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GENERAL DESCRIPTION OF PROJECT N

L3

The overall objective of the project was development of a model two
semester sequence of lecture-laboratory courses, senior ye@r level, to prepare
t he unde\rgmduote student with the necessary background in electric machinery
ond to p‘resent the fundamental concepts of modeling power processing devices
and circuits necessar‘y for future pr.ofessioncﬂ octivity in Power Processing.
It is felt that the development of this sequence of courses will l;e
of vital interest to educators. It will strengthen the Electrical Engineering
curriculum because it :Ni“ occompli.sh the following:
1. make the electric machinery and power topics much
\ ’
more interesting and meaningful to the student.
2. better preparation, for the student, for a productive
. professional career in this vital area.
3. reinforce Tthe learning gleaned from ecnl‘lier courses
in logic theory. and solid state electronics.

Courses involving the theory of electric machinery and associated
phenomenan have always been an integral part of the electrical engineering
undergraduate curriculum. Prior to 1950, colleges and universitiés were in

: more or less general agreement concerning the portion of the total curriculum
- e
devok/ad to electric machinery (and power) and to the specific course content.
\ Thle technological: developments qssoclioted with the 1940's placed tremendous_

pressures upon the curriculum. The phenomena associated with new

technologies - such as solid state theory, control system analysis etc. had

4




i‘:‘
s
X

to be included and at the same time, the total time available for the first degree

L4 ‘
was even decreased in many instances. These pressures resulted in elimination or

s

yd

suppression of the "how-to-do" type courses and also resulted in a reduction of
time allotted to certain areas within the curricula. The courses in electric

machinery and power were victims of the latter economy.

Usually, the electrical machinery ciurses (pre 1950) consisted of detailed
: v

study of t he physical tispects of the particular machine and from these aspects,

the input-output characteristics were -deduced for the static, or steady state

~

situation. Coincident with the widespread introduction of control system, or

\ .
servo mechanisms, the time allotted for machinery was again reduced so that

, ) * ’
the majority of colleges and universities attempted to optimize the machinery

3 .
offering by presenting the subject matter as if it consisted of devices with input-

R

output terminals and considering that only these aspects of the machine were

A
necessary for study JF thé machine in dynamic systems. The rationale for this
approach was that only a very small percentage of the students were interested
in, or would be professionally involved in, the design of the machine. The power
courses usually were completely eliminated from fhe curriculum.

»

The past few years have seen tremendous strides in the areas of solid
state electronics and digital logic theory. The potential applications and
useage of these technologies, taken in combination, are just beginning to be

appreciated. The useage of these phenomena in electric machinery c¢ontrol and

in power systems has opened a new era of technology, i.e., "Power Processing"



or "Power Conditioning”. As evidence of its importance - and the fact that the

Y/ho|e concept needs research and definition - the National Aeronautics and Space .

‘Administration, in its NASA Research Topics Bulletin SC/RTB-12, dated

-

September 14, 1966, stated: /

)

"Development and application trends in electric power processing
(conditioning) indicate a need for further fundamental research to
explore and define the principles, and theoretical and physical
limitations of-related circuits and components, Expected beneficial
results of such research would include: a., The for)?ulation of
theoretical criteria for physically realizable power processing
circuits and systems. b. The provision of meaningful guides
and objectives to researchers in related fields (e.g. magnetics,
‘dielectrics, semi-conductors, etc.) and c. The establishment of
long-range goals for component development through the rigorous
analysis and quantitative identification of performance limiting
characteristics of components and related circuits”.

Several of the major electrical manufacturers have substantial re\seorclf \
efforts underway in this general area. Many of the engineers working in this
area are European. Whether it is inclination, desire, availability, or prior
education that results in this manpower situation is pure conjecture. The facts
that do emerge are that engineering students graduating from U.S, col/leges
c'Jnd universities have not had an interest in electric macf;inery or power, they
huve‘ not had formal training in the marriage of solid state devices, logic,

!

and power systems, and they are not prepared to move into this important,
IS
challenging, aspect of electrical engineering. \
As further evidence of professional concedll for including this type of
material in the education and training ‘of engineers, “’.;hOU|d be noted that

this is a topic of concern to a group entitled, "Interagency Advanced Power

Group". - This group has a Power Conditiening Panel (under the Electrical

o , : 6
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Working Group). It is composed of representatives from NASA, AFAP1, USAECOM
and others. Indicative of thelr concern for this topic is the "Guest List" at
their meeting of 8 December 1966. This list includes representatives from
Wostinghouse,)Honeywe",_ Boeing, General Electric, TRW Systems, etc. as well
as personnel from MIT and Duke University. In the meeting minutes, under
paragrophs 2,14 and 2,15 appear the following:
«o. "The ultimate need (for work in this area) is a power systems
engineer with broad education in electrical power engineering,
‘ including a working knowledge of communications and system theory,
who understands the specified requirements and one who can
communicate with his co||eogsues. Students are wary of going irfto
the field of conventional utility type power engineering...they dre
looking toward more challenging fields, as electric power processing
\cou|d be if it were properly interpreted and presented.
Thus, it appears that a need does exist for educational courses (not "how-to" type
training) that will better prepare undergraduates for productive careers in this
. ~

field. Few, if any U.S. universities offer work with emphasis in Power

Processing but there is discussion and interest, which manifests itself at pro-

fessional meetings, in the topic. -
,
An &vareness of the above stimulated our interest in the course
)
1 —

development.,
Y

The most descriptive assessment of the final orientation of the project is

’ N
contained in the prefaces to Part | and Part Il, Portions of tWese prefaces are

as follows.
A Quote from Preface to Power Processing, Part |

This material was developed as a portion of a two course sequence concerned
with power conversion systems, comprising power electronic devices, electro-mechanical
energy converters and gssociated logic configurations necessary to cause the system to
behave in a prescribed'%b\i;ion. The emphasis in this portion of the two course

sequence will be on electric machinery analysis.
.

T
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~ extreme is the 0pp||/jmon aspect of choosi

6

Electric mochines\qe members of a large class of devices known generally
as "electro-mechanical converters". The name imples conversion of energy from
elesdical to mechanical form - or vice versa. The devices range from very
small signal devices, such as microphones, through very large generators supplying ‘
as much as 1000 megawatts of power. In some devices, the mechanical motion
is linear; in others it is rotary. All devices are based, to an extent, on a
common phenomenon and there are many fine textbooks which present a completely
generalized approach to electro-mechanical energy conversion. Some of these
texts are listed in Appendix |. Time limitations preclude complete coverage of

“all aspects of electro-mechanical energy conversion. For this reason, the

emphasis in @hi s course will be restricted to the analysis techniques applicable to
electric machines under dynamic conditions, ‘ . '

There ore)ad/y facets to the general area of electric machines, At one
extreme Is the Specialized area of design ofy specific machtngs. At the other

125 a machine m specific use or

application, This cdurse will avoid detailed design aspects and will concentrate
on analysis of performance. In order to become proficient in analysis, it will
be necessary to closely examine some of the internal processes involved in
accomplishing the change in energy form, i.e., the torque and voltage producing
processes, commutation, |e<€<oge, flux, etc., as well as the physical arrangement
of various types of machiney,

Y

The majority of electrical engineers who come into contact with electric
machires are either designers of or analyzers of, systems of which the e|ectr|c
machine is an integral part, Some systems are of the extremely simple "open”
type. An example is a simple motor driving a load such as a tool, a pump, or
an electric fan. The motor is energized, comes up to spepd and performs in
the steady state. The control for this' system is usually arf"on-off" type and
the transient performance of the motor is of limited interest, Vefy little skill
is necessary to match morot voltage, speed, and torque ratings to the load
requirement, However, as applications become mare demanding and the machine
becomes part of a complex system, or a process, a Rpowledge of the transient,
or dynamic, behavior is necessary, ’ |

»

The past few years have seen the advent of sophisticated control systems,
widespread usage of computers and logic machines, and the development of semi-
conductor devices with control features and power ratings which have had a tremen-

dous lmpoc\? on the design of systems involving electric machines. Indeed,
whole new area of specialization has emerged within the electrical engineering
field. This is the area of "Power Processing" or "Power Conditioning". Power

Processing involves conversion of power or energy from the form and |evp|
existing in the avoilable power to the form and level necessary for its utilization
in some 'end' device. The ability to make the pecessary changes has been
considerably enhanced by the development and c%mmercial availability of solid
state (semi-conductor) devices. To make use of these devices, certain sequences

*
-
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and combinations of events must be provided for. Thus, logic circuitry and
computing machines and their relationship to the semi-conductor devices must also
be studied if skill and competence in system design are to be achieved. The
other course in this two coumse sequence concerned itself with this relationship

as well as the considerations involved when the logic sub-system - semi-conductor
sub-system is utilized to modulate electro-mechanical (electric machine) converters
and electrical level converters. ~

These courses were developed as a two semester sequence commencing at
P . .
either the sixth or seventh term of the undergraduvate program in Electrical
Engineering at the Universily of Pittsburgh.

For the electric machinery portion, student familiarity with the following

topics is presumed:

-

* 1. .electric qndeagnetic circuits, field theory and transformers.

2. a limited knowledge of ‘linear system analysis and techniques
to include Laplace Transform wsage function and block
_diagram representation, , 4

3. solving engincering problems on the analog and digital
computer.

A

: Concurrent with the ‘electric machinery portion of the two course sequence
the student should have a first course in semi-conductor electronics and an
exposure to logic circuitry principles.

Quote from Preface to Power Processing, Part Ii

This byok is intended for use as a text in the senior elective course | :
"Power Procegsing 1", Electrical Engineering Department, University of Pittsburgh.\“\\_/\
The material presented here has been successfully used as the course content for
two trimesters. Although several available books were considered and tried as
texts, none were found to be suitable in the light of the objectives of the
course, and therefore this book has been written to fulfill the needs of the .
course.,

There are three objectives in the course "Power Processing 11" which are:

" interesting um:iergroduote, students in“the power area of electrical engineering,
providing the students with factual information and some experience relating to
seghiconductor power electronics, and to develop the students' ability to model
dhysical problems. Student interest is fostered by the students' growing competence
in the semiconductor power area, frequent classroom reference to the current
engineering relevance of the types of problems being considered, and by making
the problems and laboratory sessions as realistic as possible. Also, the arca of

‘ “semiconductor applications to power processing, the subieg:t material of the course,

"'-\I‘,;
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is an area of great interest and expansion in the present day power industry and is
therefore "relevant". Skill in. eling is encouraged in two ways. First,  the
problems the stud ents w(eau/irrn:: to work ‘are framed in’ terms of real circuit
elements. The students must decide what idealizations can be made. Secondly,
as the course progresses, the sophistication of the modeling required to solve the ~

problems in a reasonable time increases, and hopefully the students' skill will

increase as they work the gmduo“y more sophisticated problems. )

The author considers modelmg the most important aspect of the course as
reflected by the subject material and organization of this bobk. Two of the most
valuable attributes of an engineer are his ability to assimilate' new technology,

and his ability to apply basic science and technology (new or old) to new. problems.

Without these attributes, the engineer is soon relegated to the position of a
competent technician. One of the most, if not the most, powerful tools used

to maintain these attributes is the engineer's skill in modeling physical problems;
that is, to simplity the problem to the extreme so that the basic parameters and
operations becothe obvious, and then to replace the necessary complexities until
the model sufficiently approaches the real physical problem to give valid
engineeting answers. The author therefore feels thaf the gain in examining and
modeling the problems in some detail far outweigh the disadvantage that less
material (fewer circuits, problems, and applications) can be considered in the 7
given time, ‘ ‘ e\

There are several reasons for stressing modeling in the particular course
on ‘semiconductor pawer processing. The primary objective in offering the course
"Power Processing II" is to interest studhm%he power area of engineering.
By incorporating the leaming of a fundamental~engincering skill - (modeling)
into the course, it may be possible to attract more of the "uncertain" students
who may not wont to commit themselves to a specific area of electrical
engineering. The subject material may then provide sufficjent challenge to
interest these students in power engineering. Also, starting from the students

undergraduate background in electronics, logic, and physics, the students,
actually experience the extensidn of their knowledge into an unfamiliar

technological area (semiconductor power processing) using the tool of madeling /

as well as”using modeling to solve complicated problems. And of course, even
the simplest problems in power processing can only e solved by the straight-
fqrward application of Kirchoff's laws with utmgst difficulty, further impressing
upon the student the value of modeling as a problem solving tool.

The laboratory requires some special mention. The laborctory problems
do not designate specific experiments to be performed by the students, nor is-
a "typicul" formal laboratory report required of each student. While real-life
situations sometimes require a "laboratory report", as in the testing and
evaluation of an item or system, the most frequent use of an industrial
laboratory is as an aid to finding the answer to a problem. The realistic
l6boratory problem associated with any problem is "What laboratory experinent =

1o
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should be done?" The student is given the choice of using the laboratory to

- - gather data, confirm his theory, check as¢umptions, as an aid to understanding
device or circuit operation, .or any combination of these. The students are
not permitted to enter the laboratory without a "plan" in which each ‘student
must identify a specific objective for, the laboratory experiment, and a detailed
plan to carry out the experiment. The students are graded on the bas[;}of
how effective fhei%&{utory objective will be in enabling them to solVe the
problem, and whether their detailed plan has a reasonable assurance of
enabling the students to accomplish their immediate objective. After the
laboratory session, the students complete their dssigned problem, presenting
an answer" which is backed up by laboratory experiment and data. This
type of laboratory has provelfhiuch more interesting to the studenfs and seems
more in keeping with an engineering education than simply "verifying calculations"
or "demonstrating effects," '

,

o

i End Quote

.
- I

\ - " The courses were developed on the basis of determination of what should
be in the -course. and the geherdL approach to the mgfhod of.presen'foﬁoln.
Dr.'l T‘. W. Sze of .fhe Universify of Pittsburgh and Mr.‘AIec H. B, Walker
of Wesfing.house_ Research and ‘Devefopmenf were active in fhé former activity
and worked closely with Dr. Frank E. Ackér and Dr. H. B. Hamilton ‘throughout

~ the life oF.fhe project. Class lecture notes were-prepored: presented, revised,
presented again and again revised based on the classroom experience and
'
student reacfion'. . )
Student reaction has been favorable, especially in the power semi-

cor{duc;or work in Part I, It is the authors opinion that Part I, Electric
Machinery Analysis, is excellent for the average and above average student,

However, the below average student does have a difficult time with the

material because of the mathematical rigor involved in the . presentation.

rs
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Emphtisis throughout is on modeling techniques. Stidents Who develop

the ability to model devices and systems seem to be well prepared for ‘f)rofessional v
careers dn both design and analysis. Further, the ability to model an entity

insures that the student does have the cop.obmty'for professional involvement AN

-

in new and different activities and situations. It appeors to mitigate against °

LY

early technological obsolescence.
A

. |
Two different individuals had direct responsibility for the two cgirses and

“the text material which. evolved has different formats. I

Past |, "Electric Machinery Analysis", consists of three bound booklets -

N
b

the lecture notes, a problem manual, and a laboratory manual.. The lecture
C . ’ ,

. . N 7
notes emphasize modeling of a generalized mochine'and #he resulting dynamic '
equations are then reduced (or modified) to portray specific types of real  ~
machines. Steady state behavior is obtained ‘by an opplicotiqn of the Final &
Valve Theorem to tBe Loplalce transform of the destribing equations. The ' [“"‘\;’

laboratory workl is an effort to relate the*dynamic model studied in the class-
room to the real world ‘mochine. The problems, from a variety of sources,
serve to illustrate the lecture material’
Part I, "Modeling Power Processing Devices and Circuits" deals
with power semiconductors ~ modeling their behavior, the thermal and other,
- . ‘
appliqgtion problems and utilizof‘ion of the theory to design and analyze a
d.c. motor drive. Problems have been formulated and inserted in the te?f.
Laboratory ' problems are ‘also included at the end of each chop’tc;r which provide
exercise in the laboratory application of C'OS;I'OOI’T\ theory.

+
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° A set of fhe resulﬂng pro]oct mofericﬂ wifl'gfhe letter of frunsmmal )

‘- .

defailed as Attachment 1 to this reporhh»has been forwarded to eochﬂecfricol
Engineering Deparfmenf in the U.,S,A, and Canada.
" In addition, requests for the material have been received from Mexico,

Colombia, Lhile and Greece. At this-time, no firm decisions on publication

' scmd additional distribution have been formulated. Requests for suggestions

LY

'hc_:.ve been sent out with the sets of project materials, = et

Notice of the material will be presented to the Power Engineering

Education ‘Committee of the Institute of Electricdl and Electronic Engineers

- -
and to othet ‘appropriate groups.

CONCLUSION

The aigthors feel that the objectives of the project have been realized

-~

" and that classroom tested text material, problems, and lab work suitable for

a two semester course In power processing have evolved. "We sincerely

*

hop‘a that sufficient interest will develop in oflxer;schools and’ universities

to warrant further publication and distribution of the material.

L)

The two sequence course will continve at the University of Pittsburgh.
Part | as a required unit and Part Il as an elective. Our faculty feel that

this material is an essential ingredient in the educational process for

electrical engineers.

13 -
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PREFACE

‘ eloped as a portion of a two course sequence
conterned with pow systems comprising power. electronic devices,
electro-mechanical e erters and assoclated logic configurations necessary
to cause the system 1o° # in a prescribed fashion. The emphasis in this -
portion of the two ™~ course séquence will be on électric machinery analysis,

This matd

Electric .machines are members of a large class of devices khown
« " 4 1}
generally as "electro-mechanical converters"., The name implies conversion
of energy from %!octrical to mechanical form - or vice versa. The devices
range from very mall signal devices, such as microphones, through very
large generators supplying as much as 1000 megawatts of power. In some
devices, the mechanical motion is linear; in others it is rotary. All devices
are based, to an extent, on a common phenomenon and there are.many fine

textbooks which present a completely generalized approach to electro-mechanical -

energy conversion. Some of these texts are listed in Appendix |. Time
limitations preclude complete coverage of all aspects of electro~mechanical
energy conversion. For this reason, the emphasis.in this course will be
restricted to the analysis techniques applicdble to electric machines under

-‘ dynamic conditions,

There are many facets to the general area of electric machines. At
one extreme is the specialized area of design of specific .machines. At the
other extreme is the application aspect of choosing a maghine for a specific
use ‘or dpplication. This course will avoid detailed design aspects and will
concentrate on analysis of performance. In order to becomé proficient in
analysis, it will be necessary to closely examine some of the internal processes
involved in accomplishing the change in energy form, i.e® the torque and
voltage producing processes, commutation, leakage, flux, ‘etc., as well as

‘the physical arrangement of various types of machines.

¢

The majority of electrical engineers who. coime into contact with

~electric machines are either designers of or analyzers of, systems of which

the electric machine is an integral part. Some systems are of the extremely
simple "open" type. An example is a simple motor driving a load such as a

_tool, a pump, or an electric fan. The motor is energizéd, comes up to speed

and performs in the steady state. The confrol for this system is usually an

Yon-off" type and the transient performance of the motor is of limited interest

Veéry~didtle skill is necessary to match motsr woltage, speed, and torque ratings
to the lotdd requirment. However, as applications become more démanding and

‘the machire becomes part of a complex system, or a pracess, a khowledge of

the transient, or dynamic, behavior is necessary,

o3
»
" N
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v The past few years have seen the advent of sophfisticated control systems,
widespread usage of computers and logic machines, and the Hevelopment. of semi-
conductor devices with control features and power ratings wiiich have had a tremen-
dous .impact on the design of systems involving electric machines, Indeed, a whol_e
new area of specialization has emerged within the electrical engineering field, -

This is_the area of "Power Processing": or "Power Conditioning". Power Processing
involves conversion of power or ensrgy from the form and level existing in the
available power to the form and Jevel necessary for its utilization in some 'end'
device. The ability to make the necessary changes has been considerably enhanced
by theidevelopment and commercial avoﬂobilhy of solid state (semi-conductor)
devices. To make use of these devices, certain sequences and combinations of
events must be provided for. Thus, logic circuitry and compuﬁng machines and
their relationship to the semi-—conductor devices must also. be studied if skill and
competenca in system design are to be achieved. The dther coursg in. this two
course sequence concerned itself with this relgtionship as well as the considerations
involved when the logic sub-system - semi-conductor sub-system is utilized to
modulate electro-mechanical (electric machine) converters and elegtrical level
converters.

A

" These courses were developed as a two semester sequence commencing =
at either the sixth or seventh term of the undergroduate program im Eloctrical
Engineering at the-University of Pittsburgh.

* For the electric machinery portion, student meiliority with the =+ ]

. following topics is presumed

1. electric and magnetic ¢ircuits, field theory and transformers.

2. a limited knowledge of linear system analysis techniques
to include Laplace Transform usage function and block
diagram representation.

3. solving engineering problems on the, analog and digital
computer.
Concurrent with the electric madhinefy portion- of the two course
‘sequence the student should have a first course in semu-—conductor electronics .
and an exposure to logic curcuHry principles.

/5
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. CHAPTER | - BASYC PRINCIPLES
1.1 INTRODUCTION: This text was prepared with a specific orientation which
dlffors trom the classical texts in relectric machinery. It is oriented toward

" "power processing and views the machine as an entity in a system which ,-'
converts energy from one level, or form, .to another level, or form, The _emphasis |
is on analysis of machine behcnvior with- only enough of the why of the behavior
as is necessary to pfr.\:lerstcmd how behavior may be modified.

The system of units used is the rationalized mksc system, This system
is generally accepted as the most useful for electrical engineering. In the mksc
system many troublesome constants relating widely used quantities (such as power,
torque, velocity, for example) are eliminated. It is not possible to eliminate
all constants, however, The usage of the term 'rationalized’' denotes an inclusion
of the quantity 4w in such things as permeability of free space, etc. rather than
usage as a constanf for the relationship. Thus, Maxwell's equations can be
written without use of the 4n '. The English system of units Is still in rather
widespread usage. ih some = such as magnetic circuit dastgn. However, it
is being superceded by th ksc system. ' ‘
It is also recommended that the student obtain and use a copy of the

-Eelotively inexpensive "Basic Tables in Electrical Engineering” (McGraw-Hill,

) by Korn. _This reference contains much useful data on control systems,
computer representation,; mator characteristics, Laplace transform pairs; etc.,
plus other usefui data and tables.

1.2 PERTURBATIONS A very useful concept of the analysis of systems is that

of the dynanic Behavior of o system about a steady state operating point, The

idea Is that some small change, or perturbdtion, is introduced and the resulting
system (or device) behavior analyzed. This concept can often be used to linearize ©
a non-linear system and thus bring to bear on the analysis * the powerful mathe-
matical tools of operational mathemdtics that are.available, "

~

An mtereshng application of this concept is in the application of the
principle of Conservation of Enerqy used to develop the relationships of the basi¢
electro-mechdnicql conversion process. If we apply this principle and neglect
e|ectro-mc:gnehc radiation (neghglble at power frequencnes) we can account far
the various forms of endrgy present in the energy conversion process involving

— conversion from electrical to mechanical form, i.e., an e|edtncol motor, as
follows: BN . : _ . .
i) w ‘
Energy input ¢ mechanical " increase in- © energy v
~from electrical - = energy output + "energy stored in the + converted. . (1-1)
‘sources S coupling field * to heat -
)




For a generator, the electrical and mechanical energy terms would have
negative valyes., The energy-converted to heat results from i2R electrical losses,
friction and windage mechanical losses, and either magnetic or electric field losses.
If these losses are grouped with the corresponding terms in (I-1), we have:

Electrical mechanical energy increase
/™ Energy Input . energy output stored in
minus . = plus friction + coupling field (1-2)
Resistance - and- windage - plus
Losses - losses  ° field losses
N,

Dencting energy by W and incremental, or small changes, by 4W and
using an appropridte subscript to distinguish beftween electrical, mechanical and figld
energies, we can express (1-2) for the sta‘tic, or steady state, case as:

W = W + W | (1-3)

elec mech fld

N A 3
If a small change, or perturbation, -occurs it will effect the energy
balance_and we must rewrite (1-3) as: ~

-

(W | + AW ‘)=_(W + AW ) + (W

elec elec mech

+AWfld) | (1-4)

mech fld’

Subtracting (I-3) from (1-4) and allowing AW+ dW ‘(the differential of W) yields:

dW = dW +dWgy | (1-5)

elec mech

For small changes the losses are substantially constant and (1-5) can be

applied to quantities only and neglecting losses. We will examine these quantities
on a term by term basis and draw meaningful concusions. -

The procedure of using only incremental changes in variables can also
be used, in some instances, to linearize systems of non-linear differential equations:
-if second and Higher order terms are neglected. This method will be explored in
detail in later chapters. '
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1.3 ELECTRICAL, MECHANICAL AND FIELD ENERGY: A device with one source of
electrical 33put (a singly excited system) can be graphically portrayed as follows:

-\
-~

source

U VUYVUNV

Figure 1-1, Singly Excited Mognétic Circuit

L%

where: :
vy = terminal voltage, instantaneous

= current input, instantaneous

-
i

resistance

e = vy, =~ ir
t

s

" Recall that instantaneous power, p, is glven by the time rate of change
of energy. Thus :

%
dw : -
P _.l dt \ , (|—6)
and:
dwmpu, = v,i dt .( -7)
dwlosses#“ ir dt (1-8)




Al
4

4

Now the el ectrical energy input mifus resistance losses is given by

= - 2 = - = -
Wejqq =yl dF = ifr db (;' )i dt = e i dt (1-9)
If electrical energy input is su;;plied from multiple. sources, the total :
electrical energy input is the sum of terms of the~f&mi(l-9).
In Figure I-1, a magnetic circuit is depicted as receiving an instantan- (

eous power, ei. Faraday's law gives the relationship between the induced voltage,
e, and the instantaneous flux linkages, A. Lenz's law provides us with the
directional relationship shown in Figure I-1, That is:

. | - d
- "'IO
| e g \ ) (1-10)

where t is time, and the quantities are in the mks system. If the magnetic circuit
has N turns, we can define an equivalent flux ¢ which is:

\ .
¢ = N | | (1-11) |
" From (1-9), (I-IIO.), and (i—”), we have . N

dw =idd=Nide=Fd¢ ' (1-12)

elec

t

where F = Ni is defined as magnetomotive force (mmf). Now mmf and flux are
proportional to each other, the constant of proportionality is defined as the
reluctance, R. Thus: '

‘ F = oR - (1-13)

We are now in a position fo evaluate total field energy Weg o8t

«
t

. ¢ , R¢2 .
= R M = =— -
|  Wag TSR =5 N

if the reluctance is constant. . ' ‘ _ Lo
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‘~Sulpposo the reluctance is not constant dnd That some value of flux, ¢ ,
oxists. If we use the value of reluctante prevailing at that flux level, defined as
R, we have a total energy stored Iin the field of:

*®
P¢2 )
Wiid =T | (1-15)

"Now, if the enerQy stored is changed by an amount - Awfld’ flux and
reluctance change by 4¢ and AR respectively., We have then,

. E 2 _
Wha + 8Wqy4 = 3 (R + R) s + A¢) (1-16)
or
g 1.2 .9 2 2
Whg * 8Wq, = " [R¢™ + ARG + 2R¢A8¢ + 28R¢ A¢ + RAG™ + ARAG ] (1-17)

[

Discarding second and higher order differentials and subtracting (1-15) from

(1-17) yields,
¥

»A = - . -
o Wﬂd RoAd + 2 AB¢ , (1-18)

As the incremental changes become smaller and smaller:

" ' 4

Thus,

12
Wy, = Rode + = ¢° dR _‘ o (1-19)
We can evaluate mechanical energy by noting that:
mech = fx; translationgl motion | (1-20) .
or
W = T0; rotational motion . (1-21)
mech o
where ' A
'4 x = linear displacement
"6 = rotational displacement

component of force in direction of x
component of torque in the direction of 6

i

f
T



for incremental changes:

W

mech mec

{ .
. : =To+eaT + TEO + ATAQ ~ (1-22)

_ S
Subtracting (1-21) fi m (1-22), neglecting the second order effect and
passing to the limit as the incremental chonge approaches zero yuelds ‘.

+ AW h=(T+AT)(e +Ag . \ : -

= Tdo + odT | (1-23)

Y dwme;ch

Further, for very small changes in 8, we can assume that the torque
(or the force, if appropriate) remains constant over ¢ and we can write:

dw =Tde or T = fdx - (1-24)
mech _

1.4 TORGIUE AND FORCE We can now substitute (1-12, -19 and =24) into (1-5),
yielding: | o

L 4

Fdé = Tdo + Redg + 12 T (1-25)
. 2 ~
Noting thar F = ¢R, (1-25) becomes: ‘ \ f—,
12w : | ,
) T=- > ¢ % (rotational) | (1-26)
or .
f=- % qb? g'?{ (tmnslcﬁonal) | | (1-27)

This says that the force involved in a small. change of configuration is
proportional to the change of reluctance with respect-to the displacement involved
and the square of the flux in the system. The negative sign merely indicates that"
the forte, or torque, 'is in a direction to reduce the reluctance. :

Let us reexamine the stored energy in the field, (1-15). If we: had
merely taken the partial derivative with respect to R, ¢, we would have obtained

2.

Waa =7

-

dR + ¢Rd ¢ _‘ o © (1-28)

o,
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which is*the some as (I-19). This will allow us to develop a generalization for torque
(or force) by considering the two situations, a) constant flux or b) constant mmf. To
do so, rewrite (1-15) as: ' ——

1 e2 2 Fe -- Ca-
Wad h?" 5 1-29

a) Forg = con’stant with varying F;

¢ LS
dw_ = —~dF - 1-30
fld 2 : ( )
from (1-12), -24 and -30) in (I-5) , we have:
| Fdé = Tdo + > dF (1-31)
7 2
but, d¢ = 0. Therefore:
_ L ) | .
| T=-25 (1-32)
b)‘ For F = constant with varying #
dW. = g ~ T (1-33)
, —— fid 2
and, substitit ing into the energy balance equation yields
. ] Fob = Tdo + = o o (1-34)
or -
F d ¥y g
-, =99 \
= 4+ _ -
R | S (1-35)
If we note that, from (1-29)
e 3Wﬂd 9 S’f_ (1-3¢)
— =% - -
. _ $= constant 24dg
and : ‘ _
%
W
fld \ = F de (1-37)
3% |F= constant % d® '
' b

24
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~

‘and so on.

8
we. c_:cn‘ rewrite (1-32) and (I--357w as
oW
1= ) . ({-38)
| - - % o = comtant - Q
a:ﬁ : : ' | '
W ‘ Lo
- fid e
T=+ o (1-39)

F = constant .

Equation (I-3§3) and (1-39) are extremely useful to us because they enable
us to express force or torque as functions of variables such as reluctance, flux .

linkages, current, inductance, etc. For examp_lo,-\ g .
_Fe _ Nivliy 1. 2 C
where

zL = magnetic ;_fh'c-iﬁictance (L = —).

- "For constapnt mmf, i = constant and,” in terms of force:

W 2
fid 1 .
‘ .~ F = constant N . - —_—
or, for another example - .
. 5 )
b F _ F°P
Y Wﬂd = 5 Fo = -2- (FP)‘- -—2-'- (l-*42)
where
P = magnetic circuit permeance, (P = %)
For cons(tanf. mmf, in terms of force
o 2 (f“zﬁ i 1-43

F = constant

From (I1-41) we con draw a very important conclusion conceming electric

machines. If we-note that, af constant mmf, Li = X and idL = dX , we have =

(using torque rather than forc

25



; T= (1-44)

£ i,
B

N | =
e

;{i

. .
‘Whereas the voltage inducing phenomenq. is related to the Hme rate of change

of flux ljnkages, the torque producing mechanism ls based- on the <_J_'r_1_Qu|ar rate 6f change
of flux linkage. - N T
' %

To summarize, the torque or forces, act as follows: . .

1. To decrease the stored energy at constant flux.
i
2. To increase the stored energy at constant mmf.
r. . &~ .
To decrease the reluctance (or increase the permeance).

e

4. To incyease the inductance.

| Actually, the torques and fqrces are on the. iron member itself in an iron
cored magnetic circuit, The presence of .a winding~of some sort merely serves to
establish the field. Thus windings in slots on a rotor Bte not themselves subjected
“to the torques exerted on the iron. The same force that tends to reduce reluctance
" also produces a stress within the iron itself, This stress sefs up strains within the
iron circuit which causes ‘a change in shape. This general phenomena is known us
magnetostriction. “If the magnetic field is an altemating field,. the periodic
changé in shape of the magnetic structure causes pressure waves in the surrounding
" media. - The pressure waves cause audible noise in some instances.

N
It is sometimes useful to analyze problems using energy density, or field
energy- per unit volume. Thus I :

O
YHd T Vel T 3aR) 2 (TR ) (1-45)

h Q

where 2 and A are length and-cross sectional area of the magnetic circuit under

consideration. Since: 'E-' = H, magnetic field intensity B
and © - | % = B, flux density ‘
a2
_ 1o, 18
\ AT (1-46)

I

where v is the permeability of the circuit and B =u H>

a4

(A
0o
Mo
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_ As an example of the usefulness of this approach, we will .drive an
expression for the force of attraction between two parallel faces of high peymeability

permanent- fron magnets with flux passing between them as shown in Figure 1-2.
¢

&1

&

Ak A |

. [\ g ’ . . .
flux, P . B PA
- mew\a\%

— A1 S
= km"no

5 | ' P{rmio-b rt\x OAR: ‘TOV\
. y >>/,Mo .

A

cs{‘ ‘gmt S\’NLC(

. , . |
Figure 1-2. Air gap between two Magnets '

We will neglect flux fringing. The permeability of the iron is very high

. and®hat of the air -between the faces is relatively low. Therefore the energy density
v is. much higher in the air gap than in the iron, Therefore we will consider only

the energy density in the air gap.

t
[ : 9
y o - Yfle T2 ' (1-47)
o
W, = 1 Eg AL 1-48
Ha T 2w (1-48)
o
* The mmf is constant since these are permanent magnets. The force
involved here is in a direction to reduce the reluctance, i.e., a force of
attrggtiof. An incremental chafge can only be one whereg is reduged by an
infinitesimal amount,
‘ “?_Vilf'.i*le dy o (-49
T X 2 v dx (1-49)
o
but .
: dx = - de
) - 2 e T, : ’
< R . . 1 B7A. :
M N (1-50)
y 2 IJO

27
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1.5 RELATIONSHIPS IN MULTJPLE EXCWED SYSTEMS: We will now extend ‘our

analysls 1S coyer an energy convemion device with multiple electrical inputs.

(A very simplified version). Figure 1-3 porirays such.a device, One winding Is

on the stationary member, the other on the moveable member. Each winding has
" a self inductance, Ly1-and Loy, respectively. In addition, a- mutual inductance,

L,,, represents the magnetic qgupling between the two windings. Each of these

inductances is a function of the angulay displacement of the moveable member

(or rotor).

{a

e

¢ Q‘
8
. Figure (-3, A Multiple Excited Electromechanical Energy Converter
x 4
Y ﬂ “o . ' . ? ‘ ) .
. ~ The analysis will be based on an incremental change in angular displace-

. . ¢
ment, d® , as used in the sthgly excited system analysis. However, we will utilize
the inductances to express the various electrical quantities. Recall that flux linkages

-+

can be'expressed as the product of_gurrenf and inductance .
\ Thus, from.g-IZ): | *&\"‘
dWopoe = T1d2 + gdh, c(|¥-51)
: L = ydligbyg *+ gk yg) + Ipdliglay * iylyy) [
L = :I"za Lyp * igbygdiy *+iyid +‘i]‘L]2di; ¥ izzdbzz
" # i Lpodip + igiydlyy + olyodiy - (1-5)

Also, recall that, in terms of inductance:

Ve e e \
'

B
¢
v r
. .

28
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e 1 2.1, .2 S
« and, _therefore; N
, K
aW. = 02w Taydiy ¢ 2da L +L id('i +
fide. 21N 1117 2 2 22 2722772 1271772,
+ Ly + a,szg Ly, | (1-54)
from: 1
MWeolec = c'Wmech + dWhg \ (1-5)
|2dL +‘il. di, + i,i.dL +|Ldi -*i%L + §.LAadi
1 | R el § 12712 127%2 . 2P 22 2 2272
+ dl. (+|l. iy = ]i2dL + L di+—]—'i2dL
2" 1240 \il n tibndiy ¥ iydlgy
N ‘
t .‘ ., \./_;/ "
we have: ' |
LI s R I R SOt (1-56)
7" 4 " 2'2 4o 12 40

Note that the torque (or force, if 8 is replaced by x in a translational
system) is a result of changes of inductance with angular displacement. There may
well be changes of current due to electrical transients but these changes are not
effechve in the production of torque.

Further insight into this can be obtained by examination of one of the
induced voltages, For example:

d

= L di] ..|_ ijj.?_Jr(' ?_E!..].+* .i‘..l:.?..z.ﬁ‘i. 1-58
L V) """q6 " '2 do/ & (1- )
29
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The first two terms on the right hand side .are "transformer" voltages which
occur in any magnetic ‘circuit when the flux linkages change with respect to time.

The last two terms on the right are "speed" or rotational voltages, since speed = g? .

Note that only d terms appear in (1-56), -the expression for torque. Thus, we conclude
that speed, vo!mgés and not transformer - voltages are aictive in the energy conversion

. process, Our physical reasoning verifies this because we know that (neglecting losses) -
no energy conversion tokes place in a transformer!

1.6 ELECTROSTATIC RELATIONSHIPS: The same energy balance analysis can be

applied to an electrostatic energy converter system, That is:

dw , . = dW
elec

+ ¢ . -
mech de ‘ (1-5)
<
Consider a parallel plate capacitor excited from a single source of

potential e.

“

N

dw = el dt = e dq (1-59)

elec

where: _ . N
. . -

dq = differential charge = idt

Further, stored energy in the electrostatic field is given by:

- . i ¢

S 2 | '
and
, ] '
dWpig = ‘2' 02 dC + eC de (1-61)
for incremental changes. \
_ | ]

-Applying the energy balance and using the relationships (I—ZAO‘)‘, (1-59), and
(1-61) yields: ' ' '

1 2
edg=—e
173

dC + eC de + f dx (|—62).-!
where:

f = force on the capacitor plates C "

dx = incremental displacement that would change C

%9



‘either ‘an electromagnetic or

*y

R T

recatl that:
B : . . | q o eC ‘o . | .
. < - * . »
therefor ' ‘
S Y dq=e dC * C de ' (1<63)

Z
t

for incremental chah\ges,“ ws Ing  thet samie reasoning‘as applied in our.study of electro~
magnetic circuits. . Substituting (1-63) for dq into the left hand side of (1-62) yields:

) 92 dC + oC de = % 02 dC + eC de + f dx | . (1-64)
or: . 4
1 24Cc —
‘F...- + 2 e a-; ) N ("65)

' ’ ‘ L4 - - ¢
The force on the plates of a capacitor act in a direction to inarease
the capagitance, An analogous expression for torque also exists, of course.

1.7 ELECTROMAGNETIC VS, ELEGTROSTATIC ENERGY CONVERTERS: From the

| previous analysis, it should be apparent that the energy conversion process is depondent

upan the existence of the electric or magnetic field as a coupling media, For example,
in an electric motor energy flows in from the electrical sources and is transferred From

a stationary member to a rotating member where it appears as mechanical energy.

Since this energy must pass ‘through an air gap of some conﬂgurahon, it can be
reasoned that the air gap must be capable of storing this energy - ‘even if it is
energy in continuous flow, Vﬁe have shown' that energy conversion is possible in
electrostatic devi_ce.

Many are familiar with the electromgnehc type of converter but few have
familiarity with the' electrostatic type. Why is this? Why is one more widely used
than the other? It is because of the relative, maximum, energy densitites possible,
That is to say, for the same volume of air gap one can store much more energy thari
the other. What are the energy storage capabilities? Recall, from (1-46)

Yfld magnetic = ¥ W (1-46)
¢ °
For a capacitor " -
2 .
_1Ce” 19 e _1 | .
“ld electric.- 2 -\}Bgr T 2A (E') T 9 DE (1-66)
1 2 V] ' S,
- 5 ¢ E‘:‘; “ ' 1 Lo (1-67)

O

v
Pt



E = electric field intensity, volts/meter

T ’ v : o 2
D = electrostatic flux density, coulombs/meter

&

e = permittivity of the dielectric medium

, Flux densities of 1 weber/m ter'2 are quité common whereas the maximum
electric field intensity of afr is 3 x 10° volts/meter (with failure of .the air as an
insulator, or dielectr‘i). The permeability of air, u , 'is 4x x 1077, The permittivity
of air is 8.85 x 107'4, Thus, from (1-46) ond (1-6

«

<

Vfld magnetic, max, _ 32 ‘ | ,) (168)
N bt 2 -
“ad electric, max, "of E .

. 4vx 107 x 8.85 x 10712759 % 10'7

* | o '=,10,000

T4

It would require 104 times as much volume to store the same energy in an
electrostatic field in air ‘as it would be to store electromagnetic energy in air. Also,
it should be noted that high power electromagnetic devices involve high-currents at

“ the necessary driving voltage, whereas electrostatic energy converters involve high
voltage, if their power or énergy rating is to be substantial. We provide conductor .
size for high currents and insulation for high voltage. The mechanical design problems

. are thus quite different!

€
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CHAPTER 1| - ELEMENTARY CONCEPTS OF TORQUE AND GENERATED.VOLTAGE

.1 THE D,C., MACHIME: The simplest possible visualizoﬂon of generated voltage in
an electric machine {whether generator or motor) ‘can be gained from the study of an

. elementary d.c, machine. A simplified ‘version of a d.c. _machine is shown in
Figure 11-] _ « S K

mo

2

MQ%ne't\'c core.

I Yurn coul

Figure II-1. Elementary D,C, Machjne

4

-

: Our elementary d.c. machine has an exciting winding, usually calted the
"field" winding on the stationary member of the machine (usually referred to as the

- "stator"). This winding establishes the flux, ¢ , which passes from the "pole", across
the ‘air gap, through the rotating member, or "rotor", through the air gap again and
back into the stator pole. In an actual machine, the wmdmg on the rotor would be
distributed around the periphery of the rotor with the various coils connected in some
specific series-parallel combination fo yield the desired volt-ampere rating of the
machine. In the particular simplified elementary ‘machine to be analyzed here, we
will assume only one coil, consisting of one turn only. As the coil rotates, the flux
linking it changes with time, Not shown is the mechanical switching device (commutator)
which is essential to the machine if a unidirectional voltage is to.exist at.the collecting
mechanism (brushes) connected to the ratating coil. However, we can examine the
voltage generating mechanism. When the coil is rotated 1/4 of the revolution (% radians),
the flux linking the" coil chru ges from#‘v to zero. ‘If the coil is rofating at w radians/sec,
the time to rotate radians is, 0t = If the machine had p poles, the rofor would
rotate through - eléctrical ro#uons. ﬁns would be ("?)/p/Q mechanical radians. For the

p pole machine, then, At =,;:).

- R/ 5 B : —

. wA
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The voltage induced in the one tum: coil is given by Faraday's law

as: " ' .
_93=¢-0q_pw¢., , ‘ y
=gt =R (-1
pm

‘ Now,  consider a more %mplicuted rotor w!ndlng. Assume there are a total
of Z inductors on the rotoi forming < one turn coils. If the winding is arranged so that
there are "a" parallel - paths through the rotor winding (the current to the rotor enters
one collector, divides into "d' parallel paths, rocombinos into the original current and
exits through the other collector) then_there must be one’ tum coils in series. The
total voltage across the collectors Is the sum of ull ﬂ?@ series voltages, i.e.; |

@

+

- If: n = revolutions/minuyte - (
n ' K
o0 revolutions/second _ \ '

Note, in (11<2), that = revofuﬁons/secoﬁd also. If the bracked term,
n

involving radians/second, in (1-2)is rep|uced by its equivalént in terms of
revolutions/second,; we have:

< . ¥

. o = ?_%‘ 3 (11-3)

If a current, i, flows in the winding, electric power is associated with the
~ machine., If it is a motor, the current flows against the induced voltage and is
- absorbed.’ The absorption of this power corresponds to the power being converted to
mechanical form. If the current flows in the direction of the induced voltage, power
is supplied to an external load and the machine acts as a generator. This source of
power can only come from mechanical shaft input power and the device behaves as
a generator, ‘

I T = torque, in newton meters

1

P = power, in watts

1,
il

wT = ei 3 - | (11-4)

\
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Equation (ll-—4) can be so|vo&~w‘or torque and tho rolotionship in (Il 2)
utilized to yield: -

3

. r=2 - (-Z-P—) $1 = kg (11-5)

.
W (2 B

whe FO , . -

¢
N
rb}_rsl
a3

It should be noted that k is a constant whose value is determined by the
design of the machine, If the value of k is substituted in (11-2), we have:

[
o

o = G0 = kow B (1-¢
I ¢

In the d.¢. machine considered here, both developed torque and induced
voltage, sometimes called "counter electromotive force" (cemf).or "back” emf (because
of its polarity relative to that of the external circuit), are proportional to the flux
in the air gap resulting mainly from the excitation or field windin The torque is
also proportional to the magnitude of current through the rotor (olsgs_c\al\ed the
armature), Thus we could generalize by noting that the torque is the result of
interaction between. a magneﬂc field and an mmf. The voltage induced is pro-
portional to thé angular velocity of the rotor inductors with respect to the magnetic
field flux. In each case, the constant of proportionality is.the same - but only in
the mks system of units. That this is so one would expect from the consistency of
the F = Bi%, e = Bv relationships applicable to individual conductors. The device
analyzed here has merely been a mechanical configuration to utilize the fundamental
principles and to make use of multiple conductors with an opproprlate series-paral lel
connection,

~

) o ¢

. 11,2 THE ALTERNATING CURRENT MACHINE: An elementary alternating current

machine is shown in Figure 11-2., Consider that the one turn coil on the stator
is stationary and that the flux density (constaht in magnitude, sinusoidal in space
distribution, and directed along the axis of the rotating member) rotates at angular
velocity w. The flux is everywhese normal to the surface of the magnetic circuit.
The flux density has a linear vel?cuty tangential to the radius and each side of
the one turn coil has a voltage Induced in it of magnitude:

e = B(0)2v' | | -7

.
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' where

— ' , " 2
- . _ - B(e) = flux density, webers/meter .

'.l. CT . ’ ‘ Y.

) “ t = length of the coil side in meters
v = relative linear velocity, meters/sac between

‘ ' stator coil"and the flux.
‘ 1 ‘hum sTaYor corl

ﬂu.x demﬂi Bz Bm o e
(6 s spa u.rgle

’ t
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. Figure 11-2, Elementary One Turn A,C, Generator
(or Alternator)

Under the assumption of sinusoidal distribution-in space ‘of the flux

o

denslry, the flux density can be expressed as

B(e) = B, cos .9

where

B,, = maximum value of flux density

o = space angle measured from the axis of the rotor

" Since there are two sides in the one turn coil, the total induced voltage in the
coil is: ' K

ei— 2B(8)2 v = 2_Bm v cos6

If there are N tumns on the stator ¢oil, and the turns are connected in

series, the voltage in the coil is given by oy

e wi @ = 2N B(8) v
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Since: o | . - _ -

60 = wtand vV=Erwe

where: | | _' '- . v <
& :
t = time, in seconds
r = radius of the rotor, in meters
The expression for induced voltage, (ll-lO)-‘becomes: )
" e =2N grw B cos wt | I (30}
or: ( ’
| . e=FEy cosut Lo )
Recall that flux, ¢, is related to flux density by: | S
. ¢ = [ BdA | S E)
A _‘
wh\ere A is $he aren no;ma_l t6 the flux density, B,
~

The area element, for the configuration in Figt;re -2 is:
dA = g&r do o (11-14)

Note that the incremental angle d¢ is actual or so called "mechanical®,
radians whereas the flux density distribution is in electrical radians, That is, in
passing through two magnetic poles, 2 electrical radians are traversed - which may
not be the same number of mechanical radians in the same angle. If the mechanical
angle is multiplied by the number of pairs of Roles n is converted té an equivalent

electrical angle. Thus, . ,
Mechanical Electrical
' - - 1n-15
| N | (1-15)

, d e
o | Y

In terms of electrical radians, (11-14) becomes:

d 3 .
dA =L =08 o (11-16)
4 } _ ‘ p/g. _ . o M”‘;» CLooane
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_ In order to determine the flux, per pole, we can evaluate (I11~13)
T utilizing (ll-8)_,ond (1-16) ylelding: IR |

. ' ) = n/2 or Bpm _ 21er

cos 6 do = S (M b
52 P2 ‘ o2 ._ ‘ L
From (11-11) and (11=12):

u _, B CE L TMNarwB - T (1-18)
From_ (11-17): )
20r By =5o N C(n-19)

 Substituting (11-19) into (11-18) yields:

4

= P
Emcm Nw ¢ 2

y (11-20)

Note that l\'ototion of the rotor through an angle which includes a pair .

of poles will produce 1 cycle of voltage variation. - A complete revolution, through
p/2 pairs of poles will produce p/2 ¢

ycles. Now, /2 revolutions/secaond. through
p/2 pairs of poles will produce: ¥ ' o :
() E “ . r
(-2;) 2 cycles in each second (1n-21)
Thus, th.e cyclic frequency of. variation of volmg’, f, is given by:
‘ - Pu -
f i (11-22)
- and,
5F = 2af (11-23)
Since the induced voltage is sinusoidal , S’mx from (11-20) can be expressed
in terms of foot-mean-square (rms) value as: ) o, o
o B By = = -t o (11-24)
™ v a2 . t
~ ' \
,?
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From (11-23),

(11-25) .

An actual machine has: windings dlstribuﬂa\d over the entire penphery of the
stator and the vdrious inductors connected in some series-parallel ormngrmont The
number of turns, N, in (11-25) then becomes the number- of turns conpected in series.
However the induced voltages, at any instant, in the various turns are not equal
because of the distribution of flux density, Also, for purposesgof suppressing ‘'undesired
harmonics in the induced voltage some windings have coils whose sides do not span
an exact pole pitch. Thus, the-actual voltage is less than the value calculated by
(11-25) in an actual-machine. To account for the factors (11-25) {s multiplied by

* a constant called the winding constant, whose value is determined by the specific

winding conﬁgurohons .

| The relationship given in (l1=25) applies to thé induced voltage in ony
coil - such us a transformer, for example - which has smusmdal voltages and fluxes

present,

Consider the N tumn coil and core in Figure 11-3. ‘ o "

R

- I

ez Em s Xy

Figure l?f—-3". Core and Coil wuth Sinusondal Excitation

<

Neglecting winding resistance, a voltage is induced in the coil equal and opposite to
e, From Faraday's Law,

e = E sing t = N gf- ' (11-26)

where  the subscript m denotes maximum value, : ' j

If the fluk is sinusoidal, it can be expressed as

Ry SR sy Veeet gl et > {“

e A e N L

R

and the induced voltage; which must equal the opplied voltage, (if the res1stonce is
zero) is given by:

= N ¢mw smw t = Em siq wt . (11-28)
39
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L From (Il-—fB)

E =Nopi =Ng (20 - (11-29)

m
The rms value of induced voltage can he then determined as:
. ¢ !
- Em' 2 :
E = === == N¢f = 4,44 Nb f (11-30)

E ~ The production of torque is an elementary d.c. machine was developed in
the previous section, equation (lI-5), We will now examine ‘the torque resulting from
a different mechan!cal configuration - one which is used for machines supplied from
alterating current (A,C.) sources, Commercial A,.C. sources have periodic variations -
and thus consist of predominately a fundamental sinusoid ‘with the possibility existing
of additional sinusoids that are multiples of the fgndamentals; i.e., harmonics.

The configuration we will analyze is shown in Figure 11-4 and consists
of two windings mounted on concentric magnetic cylinders,

_ staVor W wd \.»«X, sel\& m&m’t‘w«ce, L's

e [

tron

cur_?:‘a

< +olor \:u;ﬁJ\V\j * el o

rolor w"“d"‘j \ 8  mutual ndullance \-S.n

\-J\o"in- Nt'\d\*j U-V\J 4:00.“ QX\S

_ self indutance A

. ’ 'S
Figure 11-4, Cylindrical Rotor Model

This is a simphhed version of what could be either a stcﬂonary or rotating

‘device. For example, the stator winding (or coil) as shown might be a fictitious winding

to represent the source of an mmf which is rotating. The only shpukmon, if the
windings are rotating, is that the axis of the two windings be stationary with respect to

" each other under steady state (i.e. constant torque load) conditions. This is- essenha|

if average torque is to,be produced.

Since the structure is concentric, the self inductances are constant, The
mutual inductance is a function of the angle between the two axis, ©. We will
assume that the variation of mutlal Inductance is sinusoidal and that the mmfs of each
winding ‘are sinusoidally distributed, also. Further, we will assume that the iron is
infinitely permeable, Although Figure |l-4 is for a 2 pole device, our derivation
will be for a p pole device. Only two poles are shown for simplicity. Each
winding will have an mmf, F ond F., and the net mmf in the air gap, F_, will be
the resultant of the two mmfs? Smce the mmfs are sinusoidal, their resul fant will
dlso be $inusoidal and ¢an be obtained. by -using’ phasors to represent the *Eeak mmfs and,

o xp;r:g ’“*
combining them using the Law of Cosines, Figure 11-5 depicts the phasor relohonsl'np
between the rotor mmf F., the stator mmf Fs ; and the air gap mmf F

40
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Figure -5, Phasor Diagram of mmfs §
¢ From Figure 11-5, applying the Law of Cosines: o v
. . w 2 2 _ ‘
Fo=F «TFz +2F F_ cos ¢ | O (m-31)
. sr H] T s T .
We will defipe an angle, §., to be the angle (in electrical radians
between the axis of the %:(or and the axis of the net air gap mmf. Geometric
and trigonometric considerations ~ir_)c]icote that:
£ .‘Fs sin © = Fe, sin 5 ‘ (||—32’)~

In order to obtain the torque produced, we will use the derived relationship,

for ¢ = constant, from Chapter I, i.e.,: '
IW “
fld
H T == — - 1 1-38
Vo e 26 (1-38)

The factor p/2 takes ~in\fo account our p pole machine,

To obtain W 14’ wﬁi” use avarage energy density times gap volume,
If the diameter of the air gap mid point is d, the gap length is g, and the axial

length of the gap is g then, ‘
' N

total air gap volume = 7d g (11-33)
. * .
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From (1-46), the energy density is:
2 _
1B .1 2
L s =cu H - " | -46
a2V D2 % | (1-46)
1 o ' )
lh This is energy density qt any point in the air gap. The average energy
; density is given by: , L '
' .- ou
Wery = — (H2) average ' (11-34)
fld -9 ge

ha .

\_Since flux density is sinusoidally distributed in space, the corresponding .
mmfs are also sinusoidally distributed.

If F_ is the gwk_yqlgg£f air gop mmf, the peak value of magnetizing

7 "-":.fbf'ce','"’ﬂ'p’, is gﬂ/en"’“‘l{y‘:' -
s, 5 F
sr :
: H$— - 1-35
P R, @ g‘ (11-35)
and: I B
$ H =‘Hp cos ¢ (11-36)
The cnvei&ge value of the square of the H can be determined as:
n 2

/2 H
H2) ave. =+ [ H 2 cos? 6 do = &= L (1-37)

m-nf2 P 2

From (11-33), (11-34) and-(11-37), total energy in the.air gap is:

Weg = (wﬂd)(yblume) = ""“2"‘4 Tdl g (I|—3_8‘)
Substituting (11-35) for Hp yields:
_ o rde 2 |
Wag ‘)‘;’zg-" i (11-39)
From (1-38): |
. I ndg'_2 .
? . T = - 2 30 (uo 4:9 FSI’ ) | . (“"40)
Using the value of %2 from (H-31) in (11-40) yields:
T=-5 o dL F Fosine (11-41)
1.0 . b '
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From (11-32), F, can b0~rop|acod' o (1-42) yielding:

4
~

| T=-fou vatF Fosine (11-42)
: From (1-35):
Ber
=9 H =g “ﬂ-"‘ . Y11-43)
where Bs is the peak value of net flux donsity sinusoidally distributed in the uir gap
and thot, for sinusoidal distribution: {
2 By,
Bove = , (11-44)
therefore, utilizing (11-44), (11-43) becoes: ' ¥
. C
T g —45) -
Fsr > uo Buve -~ (I1-45).
Note also that: , R ’

N\
“’ld = (E) (area under each pole) ﬁ-/ (11-46)

Substituing (I1-45) and (11-46) into (l|-42) yields

le - (Ez.)z g(d"’“ under each pole) Buve F_ sin s (11-47)
Now, -
(B, e)(area under ach pole) =¢ (11-48)
whor/o _
¢ o = flux per pole in the air gap -
Then, (11-47) becomes:
B2 , |
T=- (2) 3 “tsr Fr sin & (11-49)

This equation expresses torque as the interaction between a field and an’

mmf or between two fields. It should be noted that no torque (or power) is possible
without a finite angle, ¢ .. kit is very uppropriote|y referred to as the "Power" angle
or "torque" angle and wih appear again in every device which we study.. For the
d.c. machine the angle is fixed at I radians by the geometry of the machine. Thus,
although it does not appear in the equation for torque in the d.c. machine it would
be there if we had an angle other than ©/2 radians between the flux density,
corresponding to ¢, -and the mmf, corresponding to rotor current.
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CHAPTER 11l - THE GENERALIZED MACHINE |

.1 THE BASIC MACHINE: All types of electrical machines have many features in
common and Figure [/F— ] depicts these features,

- e ) v v cove.

s ([ Z 777777777 T attir windi
qu"?’*‘j 7 7777 77 7 Vi J\o't'er W\‘r\d' 7 ’ . i

nolor cove

Y bearings
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\ Figure 111-1. The Basic Electric Machine
o

There are two mognehc cores - one common. with the shaft and the
other fixed to the frame, or housing. Many variations of this basic configuration
are possible. The most common is to have outer memben, stationary (the "stator")
and the inner member, with shaft the rofat::a‘:swber (ﬂ'\e "rotor"). The two
cores are separated by an air gap. There are val configurations involving stationary
inner members and roling frames,’ or, even, both members rotating with respect’ to a
fixed reference and with respect to eoch other.

Each core has (usually) o winding. A machine with ‘a permanent magnet
~ field would be an exception. The winding consists of conductors carrying current
and running parallel to the axis of the machine in the 'active' por tion of the machine,
i.e., the part that contains the narrow separation of rotor and stator called the air
gop. The conductors are connected into windings. The exdct nature of the connection
and the type-of winding is a function of the-type and form of the electrical supply;
In order to produce a net conversion of energy from: electrical to mechanical form,
the magnetic fields associated with the rotor and stator must be stationary with
respect. to eéach other even though they may not necessarily be stationary- with
respect to a smflonary reference. The exact nature of the winding configuration
. and connection is of extreme importance to the desugner. To the analyst, the
" connections are of Importance only to the extent that the machine has specified
input-output relationships and that _fhg macpine parameters are thus determined,

<
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The machine parameters will characterize machine bshavior under specific conditions

existing within an overall system.

The three common types of windings aref

1. Coil winding . : |
2. Polyphase connection o} coljs
3. Commutator winding ‘

Coll windings are concentrated and the mmf and magnetic field associated
with this type of winding acts along the axis of the cofl winding. The winding
itself consists of colls on all polos connected lnto a single circuit,

A polyphase winding conslsts of individual conductors distributed in slots
around the periphery of the stator or rotor. The individual conductors actually
are connected to form phase windings which may be coil windings and which,
lndlviduolly, have magnetic fields stationary in space (acting along the effocﬁve
axis of the phase winding). However, polyphase windings are-energized from
alternating current sources so the magnitude of the moagnetic field pulsates with a
time variation even though it is stationary in space. Thus, the individual phase
winding can be idealized by a single coil, The phase windings, if properly
spaced and energized from alterating current of the proper phase, will ‘cause o

resultant magnetic field which (under steady state conditions) is of constapt magnitude
and revolving at constant dn% vlar velocity., For example, a three phase machine has ~

three phase windings spaced 3.7 electrical radians apart and when -energtzed from a

3 phase supply producg’ an mmf 3/2 greater than the maximum mmf in any one

phase. The mmf rotaf¥s at the synchronous angular velocity of the supply frequency .
This will be developed’ mathemohcolly in a later section.

A commutator winding is composed of conductorls"' located in slots and

connected to commutator segments in some continuous sequence. The current flows

" into and out of this type of winding' through carbon brushes (stationary)which

bear on the copper commutator segments, or bars., The Individual conductors

. comprising the winding are connected in some series-parallel . combination to yield

the desired current-voltage relaﬂonshlp, or rating, of the winding. There are
always at least two and often times more, parallel paths through the winding.

 Commutator windings always. are rotating windings. The purpose of the most simple

commutator .winding is to switch the revolving conductors, as they pass under the
brushes, "so that the conductors under any given pole always carry current in the

same direction. The net result is that the axis of the commutator winding is

always stationary with the axis of the poir of brushes,

Synchronous machines usually have a coil wlnding”on the rotor (the

"field") and a polyphase winding on the stator. Asynchronous, or "induction"
machines have polyphase windings dn both rotor and stator, “(This statement is

not true for single phase induction motors). Direct current machines have a coil
winding {"field") on the stator and a commutator wirﬁding on the rotor, or as.it is
vsually called the armature.

| "i ‘

. n

TR

REA




29
| In generalized machine analysis, we will find it helpful to define two
main axis. The "direct" and the “quadrature" axis. In the case of the d.c, machine
and of the synchronous machine, the direct axis Is the axis along which the field
(or excitation) mmf acts. The quadrature axis is n /2 radians advanced (in the direction
of rotoHorV from the direct axis.. These axis are usually referred to as the d and g
axis,

Any machine, whether comprised of polyphase, coil, or commutator
windings can be shown to be equivalent to an idealized machine consisting of
coils located on the d and q axis. Even though the rotor rotates, the coils are
fixed along these axis! To achieve this equivalence, it is necessary to convert,
by suitdble transformation, polyphase windings into equivalent rotating two ‘phase
windings. This transformation will be derived later. . Since actual windings on
the rotor have rotational voltages induced in them, we must ascribe special
properties to the rotating winding. These two properties are possessed by a
commutator . winding. They are:

1. a current in the winding produces an mmf and a magnetic

. field which is stationary in space.

2. even though the mmf and the field are stationary in space,
rotational voltages are induced in the coil.

The idealized machine we are developing will be referred to as o
"Generalized Machine". The "Generalized Machine" will have only two poles -
and any results obtained will have to be altered to correspond to the actual
machine,

At this point, the obvious advantages to the student of a "Generd ized
Machine" model should be apparent, If the various common machines can be rep-
resented by one model, then we need develop equations and analysis techniques
only for the one model. Of course, some degree of skill and machine familiarity
is necessary to reldte model to actual machine types and vice-versa. -~

We are interested in dynamic, or transient, behavior of the machine with
static, or steady state, situations as special cases of the dynamic situations. -Dynamic
behavior implies variation of performance with respect to time. Thus, our equations
will be differential equations, '

" In order to bring to bear the sophisticated techniques of linear systems
analysis to the behavior of our generalized machine, it will be necessary to
ascribe certain other attributes which are not possessed by a physical machine. The
attributes are really fundamental assumptions made for ease of solution of the differ-
ential equations which describe our model. They are:

- Y ¥
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1. No saturation exists in the magnetic clrcuit, i.e., the
‘system' is linear and the principle of superposition can be
applied. This enables us to sum mmfs, torques, voltages, .
) ‘eta. because by definition superposition means that the
‘net offect is the sum of the causes,
2, Flux domity harmonics are not present and the flux dons!ty
is sinusoidally distributed In space. The main flux is con-
sidered to be determined by the fundamental component of
the flux density. The radial line where the flux density is
~ a maximum is the axis of the flux.

3. In calcylating flux density from. magnetomotove force, the
' mmf is considered to be acting on‘y in the air gap. In other
words, thesiron is infinitely permeable and no mmf Is roqulrod
to sustain the flux in the iron.

4, The ﬂw}gllnklng any winding' is considered to consist of mutual
and leal ge flux. The leakage flux links only that particular
windlng, "The mutual flux |inks all other windings lying on the
same axis., .

The above assumptions do introduce tnaccuracles into tho results obtained
by mathematical andlysis; Certainly, with nonlinear devices (which is always the
case in an electromagnet‘!c device comprised of iron) nothing yields more reliable
results than actual test on the device itself. Such: tests may not be possible
under the desired conditions or in the system desigri stage. However, without the
gssumptions, analysis would be very nearly impossible even with computers because
expressing the non-linearities mathematically introduces approximations. Previous
work and experience indicates that the pattem of behavior emerges in spite of the
assumptions! Correspondence between linear analysis results and test results is
surprisingly close, as you can verify in laboratory work. Since some degree of

refine results obtained by analysis if one makes a proper choice of variable to
account for saturation effects. For closely coupled coils on an iron circuit,

the assumption regarding a commun mutual flux -is reasonably valid if different
values of leakage are assigned for each winding or coil. The question of the effect
of neglecfing flux density space harmonics can be dealt with only if the type of
machine is considered. For example, in d.c. machines, it is total flux per pole
which is of concem in the steody state torque and voltage constants. However,
under transient. conditions that is no longer ture, There are other effects (to be
dealt with later) which tend to "swamp out" the errors introduced by the assumption
of sinusoidal flux density. In a’c. mochines, the harmonics of the flux density are
rotating at a speed other than the speed “of the rotor flux density and thus are not
effective in produci ng average torque. The value of instantaneous torque does
vary, however, and some parasitic effects manifest themselves (noise, etc.). Also,
of course, the flux density harmonics result in harmonics in the induced (both
transformer and rotational) voltages.
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To summarize the effect of the assumptions, one can only agree that they
do result in errors analytical results, It is not possible to assign magnitude of errors
without comparison with actual test results. The analytical results do give reasonably
close results and yield valuable information to sthe system designer. Wi thout the
assumptions, analysis would be very nearly impossible. ‘

We can represent, diagramatically, a generalized machine model as shown
in Figure Ill-2 | This particular model has only 4 coils -~ 2 in each axis with one
in each axis on the rotor and one in each axis on the stator. We .will use only a
4 coil machine in our derivations in order to reduce the number of equations involved
in the analysis. Some machines, such as the most simple d.c. machine will have
only an Fiand a0 Q coil. A "cross field” type of d.c. machines may very well have
additional .F coils (usually designated as Fy, F»p,.. .,etc.) A synchronous machine
often times will have additional circuitry on the rotor (damper circuits) and these
are usuglly denoted as KQ and KD windings. However, a thorough understanding
of the bagic 4 coil model is essential to analysis of more complex configurations .

The 4 doil model is a compromise between the completely general case and a
simplified configuration without obscuring scomplexity.

q . Y, Mi} /"ar

g

G

d ax's
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£
Figure 111-2, 4 Coil Generalized Machine Diagram
In our derivation, we wull assume the machine is rotating clockwise
(cw) and that it is operating as a motor, Thus, posnhve current is the current that

flows as a result of an external source and positive torque is torque in the direction of
rotation, Further, we will resort to the per unit system, or basis, for defining the
various parameters, - This is discussed in the next section.
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.M,2 THE PER UNIT SYSTEM: The use of @ﬂos to express results as normalized

dimensionless quantities Is quite common. Such ratios as percent efficiency, percent
regulation, percenf of rated load, power factor, etew are widely used. If & quantity
such as voltage drop, is expressed as per cent (or per unit) of rated voltage it is

" much, more meaningful than if it is expressed In terms of its actual value. This is

especially true If one is attempting to compare the performance, or the parometers,
of a system with that of another system of different rating. . In addition, as a

result of standardization trends in design of equipment, many of the performance
characteristics and parameters of machines are almost constant over a wide range

~ in_ratings if they are expressed as ratios. The use of such quantities has been

applied to circuit analysis - greatly simplifying calculations in circuits involving
transfotmets and- circuits coupled magnetically.. We can summarize the advantages
as follows:

1. The use of per unit values facilities scaling and progmmming
o computers used for system studies.
- W - @ e - m % I
2. The use of per unit values in problems solution yields resul ts
that are generalized cmd broddly applicable.’

3. The solution of networks! contoimng magneﬂcolly couplod circuits
is facilitated.. -For example, with the proper choice of unit, or
base, quantities the mutual inductance in per unit is the same
regardless of which winding it is viewed from and regardless
of the turns ratio of the windings.

4, Since ihe constcm'ts of machines, transformers and other equipment:
lie within-a relatively narrow range when expressed as a fraction of
the. aqugpment rating one can make "educated" guesses as to probable
--vcnlue of per unit constants in the absence of definite design
~information. This is. of assistance to the analyst when operating
without complete device in_formoﬂon. :

It seems preferable to use per unit rather than per cent because of the
problem encountered when two per cent quantities are multiplied together. For
example, if:

A = 0,05 per unit or 5%
B = 0.20 per unit or 20%

and we toke the product, (A)B) = (0.05)(0.20) = 0.01 per unit, If we use percentages,
(A)B) = (5)(20) = 100%,--whereas it should be 1%. We will use per unit in this

course and we will deal with quantities such as current |, voltage V, power P,

reactive power Q, voltamperes VA, resistance R, reactance X, impedance Z, etc.

._
O
~
[
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By definition,

actual value of the quantity
base value of the quantity

’ Quan Hity in per unit = (N-1)-

Actual quantity refers to its value In volts, ohms or whatever is applicable,
Within limits, the base values may be chosen as any convenient number. However, for
machine analysis they are usually chosen based on the rating of the machine, In power.
systems analysis, there are many factors that enter into the choice. We will not attempt
o discussion of these factors at this time because our.primary cancern here is the
analysis of machines. d | v '

. We must select the base values so that the fundamental laws of electrical
phenomenon gre still valid in the per unit system., Ohm's law states that: (in actual
values) ot ’ |

V=7l C(n-2)

If we select any two values for \{¥ I, and Z (where the subscript b
Fﬁe

denotes base. values) thén_ “third value is determined by the relationship

| | Vb = Zl, (111-3)
dividing (H1-2) by (H1-3) yields | "
> &b o (11-4)
b Al
‘which is, according to (lll-1)
=7 | 5
Voo = Zo e | (11-5).

where the subscript pu denotes per unit valve.

t

dt is common practice to select the voltampere base, VAb’ and the
voltage base, Vb' Then, for single phase circuits

VA : \Y/
b b
I, = and Z, = +- ) (M=6)
b Vb b lb _
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where L, is base inductance, f s base frequency and w, s base electrical angular
velocity,

It should be noted that 1.0 per, unit ‘power corresponds to the voltampere
rating of the machine - not the agtual power rating. These values are the same in
a d.c, machine but may be different in an a.c. machine. As an example, if we
had an a.c. machine rated 10000 kva, 0.85 p.f., the rated power is 8500 kw.
However, 1.0 per unit power is taken as 10000, Thus, on"a per unltibasts , rated
power is 0.85, not 1.0 per umt - ?

We will now examine flux and flux linkages and how they relate to the

per unit system.
4 |

Consider two coils coupled as shown in Figure 11-3 ., Each coil is
assumed to be concentrated. By concentrated, we mean that the same flux links
all tums in either coil.. However, since the coils themselves exist gs separate
entities, not all of the flux which links one coil also liriks the othe!i‘coil. We
an define the flyx linking coils as the :main, or mutval flux, ¢  and the flux
which links only a purﬂcular coil as the leakage flux of that co‘n ¢ |‘£’ oy o

8: ¥WN24 kaﬂ}& Ql.ux \

bir - Wawm or

\MuTucL\ {:\ux

Figure 11-3, Mutually Coupled Coils

Thus, there are three fluxes present in Figure (111-3),

TN
*.

¢ = mutual, or main flux - linking both coils,
resulting from both i'. and i2

¢ = |leakage flux, due to current iy and linking
e~ 1
coil 1 but not ||nkmg coil 2

¢ 5 g = leakage flux, due to current iy and linking
coil 2 but not linking coil 1.
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In the definitiont used here, V represents voltage impressed on the coil
from an external source and the current i is the current that flows as a result of
V. Thus, if V and i are positive the device absorbs electric power.

, in coil "1 due to current i, in coil 2

The value of ﬂ%gy linkages, 2 .
~ m

is:

A (m-9) -

ml  L12ip

where L‘2 is the mutual inductance of the two coils. .

PRI .
) \

Similarly, the value of flux linkages, 'z or in coil 2 due to current i].
in coil 1 is: ! , m i

~(ih-10y
. A
Converting (111-9) and (111-10) to per unit values yields: - j

Pl

A Lygio Ly in @ :
ml 1272 412 b "2 py s
e e S bie b ) |

and: ‘ :
‘m2 By boy i by N-12)

A = —— = =

. 1 L
m2pv Mop Lop'an Lob 2k

rearranging (111-11) and (111-12) to obtain the ratio of per unit flux linkages in 1 coil
to per unit current in the other coil yields:

A Ly m il |

m> L2y 2y a1 (
b ) o 11-13)
('2 v Lib b ('1 ou  L2b '2b -

It is desirable to have the per unit flux linkages per unit current the same
in either coil. (In other words, the per unit mutual inductance is the same when
viewed from either coill) We can ascertain the conditions necessary to achieve this by
equating the ratios in (I11-13), Also we recognize that in attual values, L., = L,;.

. . . . f . 12 21
Further, we will divide each side of the equations by ® b’ Thus:

2 - b
N L .
“b L1b "1k “b "2b '2b

(|||-1‘4)(




. U - A © I B L I Lol o e YT
SRR U e T T ey
. _'\_-:‘ . ,

SRR A e ety
- oLy = Zb L | - (1I-15)
] and: - (
L 3 A (-16) o
we can. rearrange (111-14) to yleld: - | I
SR A / | R _—
e e e -l Wotds, . the result of this is that if we choq,mo same voltompere base |
: for each coll,/ equal values of per unit current in the coils result Th “equat:values of. | %"
mutual flux lzz-kogos ond the per unit value of mutual inductance Is the same when ' |
viewed from either coil. ; 5
. One other quantity requires sﬁocfol consideration, That s the base
value of electrical angular velocity. This must be chosen as equal to 1.0 if
the time relationships are to be preserved. That this is so can be seen from the
following example. :
Example
An R-L- circult is erlergized from udourco, v =V sin gt as shown in
Figure Ill-4, The solution for current, i(t) is: :
A | et 1ol 0
v “’Rl__'. © =K sin @t - tan ]wﬁ___) \
i1 =z — <t y (111-18)
L : — <
2 \
1+ (‘PR--) o v | (%L_) | | \
. .'i': o Ty N
' - R L

'] VSIV\(&JT

Figpre -4, R-L Circuit Energ.?_'z'e"a from Sinusoidal Source
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We can divide each side of the equation by |, and can divide numerator
cmd denominator of various ratlos by Zb as shown in (I~ 5’0 Recall that: '
OoL/wb L [\%O_T-——
_m_b By T -1
. . b sin (w/ut - tan ~ wlAvy L)
!{Q.. =V b € R-/-_ Rpb + b —-m-b; (11-20)
b Rl /o L, 2 ‘ A T, T b
1+ (- R ) ) \/l +
b
Note that:
'
!I(.Q_ = |(f) pu (""2])
b -
Y ‘ |
V. AN L e - (111-22)
S PN
b Vi, pu
R(F™)
- b
wl .
T gl .
_P.R_.tl__ = —RER——P—E— = (:%L—-) actual (H1-23)
e pU s . .
Rb
' L
woL L L
b b __BU___py i
RR = w0 R =g = (R)actuo| if 4, = (111-24)
R/Ry b pu pu /
From (111=21) through (111-24) we can ‘write (111-20) as:
- N R t . L
U .
w L LA sin (wt - tan~ —r-—-—)
v v Rpu - LPU
(1 pu = EE_ PY o e + ) (11-25)
pu w L 2 w oL 9 '
) : 1+ (__BER__EE_) \ Vi (_E.;._..El’.)
pu _ pu

a4
=N
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,_ | Thls prosuppoﬁt that y = 1.0. Let us apply some actual values and check-
T Fesults. * For example, If: : ' . |

X

. -. . . N . \’ o
| V =100, R = 50 ohms, L = 10 henrys, @ =5 rad/sec
"~ From(1N-18)1

Y N - f/0.2 ‘ .
iy =e + VI sin (5t - 45°) \ S (1-26)

In per unit, we will cnrb"mrﬂy. choose VA, = 400, Vi, = 200,. CA
(A)b"z 1.0, T"'\ON} ’ * ' C O

L
-

VA ‘ A,
I, = base =300 2.0 amperes '
b A 200 .

_ 200 i} , )

!(b'—‘Zb L

and the circuit values, in per unit becoms:

_50 _ : _ 100 _
o = 05 = 0.5 Vou = 355 = 0-5
>

) l-&; o R

- _10 _ _
tou = 100 = O] % = 1.0 " °

_ Substituting values in (111-25);

5 x 0.1 0.5F  sin (5t - ron~) 2%l
0.5.{ x. o sin (5t - ton ' T 5 )

i(t) pv = 0.5 520.] 2 € : + . (”"’27)

l+_(—5—*) ' '\/H(gx‘o.l?”' AN

/.2
. % € + QZ sin (5t ~ 450) - . (1n-28)

==..(-5§(2.0) # 1,0 ampere
and o S

(2.0) = ffamperes

o)

a
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. which fs the some as the, results in (111=26), NDote that the ﬂ."comtqnt and angular

velogcity are the same in (111-26) and (In-28);

We can write equutions describi ng the phonomou% in ;ouplo& circuits »
using a per unit system of values if we choose the voltampe.re base ‘the sgme for
each coll and we choose base angular velocity equal-to 1.0.

\v

For the mutually coupled coils of F(\gu;o -3, let: _ )
e © I
ref = per unit resistance of coils. 1 and 2 i T
& L'2 = per unit mutual inductance

,51.22-: per unit Iéokoge inductance

Applying Kirchoff's voltage summation law for each coil ylelds:

er. =iy iz + ) F+ Ly (11-29)
di, - di
o0 = toin + (byg +Ap) =2+ L L (111-30)
2=t b2 D g e g

We' can define%cod self inductonce in terms of the mutual and leakage
inductances as follows:

= g : - .
Ly st + 4 o, m3n

- Q\ |
) = 2 ) . -
ittt (1-32)

We con rewirte (I11-29, -30) as, in terms of 'se|f_ and mutual ir;ducllances:
=r . + -33)
O o Tt w L12 dt (11-33)

di, di,,

We will make use of these relationships many’ times in the analysis of electric .

58 7 o |

machines,
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Since we will be concernad with the electromechanical "dynamics of the

. various machines we must a&so define $peed, torque, and inertia in terms of the
per unit system, LN L

The per unit value of speed is the aetual value, in rad/sec because. base

was taken as 1.0 in order to preserve the proper time relationship,  Actual speed may

be.denoted by » and may be above or bélow rated. The per unit value of .torque
is that torque which produces unit power at nominal speed, i

-

The moment of inertia in the per unit system is based on the usage of
a defined quantity, H, called the inertia constant. The-inertia constant turns out to
be a very useful number because its value varies over a relatively small range for a
wide range of machine designs of different sizes-and speeds. For example, synchronous
machines have an inertia constant which lies (usually) between two and six, . In the’
absence of specific data on the moment of inertia for a given '‘machine, one can
closely estimate the value of H based on the machine type and rating.

_ We will riow investigate the inertia constant, H; and its relationship to
actual moment .of inertia,_ In the derivation that follows, these symbols are used:
- -

» 8 = electrical angle, in radians, from some reference
8y = mechanical angle, in radians, from the same refarence
( J = polar moment of inertia, newton-mefer-sec?

> = mechanical speed, radians/sec
w. = electrical speed, radians/sec
f = electrical frequency, cyc!es/sec
p = number of poles on machine

H = number of poles on machine

Now:
- wi
f = E'“" (111-35)
" and: A
=B ° -
| Y “ 2wo, (111-36)
Therefore: , w o '
. _ oP
8 f = (2’)(2) (Illt37)
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" By definitions . | . b |
’ - * . ~” ’ : " Lo \". Jw 2
| ‘ - 1 o
- - H = . onegy stared In rotor e (1=39
| rated volt-ampores of the machino E VAmte q ( )

.‘ )
«?

For situuﬂons whoro unit power is chosen differont from VAmte dr we define

thaf' power as VA
bqso 2 6

Now Ji o ‘--\-T— is a power term,

in an electromucl'mnical syétom. To put this power on a per urit basis, divide by
VApqses Thus, per unit inertia power is: .

‘in watts, corresponding to &orﬂa power

N

- o 96m o _
. | 5 ' (111-40)
T . .- VAbose dt

Solving .equaﬁon (111-39) for\on, we have:

2(VA ) H )
’ t
b = ——Toted (N1-41)
) :
} N _ ° | ‘'
If this is substituted in (111-40) ‘we have the per unit inertia in terms of
mechanical angle or speed. :
2(VA ) H dzé VA dw
M . m 2H rated o
5 = —(;g (VA ) " - (”'-42)
, mo (VAbase) dt | base

' Mhany problems are expressed in terms of electrical angle, S, and electrical
“frequency, f. From (IH-37, -38, -42)

‘ ' ] | ' 2 (VAmted)-_]__ ] dzﬁ - (VArated)- i_gi_?_c_ (|||-41;)
S | VA 7% o2 2 WA T 2

base P7§

AL Bl L Teasi e T "l o N B A I L e ) -
RO TR N AR IR o L
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Another often used defined quantity s colled the "Per Unit Moment of T
77 Imertle", M. Thus, by analogy, | |
:731 S . o VA ‘ o .
C . : . "“rated, H |
M)« . - (44t
)

| . This -M Is based on electrical angle in radians. M is sometimes defined in
" terms. of electrical degrees in which case = is replaced by 180 in-equation (I11-44), .

The umoment of Inertia of machines is often expressag .as Wk2 (weight_times
the square of the radius of gyration) in English units of Ib.~ft.“, To relate WK
to H, we Gan use the formula,

¥ ;'(sz)(o.23|)(rpm)2 R ([

g
(kVA, ) 10

With the concept expressed here we can: express the per unit power, corresponding
to inerfia torque, in an-electromechanical system as

2 |
M Mper unit power . (11-46)
dt? |
R . . ' *
where the angle § is in electrical radians, and M is defined in (l11-44), .

\

_ In order to mathematically describe our defined model (the generalized
machine) we must determine magnitude and polarity of induced voltages - both
rotational and transformer types - and of the torques on the rotor, This will be done

~ in the subsequent sections. ‘

.3 INDUCED VOLTAGES: In our model, all coils lie on either the d (direct) or
q (quadrature) axis. Since the machine is assumed to be linear, we can consider the
- phenomena of direct axis and quadsature axis flux acting an the two possible coil
configurations in dne axis, i.e., either rotating or stationary; The net effect is
- the sum of the individual effects obtained by the principle of superposition. The
results obtained can“be applied to coils in the other axis by analegy. '

It was previously specified that positive durrents and voltages correspond
to motor action, i.e., the machine absorbs power from the electrical sources. In
order to determine actual polarities and directions, we must indicate the direction
of current flow in the various coils, shown in Figure 111-2. The defined directions

are as shown in Figure (I11=5).

~




Coe S TENTT

¢3. g [e? wma.‘w‘\%_

oY Co\

FolcYo)
an’

Cuyr.ut oo} Py
OO _

A, q.x.;S

A,

Z—cm—re:r vato [*1e

D uu{ml\'ua

F w\.ﬂd\'ﬂé
Figdl;e l'll-5., Defined Direction of Positive Current Flow and
Rotational Direction for the Generalized Machine

(Motor)_ ' «
The vorious inductcm::es in the machine in Figure I11-5 will be denoted .
as follows : ~
Mutual Inductances
- | Las sz

L"eokage Inductances

Re, by zg, Lo

n

//Solf Inductances
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The relationship between these various Inductances is: ‘
/ - L o+ 24 . -
Ly “leg* fa_ | (1N-47)
Lg = ng*’ Ly (lll-f&)
Ly =\Ldf+ 1y . | (111-49)
Lf =lget e (111-50)

Current in the various coils causes flux linkages in every coil along that
axis. We will denote flux linkages as follows;

. 3

Total Coil Flux Linkages

A A X,
q gr'd - "f

The mutual flux linkages correspond to the flux in the air gap and
which is common to all coils on that axis. The total coil flux linkages correspond
to the flux linking a specific coil only and is the sum of the mutual and leakage
components, "

Flux linkage is the product of current and inductance. We can express
the various flux linkages as: : '

"X = + i | -
o Tl iq* gl (111-5))
. | .
A o=y s . )
g =l ig * Lgq g (m-52
. - © o4 -
q loxqs_.cur gap qu (l.q 'g) , (m 5?)
Mg = Lgig tLyde ' " (111-54)
. . I N
N = L+ L | (11-55)

*»

d axis air gap = L'le (iy 4: IF)

- (Il|—56‘) N
A 6 1 -
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\ o % A positive sign for the flux linkage in the air gup denotes
flux dlrected outward in the convention for current polarity chosen, -

"The effect of d axis flux Ilnkqges on coil D will be analyzed for the
situation where the flux is varying with respect to time and for the situation whoreln
the. conductors are moving with respect to the flux.

The coil on the rotating member (the rotor) is assumed to be distributed
over the periphery of the rotor. The coil is also assumed to be formed by a commutator
type winding. Suffice to sy, at this point, that the commutator, winding has brushes
which bear on copper commutator segments and that the net effect of the commutator
is to perform a swtiching operation which renders the revolving coil stationary in space.
As the winding rotates, the brushes switch direction of current flow and reconnects
the winding continuously. Referring to Figure 111-6, we can describe what happens
to any specific conductor by stating that the conductor is co nected with a certain
polarity as it passes through 6= 0, It maintains this polority forn elecfricol radians
at which time its relative polorlty in the circuit is teversed

As the rotor rotates, all conductors lying betwe ij 0 and 7 radians have
current flowing in them in the same direction, i.e., into the page in Figure I1-6.
Also, any induced voltages, due to rotations will be induced in a direction so as
to be additive.. Conductors lying between m and 27 radians have current flowing in
the opposite direction and the induced voltages are in such a direction as to be
odditive with the induced voltages in the other part of the winding. The commutator
winding behaves as a stationary coil with fixed current direction but it also has the
capability of having o rotational voltage induced in the coil.

. Consider that the coil is distributed over the periphery with a density of
z conductors per radian,

Z, o..aus

Conductor \o.éer‘) D col or \.;Jmaﬁ»ig
3 C.'OV\J\*CX—OV'S/J)&J\O-M

- Brush Co“té{“or;,/?

Sor currew

Va,ld

A

-0 J

Figure 111-6, Distributed D Coil, Formed by a Commutator Wilndi_ng';

ERIC -~




—- The shaded area in the conductor layer represents some tums of a coil
with goil sides at 6 and at (¢ + x) radians,

In practlco, the Flux density B ouoclahd with flux ¢ , can have any
distribution. However, regardless of space distribution it can be resolved Thto an
infinite series of trigonometric functions by means of Fourier Analysis techniques.
As stated previously, in this analysis we ‘will consider only the linear case and
offects related to the fundamental, Since the flux density is a maximum along the
direct axis (0 = 0) we can express it as B = B, coso. If the rotor length is
!cmd its radius r, we can relate flux and*flux density as follows:

n/2 11/2 N
¢ = [ Bardo= [ B cosod =2B¢gr  (lI-57)
-n/2 -n/2 - m : -

{

The flux linking the tum (shown shaded in Figure I11<6) is:
) )

6
| ¢= [ B cos8 trdo=2 B, ursind = ¢4 sin 6 (H1-58)
[ 4 - .
| +n49)
»
If the flux ix varying with respect to time, a transformer voltage, e e, i
induced in the turn, It is: : i _
-4 in 6)° 111-59)
& =3 (dh sin 0) (-

o The shaded area contoiqs zd® conductors. The summation of all the
conductors lying between 6 = 0 and 0 = nwill yield the total voltage induced in the
winding (assuming the conductors are connected in a series oddmve configumﬁoﬁ)

Denote:
e = sum of volk:ges induced in the

series connected winding

Then:
‘ K

™ d - '
&= f d—t('#d sin 8)z dg (11-60)

- o . ‘ .

d . v.vr"“ ’. . d
by 0] q;d zsing do6= pry (‘24’62) (Ill.-él)
A

63
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‘From Faraday's law, the voltage induced by time varying flux is simply
equal to the time rate of change of flux linkages linking the coil. Thus,

" 5

ot =3 | (111-62)

where 2y is_the direct axis flux linkage, Faraday's induced voltge relationship
enables us to relate total flux (associated with sinusoldal distribution of flux density),
conductor density , .and flux linkages by comparing (I11-61) and (111-62), yielding:

Y

29, z =2y (111-63)

This important relationship will be used later in this sectiop.

Note that it is necessary to integrate only from O to = in order to include
all tums because the elemental turn has two sides. From (111-61) it can be seen that.a
"transformer" voltage exists if the flux is changing in the rotor wlndlng (formed by
brushes) |oc0tad along the, OXIS of the time varying flux. X

Now, consider the effect of the quadrature axis flux, ¢, , on the rotor
~ circuit formed by brushes in the direct axis. The development wou?d be similar except
the flux density is a moxnmum at ® = 1/2 and would be expressed as B = B, sin 0.

The flux |inl<lng_the turn in Figure (111-6) gould be:
0

: J] B sin 6oy de=-2B 2rcos®=-¢, cos O (111-64).
] ' | smi0) " . m 1 -

©
|

The induced transformer voltage in the tum, e is: . \ .

¢ o | e =+ -(-j-- (- ¢% cos '0) S - (1N-69)

and eQt the sUm of the transformer voltages in all the tums due to q axis flux, is:

_ T
‘ | | o0t =-g-t- f b % cos 040 =0 (111-66)
’ o]

No transformer voltage exists in the direct axis rotor winding due to time
varying quadrature axis flux (and vice versa, of course). We ‘could have forseen this
by noting that the two windings are in quadrature and that the mutual inductance coupling

- coefficient is zero. ®

e¥
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The polarity of the induced transformer voltage can be determined from
the fact that it is always in the direction such that, if current could flow, it would
flc%\{ln a direction sush as to oppose a change in flux linkages. Thus it opposes

d

the, driving voltage. For a coil with no rotational voltages, such as F, application
of Kirchoff's law for voltage rises yields: - ' " -
. fh,:
x . 4 —— . -

To investigate the rotational, or "speed" voltage induced in the D coil,
recall that this type of voltage is determined hy: “(in vector form)

3
v

e . = (VX B)de ' S (In-68)

ro

where v is linear velocity, B is flux dansity and d & is an element of conductor length.
y The bar on top denotes a vector quantiti - one which has magnitude and directien. From
~ electro-magnatic field theory, fluj.density leaves an interface between two media of
different permeability perpendiculgr to\ the interface. In a machine, the flux density
is thus perpendicular to the surfdce gi/the iron at the air gap. For small air gap we
can assume that the conductor elem#ht is perpendicular to the flux density because its
linear velocity i# tangential to gue swface. Since the conductor length is mutually
perpendicular to the velocity andl thé flux density, (111-68) reduces to: -

A}
[

e =Blv=Bre . (11-69)

rot

This is the voltage induced in each conductor of the elemental coil shown: .
shaded in Figure Il1-6. Since each turn hds two conductor ‘sides, each turn would have
two times the value given in (111-69). There are zdg conductors in the shaded area,
Thus, for total rotational voltage in the shaded area, .

e = (Beri(2)(zc) -\ (11-70)

Total rotational voltage in the winding i§ obtained by summi)ng over the angle

from 8 =0 to 8 =1, Thus: .
m o . : | o
€ of = [ Blrw2z df ERE (-71)
o
“ L R ’
= [B 22z cosedo = 0 (11-72)

2N
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We conclude that no rotational voltage exists if the flux density axis and
the windihg axis coincide. ‘

In order to evaluate the rotational voltage in the direct axis due to
quadrature axis flux, we can use equativon (111~72) except that the flux density
is a sine function rather than a cosine function. (This bscause the flux is centered
on the guadrature axis and Is thus a maximum ate = /2). With this change,
(1N-72) ylelds: -

} .
, oy rot = [ B fru2z sinede = A28 tr)z e (11-73)

(o]

recall that (from analogy with (111-57))¢

¢ = £ -74
¢y 2 Bm r (m .7 )
fefore, we can express (111-73) as:
A} _
e — ' : )
d rot = 2z ¢z)w (11-75)

By analogy to (I11-63), we can express the rotational voltage induced in
the direct axis rotor circuit due to quadrature axis flux as:

= A ) -
€ ot o (1N-76)
)
where:
A= : -
q 2z ¢q (1-77)
&
Similarly, the rotational voltage in the q axis, due to d axis flux is:
=Agw (111-78)

o \
The direction, or polarity, of these rotational voltages, relative to driving
voltage must be ascertained before mathematical models of the machine can be formulated.




We can summarize our investigation thus far as follows: In a rotating rotor
coll with properties previcusly ascribed to such ‘¢ ’coll, both rotational and transformer
voltages can be induced. The transformer voltages are induced by the time varying
flux along the axis of the winding. The rotational voltages are induced In the winding
whose axis is in quadrature with the flux under consideration, Thus:

44 rTe ® 4 rot =% % ’ ‘ o (N1-79)

dA,

= A - ’
1t ot e’i,ror ¢ d (111-80) .

where the subscripts t. and rot denote transformer and rotational, .or speed voltages and

q and d denote colls on the quadrature and direct axls, respectively, The F and G

coils are stationary and rotational voltages .thus cannot exist in them. Rotational
voltages can exist in the rotor coils if flux is present in the other axis,

The .equations for transformer voltages are valid under any consideration
in so far as flux density space distribution is concerned. The equations for rotational
“ voltage are valid for sinusoidal space distribution and the magnitude of the Flux
linkage, A, is given by: S

A =24z . . (In-81)

where ¢ is total flux per pole, z is the number of conductors per electrical radian on the
rotor periphery, ' '

What if the flux density space distribution is not sinusoidal? As a matter
of fact, most d.c. machines have a trapazoidal distribution at no load which becomes
distorted as load incregses. However, the spacial flux density distribution is pericd ic
and can be resolved into a fundamental and harmonics of the fundamental, In Section II,1
on the elementary d.c. machine, it was shown that the constant relating rotational
voltage and speed is actually proportional to the total flux per pole and is not a function
of distribution. o ”

To determine the direction of the induced rotational voltages, refer to
equation (l11-68). An application of the vector implications of this equation to
windings D and Q is shown in Figure I11-7, Only one tum of each of these coils
is shown in order to simplify the diagram. ,
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LT' and the induced rotational / g and the induced rotational
+ voltage are in opposite directions voltage are in the same direction

Figure 111-7, Rotational Voltage Polarities

From Figure 1ll-7 ;, the rotational -voltage in the direct axis rotating
~ winding acts in the same direction as i 3nd thus has the same polarity as the
driving voltage Vi, Similarly, the rotational voltage in the quadrature axis
rotating winding is in opposition to iz and has dpposite polarity to VZ.

. ] . ”
We can now write the voltage equations for the four coil machine as
follows:
d)\{
Ay . e : F

v, = rd'iii + 5 + (-w)\q) ~(In-83)

, d)\g _ ‘

o + = +twA : -
v% o ia ™ “ (111-84)

dhg.

v, Tr,ig t —— ' (11-85
3 03] | )

where r., r , r., r, are lumped resistances for the F, D, G, and Q wihdings-.

G R A
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1.4 DEVELOPED TORQUES: In order to. evaluate torque at the shaft of the
'Generalized Machine, consHSr the total eledtricol power, P, supplied to the ,
mc’\‘neo .

: Dy ki bl vl v i) R o (n-se)
. &

The value of k and the reason for k will be discussed later, The individual
winding power inputs are obtained by substituting the valuve of tﬁq- various voltages

frem (111-82) through (I1-85) ‘into (111-86), Thus Lo
e o M - ~ -
v iA rélé + iy ) w i&-'kq" - 4 (111-87)
| dA ' é“»#
| 2, . ¥ $5

i = o I11-88
oo T e g R (111-88)

. d %‘ ".; s . \, ' -

. .25 . 3 e *}Q,;:f " N
: = + = a b -, -89

“od R
v ie Sroiel ti -—-g—“! wig A et (111-20)
?3 70 ?1 q" ? ' z) d .;"_fsu £ e .

-

The i%r terms are, of-course, ohmic power loss which appears as heat,

Terms of the form: : _ Ce . LS e
. ' L
dr,
oAy K
iy T 'e-- - ‘ (1-21)

are terms expre;smg the time rate of change of stored field energy. To visualize
that this is so, refer to the value of Ad from (H11-54) and substitute it in (111-91),

yielding: o . . ¢ | oy
| day di, * di % - :
g Tl Pt B
Recall that stored magnetic energy is given by:
W "lL'z\‘ III930
Aid 2 ' (1-93)
and:
d .
[3 — = H d
ar Vag L - (111-94)
69 .
. \“'
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Thus, terms represonﬂng time rate of change of stored field energy do not -

_ represent, |of express, energy converfed to mechanical form, Only the terms:

wc,,‘/t?’ amd w L, kd ' . l
» . D

(lll;95)

. contribute to: shaft power (after conversion to mechanical form) or are a result of shaft

power bdfore conversion to electrical form (as in a generator). The power converted
to or from mechanical form is, from (III-86) through (111-95) then

— = Y -
C P=k (i% 4 'd q)w | ] (1-96)
In the case of a motor this power s shaft output plus the mechanical logses
of friction and windage. For:a generator, this power is shaft ‘méchanical power input

minus the mechanical losses of friction and windage.

The electromechanical torque, in the mks system is:
, Ay
P ;
w

\ Te: (Ld dq

The value of k is chosen to make the per unit torque equal to 1.0 when
unit torque and unit flux |Inkdges are présent. For the four coil machine, two main
circuifs are present, i.e., the D and Q coils. For this machine, k = 1/2. In

. general, k is the reciprocal of the number of main circuits.

To oscertoin' the direction of the electromechanical férque recall the
basic relohonshrp, from electromagnetic flux field theory, for-farce, F, on an _
elemental “lerigth, d¢ , of a conductor lying in a magnetic field of mtensity, B,

and carrying a current, 1, (The bar on top denotes a vector quantity, i.e., one
whlch has both direction and magmtude)

B

# F=( X Byt
Tor.q.ues are exerted on the rotor and stator (equal and opposite) but since
the rotor is free to turmn we shall consider the torques only on the rotor, Recall that

the cross product of two quantities along the same axis is zero. Therefore, we need

only consider the effect of A 4 on the Q winding and x _on the D winding in this
machine. This was verified analytically in the previous section.

+

Sk (A =i N) (11-97) .

v -
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Figure 111-8 depicts the force on selechi inductors for the D ‘and Q
W‘nd‘ng" ‘%’
m \/ D mem
S ‘ _ ) . 8 & AL
A A (T« )42 A
O & -5 F. < ©)
. ~a ' F . °r
F I . 7t L *
. . - /‘*CA‘
» y B f_-’B ‘ . +
» v , R B ° R
'.., F \T 'LF 1‘)lz ‘
e | ) (= 3)
(0) (b)
* Torque restlting on winding is Torque resulting on winding isccw
- €w and is in the direction of and is opposite to the direction of
the rotation rotation”

‘.
Figure 111-8. Torque Directions

The\‘forque on the Q winding is in the direction of rotation. This is a
‘motor; therefore, this is logically positive torque. The torque on the D winding
is then negative torque because it is opposite to the direction of rotation.
Equation (111-97) ogree@fgebmfcally with the physical reasoning presented here.
This is the reason for defining the specific current directions in the D and Q
windings. N

| We must also describe the electromechanical relationship between electro-
mechan tTl torque, the moment of inertia (in per unit) and the torque required by

the load] Load torque is usually a function of speed.” From Newton's Law of
dynamicst for a mechanical system;
y d ' _
Te = (w) + M p | (11-98)
where:
] TL(w) = load torque
To .= developed machine torque

: M = moment of inertia of rotor and load

71
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M.5 SUMMARY: We can now summarize the mathematical relations which model, or

_ describe, the 4 winding generalized ositive quantities denote a motor. The
equations used are (I11-51, -52, -54/ -55) for the flux linkages, (I11-82, -83, -84, -85)
. for the voltage-current relationships

de I :
Vf = r‘:if +—d—f— _ ‘ (n1-99)
. ST dAd | :
' Vd = rdid + .E;. -~ WA q (H1-100)
v = 4 -
‘ Vq rqiq' + ar + md (m-101)
a _d—x-; ' . )
Vg = rgig + ar (!||-102)
o ~ ‘ '
’ | . To = kligg = ighy) S (111-103)
: dw _ .
T =Tyl + M - (11-104)
/ Ve = Lgig + Ly | (11-105)
A o=Li +L i . (H1-107)
) 2 qq q9 9
= HE H ) -
N Lglg nglq | (111-108)

L)

In subsequent chapters, we will relate specufuc types of machines to the
generalized machine model deve|oped here. Since we have derived the cnpphccnb|e
equations, behavior can be* analyzed by mathematical manipulations on the opproprlate
equations (111-99) through (111-108), We must study specific types, of machines in
order to deternfine which of these equahons apply to a specific machine conf’gurcmon.
These equations are written for a motor.#®For a generator, the direction of current in
the power windings, or coils would reverse. Also, of course, T would reverse
(negative sign) because mechanical jpower flows into the shaft, rather than out as for
the motor, T, would have a ne@{::/e sign because of the change in diref:tion of the
currents, '
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CHAPTER IV - D,C. MACHINES

h ]

IV.1 INTRODUCTION: The basic, essential, features of a d.c. machine are shown
in Figure V-1, Note that this is a two pole machine while, in practice, the machine

may have. multiple pairs of poles.

Lt

o feld u;\,(m;...a,;g)

. 4 oxas

0 \ . T
- armature for ro"rbr) with

| Q u:inng

Figure IV-1, Schematic Rep;esenmﬁon of a Conventional D.C. Machine

\

N\

C Note that the rotor has been designated as the armature and the F
wir‘\dmg designated as the "field". This is customary in d.c. mdchines. The

. conventional D,C. machine doeg not have a D winding onh the rotor, nor does

it have a G winding along the q axis on the stator. It would be difficult to
imagine a more simple configuration for analysis. |

» The field winding (F winding) is either a concentrated coil consisting
- of a few turns of large cross sectional area wire or many turns of relatively fine,
ot small, cross sectional wire. The former is usually called o "series field"
v " and the latter a "shunt field". Common types of electrical connection for the
D.C. machine are shown in Figure IV 2.

~ . . .
e \) , o .« . .
. . . . e B
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Figure 1V-2. Common Types of Connections, D,C, Machines

The field winding provides "excitation", i.e,, establishes the magnetic
field, /{d' Since flux linkages are proportional to the product of current and
inductance and inductance is proportional to the square of the number of tums, the
general idea in the shunt connection is to use a relatively large number of turns to
keep the current (and power converted to heat) as low as possible, For the series

. wound machine, the current from the power circuit flows through the series. .

winding. The current in the power circuit is on the order of 20-30 times larger
than that which flows in the shunt field circuit in a well designed machine,

From the standpoint ‘'of losses as heat, the coil for o series-wound machine should

be designed with low ohmic resistance. There ate ‘sther reasons why this is
desirable (such as "regulation” - either voltage or $peed) and these will be developed
later. Since the current is relatively large, fewer turns can be made to yield

the same value of flux linkages as a winding with many turns carrying a small

‘value of current. The point of this discussion is that the field coil and the

armature can either be in series or in parallel, but the field coil must be designed
for the desired combination. Some d.c. machines have two field coils - one

for series connection and one for shunt connection. These machines are classified
as "Compound-wound" and would have two F windings, Fy and Fy, as discussed
earlier in connection with the description of the generalized machine. The shunt
coil is usually ‘much stronger than the series coil qnd the machine has characteristics
similar to the shunt machine although modified. by Yhe load current through the
series coil. The cpmpound wound machine can be further classified as cumulative
or differential -compound depending on whether the series flux is in the same or

in the opposite directbn as shunt winding flux. The schematic representation for
a compound wound machine is shown in Figure 1V-3, ’

¢

.y U
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In describing the shunt coil as being connected in parallel with the
armature coil, we should perhaps describe it as being designed for connection ' if
we so desire, That is to say, it is designed for rated voltage of the armature

_coil and may either be connected directly in parallel with the armature ("Self

excited") or connected across a sepamte circuit of the same wvoltage rating as the
rated voltage in whith case it is "separately excited". These terms are especially
appropriate when we refer to a generator or to a motor powered from a variable
voltage source. '

Examination of a large d.c. machine may indicate the presence of
additional windings, such as series connected tums on small poles between the
main poles. The main poles are located on the d axis. The small poles referred

to here are located on the q axis. The purpose of these small poles, called inter-.

poles, is to assist in the commutation process, i.e., the switching of conductor
connection by the commutator as the rotor turns and commutator segments pass
under the brushes. Another form of winding consists of inductors (or conductors)
embedded in the main pole face and series connected. These are called
"compensating" windings and their purppse is to compensate for the flux changes

in the air gap that results from armature current and magnetic non linearity. This
phenomena is referred to as "armature reaction". Both the commutating and the
compensating windings act to correct phenomena which cause the machine to depart
from an idealized machine and do not contribute to the energy conversion process.
An’ understanding of their specific details is not essential to an analysis 6f machine
behavior based on the linearized version of thesmachine.

The equations describing the generalized machine can be modified, or
adapted, to the d.c. machine if we specify how the d.c. machine is connected
and in what mode it operates, i.e., as a motor or generator. Several examples
involving various configurations will be analyzed .in this chpter. They are:

1

)

F

arves %dl '
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1. ' The Shunt Connected Separately Excited Genaerator

2., The Shunt Connected Separately Excited Motor.

3. The Series Connected Motor,

4, The Self Excited, Compound Connected DC Mochine on Short Ctrcuit
“ One might reosonably ask why we choose a separately excited generator
rather thovrself excited. There are two reasons - the first being that this is o
common method of operation in control systems and the second being that the
operation of a self excited machine acting as a generator depends on the non-
linearities present. With a linear machine (i.e., linear flux vs. excitation)

the mathematics will_convince you that it cannot work. The physical reasoning

' is that when load is switched on, the voltage across the field drops, excitation
decreases, causing still more voltage drop, . etc. until the voltage collapses com-
pletely. However, a real machine, with non linearity, does work. There are
techniques available (graphical, by computer, and by iteration) which enable us

to analyze self excited machines with\@ linearities. {

-

-

IV.2 THE SHUNT CONNECTED SEPARATELY EXGITED GENERATOR WITH SWITCHED LOAD:

In this analysis we will assume:

~- 1. The generator is driven at constant rated epeed, i.e.,
w = 1.0 per unit, |
2. A load consisting of resistance, R and inductance, L| Is switched

.att =0,
3. We will excite the F coil from’a constant voltage source and
will collect D.C, Current from the Q coil. (The usual configuration).

Recall that the equations for the generalized machine (111-99) through
(111-106), were written for motor action. For the generator, the current is in the
opposite direction fronf’that used for motor action. We will denote the terminal

voltage and load current by the subscript a, - o
Thus: .
= i = - ] -
e te% e ¢ iy ('v-1)
Similarly, ' ‘
L, =1L fh =T ; - (1v-2)

[

. Note the absence of the D winding and the G winding. Also, since
w = constant, equation (I1|-105) becomes:

T = —TL(w) ' (Iv-3) -
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The minus sign indicotes mechanical power ‘enters the shaft, vather than
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_being taken from the shaft and the equality states that the mechanical power used

to drive the machine is oll converted to electrical form. This is true only if we
neglect the mechanical losses in the machine (friction and windage losses). The
appropriate equations from (111-99) through (111-108) can then be rewritten as follows:

(n
veE et L gy (1V-4)
| di,,
v i La: ot = wlyfe - (v=5)
' kY

. '- ) | ; .
wT, = -0T @) =P (IV=6)

-1 A ~d | | . (1V-
w{ id d) ‘ 'deF Pmech (V-7)

where Pmech Is the mechanical shaft power into the generator,

The F and Q windings are in quadrature. :Therefore changes of current,
i , in the Q winding do not affect the F winding since no magnetic coupling’ exists
u . . L L 4
between them, At t =0, i is in the steady state condition and has a value,

\

v
re _
i ¢ remains constant at this value.
Taking the Laplace transform of (II‘J-S) yields:
L ‘ ~ r . \ defif ) )
Vo(f) + (ra + Las) Ia(s) - Lata(O) = (IV-9)

From the problem statenment, i (0) = 0, However, since the generator
was rotating: and excitation current i, existed, a no load voltage existed at the
terminals of the generator. . From (IV-5) with iy = 0,

,va(()) = de'Fif ’ (1vV-10)

A

»
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From (IV-10), i¢ can be determined as a function of no load voltage,
If this is done and substituted in (IV-9), we have: ) -

v(0)

| vo(s) + (rg + Los) Io(s)\ == ., élV-ll)
IN (VI-11) we have two varfables, v _(s) and lo(s). Another equation s '

required in order to obtain a solution. This addftional equation can come from the
relationship between terminal voltage Vor ond load current - which is the current

i . Thus: ' <

a

dig

Vg T RL‘q + L'L T ‘ (1v-12)

(IV-I2)" yi.e‘]'d"s the transformed equation:

vq(s). =R Lys) l(s) | - (Iv-13)

Equations (IV-11) and (IV-13) can be solved for either la OF Vo V(1 is

“probably the variable of. interest so we will solve for v (t). Thus:

/ L]
va(Q)
s ro(l + Tos)
\ .
’ R RL(Y + T 5) vy(0)
v4ls) = = . , (1V-14)
1 T | RO T ol + Tt
! R (1 + Tps)
where: ' : o e /
| SRR ¥ . |
=y F L =g (IV=15)
a L
which ‘is: ‘
) R v, (0) o+ T8 L
| W TR ST O (v-18)
" wher®:
v T t LL + Lo h .
CTEER (IV-17)
a L
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We can apply the Initial Value ond Final Voluo Theorems to (1V=16) to
 determine the terminal voltage at the instant of closing Tthe switch and after the

machine reaches a steady state condition. Thuys, .
. ! |
;.+_TL . RL )
Limit V. (1) = Limit s V (s) = Limit ' V.(0) (1vV-18)
t 2o - tw R ;‘-+T (R +r) o .: '
or: iy
Ly !
‘ 'ti-:‘)" Y (_Q_'_#(?—) §-——— V,(0) = ———T— V4(0) o (v=19)

Note that V‘?O) is the, terminal voltage before load s switched. Limit
V (1) is the inshnhneous volk:ge |mmedlately after the load is switchod For the
steody state valve: - :

' ' 1+ T s .
anit Y (t) = Limit s V (s) = |imit -R———- Y (O)L—":'T‘"‘f ' ©(1v=20)
t o 80" ’ ' s*o - :
or:
Limit Vo(t) = g5 7 Vol® =V, o (1v-21)
t e a : '

4

where V4 is the 'steady. state terminal voltage. IF (IV-21) is rearranged, we have’

Vg ==t g+ V(0 (1V-22)
L ~ :

R
Recognize that the steady state current i  is steady state voltage divided -by load
resistance. Thus: '

P= = ) (IV=23)

. ' ~
If (IV-23) is substituted in (IV-22), we have the steady state terminal
voltage characteristic of the separately excited shunt generator in terms of load current,
“no load voltage, ‘&nd armature resistance. Thus,

Vo= dgly F VL0 O (Iv-24)

This is a linear _re|aﬂor\s|'{'ip and |plots as shown in Figure IV-4,

TN
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~ Figure I‘V-4.' - tate Voltage-Current Characteristic, Separately
’ ‘Excited Shunt Generator

A measure of the ability of a generator to maintain nearly constant ’
voltage is the so called "voltage regulation”, By definition;

. Va(0) = Vq(full" load)
% Voltage Regulation = V_ (foll Toad) x 100
. a

It should be emphasized that the above is representative of the steady state
relationship between terminal voltage and ‘lodd current. It may be that.the terminal -
voltage as a function of time, after load is switched, is desired. This information
can be obtained from the inverse of (IV-16), Thus;

o S I _ T =T =t/ |
\ V(1) =K v - R ValO) {1 +—y— e } (1V-25)
. ' _ _ a .

s | SR T Uk T
o = V4(0) §|-__+—:'0 1 -¢ -+E-|-—-;-.—-|-_—u— e } | - (v=26)

- Va© T V(0 T .
. = (- )b —r— - (1V-27)

1 + — - | + @ C
oL T

* The response described in (IV-27) can be plotted as a function of time by plotting ™
_.each term and then_graphically summing. This is as shown in Figure (IV-5),

. '
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Figure IV-5, V,(t) for the Separately Excited Shunt” Generator
/-\

. We can summarize the res;;onse by noting that the voltage dips instan-
faneously and then varies in an  exponential fashion to the final steady state ‘value
determined by the load resistance, The initial dip would occur in spite of a voltage
regulator which would sense changes in output or terminal voltage and then act to
change Vi or rp in order to restore Y, to its prior value. The time constant
associated with the voltage variation is determined by the total inductance and

resistance in the armature circuit.
v
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To investigate the transient behavior of the shaft power input to the
generator, refer to (IV-7) and (I1V-10):

V_(0) » o -
- i} 2 |
Pmech = - “"o‘fl‘df = - wijlye (5 LdF) iOVO(O)‘ (lV-28)l
or . .
: Pmech(s) = ~V4(0) lo(s) (!V-29)
We can use a value of ld(s) as determined from (IV-11) and (IV-13),
Then:
Vgl0)
! s
1 0
Pmech(s) - -VO(O) (1v-30)
1 (ry, +Ls)
1 -(rL + |.|_s)
v 20) ,
= - ~—~——-7° S (IV-31)
(g TR s (1+ Ts) a
where: / . ‘
¢ L +L
L a
T "R r o ‘ (1v-32)
L a
Applying the Initial Value Theorem:
v R - . R - _’k -
limit Pmech(t) limit s Pmech(s) 0] (1v-33)

t o S e

This should not be surprising since the machine is at no load, electrically, q
and we are not including mechanical losses (friction and windage), Therefore

Pmech at t = 0-4s zero. 1
Applying the Final Value Theorem yields: 2
| Vg (0)
|fmit.‘Pmech(t) = limit s Pmech(’) = 70-7,5 : (1V-34)
t Ao s o L

e A
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Again, this is a reasonable answer for a physical reasoning standpoint,

o Since field curréent and speed do not charfge, the induced voltage remain the same
o " ag the no load terminal voltage and the stéady state power input will be the total

‘ . power dissipated as heat in rq and Ry .
~ From the inverse transform of (1V-41), we have
. | V() B -
Prech(t) = - g T R, (T-e ) ) ¢ (1v=35)

The minus sign means mechanical poWer into the machine.

" Anexample will serve to illustrate the use of the equations dnd also »*
conversion from actual values to per unit values,
Example ™

i
-

: A D.C, rﬁachine, operating as ugénemtor, has the following rating:
200 Kw, 250 vqlts, 900 rpm. ' '

Test results yield the following:
field resfstance, e = 33.7 ohms_ " )
q axis armatyre resistance, rq = 0.0125 ohms 5
field inductance, L¢ = 25 hepry -
q axis:armature inductance, L, = 0.008 henry
When driven at rated speed, no load, an emf appears, across the q axis
ornthur'e-'winding equal to 22.8 volts per field ampere of excitation. In this problem,
the 'generator is being driven at 1500 rpmm At t = 0, a series load of 0.313 ohms .
resistance, Ry, dnd 1,62 henry inductance, L, is switched onto the q axis armatur
7 winding . Pr"or to.t = 0, the field winding has 230 volts impressed upon it and
- th} current in the field has reached steady state.”- Find V(t).
S The value of L! can be geterminéd from the no load test information
. ; df - :
. by using equation (IV-5): -
to : P = di .
oo : Vo trgia tla g T Ldrt “ (IV-36)
FOT: S ' ) |
' ig =0
’ o r o, '~ vo ’ o - . .
e ' Ldf=,;";';"'" | - o (Iv=37)
-;‘ . - . 83 ‘ R
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-
ylelds:

choose a voltampere base of 200,000 watts, a voljd -.
a bcse angular velocity of 1.0, Then

A

e e L e 3 L e B R A b L
C I S
L
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Va - 900 \ |
Now, T 22.8 when w= 3-6- x 21= 94,4 rad/sec.’ From which

Ldf %%—% 0.242 henry

Usmg actual volues, “and suhsﬂtuﬁng the values in (\V-17) and (|V-27)
M &

(. D !
. T—LL*LO 3\.]‘62 + 0,008 - 5.0 :
Ry +r % 0.313+0.0125 °° y
a > . A
Va(0) 1 =T V(o) T
V (1) = (1 - ) =« (1IV-27)
+ 'a . 4 - L
R i
For <0, V. = 230 280 | | '
-For 1\ <0, Vf = 230 and i =33.7 " 6.82a . . ,
. 1500 x 2w
Vo(0) = wlgiif= (“5——)(0.242)(6.82) = 2591, (1IV-38)
8 . "
a1 40,0125
1 + '—I': = 0.313 = 1,0399
1 + _.g _ L—t.—p—'_(.)-pg.. —-"'- 6049
L 62
R /5.0 L -1/5.0
(r) = 249,16 (1. -.¢ yro57.84e L (IV=39)

. " The initigl value of voltage, after the switch is closed is 258 volts,
The steody state value® for t7 > 3T, t > (3)(5) |s 249,

y ’_ )
« .
sed as follows: Firsy,

If we worked this in per unit, we would2l¥

84 L
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250 .
. '. . A . e
: Ly '-“-“wab = 1,0 x 0,3125 = 0.3125
’ Convertﬁing\tho vori;us nctual values for the machine to per unit values ,
ylelds | - /: ' d *
; . 230
= = =
at t. =0, o ~.5%5 0.?2 pu
“' 3.7
/_ 't = 0.3125 = 1.07.84 pu
‘ L, == D . 80
\ s f-0.3125 PV
L |
, i(0) = 272 = 00085
: 107.84 : ‘
.0.0125 - _ “
. . - Mg = 0.3125 = 0.04
P /e _ 0,313
. /Rb 03135 L N
_0.008 _
L, = 0.3175 0.0256
_ .62
L = 0.3125 5.184 S

900 rpm = 30n rad/sec = 30m pu .
w5

. s 1500 rpm = &= x 307 = 507 .
. An open circuit, at rated speed’ o M
:‘ ' VG(O) = 22.8 volts/field ampere : o ,
| .and",'lf.l"bm v=37) | |
N . L= -:,/:?f :2;(2)'"8 = 0.242 henry

0.242

a - Las= -6—:'5']—2'*57: 0.7745 pu. o \
. Q .
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. by
. o
. © 7 Using per unit values, "
P
| 5.184 x 0.0256
T = T7.0+0.04 = 5.0 :
VCI(O) = “’Ldfif' ‘ ' l“} !
. : 0,92 . . o <
= R 4 - =1, ’
(56n>fo 77450567 84 ) 11037:%5 -
: ,_‘l'q 0 04 )
L -'i-[-= 1+ T_:b_‘: 1.04
- -
: 0.0256 . | ' 3
1+ r[ = l +'W' “ 1.0049
| 1.03735 o /5.0 | onrs -)5.0 -
= - & K o i
Vo{th Pu = 104 ( ) oo ¢
o ) -t/5.0 -t/5.0 \. .
o =0,99745 (1 -« ~ )+ 1.03229 ¢ A (1V-40)
The value, of Vo(t), in per unit, at t =0, is 1,03229, This is an a\wuo!.wlue of
\(1.0.3229)(250) = 258. : < . S ‘
\ The 'values of V (t), in per unit, at values of t > (3X5) is 16.99745.
This is an actual value of 249 v
These values obtainéd by calculaﬁon in per unit agree wnth those obtomed
by colculahon usmg actual valves, . .. .~
\ " The voltuge before load was swntched and while the machme is runnmg
at 1500 _rpm is:
- 1500)(2 23
V,(0) = 03 63( ") (0.242) ° P for t (0
“«". ! . - ) 0 . - s
y ‘w’ o = 259 | \ )
“ 86‘ . * R 9 %
.‘i ) ’ .
{ , .
E ' LAY
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. A plbj of Vg(t) for this oxomplo is shown in Figure IV~ 6 : ™ _
e ) V. ‘t‘a—mm ‘ :
' & Uo\hqg_
- . :l}wol
A l'
. kl{?. ————
) } ) i .
' ———__ “”1:‘:\_ — 24
: , T sfod'-g q
o Lond \Z ' {.
uo\“\hse ) .
| \ |
ﬁ "‘,‘ \
T=% ‘
' + ‘.\1 v - 4 - Tume
o | s\ L T secandy ~

Figure IV-6, Terminal Voltage as a Function of Time

The voltage regulation can be calculated as (since 1.0 pu load was

" switched én): | ‘ .
9 X

% voltage regulation = + (—T-) 100 = 4,02%

The steady state vo|tage-|ood characteristic for this example is shown
(assummg linearity) in Figure V-7,

No. *ermmq usﬂiﬂt

— 249

L Ivad uwv'o«-x—

7 7 v ', .‘ . ) 300 (L\N\Ym s ) . .

Figure IV~7, ‘Steady State Termmdl Voltage as a Functien of Load Current

‘ | o LA 87
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IV..3 THE SHUNT CONNECTED, SEPARATELY EXCITED, D,C, MOTOR: This motor
- 1y widely used Tn industry because of the ease with which the speed-torque characteristic
.+ qf the motor can be varied, Schematically, the windings are connected as shown in
“Flgure (1V-8).. ‘

ey

Va

.T.v-w'\“b‘

-
'uolque‘ ’

‘ . V{- .(';tld ) Uo(‘tmgt
L, N

&

e

. Figﬁre IV-8, Separately Excited D.C. Shunt Motor -

in
.Y

A ..

Our analysis is concerned with the speed variation with load torque. We
will assume the mechanical losses (friction and windage) of the motor are negligible
(or they could be included with the load torque requirement), The valugs of e and
r, include the resistance in each of the windings as well as any external resistance
we might add in order to obtain a desired characteristic. The moment of inertia,

- J, includes the total" moment of inertia connected to) the shaft, i.ﬁ., for both
the motor armature and load. We can mathematically describe the! motor as follows:

#

dig __ :

Ve = rgie + Lg @ . " (IvV-41)

Vo = tola Lo 5 rw Lyele \ (V42

Lyl = T W)+ J 2 | (1v-43)

e a dt
FUNEE
L)
L.\ .’ R ”
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In order to proceed with the analysis, Iniﬂal conditions are required.
The Initial conditions required are the values of i, ©, 1, etc. at t = 0. At
+ =0, the machine is operating in a steady state cond!tﬂ)o. Therefore, all time
derivatives are zero. From (IV-41, -42, -43) denoting T/ () at t+ = 0 as TL(O)’
wat t = = 0 as w(0) etfc.

i
. Ve = o (0) id0) = V/rg (1V-44)
TLO) =Lyid0) 1, (IV-45)
0) = 0O IV-46
icn( )= Ly Ve (IV-46)
N ) 2

Varg 7, TL(0) v . .
© () =y -~ 7 : (IV-47)

df f Ldf e . ,

tn this analysis, we will mvesﬁgote only voriohons resulting from changifg
mechanical load. Of course, the armature current will vary with time, but the field
curent’ will remain constant (no coupling between armature and field). We need only
solve the latter two of the three equations (1V-41, -42, -43), Tokmg the transform.of
these, we have: :

vq ( LO . L i " . ‘n”
-y _5_ - rG b CSNG(S) B Lola(o) + d“fw(S). . | (|V_~48)
e N T (s) LLd,:, 1 = I sws +Juw (0 " (IV-49)

: In order to obtain behavior characteristics for the simplest case, consider
that the machine is ot no load at t+ = 0 and that armature inductance is negligible
(an often used assumption) and that a step rype torque load is impressed. For no
|oad From (|I| 106) -

Te=0=i y=idg= aLaf' | , a | (IV=50) -

L4

+

! AY “ N
o ¥ ) .
Y "I. ‘ .
¥ . . . hi ~
Q ' - ' \
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P .
or: .
IQ(O) zq >
and: v ' B
T
L
T (w) =—"
) . ' i
» From (111-101) and (11-103); (with 30(0) = 0)
\ Vo =u(0) Lyde= wO)ber 7
or ‘. a
Vg 'f ‘
a
w (0) =
‘, . ! Vi Lot
Using (IV-51), (IV-52) and (IV-54) in (IV-48) and (IV-49) yields:
_‘ | Ve Y |
X : "0'0(5) +Ldf ;.;"(.w(S) ¥ o
V :
. f L
L S sel =00k
We can solve forw (s) as follows:
o
| Y
2
o ( L _Y_f,, ") _T.':. _
‘ dre ) w(O).+ s
- C\)(s) = ;
. . . .Y.f
0 ¢ dfre
\Y
f .
\ Ly,— .= =-1Js
~ Hre - ﬂ
o ValyVe T
. g J w(0) + ——9tf L
. ’ . , rf -1
o L 2o
vt r.-.Js+(?¥f)
R SRR f
. | ¢ e

ol SR,

(tv=51)

- (IV-52)

| (1v-53)

(IV-54)

(IV-55)

(LV-S())

(IV=57).

-

(IV-58)
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Applying the Final Value Theorem yields: - - o S AR
o Va rf T fa &
W, = limit w () = Hmit su(s) = ""2———" Ce (Iv-59)
” t-- R R f Vf dF | . oo
Applying the Initial Value Theorem 'yiel&o: : ‘
. \ N ' ‘“.1-'.‘.’ . ( .
(0) = limit w(t) =" limit- sw(s) =w(0) - . . -(IV-60)
R |
We will define an apparent time constant, T,-“ as:. * \
I’O-J rf2 ' ¢ " “‘ i
T = ' . (1v-61)
dt Vf IR 3 “

with this deﬁnod value of T, and the value ey from'(lV-59), we can express w (s)
in (IV=58) as .

+ . s
I Low(s) Tw -~ | (IV-62
. ' ) ss s(T s + !) AN )
. _Jhe ';nvor;a‘l %form of (lV -62) yields w(t) as: \
: .. —- b_t/‘r o _'./T » . % |
wi(t) = z“(‘ ce ) +(0) e ' Jq T e .(1IV-63)
ﬁ\is soluﬂon is’ plotted -in Figum‘,,.(JV%) ” . ' 1/ .
W(x) .
[ ‘ l . T (u(,): wg(f & 471*) '*(d(ﬁ)(? Kol
wio) | " N ~
: S o W e <~..(oxe (Uss
. \ ~ . ‘
l tso . T=T | L~ o -‘tku. .t'
. ‘ v e — 7
\ +” ?/, -—
v ~ % ' _T
| - R WP LR
N =gy )
\_>r .
[}
Figure IV-9.. "w (f) for Step Torque Load on a Separately Excited Shunt Mator
. \ﬁx&‘ ' . W \ . e
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From Figure (IV-9) the speed change with time is exponentially decreasing
to its steady siate value. The time constant associated with the machine is a function
of armature circuit resistance, moment of inertia the field rosistonco, field voltage
and mutual inductance of the d axis. !

The steady state spesd-torque characteristis is of extreme interest and the
fact that it can Lk{:«ily varied, or altered, in a D.C. shunt motor accounts for the

‘widespread useage and’ popu|arity of thls‘motor in spite of the necessity for providing

a source of DC power and the increased mainténance problems (duo to- brushes, mainly)
associated with the DC machine.

From ('VQ‘N Qhe variables which affect the speed torque relationship are:

1. the ar\h\:m voltage, V

2, the armature ¢circuit resistance, rq
3. - the field current, changed by changing V¢ and/or rg.

Replacing the ratio V¢ to re by the field current, ff, (IV-59) becomes:

- \ r B
{ _ _l__ a ] a ) _
Y R (GE(?)TL (IV-64)

In order to examine the various possibilities we will examine (IV~-64) under
various conditions. For example, consider all external resistance in the field circuit
removed and rated voltage applied to the field circuit, i  is constant and (V- -64)

becomes : f
\%) r
gy = —'f'— - TZ-,.TL- o : (1V-65)

This is the equation of a straight line when steady state speed is plotted
against load t8rque. A family of curves are obtainable, as shown in Figure IV-10(q)
if the voltage applied to the armature circuit is varied from zero up to rated val ueT
The slope of the characteristic (for fixed V,) is proportional to the armature circuit
resistance. This is shown in Figure IV-10(b), which depicts the situation where if and
V4 are constant but various valuves of armature resistance, rqr are used. L
Now,- consider that rated armature voltugo, Vqr and rated field voltuge Vf
are applied and that all external resistince from the field circuit is removed. The
resulting speed is the so callercfa“bose speed"” of the motor. In order to increase the
speed above the base speed value, the field current, i¢, must be reduced - either by
increasing field circuit resistance, rp, or by reducing the voltage applied to the fiel d,

Vf.' The resulting speed torque characteristics are shown in Figure IV-10(c).

. o | 92
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‘Sﬂxtu‘

Dase Sr«l

- u‘,‘

®

(a) Speed-Torque Variation Below “Base Speed". Full Field Current Applied
and Moaintained Constant and Armature Resistonce Constant.

a4
\\M‘.rec.g\na ‘ . )
oarmatur N : . .
\ . c\rqut \'ei\t'\—aucc
' b .y
~
To wat.

(b) Speed-Torque Variation by Chcmgmg rye Applied Armoture Voltagé and -
I?e|d Cu?ent Constant

lhcreas mA _;

S‘id

ar Jccroums

(c) Speed Control Above Base Speed. .
winimus Ve ' " Rated V, and varying V¢ or Fee

- Figure 1V-10. Shurit Motor Speed Control
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' >’o|togo regulation was previously defined for the generator. In the same
fashion, can define percentage speed regulation. Thus: ' :

w(0) - « ~)x 100 '
( ol Yoad) v

% Speed Regulation = -
full load
Note that speed rogulaﬂoh increases with incroaslng o when using fixed fleld
variable armature voltage control and with Increasing w(d} (decreasing | ) when using
Y fixed armature circuit voltage and resistance wlth variable field excitaﬂon control,

In addition to "base speed" as deﬂned above, machines have a "top speed"
limitation as determined by mechanical considerations, i.e., bearings, winding centrifugal y
stresses, etc, '

Below base speed, the field current is constant at its maximum value, There
is a maximum value of armature current possible because of the heating losses in the
armature winding. Since, in steady state, the torque is proportional to if and i, the
torque limitation is constant at the continuous: maximum value for speeds from zero to base
speed. With constant torque, the power rating s linearly proportional to speed.

4

Figure 1V-11 depicts the torque ‘and power limitations, over the same speed
range. When base speed is: reached, higher speed is obtained only by decreasing the
field current. For purposes of illustration, with negligible armature resistance, from

(1V-64): " | * ' ‘,‘
w o l.- A (1V=-67) ‘

and from (111-103) and (111-106)

A ouf . o (IV-68)°

From (IV-67) and (IVJ68)

Tl T (IV=69)
W’ : : :
Thus, the torque-speed limitatio betwec_sn" base speed and top.speed is
hyperbohc, as shown in Figure IV-11, If both sides of (IV-69) are multiplied by
, it can be seen that the power is proportional to a. constant for the speed range

obfalned by field control as shown in Figure V=11,

’
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. Torgue Puser
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Figure IV=11, Torque and Power Limitations - DC Shunt Motor
| , |
IV.4 BLOCK DIAGRAMS: In system analysis it is often helpful to have block diagram .
: representation of- entities compiising the system. To illustrate the procedures to be
followed in the derivation of the block diagram, we will go through the procedure for
the shunt connected d.c. motor analyzed in Section 1V.3.

Block diagram representation is simply combining the various transfer
functions, derived from the mathematical model of the device being represented, .
to 'represent the system as a whole. A transfer function cannot include initial
conditions but initial. conditions can be incorporated into the block diagram. To
insure the absence of initial conditions, we will deal with changes ih the varfous
variables and add the inijtial .Icgnditions after deriving the representation for the
changes in the variable. If ‘all changes result from something that takes place -at ey
t = 0, the changes do not have initial conditions and transfer function representation is valid;

v ~ representation of the device or system. Since oth fiel d voltage and armature voltage
can alter the shunt.connected DC motor ior,, the representation will’be kased on  «
ol! three ofthe describing equations, (IV-41, -42 and -43), -

The block diagram representation is ?Ften obtained as a prelude to computer

These equatlons are:.

- : V¢ = reif + LF at _ : (IV-4I)'
di, , -
Vg = roio + L, _—(—i—; +O L el (IV-42)
7 ~- - .
b ? L ° e — T + J dw ) ’
df'ff'le,” 'L T Y FF ) . (tv-43)

14
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Consider that the vorlobloc, V¢ igrVarlg: T ry in these Qquoﬂom
represent the steady stah value prevailing before t = 0 plus the portion of the
q}vm-lablo that changes after t = 0, Thus:

I = ';,'(0) +al , . | uv:z_op
| Ve = VAO) +a V¢ | (IV-71)
| S VOENS | (1IV-72)
N, = V(0] + 8V (Vv-79)
w = w(0) + 4w (|\_/-74)
T, =T, (0) +A T, > (1V-75)
(IV-41) becomes, using (IV-70):
. = d -
V) + 8V = r(1(0) + 81) + L Gr(1{0) + ai)) (v 7%
~ Also, the steady s;tohio‘ldﬂonshlp, for t < O prevails, i.e.,
VHO) = r, tf(O) ] (lv77z)

X

Subtracting (IV=77) from (IV-76) and finding the Laplace Transform ylelds:

Lf ) N
BVe=re (1+ ;.'f"s) aig ] : . (1V-79)
+ Ay .

»

It is current, if, that provides oxcltaﬁon flux and is thus the voriablo of
interest in our modeling and block diagram. (IV-79) should-be solved for Mf to obtain
the transfer function as shown in Figure IV-12, _

.:.". 1 : .
A tf-— AVf “

L
rf(l+ﬁf.s).

(1vV-80)
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. ' _ Ai{ : o .
ay. | Mivgy | S
Figure IV-12. Block Diagram Representation (Transfer Function)
: for (1V-80). ’
~ | .
Equation (1V-42) can be subjected to the same manipulation as (IV-41),
Thus: ,l '. : -
- . : d ,
VQ(O) tav, = ra(ia(O) + i)+ L I (i,(0) +a ;a) +
. | ~ .
+(wf0) +aw) L i(0) +a iy | (IV-81)
% Va(0) = r i5(0) + u(0) Lycig(0) . -__ - (Iv-82)
O ‘ . ‘ - :
Subtracting (IV-82) from (IV-81) and transfosming, yields: L
A Va = raA ia + Las Aia + Ldgf(O)Awf Ai‘}o(O) +4 iwa) (1v~83) o

, J

Note that Ai_Auw is a second order effect .wh,'ich will be neglected.

&

f

‘In determining which variable, or varlables, will be inputs and which will
be outputs in the block diagram representation of (IV-83) we reason that V. is an input
and that in the overall diggram co is an output, An output is avdilable to be used as
_ an input if necessary (feedback). Some expdrience is helpful in deciding how the
block diagram is to be arranged. In this situation, we will use, as a first effort at

least, the arrangement shown in (1V-84) arld Figure 1V-13, \ N
| AV, - Ld{,if(O)Aw'-‘deg(O)A e R 5
- big = T L, - (IvV-84)
Y (1 + " ) ' x
. P |
‘ e y



. 4
Az
W -
: 81
- I 4 ~
8w | Ly | h
o ' ‘J“- | ' .
Al A e Al
sl 4?13_:5)
) o Figure IV-13: Block Diagram for (1V-84),
- !
- N

For &\/—43, applying the same’ procedures,

L 4

Lyflig(0) + A\{;)(aq(b) rAi) = (T AT+ é,-('w(o') +hw)

and; N
. , Ldfig(o) i0) =T, -
: ' -
ﬁom which; . o
. . _ - ; ‘1 ‘ ‘
* - A : — | - . . .
| . ) w s L ATL +Ld_f'f(0) N, H Ldgo(O)Anf]
—,—A_li"" Lagtato) %
' = C
AT v dw .
— e I — . _
Js - :
Dl

e

’ T ¢ - 0“
" Figure1V-14, Block Diagram for (IV-87).




. 82
X
We are now in a position to formulate the Block Diagram for the complete
system by combining Figure V=12, 1V-13, and IV-14, The result is as depicted in
) Figuwwe V=15 and Figure IV-16, :

b

. ’ . ~

) . L g : e
Ave Nl F\a{uc (
. e e 5 -13 | )

A“* . Fquue 0(0*

— N ] o :

gy - — F\a\\k{ -
' : b4 'V -1y __.m.; >
R — 1 S

B ; -

-t

\
' T -
dw L agt §00)]
‘ o ! .
____A\)k ) _ L - - | Ola
, N
| A
X AV ' Ot
~E s A
_g,(‘* fis)
. A
Laftate) ”
£ .
AT o e
\ . .
. Figure V=16, Block Diagram for Shunt Connected DC Motor
)
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If the field circult parameters ¥¢, Vg, otc. are maintained .constmt, the °
A Block Diagram of Figure IV-17 is considerably yimplifled and is as shown {f

Figure IV-17, n .
j :
.\’ ¢
AV ' \ ! A
e g \
N 5{;) . .. ‘
. } . A -
— Laulgte) [ /
. 7 L ' . /
Figure IV-17, Block Diagram for Shunt Connected DC Motor with Constant Excitation, 7
- ’ p - . '
‘\ , . . ‘ « ) “
e From the Block Diagram, it can be seen that the shunt motor comprises ,
a negative feedback system, SRS : >
s

IV.5 THE SERIES D.C. MOTOR: The series D.C. motor has rather wide, usage in
opplications requiring maximum torque near zero (or stall) speed - such as In
traction systems, etc. Because of the nonlinearity inherent in the analysis it will
be instructive to examine the method of analysis in detail. C :

The series machine has a field winding which is connected in series
with the armature circuit. The applicable equations are:

AN .

dy AN '

—~ T, = TL_(w) + ) T . (1v-88)
‘ ' - dig

Vg = Falg + _La ry +wk y ‘ . (Iv-89)
Ad = Ld-‘-io ) - (1IV-90)
T =x i =L,i 2 ‘ V=91

e do dt'a (1Iv-91)
L .
'1 '\- )

. - Z -
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The 502 term in these equaﬂom results in the system of equations-
being non linear. A technique for dealirg with this will be presented, First,
we will examine the steady state characteristic of the motor. In the steady
state, neglecfing mechanical losses; )

-~

3

S T e
TL —Ldpo ‘ (1V-92)
' Vg = raio +defi° : o (1V-93)
) . L * ‘ y - o s
i con be eliminated from (1V-92) and (IV-93) yielding: B '
a : . .
' . va ‘2_ ‘ .
) ' ’ - T =L &(T—;q{)- o . ' (1V-94)
N E ,
From (IV=94), as'w +0 . ‘ )
Coe T, L'V°2. L i2 | R |
N . -
, d¥ 2 “dfa , (KV 93)
h "a

In other.words, Ty s proportional to t he square of the current flowing when
current is deterfitded only by applied voltage and armature circuit resistance, i.e.,

a
no counter electromotive force, ua, exists to limit current. - Further, ps R Tl." o

The steady state characteristic is shown in_Figure IV-18.

o}l'

2

Figure 1V-18, Series DC Motor Speed Torque Characteristic

- 101 B o



- . 85

Because of the excessively high speeds resulting as Ty + 0, care must |

.be exercised in the application aspects of series motors. Belt du!\vos are never

used because of the possibility of a belt failure and ‘consequent unloading and

overspéeding. : .

. : Because of the non lineac diffe{\ﬂol equaﬂons whi€h doscribo the DC

series motor, (IV-88, -89, , ~91) the dynamics of }he motor are best studied

using a computer. However, we can utifze the techriique of. "linearizing about an

operating point" to eliminate the non linearity. This technique is only valid for

extremely small changes in operating condition from the steady state operating

point. It does yield considerable insight into the pattem of the dynamic behavior

and does permit the application of linear analysis techniques tq\ the solyMon of the

describing equations, ‘ R I ' '
In'ei’fect, we will consider the machine to be in-the steady state .

condition with some load, T (0). We will introduce a small change in load,

AT, and observe the oscillations which result. We will denote all the other

var ables in the same fashion. Thus, at steady state, * . ‘ N\
Ld302(0) =T (0) | L (IV-96)
Vo0 = r 1,(0) +L 4l ,(0) w(0) N (1IV-97)

" For small chong.Qs, (IV—88, -89, =90, -91) becomes:

Lafig (0 + Aia)z, =T (0 taTy + ) %(M({) + 8w : (lv-9§)

'

VO(O) * AVQ = ro(iu(O) :A Io) + L dt (| (0) +~A\ia) +

* w (0) + Aw)l-df( (0) +aiy) o . (1v-99)
,
. Subtracting (IV-96) from (IV-98) and (IV-97) from (1V-99) fakmg the
- baplace transform and neglechng the second order differential yuelds s
BT =2y (008 - J s ' (1V-100)
La ’
AVg = (g +e @ Lgh 7 T+ = w(0) Ld&s Mg *

TAlyde® b (IV-101)
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In this analysis, assume that V, remains constant, i.e., AV_ =0 and

that the perturbation arises from AT, .

ATy

{ Alsos we_will denoteq

L
a

Mg tw 0) Ldf-

IFAT isa small step input fypcs(J perturbation

AT

s

(1vV-102)

—
ﬁ

2
R
a

T = (IV-103)

where T is the "apparent” time constant of the armature circuit and RQ is the "apparept”

armature circuit resistance, <

We can solve for Aw from:
’ 2L dfia(o) —_

,R0(1+Ts) . 0

AT R, (V+Ts)

= > (IV-104)

= 2 2. 2
A i ~(O) - Js SIJ LOS + J RQS +2Ld f'o (0)
df'a
Ry(1 + T s/) | Ldfial (0) _ _ $
Ra l + T ;
N = e AT A (1V-105)
2L 24 20) - - |
/ d fO J LO J Ra\
‘ h s(s2 2. 5 : 2. 5 s + 1)
2l,Cl f‘q (0) ™ 2Ld f'a,(o)
This is of the general form; ’ ‘ /
+
o = A 1+Ts | 1 (1V=106)
. s 2¢ .
B
\ , “ “h <
103 ,
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The inverse transform of (IV-106) is:

P_. ,.’
- . ) . 2 2 ]/2 -Ew t ———
ho =AU h V(1 -2Tee +T9 0 " osin@ /- er)} (IV=107)
o /- €2 T

_ where: ’ |

T o, - 52 ]/TTET -

« v = tan” -~ - tan . (1v-108)

N -Taw & -x , RN

It should be noted that an exact solution would not be mécmmgfu| since we
linearized our equations and they are valid only as the incremental ch(mges -»0, However,
we can determine the frequency of oscillations and the time constont asipcnotod with the

decay of these oscillations. - \

o
Comparing (IV-105), (1V-106) and (IV=-107) we can determine t\\e following:

\ .
. I 2 . \
wn = -Ld{l'o(o) . :“_—O— - \ (1vV-109)
‘ ) _\:
’ = undamped natural angular velocity .\‘
\.
and, since; N '\‘.“
TL(O) = d& i (O) ‘ : (l\\\/—‘IIO)
(1V-109) can be expressed as: : J \‘\
/? L (0) nl
w = (Iv-111)
n JL, S

\ "

and - : : _ |
1
i

IRy g S . o

. 1
| R RO EL—O-?—(O) | (v-112)
Bhas'L T

2.2
0 2Ld$ lO (0)

€

" A

1.
The time constant, fo becomes:

L= “ (IV-113).
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The actual angular velocity of the oscillation is given by *

| ,
o & - e e vt

£ v / | |
Co ) An analysis of this type, while not ylelding an exact solution, does give
insight into dynamic behavior, |
_ q ' | : \
. N~ N :
IV.6 SELF EXCITED-D.C. MACHINE ON SHORT CIRCUIT: The ‘ideal’ d.c. machine
would, if self excited, have a steady state short circuit current equal to zero because
the fiel d winding would also be short circyited. . In reality, a steady state short
current does persist’ because the residual magnetism does provide some excitation in
the direct axis. If the machine were tested by driving iteat the regular-speed,
“Wwith no field current and with the armature open circuited, a small voltage would §
manifest itself in the'\q oxis brushes. This voltage, V , is the rotational voltage -
i -corr_e_s))onding to resid' | magnetism.: The effect of residual magnetisny is shown in
§ Figure IV-20. ~If the machine is driven at a constant, speéd, ©, and the armature
circuit does not have connected load prior to the short circuit the armature current
flowing is only that which flows in the shunt field. This is very small relative to
* rated current and especidlly small compared to the short circuit current. It will
be neglected.” - s,

~The circuit configuration we will investigate is shown in Figure 1V-19,
Most d.c. generators which are compound wound, i.e., ‘both series and shunt field,
are cumulative connected. The series and shunt field ampere tyrns act in the

same direction. ' ' -
’ ;Vo “M‘ms‘m Ng\&u.yq \Mua\utu'\v\ Q'Q%!d—
AN
lm-\ ,

eld,S Fia\d, €

F»/’ ano?
Y.‘ J Q«K.\‘v.

' @ 10, T andihy o
| Qovad

-

k

Se rnes Shusl

. v ° . .
. .

Figure IV=19, Compound DC Machine on Short Circuit
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The applicable equatiops from (111-99) through (I1I-106) are: I(adding
. the $ winding and taking intc account residual magnetism). '

o ) ' . C“f P d‘o - '

Vils) = rie t Lp g - L | ‘ (y-115)
. 3 )
| dig - 3 ‘
Vo(s) = - roia ol e + ‘_"Ldf'f‘+ k _def'u + v, (lV—llé)\/ .

The mutual mductance between the series field ‘and the shunt field -is £y Theke is a
transformer type voltage in winding F due to changing current |°. Also, there is o
similar type voltage in the armature circuit due to changing current in the field,
circuit, This voltage is neglected because it has a small magnitude relative to other.
‘voltages in the armature circuit. The ratio of series fiel d' turns to shunt field

tums is denoted by k. There are thus k times as many flux linkages resulting

from i as from ige .

For x <0,
Vo(0) =V {0) =0l d0)+ Vv _ (IV-117)
V(0 - V, | | |
e Bd0) =TT 1600 =0 (1IvV-118)
df . -
For t > 0 |
V, = Ve=0 - | (IV-119)

Transforming (1V=115) and (IV-]lb), we have:

!

L
. f . .
(& = rf(] + FF-\ S) If - Lf.f(o) - Ld‘c_s IO ) (IV"]20) ’

< . oy |
O—-(ro~kq)Ld_zll+rc~kde$s] |O+m Gt ; (1v-121)

where i(0) is,given by (IV-118).

L] ) . .
We will défine the following time constants and apparéent armature circuit

" resistance Ro'

. Ry =ty -k wlge - | (V-122)

o R 7,1
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1 ) | . g
== ~' ' V-123
Tcn R _ o O ._)
a
' Le . : )
= - C v
S (3 ) , ,
(IV-120) and (IV-121) can be solved for |_ as follows: N
7‘ ) C ‘ ) ‘ L ' . . . - w
B - L rf(l + Trs) _ Lflf(O) | | o
! .. | —2 ‘ ~
‘ vlygs - . | \
' o=l (IV-125) * -
a: C \ . - .
‘ AT e ] .
Y Lys -Ra.(] v T<:|$_) ' - o o p
Vo = V(0 -V,
re(1 + Tfs)_';"" + Ldkf ["'-—"w'"[‘-‘-——l \ _ .
| = — . i d (IV-126)

2
re Ro(l +.Trs)(l + Tas) -w L-d% s

Vo ’ Tf' T
E;s-(] + T s) + Ry [Yq(O) - VI . ave12)
= \ 2 ' .
' ‘ w L -
: d . . )
1+ (Tf + TO - ﬁ)s + TQTF 52 >
o a

In order to simplify our analysis, we will define new time constants,

T ' and T, such that
a f . .
o 2 .
_ Nl v\
| . N Lag, ) 2 _
(I+Tas)(l+Tfs)—l+(Tf+Ta-Rr)s+]"ans o (1V-128)
: ' -af .
From (1V-128) ' - .,
T'T!'=T T, ~ : o (Iv=129)
a f- a -f . ) .
and: . ' : ' ) )
. - T n T w Ld'@ v , -,
T'+ T, = Te = 5% : .
a Tf a f = Rarf P : (IY-]30)

. S 107‘
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. . -\ v {
“In genel‘ol field circuit ﬂme ¢onsmnts are much |orger thcm armature cirguit - ‘ é
ﬂme constonts. Thorafom we can write: . N N ‘o’
o oot o v ity T Y
T e T T Lo Y (lv 131) )
and (IV-130) bacomes, with (IV-13i): - . = . A
’ e . 2 ~ . . . E .
. (DL . . hL . 3 . ‘
df S | .
T A o T(l—‘ﬁ‘g'f"‘) o v
: ' v - fTa , a f T T R
e Tt s SRR - A o
and, substituting (IV-132) into (IV-129) AR —_— -
| . T T, S L
. o T ET iS5 . ; . (IvV=133)
' a f . wL.Z o . A
- ﬁ—t‘l B
. | ‘ | . . ) . \ | : ‘ ﬂ-j. 3’ >
Using (IV-128). in (IV-127) yields: B I :
- K4 ¥ s
Vo (1+ Tf 5) T ' "
la TR ST E T T 9 Vel0) - v, RO T 7 119 (V=139
o ‘ : | ‘ . {"&
The inverse tronsform of (IV-134) gives i (t) as: . -—7&'
Y, T =T /T Ty -T\ 4T,
=2 e e E T T, |
- ' ¢ € - e
‘ Ro Tf - Tq IF T b
Tf _ ! ~t/Tq' -t/TF' .
+‘-R,_; [VG(O) - VO”('}‘.—""T_;") (e - = ¢ ) (1vV-135) ‘

\

Mol a ~'f

Wi.th\the a;sumption that Tf' 3D To', an op!aro}dmofe I_ expression for (IV-135) is:

V. .~~1T V \ T | -t/T¢'
Y ¢ ) f F
SAUAE SR i saliraiie xEVACRSN I '
o’ VR ch, Ra Rle @ !
S NeTe T - T
L TR T T RT Vel Vo) e o e
A 3

. B 8 A
’Q ‘ ’ @
i ' . -
Provided by ERIC ,
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5 We will now define: __F . :
: - 2@" .
> : ‘f\' h ' . "
» ~ - . ) le B ' .. g ¢ i ' .
' ’ fag Ta e '
. 'ir K
When this is substituted in (IV-138), we have; . vk
. 4 * o
) . Vo & Y40 Vo -t/Tf' Vol0) © =t/T'
i~ 7 _.(—'R';r' "R;") € - R e (Iv-138)
a a '
ot !
' Equahon (lV-|38) is ploﬂed in Figure 1V-20. |
o+ | e
¥ P o Ve lay ot (
R | TN TN (/ ‘
\ .
v “ ™~ L. \ ‘SU\:‘-\—O).\\AQA sVo -
SO S £ J otve =Ygy
: Ro N : - e —_— - ;
e e e s )
o TR T '
Re | { - -2 f. .
/ R
AR — -
_ "“'Z,T. — \/ e* Ta . — g
5 -~V R )
: Ro.
‘ l:"i_gure V=20, ig(tr for Short Circuited, Self Excited .
‘ ' Compound DC Generator
. Note the current rises to a value very pearly equal to: %
; < ‘
' * va(o) - ’
- . ‘ TR , (lV-|39)
. a ‘ .
For this reasan, R ' is denoted as the "transient apparent armature resistance” .
. The current finally settles down to a steady state value’ as determined by the voltage -
corresponding to residual magnetism and the apparent drmature reslstcmce. From (IV-122)
N this value is less than the actual armature circuit ‘resistance.

noo ~ Analysis based on valid assumptions, as o_c_canlished here, are quite
common in the study of the dynamic behavior of electric machines. Because of
_hysteresis effects and the impossibility ‘of exact repeatability of experimental results
extreme accuracy of solutions to machine problems is not warranted - nor is it
meaningful .~ We will do the analysis of other types of machmes by similar
simplifying assumptions in |ater chapters.

-

L
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CHAPTER V - CROSS FIELD MACHINES

T . The é Axis or Cross Field D.C, Machine (Metody-ng)

V.1 INTRODUCTION: Machines with power windings and brushes iri:both the g
and d axis are called metadynes. They can be used in d variety of applications -
usually control systéms - where power amplification with high speed response is
ngcessary . « Our analysis will deal with the basic- metadyne operating as a power
omplifier\ “'.o., we will introduce a signal into the field circuit and will extract
an output with considerably greater power level from one of the armature circuits.
The actual high power level output comes, of course, from conversion of
mechanical power (to electric form) which comes into the machine through the.
shaft. The input signal controls, of modulates, the flow of mechaniéal power.

. The basic configuration which will be studied is shown in Figure V-1.
S J .

o

. V.2 THE BASIC METADYNE-ANALYSIS: In the basic configuration, current in
coil F establishes flux in the d axis. A -rotational voltage is induced in the Q

"'/ -winding, which is short circuited. Only a relatively Ig the Q
', winding~is necessary for a heavy cutrent i, to flow. e currept i, results 7\ /
/ an mmf and resulting flux, in the q axis. q'he q gAis flux linkages with the /
D winding result in a rotational voltage appearing tt the brushes in the D
— * winding, TKe D winding supplies the load. . 4

. ox? \ . ‘ %
1377 RN

Q_mmd\;\l) - ér‘_ﬂ /o./\ ‘\smo,q\ \U\.Pd
ahov{ cu r-u‘utecl

V{-"— o

~ w.\ul\.ﬂg'{

F
L
.AWK.

D w;\nl;'v‘ta‘}o.r
O“TYd mm&\_j




The machine ls driven at constant speed,
machine doos not have o G winding.

The “input signal s Vg, ic.
The Q wjnding is short circoited.

However,

refore V - Slnco ppwor ls taken from the

. winding, i, = =lge
Vg = V on% rd =

.From (U) through (- I(B,, the describhg equationss are:
8 'f‘; et ‘;d#’ﬁ%

Ly L
— 4 w.L- df'if+-m Lget

Since a load RL' is connected across \

o T L @

“Assume the sy;stem/l!\initiolly)nexcited, i.e.,

=0, =0, v$='o
a al)

The L;:place transform of (V-1, -3, and -4) is:

Vf(s) = rf(l + Tfs) lf(s + Ld& Io(s)
UERTRRO
TV T 1) =Ly g v bl (o) -

rq (V4 Tg9) I &e'f(;) +ul T (s)

(V-1)
(V-2)

(V-3)

. (V=-6)
(V-7)
(V-8)

(v-9)

(V-10) ¢

o



Also, since w is ‘a constant,

B

M

will be made.

P
wL «

" In order to gain insight into cross field machine behavior and to sinpltf
the analysis, assumptions which are ¢ompatible with ekperimental results obmlnobl
Theselassumptions are: -

q

95

it is customary to. define:

]

1., The fmnsf‘ormer voltages induced in s winding by
current change.in ancther winding are negligible.

2, The time constants associated with the D -and Q

windings are nearly z JO’ or at least negligible.

3. The direct axis armat

winding reslstanco is very

much less than -the lo?d resistance.

& )

With these assumptions, equations, (V-6, -7; -8, ~9) become:

Y

i

A

o

(v-12) -

“(V-13)

. ) 3 . ‘
- - ) L': . »
. Vels) = r(1 ,;_';‘s) lf(s) '
’\' . Va(s) = RL(? + E’“'s) la(s)
- L ¥ ., ‘ .
- : \Y/ (s) = lo(s) l (s}"f ’
(0= rgly(8) + Ky LA K 1(6) )

\ b /

" A block dlagram representation of these quations is shown in Figure V 2,
For convenience, assume a negaﬂve Vf(s) in the:i . :
. (g +To) o \

ON "‘#“*T&‘)

—-I' © (‘
/ K
S

£

o

Tal s]

- T8 \

Figur; V-2,

Block Diagram for Basic .Metadyne

BEE:




~

, We will eliminete V

J 2
. : (ro+RL)

~

We can solve for lo(s) as:

96

ol
rf(l + -Tfs) If(s) = Vf(f)j

L

L - - '
(1 + Ws) |a(.:)‘f'ﬁl(q

{

q

Kdlf(s). + .Kdla(s) + rqlq(s) =Q

RL‘..+ l'o & RL
:-‘3.5,%51

s) from (V-11, _-1/7) -13, 7]4)_|eoving:

(s) =0

NS 113

¢ H v
A }

- rf(l + T,Fs) Vf(s) 0

‘ 0 0 Kq

. Kd 0 . rq

. la(s) = . - -

1+ T 0 0
0 —(ra+RL),I_ 1+TLs] ' Kq

v @ = X d d q

From whéch{:
e - A Ml .
T RL rq(l + TLs)(l + Tfs) - IKd_Kq rF(l + Tf-s)
A :
K, K VJ(s) . oL
d - .

1,(s) = a f e

. . “ . ,,] !
re(Rp. q }/K/d Kq) + (rg 'q Lot q .RL.Lf>.,+‘-KquLf)s"+ qufLLs

(V-16)

(V-17)

(V-18)

(V-19)

(W-20)

(v=21)

(V-22)
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" The minus sign means the current flow (and inal voltage) #re opposite
to what we ossumed thoy would bo . . . : \

If we,ossume Ve is a step ‘nput i.e., Vs) = .~ and apply the Finol .
Value Theorem, we have:

K
g | ng i K(i a | (v-29)

t i () = lmit s | =
L_i"‘,_ alP sim’i s 1,(s) . (RL’ P KK

* Refer back to the Block diogmm for the momdyne, Figure V=2. Note the
negoﬂve feedback loop which acts against the field (F winding) excitation. In effect,
the load current tends to glemagnetize the magnetic circuit. If we put another winding
on the stator in the d axis and pass armature current through it, i.e., connect it in
series with the D .winding, and we connect it with a polarity such that it opposes this
dendency to demagretize (act against the &w/inding mmf) refeired to above we can, by
choosing the prop/gr number of ampere turns, cancel out the K (s) term in the |ost
expression: in (V~14), This eliminates one of the negative feoﬁ\)ock loops and is the
principle of the "Ampl‘idyne or "cémpensated"” metadyne. For such a cénfiguration,
(V-20) becomes: L ) "' ( :

“~

. . ' rf(] + Tfs) VF(S) O u" \\ - . &
V J 0 0. Kq )
® .
| . Kg -0 . 'q
“ou 'O(il = - s \ . (V"'24)
1+ Tes) 0 , 0 '
/
0 R(1 +Ts) Kq N
Kd 0 l'q
i v/
e Kq K_ Vi(s) : :
: o . f
ER SR ly(s) = : ,‘ (v-25)

lf we’ opply the Final Value Theorem to (V 25), ossummg a step mput

V., we have:
f - Kd K?Vf *

) (V~26)

Lim iq(t) =

t-} oo-

i
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N
‘Comparlson of (V-26) with (V-23) indicates a much higher "gain" (ratio of

output to input) which is important If the machine is considered as an amplifier.
To see why this is so, rewrite, for the block diagrams study, (V-11, =12, -13, -14)

with the K 1 (s) term not present and we have: :
. v
] o
~ ™ Vi b7 R = 1(s) .(v-27)
ba(s) EAGEAT] als) | -(. )
Kq !q(k- rq lgls) = Vo(s) _ (V?') |
. K, , | ,
- T = 19 (V-30)

The B|ock ‘diagram repreSentohon of (V-27, -28, -29, -30) is sho\v\//)

Figure V-3. Note that we hayve eliminated ope of th¢ fegative Feedback loops.
This explains .why the "gain® is higher. .Load current no_longer acts in opposition

to the input signal; Vf : ‘ L~
-;\/ﬁ‘_,) " -Tap) -Kq 1Tw . ) A -t EQ(S)
._n‘et\-? Tﬂ ) ﬂf’ | m| +T\,S)
; ' Y
LY ‘ o
b

Figure V-3.. Block Diogrom.fo} Amplidyne (Compensated Metadyne)

w

We carr now calculate the power gom of the Amphdyne This* is of

_intersst because the main usage of the Amplidyne is as a rotating amplifier.

-

, Let
Pi = power into the field circvit E - %

e ) PL = power output to the load -

sz _ R k

L= S (V-31) .
C ‘ 115 -
3 .2 L '
. PL = i RL LT _ : (V=-32)
* /f — \



o ——— (v-33) _

From (V-26):

<

S B | (V-34)
and

L Ky o :
o= . » (V-35)
" R e N . | ' "

This can be an extremely high value in properly designed ﬁﬁ‘ti&e V atués
on the order of 2000-50000 are not uncommon. Thus it is possiblé to get power on the N
order of-kilowatts out of such a device. The amplidyne has been ysed as the link -
between™ low’ power error signals and the power stage in many practical servomechanisms..

~ Usually an Amplidyne has mulﬂple input windings, Fy,Fy, ... etc. in order to provide
for maximum flexibHity,

The. values of the various constants, for a specific machine, necessary for
performance calculations can be determined by a rather simple input-output test using
sinusoidal input and the tNe of plotting the voltage gain as a function of input

. frequency (Bode pr})j This tesh is described in the laboratory manual?..
The following example will illustrate the effect of compensoZion on a meta-
dyne .andis illustrative of the power amplification possible with a well designed machine.

&

Assume a "cross fiel d" type of machine with the following rating and
parameters: ' ’ w .

2000 watts, 200 volts, <1800 rpm - .

rg =20 ohms; Lf = 4 henry
N~
| ~)
> . Ty -0 4 ohms; L q = 0.04 ohms

- | L » ’ \rd=rq "O4Jhms,

d’= Lo = 0.04 ohms

.o K4 = 120 volts per ampere

KN%=_240 volts per ampére

RECEE
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\ A series load of 20 ohms resistance and 2 henrys inductance is connected to
the d-axis brushes.

»

Part~1, For a metadyne configuration (no";compensat?ng field) find:
. ¢ . Jf’ '
a) V¢ necessary to produce 500 volts d.c. steady state
"across the; load,
\
¢ b) Determine the steady state power gain, )

€

200 volts dc stéady state across_the load of 20 ohms is an armature current
of 10 amperes. From (V-23) - '

_, | | ,
R r_ + K | S
J\ vV, = q d CS T :

£ 70 ( (V436)
» P . , ./.“ '
= 20 (20 X ".4 + 120 X ?40) ]0{}: 200 . /.’
120 x 240 . /
~ _ NG )
In fact, in the steddy state,
/ B L Ty N O
Cla o rq R + K,k ' P rR ! ' MR
: f q L d q ' 9"2 ' l ,.'.I
Ky q ;
In this e;comple, for:
ro N & »
,. - (rzowzao) % ((V=39)

RL <7200 ohms

or?

™

l % IF independent of RL and the metadyne acts as a current
transformer wherein output current is equal to input current, The steady state power

gain is e
u 2
i_“ 'Qrk RL _ E'_-_ ' ] 12 39
P. 2 TR 1 (V-39)
i lF e q- L '
Lo \/
q /
.~ , )
R 6 ¢
?‘ —-L— = —2——0- = ]
20
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Part 2, Part 1 will be repeated for’a metadyne with éémpernsating field (an Amglidyne).
In addition, find V (t) for a step input of V¢ necessary for 1, = 10 amperes in the steady

[

. state.,
( Fr'c-)m (V-26) - ‘ : ' - -
‘ : ( ro R la
_ (0.4)(20) 205?10) } '
| - G = 1 vols
C RN T (0ie0eo) 13 x 100 (V-41)
P V.2 j 2
\ f (‘Tg) _ . . _
o _ . » . @
From (V-25) e : «
| ' T ‘ o
(120)(240)(T§l - -
(0. 4)(20)(20)[] + 2 6|1 + 2= 5] -
V() = RUT T 1,6) N | v-4§)‘
R _200(1+10s) 200 . /
Q ) 1 i*’BSN I+|OS> s{] + 53) ™
| ‘ ~ s .
o | v(,(t) =200} - ¢ ) volts L (v-44)
"1t should be noted that the "constant current” chor;:cterlshc of the metadyne
‘does not apply to the Amphdyne. In fact, in the steady state, for constant RL’ we see
fro (V-40) that
VooV | (V-45)

. . , 1 -
and the machine behaves as a voltage amplifier, Fronf\/-40) .

v

'fa (120)240) _ 5000

q-,<1<'

The odvontoges of a proporhonol amplifier capable of: handling |orge

. amounts of power should be obvious) -

I\,J '-.\ k '18
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CHAPTER VI - SYNCHRONOUS MACHINES /'/

/

by

-

VI.1 THE REVOLVING MAGNETIC FIELD: In the polyphase synchronous machine, a
number of coils are distributed around the periphery of one member of The machine

* (usyally the stator) and arq connecjed in such & fashion as to form a winding consisting
of thﬂ%ppropriota number of phase windings. (i.e., three for o machine designed for a

three phase system) for each pair of poles desired. The nuymber of poles is determined
from the specification of desired speed the machine is to either run at ®r to ba driven
at - depending on whether it Is a motor or a generator (usually called ajtematar) and
the frequency of the alternating current associated with the machine. As developed

previously, angular velocity, frequency, and the number of poles are related by

Ao,

-'.n . SN e -
f=T6 =7 | (VI-1)
where ' ’ : ./h/J ‘
. f = frequency; hertz \d

p = number of poles :

w . = angular velocity, rad/sec (mechanical)

%7 n =angular velocity, rev/min

it

-

‘The phase windings, through distributed arcund the periphery (for full
utilization of the magnetic structure) are located so that the axis of the various
phase windings are displaced in space by an angle corresponding to the "time" S
angle associated with the electrical supply, i.e., 120° in space for three phase, '
90° in space for two phase supply, etc. Figure (VI-1) indicates, schematically,
the configuration® for a two phase and a three phase winding in a 2 pole machine.
The phase windings are shown concentrated for simplicity. ‘

.ohase « A .
' Phase o

Fl«a:c b

) Phose
re Pkodt_ _ . A % Puase b
3 Phose

Figure VI-1, Schematic Diagram lndlcohng Space Dusplocement
of Polyphcse Wmdmgs '
Eoch phase winding is sypplied with altemating, smusotdol current in the
cose of a motor, or each winding has such a current flowing in it in normal bolcnced
operation of an alternator. These currents are’ displaced in time corresponding to 90°
for a two phase system or 120° for a three phase system. An mmf results for each )
phase winding, The’ magnitude of each phase mmf pulsates with time and acts along the

. axis of that particular phase winding. The coil distribution and the design of the

magnetic circuit are such as to secure as nearly as possible, a sinusoidal distribution

L)

Yy
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in space of ooch of the phase mmfs. The phase mmfs combine to form a net,. or
resultant, ;mf in the air gap of the machine. We can analyze the net mmf by

@xamining the individual phase mmfs and (applying the principle of superposition)
_taking’ their sum.” We will do this for a three phase machine.

‘Assume a symmetrical winding and voltage source, i.e., balanced.
The instantaneous three phase currents are:

-

, . iq =1 cos wt s (V1-2) |
t
i =1 cos t T 120°) (VI-3)
b m
o= cosr(mt 1 120°) £ - (VI-4)
where | is the maximum value and the time origin is arbitfarily taken s the instant

when i Is a positive maximum, The plus or minus is used so as to include either
a-b-c or a-c-b phase sequence. We will denote space angle as 8 and the phase mmfs,
denoted by F, can be expressed at any instant by:

Fo = F (1) cos'e - . (V1-3)
/ F, = Fp(t) cos (02120) o (VI-6)
Fo ™ Fc(t) cos (0'120) : ’ -‘ (VI1-7)

A . .« )
where F(t) is the value of the mmf along its axis at any time t. - Now F(t) is directly .
proportional to phase current (ossuming a linear magnetic circuit) and we can utilize

the “‘time relahonships in (VI-2, , ~4) to esmblush the F(t)s for the varigus phoses.
Thus: -
F () =F _ coswt . \ T, (Vi-8)
F() = F_ cos @+ T 120) | (VI-9)
b F (1) = F_ cos (t : 120) Y \ o {VI-10)

Note that the maximum value of the mmf in each phase is the same because we have assumed
that the machine is balanced - i.e. symmetrical - for edch phase winding. (The same
number of tums per coil, same number of coils, same space distribution, etc.). The het

~air. gop mmf will be "denoted by F(@,t) since it is a function of both space and fime,

Flo,1) = Fy + F " Fe - AV
= F _cos 8 coswt cos (6 120) cos (w' + '20)

3 m~ m . -

"+ F. cos (euzo) cos (wt & 120) ‘ | (VI-12)

:, ] .
LAY \‘ ‘ r) ) -
. v :
- .- e a
- 8
X



2t s

P " 04, '

P o =,_F | éos ocoswt + ((dse cos 120 + sin 6 sin 120) |
| (cos wt cos 120 T sinwt sin 120) +
N | (cos 6 cos 120 - sin 0 sin l20)(cos wt cos 120 + sin ot sin l20)| (Vl-la)._
=F [cos® cos wt + (—~ cos ® coswt ¥ — cos g sinwt +
m 4 ) 4
/— ¢
- T% sin @ cos wt g_ sin 0 ‘siny t) + o)
. ’ \(I cos 9 Cé,s wt 1 '/£_ - ' H"'si;; wt +'f—1—- sin 6 coswt + ¥
| . 3 o t)}/ ’ (VI-14)
. - = Sin sSinw ) ' vV I—
= I,i cos 9 coswt v 92- sin® sinw t] (Vi-15) «
X E cos (BT wi) | L (VI-16)
2 oo CT0D -

From (VI-16) we determine the following: . : * .

¢

. e l) F(o,t) is snnusoido”y distributed in Space cmd is revolving with
an angular velocity co, Y

maximum valuve of F(ﬂ,t) is 3/2 times the maximum value of
y one phase mmf. In fact, it can be shown that it is q/2 times

. he maximum value of any- one phase mmf, where q is the number
/ : oft phases ., i

2)

3) the direction of which F{(%,t) revolves is determined by the sign §
of wt which is established by the phase seugnce of the phase currents.
Thus, for a motor, if we reversed any two phase legds of the
supp|y source, we would reverse the direction of rotation of F(e,t)
(and thus reverse the direction of rotahon of 'he motor) .

4) the angular velocity, w, is in electrical radians per second and

w= 2nf where f is supply frequency. The mechanical angular

velocity, w"‘ is related to the electrical angular velocity by

\

}
NS
€

W
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. Thus:

‘ : WP | |

verifying our earlier derivations for this relationship.

’ It has also been shown previously that a necessary condition for the productio%u
of steady torque is that the magnetic field associated with the rotor and with the stator

be stationary with respect to each other (not necessarily with respect to a stationary
reference frame). Since the stator mmf (and resulting magnetic field) rotates at a velocity
given by (VI-17), it is then obvious that the steady state rotor speed must also be equal

to this vglue. (Recall that, for a synchronous machine, the rotor is excited by direct
current and the rotor field is therefore stationary with respect to the rotor), .

The 2 pole synchrohou;":machine is depicted in Figure VI-2,
AXL3 O . .

Crphose ©

nolor %\md r{xirg

cuu't?,)\

»
Al

‘4¢-~MH\—V\ d W‘CJ axts

Retar
f‘\o-it o o.)u'tlg
daw per - Pl )
l.l)wulw'\j
bavs.

- -— 31‘6*0\" '

Freld 'M;L‘
® .‘MCS'

\ 4
Figure VI-2. 2 Pole Synchronous Machine . \

Figure VI-2 depicts a stator with concentrated coils, a-a', b-b', c+c',

forming the polyphase stator winding. It should be emphasized that this winding is

for a three phase, 2 pole machine. The rotor has a coil wound on it and supplied with

d.c. current via slip rings. In the general case, ‘the rotor also has "damper" or

amortissuer windings imbedded in-the pole face. These windings are shorted together

by connecting bars at the end of the rotor and thus form a "squirrel cage" type winding. *
In some machines, the connecting bars at the end extend from pole to pole and thus

Jdcfinite windings whose axis are centered along the rotor direct and quadrature axis.



' *Wige with'respect to F. If D is stationary ahd F rotates, the same cownvenﬂon results

"%';
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Even where no deliberate pole to pole connection is made, the rotor iron itself forms

such a circuit, allowing eddy currents to flow during transient or unbalanced conditions.

In the steady state, since these damper windings rotate:at the same speed as the stator -
and rotor fields (and thus do not have relative motion to magnetic fields) no induced
voltage exists in them, no current flows in them, and they are completely inactive.
However, if a transient situation develops whereby the rotor and the stator field are

" rotating dt differnt velocities, induced voltages do appear, currents ffow and. "asynchronous"

torques “exist. These torque nalogous to these present in the induction motor
which will be studied later, lndes if this was not possible, the synchronous motor
could not be self-starting because the average torqoe, with the rotor stahonary, would
be zero. In practice, the motor starts as an induction motor, comes up to nearly
synchronous speed, field excitation is applied, and the motor pulls into step and then
runs as @ synchronous motor at synchronous speed. . (

The electrical schematic of the synchronous machine, including the short
circvited damper winding is shown in Figure 1V-3. As an approximation, the currents
in the damper winding, or in the paths formed by the iron, are assumed to flow in two
closed circuits, one in each axis. The effective circuits are denoted as KD and KQ
windings.

Note that the stator windings are coupled magnehcally with each other and -

‘ \vgth the rotor windings. Also, since the rotor may be “"salient" (as shown in Figure Vi- 2),

_rather than "cyhndriccll" (or magnetically symmetrical) the magnetic performonce is higher
_in the direct axis therf in the quadrature axis. Because of the ‘difference in permeance,
the magnetic coupling (and thus the various self and mutual inductances) varies with

rotor position and time (because the rotor turns). ' -

sy

Figure VI-3. Rotor and Stator Circuits af '3 Phase Synchronous
Motor, with Damper Circuits

Note that in the generalized and D,.C. machine, the F winding was stationary and
the D winding®otates. The direction, with ussumed current convention, is D clock-

in IF rotating counter-clockwise with respect i:D_j

. ’23' | \

v
3> - - - i > »

by -
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V1.2 SYNCHRONOQUS MACHINE FLUX LINKAGES: The dompor circulh referred to are
.shown as KD and KQ. The field wfnd!ng, or excitation source, is designated as F. The
current directions are talen to be for a motor. At any instant of time we can write

expressions for the flux Ilnkoges. For ¢xamp|e, the ﬂux linkages, Ag: in phase, "a",
are: S g

o “Loo Kabb Tace *Lff *L.Kd kd qu'kq | (V1-18)

whereia is the self lnductonce of phoae "a",

i.ab"lac' f'Lkd Lﬁ? are mutudl lnductoncos of the vatlous other windings
ng. . .

with respect to phase "a

" As the rotor. changes position,: the permeance of the magnetic circult changéds.
Thus the various inductance values are functions of time. However, the variations are
periodic and can be represented’ by Fourier Series expansion. Because of the distributed
nature of the windings and the design objectives, it has been determined (from many tests)
that we need only consider the Fundamental term of the Fourier series in order toadquately
. represent the angular variation of inductance. Thus, since the mutual inductance between
« a phase and the rotor circuits is a maximum when a rotor wi lng is alighed with the axis
of a phase, we can write: ' ‘ : |

<

\S\af = L(,f .‘cos o (VI-19)
. “ o B —S\.okd = Lokd cos ¢ \ (V1-20)
1akq = -Lokq sin 0 ' | (VI-21)

The reason for the minus sign should be obvious when -one examines the con~
figuration shown in Figure VI-—3 Similar equ uations can be written for phases "b" and
"e" with 6 replaced by (0-120°) and (6~240°) respectively.

The stator self inducfance,‘I , of phase "a" has a variation with angle
6 as shown in Figure Vi-4,




Néft 'ﬂ‘\t doulvl&

- " omék uu(»ﬁ&luf&
Lase | |
. . "L.Ltt )
o - N ‘ .
é + —+ : +— . - -» 0
L ™ 3w 2w
» 1 | —i‘ . [
y . F\%u\rt V-4, i.cxm as o Fumcian ot ©
Thus, ‘ . : '
| ‘ 1 =L + L cos. 20 . , {(V1-22)
v * aa aao aa?2

‘The mutual inductance between "a" and "b" phases is a maximum when
6=+30° or 210°, and between "a" and "c" phases when o = -30° or. 150° and it has
a double angle varlation. We can, therefore, write:

Lo = Labo * Lypp €0 (20 - 60) :. (V|f23)
Tae = Ly * Lyep €08 (20 + 60)¢ (VI-24)
. _ . The coefficients L and L or 93 well as L 5 and L 2. are respectively

equal as a result of symmetryao the stator. Further, L .o, L, o, and L, o must be
equal because it is variation in the air gap permeance w(ﬁch causes the variation and
the variation is the same in each case. We can now write the flux linkages for three

phase windings, using the angular voriations, as follows: -
A= L + Laa2 cos 20 -‘ abo (i, * ic) - Laa?‘b cos (20 + 69) }

. : . \4'
cos (26 - 60) + chif. cos 6 + Lakdikd cos 6 +

i
aa? ¢

-'Lakq'kq smq 9 | (V1-25)
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" | Similarly: y I \l ‘ ' i
’ - \ ) - . 'A
' LA, = + L - ' + - + - : +

b 'b“'aao “ Lao2‘c°‘ (20 + 120)] ALubo(‘a ‘. \lc) Laa2'c cos (2¢ + 180)

A S

. . Dl .,,T\;} A v
o= Laa2;o §os (2 9+ 60) f (.afif + Lakd‘kd) cos (8 -129) +
« .- © | . &
" oL 0 sin(8-1200 . VI-26
o kg'kq 0 (0 = 120 \ o (VI-26)
and:
) rc = ‘c [Lan + toa? cos (20.~ 120)! - .Labo(‘d + ib) - Ld_a2‘a cos'(2e - 60) +
. ~_J \ - Laa2ib cos (2 0+ 180) + (Lafif- + Lakc;‘kd) cos‘(o - 240) + . 4
d L i sin (8 ~240) | (VI-27)
¢ okq kq ¢ ' | -

‘ The equations for flux linkates aning the field (F) winding and the damper
windings (KD and KQ) are: .

- [

Mg = Li ﬂ(d kd + L f”o cos + ib cos ( e{- 120) +_ic cos (6 -~ 240)] | (V1-28)

A Wik +Lﬂ<dif'+ Lkdikd + Lakd“a cos 6 + ib’ cos 0 - 120) + i, cos (9 ~ 240)} (Vl-g?)

U, Il sino +1, sin (o= 1200+ i_sin (0 2400 ., (V130
L)

AL L, i
A\ kq kqkq -~ akq @

1.3 " THE a=b=c to d~g-o TRANSFORMATION: Recall that, in a previous section, we
discussed the possibility (by suitable transtormation) of an ano|ysis of all types of machines
on a "generalized" basis. The generan.zed machine has all coils, windings, mmfs, efe.
acting along either the direct or quadrature axis of the rotor, X o' Ay, A _ are oriented
along the axis of the phase windings and, since they are stationaty and the rofor rotates
they cannot, individually, be considered as acting -along either the q or d axis of the rotor,
However, in Section (VI.1) it was shown that the mmfs of the individal phases combine

to form a resultant mmf, This mmf is responsible for a resultant air gap flux density

and flux, and of cowse flux linkages). This mmf is revolving at synchronous speed, as.

<« the rotor, and we §hou|d be able to uss 1| this information to determine a transformahon

‘taat will relate 2, b’ andl to compohénts of the net revolving flux anage thot

R N [T .
. < w 'y -Q‘ N Ty e

oy oo T
* [ 3 P
- 126 | SR
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ore along the d and q axis. Since mmf results from current flow, and currents
are assoclated with voltage, thé same transformation should also be valid for current -
and voltage. In fact, we will describe the tronsformod mmfs, Fq and Fq In terms
of the Instantaneous phun curronh.

" Refer to Figure V|-5 This Hlustmﬁc how 'ho "a" phase mmf has

components alon? ‘the & axis, 9 degrees ahead of the Ja” phoso axis and along the®
q axis, (6 9 ohead of-the Ja" .phase axis. »

..!‘5 -1 A “‘s

. Nm»sm&.\/f—:_ Nle COS ©
N le

Figure VI-5, (%mf Acting Along the d and q axis
\ . . .

The relationship for the three phases is shown in Figure Vi-6,

_4—(C

. . g (b~

df’

¢

Figure-Vl-é. Phase d,q.RelotionsMps .

Refer to Figure VI-5 and VI-6:

. Fd = Nlio cos  + ib cos (g -. 120) + ic cos (6 + 120)] = kdid (V|'3‘).

Fq = N[—io gjh o < ib sin (6 - 120) - ic sin (ot 120)] = kqiq ! - (VI-32)

F,,F_are the components of the net air gap mmf acting
f'ong the d,q, axis.

N is the effective number of turns of each phase winding.



- | | o L
. . | i o _ . o
. o  ky.k, ate 'the effective number of turns on Hctmous . )
‘ ?ndﬂ\gs, D, Q, located on the d,q, oxh

iqil, are curr ts thaf must flow ln windings D, Q oS
, andq‘uulf in the same net alr gap«mmf as «tablhhod
\. L by actuol currents i Ib,

W Note that 3 variablas are’ ‘present In the phosq quantities, (i, i, ‘and I ) _ /
and. we must have 3 varlables in the transformed quantities in order to perform an inwm
- transformation, ..Now the two currents, 14 and Iq, as defined produce the g¢orrect
- magnetic fleld,  Therefore, the .third wariable ~ we will de it as I_ - must be
defined in such a’way d¥ to produce no space fundamental in the &ir gap. If no
neutral, or 4th wile current, exists this requirement can be met if we defina it as:

. . ' . ' . . , . . \:
1
& .- (VI-
LU (iu tigy i ) .. (V1-33)
. - < The factor 1/3 is completely arbitrary but is used because this is the way
in which "zero sequ&’tﬂ" current is defined in the method of Symmetr!ccﬂ Components -

vsed in the analysis of unbalanced 3 phase power systems, Since i, produces no flux
linking the rotor, it must be associated with the stator leakage inductances. For

reasons which will be apparent later, the ratios N/ky and K/k are token as 2/3,
Then, we can write (VI 3l~32 and ~33) as:

\ gl . cos ¢ cos (6-120) cos (6+120) . ia
. ‘ o / W ~ -
( o] =2 [-sine  -sin(e120) . wsinr12)| o [Ty | (V134
‘ | . I‘_ ' A ; @. ’ 3
o 2 2 .2 'c : ' ‘ |
From the inverse of (VI-34), we have:
- (
i cos’() - sin . 1 ' ia ‘ |
| = | cos (6-120) - sin (6-120) ] ® 'q (VI-35)
N ic cos (6+120) - sin (6+120) ] R . ‘ -
.
. . _ . y

Since this transformation is valid for transforming stationary phase quantities
~ ~unntities along the d,q, rotor axis - which are stationary with respect to the rotor
" “is, the transformation should eliminafe the time variation of the inductances and is €
~ally valid for either flux linkages, voltages or currents, as argued_ previously,
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~ Using the transfermy tion ‘aoﬂnqd above, v{vbh obmlrk\‘ from (VI-25, -26, -27)

S VT ST ST vi-dl)
A\ ‘ 3 ’_, ) \ v . V' 3
2 a7 (Laob. " labo * 32 Loo2)u ot Lortf " Loted Tk . (V- 7)
C - ‘ ' ] 3.\ . \ -
. Y c!&{(Lnoo + quo - :g" Lmz) iq + Lakq "kq (V1-38)
We can define new, fictitious, armature inductances as:
| | - d o
Lo = Laqo = Laobo ( | | (Vl-’39)
Ly=L &L, +31 - (V1-40)
: | d aao ahko 2 002 . ‘
P\ ’ N . 3 s ’
L + =L +L - - VI-41
Lq aao abo 2 LooZ ( - )

<

exist, However, en though they are only defined, it happens that these defined -
inductances are guéntities whose value can be obtained relatively-sasily from..test .
data. We can also use the current transformations in (Vl—35), to obtdin rotor flux
linkages

Ld'Lq L, are defi}d mductcmces that relate to measurable inductances that actually

»

. ( fr kd’ k
1 d' ko,
In ;terms of:
ld, lq, lf
Thus, from (VI1-28,-29,and -30):

5
) - . i .
‘ o Mo = Lo dhe b Ly g+ oLy | ‘ (VI-43)
. f _ kd ~ “fkd'f \ “kd'kd T 2 “akd 'd - .
A =L, § + 3 L i ) (VI1-44)
ka “kqkq 2 “akq 'q .
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Also; substituting (VI-39¢ -40,-41) In VI-36,-37,-38) ylields:
L8 ' ,“ ) )
A = Lolo : | (V1-45)
. ¢ .
= ) + ©
A Lqiq‘ Lakq 'kq (V|.-4§_)
’ < v ’ Ad = Ldid + l. '(d '(d ‘(V"'47)
Now, the voltage equations. for the actual stator and ‘rotor circuits are:  .°v°
. d)g - o S
» Vq = Trig ' | - © (VI-48)
dxb .
. | Wy = T oy \ , (V1-49)
. \ \ dx, . . ‘
_ = — . . ’ -
— Ve T r ic (V1-50)
e .
Vf =5 + rrif - (V1-51)
- e .. 6‘: f,llf_‘_i.+ i | ‘ (V1-52)
4 IR praly 1% o 4 -
| | : oy - | |
0= ——ﬂdf + l’kqlkq (V"’53)
where r is the stator wmdmg resistance, 1 4 and kq Ore equivalent kd and kq circu it

resistances,

If we define Vg4, V,, and Vg with the same transformation used for current
and Flux anages and transform c‘he phose voltoges and currents in (V1-48,-49,-50) to
d-q-o quantities we have;

d)\d d .
Va= G “hgdr trig , (Vi-54)
fﬂ de |
Vq =5 oy el iq (V1-55)
' S visy
Q\-—'df ruo (..)
130 )
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\/ - - We recognize that a‘?’f— 4 speed. Also, if we assume that a common mutual
u *flux links all windings on one axis and that this common mutuval flux differs from the »
total flux linking any one winding by the amount of leakage flux associated with that

% particular windingw e can make additional simpliﬂcaﬂons in the equatiuons we have -derived.

¢
. The equations as. derived so far are in terms ofamperes volts, henries, etc.,
ti.e., they are actual quantities. It is appropriate (prior to introducing the common
mutudl fluxes ,and the leakage fluxes) to convert to a per unit system in such a fashion
as to make the flux linkage equations have reciprocal mutual inductances - that is to say
the per unit value of the mutual inductance along a given axis is the, same regardless
of which winding we are considering it from.

V1.4 THREE PHASE MACHINE PER UNIT QUANTITIES: The basic considerations involving
the ‘use of the per unit system were developed in Section Ill.2 The development jn that
sectipn dealt with a single. phase machine, .or a DC machine... The section will. extend”

‘ the per unit usage to cover three phase machines. Two very important concepts developed
in Section lI1.2 which also apply here as:

|
i 1. in coupled coils, or windings, the same voltampere base should

be chosen in each ¢toil (to make the mutual indWe the same
when viewed from either coil)

I\

\

i

‘ 2. base value of electrical angular velocity should be chosen as equal

} to 1.0 if the time relationships are to be preserved in the analysis.

For the three phase machine, base voltage and base current in the armature

(powel winding) are best taken as the maximum of the instantaneous phase values
correspondmg to machine voltampere rating. Thus; if

‘ Vb, = base voltage which is also the maximum dr' crest Verhye- gf s v
phase voltage

|, = base current which is also the maximum, or crest value of the
phase current

v .
)“"—) = 3 phase. machine voltampere rating =~ (V1-57)

| /2 7
// - /

= 3 phase voltampere- base

7 \% b'mb VAba 3 phase o (V1-58)
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To see how th orrosponds to the equaﬂom developed for the-synchronous
machine, note the Flux 1 s in the fleld winding due:.to currént in the D wlnding and
l .

flux anages in the D wi due to current in the field winding.

. "
& ) For the formor;‘ from (VI-42):
e - - d ot =31 VI-59)
_ o Vpdve to g =3 barg | -
For the latter, from (V|-47): «
A g due to B¢ = Ly -+ (VI1-60)

If these two quantities are to be eqt.lnol', in per unit;
| gLqu ld — - of 'fi ‘ (VI-61)
" "f base f base  d base d base ‘ ‘

CIf “base = 1,0; (Vl.—61\ can be written as |
3 Laf id ¥f base _ " Laf I 1d base (V|-(,2)’
2 (Zf base f base) 'f base (Z4 boseid bcse) g base ‘
3 i‘! id base _ if/if base : ‘ ‘ (V1-63)
VAR B " -
2 Vf base f Vd base'd base
If . ‘
~ 33 =V, oo =VA 3 ph (VI-64)
- . - % "d base d base f base F-Blise =Y Mpqee © PNOSE ) vi=
The flux linkages are equal when: .
ig i
=7 | o (VI1-65)

: 'd base 'f base

(V1-65) equates the per unit current in the two windings. Thus, the conclusion is that
if the volt ampere bcnseqn the field and the armat wr @ are equal - and are in turn the
three phas volt-ampere mhng of the machine, then we have equal per unit flux
lirkages in the two circuits (due to mutual coupling) when the per unit curfents in the
armature and field are equal. Thus the mutual inductancey are equal and reciprocal.
The same argument can be extended to the mutual inductances between the damper
circuits and the armature circuits, .i.e., the volt ampere base in the damper circuits
must be the same as the 3 phase volt ampere rating of the machine.

122

: : . LA
N o ) \‘t%.\.



e e T o TN SO SR Rt BTN P A TRt I R B LT TR .
R o W, . e : . -, . . ' REEX
’ . : ~ B ' . . . ¢
. <

. N6 o

Vl 5 SUMMARY OF SYNCHRONOUS MACHINE EQUATIONS: The synchronous
machine fhree phase stator winding s transformed info D, &, type windings by the
d~q~o transformation (VI-34). The synchronous machine configuration is similar to

« that Nho Generalized Machine except:

1. The D and @ windings are on the stator.,

2. The "G" winding on the Geﬁomlized Machine is denoted
as the KQ winding, is closed on itself and is on the rotor.

?

3. The F winding is ‘on the rotor,
€ 4, Another winding, denoted as the KD winding is coaxial with the
F winding and is also on the rotor. It is closed on itself electrically.
5. A "zero" component winding exists mathematically in order to
. permit dqo to a-b-c (phase quantity) transformation. It does not
contribute flux linkages to the rotor winding and is thus
associated with stator leakage reactance. .
. Correspondmg to (lll-—47 thrgugh -50) we .can express the self, mutsal and
| Ieokclge inductances for the F, D, Q, KD, KQ windings and for the zero comporent
winding. Similarly we can then write the expressions for flux linkages a¢ developed
in (VI-42 theough V|-47) These correspond to (111-51, -52,-54,-55) for the Generalized
Mathine. Finally, from (V1-51 through -56) we have the voltage equations for various
windings. These are similar to (I11-99 through -102) for the Generalized Machine. The
two equations describmg the electromechanical dynamics are, of course, the same for
both machines since *power is converted from mechanical to electrical form, or vice
versa, in the armature circuit only (the D,Q, wmdmgs)

The equations for the synchronous machme afe repeated immediotely below.
Comparison of these with the corresponding equations for the Generalized Mochme
indicates thd} they ‘could have been written by analogy.

\

Lys = mutual inductance, d axis windings \

mutual inductance, q- axis windings

q9
Yo | L, = zero component inductance ‘
L¢ = self inductance of F winding' i
£_ = mutual inductance of _ winding’ elec. |
e = Lae ¥ | b vi-es)
la=lapt g (VI-67)
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"

"

fed "Ltk

Lq:l.qg+g

g “lag * e

e = Lglp t Ldfkd Lada .

"0 Larle * df'k_d Lalg

Aed = Lade t Yedig t Lady
= B :
A q 7 Lalq ngfkq

« b
Moo=l 0o+ L i
kg ~ tag'q ~ka'kq

df ’ AV >

.. (yu-oe)

(VI-69)
(V1-70)

v1-71)
VI-72)

(VI-73)

“(VI-74)

(V1-75)
(V|-76)

(V1-77)

(VI1-78)

(V1-79)

" (VI-80)

(V1-81)

(V1-82)

(vi-83)

(VI1-84)

R

&
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‘ Obmrvaﬂons which can be mudg‘cn this time with rospacr to these
equations are: i

1. under boloncod conditions, no zero curren, and
¢ voltOges exist,

-
¢

2. Under ‘steady state conditions, (rotor with some angular
~ velocity as the stator magnetic field) iy 4, i), are zefo,
since only tronsformer voltages are present in these windings. :
g From a hnstoricol basis, (in honor of R, H, Park) the equatians in -
d-g-o form are usually referred to as “'Parks” equation. The anﬂiysns using
. these equations is olso sometimes referred to as the "Two Reaction Method"

{ . ' . ' ’

g V1.6 EQUATION REARRANGEMENT FOR BLOCK DIAGRAM REPRESENTATION: From
equations (VI-71 through VI-84) we note that we have 14 simultaneous equations which
are non-linear if speed varies - which it may do in the dynamic or transient state, |t
should be emphasized that the average speed must be. synchronous, i.e, the same as the
speed of the stator field, if the motor is to remdin in the synchronous motot mode.
However, there can be osctllotions about this speed. Some rearrangement of the
equations is desirable in order to more easily represent the system of equations in block
diagram form or for simulation in- computation, In general, we are not concerned with

‘ knowing the dctual value of the flux linkages. Therefore we will do some combining

A, and rearranging to eliminate these from our block diagram. For a block diagram, we

| require transfer functions. The first such transfer function we will obtain is the
easiest, i.e., for zero sequence quantities. From (VI-76 arid -82) the equations

involving zero-sequence quantities are:
<
L dxo . : i )
Vo = g;"— +or io . (V]'BZ) .
Ao = Loio . (VI-76).
or: | . ) ' »
. di, ' ~
o | o, Vo Tlo Tt T, (V1-85) -

W

Recall that fhe use of block diagram bosed on transfer function is valid only for zero
initial conditions. Suppose we consider only incremental -changes in the variable.
" Since they are changes that take place only after t = 0, the initial conditions for.
incremental changes must be zero and thus we can represent incremental changes by

{ - block diagrams representing transfer functions. This can be demonstrated by considering
. | . ,
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(V1-85) and denoting lncromonml values of tho variable by ; A preceding the |

~ denoted by the variable followed by (0). Thus

¥

rloblo.
~The value of the variable at t=0 (the steady state 'value preceding the chongo) is

(V{0 + AV ) = Lo Se (1000 + alg) + v 1(0) + v 4 (V1-86)
and: - ’ | | e
. | | . s v
_— - ‘ \VO(O).== J i5(0) (V1-87)
Subtracting (VI-87) from (VI-86) ylelds:
| L AV, =L 4 g e (V1-88) "
. o odt .
a from which: : ‘ N
. (. . ] ) : ‘ e
/ Big, =8V, | I ‘ (VI-89)
. ,.(] -9- 3)
After taking thé Laplace transform. We can reprosent this in block diogmm form as: "
L) ) | ‘ .
— . (o(3) @
Y é) aels) Le
€sts) : A+ Le s)
Figure VI-7, Zero Sequence Block Diagram ¥
That this yields correct results can bc‘see'n from taking a step input
AVe
Now ) .
- V_(0) ‘
AvV -, "o
Volh =57 *+ 7 (V1-91)
Vo(0) io(0)
AR -***]l-(——-—)-l (V1-92)
dim i (t) = lim s i (s) = lim [-—-——-[—-] = i (0), (V1-93)
t+ o . § - o $ v m -
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ona ) V '
o - o Him §(1) = lim s §_(s) SR () ‘ | (VI-94)
L it m o - .
- . but since . . .
o ._ v L .
R ' i,(0) = \ ' — (VI-95)
| . - V,(0) + &V "V, .

: Jl:\ lo(t) = g, = -r- |  (VI-9¢)
whlch would be the new steady state value of l e . \ . o
! ¥

R
At this point, it would be well to examine (VI-71 through -76) and determine

_the initial value of the various flux linkages at t <0, i.e., 1,(0), 24(0), a (0),)\ {0),
(0) and )k (0).- To do this, consider that the mochlne, operating as a motor, is in

a s}eady state shuoﬂon at rated speed. Thus, all terms involving the time derivative,

such as. d\/dt, are zero. ﬁlso, ‘k ;- 1 d‘re 248 because there is no driving voltage

for these currents other than lnducod tronsformer type voltages. Denoting t=0 valuos as

(0), sdth as if0), Xq(O) etc. we have (w’th the above conditions),

j ) e
' ' A 4(0) = Ly 14(0) SR (VI1-97)
V (0) = r i(0) | -, (VI-98)°
o N . VO(O)
SO G(0) = Lo B(0) or k= (VI-99)
T g0 = Ly 0 L0 T (VI-100)
or: o : _ ,
Vgl0) =t (0) + r ig(0) e (VI-101)
from which: | | ‘
v "xd(O) = Vy(0) - r (0 o (VI-102)
)/" (0) = Ly 10 - (VI-103)
R . | R .
o | | Vd(O) = -k (0) +rif0) ' (VI-104)
- from which: S (
: S o= Vd&)) + 1 i4(0) o
S ‘ ) A g0 == - - ~(Vi-105)
R - | R .. »
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| Megl® = Logla(® ‘ | (VI-IOG;
* 1@ = LggiO) * Ldf'd(.o)— | o (V1-107)
- V{0) = rfl;.(O) ~ (VI-108)

~ x,(O)‘ = Lf!.f(O)_ + Lyigt0) - (VI-109)

These - \gquatlom ‘tive appropriate .o‘xprmiom for lnitfol oond!ﬂ%ru. ~ \

Next, consider that we want )

q @ function of %. From (VI-74,-7%,-81)
the appropriate equations are: =N

L Lglg * leglkq = g . ) (VI-110)
. + ; - = 0. o -
\ ngiq qutkq k_q 0 X (VI-111)
o Ck . R
- kg _ i
rkqlkq tg =0 | (VI-112)

Taking the Laplace transform and rearranging to indicate i (s) as the
; dependent variable yields: (Considering all variables are incremental Values of the
variable but not bothering to denote by 4) '

-Agls) + ng‘kq(’) =- thq(s) : | (VI-113)
quikq(i) - qu(s) = ngiq(s) (VI-114)
V. o T kg T8N0 =0 (VI-115)
from which: ;
| - Lq iq(s) ng ) 0
. L i -1
" Lagla® b
’ 0 r +s
. A= kq (VI-116)
Q- -1 L 0
a9
Vo -1
0 Liq

.t
g
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Since:

-

where

Tu'
qo

T =
q

time constant

quadrature axis subtransient short circuit

time constant

£ 4

= quadrature axis subtransient open cirqyit
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(VI-117)

(VI-118)

(VI-119)

(Vi1-120)

(VI-121)

(V1-122).

(VI-1 @
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T" is the time constant one would see if the damper winding was oponod
and no couplﬂ'\g existed between the kq domper winding and 4ny other winding. T
is the time constant associated with the damper winding if it is opened but coupled
to the q winding, considered with zero resistance and short circuited. This can be
seon if we write equations for our fictitious, opened kq winding with rq = 0 and short -
circuited ™ T

qu(s') = (rkq + qu s)ikq(s) + ngs iq(s) (VI1-124)

7

0=L_ s ikq(s) + Lq s lq(s) ) (VI-125):

qq.

from which

V, (s)
’kq(s) = r::q [ ‘ 2 | - (VI-126)
q Lo L.zl | -
[]Jgkq‘gg)s

Lq kq

”qu and Qq from VI-12V,-122 are usea in (VI-123) for T:l' we have

L -
quq L

" o= VIi-127
" w1z

and it can be seen that the time constant associated with (VI-126) is the same as Ta.
Hence the designation 'short circuit' as opposed to open circuit for T .
The reason for colling it 'sub-transient' will be discussed in conhection with .the

derivation of the d axis quantities. Now, returning to (VI-117) we can write this as:

(V+T"s) , - ,
= L b -
Aq(s) q 0T 3 'q(s) ‘ (V1-128)
qo
The block diagram for this equation (recalling that i (s) and ) (s) are .
really Aj (s) and &) (s)) is shown in Flgure V|—8
¢ 1
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LE (e T'i 3 ) -,Lz(:)
(g(‘) . (\*"'“o') - Tof&\ u.,v;la.‘)lt .
Al
A
VQV\‘.“Q
. Figure 1 -8. Quadrature Axis Block Diagram
\ We will now go through the ame procedure for the d axis flux linkages,
again using equations involving incrementdl changes until we get to the block diagram

at which time we will denote initial values, total values and incremental values of the .
variables. ]

The equations relating events in the three windings on the direct axis

are, from the equations for the synchronous machine,

Ldid + Ldf‘f + LdfiN'—“ )\d ’ ' (Vl-’]2?)
Larig Laeie + Licdidg =‘ Ned (VI1-131) '
14
dxf
Dy g
A 0=—71 " ed (V1-133)
From (VI-132) we can transform and solve for f(s). Thus
1
Vs) + re i(s) ,
Ads) = ———1 £ (VI-134)
Transform (V1-130) and subititute into (VI1-184) yielding:
s Ly y(9) + (g + s LYLLS) + Lyp s Ty y(s) = Vielo) o (V-13)
s * ) -
o > \

R £71
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Transform (VI-133), solve for Xkd(s), substitute in the transformed (VI-131) “
ylelding: : ,
s Ldf‘lf(s) te Ly lf(s) +.("kd +s Lkd) fgls) = 0 ' | (V1-136)

~

(VI-129) is the remtining equation in the group. Tronsforming it, we have:
Ly ld(s) + Lygr Tes) + Ly Tgl(s) = 2 (s) (VI-137)
Although we want Xd(s).os the output of our block diagram with lsj(s),. Vs)

as fnputs, it is less complicated to solve for ig(s) as a function of 1 (s), Vi(s) and then
rearrange to obtain 14(s) as desired. Thus, from (VI-135, -134,-137) 'we have:

| Vet g+ Lp) Ly s
0 - Ly (g * Led 9 ]
PO -£ (V1-138)
) sl.df (rf+L‘:) Ldfs
slye Ly (g + Lyg® |
Ly Lgf * Ldf
Solving first fora :
! .. ) 2 .
Le L Ld, L .
f kd g LafF 2
ig(s) D= (ren MV + (4 =) s+ () s ] 2yls) +
o a7 g " "kd ’ .
Lid - Ldf ' )
| - (rdedf)ll +m’kd s] V&) - L (V1-139)
recall that: K |
D Le = Lgpt Ag (V1-140)
b Tl e (VI-141)
ot ‘-.“.'-
i
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ond note thaf:
\ Ll =L 2= (L, +2 (L it )—L2.
kad df df - df - kd df

= (e 2 et g

( _
= (Ldf + tf)zkd + Ldflf
. L 3
- at £ s
=gt g T )
from which:
. . Lagts
Y2 kd L, + 2
I A df - f
= (——N )
"t "kd f "kd
also: 7 t
Leg ~Lar Lartipg Tt tar Ykd
"kd kd kd
_ ond: _ \
Lp - tar Lap " o - Lyp 4
'\\\ I‘f - I‘f l":
defining:
L Lty
. Ty=— =
rf rF
v' T = l.-..'.(..g.
~ 2 fed ‘
Yl
T3 =
"kd
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(Vl-l42)

/

(VI1-143)

(VI1-144)

(VI-145)

(VI-146)

(V1-147)

(VI-148)
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/V
L/ = :
Ty = /A0 - o (Viel9)
/M o \,
4 L » ‘
/ f . . . . ~.
VT (VI-150) -
ry . ‘
Using the doflnod quonﬂﬂos (\fi «146 through VI-150) we oan oxpress (VI-139) as:
' ld(s)D rr kd“ (T +T2)| + T T 3" ]xd(s) - rded'[Hdes]Vf(s) _ (VI=151) - :
f we ommln‘ the time- comvdm: dpﬂncd -abové we npote that:. ”*Tf e Ti B T
and T ‘>'5T because Tr| Is assoclated with the fleld winding consisting of many turns- ~
in Ordor provide the/necessary ampere turns of excitation and the main ailr gap flux Cox
whereas ‘Ty and Tg- are’ assoclated with the damper winding which is a cage of -
rolotlvoly%ow tuns. /We will introduce the approximation that;
’ (i i;' '\..
/ T+ T3- Ty + T2 | (VI-152)
from which:. |
/l +(Ty + T2)s + 7 T3 s ~ () + Tls)(l + T s) ' (VI-153)

We wlll dignlﬁy T|, T by a %rml name ond o standard subscrlpf Thus:

K

I T3 = T'("o = the direct axis wbtmml_ont open circult time constant

=T, = the direct axis transient open circuit time constant

Tiy = the direct axis damper leakage time constont

S " Note that T" , the "subtransient” open circuit time constant involves the = -
damper, winder, kd, andd(is thus much smaller than T', the "transient" open circuit

time constant whlch is the field circuit considered above and is relatively long.

Hence the name subtransient - to designate the first (and shortest Hvod) tmmlont
phenomena .

i ' . - N - - A
'! We can now write (VI-151) as: |

ld(s)D = rfrkd/(/!"*f’:;o s}(1 + T:Io s) -)U(s) - rde‘df(l- + Tiead) Vf(s) (VI-154)

, of (VI-138) Is expanded, ylelding:

23 273 2
d+'Lkd)'+" Ldf#SLdf-'Ldf(rf+"-Lf) +

Now, the denominator, |

_2 o
- L U Lkd) Vi 155)‘
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PlglpLg v 2 Ly Ly

wl‘d"l“kdl + L [r d(Ldf+!’F) + "f(l'df fgkd) ol L

L¢ -

L2
r“)

i= Ld"r"kd

DL, 3
Lbelpg + 2L

2

afF " LarLe -
i‘d -

(V1-156)

(Lgr * kd

(VI-157)

by

Similarly

"The coefficient of s

Lyt *

can be sir}\plified as follows:

+ Lf’“df ey - L

(V1-158)

(VI-159)

et oapltyr P gt

Fh )]

df( ’F'Lkd + Ldgf + ngkd_) + ld l}pkd]

(V1-160)
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In order to determine a product which ylelds this = and fo make one of tha_lim of
this product the same as one term of the sum which forms the coefficient of s, divide
the bnckot’d porﬂon of (V1-160) by (VI-159) noting that: .

tde". "d" +(z +£f)l.

+ = - (Vl-'é')
i | LT o T<:|-
N"" | :
| L AR AT Lyt ) )
L : o
d b fkd * Lar® tid Tt T ta'kd
vt o e z g L d;“f'k dj 4% ) ) B w (VI1-182)
- Ldf "d"f .\(' ' ,\.
we can express the result of tﬁg division operation in (VI-162) as: ® -
L
df* 4%
L (VI-183)
fd TTETE, +£.f)l.df
The coefficient of s2 in (VI-155) is then:
L, L ¢ | ‘
rd ¢y + — at Mg + ———-——-)+ ! (VI-164)
p .
Fkd Cagta * %Y * Lartd df " td
| Using’((Vl-ISB,-ISSP,-lb-}) we can define the following time constants:
Folgt Yy -
‘T4 = ' "f o (Vl-]65)
£ L
L4 d S,
kd Ldf +9 q
T. = (VI1-166)
- "kd
\
| 146 ¢
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Tt * T df "" | | (VI=167)
df‘d tety ¥ df"f
With these time ooqrtanh,~(Vl-157) bacomes
| 2 | :
DmbLn (W (T, + T+ T Tl (VI-168) F\

Again using the argument that time constants assoclated with the field are
much larger than those ‘associated with the damper circuits we can assume:

X | Ty »Tgand (Ty + T X (T4 + To) (VI-169)
we can express (VI-168) as t)ao approximation: ’ |
D% L g (1+ T80 + Tgs) ~(V1=170)
We will denote the time constants T4 and T6 as:
?,' “ Ty = Ta = direct axis short circuit transient time constont o
'.

Tg = T; ="direct axis short circuit subtransient Hime constant

and we can then express (V|-168j ‘as:
D VL (1 F T + Th)] (VI-171)
From (VI-165,-166,-167,-154) ‘we have: - | '
Lyt Ta:)(l + Tisigls) = rer (1 + ;I'"os)(l RMOIYOR,
—rk Lo VT, ds) Vf(s) - | N . 1-172)

solvsng (VI 172) for A (s) yields: .

DL T T Lgp (1 + Theds)
Ad(s) (‘ ¥ T ) d( ) ' ] + _Tu f(s)
w1+ T8 T TN T

(VI 173)

€ (s), |d(s) and Vf(s)) in (VI-173) are .ineremental values as discussed previously. In
block diagram form: .
/




. N
| L+ i+T's)
(\ +The )L+ T %),

. - 1
N : . S ‘ o

L Ot TRgs)
A1+ Taosf 1t Tas 5)

Vato)
s

Figure VI-9, Direct Adis Block Diagram

v

We are now in a positIBn to summarize the equations we have developed
and to present additional defined reactances. The fundamental quantities are:

r= ﬁnoture rosistcmc;
rg = field resistance
o Med = dlrecf.cn.ds damper effective resistance
q = quadrature axis damper effective retistance

Ly¢ = direct axis mutual Inductance

L | | ng = quadrature axis mutual inductance
fg = tq = % = armature leakage (d winding, q winding) inductance

9": = field leakage (F winding) inductance
SR

e

v ' L
. kq
L

«

o

L‘.’ =Lye t &, = direct axls synchronorstirgtcfonce

qﬁodmture axis domper KQ winding leakage inductance
lq = direct axis damper {KD) winding leakage inductance

q * %2 = quadrature axis synchronous reactance
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We can also define additional inductances és follows:

, L -
La =g -+ l_dfll' - t:ﬂroct Qxh tmnﬂ,ont rooctan@'

‘ @ HdFtT
Loty Latehd 7
d @ gkttt bt g

L‘ ’“k .o
L' =¢* i-__Sfrﬂ_ = quadrature axis subtransient reactance
//‘q ! qg kq
| The following time constants were  defined:. |
/ - | |

= direct axis subtransient reactance

Y

3

/ A I
! T, = ———= direct axis trhnsient open circuit time constant
/ do : rf =
,. Lyt
- df "a
YRR v
df .
Té = - = direct axis transient short circuit time constant
f | . ‘
" Loy | v
T, = ~— &g +[——-+‘T—) = direct axis subtransient open circuit time constant
kd df L ‘/
T ! (, , + — ftalt direct axis subtransient short i. it
' o= - m ) = direct axis subtransient short circu
d "kd ki' Ldf %:l * Ldft-f _"f ,6 time constant
o= e—— (Lt )= qtur t ‘ i “consta
qu ri(q ( a9 kq) quadrature axis subtransient open cirgun time cons nf
i ’ )/'!.0 r o -
h ™ = —-—(”k + 'L—‘ﬂg‘T') = quq‘dro_tufe axis sublrdnsient short circuit time conskant
rkq. q q9 a N v
kd - - '
Tkd = 7 = direct axis damper leakage time constant

kd

Other relationships relating Lerq and \é;:rious time constants to L}, LY,

L." can be obtained by noting that: .
q | o

| 149
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Tl J | . l e‘ .+ Ldfza )
L_(.:.'...u(g.y,L)Ff__f [-df+0
d Tc'io a df . :
—_(r
et Ly
f
o (Lap 29 * Lyt -
== |_ ey e a +
df f .
\ L}
@ . =L o fb
A T:L
‘ - -';?"‘o.o L. = Ld o W ¢
: ' d T:i_o
Similarly K
Ln =1 Ja T4
4 -d ' "
d Tdo .Tdo
Tq.
T
qo

] (Lygg +2 ol * Lat o

Lae ™ %

Laf'¢
Lag ¥ %

= E

o

(VI-174)

VI-175)

(VI-176)

(VI-177)

(VI-178

(VI1-179)

These last relationships are helpful when the machine constants are determined
by test. They are also ‘useful in analog simulation and in estimating short circuit levels

for synchronous. generator,

The equations, as developed are now:

,;
dXy

.
- -

vd. d" -wkq +r

q dt d
dxo

‘A = a't'“ +r 'o

)‘o = Loio

2q(s) = Xy(s) igfs)

Ag(s) = Xols) igls) + Xa(s) els)

B
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(VI1-180)

(

(Vi-181)

(V1-182)
(VI-183)
(V1-184)

(V1-185)
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x < ' (1 + Tﬂ')
N I(‘) q (I + T" ’) (Vl"]%)
. | (1 + T'S)(\' + Tds L -
. . I ’ L (I + T s) ] “ ‘-.. e ,;'; : '
. . df kd LT
’ " . x (s) = ' " " Lk (Y'-lss)
- T (T 0T
and 5 As ! ) ' \ L
‘ . ANEN _ . . do ' . \ \T. | | r o
To =T #) F-lJ T - o W"l"_"h | '

Y

In c:orderk to evaluare k, recall that the _instdptaneous power converted to mechanical
form I given by - ' '

p = v i, bb+v' R - (VI=191)

: . ‘We can eliminate the phase quontmes by the use of the transformation given
in (VI-34), When this is done, fhe instantanedus power becomes

p=%(dd+vi +2 vi) (VI-192) |
"or, using the relationships for d,q, voltages

dA R drs-
- af § d [ I ¢ 2 3 ° . . 0-2 ° o \
= 2[|d prl -wkqld +r 'd.. + 'q.Jdt‘ +w>\d|q +r i + 2y T x.2 l ],., (VI-193)

Recall that terms such as i d represent a change in stored energy and that the izr terms
are ohmic loss. The remainq-r:g terms represent power conversion from electrical to
mechanical fotm. Therefore, shaft power, ps, is. given by:

(VI-194)

and
. : (Vl-l95)(
e 3 Ve - o
.k =5 : o ‘ (VI-196)

wd
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' We now have the describing equations for the sy Chronous motor.  The
/" equatlons for the gerférator, or altemator, dre obtained by §Bnging the sign of . .
. the current, The equations are based on a transformation of variables from phase ..
quantities to d-q-o quantities. This change in variable has enabled ‘us to replace
time varying inductances by constant value inductances (neglecting saturation effects)
and our ability fo simulate the machine by computer for‘dynamlc st ud?os is enhanced.

]

" To use the equations, one must study the problem to be solvod ,adapt
the equations to the specific problem, introduce the initial conditions and, restraints
and proceed either by computer or by/ the application of operationsal mathematical
techniques. In the subsequent sections we will examine.the behaylor of the synchronous
machine under various conditions in .order to illustrate problem solving procedures.

VI.7 THE SYNCHRONOUS MACHINE UNDER STEADY STATE CONDITIONS: By
means of the franstormation used fo convert phase quantmos to d-g-o quantities we.

were able to define fictitious inductances Lo Ly, and L (VI-39, -40, and ~41) to
replace the actual inductances in the machine, which ore fqncﬂons of ‘angular position
of the rotor and thus (since the rotor revolves) also functions of time. s We will now .
-'apply the equahons we have derfved to the mochlno operating in the steady state:

For the general case;

6 =wp+a : (VI-197)
where: “
b = ongle between the rotor axis (dlrect axls) and

R 1P ]

A the axls of phase "a
“a = rotor position at t=0, - _
' ; . ®
Since @ is completely arbitraryffwe will assume a = 0 for this analysis.
This- will not result in any loss of generality. With this assumption

8 =y ._ \ (V1-198)

_ The phase currents in the stator wihdings of a 3 phase machine can be
expressed as . '

g = 6 | cos wt +.B)d N ’ _ (VI 199)
i, =V2 | cos t + 8 -1200 (VI 200)
i =/3 1 cos wt + g - 240) | - (VI-201)
{ ~ . | .

152 D
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where: A | ) ‘
‘ I = root meap square valve of the balanced phase currents
B i= the phase angle of I with respect to the time erigin,
T Jeew, at b =0 ='f2|cose.

The: d-q?o currents, corresponding to the actual phasé currents dre determined
from (V1-199,-200,201) by using the trpasformation (VI-34), Thus:

y

O domene -

ig =721 cosg ' (V1-202)
= /2 1 sin B | (V1-203)
ip=0 | (V1-204)

The fact that these curtents are not time varying is completely proper -because
these currents are associated with D, Q windings which (since the inductance relationships
associataed with these windings is- constont) have constant positign with respect to the
field, (F) winding. Since the ig,i, i  currents result in the same mmf as the phase
currents which yietd a constant _mangitude mmf revolving at the same speetl as the rotor
it is necessary that the d,q,0 currents have constant magnitude to yield, also, a constart
mmf. This is true only for steady state conditions.

that in fthe actual machine we have stationary stator windings which have a net mmf which
revolves' with the same speed as the rotor. If an observer is on the revolving rotor and
examined the mmf of the stator, he could very easily assume that this mmf resulted from

a coil rototlng at rotor spead and at some fixed angular displacement from the axis of

the rotor..” Or, he could assume that the mmf resujted from two coils, revolving at

rotor speed) (one along the axis of the rotor and one in quadrature wnth the rotor) whose
net mmf such that it yielded the proper magnitude and phase relationships of stator:
mmf with respect to the rotor.

é Physical insight into what has been accomplished can be gained by considering

~

From (V1-36,-37, and -38) it can be seen that if the various currents are
_ either -zero or of constant value the air gap flux linkages are also constant,

Since we are dssuming steady state conditions in this particular analysis
- d =2; kg = 0 . ‘(V|-20l5)
because the flux linkages linking the KD, KQ windings are constant.
)
if = constant A (V1-206)

because of constant excitation (steady state)

I io =0 - (V1-207)

'ld,l are conshnt from lVl 202 -203 and -204]., . \

- q/ )

U
Ca
-3
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ff" - F flux anogos are comtant the terms lnvolvlng tmniformor voltugoc
. . (bosed on time rate of chango of flux llnlca)u) are zero. - LS

. Using the.obove, we can “write the squations for a gono;utor, or altemator,
in the steady state as: (From (VI-180) through (VI-190) with curronts i4 ond t hoving
opposite tlgn blcduu _these equations describe motor action),

v -

g - g oy (VI-208).
Vg =ha - r g 3 , (V1-209)
T | . & (V1-210)

1 c | , ) |

A= o .' -
0= Laq | 7. (VI-211)
- i '

Ny = Lyt - Lyly - (VI-212)
7 (i N (V1-214)-

} Construcﬂon of a phusor diagram is helpful in visualizing the dy state
“operating condition. Note that in (VI-198), 6 =w t, Using this in the Inverse transfor-
mation, (VI-35), for voltage, rather than current, the "a" phase voltage is written as:

\;a(t) "—‘ vq coswt - Vq sinwt (V1-215)
Now, - sin wt = cos (wt + 90). Therefore: R
, ¢ ;
vy(t) = v  coswt + Vg cos @t + 90) ¢ (V1-216)

. . A - k
- When we ¢onstruct a phasor diagram, our choice of time is completely

arbitrary. Therefore, we will choose t = 0 for simplicity, yielding from (VI-216):

Vg Vg * | v (VI-217)

) - a q

. From (VI- 216), vg(h is the instantaneous terminal voltage of "a" phase and

therefore v, and v cOrresponc_I to maximum valves.” Therefore v, is the maximum valve
of "a" phase voltages, with, our time reference. If we denote the rms terminal voltage

as Viq, we have:

‘e

H‘

Q.
+
£

Ya" L
e 7 /3

"9' V. (VI1-218)
/5 :

-
T
N
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where V and Vq correspond to rms values,.. Similarly:
. N ¢
‘d !3. '
lg = —*+ 1 ol PR l o (VI-219)
i oA -

1 4

Now, referring to (VI 208,-209) with the values of ﬂux linkdges from (Vi=211,-212) |
subcﬂtutod we have:

vy " quiq'- r g S (V1-220) -
| vq = Wlygdp = wlgiy - r i w22
Let: . , /
- | wly = Xg | (V1-222)
\ wly = X, | . (V12

.substitute*(V|-2_20) and (VI-221) into (V1-218) and divide every item by /2, yielding:

v i ri
d »
R L R - Xy — - —2) (V1-224)
’2 /2 2 /2 /2 /2
Vg .
Vig =;?_ -_-_xq[q “ i X T B (g i (V1-225)
* Note that Vi, 1o, lgand 1y =1, j lq are rms values and;

qr
: \/ wl yf ‘f

Ep = L (V1-226)
7 \

E¢ is the rms voltage that would appear at the machine terminals if |
and | . were zero - in other words the "open circuit" voltage and it is due to field
excikﬂion only. It is commonly referred to as the "excitation voltage".

(V1-225) con be rearranged as (in rms values)

Vm = (Iqu - Iur) +j (B¢ - IdXd) (V1-227)

A R B A A Sl s SRS S S b R AR
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Recognizing that Vm and "o are phasors, we con r&vrlh (V1-227) o

A

' R : 0 Vi tlar t X - Xdiq = | E . (V1-228)
A phasor ‘dlagram can be constructed from (VI-228). To draw the phator

diagrams, we will first draw In the direct and quadrature axis (the q axis 90° ahead

of the d axis) and consider the d axis as the 'real' axis and the q axis as the imaginary
--axis, Thus, if we plot ‘real' quantities, from above, along the d axis, we will plot

the Imaginary quantities (rotated 90° ahead because of the | operator) along the q

axis. For convenience (and to conform to rather. widespread custom) we will locate the

q axis horizontally. Doing this, we have the phasor diagram shown in Figure VI1-10,

-b;i\ —_— +Z’u'\s '

15,

Figure VI-10, Phasor Diagram, Generator

Note that: - . .
a) |qu is in the negative 'real’ direction,

b). I X_<and | ,X, are voltage drops across an inductance and they
lead The currents 1, and lq by 90° respectively. For this reason it
is customary to denote these voltage drops by the operator | to
indicate the phase relationship with current.

~ Now, suppose we are given a specific sifoation at the terminals, i.e., an
armature phase current, |, terminal voltage, V,, and a power factor angle, ¢ . We
do not know 6§ and thus cdnnot resolve |, into components |4 and |, which are necessary
to proceed with the construction of the phasor diagram. This difficulty can be curcum-
vented by a relationship we can obtain from Figure VI-11.

R §:Y)
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Figure VI-11, To locate point a'

From geometrical considerations:

.

o = -’3[;-‘}' | - (V1-229)
but:
- Oa =1y ; b'a' = j IgXgi ba = I
b i 1gX, ,.
..oa~oa.-E—“(|)( I)) ]‘ q \ (VI-230)

Therefore, we can proceed as follows: V,,, and |, separated by ¢. Draw
Ior parallel (in phase) with |;. Draw ‘o'a’ perpendicular to the direction of l5. This
locates point @',  Draw a ltne through points 0-a'. Resolve |4 into 5,14 and construct
i tgXg, 1| X . This locates Ef which in turn determines the necessary excitation for a
given mochme - load situation. A relationship for § in o motor is the subject of a
homework problem. _ ‘ \

In the situation considered above it should be noted that we can control the
magnitude of E¢ by changing field excitation, if. pose our alternator is paralleled
with another mcchine of size, or rating, much larger ?han the machkiine under consideration.
(or in other, more common terms, our machine is connected to an "infinite bus" which may -
well mean that we are looking at one machine in a very large system). If the capacity
paralleled with the machine under consideration is very large, the terminal voltage, Via,
will be determined by the large capacity system and will remain constant regardless of the
magnitude of E¢ of the machine under study. The current supplied by our machine will
change its position with respect to Vto in order to satisfy the mathematical relationship
(in effect, Kirchoff's law). ~Under some conditions of magnitude of Ef, the current, |,
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may lead the voltage, V, . Thus, with on altemator paralleled to an infinite bus, we
can cause that machine to supply current at either lagging, unity or leading power factor
into the infinite bus (even though the load on the total system may require net current at
opposite power factor conditions)., OF course, If the net current to the system load was
lagging power factor and some machine (or machines) deliveréd leading current, other
machines would have to "absorb™" this by delivering current at a lagging power factor in
excess of net system power factor. Figure VI-12 portrays an alternator with reduced
excitation. Note that, the current now leads the voltage. This condition, for an
alternator, is referred to as "under-excited" whereas the lagging power factor condition
is referred to as "over-excited". The distinction batween "under" and "over" excited:
occurs at the excitation corresponding to unity power factor,

Figure VI-12, Phasor Diagram, Under-Excited Alternator

Note that, in each diagram, Vig lags E¢ by an angle §. §is the "power
angle™ or torque angle" previously encountered in connection with the reluctance motor.
We will examine it in more detail in the next section. - Fdr now, note that E¢ will lag
Vigq in the phasor diagram for a synchronous motor. To develop the phasor diagram for
the motor we will reverse the direction of Iy with respect to Viqr (corresponding to a
reversal of power flow) used in the alternator phasor diagram ., The diagram for an over
excited synchronous motor is shown in Figure VI-13,

Vra
afL
A 8Xe o
v T, X
I S A
S
p

Figure VI-13. Phasor Diagram, Over-Excited Motor

: ::‘.7 {)b‘

i
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The phasor diagram for an under-excited synchronous motor is shown in.
Figure Vi-14, :

Figure VI-14, Phasor Diagram, Under-Excited Motor

A

. In order to determine, quantiatively, the power factor relationships for the
metor, compare Figure VI-12 and VI-13." The phase relationship between Viq and |4

. is perserved (except for direction of power flow). However, Ef for the motor is much

larger than for the same power factor relationship for the alternatpr. In each case, then,
the power factor:iseading. However the a)temator is under excited; the motor is over
excited, By the same token, an over wexcited diternator, delivers lagging power factor
current into an infinite bus sysjsm whereas an under excited motor absorbs power at
lagging power factor. ‘ -

This ability to vary the phase relationship between current and voltage by
manipulating the excitation is a major ‘advantage enjoyed by a synchronous motor over an
dsynchronous, or induction, motor. Many industrial firms purchase energy from a
supplier (an electric utility) under a cost contract which provides for a more favorable
(to the customer) rate for energy used at near unity power factor, In practice, the
majority of loads ars—inherently inductive. The power factor of energy taken by the
industrial customgff can ba improved (increased) by either installafion of static capacitors
or by providing synchronous Wotors operating over excited and taking energy at leading
power factor.

A synchronous motor develops average torque only at synchronous speed
(when the rotor field and stator field are stationary with respect to each other). Thus,
it has no starting torque as a synchronous motor, per se. However, the damper windings,
KQ and KD, (or the F winding if short circuited) do behave in the same fashion
as the rotor winding of a squirrel cage induction motor and do provide an asynchronous
torque for starting. When the motor nears synchronous speed (it. can never reach synchronous
speed running as an asynchronous mot or because as the mechanical speed approaches
synchronous the relative motion between the rotor windings and the stator field approach
zero, no flux is cut, no voltage and consequent currents in KD and KQ are available
and the torque goes to zero) the field winding is energized and the.synchronous motor

"pulls into step", i.e., runs synchronously.

59
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The necessity for control clircuitry to apply the field excitation at precisely

the proper time and the requirement to provide a source of d.c. for excitation (usually

. from a small d.c. generator which is direct shaft connected to the motor and called an
"exciter") cause the synchronous motor to be more expensive than gn induction motor of
the same power rating. An exception to this is for motors to run xreloﬂvely slow
speeds. For the general case, however, the economics may very well be in favor of the
synchronous mdtor when its power factor correcting capability is evaluated economically
against an induction motor plus static capacitors.:

Synchronous ‘motors are designated as having "unity power factor” or

0.8 power factor" capability, The 0.8 p.f. refers to leading power factor capability,
These ratings mean that the field winding resistance is low enough so that excitation
» current necessary for that power factor at rated shaft power output can be obtained
without exceeding the thermal rating of the machine. Since 0.8 power factor leading
rating involves higher excitation level than does the unity power factor rating ("over
excitation") a larger exciter and lower resistance (more copper) field winding are required.:
Thus, it costs more. Each application is evaluated on its own economic merits,

V1.8 THE POWER ANGLE AND POWER CONVERTED, STEADY STATE: In Section V1.7
we encountered the power, or torque,; angle, § which is the angle between the terminal
voltage of "a" phase and the axis of the field mmf (also denoted as Eg). This angle has
a definite relationship to the magnitude of torque and power resulting from the conversion
process, To analytically’ investigate this, we will consider a synchronous alternator
paralleled, through an impedance, .with an infinife bus. The extemal impedance may
very well represent a transformer changing the alternator voltage level to that of the
tronsmission system to which the alternator is supplying energy. For large machines,

the ratio of reactance to resistance of machines and transformers is usually greater

than 10. Therefore, it seems valid to neglect resistapce in our derivation, The

phasor diagram for such a configuration involving an over excited alternator is shown

in Figure VI-15,

T

>0 g

5! _
X T
J7%71
NZ0

Figure VI-15, Phasor Diagram, Alternator Connected to Infinite
Bus through Series Reactance r % 0
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_ The machine direct and quadrature axis reactance is designated as X; and
in order to distinguish them from total.reactances as calculated. below. Note that

the infinite bus voltage is denoted as Vi, and that it differs from Viq, the altemator

terminal voltage by the voltage drop | 1,Xe. which can: be resolved Info components

I 19X and | 1gXe. We are corsidering the power transfer from the shaft input to the

power Input to the infinite bus. Thus we are 'concemnad with the angle £ existing

between V), and Eg and we can consider the reactance X to be a part of the’ total

reactance of a machine connected to the Infinite bus by adding Xg to the reactances

X4 ond Yq of the machine. The phasor diagram then becomes: a

A
YT =g T

Ir. » Vo J Tia(XgtXe)
l ke [ . X
] S L O . .. N

Figure VI-16. Phasor Diagram of Figure VI-15 with X, Included with
/ Machine Reactances | _ S '
- o N

Recall that power is the product of the in-phase components of current
and voltage. Thus: :

S

g- = I4Vp sin 6 + Iqu cos § - (VI-231)

I and lq con be determined from Figure VI-16 as:

/’ | |  Ep -V coss J
'z / lg = X (VI-232)
. 4
and:
N sin § _
g = Vb —x"—q - ~ (VI-233)
Substituting (V1-232,-233) in (VI-231) yfelds: o
EFV V ] o .
' -g- = % b sin 6 + —;-)-(')'(" - -)'-(-) sin 25 (V1-234) -
d _ q d

This relationship is shown in Figure VI-17,

Y61
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Figure VI-17, Synchronous Machine Power An9|§ Characterstic

4

. Some synchronous machines have a rotor structure which is cylindrical
(notably two and four pole high speed altermators for steam turbine drive service)
and the rotor in these machines presents uniform (regardless of rotor position) magnetic,
reluctance to flux, For thi§ situation, )(d = Xq = X, and the power expression,
corresponding to (VI-194), is: .

P EVp |
F=— sing S (V1-235)
$

—

This i1s, In fact, the relationship existing for power transfer between two
voltages connected through o reactance. If the reactance were replaced by an
impedance consisting of ‘an inductive reactonce, X, and resistance .R it can be shown
that the power transfer relationships are:

P .
| Ebe y
¥ = sin (8§ - tt:m"l R) + E 2R (V1-236)
_ Z | X f Z2
and ,
LI -} -1Ry _ g2 R
3 7 slnv(s + fon -)-<) E 22 (V1-237)
where
P‘ = sending end power
P, = receiving ond power \
‘ E¢,Vp are as defined .above as they can be
considered as the sending end and recelving
end voltage magnitudes
Z = R + | X, the serles impedance
_ The difference between P, and Ps is péwe_r dissipated as ohmic loss (heat)
in the resistance R. ) . ‘ :

PR |
Y IS

N R
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Let us examine the nature of the double aﬁglo,‘-?'& part of the expression
for power transfer between a “salient pole" alfernator (non-cylindrical rotor configuration)
and an infinite bus. Recall that inductance,’ L, is related to reluctance, R, by

2 .2 : ‘ .
= N¢ = N = ..N‘_—. ' E - |
L= == , (V1-238)
From (VI1-238) | : v
col = N2 o) = N2 w(e—— -2
Xq =¥Lq NZ w() = N (= ) (V1-239)
q max

where _ | ' _ .
' I

Rq = quadrature axis reloctance = R
and ) , | o o
Xy = N2 (—) (V1-240)
min ‘
where:
Rd = direct axis reluctance = Rmin

From (V1-239,-240) and the last term in (VI-234)

2 2
\Y \%
N R R S i
7R TR T 2 e Rmin) sin 2.6 (Vi-241

Referring back t& equation (11-29) for the relationship between volfoge, flux,
and turns we have (for a device with 2 poles) :

N w (?n
Erms =T (V1-242)
/2
Substituting (VI1-242) for V|, in the right hand side of (V1-201) yields ‘
2 2 2
N w%m Rmax Rmin . w 9m .
(———N N ) sin 26 = (R = Roi) sin 28 (VI-243)

(V1-243) is an expression for power in a specific configuration of machine
with a magnetic reluctance variation. Comparisan of (VI-243) ‘with the expression
derived for torque in a simple reluctance motor indicates that the two _expressions are
of the same form. Thus, we conclude that a reluctance torque (und a corresponding power)
exists in a salient pole synchronous machine. (Obviously, it cannot exist in a cylindrical
rotor machine). We refer to both synchronous torque, or power and reluctance torque,
or power as contributing to the energy conversion process.

163



. R
B -

147

. [

. From Flgure VI-17 and (V1-234) 1t is readily seen that for any given .

cond tion of load, voltuge and exohoﬂo? there exlits a unique power angle,s , at

which the machine will operate. Furthef, there is some maximum value of power

and If power In excess of this maximum capability is demanded of the machine ft

simply cannot deliver Tt and loss of synchronous results. For the most simple case,

consider the oylindrical rotor machine. Maximum power transfer occurs when

'8 = x/2 radlams. If this value I exceeded, loss of synchronism may result. The

word "may" Is used because the circumstances of how the load is increased are

important. If the load is slowly added so that there are no transient excursions

of &, n/2 would be the limiting value of § . Thus, v/2 is referred to as the

"steady state" maximum, During transient swings, resulting from impact type

loads, § may exceed n/2 while the rotor is oscillating toward its new steady state

position. Determination of whether synchronism will be lost or maintained must be

studied for each specific situation. Such studies are referred to as "stability studies”.
/ q

% The steady state maximum power which can be transferred between source
and load if saliency is involved is determined from (VI-234) as follows: '

E,V | -
M 1

P cos 6+ V2 (g - %) cos 26, =0 (V1-244)
AR URR T S )

where §  =§ for maximum power transfer.

We can solve for 6  to satisfy, (V1-244) and then substitute it in (\i|-234)
to obtain P.,.. Because of the nature of (VI-244) it is necessary to resort to "cut and
try", iterative procedures on a computer, or graphical methods. A

If the situation under study involved two salient pole machines (one as | ,
the other as source) (VI-234) is still applicable if we let X4, X  be the sum of the
valves for both machines and V) be the excitation voltage ?or the second machine.

V1,9 CHARACTERISTIC CURVES OF THE SYNCHRONOUS MOTOR: The ability to cause
a synchronous motgr to take power at various power Tactors. determined by the value of
field excitation” was discussed in Sectiong VI.7. In this section we will derive equations
necessary to plot armature current as 3unction of excitation current for specific values
of converted power. We will consider a cylindrical rotor synchronous motor with

Xs >>.r so that r can be neglected. In effect, the results will relate armatpre current

to field excitation for constant input power. Actual shaft power output wodld be input

power minus losses - notably the i2r loss and the friction and windage loss.
A .

Consider the power input to the motor. It is:
P=3WVl, cos¢. . (V1-245)

where P is the three phase.power input, It is also given, for the cylindrical rotor machine
with negligible armature resistance, by:

X

- f
P=-—0—sind 1G4 | (V1-246) -
S , .
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(b) Leading b,f.

(a) Lagging p.f. ’

Figurg VI-18. Cylindrical Rotor S‘ynchroﬁlé Motor, r 3 O

fzdl
.7,. °( “d
oAt
S 2 LN
LY
oy e o
+ - 3 AL . \ N -
Ef coss - 1o X sinvguiz V)7 i
' RS TR RN, g s 3
. R L AR R )
B X {
or: Lald L T ae
) _ V‘:&: Er cos 5\2 . };"i,h T
('q 3in¢) T s X / e o
’ S ARE e /S.
From (VI1-245): )
e ,
N b
1 -

K

2
2 P
(Ig cos ¢)° = (o)
- Vb

™~ .

A;iding (V1-248) and (VI1-249) and recognizing that cosz'¢_+ sin2e = 1, we have: -

p 2 O(Vb - E cos$>2 |

|q. =" (3V ), + 4 %
A ' b S . o P
whe.r.e, from (VI-246): o '
= sin-‘ P' ?(& ,'.
| S
and: :
ig Laf ,
¢ B = ===
v 2
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(V1-247)

(V1-248)

(V1-249)

(V1-250)

(VI-251)

>
(V1-252)

e
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- Now, pow'cr, P, and torminal voltage Vor ond X, are specified. We’ can -
then. ooloulcrh Eg for varlous e (from VI=252) substitute in (Vl-251) to determine §.
_ These values can then be substituted in (VI-250) to determine |, oorrnpondlng to flxod
P, Vb, %5 and the ohoun valve of Igi 3 . SN
r ) .
o The: mlnlmum value of Eg is dohrminad from stobtllty comldomﬂom. For any *
. .. glven values of P, Xgr the minimup value of Ef poulblo Is that which' m""‘-—— &
S = T2, Thus, from (\P 251 ;=252) fqr sin n/2 = . .
| Ef}n;n/Z =3 PX‘
I min = - kA (V1-253) -
JEmin Tl e oy 7Y \
o The maximum, vcllue of if Is determined by the roﬂngf of (tho exclhﬂon system.
Valuos of if chosen would then, be .over tho range
» ST i mie <‘f ¢ max o : ; (V1-254)
A typical synchronous [notor choracterisﬂc, colled the” "Vee Cu ay’ s shown in . :
Flgure Vi=19: Limes o¥ couglaw
A ". k : /-4"".'/“\'\?0009.\' ﬂcﬁr ‘ " | - 5;1
Lo, - . - .
. SJ&'JI.QV‘ . : x» ?
" vus lJe.l
\“9. v \I\ v Q -
« o "
s - > e -
R | Figure Vl—l9.; Synchronoys. Motor Vee Curves, Cylfndrical Rotor
o | The current will be a mmimum -when, for a given. powor, lg €08 ¢ = |
. and | sin ¢ = 0. From (VI 248) this: occurs when
i oY vb N v . .
o cos & = - 3 . . (VI-255)
i ' L ot | f ) A ‘ ’
. 166
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Divldlng (V1-255) into 67'-246) yleld (for unity power factor and minimum
point on a Vee curve) &‘ : | )
o\

x P .‘\*.

5 =ton! —— 7 \/‘ _ (V1-256)
p .

3V,

- ' Of _course, a curve for P = 0 is not possible in practice because even if no
shaft Iood is present there are finite losses present. '

-

L]

We conclude that the synchronous motor, when under excited absorbs lagging

power factor reactive power. When over excited, it absorbs leading power factor reactive

» power (It appears as a capactive load to the supp|y) We can also say that the over
-excited motor delivers, or supplies, lagging power factor teactive power back into the .
system. Refer to Figure VI-20. Either convention is correct.

— - -
T b I =
1 t(-ix)
—_— Y ——— )
_ i .
(@) "Load" Convention . (b) "Source" Convention

Figure va. "Load" and "Source" Convention for Reactive Power Flows

4

It should be emphasized that saturation has been neglected in our calculation.
In the actual machine, as excitation is increased and the magnetic circuit saturates, it
takes a greater increment of current for succeeding equal increments of increasing
"excitation" voltage. ' ~

7 A"
To calculate the "Vee curves" for a salient pole motor, refer tot he
expression for the power angle, in terms of various parameters, derived in a homework

assignment, i.e.,

la Xq cos¢ + Ior sin ¢

; fan § =T 31 X sin ¢ - Igr cosd V1-257)
. b aq
Since,
P . . 5 - .
cos ¢ = v , S (VI1-258)

Q r ' ‘“b.a E 167
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3 we aan determine:’ | vl - i
L ".- . \» . |
.- | \/-3%'0)2 - p ( - o o \;\.
k - sing = T (VI-259)
ot : 3Vb ' .
. : a ' .
For specific V}, and P we can ‘assume a value of |,. Wae. then:
. ) - a) qucuhto cos ¢, sing from (V.|-258, -259) Q
R v - ) ’ - X ) .
T . b) Calculate tan § from (V1-257)
c) From i), find sin &, sin 28 | v
- | d) Solve (V1-234) for Eg .os Fo||ows:
5y P ‘ Vb
3. -5 (Y' X—) sln 28
Ef = —— -
» : ;l-) sin &
/o
: 2 By |
e) Find ig = 1
df
use values corresponding to:
” o . : R .
| Ef min— EF < Ef max
as discussed previously (after determining e mi for sta_l?ﬂ‘lfy from.the procedures discussed
in.connection with (VI-204), -
‘ ,,“.-
| In subsequent sections we will analyze transient situations involving
synchronous machines.
) -~
VI1.10 AN ALTERNATOR ON SHORT CIRCUIT:. We. will study the behavior of an
a|tornator subjected to a short ;:Ecutt Tor three reasons: o
1) . the results will provide insight ints physical meaning of some
of the defined constants and inductances developed previously
. 2) the results will énable us to determine various parameters, which
' arq? used in analysis, . from test results
@ 3) the procedure: developed is oasil)‘ adapta to tho study .of
Y : " transients associafod wlth thc Y tchlng o

" B N 1('3



152

The first situation we will consider is that of a three phase altemator bolng'
driven at rated speed. astumed that: - n

1. the altemator is initially unloaded (an open circuit)
and the open circuit voltage Is V,, volts, rms, per phase

2. the speed is constant at rated value and remains so
during the time of -our study

3. “all three phases are switched simultaneously at t = 0
(therefore no zero sequence quantiti es exist)

4. the field excitation voltage, E;, remains constant

If we use the equations (VI-180 through -190) we must remember that the
transfer function obtained did not ‘include initial conditions, such as the flux linkages
existing at t = 0. These equations, since they do not provide for initial values, are
strictly valid only for the change, or incremental values, of the vqriable. The resul ts
we obtain are also only changes-or incremental values of the variables. Recall it was
stated that tHe incremental values must be added to the initial values to obtain the total
variable. ppose.‘we, in this problem, detérmine the value of vy and v, at time before
switching (t=0) when everything is in steady state. If we mathematically introduce

vg - . Yq ,
vd(s) = — and v _(s) = - . at t = 0 the total valve of the variables are vy = 0,
Vq = 0 which comﬁp’onds to the short circuit condition.
Let 'us examine the situation prior to t = 0, With an open cirgcuit condition,
iqr 'q are zero-and the fluxés Ay and Aq can be determined as, from (VI-180 thourgh -190):

. B M .
- Ny = (V1-260)
o ‘ Aq =0 : . (VI-261)
Now
dx d . .
—= 0 and 0. Therefore; - ¢’
» dt
vd ) (V1-262)
. vf . _
- Vq Teldf i (VI-263)

‘‘‘‘ PR
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From (VI-35), with Vg " 0,

- vq sinwt = vy = /7 _V“’ sin ot (Vi=264)

Ly w72 | (Vi

+ e Vg 2V, o (V1-265)

“~ .

.

At t =0, we will insert, mqthomaﬂcally, the negative of this in accordance with our
discussion above, i.e, ,

.-/‘v vz V

) = 0 v = (D =2 (vi-266)

Since we spochd that tho fleld excltation voltage is to be &wld constant,
vf(s) = 0. From (VI-180 through ~190) we can now write appropriate equations as
follows: . .

s )d(s) - WA (s) + ¢ ld(s) =0 | ‘ ‘ (VI-267) -
: Z ‘ o
A d(s) + s Aq(g) + r (q(s) = — : fa l\ (V1-268)
where! | \ o
A8 = Xgls) ) and 2 (s) = Xy(s) ifs) (V1-269)

Substituting (V1-269) into (V1-267,-268) yields:

fr +s X2(s)] id(s) - wX](s) iq(s) = 0 | . (V1-270)
) X2(s) id(s) + r + s X](s)] !q(s) = r (VI-271)
"Selving for id(A, iq(s); |
o 0 - WXy (s)
\Y
/é—s—m .ort+s X'(s)
i 4(e), = _ (VI-272)
| ‘ " “r 4+ s Xz(s) - wX](s)
) - . w Xofs) r.t s X|(s)

Aruitoxt provided by Eic:

EKC - | 17¢



f ¥ X0 o | o
| - .
) | | AV
. . W Xz(si . - ta - ,
; iq® = — —t (V1-273).
‘ T + 3 X2(s)_ —wX'(qx‘
e . - - ’ ) ” _
= \ o L . - ) )
' ‘ W XZ(’) T+ ;)(I(I) \
| | : | \ ~ d +
From m!~272) ) | _'
- o 73V, . ‘ /
PR " - x'(,)w
2+ (r Xyl + v X0 + 57 XqalXola) + Xy8) Xofs) o .
6 o
Y |
L 1 ' ! - (VI-275)

2, 1 2
Crxm Tt d X %)

X2(’)

“In (VI-275) we note that ¢ is usually (in a well designed machine) refatively
small on a per unit. basis, We will neglect the r“ term complotoly. Thus,

A3

2 2 a2
* X'(s) X2(s) e

w

(VI1-276)

Further, if rg, g, and rp. are small, we can greatly simplify the coefficient
of s in the denominator of (VI-275) betause, with this assumption:

l+Td°s_+Tdos | l+Td°s "Tdos
+ T +T 4+ TV -> " -
1 Tds ~Tds 1 Tds Tds (VI-277)
' + Tu s "‘T" VS ] + T" s *T" s
qo - qo q -9
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Juo o then, | B
I : _ i n ' ]
) ] +‘-&Tq°'+ ST*")('T*') (V1-278)
" . - -
X, X LqTq 5L AR
. -From (VI-178):
\\\- . T Tu ' . . .
"r‘r"r‘—do' do_ .l - (VI-279)
La'a T4 L |
From (VI-279);
-'-u,. " | . - » .\ .
, ___%_. = a (V1-280)
\q q q | '
ond; - l
1 1 1) o
+ —_— \V4 P _
U?ing the value bf X2(s)>; and the approximations (VI-281 and -276) in (VI-275) yields:
(D wV AV H Ty )1+ Ty s) N
) = —T o (VI1-282)
d Ld 9
| s (14T, a)(1+ T8 o) 2+ 205 +0)
d d
where;
i . | .
: o =5 (Gt (V1-283)
d q
8 In_order to obtain iy(t), several assumptions will be made. Past experience
indicates that the results obtained, after simplifying assumptions are made, agree very
closely with experimental results, We will first examine the term:
2 + 205 +uw? | (V1-284)
_This ‘can be factored into: | _‘
s=-atjl’ - o2 ' - (V1-285)
~ N
_ Since r is a relatively small number, a is dlso small, w is relatively ’
large, and: ' '
‘ .02\.<< w2 \ L » : (V"'286)
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from which:
s R -atl jw . (V1-287)
or:
5= - a3 ™0, | (vi-288) *
. where _ | _ _
C o e Ll

. t
The portion of (V1-282) in brackets can be written as: (using partial . fraction e

expansion techniques): 7
(1 + Tya() + T4 s) Ky Ky
= = 4
(1 + Ty +Th s +ahs +ap)  ° 17 'Td’ V
.ot E ,
K K,/ K5/a o v
. 3. 4 N 2
T i + + (V1-290)
LI SR RS . ' o
a . L
2 . L
The cpéfficionts in (V1-290) can be evaluated in the conventional fashion as: / L
1+ Tg, 900 + ij ) 2 I T
Ky = T R 2 ==z (V-2
v (] + Ty s)( T C(s" 4 2as +07) | w ,
. - ‘ s=0
g t - ' T' 'l;n . _ '
| : a- ;.——)(1 SR -Ty B
(1 + Ty s)(l T s v T4 S
Ko = 5 |- = — - (VI-292) -
s(1 + T" s)(w + 2os'+ s ) T
d R d 1
' s=-—  (1-=)
d Ta (v
Now, from our previous discussion, we know that; “
Té >> T;o ; d >> T:' | ' | (V|:.293)
L O
172




157 S

{

P
4
"

because the tr-nsient phenomena time constants are associated with the. fid d -circult _

(F) whereas the subtransient are determined from the damper circuits, KD and KQ,
T is on the order of several seconds and "a" is less than one, Therefore, we-tan

also make the approximation that T
1 e, 2 2 - I |
(—x - tedn, - . o | (VI-291)
i ST -
and (VI-292) becomes: ' . o , T DTy
o Tao =Ty S o
Ky % ('———-—2-——-) SR o ‘ + (VI-295)
Similorly, _ ) R , -
. Lot A _ ' . “ R . ’ ¢
T| R T“ 7 P '
do, d A
: : RRUIUEES U= S
(1+ Tyo N1+ Ty 8) .' . d T D
Ky = 7 = - - (VI-296)
s(1 + T} s)}(s® + 2as + w”) T Pdo Coq 2 T
s= - — (I )(—-f-—"““)
2 - T S " T
ya d ‘ d T d .
Using the same assumptions as above: L .
\ .. . o ‘ ¢
Tn (Tn - Tn) . .
. d d .
Kyt == % ¢ (V1-297)
Ty w o
Similarly: . ' . ' o , :
. : o _ _ . s
1Ty (1 + Ty s) | T -~'uT 3)(1 - o)

- 0+ Ty RS A
KT a0 T )| - Ty - oy Ty +o
A= —a] . ¢

‘ : _ . (VI 298)
IF IT;JG' ]T('jo; alT:i’ a'!T; are all considerably larger than 1, ;
" T . T4 ‘
g ¢ d do, - :
’ K% . Tr'-’—T-——~ ayley - a) (V1-299)
- d 'd ‘ ’ ' :
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& Using the volues of %, % from (VI-287, -288)
-‘.f; , - | | :
/! T o) ma-|v jas=a+fe S (V1-300)
N I NI A ‘ | (V1-301)
+ (V1-299) becomes
. . T' T» '(‘ )
. T dT d 2 '
From (VI-279) '
: .Tc'iowo;}'_cl L o .-,‘,(v| 303) .
| T o
’ . . ' - \’ t
and we can write (VI1-302) as, using (V1-303)
I I | <
) ka L" 2 ("’) o . ' (V"'304)
. 4 , |

-'K5 can be determined as, us‘Ing-tho same apprbxlmaﬂon |

T&ono.‘g\ Ly >

" | AT “l) | I_Jw

. Using the expmsion for KI'K K3 and Kz as determined above in
the partial fraction expansion (VI-290) cmd (VI-232) we ?Ind the approxlmate oxpression
for ld(s) as:

12 Vi vio [ -1y T ""s!’ 3
ig(s) = I IR TR A R 0+ Ty

f . ‘

Lg ‘1/61 ‘ I/6‘2 -

A TEARRO )] (V1-306).
. 175
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NOfO/thf: : .
| ) : ~t/T
/ L,'-' 1=K -
{ - sT+Y T
L Pl
. " The inverse trdmform of the two terms containing o in (VI-306) becomes:
a %t '
Ld[ SO el 20 Ly -ot [wa+ -|th Ld_;ot ,
“n = - | i - cos W
L k2 L4 2 Ld
1 _
= q
s ‘
om (VI-283), i.e.,
Lll "
_2 d-q _
TQ r— (Lu + Lll )
d
We can now write the inverse transform of (VI-306) as: "
ZVig | Mo =Ty Ty (=T /Ty
g =57 1+ —F— ¢ Yo The
d d - d d
| Ld '*/Ta
- € cos wt
d
Rearranging (VI-311) yields: . /
1 Tdo ] /Ty 1 TdoTdo Tdo

ig(t) =2 Vm'm-t-+(wl_ ) ) € +(mL B U ) T')

d dd d - d d d dd
1 Ta
- "'l'_'; € cosw t
- r.m— d

?

From (VI-177):

(V1-307)

-

(VI-308)

-

(VI-309) . &

(V1-310)

(VI-311)
_f/]'a

€ -

(V1-312)

LN
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N T' ‘ .
do LI C
ST T ey’ (VI-313)
"Ly d !'d ,
From (VI1-178).
Tao T&o l. |
T T T o ' (V1-314)
w d d d w[_d ‘
We will denote the following reactances * ‘
wly = direct axis synchronous reactance = Xy _ ()/"3'5)
: wLa = direct axis transient reactance = Xa S ‘(V|-3'_6)
Ld = direct axis subtransient reactance = X4 ' ' (VI1-317)

With these definitions, we con expre;s the current in (VI-312) as o function
of voltage and impedance. Thus:

2 Ve, -t/T"

ta 1 1 d

g =—~— * /2~_Vm (cr-32) ¢ +
Xy Xa %4

ST T R T 7

+/_V (o= = 3v) ¢ - - € cosw ¢ (V1-318)
Xg - %4 Xy R -
We will now find io(t) From (V1-273):.
' /2 Vig (r + s Xo(s))
i (s) (V1-319)

(r2 r(Xl(s) + X2(s))s + Xy(s) X2(s) s + w2X|(s) X2(s)}

J2V

A ta LI ¢ (VI-320)
% .32 AL L )s +u 2 -
Xy () Xals) _
RV, (1 + T" s) . ; -
N ta 5 . |
- YT > (VI-321)
~ q ' ‘(I+Ta s)(s + 208 +w
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using the value of Xj(s) from (VI-186), the value of a from (V1-283) and the same
assumptions used in simplifyng the expression for i4(s).

Again, using partial fraction expansion

(07 Tg0 ® N S AL . 74 T VI-322)
\ + e
. N . " R
(I+T; s)(s2+2as+m2) ( rTq,) s/ﬁl+l‘ ’A2+I_
where @,, % have the valued as defined in (VI-289):
(I + Tll s) T" - Tll .
Ke= 5 o ——= (V1-323)
s¢ + 2a t, 9) ! T;o w '
= - -_'-,-;-;'
q

!

using the same arguments, as before, regarding relative values of time constants.

For a large nymber of machines, the coupling between the KQ and Q
windings is rather poor because of the high reluctance of the path through the air
gap along the.q axis and:

Ty T L (VI-324)
which results in: |
¢ "Kg =0 ‘ (V1-3253)
(T +Ths (1 -a; T ) |
Ky = + P (VI-326)

(| + Tas)(s -&0(2) . ‘(]__'alT'c;)((b —0!1)

o 1 '

from which, with previous arguments and assumption:

. ,»—J\ ~ T"0
K7 N -F"—'?nm— (V|-327)‘
q
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.l:-_.— .- . ; -mv 7 . - -
L ' Slmﬂlrly: " R - ,
. (V+ T ) Ve 1- % T
K8 =TT T 6 7] |7 -t ?‘X'qoia ) (V1-328)
B ' (1 + T she vy SRR 4k a4 g
* | | = - % ‘ :
. o B
or . | | e T

’.‘_;(—‘
A
©
A
. 1
-
..Q. =
gﬂ
s
~
- g"
1
[N
)

Using the values of Ky, K7, and Kg in (VI-322) and (V|432l)__ yields: " |
w ’ ‘ . ! L : P %
o )'-JTVWl e (] )(7%' R T " (VI-330)
s) ~ " -_— 7 ) .- . -
P _ ? v !‘_q Tq 2‘0 : u] * i S/% 1 . i .
" From (VI-179): L ~
- R T ' . ] ‘ . ..
_ R w—f—% Pk (VI-331)
. 4 a9 "q 7 )

where Xa-= quadrature axis subtransient reactance,

. 3

-

Using (VI-331) in (VI-330) and taking the ir.\versq transform yields:

/2 Vyy cabt jet et
/

‘ = € -
‘ lq(f) BT ! % ) - (V1-332)
. \ q | R .
. Il , ) = _ <
| 72 Vg VT, o ’ :
=+ X" sinwt (VI-333)
v ind q . ' .
. ¢, _ . ,
B . For balanced conditiéns, i.e.; no zero sequence quantities, from (VI-35):
e ‘ . . " |
‘ todig = igcose - iq sin 0 - (V1-334)

+ _ where.o=wt +8 and B is an arbitrary phase angle.

* - . . . @ s
- -
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* From (VI-318);

. From (V1-333):

where:

~ Then

N

iq(f) =(A~-B cosw/g cos (wt + B) - C sin Tu_)t sin(‘wt +8)
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S vz.‘?‘i
- ‘d - A - B cos wt
/\M—V sl w . I . _,/I'l
i d T . d d
AV
E B = 1] ) €
Xa
.fq""‘ C sinwt )
a "?Vh -l‘/Tu
C = €
X"
9

gy

.
' f.'./’,u
)c d (v1-335)
(VI-336) -

(V1-337)

1-338)

(VI-339)

~

~ia(l')_ = A cos (ut +B8) - [B coswt cospt +B) + C sinwt sin (wt + g)] (Vl'-340)

Now:

B coswt cos @t + g) = 2‘ [cos B + cos (Zut +8 )]
e
- \ C sinwt sin wt + g=
(V1-340) becomes: ~

: BIC, BCy ot
. io(tl= A cos (wt +8) - (T) cos B — (T) oo:l(2 wt ¥ B)
Using the values of A, B, and C from (VI-335, -336, and -338) we. have:

s

Y N

*s

L | I

3

" (VI-34))

(VI-342)

"

W (VI-343)

Yor \J
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D T T T T T AL
b =2V i * ) ¢t Gm ) cos Lt + 8)
. R
X"+ XY —~ Xt = Xy .
VTV, (Ghapr) o8 B =Y2 Vo (FRrRT) cos (2t + 0 (VI-344)
N q /g! g 9 d | ' .
. / ‘

[ .
o

The values of iy, and i; would be of the same form as the expression for i
except we would replace @ by (8 - '3—"') and ( B- g—“—) respectively.

. We note from (VI-344) that the short circult current consists of three distinct
components - a component at ;yn&onous frequency, a unidirectional component and a
doulbe frequency component. The fundamental frequency component has an initial valve
of: ‘ : _ |

- . " "Z_Vm (o] 8 _ “
: ' ' U " ~ i (V'-345)
»> ‘\ x

| - " d

T - , ‘
and it decays at a rate determined by the transient and subtransient time constants, The -
subtransient time constont is primarily determined byt he damper bars. The transient time
constant is most heavily influenced by the field circuit and is considerably longer than
the subtransient time constant, The fundamental frequency component has a "steady state"

\%
ta o ,
value of T ampere rms., The unidirection component magnitude is determined by the ekact
: d . \

position of the rotor at the instant of short circuit. If B = W, it is a maximum and iy s
said to be "fully offset", i.e., it is fully asymmetrical about the zero current axis. If

the rotor position at the instant of short _circuit is such that B=n/2,n/2+2n/3,0r n /2+4 5/3\one
of the phase currents wHl not have a unidirectional component and will have “zero offset"

or it can be referred to as "symmetrical ¥, | . 5
- o

”

The second harmonic variation’arises because of the "salfency" of the “rotor,
If the rotor were "cylindrical", i.e., the reluctance is the same in the q-and d axis,
(x" - x"}) is zero and no second harmonic of current exists. Figure VI-21 shows oscillograms
of the three phase currents, Phase "a" current is symmetrical ~ the cther two phases have
offset, Figure VI-22 shows the envelope of the steady state; the transient, and the .sub-
transient portion of the fundomental component of the short circuit cument. |

>

18]
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‘Figure VI-21, Typical Altermnator Phase Currents on Short Circuit
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Figure VI-22. ‘Short Circult Component Envelopes
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. tsinstructive to look at the "worst" case inso far as magnitude is
concemed. ~ The magnitude Is important because of the mechanical forass on the —
winding which resilt and because protective devices must be capable of interrupting

' the current, . Note that, from (V1-318), iq(0) is zero. This is in accordance with
‘the Initial conditions chosen, 1.e., no load prior to t = 0. If we assume a .
aylindrical rotor the second harmonic term Is zero - in a salient pole machine it ‘is
much less than the unidirectional component undertany circumstance. Therefore. we
will neglect It - which is also a way of saying: that x| * xa.' If we are interested
in the maximum value of Iy, which can occur within. 1/2 cycle,  we can also assume
no decay of the transient portion. This assumption Is_conservative because the actual -

decay results in a lesser value of I, than that calcufated without decay. Then:

/2 Yy, T e

N i) = —xw — lcos (ot *3 ) - cos B8] | (V1-348) ;

d

Obviously, forB = mand (wt + 8 = 27, Io(t) has its maximum value, -

which is:
' ' w2 Vi
oD o = T (Yl-347)

Thus, as an approximation we can say that a full offset wave, i.e., for the
situation where B = T the resulting maximum value of current is two times the maximum
valve for a symmetrical wave, 8 = = and occurs at time t == saconds after switching.
This is 1/2 cycle after t = 0, Also, the maximum value s determined from the ratio of
excitation voltage to subtransient reactance for the condition of no load prior to the
short cirevit, ' : -

Because of the changing fluxes in the machine, voltages will be induced
currents will flow in field circuit winding. In order to evaluate these, refer to
e appropriate equation,

-

Att =0, withig=0,1, =0, vq=/§v

and at rated speed, |
using (V1-263): .

iq ta

L . ‘ "'/-2- Vm
-' Vg =Wy or Ny =—p— (V1-348)

and, since: o - L
| \‘ Sy V1-349
g = Ve Tt O vi-349)
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‘ﬁ Vm ’
1(0) = ——— : | (VI1-350)
w L gf
In the same fashion as boforo, we will dohrmlnx the transient portion of i¢
' cmd add it to the steady state value I(0) existing ot t = 0.

From the transformed equations (VI-129) through (VI-133), we can substitute
(V1-130) for A ¢ into (V1-132) ylcldlng- (Sinco Vg = constant, the change in excitotion
‘voltage is zero).

-4,

) L# * '\ AL
r(1 + -r-;-) Pfs) +s Ly fg(s) = - s Lae ld(s) (V1-351)
. ; . . * - N ) \
“Substituting (VI-131) for A, 4 into (VI-133) ylelds
Lkd .- Lo - |
s Ldf if(s) + r'(d (I + -']_(:]—) 'kd(s) =’\" S”Ldf ‘{(S) ' (V"352)
- | N o . " !‘i‘q .
Solving for‘f(s), we have: , ' |
_ e . ‘
L
kd
-3 Ldf Id(s) ed (I + -'_;;-s)
ids) = : . (V1-353)
s Ly ed 1+ -!(-‘-’-s)
"kd
Lf’
L, -1
kd
Tls) = — — (VI-358)
Ly L Lg Le = 2y
| g 1+~ + ) s+ ) s7]
f d "t "kd
T Mlow, » '
N
v Lkd - Lof _ Hed - . (V1-359)



e

as previously defined.

Note the bracketed portion of (VI-358), in the denominator, is the jame as
the. coefficient of A (s) in (VI1-139), With the approximoﬂom vsed there and using tho

same defined time comtm ts, (VI-358) becomes:

‘ =l_-_d_f 1+ g ol s bgsr | | (v|‘-360)
o) e L1+ T + Tyl

Using id(s) from (VI1-282) in (V1-360) yields: .

%] wViq Lyf ' (n+ de s)

Ie(s) = (7
f e Ty a0+ Ty )(s% + 208 + 0?)

] (VI-361)

Again with partial frc;cﬂon expansion,

. Ky Ky K3/

1 + de s \
= [ " + a_+] +
w2) | (I+Tds) I+T ] S/ l

(1+ Ty )1+ T, (s2 + 2as +

K4/¢!2
+8/5 . -~ (VIS36))
2 . ‘
_ where? |
R L SRR
. 52 =a+ju S (V1-364)
) + Tk s . ‘ ' .
d 1 .
Kl - Y 5 ' ' (V1-365)
(1 + Ty s)(s2 + 2as +w 2) 1 w ‘
§ = - = '
Ty .
: 185 J
. - RN
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b J ' : i
. oW .
r | \
O+Togs) S W Tkd .
Ky = . ..:!'f d 2 | Cog-Sm 0 EED (VI-368)- -
(+Ty s)(s  + 208 % %) l‘ Tyw d. /
- . o . W .
s :'.—g L . ‘,:\ R
' - ‘M\s :
. (1 + Ty ) a Co= o Ty o 367)
30+ T + Tis)s +o ) (- T )=a TH@, - o))
) ,'sn: _Q] . | .
S VI e
N '- \
N
(1 + Tieg 8) - e
K, = : . n ‘ (VI=369) ©
ATy Ty ey | = - N_ T Ty mZ : S
~ and _ } |
L Ty T
df, 1 kd | S
i 8)=&-V ( ) . -—n—(l = ..) v " +
f( _ﬁL N ﬂ+*«T Td Td l*deg
| T 10 14 y
kd ] 2
!
- TTL T \sA T TR ) o (V1-370)
From (V1-350) v
= - 140 i),

e T8
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Using (VI-371) In (Vl-870) and taking the inverse transform yields: -
L2 “'f/T T ’ - “ .u
o A RN VT
t) = - -=%) € . + :
T rf v Td R ' )
de “/Ta l " 4
- ® cosw { . '(V|'372)
Now: .
2 | |
—T—Ldf ==, - %) E{E ) »\(w-sn)
= (1= D Lge - %) L (1374
rF Td | Ld . f f . . _

o Ta's |

\ ) C ‘ ‘ lﬂ' Ldf ) e .
o AL e+ - (R, + V|-375
: T 5, df ~ °f (¢ W} ( )

"

L e From the d@ions: Lo LT ‘ -
: | Lgp tPg o o

T, =TTIRE direct axis transient open circult time camstant

do ‘» r
E o ‘Ld . g
'7 ' = =pae T dlrecr axis transient short citeuit ;i consfont
.ot df o _
(k/l-.375) becomes: * . '. . o ' : Q.‘
—— ! - ! ~3
T (T ) (V1-376)
-d v
. . /I‘ .
v v
A .
-
v ' ) N
Wi A %'\ ] 8 7

————

€ e e e
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The change in field current (V1-372 becomu -then,

LI 74 S
o € cosy t (V'-377)
N . d .
From (VI-177), o
Ly T T- 1y Ly =LYy S
S DA R (e T (V1379
do d d

(V1-377) is the transient portion of the field current, This can be added to the, steady
state portion, I{0), to obtain total field current as a function of time after the altematcr
“ at no load gnd driven at comstant speed, is subjected to a 3 phase. short circult. Thus
(o (Lg - Ly =1/T Tea T4 Ty M, -
. : - d - 'kd d 'kd . :
. gD = —IF(O) [—-—T.-'—][ € - (1 - T" ) € - 'T'I.' € a.cosqt] + 'F(O) . (VI-379)
o | , - d ' -

A typical oscillogram of the f|e|d current under these condmone is shown in

Figure VI-23. {,.Vlicwf"uj Py —x[nprf caremal B

A-Avé'-'-.- -

I(‘ (o)

. Celd |
o qu!ruiﬁ' I

-

o
F'igur'e Vl-;23. Typical Field Current of Altemator on Short Circuit

-
v
4

In the above derivation, it was assumed that the altemator 'was operating at a
no load condition prior to t=0. Nf we wish .to study the effects of initial load priok. to the
short circuit it is only.-necessary to determine V4(Q) and V_(0) for that stéady state condition
and switch the negative of these values in thea equations describing the behavior '~ the same .
proceduré as used previously. - The current solution, it will be recalled, is the change of - |
current that results. . This change of current is added to the steady state current existing
. at +=0 to obtain the fofal current as a function of time, Schemaﬂcd“y, this situation is
. shown in Figure Vi-24 by means of a "one line" diagmm. "One line" diagrams are used
to represent polyphase systems under balanced conditions, Note that this diagram’ reprqsents
an alternator connected to a bus thfough a- transformer. The transformer is represented by

A |

' 788 -
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i “%bréudg impedance. "At t. <0 the bus voltage Is Viq(0) and the alternator s
" supplying a current 1,(0) either directly fo q load or into the remainder of a system
which maybo loads qnd other altemators. - L .

. ) - S '
et .. Tramshirwer - '

. ) — -~ Lals) .

Alh»\d:r _ ' %tL“

Xey%a 4 Xx Bus ' v

Xq o X} |
L | »
—_— v
Figure Vi<24, - "One Line" Diagram Representation "'
s 2

‘ At t = 0, the switch is closed simultaneously in all three phases and it

- is assumed, as before, that the_ speed remains constant . - during the period

of time of the study. s ' , '
The effect of the h—'ansform"e‘r. impedance (negligible resistance) can be dealt

with in the same fashion as in the steady state situations discussed in V1.8, i.e., it’
is added to each of the machine reactances because iy and Iq-béth flow through this

reactance, Thus,

Xd=xd+x x-=xq+x'

ot Q
L Xgmxgty XgEar ko

diagram, based on

The first step is to construct a steady state ph&so
igure VI-25,

VM(O), 14 (0) cmd¢l to determine Vq(O), _Vq(()_)_ as shown in

k . - (o .
- | - e P
. \ - /
- / .
/ - »JXLIBW
-
J T Xy
Figure YI-—25. ._S'teody State Phasor Diagram, t < 0.
) .- 4 ' _ ) .
T Q - ’ 89

T e
-~ ..
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The components of Via(0) along the d and q axis are, of course, V4(0)
and V_(0). These values are r.m.s. and must be converted to vd(O) vq(O) by

l,mulﬂpﬂying /2 as in (VI-225). We can also find 14(0) and | (0) After solving

for i4(t), i,(f), as in the derivation for the ho load case above, we add id(O) and
q(0) and solve for i4(t). - )

VI.11 SWITCHED LOAD STUDIES: Problems involving transients which occur when loads
are switched can be studied quite readily using the principles and equations from

Section VI.10. For exomplo, suppose it is desired to study the bus voltage variation
when an impedance Z; - is switched on an altemator supplying load current to an

initial load representeb by impedance, Z; 1. The one line diagram for this situgtion -
and its equivalent are shown in Figure VI-26.

} l . ~
N X it!xk..n. myﬂ*“*l
X‘fx‘/xd X > y . R z NN ‘ Xes X Xy
w x“i’xt - R : J\li‘nt XFQ'X‘,

-
= Q?&:m' N nnll«,( = | T A These UJMB T‘OQ

.
Figure VI-26. Equivalence of Situation
‘ . i x .

i

. We can treat this as if it were an alternator on short circuit supplymg an
initial load (as in Section VI1.10). After determining V4(0), V4(0), i (0) and i (0)
the equations for the change in iy and iy can be obtained. (‘a ccm then bd
calculated by. adding to these the values of. \d(O) and igf0). . It should be carefully
noted and recognized that the equations for ig and i were derived based on vefy low
values of resistance which made several simplifying assumptions possible. If this-is,

* not the situation for the specific ‘Gase being studied, one must go back and obtain new -
_ expressions for the change in current iy(t) and i (t) However, most voltage transient

studies of this type deal with the switching of loads, which appear very nearly completely
reactive when switched on (for example, the starting of large motors, arc furnaces, etc.)

After the value iy(t) is determined, the variation of V, (t) can be obtained by taking

the product of the series umpedance equivolent (to the parallel combination Z) and Zy)

and i4(t). ‘ . '

vf.12  SYNCHRONOUS MACHlNE DYNAMICS: ~ When shaft torque is changed - either
by increasing load on a ‘motor or changing the prime mover torque of an atternator, the
fotor assumes a new position with respect fo the stator field. That is, the power angle,
'S, changes.. It will go through a transient period before settling down to its new steady
state position. The factors affecting this transient response are very complex as will  be

- ' -
& / . ) . . . . pe - .



_damping and fréguency of oscillation we will assume the following:
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shown in this section. However, by making .dpproprla‘to simplifying o;sumpflons we can

. obtain results which will yield information of value about this period, Most machines
" exhibit under damping. That is, §, oscillates about its steady state position with the

magnitude of oscillations decaying expo?enfially. If shaft torque due to the connected
device is also oscillating at frequencies' near the "natural” frequency of the machine,

very large amplitudes may result because of the resonance effect. [n order to examine
"

1. The oscillations are small sinusoidal excursions about
the steady state operating point (power angle)

2. Steady state speed, w , is at rated s;;eed
- ‘,. ‘ .Y t
3. Excitation voltage and terminal voltage are constant

4, The effects of saturation are neglected

5. The applied stator phase "a" voltage is:

Va = Vp sin (t + af . (V1-381)

6. The stator rotating magnetic field position, 0¢, which will be a
reference, is given by:

S

6 = wt (VI-382) -

In the above, © is the arbitrary angle necessary to relate stator field position
and applied voltage. The angular position of the rotor, 6, is related to the stator field
position by: -~ ( ;, o

5
.

S

g =0 _ -8 =t - 6 : (VI1-383%

‘ * -
i This convention is for a motor, where the rotor axis |jgs the stator field axis,

" 4 . y . wge .
If the rotor is changing position, 8 =68(t), angd we can express instantaneous rotor angular
velocity as:

v
w

f ds . L
w () = Fov- a-?é- . _ | (VI1-384)

w(t) denotes the actual angular velocity; w is the steady state angular velocity. In
terms of rotor angle, 6, we can express applied voltage (VI-381) as: '

1

Vg. ® Vm sin (8+8 +a) .
= Vpy sip @ cos (6+a) + Vycos Bsin (8+a) o (V1-385)

£ e .

,” .
From. the transformation, (V1-384), Val can ?eqefpressed in terms of vq, v q "
. t

a
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T

‘ Vg = Vq CO8 6 - vq sin o - - (VI1-386)

From a comparison 'o'f (V1~385) and (VI-386) we sotglt:

vg =V, sin (6+a) . (VI-387)

and:

) Vg = - Vi, cos (8 + 0) . (y|'388)w
- . From (VI-180) 'hrough (V1- 190) the applicable equoﬂons for balanced
conditions are using (VI1-387) and (VI1-388):

d ' .
vd=Vmsln (G*u)"%-w(t))«q+rld_ : (VI-389)
o
vq'-=-Vm cos (¢ +.a)=~§3‘+ w(t)xd+.riq ‘ (V1-390)
-'- (ighd - 14%9) = Tjoad * 4 G- (VI-=391)
\
A d(s) = X2(s) ig(s) + Xq(s) ve(s) " (V1-392)
. N

PO Xq(s) (s (V|-393).. B

where Xy(s), Xos) and X3(s) are as prev%ousl)‘g cefined in (VI-186,~T87,-188).

Now, assume an incremental load perturbation, 4T, is introduced. The
variables, i.e., currents, flux linkages, and load angle change by small increiments,
denoted by A , from ‘the steady state valwes denoted by the subscript o. The total
value of the variable is the sum of the incremental change and the steady state value,
Thus, - |

~

(V1-394)

6—6 + AS

where 8 | denotes steady state- qngle power angle minu;/fhe orbitrary angle, o , and
w(t) is as defined ln (VI-384), -

L)




The first of the describing oquatlons, (VI-389) becomes, uslng v d - from
._—7 (Vi1-387) and noting that: .

Vm sin (60 + A8 = Vm sin § cos A6 + Vi €08 6~9i‘n AS N | ‘(Vl-395)

_ d :
- 6 —_— 4
\ Vg 8in 8 cos as + Vi coscqsln a8 = (2, *axg) +

- ""',%F‘ (8 +88)1(rgg * 'qu) + (g, taly | (V1-396)

For small excursions of power angle:

sin 06 X A8 | : (V1-397)

& cos 45 % 1.0 . | (V1-398)

Also, of course,

5 . dA ' -
T - —%l‘l . L (VI-3e

H

Using these relationships and neglechng second order dlfferenﬂah, .
(V|-396) simplifies to: | . _ C

. ) . . d
+ VY sin 8, +V_(48) cos g =g—t' 8y -wxqo b, +vxquA5 +

gy t rd iy (V1-400)
In the steady state, this relationship is: )

)

+V sin § =-wlqo+rid°'

From (VI- 185), with Vfconstunt
Xofs) A |d(s) = AX (s) g . ' (V1-402)

Subtracting - the Laplace Transform of (VI-401) from, the Laplace Transform of (V1-400)
cmd using (VI1-402) fora id(s) yiolds

|

‘ r
(Vin €08 8 = Aqq8) 88 Hubk o = (-‘x_—z‘(;)' +ts)ay =0 . (V1-403)

Y P . 79.?

(VI-40'I) '

\
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It should_be noted that X3(s) is not in thl: oquuﬂon bocouse Vi F 0 Also
the (s) doslgncltlon for transformed vurloblos J\os been dropped but s Impllod

~ -~

AT
Similarly, for (VI-.390), VI—39|) for step torqu'o change "}' , we have: /

»

(vm ,;ns ;uos)ms (—l'\? s)qx - 'O ' (V1-404)

<

At
2 J 32 a8+ 3 |i %m 71 - ‘doLM = — (V1-405)

(VI—403 ~404, -405), with appropriote initial conditions can ‘be solved ‘to
yleld a solution for 468(t). However, it should be noted that the expression will
contain terms with s to the 5th power because of:

.

\( & s Xi(s) Xpls) s2 3 | - (V1-406)

. | o
| A computer is necessary to deal with the equations as written, In order to
proceed, without a computer, some simplifying assumptions can be made. As an illustration,
assume a step load of torque is impressed upon a synchronous motor under no load conditions
for t <0, -

- Thus: .
s . ~sin &, =0 4o = O | ' (V1-407)
cos § =1 i =0
o qo
) \ :
. =0 ‘
o :
We will neglect the transformer type voltages, soch -as Ty
dr, di h\ '
d 9 \
= T -0 o (VI1-408) -

in this analysis. Also, with the assumptions used in (VI-276) and(VI-277)

\ | W2 —ﬁmxl T & ‘w2 ' (V1-409)
" l R: .!._.. . --l—-— R: l ) ' ..
m . L; P X2(s)' | "[1C; . | | (VI-410)
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. | Frém) (V1-390), wah i =0, (no load = ‘ / ol
| . , qo _ |
‘" Y Vm ‘ '
T (VI-411)
o do w w . _
: //” b i ’ \.w
With these approximations (Vl-4®_—404 and -405) become:
; .
§ 4wAX -~ Ax, =0 L - (VI-412)
) _ Vm AS Hw ' L;‘, 4 e (| 2
\ - ‘, o
\ . -
g et T By etk 4 =0 - (VI-413)
- " q ,
. q ) ) ,
3V aTyL '
258 - m = — /- (VI-414)
Js i Mg =7 _ |
q
With these equations: .
t / [
o
A 3 0 w - L:i
0 EL-'T W
- -9
' ]
ATy: 3V
.._..l; o m 0
s "
2w L,q |
AS = . '
]
2 w ’ ~w
) m - gt
Vmo r »
¢ —s - w ’
R
J 52‘ 2 L"m 0- ;
(A)' q
&
..‘\v
\7[;" ‘J. \-
‘ ' o ld, 95 )
&
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B . - (L
( 2 X r2 A_T_l_._
RN | . |
A 88 = £-1 . % 5 (VI-415) -
2 - 3rV KAY c
. 2 'm m .
2 )42 4 S+ —t =T \ | .
SRR SRR PP 2!
b | - - By
2 X"w AT : ' g -
ML \ f . (VI-416)
2 , . . .
‘ 3 Vm s : L
2 w ) X" 2 . :
on S (LRI
3V, < d | , /
This is of the form: | ' ) h ) . ' ¢ /
ATL 1 ‘ ’ .
2 2 - 2 v ‘ | . (VI-417)
! ~ vV Js 5 t—g9s t 1 , . \
<. h v v ¢
" where > ’
N v = natural undon;ped angular velocity of oscillation
. ‘ o
—~ | v /-3 (VI-418).
. } m 2y JX : :
; q !
£ = the dampiny ratio
Voo /TET : ~
=L = /—- - (VI-419)
2 wxd - 2 w J xn
9 /1
The inverse transform of (VI-417) yields: '
ATy 1 . Hevt : :
() =5 1+t € gin (WA - £t )
v J 1.~ 52 -
. -1 Y1 - ?
where V. = tan — (V1-420)
[ ] ) . / - . ( . V/ -
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~ From (V1-420) severcl ob:orvotiom can be made:

1. The n|aﬂonqhip between steady stoto change in power angle and
chongo in torquo is:

C, 86 = 8T where C, = vy oo (VI-421)
2. The clomping effect approochu zero as r + 0,

) ‘ - 3.. Ihe moximum amplitude’ of the oscillation is givun by - (approxirnotoly)

3 N AT - -
— (V1-422)
2 a v
4, The time constant for the decay of sinusoidal oscillations is
poAWIXgXES
i T=—= ) 2 ' ‘ (V1-423)
‘ p EV r vm © . .

y 5. Now V_ ocVi. If either r or V¢ are small, the time constant for
domping out the oscillations approaches infinity and the machjne
tends to "hunt', This is indeed the situation for an under excited

synchronous motor. ‘ . X\

)

If AT(t) was a sinusoidal. function, mther thOn d step function, AS () would
oscillate at two angylar velocities - one corresponding to thak of the driving torque and
the other the natural angNlocity v found here. If these two anguldr velocities
have the same value, resonance results and very large amplitudos of oscillation will be
. experienced. -

it should be noted that the analysis cmd représen fation above Is for smell
oscillations and for the machine at no load. Results are not accurate for other conditions,
however; the analysis &oes indicate which parameters influence the synchroneus machine
*dynamics, -

} Note that we can work backwards" from (VI-417) and find the
d1fferenha equation corresponding to the transformed -equation (VI-417), .Thus:

y 2

: A,TL/’: ) \ | N .
U s 2 e
From (V|-42T): )
w=c. . - | (VI-421)
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N

and we will define: - b | -
~t’ . . |
216 =C, | | (V1-425)
and we can write (VI1-424) as a function of time as: _
: ’ ! o . . T \ /
d2A6 das s =aF, .
J —d-;i-* + Cd —":/C a8 =4 L(f) . (V"'426) |

(VI1-426) is widely used os the ‘describing equation for the machine. In (Vi-4éé):"‘l

2
JdAG

is the inorﬂo torque
dr a

H

C A8 is the motor torque produced by synchronous motor action
dAs
Cq——isa damping torque and. acts to resist change in AS ,
Actually, it is an asynchronous torque identical to
the torque in an induction motor. It results from an

interaction between cuzénts in the damper windings >

(KD and KQ) on the rotor and the stator field.
- . : s

V1,13 SYNCHRONOUS MACHINE PARAMETERS BY TEST: If we refer to Figure VI-21

we see that at least two of the three phases (and possibly all three phases) have a uni-
directional component of current in the short circuit current obtained by test. If we
remove this unidirectional component, we have the fundamental companent shown as
phase "a" in the osgillograms of Figure VI-21, The.envelope is plotted in Figure VI1-22,
Comparison with equation (VI-344) indicates that: ) :

) 2 Via
oa = Xn .

V2 th : -
ob = —— (V1-427)

X4

/T Vi A

oc =
xd

N

and that the' subtransient portion decays with time constant T3 whereds jho. transient

portion decays with time constant Ty. Similarly, from a recording of ift), we con
determine To' : :

19x
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The Institute of Electrical and Electronic Engineers publication "Test
Procedures for Synchronous Machines", f 15 detoﬂs\pro&duros for obtaining the above

"~ parameters as well as other parameters used in machine analysis. Applicable sections
for the above and othes are:

!

Section . 7.15 - for .Xd
. L, 7.20 - for Xq ‘
7,25 - for X
7.30 - for X}
| 7.35 - for Xa. .
- ) { 7.65 - for Tio v
| 7.70 - for Ty F
7.75 - for Tg!.o' )
7.80 - for T}
’. Note that ITO can also be calculated from:
- B (vi-428)
i q d .

The test code does not specify how to test for Typ, Tq, and Ta , which are
necessary in some types of analysis.  The quantities must be calculated or dbtained from the
machine designer. Two classic references on the prameters are: “Calculation of Synchronous
¢ Machine Constants", by L. A. Kilgore, Trans. AIEE, Vol; 50, 1931, pg. 12015
"Determination & Synchronous Machine Constints by Test", S. H./ Wright, Trans. AIEE, p
Vol. 50, 1931, pg. 1331. ' ‘

A

P

V1.14 SYNCHRONOUS MOTOR APPLICATION: Synohronous motors, in general,are
more expensive; than induction, or asynchronous, mofors except in the case of motors
designed to run at relatively slow speeds. For example, consider an application involving
~ a load to be driven at around 150 rpm. For a 60 cps source, the motor must havé 48
poles. Mechanically, a 48 pole induction motor is difficult to dasign, whereas a 48 pole
synchronous machine is possible without complication. Thus, the choice involves a
higher 'speed induction motor with speed\)reducing provision (either belt and pulleys or
. gearing) or a synchronous motor with associated d.c. supply and control for the field
circuit. The synchronous motor starts with field shorted and excitation is applied as
it nears synchronous speed. Control circuitry is necessary to insure the application of

field voltage, or excitation at the propertime. !

19y
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" The decision as to whether to apply a synchronous or an Jnduction motor to
a specific drive requirement is usually one of economles. Seldom "does a requirement for

. absolutely™constant speed entet into the decision in power opplicoﬂons A general rule

of thumb.is that "when the horsepower exceeds the rpm, the synchronous motor and
control cﬁe economically advantdeous". ~ If should be emphasized that this is completely
general. The power factot correction capability of the synchronous motor can be
decisive in an economic evaluation of which motor to buy. In a situation where one
desires to obtain a higher plant power factor while adding motor capability, the

higher cost of the synchronous motor, d.c. excitation provision, and” control must be
evaluated against fhe cdst of the mduchon motor, its control and static capacitars
which yield the same power factor correction capobibty as the synchronous motor.

The following example will illustrate the procedure for this type of evaluation:

- ' Exam8|e

Assume an industrial plant with an existing connected load of 10000 Kw
at a power factor of 0.8 lagging. - It is necessary to add 3000 Kw of motor load
(oné unit) and it is desired to improve the overall plant power factor to 0.9. Three
possibilitkes are open. They are:

-

1. An induction motor - with static capacitors K

’

" 2+ A synchronous motor ~ possibly with static’ capocutors
a. a unity p.f. capable motor
" b. an 0.8 p.f. {leading) capable motor

Assume that either motor is 93% efficient and shat the induction motor takes
power at 0.85 power factor. A volt-ampere, power diagram for the existing situation
in the plant is shown in Figure VI-27a. .Figure VI-27b depicts the induction motor. -~
The combination of -existing plant plus induction motor i shown(iin Figure. VI-27c. Also,
the power-reactive power values for a 0.9 power: factor after adding the 3000 hp motor

‘are shown. It can be seen that for the new plant ‘load of 13,230 Kw the Kvar permissible

is equal to 6420 Kvar. KI"lovyever, with the .original Kvas plus that added by the
induction motor - the’ new total without static capacitor correction would be

7500 + 2020 = 9520 Kvar. Since '6420 Kvar yields 0.9 p.f., 9520 - 6420 = 3100 Kvar
of static capacitors will be required. If a unity power factor- capability synchronous
motor were added, rather than the induction motor, only 7500-6420 = 1080 Kvar of
static capacitors wou|d\bg required.

Figura VI-28 indicates the overall effect of using an 0.8 p.f., leading
capability motor.

The synchronous motor would act as a capacitor and supply 2420 Kvar of
leading power factor reactive power resulhng in an overall plant power factor - after
adding the motor - of: ) . '

? - p.f. = cos tan-‘ '?g’ggﬁ = 0,945

: \
: Thus, the power factor has been improved to better than 0.9 ‘without static
capacitors. Exactly which choice is to be specified would depend upon relative cost "

of the motors and ‘capacitors., - - g . t
| "G)b
<
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Figure VI-28. Power-Reactive Power Situation Using an 0.8 p.f. Synchronous Motor .

]

VI.15 SYNCHRONOUS MACHINE SIMULATION AND ABDEUNG: If one desires
to carry the block diagram modeling of a synchronous machine to the point of inter-
connection of the various block diagrams formulated thus for (see Figures VI-7,-8, and -9)
one must specify whether it is a motor or alternator that is to be modeled, and the

system configuration.

A
N J

For e xample, a single alternator can setve a combination of loads, it can
be paraileled with other altermators of more or less equal (total) capacity, or it can..
operate in parallel with an ‘infinite bus' as previously defined. Each situation is a
particular case. Wa ‘will examine the simplest case in trder to illustrate the method

and procedure. - o\,
< - \, .

—

Y Comsider a single alternator, driven at constant \tgtod speed, supplying a
balanced three phask load consisting of Ry + | XL = Z| ohms\(equivalent) in each phase.
Assume that the object of our investigation will be the variation of terminal voltage
when load is switched o and that a volfage regulator is used ty assist in the regulation
of terminal voltage. We can assume a blo¢k diagram for the voltage regulating circuit |
and the d.c. excifation system as shown in Figure VI-29. Recall\that for & balanced
system, the zero sequence voltage and currents are zero and that, from (VI-215),

\

’

e ) | ;
Y
s ‘ J
Y

2@2’_- }
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2

(Vlf429)

| G(s) >

er:'-arml a V{_(s) |
: (Jcpr'fuﬂ. )
© frew derived)
\ ’ [ . : '
Figure VI-29. Voltage-Regulator-Excitation System ) _ .

_ G(s) is the transfer function relating error signal input and output, avy.
If this were a regulating .system utilizing an amplidyne, for example, .the actual lru_nc on
To¥ G(s) could be determined by modifying (V-25) by multiplying 1,(s) by the trans-
> formed impedance of the altermator field winding.

Note that inputs i'nto the block diagrams dre, in addition to Avf(s), id(s)
ond i (s). We can obtain these as follows: (where R, L, is the equivalent series :
resisfcﬂ_\ce and inductance of the load) ~ ' \

d i,

o ‘ Va = R ig + LL g ‘ (VI1-430)
or, usi\}gk the a, b, ¢ - d, q, o transformation
"%
. - d,,. ‘
vy cos 6- vq §in g = (RL + L‘L —d—t-)(ud \cos o - iq'sine) . (VI-431)

which yields, when exmnded:

? ! .

o ' di
V4 Cos 6 - vq sin 0 =‘RL§d cos .e-wLL iq cos: g + LL " cos o +
, o . ’ di
et RLiq sin g ,—wLLid sin 8- Ly ——S-dt sin ¢ (V1-432)

« .
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Equating coefficients of like trigonomctric terms aitd taking -the Laplace tmnsform,
considering the initial conditions as zero, yiolds rho following relationship for the

chafge in variables: (L, = X;) ¢ . ‘ : .

&'
st

LN

R L) As) - Xy AEgls) = Avs) - . (V1-433)
\ o » B = | -
J . + X Aid(s) + (.RL.T LLs) Aiq(s)uz +Avq(s) : 7 (VI1-434)
Solving for 8 ig(s), Aig(s) ylelds: '
r . ‘ .
(Rt Lyshavy(s) + XLAVCL(S) o
biyls) = P ) , (V1-435)
Ls™ + 2R s R X :
\ . : ’ e &
e - XL vgls) + (R + Lys) a vgls) .
iq(s) =T ‘ > "~ > (VI1-436)
: Ls" + R LLs + RL + X :
In order to obtain iq(O) i4(0), we we can c‘onSi.def‘* thzé steady state situation:
(Load before switching; R + j X = Z) : - * _ )
| . R+ X = |d(0) + .%1(0) ) (VI1-437)
. S R vy (0) + x'\fq(o) + 1R \ig(O) - X vg4(0)] |
. 140) + §10) = o - (V1-438)
| ' 72 .
from which:
R X R X ‘
iy(0) = > vg(0) + — (0), i (0) = 5 VY (0) - = v4(0) (V1-439)
22 7 72 Z z2 © L
The block diagram for (V1-432,-438) is showh in Figure 'VI-30:
We must obtain block diagrams relating v (s) v_(s) to Ad(s), A(s),
- ig(s) and i (sy= From before, except chongmg the s?gn of' current to conform to
generator convention: « R
¢ ‘ .
A vyls) = sax d(’)'," Axhq(s) T-f Aiy(s) ?( (VI1-440)
. Bvqls) = sargls) + sayls) = raigls) (V14
\ .
— ' i
, 2ny

. a _ . J
. . M
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Figure V1-30. Volfago to Curront Relationship, Balanced Load of
' RL tjuwl = ZL per phase

1

2

The b|ock dnagram for (V1-440 and -441) is shown in Figure V|-31

Figure VI1-31. "Voltage, Current and Flux Linkage Relationship. |

<
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Figure VI-8, -9, -29, -30 and -31 are interconnected in Figure VI-32
tobddfm the complete system of altemator, load, voltugo regulator and excitation source
for the system assumed. (Note that the sign of 1g, i, is reversed to conform to
alternator convention). The only steady state value at t < 0 required here is that of
vg(0). If this system is to be simulated on an analog computer the necessity to
diff‘orenﬂato aAd and sk, will be a complication because exact differentiation using
analog elements is not possible because of their finite output voltage limis. The
same tomplication is present to a lesser extent in the load representation, It is’
necessary to either resort to "approximate" differentiation or to neglect the d/dt terms.
The reader can refer to a-text dealing with onolog computer techniques for a dicsussion
of the "apprxomate differentiator”.

To illustrate modeling and. simulation of a synchronous motar, we will ¢hoose
a system involving a variable frequency, variable voltage to be impressed upon the
synchronous motor in order to'obtain a variable speed drive system. Such a system
in its simplest form, would involve a rectifier~inverter combination energized from-a
constant potential, constant frequency source. Referring to (11-25), we observe that
. we must maintain.a constant ratio of volts impressed per cycle in order to maintain a
constant value of flux (and flux density) in the magnetic circuit. Since the machine
is designed for some maximum value, it is essenhol that we maintqin’ this ratio constant
below its maximum value: A power supply for accomplishing this is shown in block
diagram form in Figure VI-33,

v | ’ . - G'tit ——+—§I<‘J y W
. . +etSiet 2 £ “\1—7 . wwn—"'u'?h ) VAVre w ‘cc;v\sTauT ol
constond _ J'E'"'% ’F'. < .. warwble

po'!‘ufui Q‘rgbuencg
"consto ‘

$vres ¢
Sedee ¥

Figure VI-33. Frequeuncy Converter Block Diagram

SRS — |

In the converter, the input is rectified and filtered to provide direct current.
The inverter consists of thyristors ond?\d‘iodes. The thyristors are switched.in a definite
sequence by the "gate' circuitry to fofm—a 3 phase output. The gate switches at a
frequency proportional to the speed signa) (since speed -and frequency in synchronous
machines are proportional) and at such an instant within the cycle so as to provide a
magnitude proportional to speed. In this course, we will not go into the details of the
inverter and gate circultry other than to hote that we can "process" the d.c. to form a

three phase output wherein, we obtain a magmtude such that /2 Vh/” = constant,
where w = actual speed

256 ’
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We will now rearrange the applicable oqua.ﬂons to obtain block diagrams which
we can then interconnect to form a model of the synchronous motor ‘and load. We will
neglect the d )/dt.terms in the equations in order to simplify the simulation. From (Vi-108)
the applicable equations are (neglecting the dr /dt terms and rew gnizing T, Vi and

Y2 Vio/ ¥ = vy/ ® as inputs);

vd + wlq = o id “l . " ) (V|—442)
- W\ = ) ' 4.
q= - rig | . (VI-443)
. Mg = big X16) , (VI-444)
Bhy * Ay Xofs) + &V X3(s) _ ' (VI-445)
_3 : _,de N A
Te - T = 5 (Ad ‘q " A i« L= F u (V1-446)
- A} ‘ l
_In addition, we will use the relationships:
Va2 TV 2 vy V.2 -
) =) =G D (V1-447)
\and
s PQ
T.e =% T ¥q iq +ovg iy : : (VI-448)

In the last equation P, is: instantaneous electrical power input to the motor

and is the sum of the products of the in phase currents and voltages. The ohmi¢ loss
is neglected (as in the change in stored field energy because the d }/dt terms are not
included above), Friction and windagé losses are included as part of T . '

Assuming we have currents ig and i, available, we can dbtain speed, mﬂ, .
for any load torque as shown in Figure VI-34) from (VI-444,-445, and ~446):
’ From Figure VI-34, if we have currents iy, iy and initial va_lue;'of the
currents, and excitation available we can obtain @ , 2 q. and Ny as -outputs for
given vg, . . "

. Next, assume-we have.vy and vq. We san use the w, and N valves .
from {(VI-34) fo obtain iy and iq using (VI—‘&Z, -443), This is shown in Figure VI|-35.

20k
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Wa:can now use the remainder ‘of the equations above fto find v,, v

This is shown .in Figure VI-36, :

.0l

q.

@, sf!icl
- \
I\ ’\ hd _____'_v
. | s Y <
. Ve
@
l !
= /
. . N / . ;.
. , *
. Interconnection of Figures (VI-34,-35 and -36) to obtain the cbmplete
. model of the synchronous motor, with the assumptions given, is shown in Figure VI-37.
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| \ohq'[notrng current machines that do not rundpt synchronous speed. The most common form
_-of this type machine is the "inductian" machine, Although the machine can function_gs

195 | | \

CHAPTER VIl - POLYPHASE ASYNCHRONOUS MACHINES -
4

VIl.1  INTRODUCTION AND CONSTRUCTION FEAX[URES: Asynchronous machines are

either a motor or generator (that is, the energy coRV&rsion process is reversible) the niost
widely used configuration is that of motor.  Reasons for this will be discussed later.

The armature (usually the stator) of the induction machine and the synchronous
machine are identical. However, the otheremember (usually the rotor) is quite different.
The synchro:ious machine has a coil, energized from a direct current source, which results
in a rotor field stationary with respect to the rotor. Since the rotor and stator fields
must be stationary with respect to each other in order to produce average torque, the
rotor must revolve at synchronous speed. The indictioh machine has a polyphase winding,
rather than a coil, on the rotor. The excitation [results from current flowing in the rotor
winding. Current flows as a result of polyphase poltages existing either by induction and/or
by . injection. By -far the most common variety is,one in which induction accounts for .
the voltage and resulting current, The andlysis in this text will deal with this configuration.
The polyphase rotor may be either "wound" “or "squirrel cage". The "waund" rotor has a
regular polyphase winding similar tq H?qt on the stator, i.e., it must-hdye the same riumber
of phases and poles. The terminals of the rotor winding are nnected to insulated slip
rings mounted on the shaft. Carbon brushes hearing on theAlip rings make the terminals
ov‘oilq@e{é ernally (and stationary) in order to add addifional (external) resistance to
the wingitg. This capability permits the user to altey’the speed torque characteristic,
as’' will be shown later. (If voltages of a special frequency are to be injected, they can
be injected through these brushes). The squirrel cage rotor is so named because it resembles,
in some respects, a cylf_ndricol squirrel cage.. This winding consists of conducting.bars’

_ imbedded in slots in the rotor iron and short circuited at each end by conducting end rings.

. .
o d

) .coge rotor are such as to resd t in a rotating mmf similar to that obtained from a
wound type polyphase windiflg. . .
| ype polyp o

This construction is simple, relatively inexpensive and very rugged. It results in a widely
Psed motor, ’ :

It can be shown that the induced voltages and resulting currents in a squirrel .

. W
In order to visualize the torque-speed behavior, co?wsi‘der'thot the rotor is
stationary. By electromagnetic .induction, q voltage (depending upon the turns ratio
between rotor and stator winding) is induced in the rotor. This action results from the
stator field rotating past the rotor inductors and inductng a speed type voltage in the
rotor. Since the winding is closed upon itself, currents flow in the rotor and a revolving
field is establfshed on the rotor (because it is a polyphase winding). Since the rotor
and stator have' the same number of phases and poles and the frequency in each is the
same (with the rotor statipnary) the fields are stationary with respect. to each other and
torque results. Since the rotor is free to turn, it accelerates. ' :

/ ‘.' )

“ ) . . ‘ ’



Now, corsider the situation at yome speed. Let:
w = mechanical angular velocity of the rotor .
\ we = the angular velocity of the stator field

W = the angular velocity of tho rotor ﬂold with respect to tho rotor,

The relative speed between stator field and tho rotor structuro can be oxpmod bs a
fraction of stator field speed and is defined as the "slip". Thus:

¢ .

{ - -
: : . W - ‘ ‘
* 0o =-w— L Vi-1)
where: S . \ ) . A ' .
e \ o . [
0= slip

i 4

Since at cmy spoed w, the relative speed between rotor inductors and w is
only O timesas great as at standstill, it follows that the frequency of the voltage ohd
currents i the rotor will only be tho fraction o of their value at standstill, Thus the ~
revolving field of the rotr, w_, with respect to the rotor will be:

b = 0 W C(VI-2)
r . s
el ’ ' '
If we add @, the speed of the field with respect to the rotor, to the rotor
r
mechanical speed, w, we have the speed with respect to a stationary reference. Thus:

t

wr"+ w = ows + w \ (V||-3)

Using (VII=1) in (VI1-3) yfelds:

o W =i I | NII-4)

) Although w_ = angular velocity of the rotor field with respect to 'he ‘rotor,
w _+w_is the angular velocity of the rotor field with respect to a stationary reference.
(V I1-4) indicates that the speed of the rotor field with respect to the stationary reference
is the same as that of the stator field. Therefore, .the fields are stationary- with res&:t .
to each other and on average toruge is produced and the rotor continues to accelerate,
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If we consider the situation as ¢+ 0, i.e,, the mechanical speed, v, appnoachgs
¥ ¢ we see that the relative velocity between stator figld and rotor inductor approaches
zero and under this condition, the inducad rotor voltage also approaches zero. With
zero voltage .induced, no rotor current is possible and pio torque can be produced. Thus,
‘somewhere between ¢ =41.0 (rofor stationary) and o= 0 (synchronous gpeed) an
equilibrium situation between developed torque and I torque is reached. _The motor
runs, steady state, at the speed at which this oecurs. A typical speed torque character-
istic is shown in Figure VII-1,
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Fiéure VII-1} Induction Motor and Load Speed-Torque Characteristic
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Vil. 2} INDUCTION MOTOR ANALYSIS:* The 2 pole asynchronous machine is shown
schemahocl"y in Figure VII-2, Note that the stator winding is depicted identical to
the stator of the synchronous machine in Figure VI-2. Although the coils for phosos
a~b-c are shown' conceritrated they are usua||y disfributed around the periphery in
prachce. The rotor winding is represented in the same fashion and the phases are .
denofed as A-B-C. The schematic representohons for the machine are shown in
. Figure VII-2, TWe rotor windings are shown "open" rather than closed upon the mselves
and with voltoges, VA, Vg, and v dimpressed in order to obtmn completely general
results, - :

~ For analysis purposes, we can consider the instant of time when the
_ axis of phase A on the rotor is at an angle 85 with respect to the axis of phase a on
the stator. Since 99 js completely arbitrary, this is a generalized situation.

o "21.;;
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"Figure VII-2. The 3 Phase Induction Machine
Now:, ' ’ o . : . -
o ®) =ut - | : (VHXS)
or, since from (VII-1): ‘ .
a = wﬁ(] - o) . ‘ L]
g : | J -
(' 52 = (1 - o)w ot _ (VII-6)
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' .

If the machine has symmetrical windings (i.e. each stator phase is identical
to the other stator-phase winding except displaced in space, and the.same holds true for
the rotor windings). we can ‘denote stator resistance as ry, rotor resistance as r, and relate
voltages, currents and flux linkages as follows: )

N
. dr , -
Sl b — L . VII-7)
Va S Na f g ‘ ‘ (
“ = i, + i—ll S Vil '8)
."J Vb ]b ' dt . . ‘ -
- o1 - dx . -
'\,' : = 1 _.(_: -9
- e | | | | (VII-9)
d\ - -
. A . . "
| Vo =Jroia t g _ (VI1-10) |
I day -
Vg = 2lp o : | S(VI-1T)
g a k . )
< * — . + ' . ’ -
Ve = e g 4,‘/ | | (VII-12)
- ' » .

The samg assumpt?ons made in connectioh with the analysis of the synchronous
machine conceming satOrgtion, hysteresis and eddy currents in the iron will be made here.
In addition, as before, we\will assume- sinusoidal distribution of mmf and flux density in
space. Further, if we neglect the permeance variations in the air gap due to the slots
and teeth on the rotor and stator we note that all of the self inductances are independent
of rotor position.

We will define the various self inductances os:

Laar Lbbr LCC - stator winding self inductances

LAA ikBB’ LCC ~ rotor winding self in8uctances

For @ symmetrical winding configuration

K/ Laa = Lbb = Leg o (VII-13)

oand

Laa =tgp =lec - - ~ (V=14
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We will deﬂne'the mutual inductances between stator vﬁndings as:
(\ & | . . Laif il SO Lbc “ '{ ' | (VI-15)
" and the mutual inductandes between rotor windings as
T # _ : Lag = bac = LBC .< /)\_\\ . | (Vll—16')

However, the mbtual inductunce of the rotor windings with. rqspect to the
stator windings (and vice versd) are funcﬂom of the rotor posmon whic\r is a function of
time. (The rotor poemon is defined for ondlysis purposes as 62)

The flux anag‘es in stator phase a due to rotor current i4 are a maximum
when 0, is zero. With the assumption of sinusoidal flux- density distﬁbuﬂuon they can

be written as:

falga cos®, (VII-I?)
The flux. linkages in stator phase a due to rotor current ‘B are o maximum when
= 1202, Therefore they can be written as:
i LaA cos (92 - 120) | (VII-IS)

+ and for rotor current')ic, the flux linkages in phase q,caﬁ be expressed s

- | T Lga cosley - 2400 o (vu 19)

Note that the peak mutual inductance between any stator and rotor winding
is the same, dehoted as L aA’ by virtue of  Symmetry . \

\

Total flux linkages in phase a are therefore (including flux linkages due to
stator currents) . ’
g = Llagly * Lab (ip * i) * LaA liy cos 6, +

1p cos (05 - 120) + i cos (0, - 240) | (VI1-20)

The flux linkages in rotor phase A due. to various' stator currents are:

: ' ‘OLO_A cos .62 ) ' | o (VI1-21)
. \ iplga cos (85 - 240) | (VI1-22)
lga cos (0, =120 . S (vi-2)

. . \
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Totcl flux - linkages Ini rotor phase A are, therefore (includlng flux Iinkogos
duo to rotor currents): : " _ ) N

ib cos (0, - 240) + i_ cos (0 - 120)] (V||-24)'

Note that the cosine expresslons In A q ond XA are not reciprocal inso far as
the argument of the angles are concermned. This is because to an observer on the “stator

the rotor appears to rotate CCW where as to an observer on the rotor, the stator
appears to rotate CW, .

\ Mo

We can apply the same reosonlng used above to write expressions for the
flux linkages in the other windings. Thus

.
H

¥ Y N .
\) = Laa'b Lo (ig * ié) + LyA lip cos ©, - 240).+
L + ig cos 0y + ic cos'(92' - T20)] (VI1-25) |
’ + iy gos 92 + i, cos (02 - 240)] (VI1-26)
) - N
A = Lagic * Lab (ig t ib) + LoA "A cos o - 120) +
+ iy cos (65 = 240) + i cos® )] (v’||-'27)"’
p A T Lapic * Lag (ig * ic) * Ly lig cos (8, -240) +
i@ o o ™ e + i}, cos (8o - 120) + 'c cos 92] ' (Vll-‘gS)
| Under balanced condmons i tipti =0and i in = i~ = 0, This suggests

rearrangement and regroupmgoof terms and the defmmg o flchhous inductnces, Ly,

L 29 O follows .

Laa'a * ,Lab (i, + io::) = (Lga - Lab)ia =ln iq (VI1-29)

and .

219
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Using the defined inductances Ly and Lgp we can summarize the flux linkage
' expressions above as: ' : AR :

hg =L + LoA [ia cos 02 + g cos (62;— 120) + E'C cos (0 2~ 240)| | (VI1-31)
X . _ Lo 43 T . -
b L"'bL + LOA nA CO% @2 t 240) t. lB cos 92 " 'C (92 ]20)] © (V“ 32)

¢ “ ‘

Ac = ‘fl]ic t LoA “A cos (02 + 120) + iB cos (0 - 240) "+ §Ccose.02] . (VH-=33)
Ma = Logla +loali, cos 0, + i cos (8, - 240) *+ i cos §, - 120) . (VIN-34)
XB = L22‘B + LoA i, cos (62 - 120) + ib cos 6, +_ic cos-(8g - 240) (VI1-35)
)‘C = L22ihc + LQA qulcols (92 ~'240) + iy, cos (92 - 120) + i; cos 92] | (VI1-36)

4

\ If the flux linkages, as expressed in (VI1-31) through (VII-36) are used #n the
~ voltage equations (VI1=7) through (VI1-12) a set of non linear differential equations sesult
because both currents and angle are functions of time. The bracketed coefficient of L A

in (VI1-31) through (VI1-37) suggests the use of the same type of transformation as Usecf in
the synchronous machine -analysis (refer to Section VI1.3). Recall in that analysis the direct
axis was chosen. along the rotor axis With the  quadrature axis advanced 90° ahead in the
direction of rotation. The transformation developed had the mathematical ‘effect of con-
verting the three stationary phase windings (and-current, voltage, =und flux linkages) to
two fictitious windings denoted.as d and q windings-one aligned along the direct axis and

t B other aligned along the quadrature axis.

The Ffictitiousd and q windings rotate at synchronous speed and thus are
stationary with respect to the stator, The fact that the actual windings were rotating
with respect to air gap flux density is accounted for by virtue of the wx_ and wiy
speed voltages in the analysis. ' :

For the induction machine we can use the same approach but we will have to
use a transformation on both the stator and rotor winding because both windings rotate
(clative to the stator field. We will choose the diredt axis such that it rotates synchronously
with: the stator field and locate it so that it passes through the a phase winding. axis at
t =0. From (VI-34,-35) we express the direct and quadrature axis stator currents as:

(using the additional subscript, 1, to denote stator quantities) ’

idl | cos © cos (6 - 120) cos (0 + 120) g
. 2
iy | =3 |- sine - sin (0-120) - sinfp + 120) | ¢ | i (Vi-37)
i) .1/2\ - 1/2 1/2 | i
229
! i N



;-.'." i « ‘v ‘ )
. -\ 203
and, from the inverse «of. (Vit-37)
. R . . o ) ¢
: g '\. hcos' 6 - sin @. . 1| .‘dl,

| = eos (0-120) - sin (e.—\l20) 1 g1 (vu-@
i cos (6 + 120) ~sin (e + 1200 1| i ‘ -
c : . : ol

4

where 8 =w t and © . is the angular velocity of the stator field, )

The rotor windings are at a different angle with respect to the d-q axis ‘than -
are the stator windings so the transformation ysed for the rotor windings will have a different
angle fhun 0 = w t. 92 was previously defined as the angle of rotor phase A ahead of .
stator phase a winding axIs. Thus, the angle between phase A axis and the d axis, whlch
-we- will deﬁne as ©, I the difference befwoen 0= yt and 8, Or, :

er =wsf -02; ;) 2 = § —Or . / (Vl"39)

{

In the transformation (VI1-37,-38) the angle between the a phase winding axis
- and the d. axis was used. For the rotor quantities we ‘would use the same transformation
except with © replaced by 6 , the angle between te d axis and the axis of rofor phase A
and we will use the additional subscrlpf 2 to denote rotor quantities. As before, the -
frcmsformofions are valid for- vo|tages, currenf and flux |inkoges. '

' . If the transformations are used ‘with equations Wl|-7) through (VI1-12) and
(VI1-31). through (Vii-36) the following results are obtained. (Balanced voltages are
assumed so the zero sequence quantities are non existent).

!

dA

, e, 1d ‘
Vid =N g t T - wA Iq (V11-40)
dA ,
= s’ . '
Vig = "ixq + ~——E~— o o ‘d (VII-41)
: ‘pd | e .
A 0
2d - r
= r_% - A e -
/ Vod = Toi2d + pm 2q ‘ . (VI1-42)
d A do
29 —r _ah
voq =220 T Mo vy
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whoro:‘ = . © (
. § . - L -.. 3 L N i . 44
,. Mg Tt T o baa o9 | < (VII-44)
TR " (V1l-45)
1q  "1N'2q 72 "aA '2q ..
A Lgghoy t oL, J (vn-46)
2d  "22'2d " 2aA 'ta S
Ao 430 0 (‘Vll—47)
2q 2229 2 aA 'lg 4
] _

. ’ i‘l
Recall that © ¢ is the angle between the d axis, ’ototing at synchronous speed
d & '
dt

and the rotor, rotating at speed @ , Therefore

‘ is-the relative speed between.the statoi
field and the rotor. From the definition of slip, S

!

ou = w o -w ‘ | (V=D
we note that: ~ ‘

ow = % e VII-48
‘ s dt ' __ (VIi-48)

The equations above for rotor and .stator relationships are compatible with:
physical reasoning for the rotor and stator circuits. The stator equations are of the same
form as those of éhq synchronous machine stator if we recognize that 171 and Loy are self
" inductances and 5 L,A is the mutual inductance between rotor and stator. For ﬁ\e rotor,

the equations are also of the same form. For the stator phass windings, the speed veltages
are proportional tows, For the rotor windings, the speed voltages are proportional to -
-Gws_beccluse that is the: magnitude of the speed of the xis relative to the rotor winding.

The instantaneous power associated with the polyphdse machine is the sum of
the products of voltage and current in each winding - either using phase quantities or
the transformed d-q quantities. In connection’ with the generalized machine analysis t
it was demonstrated that three type terms results, i.e., °

2 - Heat loss
1\ . )
dr '
i 5 change of stored energy

wik - power associated with speed voltgges

N
» -
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It ‘wos demonstrated that only the power terms associated with speed voltages
represent power converted in the electromechanjcal” conversion process. - Since the - . .
electiomechanical energy conversion process takes place in the rotor, we can focus our -
attention on terms.involving rotor speed voltages and currents to obtain the expression
for converted power, P9, associdted with the induction machine. The result is

t .
. + o

(VII-49)

L2

3 ~
P27 wolgdag m dpgladl ¢

L

Now, - ';\50 is the rofor speed with respect to the d-q axis in electrical
radian/sec, because the angle & _is constantly increasing in a negative direction
&, > w). The speed in mechanical radians per second is, then:

h)SO

- (V=50
“=- 5 . (Yn-50)

where P is the number of poles. Since:

== == - i -51
Te =w =55 (g lag = Ay '2q) (Vit=51)

Of course, the usual relationship between the torque produced, the load
torque and the. inertia torque also exists, i.e. :

IS

-

dw '

Te = LI Y . ‘ (VI1-52)
v+ An:the equat_ion'c‘ieveloped, positive quantities pertain to motor action. If,

for example, @, was greater than w_ (only possible if T is negative indicting load torque
“into the machine - or, in other woras,‘ the induction machine is being driven and not
functioning as the driver) then slip, o , is negative and mechanicdl power is converted to
electrical form and the machiné is functioning as a generator.

We can summarize the equations d;veloped for the induction machine as
folloys: \ -

. e w } C(VI-53)

(@ and ® must both be in either electrical or mechanical units)

. id =g F T m Mg - (vn=34)
dy | :
e * .
V‘q ._ r'"‘q + dt + wkid (V"-SS)
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where_

" where

*

o °2d

' (V||_"57) v

R PR T PR b1 ¥ (ViI-38)

]q n.L]]"](“. + Lui?q - - (VN-59) |

A og = Laziag * L12hid (V11-60)

A2q = L2olgq * Lizhig (\(|f-6l)
= stator vesistance/phase

ro =trotor resistance/phase

L1y = lge ~ Lab

= stator phase self inductérlce
Laa = rotor phase self inductance |

= mutual inductance between two stator phases

H

mutual inductance between two rotor phases

A maximum value of mutual inductance between a
stator phase and a rotor phase (when the two phase
windings are aligned)

T, = -g-( ) (g Tag - g iy C(VN-62)

number. of poles
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(VI-63)

w = mechdnical speed of rotor’ -
J = total moment of lﬁortlu_on shaft .
- Ty = torque q.ssoc‘iq:o-d with the conVersion process

Ty = torque to connected load. Positive for a
driven load (motor) ‘ ' -

-We- are now in a positlon to ‘use the equoﬂons which describe tho Inductlon

mochine to analyze tho machine behavior under various conditions and sifuations.

¥

4

VII.3 STEADY STATE REPRESENTATION: Undar steady state conditions, ‘ive.
constant slip, the translormed windings are stationar§ with respect to each other and
the flux linkages are constant. Therefore the terms involving derivatives of flux .
linkages are zero. ‘ ' - * .

AN

Since " . .
\ ’ Va = Viq cos© b - V14 sin w | . (VH-64)
. - . =V ?oswst + vlq cos (wst + .90). - “(VI-65)

we can write ‘ '
e : o

“ vi = Vvid t i ig | s s , (Y -66)

Stmilarly; A » «
i =hgtiiflg for the stafor | (VII-67)

~and \

‘ fp = '2d + . i2q “for the rotor . ‘ (VII-68)

where v, is the instantaneous volue of line to neutral (phase) voltage impressed on the
stator and l and i are the instantgneous stator and rotor currents. In the normal mode
of oporoﬂon, the rofor .windings are closed upon themselves., Thus, with no exfemally
“applied voltages: I

V2d; ‘v2q are zero C(VI-69)

]
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In the equations above, Ln and Loy are self inductances whereas Lyg is

" the mutual induchance betwéen stator and rotor, We will introduce the leakage reactances

Ly ond L2 (of the stator and rotor respectively). Thus:-

Ly - L, = Lyp ’ - ~ (VN-70)
Loo - L2 L o (VII=71)
For the inducﬂon machine in the steady state, using (V||-70 -7]) we can |
write the describing oqucﬂons, from (Vll 54 through -61) as follows: “
V]d = r]i]d‘ - ws (L]2 ﬂ‘,‘.]) i]q -x-ws L]2 ‘2q '.",. (V“""72)
which can be wr-mon, for stq;dy state sinusoidal conditions:
Covig =gt el P L g Fieg Lyp (i T (VII=73)
" and ; h . .
Vig = fif1q *otiz t Ldig * ubizing (VII-74)
. 6r ™
i V]q ](i ‘tq) + |w (L]2 + L])‘]d + | WL|2l2d (V""75)
Adding (VII-73) and (VII-75) yields: | -
v]d + i v]q = r}(i]d-f l i]q) + (i]ﬁ-f i i]q)(i wsL]) + ¢
“liyg ti l]q)(l 2) +(igg* iy )(lw Ly2) (VII-76)

Using the value of |] io and v] from (Vll -66,-67 and -68) enables (VII-76)
to be written as: ‘

R R R L,) + iy + gz)(i'w L) (VI:77)

_ 12
Equation (VII-77) expresses o relationship between instantaneous values.
I each term were divided by v2 it would express the relationship in ternis of rms Values,
thus,
V=l f i Xy iy ty) Xy T (VN-78)
<
N
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where: .

. V] = rms applied voltage per phase ;

|],|2 rms stator and rotor currents " v .
‘ o . , ‘

&

| X] = stator leakage reactance = “;L] Lo .
Xn = stator to rotor mutual reactance = w;!’."u

We next apply the same procedure to the oquqﬂ;ns" involving, the rotor
circuits, Thus: . '

0 = ring =9 (g * Lp) T =0 L1y Ty (VI1-79)
or: . : . . . ‘ ‘ ‘
0.= ryipq +° (ins)(le + L2)(.i i2q) +0 (i“’s) L]2(i i]q) : ~(vI-80)
and: ’ ' . - .
0= r252q + Ows([_\lz + L2) ‘2d + 0w SL]2 ild (Vl!—8])
or: , N _ —

adding (VI1-80) to (YII-82) yields:

-

”
C]

0 = T2(i2d i i2q) i (ows L]2)(;]d + ']q + iQLd + i2q) + .

Converting to rms values, and using (VII-67,-68), we have:
0 =roly + i@ Xyo)lhy + 19) +j0 Xply ~(VNi-84)

-

where X, = rotor lagkage reactance at stator frequency =% (L.

& v . .
‘The coefficient & in front of X12, X indicates that the actual rotor frequency
is stator frequency times slip. This is reasonable since the relative speed between the
rotor and the stator field is ow . ' '

Equivalent circuits are” very useful because we ‘can then utilize conventional
circuit theory techniques for behavior analysis. We can formulate equivalent circuits .

shown in Figure VII-3 for (VII-78) and (VII-84) if we divide the latter by slip, 7,
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Figure VI1-3,

Since these circults have a common eleément, i XIZ
. into a single circuit as shown in Figure V-4,

per phase is:

~

2 2 3
o — (VII-85)
l\ .
Some of this power, i.e., ‘ A
1,2 - | (VII-86)
2 "2 .
is dissipated as rc‘ator copper loss, The remainder,
22 0 Yo 1.0
|2 o - | rp = "2 5 ( - ) = Py (vii-87)

is converted to mechanical form and is the shoft power output plus the power loss associated

t

Steady State Equivalent Circuits - Asynchronous Machines

they can be combined
" The total- power absorbed in the rotor,

with mechanical fiction and windage. This suggests spllthng rz/o, the rotor equnvcllent
circuit resusfance into two rotor resistors, S

]-o)

ro and r2 ( (VII—BB)

to represent the absorptioh of rotor power.

The equivalent ‘circuit is shown in Figure Vil-4,

Figure VII-4,

<

The Asynchronous Machine Equivalent Circuit (One Phase Only)

298
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. * Another Mchn!quo which will be useful is to Find the Theventn oquivolent

“circuit for the stator. To do so, find the open circuity §.6., rotor removad voltage
dcross a-a' in Figure Vll-4 -~ It is ‘

' u
Vil Xy9)

| 'Ixutﬂ ST (LT )(12).= vr'.. | ) (VI-89).

A\ 4

In a well designed machine, ('X|2 + Xy) >>'ry and g
v 2 B
1 T oy, o+
XXy

(VI1-90)

8 I

To find the equivalent series mpe‘dcmce R] + ] Xy, for the Thevenin circuit

representation, measure the impedance between a-a', with V, replaced by a zero
impedance connection.

s

( + i ) i x2 o 2 -
Ry + 1 Xy = N — + Vii-9]
! . X ry t (x + ?‘12) X, + xlz (ry *i ’.‘l) ( ()

Using the values from (VI1-90,-91) and with the olteroﬂon in ro/g discussed
above, we arrive at the final version of the circuit -representation of one ‘phase of the .
‘ asynchronbus imduction machjne. It is shown in Figure Vll 5.

(OWWW
R\ ?J X\' M2 . C)Xt

v e — | | | ’( jﬁz(l_;:_m? .

e e =

B e

Figure VII-5. Steady State Thevenin Equivalent Circuit

-

The resistor representing power cqnverted to mechanical form is shown
variable because its value is dependent uponkslip,d‘ . Since we have assumed -
balanced and symmetrical phdse, whatever we calculate for this phase is also
happening in the other phases! Thus, quantities such as power loss, power converted,
etc, must be n%"uplied by three (in a three phase machine) to account for all three
phases! ~
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VIl.4 STEADY STATE PERFORMANCE: For a*motor, in the steady state, the performance
quantities of Interest are usually. the speed torque characteristic, the current and the
- . efficiency for yarious operating speeds. These quantities can be readily determined by
use of the oqu‘_volont circuit depicted in Figure VII-5, .

+

d )

The power, In the thiee phases, converted to mechanical form is:

[

\' . P, =3 1,2y (1=2) < T v
The torque developed is: | | ) g
. PP 31,2 11 = 0) 5
o AR 2 2 P, .
Te ™6 "o g -0y ", 27 (1 - )7 ) - (VNI-93)
LN v |
Since: .
I R -
AN | R - R S v
From the equivdlent.‘rcircuih
L2 vy - |
Myl = 7722 - « L (VII-95)
(o 2) i ooy ‘
1 © -
~ “|2
. I _ 3 p V' ry/o ,
) T, = o (2) . , 7 ) N (VII-96)
. _Te <;IS a functiono f 0, and aiso'w is plotted in Figure VII-6, Note that

O can vary over a range from ¢ < 0 through @ = 0 and then into the region o > 0.
4 9

O * 0 represents motor action; 0 > Q‘ corresponds to generator action, o = 0 is the

transition point. The maximum torqu¥" developed is designaﬁd as Ty, and it occurs: at

aslip o R e ¢ g e
' “Firque / " —-—-—-"g-@wu\ :

d T G- ULan
G ! g=-o0 g=-| S'\'P
t e t ——

OV:Q\ '
T
To V‘%U«‘C. .
Figure VI1-6. - Asynchronous Machine Speed-Torque Characteristic N




; s dotorminod by oquaﬂng tho&derlvaﬂve of T with respect to o oqml
to zero. Thus, from (Vll-96) .

3 P "22' ICTR POV
dT,  wr@Viry URy +5) + (X + x) - ~p-@2AR + 5N~ D)
do = , - _ T -0
|'2 2 - 2 \‘ . | |

(VI1-97) is solv\edi_for the 9 which yields T, which we designate 0,,. Thus:

2

g "“ zfi-:_:===2——- . . (VII-98)
er +(Xq + )(2) L S

If we substitute (V||-98) into the expression for Tq (VII-96) we wﬂl have

. Tm’ Thus: 2

+/R + (X] + "2)7-

(Vi1-99)

(,)(——;)(—)

At thls point we can make several very important observations regarding the
speed-torque chomcl’erishc of an induction motor, i.e.,

(1) From (VI1-96), developed torque is pmporﬂonol to the
- square of the Thevenin circuit voltage and thus approximately
proportional to the square of the applied voltage.

(2) From (VII-99) the maximum torque developed is independent
. of rotor resistance, o k
(3) From (VI1-98), the slip, o, at which maximum torque is -
| developed is directly proporhonal to rp, (even though Try itself
is independent of ry). .

If we are dealing with a .wound rotor machine we can add extemal resistance
at the slip rings in order to increase rp above the value inherent in the actual rotor
winding. For this configuation,” the speed-torque characteristic is actually a family of
curves, as shown in Figure (VII-7), (Only the portion corresponding o motoring action
is shown).
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Figure VII-7. Speed-Torque Characteristics Indicating Effecf of Increasing
Rotor Resistunce .

The capability of varying the speed torque characteristic by insertion of
. external resistdnce in the rotor circuit is the justification for use of the wound rotor
motor instead of the squirrel cage type, However, increased mechanical complexity
associated  with slip rings, an actual winding, etc. result in a design that is more

expensive than the simple squirrel cage configuration. ‘

It is possible by the proper choice of extemal resistance to cause the
motor to develop maximum torque ato m = 1.0, i.e., on starting. Wound rotor
motors are sometimes specified for this purpose. More often they are Ulized
to increase circuit impedgnce and limit« inrush current on starting, when ro/9:is a
minimum' and consequently when total circuit impedance is at its lowest value. -
The current for any value of slip, 0, can be calculated from the equivalent circuit.

.
Since (X) + xp) >> Ry + -0-2- when 0 =1, the inrush current on start is very. nearly
in quadrature with the ‘voltage. In a typical squirrel cage machine its value will be
'5-7 times that of full load running current. Since this may result in undesirable
voltage fluctuations in the supply’ circuit, either additional rotor resistance or
starting on reduced voltage may be required. Section VII.8 deals with starting
problems.

"The variable speed torque 'characteristic of the wound rotor motor can be
used to obtain a variable speed drive capability from a machine energized from a
constant voltage-constant frequency alternating current system. This useage was .
greater before the advent of power semiconductors capable of supplying d.c. for a
shunt d.c. motor or for obtaining variable frequency a.c. drive. This will be
discussed in Section VII.7. The disadvantage of operating an induction motor- at
high values of slip can be visualized when one considers ,that the power, Pg'
transferred to the rotor from the stator is:

P =31, — o (VI-100)



The power output, Py 18, from (VI1-92)

,
T
-
&
v
2
P
A
»
P
Ll L
- a;ﬁ

- l- - ' : (..
Py =3 1,2 1y (=9 .» : V-9

.The ratio of P;-_-,/Pg_ is a measure of the ;fftcioncy of thé rotor circuit,
It is: L - » . .

v

;,2 =1-5 (VI1-101)
9
_or o h N
Po=(1 =) | - (vi-102)

’ One can readily see thot opemﬂon at high slip is inherently inefficient and
may be quite costly for motors’ of large size. Ind there have been several schemes
utilized to convert this. rotor power back into power at stator frequency and pump. it back
into the stator supply circuit, These schemes will not be discussed here but descriptions
of them are available in the literature. In addition to t he economic penalties .
assoc fated with opemtion at high slip one must consider the thermal limitations that arise,

*

The rotor copper |<?SS, Peurs

l\: P - (VI1-103)

©

is the difference between Pg and Po’ Thus

Using (VI1-102), we find Pc as a func‘hon of power across the air gap and slip as:

LI

- Py _=;§’.I Pg . , (VH-104)
Most mo'ors rely. on cnir‘Forced fhrough the air gap by fan blades |occ|ted on
the rotor to remove heat from theé rotor, " Af high slip, more losses exist in the rotor but
the rotor is running at reduced speed and - is loss cclpable of heat removal thanit is when
rofor losses are less! Most motors for variable speed opgmtion will be derated as far
as power output is concerned when operated at reduced speeds. .
\-

To ccnlculate efﬂciency, we st first categorize the losses., These losses
are added to the output to obfain the _input, The efficiency is then calculated as:

Po ,/» - losses _
% efficiency = "'—"‘“ X 100 = (—-‘——*p-———) 100

lﬂ

=- _ 1,|93808 \ | ) L |
Ve A (VI1=105)
out h b .
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In general,

1) the lzr,
given as 3. |

2) - mechanical losses are those cmocioted with mechanical frictton

“ 216

fhoro are four losses to consider:

) copper losses,

¢

(R' + I‘2) fOI‘ th machino.

(bearings) and windage loss.

3) no load (core)lossés .
flux densities in the fron.

and frequency are constunt

4) stray load losses.

These |pss

These losses arise from the time wrylng

Theso are self explanatory and are

They are dependent upon the maximum value
of flux densify and are substantially consfcmt when the impressed voltage

Y

es result from non-uniform currenf

distribution in the conductorscdnd additional core loss produced in the
iron ‘by distortion of flux due to loud current,

/

Oft times the no load and stray load losses are lumped together and classified
losses. For normal operation of the machine rear synchronous

as "electrical constant"

speed (low. slips) the mechanical
with the 2nd or 3rd power of speed in practice.

ond |

v
i

P =

stmy load losses

core losses

= mechanical losses

N

i

|gsses are also considered constant although they vary
If we define:

1~

power converted to mechanical form = 3 | 22r2(———)
(this includes the mechanical losses)

. P, = cébber losses = 3 l22 (Ry + l‘é)-

(o4V)

we can calculate efficiency, n, as follows:

n =

a -

Py + Po+ Py + P

cu

P +P +P +P

(V)

100

(vn-ios)

VLS AN APPROXIMATE EXPRESSION FOR TORQUE The expression for torque (VII-96)

requites a‘]cnowledge of the machine parameters which .can be obtained by farily straight
However, the size of the machine, or the fact that the machine

. forward test procedures.

is not available for test at the time of an analysns make preclude such tests,

An approximation .

“ to (VI1-96)" has been found to be very useful and is based on data which can be eshmoted

rather easily.

N @
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If we oumi\; that Ry\ .3<\(X| + xo¥ and neglect Ry, (VII-98) becomes

(VIi'—lO7)

' 'y “m -)(] + 'x2
and, from (VII-99):
U3 v‘.z " (VI1-108)
Tm 2(0 (x + )(2) ( )
from (VI1-96): |
2 . .
3v.2. ro/ G '
Te n""J‘L' L i oy (=109
: (__) +(Xy *+x ) |

s

ro
Substituting X + x9 = r— fromanH 107) into (Vll 108, 109), and dividing
(VII-109) by (VII-108) yields:
2T

m
o

g +. M ;
Om o ' ;
. _ 1
Thus if we know the maximum (also called breakdown) torque and the slip
at which it ocqurs we ‘can obtcnin an opproximate mathematical expression for Ty as a
function of slip, o .

VHIl.6 MACHINE PARAMETERS BY TEST: The IEEE Test Code,for polyphdte induction

motors,w gives complete information conceming induction motor test procedures, This

discussion will limit itself to the basic concepts of impedance doterminaﬂon.

The stator resistance, rl, can be measured by regular iR drop techniques using
direct currents. Then, if power, voltogo and current are measured at no léad we can
deterntine X]2 + Xy as follows:

<

o

Let Py, | be the no load power, current and'vbltago. Af no'load
: _

"o is very low ond — is ' large number,. dpprodchlng © as o+ 0., Ifo = 0 the bronch

ny vnl

containing Xyq is shunted by an infinite impedance and the impedonce of fhe porollel
combination approaches | X]2. We can calculate:

)

.5\;

(VII-110)

A S R R 0 R
B ‘

\)

-

wiE

e T
R

."' hnkat?

. P, V. V3 .
R =—& gud 2z =0 (Vi-111)
nt 2 nt N : .
31 ‘ nt
ng f
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S | Ve | -
— . . X /an PR \ (VII=112)

. )(n g 8 calculated from (VH-112) is very noorl}:

N '

-

- ‘ ' Xt = 5 ¢ X112 . S (VI1-113)

g

Now, if the rotor fs blocked so that it cannot tum, and Pee, Vpt lB!,
are power, voltage and current readings token at the terminals: '

PB'- : Vv'ﬁ— W o “ oL, N . "(l aad
Rg s u____:_2 and - ZB'L'&' ‘ L M S vk
| - 3 lge B ' -
from which:
2 2 .
XB’* =/Zm' - RB . o (VHI-115)

This test is made on reduced voltage (approximately 20% of rated) so that
Ig is near nomal full load current., Now the branch, j Xo + rz/c =jxptr
(since @ = 1) is shunted by X;,. However, j Xy12 >>i Xy t 1y and we.will assume
that the impedance of the parallel combination approaches the ?mg@nce ro t i x.
This test is similar to the "short circuit" test on a transformer. With the assumptions

made: ' .
P Va, ‘
‘ Be. . Be -
. ’ ==, ond \Zgy= (VII-116)
v - 31 ' 31
_ B ¢ B2
from which: ‘ :
2 o,
’j + Xy = L/zmz - (rl + r2) : A (Vii-117)
and ﬂ
B e .
. . ry = 5~ r] : . (VII-118)
. 31 : o “
. | B2

. _ | (
At this point, an estimate of the ratio X|/x, must be made. There are
empirical values of this ratio available for different motor designs. For example, wound
rotor motors and cage motors designed for normal stdrting torque-normal starting current,
and cage type motors designed for high starting torque-high running slip have an empirical
ratio x/x2 = 1.0, On the other hand, the class of motor designed for normal starting
torque-||ow starting current has a ratio- Xl/k = .67. From*this ratio and (VII-118), a
valve for X can be obtained. The.volxe of %N.and (Vll-l"f’3)‘ enables us to determine
xy9+ Thus, all parameters can bé obtaired, It should be emphasized that the test
. procedures given in IEEE #500 should be followed for accurate results. The procedures
presented here are to yield insight only, They gre relatively unsophisticated.

. ) ©
- <
.
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¢-

Typical motors have moximum torque values between 200 and 350% of rated
torque values, Except in the case of "high slip" motors, this maximum torque usually
occurs at a slip of 8-12%. "High slip" motors usually have a maximum torque in excess
of 300% with- the maximum value occurring at slips~in excess of 60%. Starting torques
range from 150-300% of rated torque valyes (for starting at rated voltage). The high
slip motor usuqlly has larger values of starting torque than conventional slip motors. .

¢

VII.7 ASYNCHRONOUS GENERATORS: Note from Equation (VII-96) that if the slip -

is negative the numerator changes sign whereas the denomjnator retains the positive sign
because of the presence of slip in squared form, This means torque becomes negative

and corresponds to generator action on the part of the asynchronous machine. This is
shown in graphic form in Figure VII-6. Physically the negative slip, l.e., slip less

than 0, corresponds to a rotor speed greater than synchronous speed which means ‘practically
that the rotor is being driven so that it runs ahead of the synchronously rotating magnetic
field. It should be noted that the rotating magnetic field in the polyphase induction

.motor owes its -existence to the current supplied to the stator winding from the line and

that there is no other source of excitation in the machine, Thi s means that if we are
to operate the induction machine as an asynchronous generator this supply of magnetizing
current must continue to be available to the machine after the speed has passed beyond
synchronous speed and the machine is in a generating mode. In othe words, a generator
of this type is not self-exciting but must be operated in parallel with other generators,
an electrical system, or static capacitors which are capable of supplying the machine
withy exciting current, -If the asynchronous generator is operated in parallel with
ono%r system, or other generators, the¥ can supply it with the necessary excitation
at fiked frequency.

So long as the exciting current is supplied at fixed frequency (through the
stator winding) the frequency relatioriship between rotor wirding and the mechanical
speed of the rotor winding will adjust to insure that power at the supply frequency
is maintained and supplied back to the stator. Thus the asynchronous ‘generator can
supply fixed frequency power back into the system r egardless of ,-0 speed of the
synchronous: generator rotor. Practically, the range over which dpfisynchronous
generator can be operated varies from a slip of zero up to probally five to eight percent

negative. This in turn corresponds to very nearly rated torque of the machine and

does not pose any special problem.

| It can be shown quite readily that the power factor of the power supplied
by an asynchronous generator is fixed by the.amw nt of power being supplied and by

the constants of the machine. One can reason this out by considering that an

induction motor is started in the usbal way and is brought up to its normal running
speed which would be slightly below synchronous speed, The electrical input from the
supply will consist of the magnetizing current, which is-in quadrature with the yoltage,
and also the power component of current which is required to supply the rotational losses
associated with the induction machine and whatever is on the same shaft. In order to
have asynchronous operation we would have to assume that 'what is on the shaft is a
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_ turbine or drive of some sort. I|f we now infroduce energy into the turbine the
turbine speed will increase and some of the induction machine and shaft losses will
be picked up by the driving turbine and the power component of current for the
induction machine from the source will decrease, At some point, i.e.,” when we go

. through zero slip, the power component from the supply would fall to zero,

However, we would still take the quadrature component of curtént which Is necesxary
to supply the excitation requirements of the induction machine. As the speed of the.
turbine Is further Increased the forque, and power, become negative - which is to
wy they are flowing from the asynchronous machine stator back-into the line. -
However, the excitation requirements remain substantially: constant;— Thus; ‘the

wer factor of power-supplied by the asynchronous generator is determined by the
oad which it is supplying and the constants of the machine itself,

: Induction machines operating as generators have a very limited field
of usefulness in electrical power systems. The inability to control the .flow of
reactive power is one of the reasons why they do have limited usefulness. '
However, they do have some positive advantages which can be considered in an
evaluation involving asynchronous machines. One of the advantaget is the foct .
that an induction, or asynchronous generator, does not have to be synchronized prior
to connecting it into the system as does a synchronous machine. The machine can
be connected to the system and running at no load for an indefinite period of time.
It is instantly available for supply and emergency overload because all that is
necessary Is to admpit energy into. the primé mover connected to the same shaft,
Also, it Is suitable for high speed operation because of the simplcity and ruggedness
of the rotor construction and since its voltage and frquency are controlled by the
electrical system with which it is paralleled, it requires no attention to the synchronizing
problem. Therefore it is suited to automatic or isolated hydraulic plants controlled
from remote locations. There is no hunting, or oscillation problem, because of the
asynchronous property of the machine itself. If the machine is short, circuited the
¢ voltage at the terminals of the machine will drop which will reduce the excitation
“and will limit the short circuit current, If a dead short circuit occurs at the terminals,
there will be a transient short circuit current but the steady state value of the short
current has to be zero because there is no excitatjon in the steady state short circuit
& condition. If an induction motor is used to power something like an electric locomotive,
a crane hoist, etc. which has the capali lity of running at a speed greater. than zero
slip, the induction machine is available as a generator if the speed does go above
synchronous speed and thus it can provide a regenerative braking action where required,

It should be noted that the govetnor required for a prime mover which is
to drive an asynchronous generator must be different fram the goveror and control
system for a synchronous generator drive. This is so because provision must be made

" for varying the speed of the asynchronous machine in order to make it assume the
desired amount of real load. ' '
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Vii.8 STAR"NG PROBLEMS: Reforonce to the equivalent circuit forthe Induction
machine with slip equal to T, , . the rator stationary indicates that minimum impedance
exists in the circuit to limit the curront into the machine from the supply circuit. Under
normal conditions, wherein the rotor is free to tum, torque developed will immediately
accelerate the rotor and, as the rotor accelerates and the slip decreases, the impedance -
Iincreases and current decreases continuously until the steady state running condition is
reached. Thus the current in-rush Is a transient condition and_does not persist any
longer than the time required for the motor to accelerate from “standstill to near

normal running speed., However, this in-rush current can be on the order of five to
eight times normal running current and con create a problem for the electrical system
supplying the motor. This high current can cause excessive voltage dips on the circuits
supplying the motor, resulting in light flicker for lighting loads and it introduces the
possibility of magnetic contactors connected to the system becoming deenergized and
disconnecting other connected loads. It is necessary, in an application of a relatively
large. induction motor, to examine carefully the effect that the motor starting will

have on the rest of the system.

The basic problem is to reduce the in-rush current if its magnitude will be /
objectionable. This can be done either by inserting additional impedance in the circuit,
external to the stator or in the rotor, or to reduce the voltage applied to the motor
during the start,

) If the motor is a wound rotor type, insertion of extdral resistance in the
rotor circuit is relatively easy and this serves not only to limit the current but also the
amount of resistance can be selected to yield very high torques under the starting
condition (refer to VI1-98), If the rotor is a squirrel cage rotor the additional extemnal
impedance must be placed in the stator circuit, This serves to limit the current but

it also results in reduced voltage across the motor stator and it should be recalled that
the totque developed is proportional to the squars of the applied voltage, Use of a
transformer to provide reduced voltage on starting will reduce the in-rush current but
it also reduces the available torque. 1t will be shown below that the torque reduction
is much less than the reduction suffered with inserted lmpedance for the same reductjon
in current from the supply.

Consider a motor with locked rotor impedance, Z,,, of 0.20 p.u. When
1.0 p.u.. voltage is applied, a starting current of 5.0 p.u. results, Suppose it is
desirable to reduce this current to 2.0 p.u. Total circuit impedance, which is the sum
of Zm and Ze' external impedance, must be:

v 1.0 ‘
Z VZy= 120" 0.5 p.v. - (VII-119);
from which Z, = 0.5 = Z,, = 0.5 - 0.2 = 0.3 p.u. : &

The voltage across the motor, i.e(: the voltage across Zm is:

<
i

m— Vel = (2,0)0.2) = 0.4 p.u. (VII-120)
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Since T .,.cvz, the starting fort{ud, under this condition, is:

- (0 412 - - - .
T, = (0.4 T =0.6 T pou.,. (VII-121)

where T ¢ = torque developed with "full", or rated,voltage starting.

Suppose an autq transformer was inserted between the supply, V = 1.0, )
and the motor. Let the tums ratio of the auto transformer be:
Ny
F\l—; where N]_'> N2 ‘ (VI1-122)

The motor would have an appurent impedance, Zl to t he source of:
: ' }

- N] 2 S, ;
Zm = (K];) Zm (VI1-123)
If the "apparent value" was 0.5.p.u. the starting current (from the source)
would be 2.0 p.u. Thus from (VI1-123):

T _ps 1.5 o | 124
R ~l0.2 8 (VI1-124)
2V ‘ :
" The voltage across Zm would be, from (VI1-123):
N
2 _ 1.0 _ .
V2 = '—\l'—]- V] = T:'S-— = 0,632 p.U. : (VN-125)
and the starting torque is: N o %
T, = (0.632) T'.'.fv 0.4. Tsfv p.u., ‘ (Vll-l2(2)

Compare this value with that obtained by extemal reactance starting, i.e.,
(VI1-121) which results in the same value of starting current drawn from the supply! Of
course, an autotransformer costs more than o simple impedance but it may be necessary
to spend the extra money in order to have the oddthonahmrﬂng torque on starting for
a given supply in-rush current restriction.

VII.9 VARIABLE FREQUENCY OPERATION: Variable speed motors are widely used in
industry. One reason for the widespread usage of the d.c. shunt motor is the ease with
which it ¢can be varied in.speed. This usage is in spite of the ro|oﬂve|y high maintanance
associated with the brushes on the d.c. machine. Improvements in power semicondictor
technology have made possible variable frequency supply from fixed frequency sources.

| 240
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Since, in induction or synchronous machines, speed Is determined from the applied
o frequency, the availability of variable frequency makes the induction motor a serious
’ competitor to the d.c. shunt machine in variable speed applications. A variable
frequency Inverter is certoinly more complex and expensive than an a.c. to d.c
variable voltage converter but the ruggedness and cost of the squirrel cage induction
motor are attractive enough to often offset the additional cost of the power supply.
| Several slmplifylng assumptions will be made in tho analysis of an
asynchrdhous machine subject to variable frequency. These assumptions will be
detailed as the derivation proceeds. R

" Figure (VI1-8) portrays the equivalent circuit of an asynchronous machine
with all vorlablos in the rotor referred to the stator, and both stator and. rotor qu?\tmé‘s

at stator frequency. _ : |
.Q’_‘Ww. —‘—M —W ‘ . .
v L A2 AwLi W J»&’A/\ ot whan \r‘zﬁn .

J]n A \ o - (&
: L ) t ,
A“ 2 /
R —
Figure VII-8, Induction Motor Equivalent Circuit = Eh

The power transferred to: the rotor is:

et T 2 _
. ~.;r~ 2 r E¢ ré
. Py = I2 o = " (;——) _ (Vh-127)
r 2 .
1 )+ (wl)
E¢2 2 1
T — ) (Vil-128)
w L2 - r
22 +
(; w L2 f
Now, the rotor frequency, or electrical angular velocity, w,, is gi\ven. by:
W, = ou o (Vi-i29)
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' and we will define a time aonstant, T
_ Ly _ - | .
T === . . (VI1-130)
2 :
- \
(V11-128) becomes:
g (o 2 - glra
P = - —— = - , .
g . . . »
T eean s iewd e, Qe R22) DR
e - BT '-frsynehondm%g\rq'u? across the alr gap to the rotor: o
| R P P.- o
, | 1= & (VII-132)
~ Singe mechanical a?gulaf-ve|ocity = p% where P/2 = number of pafn of poles.
With (VII-131), (VII-132) becomes:
e ("-) (L =) —————)2 (VI1-133)
1 + Tzl)
' To normalize the torque, we will determine, w , for maximum torque. Thus:
o1 p E 2 " (1 + tzwr2) T- wr(2r2 w) .
= (D)) (=) ! —} =0 o (VI-134) ¢
de- 20w L, | ('“2“’r2)2 g
Solving for . indicates that maximum torque occurs when:
PO * 1 SN
. o o o= (VIFs13s)
. If. the valve of v from (Y11-135) is substituted in (VII- 133), maximum torque,
Tms Is determined as: _
g 2 : :
| et T—E’ O 136)
, _ m 2 0oL (E) | _ : (V"- 36)
. 2 -
Substiuting, from (VII-136):
2 . .
E S ‘ _
. —2——{5) 2T, | (VII-137)
\ ) w L2 ) : .
.. . . . ‘. - N :\l o
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into (VII-133) ylelds:

T 2t w . : | | .

LR N ' (VII=138)
, We see that maximum torque is independent of rz-(ds shown previously)

and occurs at . S

2

1 "2

w r = ;— = E“ (V""]39)
Sincg w = ow ,'wq; find that maximum torqu;; ccurs at a sllp.,.'om, of: B
{ : ’ -
o , "2 ! .. . .
: 0 = . ' . (VI1-140)
A m  wl ”
V 2 : ‘
) . - : A
Contrast this with the value of o from (VII-98), i.e.,
2 '
ry -
' O = — : (VIh-98)
¥ 2 2 )
The difference between (VI1-98) and (V11-140) is that ry, Ly are 'neglected’.
This is another way of saying that Ey = V. In the expression above, Tw_ is normalized
cslip.  (VII-138) in normalized form is plotted in Figure VII-9. '
T/TM
) () - - - -
N
|
| -
-1.0 .' l'\c\fww(-l'gecl S-lt? ~
. ': \.‘0 ) YWn
I
}
|
b~
4 i '
. PN — A L\
/

Figure VII-9. Normalized Torque Frequency Characteristic
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" A fundamental rolatioﬁshlp'of an asynchronous machine ig that: o

&

e e e - o (_vufh_u)lj
where “’m' = rotor speed th elec circuit rad/sec, . ¢ "
From ‘(V|I,-|39) and (VII-141) maximum tc;rquo is produced when the machine
speed is: ‘ ' . S - _ ,

~—

(VII-142)

1
wm = W o- Tr

Also, of course, this equation indicates that the motor can be adjusted -to
yield maximum torque at any desired quadw including zero, if the drive frequency
or stator frequency is set at: -

[
-1
W +T
m

. |:=’ 2n . ¢ (VHi-143)
The purpose of the dei'ivohom\ involving variable frequency operation is to permit
us to visvalize a drive system wherein eifher torque, T, or motor speed, w .. can be varied
(as desired) between zero and maximum. It ‘will be assumed that the drive system includes
‘a three phase source at constant: frequency powering a squirrel cage motor Vith a small
tachometer generator mounted on the shaft. The tachometer generator in ifs simplest form
would be a permanent magnet excited generator with the ‘same number of poles asthe
“induction motor. Theoutput voltage and frequency are proportional to the induction
motor speed. The output is rectified to yield a dc voltage proportional. to speed, o

" A solid state frequency converter accepts the fixed frequency power from the
three phase source and converts in into power at a specific frequency and voltage as '
determined by the control ‘circuitry.

- The power output from the frequency converter is impressed upon the
induction motor. Note that both frequency and voltage must be controlled because,
for an a.c. device the volts/cycle must be held constont for constont flux density -
(mfer to equation (||-30) . ‘ .

Two possible inputs are desired speed or desired torque.
We_will examine a system based on maintaining constant torque. From

| 4V11-138) we can. solve for a valuve of rotor angular velocity ' corresponding to a desired
torque. Thus

o = LT EUP - | (VII-144)

An analog circuit for obtaining v is as shown in Figure VII-10,

».
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" 'Figure VII-10. Analog Circuit to Obtain® . from T Desired

o

_ The - sign in (VI1-144) corresponds to values of Tw\, < 1,0 or v, >1.0,
Normal opem/ﬂng range for induction motor is for 1w .. _<1,0, }horofore tho minus sign
is cljosen. ]““r is added to the actual signal m proportionol to motor speed. This
yields, from' (VII-141), a signal corresponding to desired stator frequency. This analog
signal is converted to digital form and compared with the digital value of actual

- converter frequency. The difference is used to inctease or decrease the gate pulses

to the converter, Sfmulorly, the actual volts/cyclo output is compared to a teference
value based on the machine design, digitized and used to raise or lower the output
volfage of the converter. : K

A simpliﬂed block diagram of a converter is shown in Figure VII-11,
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"Figyre VII-11. Variable Speed Drive, Constant Torque Control
/
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. The speed torque characteristic of this type of drive is as shown in
' Figure VH-12, . - .
P ?Tbrf‘ut . | . |
) , ' As Jeterwaned | .
& ] o | b\&T Somu;:S MYJ .
‘ e * e ‘ }r S ‘-Q.'Czl_’
Figure VII-12, Speed-Torque.Characteristic - g
. -

Details of the rectifier-inverter and the gating circuits are not developed
in this text, Also, of course, various sophistications of cireuitry and combini
device functions are possible. The system is shown only in outline form to indicate

possibilities.
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L © _APPENDIX N

_ L . _Uniti Conversion Mulﬂp"‘ers/ and Constants.
- - Length ~

1 meter = 3,281 feet = 39.37 inches

- Mass -
+ Toa

1 kilogram = 2,205 |b,
| | - Force -

1 newton = 0,225 Ib, -
- Torque -

] newton-meter = 0,738 ft,~lbs,

{

( | .= Energy -

. 1 joule _=='l watt-sec = 0,738 ft.lbs

1 watt = 1,341 x 4673 horsepower AN
. - Moment of Inertia -~ o .
. 2 _ 2 )
1 kl‘ogram-mefer_ = 23.7 Ib.~ft.
- Magnet Relationship - .
< " 1 ampere turn/meter = 0.0254 ampere turn/inch
1 weber/meter? = 10000 gauss = 64.5 kiloline!s/inch2
1 weber = 1_08 r1r1c3|><we||s\5\108 lines o N
e

N .
> [

Permeability of Free“Spt:cé =y = A —x 107 weber/ampere turn meter

o " "Gravity Wffect = g = 32.2 ft./sec.2 = 9.807 meter/sec2

AN

Permiftivity of Free Space = co°= 8.854 x 10-12 coulombz/newfon meter?

“+%



