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I. Introduction
This note *ie concerned with ideas and problems
involved in cross-classification of observations
on a given population. Most of the note will be
confined to the discussion of two-dimensional
cross-classifications. An example of this is the
two-dimensional cross-classification of a portion
of a deck (population) of playing cards resulting
from the classification of the cards according to
suit and according to whether or not the card is a
face card. Such a cross-classification would
consist of a tabulation of the numbers in each of
the (4 x 2 = 8) possible combinations of suit and
face-or-no-face characteristics.

The main objectives of this note are:

1) to establish c conceptual framework for
characterization and comparison of cross-classifications;
2) to discuss existing methods for characterization of cross-classifications;
3) to propose a new approach and a new method
for characterizing and making inferences from crossclassifications;
4) to indicate how Markov processes can be
treated as cross-classifications.

* The author wishes to thank Stephen Clark, George
Mayeske, Richard O'Brien, and Frederic Weinfeld for
suggestions lads during the writing of this note.
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II. Terminolosz
The word "event" is the conventional probabilistic term used to indicate what is observed; we
will speak of observations on a given population
with the assumption that one or more events are
observed with each observation. The generic term
"event type" will be used to specify the characteristic being classified in one dimension of a crossclassification. When we observe two or more events
in a single observation we are observing the joint
occurrence of the given events. The number of
(joint) events so observed is the dimension of the
cross-classification and is also the number of
event types in the cross-classification. The suit
of a card classifies it according to one event type
while the face-or-no-face characteristic classifies
it according to another event type. Within each
event type there are two or more "event classes";
these classes are mutually exclusive and exhaustive,
i.e., each observation belongs to exactly one event
-Class within each event type. Within the suit
event type the four event classes are club, diamond,
heart, and spade. See figure 1.

,

Event
types

Suit

1.

Event
classes diamond
/

Face-orno-face

1---"

face

no face
Figure 1

heart

club

spade

What are called "event classes within event types"
here are called "subcategories within attributes"
by Guttman (1), p. 258 and "classifications within
criteria" by Mood (2), p. 274, and "classes within
polytomies" by Goodman and Kruskal (3), and "cate(6),
gories within variables" by Kendall and Stuart
of cross-classificap. 256. An extensive treatment
a 55tions is given by Kendall and Stuart (6) inThe
page chapter entitled "Categorized Data."
present paper deals exclusively with categorized
data, which are observations which identify events
(event classes within event types) in a qualitative,
non-numerica3 non-ordered manner. For instance,
the suits and colors of playing cards are event
types which are based on categorized data.
Three kinds of probRoilities are distinguished
in this note:
a) unconditional (or marginal) probabilities
b) conditional probabilities
c) joint probabilities.

We will be assuming that we are observing elements
and at each obof a well-defined basic population
The unconditional
servation two or more events occur.
probability of an event is the probability of the
occurrence of that event without regard to the
occurrence of any other event. It is the fraction
has
of the observations in which that event
taken on the
occurred if observations have been
entire basic population.
The idea of joint probability is the same as
that we are conunconditional probability except occurring
in a
cerned with two (or more) events
one. The joint
single observation instead of justfraction
of the
probability of two events is the
occur were
observations in which both events would
The ampersand
the whole basic population observed.
in this
will be used to indicate joint occurrences
of events
note; "A&B" means the joint occurrence
A and B and Pr(A&B)" means the joint probability
of their occurrence.

.

The idea of conditional probability also
involves at least two events, say A and B. The
conditional probability that A occurs given the
condition that B also occurs means that we are
evaluating a probability within a population
restricted by some condition which was not part
of the original definition of the basic population.
The occurrence of event A given that event B also
occurs is Symbolized by "ALB" and "Pr(AIB)" means
the conditional probability of event A given event
B. The conditional probability of A given B is
often defined as the ratio of their joint probability to the unconditional probability of B:
Pr(AIB)

Pr A&B

This means: of all the times that B occurs, Pr(AIB)
is that fraction of the times wherein A also occurs.
When we speak of the occurrence of. event A, we
imply the idea of the nonoccurrence of A. In
other words, in the back of our minds we are
considering an A-type event which includes two
event classes: class A and class non-A. Not-A
will be symbolized by "X" in this note. This
A-type event is also known as a "binary variable"
or a variable which can take on two values, A and
X04 "Event type" is equivalent to the word
"variable" here, and the language of this note
could have been based on "qualitative variables"
instead of "categorized event types."

mmlilWOMMselyidMMOCIM01111.01DOMMIIMMOMMONDOMINIMMOMMIMMiUMMINNIMMIONIMOMMIMONIMOmmon

*Other words which are used for this kind of
variable are: counting, indicator, dichotomous,
two-state, two-point, and zero-one variable or
distribution.

III. Statistical Independence

The standard definition of the statistical
that the
independence of two events, A and B, isis the
probability of their joint occurrence
product of their probabilities:

Pr(A&B) = Pr(A) x Pr(B)
definition of indeUsing this joint probability
pendence and the definition of conditional probability we obtain the definition of independence
A and
in terms of conditional probability: events
B are independent if and only if
Pr .A Pr B
= Pr(A).
Pr(ALB) =
2 can be used
The Venn diagram which is Figure
relationship of
to show the (probability domain)
domains
the two events, A and B. We see that the amount in
of the two events must overlap a certain
required for
order to be independent. The amount
of the probabiltheir independence is the product
Pr(A)=.6
ities of the events involved; e.g., if
for A and B to be
and Pr(B)=.8 then in order
their probability
independent the intersection of
times .8
domains must be Pr(A) x Pr(B), i.e., .6
or .48.

,,Pr(B) =.8,

Pr(A) a.6,

d

I

f

area externa
to both A and B
is X&B

Pr(A&B), .48 for independence

Figure 2

the product
If the amount of overlap is less than of either
the occurrence
required for independence,
of
event has a tendency to preclude the occurrence
probability domains do not
the other. If the two
precludes the
overlap, then each event completely mutually
occurrence,Of the other and they are amount of
hand, if the
exclusive. On the other
required for
overlap is greater than the amount
independence then the occurrence of either event
of the
enhances the probability of the occurrence
with one
If there is complete overlap
other.
of the other, then,
probability domain covering that
of the second is completely
of course, the occurrence
dependent on the occurrence of the first.
into tabular
To put the Venn diagram of Figure 2 with marginal
form, a 2 by 2 joint probability table
is drawn (Figure 3).
(unconditional) probabilities
b, c, and d are joint
In the body of the table a,
joint probabilities
probabilities and the sums of the probabilities.
in rows and columns are marginal

A
X

a

c

b
d

.6

44"

.44-

Pr(A)
Pr(X)

Marginal
probabilities

Pr(1!)
PL(B )

Figure 3
(a, b, co d) of the Venn
The probability domainsthose
in the tabulated form,
diagram correspond to respectively, the joint
Figure 3. These are,
Pr(A&B), Pr(X&B), Pr(A&B).
probabilities: Pr(A&B),
external to the A&B
Note that area d is the area probabilities in
domains. Given two marginal marginals and one of
Figure 3 (one of the A type

A
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the B type) and an entry in any of the four cells
of the body of the table (a, b, c, or d), the
remaining cells are easily deduced. For instance,
a+cm.8,
if a is .5 then since a+b=.6, 1)13..1 and since
cs.3 and finally, since c+d=.4, data. Note also
that if a is .5, A and B are not independent; they
enhance each other's occurrence.

The tabular representation has the advantages
A
of explicitly identifying I and 8 and showingalso
and K in a uniform manner. The tabular form
lends itself more easily to event types which are
classified into several (not just two) classes.
Suppose that the type A event has three classes
Al, A 2 and A where A o are events which belong to
Similarly, suppose the type
neither Al nor A2
B1, B2 and Bo.
B events are categorized into classes
The Venn diagram of this with some probabilities
put in as an example is Figure 4.

A &B
o o

=

.3

Figure 4
in
The same joint probabilities information
tabular form appears in Figure 5.

A
marginals

82

Bo

.03

.06

:11

A2

.02

.09

.19

.3

A

.05

.15

.3

.5

.1

.3

.6

A

1

B
marginals

o

1

.2

Figure 5

Consider the independence-dependence characteristics of the nine joint events whose probabilities
are in the body of the table. We make the following
four observations:
1) Ao is independent of all the Bi

2) B2 is independent of all the Ai
3) Ai enhances the probability of B1 while
diminishing that of Ro

4) A2 enhances the probability of Bo while
diminishing that of Bl.
This example shows that instances of dependence
can be scattered about among various joint events
when the event types each include several classes.
In this example with three classes in each of
two event types, there are (3-1)(3-1)=4 degrees of
freedom in the determination of the probabilities.
In other words, given the marginal probabilities,
knowledge of certain sets of four of the nine
joint probabilities in the body of the table
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determines all of them. These sets of probabilities
are sets of four such that (after entering the set)
at least one cell in each pow and column remains
empty and none of the remaining probabilities in
the body of the table can be determined immediately
from both its row and its column. Another way of
stating the second requirement is that if an entry
can be determined from the other entries in its
raw, it must not be possible to determine it from
the other entries in its column. This can be
nm
generalized to m event types with nl, n2.
classes, respectively. Then, given the marginal
(n -1)
probabilities, there are (n1-1)(n2-1)
m
degrees of freedom in determining the joint probabilities.

Testing for independence in a contingency table
is a classical statistical problem discussed in
many statistical books (see, for instance, Mood (2),
pp. 273-81). A contingency table tabulates a set of
observations according to two event types (criteria).
Consider, for example, the classification of a group
of people according to the two event types of
vision and weight. The vision of each person in
the group belongs to one of the three classes:
near-sighted, normal sighted, and far-sighted; and
the weight of each belongs to one of the three
classes: underweight, normal weight, and overweight.
The contingency table for these two event types
would be a 3 x 3 table indicating the number of
observations in each of the nine possible combinations of vision and weight.
Testing the independence of the two event types
in a contingency table can be done in the following
three steps.
1) Change the number in each of the cells to the
fraction it is of the total number of observations, i.e., divide each cell number by the
total numEer.

2) Enter the row and column sums of these
cell now
fractions as marginals. (The
is an estimate of the probability that the
th'
th row event and the j-i-column event
occur togehter (jointly). If the two events
are independent, another estimate of their
joint probability is the product of the
th
th row marginal and the j-i-column marginal.)

Oh

3) Let 044 be the observed fraction of the total
th
'au
in the
ij-cell and B ij be the expected
fraction assuming independence, i.e., the
th
product of the i-- row and jth column
marginals; then compute the test statistic
for the (n x m) contingency table,

E
Jai

jal

Under the assumption of independence this
statistic is approximately chi - square distributed with (m-1)(n-1) degrees of freedom.
The approximation to chi-square improves with
larger numbers of observations in the cells.
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IV. Measures of Association
The test for independence of two types of events
can be a basis for deciding whether or not the two
event types are independent; if the test leads one
to reject the independence hypothesis, one may want
a more complete explanation of the non-independence.
One way to investigate non-independence is by
employing a "measure of association" which, in the
statistical literatures has meant a measure of the
direction and amount of departure from independence
of a given cross-classification. Goodman and
Kruskal have written three extensive (32, 40, and
54 pages) papers on measures of association (3), (4) 9
(5). They favor a measure originally proposed by
Guttman in (1), but they feel that the uses of
measures of association are varied enough so that
there should be several from which to choose.
None of the studies seen by the author, however,
considers analysis of departures from independence
in detail within a cross-classification (i.e., in
the body of a joint probability table). This is to
say that the measures of association thus far
developed are meant to show (dependence) relationships between event types and not those between the
event classes of one event type and those of another
event type.
If we were working with numerical variables
instead of categorized event types and we assumed
that the variables were linearly related, we would
probably consider the correlation coefficient as
the first candidate for measuring their association.
A set of three characteristics of the correlation
coefficient traditionally has been sought in the
appraisal of measures of association for categorized
data:

1) the measure is zero when the event types
are independent;
2) the measure is minus one when they have
the maximum disassociation;

3) the measure is plus one when they have the
maximum association.

- 13 -

association which, in
We will consider a measure of
be applied only to
its immediate application, will
although in its
a 2 x 2 cross classification appear in the assessment
ultimate application it will
In addiof general n x m cross classifications.
we shall
tion to the above set of characteristics
set of characterrequire our measure to have another
coefficient. This
istics related to the correlation
measure
set has to do with the symmetry of the
complements.
between events (classes) and their
of
a
measure of
Specifically, if Z is the value
events A and B, then it
the association between between
K and g. Also, the
must also be the value
E and between
value of the measure between A and
K and B must be -Z.
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V. The Z-measure of Association
that develops a
A method will now be shown
the requirements
measure of association conforming to
individual cells,
specified above and applies to
another. Since
allowing them to be compared with one probability
each cell in the given (n x m) joint
we treat each
table is to be treated individually,
entry in a 2 by 2
cell as the upper left corner
table as in Figure 6.
m
B
This is done by letting
a = the cell being studied

A

a

b

y

b = sum of the remainder of
the row entries

X

c

d

1-y

c = sum of the remainder of
the column entries and

d = sum of the remainder of
the table (= 1-a-b-c);

Figure 6
both the n x m
probabilities
in
marginal
are
x and y
a+c and y = a+b. All
and the 2 x 2 tables; x n
2 table is contained
the information about the 2 x and y.
in the three quantities, a, x,
two binary
A measure of association between
coefficient. The
variables is their correlation coefficient for two
definition of the correlation
variables A and B is:
..M.612.=1162E1112..
v/v(A)v(B)

value of A and V(A) is
where E(A) is the expected
2
E(A)
the variance of A which is E(A)

with binary variables,
We are concerned heredistribution
of A and B, a
specifically the joint
distribution. In this
probability
binary
bivariate
distribution of the A-or-notdefine
the
case we can
integers zero and one:
A type of event on the
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Pr(A-or-not-A event type

is

0) = Pr(A) = 1-Pr(A)

and
Pr(A-or-not-A event type n 1) = Pr(A).

A similar definition of the binary distribution of
B applies. Then the follosidng equations hold:
E(AB) = Pr(A&B) = a
E(A)

=

E(A2) = Pr(A) = y

E(B)

=

E(B2) = Pr(B) = x

V(A)

=

y(1-y)

V(B)

= x(1-x).

This leads to a formula for the correlation coefficient
associated with the 2 x 2 table in Figure 6,
a=asz

Phi(a,x,y) a

y(1-y)x(1-x)
"Phi coefficient" is the usual name for this statistic, especially in psychological statistics.* It is
zero when the events are independent (a = xy). It
takes on the value plus one only when a is at its
maximum and when x = y. The maximum of a is the
lesser of x and y. The phi coefficient takes on
the value minus one only when a is at its minimum
and when x + y = 1. The minimum of a is zero when

x+ y 4 1 and x+ y- 1 when x+ y

1.

We want a measure of association which always
takes on the value minus one when the least possible
association prevails and always takes on the value
plus one when the greatest possible association
prevails. Such a measure is obtained by dividing
the phi coefficient by its maximum possible value
when positive association prevails and by its minimum possible value when negative association prevails. We now define such a Z measure of association
OSIMMONOMOMPNOIONOWNIMMONWIANO

MODONDOM01041110010

* For a discussion of the phi-coefficient see Guilford
(7), pp. 333-36.
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for four possible situations which cover all the
possibilities of a 2 x 2 table.
Situation I. a >xy, x>,y, the binary variables are
positively associated. Z is the ratio of phi
coefficient to its maximum:
a-

Z(a,x,y) =

ix(1-x)Y(1-3)

jx(1-x)y(1-y)

y-xy

y(1-x)

Situation II. a <xy and x+y 4 1, the binary variables
are negatively associated (disassociated); Z is the
negative of the ratio of phi coefficient to its
minimum:
-xy

Z(a,x,y) = (-1)

11-*xY

lx(1-x)y(1-y)

vt;i1-x)Y(1-;)

xy
Situation III. a<xy and x+y 4 1, the binary
variables are negatively associated (as in II). Z is
the negative of the ratio of phi coefficient to its
minimum:
z(a oca) = (-1)

.312:1=3.Y

-.
lx(1-203,(1.7)

.

ix(1-x)y(i-y)

ava.
1-x-y+xy

(1-x)(1-y)

Situation IV. a = xy, the binary variables are independent; Z = O.

-17-

In situations II and III, the sign is made negative
to indicate disassociation.
Horst (8), pp. 238-39, points out that this
Z-measure is the ratio of two covariances, an
observed covariance over a maximum (Sit. I) or a
minimum (Sits. II and III) covariance. He uses it
as a measure of the homogeneity of test items.
This is an interesting case in which the event
classes are not mutually exclusive.

The 2 x 2 table which is Figure 6 can be written
solely in terms of a, x, and y. Such a table
equivalence is shown in Figure 7.

A

B

2

a

y-a

x-a
x

1 +a

-x-y

a

1-y

1-x

a

b

C

d

x

1-x

1-y

Figure 7

Assuming a >xy and m, we now find the Z-measure
for each of the four cells in the body of the table.
An arrow (--5) is used to mean implication.

Z(a,x,y) =
a > xy

a-3Z..
YT -x

1+a-x-y > 1+xy-x-y = (1-x)(1-y).

Thus since

1+a-x-y > (1-x)(1-y), the computation for the lower
right cell, d, is done using the Situation I formula.

Z(d, 1-x, 1-y) = Z(l+a-x-y4 1-x, 1-y)

lismsthilillikal
(1.x) [1-(1-y]

0

tacz.
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For the upper right cell, b,
a > xy

<y(1-x)

x "> y

< 1-7

(1-x) + y

1

Using Situation III
Z(b, 1-x, y) = Z(y -a, 1-x, y)
at

rzaiihick

=

affix.).

For the lower left cell, c,
a > xy

< x(1-3)

x y

<1-1

(1-y) + x> 10

Using Situation III,
Z(c, x9 1-y) = Z(x -a, x, 1-y)
(1-x)

1-(1-y)

-YTI=i)

Thus Z(a, x, y) = Z(d, 1-x, 1-y) =
0,0Z(b, 1-x, y)

-Z (c, x, 1-y)

or in terms of the binary variables A and j,

Z(A,B) s Z(A, g) = -Z(A, E) = -Z(X,B)
Thus we have a measure of associatioa for a pair of
binary variables which has the desired characteristics:
1. zero when variables are indepild at (Situation
IV)

minus one when variables are as completely
disassociated as possible (in Situations II
and. III)

3, plus one when the variables are as completely
associated as possible (in sitution I)

4. Z(A,B) = gi,g) m-Z(X,B) = -Z(AAJ)

.19
Z(a,x,y) is a function which maps points in a
three-dimensional space to points in a onedimensional iqlace. Figure 8 shows one aspect of
this mapping: Z as a function of a with x and y
fixed.

Z and 0

0(a) domain extends
down to zero in Sit.
II; but only to
x+y-1 in Sit. III

lx+y-11

0
Cga/xy

xy

Zta

Ay
Ay
Ay

a is a joint probability
x and y are its marginals

1,46

sit.

ii
Figure 8

The bivariate binary correlation coefficient, Ca) or
phi(a); is plotted as a dotted line.
It has the
same domain (set of arguments) as Z but is linear
throughout its domain.
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One should keep in mind that, although the
Z-measure is related to the correlation coefficient
the correlation coefficient in
it differs fr
fundamental ways. The Z-measure is not linear at
Z=C except when one or both of the marginals is .5.
It is a two-part linear function of the correlation
coefficient such that the coefficients of the
function are non-linear functions of x and y. The
Z-measure should be judged, however, in its own
right, and not as a replacement for the correlation
coefficient which fails to behave for binriey
variables as it does for linearly related continuous
numerical variables. It is hard to find a common
situation with less favorable conditions for
establishing linear relations than that of the
bivariate binary distribution with point-masses of
probabilities at the four corners of a square. The
perfect correlation condition there is when all the
mass is on diagonally opposite corners. As we saw
earlier, this can occur only when x = y (for perfect
correlation) or when x + y = 1 (for perfect negative
correlation). In all other cases the correlation
coefficient cannot attain 1.
The advantage of Z over the correlation coefficient
is that it has the range of values minus one to
plus one for all x and y combinations. This allows'
one to compare Z measures based on different x and y
combinations and say that the amount of interaction
between two event classes is greater or less than
that between another pair.
Additional insight into the nature of the Zmeasure is gained when considering it from the settheoretic point of view using the Venn diagram
approach of Section III. Z-measure essentially
shows the relationship between the amount of oberved overlap and the maximum or minimum potential
o4erlap of two probability domains. It may be
thcught of as the attraction or repulsion force
existing between the probability domains of two
events. In this sense it is considered to be
xeasuring agymmetric force such as gravity or
magnetic forces.
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There have been several discussions of the
Z-measure in psycholo6;ical statistics. The Zmeasure
usual.;;
_led 40 / 0 max" with little
mention of "0 / 0 min". Carroll (9). pp. 363-64
discusses this measure in terms of 2 x 2 tables
derived from the division of continuous bivariate
distributions into four parts; observations are
classified as being above or below a point on the
scale of one marginal distribution and above or
below a point on the scale of the other marginal
distribution. Carroll particularly refers to the
"tetrachoric correlation coefficient" (which
assumes a bivariate normal underlying distribution)
as the ideal one and finds the Z-measure does not
approximate the tetrachoric correlation coefficient
very well. He rather emphatically dismisses the
Z-measure on this basis. Guilford (7), PP. 337-38,
also warns against the use of the 1-measure as
an "indicator of intrinsic correlation." In general,
the psychometricians discount the use of the Zmeasure in lieu of a (Pearson) correlation coefficient. The mathematical treatment of the Zmeasure, however, needs more development than is
given in the psychometric literature in order to
understand enough about the measure to make proper
use of it
Cureton (10), p. 89, for instance,
states that Z can be +1 only when x = y = .5 and
Z can be -1 only when x = 1-y = .5; whereas Z = +1
if and only if x = y Y a and Z = -1 if and only if
x = 1-y and a = Oc
Comparing the joint probability (a) with the
Z-measure for a given joint event, and generalizing
over the four situations we see that
a = xy + cZ
where
c

f:lin (xty)

=

xy

if Z ?0

xy

if Z 4 0 and x+y 4 1

(I-x)(1-y)

if.Z 4 0 and x+y b 1.

Z is thus seen to show the relationship between the
joint probability and the associated marginal
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probabilities, x and y. The nature of c is further
elaborated in Section VII.

There are also two conditional probabilities
associated with a joint event and these show,
respectively, the relationship between one marginal
and the joint probability and the other marginal
and the joint probability. Conditional probabilities
are used to improve one's ability to predict the
occurrence or non-occurrence of an event by obtaining
information about the occurrence or non-occurrence
of another event* Such a prediction operation
so"ietimes tends to lead to the imputation of causality
between the two events. The Z-measure is symmetric
in the marginals and thus avoids such an imputation.
A.conditional probability without the appropriate
unconditional probability does not tell one whether
the event being conditioned is more or less likely
when it occur: jointly with the conditioning event.
Thus the conditional probability by itself is not a
measure of association whereas the Z-measure is.
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VI. An.1221ication of the Z-measure
A contingency table which has often appeared as
an example in textbooks and articles involves the
cross-classification of 6800 males according to
their hair and eye color.* Four classes of hair
color were observed: fair, btown, black, and red.
Three classes of eye color were observed: blue,
hazel or green, and brown. Figure 9 shows the
original observations (contingency table); Figure
10 shows the corresponding joint probabilities
table; Figure 11 shows the corresponding values of
the Z-measure of association; Figure 12 shows
conditional probabilities of hair color given eye
color and eye color given hair color.
This cross-classification fails the classical
chi-square test of independence at the .000001
level. Some of the details brought out by the
Z-measure are that red hair is essentially independent of eye color for this population while a
general correlation of eye and hair pigment holds.
The disassociation of fair hair and brown eyes (-.678)
and of black hair and blue eyes (-.626) are, however,
much more pronounced than the associations of fair
hair and blue eyes (4..365) and of black hair and brown
eyes ( +.190). The weakness of the black hair and
brown eye association is surprisingly less than
that of both black hair and hazel eyes (.277) and
that of brown hair and brown eyes (.201).

ommwmilwasommwommoNlimMOOMMMOGOOMPMi0110ammommommem
* E.g., see Goodman and Kruskal (3).
s.
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COLOR

HAIR

red

fair

brown

black

blue

1768.

807

189

47

2811

hazel

946

1387

746

53

3132

brown

115

438

288

16

857

2829

2632

1223

116

EYE
COLOR

FIGURE

9

JOINT PROBABILITY TABLE
black
brown
fair

red

.26

.119

.028

.0069

.4134

hazel

.139

.204

.110

.0078

.4606

brown

.017

.064

.042

.0024

.1260

.416

.387

.1799

.0171

blue

Figure

10

Z MEASURE OF ASSOCIATION

fair

brown

black

red

blue

.365

-.258

-.626

-.02

hazel

-.274

.084

.277

-.008

brown

-.678

.201

.190

.014

Figure

11

CONDITIONAL PROBABILITY TABLES
HAIR GIVEN EYE
EYE GIVEN HAIR
black
brown
fair
red
black
brown
fair

red

blue

.625

.326

.154

.405

.629

.287

.0672

.0167

1.0

hazel

.334

.525

.610

.457

.302

.443

.238

.0169

1.0

brown

.041

.166'

.235

.138

.134

.511

.336

.0187

1.0

1.0

1.0

1.0

1.0

Figure

12

-25-

VILThe Reverse Inference: Joint Probabilities From
Z.-measures

Heretofore we have been considering the derivation
of the Z-measure from a joint probability table. We
now consider the derivation of a joint probability
table given a set of Z-measures and marginal probabilities. We may be given the marginal distributions
of a cross-classification, for instance, and
(perhaps subjective) estimates of some of the
associations between various states. We can specify
no more Z-measures than the degrees of freedom
involved. The joint probability table and the
Z-measure table of a three by three cross-classification are shown in Figure 13.

all

a12

al3

Y1

zll

Z12

Z13

a21

a22

a23

y2

z21

a22

a23

a31

a32

a33

73

z32

z33

X1

x2

x3

a31

Figure 13
We derive definitions of the aid from the specifications for Z's on page 16.
aij

=

xjyi + ciejj

where cif = min(xjai)
xjyi
= (1-xj)(1-7i)

xjyi if Z
if Z

0
0 and xj+71.41

if Z 41 0 and xeyel
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.25
Theorem: c ij
cij is composed of two factors, say

One

f2.

f.

at;
of the factors, say f1, is no great k;al'
worst)
O. Then f2 4 .5+u. Suppose (at

fl

f2 = .5+u.

Then fif2 = (.5-u) (.5+u) = .25-u

2

4 .250

between
is the maximum possible difference
ij
given the information about whether a ij
and x
c

a

ij

jyi

Zij indicates how
is larger or smaller than xjyi;
is attained by air
much of this maximum deviation
then for each row
One possibility is that aij = xjyi;
However, the row and
and each column rjaij = Exjyi.
probabilities
column sums are the same (i.e., the marginal
Thus for

arefixed)forallpermissiblesetsofa. j .
any permissible configuration of the a

and column, E ajj = Exjyi and

alj

Therefore, for each row and column
convenience, let

= c ij Z ij
dii

for each row

(xjyecijZi3).
ci Zi ,=0.

For

We now have the

following set of six equations defining the relations
among the dij for a 3 x 3 Joint probability table:
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1) dil

d12

(113

o

2) d21

d22

d23

o

3) d

31

+ d

32

+ d

33

row sums

= 0

4) dil + d21 + d31 = 0
column sums

5)

d32
d12
d22
°
d) d13 + d23 + d33 = 0

+1 means that -.25 4 dii 4 +.25.

0 <cij 4 .25 and -1.< Zij

Earlier the number of degrees of freedom associated
with a cross-classification table were discussed
(pp.9,10). If we decide certain sets of four dij'
the remainder of a 3 x 3 table of dij's are determined.
There are 126 ways of selecting four cells from among
nine; only 81 of these ways conform to the degrees
of freedom requirements stated earlier. Each of
those 81 provides us with a different configuration
of four cell choices in a 3 x 3 table. If we
for
specify one of these configurations, the
dii

the remaining five cells can be stated in terms of
For instance, suppose we are
our four initial dii
given d11, d22, d33 and d31 (see Figure 14). Using
the row and column sum equations we obtain the remaining dij in terms of these four:
d

32

= -d31 - d

33

d
d 21 = -d 11
31
d 12 = -d
22 + d31 + d 33
d
= -d
13
11 + d22 - d 31
d
d
23 = d11
22 + d 31

d

33

Figure 14

a
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Cross Processes
as
Markov
VIII The Inter retation of
ca ions
Criss
process) is generally defined
chain
(or
A Markov
matrix and its
transition
by its probability
Figure 15 is an example of
distribution.
initial
4-state Markov chain; it
matrix
of
a
a transition
the occurrence of event
probability
of
at time
shows the
Ei
occurred
that
event
Ej at time k+1 given
column indices respectively).
k (i and j are the row and
Time k+1

E1

E2

E3

E4

El

.6

.4

0

0

Time

E2

0

.6

.4

0

0

0

.6

.4

k

E

.2

0

0

.8

3

E4

Figure 15
matrix is a table simile:, to
This transition
It is,
cross-classification.
with
a
associated
that
probabilities
however, a table of conditional
specification of a crosswhereas for the complete
table is needed.
classification a joint probability
table can be deduced from
probability
A conditional
table but a joint
probability
joint
an underlying
be deduced from either or
table
cannot
probability
probability
both of its corresponding conditional
table can, however, be
probability
A
joint
tables and one
tables.
deduced from one of its conditional
distributions. In a
probability
of its marginal
probability distribution
initial
chain,
an
Markov
is given; this PDV is one
(hereafter
PDV)
vector
sets in the underprobability
marginal
of the two
table. The initial PDV
probability
lying joint
needed for a crossspecifications
completes the
of a Markov chain.
interpramtion
classification subscrift the PDV's with their assocWe will often
the initial PDV will be PDVk.
index,
e.g.,
iated time

-29Continuing with the example in Figure 15,
suppose-we are given a PDV of (.1, .2, .3, .4)
for events El to E4. Then the joint probability
table becomes that shown in Figure 16.

E1

E2

E1

.06

.04

0

0

E2

0

.12

.08

0

0

0

.18

.12

.3

.08

0

.0

.32

.4

.14

.16

.26

.44

E4

E4

3

.1

Time

k

Time k+1

Figure 16

..

The joint probabilities in the body of the table
are obtained from the conditional probabilities in
Figure 15 by multiplying the probabilities in each
row by the corresponding probabilities of PDVk.
The event types are events observed at the two
times, k and k+1 while the event classes are El to

E 4 for each type.
The present discussion tends to be in terms of
the transformation of PDV's in contrast to the usual
emphasis on probabilities of going from one state
to another in a certain number of transitions (e.g.,
from E 1 to E 4 during time k to k+m). Thus the
usual approach is based on powers of the transition
matrix whereas this is based on sequences of PDV's.
A large portion of the problems couched in terms of
Markov chain theory are problems which assume that
the process is ergodic. A Markov process is
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ergodic* if it converges to a steady state as k
gets larger. A Markov process is in a steady state
For practical
at time k only if PDVk = PDVk +l
purposes we could say that a process is in the
neighborhood of a steady state at time k+1 if PDVk
differs from PDVk+1 by less than a specified small
amount. This neighborhood might be defined in terms
of the accuracy of the estimates of the probabilities
in the PDV's.
The bottom marginal (or PDV) in Figure 16 could
be obtained by multiplying together the right
marginal probabilities and the transition matrix
of Figure 15 thus:

(a, .2, .3, .4)

.6

.4

0

0

0

.6

.4

0
= (.14,

0

0

.6

.4

.2

0

0

.8

.16,

.26,

Such a multiplication indicates the transformation
of the PDV between time k and k+1. We can obtain
PDVk+2 by multiplying the result by the same
transition matrix. In repeated multiplication of
the previous result, the difference between successive
PDV's is seen to diminish; the process is approaching
the steady state. The process is in a steady state
if the input PDV is the same as the output PDV, i.e.
(x1, x2, x3, x4 )

.6

.4

0

0

0

.6

.4

0
= (x1, x2, x3, x4)

0

0

.6

.4

.2

0

0

.8

IniTareTrannirErrilTirTIT777735377--is given by Kemeny & Snell (12),
different definition
p. 99; they include periodic or cyclic Markov chains
in ergodic chains, Feller does .not.

.44)
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Figure 17 is the joint probability table of the
steady state of the process, the transition matrix
of which is shown in Figure 15.

E1

E2

E3

E4

El

.12

.08

0

0

.2

E2

0

.12

.08

0

.2

E

0

0

.12

.08

.2

.08

)

0

.32

.4

.2

.2

.2

.4

3

Figure 17

Figure 18 is the corresponding Z-measure table.
.5

.25

-1

-1

-1

.5

.25

-1

-1

.1

.5

-1

-1

0

1

0
.666

Figure 18
As an ergodic Markov process progresses toward
the transition matrix remains
the steady state,
generally change as
invariant. The following items
the time index (k) changes:
PDV's)
1. Both sets of marginal probabilities (the

2. The joint probability table

3. The Z-measure
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4, The conditional probability table which reverses
the effect of the transition matrix, i.e., that
which would take PDVk
to PDVk.
+l

The table in (4.) is that obtained by dividing the
joint probabilities associated with the k to k+1
transition by the marginal probabilities in the margin
below. The transformation from PDVk
to PDV
k
could also be accomplished with the inverse of the
transition matrix if the transition matrix is nonsingular; such an inverse is invariant with respect
to k.

A special kind of Markov chain which is an
exception to the above characterization is that in
which the transition to each state is independent
of the state from which the transition began. Then
the following conditions prevail:
1. All rows of the transition matrix are the same

2. The joint probabilities are products of their
marginals
3. All Z-measures are zero
4. Given any initial PDV the convergence to the
steady state is immediate and complete at time
k+1 and all further transitions do not change
the PDV's.
This Special kind of Markov process suggests
a potential basis for the comparison or characterization of Markov processes: the rapidity of convergence
to a neighborhood of the steady state. Apparently
the farther the Z-measures of the joint probability
table of the steady state are from zero, the slower
is the convergence. Notice, however, that zeroes
and ones in the transition matrix indicate cells
whose Z-measures are invariant during convergence
so that such cells should be treated differently
(perhaps excluded) from the cells which change
during convergence. The theory needs further
development in this area.
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The steady state joint probability table and
Z-measures are fixed for a given transition matrix
and are independent of the initial PDV. Thus they
are obvious choices for characterizing a Markov
process. An infinite number of transition matrices
converge to each steady state PDV; they all have
different joint probability tables and different
Z-measures.
If one is altering a Markov process in order to
have it converge to a target steady state one method
would be the comparison of the Z-measure matrix of
the process at present with that of the target steady
state. This will show which transitions must
become more likely and which ones mist become less
likely in order to attain the target. It may well
be, however, that the transition matrix which
maintains the steady state PDV does not matter,
i.e., only the PDV itself matters. Then many
alternative Z-measure configurations could be
compared to see which would be the preferred target
based perhaps on time, cost, and other criteria.
The Markov process defined in Figures 15 to 18
has a 4 x 4 joint probability table co it has
3 x 3 = 9 degrees of freedom. There are eight
zeroes in the joint table which remain there
throughout all transitions; these lead to corresponding fixed Z-measures of minus one. By choosing
any one of the non-negative Z's one can determine
the entire process. This is a special (flow
process) case and illustrates the method of reverse
inference discussed in the previous section

.
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