O (c) thousandths
O (v) hundredths "~ O (a) ten thousandtys
. . I

tenths place which gives no basis for com-

s parison. See 48(c).

.hB(b)\ Incorrect. .12 and .138 do differ in the

48(a) Incorrect. .12 and .138 do\n\ot differ in the

48(c)

hundredths place which might afford a basis for
comparison, but additional explanation would be
required. See 48(c).

Correct., .12 = .120 and .120 < .138 since
120 < 138. The decimals are expressed in the
\ same parts .Qf‘}\lge }:asic' unit, nemely thousandths.
‘ 48(4) . Incorrect, .12 = .1200 and .138 = .1380 “and

1380 > 1200. A comparison can be made using ten
thousandths. However, it is not economical in
that it involves affixing wmore 2eros than are
necessary. See 4B(c).

* )

» 272

2
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49 | Thus,' .32 515 since 320 > 315. - I )
: <=3 R B IR
1. ) . ™~ ‘ . \ .
50 | And .09 _ 101 since __ < 101. R <; 90
R (’ =, > ‘ . . To. . .
. . . ) . N ;
Summary . . : ~ s -

To tell whethei one of & pair of decimals ig "less than," “‘quivaient\to,“

.or "greater than" the other, eaoh is expressed in terms of the same part of
the basic unit. Then, the order is deteruined by the number of parts : .
\ expressed as whole numbers. . f ‘ R

A}

.\ « R

\
e ~"23-i’ @grations sigg Decimals ‘» ‘ ‘ C \‘ - l

Eadh time we have introduced & new set of numbers N or a new vay
writing familier\numbers ; we have developed ways of deeling with equi ‘ ence,
less than or grea‘ter than relations » and we have defined ways of doin,
‘s'bsndard operations. Equivalence and order for decimals have just 'beer
. dealt with, = ‘
‘ To’ begin 8 d‘is,cussion of operations » let us ;emind ourselves that any
such discussions should‘ provide ‘both conceptuel models for the process lat
- hand and efficient comp\rbational procedures. The conceptuel aspect of the
'.\‘Qperations usd#ig terminating decimals can be very quickly disposed of b
. remarking that si_nce they are only different ways of writing rational numbers )
~exactly the same models that were used for fractions suffice to give meaning -
to ‘the operations with decimals. That 1s to say that for gach such decimal |
used in an operation there is an exactly equivalent fraction of the form %,
" where b is some ‘power of 10, so that using these equivalent fractions,
‘ the models and concepts previously discussed‘will apply. For that matter,
any operation could be done merely by changing the decirnals to fractions and
using the com;putationai\ procedures already discussed. It is conVenient
however, to have ways of dealing directly with decimals via the usual
) operations. T o L S \
" We cannot dispose of these computational procedures very easily Although
ve have fairly simple rules of trrwnb to tell us how to get answers, these .
rales are seldom weli’ understood. and are often incorrectly spplied. This is -
especially true for the ‘operation of division.




o3

. . Inthe following su‘b-programs of this chapter we consider addition,
subtraction, mltiplication and division on decimals. . In most cases the
‘procedure amounts to first a computation with whole numbers, then some rule

" to place properly the decimal .point in the answer.

2]

.

. 51 | 23.051 + 3.10721% | 7 Jiesasen
tse ] .o3m2 - 00193k = ' e | ﬂ 029486
53| ax.ous-____ . o 45203
‘ 54| .0102h + 128 = o S R .08 4
55 | [.b4 + (3.x .02)] + 2.3 = .
O 2 \ :
D (‘b) .h38 \al;prqximatély ‘ ; ~ .
1 D(’c) 2.
\ . §5(a)§ Tncorrect. [.4 + (3 X .02)} + 2, 3‘~ =
N . ] ' (h+.06)+23-.1&6*m3
’ ‘ \ . Continue to Frame 56. ‘
‘ - 55(13) Incorrect. See 55(a).
. ] 55{(c) Correct. £ you answered Frames 51, 52, 53 \

' * and 54 corpéctly, go to Frame 122, :
\ If you missed any of the p:tjeceding frames,

. . proceed to Frame 56. l ¥
mc;itior{ of Decimals : -

. ‘ o
56 .32 + .15 =35 + 55 . 15 .
o1 | Thens 766.* 00 = 7100, - ST al :
27h ’




A ‘l~ . Y . \ . - o
' | 23 .
\58, And{. Too in ae?mal \?t‘om ;s ‘ . AT
. . \“ | ' ; X . ~ . A
59 | Hence, .32 + .15 = . . AT
N :\ \ . ) ’ R
60 ‘°33 + ‘59 1006 * 1606 230
:\ i 590 ‘i‘ ;\ R
61| Then, 15 * Y000 = 77000 * 623
€2 | And, 1%0'36 in decimal form is . .623
N 3 {é\\ .““ N i . < . . . -?\,,;
63| Hence, .033 + .59 . .623
| (eoh v 79) ¥ 15 < (220, 190y, 105 |
for n = . ‘ - " 1000°
S oho + 1@ 115 _ (2040 +790) +
65 Ben, (2 ) * 1500 ‘ 000 15
. ‘2830“ 11 t
R o+ 5 . A ]
6 | .and, 506 = oo a9
67 | Tus, (2.0b + .79) + ,115 as & decimal is S XL
- 68} .035 + .117 as a fraction is l%?. if n= . ~ 1000
69 | Thus, .035 + 117 as a decimal is 3 . .5152 ~
T0.] .0072 + .015 P a fraction is . | 10000
. \« N
71 | Thus, .0072 + .015 as & decimsl is . . .0222
‘72 | .23 expressed in a decimal representing
"+ | thousapdths Would be . ' 230
73 | .3 expressed ina decimal representing thousandths l .
would be . . / .300 °
215 | ’
N ° oy »
\ L. RT3



23 . i ) N ‘ A b : “ ' \ e
o : : - . -
N . R : . ﬂ - ?
\ \ 74 | Then, the sum of .23 and .3 expressed in \ ‘
.+ | thousandths would be b, . 530
15 ‘And, the sum of .23 and .3 expressfX in : ‘ et a
hundredths would be e T ‘ 53 s B
;0 76] (143 4+ .23) + .0079 = o P
Ot) w6679 °
' D(b) \2~)"'5~ o \? ‘ ‘v
.; T
O (e). 1.66750 | \ | |
t . - . a “ Y
‘ . 76(&) Correct. \ 76(c) also is correct. \ f
‘ 76(‘b) Incorrect. In this exa.mple, “the decimals ]_,1.3 b
. ¥ -
: a.pd .23 must be changed to a.gree in the number
of decimal pla.ces with .0079. N ‘
For example : ' B SN ‘
@ : N (1.4300 + .2300) + 0079 = 1. 6619, . . i 1
‘\' N | - @Retuz\a to Frame 56 Q.nd continue. ‘therefrom. R
‘; C 76((:} Com'ect. 6(a) also is' correct, \
N I — — ’
.
" To add two or more decima.ls , annex zeros. on the right of those decimals
for which it ig . necessary so that all of them have the same number of decimal ,
places to the right of the decimal pcirﬁ: Disregard the devimal points and .
proceed as in addition of whole numbers. Then place the dec:lmal point so
tha.t the resulting sum has the same number of decimal places as each of the
) ’ “ addendS‘ N o . .. . . EY ~
__ 23-h, Subtraction of Decimals "‘ ’ :‘
o e B E :
% ‘ -
‘ 15 L ®
78 | Tnen, “35‘100 G-t ¢ 4 LB ,
© o216




- 390
Then, 1%%5
o S
And,
Hence, .39Q‘
- (2.04.-*779) -
for n .=

20&0 -

»
\

2L g |
o000 I® dec;mgl :fo:t"m«is

__:'03‘3 e .

N

115

L]

Y

796

z'?*.%aw—am*

»‘q

v
.\‘;:

3.33-129)

*Qw .

}

-

’

us - {2040 - 790) -

Then, -
K3 ?

Y000

-

-

.
. .

a® »
by

. Thus,

"~

10000

And, \1220 . 112

LI

‘v.ﬂ.«

P

=180

1000

)

-

AR}
L

D
= .

»015 -7.0072 ‘as a f‘.‘t'a&tion\ is

. . v
A}

N

‘\"

~

1000

*

a

»117 =~ 035 . as a fraction is %@ iIf n =

A

217 = D35 asea. flecimal is

——

-

AR
.

$

!

-

‘4

-
*

%

‘e LN »
" D BN ® » .t
» .
. B .
1 N - v o

.
N R
. -
- L]
» -
- %,
[

—C
.

R N
- »
.
. DN
3
L3 » ’\‘
N . .
*r g
. Y
1) a - .

Tmhis, (2,04 - .79}~ 115 88 & decimal is

»

.015 - .0072 as a decimal is:.

- ) ‘ i\ ‘ ' .
Hﬁnce, ¢ :35 - t15 = ’ » ) ?
) ] \ . ) * . * hd
b N “ ot ‘.
39 .03 = . .07
39 = +033 = 1856 - “Tooo~ .

.5 e.xpressed :m a decimal representing thousandths
wopld be

R
135

-



b \ - 23 - & \ )
¥ ) L ) < * S ’
- T L% '1'.'11\\31'1‘,~ the giiffererice D o= W3R expreszied in ~ NI
| thousandths would be . - : .180
. —— .- . NN A .
' 96 | Ana, the di:fere;lce ‘.5\“—- .32 expressedy{n :
\ . "hundredths would be o a8 L
F . . - N v . . . R . o ‘ .
. | o . . - o - . ) : \~\ e ‘
° < d ' ) A N N T N d 3 N :.h -
£ 97 | (143 - .23) - L0079 = - - U |
” NN ‘ . ot R N v . . N N & N
. DO(a) 112920 o o - R -3
. S . ~ \ . N -
. T . D (b) .ihl‘ R ~. ‘ \ . i X \ . o ‘ )
) . . . L . . N N
W ] Ote) vagaa0 . v L o
97(a) Correct. 9'?‘(c) also is correct. ~
' 97(b) Incorrect. In the exa‘rqal% the decima.ls 1. lt3
O v and 23 mst- be cha o agree in number
. .. of decimal Jalacea An 0079, - ‘
' | For example: . .+ o .
. B (1.4300 ~ .2300) - .0079 1.1921 .
b " Return to Frame 77 and continue “therefrom. :
» Lot . s s . :
‘97{c) Gorrect. “g7(a) also is ‘correct.
‘ M : - v . ‘; 4
§ » L] . . \
o . Summary' ‘ R o -
., “To sulpract two given rlecimals , @nnex zeros on the right of those
‘ decimls er wh:lch it is necessary so that 811 of them have the same number
A 4 . of decimal. ;places to the r:l.ght of the decimal point. Disregard the decimal
. ;points and proceed as 1in subtraction of whole num‘bers. Then place the
.decimal point so the resulting difference has the same nmn‘ber of decimal . :
. places as each of the giten decimals. - RN ' )

e T . To use gubtravtion with-three or more decimals ,*the order of performing
the subtrac’cions must be indicated since “rational numbers are not assoclative :
under ‘the operation of \a\ubtractim. .4 . ‘ ‘
e . . ' ‘

‘i" o e
~ - N - R
¥ D k] } N
& : | LT ; ~ S
. oo ; » ‘ i ) ..
S * ) " “ t -
- N ‘) Lo . ’ 2 8 N R - N
‘ R 6 { K N \ .




- e - . ; R ‘ R ‘
\ ’ . RS N T
: ) ‘e e . o h
: a. \ R WY e .
. \ S A N ~ oA
. . v
3—5. \\ g‘tiplication of Decimals . ) ‘ N
| ‘ - _'i NS ‘ v
98’ | .5 X 15 T , R 1
.- ‘ N ) A 7 " -
: 5 05 s . | ‘
w99‘ . Then, 10 X 100 1000 L . - . o ™
100} ang, —15- in decimal form is . 075
? 1000 C . — 2
‘ ' .\ . \ . - N .
101 | Hence, .5 X .15 =, . \ 1 .015
N \ | " R ‘, R \ * ‘ N . - \ \ ) . N
R . N N ‘ - . 3 ~‘\.\ :\‘ L * » \
;192[’03 \"“".“mo?‘ o0 T, . o B
L .j__ \ ‘ N ‘ * ! K
103 T"en’ 5% T 100000 * 120
10% And‘\ 120 4, gecimal “form is 00120
i \100000‘ . 3 )
; 105w1?1enée; . .03 ..Oll»O = -, ‘5 ‘ e 1. .00120
o N . i%‘ N M * ‘\ ‘ \ﬁ .
106 (.2 X .03) % 125 = (& xwis) ko ’ | o=
200 (.2 X.03) % 355 = {35 & 106/ *"To0 >
23D . 6 o P
1107 | Then, (35 X 755) ¥ 166 = Tooo X '1%?’ 100000 * 120
.‘ "‘ ~
‘ 128 Ang, '—"m"looooo in’ de‘cimal form 18 . . . 00150
. 3
109 | Hence, (.2 X L03).% .25 = ____ .- - e | .o0150
- * ' ' ' “x \\ )
b * & “\. - - ‘ » )
A -. -~ " | ’\' ‘
) = 'Q . ’ vy . . .
‘ ‘ CE 279 e .
‘e LR
A\

(79



3 ¥ - < -
R S 23‘ a > .
L uof(@5x @) XxLio= U R U
-\ * '\ \ ) N ) N - ‘\‘ N
lawms .
‘ D('b)75000; R T TP ‘
1 Ote) ,00750 ‘ o - Y o
0 (a)* .om50 ' .- ’ \ L o
\ N S : -
” . o . 110(&) Inqorrect. See 110(c) then return to Frame 98; ) ]
" 110(b) ;qcorrect. Seé~110(c) then re‘t'umto Frame 98,
)
T 110(c) Correct. (25 % 3) %10 = 750 and there are
- oy . (2»+ 2) + 1 decimal p&aces in the product.
‘» . - i‘" ‘ ' HenC?’ . (025 X .03) >i1 0 = .00750. o g
~ - - - - . . ‘ R & . \\
. ] . l110(a) -Tocorrect. See 110(c) thén return to Frame 98,
. ' _,_._EE " ‘.;" ;3- . R
. * i Tb mltiply two or more decimals, disregard the decimal point in each
IS RN of the factors,‘then proceed as in multiplicaxion of*whole numbers.

< . Determine the number of decimal places in each factor, find the sum of these
-numbers, then p&ace the decimal polnt so that the product has this many
‘ decimal places. ‘ ..

L f there are not eqpugh digits in the product to accomndate the required

s number of decimal places, supply zeros between the decimal point and il left
\ d:lgit of the whol.e number: produat. R N . .
\‘\‘ R . R T N -, \ ‘ ° ‘
_ - . 23-6. Division of Decimels © . . oo AN
Definition: & + b =in if and only if " a = b X n where a, b g@nd n .
) belong to the same set of numbers and b 1is not the’ additive

C identity. - o .
» . . ’ \

. » _.*‘ “ . ®

FY

The dbove definition 1s generally the ' pne, used for ivision'with a set
of numbers. _Just as it is used in division of whole‘n rs and ;ational

numbers, 1t will b&rused in division of decimals.{~ "

v s
.
L




<115

. 116

117

© 128
119

. 120

5

450 7= .5 X

. 4 RN
Thus), 450+ 5 =n if n = .

“ * . )
»

- 5= .03 %X \ - 5
112 | T™us, .015 + .03 =n if n= . .5
113§ .032 = 08 X ____ LN

Al ) ‘ ) ’ . - ' 3
A1k [ Thus, ,032:+ c08=n if n=__ . . = . b
~ »

at . . ~

23

O) 75 ° - Odb) 5

Q) .o

*
M5 + 5 =n if n = - \“;9
. . - | N . \-* -
"B 4 6=n if n-= L .03
LO+2=n if n=___ 5
15+ 2 - . "= :\\\

120(a) . Tncorrect. 2 X 7.5 =15.0 not 1.5. If you. .
e replace 1,5 with 1.50, “then 2 X oI5 = 1.50
1 " and .75 1B the correct respdnsé,. N
120(v) Correct. 1,5 +2 = 1;5o'+ 2 = .75, since ‘
) . Al N * N
2 X '75 = 1.50 = l§5§\ i ) . -
.+ |120{e) Incorfect. 2 x .075 = .150 not 1.5. Ifyow :
* | - replace 1.5 with.1.50, then 2 X .75 = 1.50 .
\ and’ .75 15 the correct. response. ' )
2 - C* T . ;\
- ~ ] ‘P .
w > ‘ - E A
v, N . )
» R N “s
» N “‘
* ' - S ]
- 281 ’
. o= 27Y \
o . ‘ . .




23 \ :‘ . : . . \ .

121} 1.50 + 002 = | ) T
(&) 5 (b)) T30 - (o) Lm0

121(a) Incorrect, .002 X 75 = .150 not 1.50.
) See 121(b). - o S

121(b) Correct. 1.50 + .002 =1.500 + 002 = 750,

o ] . X )
- - \J ¢ since ”.ooa\x 750 = 1.500 = 1.5Q.°

-

o

See 121(b). ‘ \ .

> . - .

121(e¢) Incorrect. °,002 X NI .001500 not 1.50. ‘

N " -
. . . S
N -

In the preceding frames the techn:ane of ﬁnding the missing factor was \‘
used tq obtain the quotient*of two decimals. Since the same definition
. d:lvf‘sion is used - fgr both whole numb& and decimals, whole number division
may be® used as a p‘art o:E‘ s different technique for division of decimals.

-

: " In this technique we disregard the fecimal po:lnt and proceed a8 in
-> whole' num'be:c divisimg.\ B ‘ * ‘
, ) N ) o A : )
* IO » .
. ‘ N ? N N LN - N B
N D22 ’Disregarding the:decimal polnt, the division N
2 . . EN ! DN
v ) . 50 / .00 gives the who].e number - v b
o . R Y .
R . . " * \ ' s . . .
' \\ o N » \ N R A .
123 Disregarding the decimal point, yhe division i {1 °
. \ .03 / 6 gives the ‘Whole' numba' e TN
o 124" Disregarding &hgdecima.l .point, the di*visioﬁ . R *,
‘\f\ E ) - : - . ) . ) N “a ‘\ s ~ '
C - 50 Y ;0300 ives the whole numbef < .
‘ ‘ ’ v > B 5 ) 3 g N “.‘“ - 90 \ ‘——:-1——‘
3 . N - { . - N N - * “ » ) \‘ .

a v

L

After perform:@ the whole n\m’ber diyision, the next step 18 %o place ’
properly the decimal pﬁint in the whole number ‘quotient o obtaln the

A - .

o quort:lent of the two decimals.
v In nmltiplication ‘of a pair ofadecimais, the nmnber of decimal placea
in -thes product is equal to the sum of the numbers oj‘ decixnal ;places in the

q - -

» two’' factors. PR - o

L4
-
o;
4 ..
g'.‘ o
v
‘

R
IR

gy
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.125

AN

L . . »

The divisor and quotient correspond to the t\(o factors *ltiplication.
Thus, the mumber of decimal places in the dividend must equal the sum Of the
r_;imber of dec:[mgl :pla.Ces;\‘ in‘ the. divisor and the quétient. ‘

For

QOta) . b

.5 / -the decimal quotient would ’Qew-
;D (b) b D‘(c‘) o 0 () ook

1,

125(a) Incorrect. '.['he number of decimal pla.ces in ‘this

. résponse is 0. The number of decimal places in

" the aivisor .5 is 1,‘ but O + 1 # 3, the
number of dedimdl places in the dividend .020.

i

125(b) Incorrect. ‘The number of decimal placeé in this
“ response is 1.
the aivisor .5 is 1, but 1 + X #3, the

number of decimal places in the dividena .020.

‘e number of decimal places in

125(c)

Correct. The mmber of decimal’ ?lgpes in this

: response is 2,
the divisor

“.5 18 1"
o Qnmnbex; of decimal places in the aividend

The number of decimal places in
‘and 2 + 1 =3, the
.020,

N\

- | 125(a)

» »

Incorrect .

nnm‘ber of deci&.l Plages 1n the dividend .020.

The number of decimal places in thi's L
response is ° 3 The mim'ber of decimal places in
 the divisor .5 is 1. but 3+l # 3, the

] v

-«
\

N

Using the princi:ple tha.t ‘the sum, of the number of decimal places in
-y the divisor and the quotiént equals the ‘number of decimal jpla.ces in the

[y

dividend, place. properly the.decimel point ‘in the quotient for eagh oﬁ the

»

. following: N \§ .
. ~ 2 LY a ) *‘ \ )
N 126 8 .O 0 N - ’ ’905
| . N . o
- h *" 'L .
) . » ) \ Yo
127 | 50 / 2.00 - ; .ot & 1. .0k
. » ~ - v
.‘k' - - % [, °
» . » . e . . .
- , : \ Y - 3 )
’\ N 883 2 Ql N -
3 . . I )



128 Ok /'"250- | | ;~~5.\

N » . N N N N * ‘w‘
129 .8/ ,oKo S ‘ v, \

S N .
Sometimes a decm division arises in which whole mumber division is

L

: “impossible without some adJuBtment :!.n the dividend. For example, in ..3 + 6,

3 1is not divis:lble vy 6 :ln whole numbers. - However, .3 = ,30_ and 30

is divisible by - ‘6 1in Whole numbers. Thus, we adjust the dividend by
\a.:t‘fixing zeros on the right sQ that whole number division is possible,

\

o} | t\
. NN *
130§ Before the d:lvifsion\ 50 /=2 cap-be performed using whole numbers,
the d:lv:ldend 2 would probably \be expressed as:

\

D (a). 2, " D_(}) 2.0 (c) 2.00 (] (a) 2.000

a

i 130‘(.a)’h Incorrect. 1In vhole \gum'bers 2 is not .

-

\cillvisible by * 50. . .
. f30('b) i cor.rect; <In »‘rhole ‘mmx})ers 20 1is hot v
divis:lble*by 50. ) ‘

L 3 \ * A

M [4

’ -

Other decimg)l division problem‘a a.r:lse in vhich the num'ber of def::lmaln
places in th@ d:lv:ldend is less than the’ number of de imal places in the

130(c) ‘Sorrect.. In wﬂole numbers 200 is d:lvisi‘ble
) by 50, ‘ B RN
e 130(a) Incbrrecf; In whole numbers althoﬁgh 2000 . |
R is’ d:lvisible by 50 this is dealing with a v
) larger number than necessary a.nd probably .
) ‘,_..Nw?uld' not be the one used. See 130(c). :
\ _ﬁ : r ] ‘-i' — ) > > N —p ! —
’ N . vw ~'*\- -
‘131 Before whole’ number qlivision can be used.in 8;[ 0b :\“
the dividend .0k ghould be expressed as ‘. . \ o 1o}
. ’1 . - . -~ h - A}
132 | In the division 30 /J.5 the dividend 1.5 b ‘
h should be expressed as before whole number , | 1.50
divisign can be used. e :
- o — .

3

divisor. In &hese cs.ses, 1t 1is imposs:l.ble to find afwhole number which when

3 >~ 3 » ’ -
. . ‘ ) ) N
e . . . 28).'. .. ' .
~ o » .
- , N ~ “ L}
v ¢ i e »

» .\ . * d . . 282 N . B
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added to the number of decimal pla.ces in the divisor vill give the number

)

" of decimal places in the dividend.  * « 7 A >
These cases require ’che saume type of ‘ad:)ustment as those in which ' \
\vhole number division is ‘not possi’ble. N PO N

e
Y N N
hd * 3

* . 133] In the aivision .0005 /15  which of ‘the following repredentations
of the .dividend should be used in order to place i)rqpeley the o o
decimal-point in the quotient: {Read all four re"sponses.)‘ .

v | Ol TO® as O a0 " O 500 | 29

.133(9,) Incorrect. There are Ry decimal placea in the . B U
" divisor ‘but only 2 decimal places Jdn the response \ ' |
- .15 Since there is no whole number vhich when . \
added to L giwes 2, an ad,justment in the N :
dividend is ngcessary. o o R B S

133(b) Incorrect: Mere are b  Zecimal Placeg inthe A . |

* aivisor but only 3 ge ma.l Places in the : oL

o’ response 150, Since there is no whole numbexr B B

‘ _which when, a&ded to 4 gives 3, an ad:)ustment
in the dividend is necessary. ‘ S

2

R ‘ 133(8) Correct. . There arer W decimal placea*:l.n the ,"‘
o - ‘divisor and 4 decimal places in the responae . ‘
‘ .1500. And there is a whole number, namel;y 0‘,,~ R E N
- ' which vhen gdded to 4 gives' 4, the number - ‘

of deeimal places in the di'vidend adjusted b
» . %

- il5000 ) E . R \ M
133‘(111‘ Correct. '.l'here are 1} decimal places in the T
¢ A divisor and. 5 decimal places in the response

.15000. And there is a whole number, #.mely l,

y N .
. " which when added to & giVes 5, the number !
L . of decimal :places in thaedividend adjusﬁed .
. :  to ,15000.. : (s B 1- .t
AR n 7 T =
) T f:’» v » ! .
: s . N N = . .
. \ . ! . A
N e . -
' ¢ : o0
. . .28 . o ; :




23 e . o .
B Y
\ B 13% | Place properly the decimal point in the quétien@i :\‘
- 2 - o ‘ 20.
E,:‘ . -\’40\ I 8*0 \ \ R . . s R :
3 ‘ Place properly the decima) point in the quotient® . T
L0753 [ 2.3 B \ -
\\ | . N ~ \ ) . : i
, 136 Place properly the decimal point in the quotient: b
;\\.\ N . | . %000.
\ 10012 ’ Etg .
T e o »
, \\ \ » - ;
. .137 The quotient for 0025 /.1 is:’ AR *  '
. | B@ . D O e) .
o " 1137(a) Incorrect. ' You did not place iroyerly the _
5 decimal polnt. Return to Frame 130 and the .
discussion preceding it; then continue .
A therefrom. ’ ! T
137(b) Correct. Two zeros must bg affixed to the - . . *°
R : dividend to affect whole number division.
SR ) ,.But at least three zeros must be affixed so
‘ . that the number of decimal places in the dividend
AN is at least 4, the number of decimal places . - .
T * . in the divisor. R '
*j. v 137(c) Incorrect. Yoi; 'did not place properly the
o decimal point. Return to Frame 130 and the -, |
discussion preceding it; then continue v
~ . therefrom. . . : .
— >N A
S »
o ' »




A

23.

-

.. -

» N

Find the quotient :m\ 3.5 /=07 ‘
. D(a) 2 0 (b) 2 0 (e) 02
38(3.) Incorrect. You did not ‘ad.jusf 'bhe divid\and 80
- . " that whole number division was, posai‘ble. Return
N\
o to the\diacusaion preceding Frame 130 and
N NN -continue therefrom. > \ .
138(3) Incorrest. You ‘atd ad.just the afvidend 80 that
LT """ ‘ynole pumber, division was possible, but you did
7 not pla.ce properly ‘the decimal point. Retu.rn to
: - \ Frame 130 and the d:lscussion pmceding i‘t. \
. ;l3§(c) \Correctj. Proceed to next frame. . \
‘ ~ LN ? - a g
174 1394 11,27 + .0023 = : . . 1900, :
Wol 0595 + 3.5 = _ - Jor7 |
. o » " v [RU
141 | 496.8-+ 02k = . | 20700,
<t . t\ N - » \ 1]
.11‘2 ‘28.&2 'l‘“.?oso = L ‘\ ‘ . ‘ . v l)-l»O. ‘ R

_ From the cha.pters on division of whole numbers ’ recall that the pum‘ber

sentence n = (d X q) + T was used to express the division‘ n+ d.-
recall t;.he techniques used in division of whole numbers.
» . o \ . . Y
R i lh R ’ 3Z;E‘ O M ) - . .
143 T 2800 ; : o _ 200
‘\. .\ ) :}M"" ) ——— 50 \ ] 700
. 142 L . .
1) s _ako | 3 . 10
146 | remainder = 2 ‘ . . 910 -
. ?quotientf
[ * ‘ Ya . ’ ) B v e .
17 Thus', the above division written as a number sentence
S R R S ey 9103

Also,




; 23

'148 ‘

149

" 150

151
]52‘

153

154

Y
)

We will use the sgme

the same method to place

\‘

N

tec;zn:que in division of decimals.

‘ -3358 =

sentence is

.t e

e

(23 %

Thus) the above division written as a number

)+

N

.
» &
-

-

)+ .

In the follcwing d:lvision N properly place all
‘| decimal points:
- - '
.31./15.593
15 500 500 °
00 093 -
00 093 " 3
0 503

Thus » ‘the division ‘written as & number sentence
is 15593=(31X :

23 /73358 \\~ IR
R 10100

- ,1058

.0920 - . ’
- ,0138 T
e 0008 )
vemainder = O S ; ﬂ ‘

\ - B o)

.
R

1

Often in physi% situations we wish to determine a quotient having a -

prescribed rmm’ber of sign:lfican‘b d:lg:lta.
In the following division, we want to find'a quotient of 2 significant

digits s

We also will

perly the decimal :point in the quotient.

-

" 42300
.0040
0115

.0001 .

L 0LkE

L0ll6; O

3115593
15,500
00.093 |
00,093

50.3

50.0
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L. 156 _=f==— - :i-o ) \ ‘.‘1&20 .
) - s"‘386 ‘ | .
5T : _—-—';. 05 210
. Q ~‘76 Ad BE v A
R 11 5 — ] o " 168 .
1591 remainder = * . - , -
. . N Tquotient) . W008; .19 .
| Nt .
160} Thws, the sbove division written as & number
K .| sentence 1s .86 = (k.2 X Y+ . .19; .008 -
. 23-7.. Changing Fraction Nemes to Decimal Names ’ -
k Reoall from Cha.pter 9 that a diviaion represented in the form AY
. n=(adxgq)+r is in best ferm provided 0 gr<d. Thus, in whol® number

division, the set of possi'ble remainders for division by any non—zoro, whole
‘' number a is- {o, 1, 2, 3, eoey (a - 1)} if the amBion is in. “-‘oest form,"”

o - . : - :k ®
161 ﬁme Bet oi' posoi‘ole rema.inders for »"‘foest rom“ T _ i e
b+ 7 lajwision by 3 wowldbe { Y. o o | 43 or a
. ) 2
. . \ . -set equal 't;o
- “ ", . thio one, .
i . - L .
‘14 {0, 1, 2, 3, ..;; k1, h2) would-be the set of N N \\‘
. possible remainders for division by . .83 A
i ‘ \ B » \ \ ° ‘ \'..
-163 | The. set of possible remainders :Eor division ‘byvo. )
given non—zero whole number is flndte
. . . = » . . —(—Yfinite I infm7 - .
- In“whole numqer division, when the division is in “‘oes‘t ‘!‘ornl:, " the
operation is completed For example' . " - RN
. R o S . v
e . 3. / 7 ] A > \
. ’) N . . : 6 - - T \
. . . . l ' 2 ' »
\ anmd 7 =(3X2)+1. .
' ? 3 .
1 . m " . ”\ . 289“\ A ;. i N
- N > “ 28 A ]
) . ~N




ﬁoﬂever, by using decﬁ(als

'i}f éamg’;problem could be expressed

. S v ‘ :

N “wo. B v - i‘: . »

- \ . N N 3. «r—‘-\?.o‘ ““\ \~. s{\ .

v _6.0
N e

\“ . ) S i N v - 09 .

;1 ‘ 2.3 o 1

LI " S 3 . - . .

© emd 7= (3, x23)+.l Y

‘. R ‘\ R . NS S .

3

X Ig t‘he division in Frame 164 is continued , the next

N .
> h M -
‘s A
» . X
. 6.
0 NN
* 3
- : )
. lo
b-; - N »
N
’ ‘l" ;
.0l
~ A
’,

In /Frame 16, he set of poss'i‘ble s‘emaindera is,

{0,\2} ‘or each of the’ remain&ers whll corres;pond 1

to the. pbssi‘ble remaimier ___‘*_ . T ?“j ““_“ -

‘e ‘} ) ) Y
¥

remirm}-\,produced wiil corxespond to the remainder -

AR - \ N

MR

. “"

. 3).67%!1@, ne:tt digit :Ln the quotient&mill correspond to o
> B . . ’ . N .. . ) N N 3
~168' If the division process ié“contiimegl, the digits in
- the quotient will céntinue to be ve \ * 3's
’ b : ’ “t T —‘-.—— : *. b "
LY \‘a N b —/-7 -
> . .
< 1, A A N .
:f‘ . y \ ) LT "-\'j‘ " - N
| - O U -
N ! ¢ T * ) ’ .
. N ’ I - » v
» \ .‘s) . R ¢
' ‘ Co 290 :

N : . -
) -
L 2 20,'1' !
. - " \Jb Y N
- * il - ’ M e
-~ - » N .
» ! ‘ R v

SO o )
‘ 1 0 NESAT S : N
e R
; SN - ) -

” e

by
»
R
4
>
L
X
Al ¥
2
-
»
a
)
-
Y
»
A
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» * . v
. . 2

23 -

Sy N - ‘ . N N N .
The, reason that the digits in the quotient repeat or are periodic
is: . ‘ ) - ' e
O () The ndwber of ;I)pés“i'ble‘ remainders is:finite. :
O (v) A single possible remainder eccurs more ‘than once.
» o N AR . R N
(D (c¢) The quotient repeats because the remainder repeatsi,
\ . A1l responses’ are correct and are basically equivalent.
* B . ‘~
i70 iAny rationsl ‘r'mmber whigh has a repeating decilmal
T ~expa.f1§ioﬁ‘ is . . . : ] rperiodic "
. \ LN . - '
171 | The decimal .3450 can be considered to be > -
irepeating by adding . ~np | zeros \
172 | 1r .13 = .13131313 ..., thep .213213213 ... = .1 .23
N ‘ A i . R & \\ t‘
173 Since in 113 the parts repeat, the number is periodic and
N " . *
‘the period is: ' \ L
O (a) one . < s “
0 (b) two ‘ . R
D (&) o .
. O (c¢) three . )
173(a) Tncorrect. The period is determined by the
. . number of digits in the repeating portion. -
wl o . )
: . 173(v) Incorrect. See 173(a).
\ al N A )
BN | 173(c) Correct. See 173(a). -
— .
- o
» 1) N
‘ ) * 1y ) * -
- ‘ A
> ‘ '291 .
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" i3
The fraction 99

- R \d X§

. » 8

-4

3

* ‘99 / 13|0‘

same possible remainder

\

+ 2.97

£y
2

.+130
2099

‘represented as a repeating decimal is:

-

same’ possible remainder _

O) .13

.Cl\fb) .i§i§ )

g~

O (e) T3

iYh(a)

Correct. When the 13 appes.rs \.v:lée, ;period : ,

The 13 appears twice béfore the »
31 appears twice a.nd response 17&(&) is

17h(b)

Gorrec;‘t .

‘preferred. \

th(C$,

Incorrect.

The next digit is a three.

and periodicity are determined. \ S

X

+ -

-

~

-

»

a

* We have seen “how to. find by division the decimal expansion of 8 given

rational number.,

But, suppose we have the opposite si‘tuation, that is8, we

~

»

are given a pefiodic decimal.

number?: The answer is that :?

The demonstrati
algebraic techniques that pay

paragraphs.

Does such a decimal repreaent a rational
does, and we show this in the following.
is a bit tricky, however, and invflves some

-
>

not be familiar, . .

The problem ey be ajpproached by considering an.example. . et us write

the number 0‘2!421} «ss 8nd name it n so0 that n =
block of digits is 2k,

If we

)

- 100 X n = 100 X .2hk2h2h .., =

Then, since

and -

»

o au‘btracting y:lglds

80 ‘!;hat;

or, in simplest form

-

0,2k, The periodic

multiply by 100, we obtain the relation:
L -

N

100 X n = 2h,2424 ...

T . n = 0“?1‘21; veay

. 99'x n = 24" N
T _ 2,
=99 i
S .8
- ~ N ‘33‘
292 ’

[ e
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We f£ind by this process ‘that 25; 33 ' ‘ o .

-

. The exﬁmple above illust tes. a-general procedure developed 'by mthe-'
m&ticia.ns for .showing that any Eriodic deciwal represents a ra.tiona.l mnnber. L
We see, therefore, that there is a one-to-omne correspondence bet.ween the set

of rational numders and the set gi periodic decimals. T would be possible \T

RY
-

N

)

then for us tq define the. rational numbers as numbers represaﬁted by all
such periodic decimals. o . "

»

Now & question naturally arises about npn—periodic decimals, What are
. they? Cexttainly not rational numbers. The fact that such non—periodic
decimals exist should suggest that ‘there Are numbers which are not rational
numbers. '.['hesé non-rationel numbers are called irra.tiohal and wiil be \
‘ \d:\lsc\u'ssetl in Chapter 30. 3

k}

Computa n yith non-—termina.ting decimals jpresen‘l:.s many jprobl%ms y 88
can ea.sily be ver;lf:ied by Attempting to find the product

~

(.333 ... X .2727. ...) . S~ .
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+  _CHAPTER 24 L )
RATIO, RATE, PERCENT - .

L]

.
Al a
v

S In ‘bhe study' of whole nuu;bers and of rationa¥numbers, one usua],ly

considers a physiecal situation, first looking at its characteristic. quahties

. and properties. Frown this look at the physical world, orne tries to extrsté‘t

“the. ideas and properties of numbers which are vasic to the study of*m%the-

matic 8. .

L

. v -

~

The way in whith certain sets of objects are alike vak used to develop r.

.:the concep't: of whole nutbers.
of ‘the alphabet can be put in
The fundamental property of interest i that of
.denotegd by the ‘numeral 5.

‘something in common.

fiveness,

A set of 5 apples and a set of 5 lebters
T

one-to-one correspond.ence. These sets have

.

By considering Joins of sets and ~arrays

of sets, physical moﬁels for the ideas pf addi‘t;ion and’ mult%plication were

.

exhibited.
. o &

!\

-

2
Set A

-’

»

-Set A

5 — 0
1 Consider the following sets: = :

* have more elements than

L1] . 1)

o O . :
Set B . .
S \

does !

Set B. )

-2 Compare the number of &ements in Set A with the

«

Set A haa' :

elements.

Q

3 Also, compare the nugber of elements in the sets by )

saying Set A‘has

{aces, does not)

umber of Set B in Frame 1.
elements and Set B has

-
»
A

»

One may say that .
~ N

-

. more element. than Set_B.




2)*\ \ 3 , | \ ‘ . . 5 o S

L Set A has been compared with Set B by

; te subtraction
(division, subtraction) . ] N N -
s : X e - \ .o .
5 Also, compare Set A with Set B.by gtating the : )
~ * relation as elements to ‘  elements.” \ ‘ 1 % 3
) ‘ h R N . . i ‘ l N
. &°] To éompgre Set A with Set B %y division one could ' oo
k‘ write . elements + __ elements. (In " ; 3'- \
app].‘i‘cdtion, when, tﬁéée‘elemants are of thé same .
A uni};s,\'j;l_mig name may be‘c;mitted.)‘ ‘ T
. N -2 ) . N —r
. T Now compare Set B to Set A by divigton. - .
) I ‘ S : \ o ?, +'b
8 | When sét%are cogpared by division the word o} ey
c gan be.used for the sym'bol‘ +. ‘ T

-1~ N ‘
c o080 N
9 \ - . )
.

3

v .o : o
XX oo
. . Set ¢ ) Set D ? o N
R ’ . < R e
. To compare Set C with Set D by subtraction one writes °
_-2= ., . 6-2:=14
. 10| This meens that Set C has __ . more elements - | & .
\—;— -th'an Set D. , ‘ c . . f’» N -
ER ‘ 2 k ) i
L. . . ‘
111 To'compare Set' £ with Set D by division, one | N
- ) R ?
" writes h =~ \ . - ! .
+ =_3- ‘\‘ . 6‘?2:3“!?' :
. 12|, This means Sct O has times a8 many elements 3 " ‘
- as Set D. . o . S
» ) , .
- . \ #)‘1
| * RPN
-3 -, R :
. - 296 . .
- 9 ~r » \‘ . *
Q ’ ) ;“9‘3 (' *
ERIC = * - ,
- — . N . - 2 ’ !’ «




. o) =
N .. o e N N ) *
13 | .Thus, one can confpare the number of elements in
*Set C with.the number of elements in Set D by )
. . . " . {
" either or . L L |« subtraction;
. L . division .
14| Since the word "to" can be"used for the division * :
" |’ symbol, the number of elemefits in Set C may be .
]
compared with the number of elements in Set D ' X
by writing to 2. ; . 6 ”
15| 3 + 4 means thesam®as -~ %o s ¢t 3tolk .
S “and either expression is called a ratio. T
N o , v [ . H :
16 | The.ratio 6 to 5 can be written as 6 + 5 )
and the ratio 5 to 6 can be written as _ . 5+ 6
‘.. - ’ » » ;‘ v ‘
. oo . . 6 » \.‘ ’\ X
171 6 + 5 also may be written as a fraction = ’
\, A . . . N
| 52+ 6 ‘written as a fraction is . = %
* ) i -
18| Write & + 5 using the word "to." )
) : . ot 6to5
’ . . -, . ‘
19 | The colon : may be.used instead of the word
""t0." Thus 6 : 5 can be written as s
. \ 1 6 to 5
» - I * . . .
20 xXpressions using one and only one of the symbols 1 .,
"+, i, or the word "to" are called v "Iy ratios
. ) N . N
AN . , . "
21 | Match¥the eqfal ratios by placing the numeral in e
the blank corresponding t0 the letter of the ‘ .
indicated ratio. ) - :
- (a)5:8 (1) 3 (a) (2)
» 3 . - . i ‘2:: . K
(b) 3tol (2) 5to 8 (v) S (&) *
\ . ‘ ; .
(e)1403  (3)2 (c) RS B ¢ :
- 2 D NN L N
3 N - .
. ) -
N - . .
’ Al <, -
? b
v 297 = . )
- ~ N »
' > »
- - * LR »
“et Lt 2 Q 4
-» 4 » \ »



24-2, Ra'bit’) and Proportion

Often ratios are, uae& tMescribe the same ’basic property that an

element of one set corresponds to &’ certain number of elements of a second

l Set .

N J
v -

v

3

R

\

3

22

Let A represent a set of apples and let C

represent as

e‘h of cents .

Ir one apple costs

4 cents , then 2 apples will cost 8 cents.
Ir the ratio of ;the number of cents in € to
the mnn'ber of" applea in A represents the

amount of wmoney-you pay for the number of
and further if the number :m c

ap;ples in A,

1s 4 and the numbex in -

A ~is ’Zi.,

then the

ra‘hio of- the number in C to the number in A

is
an apple .

v

»

]
S

Cos

and this corresponds to the cost of

S

* n

A Y

L]

ey

13

‘ ‘2 elements. of Set A would correspond to - | 8
. ., ¥+ : | elements of Set C. . L ’

———

The_n ,

Or, this can e y¥itten in fractionsl form ' -
as ‘i‘-: \~:‘ v \\\' ‘Q." : . * \ 3 : .
Recall fi‘om (‘:hapter 19” that two rational numbers.
2 a.ml.E areequalif axXxd= c Xb., Ve . .

- v g N
conclude that 7 =3 if b x2=1Xx__ .

el

L A} ~

We can state then that if two ratios are @ - .

. 1 they will forh a proportion. - ¢ ' s o

v

12




‘28

29

30

31

32

33

35

”n

>

T \ e T " :'.'V 2k o
— . ~
Which of the ‘follow:lng ratios is equal to % T . :
4 | ‘, :
Q (?) § . D (C) 6 + 9 ] o .
Ow 2 D) 3+ :
L - [N )4 N
28(a) Incorrect. % is not equal to 3 since’ 3 x 3 £ 4 x b,
. * . : . N \
. 128(b) . Correct. -E = -1% since 3.X 12 = kb'x 9, - \ -
| e 3, 6 5 . \
28(e) - Incorrect. 7!~9- since 3 X 9 # & x 6.
' ) +
28(a) Correct. ﬁ 3+ 4 -since -E and 3 + Y meen the
~ same thing. 28(13) also is correct. q ‘
Z —
\ ) d‘t \
Expresg 2 : 8 =4 : 16 in fractional form: » )
. . ‘ 2 Lk
] - g R‘ . :‘J)’
h | T
In the .proportion % = 18> the product (2 % 16) o ) s
representing (a x d) 1is . \ 32 \
N > h I
: 2 N ‘
In the proportion § = 7g, the product (8 x L) 4
representing (b X <) is . o 32 >
* ‘ - U R '\
Thus, a Xd =>bXe¢c since 32 = 32, and we ' e
-2 N : - »
conclude that ‘the mtios B and ? . . equal R
2 . - )
The statement 318 is called a I propertion .
‘ L, — .
a ¢
Consider the pmpo?tion T =3 Ii' ahy three of
the four elements a, b, c, are QiVen, one can
find the fourth.el‘ement. I = TCE_’ then
3 X 12 = X h' s »
- . )
? )



. \; SR e / N ’ K
2k - \ SR S . .
] ‘ v, 3 \
- ‘ > (‘ il . '\\\\
. ~ R \ . \
. 36 And, \ = Q. . - RE ™
hd t‘ N - ‘e N [
-1 It 2 apples cost ‘9 éents,’ QW meny "apples ‘ \ | WO
can. be. bought for 36 ,Cen‘tS? Uaing fractions s e S
N : this pro;portion can be written a8} . T L
> A . ) A} . »\
\ 9 cerits - R . ' . . 36 cents
. 2 app].\es . n ap?les hd ) . \ . N &_‘ LY ] \ ’ e N
. * G 3 ‘ < S & "‘: 1
: 38 The , 9%Xn=_ < “\ R - .1 2x36or T2
‘ “ i o S T v o IR
. 39| And; n = . - 8 -
: h & N v ) - ] \ .
- . . ¥ .
’ v | 1 20 jpeoplt- can be, ‘Zerved wi‘th 3 pourlds of 7 . w
" ) beef( how_much ‘beef will be meeded to serve BO S
+ | people? This can be written ‘by writing equal { - ‘ e
\ % 20 pejle;_ : R 30 pepple
m?ios "B pounds ~ n pounds ' ‘ S I t
- ) ‘ N 4 ‘ . . . . . . ‘ > i » \ - .‘ ‘
- Bl | Ten, 20 Xn=____ X30. - "a {8
A RN TR ) by, T
v k2| a4, 20,xn=-___. . Y| eto-
e Co y ST - N »
.43} Thus, n = . o - . 112 ¢
. - S : \
. - ) ) z ’ . -
l 4y | If a man can walk' 3 miles in one hour, c{w long wil% it take him
| to wElk 1 mnes if 'he does not stop? ! "
\ \ , O (&) "3 nours - D(c) 139- hours } \
. 1 . D (v) 135 hours D (a) 30 hours M :
T . ) : R .
» | b4(a) Incorrect. i’ﬁi ;! 10 mi.‘ ‘since 3'X3 £1 x10.
hh(b) - Incorrect 3 mi. ;l 10 mi. : simce 3 x:3— £1 ; 10{\
. * 1 _3_ . MR TR :
\ . { 4k(c) Correct. Jmi. 10 mi. ‘since 3 xl*o =1 X 10.
1 hr, 10 h <3
' o »
. 3
-\ . 3wmi. ;20 mi. . . “ g
hh(d) Incorrect. 1. ;l 30 h since 3 X 30 ;! 1 X 10.
~ '; - * ~
. - ) . + r
. ~ 800
2 LY W - »
Q “
. 1
) . k2




. >
~ «

Percent -

ak-3.
Here 100 is
In fact, percent means "per oundred. " Thus

A special kind of ratio of rate is that of bercent.
_~always the- basis for comparison.
" 25 percent weans 25 per hundred.

. any, other fraction equivalent to t From this We see that percent can be

When written as a ratio, this would be

or ‘or It may again be written as 1: or as *B- or as

treated as a special type of ratio whid¢h can be \converted to equivalent

»

fractional‘forms or to equivalent forms.

- .
.

Definition: In general, any number

o can be expressed as a percent by
¥ a N
e ) finding the mg.:qber ¢ such that 5 = 100 . ‘
= By studying this pattern, we see that if.dny two of the three numbers
B _c_ are given, we can find the third, . R
W . ¢ . : . 6. n .
. h5§ ‘6 "is n = percent of 8 since B = 705 <) 75 .
ot . . R &
) n 20
46 | 20 percent of 50 is n = since 50 = 100" 10
N *‘ . m ‘ N
k7 } 40 is 10 percent of n = since — = -il-o— , koo
<\ R A . n 1 c
- N .
« 48} Given: .-1-36% = 2—60 Teen 6 1is »__ percent of 20. 30 . )
P 11 bk N *
9 { Given: 5 = oo Then is Lk percent of 25. 11
3
he* 3 ‘ ' b ‘ ’
* 50 :Given: E% = % Then S0 is 125 ‘;pereeRt of
A . . . ho »
. . ’ ) 1
. N 9 ,
? . }
- - - L . .
g . , .
, » * - -~
. ! 3
- ‘ >
- :\.’i ! ) ~‘
. o J ) 2 9 9 \ [ ".




\‘ . ' ~ . room ) N ) \\
.. Y, oo o _ B ‘ N
. s | ) ‘ CHAPER 5 / ‘ | . ‘\ .
’ - CONGRUENCES AND STMTLARTTIES ° o f
Y .\ | ‘ ot . N * oot
\‘2;-1.‘. C(;ngruenqe . _\ ‘ - t ) i M
\'Congruence may be defined as foldows: “ T .
Definition* HAN X geome‘hric flgures which have the same size and shape \‘
T are said tp be congruent. R . ’

*

This :Ls not a. “tdchnical deﬁnitign of congruence ,»but it §e11s ws what: we
. need to know at this time. . ~ : .

-

Congruenoe of line segments and eongruence of angles were introduced ig

N

Chapter 15. 1In th‘is chapte!' the notion of congruence of line segments and

*

of- a.ngles is extended to congruence of triangles.

. -~ N
Sl N Congruence of segments and congruenci of angles '
\ ~ be determlned by-direct comparisons * {can -
(cén, cannot) . . P
*{ of their representations., ! : T ‘ '
o ) - . B |
2 Congruence of any two plane figures ) be;, cap W
. \ (can, cgnnptj . .
Qetermined by direct comi:arisoné of their representations|
3 All radii of a given ciLcle X 8 congruent.,. arej *
N \ X ‘ (are, are not) ‘ ‘ : RN
’ . i * . - N
R In the two circles below, ' OP ¥ QR. g ’
\ » ) h ] -
» e
®» » - ~
» ‘:«\."\
Using a rdprdsentation of circle Q, qémonstrate
that circle O is congruent to circle Q. ,From = -
this and similar exercises one observes that two .
circies . . congruent if their radii wre are
(are, are not) ; . .
congruemt. - ’ . ' ) S .
] " -
. + . 7 » 303 i
. . -

]



‘ cqngruen'b. ‘ -
W

0O (‘o) Two rectangles are’ coggruent 149 their ‘ba.Ses ami

angles are -respecti‘(tely congruent. *

Y ] P . NS . -~
N R - \J h ]
) \: n\ ) N ?
Consider the rectangles below: - / S ‘ 3
- N )
A, . ‘ o ~
Lot v S te o - N
. . ~ > h Y t. « Fr (
- - - 1y v .
1 LB g c . X 3 2} R
. . \ ‘- e R . :‘i
hd k] 9 kh * he "
: ¥ ] .«
A 31 *
N N - 3
. . v \
: W - . - . o ot h
A D P > : : o A
. ~ C% v teoow
> ) R o . . ) . \ -
. - SN e D ‘ R ! A
I)se the representdtion method. to select the correct,statements 5,"” .
0 (a) ‘ﬂ.“iro rectangles pre congruent if their bases axre

O (c) Two rectangles are congruent if their bases, a.ngles : .
v a.nd heights'are' res;pec‘tively congruent 0
)
# O (51) 'I‘wo rectangles ée congment ir their 'ba.ses and - ‘ .
i heights are respective]y congruent.\ . AR <.
N , o . . .
5(a) Incorrect. D = PS, wt, rectangle ABCD 1s ¢ ,
.- not congruent bo rectangle PQRS Ca .
5(‘b) ‘Incorrect. D = B, and _[A Ji /B 'e jQ, e N .
[c 2 /Ry. /D2 /5, bub. cta.ngle ABCD is L
M net congrulnt 0 rectan PQRS e @
1 . ' i . P
S 5(@)\ Correct, See a.lso 5(&) ‘ A
S 5(&) Correct. Not:l.ca that thdhe twd conditions are :
) all that is necessazy because all rpctangles , by o
de,finition , nave congment (right) angles. -
i ‘:r » T - . —
NS . —_— - . ‘! B )
N > o o r .
. .
& ) - ") E
) > o n
N . A
. , s s W
- v . s - B °
i N ; - N ;:h‘ ! *
N ??“ - . 'Y Bbh 3 ‘ N
H - : J i} * } h \
» n; y ‘.x f\ - ;‘;:‘ : - e N - )



Given the fo]flaying ¢ongruent triangles: -

Using 'the representation method, Belect the correct i‘esponse. -

% m, /s [E,

AC = TF; /az [p, M At

* §1; /B = [u;

BT g S o BEWlsl

E}(d')A\Bc ADEF o

DE %.TH; /D =./1;
TF =°T6; /B [u; s O .
FE ¢ "GH; [F /G. N S

[

6(1) ) Correvct.

6(c) Incorrect. AB ¥ GH GH, T ;! III, /¢ [G, /c. 9![1.
Note that AC-2- GI, but AC 2 IG is preferable, S0 3
that matching parts are mentioned in corresponding,.

D(c) AB & GH,LAvf_G, i

/ ordex. . . \ - .
. N . 2 ’
’
‘1 6(a) Correct.’ g .
.\-\ * . : ) B ot
3 £ i ;«“
L . ‘ . S 9
. , Lo
i‘ .,
N - . L o
s: *
K )
.- 301
5 ‘305 . h . . .
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%5 T v
o L4
7 | In Frawe 6 the pairs of congrient sidés end . . RN
e angles are called corresponﬂing -pairs of sides o ‘ _\;
and “in ZSABC and ZSDEF R, angles -
EaU PR
. . 8 | AB and DE are 'sides or segments. corresponding. -
S ' i . S o S Y R
.9 Ic . to [F. - ‘ ' ‘ ‘ oofresponds

N ¢ N N »

; e

. Piénsiblé Statement: If two triangles are congruent, thep the three sides'

ca @ R Y
.

vy N . N N
' of one are congruent respectively to the three sides )
of thé other and the three angles of o are congruent

?

. . " o . respectively to the- three angles of the other.

»
A . q

£

, ) . 10 If wll six pairs of corresponding sides and
‘ angles of two triangles are congruent, then the
triangles are: N . ) s congrueny,
. ' . N A
M| If the three sides of one triangle are congruent , .
R to the throe " gides of another triangle, . ‘orresyonﬁing
. | then the trrangles ore oongruent..\ * ‘

12l If ong knows only that the three angles of one f ‘ “e
"| trigngle are congruent to the three correso?nding : o
angles wf another t'ri‘angle., he has no way of knowing . ‘
' whether or not the triéngles are . B | cong;péﬁzif’f\
o . ot L . ‘
13 If two angles and the side which lles between them y
of one triangle are congruéni to the ___ two corréspondgig,
. é;g\es snd the 'side which lies between them of o
__— another triangle, then the two triangles are

L ‘ congruent. | R ‘ C .
i - : o \ L o

. 1h If two sides and the angle which lies between them
of one triangle' are congruent to the -corresponding ,_ J.

two sides and the ‘which lies between them angle

: ‘ of another triangle, fhen the two triangles are”

cbogruent.,

\ C ‘ . ‘?i}:) 306 . ‘ * . -0
(l [ : * :} .




L) >~ *
. . B ‘25
ﬁ115 If one knows that twn pairs of sides and one pair
of angles of two triangles are congruent then
he has no way of "knowing whether or no;‘?he ‘ , ’
| triangles are . ¢ . ) congruent
. ‘ | ——— . ) -
25-3. Similarity of Prisngles = = ‘ -
Similarity may be defined as fbllows* - 3 '\i~ ) : {' '
- . - » .

Definition. Two geometric figures which have the same shape but not
y.. necessarily the same slze are said to be similar.

As in the definition of eongruence, ‘this is not.a complete technical defini-
tion, but it tells us what we need to know at this time. ‘ .

- * N

16 | ‘If three angles of one triangle are congruent \ .
‘ respectively to three angles ‘of another triangle,

then the two triangles necessarily are_not
(are, are not) S

congruent.

R » T v
‘Q

AT .However, they do have the sane shape even.though' L : N

they* do not have the same . . \ siie;

o : . )
181 Two triangles which have three angles of one .

o congruent to three \ of the other are similar. .| angles

~

~

true for the is not .

[y

~19 | The statement in Frame 18
two rectangles helow. . .118: 1e not)




B - .
‘: . o
. 20 Glven the two similar triangles below: : g . .

The geaaureé (1length’ of their sides. are:
8 < .- -~ _ ‘ . N

. ] % w(EB) =12 - m(B) =6  w@Ac) =9 & .-

Choose the correct ‘responses: - .

. O(a) m(2B) : m(A'BY) = 12 : b = 3:1
J\‘ . a * e . .___" \ \ .
- ‘37 Do) wn(K) : n(BC) = 6:2 = 3:1 .
. 8 \ G (C) m(KE) 2. M(W) = 9o 3 = 33 ]_’ " ) ‘ ¥

(J(a) The measures of the corresponding sides of ;these
" two similar triangles have the same ratios.

A . »

; - 4 A >
- \
K X : ,
> _ | A1l responses are g?\rrect‘ T
» PN .
o . v
RS

Mathematicians have found that the properties demonstrated m"mame 20
hold for two similar-triangles. Thus,*if two triangles are gimilar, =~
then the measures of their corresponding sides always have the same- ratio.

] sdes |

*h . N
~
N a
. a .

. -
N
. -
- ~ .
N N » -
N N N » .
W >




4
e
c -
¥
L4

—_— . . * RN T . o

A

2) Comi§e7r the following pairs of similar polygons:

A

-

In each peir the measures of the __ sides

have 'bl';e same ra‘b:lo; This ger;emliz.es for similar
polygons. ‘That is, if two polygonsNgre similar,
then the mga;sybs of their co‘rreqund}ng sides |

always have the same ratio.

.-

N SN . -

L ‘\ . . 395

£RlC | | : ‘

T
h\

»
N

. . D
: 2
A
-
AN
.
™~
» B
’
A
@ .
A
a
L) r -
~ 2
N \
.
A
.
»
L]
A
-
.
~

N
-

corresponding

T



CHAPTER 26 o S

\ e SOLID FIGURES
N N \ v ¥

\ . ‘e

4 A N ‘ ’ : M .
N . N N N v »>
] N » *
- . .
N

- . B »

© 26-1. Pyra m:lds . . .

In ‘Chapter 1% simple nlosed'(:uw‘es' and in particular ‘tr:iahéles ,
rectangles » pentagons, and circles 'were introduced.  The set of points
insidq a plane curve-is the interior reglion of .the curve. Simple closed
curves of the pline are. called two-dimensional figures. F:I.gures which can
not be contained in'a plane are t‘hree-dimensional figures. 591:1:1 figures
are three-ﬂimensional. . As with plane curves, the emphasirf/w:ll'l be on the

«

simple closed gurface of the solid figures. '

7 A
\‘ ) -

L]

e

A pyram id is an ‘example of a simg closed surface. Tt 1s made up of

\ triangular regions and & polygonal region, the pdlygonal ﬁgion forming the

base. . . . w\ _—

; ‘ ‘ o Coe

pyramid, use & triangle icn is & simpie closed.

N

2 .| In order to construct the three-dimensional

*

' figure called & pyramid, select a*ag_,ht not in

N D
% e

-

. s P , ‘ . \ ‘ N
"L | To illustrate the boundh?og the vase §f a | | . /\ /\
_ plane . L | . or poly R
\ \ Lo

the - _ of the base. - °  ..v] plane
» * . N > » . . .
. L S { .
3'| Let triangle ABC be the base and D. a point. .~ .| = *
. “ b s 9
) in the plane of the triangle. ) . not
N : . ep . NI . * »-/‘ ' ) ’ ‘
. N ¥ R N \ \
. . \ . N :
\]
13
. . > w ,
‘ " <
? W . » *
©oo3n
A ] - >
’ N -



* 26 i . ] R »
\ - ] ~y . »
* ) » \ .vt 3 ‘ \ o0 ) ‘ ' L
e One of the pro‘blems.assoc‘iated with aolid :E‘igures or simple closed
..w ~ 4 . " supfaces is that of drawing a picture ’in the plane to represent them. One
~“t Y learns to do this by careMly "drawing -and vis‘ual:lzing the results. The ‘
. . \ «cdnst;'uction of three-dimensional models ‘of ggor&etrin solids will Ye mast
2. :
*+ .,  ‘helpful at ‘l:h:ts point. o : '\‘ \ ‘,. ‘. §~ - ’. R -
e, . : . X o 2
R X AR Rei’er to the fighre of Frane 3. Join the goint D o
o  and the. vertices of the triangle ARC fdimxng ‘
L I ‘ segments, o R \and . ;ca.lle&& dge M ) ) -\Zﬁ:; BT), 3
. . \See the figure be]:ow. . : . oot ..
2 o. ' N \ - ) >
- {
Y
F 3 ~
N .“y
> E 3
* R .
| X .
» . . }
) s - ‘ /( j :
l N . N . . \ ° .o® .
W . .\ .
5 The sideé of.the base alsc are _ ‘?f the edges,
N .ot . . N «?\ o . & N
pyramid. ; .
- N . : » ‘u N
s 3 i The point D 'is call.ed a Vertex of the pyramiﬂ : Tay, Y .
N N.. ‘\ - N
’ Point A also is a LI : vdifs&x '
L » ) i . . . ‘)}” :
’ 1 | Two other vertices-of the pyramid are : and . h
) ’ . . ) \ . C
7 . £
* ——— . \ .
’\‘ 8 The trisngular region bounded by the ABD triangle
‘ . {s called a lateral face of the pyramid, \ L
9 Other lateral are the triangular regions feces  *
bounded by triengle BCD and triangle ACD. ‘
s . N * N 3{ -
e - ~ : ¥
NERY "
' - | 312
A 3?? N > m




N . .

.~ 10| The af a pyrmn:ld may be any polygonal *
‘ \reg:l.on .such as 'the pentagon  ABCDE in the

This pyremid is ca].leda ..

Lt A B figu;:e bel‘ow\ K
* ot
S . Entagonal ;wré.mid. ) .
S . : : :
S R
- & ‘ -
@
-
® 3 »
‘ - o )
~ 11| The 1a:l:era1 faces of a pyra:mid with a penta.gonal

) / base are :\t‘he

regions and their boundaries
sharing the vertex F. \

. . ‘ VAN

N 12 | The lateral faces of any pyramid are always
- 13 | The bdse of a.pyramid can be any plane ' .

-

14 | A pyramia is named by the polygon forming the
base;
called a

hence, a pyremid with a triangular,base is
pyramid, .

R * N ) ‘ \ > : 'S
15 | A pyramid whose base is a quadrangle (quadrilateral) -
region is called a pyrami;l. N

2 . : o N

313 -
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jbriangular

L

triangudar

b regions

‘ polygonal
.region

triangular

guadrangular

-



B ‘16 The pyi'aﬁiid is amm surface wade up-of - e o we ‘
~ 7| the wion of all points in the base fana the, _ | .
v | — NN S o s LT }atéral faces = ..

. . 2
N 1Y . a N -
¢ i . \ ' N
. { ) . . . ’

ot ;—'!7 The interiot: of the siinple Ylosed surface 18 N o T
' " | the set of :points bounded ’by the and the -1 Ypese 1‘\-
Jdateral i‘acea. T o ~ ﬁ.

!
Q-‘(y

FI

© 18 | The, union of the set o:B points of a simple closed . ‘ .
. .aurface a.nd the set o:t‘ points in its is . 1 interior

Ca called a solid region

) ‘ } / .
The pyramid has been 1ntroduced as an illustration of a simple glosed elosed
snrface. A solid eggonrconsis’ce of a simple c:losed surface and the set of ﬁ .

jpoin‘ts interior to the surface. - It is common pz\ctice to use the word

-
PYTE ramid to mean the solid reglon. !['his ’ however, is not ‘mathematically
correct, v \ . .
» N 3 —~—
19 | The] pyramid hés one . - for dts base, polygonal fegion
\ k - ‘:’l . ‘ :-“- S 5 | ’ -
.20 | Te prism, another simple tlosed surface, has two
both of whith are congruent polygonal " bases
- . » ) . L3

.~ | regigns. See the figure below. ~ . ~

Yy

. .
o

N

L™



.28

29

g

30

31

| he sides of the box are the ‘ .
]

In addition to the bases being pdlygon&i
regions, their col'rqsponding)edges must e paralle‘L

*
- - "

P N L A

0.‘

A lateral facé\ of a prism is the region ‘bm.pded by

the parallelogram :rormed ‘b'y ad,jacent pairs'of s
‘eorre qunding

. -
N
- . N . .
N RN .
L .

)The surface of an ordinany closed box is an examﬂé‘
of a - “e )

» b
.

' The top and bottom of the box represent the

. NI
S . .
LA * N

Sl

\ } . B

The base of a prism is also a - .

The .intersection of two lateral faces is a

-
-

-~
* *

‘The edge formed by two lateral faces is a

v . -
L]

?

i

on the bases. : " .

-

-
»

{ congruent
> nt

*

* . £y

R vertices
\ - * | N b '
prism 1
a ) - i
T4 s
» N
. bases

‘lateral faces

>
éce

-
>

1ateral edée

L]

‘ 1aterai edge ’

. parallel’

3in

\ Kll lateral edges of a prism are D 'ho
_each other. - : . Tt
Since the lateral edges are parallel and’ the ‘
corresponding edges o;t‘ the bgse also are ‘- P parallel \
the lateral faces of a are-: parallebogram . prisam - -
regions., : N .
If the lateral faces of a prism aye all rectanguldr .
reglons, the lateral edges form right angles with o
; the bases and the prism is called. a prism. . right

315 .
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e

Deﬁnit{on: The prism, is a simple closed surface consisting of the sets of ',

F 1

33

3k

3D

36

points ‘bounaed by two congruent polygonal regions (the kases

. which lie in parallel jplanes ‘plus their: boundaries) together
1 with-the sets of points bounded, by paral),elogram regions {the ‘
R lateral faces) vwhich are determined by ‘the corresponding sides

. of the bases. The line segments joining corresponding vertices

of the bases are the lateral edges.

As*with py.ramids ,\ a prism is nemed by the kind of
polygon forming the . \

~e

Consider the prism below. This prism is &

prism, since its bases are _ .

T

The b'ases"ﬁ;the triangular prism in‘ Frame 33

are the triangular regioné . and .

~

e fateral edge containing the point B is

. ~ . . 4

The lateral face containing points B end ©
is the " region BCC'B'.

~

-~

bﬁse “
e

triangular; . .

" triangular

regions
9

m

ABC; A'B!C?

. BBY

-

parallelogram
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ko

"4

considered.

" ‘the vertex.

- .
Another lateral :E‘ace containing the Point B
is bOmdea by 0 o \ -

Y
-

*

The closed box, used as arr“éxample of a prism,
~ ig called'a guadrangular prism since its bases

are » _ reglons.

Q

- L

The spec:lal' quadrangularprism for which each .

base and lateral face is a square reglon is.called
: . T N .

’ O . . v

&a. .

- -

>

-

Three edges of & prism meet in a ? called

» . .
v » »

F 4 »
Each endfoint of an edgesof a prism is a .

Each vertex of a pﬁsm is the endpoint of t%ree

> L3

\

o

BB'A'A

N ‘\‘\

-
edges -

-

In the foregoing. su‘b-—program, 't.ha prism as a simple closed surface was

the same definitions as those presented for pyraglds.

da

L]

"The concepts of interior and solid re Jion were 1gnored, having

26



26-3.

Two simple closed rpgions as the bases, -

L3

L

L5

46

\ Cylinders e

‘A simple closed surface s:i.milar to the prism may be constructed 'by using
Such a surfa.ce is callad a cxlinder. ‘

wIn the Figure below, the
" are "eircular reglons, : ‘ .
. AN ® . :

= »

w.a

\\
. ‘ ‘ ‘ Y ‘
. R

As vith prisms, the bases of the cylinder must

A

The line segments AA?Y,

be congruent and must be in

.

BB?,

planes.

et cetera, of the

in Frame 43 are called elements and

Joiri corresponding points in the bases.

-

»

thh the planes of the bases, the cylinder i«

called a cylinder. ‘ e

R

R A
of the cyllnder’

\

If the elements of a cylinder make right angles

LY

bases .

-y

parallel

cylindér
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+, ¥7{ The figure below yepresehts a’cylinder since the  ~T° RO R
B ‘bases are closed regions in parallel * - . «cong R
N N . o ) a \ R Sy, 2 . -« NN . AN
,g\; 3 \ Planes. . . . . ~"'~ L Y . ‘}‘ e
- Y R b
) 3 »? [
" ' o
> . . * =l
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. s » . v -
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:‘ N .. 1 K “‘- } -
. i ' . . . »n . - .
. w ..\ .
. k
N » »
N » S ‘ : ‘
¥, B ’ - »
‘ » - N > ~ A - - .
48 } Not only are the bases parallel’ ‘but in any Lot . >
. cylinder, the . are, parallel 'bo each other. . elements -
b ) i o L . AN
‘49 | The p!'ie:m is a Bpecial casa of: 8 sinee ‘ “ | . cylinder v
*at N . N
St the bases are parallel wend bounded ‘oy congme'iat .
: » simple closed curves (polygonal regions) and R ' -
~ .the sides can be considered as made of parallel 7 ‘ N
seguents. B .
. = ' : > ' * - .
) A Y - Y .
N .\ - h N
) N3
©.50 A*juice can is a representation of a right . s .
\ cyl’inder. ‘ . RN “eircular *
N = NN . e
N I AN ! AN N R - . v N
1 Y N - M L . Y ? *
511 A sé.rdine can frequently is shayed g0 'that it C
R Y
\ ) rep:rpsents a : which is- not circular. . Cylinder
] - -* T e ‘ » .
- ’ T .
A N . a
. - ¥ ‘e
. R ‘ - L
v ‘ a™ - « . . . .
> ES N - » - ‘
\ 2 - Y * -
2 ~ \' ? - o -
N ? - .
L) ¥
’ . s * ., o <
R ') ‘ * }: . . .
) 315 o N
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~

In the preceding aection it was jpoin‘bed out that the prism is a speci&l
caae of a cylinder In this section a genera.lization of ~the pyramid is .

considered, = ° ‘ \ o : SR
* \52‘ A pyramid is determined b;y 8 polygonal region and
Ja__ not in the plane of the polygon. v point .
N M a o v . . ‘ . . .‘ NN
53 | A tone cam be considered as the simple closed : ‘
. - | surface determined by a "simple closed region and 8" . . =
not in the plane of the cone, . See the © ] poimt - °
' :E'igure below, 3 . )
.. N . £ 4 v -
» .. . * .

."’;
Y [}
* ‘t s
4 . -
9
T e s
I N
N B i}\
* o
g
A ® ) . . ) . »
' 54 | The simple closed region determines the : base &
.of the . 3one. ‘ - o h : s &
v - 550 As with ‘l:he'cy‘linder, there mey be no facea. o \
: T However,,»l:lne segments Joining the po:lnt (a N N
'vertex) to the curve are the of the cone.: .. elements

“a ) : . 320 °
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§6 The point used“fbr &etemining the cone is éalled n

the ., a8 it was for mra.midis‘_

‘57 | The' elements of a cone are line segments drawn e
| from the __ - to points on the simple closed
_ _curve determining the ha.se. o :

y o \ - ‘ .
58 A cone witli a_circular. base is called a
cone. . : . .

R ) ‘ o
59 The “union of ‘the sets of :péints making the
of ‘the cone forms the lateral surface of the cone.
- 60 If &; cone is cut between the vertex and the base
by IS plane pa&'allel to *Ehe‘ 'base R the section made:

will'ba a ) : * . ‘ '

* 1S

-

a

k
clreular
ki

elements

T~

simple closed’
. eurve

The foregoing two sections have been devoted to dylindera and cones. A

cylinder 1s like a :prism in that it has two cbngruent bases in parallel -
:planes. The bases of cylinders may be detemined ‘by circles » but they can
be determined by other simple é:losed curves, In a similar manner, pyramids

.

‘and cones are compared. ' : N
. ,

L

) . . . N * .
\ éa'-é. ‘Spheres‘ \ . o

-

»

In this section another simple closed surface calléd the sphere is
considered. Tt differa from thoae surfaces previousiy ‘discussed in that it

has no 1ine segments on it.

RN

A

-~
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61} A hollow ru‘bber ‘ball is a representation o:t‘ the
' simple closed surg.‘ace called a ' See the =
. N ~. . -below. ’ Y i N \\ é\: . A N \ 4
Y R -
A : N R l ’
b
w .. A g
@ |
.4 "
N B ¥,
by 2
. e
62 | To every sphete there is an interior point called
*] the- . | R
.63 If 0 is the center of a sphere, and A and B
are any w0 points on‘the , ‘then OA 0B.
64 | Line segments from the . to the sphere are
\ called radii of the sphere. | ’
65 In a sphere, all“ are congruent.
66 | A line segment Joining two pointa on & sphere and
J passing through its center is called a\d
of the sphere, ot
322
. * N B
) T e
t. . >
L . 31 i

K S
teas .
E R BN
AN nx‘x" . ‘
« Sphere :
¢ : N:
< » Q—— . ‘
Al Q .
I S
# . s
.:‘) ;v\
R
2 .
5
- » :
¥ : .
. .
v -
_center
¥
sphere -
9 *
center
radil

’ . .

diameter
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67 _Arn!/ ek the length of two radii.- e diameter
68| A plane containing the center of & sphere o .
_intersects the sphere in a great cirvcle, .The
radivs of the great circle .t is
4 . s © (is, is not) 1
congruent to the radius‘ of the sphere.’ ‘ ’
v QP " * : ) » \ . ‘ : N
. 69| “The earth!s surface almost represénts a . sphete
. 70| The equator of the earth represents g.. .
e - \ great circle
’ = v i ) RN
7} | The north agd‘ sput}; Toles are endpbint.s of a ‘ . \ o
. »- ¥ __of the earth. - - % | atemeter
+72 | A line of lorgitude on the earth is 5 of a
A Lo \ o \ .
. ' vwhich passes through the north and J @great circle
south poles, A - ‘ .
. RO TR . ) . . . .
731 A line seg‘ment‘ can meet {intersect) the sphere. .
* ] in at most. ” points. v * two &
N ’ \ ‘ R N
74| The longest .line segment separating all pairs of
'l points on a sphere is the _, and passes diameter
B thrnykh the of the spfxere. ' - center
i _ The lines of latitude on the earth's surface are v
formed by intersecting the sphere by a circles
_plane parallel to the plane of the equators ’
N ) ) . N ' . *
76 | The circles giving the lines of latitude have ' "
radii : : ) the less than
] _ Ugreater than, congruent to, less than) .
radii of a great circle and are called small circles,
- 77 |, The radius of a great circle 1s — greater than
| the radius of a'small circle, - -
A

. . .. * . . .
. ) N
. NN N RS s oo
: N\ .

- \ . . : ‘\?

‘323
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‘26‘7. M ; \f » .‘ . Y ’ \‘ ) - : ‘ B . .

X In the :roregoing program five different simple closed surfades have been
considered. There are ma.ny more.  In mathematics ) & simple closed surface
*is considered as the set of points on the boundaxy. »Since the surface is

“closed, it has a well-de:ttined interior. The union of “the points’ on the
simple closed surface and the points interior to it form & golid region.

]

]

td

-
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- CHAPTER 27 .-
b : . » . * ‘ . Ay -
- MEASURE OF AREAS °
o, R R N ( ~ .

.i . X N N * ‘ ; . i
*27-1. * Introduction \ »
S ~ The measure of areas involves plahe ‘regions. Recall that & i)lané region

" is the union of ‘the set of points .Op & simple closed curve and the set of *- &
intexior Qoir;hs. Examples are the;plane regions of triangles, rectangles,
. polygons s \circles; and simple closed curves in geﬁeral. See ﬁgure 27.1 ;

‘below,
N N o - -
N\ N ) e M ) O . * ‘!-

-

.

Figure 27.1 ) .

A3

A ' “
“+ Although i;he words triangle, circle, parallelogzrs.m and the like properly
refer to the set of points of the boundary, they are used in this chapter to

" represent the corresponding closed regions. «

D ‘ \ . .

- ® 320 |

-
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e \ There are many f‘ea‘bures of" measurement of areas analogous to measure—\
‘ ment of line segments and angles as discussed in Chapter 16 For example, :1;1
‘ ‘comparing line segmedks one says that the first is 1ess tha,n, is congruent to,
or is greater than the econd. To obtain more preclse resm.ts a unit repre-
sented Dby 1 8 selec d and applied 10 the line segment. By a process of
counting one arrives at a measure of the line segment in terms of this unit.
, The unit itself is arbitrary, ‘but in practice certain standard units

ha'v*e beéﬁ adopted for purposes of understandable cormnunication.

L]

14

-

A ] N ¥

27-2. Comparisons of Regiohs. - ‘ : ; : e
- . \ a
*. 1 | Given the pairs of figures below. \ b .
. N . . i ( 3 - . ‘ :{ o \
N RO I T
Q N
L3R
¥
(v)* ;

v e

-
- .

n

Compare by tracing one on transparent paper and o

plaging the tracing over the other.

in each palir are

F

By the same procedure, tompare one of the squares
with.one of the clrcles.

reglon is

e

>

Y

The area of the circular

3

The figures

£

*

v

than the area of the sguare reglon.
A}

»

?

326
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congruent

i

greater



K Q i t\ ‘ . N A 39‘)'
e - e 9

: N \ .
R - N )
. : ) L

~ . ' & \ .
tow =~ . ?
G ) “ IS N . . R > . N
3 Given the following triangle and rectangle. )
A A E ‘
¥ - \' . h)
N . N v A .
N . R
* 1y 1Y N
g bl . -
Y AN
A N N
L > T
* 3
. . e ®
*
. Place ‘the rec‘bangle on the triangle as indicated '
T
-, \ below‘ L o \ R N
N . “ o : N f\ S
v ) v '
- \‘,\ / N J
. r N <
. . Q
- N )
3 ™ D C
. N ' .
N A , \“\ -
N he N i . . ) ’
Orte concludes that the area of the rectangular
L region is the larger than
N : " (larger ‘bhan, less than, equal t') 4 '
- area. of the trlangular reg:lon‘ ' .
J‘ o - : ) \- )
IS : ’\ . -
» 3
< . .
o
. % ) - N \s
c&: . N

-t
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27 ‘
oo . \b~ N o a R .
'} Consider the circle _g‘xid the rectangle below. ’ ‘
(a);
R
Plad:LngXe of theere‘ o ; o ’ri N
. figures on the other ‘ (e A B
as. indica‘hed by the v o ‘: ST \‘ : )
_-dotted line in’ (c}, “ : e
N B one conclude that R FNE ;’l
5 '
~ s »
i \_;_ ’d"—' > v, ’
. A -\{5? -
.- . "
R * ‘e - \
- ; _ ‘ ® JUR
.- D\\\h(a) ~ (af)‘ is greater than (‘b)?\ . xQ“
) w(v) (v) is greater than (a)? N . N
N ) A . . i‘\\ ‘
0 4(e)  (a)'is the same size as, (v)? : w\‘& o
~ S \ R N . ' A
The answer to all:of these guestions is NO since they - -
> ' area of the square and the area of the circle a.re v N
approxima‘bely the same. Analogous si‘tuations oqgur N ‘
“ | whenever one compares areas bounded ‘oy \mlike curved |’ J'l
N boundaries. )
1 .. ., . oy =
fhis sub-program has indicated that plane regions ma.y be compared as to
) size or area in & mannerx analogous to the couparison of lengths of line
" segments. However, the compar:lson is more complicated Jin that 11; may be
impossible to determine which area is the larger. : .
e ¢ > .
. 328 | -
O . 3?3 .
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- Uni"t;s for Areaa
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27

> In measuring 1ineé segments one Selects an arbitrary unit of length and

aﬂsigria to it a value of 1.
‘by repeated ap:plicatians of th&ls anit wﬂ.thout overlap;ping.

. One.then attempts .to “eover" the line segment

In dealing with

. areas one Tollows the same procedure of selecting an arbitrary unit of area
and at‘l_;emp't;ing to "cover" the giveh area with a series of these umits.
)n L ~ . . R

s : s

S

As the first step in measuring an aresa) select

an- arbitrary square reglion 'wh:lch is called the.
. of* measure. s

» : ’ N ’

s

Y

) ) » A
6 | The number assignedvto the chosen unit A in

Frame 5 is e . ‘ -
Fl Y W ——— a N
- \‘ . 2
7| o wmeasure the area of a given closed region,

- .squares.’

-

L “cover it with rion-»ov«erlgppinﬁ

»

8l If the given region can be covered exactly as’
in the drawing 'below, * )

\

o

e gt

AY

: we find its area by

w

the units. NN
P . > )
. 9| 'Wwe say th&t the area of the region in Frame 8

is units.

329

R 324

| 4
'l or one

unit




\10~ “We say that the meaaure of the region j.n Frane 8

*+

. 1is the numbex .

. . v [
To facilitate the weasurement of a plane region using ay arbifrary unit
of measure, one may constmct a grid similar to the one in Figure 27.2. This

‘grid serves a role similar to that of the ruler in ‘measuring lengtha and the &

protractor in measuring a.ngles. \ . ~ . B . v
: e’ . . . h N
» A\ )
3 ! )
A )
4 ) k 1 * a
! > L »
; “
* - hd ) .5‘
A ~ ‘§:‘
- » N
&
T
2
- » R
[ .
1 ] i -
- . \,
N
~ - -] N
» : A
X - ¢
) . - . )
’\ ) . . N » * »
> : o . A
) a ‘J * r
i v \ 7,
. -
y ‘ &
- -
Figure 27,2 ) . -
» N N »
N ! ¥
= P - &
- ~
, . 330




N 27
1} Ifa gricl :mch as that in ‘Eigure 27.2 is fitted 1 ¥ )
| over the region below in {a), it will Look like .
o ‘\ * ‘the fig\.\re in ('b) ‘ - . o
: (a) ‘\
* . \'\
: N ] » N
7
o " v . .*\
"Q" RN 7 )
) A
A . N \ > C9
(b). < '
. » L 8
) N
u e ’ \ ’ .
If ve count the units of area, we find this o
tobe . ) . ‘ \ | 20 units \
12 | The medpure of the plane region (a) in terms of
77l theunit A 1s . o 20
‘ i —— .
7. . . : ] i
» ) ¢ J‘ {
- . §‘
’ 331 ~




207‘ R . N S
- N . .

T ' -
13 { In applying thg grid to anéther plane feg}on, ) » ® .
one way obtain results as in the figure below. Ll ‘
‘ v \ ) o . f ‘" . oL
L N ) ) 7
I Y N .
* :"{'l ° : ) A
NS > A
A T L. ’ »
- b N ) .w .
. LIS T N ‘" N N N ? ‘ . N . - *
Counting the sqbares, the area is ) ‘ 12 units (Could
vemembering that one” counts whole sumber of . - . one say 13 uni'bs?
units, 3 R o N ‘
o N 1. » N N o ] N N * N *
X % 14 | One certainly may say that the, measuve of the
|. region in terms of the mmit A is more than ___ 12;
and less than ‘' ____ . L ‘ B - .
15 | If & more accurate “answer is desired, it is
" '| necessary to select a smaller SR - unit
D ~ » , L | h .
? ) * N 1
» “ $
3> ‘ .
} < ‘ ® ! )
"3‘?0’0’ . ) ¥ . .
" f -
! —
- ¥
. ~ Y
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18

.
L.
Sy

ERIC

Pz
. 4 N

_measured.

\1n terms of the unit A. . s

_ As in weasuring line segments, one increases the

in‘the‘same manher,\other ﬁléné r;gioﬁs bounded
by simple closed curves can be approximately
Consider the region below covered hy
thg grid. -

* LY

the

east‘ N .

Counting the square units shaded‘we say that
ared of the region is at

~y
-

dﬁunting also the squares paitiaily covered, we'

may Say the area is not more than

*

v

accuracy of measurement by
the arbitrary unit A,

‘the size of

a
~
. L "N 1
- 0 ) N
S e
t e
4
- i
)
N
. .
N [l
‘e,
- \)
- »

%

P

8 units

26 units
-
¥ .
. reducing ox
_»| decreasing

RO

P

¥

s
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Aruntoxt provided by Eric
-

) closed curve, shows that 'l:he meanure of the area 1is

Use 8 \mit square wi'bh one-fourl;h the area.,
the.t 1s ’ a s:lde one-half &8s 1ong as the unit ‘A,

N

2

-

\ Gover the pla.ne region of Frame 15 w:l‘bh this

nev unit o The drawing a.ppears below covered by

the new grid. . S : ‘ E)
- e »
-
~
N * * ™
e~ ~
K .
. - N 2] M
- . e | v
¥ N
» N
> N
-
. B
° N - D -
.o B " v “ R N

Counti‘ng wm squares entirely w{thin the simple

»

at 3.east .o
T ———i

ZB_v counting the sguares covered or partially

- covered by . the region, one finds the area to be’

not greater tha.n 'o.nits, ;
' - N
A » - LY Y
\! ’ . - 4 - ﬂ . LY
~ N )
* N“
AV .
» N hd N N
3 * - 2
'S L. N R 1‘5
L]
* . a\ ‘f?a o S \() - .
N ° : N .

N

75\‘

Py



\ 21 | i terms o;\the _&mailer unit B, the neasure of
' the area of the region is :greajl:er than L2 and
* less than . T5. How‘ever,\ by expressing the

i original wiit a8 1# of these smaller ones, our
{ initial estimate was tiat ‘t.he area was between

\ * 1‘ X 26 = lO’-I-
. ) * . * \ : T N ] - .
22| The X - unit glves the better : | smaller o
- (smaller, lgrger) . * \ ‘ T e

egtimate of* area of the ~;region‘ considered.

» \ -

. In this sub—progratkwe have congidered mea.surement of a plane region as
B’ proeess ‘of covering the reg:lon with non—overlapping units of area. The N o
\ part:lcular wnit of ares is arbitrari.ly chosen and usually taken to be & P

'square. ’ . . e ) : .

As in measuring the length of a 1ine segment "the basic pror.‘ess is
coun‘ting, that ‘is, one counts the units used to cover the plane region.’

- ~
N »
-

'27-%. Formulas for the Area of & ﬁg‘ctang}e

es or formulas for finding
8 or formulas will be in, .

Instead of counting uni‘t squares one see

. areas of several comon plane regions. These

\ ‘of linear measure. The following sub—program i1l eal with rectangular

regions. o, . AR
23] a rectangle is @ h—sided figure with \ )
‘ right angles. ' \
24k | The qpposi'l\?é‘ﬁides of a rectangle are ) ) . congruent ;
~and . -* | parallel.
» . * \‘
k] ' \
» * N ﬁ N
. - v
% v .
A} . \\ R )
» 335
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S A

\regionwwith exactly : T

. - ¥
T ™ *

The plaﬁe region determined or bounded by a ’

rectangle ABCD is the union of the set of
¢

‘polnts. of the :rectangle {or boundaw) and the.
‘set of points of ‘the

o:r the rectangla. ‘

w \ N

4

Given thé special: rectangle ABCD in vhich M

measures exactly 3 units and B mea.sures

exactly b un@a

N

Qt is easy to see that unit squares with one
1inear ury.t on &a. siae ‘will cover this plane

-

o
Dividing the réctaxfgle‘ into unit areas in this .
manner relates the measure of the area to the
array of multiplication indicating the number

-
sentence e
——————— N \
. . ¥
. K A N
-
» Y
A »
X
¥ . N
N Ty
= v
.
. 336
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29

30

Given the rectangle PQRS “such that its width

. measures exactly 6 inches and its length

measures exactly 9. inches. This cen e

| coverea with squares. .one inch on & side,

Counting them, one finds an area of
ingh squares.
The same measure can also be obtained from the

nunber sentence -

A

*

If & rectangle MXYZ hss a width exactly w
units and & length exactly 4 units, its ares
A can be found from the number sentence:

v

L ]

b

~ ‘”

width = v units \ :

N -

-

-
s w»
\
o
Y ‘ *
-
v
FIRE 3]
. W ?\:.a"
» .
9 X 6 =54 ]
\ > -
.
» RS
.
. «
v
A=vy X2
-
e
3
’
»
» -
§
. M ‘
&
~
¥
N ar
N
»
» .
N N
A S
1
- *
»e
Fd) >
[ 4
L]
N
A\ .
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31}

N
Che e
_

PO N o P .

Frequently the sides éanhp'ls be measured exactly
with the unit used. In such cases one may’ >
estimate the area by s\iperimpo;ing a grid, as

. wasg_done eariier\ftn Framed 13. - 18, Such a grid

is’placed over the rectangle‘ EFGH.

e

! - N O : - \—/\‘ R
E R
. " ‘ F.
» } \:\‘ -
We_may certainly saj that ‘l';he ared 3.3 between . T
20 and _ wits. > 30
32| ‘Ohe can estimate the measure of the area by using
::’aments of the line segments 0 the nearest °
4 N . . .
¥ Messured to the nearest unit, the length .
. " of BH is 5 units and EF is 5 units. Using
thesé approximate lengths, one obtains the e .
approximate area of
. As ® Y ~square units, - 5;-5; 25
L}
4 g
N ¥ »
! 3 . , 5
J. g ‘ ’ C——
. \ i
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f 33 ‘J.‘he accure.cy of this meqsure may be increa.sed by X RE C :
" . | reducing the size of the covering units to 1-: \
{ units. The'area will then be™ __ = 9Q and | between
\ 1w- : R ' \ N ‘ T ) '

"3k} In ‘terms ‘of the swaller unit, one-fourth the s:lze
of ‘t‘ne original unit, the rectangle measures ‘_9

. of units of area counted; or the measure of the are

units by 11 units to give dn area -of . \ 99 .
of these. qua‘ri;er units., o

" 35 | Even though we speak of a quarter unit (quarter
‘inch, et cetera), it.is the ___ ~ , . but is unit
compared to some given standawd, namely the ‘

original unit, . “ 1. e

When the line segments vhich form the rectangle can be measured exactly
" in terms of some unit, the region way be covered with & grid and the number .
} vhich is a real number,
_may be found by multiplying the length by the width. “Hence, A=gXw'
where 4 1is ‘the measure of ‘the lemgth and w’ is the measure of the width.
\ When ‘the sides of ‘& rectangle cannot, be measured exactly in terms of the
) chosen unit, the area can be estimated by wr:lting the length to the nearest
\unit or by select:lng smaller units for both the 1engths and the unit areas.

As & \result of the preced:lng program we define area as follows:

»
A0

Definition: . The Jeasure of the area of a rec*ba.ngular plane region (or of

- rectangle) is the number obtalned as the product of the
' numbers measuring the _length and the width’ oxr equivalently * N
. base and height. (The smaller the unit of length used, ‘the -

more accurate the measure of the area will be.)

¥

-
* »

For brev}ty , We 8&3; “the area is the product of the base and the height" *
even though we should say "measure of" each time. We write the formula for

the "area of any rectangle as follows: A =Db Xh where A stax;xds for the
- measure of the area, b the measure of the base 2, and ‘b the measure of “the o
height. i . T ‘ |
' —_— L . ‘
. . . A ’ -
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the wothod of cover:!.ng the reglon with uni‘t squares or a grid.

N »

Areas ofﬁa 'Parallelogram and of a iangle .

To ‘Pind the areas of parallelograms and tria.ngles we do not usually use

By an. analysia

" of the regions, we discover that their areas may be vwri’cten in terms of "

previous sec*t.ion.

e —— .\_.____3.6‘

37

38

39

»

A
T N N
N ¥

N

rectangular plane regions vhose areas can be found by the. methods of the

congruent and o In general the angles

are not right ang‘le‘sl\ . : N

The height df a parallelogram is the measure of
the|_ \

between opposite sides, measured
" along a perpendicular. h

L3N . -
N

. Consider ‘the parallelogram ABCD whose 'base
AB measures b. 'The height . h is measured
on the 1ine segment BB ﬁ{awn from B \
to. the two parallel sides AB and .

T

AT — B

AKE of Frame 38 and place 4% next to AD as
, shown \1n the figure below. \

B c

T ""-—"’7/
. . Je

S N - © e [

Then, the area of ABCD is equal to the area

of o,

i a"'pami*rerogrm—bhe—opposm 'S'idES“"a.[t: - s

Cut off the triangle BCE from the parallelogram‘ .

parallel

distanog.

 perpendicular

ABEF

-



R . ‘( | ‘ ) .
k0| Since ABEF is a rectangle, its area 1s __ ¢« lovxn
- ‘ . ‘ RS CEE . : I R
41| Hence the area Qf_ the parallelogram ABCD is o - 1 t\" y
" | equal %o .. ‘ ‘ N ‘bXh  w
42+l In,any ;éa:;alielogram OPQR, :h)xei height is the’ o .
\ length of a line segment ST ° _ to'the . . - . perpendicular
—.&w—i‘—m-«.b:asé OP. - ;“\V.Q N “"\i‘ . N . "
N
N .
.
» “ R .
S b o AR
* N . . ‘ N 2 . 3
43| Let the measure of OP = b and the measure of ~ °.
_— A C ~
N ST = h. Then, the area of QPQR = . < "B Xh-
N ‘ o * ® o
"B | In the given parallelogram WXYZ below, ‘
‘ n(WX) = 4 centimeters and - \ 3 L R
1 'm(W0) = 2 centimeters, . » ‘ '
(- \ N \ ,
- * ‘;‘
’ ~
X ) K]
. b . \ ;
| ’ o . | . \ £,
| The area i square centimeters. 8 . . oo
e N N N . . \ ‘f‘ ™
B N , . . . 1Y . i
) e v ® "] ’ N ) .
Definition: The measure ,of the area of a parallelogram is the number
‘ o'btain;d\ap the product of the numbers measuring the base and
* the height. - (The smaller the unit of length used, the more
accurate the measure of the area will be.) :
. ~" R N & i EH ] N
\ . © ] ) / ; ) ‘
» N . 31;1 }
N - ) N * .
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The fomula f’or the area of any parallelogram can be written as-
_A=Db Xh, Note that this is the seme formula &s the one usdd for the
. rectangle, hut it must be clear that the distance h is the perpendicular

[ PN

distance between two _parallel sldes in both figures. However, for the
rectangle , this is one of the sldes, but for the parallelogram the height is -

? ;horter than the s:[de. . ~ - ‘
- X . . . . [N

3

’\- i5| Consider the triangle ABC 'with the base
AB =1 and the height”CD )

i
.' . » N
\ / A model of the triangly‘ﬂ‘m&de and labeled i
A'BIC', This model then is placed veside the &
i trisngle ABC so that BC' coincides with CB.

" N
‘ >
) - i -
L ——— k]
. ATTTTD B ' | .
The resuli‘:ir%g plane:figure ABA'C \ is a _ R * | parallelogram
) » ~ . -
46 | The area of the parallelogram ABA'C is . _b xh
) ’ k7| The area of the triangle ABC -—is “the % or »one-ha\l:ﬂ
‘\ | area of /fhe parallelogram  ABA'C, * v
48| Let A denote the area of a triangle, then ‘
N : the formula Yor the area of the triangle is . A= %—X(b ><'h)~
! .
‘ 32 .
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3 .

h9{ In.the triangle MNO,
w(Mi) =3 ocentimeters,
x\n((—)?) = 2 centimeters.
' The ares of triangle MNO : ‘
4n square centimeters is _ ", o o %X(gx 3)‘ o3 e

50| -Tn the triangle ARC,
] w(B) = 37 millimeters,
\ un(CD) = 22 willimeters. *
_ The area is

-

=5~ or ko7
square millimeters. '

51| The unit.of area measure used in Frame 50

» * - o
is . o . ‘ o 1 square \ :
N | . | millimeter T

~ 