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ABSTRACT
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Abstract

Procrustes rotation involves fitting a facior
pattern matrix to o specified target matrix. This
revort briefly outlines thz mathematical problems
1i:volved and provides computer algorithms for both
oblique and orthogonal solutions.
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Those fawiliar with Greek mythology will remcmber that Procrustes was
a character whom Thereus cncourtered in his extended travels. Procrustes
tock pride in having beds which fitted all travelers: those persons who were
tco tall he cut down to size and these who were too shori he stretched. The
name, Procrustes, is particularly appropriate for the factorial rotation
nethods to be discussed herec.

It sometimcs happens in the course of research involving factor analysis
that an investigator ma, want to sce how well his data can be made to fit
a hyr~thesized fsctor pattern matrix. Thc problem may be stated more
formally as: Given a factor pattern matrix, A, and a hypothesized factor
pattern matrix, B, how may a transformation matrix, T, be obtained such tiLat

AT =B + E

is satisfied with the restrictions that

tr (E'E) = minimum

and
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Horst (1956) seems to have been one of the first to propose a workable
solution for this. Abmavaara (1957) considered the problem, as did Hurley
and Cattell (1:'62). All of these autbors gave essentially the same
oblique solution.

The solution is very easily computed. Solving

™= (A'A) “la'B
and normalizing the columns of T*gives T, the desircd transforration watrix.
Multiplying to obtain AT gives a matrix which i1s a least squares fit of
B with the r=2striction that

DT'1 = 1I.

The above solution is oblique. An orthogcnal solution utilizes the

additional constraint that

T'T = TT' = 1.
This somewhat more difficult problem was examined in devail by Schdnemann
(196G6). His method begins by taking the minor product of A and D as

S = A'B.
then calculating S'S and S3'. Obtaining all roots and vectors of these two
matrices, prererably by a Jacobi method, gives

S's = vpv'
and

= WDW!',

)
w
i

A problem occurs at thi:. stage concerning the proper orientation of the
orthogonal vectors in V and W. This 35 quite easily solved by computing

w'sv = DQ
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and checking zach diagonal element in D“. 1If the diagonal element 1s nega-
tive, the corresponding column of W is refleccted.
With the new reflected matrix, W*, we may proceed to obtain
T = W*V!'
as the desired orthogonal trunsiormation matrix. Calculating AT gives an

orthogonal least squares fit of B,

o

O
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"PROCRUC"

Program Setup Instructions

A. Heading Card -- Any alphanumeric message to be printed at be-

ginning of output.

B. Probiem Card

Column Item
1-17 Punch "PROBLEM".
8 -12 Iteration tolerance tor Jacsim

Root and vector Subroutine.
(I'ry 00100 cr 00010.)
12-14 Number of variables in each matrix
15-16 Number of factors in each matrix
(Note-~the loading matrix and the
target matrix must be the same size)

C. Input Variable Format Card. -- Oone card with any F-type format.
Both input matrices must have the same format.

D. Date--Must be on cards. Matrices must have varitbles in rows,
factors in columns. Input two complete matrices in the following
order.

1. Factor loading matrix to be transformed.

2. Target matrix.
This is a repeating program, Any number of problems may be run by
ropeating steps A through D,

E. Finish -- At the end of all problems place a card with "FINISH"

punched in columns 1-6.
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PROGHAM PROCKRUSTINPUT »OUTPUT» TAPES=INPUT»TAPES=0UTPUT
DIMENSTON A(2551v)sR125,1031AT(25510)5T(10+10)

# 3 HDG (R IFM "18)

THI< PRUGKAM WAS WRITTEN BY CARL JENSEMA IN JANUARYs 1971
1T PROVIDES BUTH UBLIVUE AND URTHOGONAL PRUCRUSTES SWLUTIONS,
THE METHODS COME FROM PSYCHOMETRIKA (MARCH» 1966sF.1~10).
A= INPUT LOADING MATRIX.

B= TARGET MATRIX.

T= TRANSFORMATION MATRIX.

AT# TRANSFORMED LOADINGS.

TOL= 1TERATION TOLERANCE.

Nv= NUMBER OF VARTABLES.

NF= NUMBER OF FACTORS.,

READ (591 1KDG s PRUS » TOL s NV I NF s FNT
FORMAT(8A10/AT1F5.55212/8A10)

[F{PROB.NE.7THPRUBLEM) 1O TO 10000

IF(HDGI(1)+EC. 10HFINISH ) 6O TO 10000

IF(PROBFG. 7THFINISH ) GO TO (0000
IF(FMT(1)+EQ.1OHFINISH } GO TO 10000

WRITE(GEs2) HDG,y TOL »NV s NF s FMT

FORMAT(45KHIUNTVERSITY CF WASHINGTON BUREAU OF TESTING
17/734H PRUCRUSTES TRANSFORMATIGN PRUGRAM//1X18A10

2//7/72vH ITERATIOR TOLERANCE 10XsFQ45
9// 2VH NUMBER OF VARTABLES 10X+13
4//2UH NUMBER OF FACTORS 10%,13
5///15H INPUT FORMAT 8A10)

WRITE(613]

FORMAT(5(/)s15H INPUT LOADINGS )

DO 20 I=13NV

READ (8 sFMT) (A{TsJtyJd=1NF)

WRITE(Gs4) [slallsJ)sd=1sNF)

FORMAT(// &M ROW 13s(/15F9.+31))

CONTINVE

VIRI TEL645)

FORMATI{S(/Ys14H TARGET MATRIX)

DO 3v I=11NV

REAND IS sFMTI{B(1sJ)9J=1NF)
WRITE(B14) 1 s{pP({]1sJ)sd=19NF)

CONTINUE

PO 50 I=1+2

IF(1«EQs1) CALL UBLIPRO{AyByATyTsTOLINVyNF)
IF(1.FQ.2) CALL ORTHPRO(ABIAT» Ts TOLWNVyNF)

WRITE(616) '

_ FORMAT{5(/)122H TRANSFORMATION MATRIX)

00 40 Jel1sNF
WRITE(LGsa ) Je{TE{J9K) 1 K=1NF)
CONTINUE

WRITE(Gs T}

- FORMATIS(/)+21H TRANSFOXMED LOADINGS )
DO 5V J=19NV
WRITE(Ss4IJ 1 LAT (UK )1 K=12NF)

CONTINVE
60 Y0 10



10000 WRITE{6s8)

8 FORMAT(100/)»12H END OF JOB. ]
STOP .
END

SUBROUTINE UBLIPRO(AEsATsTsTOLSNVINF)
C 0BL IQUE PROCRUSTES
‘ DIMENSIUN A({255,10)sR3125+10)sAAL203510}»ABI10510):7(10,10),
AT (254101 9E(10}
WRITE!6»1Y)
1 FORMATI1G (/)91 X210 1H*y /7204 vBLIQUE SOLUTION 771Xs2101H*))
C OBTAIN MINOR PRODUCT MOMENT OF LOADING MATRIX.
. : CO 10 [I=1sNF
\ DO 10 J=1NF
1 AA(TsJ1=0.0
DO 10 K=19NV
AACTsJI=AAL{T s J)+AIK ] 1 2A (K J)
10 CONTINUE

C UBTAIN ROOTS AND VECTORS,
CALL JACSIM{AALE,TOL/NF)
c ROUTS AE [N DIAGONAL OF UPPEK PART UF AA AND ALSO IN E.

EIGNVECTORS ARE COLY'MNS IN LOWER PART OF AA.
IHMVERT MATRIX,
DO 2C l=1sNF
E(I1=140/E(1]}
20 CONTINUE
CO 30U I=1sNF
INF=1+NF
DO 30 J=1NF
JNF =J+NF
AAL{T»0)=0,0
DO 30 K=} NF
AACT s JY=AALT s JI+AALINFZKIRE(K)*AA(INF,y K}
390 CONTINUE
C MULTIPLY THE LOADING MATRIX HY THE TARGET MATRIX
DO 40U Is]1sNF
DO 4C J=1NF
AB(]’J,=000
DO #4v K=1NV
: ABLIsJ)=AS{»J)+AIK])¥BIKsJ)
40 CONTINUE
C MULTIPLY AA BY AB TO GET TRANSFORM MATRIX.
. DO RL I=1NF
PO 50 J=1NF
T(I'J)"O.o
D0 50U K=19NF
T(lad)=T UL J)+AALTIK)*ABIK,J)
%0 CONTINUE
- C NORMAL1ZE THE TRANSFORMATION MATRIX BY CCLUMNS
: DO 7C J=1»»NF
SUM&0=0,0
DO BU 1=1»NF




SUMSQ=SUMSG+({T(1,J)1¥%2)

60 CONTINUE
SUMSQ=SQRT(SUMSQ)
Co DO 7V 1l=1sNF
y Toled)=T(19J)/SUMSQ
. CONTINUE
MUL TIPLY LOADINGS BY TRANSFORM
DO 80 [=1sRV
DO 80 JU=)1sNF
AT( I !J)'—‘O-O
DD 80 K=1:NF
o ATUI ) =ATITyJ1+AL T oK} RT (K9 J)

80 CONTINVE
| RETURN

END

(e
Q

SUBRUUTINE URTRPRU (A, B,Ar.r TOLsNVsNF)

C URTHUGUNAL PRUCKUSTESy SCHUNEMANN METHUD(PSYCHOMETRIKA.MARCH,1966)
DIVENSIUON A{25,10)9R1{25110)1RAARI20910)sARBAI20+10))
XAR(1 U 2UsTL10,10) +AT125920)9E(10)

WRITE(6y1)
1 FORMATI10(/)91X921 (1H*)//720H URTHOGUNAL SOLUTEON //1X,21(1H*})
C OBTAIN MINOR PRUDUCT OF LOADINGS AND TARGET.

DO 10 [=1NF
DO 10 J=z1sNF
AB{I+J)=0.0
DO 10 K=11NV
ARTTsJ1=ABIT2J)+A(Ks ] 1 ¥B{KsJ}
10 CONTINUE
¢ OBTAIN MINOR AND MAJOR PRODUCTS OF AG.
D0 20 I1=1sNF
DO 2U J=z1lsNF
BAAS{Is,4)=0,0
ABBA(T,41=C,0
00 20 K=1NF
BAAU(T 4y J)=BAAR(T » ) I+AB(Ky [ ) ¥AB(K,y J)
ABBA(T+J1=ABBAL T »JI+AB(IKI*¥AB(J K]
20 CONTINUE
OBTAIN ROOTS AND VECTORS
CALL JACSIMIDAABIE +TULWNF)
CALL JACSIMIABBAJE s TOL sNF)
VECTORS AKE IN LOWER PART OF THE MATRICES.
BEGIN REFLECTION OF ABBA VECTORS,
(SEE P.B8s BUTTOM PARAGRAPH OF SCHONEMANMN ARTICLE)
MULTIPLY TO QORTAIN WSV,
00 3C I=1sNF
. DO 30U JU=1sNF
ABBA(14,J150.0
00 10 K=z1sNF
KNF=K+NF
ARBALT2J)=ABRALT»JI+ARBAIKNFy 1) *AR(KJ)
CONTINUE

C
C
C
C
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Diy 40 I=1sNF
DO 44U J=19NF
AR{19J1=0.0
DO 4v K=YNF
* KNF=K+NF
ABLUT9J1=ABI T ) +ABRAL 1 sK)}BAAB(KNF s J}
40 CONTINUE
C CHECK OIAGUNAL VF WSV, RFEFLECT COLUMN IF DIAGUNAL ELEMENT 18 NEGATIVE.
DO 5C I=1sNF .
IF(AB([+1}.GE.Cs) GO TO 50
NO 80 U=1NF
JNF=JsNF
ABBACUNF s [ 1=ARRBALUNE s T 1% {1 4)
50 CONTINRUE
. C END OF REFLECTION
C OBTAIN TRANSFORMATION MATKIX BY MULTIPLYING VECTORS.
DD 6V I=])NF
INF=1+NF
DO 60 J=1sNF
JNF = JENF
T(l+J}1=0,0
DO AU K=1NF
T(Isdy=T(IrJI+ABBALINF 4 KI*RAAR(JINFIK)
50 CONTINVE
C MUL TIPLY LOADINGS 8Y TRANSFORM,.
DO 70 l=1WNV
DO 70 Jz)sNF
AT(I15J)=0.0
00 70 K=l sNF
ATUI»II=ATIT Yy +A( T KI*T (K J)
70 CONTINUE
RETURN
END
SUBROUTINE JACSIM{RsDyPsN}
C THIS SUBROUTINF CALCULATES ALL ROOTS AND VECTORS CF A MATRIX
C USING A JACOBI METHOD.
DIMENSION R{20,1V}s0(10)
N1=N+1
Nil=N=-1
Nz=N¥2
DO YV T=N1ND
00 10 Jy=1"N
R(1+4J1=0,0
10 CONTINUE
GO 20 1=z1sN
Ni=N+1
. R(NI'(J’—'—'I.U
20 CONTINUE
DD 90 L=1+100
DO 40 I=1»N
. Dihi=RUI )
39 CONTINUVE
DO 50 I=1N11]
11=21+)
DO 50U J=T11N
DR2RII13)-RiJ,yJ)

11




A=SQRT(DR¥%244 ¥R 1y J}#3#2)
A=SQRT({A+DRI/(2%A))
8s3SQRT (] . -AH#¥2)
CeSIGN(1.9R(IsJ})
. ’ DO 40 K=1sN2
U=R{Ky] ) ¥A¥C+R (Ko J) #*B
: ) R{KyJy==R(Ky ] ) *BFCHR(KyJI*A
! R(Ky»l)=U

40 CONTINUE
DO 50 K=1sN
U=R (] ,K)FAC+R{JIK} #B
RiJyKy=2=R{TyKI#B¥CHR{J 4K *A
RilsKy=y

50 CONTINUE
Do 6V [=19N
OD(I)1=ABSID(I)~R{TIs1 Y}

60 CONTINUE
5'—‘-010
0O 7C I=1sN
S5=MAX1(SHyD(1})

70 CONTINUE
DO 80 I=1:N
DiIy=R(I»I}

80 CONTINUE
IF(a=P}) 1004100490

20 CONTINUE

10v RETURN
END
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