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Abstract: This article is an excerpt from a master's thesis developed in Brazil, in which we approach
recurrent and linear sequences, given some intriguing particularities in their definitions and the
scarcity of discussion of this topic in the literature of the History of Mathematics, especially with
regard to its geometric representation. Thus, we aim to present the identities of Fibonacci, Lucas,
Jacobsthal and Padovan in a three-dimensional visualization with the contribution of GeoGebra
software. The research methodology chosen was bibliographical, exploratory in nature, where we
have theoretical support in works such as Oliveira and Alves (2019), Silva (2017), Souza and Alves
(2018), Vieira and Alves (2020). This research brings as results a set of geometric constructions of
the identities of the proposed sequences, in three-dimensional perspective, being a support for future
works developed around this theme. GeoGebra was essential in the process of constructing and
visualizing the sequences, as it provided strategies for understanding the recurrence relations and
the properties of the Fibonacci, Lucas, Jacobsthal and Padovan sequences, through the behavior of
the visual representations of these identities.
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1. Introduction

The recurrent and linear sequences are explored in several areas such as Arts, Computing, Science,
Mathematics, among others, which denotes a high interest of the scientific community for this subject.
The Fibonacci sequence is the most explored by authors of the History of Mathematics, due to its
eternalization with the problem of immortal rabbits, which is explored several times in a brief and trivial
way. According to Alves (2017), readers cannot trivially understand the evolution of other sequences
through the Fibonacci sequence, even though this sequence is the basis for building the others.

The Fibonacci numbers, through unlimited sources, are represented by several algebraic identities,
becoming an important sequence for the development of Mathematics (Alves et al., 2020). Faced with
research such as Oliveira and Alves (2019), Silva (2017), Souza and Alves (2018), Vieira and Alves
(2020), which address studies on the generalization of Fibonacci, Lucas, Jacobsthal and Padovan
sequences, respectively, there was a need to explore the geometric form of identities related to these
sequences, a non-trivial component that was still little explored in previous research. Thus, the objective
of'this work is to present the identities of Fibonacci, Lucas, Jacobsthal and Padovan in three-dimensional
visualization with the contribution of the GeoGebra software.

Alves (2022a) reinforces the importance of some elements for mathematical learning regarding recurrent
and linear sequences, which are “the ability to visualize and identify geometric patterns, the adoption of
a mathematical notational system consistent with algebraic, arithmetic and geometric invariants
involved in each problem and the ability to understand and solve problems” (p. 322).

Other studies such as Alves and Catarino (2017), Mangueira (2022) and Vieira et al. (2019) also point
out the lack of exploration of these sequences in the context of the History of Mathematics within
undergraduate degrees in Brazil, both with regard to mathematical discussion and their exploration
through technological resources. Alves (2022a, 2022b) points out that currently, the History of
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Mathematics is still studied separately from Mathematics itself, disregarding it as the “conductor thread”
of an entire epistemological and evolutionary process. Thus, these authors bring research that explore
the discussion of these recursive linear sequences, as well as the possibilities of construction and
visualization of these sequences in different perspectives, with the contribution of the GeoGebra
software.

Generally, the usual approach to study these numerical sequences is algebraic and/or combinatorial
representations. The differential of this work in relation to the other research carried out is the
exploration of the relation between the 2D and 3D perspectives, their construction, manipulation, and
visualization as a contribution to the mathematical understanding and the formation of the undergraduate
student in Mathematics.

Starting from the bibliographical study carried out, we bring a research question that supports the
construction of these representations: How can the proposed identities be visualized geometrically?
From a geometric perspective, considering the three-dimensional plane, we propose the presentation of
possible relationships with the Fibonacci, Lucas, Jacobsthal and Padovan sequence through the
constructions carried out in the 3D plane with the contribution of the GeoGebra software, as it is a
dynamic and easily manipulated tool, which enables the visual component, which is essential to the
development of this work.

According to Diaz-Urdaneta, Kalinke and Motta (2019) GeoGebra allows a differentiated approach,
enabling the presentation of several Mathematics topics in a single interface, as well as the visualization
of these in an algebraic, geometric, and arithmetic way, expanding the possibilities of exploration and
development of the student's mathematical thinking.

Based on the above, in the following sections we present the definition of recurrent and linear sequence,
as well as a brief historical context about the concepts and identities of the Fibonacci, Lucas, Jacobsthal
and Padovan sequences and the respective geometric constructions in a three-dimensional view with the
contribution of the GeoGebra, ending with our considerations.

2. Recursive and linear sequences

To start the discussion, let us consider N = {1, 2, 3,4, ...}, where zero does not belong to this set of
natural numbers. We use the notation (x4, X5, ..., Xy, ...) to define the sequence, that is, (x,), n € N.
Thus, 1 — x4, 2 — x5, ..., n — x,, characterizes the function where each natural number n corresponds
to a real number x,,.

Matos (2001) reiterates that the sequence is nothing more than an infinite ordered list of n real numbers
(x1,%2,..., Xy, -..), in which x; is the first term and x,, is the n-th term. With an infinite order, each term
X, has a successor x,,, 1, and this sequence can be characterized by its general term.

Several sequences are known as recursive, that is, they have a recurrence law. According to Lima (2006)
and Pinto (2017), a law of recurrence determines a rule that allows calculating any term x,,, 1, from the
previous term x,, for all n € N. Another important definition complements that, for a sequence to be
completely defined by a recurrence relation, it is also necessary to inform the first terms from which the
others will be obtained.

We realize, through these definitions, that to obtain a sequence of recurrence we must have at least the
first term. And from that the sequences can be constructed and classified according to order, linearity,
and homogeneity. We define each type of classification in the subsequent items, according to the work
of Barros (2021):

e Regarding the order of a recurrence equation, we consider the difference between the highest
and lowest indices of the terms of its sequence.

e As for linearity, when the sequence has a k order linear recurrence equation written in the form:

Xnik = [i(MW X1 + fo(WXnik—z + -+ fie (MWxn + fies1(n), in which, f;(n) is a function
nwithieNand1< i< k+1,and f, # 0.
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e As for homogeneity, we have that recurrence is determined when each term depends exclusively
on the previous ones. Which implies when a recurrence is classified as non-homogeneous, each
term depends on the previous terms and is a function of an independent term.

Based on the above, in the following section we discuss the sequences of Fibonacci, Lucas, Jacobsthal
and Padovan from their epistemic-mathematical field, to later present a visual model with their
geometric constructions, in a three-dimensional perspective, with the contribution of GeoGebra.

3. Epistemic-mathematical field of recursive and linear sequences

In this topic, the sequences of Fibonacci, Lucas, Jacobsthal and Padovan are presented, in a historical
context, establishing a relationship between the definitions and essential identities for a geometric
construction through a computational tool.

3.1 Fibonacci sequence

The Fibonacci sequence was developed from the studies of Leonardo Pisano (1180-1250), a
mathematician better known as Fibonacci, or “son of Bonaccio”. Born in Italy, Leonardo acquired
mathematical knowledge in the Arab world, in the areas of Algebra and Arithmetic, however, he was
immortalized in history by the problem of reproduction of immortal rabbits, which conceives the
sequence that bears his name, the Fibonacci sequence (Santos, 2017).

According to Koshy (2001), the Fibonacci numbers fascinated everyone for centuries, and continue to
enchant with their beauty and applications, which can occur in the most varied fields. The magazine The
Fibonacci Quarterly, published for the first time in 1963, is dedicated to the study of the properties of
this sequence. Its definition is:

Definition 1: The Fibonacci sequence F,, has as fundamental recurrence, for any n € Z and initial values
Fy=0,F, =1,F, = 1indicated by: F,, = F,,_{ + F,,_5 , forn > 2.

From the generalization of definition 1, we can also rewrite it as follows: F, = xF,,_; + yF,,_, , para
n = 2, for all n € Z. Accordingly, according to arithmetic and linear recurrence, further numerical
sequences can be explored, which bear a resemblance to this mathematical formula. Performing
elementary algebraic operations, it is possible to present one of the properties related to this sequence:

Identity 1: F3,, = E3+F3_, 4+ 3Fy_1FFpyq, forn > 1.

The choice of this particular identity was due to the possibility of its three-dimensional representation
for a visual exploration through the GeoGebra software, making it possible to reach the proposed
objective. With the same purpose, we chose and explained the other sequences and their identities in the
subsequent paragraphs.

3.2 Lucas sequence

The Lucas sequence is closely related to the Fibonacci sequence. We have that the first numbers of
Lucas are {1, 3,4, 7,11, 18, 29, ....} and which can be constructed by what is presented in Definition 2:

Definition 2: L, = L,_4 + L,,_, ,paran > 3.

When necessary, we use Ly = 2. This sequence is named after its avant-garde Frangois Eduard Anatole
Lucas (1842-1891), a French mathematician who made many contributions such as the creation of the
Tower of Hanoi, the proof of Fermat's Theorem and several tests for prime numbers, based on sequences.
recurrences and linearity.

Lucas discovered the twelfth Mersenne prime, consisting of 39 digits, a number that remained for many
years as the largest prime number found. This prime number was considered the largest number found
without the aid of technological or computational resources (Eves, 1969).

We observe that the Lucas sequence has recursion similarity with the Fibonacci sequence, in which
many identities are similar. Therefore, we chose the identity 2 for the construction of the geometric
representation using the Lucas numbers:
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Identity 2: L3, = L3+L3_, + 3L,_1LyLpyq, forn > 1.

This property allows the geometric construction through prisms, in which the Lucas numbers are
associated with the edges of the lateral faces that are parallelograms.

3.3 Jacobsthal sequence

The Jacobsthal sequence is a second-order sequence with recurrence that resembles the Fibonacci
sequence. Its name is related to the German mathematician Ernest Erich Jacobsthal (1882-1965).
According to Siegmund-Schultze (2009), Jacobsthal was a former student of Ferdinand G. Frobenius,
also a specialist in Number Theory and who was one of the first to study Fibonacci polynomials.

For geometric constructions we propose definitions and theorems that are explored throughout this topic.
Thus, we have Definition 3 to support the Jacobsthal sequence:

Definition 3: The Jacobsthal sequence J,, has as fundamental that, for all n € Z, the initial values are
Jo =0, J; =1, indicated by: J,, = J,_1 + 2J,_, , forn > 2.

This sequence J,, ={1, 1, 3, 5, 11, 21, 43, ...} linear and recursive is considered a particular feature of
Lucas sequence. There are mathematical properties being developed around this sequence. We can
highlight, in turn, its vast usefulness to solve mathematical problems related to combinatorial analysis.

According to Koshy (2019), there is one more definition that helps to understand the proposed identities
for the geometric construction based on the Jacobsthal numbers, which is:

Definition 4: J,,(x) = J,—1(x) + x.J,,_, (x) for the initial values J,(x) = 0 and J;(x) = 1.

Definition 4 is a polynomial representation of the Jacobsthal sequence, which makes a preliminary
association with a board to a one-dimensional tile of the type 1 x n, with the following representations:
a square 1 x 1 has weight 1, a rectangle 1 x 2, called domino has weight x. These tilings can be
represented by the following Theorems 1 and 2:

Theorem 1. Suppose the weight of a square is 1 and that of a domino is x. Then the sum of the weights
of the boards of length n is J,, 1 (x) , in which n > 0.

Based on a particular examination, let's generalize the count of tiles that fill a board 2 x n, with the
Theorem 2:

Theorem 2. Be a board 2 x n, and the horizontal dominoes 1 x 2 and vertical 2 x 1, both with weight 1,
black squares 2 x 2, with weight x. So, the sum of the weights of lenghts n, will be S2 = J,,,,, forn >
0 (Koshy, 2019).

According to Craveiro's thesis (2004), there are also some possibilities for the representation of tiling as
3x1,3x2,3x3,3x4, and others, using squares 1 x 1 and 2 x 2 to define the total number of tiles
possible for a board 3 x n. These possibilities are supported by Theorem 3:

Theorem 3: Considering a board 3 x n, with only two types of tiles: a tile 1 x 1 in orange color and a
tile 2 x 2 in brown color. So, J, for the number of possible tiles for the board is determined by j, = J,
forn > 1.

Thus, we can consider this a mathematical problem proposed and solved by Craveiro (2004) in relation
to tiles, in which Jacobsthal numbers are used: the number of pieces g,, that can be calculated for a
rectangle (3 x n) using two types of tiles, one of dimensions (1 x 1), in the orange color and the other
(2 x 2) in the brown color, relating to the Jacobsthal numbers.

Identity 3: Defining q,= 0 for a rectangle (3 x 1), we have for a rectangle (3 x 2), q, = 3, that is, three
types of possible tiles; for a rectangle (3 x 3), g3 = 5, following the Jacobsthal sequence.

Based on this identity, we can use the GeoGebra software to visualize this property in a three-
dimensional perspective.

3.4 Padovan sequence
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Conceived by the Italian Richard Padovan (1935-?), the Padovan sequence was named after the
discovery by the architect Hans van Der Laan (Voet & Schoonjans, 2012), and was later analyzed by
the mathematician Gérard Cordonnier (1907-1977) who contributed to the knowledge these numbers
(Voet & Schoonjans, 2012). This sequence is considered as a “cousin” of the Fibonacci sequence (Alsina
& Nelsen, 2015).

Vieira and Alves (2019) state that the Padovan sequence is a third-order, recurrent and linear sequence,
that is, previous terms are needed to calculate the next term, in which the initial terms are represented
by Py = 0,P; = P, = P; = 1. Therefore, the sequence can be represented by Definition 5:

Definition5. P, = P,_, + P,_3,n > 3.

The Padovan sequence B, = {1,1,1,2,2,3,4,5,7,9, ... }, brings numerous properties that are currently
being studied. However, for its geometric representation in GeoGebra we will focus specifically on
Theorem 4:

Theorem 4. 1% PiZPi+1 =Py Pny1-Pryz

Theorem 4 brings the perspective of a geometric construction through prisms, associated with the
Padovan numbers. This identity was chosen due to the ease of observing the geometric form to develop
some algebraic conjectures. Thus, initially thinking that this property is related to volume, we built its
3D visualization using GeoGebra.

In the next section, we present the step-by-step construction of geometric shape identities, core of this
study.

4. The three-dimensional visualization of identities

For the development of the geometric form of the identities proposed in this research, we used
constructions that bring visual approaches, being this model of approach important for the increment of
the understanding of these identities, considering that the researches around this theme occur in an
approach that advocates the algebraic development.

4.1 Fibonacci sequence

Initially, we adopted n = 4, for better figure building. With the substitution of the value for n we have
the formula F = F2+F3 + 3F;F,Fs. In this step, we relate each term of identity 1 to the term of the
Fibonacci sequence. The visualization can be constructed from the construction of an edge cube
measuring 2 units — this measure relates to F5 in Fibonacci sequence. For this construction, we select
the Cube tool and, on the plane, we select the points that define the edge, in this case it will be 0 to 2 on
the x axis, as shown in Figure 1:
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Figure 1. Construction for F3_,

In Figure 1, notice that the volume value for F3 is equal 8. In the second step we must construct a
rectangular prism, with measures equal to the three consecutive terms of the sequence F3F,Fs.
Therefore, the values for height, width and length will be 2, 3 and 5 respectively (Figure 2):

Figure 2. Construction for F,,_, F,F, 41

For the construction of the rectangular prism, we choose the prism tool and build its base with a rectangle
of dimensions 3 and 5 and click on the point that should be its height, which in the case of this
construction has a value equal 2.
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Analogously to the first step, the construction of the cube corresponding to the F,. According to Figure
3, this has an edge value equal to 3, which in turn is related to the terms of the Fibonacci sequence:

Figure 3. Construction for E3

In the same way, following the second step, we build two rectangular prisms of the same volume, with
the same measurements used previously, to continue the image, as shown in Figure 4:

Figure 4. Construction of identity 1

Note in Figure 4 that the total volume of the built prism corresponds to the F3, which is relative to the
volume of the fifth term of the Fibonacci sequence. If the sequence is followed, we can have a
visualization of other terms, geometrically representing this property in a three-dimensional perspective.
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4.2 Lucas sequence

For the presentation of identity 2, we start using the value n = 1, for better visualization of the
construction. Then, with the assignment of the value to n, we have the formula L3 = L3+L3 + 3LyL, L.
In this step, we can relate an element of identity 2 to a term of the Lucas sequence. Carrying out the
construction in GeoGebra and using the same tools and steps mentioned above, we obtain Figure 5:

Figure 5. Description of the volumes of each term of the sum

Figure 5 shows the volumes that correspond to the elements of identity 2 built. In another perspective,
in the 3D window of GeoGebra, we can observe the value of the edge of the purple cube, corresponding
to the term L;; the edge of the yellow cube, associated with the term Lg; and the results that are in green
color, which correspond to the volume of the three prisms formed with the height, width and length
measurements, relative to the three consecutive terms LyL,L,. Figure 6 shows the construction of
identity 2 with its total volume:

Figure 6. Construction of identity 2

In Figure 6, identity 2 can be seen and we have that the total volume is equal to 27, which corresponds
to the term L3. Thus, we present a three-dimensional view of Lucas' identity proposed as a support for
GeoGebra.

4.3 Jacobsthal sequence
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For the construction of identity 3, we must observe the steps for construction, from Theorems 1, 2 and 3.

First, we must search for the “regular polygon” tool in GeoGebra and construct a square with side length
1, and then build the other squares using the proposed theorems to create the tiling. That is, we must
insert two squares of side with length 1. Therefore, the next square to be constructed will be the sum of
the two values of the two previous edges, which implies a third figure being a square with side 2. We
can see this in Figure 7:

Figure 7. The initial terms of the Jacobsthal sequence

In Figure 7, in a two-dimensional view, according to Theorem 2, one thinks of the number of ways to
tile a rectangle 3 x n with squares of sides 1 x 1 e 2 x 2. Continuing the construction, we have the
polynomial representation of the Jacobsthal sequence, as shown in Figure 8:

Figure 8. Next terms of the Jacobsthal sequence

We observe that one of the sides that corresponds to the Jacobsthal sequence defined in Figure 8
demands even more a construction in a two-dimensional view for the three-dimensional construction. It
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takes the construction of three terms of the sequence and, thinking of the number of ways we can tile a
rectangle 2 x n, with rectangles 1 x 2 and squares 2 x 2.

Therefore, when executing the rectangle construction process using the “polygon” tool, we must select
its vertices until completing the figure, finding its initial vertex again. This process must be executed
until we find other terms to fill in, as illustrated in Figure 9:

Figure 9. Construction of the rectangles

Based on this information and the union of Figures 8 and 9, we created a construction that considers the
three-dimensional aspect of these tiles, in which we envision a number of ways to fill a hole with the
measurements 2 x 2 x n with a figure of measurements 1 x 2 x 2, according to Figure 10:

Figure 10. Initial terms for a three-dimensional visualization

To build Figure 10, we must select the “prism” tool, as this tool shows us a creation that includes three
dimensions (height, width, and length), in which we first delimit the figure from the base. Choosing the
points on the x axis, on the yellow prism, we build a square with side 2 and, right after that, move the
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mouse cursor until we reach the height on the z axis, with measure 1. Continuing the construction
process, we build more prisms, as in Figure 11:

Figure 11. Jacobsthal sequence in a three-dimensional view

In Figure 11, we geometrically construct identity 3. By observing the association established between
Figures 8 and 9, we can prove that there is an if and only if condition, proving the construction of the
Jacobsthal sequence from tiling. Here, it is observed that the computational tool directly helps the
construction of mathematical knowledge, being essential for the understanding of these proposed
properties.

4.4 Padovan sequence

We start building identity 4 by choosing the “cube” option on the toolbar and defining the value of the
edge, which refers to the first term of the Padovan sequence, that is, equal to 1. Then with the same tool
we can build the second term, with measures also equal to 1. For the third term, we can choose the
“prism” option and, from there, create the image corresponding to the third term, in which the height,
width and length measurements are, respectively, 1, 1 and 2, as shown in Figure 12:
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Figure 12. The first three terms in a 3D visualization.

Note in Figure 12 that the constructed prisms have volume measurements corresponding to the initial
terms and which are also respectively 1, 1 and 2. Using the two tool options mentioned above,
analogously, we build two more terms, as shown in Figure 13:

Figure 13. The first five terms of the Padovan sequence in 3D

Continuing the construction process and using the same reasoning and tools, we can build the other two
subsequent terms, totaling seven prisms, as shown in Figure 14:
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Figure 14. The first seven terms in the three-dimensional visualization

In Figure 14 we have steps that point to a geometric representation of identity 4, needing to define the
value of n. For all n > 1, it is understood that this identity results in adding prisms with measures P; x
P; x P;,1 so that your result consists of a larger prism, which explores the component of three-
dimensional visualization.

We emphasize that it is extremely important to use GeoGebra for a better understanding of these
identities in a bi- and three-dimensional perspective, because by using a visual approach, we can point
out important elements that were not observed in the algebraic field. This may allow the teacher or
student to trace other paths, in addition to exploring the possibility of demonstrating these properties by
other mathematical models.

5. Final considerations

This research aimed to present the identities of Fibonacci, Lucas, Jacobsthal and Padovan in their three-
dimensional visualization with the contribution of GeoGebra software. At first, we carried out a
bibliographical study on the Fibonacci, Lucas, Jacobsthal and Padovan sequences, where we observed
through this survey that these sequences have been little explored during the academic course of
Mathematics students in the Brazilian context. In this way, we seek to treat recurrent and linear
sequences through a historical context and their mathematical definitions, as a basis for a proposal of
geometric constructions that would be a contribution to the study of this subject.

For the construction of the three-dimensional presentations associated with the recursive and linear
sequences, we elaborated a three-dimensional proposal of the identities of the Fibonacci, Lucas,
Jacobsthal and Padovan sequences, where we observed their characteristics in a geometric view with
support from GeoGebra. We emphasize that this software was essential in the process, as the
constructions were only possible due to the use of this resource, which enabled a strategy for
understanding the proposed mathematical knowledge. In the proposed situation, it is possible to
understand the recurrence relation and the properties of the Fibonacci, Lucas, Jacobsthal and Padovan
sequences from the behavior of the visual representations of the identities.

Finally, the difficulties and limitations found in this study were the lack of exploration of this subject in
initial training in the Brazilian context and the scarcity of constructions and/or geometric representations
of the identities of these sequences. Some work has been developed with the aim of contributing to
teacher training, with regard to the mathematical basis from its historical context, such as Alves et al.
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(2019, 2020) and Alves (2022a, 2022b). In this way, we hope that this research can encourage other
works related to the study of different recurrent and linear sequences in Mathematics.
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