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Abstract

This study investigated the effects of 1) proximal grouping of numbers, 2) problem-solving goals to make 100, and 3) prior knowledge
on students’ initial solution strategies in an interactive online mathematics game. In this game, students transformed an initial
expression into a perceptually different but mathematically equivalent goal state. We recorded students’ solution strategies and
focused on the productivity of their first steps—whether their initial action led them closer to the goal. We analyzed log data within
the game from 227 middle-school students solving four addition problems and four multiplication problems consisting of a total of
1,816 problem-level data points. Logistic regression modeling showed that students were more likely to use productive initial solution
strategies to solve addition and multiplication problems when 1) proximity supported number grouping, 2) 100 was the problem-
solving goal, and 3) students had higher prior knowledge in mathematics. Furthermore, when problem-solving goals were non-100s,
students with lower prior knowledge were less likely to use productive initial solution strategies than students with higher prior
knowledge. The findings of the study demonstrated that perceptual and number features influenced students’ initial solution
strategies, and the effect of number features on initial solution strategies varied by students’ prior knowledge. Results yield important
implications for designing instructional activities that support mathematics learning and problem-solving.
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Mathematics problems can often be solved by using several different strategies. As an example, students can solve the
equation 2(3 + y) = 16 with a three-step standard strategy (i.e., distribute 2 into the parentheses, subtract 6 from both
sides, and divide both sides by 2) or a two-step efficient strategy (i.e., divide both sides by 2, and subtract 3 from both
sides). Although efficient and flexible problem solving is a primary goal in K-12 mathematics education in the United
States (NGA Center & CCSSO, 2010), students often apply standard procedures by rote without noticing important
patterns in problem structures (e.g., the multiplicative relation between 2 and 16) that afford more efficient strategies
(Carpenter et al., 1980; Star & Rittle-Johnson, 2008). Prior studies have demonstrated that perceptual and conceptual
problem structures (Alibali et al., 2018; Geary, Hoard, Byrd-Craven, & DeSoto, 2004; Landy & Goldstone 2010; Lemaire
& Callies, 2009) and students’ prior knowledge (Siegler, 1988) impact problem-solving performance. In this study, we
examined the effects of problem structures (i.e., proximal grouping of numbers, problem-solving goals of making 100),
and middle-school students’ (age 11 to 13 years) prior knowledge on their initial solution strategies (see Figure 1) within
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an interactive online mathematics game that involves transforming expressions (e.g., “47 + 33 + b + 52 + 68”) into a
specified goal state (e.g., “99 + b + 101” in Figure 2). We describe each of these factors in the following sections.

Figure 1

A Conceptual Model Linking Student-Level and Problem-Level Predictors to the Students’ Initial Solution Strategies

Figure 2

An Example of a Problem Consisting of a Start State (47 + 33 + b + 52 + 68) and a Goal State (99 + b + 101)

Factors That May Affect Students’ Solution Strategies

Proximal Grouping of Numbers

Substantial empirical work suggests that mathematical reasoning is grounded in perceptual and embodied processes
(Alibali & Nathan, 2012; Goldstone et al., 2010; Kirshner & Awtry, 2004; Marghetis et al., 2016). For instance, undergrad-
uate students use proximity as a perceptual cue to group symbols aligning with the order of operations, and write
numbers around the multiplication sign closer than around the addition sign (e.g., 2 + 3 x 4; Landy & Goldstone,
2007). Irrespective of education levels, students tend to interpret and solve expressions incorrectly (i.e., adding before
multiplying) when the symbols are spaced in a manner that is incongruent with the order of operations (e.g., 2 +
3 x  4;Braithwaite et al., 2016; Harrison et al., 2020; Jiang et al., 2014).
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Here, we test a similar concept but operationalize proximal grouping as the location of numbers within the problem
rather than the physical spacing of numbers and operators within the problem. For instance,in 3 +5+4 =8 + 4,3 and 5
are adjacent to each other, whereas 3 and 5 are not adjacent to each other in the equation 3 + 4 + 5 = 8 + 4. Drawing on
the Gestalt laws of perceptual organization (Hartmann, 1935), stimuli that are proximal in terms of spatial location are
more likely to be grouped together than stimuli that are non-proximal. Thus, we hypothesize that students will be more
likely to make a productive first step towards the goal (e.g., 99 + b + 101) when the numbers to be added are adjacent to
each other (e.g., 47 + 52 + b + 33 + 68) as opposed to farther apart (e.g., 47 + 33 + b + 52 + 68).

Problem-Solving Goals to Make 100

The mathematical system in the U.S. has an underlying base-10 structure. Base-10 structure knowledge is a key
predictor of students’ mathematics performance (Geary, 2006; National Council of Teachers of Mathematics, 2000;
National Research Council, 2001) and is related to advanced problem-solving strategies such as decomposition (Laski
et al., 2014). Several studies have shown that adults are faster and more accurate on addition problems that sum to 10
compared to those that do not sum to 10 (Aiken & Williams, 1973; Krueger & Hallford, 1984). Similarly, adults are faster
and more accurate on problems in which answers are multiples of 5 as opposed to not multiples of 5 (Campbell, 1995).
Adults also demonstrate superior performance on problems with 10 as a multiplicand (e.g., 16 x 10) compared with those
that do not contain 10 as a multiplicand (e.g., 16 x 13; Siegler & Lemaire, 1997).

State mathematics standards tend to focus on students’ facility in making 10 or 100. In the U.S., one Kindergarten
(age 5 or 6 years) standard is “For any number from 1 to 9, find the number that makes 10 when added to the
given number, e.g., by using objects or drawings, and record the answer with a drawing or equation” (NGA Center
& CCSSO, 2010). Furthermore, K-12 curricula activities often focus on addition and subtraction with 10 or 100. For
example, Everyday Math includes the vocabulary term “friendly number,” which is described as “a number that is easy
to work from, typically 10 or a multiple of 10.” (University of Chicago School Mathematics Project, 2014). In the upper
elementary grades (age 9 to 11 years), standards involve flexible addition/multiplication of 10 and 100 (NGA Center &
CCSSO0, 2010), and curricular activities also focus on addition combinations to reach 100 (Pearson Education, Inc, 2008).

Given this focus on 10s and multiples of 10s, we anticipate that 100 is a “friendly number” for which students can
create combinations more easily as compared to other numbers. Thus, we hypothesize that students will be more likely
to make productive transformations if the problem goal is to make 100 compared to problems in which the goal is to
make numbers that are not 100 (e.g., 98; 102).

Prior Knowledge

To tailor strategies to a mathematical equation flexibly and adaptively, students need to have mathematical content
knowledge—understanding the concepts and procedures for potential solutions (Star & Rittle-Johnson, 2008). Research-
ers have found the association between mathematical knowledge and strategy use across age groups and mathematics
topics. For example, when solving arithmetic equations, second-grade students (age 7 to 8 years) with lower mathemat-
ics achievement tend to stick with one familiar strategy, whereas students with higher mathematics achievement use
a variety of strategies and tend to find the answer more quickly and accurately (Torbeyns, Verschaffel, & Ghesquiere,
2006). Similarly, middle-school students (age 11 to 14 years) with higher mathematics achievement are more likely to
use a strategy that involves fewer steps when solving algebraic equations compared to students with lower mathematics
achievement (Newton et al., 2020; Wang, Liu, Star, Liu, & Zhen, 2019). Furthermore, the influence of mathematical
knowledge on strategy use has been experimentally tested in classroom studies that aim to improve students’” algebraic
knowledge through teacher instruction. After participating in an instructional intervention that teaches a variety of
strategies for solving algebraic equations, sixth-grade students (age 11 to 12 years) tend to use more efficient strategies
that involve fewer steps during algebraic equation solving (Star & Rittle-Johnson, 2008). Here, we hypothesize that
students with higher prior algebraic knowledge will be more likely to use productive solution strategies than students
with lower prior algebraic knowledge.

In addition to the main effects of problem structures and prior knowledge, students’ prior knowledge may moderate
the effects of problem structures (proximal grouping of numbers, problem-solving goals to make 100) on students’
solution strategies. One study (Novick, 1988) examined the relation between different types of problem features (e.g.,
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structural features, surface features) and undergraduate students’ level of expertise in their transfer of mathematical
knowledge. The results revealed that mathematics experts were more likely to identify structural analogs for problems
and showed more positive transfer across problems, whereas novices were more likely to notice surface features that did
not support positive knowledge transfer. Similarly, Sidney and Alibali (2015) noted that perceiving structural features of
problems is often challenging for novice students because they tend to focus on surface attributes. However, drawing
fifth- and sixth-graders’ (age 10 to 12 years) attention to problem structures (e.g., similarities between whole number
and fraction division) helps support their mathematics learning and transfer (Sidney & Alibali, 2017).

Here, we examine the influence of students’ prior knowledge on the association between problem structures and
initial solution strategies. We hypothesize that there may be a significant interaction effect between students’ prior
knowledge and the problem structures. Specifically, students with lower prior knowledge may benefit from the support
in problem structures; they may use more productive initial solution strategies when the numbers to be added are
adjacent to each other, and the goal is to make 100. Students with higher prior knowledge may use productive solution
strategies regardless of whether the problem structures support these strategies.

The Present Study

The goal of this study is to understand the ways in which specific factors—the proximal grouping of numbers,
problem-solving goals of making 100, and prior knowledge—affect students’ initial solution strategies in an interactive
online mathematics game. In this game, students were presented with a series of problems consisting of a starting
expression and a mathematically equivalent but perceptually different goal state; the objective was to transform the
expression into the goal state. We focus on three main research questions:

1. Do proximal grouping, problem-solving goals of making 100, and prior knowledge uniquely influence students’
initial solution strategies?
2. Do these factors interact to affect students’ initial solution strategies?
a. Interaction between proximal grouping and problem-solving goals of making 100
b. Interactions between proximal grouping and prior knowledge as well as problem-solving goals of making 100
and prior knowledge
c. Three-way interaction among proximal grouping, problem-solving goals of making 100, and prior knowledge
3. Are these effects consistent across addition and multiplication problems?

First, we hypothesize that students may use a productive initial solution strategy when (a) the numbers to be combined
are adjacent to each other, (b) the problem-solving goal is to make 100, and (c) students have higher prior knowledge.
Second, students may be more likely to use a productive initial solution strategy when the numbers to be combined
are adjacent to each other and the goal is to make 100, and students with lower prior knowledge may be more
likely to benefit from these problem structures. Third, we explore whether these effects are consistent in addition and
multiplication problems, and we do not have a directional hypothesis on this comparison.

Method

Participants

This study used data from a larger randomized controlled trial conducted in six middle schools located in the southeast-
ern U.S. In the larger study, we examined the efficacy of an interactive online mathematics game compared to an online
problem set (see details in Chan et al., 2022). In the current study, we used data from 227 students who received the
game as their intervention and completed at least 50% of the items on the pretest (see prior knowledge measure below).
This 50% cut-off approach, determined in our prior study (Chan et al., 2022), allowed us to include as much data as
possible from students who completed at least enough of the pretest to yield an adequate estimate of their mathematical
understanding.

In the final sample of 227 students (56% male, 44% female; age 11 to 13 years), most students (96%) were in sixth
grade, and the rest (4%) were in seventh grade. In terms of instruction level, 85% of students were in advanced mathe-
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matics classes (i.e., accelerated mathematics programs) that were designed for students who excelled at mathematics and
implemented more challenging course materials, 6% were in regular on-level classes, and 9% were in support classes
that were designed for students who needed additional help in learning mathematics. Although only 4% of the sample
were seventh-grade students, these students were included in analyses because they were enrolled in seventh-grade
support mathematics classes that were comparable to sixth-grade on-level mathematics classes. The race/ethnicity of the
final sample was 53% Asian, 36% White, 4% Hispanic, and 7% other races/ethnicities. This sample consisted of a larger
percentage of Asian students in comparison with the district-wide population (52% White, 25% Asian, 15% Hispanic, 8%
other races/ethnicities).

Materials

In the present study, we analyzed log data collected in an interactive online mathematics game in which students
explore algebraic notations by performing mouse- or touch-based gestures. In the game, mathematical symbols are
turned into virtual objects that students can touch and move according to mathematical principles.

For each problem in the game, students are presented with two mathematical expressions—a start state, which is a
transformable expression, and a goal state, which is perceptually different but mathematically equivalent to the start
state (see Figure 2). The objective of the game is to transform the start state (47 + 33 + b + 52 + 68 in Figure 2) into the
goal state (99 + b + 101 in Figure 2) by using various permissible gesture-actions (e.g., dragging, tapping). As students
manipulate the expression (e.g., dragging 52 on top of 47), the system automatically performs the computation (e.g.,
52 + 47) and reveals the result of the transformation (e.g., 99 + 33 + b + 68). With these opportunities to manipulate
the expressions, students can learn that mathematical transformations are dynamic rather than procedural steps. Prior
research on the game has shown that it is effective in improving students’ algebraic understanding and mathematics
performance (Chan et al., 2022; Hulse et al., 2019).

Problem Structure

Within the game, we designed and embedded two quartets of problems—four addition problems (P10, P7, P13, P14) and
four multiplication problems (P24, P32, P30, P26), that each varied on the proximal grouping of numbers in the start
state and making 100 in the goal state (see Table 1).

Table 1

The Design of Problem Structure

Proximal Grouping

Making 100 Yes (1) No (0)
Addition
Yes (1) P10: (S) 44+56+a+72+28 — P7: (S) 11+55+y+89+45 —
(G) 100+a+100 (G) 100+y+100
No (0) P13: (S) 15+87+c+66+32 — P14: (S) 47+33+b+52+68 —
(G) 102+¢+98 (G) 99+b+101
Multiplication
Yes (1) P24: () 25*4*b*50*2 — P32: (S) 10*20*4*10*5 —
(G) 100*5*100 (G) @*100*100
No (0) P30: () 8*12*d*3*32 — P26: (S) 4*6**24*16 —

(G) 96*d*96

(G) 96*96*c

Note. S = Start state. G = Goal state.

For instance, for Problem 10 (Start state [S]: 44 + 56 + a + 72 + 28, Goal state [G]: 100 + a + 100), transforming 44 + 56
+ a+ 72 + 28 into 100 + a + 100 involves proximal grouping in the start state and making 100 in the goal state (i.e., 44
and 56 are adjacent to each other and make 100). In contrast to this problem, transforming 47 + 33 + b + 52 + 68 into 99
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+ b+ 101 (Problem 14) involves non-proximal grouping of numbers and making non-100 (i.e., 47 and 52 are non-adjacent
to each other and make 99). In order to code the problem structure, we created two dummy variables; the proximal
grouping of two numbers (e.g., P10: [S]: 44 + 56 + a + 72 + 28) was coded as 1 (non-proximal grouping as a reference
category), and the problem-solving goal of making 100 (e.g., P10: [G] 100 + a + 100) was coded as 1 (making non-100 as a
reference category).

Measures

Prior Knowledge

Students’ prior algebra knowledge was measured with 11 items selected from two previously validated measures
(Rittle-Johnson et al,, 2011; Star et al., 2015). Each item was scored as correct (1) or incorrect (0). If a student did
not attempt an item, it was scored as incorrect. An example item is 5 (y - 2) = =3 (y - 2) + 4, solving for y. The
Kuder-Richardson 20 coefficient for the 11 items was .70, indicating an acceptable level of reliability.

Productivity of Initial Solution Strategy

Initial solution strategies were measured by whether or not students made a productive mathematical transformation
(i.e., change of expression) towards the goal state in their first transformation. All mathematical transformations
made by the students were automatically logged in the database. We extracted and used students’ first mathematical
transformation (i.e., “first step”) to measure the productivity of their initial solution strategies. We focus on students’
first step because it provides insights into students’ initial reaction to the problem, has impacts on their subsequent
steps in reaching the goal state, and consequently influences their overall strategy efficiency on the problem.

For example, in Problem 14 (S: 47 + 33 + b + 52 + 68 — G: 99 + b + 101), the first step of transforming “47 + 33 + b +
52 + 68” into “99 + 33 + b + 68” was coded as a productive first step because the student moved closer to the goal state
by combining 47 and 52 to make 99 (see Table 2). An example of a non-productive first step is transforming the start
state into “80 + b + 52 + 68” by combining 47 and 33. This is coded as non-productive because “80” does not match or
bring students closer to making any numbers in the goal state.

Table 2

Examples of Productivity of Students’ Initial Solution Strategies

Start state Goal state Productive first steps Non-productive first steps
47+33+b+52+68 99+b+101 99+33+b+68 80+b+52+68
47+b+52+101 47+33+b+120
33+b+99+68 47+b+85+68
47+101+b+52 115+33+b+52
47+52+33+b+68" 33+b+52+68+47
47+b+52+33+68"

*Transformations that involved commuting (i.e., moving numbers to be added adjacent to each other) were considered productive in bringing the
student closer to the goal state.

Table 2 lists examples of productive and non-productive first steps. We hand-coded the productivity of solution
strategies as productive (1) or non-productive (0). The intraclass correlation coefficient of the coding was .97, indicating
excellent reliability. All strategies on all problems were coded by two coders, and the discrepancies were discussed and
resolved prior to analyses.

Data Analysis

We performed hierarchical binary logistic regression modeling because 1) the outcome variable (productivity of initial
solution strategies) was binary, and 2) problem-level data were nested within student-level data. First, unconditional
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models were estimated to examine the proportion of the variance explained in the outcome variable (i.e., the productiv-
ity of students’ initial solution strategies) between the schools, classrooms, and students. These intraclass correlation
coefficients (ICCs) ranged between 0.00 and 0.03. Although the ICC values were low (less than 0.05), we conducted
hierarchical binary logistic regression modeling because both Level-1 predictors (proximal grouping, making 100) and a
Level-2 predictor (prior knowledge) were included in the models, and each student completed the same eight problems
in the study (Figure 3).

Figure 3

The Hierarchical Structure of the Data

Level 2 Student1  Student2 ...........
/j
/ IJ’ \\\\\ . \
/ \ \ ) ; \
Level 1 Problem Problem Problem  Problem Problem Problem Problem Problem Problem
7 10 - 32 7 10 - 32 7 10 32

The number of problem-level data points included in the analyses was 1,816 problems, 908 for addition and 908 for
multiplication. For students who tried the problems more than once, we used the data from their first attempts. We used
R studio with the Ime4 package for further analyses (Bates et al., 2015).

Results

Before performing data analyses, we computed frequencies of students’ solution strategies for each problem (see Table
3) and descriptive statistics for prior knowledge. As shown in Table 3, more than 90% of students made productive first
steps for most problems, except for problems 14, 32, and 26. The average raw (i.e., uncentered) prior knowledge score
was 6.48 (SD = 2.51), which was distributed approximately normally with skewness of -0.16 (SE = 0.16) and kurtosis of
-0.83 (SE = 0.32).

Table 3

The Frequencies of Students’ Initial Solution Strategies by Problems and Problem Structure (N = 227 students)

Number (%) of students witha  Number (%) of students with a

Problem Problem structure productive first step non-productive first step
Addition

Problem 10 Proximal Grouping, 218 (96.0%) 9 (4.0%)

S: 44+56+a+72+28 Making 100

G: 100+a+100

Problem 7 Non-Proximal Grouping, 210 (92.5%) 17 (7.5%)
S: 11+55+y+89+45 Making 100
G: 100+y+100

Problem 13 Proximal Grouping, 216 (95.2%) 11 (4.8%)
S: 15+87+c+66+32 Making non-100
G: 102+¢+98
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Number (%) of students witha  Number (%) of students with a

Problem Problem structure productive first step non-productive first step
Problem 14 Non-Proximal Grouping, 139 (61.2%) 88 (38.8%)

S: 47+33+b+52+68 Making non-100

G: 99+b+101

Multiplication

Problem 24 Proximal Grouping, 209 (92.1%) 18 (7.9%)

S: 25%4*b*50*2 Making 100

G: 100*b*100

Problem 32 Non-Proximal Grouping, 191 (84.1%) 36 (15.9%)
S:10"20*a*10*5 Making 100
G: a*100*100

Problem 30 Proximal Grouping, 213 (93.8%) 14 (6.2%)
S: 8*12*d*3*32 Making non-100

G: 96"d"96

Problem 26 Non-Proximal Grouping, 135 (59.5%) 92 (40.5%)
S: 4%6*c*24*16 Making non-100

G: 96*96*¢

Main Effects for Addition Problems

First, we tested whether students were more likely to make productive first steps when the numbers to be added were
adjacent to each other, when the problem-solving goal was to make 100, and when students had higher prior knowledge.
Specifically, we predicted the probability of making a productive first step as a function of two problem-level predictors
(Level-1; proximal grouping and making 100) and one student-level predictor (Level-2; prior knowledge) for addition
problems (see Table 4). Note that all predictors, including prior knowledge, were rescaled using grand mean-centering
(e.g., 0.5 for proximal grouping, -0.5 for non-proximal grouping, 0.5 for making 100, -0.5 for making non-100) to improve
the interpretation of the intercept values.

Table 4

Main Effects of Three Predictors on the Productivity of Students’ Initial Solution Strategies for Addition Problems (n = 908 problems)

Variable B (SE) OR
Fixed effects
Intercept 2.45"** (0.19) 11.59
Proximal grouping 2.03*** (0.27) 7.61
Making 100 1.69%** (0.25) 5.41
Prior knowledge 0.12** (0.04) 1.12
Random effects
0.12 (0.35) -
Log-likelihood -295.5 -

**p<.01."*p < .001.

As shown in Table 4, the results indicated that for addition problems (all else being equal) students were more likely to
make a productive first step when the numbers to be combined were proximal (B = 2.03, OR = 7.61, p < .001) compared
to when the numbers to be combined were non-proximal, when the goal was to make 100 (B = 1.69, OR = 5.41, p < .001)
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compared to when the goal was to make non-100, and when the students had higher prior knowledge (B = 0.12, OR =
1.12, p = .007). More specifically, after holding other predictors constant, the students were (1) 7.61 times more likely
to make a productive first step for addition problems when the numbers to be combined were proximal compared to
non-proximal; (2) 5.41 times more likely to make a productive first step when the problem-solving goal was to make 100
compared to non-100; and (3) 1.12 times more likely to make a productive first step with a one point increase in prior
knowledge.

Interaction Effects for Addition Problems

We tested an intra-level interaction of proximal grouping by making 100 (Model 1.1), as well as two cross-level
interactions, proximal grouping by prior knowledge (Model 1.2) and making 100 by prior knowledge (Model 1.3; Table
5). First, the results indicated that the three main effects and the interaction between proximal grouping and making
100 (B = -1.96, OR = 0.14, p < .001) were statistically significant. Students were less likely to make a productive first step
when proximal grouping and problem-solving goals of making 100 were not present in the problems compared to the
other three types of problems (Figure 4a).

Table 5

Interaction Effects of Proximal Grouping, Making 100, and Prior Knowledge on the Productivity of Students’ Initial Solution Strategies for Addition
Problems (n = 908 problems)

2-way Interactions 3-way Interaction

Model 1.1 Model 1.2 Model 1.3 Model 1.4
Variable B (SE) OR B (SE) OR B (SE) OR B (SE) OR
Fixed effects
Intercept 242°%%(0.19)  11.22 245 (0.19) 1158 247°%%(0.20)  11.87 245 (0.20)  11.57
Proximal Grouping 1.67°* (0.28) 5.29 1.99*** (0.27) 7.31 2.07°** (0.28) 7.91 1.69*** (0.29) 5.43
Making 100 1.19°* (0.28) 3.30 1.70*** (0.26) 5.50 1.65°* (0.25) 5.21 1.19°** (0.29) 3.28
Prior Knowledge 0.12** (0.05) 1.13 0.08 (0.05) 1.08 0.07 (0.05) 1.07 0.05 (0.06) 1.05
Proximal Grouping x -1.96*** (0.56) 0.14 - - - - -1.93*** (0.57) 0.15
Making 100
Proximal Grouping x - - -0.14 (0.10) 0.87 - - -0.11 (0.11) 0.89
Prior Knowledge
Making 100 x - - - - -0.22* (0.10) 0.80 -0.23* (0.11) 0.80
Prior Knowledge
Proximal Grouping x - - - - - - -0.02 (0.22) 0.98
Making 100 x
Prior Knowledge
Random effects
0.28 (0.53) - 0.15 (0.38) - 0.17 (0.41) - 0.39 (0.63) -
Log likelihood -289.6 - -294.5 - -292.8 - -286.0 -

*p< .05 *p<.01 ***p< .00l
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Figure 4

Interaction Plots for Productivity of First Steps on Addition Problems
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Next, we added two cross-level interaction terms with prior knowledge to the model, proximal grouping by prior
knowledge (Model 1.2) and making 100 by prior knowledge (Model 1.3). Except for prior knowledge, all main effects
were statistically significant, whereas the interaction between proximal grouping and prior knowledge was not (B =
-0.14, p = .17). In other words, the effect of proximal grouping on students’ strategy productivity did not significantly
differ by students’ prior knowledge (see Figure 4b; to illustrate the interaction, students were divided into two groups by
a median-split of the raw prior knowledge score).

In contrast, the interaction between making 100 and prior knowledge was statistically significant (B = -0.22, OR
= 0.80, p = .02). Specifically, students who scored one point lower than average on the prior knowledge assessment
were 20% less likely to make a productive first step when the problem-solving goal was non-100 compared to when
the goal was 100 (Figure 4c). Finally, we tested a three-way interaction among proximal grouping, making 100, and
prior knowledge (Model 1.4). Although the main effects (except for prior knowledge), the proximal grouping by making
100 interaction, and the making 100 by prior knowledge interaction remained statistically significant, the three-way
interaction term was not significant in this model (B = -0.02, p = .93).

Main Effects and Interactions for Multiplication Problems

Next, we repeated the analyses for multiplication problems to test whether these effects were consistent across opera-
tions. Specifically, we tested the hypotheses that students were more likely to make productive first steps when the
numbers to be combined were adjacent to each other, the problem-solving goal was to make 100, and when students had
higher prior knowledge (see Table 6).

Table 6

Main Effects of Three Predictors on the Productivity of Students’ Initial Solution Strategies for Multiplication Problems (n = 908 problems)

Variable B(SE) OR
Fixed effects
Intercept 1.97**(0.15) 7.19
Proximal grouping 1.79*** (0.23) 6.00
Making 100 0.95*** (0.20) 2.59
Prior knowledge 0.17*** (0.04) 1.19
Random effects
0.29 (0.54) -
Log-likelihood -363.6

#**p < 001,

As shown in Table 6, the log odds of making a productive first step was positively related to proximal grouping (B =
1.79, OR = 6.00, p < .001), making 100 (B = 0.95, OR = 2.59, p < .001), and prior knowledge (B = 0.17, OR = 1.19, p
< .001). Similar to addition problems, after holding other predictors constant, students were (1) 6 times more likely to
make a productive first step for multiplication problems when the numbers to be combined were proximal compared to
non-proximal; (2) 2.59 times more likely to make a productive first step when the goal was to make 100 compared to
non-100; and (3) 1.19 times more likely to make a productive first step with a one point increase in prior knowledge.

For Model 2.1, the intra-level interaction term (proximal grouping by making 100) was added to the model (see
Table 7). The result indicated a significant interaction between proximal grouping and making 100 (B = -1.71, OR =
0.18, p < .001). In other words, students were significantly less likely to make a productive first step when the proximal
grouping and problem-solving goals of making 100 were not present in the problems compared to the other three types
of problems (see Figure 5a).
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Table 7

Interaction Effects of Proximal Grouping, Making 100, and Prior Knowledge on the Productivity of Students’ Initial Solution Strategies for Multiplication
Problems (n = 908 problems)

2-way Interactions 3-way Interaction
Model 2.1 Model 2.2 Model 2.3 Model 2.4
Variable B (SE) OR B (SE) OR B (SE) OR B (SE) OR
Fixed effects
Intercept 2.00°* (0.15)  7.36 1.99°* (0.13)  7.29 1.98* (0.15)  7.25 2.03°* (0.16)  7.63
Proximal Grouping 1.69*** (0.23) 5.41 1.83** (0.24) 6.26 1.82*** (0.23) 6.19 1.76™** (0.25) 5.82
Making 100 0.58* (0.23) 1.78 0.95* (0.20)  2.58 0.87* (0.20)  2.40 0.54* (0.24) 171
Prior Knowledge 0.18"** (0.04) 1.20 0.19*** (0.05) 1.21 0.16™** (0.04) 1.17 0.18*** (0.05) 1.20
Proximal Grouping x -1.717** (0.45) 0.18 - - - - -1.68™** (0.49) 0.19
Making 100
Proximal Grouping x - - 0.05 (0.09) 1.06 - - 0.07 (0.09) 1.07
Prior Knowledge
Making 100 - - - - -0.17* (0.03) 0.84 -0.16 (0.09) 0.86
Prior Knowledge
Proximal Grouping x - - - - - - 0.28 (0.18) 1.32
Making 100
Prior Knowledge
Random effects
0.40 (0.63) - 0.28 (0.53) - 0.32 (0.57) - 0.50 (0.71) -
Log-likelihood -356.3 - -363.4 - -361.3 - -351.6 -

*p < .05."p<.001.

Next, we added two cross-level interaction terms with prior knowledge to the model (Model 2.2 and 2.3 in Table 7).
All main effects were statistically significant, whereas the proximal grouping by prior knowledge interaction was not
(B = 0.05, p = .56). In other words, the effect of proximal grouping on the productivity of first steps did not significantly
differ by students’ prior knowledge, similar to the results for addition problems (Figure 5b; to illustrate the interaction,
students were divided into two groups by a median-split of the raw prior knowledge score, akin to Figure 4b and Figure
4c for addition problems).

In contrast, the interaction between making 100 and prior knowledge was statistically significant (B = -0.17, OR =
0.84, p = .03). Similar to the results for addition problems, students who scored one point lower than average on the prior
knowledge assessment were 16% less likely to make a productive first step when the problem-solving goal was non-100
compared to when the goal was 100 (Figure 5c). Finally, we tested a three-way interaction among proximal grouping,
making 100, and prior knowledge (Model 2.4 in Table 7). Although the three main effects and one two-way interaction
remained statistically significant, the three-way interaction term was not significant in this model (B = 0.28, p = .13).
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Figure 5

Interaction Plots for Productivity of First Steps on Multiplication Problems
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Discussion

This study examined the effects of problem structures (proximal grouping of numbers and problem-solving goals to
make 100) as well as students’ prior knowledge on middle-school students’ initial solution strategies within an online
interactive mathematics game. The results indicated that proximal grouping of numbers, problem-solving goals to make
100, and students’ prior knowledge were significantly associated with students’ initial solution strategies. The findings
of the current study were consistent with those of other studies which have shown that problem structures (Alibali et
al., 2018; Geary et al., 2004; Landy & Goldstone 2010; Lemaire & Callies, 2009) and students’ prior knowledge (Siegler,
1988) impact problem-solving performance.

First, for both addition and multiplication problems, as we hypothesized, students were more likely to make a
productive mathematical transformation when the numbers to be combined were proximal, the problem-solving goal
was to make 100 (e.g., transforming 44 + 56 + a + 72 + 28 into 100 + a + 100), and when the students had higher levels of
prior knowledge. These findings support the Gestalt laws of perceptual organization (Hartmann, 1935)—stimuli that are
proximal in terms of the spatial location are more likely to be grouped together than non-proximal stimuli. The results
are also consistent with those of other studies demonstrating that problems with 10 or multiplicands of 10 are solved
more quickly and accurately by adults (Aiken & Williams, 1973; Krueger & Hallford, 1984; Siegler & Lemaire, 1997),
yielding support for the idea that 100 is similarly a “friendly” number for middle-school students (University of Chicago
School Mathematics Project, 2014). Findings also align with previous research indicating positive associations between
students’ prior mathematical knowledge and their problem-solving strategies (Newton et al., 2020; Star & Rittle-Johnson,
2008; Wang et al., 2019).

Second, we tested the hypothesis that there might be significant interaction effects among the proximal grouping
of numbers, problem-solving goals to make 100, and prior knowledge on students’ initial strategies for solving addition
problems. The results indicated significant interactions between “proximal grouping and making 100” and “making 100
and prior knowledge” Specifically, students were less likely to use productive initial solution strategies when proximal
grouping and problem-solving goals of making 100 were not present in the problem (e.g., transforming 47 + 33 + b + 52
+ 68 into 99 + b + 101) compared to the other three types of problems.

Further, students with lower prior knowledge were less likely to use productive solution strategies when the
problem-solving goals were non-friendly numbers (e.g., 98, 101) compared to their peers with higher prior knowledge.
Whereas students with higher prior knowledge may be fluent in solving problems involving friendly and non-friendly
numbers, students with lower prior knowledge may be less fluent in solving problems with non-friendly, less practiced
numbers. Considering that curricular activities often focus on addition combinations to reach friendly numbers like 100
(Pearson Education, Inc., 2008), these results suggest that teachers and researchers may need to think more about how to
teach students with lower prior knowledge to use mathematical strategies for less friendly numbers (e.g., 98, 102).

Although the interaction between proximal grouping and prior knowledge was not statistically significant, the
results showed that the problems that involved non-proximal grouping (e.g., transforming 47 + 33 + b + 52 + 68 into 99
+ b + 101) were more challenging for all students regardless of their prior knowledge levels, compared to the problems
involving proximal grouping (e.g., transforming 15 + 87 + ¢ + 62 + 32 into 102 + ¢ + 98). This finding suggests that the
effects of proximal grouping may be pervasive, and middle-school students, regardless of their levels of prior knowledge,
may be impacted by the spatial arrangement of numbers within an expression.

Lastly, we examined if these effects extended to a more advanced topic by testing them in multiplication problems.
Similar to addition problems, students were more likely to make a productive mathematical transformation for multipli-
cation problems when the numbers to be combined were proximal, the problem-solving goal was to make 100, and
when the students had higher levels of prior knowledge. Moreover, there were significant interaction effects between
“proximal grouping and making 100” and “prior knowledge and making 100” in multiplication problems. Specifically,
students with lower prior knowledge were less likely to make a productive first step when the number goals did not
support efficient solution strategies (e.g., transforming 4 x 6 x ¢ x 24 x 16 into 96 x 96 x c), compared to students with
higher prior knowledge. The parallel findings between addition and multiplication problems suggest that these effects
of, and interactions with, problem structures are not limited to one operation, and may be consistent and generalized to
other operations.
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Together, these results provide some support for the notion that novice students are less likely to notice and
leverage problem structures in mathematical problem solving (Novick, 1988). These findings also corroborate other
work indicating that students tend to focus on surface attributes of problems, and it can often be challenging for them to
accurately identify structural features (Sidney & Alibali, 2015). Therefore, teachers and researchers may need to further
consider how to support students—in particular, students with lower prior knowledge—in noticing important patterns in
problem structures, which may lead to the use of more efficient problem-solving strategies.

Limitations and Future Directions

There were at least three limitations in this study. First, our measure of initial productive problem solving was only
based on students’ first mathematical transformation. Future studies could investigate these effects with other measures
of solution strategies (e.g., number of steps made, the sequence of students’ transformations).

Second, we analyzed only students’ decisions in the mathematical transformations they made, without considering
the time they took to implement those transformations or other measures of mathematical skills (e.g., arithmetic skills).
Another avenue for future research would be an examination of the relations between problem structure and other
student behaviors (e.g., pause time before solving) or other cognitive skills that are related to mathematics performance
(e.g., executive function skills, spatial reasoning skills) and their tradeoff with strategy productivity.

Third, our sample included a majority of Asian and White students as well as students in advanced mathematics
classes, and thus was not representative of the U.S. population as a whole. However, even with this fairly homogenous,
high-performing sample, we observed the effects of problem structures and prior knowledge. Future studies should
examine the ways in which perceptual and conceptual features of problems may influence students’ solution strategies
across a broader sample.

Conclusion

In sum, the findings of the current study demonstrate that students’ initial solution strategies vary by perceptual and
number features of the problems as well as students’ prior knowledge. These results suggest that it may be helpful to
teach students to notice important patterns in problem structures and build upon their familiarity with 100 to use it
as an anchor for decomposition in multi-digit problem solving, which may promote the use of more efficient solution
strategies. Overall, these results extend past work demonstrating the effects of perceptual and number features on
students’ problem-solving strategies from experimental settings into a digital, authentic learning context.
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