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WHY

TRY
PSI?

The personalized system of instruction (PSI)1-3has been used in
physics courses in a ntrter of colleges and universities for
several years. Studies have shown that in some cases the students in a PSI physics course learn physics better than students
in a lecture course. In almost all cases, a majority of the
students prefer the PSI course to the lecture course, yet they
report working harder in the PSI course. Why is it that this
system of instruction is not more widely used? At least one
reason is the large effort required of the PSI instructor to
develop the study modules for his course. We have written
these modules to enable you to use PSI in your calculus-based
physics course. With these modules we believe the effort
required to use PSI will be greatly reduced. We hope you will
give PSI a try.

1For study modules on the use of these COP Modules, see
Appendix A.

2

J. Gilmore Sherman, (ed.) Personalized System of Instruction,
41 Germinal Papers, A Selection of Readings on the Keller Plan,
(W. A. Benjamin, 1974)

3

Fred S. Keller and J. Gilmore Sherman The .Keiler Plan Handbook,
Essays on a Personalized System of Instruction, (W. A. Benjamin,.
1974)
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COMMENT TO USERS
In the upper right-hand corner of each Mastery Test you will find the °pass'
and "recycle' terms and a row of numbers "1 2 3 .4.11 to facilitate the
grading of the tests. We intend that you indicate the weakness of a student
who is asked to recycle on the test by putting a circle around the number of
This procedure will
the learning objective that the student did not satisfy.
enable you easily to identify the learning objectives that are causing your
students difficulty.

ERRATA
Our apologies to Or. Van Bluemel for misspelling his name in the list of CBP
Module Authors! This70117iTalirected when reprinted.

ERRATA
Calculus Review: p. 15, first three entries in the Table of Derivatives should
read
-3
4
-2
- 1
3
2
x
.
. . -3/x
x
.
.
.
-2/x
x
4 .
. -1/x 4

P. 8, second to last line ..."...= 8/2 = 4."

5

P. 9, line 7, "I m (l/3)23 - (l /3)0..4"

COMMENT TO USERS
It is conventional practice to provide several review modules per semester or
quarter, as confidence builders, learning opportunities, and to consolidate what
has been learned. You the instructor should write these nodules yourself, in terms
of the particular weaknesses and needs of your students. Thus, we have not supplied
However, fifteen sample review tests
review modules as such with the CBP nodules.
were written during the Workshop and are available for your use as guides. Please
send $1.00 to CBP Modules, Behlen Lab of Physics, University of Nebraska - Lincoln,
Nebraska 68588.

FINIS
This printing has completed the initial CBP project. We hope that you are finding
the materials helpful in your teaching. Revision of the nodules is being planned
for the Summer of 1976. We therefore solicit your comments, suggestions, and/or
corrections for the revised edition. Please write or call

CBP WORKSHOP
Behlen. Laboratory of Physics
University of Nebraska

Lincoln, NE 68588
Phone

(402) 472-2790
(402) 472-2742
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NOTE TO THE INSTRUCTOR

You need to make several specific decisions as you prepare for the student
use of these materials.
You must select a textbook. These materials are not intended to be
used independent of other reading and study materials. In fact, these
modules h al_
ve 4b een keyed to four different calculus-based general physics
textbooks.
If you wish your students to read only one of these books,
you may remove the pages in each module that refer the students to the
other textbooks. We intend that these materials can be easily adaptable
to any other general physics textbook that you choose, but you will have
to provide the suggested study procedures for such a text.
1.

You should select a sequence in which you wish your students to study
these modules and your selected text. We have labeled these modules by
their physics content and provide a flow chart for you on pp. 2 and 3 of
Preparation of Your Orientation Module. You may wish to give them numbers
litisuggest a learning sequence for your students. In general, your students will find a sequence that follows your selected textbook preferable
to other sequences.
2.

You may need to prepare an orientation module for your students. We
have provided a study guide to assist you in the preparation of an orientation module. (See the next page.) If you have never taught using the
self-paced, mastery-oriented, student-tutored style of instruction, known
as the personalized system of instruction (PSI) or Keller Plan, you will find
it useful to read the references given on the previous page.
3.

You may wish to provide additional learning activities for your students. We have found that film loops and audio tapes can be very useful
to students. We have provided in our modules some references to film
loops.
You can provide audio-tape instructions about problem solving as
you wish. The task of working a problem while listening to suggestions
from you on a cassette tape can be a good learning experience for your
students.
4.

These modules, each of which inclWas a student study guide with worked
problems and a practice test, as well as equivalent mastery tests and
grading keys, provide the basic written ingredients for a PSI calculusbased general physics course. You can also use these materials to improve
a traditional lecture-recitation course, through the use of enriched homework assignments, repeatable testing, or in other ways.

1

Frederick J. Bueche, Introduction to Physics for Scientists and Engineers
(McGraw-Hill, New York, 1975), second edition.

2David Halliday and Robert Resnick, Fundamentals of Physics (Wiley, New
York, 1970; revised printing, 1974).
3Francis Weston Sears and Mark W. Zemansky, University Physics (AddisonWesley, Reading, Mass., 1970), fourth edition.
4Richard T. Weidner and Robert 1: Sells, Elementary Classical Physics
(Allyn and Bacon, Boston, 1973), second iaition, Vols. 1 and 2.
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PREPARATION OF YOUR ORIENTATION MODULE

INTRODUCTION

Perhaps you have walked into a large shopping center and wandered around looking for the items you came to purchase. The feelings of lostness you had may
be similar to the feelings of students as they wander into a self-paced,
mastery-oriented, student-tutored physics course. As the instructor, you
need to provide them with the assurance that all is well because you know
where everything is (if you don't, please read Appendix A). You also need
to provide your students with a road map and catalog for your physics course.
This combination road map-catalog is often called the orientation module.
(If you want your orientation module to match the CBP modules have it typed
on an IBM Selectric 12 pitch typewriter with letter gothic type.)

PREREQUISITES

Before you begin this module you should be familiar with the personalized
system of instruction (See Appendix A) and the content structure of the
physics textbook you have chosen for student use.

LEARNING OBJECTIVES
After you have mastered the content of this module, you will be able to
write an orientation module for your course which contains:
1. A description of the organization of the physics modules and the format
of each module.
2.
A suggested procedure for student progress in completing the modules.
3. An identification of the resources for learning and of their availability.
4.
A statement of the requirements and responsibilities of students.
S.
An explanation of the grading policy.

GENERAL COMMENTS
The orientation module you must prepare serves as the introduction of your
students to your PSI physics course. For many students this may be their
first experience in a course that requires so much active involvement from
them. The self-pacing feature of PSI will demand that each student take
responsibility for the effective use of his study time.
The repeated testing enables students to perfect their problem solving skills. Your orientation module is to encourage your students to develop these personal attributes.

SUGGESTED STUDY PROCEDURE

To completeObjective 1, you must become familiar with the structure of the
physics textbook you have chosen. You need to know what the prerequisites
are for the various textbook chapters. The CBP study modules we have prepared
are a compromise between the sequence of physics topics in four textbooks.
You may wish to rearrange the sequence in which you use these modules or
Examine the following
you may, change the sequence of topics in the textbook.
prerequisite charts for the CBP modules.

8

Mechanics, Sound, Heat
2
Cap Content and Prerequisite Description

Trigonometry Review s.

'Dimensions and Vector Addition

Calculus Review
Rectilinear Notion

Planar Motion

Relativity

Vector Multiplication

Newton's Laws

Applications of

Work and Energy

Newton's laws

Impulse and Momentum

N

Rotational Motion

Equilibrium of

Conservation of Energy

Collisions

Gravitation

Temperature, Heat
and Thermodynamics

Rotational Dynamics

Rigid Bodies

Kinetic Theory

Simple Harmonic Motion

Partial Derivatives

Review

of Gases

.0.
Traveling Waves
Second Law
and Entropy
Sound

9

Fluid Mechanics

Electricity, Magnetism, LightCEP Content and Prerequisite Description

-

r;
:Conservation of Energy:
0

Work and Energy

.

Coulombs Law
and Electric Field

Flux and Gauss' Law

Electric Potential

N

Capacitors

Electric Fields

Ohm's Law

and Potentials from
Continuous Charge
Distributions

Direct Current
Circuits

Magnetic Forces

Ampere's Law

Faradays Law

Inductance-

Traveling Waves-4

... ---Z

:10r

d/r

Alternating Current

Reflection and
Maxwell's Predictions
Refraction
I
Lenses and Mirrors

Wave Properties
of Light
I

Optical Instruments

and Circuits

Interference

Diffraction

IO

Introduction to

Quantum Physics

Orientation
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SUGGESTED STUDY PROCEDURE

(Continued)

For example, you wish your students to study the CBP module on Work and Energy,
they should previously completed the modules on Newton's Laws, Vector Multiplication, Planar Motion, Rectilinear Motion, and Dimensions anniEf5FAIiition. The AiTgliaTETikills required are treated in the trigonometry review
and the calculus review modules. You will notice that the CBP modules permit
some branching, e.g. after the student has completed the Newton's Laws module,
he can do any one of three modules, Applications. Of Newton's Laws, Work and
Energy, or Impulse and Momentum.
Decide how you want your students to proceed through the materials.
allow branching if you wish. Fill out the sequence chart below.

Module Sequence
Number
1

2
3

4
S

6
7

8
9

10
11

12
13

14
15
16.

17
18
19-

20

_

Textbook
Chapter(s)

_

CBP
Module

You can

Orientation
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Examine the format of several of the study modules.
You will notice that each
module contains sections labeled: introduction, prerequisites, learning objectives, general comments, four separate suggested study procedures (one for
each textbook), problem set with solutions, practice test (with answers), at
least three forms of mastery tests and grading keys. You need to remove the
mastery tests and grading keys from each module for use during the usual
class testing times. You need to remove the suggested study procedures that
do not relate to your textbook. Then you have a study guide in the format
that you will give your students. Prepare a short description of the study
guide to put in your orientation module.

TO complete Objective 2 you need to write a suggested procedure for your
students to progress through your course. Below is an example.
"How the course will be run. Since you are to do the work, I shall not
lecture but provide you with reading assignments, study hints, and exercises.
You work where and when you wish, at your own rate within the ten-week limit
of the course.
I have divided the subject matter into fifteen modules, nine
basic ones required for a C grade, and six advanced ones leading to B or A.
Thus, each basic module covers about a week's work at a basic level."

"Prepare yourself through study at home. Whenever you feel- you have mastered
the material in a module, you present yourself for a test during class hours.
If you are successful, you go on to another module; if not, you go back for
more work on the module on which you were tested."

"DO NOT GO ON 10 THE NEXT MODULE UNTIL YOU HAVE PASSED THE TEST ON THE PREVIOUS
IT IS MORE IMPORTANT TO KNOW A FEW THINGS WELL THAN TO KNOW A LOT BADLY."
ONE:
"If you do not understand something, use the class time to get tutorial help.
If you wish to attend lectures, you can go to those given for Section 1 or 2."
(Karplus, UC-B)

An additional example is found as Exhibit A, page 9.
For Objective 3, you need to identify the resources available to assist your
students in their learning of physics. An example of resources for students
use is shown below.
"The materials you should have for this course are:
A.

Elementary Classical Physics, Vol. 1, by R. T. Weidner and R. L. Sells,
hereafter called "W & S".

B.

Study Guide in Physics, Vol. 1, Mechanics, by Victor Namias, hereafter
called "Namias".

12
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C.

A three-ring binder in which to keep:
Information and notices concerning this course
Study guides to the units as they are issued to you
Your notes on the reading
Your solutions to the problems
Your progress chart
Other miscellaneous material, such as Physics 111
quizzes and solutions, etc."
(Baker, RU).

Additional examples of student resources are found as Exhibit B, pages 10 and 11.

For Objective 4, you may wish to offer a general statement of the responsibilities of the students, provide a list of student responsibilities, or to
prescribe proper problem solving performance. Examples are shown as Exhibit
C on pages 11 - 13.
A progress chart or student record sheet can be helpful as a guide for students. They can then guage their pace according to a long term performance
goal. An example is shown as Exhibit D on page 13.
For Objective 5, finally,your orientation module provides the written grading
contract with the student. In the orthodox Keller Plan course the grade is
determined by the number of modules that a student masters.

"2.

Grading in Physics 111

The final grade in Physics 111 will depend on the number of units completed
by the end of the semester. The relation between semester grade and unit
completed is given on the progress chart that each student receives."
(Baker, RU)

By now, the Keller Plan has been adapted to fit a wide variety of grading
systems: a final examination may be used for part of the grade.
"Grading: The term grade will be determined largely by how many units are
completed by the end of the semester (Friday of Review Week).
The number
of units completed out of 24 will count 90% of the term grade. The comprehensive final exam may be taken at the option of the student and will count
an additional 10%.
The A range is 90-100%, B is 80-90%, C is 70-80%, D is
60-70% and F is less than 60%. Completing less than 14 units will result
in a term grade of F."
(Fuller, UN)

Two levels of mastery may be required.

"The two examinations on each unit are designed to be of increasing difficulty,
which reflect the increasing mastery of the subject area by the student. (The
examinations are not intended to be a test of a high level of intelligence or
sophisticated physical understanding, just mastery).

13
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Exam P

Average Mastery of unit

Exam S

Complete Mastery

(To pass the course this
exam must be passed-in
all units.)

"Course grading will go as follows:

A - all 25 examinations passed
B - 20 examinations passed, 15P + 5S
C - 15 examinations passed, 15P
No D grades will be assigned except by failure of the final exam. To pass
the course, the first "P" unit examination is each of the 15 subject areas
must be passed."

(Snow, UMR
A small bonus may be given for keeping ahead of schedule.
"Grading policy. Your final grade will be based on your work, as follows:
For each module completed "pass"
For each module completed "partial"
For each module completed "pass"
ahead of "slow pace" (Modules 1-9 only)
Final exam

Maximum possible
For grade of A
For grade of B
For grade of C
For grade of 0
For grade of F

1 point
.7 Points
.12 points bonus
0 to 5 points

21

19
15
12

9
8 or less"
(Karplus, UC-B) -

PROBLEM SET WITH SOLUTIONS (The number in parenthesis is the number of the
learning objective that is covered by the
question.)
A(l)

Are the CBP modules in the same sequence as your textbook?
SOLUTION: Check the CBP prerequisite diagrams.
In particular, notice
the location of the module - Equilibrium of Rigid Bodies. In many
texts equilibrium is treated much earlier in the book than as shown in
CBP. Plan your strategy to avoid difficulty with this problem and look
for other possible sequence troubles.

14
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8(2)

8

Are you going to regularize student progress by the use of deadlines?
SOLUTION: The original Keller article (see Reference in Appendix Al
suggested unlimited time and minimal punishment for procrastination.
Many physics teachers find that suggestion incompatible with their
institution's rules or with their own teaching style. Deadlines can
subvert the intentions of a PSI course and need to be carefully considered.
A PSI physics course can teach physics and help students learn about the
logical consequences of irresponsible behavior.

C(3)

What additional learning resources are you going to make available to
your students?
SOLUTION: The use of audio tapes or video tapes to augment the textbook
reading And problem assignments has been successfully used in a number
of colleges. Talking a student through physics problems, by means of an
You can prepare your own audio
audio casette tape can be very effective.
tapes quite easily and add another dimension to your interaction with
your students.

D(4,5)

Have you described clearly what you are requiring of your students?
SOLUTION: Just as the learning objectives in each module show what
physics content must be learned by the student, so your orientation
module shows what the students must do to pass mastery tests and how
their grade is to be determined. An essential ingredient in a successful PSI course is an open grading contract. A student must be able to
decide what tasks he must do to obtain the grade he desires.

PRACTICE TEST

Write your orientation module and
it on your students. (We are interested
in how you use the C8P modules.
Please send us a copy of your orientation
module - C8P Workshop, &hien Laboratory of Physics, University of Nebraska,
Lincoln, NE 68508)
MASTERY TEST
Write a short test over your orientation module and check it before a student
is permitted to take the first mastery test. It is a good way to reward a
student for reading your orientation material.

Orientation
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Exhibit A - Suggested Procedure

The Teaching Method
"Unlike courses which have a rigid pace locked to a series of lectures, and
which too often leave most of a class either bored or confused, this course
allows you to proceed at a pace of your own choice.
You will not be held back
by slower students, or forced to go ahead when you are not ready. Some of you
will finish the course in 5 or 6 weeks, but fast may not be best."
The material of this quarter is divided into 14 units, each of which covers
somewhat less than one chapter of the text (Halliday and Resnick).
You have
enrolled in sections of about 10 students led by a tutor whose job is to help
you learn the material of each unit in sequence. For each unit we have written a sheet which spells out objectives of the unit, indicates relevant sections of the text and in some cases contains supplementary material, and
includes a set of problems to help you learn and to test your understanding."
"After you have completed the objectives.of a unit by self study, working
with other students, help from your tutor, or any other method which works,
go to your tutor. The tutor will provide you with a written quiz which you
should be able to work ir about a half hour by yourself (no book) in the
quiz room. Immediately after taking the quiz, you and the tutor go over
the quiz in order to decide how well you understand the material. If your
quiz is correct, or if you understand things well enough to find and correct
your errors on the spot without help, you pass on to the next unit. If you
cannot do the quiz by yourself, the tutor will help you find your difficulties and suggest some review work which should enable you to pass the next
quiz. We do not care how many quizzes you take to pass a unit; the important
thing is the number of units passed. Host students pass most units on the
first or second try, but once in a while someone needs three or four quizzes
to understand a unit. You can't lose; a passed quiz advances you in the course
and the others get you some individual tutoring where you need it most. The
important thing is to avoid putting off a quiz; you should take at least two
or three quizzes per week to finish the course."
You will learn a remarkable amount of
"The results will surprise you
science very well, well enough to discuss it with your tutor and with other
students. You will acquire the ideas needed to develop positions of your
own on scientific aspects of some problems of public concern, and you will
get some experience with the most powerful decision making tool we know; the
making of a mathematical model which approximates the real world and can be
used to make predictions regarding real situations."
(Swanson, UC -SO)

16
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Exhibit B - Learning Resources

"Learning Materials You are required to purchase these items (approximate costs):
1.

Complete set of Physics 5A Study Guides
(purchase syllabus cards from Physics. Department,
Room 154 LeConte)

2.

Resnick and Halliday, PHYSICS I or PHYSICS I & II
(1966 Edition) PHYSICS I is used in SA and 5B,
PHYSICS II in '5C and SD. One part of the two-volume
edition is easier to carry around with you.

$ 2.50

11.50
(20.50)

The following are recommended--you may use them in the Physics library or
Moffitt on 2-hour reserve, buy than for yourself, or share them with friends:
3.

Young, FUNDAMENTALS OF MECHANICS AND HEAT (1974)
(referred to for additional reading and text for
some advanced modules; more readable and insightful than E2, but fewer worked-out examples)

12.00

4.

Karplus, INTRODUCTORY PHYSICS, A MODEL APPROACH
(qualitative background material, especially if
your high school physics course was weak)

14.00

5.

Taylor, PROGRAMMED STUDY AID FOR INTRODUCTORY PHYSICS I 4.00
(step-by-step worked out physics problems, keyed to
Resnick and Halliday; very good if you have difficulty)

6.

Feynmann, THE FEYHMANN LECTURES ON PHYSICS
(excellent advanced supplementary reading)

7.

Helmholz and Moyer, BERKELEY PHYSICS COURSE (rev.)
Sears and Zemanski, UNIVERSITY PHYSICS, Vol. I
(alternate references, in case you get bogged down)

The following are provided for your use and are NOT for sale:
1.

Worked-out solutions to Exercises in all modules
(in classroom, Physics Library, and T.A. Office)

2.

Audiotape supplements to some modules
(in Physics Library, cassette players available there also)"
(Karplus, UC-B)

17
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"MINI-LECTURES AND DISCUSSIONS
ON T.V. TAPE"

"The tapes listed below are available for your viewing in the library. Just
go past the Audio-visual desk and ask the T.V. secretary for the number and
title you want. Additional titles will be posted on the bulletin board in
room 2028 as they become available.
1.

Problem 4, Page 708, Cooper.
solve projectile problems.

Describes how to use vector methods to

2.

Problem 5, page 708, Cooper.

Shows how to use vectors to analyze motion.

3.

Circular Motion. Why is Acceleration Towards the Center of the Circle?
Page 41, Cooper. Explains the rather abstract material in Cooper.
This tape shows the difference between velocity and speed..."
(Sperry, CWSC)

Exhibit C - Student Responsibilities
"1.4 Class time will be used for studying, test taking, asking the instructor
and/or tutors and/or fellow students questions about those things that you
don't understand. You may also meet the tutors, the instructor, and fellow
students outside regular class time in the Keller Plan Study Hall - Room
SC3-207."
"1.5 Thus the pattern for this semester should be as follows; Study the
material indicated in your study guide, work some of the suggested problems,
and answer some of the suggested questions. When you feel that you have
mastered the material you will then take a test. When you pass the test, you
will go on to another unit. If you do not pass, you will study the suggested
material again, and take another test when you feel ready, and so forth."

(Munsee, SCU-L8)
"Your responsibilities. Your principal responsibility, of course, is learning
about Newtonian mechanics. To make this possible for all students in a class
using the PSI format, I have found certain specific requirements very helpful:
1.

Honor system: all tests must be treated confidentially. You should
never take a test paper from the classroom, communicate the content
of a test to another student (though we encourage you to help fellow
students master the material in other ways), or have the assistance of
other students, the text, or notes during any of the tests except for
Module 4 and the final exam, as described there.

18
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Exhibit C - Student Responsibilities - continued

2.

Attendance: You are required to attend one weekly conference with your
tutor during a mutually determined class period to discuss your progress,
until you have completed the nine basic.modules.
Beyond this, attend
classes as needed for your progress, to take tests, get help, or confer
with other students.

3.

The final examination is required.
1:30 - 4:30.

4.

Your Progress Sheet must be kept up-to-date by bringing it to class so
completed modules can be recorded,

S.

Bulletin Board: consult the bulletin boards in Room 60 at least once a
week to get information concerning any special situations, changes in
procedure, corrections to the study guides, or other matters that you
need to know.

6.

Errors: If you find mistakes in the study guides, especially in Exercise
answers or solutions, tell your tutor immediately so they can be checked
and announced on the bulletin board for the benefit of other students.

7.

Use your initiative: there will be no planned group activities in Room
60 after the first meeting.. We will respond to your questions and
suggestions. If you procrastinate, we recommend you change to Section
1 or 2."
(Karplus, UC-B)
"PROBLEM SOLVING PERFORMANCE PRESCRIPTIONS
FOR KELLER PLAN TESTS

It will take place Tuesday, March 8,

THUS SPAKE ZARATHUSTRA...in order to receive a "pass" mark on the KELLER PLAN
EXAMINATIONS a student must satisfy the following prescription for problem
solving and provide the information noted.
1.

SKETCH your interpretation of a word problem in the form of a figure and
ail symbols that you employ.
e

2.

Define a coordinate system and sign convention appropriate for the problem.

3.

Write and identify by name, if appropriate, any physical and mathematical
Jaws or theorems tnat-yoVemploy in the solution.

4.

If you simply employ a formula derived by mathematically manipulating
physical laws, specify any approximations involved in the derivation or
any physical conditions that must be satisfied in order to use the formula.

S.

Be specific in distinguishing between vector quantities, components of
vectors, magnitudes of vectors, and scalar quantities.
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Exhibit C - Student Responsibilities - (continued)

6.

When you reach that point in your solution where you substitute numerical
quantities for the symbols in your equations, include the units associated
with each numerical value and carry these units owe resultant set remaining afiiFiTIWOriate cancellations, until you arrive at a solution.
NUMERICAL ANSWERS WITHOUT UNITS OR WITH INCORRECT UNITS HAVE NO MEANING
AND DO NOT CONSTITUTE A SOLUTION. ZERO CREDIT.

7.

Write legibly and proceed in an orderly manner toward your solution. You
are not under a time constraint, so the opportunity for an orderly presentation is available to you. USE IT.'
(Snow, UMR)

Exhibit D - Progress Chart

4

* PROGRESS CHART * KELLER.PI.A.X PHYSICS
zs

INE INI NNINN EMENAMI
ENN
nizziJMiENNNMENE
II
UM ENE
=11
MI
KNIENNEMIENNIINNNE111
NM III

.e

MNIENNINIIN
EMMEN NEN

pospzi

0 KillENNNEN

I

I

FR
M_Mil POI
MLUNANNIKEW

11

N
1
gig

NE

LIN

p

1-111)111A

KNENMEN

a

0
=

NNE RUB !MIM
mENIBENEEN

milimplu

mall

m

I

A.9

11111

in

M ,p1

gm :1,1111wori,
Out.
_.1,--.1iikki

-

is., s . . k . i . s . i s..is, s, F a % 3 7

_i

EN

F beast 1411s7-2#

_

Illi NIININNENN
anipppipitam
BMW Kai
IN

gAn 2

Itilifi n'-- C
Fi

pompom

.7_:...44:

is

p ma
i

in
MN

- .. F.R
- . MO,
- - ER
xi...

T 1 7.4r4i
,.11.4.:74

.
II
F2'-2S Au 3 7 inns° A 'In Ms
1

eraMIMI
Pipuipppill
ESN

1,-.14

Irmitill ALIN

ii. .e--

.

_

..,-1

EMIPPOltEM..

1..4,1

111

gild ill
pm 015

no jaugillsu.-..t.ii

.

,..4

C%4

1

cel'scs*

.00,

IA

ME
iiirlimmimonsmi

..r.%sztli

et

oc %6

MI RI NEN ENE M

1:1:-V.I

pax ii

II

111111 KIN NEM INE

ENE qt.:74 I appimiimigierid
=-4,-41' ME MEM WPM Min al:KM
7701 is ppiampti.A.p WM
12
a ?_*: ig
Ni1111?.`"a
MIKEI

IN RPM III

II

q

oa TJ1.

li

LAND

.t....711JAN:

:4441-11

":::te Asn7 -11

1:1:1--

Arta d AnI1 25 Ara2

Last Day Vor Drops: Marl

(Joseph, UN -L)

20

1

Module
STUDY GUIDE

DIMENSIONS AND VECTOR ADDITION
INTRODUCTION

If someone asked you how to get to the top of Pike's Peak from Boulder,
Colorado, you might say something such as "Eighty miles south and two
miles straight up!" This is a quantity which must have both a magnitude
(80 miles, 2 miles) and a direction (south, up) specified.

There are other quantities similar to this, such as the velocity of an
automobile or the pull (force) of a horse on a wagon, These quantities
and manyothars can be represented by vectors.
In a diagram we represent
a vector by an arrow; the length and direction of the arrow indicate the
size and direction of the quantity being represented.
Vectors turn out to be extremely useful in formulating the concepts of
physics, and they help to find numerical answers to problems. The
study of vectors (vector analysis -) also can be beautiful and rewarding
in its own right.
Vectors can be added, subtracted, and multiplied; the chief objective of
this module is to enable you to calculate the sum and difference of
vectors expressed in various ways. A second objective is to review the
basic metric units in which physical quantities are expressed and to
enable you to use these units to avoid errors in equations and numerical
results.

PREREQUISITES

Before you begin this module, you should
be able to:

Location of Prerequisite
Content

*Write the SI units, with proper prefixes,
for mass, length,and time (for Objective 1
of this module)
*Use rectangular and polar coordinates in
two dimensions to plot the location of a
point (for Objective 3 of this module)
*Locate a point in space using rectangular
coordinates in three dimensions (for
Objectives 3 and 4 of this module)
*Obtain values of unknown side(s) or
angle(s) of a given triangle, and find
values for sin e and cos e for e larger
than 90° (for Objective 4 of this module)

21
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LEARNING OBJECTIVES
After you have mastered the content of this module you will be able to:
1.

Dimension and units
Given an equation and the metric units of
all quantities, determine whether or not the equation is dimensionally
consistent.

2.

Vectors and scalars - Distinguish whether a given item is a vector,
a scalar, or neither.

3.

Vectors, polar and component form - Transform a given two-dimensional
vector from polar form (magnitude and direction) to rectangular form
(components and unit vectors) and vice versa.

4.

Vector addition and subtraction - Given two three-dimensional vectors
in rectangular form, calculate the sum and difference.

Note: If you think that you are already competent on these four
objectives, you can skip directly to the Practice Test, and you may
wish to try the Mastery Test as soon as possible. The first module
has purposely been made somewhat less demanding than later modules,
and you may have already encountered this material. The advantage of
this method of instruction is that you do not have to spend any more
time studying than necessary for you to attain mastery; on the other
hand, taking a mastery test before you are reasonably sure that you
can pass is wasteful of both your time and the instructor's time.

22
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TEXT:

3(8 1)

Dimensions and Vector Addition

Frederick J. Bueche, Introduction to Physics for Scientists and
Engineers (McGraw-Hill, New York, 1975), second edition

SUGGESTED STUDY PROCEDURE
Read all of
carefully.
on accuracy
Appendix 3,

Chapters 1 and 2 (pp. 1-18), and study Sections 2.2 to 2.5
You may also find it helpful to read through the material
and significant figures on p. 12 and on mathematics in
p. 830.

After you have completed the text, look over the Problem Set (below),
and read through the General Comments carefully.
Then work Problems
A through G in the Problem Set, checking your answers with those provided. If you have trouble with one or more of these problems, reread the text and the General Comments carefully, and you may wish to
work the appropriate additional problems from the text (see Table below).
When you feel prepared, try the Practice Test, which has problems similar
to the Mastery Test.
We shall now make specific comments concerning the material treated in
Sections 2.2 to 2.5 in Bueche.
Bueche shows clearly in Section 2.2 how
to add vectors by transforming them to component form and then adding
the x and y components separately by means of a table.
You should
study Illustrations 2.1 and 2.2 carefully.
BUECHE

Objective
'Humber

Readings

Problems with
Solutions

Study
Guide
1

Secs. 1.6, 1.7,

Text

Assigned
Problems

Study
Guide
E

A

General
Comment 1

2

Sec. 2.1

8

3

Secs. 2.2, 2.4

C

4

Secs. 2.2, 2.3,
2.5, General
Comment 2

D

Additional
Problems

Chap. 1,
Problems 10, 11

Chap. 2, Question 1

Illus.

2.1-2.4

23

F

Chap. 2, Problems
1, 2, 3, 5

G

Chap. 2, Problems
7, 9, 18, 19, 21

Dimensions and Vector Addition
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3(8 2)

The transformation equations for vectors from Section 2.2 are summarized
below.
You should be able to look at each equation, to state the meaning
of each symbol, and to imagine the transformation involved. It is
generally not helpful to memorize the equations uncritically.
Polar form to rectangular components:
y = R sin 0.

x = R cos 0;

Rectangular components to polar form:
2
2
2
R = x
y ;
tan 0 = y/x.

Section 2.5 describes a geometrical method to add vectors and introduces
the idea of vector subtraction.
It is important to realize that vectors
can in fact be added by means of a diagram drawn carefully with ruler and
protractor, and in some cases this is a faster and easier method than that
of using trigonometry and the components.
Bueche does not give an illustration for vector subtraction; thus we
supply one here:
Example
If

= 4i

63 - 12i

= 8i - 3i

and

2i,

find

Solution

= (8i - 3j
- 1: = 4i

- 9j

2k)

(-4i - 6j

14k.

24
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Dimensions and Vector Addition

David Halliday and Robert Resnick, Fundamentals of Physics (Wiley,
New York, 1970; revised printing, 1974)

SUGGESTED STUDY PROCEDURE
You should read Chapter 1, Sections 1-1 through 1-5 (pp. 1-8) for
general information. Study Chapter 2, Sections 2-1, 2- 2, -2 -3 (pp. 11-18),
and 3-9 (pp. 35-36) carefully.
After completing the text, read General Comments 1 and 2, and study the
Problem Set below. Make sure to work out your own answers for Problems
E, F, and G. If you have trouble, re-read the appropriate sections of
the text and General Comments; if necessary, work the additional problenm
listed in the Table. When you feel preptred, try the Practice Test,
which has problems similar to the Mastery Test.

Halliday and Resnick

Objective
Number

Readings

Problems with
Solutions

Assigned
Problems

Study
Guide

Study
Guide
E

Additional
Problems

1

Sec. 3-9,
General
Comment 1

A

2

Sec. 2-1

8

3

Sec. 2-3

C

F

Chap. 2, Problems
10, 11, 12

4

Secs. 2-2,
2-3, General
Comment 2

D

G

Chap. 2, Problems
5, 8, 15, 25

Chap. 2, Question 5

25
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Francis Weston Sears and Mark W. Zemansky, University Physics
(Addison-Wesley, Reading, Mass., 1970), fourth edition

SUGGESTED STUDY PROCEDURE
You should read all of Chapter 1, with careful study of Sections 1-3,
1-5, 1 -6, 1-7, 1-8, and 1-9.
After you have finished Chapter 1, you
should read the General Comments below.

After completing the reading, work through the Problem Set and check your
If you have trouble with one or more of the
answers with those provided.
problems, re-read the appropriate sections of the text or the General
Comments, and you may find it helpful to work some of the additional
problems listed in the Table below.

Sears and Zemansky

Objective
Number

Readings

Problems with
Solutions

Assigned
Problems

Study
Guide

Study
Guide
E

Additional
Problems

1

Secs. 1-2, 1-3,
General
Comment 1

A

2

Secs. 1-4, 1-5

8

3

Sec. 1-7

C

F

1-8, 1-9

4

Secs. 1 -6, 1-8,
1-9, General

D

G

1-2 (not
easy), 1-5,
1-10, 1-11,
1-13, 1-15

Comment 2

Section 1-3 of Chapter 1 contains a good example, similar to the one
presented below in General Comments, of how to check through the
dimensions of an equation and a numerical result. The units chosen
are not from the metric system that we use in this study guide, but
the principle is the same.
Figure 1-5(b) has the label for § in the wrong place; it should be to
the right of the triangle.

26
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Section 1-8 employs the notation EF and EF (p. 9). The Greek letter E
x
(sigma) is used in this way to refer to °the sum of.° Thus in Section
1-8, EF
F

ly

is shorthand for F

F

2y

F

lx

F2x

and EF is shorthand for
F
y
3x'

31.

In Section 1-9, Sears and Zemansky introduce the idea of vector subtraction; since they have not provided an example, we furnish one, as follows:
Example

has a magnitude of 14 cm and direction 60° above the positive
has

Suppose
x axis.

Find A - B in

Suppose t has Bx = -6.0 an and By = 8.0 cm.

terms of rectangular components.

Solution

y component

x component

Vector

14 cos(601 = 7.0 cm

14 sin(60°) = 12.0 cm

-6.0 cm

8.0 cm

J%c - Bx = 13.0 cm

Ay

B

= 4.0 cm

(1:- 1)x = 13.0 cm

a - 1)y =

4.0 cm

Sears and Zemansky do not describe unit vectors.
should carefully read General Comment 2 below.

27

Therefore, you

STUDY GUIDE:

TEXT:

3(WS 1)

Dimensions and Vector Addition

Richard T. Weidner and Robert L. Sells, Elementary Classical ftysics
(Allyn and Bacon, Boston, 1973), second edition, Vol. 1

SUGGESTED STUDY PROCEDURE
You should read all of Chapter 1 (pp. 1-5) for general background. Study
Sections 2-1 through 2-5 and 2-7 carefully. After you have read the text
you should read the General Comments below and work through Problems A
through G in the Problem Set. If you have trouble with the problems,
re-read the appropriate sections of the General Comments and the text,
or work several of the relevant additional problems listed in the Table
below. When you are ready, try the Practice Test.

Weidner and Sells

Objective
number

Readings

Problems with
Solutions

Assigned
Problems

Study
Guide

Study
Guide
E

Additional
Problems

1

Sec. 1-4, General
Comment 1

A

2

Sec. 2-1

B

3

Secs. 2-3, 2-7

C

F

2-2, 2-6

4

Secs. 2-2, 2-4,
2-5, 2-7, General
Comment 2

D

G

2-7, 2-9,
2-11

In Section 2-3, in the third line below Figure 2-10, the words
"eft" and "right" in the parentheses should be interchanged to read
"(right or left, up or down)."
Note:

In Section 2-4, Figure 2-12, note that the component vectors; and 1:;c
add vectorially to give the component vector tc.

If we represent these

vectors with numbers, Ax is positive, 8x is negative, and Rx is the
algebraic sum of Ax and Bx.

Thus, write Rx = Ax + Bx in the last line

of the caption to Figure 2-12.

4
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GENERAL COMMENTS
There are two general comments in this module:
1.

Use of units for checking equations and answers; and

2.

Vectors in three dimensions - unit vectors and rectangular components.

These comments are intended to supplement your textbook but may overlap
somewhat.

Use of Units for Checkin E cations and Answers. Note: This topic
is also treated in Halliday and Resnic , Section 3-9, pp. 35-36 [D.
Halliday and R. Resnick, Fundamentals of Physics (Wiley, New York, 1970;
revised printing, 1974)].
1.

There is a simple and convenient way to check for errors in your equations
and answers to problems. The check'consists of determining whether the
physical units are correct; in an equation, both sides should be expressed
in the same units, and a numerical answer should come out to have the
units appropriate to the quantity being sought. For example, suppose
you were to derive the following equation:

v

0

= (t) -

2

at,

where [v0] = m/s,

[x] = m,

[t] = s,

and

[a] = m/s

2

(Note: We shall use the square brackets to indicate that the symbol within
the brackets is expressed in the units to the right of the equals sign.
We shall also use the following abbreviations for the basic SI units:
meter, m; second, s; kilogram, kg.) You can check the equation as fbllows:

v0 = (I) -

m/s = (m/s) - (m/s)() = (m/s) - (m/s).
Thus both sides of the equation are expressed in the same units, and the
equation is said to be dimensionally consistent.
(Notice that the
numerical factor 1/2 does not have units.) Of course, you are not
assured that the equation is correct; this method will not catch mistakes
in signs or in numerical fadtors. For example, the equation could be
v

0

= 5(x/t) + 10at,

and it would still be dimensionally consistent. However, the method does
catch a surprisingly large number of errors. It is also worth remembering
that the trigonometric, exponential, and logarithmic functions are all
dimensionless.

29
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Suppose that you proceed to put numbers into an equation in order to
calculate a result. You can also quickly evaluate the correctness
of the units of the answer. For example, using the above equation, with
2
x
16 m, t= 2 s, and a= 10 mis ,
v0 = 16 m/2 s - ;(10 m/s7)(2 $)
twhere the slash indicates how we have canceled the units in the second
term on the right) and
v0 = 8 m/s - 10 m/s = -2 m/s.

The answer is in proper units for velocity, and this increases our
confidence that this answer is correct.
Note:

Another way to identify possible errors in a numerical result
involves estimating whether the magnitude of the answer is in the proper
"ballpark," but this technique will be described and examples given in
subsequent modules, for example, in Collisions.
2. Vectors in Three Dimensions - Unit Vectors and Rectangular Components.
The text describes how to add and subtract two or more vectors that are
confined to a plane. It is also
b
possible to add vectors in threeZ Axis
dimensional space using a threedimensional system of coordinates.
We shall employ rectangular
I
41
,
coordinates (see diagram) in
z coordinate ,
which each point in space (P) is
,/
,
located by means of its distance
,
i
from three mutually perpendicular
p
axes, the x-, y-, and z-axes.

/

Y Axis

0

As in two dimensions, a vector
can be resolved into components
along the coordinate axes. We
shall find it useful to employ
the concept of unit vector,
which is defined to be a vector
of unit length with no
dimensions.

x coordinate

X Axis

30
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We shall use the notation I, j, and k to refer to the unit vectors
oriented along the positive x-, y-, and z-axes, respectively (see Fig. A).

Y

You may have found that your text was not sufficiently explicit about
the resolution of vectors that do not lie
one of the coordinatejlanes.
Perhaps Figure 8 will help to clarify this. If you have a vector V and
need to find its components, your first step is to construct a rectangular
box as shown by the dashed lines. The lengths of the sides of the box
then give you the components V , Vy, and Vz. In other words,
x
A
A
A
xVx i+Vy i+VZ k and you can see that this is simply restating the

is

-

laws of vector addition by noting how, starting at the origin, one adds
Vyj plus Vxi plus Vzk to equal V.

You should note that Vxi and V k
z
have each been drawn at two different locations. It is also important
to be careful of signs; if, say, the vector 10. pointed more to the left so

that the box cut the y axis to the left of the origin, then Vy would be
negative.

One can also see from the drawing, by use of the Pythagorean theorem, that
2
2
2
2
1 x V2
V .
V2.
Furthermore, V =
V2; therefore, the length or

magnitude of the vector / is given by

IV,
(Note:

142

4.

vz

Y

4.

v2
Z

We shall use an absolute value sign,

of a vector.)

31
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PROBLEM SET WITH SOLUTIO3S
A(1).

Given that velocity (v) has units of length/time, that acceleration
(a) has units of length/time2, and that distance (d) has units of
length, evaluate whether or not the following equation is
dimensionally consistent:
v2 = 2ad2.

Solution
(m/s)2 = m2/s2. Units of 2ad2:
(N/s2)(02 = m3/s2.
2
2
The units of v and 2ad are not the same; therefore the equation is

Units of v2:

not dimensionally consistent and cannot be correct.
B(2).

State whether each of the following items could be represented by
a vector, a scalar, or neither:
(a) The moon itself,

(b) The mass of the moon,
(c) The velocity of the moon.

Solution
(a) Neither,

(b) A scalar; one need specify only a single number,

(c) A vector, one must specify both magnitude (speed) and direction.
C(3).

(a) If A:has x component A

x

= 12 m, and y component Ay = -18 m,

express A in polar form (A, 0).

(Use a trigonometric table if

necessary.)
(b) If

has magnitude fA = 16 To and 0 = 72°, express

in

terms of the unit vectors i and j.

Solution
(a) rki

.412)2

(_102 m = 41447124 m = /Wm = 22 m.

tan 0 = -18/12 = -1.5; using a table for tan * = +1.5, we
find * = 56'; but we want 0 = 360°

* = 304°, since a

negative y component and a positive x component places the
vector

A

in the fourth quadrant.

(b) (4.9i + 15.2j) mm.

32
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Given A = 4i - 8j - 61: and

I

=

- 3j + 5k, calculate the following:

(a)

-

(b)

Solution

= (4

(a)

-

(b)

2

-

= (41

+ [(-8) + (-3)]j

2)i

-

8j

-

-

(-41

4-

- &j 4-

+ [(-6)

-

10i)

( +10)]k

-

= 2i

[(-6)
IT

(4 +4)1

= 8i

-

2j

-

11j

4-

k.

(-8 +6),3

16k.

Problems
E(l).

Given that distance (d) has units of length, that acceleration (a)
has units of length/time2, and that trepresents time, determine
whether or not the following equation is dimensionally consistent.
d = 4at

F(3).

(a) If

2.

has magnitude 0.15 m and direction 260° with respect to

the positive x-axis, find Ax and Ay.
(b) If
G(4).

I
g t;

Given
(a)

= (8.4i + 2.8j) cm/s, express

(b) 4t

= i + 3j - 2k and

g.

t

= 4i - 5j

in polar form.

k, calculate the following:

(Note order! -)

Solutions
E(l).

The equation is dimensionally correct.

F(3).

(Note:
(a) A = -0.026 m, Ay = -0.15 M.
Because the original
x
magnitude had only two significant figures, we have rounded off the

answer for
(b)

G(4).

(a)

J

JAI = 8.9

J

to two figures.)
clys;

0 = 18°.

4j : 5k;,,

(b) 141 - 26j + 8k.

33
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PRACTICE TEST
1.

Given the equation y = (vo sin 00)t - (1/2)gt2, and [y] = m,

= nn/s2 determine whether or not the

5,03 = m/s, [t] = s,

equation is dimensionally consistent.
2.

State whether each of the following items can be represented as a
vector, a scalar, or neither:
(a) the United States,

(b) the number of eggs in a carton,
(c) the velocity of the wind at a particular point.
3.

(a) If Ax = -8.0 cm and Ay = 16 cm, express
(magnitude, direction).

4

(b) If
4.

in polar form

(Use a trigonometric table if necessary.)

4-

A = (26 m, 195°), express A in terms of i and j.

Given A = -131

4i

4k and t = +61 - 9k, calculate the following

quantities:
(a)

(b)

- t.

ICI

ft

(q)

1.61- = 0 - r

19 - rt

+

(E)

*U1 (fL*9

('oLLL

4uptjtu6is oml

(q)

w

4-saan6eaaq4-qum

jjo papunoa sem 0 e40N)

't

'00ZI = 0 4tu 81 =

saan614
(E)

f

*C

f

40438A (3)

LAVIEDS (q)

taaquaN (E) z

4ual.stsucop Sumo pump st uomnba eql 4saA
IRMOV Val 831.13E.Ad
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pass

Mastery Test Form A

1.

2

1

Name

recycle
3

4

Tutor

Given the equation, E = (1/2)mv2 + (l /2)kx2, and
LE] = kg m2/s2,
[m] = kg,
[v] = m/s,

DO = kg/s2,

Lx]

= m,

evaluate whether or not the equation is dimensionally consistent.
2.

State whether each

of

the following items can be represented as a

vector, a scalar, or neither.
(a) Jack's age;

of jack's eyes;
length of Jack's shirt

(b) the color
(c) the
3.

(a)
(b)

If A =
If 1 =

sleeve.

(4.©i - 3.0.i) m, express

A in polar form (magnitude, direction).

(15 m /s, 130°) express

in in terms

of i

and

may need to use a trigonometric table.)
4.

If '6 =

(-7.41 + 3.13 + 1.8k) mis and

t=

(-4.31 + 2.03) m/s, calculate the following:

(a)

'6 + t,

(b) '6

- Z.

35

3.

(Note:

You

Date

DIMENSIONS AND VECTOR ADDITION

pass

Mastery Test Form B

1

Name

1.

recycle
2

4

3

Tutor

Given the equation 1 = (mve) + rep, and

En

= kg me/s,

[m] = kg,
[v] = m/s,
Er] = m,

[p] - kg m/s,

evaluate whether or not the equation is dimensionally consistent.
2.

State whether each of the following items can.be represented as a
vector, a scalar, or neither:
(a) the direction from Chicago to New York,
(b) the position of New York with respect to Chicago,
(c) the distance from New York to Chicago.

3.

(a) If

I

has components Ax = -6.0 m/s, Ay = -8.0 m/s, express

1

in

polar form (magnitude, direction).
(b) If

= (5.0 a, 210°), express

in terms of 1 and

I.

(Note:

You

may heed to use a trigonometric table.)
4.

Given

I
I + 2t
I- .

= Si + 4j - 6k and

= -21 + 2j + 3k, calculate the following:

(a)
(b)

3Q

Date
DIMENSIONS AND VECTOR ADDITION
Mastery Test Form C

1

2

3

4

Tutor

Name

1.

recycle

pass

Given the equation, a = k2 A cos(rot) - k2x13 sin(kx), and
Ca] =

m/s2,

DO = 1/s,
[A] = m,

CO =

l/m,

(x] = m,
.

[8] = my
[t] = s,

evaluate whether or not the equation is dimensionally consistent.

2.

State whether each of the following items can be represented by a
vector, a scalar, or neither:
(a) the volume of a tank,
(b) the shape of a tank,

(c) the location of a tank in a storage area.
3..

(a) If

A=

(-1.01 + 2.7j)

m/s2, express

I

iri polar form (magnitude,

direction).

(b) If g = (7.0

m/s2, 170°), express g in terms of

I and j.

You may need to use a trigonometric table.)
4.

If

t

= 6.31 + 4.03 - 3.8k and g = -4.63 + 5.0k, calculate the

following quantities:
(a)
(b)

t + g,
- g.

t

37

(Note:.

DIMENSIONS AND VECTOR ADDITION

A -i

MASTERY TEST GRADING -KEY - Form A

What To Look For
1.

Solutions

Make sure the student did not

1.

just put a guess, but that the

1
2 2
2 2
kg m /s = (7)kg m /s +

units for both sides of the

The equation is dimensionally consistent.

(1 E)kg

m 2/s 2

.

equation are worked out.
2.

Student recognizes differences

2.

(a) scalar, (b) neither, (c) scalar.

3.

(a) A = 44.0)2 + (-3.0)2 = 5.0 m.

among vectors, scalars, and
other quantities, and correct
answers.
3.

(a) Check that significant
figures and units are correct.

tan 6 = -3:13 = -0.75,

o = 3230.

If not included or incorrect,
(b) Bx = B cos 6 = 16 x -0.643 = -9.6,

point this out to student.
(b) Same as (a); answer should

By = B sin 0 = 15 x 0.766 = 11.5,

be expressed in terms of unit

1= (-9.61 + 11.63).m/s.

vectors, but B and By are
x
acceptable.
4.

(a) and (b)

Check that

4.

significant figures and units
are correct.

(a) V+
(b)

If incorrect or

not included, point this out
to student.
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=

+ 5.13 +

1.81C) m/s.

= (+5.51 - 2.9j + 1.8k) m/s.

DIMENSIONS AND VECTOR ADDITION

B-1

MASTERY TEST_GRADING KEY - Form B

What To-Look For
1.

Solutions

Make sure the student did not

1.

2/s

kg m

3
kg m /s.

-2

= kg m /s

just put a guess, but that the

The equation is not dimensionally

units for both sides of the

consistent.

equation are worked out.
2.

Correct answers.

2.

(a) neither, (b) vector, (c) scalar.

3.

(a) Check that significant

3.

(a) A= di-6.0)2

__--

(-8.0)2 = 10.0 m/s.

figures and units are *correct.

tan 6 = 7714= 1.33,

If not included or incorrect,

6 = 233°.

point this out to student.
(b) SaMe as (a); answer should

(b) Bx = 5 cos 6 = 5 x -0.866 = -4.3.

be expressed in terms of unit

By = 5 sin 6 = 5 x -0.5 = -2.5.

vectors, but B and B are
x
y
acceptable.
4.

(a) and (b) _Check that

= (-4.31 - 2:53) m.
4.

significant figures are
correct.
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(a)

A +

(b)

-

=
=

i + 8j.

714 23

- 9i.

C-I

DIMENSIONS AND VECTOR ADDITION

MASTERY TEST GRADING KEY - Form C

What To Look For
1.

Solutions

Make sure the student did

1.

m/s2 = l/m.

not just put a guess, but

The equation is not dimensionally

that the units for both

consistent.

sides of the equation are
worked out.
2.

Correct answers.

2.

(a) scalar, (b) neither, (c) vector.

3.

(a) Check that significant

3.

(a) A = 4-1.0)2 + (2.7)

figures and units are correct.

tan 0 =

= 2.9 m/s2.

-2.7,

0 = 110t

If not included or incorrect,
point this out to student.
(b)

(b) Same as (a); answer should

be expressed in terms of unit

Bx = 7 cos 0 = 7 x -0.985 = -6.9,

B = 7 sin 0 = 7 x 0.174 = 1.2,

vectors, but B and By are
x
acceptable.
4.

(a) and (b)

Check that

= (6.91 + 1.2i) m/s2.
4.

significant figures and units
are correct.

If incorrect

or not included, point this
out to student.
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(a) t

= 6.31 - 0.63 +

(b)

= 6.31 + 8.6j

-

8.8k.

REVIEW MODULE

TRIGONMETRY

This module begins with a self-check test. If you can correctly answer 90%
of these test items, you do not need to study this module. (A table of
trigonometric functions is given on p. 8 of this module.) The answers to
these questions are given at the end of the module, i.e., immediately preceding
the table.

SELF-CHECK. TEST
1.

2.

Without the use of tables, convert degrees to radians and radians to degrees:
(a)

30° =

(b)

(3/4)m. rad .

rad;
0.

(c)

225°

(d)

(5/3)y rad -=

rad;

(a) What is the maximum value for the sine of an angle, cosine of an angle,
and tangent of an angle? Give at least one angle that has the maximum value
for the named function.
(b) Which angle in Problem 1 has the largest value for the sine, for the
cosine, and for the tangent, respectively?

3.

One acute angle of a right triangle is 37°.
opposite the angle is 12.0 cm,
(a)

The length of the side

What are the ratios of the lengths of the sides of this triangle?

(b) For this triangle, find the lengths of the other two sides of the
triangle.
(Show your work!)
4.

One acute angle of a right triangle is 40°. The length of the hypotenuse
is 12.0 cm. Find the lengths of the other two sides.

5.

In a right triangle the hypotenuse is 203 and one side is 3.
(a)

Find the missing side.

(b)

What are the angles?

6.

A surveyor wishes to determine the distance between two points A and B,
but he cannot make a direct measurement because a river intervenes. He
steps off at a 90° angle to AB a line AC, which he measures to be 264 m.
He measures an angle with his transit at point C to point B. Angle BCA
is measured to be 62 °.
With this information, calculate AB.

7.

Show that, for any angle 0,
sin

2

2
0 -I. cos

0 = 1.
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RIGHT TRIANGLE
Many of the applications of physics will require you to have a thorough
knowledge of the basic properties of right triangles, i.e, triangles that
have one angle equal to DO°.
The trigonometric functions are defined with respect to a right triangle as
follows:

sin 0 = y/r

Y

cos 0 = x/r

tan 0 = y/x

The values of the trigonometric sine, cosine, and tangent functions for a given
0 can be determined from a table such as in the appendix to your text or the
last page of this module. You can also get the values by use of most slide
rules ("S" and "T" scales) and many electronic calculators.

The 30°-60°-90° and 45°-45°-00° Triangles
It is also useful to-remember the values of the functions for 0 = 30°, 45°,
and 60P by means of the triangles below.

2.

These triangles are right triangles, and you should check that the sides indeed
satisfy the Pythagorean theorem. Note also that in any right triangle the
longest side is the hypotenuse.
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Using the basic definitions and the above triangles, one finds

sin 30° = 1/2 =-0.500,

=1.414/2 =

sin 45°

=1 /4= 1272

sin 60°

= 4/2 = 1.732/2 = 0.866,

cos 30°

= 4/2 = 1.732/2 = 0.866,

0.707...,

cos 45° = 1/4.= if/2 = 0.707,
cos 60° = 1/2 = 0.500,

tan 30° = 1/47= 4/3 = 1.732/3

0.577,

tan 45° = 1/1 =1.000,
tan 60° = 4= 1.732.

The 3-4-5 Triangle
The 3-4-5 triangle (since the sides are in the ratio of 3 : 4 : 5) is known as
the 37 °- 53 ° -90° triangle:

sin 37° = 0.6,

sin 53° = 0.8,

cos 37° = 0.8,

cos 53° = 0.6,

tan 37° = 0.75,

tan 53° = 1.33.

You should memorize these three special triangles so that you can compute the
values of sine, cosine, and tangent for the angles involved.
A

ANGLES > 90°
When calculating the products of vectors (see Dimensions and Vector Addition
module), it is often necessary to determine the sine and cosine of angles
greater than 90°, whereas most trig tables list values only for angles less
than or equal to 90°. Two alternative ways of remembering the necessary
relationships are as follows:

Method I

Recall the definitions of sine and cosine for general angles:
sin 6 = y/r

and

cos 6 = x/r,

where x and y are the horizontal and vertical projections, respectively, of
the radial distance r, as shown in the figures below for angles in the
various quandrants.
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Figure 1

Method II

Recall the graphs of sin 0 and cos 0:

COS 6

SIN
Figure 2
Example

Find sine 0 and cos 0 where 0 = 150° (= 180° - 30°).
Solution I: Umparison of Figures 1(a) and 1(b) together with the definitions
of s ne and cosine, shows that sin 150° = sin 30°, cos 150° = -cos 30°. Then
sin 30° and cos 30° can be looked up in a table or on a slide rule (or, forthis example, easily computed).

Inspection of Figure 2(a) shows that sin 150° = sin 30 °; inspec= -cos 30 °. The sine and cosine of 30°
are determined as in Solution I.
Solution II:

tiorure 2(b) shows that cos 150°
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RADIAN MEASURE
Many of the problems of planar and rotational notion and waves will depend upon
your knowledge of radian measure of angles. Let us therefore take a look at
radian measure. The number of radians in an angle at the center of a circle
is equal to the (arc subtended by the angle) divided by the radius, or

angle in radians =:arfnis,
6 =

5
r*

To travel completely around a circle with a radius of 1.00 m, you will go in
an arc of length 6.28 m (2t rad). But once around the circle is equal to 360°.
Derive a formula to convert back and forth between angular measurements in
degrees and in radians. Use your formula to convert 45° to radian measure.

USEFUL TRIGONOMETRIC IDENTITIES
In the solution of many problems in physics you may need to use a trigonometric
identity. Listed below are some of the most useful ones:
2
2
sin e + cos 6 = 1,
sin(A ± 13) =

(1)

in A)(cos 8) * (sin 8)(cos A),

cos(A t 8) =os A)(cos 8)

(2)

(sin A)(sin 13).

(3)

You can develop the relationships for the sine and cosine of 2A by letting
A equal B in Eqs. (2) and (3).

PRACTICE TEST
1.

2.

Convert the following angles to radian measures and give their sine,
cosine, and tangent values:
(a)

60*;

(b)

530;

(c)

37°.

Find the unknowns of triangle A:
V3

B =

a=
b=

43

Triangle A
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6

3.

One acute angle of a right triangle is 20°. The length of the hypotenuse
is 6.0 in. Use trigonometry to calculate the lengths of the two sides.

4.

In a 45°-45°-90° right triangle, what is the ratio of the hypotenuse to
the sides?

5.

State what a in the triangle is equal to without using a trigonometry
table or the Pythagorean theorem.

a
6.

A car was traveling exactly northeast. If it went a total distance of
42.4 km, how far north had it actually gone?

Practice Test Answers
0 (radians)

1.

sin 0

cos 0

tan 0

(a)

1/3

0.87

0.50

1.70

(b)

53w/180 = 0.925

0.80

0.60

1.30

(c)

37s/180 = 0.646

0.60

0.80

0.75

2.

8 = 7.0.

3.

2.05 in.,

4.

Ratio of hypotenuse to each side =

5.

a= 5,01

6.

30 km.

a = 44°.

b = 46°.

5.6 in.

If

1.

If you have had difficulties with the Practide Test, please work through this
Review Module once more, with the assistance of any general mathematics book
including a chapter on trigonometry.
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SELF-CHECK TEST ANSWERS
746 rad; (b) 135°; (c) 57r/4 rad; (d) 300°.

1.

(a)

2.

(a) sin 6 = 1,

6 = 7r/2 or 90°; cos 6 = 1,

tan 8 +=I

6 = 0 or 0°;

-1' w/2 or 90°.

(b) sin 3-6/4 maximum, cos 30° maximmm, tan 225° maximum.

The sides are in the ratio of 3 : 4 : 5.

(b) 20 cm, 16 cm.

3.

(a)

4.

7.7 cm, 9.2 cm.

5.

(a) 4, (b) 30°, 60°, 90°; one side = (1/2) hypotenuse.

6.

497 m.

7.

x/r = cos 6,

y/r = sin 6,

or

2

x /r

2

2

+ y /r

2

= 1.

Thus, cost 8 + sin2 8 = 1.

x2 + y2 = r2;
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Module
STUDY GUIDE

1

RECTILINEAR MOTION
INTRODUCTION

How long does it take you to go home? This depends on how far you are from
home (displacement), how fast (velocity) you can travel, and how often you must
start and stop (acceleration).
This module treats kinematics, which is the part of physics concerned with the
description of the motion of a body. The body may bean automobile, a baseball,
a raindrop, a flower in the wind, or a running horse.
The change in position of
a body can be described in terms of the vector quantities:
displacement,
velocity, and acceleration. Calculus can be used to define the relationships
among these quantities. It is therefore essential to know some basic techniques
of calculus to understand the content of this module.

The applications in this module only consider motion in one dimension. A later
module will treat the more general case of motion in two or three dimensions,
but the fundamental concepts will be essentially the same.

PREREQUISITES

Before you begin this module, you
should be able to:

Location of Prerequisite Content

*Distinguish between vector and
scalar quantities (needed for
Objectives 1 and 2 of this
module)

Dimensions and Vector Addition
Module

*Differentiate and integrate simple
polynomials (needed for Objectives
3 to 5 of this module)

Calculus Review

*Differentiate the sine and cosine
functions (needed for Objectives
4 and 5 of this module)

Calculus Review

Trigonometry Review

LEARNING OBJECTIVES
After you have mastered the content of this module you will be able to:
1.

Displacement velocity, acceleration , Write the mathematical definitions
of displacement, instantaneous velocity, and acceleration, and define all
terms.
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2.

Average-instantaneous, position-displacement, velocity-speed - Distinguish
between average and instantaneous values of velocity and acceleration, and
distinguish between position and displacement and between velocity and speed.

3.

Gra hical
(a) Given a graph of position as a function of time, for oneimensional motion, determine either average or instantaneous velocity.
(h) Given a graph of velocity as a function of time, determine acceleration
and displacement.

4.

Analytical - (a) Given a mathematical expression for position as a function
of time, for one-dimensional motion, determine an equation for velocity as
a function of time. (b) Given a mathematical expression for velocity as a
function of time, determine the equations for acceleration and displacement
as a function of time.

5.

Constant acceleration problems - In the case of one-dimensional motion of
a body with constant acceleration, determine the displacement, velocity,
and/or acceleration of the body; e.g., a body falling freely near- the
surface of the earth.

GENERAL COMMENTS
Physics is an area of human knowledge based on accumulative learning. The
concepts of rectilinear motion are the foundation for the study of physics of
moving bodies. Mastery of the objectives of this module is essential to a
successful understanding and completion of subsequent modules.
Rectilinear motion is the motion of a single particle along a straight line.
Thus, we may suspend our use of vector notation in working problems, since in
one dimension velocity and acceleration may be considered as their respective x
components and treated algebraically. The vector notation will be kept when we
are speaking rigorously of definitions, but otherwise the symbol a, for example,
will represent both the vector acceleration and-the absolute value of the
acceleration, which is scalar. In later modules we shall have to be more
particular and specify by subscripts, ax, ay, or a2, for example, to which
scalar component of the vector a we are referring.
In one dimension, vector
addition (subtraction) reduces and is equivalent to algebraic addition (subtraction),
noting that careful observance must be made of signs.

ADDITIONAL LEARNING MATERIALS
There is a series of film loops available from John Wiley and Sons, Inc., that
may assist in mastering Objectives 1, 2, and 3:
Velocity from Position,
Position from Velocity, I,
Position from Velocity, II,
One-Dimensional Motion.
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TEXT:

3(8 1)

Rectilinearliotion

Frederick J. Bueche, Introduction to Physics for Scientists and Engineers
(McGraw-Hill, New York, 1975), second edition

SUGGESTED STUDY PROCEDURE
Read Chapter 4, Sections 4.1 to 4.4, 4.6, 4.7, and work at least Problems A
through I of this module before attempting the Practice Test. Projectile
Motion (Sec. 4.8) will be covered in a later module.
It is essential to work the problems related to Objective 4 (Analytical) because
the book does not treat this subject in the reading. You may wish to refer to
F. W. Sears and M. W. Zemansky [University Physics (Addison-Wesley, Reading,
Mass., 1970) fourth edition], Sections 4-5 and 4-6.
Illustrations 4.4 and 4.5 are the most important part of the reading for
Objective 5.

BUECHE

Objective
Number

Readings

Problems with
Solutions
Study

Guide

Assigned Problems

Text

Study
Guide

1

Secs. 4.1, 4.2

A

2

Secs. 4.1, 4.2

B

3

Secs. 4.1, 4.2, 4.4

C

F

Problem 10

4

Not covered in this
text (see Sears and
Zemansky, Secs. 4-5,

D, G

H

Problems
27, 28

E

I

Problems 13,

4-6)

5

Secs. 4.4, 4.6, 4.7

15
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TEXT:

3(HR 1)

Rectilinear Motion

David Halliday and Robert Resnick, Fundamentals of Physics (Wiley, New
York, 1970; revised printing, 1974)

SUGGESTED STUDY PROCEDURE
Read Chapter 3
Practice Test.

and work at least Problems A through I before attempting the

It is essential to work the problems related to Objective 4 (Analytical) because
the discussion in the book is limited to the one example for constant acceleration. You will be required to differentiate and integrate functions as shown
in Problems D, G of this module and Problems 4 and 5 of the text.
Examples 7 and 8 on pp. 37, 38 are the most important part of the reading for
Objective 5.

HALLIDAY AND RESNICK

Objective
Number

Readings

Problems with
Solutions

Assigned Problems
Study
Guide

Study
Guide
1

Secs. 3-3, 3-4,
3-6

A

2

Secs. 3-3, 3-4,
3-6

8

3

Secs. 3-2, 3-5,
3-6, 3-8

C

F

4

Sec. 3-8 (in
particular,
Example 4)

D, G

H

5

Secs. 3-8, 3-10

E

1

52

Text

10, 11, 12

4, 13

15, 16, 21,
30, 34
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TEXT:
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3(52 1)

Francis Weston Sears and Mark W. Zemansky, University Physics (AddisonWesley, Reading, Mass., 1970), fourth edition

SUGGESTED STUDY PROCEDURE
Read Chapter 4 and pork at least Problems A through I before attempting the
Practice Test. The section on Velocity Components- {4 -9) will be treated in
a later module.
Examples 1 and 2 on pp. 48 and 49 are the most important part of the reading
for Objective 5.

SEARS AND 2EMANSKY

Objective
Number

Readings

Problems with
Solutions
Study
Guide

Assigned Problems
Study
Guide

Text

1

Secs. 4-2 through
4-4

A

2

Secs. 4-2 through
4-4

B

3

Secs. 4-3, 4-5,

C

F

4-23, 4-24

4 -6

4

Secs. 4-5, 4-6,
4-8

D, G

H

4-28, 4-29:

5

Sec. 4-7

E

I

4-20, 4-25,
4-26
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TEXT:

3(WS 1)

Rectilinear Motion

Richard T. Weidner and Robert L. Sells, Elementary Classical Physics
(Allyn and Bacon, Boston, 1973), second edition,Vol. 1

SUGGESTED STUDY PROCEDURE
Read Chapter 3 and work at least Problems A through I before attempting the
Practice Test.
It is essential to work the problems related to Objective 4 (Analytical)
because the discussion in the book is limited to the one example for constant
acceleration.
You will be required to differentiate and integrate functions
as shown in Problems D and G of this module and Problems 3-12 and 3-13 of
the text.
Examples 3-3, 3-4, and 3-5 on pp. 28-32 are the most important part of the
reading for Objective 5.

WEIDNER AND SELLS
Objective
Number

Readings

Problems with
Solutions
Study
Guide

Assigned Problems

Study
Guide

Text

1

Secs. 3-2 through
3-4

A

2

Secs. 3-2 through
3-4

B

3

Secs. 3-2 through
3-5

C

F

3-1, 3-2

4

Sec. 3-5 [Middle of
p. 27 to Eq. (3-7)
on p. 28]
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Rectilinear Motion

PROBLEM SET WITH SOLUTIONS
A(1).

Write the mathematical definitions of displacement, instantaneous
velocity, and acceleration, and define all terms.

Solution
Displacement:
= it 2

9

where r2 is position at point 2 and it1 is position at point 1.
Instantaneous Velocity:

lim

dt

4t.43.At

Instantaneous Acceleration:

-

=

.

At+0

B(2).

A woman swims the'length of a 75-m pool and back again (one lap) in
60 s with a constant speed. (a) What is her displacement at the end
of one lap? (b) What is her average velocity for one lap? (c) What
is her average speed for one lap?

Solution

(a) 72 = r1; therefore, a = O.
(b) Since Ai = 0 vav = O.
(c) vav = 150 m/60 s = 2..5 m/s.
C(3).

A particle's velocity is shown in the graph below. At t = 0, its displacement is x = O.
(a) Sketch the acceleration vs. time graph corresponding to this
velocity vs. time graph.

4.0
co

t(s)

sw

-4.0

5
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Solution
Acceleration is the slope of the v vs. t graph. For the first 10 s the
acceleration is zero (v = 0). The acceleration is also 0 for t = 20 s.
For the time between 10 and 20 s the slope is a constant. Therefore
a = a

v

av

=

v2

-

vl

(-4.0) - (4.0) m/s .
10 s

0.'80 m/s

2
.

0.4

10

20

30

40

t (s)

am

6
a

-0.8

C(3).

(b) Sketch the graph of position CO vs. time (t) corresponding to the
velocity vs. time graph.

Solution

At t

0, x = O.
up to that time.
A t t = 6 s;

The position at any time is the area under the v vs. t graph
x = 4 m/s x 6 s = 20 m.

At t = 10 s;

x = 4 mis x 10 s = 40 m.

A t t = 16 s;

x = 40 m + (1)4 m/s x 6 s = 60 m.

At t

x = SO m + (i(-4) m/s x 6 s = 40 m.

2 0 s;

At t = 30 s;

40 m + (-4) mis x 10 s = O.

x

40

20

t(s)
10

20

30

40

Note: The curve is'not linear between t = 10 and 20 s.
parabola, which will be shown later.

In fact, it is a
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(c) Determine the average acceleration between t = 0 and 20 s.

C(3).

Solution
a

D(4).

Av

-4 - 04) m/s -

= a

20s

:LEL=
20s

2
-0.4 mis .

The vertical position of a body under constant acceleration is given by

y = y0 + vyot + 1 ate,
where t = time,

y = vertical position at time t,
vol = initial velocity in vertical direction,
a = acceleration in vertical direction,
y0 = initial position.
By the use of calculus, find the velocity and acceleration of the body
as a function of time.

Also construct a graph of velocity vs. time and

acceleration vs. time for this case.
Solution
w

y

a =
-y

dt

=

2.

Atf(y0

+ vy0t +

2

at ) = vy0 + at

A

= -11-0

dt y0

4- at) = a.

a

v

ay

vyo
t

E(5).

An object is thrown vertically upward in a uniform gravitational field
It has a speed
that produces an acceleration of a = (-g = -9.8 alit).
of 9.8 m/s when it has reached one-half its maximum height.
(a)

Now high does it rise?

(b)

What is its speed 1 s after it is thrown?

(c)

What is its acceleration when it reaches its maximum height?
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Solution
This problem requires the solution of the folowing equatiod:
(a) v

2

- v

2

0

= 2ay

(constant acceleration).

When at one-half height, y//2 = ynaxi2; and since v
2
-v0

2
-29YMax or v0 = 2gYmax*

Using v2 - v1 = 2ay (at y
2
v

0 at y = Ymax,

2gYmax

y,/2) gives

-2gY°

and using y = y1/2 = ymax/2 gives
2
v

2gYmax

gYmax = gYMax

Solving for

Ymax

2
to o
12
v _ ,,.0
= 9.8 m.
9
9.8 m/s2

vo =

gssnax= 49.8 mis)2 = 13.9 m/s.

Also:

(b)

v - vo = at;

(c)

a = -9.8 mis2

v = -gt

vo = -9.8 -I- 13.9 = 4.1 m/s.

(acceleration is constant).

Problems
F(3).

The velocity vs. time graph of a particle is shown in the figure below.
(a)

During what time interval is the particle traveling with constant
acceleration?

(b)

Calculate graphically the displacement of the particle during the
first 3 s.

(c)

Estimate the particle's acceleration at t = 5 s.
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t(e)

G(4).

AIRRicle moves along the x axis in such a way that its x coordinate is
given by x = 3 + 20t

t2.

x is in meters; t is in seconds.

Find:

(a) Its velocity at t = 4 s.
(b) Its position at t = 4 s.

(c) Its acceleration at t = 4 s.

N(4).

Let x = A cos wt where A and ware constants.

Find the expressions for

velocity as a function of time and acceleration as a function of time.

I(5).

A rocket is fired vertically and ascends with a constant vertical
2
acceleration of +20 mis for 80 s. Its fuel is then all used, and-it
2
continues upward with an acceleration of -9.8 mis . Air resistance can
be neglected.

(a) What is its altitutde 80 s after launching?
(b) Now long does it take to reach its maximum altitude?
(c) What is this maximum altitude?

Solutions
F(3).

(a) Acceleration is constant for t = 0 to 2 s,
(b) 4 m (area under curve).

(c) 0.6 mis2 (slope at t = 5 s).
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H(4).

dx
d
= (3
dt
dt

20t

2)

(a)

v =

(b)

x = 3 ÷ 20t 7

(c)

dv
d
2
a = (7= at{20 - 2t) = -2 m/s .

v
a

I(5).

9

Rectilinear Motion

.L2

- t

d

-2t

at t = 4 s,

v = 12 m/s.

x = 67 n4

at t = 4 s,

=dxa. a.d (A cos 630
dv

= 20

d

= A iff (cos tat) = -Am sin wt.

2
(-Ato sin wt) = -Amarsin cot = -Am cos ut.

(This problem must be treated as two separate constant-acceleration problems.)
2
(a)
6.4 x 104 m.
(b)
2.4 x 10 s.
(c)
1.9 x 10 m.

PRACTICE TEST
1.

Write the mathematical definitions of displacement, instantaneous velocity,
and acceleration.

2. A particle's velocity is shown
on the graph. At t = 0, the
displacement is x = 0.

5.0

ti

(a) Sketch the displacement
and acceleration as a function
of the time.

0

t(s)

-5. 0

(b) Determine the average
acceleration during the time
interval t = 0 to 2.5 s.
3.

4.

3
The position of a particle as a function of time is given by y = at - Ots
where a and 0 are constants. Find the expressions for velocity as a function
of time and acceleration as a function of time.
A ball is thrown vertically upward from the ground with an initial speed of
24.5 m/s, under the influence of gravity (g = 9.8 m/s2).
(a) How long does the ball take to reach its highest point?
(b) How high does the ball rise?

(c) What is its velocity and acceleration at its maximum height?

2
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Answers to Practice Test
1.
T.2

= lim

Lit40 At

=

a = Jim AT. =.

at

ei

-

Ltt40

a (m/s2)

t s

(b) lay =

t1) = 0/2.5 = 0.

2 - ;11)/(t2

3.

v = dy/dt = 3at2- 8,

4.

(a) At the highest point, v = 0.
v(t) = 0 = v0 + at

a = dv/dt = bat.

Therefore we can use the equation,

(and vo = initial velocity = 24.5 m/s),

t = -v /a = (-24.5 m/s)/(-9.8 m/s2) = 2.5 s.
0

(b) x(t) = xo + v0t + (1/2)at2

= 0 + (24.5 m/s)(2.5 s) + (1/2)(-9.8 m/s2)(2.5 s)2
= 61.2 in - 30.6 m = 30.6 m.

(c) vmax

vo + at = 24.5 m/s + (-9.8 m/s2)(2.5 s)
= 24.5 - 24.5 = 0-

(which we already knew from the fact that at the

maximum point the ball stops rising and begins falling.
a = -9 = const = -9.8 m/s2.
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pass

Form A

Mastery Test

recycle
2

1

3

4

Tutor

Name

1.

Write the mathematical definitions of displacement, instantaneous velocity,
and acceleration.

2.

The graph below shows the straight-line velocity of an object as a function
of time. What is the average acceleration during the time interval t = 5
to 15 s ? Plot a graph of the acceleration as a function of time. Indicate
numerical values on the axes as accurately as freehand will permit.

10

t (s)
0

3.

5

10

15

20

25

The speed of a particle along the x axis is given as
v

2

x

= at

= constant).

(a) What is the position of the particle as a function of time if
x = 0 at t = 0?
(b) What is the acceleration of the particle as a function of time?
4.

On the moon, the acceleration due to gravity is 1/6 as large as on the earth.
An object is given an initial upward velocity of 98 m/s at the surface of
the moon.
(a) How long will it take for the object to reach maximum height?
(b) How high above the surface of the moon will the object rise?
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Mastery Test

pass

Form B

1

Name

recycle
2

3

4

Tutor

1.

Write the mathematical definitions of displacement, instantaneous velocity,
and acceleration.

2.

A graph of position (x) vs. time (t) for a particle is shown below.

3.

(a)

Locate all regions where
the instantaneous speed
is zero.

(b)

What is the average speed
for the time interval
t = 0 to t = 2 s?

t (s)

The position of a particle as a function of time is given by
x = A sin wt,
where A and w are constants.
tion as a function of time.

4.

Find expressions for velocity and accelera-

A jet plane that is landing touches the ground at a speed of 100 m /s.
decelerates uniformly, coming to a stop after 40 s.
(a)

What is the plane's acceleration?

(b)

How far down the runway does the plane move before stopping?
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Mastery Test

pass

Form C

1

Name

recycle

2

3

4

Tutor

1.

Write the mathematical definitions of displacement, instantaneous velocity,
and acceleration.

2.

The velocity vs. time graph of a particle is shown in the following figure:

5
-Lt

3
2

1

3.

2

3.

4 5

6

(a)

During what portion of the motion is the particle traveling with
constant acceleration?

(b)

Estimate the displacement of the particle during- the first 3 s.

(c)

Estimate the particle's acceleration at t = 5 s.

A particle moves along the x axis according. to the- equation.

x = 5t + t

2,

where x has units of meters and t has units of seconds.
instantaneous velocity and acceleration at t = 2 s.
4.

t(s)

Calculate the

A ball thrown vertically upwards returns to the starting point in 4 s.
Find its initial speed.
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RECTILINEAR MOTION
MASTERY TEST GRADING KEY -- Form A

What. To Look. For
1

4- 4r,

and a are written as vectors.

Solutions
1.

lim and/or d/dt is used in

(a) Displacement: t w r2 (b) Instantaneous velocity:

At 40

14m

definitions of v and 1%

itt

aT

Ati_qi At

(c) Instantaneous acceleration:

a= lim
2.

(a) Average does not equal
instantaneous.

2.

(a)

av

/

(a) Integration to obtain Y from

3.

(a)

v and application of
x
condition x = 0 at t = 0 to

v

x

(b) Differentiation to obtain
ax from vx.

(10 - 10) m/s
10 s

= at2 = dx/dt,

.dt = fat2 dt = a4t2 dt,

I

3
x = at /3.
dvx

find integration constant
equal to zero.

dv
dt

dt

= 0 m/s2.

(b) Units for acceleration.

3.

4

At

(b)

ax
a

x

(13t

= 2at.

21

RECTILINEAR NOTION

4.

(a) of = 0 when y = ymax.

A-2

Check

4.

(a)

v

units.

f

- v. = at,
1

------ .___t_etvf..r_vt)la.,_.
Since a = (-9816) m/s,
v. = 98 m/s, and
1

of = 0 at y = Ymax,
(0 - -98) m/s

t

-9.8/6, In/s

t = 60 s.
(b)

v; -

vl_ = :lay,

2

vf

Y =

_

2

vi

-2a.

0 - (98 :.m /s2)2 = 2940 m.

2
-2(9.8/6)-m/s?
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MASTERY TEST GRADING KEY - Form B
What To Look For
1.

Ir.,

11., and I.

are written as vectors.

Solutions
1.

(a) DisplaceMent:

-

lim and/or d/dt is -used in
(b) Instantaneous velocity:

at-}0

definitions of ; and I.

v

lim

dit

at'

"(c) Instantaneous acceleration:

at

m40
2.

(a) Slope of x vs. t graph.

2.

d;

ar

At

(a) Instantaneous speed is zero in

(b) Average velocity is zero

the interval 1/2 $. t .1 3/2 s.

because total displacement is

(b) Average speed:

zero.

v

distance traveled
total time

_

v = 2 m/2 s = 1 m/s.
3.

Differentiation of this function

3.

x = A sin wt,

will be useful in the module on
a =

simple harmonic motion.
4.

Since acceleration is constant,

4.

-Aw

of
a

instantaneous acceleration is equal

2

dv _
zr
-

(a)

v =

Aw cos wt,

sin wt.

v4

t = 4Q s,

'

v. = 100 m/s,

to average acceleration.
Check units.

of = 0,

a = (0 - 100 m/s)/40 s,
a . -2.5 m/s.
(b)

y

vit

1
4-

2

2- at 2,

y = (100)(40) + 14-2.5)(40)2,

y

4000 - .2000 = 2000 in.

CA
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MASTERY TEST GRADING KEY - Form C

What To Look For
1.

r,

Solutions

;, and ; are written as vectors.

1.

lim and/or d/dt is used in
At+0
definitions of

v

(a) Displacement:

=

it

it2

- r1.

(b) Instantaneous velocity:

;

and t

dit

' '"'
itt+0
(c) Instantaneous acceleration:

a-

a
2.

(a) Acceleration is slope of v vs. t

2.

(a) Instantaneous acceleration
for 0 s t S 2 s.

graph.

(b) Displacement graphically -

(b) Displacement is area under v vs.

t graph, and the answer is

area under curve:

approximately 4 m.

x= -2-(2 m/s

1

(c) Slope of graph.

=4

Check units.

(c) Acceleration is slope of v vs. t:
1

Check differentiation and note that

3.

acceleration is constant.

x = 5t + t

2
.

2

v = dx/dt = 5 + 2t; at t = 2 s,
v = 9 m/s,
(5 +

4.

If student uses t

s)

m.

a = TM'S
3.

x 2s) + (2 m/s x 1

=

uown
up
him/her justify statement.

,

let

4.

y = y0 + v0t +

y

m/s2.

2 at2,

yo = 0 , 0 = vo + -12- at,

v0 = -,
t =

at) = 2

a = -9.8

4 s,

v0 = 19.6 m/s

m/s2,

DIFFERENTIATION

Differentiation of a function, say f(x), is a mathematical operation
which yields a second function called the derivative of f [symbolized by
fl(x) or dy/dx]. This procedure is represented in the diagram, which shows
Input

Output

1

Differentiation
Operation

= df/dx).
.

.

the function f(x) being input to an "analytical machine" that manufactures
as output the derivative Of f. A detailed mathematical prescription for the
differentiation operation is n-ntrivial. It usually involves a quarter or
semester course, which requires time, attention, and effort on the student's
part.

Our goal here is to provide you with graphical and intuitive understandings of what information the derivative supplies; and tabular means for
determining derivatives.

Graphical Interpretation of the Derivative
A graphical understanding of the derivative will prove useful time and
again in your study of physics. So, let's get at it.
A function f(x) is graphed in the xy plane by letting y = f(x), i.e. for
each-value of x (for which f is
defined) there- corresponds one
vane of y obtained from the
"rule" y = f(x). This number
pair (x,y) plots as a point in
the plane. As x changes, this
point sweep§ out a curve.
Such a curve might look like
the one shown in the figure
on the right.

CALCULUS

REVIEW MODULE:

Question:

2

What information does the derivative f'(x) provide
about this graph?

Let x

Answer:

be a specific value of x.

The value of the

I

derivative for x = xi is denoted by fly or (dy/dx)x,
and is numerically equal to the slope of the line
tangent to the curve y = f(x) at the point (xl,y1) where
yl = f(x1).
Read this interpretation carefully while studying Figure 1.

pmf(x)

NM IP, aim

IOW.

IIMIP

WO

ollp

I

slope of this
line=f'(x,)

Example 1: In Figure 2, which point or points is:
f' = 0?

f' >0?
f' < 0?

WI the greatest?

Answer
B,D.
C,E.
A.
E.

Each of the answers in Example 1 is obtained by looking at
ascertaining the needed information about the slope of the
of the tangent line). For example, point B has been drawn
point on the curve. A tangent litie at B is horizontal and
a zero slope. Since the tangent line at A slopes downward
negative slope) f'< 0 at A.

the graph and
curve (actually
at the lowest
therefore has
(i.e., has a

REVIEW MODULE:

CALCULUS

3

By inspecting the
Exercise
graph decide Whether to insert
>, =2 or < in each of the blanks.
(a) It

0

(i) fi

fi

(b) fi

0

(j) fi

fF

(c) fL

0

(k) fb

(d) f

0

(1)

(e) fi

0

(m) f6

(f)

0

(n)

1q1

(o) 1f61

(P) 151 _111

(h) fA

fj

Exercise B:

With reference to

Thii755rof Exercise A, complete
Point

the table with appropriate words
and symbols for the sentence:

At point
f°

,

f is

Increasing,
decreasing,
not changing

A

and

.0.

not changing
-C

0
E
F

G
Consider the graph. At both points
A and B, f is increasing and f' is
positive. But morecan be said.
At B the rate of increase of f is
greater than A. This statement is
said in derivatiie language by saying
that the derivative is greater
at B than at A. We can summarize
thete remarks with

?1:

REVIEW MODULE:

4

CALCULUS

f'

B

>

fe

A

> 0.

f increasing at Al.

f increasing
more rapidly
at B than
at AL

Clearly f' (or dy/dx) is related to the rate of change of f, and this rate
changes from point to point if the slope of y = f(x) is changing as x changes.
The following statement (definition) relates (defines) instantaneous rate
of change of a function and its derivative.

If y = f(x), the instantaneous rate of change of y per
unit change in x at xi is defined to be fqx1).

This statement is often abbreviated to say "fqx1) is the rate of change of
f with respect to x at xi."

Determining f' by Using the Table
2
Suppose f(x) = x . What is f'(x)?
then two options are offered here..
Option 1..

The formal definition of the derivative gives
2

fl(x) = lim (x
h+0
Evaluate it.
Option 2.

If you don't happen to know already,

2
x

.

OR

Turn to p. 15 of this module entitled "Table of- Derivatives."

Locate x2 in the f column and read 2x from the
Answer:

column.

f'(x) = 2x.

Now Option 1 is the wayyoudo it when you really want to dig mathematics
and you have a month or two to learn about limits, etc.. Guess what we
have in mind here?

-
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Let's do another.

Look under the f column.

Let f(x) = x9.

x9 does not appear as an entry.

What now?

It appears as xP.

Oh yes, it does.

The

table gives f'(x) = pxP-1, or since p = 9 in this case, f'(x) = 9x8.

Furthermore, PM = 9 x 18 = 9.

Thus the slope of (the tangent line to)

y = x9 at (1,1) is 9; and at x = 1 the rate of change of y with respect to
x is 9.

Exercise C:

Let f(x) = rT= x1/2.
(b) f1(1) =

(a) fqx) =

(c) Rate of change of x with respect to x at x = 1 is
(d) Graph f for 0 < x < 6.
Slope =

.

Construct the tangent line to f at (1,1).
Does this agree with part (b)?

x

0.00

0.50

1.00

1.50

2.00

2.50

3.00

4.0

5.0

6.0

167-

0.00

0.71

1.00

1.22

1.41

1.58

1.73

2.00

2.24

2.45

y

2

MP'

1

1

2

4

3
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Exercise D:

CALCULUS

6

Complete the table.

f(x)

xl

)

2

-1

-4

2

6

1

sin x

n/2

cos x

i/2

tan x.

/r/4

x
x

f'

sin (2x)
cos 67x)

1/2

x
e

0

-2x

1

e

11<f-

1/Xcl-

3
16_

4
9.

A Few Important Properties of Derivatives
li(kf) =

kg

4f +
d

(k is a constant).

(P1)

(P2 -)

tx1

df

m--09)=Tx-9+11ux-

(P3)

Idf/dx)g_- f(dg/dx)

(P4)

2
9

74
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CALCULUS

REVIEW NODULE:
Example 2(a}

Lf6x2)

6

= 6(2x) = 12x.

dx

dx1

rx2 4 sin 0 1

(b)

dx 1
(c) d

x

ifir (e

(d) d

a" l

dx 1

ex

cos x)

* d

(e

x.

+ 17 (sin x) = 2x + cos x.

(*P2)

i

cos x

*.le_x(deXidx1

dx

(*Pi)

x
x d
e --- (cos x) = e cos x - ex sin x. (41)

dx

4(1/(14 On.
On x)2

= ex ln-x

(*MY

x)}2
(]n --x

Exercise E:
(a) f(x) = 2x3 - sin x:

flx) =

(b) g(x) = 3x2e-x

gi(x)

(c) h(x) = ex /(x + a):

hi(x) =

(d) F(x) = x sin (ix):

r(l) =

(e) G(x) = e4x tan

G10/4) =

sxt ):

H1(0)

(f) H(x) = exihc + 9:

THE DEFINITE INTEGRAL
The definite integral is a mathematical operation that requires as input
a function, say f(x), and two numbers a and b, which are the coordinates of
the end points of an interval on the x axis, i.e., a < x < b. Given this
input the definite integral of f on [a,b3 yields as output One number,
say I. This is symbolized in the figure. Just as with the derivative,
a careful prescription of this operation is nontrivial. Agaib we shall
first offer you some graphical understanding as to the meaning of the
number I and then give you a procedure (using integral tables) to
determine I.

Input

Output
Integration
Operation
I

_1
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Graphical Interpretation of the Integral

iffetectilinit`

Integrrs : artraiWyclig)t:ntite

area enclosed by the curve y = f(x), the x axis,
the line x = a, and the line x = b.

The shaded area in Figure A is the area determined by the definite integral
of f on a,b.
.Y

z
Figure. A

3 LI

Fistwe 13.

Determination of I
Suppose f(x)' = x, a = 1, and b F 3. The area to be found is shown in
Figure B. Of course, it's very easy to do so since the figure whose area
we seek is a trapezoid.
In fact,

Area = (Average height) x (base) = 2 x.2 = 4.
This simple calculation is possible because y = x graphs as a straight
line. Almost any other function would not be so trivial.
Here's how you do the integral with the "Table of Integrals" provided in
this module (p. 15). Look upder the function column f and find x. Read off
the- antiderivative (indefinite integral) for x,. namely, (1/2)x2. Evaluate
this function at the upper limit b (F 3 in this case) and subtract the
value of this function at the lower limit a (= 1). The result of this
calculation is the value of the definite integral. Thus we have
I =

1
.21(,3 2 )

("Z` 1

2

9

)=y--r
1

4'

in exact agreement with our previous calculation.
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Let's try another. Let f(x) = x2
from 0 to 2. The area to be
determined is shaded in Figure C.
Fran the table the antiderivative
for x2 is listed as (1/3)e. The
desired area is
I =

1

23 -

1

=

8

46kre.0
Does this look reasonable? The shaded
0
area is less than that of the triangle
OPR whose area is (1/2) (base) (height) or (1/2) (2) (4) = 4, which exceeds
8/3 as expected.
FiBure. 11

We can make a better estimate for
the desired area by using the area
of the triangle OAD and the trapezoid
ABCD (See Figure D). The result for
this improved overestimate is

1(1) (1) + ;1(1+4) (1) =

;=

which is indeed less than 4 and 12.5%
greater than 2/3, the result from the integral.

1.

Exerciie F:

Continue this estimating process one more time by dividtig
.1cis.2equally four times and calculating the area of the four figures.
Answer:

rif

.

Essentially, what the integral does is continue this process of dividing
the interval (0,2] into- indreasingly, larger wither of 'subintervals.
fact, the integral is the limit of the approximate areas, as the number.- ,of
subintervalt approaches infinity. in this sense. then, the definite integral'
can be thought of somewhat intuitively as the sum-of many- (infinitely
many, in fact) terms each of which approaches- zero as the total number
approaches infinity. We avoid the difficutty Of actually doing this by
using the table of antiderivatives.
Exercise G:

Let f(x) = x, a = =2, b

iTTZWIFIZW. Answer:

Determine the definite integral

0.

J(

F;st4c-e E
If you did Exercise G correctly, the
result is zero. But how c.an. this
be? Here's *bow. 1.0,4* 4t Figure E.
Areas bell* the x axis are treated by the
integral as negative. As you can see,

77
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the two area in the figure exactly cancel, leaving a net area of D.
Exercise H:
(a) f(x) = cos x,

a = 0,

b = 7/2,

I =

(b) Sketch a graph of cos x and estimate the area determined here by
partitioning the interval [0,2/2] into two and then three equal parts.
Does your result for part (a) appear reasonable?
(c) f(4) = cos x,

a = 0,

b = n,

I =

(d) Explain your result for part (c).

Estimating the Value of a Definite Integral
You may find yourself needing to evaluate a definite integral of a function
that is not in your table. You have already seen one way to estimate the
a,b into N equal subintervals
integral by partitioning the integration interval
and approximating the area by a set of N trapezoids. This technique is
depicted graphically in Figure F below for N = 2.

y
y

Esure F

y=f(x)

y=f(x)

a

N =2 Trapezoid Approximation

N=2. Rectangle Approximation

A second technique is shown in Figure G. Here the function is approximated
by N rectangles. The height of each rectangle is the value of the function
at the midpoint of the corresponding subinterval. From the figure you
can see that the N = 2 approximation for I is then

78

REVIEW MODULE:

CALCULUS

11

2
f(x2) Ax = E f(x6) Ax,
101
h

I = f(xl) Ax

where xt, is the value of x at the center of the k-th subinterval.

For an

N partition then,
N

I = E f(xj Ax.
k=1

As N increases the rectangular approximation gets closer and closer to the
area being sought. In fact, the definite integral can be defined by

N
I = lim

E

f(Xk) AX.

14446 1(.1

This suggests_ the usual notation for a definite integral, which is
b

f(x) dx.
a

The symbol f is called an integral sign. It symbolizes both the summation
sign E and the limiting process. The values of a and b are included so
as to indicate the end points of the integration interval. Finally, dx
symbolizes the AX in the sum. We shall use this notation for the integral.
To be sure you understand, here is the appropriate way to write the
integrals with the results we have obtained so far.
Function

x

Interval

Value

Integral

f

[1 ,3]-

3

4

x dx

1

2
1

2

f

[0,2]

2
-x

dx

-8/3

0
2
x

[ -2 ,2]

cos x

100d2]

cos x

[0,i]

x dx

1
-2

=

0

7/2
1
0

cos x dx =

1

cos x dx =

0

11

0
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One more comment before you go to work: Most integral tables will indicate
the antiderivative for f(x) by If(x) dx, i.e., the definite integral
without limits. For example,

y

1

A

2

fx dx = --x
2

'

so that
3
I x dx = it'3) 2 -

10)2
2

1=
2

4
'

1

as we found earlier.

Figure H

One More Comment on Estimating Integrals
Consider the definite integral suggested by Figure H.
A valuable technique
for getting bounds on a definite integral is suggested. Let Otbe the minimum value of f on [a,b] and M-the maximum value of f on La,b]. Consider
the rectangle of height m and base (b
Its area is necessarily less
a).
than the area determined by

b

I

f(x) dx.

a

Similarily the area M(b - a) is greater than that of the integral.

Thus,

b

m(b - a)

I

f(x) dx 4 M(b - a).

a

The equality signs are included in this equality to take care of
the case where f is constant on the interval. Then m = M = f(x) and

Note:

b

m(b - a) = I

f(x) dx = M(b - a).

a

Exercise I: Evaluate the following definite integrals. Also deteriine m
[You may need to sketch a graph
and M and determine bounds on the integral.
of f(x) to determine m_Anditl].
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Integral

2
I

2
x d

1(1) = 1

1

2
x dx =
-1

1/4
cos x dx
I
0

3
0

x dx
1,,;2 :771;

2
dx

I

_

x +2

0
1

f
-1

-X

e

dx =

e

(2) = 0.3

e(2) = 5.4

Remember in each case you should check to see that

m(b

b
a) .1 I f(x) dx S M(b - a).
a

Two More Important Properties of the Integral

The following properties of integrals are frequently required:
b
.

I
a

k f(i) dx i-ki f(x) dx

_
(k fs a constant):

a
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b
I
a

b

b

[f(x) + g(x)]dx = I
a

f(x) dx + I

g(x) dx.

a

Example 3

3
4x dx = 4 f x dx

3
(a)

I

0

[by (P1.)]

0
(32/2

02/2)

= 18.
1

(b)

1

1

(x + x ) dx = f x dx + f x
0
0

f
0

02

12

(7

2

3

7 )
6
6

2

dx

13
(3.

Exercise J:

2
(a)

I (x
1

x) dx =

.

w/2
(b)

(c)

I
0

(sin x

cos x) dx =

3
I (x2 + e-x) dx =

0
1

(d)

f
0

(x + sin sx) dx =

82
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TABLE OF DERIVATIVES

f(function)

fs(derivallIk. of
functioh)

.

x

-3

2
xx

-1

x

i

-x

^

-2

/2

-x-7

..1

In x

0

2

xP

ff(antiderivative)

v-x`2/2

-2/x

x
3

f(function)

.

2
-3/x

constant

x

TABLE OF INTEGRALS

constant (0

1

x

2x

x

3x

Px

x

2

P-1

x

2
3

xP

In x

cx
2
x /2

x3/3
4
x /4

xPl/(p4-1)

