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Chapter 8--

COORDINATES IN'A PLANE

In this chapter we develop coordinates as a tool for
studying geometry in a plane. This development includes
a sequence of basic theorems, the distance formula,
midpoint formula, parametric uations for a line, the

eobeept, perpendieular_ty andserallelismconditionS,
and the use of coordinates n proving several theorRMS
about triangles and quadril orals.

We do not speak of synthetic geometry (or methods or
proof0iiiirsus coordinate geometry (or methods or proofs
in this courqp. We hope that the ptudents: do not get the
idea that synthetic geometry, and coordinate goomotry are
two different kinds of,geometry but see,instead that they
are ways of studying the same formal geometry. - In this
course we repeatedly recognizetwodistinc7i brands of
geometry: (1) the geometry of physical space developed
through intuition, observation, peasurement, and inductive
reasoning,4and '(2) formal, geometry developed as a

mathematical system which is characterized by a list of
undefined terms, definitiOns, postulates, and theorems,
and deductive reasoning. Of course, coordinate methods
are used in bOth kinds of geometry. The major objective
of the chapter is to make the student See"that coordinates
are a useful tool in formal geometry.

We prefer not to think of this chapter'as an intro-
duction to analytic geometry. The-traditiopal analytic
geometry course inclUdes various standard farms of

equations for lines and conic sections. It emphasizes
the plotting of graphs-and tie finding of equations of

curves frominformation about :heir graphs. ,.1t_places

,little emphasis upon the use of coordinates In the Formal.
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development of the elementary geometry of lines,.Sriangles,

and luadrilaterala. Why should it? The students have 7

already. acquired this background before they enter the

analytic geometry.c4wse. However in:this chapter the

use of coordinates;ih-the formal development of elementary

geoMetry is emphasized. This emphasis is made rather

indirectly. Students see coordinates used in the proofs

of several theorems which are new and (we hope) interest--

ing to them. We try to impress the: student with the idea

that sometimes coordtes shoUld'be used because they

make a.proof. eaaier and that sometimes they,should'not be

used since a proof Without them may -be easier. ,We ado not

give any general rules as.to wheh.it is advisable to use

coordinate methods. We do. not giVe any because we do not

have ay. Our message is that the process of "finding a'

proof -should incle a consideration of the possible use

of coordinate-'

.Your geometry students have a bac }cground which

provides-them with a strong sense of relationships among

numbers. Thin course takes advantage of that background

and strengthens i ,A doordinateisystem on a line is an

idea which evolve eaaily from the notion of a number

linti a simple dxtension yields coordinates in a plane.

The students' concepts of a line and of a plane are

enhanced by the introduction and use of coordinate

systems.

A review of coordinate systems on a line is important

for the work of this chapter. ' Your students should have

no difficulty in seeing that the x-coordinate system and

the y-coordinate system are examples of such systems.

Later, in the development of parametric equations for a

lint, a clear understanding of the relationship between

a point on a line and the value of k associated with

the point depends_upona clear understanding of the

concept of a coordinate system on a line.
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The Introductory remarks in the firitparagraph are
not meant to be a definition. Not all one-to-one corre-

spondences which have the properties given here.are

coordinate systems on a line. The definition is.in
Chapter 3.

The purpose of Problem het 8 1 is two-fold: to

review the notion of a coordinate system on a line and to

motivate the desirability of having ordered pairs (or

triples) of numbers as coordinat

The unit-pair of points need not, of course, lie in

the given plane. In the last part of this chapter we

encourage the students to(set up an ky-coordinate system

which will fit the problem. This means that there .is

consWerablv freedom in locating the x-axis and the

y-axis. But for our work there seems to be no advantage
in changing the unit of distance, and so. we think of it
as fixed throughout.

Some studentsm4y feel that our definitions of.

horizontal and vertical violat6 the usual meanings of

these words. It is convenient to have two words -hdch

rave the preci6e technicpd meanings which we have given

to the words horizoptal and verticaa. And 'it seems

advisable to use f miliar words whose non-technical

meanings have a relationship to the technical meanings we

want.

lthough we usually label points in All(V with their

x-co dinates and points in 41(iY*with their y-coordinates,

should be made clear that every point in SOX--°4[1. .

has an

x-coordinate in the x-coordinate system, and an

x-coordinate in the xy-coordinate system. Of course

these coordinates are the same. A similar statement

applies to every point in 77T1*. When we speak:of the

coordinates of a paint, we are referring to its

x-doordinate and its y-coordinate, in the xy- coordinate

system.' Some may prefer to label points on the x-axis

and the y-axis with tlwir

as ordered pairs.
4
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The statement that there is.exactly one vertical line

through F follows from the following considerations.

The x-axis is defined to be the line in a given plane

which is perpendicular to the y-axis at point 0 . Its

existence and uniqueness follows from Theoremt4-21. In

the general case,-Theorems4-21 and 5-11 assure-us of the

existence and uniqueness of lines through P perpen-

dicular to the axes.

Our definitions of the 'x-coordinate and the

y-coordinate or a point P are Mated in terms of lines

through P which are perpendicular to the y-axis and

the liAaxisOrespectively. We could, of course, have

worded these definitions in terms of the lines through

which are parallel to the x- and the y-axis. For the

purposes of this course neither wording has any obvious

advantage over the other. In other courses where

"oblique coordinates" are intro iced, the definition of

the coordinates is most naturally given in terns of

parallel lines.

In this course the concept of our ordered pair i not

defined: Most of the students have been/Introduced to

-ordered pairs of numbers in their study of elementary

algebra. 'Just as the notion of a set is taken as a basic
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term which we do not definer so ordered pair is taken as

an undefined phrase. In this course parentheses, as in.

,(5,8) aN-used for "ordered pairs" of elements, while

baces, as in (5,8) , are used for sets of elements. The

order of the names within the brades is immaterial. We

should like to emphasize here that ordered pairs of numbers

need not involve two distinct numbers. Thus (5,5) is an

ordered pair of nu tberst
,

Some student might ask whetiler (5,5) is an

acceptable symbol for some set of numbers. The answer-is

yes.' Indeed, (5,5) and (5) -are names for the same set.

According definition of equality in set theory,

A = B meals that every element of A is an element of B ,

and that every element of B an element of A . So

if A . (5,5) and B = (5) , then A B for'the only

number. in A is 5 , and it is also in B . And the only

number in B is 5 , and 'it is in A .

*Ordered pair is not taken as undefined in some

courses. Indeed, the ordered pair, (a,b) may be

defined as the set (a, (a,b) ) in which .the order of

the.members of the set may be altered without actually

changing)the set itself. We could just as.well define it

as (a, (b,a) , or as ((a,b), a) , or as ((b,a), a) ,

since these are all names for the same set. Let-us dee.

how this definition applies in an example. Suppose

A = (5,8) , B*. (8,5) . Then by definition A = (5, (5,8)),

B . (8, (8,5)) . Since 5 is an element of/ A , but, not

of B , it follows that A / B In other words (5,8)

and (8,5) are different ordered pairs. (Note that A

and B , considered as sets, do have a common element,

since (5,8) . (8,5) .)

For the purpose of this course, however, it is best

to use the ordered pair symbol (a,b) without any

reference to the definition in terms of sets. ,It is

important to understand clearly the concept of equali y

for ordered pairs. Thus, (a,b) = (c,d) if and only if
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c and b = d could prove this as a theorem if

we,defined ordered pair in terms of seta( Since we do,

not define ordered pair, we accept it as a definition of

equality for ordered number pai According to this.

definition (3,5) = (3,5) (2 1, 5) = (3,5)-, and

(x,y) ='(3,5) if and only if x - 3 and y = 5 Thus,

a,b) = (c,d) if and onl if a and are names for

, the same number, and b aid d are names_ for the same

number. 4

With regard to using ordered pairs as names for points,

it should be clear that any point could gave any ordered

pair of real numbers for its-nameprovided the xy-coordi-

nate system is-'properly set up. Thus, (0,0) is the namel

of any point whatsoever.7.Afor any point can be chosen as .

the origin of a coordidate system. But once a coordinate

system is set up in a plane we may regard it as a "frame
A

of reference," and every point in the plane has a unique

ordered pair of real nambersas itsname.

Note our use of Plot" and "graph" in this text.

We use plot as a verb and graph as a noun. In drawing a

glaph if the set of points is unbounded, it is impossible

to "shell" all of the pointss, Just as we use arrows- to

indicate a line, we may usearrows, jagged edges, or

written notes to indicate)the.inhnite extent of graph.

In the introductory work on plotting some teachers

may prefer to:use the chalkboard exclusively as a visual

aid. Others may prefer to use a "pegboard" with elastic

materials of several colors- -say white for t

yellow for the graph.
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The purpose of Problem Set 8-2 is to help students

-lea the concepts of 48-oordinates apd graphs-. The number

ofprobkems assignatLfrom this set will vary greatly

according to the background of the cidss. Some students,

Or which this part of the course is largely review,

should work y a few problems in this set.

,In connection with Theorems 8-1 and 8-2, a possible

teaching problem might arise in that some students might

not see the "point" of these theorems. Our Ruler Postulate

tells us that AB = but itdoesinot tell us

that PQ 7 13rp YQI The fact 'is that PQ = 15rp -,Sr. I

depends upon (1) the definition of the y-coordinated of

P and Q which implies that yp = yA and ycl = yB ,

and (2 ) the property of parallelograms, which gives us

= PQ

The two examples used to introduce the Distance

,Formula inVolve-finding the lengths of-oblique segments.

ninight suggest that the Distance Formulasis used only

in such cases. However the formula can also be used for

vertical and horizontal segments.

The properties of the y-coordinate system tell us
1

y- coordinate
1

that yc =1(y11,1- yB) . The fact that ym = 77(yp'+'yQ)

needs proof. In the proof in the text we start with M

as the midpoint of . The fact that xm = xp. follows

immediately from the fact that M. and F lie'in the

same vertical line. The fact that C is the midpoint, of

AB 'follows from a edrem on parallel lines cut by

transversals, Theorem 7-2.

Theorem 8-9 is, of course, a.locus theorem. Although

the word "locus" is not used in the text it is mentioned

An passing in the text in Section 8-6 after the students
_

have had some experience with the concept . To prove the

theorem we first identify a particular vertical line, and

call it m . We then show that m is the set of all

points in the xy-plane each of which has x-coordinate a .



We show that every pint in

(Part 1) and that every pain

s in M Part 2').

has x-coordinate a

which has x-coordinate a

In other words, every point in
4a the.deslred 'property, and every point

.desired property is in m . In the last part
proof we show that it Is impeasibie to have two, vertical

m

which has the

of the--

.lines containing A in view ofthe'Paraliel Postulate.

Symbols are sed in mathematics because they

facilit4te communication. The statement x > 3 is a

statement which is true if x is ,,=0 In elementary

algebra we may want to find out how old Mary is. The

available information may indlude the fact that she is at
least 3 years old. If we let x denote her age, then

ae write x z 3 and, using other available information,

WQ may eventually earn Marlos age. In this situation,
x in the.statement, x > 3 , stands for one number. In

another situation we may wish to consider the of all

real numbers which are greater than or equal to

use the symbol (x: x > 3) to denote this set. It is a

good symbol in the sense that once we understand how the

symbol is formed we khow what it means without being told.

What is graph of the inequality x > 3 ? It depends.

The sdi-,builder symbol makes it definite. The graph of

(x: x > 3) is a ray. The graph of ((x,y): x > 3) is

the union of a halfplane and its edge. The graph 9f

((x,y,z): x > 3) is, the union of a plane and all the
N,

points which lie on the same side of it as does the point

(4,0,0)

In connection with the subject of equivalent equations

some teachers may desire to relate implication with set

inclusion, and "reversible steps" with set equality as in

the following examples. We state first an implication in

three diffsrent ways.
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In worCrii:

if 2x + 3 . 4x + 13 then 3 = 2x + 13

Using flA----1.-B" to moan "A imp4ies Ir

[2x,+ -4x + 13)----013 = 2x +.13 .

Usang "A C B" 'to mean ,'"A is subset of B"

y): 2x + 3 . 4x + l4 C r(x,y): 3 - 2x +,131

''he "reverse step" is stated three dffferentways as:

If 3 = 2x + 13 , then 2x 4- 3 .- 4x + 13

[3 2x + 13 ],-----Aw[2x + 3 4x 4 13]

:,y): O.= 2x + -13) (= [(x,y): 2x + 3 = 4x 13)

mblning the statement and its converse we can
write the compound statement in three ways:

2x + 3 = 4x + 13 if and only if 3 =

[2x + 3 = 4x 2x + 13] .

((x,y): 2x + 13 . 4x + 13) - ((x,y): 3 - 2x + 13)

Another way of-saying that the five equations are
equivalent is the following:

(x: = 4x, + 13 )

(x: 3 = + 13)x° (x: -10

:.2x -10) . (x: x -9)

or briefly that

(x: 2x + 3 - 4x + (x: 3 = 2x + 13) , -10
(x: 2x = -10)

set of numbers.

= 2x + 13)

x -5) aro-flNe_nOhle* for the'same

for this set is (-5)- )(Another nam

If we think, of each of these five equations as a
condition on (x,y) , then the fact that these five

equations are equivalent means that

((x,y): 2x + 3 = 4x + 13) ( (x,Y): 3 . 2x + 13)

((x,y): -10 7 2x) , ((x,y): 2x = 10) ( (xa): x = '=5)

are five named for the same set of points in the xy-plane.
Thus two sets are equal if the conditions which define
them are

449
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In Section 8-7 we develop parametric equations for

lines.. This is not the traditional approach to the study

of lines using coordinate methods. But we believe it

a good approach,. The traditional treatment emphasizes

early in the course the relationship between linis and

linear equations. The student "sees" a 1AFe as a single

object of thought when he reads, y + 4 The

present treatment emphasizes the concept of a line as a

-set of points. The symbol

((x,y): x = 4 4- 2k! y = 5 + 3k k is real)

by virtue of th

first of all, a

braces and (,y) before the colon,

Of points. And the symbol tells us

how to get the x and y coordinates'of,any point on the

,line in terms of number kt whi has an interesting

gebmetrical significance. The relationship of x to y

`is clearly revealed through the "middle man" lc . Although

the present treatment emphasizes parametric equations for

a line we do include a two-point form and point-slope
i

we

form later in the chapter.

Just as 4x 4y . 8 , 3x+ 3y = E , 5x + 5y := 10 ,

are three equations for the same line, so a line may be

represented by many different parametric equations.

Consider for example, the line

(1) p ((x,y): x - 1 + 4k , y = 2 3k k is real) .

Setting k . 0,1 we get (x,y) = , (5,5) , the two

points which yield the equations x = 1 + 4k and

y ,.. 2 3k if one applies Theorem 8-11, using

-- Y1) (1
and (x0,y2) - (5,5) . Using any two

distinct values for k other than 0 and 1 , for

example, 0 and -1 , we get two more points on the line

p , and .ing them in Theorem 8-11 we get another pair of

parameti c equations for p .

Wit k we get (x. 8)

Wit k, -1 we get

Then p

(-3, -_

line tzrcugh those two points. Thu

4150
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(2) p = ((x,y): x 9 12k , y 8 9k , k is real)

In (1) k is the coordinate of the. point (x,y)

in the coordinate system on a line which is determined by

taking tie coordinate of (1,2) as 0 and the coordinate

(5,.5) as .1 . In (2) ka is the coordinate of the

point (x,y) in the coordinate system on 4 line which iEr

determined by taking the. coordinate of as 0 and

the coordinate' of (-4,-1 ) as 1 .

We have motivated Theorem 811 in the text by con-

sidering a particular line. The following proof for ti-

general case of an oblique line is included, here for
...-

those who may wish to see it.

THEOREM. If ,y
1

) and P, y;0) are any two

points on an oblique line,

PP, x x
1

+ k(x Y Yi Y2-Y1))-2 '

x
1

k is real]

PrOor;: On P-1
2

P_ there °ordinate system on a

line in which the coordinate of P_ i's
coordinate of P, is 1 ; we call this the c-coordinate

system. Let AD denote the measure of the distance

between two points A B, in P-P, relative to the

0 and the

.c-coordlnate System. Let P be any pointin P-P,
. '

let PilP2?,P,' be the feet of the perpendiculars from

,
P-
1

P, P , respectively, to the x-axis, and

he feet of the perpendiculars from P1

P , resPectivel---to y-axis. Sir perpendiculars.
;-

to the x -axis are parallel, it follows, if P is distinct

from P1 and P2., that the betweenness relationsamong

Pi', P2 .are preserved among Pi', P2', P' . For

example, P2 is between pi and if and only if P

is between P
1

1 and PI Let' k be the c-coordinates

of -P



We consider, two cases:

.13 is in the ray opposite' t P-P-
1 2

Pi P2

in this /case k>0,k=P1- P(inC ) and

since 'is
1

(in C) =,1' . But

P P (in 0 -P
1 ,

Pi

p15-Tih-y -T77r_ ''-'1- "
2

ratio of o distances

Independent of the. coordinate systems used. (See

Postulate a3.) Also, from the theorem regarding the

proportionality of segments otwo transversals of three

parallel lines, it follows that

P-P P
1
IP7 P

1
"P"

1-

k r-17 1P I P1"r2"1

P '

-1

P
1

Then ic

x11
Fl

Ix X11

xl{

x- - rxi

ly Yll

15'2 Yil

1Y Yil

Because of the order
Y2 Yi

propertie mentionedIon the previous page, if x - x-
-1

then x xl and x2 - xl are both positive __ P2

lies to the right 6,e' or, both negative (if P2 lies

to the left of Pl). Hence, in all,eases,

x - x_
-

k
1

and x4

Similarly, we treat the second case.

ti.

(2) If P is in the ray opposite to F , then

PiP (in C) Ix - X11
C) = -k , and,. -k = m±

'

-j-i_n____cl_
-- 1

' 2=2 1

IY Y1I

IY2 -----Y1 r
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If - x
1

0 , then one of the numbers, x

is positive and the other is 'negative. Hence

-k=

Similarly,

and x xi + k

y Y1
k(y2

Yl)

3-Z

It might be helpful, in the case of fin oblique line,Au 10-

to think of three coordinate systems on .a line
1

as follows.

.(1) The coordinate system in which the cordite
of P

1
is 0 -and the coordinate of P, is 1 . The

coordinate k of a.point P tells us whether P is in

P
1-
P, (when k > 0) or in the opposite ray (when k 0)

And the absolute value of that coordinate k is equal to

the quotient obtained by dividing the distance between

P
1

and P by the distance between P1 and P2

(2) The coordinate system in which the coordinate

off iP1 is x and the coordinate of P, is x the
-1

coordinate of an arbitrary point P on P1 P is xp

the x-coordinate of P .

(3) The coordinate system in which the coordinate

of Pi is y1 and the coordinate of P2 is y2 . The

coordinate of an arbitrary point P on -1777 is yp

the y-coordinate of P

Piql, 4 )

cv-
, tf N
I

aNIji
4'

'I

P
2

(4,3)

(x,y) x = I 3k,y = 4 -k, k is real
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It might be helpful to think of the parametric

equations in this theorem in relation to the results of

Chapter 3 as follows. Using the notation of the previous

proof it follows from Theorem 3-6 that If

0 , then
P

'P u k

x = x + k(x2J 2
and

if and only if

and only if

From the present theorem we see

P
-1-

P
, then k if and only if

1

and

if

X X
1

, then

y
Y1

k(y2

k if and only if

Yi
k(y2

0imlarly,

k if and only if

k if and only if

Y Y1)
x = xi + k(_2 - xi) and y = yi +

In discussing the general case of a line it is

important that we Understand clearly the variables involved.

Thus the symbol

((x,y): x = a + kb , y. c kd k is real) ,

involves the seven variables, 34 b, c, d, k, x, y . For

each set of numbers a, b, c,, d, (with b and d not both

zero) ,

[(x y): x - a kb , y = c ± kd k is real)

line. It should be clear that

((x,y): x = a + kb , y c + kd , with a, b, c, d,

k real)

is the set of all points in the xy-plane. For if
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1 is any point there are real numbers a,

such that

xl = a + kb and c + kd

Just take a = xls c d k 0

Suppose next that a, b, c, d, k are real bers.

That is, the

,
x = a + kb y =,-/c + kd

It should be clear that this fs+ a

is'-the'pOint (a + kb ,,c 1-?kd)

When we think of

whose Only e'lement.

((x,y): x= a + kb y = c + kd k is real)

as a line, we are thinking of a, b, c, d (b and d not

both zero) as "fiXed." That is the reason we say a, b,

c, d are real numbers before we write the set-builder

symbol. Also we are thinking of k as "taking on" real

values. Each value "taken on" by k yields a point

4x,y) on the line. The line is the set of all points

(x,y) each of which can be obtained from the equations

x - a + bk , y = c + dk using some real number for k.

(We cannot juggle the -a, b, a, d ; they are fixed far a

given line.)
V

There are situations where there are still more

"flavors" among the variables, specifically, in situations'
I

involving Sc

x
1

and y

((x,y): x

or families, of lines. For example, if

are real numbers, then

kbxi + y = Yi kd real)

might be thought of the family of all lines through

(xl,y1) . Each choice of the parameters b and d (not

both zero) yields a line in the family. Once b and d

are "pinned down," each value of k yields a point on

that line.



Or we might think of M as areal number,,and then

((x,y)x = a + k , y = b + , k is real)

might be thought of as the family if all lines in the

xy-plane with Slope m . Each choice of values for a

and b would yield a line of the family (the line with

slope m passing through (a,b) Oace a andy b are

fixed, each value of k Melds a point on that fine.

',In the text we have not defined parameti'ic equations.

4Theerem 8-12 stand on its own 'feet without such a

definition. But we do speak of the equations, x - a + bk,
y = c + dk , which appear In the set-builder symbol as

4parametric'e _ations. Of course, parametric equations

appear in many places in mathematics, and there are many

curves in addition to straight lines which can be

represented by parametric equations. The parametric

equations which represent lines are precisely those

described in Theorem 8-12. Thus, if x and y' are

linear functions of k (not both constant) , then, the set

of Peints (x,y) determined is a line. To repeat, if

a, #, c, d aro real numbers, with b and d not bot

then.

and y .== c + dk

are par_etric equations for a.line; the variable k is

the parameter and the set of all points (x,y) is the

line. For further discussion of parametric equations and

parameters see Talks to Teachers, No. 7.

In this treatment of slopes we avoid the use of

directed distance. We motivate the idea of slope using

the "rise over wun" idea which is a non-negative over

positive situation in the physical world). Then we
#

define the slope of a line segme t In terms of the

coordinates of the.ehdpoint,s. of _ segment. We show

that all segments of a line have the same slope, and

this permits us to define the slot a line as we do:
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'Our proof that all segments of a line have the same slope

does not involve a tacit assumption that the "sign" of

y
1

is the same for all choices of two points
xi_

-

,y ) and (x,,y, on a given line. It is not mathe-
a

matically sound to prove this property by considering,

three case' of non-vertical lines:

(1) Those para14.el to the'x-axis;
A pm,

(2) Those which "run uphill," that is, those in

Y2 Y1
which

x,, ,
LU

in the line.

posi 'Ire for every choice of two points

(3) Those which "run downhill," that is, those for

yL Y1
which is negative for every choice of two points

- Al

in the line. Such a classification into three classes

omits, for example those linef cr which

Y'D 7 is positivesitiVe for some choice of points,
1.

,y2) , and negative for dome other choice. Ofand

course, a picture "shows" that if a line is going uphill

btween-two of its points, then it is going uphill between

every pair of its points. Pictures convince us that the

three cases listed,on the previous page do include all

lines. Our proof avoids assuming this by capitalizing on

the properties of coordinate systems on alline.



In the proof o 'Part (1)_.of Theorem 8-15, -p and
are two parallel lines. Hence, Q and Q on

the same side of line

11 and

h and k are both negative.

p If they are above p , then

are- both positive; if they are below p ,,then

In connection with-Corollary 8-J15, note that if ,A,

B, D, are four points and if m = then either
AB CD,

AB 11 a or A, B, C D are co linear. To test fclur

points A, B, C, D for collinearitYwe could check to see

if they all have the same x-coordinate. If not, then they
are colliner if and only if m = m = m

AB BC CD

In traditional analytic geometry courses, the equation
in Theorem 8-16 is sometimes called a symmetric equation
for the line in the xy-plane. Although it is not included

in this text, this result extends easily to -symmetric

equations for a line in an xyz-coordinate system, Thus,
if P = y1,11) and

' Y2 Y1/

x -

0

Q x2,y2,z2)

Y yl

Y2 yl

and if

In the proof of Corollary 8-16-1, it is permissible

to divide by x, it and by y -
yl

, since they are

each different from zero. This follows from the fact
that PQ of Theorem 8-16 is,an oblique line.

A working knowled a parametric equations for a
line, the equations of lie form x = a and ,y = a for

verti,cal and horizontal linet, respectively, and the

equations in Section 8-7 ff., will provide the student a

good background for working with lines in the coordinate

geometry of the plane.

If you are planning to teach Chapter 10 you may want

to omit this section, along with many of the problems in

the next problem set. In Chapter 10 we prove that two

1[58

23



non-zero vectors are perpendicular if and only if the sum
of the products of borresponding components is equal to
zero; that is, if a

1
b
1-
b- 0 . The smilarit'-2

between this condition and m1m2 = -1

note that- and mn = 1)2

al
1

in revealed if we

2i (3)

If you plan to teactl Chapter 10 you may also want ..to

t Theorems 8-22 and -24 since these are also proved

as Theorems 10-19 and 10-14 respectively. Actually there
are many more theorems in Chapter 8 which may be post-

poned, to Chapter 10, where they may be proved with the aid
of directed segments or vectors, However you should permit

your students sufficient practice in the use of coordinates

in proofs of theorems before presenting them wi

vector methods.

In this section we intend to prepare the student

with some basic definitions and theorems concerning

parallelograms and special kinds of tQvalielograms. There

are some good opportunities to use-the concept of subsets

as indicated in the diagram In Section 8-11. It is also an

opportunity to explore some of the properties of

parallelograms and special kinds of 'parallelograms. This

study is continued in Section 8-13, where coordinates are

used extensively=as an aid in proofs. In this section

proofs need not use ceordinat

In FroofI we could, of course, ret up an xy-

oordinate system so that A = (0,0) , B = (b,0) C =

with b > 0 and d > 0 . The proof given in the text

could then be modified slightly by omitting several

absolute value symbols near .the end of the proof as

follows:

_ lb
DE

AB = lb - b

BE = BAH



The proof with coordinates of Theore 8-22 requires

no ingenuity;. just do what comes naturally and there is

the result! The traditional proof without coordinates

is a bit ingenious. Fcrr those of yol- who d8 not recall

it, the plan of proof is as follows:

iet F be the point in DE such that DE = EF and E

is between D and F Prove CD = FE , CD 11 FB

Then FE = AD , FB 11 AD , ADFB is a parallelogram,

DF-- AB , DF AB , and DE - 4AB ,-- DE II .

Another proof of Theorem 8-22 ap ears in Chapter 10

on vectors. Some teachers may wish to emit the proofs of

several theorems which are proved both in Chapter 8 .and

in Chapter 10. But in,the,case of this theorem we have

used it as an example in introducing prd5T's with

coordinates. In no case should it be omitted from .h

chapter.

This section, 8-13, shows how coordinates are used

to advantage in producing simple proofs of theorems. The

subject matter of these theorems was chosen deliberately

to be parallelograms in order that students might continue

the study initiated in Section 8 -11, this time with

coordinates.

0_

Theorem _ seems to say that a parallelograth is

determined by three of its vertices. It is in one sense,

and it'is not in another sense. If A, B, C, D are the

vertices of a parallelogram ABCD , and if A, B, D are



given, then there is oneposition for- C If A, C,

B are the verrt.ices of a parallelogram, and if A, 5, D
p.1-e givdn, then there are three positIons tor C.

41111111r

ABCD iS a parallel( ABC 1L
-1

AC,BD , ALA are

three parallelograms.

The topic of trapezoids in 2ec on 6 14 i8 lefty

almost entirely for students. For this reason only the

formal definitions are given with no discussion of theorems
or proofs of theorems. It is hoped that students will

carry on their own investigations either by proposing

propositions about trapezoids which could then be

or disproved, or-by doing the problo- in Problem Set 8-14,

and perhaps thereby possible 444e41111e7MS may be suggested to

them.

In setting up the cbordinate system say that there

, etc.Is a real number a, a , 0 , such- that A - -a, a)
e teachers may think it a digression to insert o

is is needed later in the proof and it seems best to

insert it early. This is in keeping with the modern

emphasis in elementary algebra of specifying the °domain

of a var_ 1e.

Accping to the text we -note that concur

lion conct -rent lines. sure, also, to no

not all rays which lie on concurrent lines,aro

rays

at

urrent.



The point r',"Ak In the interior of each of the

is of the triangle, hence*in th.interior of the

angle. It istant from the lines .which contains

he three sides; itis _ter of the inscribed circle

of he triangle and is sometimes called the incenter of

the triangle.
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Illustrative Tett Ite

Chapter 8

1 Given. AABQ with A = (6,2) r B = (-8,7) , C

Find the coordinates of D , the midpoint of XU',

2.

(b) What is the slope of A

Show that r15 .

What kind; of triangle is ABC ?

Cheek your-answer to (d) by findin

Express AC .using parametric equations.

EXpress 441Trusing the two-paint form.

Find the coordinates of,the point of intersection

of the x-axis and AG .

Express the line through B
parallel,

to 'We
ng the pot ope form.

d E hat BCAE is a parallelogram.

Find so that CABF is a parallelogram.

Find the length of the side of a square whose

diagonal measures 12

How long is the diagonal of a square whose side

measures 124/7 ?

For each of the properties listed below, tell whether a

Parallelogram having that property is best classified

as a rectangle, as a rhoMbu,S, or as a square.

(a) Its diagonals ar? congruent.

(b) Its diagonals bisect its angles.

(c) Its diagonals are perpendicular to each other.

'(d) Its diagonals are congruent and mutually

perpendicular.

(e) It is equiangular.

(f) It is equilateral.

(g) both equiangular and equilateral.
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Prove that a parallelogr4m is a rectangle nd only if

its diagonals are'congruent.

d,

if

B = (3,0 Find the co mate

--owa) AF = 3AB and P is in AB

is in
=PBA

--awAF = 100AB and P is in AB .

(b) AP .= 3AB and P

11 whether p is a vertical, a hox

oblique line.

(a) p 2k ,

(b) p = ry+ 2k ,

(c) p = ((x,y): x = y

(d)' p = ((x,y ): x 1 73

(e) p = ((y..5r): 5rNr3)

y= , i is real)

y = 2 41 k k is real_

k real`)

7. Prove: The line containing the median of a trapezoid

bisects each of its altitudes.

'In rectangle ABCB , AB = 20 , BC = 15 .

If P is in AC and BP 1 , find g
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PERP ICTIL ARI .PARAIIELI

IN SPACE.

main objective-a this chapter is to help the

Ystud develop his concepts of spatial- relationships.

We want him to be able to think in terms orthree dimenSions

and to be able to visualize and sketch three-dimensional

configurations.

No attempt has been made to present a completely

formal approach to space geomefry. We agree with-the

Commission Report that there As-neither the'time nor is

there "virtue in so doing.":- We want the student to

"discover" the essential space relationships and we,have

therefore used an intuitive approaq in the form of

exploratory problems These are follo+I by formal

theorems, with some deductive proofs included just to

convince the student thAt there is nothing very peculiar

about proofs in three-dimensional geometry. One could

easily, spend a great deal bf class time on these proofs,

but this would not be economical. Most teachers will aim

for comprehension of the theorems rather than fadility, in

proving them..

Problems requiring proofs are optional. Those proofs-

not developed in the text have been included in this

Commentary for teachers who wish them.

It be hoped that teachers will extend the

intuitive pAsentation at the beginning of each section.

-The lists of exploratory problems are far from exhaustive.

LikeWiss, the suggested physical models to be used in

experimentationare the most readily available ones -- pencils

paper, books. Many other frequently used aids can prove

most helpful. These include wire coat hangers thin wires,

straws, string, cardboard, toothpicks, and balsam wood.

Standard classroom equipment such as yardsticks, ;hinters,

465
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and windOW poles can serve as gooli demonstration models.
In additieni.some excellent materials ror constructing
models are available commercially from suppliers of
scientific and mathematical equipment. Models constructed
by the student are preferred to thobe'f,eady- ride

.

At,the,beglnning of the first unit, it might be well
to review i'el'ated propettles studied in the plane. It
will be heltiful if the students recall the simple relation-. .

shipiumentioned in Chapter 2, and then discuss the
posiulates stated in later chapters which assure them of
the.existence of infinitely many points Refer to the
'ReView Problems at. the end of Chapter 2,-bOnCerning the
number of different planes that might contain (a) one,
point, (b) ertainIpair of points, and (c) a certain set

nts. Contrast the answers given at the end of
Chapter 2 with acceptable answers at this point in the
development of our logical system.

The set of Exploratory Problems is designed to
capitalizeon,the students, intuitive ideas of parallel,
intersecting, or perpendicular lines and planes. This is
also 4 opportunity for the students to practicp sketching
figures in space. At this point, the diagrams should be
carefully checked and, when necessary, the atudents'should
be referred to the suggestions offered in Appendix V .

At the beginning of Section 9 -2, the experiMents may
be performed individually or as a class activity.. In
either ease, try to make certain that all of your students
have an intuitive idea of perpendicularity in space before
proceeding to the formal definitions and theorem

Discussion of a spoked wheel and axle should maka.
Theorem 9-1 plausible

,

to the students: Any line perpen-
dicular to the-axle at the hub must be in the plane of'
the wheel.

3i



THEOREM 9-3 There is a Unique line which is perpendicular

to a given plane at a given point in the plane.. 1,

Proof: 'To prove this theorem we'must'show two
things: first, that there lafat_1:5get one-line perpen-

dicular,to the given plane,at'the given point, and second,
that there is no more than one such line.

To show the ex s_ence of a perpendicular line, let F
be a given point in a given' plane F and let p be any
line in 19 which contains F . According to Postulate 2
there is a unique plane, saY ,e , which is perpendicular
to p at F . Let r be the intersection,. of the planes

..07 and and -let be the line in 25 which is.

perpendicular to r at the point P .

Then L is perpendicu_ar to both p and r . Hence, by

Theorem 9-2 it is perp ndicular to the plane Z7 at the

point F , as required.

To show that there is no other line which is perpen-

dicular to F at the point F , suppose that there were

such aline, say _If . Let 0-Zf be the plane determined

by --I and ,e, , and let p be the line in which

and oe intersect (Postulate 9).

1167 r_



Then in the plane both 2 and /1 are perpendicular

to p at the Point F But in a giireft plane there is

exactly one line which is perpendicular ter a given line at

a given Point. Hence the assumption of a second' line,

, perpendicular to the'plane jeF at the point F

leads to a contradiction and must be rejected. In other

words, there is exactly one line which is perpendicular

to the given planj Aiir, at the given point F in .r7:9 .

THEOREM 9-7. If a line intersects one of two distinct

paralle1-Planes in a sing19 point, it:intersects the

other plane in a single point also

Proof: Let /19- and ie be two distinct parallel

planes and let ...I be a line_which intersects P in a

single point, say P . Let R be any point_in the plane

de not on ....I , and let' be the plane determined by

,45 and R
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Now X has the point P in common With the plane
the point 'R' in common with the plane Hence by
Theorem 9-6, must intersect and 121 in two,parall0
lines, say p respectively, each of which is
clearly different from: J alhus in or: we have two
parallel lines, p and r , one of which, namely
met:7bby . The other line r must also be :het by

Since A meete-, r ,.it certalnlY meets as asserted.

THEOREM 9 -8. if a line is parallel to one of two parallel
pranes, the other also.

Proof: By hypothesis, theiline I and the planes

and Fl satisfy the Conditions that 41 and

P i421 We wish to prove that ,1.11)01 - Suppose

251

Ae were not parallel to ,401 . Then A intersects /21
in a single point. Thus /V , which by hypothesis does
not intersect in a single point, is distinct from /V-1

We now apply Theorem 9-7 to find that A intersects 10
in' a single point.- Contradiction! Hence/Ivo .



THEOREM 9-11. If a plane is perpendicular o one- of tw

distinct parallel lines, it is perpAndibular to tIj

othbr line .iscr:

Proof: Let
1 2

and be two parallel lines and-
I

let P be a plane which is perpendicular to one of these

lines, say Ael at the point L1 , Then by Theorem 9-4,

must also intersect in a point, say L2
2

Now at L2 there is, by Theorem 9-: adine:Oich 1s

perpendicular to /7 , sayA . By Postulate 25 this

line is parallel to 4 . But'according to the Parallel

Postulate, there is a unique line parallel to a given line

through a given point. Hence, since both 12 and .4

are parallel to .--11 and pass through L2 , it follows

that and are the same line. In other words,-2 3
is also perpendicular to P , as asserted.

2

THEOREM 9-12. If two lines are each parallel to a third

line, they are parallel to each other.

Proof: Let and
2

be two lineA each of which
---,-

is parallel to a third line, h . Let P be any point of

b and let 7:7 be the plane which by Postulate'24 is perpen

dicular to b at P . Then by Theorem 9-11, and
1 2

are each perpendicular to "12 :- Hence, by, Postulate 25,

they are parallel, as asserted.
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THEOREM 9A-13. Givena plane and a point not ire the plane,

there 16 a unique fine which passes through the point

and la perpendiacular to the plane. 7-

Proof; Let

given point, not in

let b be the uniqUe perpendicular to at P which is

guaranteed by.Theorem 9-3. If b passes through A it

is the required perpendicular. If b does not pass

through A , let a be the line parallel to b throu

A which is guaranteed by Theorem 6-3.

be the given plane and let A be the

Let P be any point in ,P5? and

Then by Theorem 9-11, a is also perpendicular to

and hence is the desired line.



However we must still show that there is only one

line through A which is perpendicular to )0 .-, To do

this, let. al_ be any line through A which,ls,perpen-

dicular to 07e-.. Then by Postulate 25, a' is parallel

to b However, according to the Parallel Postulate,

there is only one line through A witch is.p0allei to
b . Hence a' and a are the same line,-and our proof

is,complete.

,THEOREM 9-14. There is a unique plane parallel to a given

-plane through a given point.

Proof: t 017 be the given plane and let L be the

given point. Then there a unique line ilahich passes

through L and is perpendicular to 10 . Let X be the
plane which is perpendicular to at L . Then by

Theorem 9-9, is parallel to P . Moreover, there can

be no other plane through L parallel to ) . In fact,

if X' is any plane through L parallel to _1 , then by

Theorem 9-10, X' is perpendicular to But by

Postulate 14, there is exactly one -lane perpendicular to

a giVen line at a given point. Hence X /-and *.e. are the

same plane, and our proof is complete.



THEOREM 9-15. If two lanei are each parallel to a third

plane, they are parallel to each other.

Proof: Let

is parallel to a

perpendicular to

perpendicular to

perpendicular to

parallel, as arse

and be two planet each of which

third plane .431/7 . Let ,4 be a line

4/ . Thenmioy Theorem 9-10, is also

.A9 and A? . Since A' and A? are both

then by Theorem 9 -9 they'are

ed.

Notice the remarks that parallelism for lines and

parallelism for planes are equivalence relations: they

have the.the reflexive, symmetric, and transitive

properties. This feature is one persuasive argument in

favor of adopting the convention that a line or a'plane

is parallel to itself.

THEOREM 9-17. All segments which are perpendicular to

each of two distinct parallel planes and have their

endpoints in the planes have the same length.

Proof: Let /C7 and be ,two,Astinct parallel

.planes. Let the points Pi and F2 in )34 and the points

RI and R2 in ,e be such that each of the distinct

segments P01 and P2R2 is perpendicular to each of the

planes .A2 and A? (Theorem 9-14.

14 73 r)
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By Postulate 25, the two lines 41737 and '11177 are

parallel; hence they lie in the same plane, spy 4/ By
Theorem 9-64V and -,ITR7 are parallel. Therefore
P
1
P
2-
R
2-1
R_

- is a parallelogram T'in fact, it is a rectangle),

and hence, by Theorem 6-6, P1R1 = P2R2 , as asserted.

Although the theory of projections is important in

engineering, particularly in drafting, it was deemed not

necessary to devote a section of the text to this particu-

lar concept. Instead, definitions of the projection of a
point into a plane add of the projection of a set of

points into a plane are stated in Problem Set 94, followed
by some problems based upon these concepts. It would be
well to precede the assignment of these problems with a
brief discussion of this geometrical interpretation of the
word projecti_n.

i The conventional phrase is to project a point or
figure "onto" a plane rather than "into" a plane. We have

preferred "into," in order to be consistent with mathe-
matical usage in the theory of mappings or transformations.
A mapping ip a correspondence which associates with each
point of a given set S a unique point of a set SI . We

describe this by saying that each point of S is "mapped
into" its associetedApoint of SI and that S is "mapped
into" SI . We say S is "mapped onto" 8, only when
the whole of SI is involved, that is when each point of
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S' is the associated point of some point of S,. Since

this distinction between "into" and "onto" is quite

firmly established in higher mathematics we thought it -r=

wise to use the appropriate technical term "into" evenAt
this elementary level.

Review Section 4-13 with the students to recall the

definition of a dihedral angle. Note that we cannot just

speak of the union of two halfplanes, but that we must

include their common edge in the union. This is because

a halfplane does not contain its edge. Similarly, the

face of a dihedral angle is defined, not as a halfplane,

but as the union of a halfplane and its edge. (This is

sometimes called a "closed" halfplane tolemphasizenthat

the halfplane has been "closed up" by adjoining its
bounding line; in contrast, a halfplane in our sense is
called an "open" halfplane.) Observe that the inter-
section of the twofaces is their common edge, just as
the intersection of two sides of an (ordinary) angle
is their common endpoint.

Illustrate dihedral angles by using the covers, or

two pages, of a book. From this physical model, try to

give the students a feeling for the relative size of

dihedral angles, bisection, perpendicularity of planes,
etc.

Suggested definitions: Dihedral angles LA -PQ-S

and LA' -PQ-B, are vertical if A and AI are on
41-44w.-

opposite sides of PQ -, and B and SI are on opposite
sides of,2F-*

`The interior of dihedral angle LA -P consist

all points which are on the same, side of AFIZ as
B and are on the same side of plane B A . The

exterior of a dihedral angle consists of all points

which are not in the interior of the dihedral angle and

are not in the dihedral angle itself.

41
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THEOREM 9-20. If a line is perpendicular to a plane, then

any plane containing this line is perpendicular to

the given plane.

Proof: Let QF be the line perpendicular to a given

plane 12 at the point P , and let .2! be any plane con-

taining QP Let AF be the intersection of

and in 12 let PR

X and 1°;
be the line which is perpendicular to

4111-op
__B at P . Since QP is perpendicular to , the

line AB is also perpendicular to QP . Hence, by
_

andTheorem 9 -2, the plane determined by QP and PR is

perpendicular to AB . Therefore LQPR is a plane angle

of the dihedral angle Q,AB-R . Moreover, since QP is

perpendicular to the plane 7' , it follows that LQPR

is a right angle. Hence LQ -AB -R is a right dihedral

angle, and X is perpendicular to "29 , as asserted.

THEOREM 9 -22. if two planes are perpendicular, then any

line perpendicular to one of the planes at a point on

their line of intersection lies in the other plane.

Proof: By hypothesis,

11? J 7 , intersecting in CD ,

and B Im at B on V.
We are asked to prove that

B lies in the plane

In

AIB which is perpendicular

to CD at B. Then 411Vr1;77

at B by Theorem 9-21.

there.is a line
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Therefore AB and 10B coincide by Theorem 9-3. Since.

MB lies in plane 77 , AB- lies in plane

Sections 9-6 through 9-9, concerning a three-

dimensional coordinate systerNare not considered part of

the minimum course. - Inclusion of these sections in a

Pours- for your students should depend upon the title avail

able, lithe degree of success they enjoyed in studying

Chapter`8, and the feeling for spatial relationships they

were able to develop in Section 9-1 through 9-5.

Our treatment of a three-dimensional coordinate

system is brief, but not rigorous. Rather, it is an

extension of the concepts of a two-dimensional coordinate

system as developed in Chapter 8. We have tried to

Capitalize upon some intuitive notions through the use of

illustrative diagrams. If your students are not capable

of doing, all of the work, you might use the diagrams and

charts in Section 936 as a basis for an informal discussion

of a coordinate system in space, omitting the remaining

sections.

Some classes may be able to benefit only from

Sections 9 -6 and 9-7, including the distance formula, but

omitting the description of a line or a plane by means of

equations For classes of superior students, not only are

all sections strongly recommended, but the treatment of

coordinates in space might well be extended.

This is the first time the students have encountered

a fatally of lines presented in set builder notation.

Remind them that (m: m 11 z-axis) reads "the set of

all lines m such that m is parallel to the z-axis."

Spend some time discussing with your students the pictorial

representation of the family of lined

Using diagrams or physical mode develop with the

students the concepts summarized in harts.. A very

helpful physical model can be made easily from three pieces

of pegboard. If the pegboard is painted with green slate

paint and colored elastic is used for lines, the model is

effective as well as attractive. Such aids are also

available commercially.
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Illustrative Test Items

Chapter 9
=

For each of the following, write +, if the statement

is true (true in every case);.write 0 if:trie state-

ment-is false (false in some or all cases).

(a) Given P1(2,0, and P -2,-5,0) the

length of P1P2 is 5447

If a line is perpendicular to each of two

distinct lines in a plane it is perpendicular

to the PAand'.

Through a poiht in a plane only one plane can

be passed.

(d) There are infinitely many lines perpendicular

to a given line at a given point on the line.

(e) Two distinct lines perpendicular to the same

plane:are coplanar.

Through a point on a line two distinct planes

can be passed perpendicular to the line.

All point's that are equidistant from the

endpoints of a given segment are coplanar.

(h ) In a three-dimensional coordinate systeM,

y = 0 is an equation of the yz-plane.

(i) Given a plane ,,a line which is perpen-

dicular to a line in is perpendicular to

(j) If Te_ and plane $ are each perpendicular to
dts. 41
FH at point P , then AR

0.
lies in plane 4:

(k) If a plane intersects two other planes in

parallel lines, then the two planes are parallel.

(1) Two planes perpendicUlar to the same line are

parallel.

If each of two planes is parallel to a,line,

the planes are parallel to each other.

The projection of a line into a plane is a line.

Two lines are parallel if they have no point in

common.
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(p The length of the projection of 'a segment into

a plane is less than the length oft the segment.

Two lines parallel to the same plane are parallel

to each other.

If two planes are each perpendicular to a third

plane, they are parallel to one another.

If a plane bisects a segment, every point of the

plane is equidistant from the ends of the

segment.

(t) Through a point not in a.plane there is exactly

one line perpendicular to the plane.

to A andIf plane is perpendicular

D I I D , then &l CD .

A plane perpendicular to one of two perpen-

dicular planes is not perpen4icular to the other

plane.

If plane m is perpendicular plane 27 and

AABC 'lles In plane )r.)7 ,then the projection

of AARC into plane is a sement.

It is possible for the degree manure of a

plane angle of an acute dihedral angle to be 90

Given A(4,-3,0) And B (-2,-1,6) , the

coordinates of the midpoint of are

If a line is not perpendicular to a plane, then

each plane containing this line is not perpen-

dicular to the plane.



2. Given in this figure that

BK J AB QB AB

ThsTBITEAT31.-_ 4Fir_ rrnire- and

ET' AB

(a) BK and AB- determine

plane ABK . Is
.411.
DQ, perpendicular to

plane ABK ?

(b) Do 411-1g.',41HP.

all lie in plane

Why?

There are at most

different planes deter-

mined by pairs of the

given lines.

In the figure, plane ,7)1VB

and plane /1:21-11Vb.

(a) is ?11,C, Why?

(b) Plane intersects

',V and ,t? in 4IWKI

and W, respectively.

Is 41T0ewilVw? Why?

(c) If a line m is perpen-

dicular to WK and

intersects -4VP, what

kind of angles does m

make with V? Justify
your answer.

4. In this figure, plane X

bisects ra and 1W.
Also RT = QT , Explain

why' T lies in plane 4



5 Points A, B, C, and

D are not coplanar.

AABC is isosceles

with AB = AC

ZSDBC is isosceles

with DB = DC .

F is the midpoint of

BC . In the figure at

least one segment is

perpendicular to a plane.

What segment? What plane?

Justify your answers.

Given: at A

-QB I mat B is

a point on 410§"... Are

X, A, B, F coplanar?

State a theorem to support

your conclusion.

7:, Given: II

AV1 at A

B is it
'119CDjiat D

C in

Prove: AC
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The following sets of lines and planes ()
are described in reference to a three- dimensional
coordinate system, having x, y, z-axes. By pairing
those on the left with those on the right, match the
equivalent sets.

(a) : m 114110111 (r)

(b) aV II yz-plane (s)

(c) II qty- plane) (t)

(d) m 1171-V1 (u)

(e) m 11118fT (v)

(f) ,O II xz-plane) (w)

/9:.ri z-axis)

xy-plane)

ri y-axis)
x-axis)

m 1 yz-plane)

(m m j xz-plane)

Find the point in which the line intersects the
xz-plane if

m = ((x, y, x -,- 2 4. k y = 4 - 2k , z = 3k ,

k

10.- Show that A A

A (2,3,-5) ; B(-2,4,

is a real number)

isosceles if its vertices are

C(-1,0,1)

11. Find an equation of the line in the xy-plane which
is the line of intersection of the xy-plane and the
plane whose equation is 2x y z = 7 .

Given points M(6,-2,3) and N(-5,1 4) . Find

the coordinates of the midpoint P of AN .

(b) Given points A(2,0,-2) and B(x,-1,z) Find
x and z , so that the midpoint of AB is the
same point P as in Part (a).

13. Find an equation of the plane determined by the

points A(1,2,5) ; B(0,1,6) ; C(2,0,1)

14. V is the midpoint of edge

WW of the cube shown in

this figure.

Prove, with or without

coordinates, that

VB VF
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, Chapter 10

DIRECTED SEGMENTS AND VECTORS

10-1. Introduction.

This is an optional chapter and should be omitted

where the ability level of the class or the lack of time

makes its omission necessary. For this reason relatively

few geometrical theorems are proved and no new ones are

presented.

The purpose of this chapter, is to introduce the

student of above average ability to another mathematical

system, one which has wide application in physic° and

engineering, as well as in mathematics. Moreover we feel

that the work in this chapter will help to solidify the

ideas of closure, commutativity, associativity, and the

other properties of real numbers.

The treatment of an entire set of directed line

segments as a single entity, called a vector, will probably,

seem an unnecessary departure from the common notion of

directed line segments being vectors. However this is the

modern concept and we believe that the ideas stressed in

this chapter will make it easier for the student to proceed

to a thorZ advanced study of vector analysis with relatively

little difficulty.

Some of the problems in the problem sets and in the

review set deal with the use of vectors in solving

'certain probleths of physics. The student does not need

an extensi background in physics to handle the problems.

It is sufficient that he knows that when two or more

forces or velocities act on a body the resultant force or

velocity can be found, by the rules of vector addition.
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10-2. Directed Segments.

677 The main ideas of this section are equivalence of

695

directed segments, addition of direbted segments, and-

multiplication of directed segments by real numbers. The

student is required to translate statements of geometric
relation into algebraic language.

By this time equivalence relations, should be familiar
to the students. The fact that directed segment equivalence

is reflexive, symmetric and transitive enables us to

consider all directed segments that are equivalent to ya

given directed segment as a set that is well defined.

is this fact that pavesthe way for the definition of a
vector in Section 3.

As a matter of vocabulary,it is worth noting that

directed segments, which are often inaccurately referred
to simply as vectors, are sometimes called bound vetiors,
since in a sense they are "bound" to a particular point,
as origin. When this terminology is used, the entities-

which We call vectors are then referred to as free vectors.

Since it is very convelbient to be able to denote a vector
(in our sense) by the symbol AB , we have introduced the
symbol (k,B) for a directed segment (or bound vector).

We have tried to stress that the addition of directed

segments is not commutative. This may be the students*

first encounter with non-commutative addition and, as

such, should not be "glossed" over. 4

10-3. Vectors.

The main topic of this section is the algebra of

vectors as ordered pairs, [p,q] . The transitionfrom

coordinates of points to components of vectors is a little

subtle and may present difficulty to the student, but

once the changeover is made, the algebraic properties are

easily established.

1484
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Property 3 States u+ 0- u. In-other word 0

plays the role in vector addition comparable to 0 in the
addition of real numbers. Hence e is often called the
identity element for vector. addition. Similarly Property 4

indicates that each vector has an additive inverse.

Pro erties of Vectors

If u, v are vectors then u is a vector.
--

If u
-,

, v, V" are any three vectors then

(1.1 V) +1.111-1" V + 0.

There is a vector 0 such that for any

u + 0

4. For every vector there is a vector such that

+

5. If IT, v are any two vectors then

u + v V + U

6. If u, v are any two, vectors and k is any scalar

then

If

8. If

then

k(11' + 77)

any vector then l u u when 1 ..

is any vector and p,q are any two scalars

(p + Ott . + .

If u is any vector and p,q are any two scalars

then

p(4a) (pq)a .

If u is any vector and k is any scalar then

I -I 7 Ikl *
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Proof of 1: Obvious from definition.

Proof of 2: If = [a,b] , = [_ d] (e,f] , then

+ v) ([a,b] + [c,d]) + [e,f]

= (a + o, b + d] + [e,f] = (a + c + e, b + d + f]

= [a,b] + [c + e, d + f] = [a,b] + ([c,d] + [e,f])

Proof of 31 Let 11 = [a,b] and 6= [0,0] . Then

71: + [a,b] + [0,0] = [a,b]

Proof of 4: Let u = [a,b] -TY= [-a,-b] . Then

it (za) [a,b] + [-a,-b] = [0,0] =

Proof of 5: Let 11--= [a,b] and

+ v =4b] + (cod]
77m7

= [a + 0, b + d] = [c + d + b]

= [o,d] + [a,b]

= v + u

d] . Then

Proof of 6: Let (a,b] and v = (c,d] . Then

k(1.1-+ -17) = k([a,b] + [c,d]) k[a + c, b + d]

= (k(a + o) k(b + d)]

= [ka + ke, kb + kd] = [ka,kb] + [kc kd]

= k[a,b] + k(o,d]

kv

Proof of 7: Let V7= [a,b] . When

ka = k[a,b] = [ka,kb]. But if k - 1 , then

[ka,kb] [1 . a , 1 4 b] [a,b]

Proof of 8: Let u = [a,b] . Then

(p (p + q)[a,b] = [(p + p +

pa + qa, Pb + qb] = [pa,pb] + [qa,qb]

= P[a,b] + q[a,b]

= +



Proof of 9: Let = [a,b) 4 Then

p(el) = p(q(a,b)) = p[qa,qb) [pqa,pqb]

(pq)(a,b]

= (Pc)LT

Proof of 10: Let u [a,b) . Then

kif= k(a,b) s [ka,kb)

Thus Ikul = I {1a,kb)J 2
k b- = 1k! a- +

But 1k! ICI = 1k! Hasbil lki
2 2+ b

10-4. The Two Fundamental Theorems.

702 Theorem 2. One point in this proof is the assertion
that if itir= IT then k = 0 0 The students may have
trouble following this and therefore we suggest that the
following be discussed prior to the discussion of this
theorem.

If kv v 0 then k = 0 .

Proof: lv = 0 means kv 75' g (0,0) also v
some vector of the type [a,b] where, by hypothesis,
a and b are not both zero.

But kv = k[a,b) = [l ,kb)

therefore [ka,kb) = [0,0)

and it follows that k = 0 .

Incidentally, the occurrence in this proof of both
the zero vector, 0, and the scalar quantity, 0 ,

should be tarefullybted, and the difference should be
made clear to the student.
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70b

Geometrical Application of Vectors.

This section has two main topics. The first is that

vectors can be manipulated according to most of the usual

rules of algebra; the second is that certain problems of

elementary geometry can be solved by such manipulations.

Each of the examples is worked out as an isolated

problem. No hint is given about a general approach to

any type of problem. However,'there is a general approach

which teachers may want to discuss. Each'problem can be

solved by:

1. Choosing two directed line segments on non-parallel

lines.

Expressing each of the other directed line

segments in terms of the ones originally selected.

10 -b. The Scalar Product of Two Vectors.

709 The scalar product is often called the inner product

or dot product. We chose the terminology scalar product

to emphasize that the result of this operation is a number,

(or scalar). However, great care must be exercised so

that the student does not confuse the scalar product with

multiplication of a vector by a scalar.

To prevent a careless student from mistaking

b , a scalar product of two vectors, for x y , a

prodUct of two,numbers, we recommend that the dot not be

used for the product of two numbers, if there is a possi-

bility of confusion.

The symbol 0 was used to represent the zero vector.

Students should be cautioned not to use the single letter

0 to name a vector as it may lead to unnecessary errors.

MoreoVer it should be made quite clear that'if we have

u v = 0, the result is a scalar and is different from

u = 0 .

r
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Proof of Property 3.

Let u = (a,b) , $7. [c,d]

(a,b) (kc,kd]=

= akc bkd = (ku)

= k (ac ± bd)

= k(u

Proof of Property 4.

Let tr. [a,b]

Al (a,b) (a,b)

2 2
= a- b

)

lul

The scalar product enriches vector algebra to the

point that it can be used to prove Many more geometric

theorems. In Problem 19 of the sample test questions the

student is asked to prove the diagonals of a rhombus are

perpendicular to one another. The teacher may wish to

present this in clams to show an application of the scalar

product to geometric proofs.

The student should be made aware of the fact t

the scalar product does not obey the law of closure.

might weIl,be asked to give other examples Which do not

obey the law of closure. Some examples of this are:

1. The product of two negative numbers ts not

the set of negative numbers.

The product of two irrationals is not always

irrational.

The region formed by two triangles with a side

?in common is not always 'a t iangular-region.

`1)

Or=
(-1.1

)18-9



Leaving the world of mathematies we have,

4. Combining two gases does not always produce a
gas. Hydrogen and oxygen may combine to form

water.

490
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Illustrative Teat Items for Cheer 10

If A, B, C ere three collinear points such that
B is between A, and C , list all the directed

line segments they determine.

2. If A, B, C are the points (4,2) , (3,7) (.2,1)
respectively, -list all the vectors represented by

the directed segments joining these points.

3. If ET is [3,7) and b is [-2,1] find

(a) alb
(b) a - b
(c) ir t
(d) it!
(e)

4. If ABCD is a parallelogram, as indicated below,
A

(a) (A-,B

(b) (A,13) = ?

(c) ?

(d) (D,C) (C,B) = ?

=(e) (D,C ) + (C,B) (B,A

5. What is the negative of [-2,31 ?

6. What is the vector

have v 1= v ?

If [2011 ,

(a)

(b) la r+
b c

491
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Determine x and y so that-

(0 0,6] + (xq]. = (3,2] .

(10 [x,y] = [4,5]

(c) [5,2]. + [x,y] = [0,0]

(d) (9,7] + [x,y] . (14,-3

(e) (-6,-2) + [x,y] = (-6,-2

9. Determine x and y so that

x[2,-3] + y(3,-1] = [5,3] ,

10. If a = [2,1] and = (3,6] , find

11. If AM = MB , must A,M A (M,B

Explain your answer.

12. If AMif= MB , must IAMI = IMB

Explain your answer.

13. If a = [3,4] and b

a) express

(b) express a

6,8] ,

ofin terms of a ;

in tea of -b

14. Determine x and y so that

(5,6j + [-2,3] + [x,y] . [6,4] .

15. What conditions must hold for two

segments to be equivalent?

16. Show that P(0,0) , Q(6,8) R(15,18) and S(.9,10)

are the ver ces of a parallelogram.

17 Show that P(2,1) , Q(5,3) , R(3,6) , S(0,4) are

the vertices of a rectangle.

18. Show that the line determined by P(6,6) and

Q(8,0) is perpendicular to the line determined by

R(3,5) and S(9,7)

directed line

19. Prove that the diagonals of a rhombus are perpen-

dicular to each other.

20. If AEC is a triangle and

AB and AC respectively

AE =
1
,AC , prove that M

DE
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-A Note on Chapters 11 and 12

There are several-adaptations that the teacher'mighe

make in using the present text without loss of continuity
of subject matter. Four alternate plans are outlined

briefly for consideration by the teacher. Each teacher,

Should study the plane carefully and decide which one, if

any, is more desirable than the present sequence of the

text for use with a; particular class.

PPlan A Plan B

Sections 12-1 through 12-5 , Sections 12-1 through 12-5

11-1 through 11-12, =11-1 through 11-8 ,

12-6 through 12-9 12-6 through 12-9

11 =9 through 11 -12.

Plan C Plan 1)

Sections 11-1 through 11-3 , Sections 11-1 through 11-8 ,

121 through 12-5 , 12 -1 through 12-9

11-4 through 11-8 , 11-9 through 1-12.

12-6 through 12-9

11-9 through 11-12.

Any one of the above plans may be modified by placing

Section 11-3 immediately before Section=11-8.

Teachers who are pressed for time should consider

omitting entirely the sections (11-6 through 11-9) on

polyhedrons, to gain time for Chapter 12. In any case,

Sections 12-1 through 12-5 should not be omitted.

4 9
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`Chapter 11

POLYGONS AND POLYHEDRONS

ThiS chapter trea

of polygons and polyhedrons. The viewpoint -is essentially

that of Euclid, and many of the theoremsAn.this chapter
have proofs similar to the proofs,of corresponding

theorems in.other geometry texts HoweVer, thereiare
several differences. First, the introduction of the tern

polygonal-region; and second, the study of area by

postulating the properties of area rather than-by deriving
the properties from a definition of area based on the
measurement process. Actually both of these treatments
are implicit in the conventional treatment. We have only
brought them to the surfade, sharpened, and clarified
them. After this basis is laid, our methods of proof are
simple and conventional. However, the placement of topics
and the order of theore _y differ from the conventional
seauence4

In the work with polygonal- regions we are restricting

ourselves to the relatively simple case of a polygonal-

region whose boundary is rectilinear, that is, whose
boundary is a union of segments. Our theory for

polygonal-regions will be extended in a later chapter to

include more general configurations such as circles.

Althoug' we have previously defined polygon, convex
polygon, art-, Me interior of a convex polygon (see

Section 4-12 of text), difficulty arises when an attempt
is made to define the interior of a non - convex polygon.

Since any trlangle is a convex polygon, our definition'of
polygonal - region avoids this difficulty. We merely take
the simplest and most basic type of region, the.

44-

triangular-region, and use it as a building block to
define a polygonal-region.
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You shoUld also note hat we haVe not defined region

as a.single wOrd,and,that our use of the term polygonal-

region differs from the usual mathematical usage which

requires that a region be connected or "appear in-One

piece." Since our definition of a polygonal - region does

not require connection, we avoid confusion by placing a

hyphen between the words polygonal and region.

The'following pictures illustrate three polygonal-
.

regions which represent:

(1) The union of two triangular-regions with no points

in common;

) The union of two

in common; and

trian arregions with one point

The union of two triangular-regions with a egment

in common.

Fl Figure Figure

definition'_f polygonal-region, which allow- a

-Idisconnected portion of the plane, implies that the

bdundary of a polygonal-region is not necessarily a

polygon. This should cause no trouble; it simply means

that our theory has broader coverage than the usual mathe-

matical use of the word.
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In many geometry texts the theorem and corollaries

pertaining to the sum of the measures :of the angles of a

polygOn follow Theorem & 9. We did nOt include this ma-

terial in Chapter 6because our primary objective in
Chapters 1 7 was to develop a sequence of theorems

essential to the establishment of the Pythagorean Theorem,

which would permit us to make early Use of a coordinate

system in a plane.. This was not essential to,thatdevel-

opment. Since the theorem on the sum of the measures of

the angles of a polygon and the subject of areas require

an understanding or polygonal-regions, we achieve unity

of subject matter by treating polygonal-regions, the sum
of the measures of the angles of a polygon, and the area
of polygons in the same chapter.

Prior to Theorem 11-1, there is a set of exploratory

problems which should help the students understand the

proof of this theorem. The answers to these problems are

given below:

Number of
sides of
convex
foly on

Number of
diagonals

_ from A

Number of
triangular
regions

Sum bf measures of
angles 'of the
polygon

4 1 2 2 x 18o . 360

5 2 3 3 x 180 a 540

6 3 _ 4 4 x180 = 720

7 4 5 5 x 180 = 900

8 5 6 6 x 180 . 1080

n n - 3 n - (n - 2) 180

Sometimes in a mathematical discussion we give an

explicit definition of area for a certain type of _figure.

For example, the area of a rectangle is the number of unit

squares into which the corresponding rectangfalar-region

can be separated. This is a difficult thing to do in

general terms for a wide variety of figures. Thus the
Asuggested definition of area of a2rectangle (rectangular-

region) is applicable only if the rectangle has sides

whose lengths are integers. Literally how many unit

squares are contained in a rectangular region whose
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1 1
The

-. _dimensions, are and ? The answer lenonel Clearly

the suggested defiition: must be modified for a rectangle

with rational dimenaions. To formulate a suitable

definition when the-dimensions are irrational numbers,

for example, j and' is still more complicated and

involVes the. *concept of limits. Furthermore, it would

also be necessary to define the area concept for triangles,

quadrilaterals, circles0,and so on. The complete study

Of area along these lines involves integral calculus and

finds -its culmination in the branch of mathematics called

the Theory of Measure.

Since this is too sophisticated an app?oach for our

purposes, we do not attempt to give an explicit definition

of a polygonal-region by means of a measurement process

using unit squares. Rather we study area in terms of its

basic properties,as stated in Postulates 26, 27, 28, 29.

On the basis of these postulates we prove the familiar

formula for the area of a triangle. COnsequently we get

an explicit procedure for obtaining areas of triangles and

of polygonal-regions in general.

Some remarks-on the postulates. Observe that our

treatment of area is similar to that for distance and the

measure of angles. Instead of giving an explicit

definition of area or distance, or angle measure) by

means of a measurement process, we postulate its basic

properties which are intuitively familiar from study of

the measurement process.

Postulate 26 is analogous to Postulate 10 for

distance. The "given polygonal-region" plays the same

role as the unit-pair. However, the difference lies in

the fact that in area we soon restricted ourselves to one

unit of area, which does not necessitate an additional

postulate for a change of the unit of area. Postulate 26

can also be considered an analog of Postulate 16 for

angles,
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PostUlate 27_is analogous to the definitions of

Amtweenness for points on a line and bptweenness for
angles. It is a precise formulation, for the study of
'aria, of the vague statement "The whole is the sum of its.
parts." This statement is open to several objections.
It seems tO mean that the measure of a figure is the sum
of the measures of its parts. Even in this forts it is

not acceptable, since the terms "figure" and "part" need
to be sharpened in this context, and it permits the "parts"
tooverlep. Postulate 27 makes clear that the "figures"

are to be polygonal-regions, the "measures" are areas, and
that,the "parts" are td be Polygonalregions whose union
is the "whole" and which do not overlap.'

In Chapter 3 we defined congruence of segments

terms of segments having the same length. Here, our

situation is different. ,We already have the notions of
congruence, and we try to make'our idea of area come into

line with that of congruence. Hence, we formulate

Postulate 28 which states if two triangles are congruent,
then the triangular regions associated with them have-the

same area with respect to any given unit 'of area.

These three postulates seem to give the essential
properties of area, but they are not quite complete. We
pointed out that Postulate 2 presupposes that a unit has
been chosen, but we have no way of determining such a
unit, that is, a polygonal-region whose area ts unity.
For example, these postulates permit a rectangle of
dimensions 3 and 7 to have area unity.

Postulate 29 takes care of this by guaranteeing that
a square whose edge has length I shall have area 1 .

In addition, Postulate 29 gives us an important basis for
further reasoning by assuming the formula for the area of
a rec,,ngle.

-='.ce we are introducing a block of postulates

concerning area, this may be a good time to remind your
students of the significance and purpose of postulates.



ilhey are precise formulations of the basic intuitivia

judgments suggested by experience, from which we, derive

more complex principles by deductive reasoning.

To make t e postulates on area more - significant for

the students; discuss the measuring'process fOr area con-

cretely;,usialglample figures like rectangles or right

triangles with integral or rational dimensions. _Have them

subdivide regions into congruent unit squares, so that the

students 'get the idea that every "figure" has a uniquely

determined area number. en present the poptulates

simple properties of the area number which can be verified

concretely in diagrams.

The problems in *lotion 11-4 emphasize the relations

that exist when a set of rectangles have equal bases,

equal altitudes, or equal areas. They are introduced early

in the study of area and serve as exploratory problems for

the development of the theorems in Sections 11-6 and 11-7.

Similar exploratory probleMs should-be included in daily

reviews along with the development of the theorems in

Section 11-5.

The formulas for the area of triangles and quadri-

laterals are developed in junior high school mathematics

courses and most of them are familiar to high school

students_. We develop them in rapid sequence so that the

thread of continuity is maintained in proceeding from one

theorem to another. Teachers of superior students will

probably want to teach theaetheorems'in a single day.

,Teachers who need to use a slower pace will find the

'problems in the Problem Set organized in a sequence which

will make convenient day by day assignments relating to

any specific theorem or combination of theorems. However,

it would be helpful to students in these classes if they

would reread the section after all formulas have been

developed in order that they can more fully appreciate

the continuous thread of development.
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Large cardboard models of triangles and quadrilaterals

should be helpful in demonstrating the .various-theorems in

this section. Ust the figures accompanying the theorems

as patterns in constructing the models.-

After postulating the area of a rectangle we proceed

to develop our formulaS for areas in the following manner:

right triangle, triangle, rhombus, parallelogram and

trapezoid. The right triangle permits us to work with any

triangle. This in turf gives us the machinery to Ilnd the

area oi" any polygonal-region by chopping it up into a

number of trian lar regions and finding the sum of the

areas of these triangular regions. The proofs of these

theorems illustrate the fact that Postulate 27 is a sort

of separation theorem, in which a given region R is the

union of the regions' R1 and R2 .

The problems in Problem Set 11-4 following the

postulate for the area of a rectangle give pupils early

-opportunity to explore the relations that exist for sets

of rectangles with equal bases, equal altitude, and equal

area. Students should be given similar numerical

exercises for the triangle and the parallelogram, and

questions should be asked which lead students to make the

generalizations which are proved as theorems in Section

11-6. Visual aids such as sets, of cardboard triangles

with equal bases, eqpal altitudhs and equal areas should

help students understand these 6ratiofts.

Some of the problems in Problem Set 114 deal with

similar rectangles. A procedure similar to that_used for

developing the generalizations in Section 11-6 should be

used in developing the generalizations in Section 11-7.

By means of student drawings and informal discussions

students should come to the following understandings:

(1) Corresponding linear measurements of similar

polygons have the same ratio, and (2) Corresponding areas

of similar polygons have the same ratio as the squares of

any two corresponding linear measures.
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In conventional texts the area of a regular polygon

is develOped=in the chapter on circles. .Ihorder to unify

the work on area of polygons, we include it at this time.-

Henogour definitiOnS of center,-radius, and apothem must

be independent of inscribed and circumscribed circles.

Theorem 11-8 serve8as.:..eubaSis for these deflnitiOns.

The work in the remainder of the chapter is informal

in nature. Models,experiments, and exploratory problems

serve as the basis,for student discovery of many important

theorems. By this time students should realize that this

is not a part of-our formal development of geometry, but

an informal extension off` two dimensional concepts into

three dimensional space. Students should be encouraged

to make models of the regular polyhedrons in studying

Euler's famous formula and Theorem 11-19.

The exploratory problems in Section 11-10 help the

student to discover the ideas embodied in Theorems 11-17

d 11-18. They also help the student to visualize the

di erence between congruence and .symmetry of models in

th physical world. The solutions to the problems are as

fo lows:

1. ; 90 .

2. Yes; yes; yes; no; the vertex would lie in the

plane of the determining polygon.

3. No, same reason as Problem 2.

4, No, same reason as Problem 2.

Less than 380

6. Yes.

7. Yes.

8. No.
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They exhibit a correspondence such that the corre-
sponding face angles are congruent, but they are

-,.arranged in "reverse" order. Common examples of
symmetrical models in the physical world are a pair
of shoes, a pair of gloves, and the reverse plan
of a house.

10. No; yes.

Theorems 11 -17 and 11 =18 are interesting to students,
and the proofs of the theorems are easy to demonstrate to
the class when large physical models are used in the
demonstration. However, the notation in writing these
proofs becomes very involved. For this reason the proofs
are omitted from the text. A sketch of the proof of each
is included in the Commentary for teachers who wish to use
them in class demonstrations.

Before the details of the Proof of Theorem -11-17

can be supplied, you will need two theorems in order to

establish the following property for triangles: In AVER
and bWGH , if VB = VG and BH > GH , then
M LBCH .> m LGVH . These two theorems will be designated
as Theorem 11-17A and Theorem 11-17B. However, many

F
teachers may wish to do only Theorem 11 =17B in an informa
manner and thus avoid a break in the continuity of the
subject matter.
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Prisms and pyramids are introduced and problems for

finding the area of the lateral surface and the area of

the total surface are included. The volume of prisms and

pyrepidsjq4iscussed in-tAeTappendix.. workingwith

pris4s, pyramids, and frustums, teachers will find that

large models similar to thoie pictured in the text will

be useful in demonstrating theorems and explaining

problems in the problem settThese models can easily be

constructed from various media such as D-stix, balsa wood,

pieces of wire, and cardboarg..

The answers to the experiment in Section 11-11 are:

1. Perimete-r; base; lateral edge; the perimeter of

the base; the length of a lateral edge.

2. Yes; the lateral area is the sum ofthe areas

of the parallelograms, each of which has a base

equal to a lateral edge and the sum of whose

altitudes is RS ; right section.

Theorem 11-17A. If two sides of one triangle are

equal respectively to two sides of another triangle, but

he measures of the included angles are unequal, then the

sides opposite the unequal angles are unequal in the same

order.

ProCf: We are given ZIABC and ADEF with AB = DE ;

AC = DF ; and m ZBAC > m ZD . We are required to prove

BC > EF
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7

Consider Kr so that m LEAF = rn LEDF and let
AF' - DF = AC Then ABAFI ----&EDF by S.A.S. and
BFI = EF

4r.The bisector of FIAC intersects at
Then BG -I- GC BC', and AAGF AAGC'.,by S.A.S.

Therefore, FIG = CG

But BG #GF' > BF' by the Triangle Inequality
Theorem.

Therefore, BG GC > EG and BC > EF .

Theorem 11 -17B. If two sides of one triangle are
equal respectively to two sides of another, but -the third
sides are unequal, then the measures of the angles
opposite the unequal sides are unequal in the same order.

Proof: We are given AAEC and AEDF with AB = DE
AC = DF , and BC > EF . We are required to prove that
mLA > m ZD

We will use

C

indirect method to prove m LA > m LD.

The possibilities are:

(1) m ZA m LI) ; (2)

If LA. = m LD , then A ABC ADEF , and BC = EF
BC EF . Therefore mLA > m LD

LD A > m LB.

If

BC < EF . But BC is not less than EF , and hence

m LA B then by the previous theorem

m LA is not less than m LD

Therefore, mLA > m LD
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Theorem 1117. The sum of the measures of any two

face angles of a trihedral angle is greater than the
/

measure of the third face angle.

We give only a sketch of the proof of this theorem.

Let the given trihedral angle be LI/ ABC . Suppose that

of any of the three face
V

LOC has the greatest measure

angles If we can show that

m ZAVB m LBW > m ZAVC

then the theorem is proved.

Why?

In the interior of LAVC , consider e point G suet

that m LAVG = m LAVB and VG VB . Since AAVG ilAVB,

we conclude that AG .= AB . Let H be the intersection

of plane ABG and ray VC . Then BSI > GPI . The next

step is to show -t m LBVH > m LGVII , and finally we

conclude that m LOB + LBVC > m ZAVG

a

Theorem 11 -18. The sum of the measures of the face

angles of any convex polyhedral angle is less than 360

Proof: We ale given polyhedral __F

We are required to prove

Pn
VP, < 360

F VP, LY2vP3



Let. aj3lane intersect the faces of the polyhedral

angle to form section Q1Q2Q3...Q11 . Take a point '0 in

the interior of Q1q,Q3...Qn and draw segments from 0

to each of the vertices of the polygon. These segments

form with the sides of the polygon n triangles with a
common vertex 0 We will designate these triangles as
the "0 triangles." Therefore, the sum of the measures of

the angles of the "0 triangles" is 180n

We will designate the triangles with vertex V as

the "V triangles." There are n "V triangles." Hence

the SIAM of the measures of the angles' of the "V _angles"
is 180n .

In trihedral LQ,

ihedral Lq2
etc.

-V V m

V V

Therefore, the sum of the measures of the base angles

of 'the "V triangles" is greater than the sum of the

measures of the base angles of the "0 triangles," and

the sum of the measures of the vertex angles of the

"V triangles" is less than the sum of the measures of

the vertex angles of the "0 -triangles."

But the sum of the Measures of the vertex angles of

the "0 'triangles" is 360 .

Therefore, the sum of the measures of the vertex

angles of the "V triangles" is less than 360 , or

-VP- LP2VP3 '160--nVP1

The volume of prisms and pyramids is discussed in

the appendix.



Illu rative Test Items for Chapter 11

A. Measure of the Angles of a Polygon.

Each of the questions or incomplete statements in

1 - 12 is foilowed by three or four suggested answers

Choose the answer you consider correct.

1. The measure of each interior angle of a regular

octagon is: (a) 120 , (b) 108 , (c) 135

(d) 45

2. If the sum of the measures of the interior

angles of a polygon is 720 , the number of

sides of the polygon is (a) 8 , (b) 6 ,

(c) 5 (d) 4

3. If the measure-of each interior angle of a

polygon is 165 , the number of sides of the

polygon is: (a) 10 (b) '12 , (c) 15 ,

(d)

4. If the measure of each exterior angle of a

regular polygon is x., the number of sides of

the polygon is: (a) 3x6° (b) 180(x - 2) ,

180(x - 2 360
(c) (d) 180 ---x x

5 The sum of the measures of the interior angles

of a polygon of nine sides is: 1620 ,

(b) 360 , ) 1080 (d) 1260

If a regular polygon has ten sides, the measure

of each exterior angle is: (a) 36 (b) 144 ,

(c) 45 , (d) 135 .

If the sum of the measures of the interior angles

of a polygon is 1620 , the number oft, sides df

the polygon is: (a) 7 (b) 9 , 11

(d) 13 .



If the sum of the measures of s en angles of
an octagon is 980 , the.mearIA of the eighth
angle is; (a) 135 ,-(b) 140 , (c) 100

(a) 124 .

Consider a set of polygons of n sides. As n

is replaced by greater integers, the sum of the

measures of the interior an -es : (a) increases,
(b) decreases, (c) remains the same.

10. Consider a set of polygons of n sides. As n

is replaced by greater integers, the sum of tl

measures of the exterior angles: (a) increases,
(b) decreases, (c) remains the same

11. Consider a set of regulv poJ,Jons of n sides.

As n is replaced by greater integers, the

measure of each exterior angle: (a) increases,

(b) decreases, (c) remains the same.

12. Consider'a set of regular polygons of n sides.

As n is replaced by greater integers, the

measure pf each interior angle: (a) increases,
(b) decreases, (c) relains the same.

Area Formulas.

1. The perimeter of a square is 20 Find its
area.

The area of a square is Find its side.

Find the area of the

figure in terms of

the lengths indicated.

a

C

The base of a rectangle is three times as long
.

as the altitude. The area is 147 square

inches. Find the base and the altitude.

The area of a triangle is 72 . If one side
is 12 , what is the altitude to that side?



6. In the figure WY XY

and = XZ 1.1X 8

and Y7 = 12 . Find

the area of WZXY .

7 RSTV is a parallelogram.

If the lower case letters

in the drawing represent

lengths, give the area V

of:

) Parallelogram RSTV

(ID) ASTU
(c) Quadrilateral yfiuT

8. ;how how a formula for

-

for the area of -a

1NLthe area of a trapezoid

may be obtained from

the formula A =
2

triangle.

In surveying field ABCD

shown here a surveyor laid

off north and south line

'NS through B and then

located the east and west

lines CE , DF and AG .

He found that CE 6 rods;

DF m 14 rods, AG - 12 rods,

iG 7 rods, BF 11 rods,
_

FE - 5 rods. Find the area

of the field.

5
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Comparison of Areas.

1. Given: ABCD is a

trapezoid. Diagonals

AC and BD inter-

sect at 0

Prove: Area AAOD

= Area ABM

2 in this figure PQRS is a parallelogram with

PT = TQ and MS = SR . In (a) through (e)

below compare the areas of the two figures

listed.

(h)

(d

Parallelogram SRQP

and ASQR

Parallelogram SRQP

and AMTR
APNS and AMTR
ASQR and ASPR
AMTR and ARQT

D. Miscellaneous Problems.

ABCD is a trapezoid.

CD = 1 and A- 5

What is the area of

the trapezoid?

What is the area

f ABCD ?

450
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ABCD is a rhombus with

AC = 24 and AB n 32 .

(a) Compute its area.

(b) Compute the length

of the altitude to

DC .

4. Find the area of a triangle whose sides

12" , and 15"

ABCD is a parallelogram with altitude TT
.

Find the area of the parallelogram if

-1(a) DE = 0.= and AB

(b) AB 10 , AD 4 ,

and In ZA = 30

6. Find the area of an isosceles triangle which

has congruent sides of length 8 and base
angle.'i of 30a .

Coordinates

1. The coordinates of the vertices of a triangle
are: A ( -2, -3) 8(4,9) , and C(-4,1) Find
the area of the triangle.

= The coordinates of the vertices of a quadri-
lateral are: A(3, ) B(0,0) , C(-3,2) and
D(0, 2)

(a) What is the name of the quadrilateral?

Explain.

(b) Find the area of the quadrilateral.

3. The coordinates of the vertices of ARST are
(-5,1) , (-3,-3) , and (4,6) Find the area
of ARST Hint: The area can be found by

subtracting areas of right triangles from the

area of a rectangle.
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Prove the area of AABC is

b r t + c(s

where A - (a,r) B = (b,$)

and C = (c,t) Hint:

Find three trapezoids in

the figure.

F. Area Relations.

1. Two similar polygons have corresponding sides
of lengths 5 and 9 . The area of the larger
is 567 . What is the area of the smaller?

If the ratio of the bases of two parallelograms
is , and the ratio of the corresponding

altitudes is 3:2 the ratio of the areaa. is

3. Two triangles have equal areas. If the ratio
of the bases is 2 and 3 , then the ratio of

the corresponding altitudes is

4 If the side of one square is double the side of

a given square, the area of the square is

the area of the given square.

5. If the side of one square is double the side of

a given square, the perimeter of the square is

the perimeter of the given square.

Two triangles have equal bases. If Ole ratio
of the altitudes is 2.3 , theh the ratio of the
areas is

7. If the area of -a square is double the area o

given square, then each side of the square is

a side of the given square.
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What is the ratio of the areas of two similar

triangles whose bases are 3 inches and it

inches? x inches and y inches?

9. A side of one of two similar triangles is ,5

times the corresponding side of the other. If

the area of the first i 6 , what is the area

of the second?

10. In the figure if H is the midpoint of and

K is the midpoint of

17B- , the area of AABF

is how many times as

great as thp area of

AAKH ? If the area

of AABF is 15 ,

find the area of AAKH

11. The area of the larger of two milar triangles

is 9 times the area of the smaller. A side

of the larger is how may times the corresponding

side of the smaller?

The areas of two similar triangles are 225 sq.

in. and 36 sq. in. Find the base of the

smaller if the base of the larger is 20 inches.

G. Regular Polygons.

1. Find the area of a regular polygon if the

perimeter of the polygon is 36 inches and

the apothem is 3 inches,

The apothems of two equilateijal t

3 and 7

the perimeters the areas?

What is the ratio of

Tangles are

the sides?

Find the area of a regular hexagon if the

radius of the hexagon is 10
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What is the ratio of the areas of two similar

triangles whose bases are 3 inches and 4

inches? x inches and y inches?

9. A side of one of two similar triangles is '5

times the corresponding side of the other. If

the area of the first is 6 , what is the area

of the second?

10. In the figure if H is the midpoint of WP and
K is the midpoint of

17B- , the area of AABF

is how many times as

great as the area of

AAKH ? If the area

of AABF is 15 ,

find the area of AAKH

11. The area of the larger of two similar triangles

is 9 times the area of the smaller. A side

of the larger is how may times the corresponding

side of the smaller?

The areas of two similar triangles are 225 sq.

in. and 36 sq. in. Find the base of the

smaller if the base of the larger is 20 inches.

Regular Polygons.

1. Find the area of a regular polygon if the

perimeter of the polygon is 36 inches and

the apothem is 3 inches.

The apothems of two equilate al triangles are

3 and 7 . What is the ratio of the sides?

the perimeters? the areas?

Find the area of a regular hexagon if the

radius of the hexagon is 10
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7. Find the area of the lateral surface

of the frustum of a regular

pentagonal pyramid. Each

edge of the upper base is

12 and each edge of the

lower base is 14 . The

altitude f one of the

faces (5T the frustum is

15 . Find the area of

the lateral s rface.

8 The edges of one cube are double those of

another.

(a) Wha. = is the ratio of the sums of their

edges?

(b) What is the ratio of their total surface

areas?
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Chapter 12

CIRCLES AND SPHERES

The depth of treatment of the material of this chapter
must depend upon factors which include the caliber of
class and the time remaining in the school year. Generally
speaking, there are three levels of treatment: (a) the

minimal, which strives only for basic appreciation of the

relations between angles and arcs; of tangents, chords,

and secants; and of the measures of sector area and arc
length; (b) the average treatment, which adds to the

minimal some deeper analysis of the above relations by use
0 of coordinates; and (c) the thorough treatment, which

involves considering every problem in the chapter. The

minimal treatment is recommended only where time permits
nothing mere; the thorough treatment

ed for high-ability classes-.
strongly recommend-

Observe that in the proof of Theorem 12-1 we do notA

assert that ((x,y,z): x- y2 z
2

= r2
2

and z = 0) is
. 2the same set of points as ((x,y): x' y

2
= r -) . To--

make such an assertion would be to say that a set of

ordered triples of numbers is a set of ordered pairs of
numbers! It would be correct to say that the following

two sets are equal:

((x,y,z): x2 y2 r2
and z = 0)

2
((x,y,0): x y = r

and this is, in fact, what we asserted when we "recognized"
((x,y,0): x` A- y2 = r2) to be the set Of points in the

m-plane given by ((x,y): y2 .

815 The equations of circle and sphere developed in the
text keep the centers at the origin. In the problem set

that follows, notably in Problems 4, 5, 18, equations of

circles or spheres whose centers are not at the origin
are introduced. This is.not a difficult concept and

should be part of the average treatment.
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822 In the minimal treatment, Theorem 12-4 and its

corollaries may be asserted without proof. In the average

treatment, the teacher should lead the class through the

proof of one of the cases of the theorem. All classes

understand the proof of Theorem 12-5.

Note in the proof of Theorem 12-4 the assertion

= ((a,y)) . We ask that, in this chapter, the curly

brackets be taken to signify sets of points rather than

sets of ordered paips (triples) of numbers. In other

words, we.ask' that ((a,y)) , ((x,y): x = a)

((a,y): y real) and ((x,y): x = a , y real) all be

read alike, as the set of all points whose coordinates

are ordered pairs of real numbers such that the first

nuaiber is a and the second is not restricted.

Vote that our definition of tangent circles requires

the_ to be coplanar. Noncoplanar circles can, of course,

intesect in a single point. However, we have chosen not

to apply the word "tangent" in such cases. In other

texts, tangent circles may be defined in such a way as

not to require them to be coplanar.

Some teachers may search the text,in vain for a

thod of "constructing" a tangent to a given circle from

a given point outside the circle. It may be useful and

appropriate at some point to demonstrate, not how to

"construct" the tangent, but how to find the coordinates

of the point of tangency. A sample of such a demon-

stration is here indiCated: Choose a coordinate system

such that 0 , the center of the given' circle has

coordinates (0,0) and A , the given point, has

coordinates (a,0) . Then, P , the point of tangency

must have coordinates (x,y) such that 7 -1

d x
2

+ y
2

= . That is, ___ m
OP AP

on the given circle. These yield

(r

a

as coordinates of P 0

a
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835: Only high ability classes should be required to

master the proofs of Theorem 12-6 and its corollaries,

although..all students should understand the statements.

836 Note the symbolic expression ((x,y,a): x2 y2 = 0)

Students may need help initially in translating such

expressions. The intended meaning is The set of all

points whose coordinates.are ordered triples of real

numbers; the first two of which are the'ordered pair (x,y)

such that x
2

y2 0 , and the third is the number a

Clearly this is the set whose only element is the point

With coorlinated (o,o,a)'

Note that, whereas the (degree) measure of

s, by definitiOn, restricted to positive numbers less

than 18 the degree measure of an arc may be 180 or
greater The degree measure of an taro is a positive

,number esa than 360

840 The symbole, m On denote the "degree measure" of

, and we read it"measure" of OA , for brevity. In

Section 12-8, we consider the length, another kind of

measure, of an arc._ We distinguish length from degree

measure by using AXB to denote length of lab -*

845
, The proof of Theorem 12-7 should be required of

average high-ability classes.

A proof, using coordinates, or Corollary 12-7-1 is

indicated in Problem 15 of the next problem set.

839

81

\v. 848 The meanings,of the terms 'secant ray," "tangent ray,"

and "chord ray," used in Problem 2, are obvious.

Some bright student may observe the general relation-
,

ship between the measure of angles and the measures of

arcs -they interceptk. If no siadent makes the discovery

on his own, the class should 'be led to it. The measure'

of.thaangle is half of either the sum or the difference

of.the measures of the intercepted arcs depending upon the
location of the vertex. If the vertex is inside the

circle (special case, at the center) lthe measure -1 the

angle is half the sum; if outside, half the difference;

if on the circle, it doesn't mat er,, for one "intercepted

arc" has zero measure.
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861 be advisable to introduce Section 12-5 with

an informal, intuitive discussion of "segments joining a

point to a circle." Problem 5 of Problem Set 1-4 should

be reviewed. A well-drawn circle on the blackboal,d, a

meter stick, arida selection of situations, each analyzed

numerically, should ]ead the students to generalize some-

what as follows: the point can be inside, on, or outside

the circle; for a given point, the product of the lengths

of the two segments joining it-' b the'circle remains

constant, regardless of the slope of the line containing

the segments. Of coursed if the point is on the circle,

T one segment has zero length; and if the:line is tangent to

the circle, the "two segments" have the same length; but

the generalization still holds.

Teachers wishing to give a test at this point will

find a number of suitable questions in the Illustrative

Test Items for the chapter.

The following section is devoted to a discussion of

the constructibility of a triangle whose sides are to be

congruent respectively to three given line segMehts.

is presented as an example of a method- -one might use to

investigate such problems when the only available drawing

instruments are straightedge and compass.

Suppose we wish to make a copy of a certain triangle.

One way of doing it would be to follow these steps.

(1) Measure the sides of the triangle yt wish to

copy.

Draw a segment ,Zg whose length is

lengths you found in Step 1. A. DB
With a.compass, draw a circle with center at

A , whose radius is another of the lengths you

found in Step 1, and draw a circle with center

one of the

at B whose radius is the third of the len th

yitiu found in Step 1. Your diagram should now

look lice this.
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Then, if C and CI age the intersection points of your

circles, each of triangles ABC and ABC' is congruent

to the original triangle (by and therefore a copy

of it. This method of construction guaranteea that all the

triangles it produces are copies,of the original one.

Does it necessarily produce any triangles? Mild the

construction lead to a diagram like this?

It is certainly possible to -draw two circle , such as those

of the last diagram, which have no common pints. Our

question is whether it is possible to draw on-intersecting

circles with centers A and B if it 0 given that the

radii of the circles are the lengths Of two aides of a

triangle whose third side has length AB . A theorem,
4

asserts that this is not possible.

Then

Theorem. Let a, b, c be positive numbers for which

a + b > 6 ,

b + c > a ,

o + a > b .

I. There is a triangle whose sides have lengths

a, b, and c
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II. If the distance "between the centers of two co-
planer circles is c and if the circles have radii
a and b then the circles intersect in two

points, one on each side of the ]!Ine of centers.

Proof: Here are some situations in which the

inequalities stated in the theorem are all satisfied:

Here Are some situations in which the inequalities stated

in the theorem are not all satisfied. It appears that the

circles do not intersect and that no triangle is formed.

Weprove Parts I and II together, using coordinates.

We consider the points A(0,0) and B(Q,c) , and try to
find the coordinates (x,y) of a point C where the

circle with center A =and radius b intersects the circle

with center B and radius a . By finding such a C we

show that there is a triangle ABC whose sides have

lengths a, b, and c . It will turn out that there are

two such points, one on -each side of the x-axis. We use

the distance formUla to express the conditions that

AB = b and BC = a .
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ye

and

(x -

2x

y

b-
2

2
= a

We try to find values of c and y which satisfy both
tit!! equations. We rewrite the second as

ff

_ x - 2cx c-
2

+ y-
2

= a2

and then subtract the Brat, obtaini-

-2ex + c 2 _2
= a- - b2

This shows that the only possible value for x is

2 2 2
c + b - a

c-

We return to the first equation with this value for x
and try to find y . We have

or

2
+ y b

2

2
b-

, b2 a22
2c

We can solve this equation for y if and only if-the
right side is not negative. Let us try therefore to show
that

b2

is not negative. means of algebraic manipulation it

can be derived that this expression equals

a a b s c b+ c a c+ a121

That this latter expression is positive follows from the
facts that

a + b + c > 0

a + 0 c > 0

b + c - a > 0

c + a - b > 0

2
> 0

ke
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It us cell this expression u Now that we know
that u is positive, we know that the syiol is a

meaningful one, and that the possible values for y are

01 and - V We conclude that

points (x,y) They are

and

2 2
c b-

2
a

c P

are two such

Notice that /u is positive - is negative,

so that these points lie on opposite sides of the x-axis,

which is the line joining the centers of the two circles.



P

Illustrative Test Items for Chapter

Indicate by " ±" if each of the following is

always true, by "0" if it is possibly false.

If two chords of a circle bisect each other,

both are diameters of the circle.

2. If one chord contains one endpoint of a diameter

and another chord contains the other endpoint
of the dieter, the two chords are equidistant

from the center of the circle.

If a tangent and a chord intersect at a point of

the circle, and if the measure o --e tangent

chord-angle is 30 , the length' o he chord is

equal to the length of the radius of the circle.

4. Iftwo chords of a circle are perpendicular to

each other then at least one of the chords is a

diameter.

5. If two chords of equal length, but not diameters,

itersect in the interior- of the circle, the

quadrilateral whose vertices are the endpoints

of the chords is an isosceles trapezoid.

If two phords of equal length intersect in the

interior of a circle, the radius containing the

point of intersection bisetts ,one of the pairs

of vertical angles containing the two chords.

7. Aldiameter which bisects a chord is perpen

dicular to the chord.

If a chord interbects a tangent at the point of

contact, the chord is a diameter.'

If a rhombuS is inscribed in a circle, the

rhombus square.

10. If a parallelogram Is circumscribed about a

circle, then it is a square.
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11. The set or centers of possible circles

tangent to a given line at a giVen point is

contained-in the line perpendicular to the

given line at the given point.

12. A trapezoid inscribed in a circle is isosceleB.

13. If a pair of opposite any es of a quadrilateral

are supplementary, a circle exists which contains

all four of the vertices of the quadrilateral.

14. If a tangent to a circle contains a vertex of

inscribed triangle, At least one of the

tangent-chord angles is congruent to one of he

angles of the triangle.

15. The measure of an inscribed agleiis equal to

one-half of the degree measure of the arc in

which it is inscribed-.

16. If one side of an inscribed triangle is a

diameter of the circumscribing circle, two of

the angles of the triangle are complemtary.

17. If an inscribed angle contains two chords of

equal length, its midray contains the center of

the circle.

18. An angle inscribed in a major arc is obtuse.

19. If a circle is circuMscribed about a regular

hexagon, the radius of the circle is congruent

to a side of the hexagon.

20. An inscribed angle that intercepts a minor arc

is acute.

21. If two chords intersect within la circle forming

pairs of non-adjacent angles, and if the non-

adjacen arcs intercepted by these angles are

congruent, then the chords are diameters of the

circle.



22. If a right triangle is inscribed in a circle,
its hypotenuse is the diameter of the circle.

23. The quotient circumference divided by
the radius the same number for all circles.

24. If two regula polygons are inscribed in a
circle, the on with the greater number of sides
has an"- which is,more nearly equal to the
radius of the circumscribing circle.

25. If the radius of one circle is three times that
of a second circle, the circumference of the

first is three times that of the second.

26. The area of a square inscribed in a given circle
is half the area of one circumscribed about the
circle

27. In a given circle, the areas of two sectors are

proportional to the degree measures of their arcs.

28. The quotient of the area of a circle divided by
the square of its radius is r

.29.- The length of an arc of a circle can be obtained
by dividing its degree measure by r

The areas of two circles are proportional to

their respective circumferences.

Part B.

1. Chords CD and intersect at P . The

degree measures of nonadjacent arcs AD and--
BC , respectively, are 32 and 40 . What
is the measure of LAP]) ?

2. Chords TB and rt are perpendicular. The

degree measures of adjacent arcs BD and DA
respectively are 50 and 40 . What are the
degree measures of AC and 'CB
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Chords AL` and 1%5 are equal in length and

they intersect at P . The degree measures of

adjacent arcs BC and CD , respectively, are

50 and 80,. What are the measures of LCPD

LADC , and LDCD ?

4. Parallel chords 17 and F5 intersect chord

R- in two points A

m CD = 7 m AB m,DE

the same side of 417Ar.

LCAE ?

and P ,'respectively.

84 D and E are on

What is the measure of

5. Find the msure of an interior angle of a

regular nine-sided polygon.

6. Into how many triangular regions would a convex

polygonal region, with a polygon of 100 sides

as the boundary, be separated by all possible

diagonals which connect a, given vertex of the

boundary with other vertices of the boundary?

7 If the circumference of, a circle is a number C

such that 16 < C < 24 , and the radius of the

circle is an integer,,. find the radius.

If the number of sides of a regular polygon

inscribed in a given circle is increased

indefinitely, what is the limit of the length

of one side? Of its perimeter?

Write a formula for the area of a circle in

terms of its circumference instead of in terms

of its radius.

10. The area of a circle is 2r ;;what is its

radius?

11. If the areas of two circles have the ratio
1

100 '
what is the ratio of their diameters.

12. Two sectors of a circle are such that the

measures of their angles are O , 100

respectively. What is the ratio of the lengths

of their respective arcs? What's the ratio of

their r uective areas?
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13. A circular lake is approximately 2 miles in
diameter. Abot how many hours will it take to
walk around it if you walk at 3 miles per
hour? (Give the answer to the nearest whole
number.)

14. What is the least possible value of the

difference between the area of a semicircular

region and the area of a triangle inscribed in
the semicircle, if the radius of the'semicircle

is 6 ?

15. x2 y2 z2Sphere = ((x y,z) = 36) Tell
whether each of the following points is on the
sphere, in its interior, or in its exterior.

(a) (-6,0,0) (e) 07,-3 o)
(b) (-6,1,0) (f) (5,5,-5)
(c) (-6,-1,-1) (g) (4,-4,2)

(d) (5,2,2) '(h) (3,1,3)

16. Chord n intersects diameter re at A .

AC = 50 . AD = 30 . What is the distance from

the center to rE ?

17. In a circle whose center is 0 , the chord XII

is the perpendicular bisector of radius a .

OA = 6 Find m XAY , , the area of
sector XOY , td the area of the segment dr

the circle bo ed by 511r and XAY .

18. A regular hexag n is circumscribed about a

circle. The rimeter of the hexagon is 12 .

Find the circu_ erence and the area of the
cirolL

On an aerial photograph the surface of a

reser oir appears as a circular-region of

diameter 7/8 inch. If the scale of the

photograph is 2 miles to 1 inch, find the

approximate (nearest one-half square mile) area
of the surface of the reservoir.
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20; Circle C = ((x,y): x2 4. y2 = 25) . Find the

slope Of each of the two chords whose .endpoints

are, respeCtively, the point P(3,4) and an

endpoint of the diameter in the x,axis. Find.

the slope of each of the two chords whose

endpoints are, respectiVely, P, and an endpoint

of the dlameter'in the y-axis.

21. If'a plane is 8 incheS from the center of a

sphere whose radius is 17 inches, what is the

length of the radius of the circle which is the

intersection of the plane and he sphere? What

is the ratio of the area of t s-'circle to the

area of a great circle of the'ephere?

22. CD is tangent at C to the cirsile whose center

is B . WE is perpendicular to the plane of

the - circle. BC = 6 . AB = 8 . CD = 24 .

Find. AD .,

23. A continuous belt around two wheels of

radius 147 and 9 feet, respectively. The

centers bf the wheels are 16 feet apart.

Find the approximate length of the belt (to the

nearest foot). (7 is approximately 1.414

is approximately 3.142 .)

24. Circle C = ((x,y): x2 A- y2 = 25) and

line (x,y): x y = 5) . Find the length

of the chord of C which is contained in

25. Circle C = ((x,y)
x2 72 5) and

line t = ((x,y): 2x y = 5) . Find the

coordinates of a point of intersection of C

and t How many such points of intersection

exist? What is the relation between t and C ?
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26. Circle:

line
x,y)

x2 sr2
= 10

x +2y =

(a) Find the coordinates of the po nts of

intersection of A> and
) Fincithe midpoint.orthe chord of p

Contained in ,6 . - Ar
(c) Find the slope of this chord;

(d) Write an equation of the line cohtaining

the midpoint of the chord.and-the center

,of the
A

(e) distande from the chard to the

center of the circle.

27. Circle C = ((x,y): 2
_+ y = 10,

What is the x-coordinate of each point of
C whose y-coordinate is 1 ?

Does the point -T 447) lie on _the

circle?.

c) Does the point § (243) lie on the circle?

28. Find the coordinates of the 'points of inter-

section (it any exist) of the circle
C x2 k2 =25) and each of the

following sets of.points:

(a) A = ((x,y): y = -4) ,

(b) D = ((x,y): y 7 x = 7

(0 C= ((x,y): x = 2 k y =9 k k real)

(d) D = ((x,y): x2 y2 = 9)
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LINEAR AND PARAMETRIC EQUATIONS

.

_

In this Talk we investigate further the equations of limo /
and panes discussed in Chapters 8 and 9. \:.-/

1.- Lines in the a-p lane.

Consider first a line 1 in the xy-plane which'is not
parallel to the y-axis. Then it has a slope m and if
(x

1
,y

1
) is any point on it we may write:

.17 f(x,Y): Y y1 = m(x x1))

in which the equation has the familiar point-slope form. Using
some elementary algebra we get:

'1=1 ((x,Y)f Y Yi = mx mx1)

J= mx -
(-mxl Y1) 0)

'

I-

and if we set a . = -1 , c = -mx, - yl then

-1= (x,7): ax + by + c = 0)

in which the equation has the form of the general first degree
equation in x and y . An equation of the form

+ by + c = 0 is a first degree equation in x and y if
a, b, c are real numbers and 'a and b are not both zero.

Consider next a vertical line v in the xy-plane. Then
v does not have a slope and if (xl,y1) is any,pointon it,
we have

v = ((x,y): x = xl) .

If we set a = 1 , b = 0 , c = xl , then

v= ((x,y): ax + by + c = 0) .

# .

Tience a vertical line has an equation which is a zpecialcase

of the general first degree equation.
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. . t.
2. General First Degree Equ tions,in x and y

In Section 1.we'obserVed that every line I in the

xy-plane can be represented by an equation-e the form ,

ax + by + c = 0 in which a and bi- are not both zero. The
-'.

representation is in the following sense:

Given a line , there exist real numbers a, b, c with a

and b not both 0 , such that

i(x,y):4ax + by + c = 01 .

In this section we consider the question: Does every first'

degree equation ax + by + c = 0 represent a line?
C

- Note that

((4) Ox
the entire xy-plane and that

=

((x,y): Ox + Oy + 1 = 0)

is the null set.' This shows that there are at least two

equations of the form ax + by + c = 0 which are not equations

of lines. Indeed,

((x,y): Ox + Oy + c= 0)

is either-the null set if 0 or the entire xy -plane

f c = 01. But note also that Ox + py + c,=-0 is not a

st degree equation.

COnsider now any general first degreelequatign. To be

.definite, suppose we are given three real numbers, a, b, c

with 'a and b not both 0 , and that S is the following

set:

S = ((x ,y): ax + by + c =

We wish to show that the set S is a line.

There are two cases,- o consider:- either b = 0

If b = 0 , then a /.10 , and-

S = ,Y):.x s - z)
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But if is the vertical line thre

a

We know that

It folloWt that S =\ and hence that S ls a line.

If W-1,fi , then',.

S = ((x,y):, y

Let p be the line with

(0,- Then

a
Ex

lope

Cl

a

It follows that S = p and that S

4

which contains the point,

ine.

This shows that every equation ax + by + c 0 in which

w and b are not both 0 the equatidn of a line in the

xy-plane. Summarizing Sections 1 and 2, we see that every

equation ax + by + c = , with a and b not both 0 , is

thetequation of a line in the xy-plane, and conversely, that

every line in the xy-plane can be represented by an equation

ax + by + c = 0 ih which a and b are not 'both 0 Of

course, this is why ax + by + c . is called a linear

equation.

Parametric versus Linear Form.

In Section 1 we derived the general linear' equation start--

ing from the pcintrzlope form. In this and the next sections

we show two other de'rivations of the general linear equation-,

one using parametric equations and one using the Pythagorean

Theorem..

Let (xl,y0',,and, (x2,_ ) be two distinct points and

the line which contains them. Theff

((x,y): x = kl k(X2 - x1), y = yl + k(y2 - yi Is 'reap,
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We consider two cases: 2 is vertical, or it isn't. if I
is vertical, then x

2-
x
1 , y 2 y

1
and

t f
y) x

We know from our work

numbers y such that

number k is the set

two conditions on

are equivalent to the

in which

If

.
and

((x,y

= xl, y = yi + k(y2 y1), k is real)

in Chapter 3 that the set of all real

Y Y1 + k(y2 Yi) for some real

of all real numbers. Therefore the last
and y in the set - builder symbol for

condition that y be real. Therefore

X,y): ax + by +

a = 1 , b . 0 c

= 0)

- xi and hence a

not vertical, then x2

Y): k=

k

and

x x_

= x = Y1 k(y2
2 1

x- X x -xl1
Y +x

2
- x 1

1 2 1

- is real

k is reap.

Since every real number x can be obtained from some real
x xi

number k by using the formula 'k , the first andx2 - xl

third conditions in the set-builder symbol above are equivalent
to the condition that x be real. Therefore

x a x

(x1Y): yl +
2 1

Y): y1)x (x1
x2)3r

ax' +' by + c a 0)`

in which a =172 b s xi

(and hence b ie t zero.
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This show,p that-if.ye start with any line in the xy-pl
and accept the fact that it-can be represented parametrically:

'as in Chapter 8, then it 1148 a first degree equation

ax + by + c= 0 .

Suppose, now, that we start with a general first degree
equation. Can we get parametric equations for a line from it
Let a, b, c be real numbers with a and b not both 0 and.,
let S be the following set.

= ( x,y ax + by + c = 0

Then either b = 0 or b / 0 .

(- ES and CS

((x y): x =

gben

((x y ): x =

rt. k
a

b = 0 , then a / 0 ,

t Ae be the line:

y = 0 + k(1 - 0) k is real).

+ c = S

If, on the other hand, b / 0 , then (0,- §) E S and
-a - c
---u--) ES . Let q be the line:

q =7, ((x,yj:

Then

+ k(1 - 0), y = - k is real)

q 3 ( (- y): y s -c

q = ( (x,y): ax by + c = 0)

and q S . This shows that if we accept the parametric

equations for a line in the xy-plane and if ax + by + c = 0
Is any first degree equation, then there are two distinct
points

1' 1 2
x-
1

y-) and (x-
'
y
2

) such that the set

S = ((x,y): ax + by + c = 0

1e same-as the set

(x,y x = xi 4- k(x2 - xi), y=
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.Derivation of the Linear Equation Using- the Pythagorean

Theorem.

Let_ he'any line in the ?cy7plane which does not contain

(0,0) A(a,P) be the

foot of the perpendicular

from 0 to Note, since

does not contain :0 that

and b ara not both zero.

Then P(x,y) As-a point on

if and only if

(OF)2 = (0A) (AP

2 2 2 2x +y =a + b +

2 2
0 m 2a + 2b- 2ax 2bx

2ax -by= a
t

Therefore

Thus

) (y

2
bY - a- +

2

"1. + by + c = Q)

where (aib is the foot of the perpendicular from 0 to

and c = -a - b2

Suppose next that p is a line in the xy-plane through

the point (0,0) and that

A(a,b) is a point different

from 0-(0,0) on the line

through (0,0) in the

xy-plane which is perpen-

dicular to p . Note that

a and b are not both ,0

Then P(x,y) is-a point in

p if and only if

(OA)2 + (00? = (AP)20

a2 b2
-2

a)2a +b+x+ y - a) + (y

Q = -2ax by

ax + by 0 .
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Therefore

ZAD = t(x4 ) ax + by +

wneri (a,b) is apoint, .hot 0 , on the link through 0 and
perpendicular to p , and where c =

In this section we not only have_derived the first degreea
equatiOn for a line using the Pythagorean Theorem but wfi have
Obtained a useful by7product. It is If a and b are not
both 0 then the line from (0,0) to (a,b)- is perpen-

.

dicular to the line ax + by + c = 0 , whether this latter line

is through the origin or not. S.tated'in another way: If

ax + by + c = 0 is a first degree equation for a line

then,ja,b) is a vector perpendicular to (i.e. perPen-

dicular to every vector which can be represented by a directed

line segment coned in ), briefly, [a,b] is a normal

vector to

First Degree Equations for Planes.-

Let p be a plane not containing (0,0,0) and suppose

A = (a,b,c) is the foot of the perpendicular from 0 to p

Note that a, b, c are not all zero. Then P(x,y,z) is In

p if and only if

(OP)2 (OA )2 + (AP)

2 2 2 2 2 2x + y- +z=a+b+c+
tax + 2by + 2cz = 2a2 + 2 + 2c2

ax + by + = a
2

+ b-
2

+ c
2

and

P x,y,z

Observe that

P ((x,y,z):

+ by + cz a2 + b2 + c-
2

+ by + cz

where [a,b,c] is a normal vector

the plane.
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be a plane through '0(0,0,0) and suppose

A = (a,b,c) is a point other than 0 on the line through

and perpendicular to q . Note that a, b, c are not all
zero. Then P(x,y,z) isr,a7point in q if and Only if

(0A)2 f (OP) A
2

P

2
a +- b2 +c2 +x2 +y2 +Z2 = (x -a-a)2+ (y b)2

ax + by + cz = 0 .

Observe that..,!44

= ((x,y,z)- + by +cz = Oj
4

,

and that la,b,ci is a normal veetor'for q
=

Next we start with an arbiirary first degree equation in

y, z Suppose ax + by'+ cz = d is any equation
with a, b, c not all 0 .

Is this an equa.tie i for a plan On-the basis of our develop-
ment above it would seem.so if either d = 0 or
d = a

2
+ b

2
+ c2 What'is the situation for an equation likq

3x + 4y + 5z 4 6 for which neither of the equations d = 0 ,

d = a
2

+ b2 + c2 , is true? (We are identifying a = 3
b = 4 , c = 5 d = 6 in this example.) Is

S = ((x,y,z )} 3x + 4y + 5z
(6)

a plane? Multiplying through by

we see that
)

S =

and that

(

18 24_ 3rox + -h " 3
50 50-

-
75i7

24)2
+

50
6
0

If we set

, 18 24 3_at . , bl = , el - 30
dl =

50 ' 5

then

dl
2

bl-
2

+ el .



18 24Thus S is the plane which is perpendicular at , ,

to the directed segment from the origin to the point

317 50)
l8 24 30

In the general case, 4f a, b, c are not all zero, and if

S = ,y,z): ax + by + cz = d V

then,

I _:=by_.+

-d = 0; and

S = x,y,z alx-+ bay + clz

if d 0 , where

ad

Et and

1)1 - 22 .2 2 \,, -2'a +b b +c
bd cd

d
2

a
2

+ b
2
+ c

2 *

2 2
Note that d = al + bl + et

2

a- + b- +

and that [al,bo,c1] and [a,b,c] are parallel vectors.

Thus it follows

S is a pane w

regardless jof whether or not d 16 zero, that

11 normal victor [a,b,c] . If d = 0 then

S is the plane containing the origin and perpendicular to the

segment from (0,0,0) to (a,b,c) If d / 0 and (1)

a / 0 [or (iij) b 0 , or (iii) c p' 0] then S is the

plane contai 4,0,0 [or (ii) (0,4,0 ) or (iii)

(o;o and perpendicular to the segment from 0,0) to

(a,b

In the development above we made direct use of the

Pythagorean Theorem in developing the first degree equation

for a plane. We present now another development using vector

ideas. (Erementary properties of vectors are discussed in the

Text in Chapter 10 and in Appendix XI.) Recall that two

vectors are perpendicular if and only if their scalar (or do



In the general case, 4f a, b, c are not all zero, and if

S = x,y,z): ax + by + cz = d

then,

d = 0; acid

S = ((x,y,z ): alx.÷ bay + clz

if d / 0 where

ad bd cd

and

d
2

+ b
2

c
.

Note that da a,2 b,2 02

and that [al,boxcl] and [a,b,c] are parallel vectors.

Timis it follows, regardless jof whether or not d 16 zero, that

S is a plane with normal victor [a0b,c] . If d = 0 then

S is the plane containing the origin and perpendicular to the

segment from (0,0,0) to (a,b,c) , If d / 0 and (1)

a / 0 [or (iij) b ,0 or (iii) c 0] then S is the

plane contai ( '°,0) (or (ii) (0,4,0 ) br (iii)

and perpendicular to the segment from 0,0,0) to

(a,b

In the development above we made direct use of the

Pythagorean Theorem in developing the first degree equation

for a plane. We present now another development using vector

ideas. (Erementary properties of vectors are discussed in the

Text in Chapter ao and in Appendix XI.) Recall that two

vectors are perpendicular if and only if their scalar (or do



The text development leading to this result rests in a very

essential way upon the Ruler Pa tulate and the theorem regarding

proportionality of-the segments formed When three parallel lines

are cut by tiro transversals. The following alternate develop-

ment is based on,vector ideas:

Given a line 1V where A = (xl,y,,zi

2- 2-2B = (x ,y -) , then P(x,y,z) is on and if and only if

there is a real number k such tat APB= k . AB , and.

x1 -y yl z k(x2 xl
Y2 Yl z2

',But this vector equation is true if and only if all three

6:glowing scalar equa :ion- hold:

x - xl = k(__

y Y1

z - zi = k(z2 z1)

It ollows that,

x x k(x2 -

Y1 -I- k(Y2 Yl)
and nd k

z z1 k(z2 z1).

A similar development.yields.a parametric equation

representation for a plane. Let A (xl,y1,z1) , E(x2,y2,z2)

C(x3,y3,z3) be three noftcoplanar points and p the plafte

which contains them. Then P(x,y,z) is in p if andonly if

54-3

AD = h AB

AE - k AC



there are two real numbers h k such that

AP = h

0

Lx

Aa+ k AC

Z Z
-1

Y1'
- 21] + k

xi y p zt= Zi

1) k(33 b(Y2

-+ k( Ein

Y3

ys

But this vectdr equation is true if _-.(1 only If the followiz_

three scalar equations are all tru .:

fx - xl = h (xi - xi) + k(x3 - xi)

Y Yi 7= h(Y2.- Y1)47 k(y3 Y

z - z1.= h(z z1) + k(z3 -

Therefore

x = x + h(x2 - xl)

Y Yi h(Y2 Y1)

- 2
1
+ z1)

It is 0

"eliminated" from the set df three equations

a'first degree equation in 2,y, z results.

this is to rewrite the equations as

-(x xl) + h(x2 a xi) +

+ xl)

kcY3 Yl)
and h and k
are real,

+ k(z3 - z1)

nterest to note that if h and k are

-(y yl)
h(Y2 Y1) y1)-

+ h(2, k(z3 zl)

5U24

above, that

way to show



and to think of them as three equations in the "unknowns, ", -1
,

h and k . The corresponding determinant of the poefficients

10 7

Yi

X2 7

1
z2 zi

Since the system of eqUations .01,)

than (0;0,0) it follows that

the determinant we get

by alcF bY 4- CZ-
1 1 1

where

Y Y3

z z z
2 -1 3

)' 1and

has a other

A must be 0 Expanding

in-

X x x2
-2

z-
2

z-za
1

he desired equation.

Mhy Parametric Equations?

Consider,the sets

- ((x,y,z) 7x - 2y - 2z .4 5]

((x,YM: x 2y z = 0]

c

x- - x1 x3 x
2 1 3 -1

Y2 = Y1 Y3 Yl

(x,y,z): 7x.- 2y - 2 z . 3 rand 2y z = 0).

Then, Si and S2 arel planes and S3 is the lin* of inter-

section of 'Si and S2 . What_ nformatip about line S3 is

revealed by the'equations in the set - builder symbol for S3 ?

It is easy to see that S3 lies in Si and S- , and hence

that Sri is perpendicular-to each of the normal vectors

[7,-2,-2] and [1,-271]-. But what is the direction of

and what points does it contain?



Set x - 1 in the equations 7 - 2 2z = 3 and
x - 2y z= 0 and solve the resulting ecution for y and
z.F. Npo his over again with = 3 We find that (1,1,1)

d ,(3,4,5)" are two points' in S and hence that

x = 1 + k(3

Y = 1 + k(-4 - 1 ) , d ; k 4is real

( 3 )

z =1 +k(5-

x = 1 +

x,y,z ) y = 1 + 30; and k ie real

z = 1 + 4k ,

The parametric equations in (2) seem to reveal more
informatlion about 53 than the equations in (1). An

inspection of (2) reveals that -S3 passes through A(1,1,1)
and B(3,4,5)', using k = 0 ltnd k = 1 . By taking
k = -1 + 2 , + 3 , we get other points alone 53 with a,
minimum expenditure of effort.

The parametric equations in`` -(3) Show that 83 contains
1,1,1) -, by taking k = 0 , and that it is parallel to the

vector r2;3,41 , by looking at the coefficients of k

One yay to think,of the parametric equations is as a,

"mapping" from the )i-axis to a set of points in xyz pace.
As a point "marcheg along" the k axis,

the co reSponding point (x,y,

k

0

2

3

(x,y,z)

(1,1,1)
AD- (3,4,5)

(5,7,9)
(7,10,13)

9

k

"marches along" the line

BUJ



As another exaople let us consider he sets

4- Apy,z).: x
2

y v 9 x y> 0)

x,y,z):, x = 3 ccis z ,3 z < ;7:,)

x2 Y2 = 9 , x - 3 cos Z

z

ls ,a portiolw of a right circular cyl _n

-lc a cylindrical surface which is the union of lines_ _

parallel to-the y-axis.

96 is the intersection of S4 and 55 /actually an-aro of a

helix. The equations in the set-builder symbol for 96 above

tells us that the curve S6 is the intersection of two

surfaces; it seems to emphasize the surfaces unnecessarily if

the object of onus attention is really the curve in which they

intersect.

547



Compare the above representation as the intersection of

o surfaces with the following: parametric representation.

3 cos k
-1

Yy y 3 sfn k and

z --= k

iT

7
continuously from (3,0,0) to (0,3A) along the curve

If k denotes the number of time units (minutes for example)

since the particle departed from (3,0,0) o its flight along

the helix, then the parametric equations for S6 may be used

to find easily the position of the particle at any given

instant.

Two problems in diffe ial.geometry are (1) to find the

line which is tangent to a curve at a given point, and (L

find the plane which is perpendicular to a curve at a given

point. The parametric equations for S6 may be used to solve

these problems easily for the arc of the helix in the example.

Thus, corresponding to k = 7 we have the point,.

Imagine a "particle" moving along the k-axis from 0 to

As it does, the corresponding "particle" (x,y,s moves

P1 ( 7
1 on - . Using a bit of elementary

calculus as indicated below we find the components.of a tangent

vector to S6 P
1

. (The dots indicate differentiation

-with respect to the parameter k .)

,218

1 1



x = 3 cos

y sin k

z

Then

]

is,a

_
It then follows easily that-th angent line and the norftialf)

plane are as follows:

tangent vector to at

real

1(z - = 0)

As another example let us consider the sphere
2 2

7
S- ,((xy,z): x- y z- = 9)
This non-parametric 'equation reveals clearly that is the

set of all points (X,y,z) thetjquare of whose distance from

(0,0,0) is 1 But there are other.things about the sphere

not clearly revealed by this equation--things having do.with-

"latitude" and "longitude," for-example. Also this form of

representation has the disadvantage that the rel'ationships

Among x, y, z are implicit; the equation does not give us

any one of the variables eXplicitly as a func n of the others.

If we solve for z in terms of x and y we get

z = 9 - x
2

- y- , a "double-valued function." Neither of

the two functions included in this' "double function" possesses

partial derivatives for values of x and y such that

x ± y = 9 . Of course this'is a disadvantage if one 'is

interested in normal vectors or tangent planes, or one of the

host of applications which use these vectors,and planes as

tools.

49
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4

Another representation of this sphere S
7

parametric one based on the epherical coordinates
/

with r --- 3

NY, z

e following

The parameters 9 and 0 are called the longitude and

the colatitude, r'espectively. The three equations define

x, -y, z explicitly as single-valued, differentiable functions

of the parameters 0 and 0 . As one might expect, the

parametric equation8 for 87 are mol'e fruitful and easier tc

use for certain purposes than is the nonparametric equation

for S7 . Furthermore the variables 69 and 91 seeNto belong

to a coordinate representation of the sphere,i) The 9 and 0
values at a point are-more useful for many purposes than are

the x, -y, and z values at the pOint.

A final example is the cycloid arch given parametprically

as follows:

S8S- = ((x Y)' , 9 ), y-

550
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These parametric equations are derived in a natural way

from ,he,definitionof the cycloid. These equations.express
x and y in terms of the radian measure 0 of the angle

through which the generating circle has rotated. For the

details see any of the traditional college analytic geometry

texts. This same cycloid arch may be given in non-parametric

arm as follows:

3 - yx = 3 cos --

or and

Of course this is less useful and more difficult to handle

the parametric equations. And who in the world would ever

discover these non - parametric equations without first finding

the parametric equations?
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answers to Il ative Test Items

(1) =

mrr

( -a) 6
- 7

-1 - 7
_8-) and m m

AC BD
6 ABC Is isosceles, because BD
bisector of AC .

BA .---

BC =

the perpendicular

4-,
AC = ((x , y): x = 2 + 4k , y = - + 6k , k

or any equivalent form.
x 8 y

I 4 +-8- or a y equivalent Tom.

(h) Y7:0 a point of C, then -4 + 6k = 0 ,

Then x = 2 + 4 . Intersection

(k) (-12

sal)

553 L I 1,.)



2. (a) '12

(o) 2)!

3. (a) Rectangle

(b), Rhombus

(c) RhomOus,

(d) Square

4. There is a coordinate system which assigns to parallelogran

Rectangle

Rhombus

Square

ABCD the coordinates as shown.

Part I. Given DB AC , to prove ABCD is a rectangle.

Proof: DB AC implies

+ c + c or
0

a - 2ab + b" + 0
2

= a" + .2ab + + c or

-ab ab

or, since 0 -b b

or b 0

or D is on the y-axis,

or =BAD is a right angle,

or ABCD is a rectangle.,

Part II. Given ABCD a rectangle, to prove BD = AC .

Proof: ABCD is a right angle. Therefore D is in the

y-axis, and b - 0

Therefore AC - + c and BD

11 o

, so AC



a) P -1 + 4 . 2 - 2 11,-4)I.
(b) I,= -,1 ÷ 4(=3) , 2 - i- (-13,8)

(c) F (-1 +' A 100 2 - 2 100) - (399,

) Horizontal

) Oblique

) Vertical

The line containing the

median of a:trapezoid

bisects each of its

(d) Oblique

Horizontal

Ludes, Proof. Let ABCD 01(20,2c) Mi C(2e,2c)

be the trapezoid. There

is a coordinate system-

which assigns coordinates

to A, E, C, D as in- B (2,0)

dicated. ThN tqe

coordinates of the endpoints

F and E of the median are as indicated If r4/7 is

perpendicular.to AB and has its endpoints in the lines

containing the parallel sides of ABCD , then RN is an
altituae of ABCD . In terms of coordinates, RN is an
altitude if and only if r1 (x,2c) and N (x,0)

for some x . The midpoint of T417 it therefore
Since FE_ is ((X,y): y , ,x is real) , it follows

that' the midpoint is on FE .

8. qCD is a rectangle with

coordinates as given. BP AC.

We are required to find, how

far along T7 , P lies.

AC - (x,y): 20k y = 15k and 0 < k e 1) .

C(20,15)

Slope of T a 0

((x,y): x = 20 15h , y = 20h and h is real

11,
555



Then there are real numbers k and h such that

P = (x,y) = (20k,15k) = (20 - 15h,20h)

Then 20k = 20 - 15h and

or 16k = 16 - 12h and

Then 25k = 16

k 16
k =

an A? 16
AC 25

Alternate solution, using slopes.

m = m =J ;
AP AC

m 1 X -
a£

3y = -4(3 -

3(4) 4x + 60

15 3x
20 '

y

9x = -16x + 320

25x = 320

64

77
-64

xp

15k = 20h

gk = 12h

16 . AP 16
Thus

AC e.5-

Alternate solut16n, using Pythagorean Theorem and

proportions of a right triangle.

(1) AC = (AB)2 + (BC)2

(2) (AB)2 = (AC )(AP)

(20)2 25 . AP

16 - AP

(3) AF
16

AC 25

.1 Ms



revs for Illustrative Test Items

Chapter 9

1. (a) + (h) 0 (o) 0

(b) 0 (1) 0 (p) 0
0 (j) t (cli 0 0

(d) (k) 0 (r) 0 (Y) +
(e) + (1) + (s) 0 /

0

(f) 0 (m) 0 (t) +

(g) (n) 0 (u) +

)

(b

3. (a_

Npt necessarily. .g1W cannot be proved 'perpen-

dicular to plane ABK on the basis of informa-

tion given.

Yes, by Theorem 9-1.

Six planes: ABK A ATM', ABR

the plane perpendicular to AB at

since planes perpendicular to the same

line are parallel. (Theorem 9-9)

ABF , and

-4-4.
(b) II QF by Theorem 9-6. '

(c) Right angles. In a plane, if a line is peep

dicular to one of two parallel lines, it is

perpendicular to the other.

This follows from Theorem 9-18.

5. Points F, A, B determine a.plane; for if,they were

collinear, the line containing them_andthe line BC

would determine a plane containing all four of the

noncoplanar points A, B, C, D . Then BC is

perpendicular to plane DFA , by Theorem " (or, by

Theorem 9-18). ,

6. Two lines perpendicular.to the same plane are

parallel, and any two parallel lines are coplanar.
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7. since-47E7i -hd cal by hypothesis, B 11 D
by Postulate 25. Thus A, B, C, D, are coplanar,

and BADC is a quadrilateral. Since .11WEI71 X and

1 , each of the angles /BAD and LCDA is a

right angle. Since by hypothesis, AB .1

and 4155.1. by Theorem 9-10. Hence each of the

angles _ABC and 7111CB is'a right angle. By

Theorem 8-20, the quadrilateral BADC is a rectangle.

By Theorem 8-25, AC =

(d) (v)

(e) (s)

(f) (t)

9 A point is in the xz-plane if and only if its

y-coordinate is 0 . Therefore, 4 - 2k 0 or

k = 2 . Hence the required point has coordinates

(4,0,6)

10. AB = qj b and . Ther-

isosceles by definition.

11. A point is in the xy-plane if and only if its

z-coordinate is 0 . Therefore, points in the

xy-plane which- also lie in the plane whose equation

Is 2x y + z = 7 lie on the line of intersection,

represented by the equation 2x - y - 7 .

12. (a)

(b)

1

x + 2 1 x -1
2

2
7

Z 9

13. Using the equation of a plane, ax + by + cz = d

and coordinates of points, A, B, C, we have the

following equations to solve for a, b, and c in

terms of d

. a + 2b + 5c =d

b + 6c = d

2a + c d

a = b -

plane becomes

C and an equation of the

y z = 5 .
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14. Proof, without coordinates.

Use auxiliaryFsegments

13tatements

and WF

Reasons

1. ARA- AWHF 1. S.A.S.

WF 2. Definition of cong en6e

for triangles.

RV VW . 3. Definition of midpoint.

EVRB and LVWF

are right angles.

Definition of line

perpendicular to a line.

5 AVRB AVWF S.A.S.

VB VF 6. Definition_of congruence

for triangl

Proof, ith coordinates.

Choose the coordinate axes

so that vertex H is at

(0,020) and vertex S

at (2a,2a,2a) , where

2a is the length of

each edge of the-cube.

The coordinates of V ,

the midpoint of WR ,

Will be (a,0,2a) .

Using the distance formula,

VB -12/F-7-2a-+Ia,±a= 3a ,

VF a- 4a = 3a

Therefore, VF
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Lt

[2,-3] .

6. [0,0] Q r)-

(a) [4,4]

(b) 4 irg

8. [-2,-4]

(b) [6,2]

(e) [-5,-2]

(d) [5,

(e) [0

Answers to Illustrative Test Items

Chapter 10

AB ,,, BA ,

BC ,- 4'CB

CA .

Kt = [1,-5]

AC -:1-6,61] = [6,1]

76] , CB = [5,

(a) [1,8]

(b) [5,6]

(e) l

(d) 1158.

(e) V-63

(a) (DM
(b) (1-3,0)

(c) (Gt)
(d) (D,B)

(e) (D,A)
A

9 x =2
A y - 3 .

10. 12 .

11. No, this does not imply that AM II MB .

12. Yes, the magnitude is equal to the length of the
.g,

segment.

560
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(b

(3 51 .

15.= They-must deterMine `parallel rays.

Their magnitudes must be Squal.

6,81 , SR = (6,8] ,.

0)

Thetvfore, we must have a parallelogram since-a

pair'ot"cpposite sides are parallel and eqUal.

= SR = [3,2] thus we hav__a allelo-

and (3,2] (-2,3]

Therefore two adjacent sides are

Hence we have a rectangle, since

we have a parallelogram with a might angle.

gram.. Also

-6 +6 = 0

perpendicular.

= [2,-6] , RS = (6,2] , and since

f2 16,2] . 12 - 12 = 0 , the lines are

pierpendicular.

1 Let the rhombus be lettered with directed segments

as shown in the figure.

and

Then

and

AD, pc equal ( nj'

AB, DC equal [xiY]

[11,11] [xa] = (m + x n + y]

x-1-2 = (x,Y] [m,n] = [x m y

Therefore
11-1

(m + x n + yj (x m y - nj,

2 2 2 2
X - m + y,



Since the ma

are equal, we can

itudes of

ay

and t x,yi

and thus-the diagonals are perpendicular.

20. Let t Tangle ABC have D, E points on n and
1-- -- 4-

.0, r4spepfively such that AB: = AB and

andAE -=--
1
AC ', and let the segments be directed as

eillOwn. The segments represent the indicated vectors:.

or

therefore

v
1

= v4 and v4

and vl = vit

nvi

which implies that DE = -.FC and 'FET I I .



Answers to Illustrative Ti at Items

Chapter 11

A. Measures o

1. c

2. b

5. d .

6. a .

B. Area Formulas.

1. 25 .

2. trrT.

3. ab Wit(

A

lee of a Polygon.

7. c

8. c

9. a

10. e.

11. b

12. a

4. Let a be the length of the altitude and 3a-

the length of the base. Then

3a
2

= 147

a
2

49

a = 7,

The altitude is 7 .

is 21 .

5 12

6

The length of the base

CQnsider,the figure tc be the union of tri7

angular regions WYZ and XYZ . It can be

proved that la is the perpendicular bisector

of V% . Hence VIP and XP are altitudes of

triangle WYZ and XYZ respectively. The

area of each of these triangles is 24 Hence

the area of WZXY is 48

(a) ad

(b) d(a c)

(c) 7d(a + c)

563
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Separate the'figure

into triangular reg

by a diagonal. The

areas of the rot

triangles are ih

and b2h The:klin of

these two areas is

;!blh ih(bi

Area ABCD = Area

+b- b2)

AGFD+ Area DFEC

Area CEB

Area ABCD = 234 50 - 42 - 48

Area ABCD = 194

The area of the field - 194' square rods.

C. 'Comparison of Areas.

1. Area AADC = Area ABCD because the triangles

have the same- ase and equal altitudes.

Area ADOC = Area ADOO .

Therefore, by the addition property of equality,

we have Area LIAM - Area ABOC

(a) Area parallelogram SRQP z 2 Area ASQR

(b) Area parallelogram SRQP = Area AMTR

(o) Area APNS = 4 Area AMTR

(d) Area ,ASQR = Area ASPR

(e) Area AMTR 4 Area ARQT

fr

9

ih

Area AGB

D. Miscellaneous Px'oblems

1. 6 e. (See figure at right.

43 (AC = 13
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A .

3. (a ) 384 . (Ses figure at

(b) 19.2 (384 * 20 .)

54 . 9 12 . The triangle is

Mangle.)

5 (b). 20 .

(or

Coordinates.'

1* Slo e of BC
1

Slope of AC = -2 .

Therefore, BC i AB , and A

triangle.

BC =4/8T5

Therefore,

_.1[1°KovA = .72(y

A .-

A ,-- 20 .

a right

a right
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2.

The diagonals are

perpendicular and

bisect each other

24

A = d d

A = 8

A = 23 .

The vertices of

the rectangle

are designated

by the follow-

ing co rdinate

A(-5 y B(-5,-3) 1,

CO TO 6)

Area

ABCT

of re = tang e (-573-

= 81 _.

Area of ARAT

Area of .a.TCS

Area of ARSB = 4 .

4 K = area of AABC

= Area of XYBA 4- Area of yzaa - Area of XZCA.

K =

K

br
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Area Relations.

1. 175 .

2.. 1 to 1 .

3-3 to 2 . 9.

4 times. 10.

2 times. 11. 3 .

2 to 3 . 12. 8

G. Re tar Polygons.

1. '54 if7
3 3

p= 6o a =5
A 1501/7 .

H. Polyhedrons.,

1. 3.8o

1.0.
(a)

(b)

5

Tetrahedron

Hexahedron

Octahedron

Dodecahedron

icpsahedron

4.

5.

6.

7.

8.

F V - E . 2

210 -1- 251/7

p - 5.2 in.

975

2 to 1 ; 4

.

to

567
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Pi

1.

2.

3.

4.

.

6.

7

8.

9.

10.

Part Et,

1.

2.

3.

4.

6.

7.

era to Illustrative Swot Items

Chapter 12

21.

22.

23.

+

+

+

+

0

t

11.

.12.

13.

+

0 14. 0 .2k. +

15. 0 25.

+ 16. + 26. +

0 x. , 17. + 27. +

0 18. 0 28. +.

+ -19. + 29.

0

m LAPD 36

m AC -- 130

20. 30.

m LCAE a 56

ADC' 65 i 115

140

98-

Radian is 3

Zero. The

circle

irci erence of the circumscribing

2
9.-A

10. Radius

11.

12.

68



13.

14. 187 - 36

15, S

'exterior

exterior

(d) interior

16. 20

17. mXAY= 120
XOY = 12r ; area

18. Circumference is 2

19. square mlled

20.

;e) o=

(r) exterior

(g) on S

(h) interior

= 4r ; area 6f sector

segment =127

; area is 3r

Slopes of first pair are -2 and 7 , of the
second pair 3 and

,Ri. radius is 15 . Ratio of areas is
, .

22. AD 6

23. 85 feet

24. 51/7 e,

25. One point. (2,1) . t is tent to C

26. (a) (3,1) (-1,3)

(b) (1,2)'

(c) 7

(d) y = 2x

(e)

27. (a) y/73

(b) Yes.

(c) N.

28. (a) (3,-4) , (-3,-4)

(b) (-3,4) , (-4,3)

(c) Same as (b)

(d) No paints of intersection
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Chapter

ANSWERS ANDLSOLUTIONS

'.Problem Set

(b)

-P AB

0 I

-I
B

0 I ,4AB

A B

LAB
o0 i

APB

OT I 4

All points in this ray.

. 0 I

A B

All points In this ray.

and all points of the interior

0

All point

A B

_II the interior of this ray.



2.

3'

(b

(b)

(c)

(d)

(e)

A

An infinite set.'

All nte

A B

iOr points of the ray opposite to 16.$

-1 0 I 2 4

A B

_ points

0 1

A B

The interior of a segment and one endpoint.
The set is infinite.

-5 -I 0

A B

1. The set in (b) is the interior of a ray.

2. The set in (d) consists of one endpoint

and the interior of a segment.

The set in (e) is a segment.

0 1

A B

6

15

3k for k 0 . No values of ,x for

7
1

2k +. 1 for k 2 r
2k + 1 or 1 - 2k for 0

7

< 0



4.

T1

a > b
b < a..

T2

9

(b)

(c)

-7 ,

M T

-10 -7 4 -I 0

3 ,

a + b
2 I

a + - a
3

(e) r

a

( + a 2a

T

+ a) -

+ b + 1 ,

+ b + 1 ,

r+ b-2

3

(r + b 2)
r + b ,

r-a

b 2) + #.
r + b + 2

r+ b r+141 r+b+2

573

b+4



(d)

and

A

,

,

N

N ,

G N

L ,

Floo

A 3

B 2

C 2

D 1

E 1

3

2

H 1

2

6

1

bl

; 2 , 2

, 3 , 3

2 , 2

, 2 , 4

, 3 2

, 1 , 1

, 1 , 4

o-

A

C-

D

Avenue

8

19 6

c 9 9
D 8 5

E 11 4

F 7 , -4

O 8 10

H 6 7

Problem (e) adds

Elevation

0° , 0° 5000 ft.

45° E , 45° N 5200 ft.

45° W , 70° S 5400 ft.
20° w , 45° N 5600 ft.

90° E 45° N 5800 ft.

20° W , 0° 6000 ft.

45° E , o° 620o ft.

90° E , 70° s 6400 ft.



Problem Set,8-2

3. I , III , II , IV , II .

4 It means that for every ordered pair of real numbers

there corresponds a unique-point and for every point

there corresponds a unique ordered pair of numbers.

5. (3,2) , (3,5) 0 3J8)

P R

6. The set is a vertical line which intersects the

x-axis in a point whose coordinate is 3

The set is a horizontal line which intersects the

y=axis in a point whose coordinate is -5 .

They intersect'in the point (3,-5_

a) 7 points.

(b) 3 points.

(c) 15 --Points.

575
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( b )

576



(d)

(e)
a halfplane with edge

(4,5)

(4,2)

the interior of a
segment

577

the interior of a ray



10.

the interior of a
right angle togethe
with the interidr 0
one of its sides

4 units.

systemi.on the x-axis the Ruler Postulate may

he applied.

(b) CD 4 . Consider A - (3,0) and B = (7,0)

the respective projections of C and D into

the x-axis. Quadrilateral ABDC is a

parallelogram. Therefore CD = A_ - 4

_t.,11 respect

halfplane

o the x-coordinate

-3) (-1,-1) (3,0) (0,1) (-5,4) , (8,6)

11. (-7,6) -3,4) (0,8) (2,0 (r,-2) (4,-3)

*12. (a) 13 (d) b- a ifb>a,a bifb< a-

(b) (e) t- 5 if t> 5 , t if t< 5_

(C)
4

13. (a) The set of points in Quad-rant IV.

(b) Points in Quadrant I or on x-axis and to the

right of the origin.

Quadrant III.(c)
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*14.

*15.

(d) The Right halfplane Whose edge is a vertical

,=line 2 units to the left 9f the y-aXis.

) At an -intersection of a line x = a and a

line y = b , where a and b are integers.

f) Any point in the xy-plane.

a +
2-

(d)

3a

16. The point IS in Quadrant III, 7 an

y-axis and 8 unita.from the x-axis.

06
(b) 06

)145

Problem Set 8-3

the

-4/1375 (g) = 89+ % 4/1521 + 6400

+ 100 136 (h) 1/100. + 25 = 125

'-13 125 15

49 + 576 = 25 16 + 9

4/64 + 17 (k 4.84 +-1.21 =4/677.)

(1 4/29r2 + 472 = r 91 + 1 -
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2. (a) (3,5)

(b) (-3,5)

(c) (4,8)

Y2

(b) (x (y

) + 16-

( d

I 1

,/130

26 130 = 26 104

2
= 25.

5= 9 + 16

07RF7 s 10

6 + 64 - goo

/? + 16 -

5

50

25

500

+i44 - 0

256 + 64 = 4320

1/16 + 36 7 LigT

Vg1-7-71- 7 169=

9

AC = ; BD X25 16

Midpoint of AC is

100 = 80 + 20

50 = 25 + 25

500 = 180 + 320

169 + 0 =

Midpoint of BD is

580
1'
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6. Midpoint of BC is (1,2)

Length of median to 1;15 is ,./TU

7. (a) Length of median to Nir is 722; ITTT

( b ) Length of median to PM is X93

(-1-1-_ 7
0 + 4

2

AC

CB =

AB = + 4 = 8o

(a ) AB = 49 + 81 = 130

3,_

AC =1/ 121 130

20 ; AC = CB = 1-AB

(b) Length of median to AB is

Length of median to 1U is

10. AB = 6 + 5 1

)
170

BC = + 9

AC =3-6 + 81 = 1_7

AB + ESC = AC. ; A, B, C are collinear since they

cannot be the vertices of a triangle. See

Theorem 6-21.

11. (0

12.

+ (y 100

(Y 64

(y + 2) 8

Y

ir + (0 + 6) - 100

(x 4 i)` 6

- 1 = +8

x 9 -or x = -7

Two points satisfy the requirements: (0,9) and

(6,-7)

or y 2 -== -8

or y = -10

or x 1 = -6
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*13. AT

BC -

One diagonal

Other diagonal = -a
a)2

+

2 2
4a- 4a

Therefore the diagonals are congruent.

15. xy-system: P ( -8,2) , 4,-3)

PQ _,/144 + 25 13

xlyt-system: P(-6,-4) , Q(6,1)

FQ 144- + 25 ==--- 13 .

Yes, as long as the coordinate syse on each of

the axes is established with referen to the same

(or equivalent) unit -pair.

Problem Set 8-5 \,

(g) 11, 1v, the empty set

(h) I, II, III, IV

(i) I, Iv

iv

(k) II intersected with the lin,

1. (a)

(b)

(c)
(d)

IV

iii

II

(e) ii

(f) I, III, the

empty set

a) ( -3) , (0,3,7

(b) (-4,0) -(8,0)

(e) (0,0) 0,r)

(0,0) 0,-r)

(d) ( -4,5) (4,5)

through the origin bisecting

the angle formed by the side,

of Quadrant II.

or (-8,0 ) , (4,o) .

(0,0) (r,0 ) ; (0,0) ( -r,o)
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(e)

=51___) 5 ,o) 5

Note that =

Endpoints of AB (0,0) (0,6) or

(0,0) , (0,-6)

Endpoints of CD : (3,2) , (3,8) or

(3,2) , (3,-4)

3. (a) (- ,0) , (3,0) , (0,4)

(b) (0,2.5) , (0,-2.5) , (3,0

(c) (-3,0) , (3,0) , (0,4)

(d) A = (0,0) , B (7,0) - (10,5) ,

D = , or

A = (0,0) , B = (-7,0) , C = (-7 e,5)

D = (e,5)

4 (a) C = (0,0) , B = (-10,0) , A = (0,21), or (0,-21)_

(b) A = (0,0) , B = (4,0) , C = (2,3) or (2,-3)

(c ) A = (3,2) B = (3,-2) , 0 = (0,0

(d) A = (-5,0) , B (5,0) C = (0,5 1/7) or

A = (5,0) B =' (-5,0) C - (0,5 1/73)

5. (a A = (0,a) B = (-13,0) C = (0,0)

(b) A =j0,0) = (b,0) C = (4,a)

(e) A = (a, C = (0,0 ; or

BA = - 70 , B C = (0,0)

(d) (
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3.

Problem Set 8-6

Problem 1 is an exploratory problem deigned" to

introduce the work in the next section. It shoUld'

not be omitted.

The lines are both vertical, hence parallel, and

4 - (-4) -

(0,3) y

units apart.

3) , for instance.,

4 The union is the set of all points each of which

lies in one or both of the two lines. Yes.

5. The intersection is the set whose only element

the point (2,3) Yes. Yes.

6 (a) (b) a line segment

(a) an infinite number

A ray

I I I I 1-1
-2 -I 0 I 2 3 4

5$4



(b) A hallplane = (c ) Two, rays.

Two halfplanes

3-

The union of two

intersecting half-

planes and the edge

of one of them.

((x,y): x > 3 or

Y < 3)

The union of a

right angle and

its interior.

((x,y): x < 2

and y

or

((x ,Y): x < 2

> -2)

585

5

4

0



The union of a

right angle and

it interior.

The union of a

rectangular region

and three of its

sides (except for

two endpoints).

- Y Y = 7 or y

(b) ((x1Y): Ixl - 4) or

(c) (x,y): x -5 , Y =

(x/Y): y = 0)

Let P(x,o) ee in

((x/Y): y = 0)

Then (PA) _OA

((x,y

and (FB ) - (PO + (OB

and PA - PB

tr

58 =

21)



Converse: 'Let P(x,y) be so located that PA = PB

Then ,A0AP = 80BP by Then ZPoA ZPOB .

Hence ZY y = 0 , and (x,y) e ((x,y): y = 0

10. Sets are equal At' and only if their conditions

are equivalent.

(a) The two sets are equal since their cOndi.tions

are equivalent:

) The two sets are equal since, using properties

of order, the conditions can be shown to be

equivalent.

The two sets are not equal since proper use

of order properties indicates that the

conditions are not equivalent.

The two sets are not equal. The conditions

are notequlvalent because -2x + < 8 is

equivalen

The two setX`arenot equal. Every negative

number is an elproent of (x 6 > 3x] while no
6negative number is an element of (x: T > 3)

*11. k = c t = 2 . Parallel lines cut off

proportional segments on two transversals.

= ; MO = 3MN .

12 .

5, 2, A'C' = .

(d

Parallel lines intercept proportional segments

on two transversals, and the definition of the

length of a segment.

OP' = OA' A' P' = x =

(0 Same as (e). OP" = OA" A"P"

y = 2k .
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(g

(b

( 1 P lies in ray AB , such that B

between A and P .

P = B .

(3) F lies in AB , but P X A and P X

(4) P lies in the ray opposite to AB- .

( 5 ) P - A .

problem Set

AB = x,y) 1 k y = 4 2k , k Is real)

= ((x,y):y): x = 1 k y = 4 + 2k z 0 k < 1)

KE1w= ((x,y): x = 1 k y = 4 2k , k > 0)

Ray opposite A = ((x,y)! x = 1-+ k

y = 4 2k, k < 0)

((x,y): x » -1 3k y = 3 3k , k is real)

AB - (x,y): x =-7 -1 + 3k y = 3 3k , 0 < k < 1)

Kgw= (( y): x = -1 3k , y = 3 3k , 0 <,k)

Ray opposite AB = t(x,y): x = -1 + 3k ,

y = 3 - 3k , k < 0)

Aa= ((x,y): x = 3 y = 2k k Is real) etc.

(d) (x,y): x 1 4- 3k , y = 1 + 3k ,

k is real) , etc.

(e) AB ® ((x,y): x -1 2k , y = 3 -

k is real) e

(f) A- = ((x y): x - -3 3k y = -2 + 3k ,

k is real) etc.,,

(g) '115,1% ,y): x - a 4- (c k y = b (d -b)k,

k is real) , etc.

) 1AB = ((x,y): x = a + 2ak y = 2a 2ak

k is real) , etc.



2. The midpoint of ,y): x 1 ± k

o 1) is k- 2k) w:

or (4, 5)

y z 4 ÷ 2k ,

h k
1

TThe midpoint of ((x,y): x -11i- 3k , 3 3k )

0 k < 1) is ( -1 +31c 3k) with k=
,1 3or 7

(b

(8,12)

11,

(.1__ 0)
12'

(d) 6,

,0)

(C.) (r
(d) (-2,-4)

(e) (9a, 5b)

(0 (-31',7s

x -1 2 z 5,

x 10(5

(299, -297)

(c) x = -1 4- 30 =
(3 1 , 3

(d) x = -1 4- 37-, y = 3

8. (a) x -1,* 2(-2) = -5

(-5,13) .

(b) x - -1 2(.-20) = -41

(-1,,103)

(c) x -1 2(-3.5) - -8

(-8,20,5)

Y 3 3

3 3

-3 ,

100 =-1 2 97

Y 3 3 115

37 ,

y - 3

y = 3

37

5( -2.)

- -2

:3 -

= 13

) =

,

103 ,

Y 3 5(- .5) = 20. 5

(d) x -1 y



9. If P is between A and B then AP + PB = AB

that is PB = AB - AP . Since:, AP = 3PB , we

have in this etS; AP = 3(AB 4 AP) , that is
3

AP = v-AB . Thus, using the method of solution

of Problems 7 and 8, P = (2, - 4)

If B is between A and P then AB + BP = AP 4

that is PB = AP . Since AP = 3PB , we

have in this case AP = 3(AP - AB) that is

AP =
3

. Thus, using the method of solution

of Problems 7 and 8, P = (5,-5.5)

If A is between B and P then PA + AB = PB .

Since AP = 3PB , we have in this case

AP = 3(AP + AB) , that is AP = -AB .

But this is impossible, since the distance AP

cannot be negative. Hence there are two

P = (2, - 4) or (5, -5.5)

Using the same analysis as in Part (a) we find

(7 ?a)

solutions

two solutions: P

P = (11,-16) or (-5,12)

d) P = (19,-30) or (-21,40

10. ) CD is horizontal.

CD = ((x,y): x -1 +

or

y ='2 + (2 2)k , k

k

real

= ((x,y): x = -1 + 6k , y = 2

If k = 0 , (x,y) = (-1,2)

(x,y) = (5,2) If k = -2 ,

(b) ((x,y): x _xi

k

x((x,Y):

k is real)

((x,y):

horizontal

+ k (x2 - x1)

is real)

+x_ k x2
-1

a) whic

line CD

If k

(x,y)

k- is real)

= 1 ,

= (-13,2

y = a + k(a - a) 0

h is the

y = a ,



((c,Y): x a + k(a -.a) ,

k is real)

((x,y): x a ,.Y = yl + k(y2
k is real)

= ((x,y): x = a) , whiCh is the

Yl )

vertical line EF

rig = ((x,y): x = 0 y 3k

= ((x,y): x= 4k , y = 0
1-11U = ((x,y): x= 4k y = 3

(b) DE . ((x,y): x = -3 + 3k ,

((x,y): x = -3 + 6k

((x,y): x = 3k y = 3
AV

12. ((x,y): x = 1 + 2k ,

(1,2) for k = 0 ,

(3,1) for k = 1

Y =

yl

, 0

, 0

k

k

1)

1)

- 3k , 0 k 1)

y = 3k , 0 k 1)

y 0 , 0 k 1)

- 3k , 0 k 1)

real)

(b) ((x,y): x = 2k y = k

(0,0) for k . 0 , and

(4,2) for k = 2 .

These are the

endpoints of the

segment.

0 < k < 2)
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((x,y): = -1 k , y= -k, k 0):

yields for-

k = 0 , (-1,0 ) and

for k = 1 0,-1

and these.are

points in the ray,

the first being its

endpoint.

(d) ((x,y): x = k , = -k k < 0

yields for k = 0 , (0,0)

the endpoint of the ray,

and for k = -1 , (-1,1)

another point in the ray.

((x,y) = 3 , y = k k 3)

yields for k -2 , _ -2)

and for k = (3,

and these ar0 the

endpoints of the,
-44

segment.
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y = 3 - 5k , k is--al)

(a) if x= , Y -7'

(b) If = 8 k m -1 x m -4

(c)

(d) If y = 0 , k

(e) If

14. D =

If x =29 k= 10 , y =47

-k

6,3) , F =

= ((xa) yk , y = 3 - 3k , 0 k

((x,y): x = 6 - 6k , y = 3 - 3k , 0 k 1

((x,y): x 0

Each of these segments contains 4 2
ITake k in each case.)

15.p= ,y):x=a+ ek ,y=b+ dk ,kis real)

if c = 0 , p = x,y): x=a,y=b+ dk
k is real)

= ((x,y): x = a) , which is a

vertical line.

(b) If d 0 p = ((x,y): x = a ck y = b

k is real)

((x,y): y b) , which I

horizontal line.

a= 0 = b , then

P = ((x,y): x = ck y = dk k is real) .

If k = 0 , (x,y) = (0,0) , which is a point

in p



7

'problem Set 8-8a

(f)

5
7

7 3
7

3
7 (1) r

(d real number except 5

4.

Slope of AB = slope of
2
7

Slope of DA = slope of CB = -

(2,3)

S(-3 ,-I

R(-I,-2

Slope of 11K: slope of

Slope 4 of SR = = slope

594
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5. Negative (d) Negative
(b) Zero Negative

(c) Positive- Positive.

Positive slope indicates "uphill" from left to

right; negative slope "dowmhill" from left to right.

101 100>101
sq

is ,steeper.:

segMent frOm (0,0) to (100,101)

2 2
t a b - a

V at bslope
b a- AV

_,y): = 3 - 2k , y 1± + 3k is real)

contains Pi (xlai) (3,-1 ) and P2 =

Y2 Yl -

Then is the slope o
-2 1

(1,2)
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The second point in each of the preceding graphs

could have been located inseveral ways. Or cc

the-.same line would reSult in every case.

11. (a)

(b)

= 2k , y = 3k)

(x,y ): x = 5k y = -3k) or

(x,y )= x = -5k y = 3k)

(c) (4.,y )= xg= k y = 4k)

(d) ((4;5r ); x = 2ic y = rk)

Problem Set 8 -8b

slope of 411Ur= 133.

Slope of A = 5 ; slope of '4 e- 5 .

(b) Slope of AB =
1

1 _ _ 1slope of CD =
0 ' 10

Slope of vr. 0 slope of 411te = 0

Slope of 4PAr. slope of

Slope of 41A51.= = slope o

2.

3.

Slope of AB
41r---to

=

Slope o

27

=

411-41[.
; slope of CD =

4 slope of

(b) 4- 1
-8 - 4
lb + 5

) Slope of '1E11

yes.'

= 1 ; slope of

yes.

-100
-1

(d)



5.

(

(b

Slope of AB-

AB-'z' I CD

Slope of

slopp_of !tr.

p = (( y): k =3k, y = 8 2k' real)

k = 0 yields (3,8)

k= 1 yields (6,10)

1.-1 yields (0,6)

k = 2 'yields (9,12)

) q = ((x,y): x = -1 + 4k = 0 - k is real)

= yields (-1,0)

k = 1 yields (3, -3)=

k -= -1 yields (.-5,3)

k = 2 yields (7,-6)

((x,y): x = 3 3k y = 4 2k k is real)

= 3 -I= 3k k is real.
Parametric equations:

y = 4 2k k urea..
= 3 - k k is real)

= - k k is real.
Parametric equations: -

= 3 - k k is- real.

,y): x= -I A- k y

3

CD = ,y): x = 2k , y = -3k k is real) or

CD = (,(x,y): x = -2k y = 3k , k is real)

Slope of slope of b =

However, k = 0 yields (1,2) in a

h = 0 yields (3,-1) in

-1 - 2 3 1

- 1
and

Hence a / b

8. Slope of p

eq61. Also (1,3) is on p and on .q . So,

P = q

8Slope of q = 7 . These are
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9= Slope of m. -lope of n =
.111. P

ri

not parallel. erefore m and n intersect

in one point.

We seek ((x,y ). x -= 1 + 2k , y - 2 3k and

x = 1 - 2h , y = 2 + 3h ; h , k real)

Hence, 1 + 2k = 1 - 2h

and

2-+ 3k = 2 + 3h

That is, k = -h And k h

So, k = 0 = h-, which gives=

((x,y): x = 2)

So, the point of intersection is (1,2

10. Slope AB = slope EC` = slope CD ,

slope AC = ; slope' = slope = 10

AB 11 715 11 . The segments are distinct

since their endpoints are different.

11. Slope AB -

Slope

collinear. Hence ABCD is a parallelogram.

= slope

-3 = slope 705 and B, C, A are not

12. By definition of vertical lines, if m is a vertical

line, it is parallel to the y-axis. If n 11 m ,

then n is also parallel to the y-axis and hence

is a vertical line,

a line is parallel

4 - 2 2 - 4
13. D

2 '

4 + 6 2 + 0
2 ' 2

(Recall tha

itself.)

(1,-1)

(5,

A 4
'

2 1
Slope DE = = r , so lAC i DE-.
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14. Slope 1E =

sl6pe r--

lope - 5

3374- . It is false that ABCD

parallelogram.

Slope 7

slOpe.
.1

5 ,

-slope RS ... ,

slope 17 = - . It is true that P S is a

parallelogram.

a

1 2n - 015. 7
16. If then either they both have the same

slope or bottiare vertical. In case they are
vertical a - 3 and b . 4 , so a . 1

1.

In ease they have the same slope, 3
1

b

that-is 4 - b 3 - a or a = b - 1 . On the

other hand if a = b - 1 and 4 b 0 then
1 1 1

and 41F(r I 141Te%w b 4 - + 1

Further, if a b - 1 and
4- b m 9, then b U and a= 3 and both lines

are vertical and again VP, II -4111FL- . Furthermore, in

case 41170,1P1f4RS',4WP.:9Trif and only if VII1/13r

Now, slope Q.11 = 3 1 b . So 0 114474'. implies

or a b but a b - 1 so

RS

Problem Set 8-9

x - 1 y 4

0 _ y 5
0 0 -- 5
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2. (a) y

(b)

7(x,

2

(c) 7 -

(d) y -( 2

(e) y , 2 -1 (x

(f) (-5) - 3(x - 0)

y -T(x - 5)

(a)

(b)

(c)

x - 0
5 - 0

x - 0
3 - 0

1
x 7 y -

- 35 1
7 7

x - 1 y - 6

or y s 6x

2
or

or y = x (Midpoint of

(3,4

or y = -x (Midpoint of

= (,3) mid-

point of

1))

or y -x 7

((x,y): y = x)

((x,y): y 2

Solving these equations

(1) y -x 7

(2) y

Y

- 5))

7x 7 , therefore the point of

600
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-d

2(x+ 2)

y'- 4 =x+ 2

. 0

(d) 7 A 2)

y - 4 x_ 4. 2

7 m -2

Hence, p II s and q II r

8. (a) intersect in one point since q and p 41-
(b) p = q since p lig and the point (8,0) 1.s

on both p and q

(c) p J q since slopes are the same but p q

since (8,0) is on p but not on q

9. It ishe equation of a line since it is linear.

Furthe it contains (a,0) and (0,b) since

bE - 1 and F. E

10. If x = 0 y = b . Hence the point (0,b) is on

the line and this is the point of the y-axis which

is on the line. If x= 1 ,y=m+b. Hence;
(1,m b) is on the line. The slope of the line

is determined from (0,b) and (1,m b) as

2.
2

7

m t,b b
1

Problem Set 8-10

6ol

)v



2 = 0

b
) =1

-6 - -
5.

2 _2
5- 2

which yields b s 5' Vb.+ 6) or b = -17

(1) For k = 0 both V! and 0- contain

(2)

7. CD - y) :x = -2 3k , y = 2 4k , k is real) .

8. (a) y):, x 3 4k ,y= 2 - k , k is real)-

(b) ((x,y): x g 3 k y JY2 k is real)

(c) ((x,y) : x k y = -3k , k is real)

(d) x,y):x= 3k ,y=k, k is real)

(e) m -3

1
m = 7 ,

AT

(D) ((xa

(x$5); y -

= ((x,y) y =

y= -3x 11

2 = -3(x -

x)

and 3y = x)

(D) _ ((x,y): y = -3(3y 11) and 3y

(D)

D

(x,y): y = .11 and 33
x

= -1 ; therefore LD is a right angle.

therefore Lc is a right angle.

therefore LD is a right angle.

therefore

602
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10. ((x,y

(x, Y

Ai

2 k

k y

2 - k k is real)

2k , k is real)

k is reap)

k is real

If a = c , p is a vertical 1 , and q is a

horizontal line.

k
i-f d = b , p is a horizontal line and

rtical line.

(a) x

(b) x. 5

11. Plot A(3,5) . Through A draw's horizontal line

and on it locate D(10,5) . Through D draw a,

vertical line and on it locate E(10,1)

B- is .the required line. ( . )

is a

14. = -2 . Plot s(6,-4 . "grigiP. is the line.

Plot T(7,1) 40°' is the line.

15. p = (x,y): x = 2 + 3k , y 3 + 2k , k is real)

(a) - 1 yields (9,9)

k = -1 yields (-1,1)

(b) q p and (2,3) on q

((x,y): x = 2 + 2k,

k -'1 yields (4,0)

k = -1 yields (0,6)

603 1
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m
AC

b + - b
a 11=c

Hence 17 1 BD .

Midpoint of AC

Midpoint of BD

(b - b ; AC = ED

-7
= -1 .

;I

a c -I- a + c)

a 4- c 1- a b b
: ---

Problem Set 8-11

Yes, A rhombus has all the properties of a

parallelogram, since it Is a parallelogram. No. A

parallelogram is not necessarily a rhombus and

therefore would not always have all the properties

of a rhombus.

A.rhombus is a square if and only if it has

a right angle.

A rectangle is a square If and only if two

consecutive s' les are congruent.

If a quadrilateral is equiangular, then it is

a rectangle.

If a quadrilateral is a rectangle, then it is

equiangular.

In quadrilateral ABCD LA LB LC = 7D
herfore ABCD is a parallelogram by

Theorem 8-19 since opposite angles are congruent.

Since it is a parallelogram, consecutive angles

must be supplementary. If LA and LB are

both congruent and supplementary, then each must

be a right angle. Since a parallelogram with a

right angle is a rectangle, ABCD must be a
rectangle.

6011



Conversely, if ABCD is a rectangle, th n

ABM). is a parallelogram with at least one

right angle, say at A .

By definition of a parallelogram, rt5 II PZ.

Therefore, the consecutive interior angles are

supplementary; m LA +m LB = 180 . Since it is

given, that m LA = 90 , then LD = 90 .

Opposite angles of a parallelogram are congruent

by Theorem 8-1 therefore m LC = 90 and

m LD = 90 . Therefore, ABCD is equiangular.

If a quadrilateral is equilateral, then it is

a rhombus.

If a quadrilateral is a rhombus, then it is

equilateral.

(b) In quadrilateral ABCD , all 4 sides are

congruent. Since opposite sides are congruent

then by Theorem 8-18, we know that ABCD is a

parallelogram. Since this parallelogram has

two consecutive sides congruent, it is a rhombus,
4

by the definition of a rhombus.

Conversely, if ABCD is a rhombus, then ABCD

is a parallelogram with two consecutive sides

congruent, say n By Theorem 6-6, we

know that AB DC and = . By the

transitive property of congruence, we know that

all four sides are congruent and therefore

ABCD is equilateral.

5. (a) True. Theorem 8-20.

(b) True. Theorem 8-20.

(c) True. Theorem 8-21.

(d) True. Theorem 8-21.

(e) True. If regular, then it is equilateral and

equiangular. This makes it a rectangle

and a rhombus both. When both, it is

called a square.

O05



(g)

r;
In parallelogram ABCD ABC ;1. CEA ,

by S.S.S. Congruence PostUlate or PeS'.A.

Congruence Postulate.

False. Consider the case in quadrilateral ABCD

when we know only that AABC AADC .

Problem Set 8-12

1. In ABC , A = (0,0) , B

Then we find the midpoint

the midpoint of BC , E

Since ,D and E

(2b,0) C = 2c,2_

of A7 , P = (e,d) , and

(b c, d)

have the same

and parallel

the distance

DE is a horizontal line
.111p

which is AB . Also, by

DEa lb 4- c el = Ibi

AB = 12b -'01 = 12b1

Therefore DE - SAE

y coordinates,

to the x-axis

formula,

The advantage is that the coordinates of D and E

are simp4ifed.

2 12. since each side of ADEF is half of a side of

AAPC the perimeter is half that of AABC

XY = 2MN by Theorem 8-22,

4 right triangle. AB is on the x-axis. AC would be

on the y-axis. Thus two sides of the triangle would

be perpendicular and /A would be a right angle..

boo



5.

B(2b,0)

Using the coordinates suggested

in Problem 4, we find the

coordinates of D , the midpoint

of BC , the hypotenuse.

D =

Then by the distance formula,

CD 2
+ d2

BD b2
+ d

AD = + d-
2

Thus D is equally distant from A, D and C

be the base of isosceles triangle ABC .

Then, A-. (92a,o) , D = (2a,0) , and C (Q,2b)

7. Use coordinates suggested in Problem 6. Let D be

the midpoint of 17 and E be the midpoint of
Then D -a,b) and E - (a,b)*.

Therefore' DB

median and EA

a
2

+ b
2
= the length of one

2 '3

. the length of the other

median. Therefore the medians are congruent.

8. Let A (-2a,0) _ (2a,0) , C =.(2c,2d
Let AE and BD be the two congruent medians.

Then 'D a, d)

E (c + a, d)

We are given that =1:' therefore
C(2c,2d)

13(20,0)

3a)2 .

507
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Therefore, either (1) c + 3a c

'or (2) + 3a = -

In other words, either (1) a = 0 , or (2) c . 0

Since a cannot be 0 , c must be 0 .

Thus AC = 4a2 + 4d2 and BC ='14 a2 + 4d

:Thus AC = BC and the triangle is nsosceles.

The medians to two sides of a triangle are congruent

if and only if the triangle is isospeles.

10. (CB)
a)2 c2

,
(AC )2 = b2 + c

2

(AB)2 =
0

AB = lal = a since a is taken in the positive

x-axis.

lb' = b since b is positive, LA being acute.

Therefore (C = (AC)2 + (AB - 2AB . AR , since

(b - + c- b + c2) + ( 2 a . b

11. (AC b'
0

+ c
2

and (BC)2

Thus (AC)2 = a
2
+ b2 + c

2

(b -

M= (a b

(a + b

(AB)2
Thus + 2 C

0 2
- + a- +

2
C

G

which simplifies to

Therefore, ( C)-
2

+

0
+ 2b + 2c4 2

- a
2

+ b
2

+ c-

608
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Problem Set 8-13

1 If ABCD is a parallelogram, then AC and MI

bisect each other.

Proof: A = (0,0) , B = (a,0) , C = (a + b,

D = (b,c) by Theorem 8-23.

When the midpoint of AC is
(a and the

midpoint of Et" is (; , ) .

Since the midpoint of /77 is also the midpoint

BD , the diagonals bisect each other.

2. Part (1). If the diagonals of a parallelogram ABCD

are congruent, iV is a rectangle.

A = (0,0) , B = (a,0) C (a + b, c) , D = (b,c)

By Theorem 8-23, we must prove b = 0

We know that AC = BD , therefore (AC)2 = (BD)2 ,

d

(a + b)
2 c, a)2,:+ 2

Therefore, (a + b)2 (b - a)2 and

either a+bb-a or a+ b
Since a / 0 , b 0 .

Part (2). If ABCD Is a rectangle, the diagonals

are congruent. A 0 0 B = (a,0) C

D = (0,c) . AC = and BD =

Thus ra =7 m
Part (1). If the diagonals of a parallelogram are

perpendicular, it is a rhombus.

A = 10,0) B = (a,0) C (a + b, D = (b,c)

-e a > 0 . We must prove a = +

Slope of AC c ; slope D

Since

(a + b ) (b

Therefore a2 = b2 + 02 and a

1 and 2 = -

+ c-



Part (2). If ABCD is a rhombus, 17

Let A = (0,0) B -
2

,/C = wb2 c-
2

b, c) D (b, where B
is on the x-axis to the right of A .

Therefore, the slope of AC 7,15
9

and the
C b

Therefore, P7- 1

(Note: We do not

Prove:

and

-1 .

(1) If ABCD is a paralielo-
---4,-

gram and AC bisects

ZDAD , then ABCD is a

rhombus.

If ABCD is a rhombus,

AC bisects LDAB .

use coordinates because students

need trigonometry before they can write the equation
of an angle bisector.)

Proof:

Part (1). LDAC /BAC by definition of angle
bisector. 'Since IT I I -57 ZBAC Z-DC A because
they are alternate interior angles. Therefore, by
the transitive property of congruence, ZpAc L.DCA

Then, slice two angles in AAEC are congruent, the
sides opposite those angles are congruent. AT
Thus ABCD is a rhombus.

Part (2). ABCD is a rhombus. Therefore, AD == A

. Also, AC AC .AADC AAEC by

Therefore /PAC ZWiC since they are corresponding
angles. Z.' is the midray.

6-10



5. A rectangle is equiangular and all angles are right

angles. Its diagonals are congruent.

A rhombus is equilateral. Its diagonals are perpen-

dicular and bisect the angles.

7 Yes. Yes. A parallelogram, a rectangle, and a

rhombus.

8. Parallelogram Rectangle Rhombus Square

opp. sides

opp.

consec. Ls supp.

diags. bisect

diags. no

diags.

diags. bisect

equilateral

equiangular

regular

no

no

no

no

no

no V
no

no

no

no no

9 Q = set _ quadrilaterals

P set of parallelograms

Ri= set of rectangles

set of rhombuses

- set of squares

CI means "is contained in", or "is a subset

and has the transitive property.

RIC= P Q .

R,,C= PC Q



1

2.

Problem Set 8-14

20,0)

We may assume without loss of generality that a > 0

b > 0 , b > d , c > 0 . E= (d,c) ,F= (a + b, c)

ThuS41-? is a horizontal line and is parallel to

-Ible and _B .

Also, EF = av+ d

AB = 2a',and DC = 2b - 2d .

1.(AB + DC) =a+b- d
1Therefore, EF = 7(AB +,

x - 11

x ® 10

x = Y =

In ABCD , AT II 7DU

If m A = 100 , _ D = 80 we would not mow the

measures of the other two angles.

If m = 100 and m = 70 , then - 8o

and m LB = 110 .

612



Given a trapezoid, label it ABCD and set up an

xy-coordinate system so that A (-a,0) B a,0)
C = (b,c) D (-d,c) , with a > 0 , b > 0
c > 0 b > -d . Then b + d / 2a . (For if

b + d 2a , then AB CD and ABCD is a

parallelogram, not a trapezoid.) We are to prove

two statements:

(1)

(1) If AD = BC , then

(2) If LA Z" LB , then

If AD BC then (AD

(-d + a) + c (b

But

therefore

Then

AD

DO

-(1 +

-d +a-b-a or

b + d or

b + d

b d

AO a - 0B,

/A =-

AD

BC

2
c-

- b ± a

b d

and ADAC ACE0 b

Then LDAO LCBO

+ C OC



(2) Let E = (0,c) . If LA then it is easy
to show that LEBC '=7' LEAD , LB EA , LBEC ZAED,

hence that AEBC LEAD and BC = AD

Given a trapezoid, label it ABCD and set up an

xy-coordinate system so that A = (-a,0) B = (a,0)

C= (b,c) (d,e) , with a 0 ,c> 0 ,b> d
b - d 2a (compare with solution to Problem 4).

We must prove two statements:

(1 ) If AD = then AC = BD .

(2) If AC - BD , then AD

(1) If AD BC , then d = -b (compare with solution

to Problem 4) and

(Ac )` (-a - b)2 + (0 - c)2 (a + b)-
2

+

(BD d)2 + (0 = (a + b)2 + c2

and AC BD .

(2) If AC = BD theh

(-a - (0

+ a_ -d +

b -a- -d +a or b+a=d- a

b -d or b d = -2a .

But b d / , since b d and

Therefore b -d

Then (BC)2 (b

(AD

(-a

d BC - AD .



6.

Let A(0,0) , B (__,O) C(2d,2c) , and D(2b,2c)

be vertices of a trapezoid, with a > 0 , ,

and d > b Then a b d (see solution to
Problem 4).

Let E be midpoint of AC . L = (d,c)

Then

Let F be midpoint of BD . F = (a b,

c c
0 and EF II II V3

EF

Also EF = la b - di

and IAB - D I 12a '3(.1 2b

itTherefore EF = tIAB

Problem Set 8-_

I a + b - di

1. Theorem 8-28 and Corollary 8-28-1. Find midpoints
of AB and LC , and draw perpendicular bisectors.

Their intersection is the desired point.

Theorem 8-29 and Corollary 8-29-1. Draw midray of
each angle. Their intersection is the desired point.

(a) Draw perpendicular bisector of TE and midray
of ZACB . Their intersection is the required

point.

(b) Use the ruler to plot the midpoint qi 0)

(c ) 0,4)

615.



4. (a) By Theorem

FD = 5

1
BE = - 12 6 , EF

(b) . By Theorem YE7 I I TE , II SU , 775 II 17 .

) DE, EF, DF

(d) The perpendicular bisectors of the sides of

AABC are the altitudes of ALEF . Since the

former are concurrent by the corollary to

Theorem 8-2 the latter are concurrent.

Proof I. Since the perpendicular bisectors of APQR

are concurrent (by corollary to Theorem 6-28), and

these are the altitudes of AABC., the latter are

concurrent.

Proof II m

m
-a PC

0

CB a

1
m
AB

Two non-vertical lines are pe,rpendicular if and only

if the prvAduct of their slopes is -1 .

(o, ) is _contained in ha because

((x,y): x . a + kb y = kc real) and

yields (0,

(0, V.) is contained in hr , because

h ((x,y): x by y ap p is real) and

acp yields (0, -

IThus ha , he intersect in

acN
,contains (0, --) because hb is

b

Also h
-b

e y -axis and

contains all points whose x-coordinate is 0 . So

ha h , hb are concurrent.

1 -

-I- 1616



aNote In Proof II we chose k F and p = -

These -e "happy choices" which showed that ha and
h
e had. a point of intersection in the y-axis. But

these ".happy" choices were not accidental. They
reqleared some ingenuity:

In Proof I, which did not use coordinates,
there, was ingenuity displayed in considering APO .

Ingenuity can. be exercised no matter which type
of proof is used.

6. In AABC 11-= ,0) , B (2b 2c) and C = 426,0)

:Plan: Find the point of

intersection of two of

the perpendicular

sectors and then

-t to see if that

_int is contained

in the third perpen-

dicular bisector.

B(2b,2c)

D(b E b,c)

A(0,0 F(0,0

C

'

C
m
AB b

AC

Let p, q, r- be the perpendicular

bisectors of

P n ((x,y): y

((x,y): x a)

BC and R respectively.

c

By substitution y

Y

b
b))

X =
b2 ab

Therefore, (a,
c

of intersec ion of p and

O

617 4

is the point

Call it



2

Thus OA =

C

q = [(XsY): c b
a a+b)

The point 0 is also contained in

since by substitution

+ c
2

- ab) c =

Since p, q, r each contain the

2t4. c2
.ab_point 0 = (a,

the lines are concurrent.

Use .distance fQrmula to show that

= OB =

(CA
.2

.2' b2 + c -
a - 0) +

ab

2
-
(b-

2
+ C2

C

c2b2 + c

2
b + c2

2

2b

Expanding

bL
4 2ab 2

2 2 2 2 2
abc + a-c + .2b ,c-+a b

I c-

a -b)

2c)2

b + c1 - iab

618

2 2 2
abc-

2 2
+ a c + 2b-2 c-±a b



Chanter 8

Review Problems

p = ix,y): x © 2,

0 < Y <

r

q ((x,y): y =

N,0 < x < 3)

1),

(x,y): x Y = s

< x 0< y 4 3)

(

619

t x,y): x y 3,

-3 < x < 0)



2. (a) Yes (g) Yes

(b) Yes (h) Yes

(c) Yes (1) No

(d) No (3) Yes

(e) Yes (k) Yes

(f) No (1) No

Since the diagonals of a rhombus are perpendicular

and bisect each other

(4)2 (4)2

(8)2 (15)2 52

289=' S2

17 = S

Therefore P = 68

3x)2 (4x)2-= (40)2

3x)2 (4x)2 = (5

x = 8 .

Therefore the sides of the rectangle are 24 and 3 2 .

5. (a) (-1,5)

(b) (1,-1)

(c) (1,2)

(d) the measure of AB =

(e)

AC =%/3 - (-1))2 + [5 7

4

BD =.
3]2.

Therefore AC =

= ((x,y): y = -1

AC = ((x,y): x = -1 4k , - -1 + 6k ,

k is real)

(h) Q= (-1 + 4 4 ,

(15,23}



Slope of wu is wslope of line pe-

dlcular to rd is Therefore the

required line is

((x,y): x = 3 + 3k = 5 - 2k , k 18 real)
b

b

Slope not defined.

7. (a) Proof: Set up an

xy-coordinate system

eo that A = (0,0) ,

,B = (2a,0)

C = (2a,2a

D = (0;2a

When since .R is midpoint of , R

and since S is the midloint of ,

S = (a,2a) . Then by the distance formula

AR = 2a
2-

+ (a)
2

5a- and

= a + (-2a)

2a
Slope of trg ; slope,

Thus

f

AR = BS

a 1

7

Since the product of these slopes = -1 MI:KR.

The equation of AR by point -slope form is

y = =
1
x . The equation of '411bS.. by point-slope

form is y = -2(x -, 2a)

e intersection of these two lines is the point

T4 .

Then DT

= 2a p
h

621
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Theorem: The median of a trapezoid

diagonal.

bisects a

Proof: If we select a

coordinate system which

assigns the coordinates

to the vertices of

trapezoid ABCD as in-

eeated in the diagram

(with a > 0 , b > d

c > 0) , then the mid;

points of the nonparallel

sides W15 and M. will be

is the median of ABM) .

that the midpoint of ME is

F(d c) and E(a + b, d

We are asked to prove

on 7t . It is:clear

that fier. Is ((x,y): y x is real) . The

midpoint of 15E is (d + a,- c) . Then the midpoint.

of DB is in It must still be shown to be in-

FE . Now d < d -I- a < b since a, b are all

assumed positive and since b > d . Then the point

(d a, c) lies between F and E and the midpoint

of TiE is in IT .

Alternate Proof:

((x,y): y = C y

DB = ((x,y): x

is real

= 2a k(2d - 2a) r y = k 2c

k real] .

The intersection T oil these lineS must have as its

k = , and

T = 2a d 2a) u, c), which

y-coordinate c = 2ck , whence

the midpoint of MT

(a) y = 0

(b) x-=

(c) If y = 0 then for all values of x xy

If x = 0 , then for all values of y , xy = 0..

Therefore each point of both axes satisfies

xy = 0

622



10.. Our oordinate system

assigns (0,0), to A

and (6,0) to B

Since m ZPAB is given

as 6o , and m'ZPBX = m ZDAB

(corresponding angles of two

parallel lines cutting a
A

transversal), m ZpBX = 6o

Consider CC' 1 Te. Then

in &BCC, , m _BCC1 =30 , BC = 6 ,

(in a 30-60 right triangle, the shortest side is

-lf of the hypotenuse), and using the Pythagorean

-/Theorem we find

and I2C, =3

CC' =i4RT77r=

(a) Thus C = (9, 3 VT)

(b) D = ( 3 in-)
(c) AC= 7 =. lC =64/3

(d) = 6 . Thus AC

AC = ((x,y): x = 3k , y = k and k > 0)

11. ((x,y): x = 1 and y is real)

((x,y): lyi = 3- and x is real)

y e x) or y = -x ; x and y are real)

((x,y): y = 3 and x is real)

((x,y): x = 12 and y is real)

((x,y): y = -6 and x is real)

12. A = 4) , B = (-1,5) , C = (-2,1)

AB = + 1 =4/17

(d

2BC = + 4 =

AC + 3
2

Thus ABC its an isosceles triangle, since AB
and ABC

(AC)2

is a right triangle, since

(.0)2
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13. Midpoint of . -4,2)

1
elope of n = , slope of line perpendicular

to = -2 . Therefore the line is

x = -4 k y = 2 - 2k , k is real

2
+ 25

AC (
3)2 (6 5)2

+

Then AU = AC gives (c - 1)2 4- 25 = (c - 3)2 +

- 2c + 1 4. 25 = c2 - 6c 4- 9 1
2

. -4

15. The distance from (h,3) to the x-axi_ 3 its

distance from the y-axis is Ihi

3 = 21h1 , IhI = 3 , that is,) h =

16. Select a coordinate system

which assigns, coordinates

to the vertices of

parallelogram ABCD

as'indieated in the

diagram. Then M is

thp midpoint of rff and

has coordinates (a,0) .

We are to show that one

of the trisection points

of TE lies on MI5 .

There
3

7 or h

b c C b +2a.c

p) B p

= ( (A,y): x = b k(a y = kc

k 1)

b 2aThe trisection points of AC are R and
s(E,itLLI 2c%

Now, if R is on 1T5 then there

is k such that 'Q )1c1 and c- kc =
2

Clearly k = satisfies this requirement. Using

k = we see that R is a member of set MI5 .
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Alternate solution:

,y): x = k(b 2a) , y ck , k is real)

y): x = a h(b - a ), y ch h is real)

intersection of lglw,411Te, has y-coordinate such that
ck = ch , or k = h

Then its x-coordinate is such that

k(b 2a)' a + h(b - a) = a 4- k(b -

kb 2815, = a + kb - ka , or

Zak a - ak., or

k = 7 = hi.

or

Therefore, R , the intersection point, has coordinates

+ 2a) 2a +b
3-

which are the coordinates of a trisection point of

17. Assume a coordinate system

which assigns the coordinates

as indicated to B, C, A

Then, referring to the

diagram, we know that

E (2b a,2c)

D = (b,c) , and we are to

3Show 'e

= and DF

An equation of -BE

2c
Y 2b +-a X

An equation of DC



. ,
Solving for the coordinates of # , we find

2c2 ax b

from which

Then

and

6c

)

= 3
YE YF 2c 7

XF
xr)

xF



Chanter 9 C-

ANSWERS AND SOLUTIONS

Problem Set. 9-2_

1. No. The definition requires that the line be perpen-

dicular to every line containing Q and lying in

2. LABE , LAB LTA . By definition, AB-1 E., implies

AB-Pr,4111741111,10.141R1P, and-by definition of

perpendicular lines, the angles are righ angles.

a) Yes. A plane is determined by three noncollinear

points. If R,' S, T were collinear, then T

would be in ./M ,,-by Postulate 8.

LPST , LPSR . Definition of perpendicularity:

a line and a plane, and two lines.

4.

(a

(b

Three. Plane determined by

plane determined by IM and

plane of square FRIG

FB 1 plane ABH . Since MB

WE and IT ,

BH , and the

i by hypothesis

and MITH from definition of a square,

FB I plane ABH by Theorem 9-2.

Three. Planes RHB , RAF and ARF
plane ARF IT by hypothesis,

BH 1 WF at point H by Theorem 5-8.

Therefore BH 1 plane ARF by Theorem 9-2.

6. Yes. By Theorem 9-1.

7. (a) Yes. By the definition of perpendicularity

a line and a plane.

(b) Yes. By the definition of perpendicularity for

a line, and a plane.

No. By hypothesis, lies in plane

and therefore cannot be perpendicular to

By Theorem 9-1, all lines perpendiculato AB

at B must lie In the plane perpendicular to

ASAB at B (that is, plane ).

8. By hypothesis, FR I plane 1 Viand

FB 1 RB by definition of perpendicularity of line

and plane. AABF ARBF by S.A.S. PA = by

definition of conga e for triangles. LFAR

by base angles of an celes triangle.
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1.

Yes.

Statements vasons

1. WA = WF

2. AB = FD

3. BR . BL

4. AR = FL .

AR 2; ZWFL

AWAR .16" AWFL

WR = Wl, .

1. Property of a cube.

2. Property of a cube.

3. Hypothesis.

4. Addition property for

equality.

5. Property of a cube.

6. S.A.S.

7. Definition of congruende

for triangles.

8. RV I , 8. Property-of a cube.

KW 1-Wr

plane AWF 9. Theorem 9-2.

10. RV 1 , 10. Definition of perpen-

KW I VT . dicularity for a line and

11.

(b

a plane.

Reflexive property of

equality

AKWR AKWL 12. S.A.S.

KR = KL Definition of congruence

for triangles.

Problem Sept 9-3

T (d) F

F (e) T

T (f) T

g) F

(h) F

i) F

2. AC and AEdtermleaplane which intersects Y41-0.
at BD and ersects

Statem

Z at CE

Reasons

1. F 5 I I . 1. Theorem 9-6.

2. LADS ~ LAEC 2. Corollary 6-4-1.

3. L% LIBC Theorem 5-6.
4. jiDB LA . 14. Transitive property for

Congruence of angles.

Theorem 5-7.
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Alternatively, after Step 2 above: LSABD A ACE

by Theorem 7-6. Hence AC , CE are proportional
to AB , BD . Therefore AB s BD , since AC CE:.

Troof: Let .11 'and Ac2 be two parallel lines.

.Let "4 be a plane Which is parallel to one of theplane

liheS, say -61 . We Wish to show that P is'parallel

2
. were parallel to Ae_ Thento Af. SuppoSe

2 7

would intersect in a single point. Thus

, which by hypothesis does not have exactly one
1 ,

point in-common with 7:7 , is distinct from .62

We now apply Theorem 9-4 to find that 2V,iintersects

,e :in a point. On the basis of this 4intradiction

to the hypothesis, we must reject the po6iibility

that ,1° and .1 are not parallel. Henae oie7 18- 2
parallel to

Problem 9-4

1. Points W, X, Y, Z are equidist

endpoints of by hypothesis.

from the

Theorem 9-18

they all belong to the perpendicular bisecting

plane of WET and are therefore coplanar.

2. Stateme

AB ,

1
2. Theorem.9-9.

3. Hypothesis.

4, Theorem 9-10.

Reasons

Hypothesis.

Statements Reasons

1. AB CD .

2. MN TD
UY5 I .

ABD .

4. AD - CB .

629
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Theorem 9-17.

'Definition of line perpen-

dicular to plane.

S.A.S.

Definition of congruence

for triangles.



4, (a) IOr BR 90 . ZpCF.
(b) Not necessarily. W, K, R could be any points

in 45 .

(b

Yes.

No.

Yes. Yes. Yes.

(d) Yes.

(e) No.

(a) 6 inches.

(b) 0 inches.

) 3 inches.

f) No.

(g) Not necessarily.

(h) Yes.

(I) Yes.

(j) Yes.

(d) 1/17 inches or

(e) 34/7 inches or

4.242 inches.

5.196 inches.

d are perpendicular to plane ;7r . Hence

AX and are paralle lines and therefore

coplanar. Since 0 is iz AT and N is in

the plane ABXY contains both 0 and N Since

each of the coplanar lines , CAN and415W is

perpendicular to they are parallel to one

another. Since AO m CB , we apply Theorem 7-2 to

obtain XN NY . Thus N is themidpoint of

Let BE be- the perpendicular to plane )7Z. at B

Then AEI BE , and it is given that AB 1 BC .

Hence An plane EBC . By the definition of

projection, 411W1 ;!,f Then so that

is' in the plane EBC Then TE is in this plane.

Hence WE "TM or LABD is a right angle.

Let the given point be P and the given plane be

. Let F be the projection of 'P into

If X is any point in distinct frbm F , then

FX is a line in . Since AF is perpendicular

to it is perpendicular to every line in

through F ; in particular, AF 1 FX-.

6-19, AF is shorter than . Thus

By Theorem

is the

shortest segment joining A and a point in

630



lw,

Problems Set 9-5

1. (a) 12 in the usual classroom.

(b) Right.

(c) (1) A dihe angle` is acute if and only if

its measure is less than 90 .

( ) A dihedral angle is obtuse if and only if

its measure Is greater than- 90

(d) Two dihedral angles are adjacent if and only_ .if

they. have respective plane ,wiles- which are

adjacent.

Two dihedral angles are supplementary if and

only if the sum of their measures is 180 .

Two dihedral angle re complementary if and

only if the sum of their measures is .90

C-PAB,7-90 (m LCPB = 90) .

CAB = 60 since ACAB is equiJosteral.

(AAPC ZIBPC ZSAPB .)

In ;let ne. be perpendicular to P_V Then by

the difinition'of a plane angle, LABC is a plane

angle of LA-PQ-C . 1 4. by hypothesis. Hence
LA -PQ -C is a right dihedral angle, and its plane

angle, LAW , is a right angle, and lre:CV%

Since it is given that ArrW, we now have 'AB'
perpendicular to two-lines in

by Theorem 9-2, WAI71

4. Using the figure in the text, consider 413ffew and

in 00/ such that XN 1 NC and 41V14414.R.r. J.J.

and 4W1X, by Theorem 9-21. Then, bydifinition

of a line perpendicular to- a plane,

through B ; hence,

100*=-AW .01114R.
YN 1 MN-. By Theorem 9-2, MIN

,

RV'

631
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By-Theorem 9-9 we -WNW ,11j; By Theorem 9-6

we know 1WririErandilErInre. Since,-Ble= AD

and '11H = AC, we know we have two parallelograms.

These are rectangles since IA is perpendicular to

both pXanes and therefoe'to lines in the _plane

through A and B LOAD and Lgtix are plane

angles Of the-dihedral angle LD -AB -H and are

congruent. Then AACD AMIN by S.A.S. However,

we do riot knOw the measuie of any 'of the angles of

the two triangles and so cannot find the length of

The proof is an immediate application of T#e

(a)

(b)

(c)

(d)

(e)

2. (a)

(b)

(c)

(d)

(e)

(a)

(b)

(d)

(g)

(1)

A

Review Problems

Chapter 9 Sections 1 to 5

always(

Sometimes

sometimes

always

sometimes

F

T

F

F

F

coincide

parallel

parallel

coincide

parallel

coincide

(f)

(g)

(h)

(i)

(J)

f T

(g)

(h)

(1)

(j) F

(and parallel)

sometimes

never

always

sometimes

always

(k) F.

(1) F

(m) T

(n) F

(and parallel)

(and parallel)
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1.
Problem Set 9-6

rJ

6



2.

In the yz-plane,

x = 0

In the plane parallel

to the yz-plane 'and

two units in front

of lt.

.634



In 'the plane parallef

to the yz-plane and

three, ibits beh nd it

4, xz-plane is y - 0

y - 2 (Parallel to

x- plane.)
xz plane is yx0

ya2(prollel
to xz plane)

z 0 (xy -plane

(d) -4 (Parallel to

xy-plane.)

535

parallel to xy
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The _deus (the set,

the x-axis--

thaz-axis

the y-axis

the Origin' i-

A line in the yz-plane which is paral el to-

the z-aXis and intersects-the

A line parallel to the z-axis

the xy'7plane in the point (2,

The eight vertices might have

y-axis at (0,2,0),

and. intersecting

1,0)

coordinates

(040 0) , ( ©,a,©) (a,a,0) (a,0,0)

(0,0,a) (0,a,a) (a,a,a) (a,0,a)

The -eight

(0,0,0) ;

(0,0,c)

Vertices might have

(0,b,0)

(a,b,c)

All the points in space

for which x,+ y 2

lie in aplane which

is parallel to the

z-axi and which inter-'

sects the xy-plane in

the line x + y = 2

(a,b,0)

(a,b,c

coordinates

(a,0,0

Problem Set 9-7

13 (d) 447

(b) 7 , (e) 3

5 (r) V17
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62 + + z 100

z

P(6,6

4. (1, y/TT,1) and

2 = l + 4 F 9 = 14
2 16,+ 4 + 8 _=" 20

(AC' )2 = 9 16 + 9 =34
(AB)2 (Bc)2

(AC )2 Therefore, ABC is a

right triangle.
4

42 22 ir5-5 20-g

AC = 6 + 22 + 4 VT6 = 2 4./V

= AC , and hence, A ABC is isosceles by

definition of isosceles triangle.
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7. DE.

PC = 1 4 + - EF

AC = 4 + 1, * DF -

AB = BC =

Therefore A ABC

equilateral.

a) AB

BC

CD

5 + 25 + 1 = I/7

6 +- 16 + 6V . 11

ADEF is isosceles, but not

equilateral.

AD 9

AB CD BC . AD .

No, because it does not assure us that points

A, B, C, D \are coplanar.

V5-

CD .4iT

AD = 3

3

Hence the

congruent.

o ite sides o

(b) AC 1 + W + 1 ,

(c)

i /g741 4 + 1 =4/1 T ,

2 ,2
kAD (BC) - 9 5

= 14 = (AC)2

Hence Lp is a right

angle. Simillarly,

LA , /B LC are

right angles.

he figure are

D

No. It has not been proved that the four

vertices are coplanar.
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10. Given two points A and B , choose M as the
y-axis and the midpoint of as the origin.

-

There is a real number a , a

A'= (0,- 0) and B =
is the perperldicular bisector of

things to prove:

0 , such that

Then the xz -plane

AB . We have t *o

A

(1) If P is in the Xz-plane, then AP = BP .

(2) If AP = BP P is in the xz-plane.

If P is in the xz-plane, then P = (b,0,

for real numbers b arid c .

end AP = BP

2

If P(x,y,z) is any point such that AP = BP ,

then it follows from the distance formula that

- 0 Y
2 2 2

x y- + 2ay + a + z
2

= x
2
+ y - 2ay

2

4ay 0 , and since

y,. 0

Therefore P is in the xz-pl-
-

4

a/ 0 ,

_2
+ a- + z-,



Problem Set 9-8

The =coordinates of- the endpoints of the--

'EF And GH are

E = (2a,0,2a)

F (0,24,0)

0 = (2a,0,0)

= (0,2a,2a)
2

OH (0\- 2a)

12a
2

= 2a

EF = 2a - 0)2 + (0 - )2 0)
2

12a2.= 2a 1/5

By Example 2 (a), :AB = 2a

,Therefore, OH = EP = AB

(a) 74Ar". :=K= T2 + 10k y =.2k 6k,

k is a real number]

(b) ,Y,z): x -2 4- 10k y= 2k - 6k,

0 k < 1)

AB (x,y,$): x 10k, y= 2k , z =4 - 6k,

k 0)

Midpoint of AB is

x= -2 4- 10k , y= 2k , x --- 4 - 6k

-k = (3,1,1)

(b) Trisection point of AB nearer A is

((x,y,z )- x = -2 4- 10k y y= 2k, z = 4 - 6k ,

-4
k

7 '
2)

Trisection point of AB x4arer B is

[(x,y,z): x= -2 10k , y= 2k = - 6k ,

k =
(14',

01-



(d

f

When k Q 3 P (28,6,-14)
When k = -3 , P

e 4 6k
2k 7
14 4 0, 7 V/

y p = 2k
'1* k 0

P = (-2,0,4)
x = 0 = -2 ± 10k

k

P

7)
= 4 - 6k

= -2 - 2k
k = -1
P -2,10)

x -- -3 -2 10k
1k 10

P - ( -3,
7
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IT a rectangular so d is

given, there isra coordinate

system which assigns

coordinates to the vertices

s in the diagram. (20,02C)

We Tust show iat all the

diagonals 'AH , BE , CF

rd have the aamnlength:

and the.aame,midpoint.-

E

Using the distance formula

four times,' we find that,/

ettch diagonal has length

-2
,(2b)-

2

jilidpoint,of CF Is

012b10)-'

c _aiib,o).

'2
b c

2a
2

Simirarly,-

0 2b -2c 4- ON
2

midpoint of 'BE is (,b,

.;441point of OD is (a,b,_

midpollt of AM

Thus the point (a,b_ )JJis the midpoint of each

diagonal, and' theretdre the diagonals bisect esZ'6

other at - (a,b,c)

(a,b,c

6b2

ti



A, B, are collinear if the sum of the lens hs of

two of the segments Joining the points equals the

le Aitti of the other segment.
bF

A(-1,5,3) ; B(1,11,) ; C15,2,6)

AC = AB 4- , and hence A

An alternative method;

AB- = ((x,y!z) x = -1 4- 2k , y = 5 k z = 3 + k

k is a real number }.

C lie collinear.

4fe paint C is the point on 1Ww -corresponding to

k = 3

6. P P- = ( (x-y-- x 2

k is real aumbe-
11P

x = 0 , k = -

erefore, y = 6 ,= 7 -and

F = (0! 7, 7) .

P
1
P, - x,y,z): x -I 4k , y = 2 4k , z = -1 +31;

3k z - 3 - 2k

+ 4 =7

If y

k is-areal numberl

k =

Therefo x = -1 2 = 1

P

z



the coordinates of

the vertices of the

rectangular solla be

A (2a,0,2c)

B (2a,2b,2c)

C(0,2b,2c)

D(0,0,2c)

E(2a,0,0)

F(2a,2b,0)

G(0,217,0)

H(0,0,0)

M ; the midpoint of

all diagonals, would

:have coordinates (a,b,c

F(20,2b,0)

,Dsing,different airs of diagonals and the Pythagorean

'Theorem, the fol owing r lationships
i
among a, b, c,

may be established.

In right triangle DMC

Hence, (_
2 2

+ (b 2b) - 2c

or 2a
2
+ 2 + 2c

2
4b

2

and a
2

+ c2 b2

Similarly, from AGMF

and from A DWI ,

ii 1

z + 0
.2

Hence, the coordinates of D are (6,-1,6)

Yes. Vertices A, B, C, D lie in the plane

determined by the intersecting lines .11-Kel" and BD,

and hence ABCD is a quadrilateral. If the

diagonals of,aquadrilateral'bisect each other

the quadrilateral is a parallelogram.
644
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10.

11e

I

mldpointi'o AC , is , 1,

midpoint. of BD ,/
Therefore, M M' and ABCD is a plane figure,

deteriufned by the two intersekting diagonals

Hence, ABCD it, a. parallelogram, since the'-opposir

aides are congruent (or by thp diagonals bisecting

eactr other

midpoint cif -AC is

midpoint of Urf, -4)
Hence,' M =M,,, and ABCD is a plane figure,

dete ed by the tivo intersecting diagonals AC and
ET ABCD is a rectangle since it is a quadrilateral

with all right angles.

Problem met 9-9

1. -00 Using ax + by + cz d

'1,0,0): a + 0 0 = d

0,1,0): 0 + b +,0 d

P3(0,0,1): 0 + 01+ c d

Ther6fore dx + dy + az - d

or x+ y+ 0 a 1 .

d(b) P1(3,0,_ ): a + 'c 3a + - d

P2(0,1,0): b = d ;

P-(0,0,2):3 - d ; c =

Therefore x + dy-+ ,tz d

or x+ by +, 3z = 6 .
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0,1): 3a + c = d

2,0 a + 2b = d

P3 (_,2,4): 2b = d

Solving, c -17

a

b

4d
13

9d
26

Therefore 8x + 9y + 2z =

(d) P1(1,-1,0): b = d

P2(2,0M: 2a +'3c = d

P-
3

0,-3,1): - c = d

Solving, b =

a =

4d
11

d
11

7d
11

Therefore 7x - 4y z = 11

3.

x2 - 2x + 1 + y' - 4y + 4 + z2 6z 9

- 4x + 4 + y- lOy + 25 z' - 8z + 16

Hence, 2x + by 2z - 31

5x + 4y = 20

is a plane perpen-

dicular to the

xy-plane and

inteesecting the

xy-plane In line

5x + 4y - 20 .

This plane Intersects x

the yz-plane in the line

whose equation in the

yz-plane is y = 5 .

z
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(Using xyz-cOordinates, the line is,

((x,y,z): y = 5 and *x = 0) .

course,

(b) x + 2y + z = 5 is an equation'of a plane.

The intersection of this plane and the xy-plane

is le line whose equation in the xy-plane is

x + 2y = 5 ,

(or ((x.a-,z): x + 2y = 5 and z = )

The i:ntervectioA of this plane and the xiz-plane

is the line whose equation in the xz-,planeis

x + z = 5 ,

(or ((x,y,z) : x + z = and y = 01)

The intersection of this plane and the yz-plane

is the lineowhoseequation in tie yz-plane is ,

2y + z - 5 ,

((x,y,z 2y+ z x = 0))

x 2y + 2z =

(a) y + z -1 .

(b) y + z = -1 .

(c) 3= + 5y + 14z - 7

k

- 3k) j+ 5(1 14(4 - 2k) = 11

7
7

The point of intersection is

647
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1.

Review Problems

Chapter 9,, Sections' 6 to .9
RD (2,0,4)

(2,-2,5)Ar
I

5 ,`1

r

I

I I
I

I i-40- I-
-3 / -2 -I

I

I // I

I x I../
I

k_
[I

t2

F3

t

2

4/

/-

(a) ((x,y,z): x = -OV y = 4.7%2k z = 5 + 3k ,
k is -mall

[(x y,z): x = 3 - y 3k -, z = 7 ,

k is real
(12,-
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8

10.

11.

12. Plane perpendicular to the y-axis at

13. 4x + 6y 4z = -9 .

a) Right.

CO Equilateral.

(c) Isosceles right.

Collinear.

-Collinear.

Noncollinear.

(d) Collinear.

Not necessarily. All four vertices must be

coplanar' if ABCD is a parallelogram.

Yes. The fact that the diagonals bisect each other

assures us that the vertices are coplanar.

Yes (because 3 - l + 2 4)

The line ((x,y,0): 2x 3y == 6)

14. Let M be the origin and A,BICIDt be the xyplane

of a three-dimensional coordinate system, a signing

coordinates as follows:

Ay (0,-a,0) D'(O,a,O) B1(b,-a 0) ,C1_(b,a,0)

A (0,-a,c) D(0,a,c) , B(b, -a,c) , C(b,a,c)

Then MB

MC

and MB = MC

649
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REVIEW PROBLEMS

Chapter 0-9

1. 0 2o. 51. 0

2. 27. + 52.

3. 28. + 33. +

4. 0 29. 0 54. 0

5. =+ 30. + 55. 0

0 0 :11. 0 56. 0

7. 0 32.
o

0 37. +

8. + 33. 30. +

9. + 34. + 39. +

.10. 0 + 00. 0

11. + 36' 0 01. 0

12. 0 37. 62' +

13. + 38. + 63. +ur

14. 39. 0 o4. 0

15. + 65. +

lb. + 41. 0 06. +

17. 0 42, 07. 0

18. + 68. +

19. 44, 09. +

20. .0 45. 0 70. 0

21. + 46. 0 71. 0

22. 0 47. + 72. 0

23. 48. + 73. 0

24. 49. 0 74. 0

25. 0 50. 0 75. 0

v
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+

77. 0

76.

79.

d0. +

dl. 0

82.

83.

84,

85. 0

66. +

07. +

58. 0

89. +

90. 0

91. +

92. +

93. +

94. . 0

_c_).

96. +

97. 0

98. 0

99. +

100. 0

1



Chapter 10

ANSWERS AND SOLUTIONS

Problem Set 10-2a

(B,A

2. (A,B)

3. Figure a: (A,B

Figure b: (UTI1 )

Figure c: (A,C)

By the Betweenness-Addition Theorem- AC -2-; BD

and therefore AC -BID . Also by the

collinearIty of the points in the order given

it follows that V is a subset of 'Tr or

Ba is a subset of 'AC , hence AC II BD and

A,C) = (,T))

(b) Same proof as (a).

(c -) (A,B ) = (C,D) tells us tha- AB II D and
AB = CD . It follows that B and D are on

the same side of AC and hence ABDC Is a

parallelogram. Hence A:61,VAttct)

(d) If A, B, C are,collinear and D is not in
_

AB , then AB intersects CD and this would
A

Contradict the hypothesis that AB II CD

If C, D are between A, B then AB CD ,

which contradicts the hypothesis that

(A,B) D)
For each case let the projections of B, F, G, H

into be 13', FI, GI, H' , and consider lines

parallel to -I through B and G into which the

projection of B, F, G, H are B, F", G, H"

Then ABFF" AdHH" by the A.A.-Theorem, and

we have BF" - CH" It foll then in rectanglep

B'F'F "B and GiHIH"G:that lifF, and GIB' , the

projections into .../e of BF a OF are congruent,

and B'F' = GIH"



In Case (a), GI - B' , and all points of (G,H)

except G are on the same side of BB' as F so

that In line ffTV-1-1w- diV. In Case (b), all

points of (G,H) including G are on the same side

of I31-Tilw as F so that in line G 111 is a

subset of B'F' . In Case (c), all points of (B,F)
4V-Afr

are on the same side of GG1- as. H so that in

line is a subset of This establishes
.for the three cases that 'B'F' 11 G,H1- , and together

with BF = G'H' shows that (B' Ft) G',H1

(a) 3

(b) -2

(c)

4'(d) 1 .

(e) ,

7 (a) r

b.

(b) .r = 2

r - -1

3
(e) r =

2

2

1

(e)

(d) -2 .

9. (a). .

(b)

(c) .

(d) 4 .

(f)

(g)

(h)

(1)

s
2

; s = -1 .

; s = 2

1

7
1

;

(e)

1

0

.

(g) 1 .



DEFINITION. If XA,B) , 0,D)

segments, then. (A,B (C,0
segment (E,F) such that (C,D)

The determination of (CF) . when

are'given is called subtraction of directed line

segments.

are two directed line

s the dire ted line

*(E,F ) = ( B
(AT1T3) and (77-5)

(e)
(f)

(g)

(d)

4. (a) A directed segment

extending from A

157° with

(b) A directed segment

5.

of approximate length ,1

at an angle of approximately

of approxim e length 21

extending from C at an angle of approximately

157(3,, with .el

The two are equivalent.

Length Angle Origin

Approx. 1.3" Approx. 79°

Approx. 2.6" Approx. 40° C

Approx. 3.o"' Approx. 85° A

Approx. 3.3" Approx. 67° A

Approx. 3.3" Approx. 67° A

They are

6. Approximately

8.3 miles.

7. (a) (51)
(b) .

(c)

equal.

25° east of north and approx ely

6 54



(b)

Cc)

(d)

(a)

(b)

(c)

(d)

[3,1]

Problem Set 10-3

(e)

(f) [ -5,1]

[0,0]- (g) [2,-2]

[5,-1] .

e) [10,-2]

[-5,5] (0 [5,3]

[0,0] (g) [-10,2]

[=51-3]

is (9,2)

(b) C is (-1,4)

(a) X is (-1,-6

(b) X is (9,0)

5. (a)

(b) [-

(c) [-7,1]

(d) [-6,ii

(a) [ -2,10] .

(b) [-2,10]

(0) -6] .

(d) [-13,12]

7. (a)

(b)

(c) 5

(d)

(a) [o, =3] .

(b)

(c) [-1,-4]

(d
is (3,0) .

X is (-1,4)

X is (-11,4)

(d) X is (9,0)

[2,5] .

(-2,-5] .

[-4,i](g

(d) [3;0]

`(e) [0,0]

Approximately 5.8 mile_ per hour at an angle

approximately 120°



Vroblem tet 10-4

0
Y 7

13
x =

- rx
1

P
, Y.=

x
27
13 ' Y 12Y,

5 x -

1..

.1
. .

.
.,

0 :.,Infinite number of solutions

satisfying, x + 2y = _J.

Froblem Set 10-5

Let the trapezoid and median be lettered as

shown and the segMents directed as shown. Then

EF

therefore 2EF = CF - DE EA AB FB

But

Thus we can simplify, and obtain

CF DE and EF = EA AB FB j

DE = EA and CF = FB

or

2EF _.DC AB

EF DC)

But because I( AB it follows that kA .



_Therefore EF = YAB

hence

and EF = where ik > 0

I 1
IAB1 k

A
ilk31

7(IABI

'= (AB DChence
r-t

Let the trapezoid be lettered as sho n and the

segments directed as shown. E and F are midpoints
of AC and BD respectively. Now

EF = CE DC + DF EF EA - FE

By adding,

REF CE - DC + DF + EA + AE- FE .

Since 'CE = EA and DF - FE , we can simplify, and

obtain

EF 1

from which since AE tl

the solution of ProbleM 1, that

E F H A B B and EE 4(AB

657

can conclude, as in



I LerAhetriangle be lettered as shown

AE and ,
be medians .iritersectingat P

Now AP + PB = AB ,'

d let

Then

x(211 + 7) + y(1 + 217) 217 + 2,7 ,

7G11 + xr, + yu + 417 = Ll + 23, ,

2x +y)11 + 2y)v = ÷ .

Hence 2x + y = x ÷ 2y = 2 and x = y =

The same result is obtained by using the third

median with one of the first two. Therefore the

point Pt, is an element of all three medians and

is a trisection point of each.

4. Let the parallelogram be labeled as shown and

segments directed as indicated. E is the midpoint

of AB and DT intersects AC at F



but. FE = xDE yAC DF =

4

Hence, =substituting into thd first two equations we

obtain respectively,

1-1-
yAC xDE = Tr_

and

from which_weobtain

4'2y = 1 y and 2x = 1 - x

3y = 1 x =l=

1

or 2yAC 2xDE

1r= y)1167 + (1 - x)DE

Thus AF = yAC

Let the parallelogram be labeled as shown'and

segments directed as indicated, with E a point on

AB such that AE _AB and im intersecting XU
at F. . A

but
AF = (1 - x)AC

DF = (1 - y)DE

-E

AF FE - AE AB and DF
m

Thus xAC

Therefore

Hence

yDE = AD or mxAC 1TV=

(1 - x)AC (1 - y)DE AB .

mx = 1 - x

mx x = 1

+ 1)x = 1
1

x - m l

AV -AM



1. 0

2. -24

3. -25 .

4. -24

5. X13

6.

7.

8.

Problem Set 10-6

idicular.

-16

796 .

9. 9 .

endicular.

10. 0 , perpendicular.

11. Since PQ = [4,-8] = (12 .,8] the scalar

product PQ RS = 0

12. Since PQ = [3,-12] ,

then t4 = 0 a
Since PQ @ QR = 0 ,

(ir z-)

Ob0

= [-8,-2] PR = [-5,-14] J

PR= 68, PR = 153

is a right triangle.

OT )

U. ZtV
.1rp=V*11-1-V*Z.



14. Proof: Let

and let n

Let P(x,y)

point on n

be any line borough

be the. -peril di tiller to

be a point

nat-the origin.

ATe origin,

m through

be ad Q(a,b)

P(x,y)

Since is perpendicular to n C

In terms of components, since OCI= [a,b]

OP = ()ca] , we have,. [(Lib] .[3c,y] = 0

equivalent to ax +1Dy = 0 .

15. (1) Let u :(pl,p2) and

V

(2) Let ri

then

.

u

P1(q

(Plql ÷ P1

p q
1 1 P2q2

p_2 q
2 Plql

i.7)

[q1 tl ' q2 t2]

+ t1) + p (q2 t2

P2q2+P2t2)

OP ---..-

and

which is

qv = q- I-1'-2-
then

Definition of scalar
product:

Commutative property of
numbers.

Definition of scalar
product.

Nifq21

ql +1,2q2) (Pltl+P

u v + u w .

661

nition of vector euM.

Definition of scalar
product.

Distributive property
of numbers.

Associative and commutative
properties of numbers.

Definition of scalar
product.



Chapter 10

Review Problems.

1 Proof: Let Parallelogram. ABCD Ilave,d_rected

segments as shown and E and F# be trisection

points of XU as indicated.

Then

Hence

AE-

EB

ED = -AE + AD

DF

and AB=

EB = DF implies ED = DF and ED II .

Therefore DEBF is a parallelogram.

2. Let parallelogram ABCD be as shown -and landand F

points such that AB A- = AE and CD + DP a CF

and DE = FD .

A

AD +EE =AE and FD + FC



which,Impllea that AS PC. and

Therefore AECF is a parallelogram.

f-3,-51

Since [-6,10] = 2[-3,-5]

therefore Fa I I

Hence
I I IV*

But Q lies on both lines

Therefore,

[3,8] , g = [3,8] implying POI _'SR end

SR . Also -P, Q: R, S are not collinear,

becaube

QR'-= -_] / [ 3,8] -.-

Therefore, these points are the vertices of a

parallelogram.

5 (a) [1,2]

(b) [-3,-8i

(a) 1

(b) 2 , 2

(c)

7. (A,B) (A,c

(H,A) A C.D ()
(A,D ) {B,C)

(D,A) = C,B

D,C) ± (v n)

D,C) C,B)

AO)) BC
A,B) - (A j)

(B,A) B,C)

663



(0,B)
0,C
(0,D (677)

(C)
(D,B A-2(0 4- 2(0,P

A,C ) A 2(0,0 - 2(0,P)

(g) / ,A) A -2(0,Q) 4- 2(0,P

(h) (B,D) A-2(0,Q) - 2(0,P)

10. (a) x . 3 , Y= 2 .

(b) x 1 , y = 3 .

( x = 0 , y = 1

(d) x . 0 , y = 0 .

(e) x 4 y

11. (a)

(b.) 5

(c)

12. (a) [,1]

(b) [-2,1]

(c) [-2,-1i

13. (a) 6 . (d) 9

(b) 4 . (e)

(d ,[4,2]

(e)

(c) 16

14.- 4 .

15. 0

16. (a) (b)

17. 51/7 pounds.

18. (a) 5001/7,. pounds.

(b) 500 pounds.
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Force in Ac is icwiS or apprOxima

Force in BC is 5000 4proximatel

Force in Cif Is 500

20. 20.11 miles

ksoutiv`or east:

665



1. (a) 2

(b) 2

(c) 5

Chapter 11

ANSWERS AND SOLUTIONS

Peoblam Set 11-2

4 6

(a) f e v = 7 - 12 + 7 2 .

(b) f e v 7 17 12 = 2

(c) The result of the computation in each case is 2

(d) The number f - e v is not affected. Four

edges, 3 faces, and 1 vertex are added.

3 - 4 1 = 0

There is no change in the result of the

c omputation.

566



Problem Set 11-3

a) 1800 , 360 .

(b) 3600 , 360 .

2. (a) 5

(b) 7 .

) 17 .

(a) 140.

(b) 1260

The measure of an interior angle Of a polygon equals:

6.

2 180 12 - 2)180
n 150

18b ,--
36cy. 180 60

150
n.

6

(b) 36 .

(4 10 .

(d) 7 .

(a) 180 360 60 120

(b) -360 360 90 90

540 360 108 72

(d) 720 360 120 60

(e) 1080 360 135 45

1440 360 144 36

162 .

(b) 18 .

(c) 324Q

(d) 720 . (There are two at each vertex.)

8. 12

9., (a) 150 :

(b) No. The Pura of the interior angles of a polygon

_depends upon the number of triangles into which

the diagonala from any one vertex'dan divide the

polygon and is net affected by the comparative

size of theinterior angles. The average' of the

measures of the 11 angles,is 150 . But this

does not imply that each of the measures is

150 .



10. The measure ch interior angle of a regulai

polygon equals 180
where n represents then

-number of sides and must therefore be integral.

(n 01804t 153
gives a non-integral value to n

,n

11. 36 .

12. m e = 330

4k , m = 3k , m Je

13.

11 k= 330

k = 30

= 120

Then Lb and Lc are supplementary and, since they

are consecutive interior angles with respect to 4tIr,

and transversal BC , it follows that AB CD .

For all values of n > 4 , ABCD

13 a quadrilateral. AABC ADCB
by S.herS. Then 11-95 = . Then

AABD ADCA by $bS.S. It

follows that m BAD = mrZCDA ."

Also since m LCBA = m LDICB

and m ZBAD + m LCBA + m LCDA

+ m LDCB = 360 , itfollows that

2m CHAD + 2m LCBA = 360 or m ZBAD m LCBA = 180 .

Then LBAD and LCBA are supplementary, and since

they are the consecutive interior angles of trans-

versal
_

versal BA and lines BC and D , it follows that

AD II BC .

14. m ICEDC = 18' .

DPCX'= 36 .

m LOD gm lb

15. (a) 4 .

(b) 6 .
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Yea. The measUtt_of-eachinterior angle would

have to be a factor of 360 , or

x(n. -
2)180.,, 360 must be Ouch that x is ann

integer and n is an inteer 3 .

x- = 2 A- --
n is an integer.

4
2

for n only if n = 3 , 4 ,or 6 . Three

hexagonal tiles would be needed.

(d) y = 360

2 108 144 = 366 2 pent ons and one

deca h

2 150 60 . 360 dodecagons and an

quil,eral triangle.

N6 polygon with more ha\12 sides could be

used since y >6o and hence x < 150

Some of the passible combinations using three

regular polygons each with a different number

of sides are: 4,6,12 ; 4,5,20 ; 348,24

3,10,15 ; 3.7,42 ; 3,9,18

(The numbers represent the number of sides.).

16. increases.

(b) remains the same.

(c) increases.

CO decreases.

Proble

Areas are 6,

Areas are 6,

Altitudes are

2- to 1

Areas are 2,

1 to 3 ; 1

1 to 4

Set 11-4

12, 24, 48 . Ratio is 1

18, 54 . Ratio is 1 to

20, 10, 5 Ratio

18, 162, 1458 1 to 3

to 9 ; similar.

to 9

66

to 2

3 .

is



2.

to 3

(b) 1 to 8

4. 68 and 85

6

c + b
o 02

bob b2

a

R2 R6

(b) , R5

(c) (d) (e) A rectangle is separated by i diagonal

into two congruent triangles.

(f) Combine steps (c), (d), (e), Postulate 27,

the addition property of equality.

2
T

3 to 1

(d) 4 to 5

2 2 2A a +b2 + 2ab = a + b

Problem Set 11-5

The foPlowing classification of problems should help'

teachers in making daily assignments.

Theorem 11-3 Problems 1 - 6.

Theorem it -4- Problems 7 , 11.

Theorem 11:5 Problems 12 16,

Theorem 11-6 Problems 17 - 20.

Theorem 11-7 Problems 21 - 23.

Miscellaneous Problems 24 - 34.

1. 30

2. 72

36

1.
670



-10.

60

h2

-Er

24

3 to (c) 1 to 2

(b) 1 to 2 (d) 1 to 1

(a)' 12 (c) 12 1/7

(b) 12 (d) 16 4/7

By hypothedia we have an equi-

lateral triangle AEC with the

measure of the side s and

area = A .

0 B A

Let D be Jle foot of the altitude n upon
Then

We are required to prove

(a) DB = AD or DB

A

A

) The altitude of an

equilateral triangle

bisects the base.

(b) Pythagorean Theorem.

(c) From Step (b) with

the properties of

equality.

(d) The area of a tri-

angle is half the

'product of any b4se

and the altitude

upon that base.

or .4e) From Steps (c) and

(d) ubing the sub-

stitution property

of equality.

Pupils should be able to omit this step and obtain.
CD from Theorem 7-10.
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11. 240

12. 240

13. 216

14. d =.40 7 80

15. In a square with length of side

s , length of diagonal d

and area A , we are required

prove that

A

A square is a rhombus and also a rectangle. As a

rhombus, A , the product of its diagonals.

rectangle, its diagonals are equal. Hence A

16. 32

17. 84

18. 56.2

`19. (a) 70

(b) 70 1/72-

20. 5

21. (a) 21

(b) 102

(c) 12

1-
22.

(c) 70

(d) 140

(d) 36

e) 18

As b.

23. Let ABED be the trapezoid with AB 11 CD . We use

(0,0)

(a,0) D is (b,c) and C is (d c)

where a >0, a >0, and d >b. D(b,c) C(d,c)

the coordinate system in which A is

The midpoint of DA is

E 4,P. The midpoint of

CB is F-- i). Then

a+d b a+ d-13
EF

2

AB+ DC a+ (d =10) 2EF, and

A

EF
AB

2

B(a,c)

m EF and h-c are the lengths of the median and

altitude, respectively. Using Theorem 7-1 we see
AB + DC

that the area is given by h hm.
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24. 12 feet.

25. Area of AADC - 4, Area of AABD 35 .

26. Total area - 7(26) + 5(28) ='161

Area PQBA 63 ; Area QRCE = 4C .

Area of ABCD -, 161 - (40 + 63) - 58 .

27. MeasureS of the sides are

1/g2 + 8
2

or

the Pythagorean

27 0 100 . By the converse of

ese sides form a right

triangle. The area is C C = 20 .

Theorem

28. (a) D = (-2 -6)

(b) A =4

-. Altitude = 6 ; Area 3(27) = 81

Area - ,_(4 9) 5 . 9) 9)1-

Area of Z1EFC = Area of ABCD (Area of AAEF

+ Area of AEBC + Area of AFDC)

7 5, - 4(3' + 5 5+ 2

32. ABCD is a parallelogram and ABDE is a parallelo-

gram since in each one pair of opposite sides are

both congruent and parallel. ABCf is a rhombus and

ABDE is a rhombus since each is a parallelogram with

one pair of adjacent Sides congruent. AD = BC BA

=_ BD by hypothesis or because they are opposite sides

of a parallelogram. Then AD = BD .AB and AABD
is equilateral. Similarly AEAD and ADBC are also

equilateral. Moreover the three triangles. are

congruent. Therefore the area of rhombus

of rhombus ADCB. Area of ABDIe- EB AD and

Area of ABCD = AC BD . There

;AC . BD AD or AC

AEDB = area

33. -AB . AC = Area of A = -AD

Therefore AB ' AC AD .
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34. In terms of the diagram we must prove that

Area of ABCD =
1__

. AC .

Area of ABCD = Area of AADB Area of ACDB

Since AC I DB , this becomes

1AP DB CPC
2

PC DB or DB(AP PC)2

But. AP ± PC = AC

ITherefore Area of ABCD = DB AC

Problem, Set .114

1 Proof: For definiteness we prove the theoreM for a.

)

pet of three parallelograms.-

By hypothesis, all the bases have the same

measure, say b . Let the areas of the

parallelograms be A, A', A "', and let

corresponding altitudes be h, h', h"

the

Now A = bh , A' = A" bh" ; hence the

numbers A,,A1, A" are proportional to the

numbers h, h" with the non-zero number b

as the proportionality constant.
(b) By hypothesis, all the altitudes are the same

number, say h Let the areas of the triangles

be A, A', A" , and let the corresponding,bases

be b, b', b"
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Now A - hb hb' , A" hb" ; hence the

numbers A, Al, A" are proportional to
b, b', b" with the non-zero number h as the

proportionality constant.

By hypothesis, all the areas are-the same number,

say A . Let the babes of the triangles be

b', b" , and let the corresponding altitudes

be h, hl, h"

Now A = bh = bon, , A = b"h" or

bh = b'h' = b"h" - Al. Thus *b, bl, b" are

inversely proportional to h, h', h"

All three have the same area since all have base

AB and altitude AF .

Each triangular- region has the distance from E

AD as altitude. Since the bases of R1 R , and
, -2

R are proportional to 1, 2, 3 , the areas of

R
'
R2 R

3
are proportional to 1, 3 by

Theorem 11-

Area of ADFC hl
4. by Theorem 11-9a, since ADEB andT---EatTrTATE7 h

ALTO are parallelograms.

h.1
Now'

h since corresponding sides of similar

triangles are propor tional.-

AC 10xBut AB 4x 7
5

Then the areas of ADEB and Ann arei_ the ,atio

of 2 to 5
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5.

5.

Let h be the

to AC . Then

By hypothesis we have

parallelogram ABCD divided

into 4 triangular-regions,

AEB , EEC ,,CED and DEA

by diagonals 17 and M

We are required to prove

that all four' triangular

regiop,have equal area.

length of the,perpendicular from D

h is the altitude of AAED upon
base AE and h is the altitude of ACED upon Ya .

AE = EC since the diagonals of a parallelogram

bisect each other. Then

1Area of ZIAED - 741 AE EC = Area of ACED

But AAEB ACED and ACEB = AAED .S.S.)

Since congruent triangles have equal areas,

Area of AAED = Area of ACED = Area of AAEB

= Area of ACEB

Both regions have the

CD is the median of AABC

CD forms two triangular-

regions ADC and DBC

We are required to prove that

regions ADC and DBC haVe

equal areas.

same altitude (the length h

of the perpendicular from C to AB

AD = DB from the definition of median.

AD DB , and thus

Area' f region ADC - Area of region DEC .
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Hence Area

By Problem 6,

Area of AACD = Area of :1

and

Area of AAOD = Area of ABDD .

Then

Area of ACOA = Area of ADOC

Similarly it can be proved

using median -)3F that

Area of ZiElOC = Area Of LiA0B

of A AOB =, Area of ABOC = Area of ACOA

8. By Problem 7, the medians separate the triangle into

re ions of equal area; so if the cardboard tangle

has uniform thicimess, we should expect the regions

*10.

11.

to have equal weight.

Area of AABO = Area of Q C = Area of ACOA
216 70= = A

Area of AODB = Area of A E = Area of AAOF
72

= = 36 .

15

b) 90 .

405

(d 225

12. (a) to 1 (d) 3 to

(b) 1 to 4 11 to 10

(c) to 4
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1 , No. Let b, h b 5 , h - 5 , denote a base and

corresponding altitude of the first triangle and a

base and corresponding altitude of the second triangle.

Then their areas are equal if and only if

bh (b 5)(h - 5) bh -1- 5h - 5b -

that is, if and only if

16
15

1.

h b 5

16

4 4
3 , ,

3. 4 to 1

4. 30

5.

Problem Set 11-7

A
4

If on CA points D and E are

selected such that CD , CE , CA

are proportional to 1 , , I/7

and if through D and E NF
and EG are parallel to WE ,

then the required polygonal-

regions will be determined.

A method for locating D and E

is begun in (a) where 7171 is any

convenient unit, NO I. Nom, and

OF 1:57, and completed in (b).
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On any angle with vertex 011, take A' on one

side and N', 01, F' _on the other aide so that

C11AI = CA, 011N1 = CYR, C1I01 = CIO, C11P1 = CIF.

Draw parallel line as suggested in the figure.

Use lengths C11D1 and C11E1 to locate D and
E; draw V and EG parallel to AB.

Let K be the

Area of ,CDF , Area of CEG

Area of CAB are proportional to

(CD)2 (CE)` , (CA)2 or to

1, 2, 3 . It follows that

polygonal areas CDF , EGFD
1 ofand ABGE are each 7 of the

area of ABC and are therefore

of equal area.

proportionality factor. Then by

definition of similar polygons,

AS = K A'B' ; BC = K D'C' ; CD = K C'D'

DE = K D'E' ED =: K E'A' and the corresponding

angles have equal measures. It can then be proved

that the corresponding triangles formed by the

diagonals and the sides of the given polygons are

similar. Thus by the S.A.S. Similarity Theorem

ABC AAIBIC, and LADE LA'D'E'

m LACD° can be shown equal to in ZAICID1 and

(AC,DC) (A'C',D'C') Then

AACD ti LA'C'K' by the A.S.A. Similarity Theore

_2 2__It follows that R = K-RI R- = K RI- and
1 2 2

R- = K2R since the areas of two similar triangles
-3

are proportional' to the squares of y two corre-

sponding sides.

Then R + + R3
1

R
2

Or the area

(RI
1 2

+ R' + R'3)

ABCDE = K2(the area of A'B'C'D'E'

2Area of ABCDE v2 AB
Area of AJE'cIDTFT 617T7

6 9



The proof in Problem 7 would be changed to show the

K2area of ABCDE...N K (the area of AIB,C,D'El...Nt

This requires the insertion of an indefinites finitg
number of triangles of the form- of AACD between the

triangles containing the side of the polygon having
A as a left endpoint and the one having A as a
right endpoint. The corresponding pairs of such

triangles can be proved similar by the S.A.S.

Similarity Theorem. The procidure is similar to hat
in 7

9. 12

10.

11.

49 7
I41-6 TU

12. Let square ABCD have

sides of length a

Then square ACEF has

sides of length ai/7

Then

13.

14.

Area ABCD a

Area ACEF = (a

3 3 9

9

Area 4 ABC 915. Area A DEC 1

2A
16.

-2 A10

S=. 10



_17.

Let S be

By hypothesis AABC is equip

lateral. CD is the altitude

of AEC ; length of CD = a

ACBF ACDE with side CB

corresponding to 715 . We are

reqUired to show that

Area of ACBF 4

7

the length of a side of L1 ABC .

Area of A CBS' S2
of A CDE Since the areas of two similar

triangles have the same ratio

as the squares of any two

corresponding sides.

But the altitude of an equilateral triangle is

times the length of a side of the triangle.

Area of ACBF
AT6I-T3T-70-DE

2

18. Let - length of the wire.

Then = length of side-of the square and

T. length of side of the triangle.

Area of the square

area _ the triangle

Area of the square
a o

Problem Set 11-8

1. Yes. It is the altitude of an isosceles triangle

of which the side is the base.-

2. 20 .

3. 3 i/g 36 .
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4

6

7-

r 177 , 4r ,

2 2 4

( 16 4/7 )( 2 4 ) = 192 1/7

8. 288

48 , A lap s

A
6 (8

1.

Problem Set 1

= 192 V.'S

- 48 0 . 288 v/7

64 3 - 288 I/7

Regular
Polyhedron

Boundary
of

Face

Number
of

Faces

Number
of

=Edges

Number
of

Vertices

Number
of Faces'
(or Edges)
at a
Vertex

Tetrahedron Regular
triangle

4 6 4 3

Octahedron Regular
triangle

8 12

icosahedron Regular
triangle

20 30 12

Hexahedron Square 6 12

Dodecahedron Regular
pentagon

r,

12. 30 20 3

v = 2 .

(a) 4 - 6 + 4 . 2 (d) 6 - 12 + 8 =

(b) 8 - 12 + 6 ,-- 2 (e) 12 - 30 + 20

20 - 0 +122

c

- 2

Ye- the property does not appear to depend

upon the length of edges or the measure of

angles.
642



A polyhedron consists of a finite number of polygonal

re -ions joined together in a manner specified in the

definition. Twe planes M and N intersecting-in
line

1
form regions which are halfplanes but form

no:polygonal regions, as in (a) below. If a third

plane R intersects plane M and plane 'N /in two

distinctlines..1-and respectively ap in
3

(b) and (c) below, again no polygonal regions are

formed. It takes a fourth plane to fort a polygonal
region. These regions, now formed, satisfy the require-
ments specified in the definition of a polyhedron.

(C)

083



Problem Set 11-10

1. Let m represent the measure of the third face

angle in each of the problems.

(a) 25 < m < 175 (d) 30 < m < 40

(b) 25 < m < 135 (e) 85 < m < 175

(c) 75 < m < 165 (r) 15 < m < 175

(a) (e)

(b) 0 (0 0

(c) ± (g) 0

(d) 0 (h)

Problem Set 11-11a

1 By definition of a prism, the lateral faces of a

prism are parallelograms. If e1, e2, e3, e4,...en

represent the lateral edges, ahy two consecutive

edges, such as el and e2, or e2 and e3, are

parallel since they are opposite Sides of a parallelo-

gram. It follows that e_
1

11 e
3

since if two linese3

are each parallel to a third line, they are parallel

to each other. By continuing this reasoning, it can

be established that all the edges are parallel to

one another.

2. Let el, e2, e3, elo ...en be the edges of a right

prism with bases B1 and B2

By Problem 1, e1 II e 11 e3 II e4 II 11 en

By definition of a right prism, one edge, say e1 ,

is perpendicular to one base, say B1 Then, by

'Theorem 9-11, B1 is perpendicular to
e' ,_e3'

4e-'
...en .'sinceB_ll Bo. by definition

2 -1
of a prism, e1 I B2 by Theorem 9-10. Then, again

rusing Theorem 9-11, B2 1 e2, e3, Thus

every lateral edge is perpendicular' to each base.



Problem Set 11-lib

1. (1) Opposite sides of a paralldlogram are congruent.
(2) Definition of a right section

(3) 'The area of any parallelogram ,quals the product
.

of any base and the altitude upon that base.

(4) Distributive property of numbers

(5) Substitution property of equality

2. In a right prism, the base is a right section. It

follows from Theorem 11-20 that the lateral area of

a right prism is the product of the lateral edge and

the perimeter of the base.

3. 210

4. Total area = lateral area 2

= 240_1- 2 16 1/7

32 1/7

5. 3 1/7 ; 30 , 60 , 90

6. 5.2

area of the ba

7. The measure'of each side of the base is 16 . The

lateral area is 9Q, 20 , or 1920 .

Total area = lateral area + 2 area of base

- 2 20 12 ± 2 . 10 12 2 12

(ailtitude of faces with

measure of 30 is 10

2 12(20 10 12)

24(42)

= 1008

689
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9. The diagonals .of a rectangular

parallelepiped have equal

length.

Proof: _ There is a coordinate

System which' assigns

coordinates to the vertices

of a rectang3lar

parallelepiped as shown in

the diagram.

Then in terms of the data on the diagram we are

required to prove that ED = DG = FC = AH

By 'the distance formula

EB = a + c2 . a + + c

AH = a + b- +
.

c FC = a + b2 + c?
2 2 2

Therefore ES = DG = AH = FC

10. Using the diagram of Problem 9, we are required to

prove n , DG , t 17 bisect each other or that

the same point is the midpoint of each diagonal.

Midpoint of rr

midpoint of TV =

midpoint of DU =

midpoint of

b cN

a b% c%
7' 7' 7/

a b c

Since ell the diagonals have the same midpoint, they

bisect each other.
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Problem Set 11-12

r hypothesis we have a regular

pyramid V-ABCDE...N . We are

.required to prove:

AAVB , AMC , ACVD , etc.,

are isosceles and are congruent

to each other.

) Let 0 be the root 1 Definition of

of the j from V regular pyramid
0 the base. Then

0 is the center of

ABCDE...N .

'AB = BC = DC = DE = .= NA. (2) Definition of

regular pyramid

OA = CB = QC '= OD = OE. From meaning

,etc. of center

(4) AVOA AYOB °11' AVOC (4) S.A.S.

etc.

(5) VA = VB = VC = etc. (5)

AVQD (6)(6) AVAB , A VBC

etc. are isosceles.

(7) AVAB a= =1Z LNCD etc.

Definition of

congruence

Each has two

congruent sides,

-Step (5)

S.S.S. Steps

2) and (5)

The faces of a regular pyramid are congruent triangles

as proved in Problem 1. The area of each triangle
I_

equals the product of a base and the altitude

upon that base. If s is the length of a side of

the regular polygon and n the number of sides, then

there are in the lateral area -n triangles each of
1area re . The lateral area - . n = rep since

the perimeter p of a regular polygon of n

sides = ns .
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p.4. 18 4

or depending upon the

80

8

6. 24

7. Trapezoid

A 76(p p

9. 112 ; 212

10. 5

11.

used.

Two parallel planes intersect a third plane in

two lines which are parallel to each other, and

a line cutting two sides of a triangle and

parallel to the other side divides the triangle

into two similar triangles.

(b) If V is the altitude of V - ABCD , then by

definition it is perpendicular to the plane 'of

the base. It must, then, be perpendicular to

any line in that plane which contains its foot.

VK perpendicular plane of EFGH since a line

perpendicular to one of two parallel planes is

perpendicular to the other: Then use the A.A.

Similarity Theorem

(d)

(e) 24

(f) 6

(g) 32I

(h) 180

A, -a of AVAB
(1) =

5 area of Tr

Areas of similar triangles are in the same ratio

as the squares of y two corresponding sides.

Area of AVAB - Area of AVEF _,9 - 4
--Area of VAB 9

Area of one section o
ea o _ corresponding

688
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12. Proof:

(a) 1.' Plane ALB, CI

II plane ABC

2. WO-F

AM
Ate' I I .

AYBIc! bvmc

AvAIBI 6NTAB

byAlcs AvAc

A'B' VBI B'C'

VC' A'C'
1-/7 AC

/OBI: B'C' A'C'
AB 7L7 AC

6. AA'B'C' AABC

1. Definition of -a

&rose-section.

If two parallel planes

intersect a third

plane; the inter

sections are parallel.

S. A line parallel to one

side of a triangle

and cutting tie other

two sides divides the

triangle into two

similar triangles.

4 The measures of
corresponding sides

of similar triangles

are proportional.

5. Transitive property

of equality.

6. S.S.S. Similarity

Theorem.

1. AVAIP' AVAP

2. VA' VP' k
VP

VA! A'B'3. But
VA AB

,B, k4. Therefore A
RB

5. Area of AAIBICI
Area of aite

AIBI (k)2
(-Tr) (t.d

A.A. Similarity

Theorem.

2. Corresponding Bidet'

of similar triangles

are proportional.

,Corresponding sides

of similar triangles

are proportional.

4 Substitution

property of equality.

5 Areas of similar

polygons are

proportional to the

squares of any two

corresponding Sides.



13. 96 sqUare inches

'14. 5 feet
a

r
1_
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Chapter 11

Review Problems

1.

2.

3.

156

36

No.

, 24

2Nn - 2)18.01 4)180 / (2n - 2)180

64 to 169

5.. 44 < measure of third face angle < 156

6. (b), (0).

7. Yes. Squares, equilateral triangles and various
combinations"as discussed in an earlier problem set.
The sum of the measures of thq interior angles must
be 360 .

9.

kJ

h-
2 s2 2

and h

3

16 vs (a) 2 473-

10. s = 6 h = 3.

11. s 16 ; A = 64

12. .36-1/7

13. s
2

14. Let 'the length of the

side of the isosceles

right triangle be e

Then the length of its

hypotenuse is e 2, and

the area of a square on

the hypotenuse is

172-)2 2
2e- . The area e

1the triangle is 2

which 'is one-fourth c

area of the square.

the

o91

A



Alternate solution: The five triangles in the

drawing are all congruent; so all have the same

is four timesarea. Therefore, area BCDE

area tiABC

15. BE = 12

(a) liCFD LICEB

(b) CF r CE ,

(c) 256 or-

= 16.

1 2
CE (CF )

1-(CE

2 200,

CE - 20

(0) BE = 12

A.S.A

Definition of congruence

From the given area of

the square. -

By hypothesis and

Step (b)

bhagorean Theorem

(h .16

.

Insufficient data

17.-- ar4a'of Rag is
1

of ABCD as can be

ren by rearranging the

triangular regions as!

shown. Use the S.A.A.

Theorem to justify trhis

employment ofthe

triangular regions.

18. 12

19. 150 = A and

20. 48

= 5
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(e

(f 216

(g) Insufficient data

(h) 30



44 24 7 16 12

(24 16) . 25

Consider C as a base for ABXC and BA as a
base for parillelogram ADCB . Then the area of
EMC is of the area of ADCB W similar

argument, the area of ACED is -1T- the area of
ADCB By subtracting the areas of the tKo triangles
from that of the parallelogram we have the area
AEQX Or the area of ABdD .

23. Since AB is constant then the altitude to AB must
be constant in order for area to be constant. Call
the length of the altitude from P to AB h . Then
in plane E P may be any point on either of the
two lines parallel to AB at a distance h from
AB-. In space, P may be any point on a cylindrical:

surface having AB as its axis and h as its
radius.

24. AC . 9i/ff

AFAC

AF a 9 ; FC 9117 ; m LFAG . 60

is an equilateral triangle whose area

81

25. The diagonal of a cube = e (e )

where e is the edge of the cube. d . 6

26. Suppose .AB > CD. Let ,RF

be median of ABCD. Take

M on AB so AM EF .

Draw 'R . Then AMD and

MBCD are the required regions.

Area of AMA = AM . h EF

Area of DCAB s h EF since the area of a trapezoid

equals the product of its altitude and its median

(from Probl em-3, Problem Set 11-5.)

69 i 2 L--



Area of A of the area of ABCD and the

area of POCD must be the,other half of the area

ABCD and thus equal to area A'Wof

27. Let and CF be perpendicular _-0,

Then AR m 4 and DE we401,

:= CF-. -'Then taCBF ADAE
D-4 C since they are right trianAles

with one leg and an acute angle
1

i4 V3 'congruent. Then BP . 4

EF 4.. DC

Than the area'oc, ABCD

7-./.1i/7(12"4- 4) 32

28. AB = 9 ; DC = 5 ; altitude of ABCD = 2 .

Area . 2(9 5) = 14

29. (a) is, the median of trapezoid ABCD .

`I 144?.

We are required to prove tha

PQ II re II TB \and

TQ -;(AB DC)

Let _K bethe Point of

intersection of AB and

4DLI . Then ADCQ AKBQ,

(by A.S.A.) and DC = BK and DQ = QK

(definition of congruence.)

(b

(c

In ADAK and ADPQ , DA - 2DP', DK = 2--

LD ;1 ZD , so ADAK ", ADPQ Then LDPQ DAK

ATand AK . 2PQ . P I I
r( since corresponding

angles are congruent) and hence is also

II 17-c

AK= AB BK = AB 2PQ.

Hence PQ = (AB DC)

'8.
lC



30 Area of trapezoid DFEC = 34 .

Area of trapezoid AGFD ,= 165 , and so area AGECD
r

= 199 . Area ISAGB = 30 .

Area ABCE 3 . 'Subtracting "the sum of the areas

of the two tfliangles from AGECD we have 1
1The area of the field is square rods.

31. Hypothesis: In right triangle ABC LC is the

right angle. ABM is the square on n BCOF is

the s ware on Url CAED is the square on MT .

To ve: Area of Alr= area of ACDE area of

BFGC

Draw CM,I1 CK , and. BE . Call the inter-

section of CM and AB L

_milbdarn__
diMMIMMOM

AIMMOMMEME
_Ammmoimimmosmmmlimmm

..mmelsommsammmg



Statements, easons

In A KAC and A BAE

Sides of a square are

congruent.

Each is the sum of 90

and the measure of

_CAB

3. Then AKAC ABAE S.A.S.

Area of AKAC = arm k. Congruent triangles

ofsABAE . have equal-areas.

A, C, 0 are collinear Two adjacent right

and B, C, D are angles form a linear

collinear. . pair.

6 In ABAE and square 6. 47f.ril A so the

ACDE , 71. may be con- perpendicular from B
sidered as the base. to -41tr has the

Then in each, CA has length as CA

the same measure as the

altitude upon base AE .

17. Area of ABAE = 7 of 7. Area of a triangle is
1the area of square ACDE. rbh and area of the

square is bh .

8. In similar manner, KAC 8. 1TII-Ir so the
and rectangle KMLA may perpendicular from C

be considered as having to Are* has the same
AK as base and rirt as length as LA .

the altitude upon n
9. Area of AKAC = r of The area of a triangle

the area of rectangle Is bh and the area

KMLA of a rectangle is bh.

110. area of KMLA = 7 area

of ACDE or area of

KMLA = area of ACDE

696

10. Substitution property

of equality, using1

c-

4

Steps 4, 7, 9.



In like Manner, aft 11. Steps 1 through 0.
dzawing

it can be pro hat

area of mHp - area

BFGC .

12. Then area.° 12. Addition pro
.area Of MHBL = area of equality.
of ACDE + area

-AF00'; hence area of

AKHB . area of ACDE

+ area of BFGC

32-F ABAC ARM by (S.A.S.

(definition of congruence.
Then AU = AB =

The area of

N-BCTU = + b2) ((a +b)(a + b) =1-(a 2 + 2ab+b2)

But the area of BCTU equalsthe sum of the areas of
three right triangles. (/BAU it a right angle since
LBAC and LUAT are complementary.)

--iAre)_ of BCTU 1_2 1 2+ vab + 7-c .7(2ab + c-) Then

b c2) a
2

+ 2ab b2) and c2 a2 b2_

Cube A0 has M, L, K as

midpoints of the sides which

meet at A . The length of

the side of the cube is 12 .

We are required to find the

total area of pyramid

M = AKL

The area of AMAK = area of

AMAL . area of ALAK = 18 .

MK = ML K1, = 6 then

area of LiMICL

)2 (VT) - 18v'3

The total area of M e AKL = 3 18 + 184/7

18
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34. 10p = 1180 here p perimeter of the base.
Side of tc base g = 8 ; apothem 4 4 . The

kases are congruent regular hexagonal regions each
the union of six congruent equilateral triangles.
The side of each triangle is 8 and its altitude
4 sa The area of the two bases-
,. 2(6)4)(8)(4 VS) w 192 The total, area

480 7 192
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(3

(4)

(5)

(6)

(7)
(8)

C- :pter 12

ANSWERS AND SOLUTIONS

Problem Set 12-1

chord, secant

radius

length of the ra

diameter; secant

chord; secant

A, B, N, T, R,

Q, C, 0

outer end; Ug

or just radius

(9) outer end

(10) OM or ,OS or equal to the radius

(b) (1) radius

(2) A, M, H, B

3) diameter

(4) great circle

(9) chord

(6) sphere, one and only one

(7) a circle, 0 , OH or -014 or OB or OA

(8) an infinite number

an infinite number

congruent

a point which is to be the center and a

number which is the radius or a segment

which is congruent, to the radius'

(10 ) an infinite number

concentric spheres

(b)

(a)

0

key 0 = False

(13 = True
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(a 0

(b

(c) +

4. la (1) 14;-=-0)2 + (y

(2) x + y 25
2

(3) (5,0) , (-5,0) (0,5

also many others.

(k)

(5)

2
(6) y

0
61

(b) (I) 4

BP =4--77012+
2 .x + y - 13

(3)

2
+ z

2
= 16

RP =
) + (( - 0)

Since RP > 4 , R is in the exterior

of the circle.

(4 y-
2

+ z-
2
= 4

(a) gA =

(b) (x
4)2

3 }2
_2 2- 8x + z- 6 + 16 . 0

(c) (x + 2)2 + (y . 4 or x
2

t 4x

(d) (x h (y k)

(a) Yes (c) Yes

(b) Yes (d) No

7
2 2

x + y-
2
+ z- = 9

8. Yes

(b) Yes (f) Yes

Yes (g) No

(d ) No

(13,0,0) , (0,0,13) , (0,0,-13)

(4,3,12) , (-4,-3,-12

700
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10. Consider an xy-coordinate system and C = the set of

points belonging to the circle

_2 _ 2
(a) C = ((x,y): x- +

(b) C = ((x1Y): x2
2

+ y- = (x,y); *Y2 - 1)

(c) C = ((x y); x2 _ 2
Y- = 5)

11. (a) x > 0' and y > 0

(b) The portion in Quadrants l and IV and the point

where the circle crosses the positive x-axis.

x < 0 and y < 0

12. (a) x = or x - 1/75

(b) y = 0

-(c ) No. There is no real number y such that
0

16 + = 9 is true.

13. (a) z - 4 or z - -4

(b ) y = 0

x = 5 or x -= -5

(d) No.' For all real values of

_2
32 + + z

2

coordinates

> 25 so a/I points with

(3,5,z

of the circle.

are in the exterior

14. Let c be the length of any chord not a diame

Draw radii to its endpoints. Then 2r c

because the sum of the lengths of two sides of a

triangle is greater than the length of the third

side. But 2r is the length of the diameter. Hence

the diameter is longer than any other chord.

15. Statements Reasons

1. TP and CD contain

center P

2. PC OD =

3. /AFC LDPB

AAPC ADPB

AC BD

Definition of diameter

These segments are
radii and all radii of
the same circle are
congruent.

. Vertical Angles are
congruent.

B.A.S. POstulate

Definition of con-
gruences fol' triangles



1

The diameters of a circle are congruent and contain

the center. It follows that they bisect each,other.
s

A quadrilateral is a rectangle if the diagonals

bisect each other and are congruent.

_a_ements

By hypothesis, PA, and PB

are radii of circle P and

PC is the midray of LAPS

and intersects AB at D .

We want to prove that PD

lies in the perpendicular

bisector of AB.

Reasons

1. PA = PB Radii of the same circle

are congruent.

4BPA is isosceles 2. Definition of isosceles

triangle

3. ZAPD- BPD Definition of bisector

4. fell AB and PD

bisects AB so

PD lies in the

perpendicular bi-

sector of AB .

In an isosceles triangle

the bisector of the vertex

angle is perpendicular to

the opposite side and

bisects it.

+ (Y (z 1

is axadius of the sphere.

) (Y 3)

or

4x + 4 + y 6y + 9

or

2
x y

-= OQ

z 2z 1 =

- by 2z = 11

are equations pf the required sphere.

-1"0

IJ



Problem Set 12-2a

1. If a := 3 , then y +4 and the intersection of

and M is 3,4) , 3,-4))

Ifa=11,theny. 0 and the Intersection is ((4,(?)).

if a = 5 , the intersection is the empty set since

there is no real value of y for which 25 y2 = 16.

2. (a)

3. A circle and a line in the plane of the circle may

have 2 points in common, 1 point in common, or

no points in common.

Problem

12-6.

Problem Set 1202b

s exploratory and leads toward Theorem

1. (a) On

(b) Exterior

(c) Exterior

(d) Interior

2. (a) r = /T7

) On

(f) Exterior

(g) Interior

(b) The points whose coordinates are most easily

determined are those symmetrical to (3,5) with

0 respect to either axis or the origin. These

have coordinates (3,-5) , (-3,5) , ( -3, -5)

The points of intersection of the circle and

the axes have coordinates (0, .1417) (0,

6/7,0 4/37,0

(c) .Obvious ones are those along the axes and such

that their distances from the origin isvless

than 4/FT

Any (x,y) such that x2 ± y-
2 2Any (x,y) such that x 4-



3.

4. 8 unite

(a) 12-4-2 (e) 12-5

(b
(

(c ) 12-4-4 (g) 12-4-2

(d) 12-4-3 (h) 12-5

5 2.5 units

8i/7

Let x

Then, since PQ 1 AB

BQ 4 I/7

8. (a)

(b)

(c)

(d) A

(e)

9. 18

2 2
- x + 36 and x a 2 if

D

C

10. Since a tangent to a circle is perpendicular to the

radius, and thus to the diameter, drawn to the point

of contact, the two tangents

the same line and are, therefore, parallel.

11. (a) If a diameter is perpendicular to a non-diameter

chord, it bisects the chord.

If diameter AB is perpendicular to chord CD
and if 0 is the center of the circle, then
AOCE m AODE by the Hypotenuse-Leg Theorem.

Then CE '24 ED .

(b) If a diameter bisects a non-di_ e er chord, it

is perpendicular to the chord.

If in a circle with center 0 diameter AB
bisects chord CD (not a diameter) at F ,

then AOCE AODE by S.S.S. and LCE0 and
LOED are a linear pair and congruent.

Therefore AB I CD .
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12. Consider OR where 0 is the common center.
Then OR 1 WS since rit is tangent to the smaller

circle. It follows by applying Corollary 12-4-2 to
the larger circle, Since OR is a line containing
the center and perpendicular to chord AB that4-
OR bisects AB

13. Examples of 3 circles each tangent to the other two.

14. Let 2 be the common tangent. Then in both cases,

PT 1 )2 and T2 1 e because every line tangent to

a circle is perpendicular to the radius drawn to the

point of contact. Since there exists only one

perpendicular to a line at any given point on the

line, then PT and Z71" are the same line; and,

therefore, P , Q , and- T are collinear. Of

course, the circles are coplanar, since they are

tangent circles.
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15. AC 14 - x ± 10 - x - 18

24 - 2x = 18

3 .

BR 3 , CP = 7 ,

AQ = 11

A, B, C are coplanar

and hence, by the

Betweenness-Distance

Theorem,

AP PC = AC

AQ QB AB

CR 4- RB CB

16. The segment joining the midpAnt of etch chord to the

center of the given circle is perpendicular to the

chord and thus the length of this segment is the

distance from the midpoint of the chord to the center.

Since the chords are congruent, all these distances

are equal. By definition of a circle, all these

midpoints at the constant distance from the center

of the given circle lie on the circle' having that

point as center and having a radius equal to that

constant distance. This circle is, then, concentric

with the original circle. Since the midpoints will

be the outer endpoints of the radii of the new circle

and since the chords are perpendicular to the radii

at thesemidpoints, the chords are tangent to the new

circle,.

17. (a) (PT} - (AP

= 400 - 144 = 256

AT = 16

(b) Area of LNAPT

Since PT is the

perpendicular

bisector of AB ,

.96
AB = 19.2



18. Statements Reasons

19.

CD is tangent at

2. LA ZBOD

3. OC m OA - OB

4. LA LAC°

ACO =7 /COD

6. ZCOD = Z

OD

8. AOCD AOBD

9. LOCD LOBE)

10.

11.

12. Bl BD

0

13. DB- 1s tangent to

circle C at B

a) a 10 or -10

b) m - 1 , therefore
CT

1 or y
x 5

or y -x± 10

707

1. Hypothesis

Corresponding angles

of parallel lines

Definition of circle

Base angles of an

isosceles triangle

are congruent

Alternate4interior

angles of parallel

lines

Transitive property

of congruence

Reflexive property

of congruence

S.A.S. Postulate

Definition of

congruence

10 A tangent is perpen-

dicular to a radius

.Aat its outer end.

11. Congruent angles,

have the same

measure.

12. Definition of

perpendicular lines

13. Any line in the same

plane perpendicular

to a radius at its

outer end is tangent

to the circle.

-x 51/7



20. (a) Yes

(b) Yes. Center is at (1 - radius = 5 .

ie following equations are equivalent.

- 1 + (y + 2)2 25

2x + 1) + (y2 + 4y + . 25

- 2x + y2 + 4y =20
2_+ y - 2x + 4y = 20

21.

The last equation can be transformed into the

first by completing squares.

'Slope of radius to (5,1) is Therefore,
ei

slope of tangent at (5,1) is

Equation of tang orR-7-5
4x 3y =

,y): x -1)

Y = -x

P 4/7,0)

or

22. N is parallel to the xy-plane and perpendicular to

the z-axis. Sr) N means the intersection of S

and N

Sr\ N _[(x,y,z): + y
2

+ z2 = 25 z 4)

((x,y,z): x2 + y2 - 9 z = 4)

Thus, S (`) N is a circle in the plane )1N1 with
its center on the z-axis with 3 as the length_
of its radius.

(b) fl N = ((x,y,z): x2 + y- - 0 , z 5) which

is a single point (0,0,5)



= ((x,y,z): x2 y2 49

=

z 7)

((x,y,z): x2 y2 - z - 7

which is the empty set.

(d) It appears that a sphere and a plane have no

point in common, one point in common, or a

circle in common, if the distance from the

center of the sphere to the plane is less than,

equal to, or greater than the radius of the

sphere, respectively.

Problem Set 12-3

t717 and 1517 are perpen-

dicular to the planes of t

circle,. Since OQ bisects

every chord of the circle

that passes through Q it

must be the center.

Similarly is the center

of its circl . Therefore,

CYO, and OP 1 PB

OA = OB by definition of a

sphere and GQ:= OP by

hypothesis. Th9n, by the.

Pythagorean Theorem (or Hyp_ Leg), QA = PB . There-

fore, circle Q circle P by definition of

congruent circles.
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One statement: If a plane-As tangent to a sphere,

then it is perpendicular to a radius at its outer end.

Proof: From Case 2 of Theorem 12-6, if a plane is

tangent to a sphere (which is the hypothesis in our

statement), then the foot of the perpendicular from

the center of the circle to the plane lies in the

sphere. This means that this perpendicular is a

radius with the foot as its outer end, which is the

conclusion of our statement.

Converse statement: If a plane is perpendicular to

a radius of a sphere at its outer end, then it is

tangent to the sphere.

Proof: From Case 2 of Theorem 12

the perpendicular from the center of a sphere to a

plane is on the sphere, then the plane is tangent

the sphere. The hypothesis tells us that the foot

of the perpendicular is the outer end of the radius,

which, by definition of outer end, is on the sphere.

The conclusion of our statement follows from

Theorem 12-6.

the foot of

6. Let 0 be the center of sphere S and P1 and P2

be two planes each containing 0 . Let C1 and C,

be the great circles of S detemined by P1 and
P2 respectively. Then the intersection of Pi and

P2 is a line which contains 0 . This line has two

points, say A and B in common with S But all

points common to P_
1

and lie in Cl and alland

points common to P- and S lie in C, so all

points common to --AB(which is the intersection of

P-
1

and Pp) and S must lie in both Cl and C,
and hence in their intersection. A and B are these
points and, since AB is the diameter of S two

great circles intersect at the endpoints of a

diameter of the sphere.

7. Center is (0,0,0) ; radius =

I,Y;z): y 3) or ((x Yiz

two planes.

x,y,z): x = 3)

710
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8. The empty set in each case.

All points in the interior of a cube the.. 'aces

of which are tangent to the sphere 9 and

perpendicular to the axes.

The intersection of S and T is all of S

except the points (4,0,0) , (-4-0,0) , (0,4,0) ,

(0,-4,0) , (0,0,) , (0,0,-4)

9. The plane of the perpendicular great circle is the

plane perpendicular to the line of intersection of

the planes of the given two, at the center of the

sphere. There is only one such plane. (Through a

given point there passes one and only one plane

perpendicular to a given line.)

Any two meridians have the equator as their common

perpendicular.

(b)

10. AF = BF since they are radii of the circle of inte

section. OF -; AF by hypothesis. Also OF 1 AF
OF 1 BF and AF 1 BF . Hence, ,AAFB = LiAFO ABFO
by S.A.S. and LAOB is equilateral. Therefore

AO = 5 m LAOn =.0 , and OG the altitude of

AA0B equals 50-

11. Call the three points A, B, C To find the center

of the circle in the plane of ABC consider the

perpendicular bisectors in the plane of AEC of any

two of the three segments_ AB , EC and TO7 . The
-------bisectors intersect at a poit'requidistant from A,

B, C which is the center of a Circle through

those three points. Each of the segments

QC , is a radius of the circle. If a perpendicular

be drawn to the plane of ABC' at Q it will meet

the shpere in two points, X and Y . The midpoint

P of IV is the center of the sphere and each of

the segments, PA , PB , PC i is a radius of the,

sphere.

711



12. By TheoreM 12-6 we know that plane F intersects S

in a circle. The inter ection of the planes E and
F ,is a line. Since both intersections contain T
the circle and the line ,intersect at T . If they
are not tangent at T then they would intersect in

some other point, R lso. Point R would then lie
in plane E and in sphere S . This is impossible,

since E and S are tangent at T . Hence, the

circle and the line are tangent, by definition of a

tangent to a ,oircle.

13.

(b

14.

1.

,y,z): = 0 , z = 10) or (0,0,10

r) P= ((x,y,z): x2 + y2 . 36 z = 8) .

That is, x and y must satisfy the equation

x
2

+ y
2

= 36 which, In the plane P , is the

equation of a circle. Note, however, that

((x,y,z): x2 + y2 = 36) is not a circle, but

right circular cylinder.

4x 4- 4 y2 6y 9 . 23 A- 4 9

2)2 (y + = 36

Center is (2,-3) , radius is 6 .

S

y,)

2) + (y + 3
0 0 2

+ z- - 4x + 6y ---- 2

,y,z): z = 10) , ((x,y,z): z = -10)

Problem Set 12 -4a

LAPD , LPFB , LCPD BPD LCPA

180

AD , AC , CB , BD CBD

DAC , DAB , ACD , Cam. B

::5) AD 2, DB

5)
, -

Semicircles ACB and ADD are not

associated with central angles.
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( b

(1)

ZMAC

/CAB

LOAD ,

ZDAB

LAX ,

LA

Lr

A

inscribed in MAB , intercepts

11

MAD

CAB ,
r
CAD

DAB ,

ABC ,

ADC ,

e_

DCB,

DCA

MB

MD

MC,

CB

CD

DB

AC

BA

DB

DA

LABC and LADS The degree measure of

each is 90 since they are inscribed in

a semicircle.

LA intercepts

LE

LC

LB

m ZA 20

m LB 20

LC ' 4-

m ZD

(3) LA

1

DC

BA

BA

ZC-ZD
Angles having equal measures are congruent.

Angles inscribed in the same arc are

congruent.
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Tangent
and

Tangent

Tangent
and

Secant

(Tangent and Secant)

)

(Two secant

The_ center of an arc is' the intersection of the

perpendicular bisectors of two or more chords of

the arc (Car. 1-4-3).



Since the inscribed angle is measured by'half the arc
which it intercepts, AB must measure 900 The

measure of a central angle is the measure of its

intercepted arc,'so m LP . 90 and Tir _LAT

5. (a) m'ZA = m LB by Corollary 12-7-2.

m LARK = m 2BRF sincethe intercepted arcs have

equal measure. ThOrtfore 4AHK ABHF by a

triangle similarit 'URorem (A.A.

BFK since

6. m ST = 80

m LBFA in in BF = m LEW

and ZR1 is common to the triangles.

m RV = 150,

m LT 95

. 60

m LS . 120

If quadrilateral ABCD is ins bed. in eir

then by Theorem 12-7

1
LC = m BAD

LA e

Since the union of a major

arc and its minor arc (or

of two semicircles) has,a

degree measure of 360 ,

m BAD m B = 360 .

1 1
in BAD 7 m DCB = 180 by the multiplication

property of equality. Hence,,BAD and LDCB
are supplementary.



COnsider . We know 177 is a diameter of the

smaller circle and therefore that m LAM = 90 by

Corollary 12-7-1. Then XN is bisected try the

Smaller circle at point R by Corollary

The circles are coplanar since they are tangent.

9. AACB is a:right triangle with the,right angle at C

by Corollary 12-7-1. In a right triangle the

altitude from the right angle to the hypotenuse

divides the triangle into two triangles, AACD and

&YBD which are similar both to each other and to

the original triangle. Therefore

AD CD _2= BE or CD- = AD DD

BBC . Since10. By Theorem 12-7,

11.
a

m LA = 90
m Bin = 180 and BDC is a semicircle, by definition

of e-Semicircle.

12. Consider radii

In the circle AC bisects

ZDAB so, by definition of

angle bisector,

m LBAC = m /BAC . But

C = m DC and

DAC = 7
Therefore m a m IBC by

the multiplication and sub-

stitution operties of

equality.

Tgt and PS . Since diameter

75 I 1T3 , then AM =BM by Corollary 12-4-2.
.AAPM ABPM. by S.S.S. (or S.A.S. or Hypotenuse-Leg),

so that m LAPC = m LEPC . Then, m LAPD m ZEPD

since they are supplements of congruent angles.

Therefore, m AC = m BC and A) AD = m BD , by the

definition of measure of an arc and the mabbtitution

property o equality. Hence n bisects AA CB and

ADD .
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13. hypothesis

m AD = m DB and AE = EB

Consider 41ADB

B = AD and

m LA DB by Theorem

,12-7. Then m LB =m EA

by the multiplication.and

substitution properties of equality. Thus, AADB
Is isosceles and -DE which bisects. base WE , is

also perpendicular to AB . But, since C is equi-

distant from Al and B, it'is in the perpendicular

bisector of AB and hence in .DE

14. By definition, LiBAC is isosceles since AB
ti

therefore, LB ;. -Lc .

m ZB =gym AC 4-id

Lc= AB by Theorem 12-7.

Hence, m AC = m AB by the substitution and

multiplication properties of equality.

15. Let an xy-coordinate system

P(x,y)

r,o

except A

slope of
2

A ,o

assign (0,0) to the center

of the circle. Then, if r

is the. radius, the extremi-

ties-of a diameter would be

(r,0) and ( -r,0) r > 0 .

Call these points A and B

respectively. Let P(x,y)

be any point of the circle

or B. Then the slope of PA = -7- and the
x r

. The product of these slopes is

But for all points P x-
2

+1-
2
r- = r

2
or

x +r

2y2 r
2 Thus

2 2- 2
r x
-2 2
x - r

It foliowslthat PB 171 and LBPA is a right angle.
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16.

17.

YOB

m 180 .

_T=herefore LC is the -supplement of . LEM
LAX! is the supplement of L and, Since

M YOB)

supplements of the same angle are congruent,

LAXY X Lc . In the manner used above, Z1) may be
h_wn to be the upplement of LAXY an4,therefore
he supplement LC . Since LC and LD are
consecutive interior an es of AD and BC with
transversal DC , ittfollowsthat 115 II

(a) Since LACB is a right angle by Corollary 12-7-1

and LDEB is a right angle by definition of

perpendicular lines, LC E . Also, by the

reflexive property of congruence, LB LB .

Thus ABCA441-80ABED is. a similarity by A.A.

(b) (BC,CA,AB) F (BE,ED,DB)

Since (BC,BA) F (BB,BD by the product

property of proportion BD BC 3 BA BE .

18. Since AC and BD are tangent at the endpoints of

a diameter, Ac II M Also TC. and 1-15 are

segments of chords of the larger circle,phich are

congruent by Theorem 12-5. By-Coroll r 12-4-2

the radii Uir. and 751N 19. sect these chords, so that

51,. Therefore qua&ilateral ADBC is d.

parallelogram by the theorem which says that, if two

sides of a. quadrilateral are congruent and parallel,

the quadrilateral is a parallelogram. ThIs diagonals

of a parallelogram bisect each other,-so ?kg and

n bisect each other at some point, P . Point 0

is the midpoint of . 7 m , so P 0 , and C, 0, D
are collinear, making CD a diameter.
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2.

Problem Set 12-4b

Problems 12, 13 and 14 help prepare for Theorems

15 and 16

a) (1)

(2)

(3)

(4)

insdribed angle

tangent-chord angle

secant-secant angle

tangent - secant angle

(5) tangent - tangent angle

(b) (i) 75 34

(2) no (5) 60

(3) 30 (6) 42

(a) 35 (0 90

(b) 55 (g)
127_

(c) (h) 35

(d) (1) 125

(e) (j) 50

In the congruent circles P and we are given

that m AB = m AIBI . It follows that their

respective central angles P and I:), are of equal
measure. Thus AAPB AAIPIB, by S.A.S.

AB ;' ATET by definiti,on of congruence.
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m FBA m BAH by Theorem 12 -8

m FB m BA- =m FBA and m AH m
by Postulate 30. Then m FB a m fR

BAH

by the

addition property and the substitution property

of equality. Hence PR AH

From (a) we conclude that

FB g AH by Theorem 12-9.

L
Then

and LAFB LAHH by Theorem 12-7.

AAA MH by A.S.A.

ABCD is a square and '

WE and therefore

DA AB = Theorem 12-8.

Then m 2DEA = m ZARB = m LBW sihce hey are

inscribed angles and are epal to one-half the

measures of the congruent kros which they intercept.
LDEC has then been trisected.

6. (a) LEAc

Q)) LcAF
DB ,

_AF

LDCB

Since PB_.

f) LADC

(g) LWA
(h) LDAF

(I) LBAB

(.1 ) LDI3C

120 LBPC = 60 by Theorem 12-10.

1 OP , o m LBPQ = 30 AAPQ is a '300-600
right-tviingle. Since PQ = 6 , then AP = 4

Consider the common tangent at H . Then an angle

former by the tangent at H and line u is

measured by the same arc as an angle formed by

line t and the tangent M or N . It Votlows
that the tangents at M and N are parallel, by

corresponding angles in one case and alternate

Interior anglewin the other case.
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Consider Tr . Eyahqprem 12-7, m _PR
1Theorem 12-10, m LIIPT - 7 m PB . But

, so m.LBPR m LEFT . 7g1FrFT and
by the-definition of distance from a point

to a line. PB PB so APBE APEP by A.S.A.
(or A.A.S.). Therefore,. by definition of congruence,
BE =, BP .

10. Case 1: Consider the diameter from P . Since the
diameter is perpendicular to the tangent,
it is perpendicular to lig% Therefore it
bisects X and AB and m i?= m BP .

Case 11: Consider the diameter perpendicular to the
secants. This diameter will bisect CPD
and APB . Thus m AP m BP'ana
m CP m DP . Then by7betWeennSss for arcs
and the properties of equality m AC m BD

Case The diameter from P will have Q as its
other endpoint. Then the two arcs are

semicircles and have equal measures, bOW
definition of the degree measure of a
semicircle.

Alternate proofs involve radii orm congruent
triangles, or chords which are transversals and
using alternate interior angles.

*11. (a) (A,B) - ((x,y): x2 y2 25 , y s 3)

((x,y): x2 = 16 ,y = 3) = (0,3

= ((x,y): x2 + y2 25 x = 0)

((o,5).(Q,-5))

(c) OIR 1/(T-767173:37 (3_3)2

-4,3))

4 . 4 = 16 .

c QC 0-0,

2 8 = 16 .

721

_0)2
5



*12 (a) (A,D)

(b) (C,D) = Y

(xa
_(4,3),

2
x y-

2 = 25 y

2 2
x y 25 ,

% 2 /

y): x- + kx
,%2

4) y = x 5)

2x2 - 10x 25= 25 y = x 5),

x(2x 10 ) = 0 y = x 5)

0,-5),(5,0))

-5)

*13. (a) AADB ry ACDA because LB a LCAD and LD a LD

(b) Corresponding sides of similar triangles are

proportional.

(c) AD = 6k v BD = k(6k) = 6k2

(d) AD AD = (6k)(6k) = 6 6k2

BD CD = (6k2)(6) = 6 6k2

Therefore (AD)2 = BD CD .

Relation is true for k > 0 and CD > 0. If

k = 0, then A = D = C and (AD)2 = BDCD is
true. If k < 0, then it is impossible to have

AD = kCD..

Problem Set 12-5

2 , lengths, bisector, angle

in (on), in or on,

A is between R and

1.

12 , 12

R



(1 ) tangent-segments

(2) 10 , Theorem 12-13: The two tangent-

segments to a circle from an external point

are congruent-.

45 ; The last part *of Theorem 12 -13 -says

that the two tangent-segments from an

external point form congruent angles with

the line joining the externa pOint to the

center of the circle.

(1) R7

(2) 7D

43) RU
(4) RC + CD = RIB by the eenness-Distance

Theorem.

(5) Yes, since 12
2

= 8(10 + 8)

(6) Yes, since 122 = 6(18 + 6)

Other pairs of factors of 144 are the

easiest to consider. RC RD could be
9 . 16 , 4 36 , 3 . 48 , etc., as far as

the products are concerned. However, since

CD is'less than or equal to the diameter

of the circle, restrictions must be made

with reference to any given circle.

a(a + b) = x (x + y)

Theorem 12-14: The product of the length

of a secant-segment from a given point and

the length of its external segment is

constant for any secant containing the

external point.

(2) Yes, since 3(3 17) = 4(4 1'1)

When it contains the center of the circle.

(b) When the secant contains the center of the

circle.

decrease, increase, tangent-segmenthe

tangent-segment.

QA" QA"



Statements Reasons

Vir-,41be and 1. Hypothesis

are tangente at

B D and F

respeectively.

2. CB = CD 2. Theorem 12-13

EP = RD

CB EF".= CD'+ DE 3. Addition property

of equality
CD DE = CE 4. ,Betweenness-Dist ioe

Theorem

5. CB CE 5. The substitution

property of equality

20x = 6 - 22

x = 6.6

DA = 6.6

x2x AR AM

= 16 4

AT =

6. 6(14) 7(x

12 = x # 7

x = 5

RA= 5

x + 13) - 4 12/

x-
2

13x - 48 . 0

x = 3

PD PA = PD PC

16 7 = x 8

x = 14

PD = 14

8. Let C 4 . Then by Theorem 12-15,

a(a 5) = 36

2
a 5a - 36 = 0

(a 9)(a 4) - 0

a . 4

BK = 4

r-
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fly The_rem 12-16, we have

X (19 = x) 6

x
2
- 19x + 48 . 0

(x - 6) . 0

x = 3

19 - x . 16

10. Let r be the radius. Then, by

11.

Theorem A2715,

(r + 8)(r - 8)

r2 -6436,
6

Let the radius of the circle be r . Then by

Theorem 12 -15,

4r2r + 4) 122

Hence r = 16

12.. Since all angles of the triangle have measure 60 ,

the minor arc has measure 120 . This leaves 240

for the measure of the major arc.

13. (a) Four; two internal, two external

(b) One internal, two external

(c) Two external only

(d) One external only

(e) None

14. Since tangents to a circle from an external point

are congruent,

CL = CP

,DL = DM

By the iaail property of equality and the asvci-

ative property of numbers,

l(SN + NR ) + (CL + DL) SP + cg) (m4 + DM

74511



By the Betweenness- Distance Theorem,

SN -1NR = SR , CL + DL= CD , SP + CP = SC

,RM + DM = RD it follows from the. substitution

property of equality that SR + CD = SC + RD

Statements

1. AB and are
= tangent at A and

C , respectively.

2. &Alas and 41COB are

right triangles.

Reasons

Corollary 12-4-1

m LAZO = m LPBO = 60 3. m LABc = 120 and

Theorem 12-13,

AB OB 4. 30-60 right triangle

CB QB theorem

5. AB + CB = OB 5 Addition property

of equality

16. Draw q17,1 IT.. In APQR RQ

Hence RQ = 48 .. But AB = RQ

rectangle. Therefore, AB'= 48

17. As in the previous problem, draw a perpendicular-from

the center of the smaller circle to a radius of the

larger circle. By the Pythagorean Theorem, the

distance between the centers is 39 inches.

18. (a)
111.

PA and PA,- are both the midray for LCPB , by

Theorem 12-13. Since each angle 'has one and

only one midray, Fe%

p1002
(PR)

2

since RBA is a

(b) m B'C' =(130 . One possible 'solution follows.

AC .and 11C1 are, by Corollary 12-431, both

pprpendicular to .' and AB and AtB1 are

both perpendicular to 1Fr. Consider quadri-
laterals ACPB and A'C'PB' . The sum-of the

measures of the interior angles in each equals

360. m LACE' = m /VC'? = m LABP = m LA'B'P = 90.
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By applying -1119 addition property and substitution-
property of equality, m ZPAB m LP = 180 and
m LC'A'B' m ty, 180 . When m LCAB - m 2p IAIBI

since these are supplements of the same
angle. Bu i m m LCAB and 131 m ZPIAISI \
by definition 'or degree measure of.a minor arc.

,

Therefore: m C m CB 130 by the substitu
tion property of,equality.

1 If m is the length of the shortest of the four
segments, the rest of its chord would have to be the
longest of the segments. Otherwise the product of
the segments of this chord would certainly be less
than the product of the segments of the other.' Hence,
if it were possible to have congedutive integers for
the lengths they would be labeled ae shown. But in
this.case, by Theorem 12-16 it would be necessary
that:

or 2m

) m 1 2)

m2 3m 2

or 0 2.

Since this is impossible, the lengths of ne segments
cannot be consecutive.integers,

P) ((x,y) : y = 5, x e y = 12)

((17y5) ) P (17y5)

((x,y): (x 1)2 (y + 3)2 = 64, y

= ((x,y): (x 1)2'1- 82 = 64., y 5)

((x,y): (x 1)2 Q y y .74 5_

((1 5)) ; T (1,5)



(r)

(R,S)` = + (y -= 64 ,

x - y = 12)

y): - 1)2 + f(x 12) 71- 64,

x 12)

X,y): x2 2x 1+ X2 18x 81 = 64,

y = x 12)

x;y): 2x2 - 18 = 0 ,-y = x - 121

((x,y): (x 9 1) 4 0 y = x4- 12)

((9.0-3)ft(1,"11)

PT = 7 1)2 + (5 . 16 T = 256..

Let R = (9,-h) , T = 1,-11) ,

Thep PR = 7 9)2 + (5 + 3)2 128 ,

d PS = (17=1)411) = 512 .

6 16' 2PS-

= 256
Theorem 12-15

verified.,

asser

,

ed the equality here

21. Consider radii n and 0 . Let n intersect
*R7 at P . m LA = m LR =-90 , and m LAPR = kL,B1M

by vertical angles.. Therefore, AAPR ,k. ABPQ by
RP RA-A.A. This'give8 = trE . Now suppose 7. meets

RQ at point P'

RP! a RAwe arrive at

Then, by a similar argument

Hence RP- RP , and P

and PI are both between R and Q Therefore,

PI = P .

vs

A direct _ethOd could show that the point or inter-

section of and CD , along with R , determines

the perpendicular bisector of AC . It can.then be
shown that Q lies on this bisector.



22 d be the required distance. Theorem 1g-15,

a-2 8 2bb

)2

compared to 9280,Now since h is v
h 2 is exceedingly 1s and is

So approximately, d =1/17STSE = 1.23

Hence d is roughly

729
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Pre*eM Set 12 -6

22
1. is closer'.

22
-7- = 3:1429:

= 3J.416 (accurate tc four decimal place

3.14. = 3.1400'

2. d 14 C = 14r

= r =
36 18d

(0) C = 157T r 7.5

C,
1

e,3 C2 C
1
= 2

d = 5 dl (d) C2 = 2 .

4. (a) m BA Sin degrees) = m Eilky (in degree

(b) length of BA = 2 length of BIAI.

C = 12ra , d'= 12a

(e) C

d = 2k

,(c) f

C, 6 ,
a) =

(b) 4.

6. C = 2rR = 480,000r . The circumference is

approximately 1,500,000 miles.

7. The formula gives:

2rr = 6.28 93

27r = 584 106

which Is 584 million miles (approx.).

Our,speed is about 67,000 miles per ,hour.

c = 27r,; 628 ='6.28 r'-= 100 id. (oliTrox.

9. (a) The radius of the circle
17-

(b) 0

c' 180

(d) .The circumference of the circle

730
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8

9- 40

10 , 36

12 i6

15 24

18 20

2Q 18

24, 15

11. 2 unite ;

70

.72

75 s

78.

80

81

1

120

135

140

144

150

156

160

162

165

12. Radius of the-inscribed circle is 6 its

circumference is 127 . The radius of he circum-

scribed circle is 6 ,7s6 ita circuMfe _nee is

127

13. The increase in circumference

14. In the figure, side IN

of a regular inscribed

octagon is 1 unit long.

Since AADO is a right .

isosceles triangle,

AD

BD= r -

triangle A9D

2

In ri

in each case.

AB)2 or

from which r

15. The perimeter of PQRS is greater than the circum-'

ference of the circle. AD -2 and XW =
1/

Hence, PS -7k2 +1/2")

The perimeter of the square is r + 2 .1/7)

The circumference of the circle is 2r .

But 2 +1/7 > 2 .



Preblem Set 12-7
C 2Tr
C lOr
C = 31.4

2Tr
= (3.14)25

A =785
C

C

C .-.

A

(c) C 2r(2.5)
C 15.70

A = Tr
A = (3.14
A = 19.63

2wr C 27
207 C 2(3.14)

62.8 C 10.8

7r A wr2

314

2, C = 2rr
C 2r

2A = ,

A =ir
(b) C =

C = 4w
2A =

A = 47

A - (3.14)(

A 9.4

C 2rr
C 14r

A = rr2

A =

C 2rr
C =27 1/3

A = 2

A = 5r

Crr 5 lr - 25
C 10T

C = 10
r 7 Cr

=4
C 14r, c V7r.

(a) A = 36r
(b) A = 100r

6r
Cr 36

r 10

Cr
'A

100

6.25)

732



2
A =

F
- Tr

A = 3r or app o . 9.4 sq.

No.

6. A = area of fir

A- 9
T

7. The circle is larger.

2
Tr

2
5

8.

25

=,area of secon

-8 - 25 = 6.8 square inches greater.

2
- r-7

1/7)2
52]

25 square inches

9. 4 ti/'T inches, 8v I/T , 48v square inches

10. It is only necessary to find the square of the radius

of the circle. a radius is drawn to a vertex of

the cross, it is seen to be -the hypotenuse 'of a right

triangle of sides 2 and 6 .. The square of the

radius is therefore 2
2

6
2

40 .. The area of the22

circle is therefore 40r , 125.6 approximately.

The required area is therefore 125.6 - 80 = 45.6 6

11. Consider PB. and PC . The area of the aiihulUs

2 .2
PC) - r(PBp , the difference of the areas of

two cir es. This can also be written

T[(PC)2 = (PB)2] By Pythagorean Theorem,
.

(PC) 2 (PB)
2

=
2

Therefore, the area of the

annulus is

733



12. The Section nearer center of he sphei!=will
the larger::

Therefore;

2

(AC)2 (

S(AC)S

r 2= 10

r

= (AB)`

2
13r0 -2

)

(r g) (h =g t *

r 7 s = t

15. Note that r-
1

= OA . 0R = BP and r 3 = OS -=,012

Successive use'-of the,Pythagorean Theorem

we get' r1 =
r2 r3 =

Now, using the area formula for a circle we have

a =

=:r(r a =

c- r

d-= rf2r

2-,(a = 3rr 2rr . rr ;

(a b c) = 4rr2 3rr2 rr2
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16. From the second figu

42 - 22 . 12, so

the altitude of the

trapezoid is 21/Y

In the first'figure,

since the bases are

parallel and tangent

to the circle, we see

that TR (altitude of

the trapezoid) must be

a diameter; thus the

radius is . The

area of the circle is,.

then, 3w st. The area

of thOtrapezoid is .

81/7 . The area outside

the circle is- (84/3" - 3r)

square inches. This is

approximately 4 square

inches.

2

Problem Set 12-8

1. The length ofi CD is greater'than the length of EP

2. The arc of one inch on a half dollar.

3. Yes, to both questions.

4. No. _I AB = Tr m AB

.CD m CD

If AB - Ip then

r - re- m

If m B >mCD, then r <r'

5r 7.5r*., $w, 3r

9r , r/10 61T- , 5.47



9
8.

9.

10.

11.

=2r

-. 3
r =

4
--. .r

90'

Chord or)

intersection of

96

S

cm.

and ?

12.

x,y,z): x-
2

+fly
2

= 16 , z = 3) , a circ1e,in
pl -e z = 3 , with (0,0,3) as center and
4 -.as radius.

I
The radius, ri , of the circle of intersection

is 4. Thriedius, r, of the great circle of

is '5. If Cip.and d denote the circumferences
r
1 4

these circles, thel+01 = 7-1C = 50.

42Area of circle of intersection = 2- times the

area of the great circle.

_ _(d)
1The3e arcs will be of the circumferences

in each case so the arc of the circle-of Inter-
4

section is of the arc of the great circle

of S .

76

Since y = x m LBOA =

m AB = 45

r= 10

Area of the sector

Area = 1 2 5r

100r



1 Aria of sector 2- ='24r

2
12- _iffT

36 _ATArea of triangle = Va au V

. iret of segment = 24r - 361/T or 13.04

Area of sector 1 62 = 12r

Area of triangle

Area of segmant 7 127 - 9

_Area of sector = o = 87

6 $P3 3 = 9 1/7

?2.11

Area of triangle = 1.8 4 I/7 =

of segment = 87 - 16 I/7

14'. la) 2r
(b) r

2.5

15. Draw BG I . Then GC = 6 , AG = 24 . In the

right 21AGB , the length of the hypotepuse is twice

the length of one leg, so m LAB} = 30 , m LBAG = 60

and CE = GB = 24 c . The major arc CD has the

length

the length 2r 6) . Thus; the:total length

of he belt is 2(24 0) 40r kr . 48i/7 ± 447

The belt is approximately 221 inches long.

16. To find one small shaded area,

SubtAact the area of a 9013

sector whose radius. is 2

from the area of a square

whose ,side is 2

30) = 407 and the minor arc 1EP has

(21/3 2r

The area of the given shaded region is 4(8 -

This is approximately 6.87 square inches.

737
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F: lem Set 12-9

The center of the circumscribed __cle about a yen

acute triangle is to the interior; about a right

triangle it is the midpoii of the hypotenuse; about,

an obtuse triangle it is n the_exteriorof the

triangle and in the interio of the obtuse angle.

Ifproof:w If C is aright angle LBCA intdrcepts

a semicircle of which, tEC is a diameter...,

If Lc
6

is an obtuse aniae LBCA intercepts a major

aro and hence.is inscribedfn a minor arc. Then C
1-:f

and 0 the center, must be on opposite sides of

AB

If Lc is an acute angle then it intercepts a minor

arc and hence is nscribed in a major arc. Then C

and 0 are on thesame*side of a diameter.

Yes. The midray pf each -angle is in the interior of

its angle (except for the verte)i of the Bangle).

Therefore, the intersection must be in the interior

of each angle, hencenin the interior of the triangle.

-4.4 The median is a radius of the circle and hence its

lOrigth is 12 .

I. Let a coordinate, system be

established with vertices

of rectangle ABCD as

shown. :Let 0(x,y) be

the enter of a eireum-C

scribing circle. Then
,

x2 y
2
= (x'- a)

2
y
2

= (x (y b)2
2

D 01 1/ C O)

A OM B(a,o)

= x2 4- (y b) yielding

x = 7
a

Thus Okt,t

exists and a circle can be

circumscribed about a given

rectangle.
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_t I xl,y1) be toe centgEof an inscribed circle.

_Then x' = y' = a - JO =-1) - y' , yielding a = b ,
__-----,,

,.....

anedemandint that, in arderifor an,Inscribed circle

to exist., the rectangle must. be A Square.

Yes. The diagonals are biseCtors of the angles.

Hence,Weir intersection is equally distant frbm

-thd sides of the rhombus. No, unless the rhombus

is also a square.
1:

6. By Theorem 5-9 each angle bisector alsd bisects the

opposite side and is perpendicular to it. Therefdre

the angle bisectors are concurrent in the same pbint

as the perpendicular bisectors -.

Let 0 be the common center;

E the midpoint of EC

Then BO is the midray of

LADE and Q is the midray
of LACE ABOE /WOE by

S.A.S. m LOBE % m LDCE

LABE :4' LACE . Thus, by ex-

tending the argument, we may

prove the triangle equiangular

and hence equilattral.

If ABCD is the quadrilateral

them consider the circle

circumscribing 2EIC .

If D is not on the

circle, theft m ZD /4 4m al
and LD is not aupplementary

to LIB. Hence, if LB and
LD are supplementary angles,

then D is on the circle through

A, B, C and the quadrilateral has

a circumscribed circle.
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7

9.4:Let a coordinat system be

establ4shed-with.origin at

the midpoint of abaseof

isoscelel trapezoids ABCD

ab shown. .

Let, P(O,y) be such

that PA = PB = PC = PD .

.Then a2 + (_a) 2 y2

= (-b)2 + (y - c)2

2 , .2= b + ky- c) , yielding

y - b
2

4-

2

a
2

,(c 0) .2c,
2 2 2'

Thus .PTO, b c" a ) exitts and consequently-ac

circle can be circumscribed about a givenisoscel;s

trapezoid.

Itis not true, however, that every isosceles

trapezc4d has an inscribed circle.

10. As the figure indicate's,

(5x)2 = (2x + 2)2 + (3x + 2)2

25x2 = 4x2 + 8x + 4-+ 9x2 + 12x + 4

3x
2

- 5x - 2 = (3x + 1) (x - 2) = 0

,x = 2 ;

length of hypotenuse = 10 . 2x 2

11., (a) Midpoint of XY = (4,0) ; slope of 1? is zero.
Perpendicular bisector of INF = ((x,y): x = 4) .

(b) Midpoint of 7 = (,) ; slope of TE is 3

Perpendicular bisector of 77 =

= t(x,Y): Y. '3f = 4(x ;)]

'= ((x,y): 3y + 5x = 17)

'740:1



(C) = (x,y): x,= 4 ,

c = (4,-1)

(d) Midpoint of YZ

5x 1T1 _y - -73 or

, slope of YZ is -1

Perpendicular bisector of YZ

((x,Y),: Y

((x ,y x - 5j

The coordinates of C(4,-1) satisfy this

equation. Therefore, the perpendicular

bisectors are concurrent at (4,-1)

CX = 4 - p)2 A- '-1( 0)?

CY = 4 - 8)28)- + (-1

cz = 4 - 5)2

Circle C = ((x,y

((X,Y):

-
2

y

lb v17

(y + 1)2 = 17)

x -2y = 0)

12. (a) Median to XY is in (('x,y) y - 3x 12)

(b) Median to a is in ((x,y): -
-3)( 24
11 11

Median to YZ is in ((x,y) : y 3x)-

Median to to (x y): x = 5 k y - 3 --3k

0 < k,< 1)

Median to XZ

Median to

= ((x,y): x = 8 -

0 < k < 1)

(x,y): x = 13k ,

k < lj

k yields trisection point

median to XY .

k yields trisection point 4 ,1)

median to a .

yields trisection point

median to YZ

1

3 k
2k '

in

in



13, Altitude to XY ,is a subset of y): x-=

(b) altitude to__ X7. is a subset of the line

((x = - 8)) (xx,y): ,y =

The altitude to ZY 1s a subset of the line-

(0($y): y = x).

The orthocenter is (5,5). The orthocenter is in

the ulterior of the triangle.

The problem is to show that

and (5,5) are collinear.

the line containing (4,-1)

y = 6x - 25. This equation

742
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An'equation'for

and, (5,5) is

is satisfied by



Chapter 12

Review Problems

Sections 1 through 5

1. (a) circle, 10 , (*,0)

(b) A on the circle; B interior; C exterior

(c) 1,1 r) C = ((x,y): x2 ty? = 100 , x- -10)

((x,y): y - 0 , x = -10)

= ((-10,0 )) .

= ((x,y): x y - 100
, y - 6)

((8,6) , (-8,6)) .

x y2= 100 = 4

2
16x-

x = 100 ,

4
= 36 y x)= x

((6,8) , (-6,-8)) .

(4) S = (x,y,) x
2 2

z y z = 100)

(b) (1) (10,0,0)=, -10,0

(2)' (0,10,0) , (0,-10,

(3) (0,0,10) , 0,0, -10)

(c) y,z) : x2 y = 100 , z = 0)

(a) ((x,y,z): x2 z = 100 , y = 0)

(e) ((x,y,z): y2 ± z = 100 , x = 0)

A is in S since 3 ± (-4)
2 2

(

B is in the interior of S since

32 (=5)2 72 83
< 100

C 74is in the exterior:6f S since

92 62 12 118 > 100

743
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(b

y 2)2 16 or

2
-+

2
y 6x + by - 3 = 0 , z = 0)

y + I) 2
+ - 3)2 = 9 or

y2 2 ,
-z 4x + 2Y , 6z + 5 =,y,z): x

they are:,

(1) radii oS the Same or congruent circles.

diameters, of the,same or congruent circles.

in the same circae and are associat evi. with

congruent arcs.

(4) tangent-se- -ents from the same exterior

point.

) Chordukin the same or congruent circles

and equidistant from the center.

(6) the parts into which a diameter perpen-

dicular to a chord separates the chord.

(b) If it is:

inscribed in a semicircle

determined by a radius and the tangent at

its outer end.

determined by a chod and the diameter

which bisects it.

If they are:

(1) inscribed in congruent arcs.

(2) intercept congruent arcs..

(3) the angles between two tangent-segments

from the same exterior pOint and the/ line

which contains that point and the- -center

of the circle.

(4) central angles associated with arcs which

have the same degree measure.

they are:

associated with congruent chords in

congruent circles-.

intercepted by congruent inscribed anglev

in congruent circl_es,

744



associated with congruent central angles.
(10 both semicircles.

(5) the parts into which a diameter °perpens

dicula- to the 'chord associated with an
arc parates the arc.

The degree measure of the arc in which an "angle

is inscribed is 360 minus the degree measure

of the arc which it intercepts;

Consider _APB a8 a central

angle. Then m LAFB = m AB by

definition. Consider /APB as

formed by chords AAA- and EN1

intersecting at the center P.

Then m /APB = a m tow).

But .M AB = m A'B' Therefore

m /AFB = m AB is a special case

of the theorem referred to in

the problem.

6, chord f) minor arc
(b) diameter (also chord) (g) major arc

secant (h) inscribed angle
(d) radius 1) central angle
(e) tangent

55 and 70

m LAXB = 90 because it is inscribed 14 a semicircle.

Therefore, m LAXY = 45 and in AY = 90 since AXY
is inscribed in AXY . Hence the measure of central

angle LACY is 90 making CY I .

True

True

False

True

False

(f)

(g)

(i)

(j)

True

False

True

True

True

10. m LC = 65 m ZABX = 65 m LCBA = 65

13



11. AY = AP and AX = AP , because tangents gments to

a circle from an external point are cong ent.

Therefore, AY = AX .

12. The figure shows a cross section

with x the depth to be found.

252
- ?0

2
5

2

225 = /(25 -

15 = 25 x

x = 10 The depth is

10 inches.

13. By the Pythagorean Theorem,

AD = 9 . If r is the

radius, then OD = r - 9

and OC = r . Hence,

in AC
r
2

=
9)2

18r 81 144

r = 12.5

The diameter of the wheel is 25 inc s long.

14. Consider the distance BX

to any other point X on

the circle, and the radius

CX

BC A- AB = AC = CX .

BC71- BX > CX . Hence,

BC BX > BC AB and

BX > AB or AB < BX

Also BX < BC I- CX ,

or BX < BC CD .

Since BC 1- CD = BD ,

BD > BX

Thus AB <'BX < BD where 'BX

joining B to the circle

746
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15. Let m HE = r Then

mLNHo = 180 - (90 -

LE CH

or 90

m LINHR s m ZNHC 90 = (90 + r)

Hence, m ZNHE

6. (4000)2 100 (4000 -

(4000 19,990,000 .

4000 - x = 3,998.75

X 7 1.25 , approx.

The shaft will be abOut 1 miles deep.

90 ,

+ r Then

- 90 -f-r

(a) T is the exterior of the circle in the xz-plane

with its center at (0,0) and with radius 2

(b)` m is a circle in the xy-plane with its center

at , -4) and with radius 7

(c) N is the interior of a circle in the yz-plane

with its center at (0,0) and with its radius

equal to 3

(d) is the intersection of a sphere with its

center at (0,0,0) and with its radius equal

to 5 and a plane parallel to the xy-plane

and intersecting the z-aXis at (0;0,3) . This

is the circle Ft = ((x,y,z): y2 16 ,

z = 3) which has its center at (0,0,3) , has

a radius equal to 4 and lies in the plane.

x,y,z): z 7 3)

Two points, (1,0,0) and (-1,0,0)

The intersection is the empty set since D and

F are two concentric spheres with radii 4

and 21/7 respectively.
_2The intersection is ((x,y,z): y- 9 ,

Izi = 4) . U is a cylinder with it.s axis the

z-axis and with its cross section a circle with

center in the z-axis and radius 3 . U inter-

sects T in two circles, one in the plane

parallel to the xy-plane and 4 units above it,

the other parallel to the xy-plane and 4- units

below it.
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18. (AP )2 1(8 1) - 9 , by Theorem 12-15.

AP = PX = 3 , so QX = 2 and XZ

AX - 2 6 , by Theorem 12-16.

4

19. The angle measures can be

idetermined as shown.

Hence, APAR and AQCR,

are equilateral triangles

sand PRQB is a parallelo-

gram.

PC = PR + RC = AR A-

But AR = AP and

RQ PB Hence,

PC AP + PB

20. Applying Theorem 12-15, we have (A - MS and

(MB)2 -= MR MS . Hence, (AM 3)2 and

AM = MB . Similarly CN = ND
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Chapter 12

Review Problems

27r

(a) The areajof a circle is the limit of the areas

of the inscribed (or circumscribed ) regular

polygons as the number of sides of the polygons

increases indefinitely. (The exact wording of

the text may be used.]

The length of an arc AB of A ,circle is the

limit Sf AP_ + PP + + P B as the-1 2 n-1
number of chords increases indefinitely. [The

' exact wording of the text may be used.]

3.

4.

5.

6.

7.

'Between

5

2

(a)

5 ,

10

107r

1

to

or

and

1

5rr

2

(b)

8. A ,= rr
' ird2

77-

10 to 100 to 1

9. The inscribed octagon has the greater apothem and

the greater perimeter. The circumscribed square h-0

the'greater perimeter; the apothems are equal.

10. A 7-ap

11.
60
IT

1r12. Area - 4-71- sq. in.; arc length inches

13. There are many acceptable proofs. One is to

consider the situation wherein the vertices of the

inscribed triangle are the midpoints of the circum-

scribed triangle, and prove the four smaller

triangles congruent.



14. m DA - 88 and m BC = 122

m /EDC = m 2PEC = 31

LCMD m LAMB = m zA- = 75

ZDMA = m LCMD = 105

m m ZDCB - 88,

ACB m ZACE = m ZDBA = 44

m Z.CAB - m LCDB = 61

m /DCE =-m ZlEME

ZDEC - .57

LDFA = 48

CAF = 119

m /CDF = 149

m LACE - 136

15. Draw 0Jam. Since-
then QE = 12 = AB .

By Corollary 12-7-2,

m ADP = m LBCP and
m /DAP = m /CBP . Hence

APD ABPC by A.A.

20 and PE = 7 + 9 = 16 ,

(b) Since similar triangles have corresponding sides

proportional, AP PC = PD PD

17. Yes. The slope of AB is -1

(b) The midpoint is (2,2) .

y = x

The origin is contained in y = x . This

illustrates Corollary 12-4-3: In the plane

of a circle, the perpendicular bisector of a

chord contains the center of the circle.

The points with coordinates (?4/12, 21/7

and (-2 1/7 - 21/'2) ; midpoint.
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18. By hypothpsis, P In the figure

Is the center of the circle, and

m LAEP,a m LDEP .

Prove: ' CIS

Consider PG I A

and PH J51 .

Then APGE and, APHE

are right triangles

with m LGEP m LHEP

and EP = EP . Ther

fore, LOGE ;7* ApHE

making PG = PH . Therefore,

AB Z1. CD , because in the same

circle or congruent circles,

chords equidistant from the

center are congruent.
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Review Proble

Chapters 10 - 12

1. + 26. + 51. + 76) +
2. 0 27. 0 52, o 77. 4-

3. + 28. + 53. + 78. +

4. 0 29. + 54. 0 '79. +
5. + 30. + 55. + 80. 0

6. 0 31. + 56. + 81. +

7. 0 32. 0 57. 0 , 82. +

8. + 33. + 58. 0 83. 0

9. + 34. 0 59. + 44. +

10. + 35. 0 6O. + 85. 0

11. 0 36. 0 61. + 86.

12, 0 37.
.
0 62. + 87.

13. 0 38. + 63. 0 88. 0

14. 0 39. + 64. + 89. +

,15. + 40. 0 65. 0 90. 0

16. 41. 0 66. + 91. +

17. 42. + 67. + 92. 0

18. + 43. o 68. + 93. 0

19. 0 4.4. 0 69. 0 94. +

20. + 45. 0 70, 0 95. o

21. 0 46. + 71. + 96. +

47. + 72. + 97. +

23. + 48. 0 73. + 98. +

24. 0 49. + 74. 0 99. +
25. + 50. + 75. 100.
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