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Abstract: This research is motivated by a linear equations system, which is the basis for studying necessary linear algebra materials, 
such as rank, range, linear independent/dependent, linear transformations, characteristic values and vectors. There are still 
prospective mathematics teachers who have difficulty solving linear equations system and understanding the form of row echelon 
and reduced row echelon forms. In this study, subjects were three prospective mathematics teachers from Swadaya Gunung Jati 
University Cirebon who were taking matrix algebra courses. This study aims to reveal the conceptual understanding of prospective 
mathematics teachers in determining the solution to systems of linear equations. The results show that there are still prospective 
mathematics teachers who only use memory about the properties and procedures in determining whether a matrix is said to be a 
row echelon form or a reduced row echelon form. Then, there is still weakness in building the algorithms' relationship due to the 
immature knowledge of the concepts. Researchers found that many prospective mathematics teachers were more comfortable 
solving problems that were performed procedurally. Further research is needed to determine how the mental construction process 
and mathematical conceptual knowledge of prospective mathematics teachers are through meaningful learning so that conceptual 
understanding is maximized.  
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Introduction 

Mathematics is a branch of science that is often used to find solutions to everyday problems. It can be said that 
mathematics is a human activity (Fruedenthal, 1991) that is understood through social interaction so that knowledge 
can be obtained. In studying mathematics, prospective mathematics teachers must understand basic concepts that 
include characteristics, rules, principles (Ziegler et al., 2017), and use the correct procedures to solve problems 
(Nathan, 2012). According to Suarsana et al. (2017), students' understanding of learning materials can develop 
optimally with a good understanding of concepts. Van de Walle et al. (2010) state that a curriculum is designed to 
deepen conceptual understanding by making meaningful relationships. In addition, the academic ability of teachers is 
also an essential factor (Dudley, 2013; Leong, 2013) in helping students to be able to make connections between new 
knowledge and the knowledge they already have (Anderson et al., 2001; Maya & Sumarmo, 2011; Rittle-Johnson, 2006; 
Rosita et al., 2019). The new knowledge acquired is integrated with cognitive schemes and frameworks to build a 
concept. This concept will form conceptual knowledge that comes from context-based examples, and then generalized 
into abstracts (Gilmore & Bryant, 2008) to provide a basis for understanding (Andamon & Tan, 2018) to develop into 
conceptual understanding. Conceptual knowledge plays an essential role in understanding mathematics concepts so 
that prospective mathematics teachers can explain why and how to solve a problem. Conceptual knowledge can be 
demonstrated by explaining definitions and procedures that involve understanding meaning, not only remembering 
definitions and procedures (Zuya et al., 2017). The ability to interpret by explaining the reasons for an answer, 
according to Rittle-Johnson and Schneider (2012), is evidence of conceptual understanding. Therefore, conceptual 
understanding can also be conceptual knowledge (Anderson, 2000; Rittle -Johnson et al., 2001; Crooks & Alibali, 2014) 
or relational understanding (Skemp, 1986).  
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Prospective mathematics teachers with a conceptual understanding can see the relationship between various 
representations and mathematical models (Hiebert, 1986; Wong & Evans, 2007). Lack of conceptual understanding can 
hinder the successful transfer of newly acquired knowledge. Khashan (2014) describes that prospective mathematics 
teachers who are proficient in mathematics are prospective mathematics teachers who can develop conceptual 
knowledge, factual knowledge, and procedural knowledge. Teachers must build procedural knowledge from 
prospective mathematics teachers' conceptual knowledge by using their reasoning to solve problems (Zuya et al., 
2017). Solving problems can be done by making a connection between visual representations and procedures that are 
built through conceptual understanding. Conceptually learning mathematics can enable prospective mathematics 
teachers to see the relationship between facts and principles, rather than just by memorizing algorithms. However, 
learning in Indonesia mostly only focuses on using formulas (Zakaria et al., 2010), so that the learning process becomes 
more difficult. Without an understanding of the basic concepts of mathematics learned at an early stage, it will result in 
prospective mathematics teachers facing difficulties at a later stage. 

The understanding of concepts, according to Laswadi et al. (2016), is 1) able to connect mathematical concepts; 2) able 
to represent mathematical situations in various ways; 3) knowing which representation is most suitable for a particular 
situation. Kilpatrick (2001) define conceptual understanding as coherent knowledge, making it possible to learn new 
ideas by linking those ideas to what is already known. Gilmore and Bryant (2008) identified conceptual learning as a 
process where students learn how to organize information into logical mental structures, thereby enhancing 
conceptual understanding by strengthening thinking processes. Suh (2007) explains conceptual understanding 
indicators as 1) understanding the problem or task; 2) establishing a connection to a similar problem; and 3) using a 
model and multiple representations. Soebagyo (2017) states conceptual understanding indicators are reflected by 1) 
connecting the problem with other mathematical ideas; 2) representing the problem verbally, by using pictures, 
symbols, and also concretely; 3) solving the problem with a proper representation. This study adopts several 
conceptual understanding indicators to match the understanding of the concept in determining the solution to systems 
of linear equations. The indicators used include 1) Understanding the problem or task; 2) Ability to use, utilize, and 
select specific procedures or operations; 3) Ability to apply problem-solving concepts or algorithms. 

The solution to linear equations is the basis for studying some necessary materials of linear algebra, such as rank, 
range, independent/dependent linear, linear transformations, characteristic values, and vectors. Through prospective 
mathematics teachers’ understanding of concepts in determining system solutions of linear equations, the material in 
linear algebra will be easy to understand. Solving a linear equations system requires prospective mathematics teachers’ 
ability to find connections to build relationships between mathematical ideas and algorithms. Determining the solution 
of a linear equations system can be solved using a matrix. Therefore, it is easy to make an analysis that includes the 
relationship between variables. The form of linear equations AX = B, for a matrix A, vectors X and B in linear algebra, 
can be solved by several methods such as Gauss elimination, Gauss-Jordan elimination, Gauss-Seidel elimination, and 
Cramer's rule. The resulting matrix can distinguish Gauss elimination and Gauss-Jordan elimination. Gauss elimination 
produces a matrix in row echelon form, but Gauss-Jordan elimination produces a matrix in reduced row-echelon form. 
Solving a system of linear equations using Gaussian elimination is a structured and efficient method and requires an 
understanding of the concept at every step of the solution. Before determining the solution of a system of linear 
equations, prospective mathematics teachers should know that systems of linear equations have some forms of 
solution (Borja-Tecuatl et al., 2013). The forms of solving can have exactly one solution, have no solution, and have 
many solutions. Prospective mathematics teachers must also understand that a linear equations system is consistent if 
it has one or more solutions and is said to be inconsistent if it has no solutions. 

Many studies have discussed solutions to linear equations. For example, Lanya and Zayyadi (2017) explained that 
students who have had their understanding and high abilities, has also had good abilities in solving elementary row 
operation problems. This high ability, as referred to by Lanya and Zayyadi, is seen from the Cumulative Achievement 
Index (GPA). Ruswana (2019) analyzed students' mathematical understanding of the material in the elementary linear 
algebra course by looking at the percentage of students’ test score achievement against the maximum score. The results 
were 6 students scored below 50, 5 students scored between 51 and 60, 9 students scored between 61 and 70, 5 
students scored between 71 and 80, 6 students scored between 81 and 90, and 2 students scored 91 and above. Based 
on the results of research by Suhady et al. (2019), students are more dominant in making conceptual errors, so they 
need to improve their mathematical abstraction and representation skills. Maharani (2020) examined this issue by 
comparing the level of understanding seen from the number of students choosing to solve systems of linear equations 
using the Gauss elimination method and the Cramer method. The result is that students prefer the Cramer method even 
though it is less effective because it requires longer steps. In addition, Oktaç's (2018) research results conclude that 
there are difficulties faced by students at various levels of schools and universities in building the concept of a linear 
equation system, through synthetic and analytic geometric contexts in two and three-dimensional spaces.  

So far, research on conceptual understanding in systems of linear equations has focused more on achieving scores and 
the level of conceptual understanding abilities. In this article, the researcher focuses more on analyzing qualitatively 
how students' conceptual understanding is in determining linear equation systems with elementary line operations 
that have not widely discussed in existing research. This study provides information that conceptual understanding in 
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studying linear equations system is needed, not only procedural knowledge, which is reflected in the results of the 
correct answers and following what the teacher has exemplified. This research is preliminary to find out how creative 
thinking processes can be constructing through conceptual understanding. 

Methodology 

Research Goal 

This study aims to reveal the conceptual understanding of prospective mathematics teachers in determining solutions 
to systems of linear equations. To achieve this goal, prospective mathematics teachers are given linear equation system 
problems that require an understanding of the concept of elementary row operations. 

Subject and Data Collection 

This study's subjects were three prospective mathematics teachers from Swadaya Gunung Jati University Cirebon, who 
took a matrix algebra course. 

Four problems were given to reveal the conceptual understanding of prospective mathematics teachers in determining 
solutions to linear equations using elementary row operations and determining research subjects. 

 

Figure 1. The Problems to identify conceptual understanding (to determine research subject) 

The problems given in Figure 1 are following the indicators of conceptual understanding that have been adopted by the 
researchers, including 1) Understanding the problem or task; 2) Ability to use, utilize, and select specific procedures or 
operations; and 3) Ability to apply problem-solving concepts or algorithms. 

Analyzing of Data 

This research method uses a qualitative approach. Miles et al. (2014) explain that qualitative data analysis activities 
carry out interactively to follow the research needs. After the data is collected, it is continued by analyzing data 
adopting the analysis conducted by Abdalla et al. (2018), including data reduction, data presentation, data 
interpretation, and concluding. The primary focus of this research is the subject, namely three prospective mathematics 
teachers. Researchers analyzed mathematical abilities according to the theory of three levels of cognitive skills 
(Lambert & Lambert, 2012). Three prospective mathematics teachers represent cognitive ability with criteria of high, 
medium, and low levels. The research instrument is in the form of a test sheet that contains conceptual understanding 
indicators 1) Understanding the problem or task; 2) Ability to use, utilize, and select specific procedures or operations; 
3) Ability to apply problem-solving concepts or algorithms and unstructured interviews. 

Researchers provide a test with questions that contain indicators of conceptual understanding. The written test results 
document is then reduced by examining the conceptual understanding and analyzing how the conceptual 
understanding process and the difficulties faced by three prospective mathematics teachers. Triangulation techniques 
that guarantee the data's validity were also carrying out through unstructured interviews with three prospective 
mathematics teachers. Interviews were conducted based on test results to confirm and determine more details about 
the subject's answers. The data presentation stage is carrying out to represent each conceptual understanding process, 
after which the researcher concludes by giving descriptive meaning to the results of data analysis. 
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Findings/Results 

In this study, data collection began with giving a test to understand prospective mathematics teachers’ concepts in 
determining solutions to systems of linear equations using elementary row operations. Based on the test results given 
to three prospective mathematics teachers, researchers had answers that needed to analyze in-depth. The three 
prospective mathematics teachers received learning materials on linear equations system and Gauss elimination. In 
analyzing the results, the researchers coded these prospective mathematics teachers as M-1, M-2, and M-3. The 
following sections are the results and the discussion. 

In the first problem, prospective mathematics teachers are asked to explain that the given matrix is either a reduced 
row echelon form or row echelon form. 

Subject M-1 

 

Figure 2. Written result of Subject M-1 on problem 1 

In Figure 2, M-1 answers that matrix a) is not included in the reduced row echelon but belongs to the row echelon. It 
meets the requirements; namely, the first number other than 0 must be 1; if all 0, they must be grouping in the matrix's 
last row. Matrix b), according to M-1, is a reduced row echelon form because it meets the conditions if a column with 
one principal (first row) numbers other than 1 is 0. 

The written result of M-1 in Figure 2 reveals that the row echelon form's conceptual knowledge had not been 
understood, so the concepts explained were switched when asked to determine whether the given matrix is a row 
echelon form or a reduced row echelon form. M-1 explains that the matrix a) is a row echelon form because M-1 only 
saw one main in each row, and rows with zero elements were placed in the last row. For the explanation on the matrix 
b), M-1 saw only the main one in row 1, where the column containing the main one has zero elements elsewhere. M-1 
did not see any main one in row 2. Based on the interview results, M-1 claimed to know the row echelon form and the 
reduced row echelon form by only looking at the form of the given examples. M-1 did not understand whether matrix's 
properties have a row echelon form or a reduced row echelon form. 

Subject M-2 

 

Figure 3. Written result of Subject M-2 on problem 1 

In Figure 3, M-2 answers that matrix a) is a reduced echelon matrix because it fulfils the conditions, namely that the 
first element is not 0 but 1, at the bottom of the matrix, everything must be 0. The column that has one main must have 
0 in the other part of the matrix. The b) matrix is a row echelon matrix because the row does not consist of all 0s but the 
first element of 1. In addition, the first nonzero element in the row below it getting to the right must be the number 1. 
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The written result of M-2 in Figure 3 reveals that M-2 has been able to determine that matrix a) is a reduced row 
echelon form and matrix b) is a row echelon matrix form. However, M-2 did not provide a precise explanation for 
matrix a). Subject M-2 explained that it must be all zero at the bottom of the matrix. At the time of the interview, M-2 
explained that if there are rows where all the elements consist of zeros, then these rows are grouped at the bottom of 
the matrix. However, M-2’s understanding on this answer is only as a property of the reduced row echelon form. 

Subject M-3 

 

Figure 4. Written result of Subject M-3 on problem 1 

Figure 4, M-3 answers that matrix a) is a reduced echelon matrix because everything contains zeros in each main one. 
While matrix b) is a row echelon matrix, one main does not contain zeros, namely in the second column. 

The written result of M-3 in Figure 4 reveals that M-3 has been able to determine that matrix a) is a reduced row 
echelon form, and matrix b) is a row echelon matrix form. However, M-3 did not provide a precise explanation where, 
in matrix a) in each main one, everything contains zeros, and in matrix b) it is explained because there is one main that 
does not contain zeros, i.e. in column 2. In interviews conducted with M-3, the subject only understood that the reduced 
row echelon form is if in a column there was one leading and the other elements were zero. When the M-3 was asked to 
mention other properties where a matrix could be said as a form of row echelon or reduced row echelon form, it turned 
out that M-3 was still confused in determining the main one. 

In the second problem, subject were asked to determine the set of solutions of  . 

Subject M-1 

 

Figure 5. Written result of Subject M-1 on problem 2 

Figure 5, M-1 answers that the first step is to assign any value to the three variables with the assuming that 

, then substitute it for the problem and get . 

The written result of M-1 in Figure 5 reveals that M-1 has understood the problem to be solved, i.e. by looking for the 
values of the variables .  First, determine the solution for the variables  in the form of any 
parameter r, s, and t, then substitute it to a linear equation to obtain the value of . In operating the equation, M-1 was 
correct, and M-1 was not very careful in rewriting the solution. The results of confirmation through interviews revealed 
that M-1 has understood the procedure for solving linear equations. Furthermore, M-1’s carelessness was only because 
the subject was in a hurry to solve it without rechecking the response. 
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Subject M-2 

 

Figure 6. Written result of Subject M-2 on problem 2 

In Figure 6, M-2 answers by assuming  where a, b, c, and d are real numbers. The next 

step M-2 determines  by substituting  obtained . Determining  by 

substituting  obtained , determining  by substituting 

 get , and determine  by substituting  get 

. 

The written result of M-2 in Figure 6 reveals that M-2 subject has understood the problem to be solved, i.e. looking for 
the values of the variables . M-2 directly determined the solution of variables  in the 
form of any parameter a, b, c and d, then substituted it into the equation   so that the values 
of   were obtained in the form of an equation that has variables a, b, c, and d. It can be seen that M-2 
only changed the equation variables but has not yet determined the solution of the given equation. M-2 at the interview 
explained that it was necessary to take each variable with certain parameters in solving a linear equation with more 
than one variable. When the researcher asked M-2 to substitute , it turned out that 
these values did not fulfill the four equations formed by M-2. 

Subject M-3 

 

Figure 7. Written result of Subject M-3 on problem 2 

Figure 7, M-3 lets  where A, B, C, and D are any real numbers. The next step M-3 

determines by substituting  obtained . Determining  by substituting 

 is obtained , determining  by substituting  get 

, and determine  by substituting  get . M-3 explains that 

the second problem has more than one solution. 

The written result of M-3 in Figure 7 reveals that M-3 has the same concept of understanding as M-2. The following are 
the steps taken by M-3 determine the solution of the variables   in the form of any parameter A, B, C, 
and D, then substitute it into the equation   so that the values of   were 
obtained in the form of an equation that has variables A, B, C, and D. M-3  had the same solution as M-2. However, it 
turned out that M-3 also experienced confusion when being interviewed and was asked to substitute a variable with a 
specific value. M-3 was confused because the substituted value for the formed equation did not produce a solution. 
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In the third problem, subject are asked to change the system  into AX = B. 

Subject M-1 

 

Figure 8. Written result of Subject M-1 on problem 3 

Figure 8 show M-1 answered by determining the coefficient matrix , the variable matrix , and 

the constant matrix . 

The written result of M-1 in Figure 8 reveals that the M-1 has understood the problem to be solved, i.e. by changing the 
system of linear equations to the form AX = B. M-1 was able to determine the coefficient matrix, variable matrix, and 

constant matrix even though there was a writing error in the variable matrix, i.e.  which should be . 

Subject M-2 

 

Figure 9. Written result of Subject M-2 on problem 3 

In Figure 9, M-2 solves by determining the coefficient matrix , the variable matrix , and the 

constant matrix . 

M-2, in the written results shown in Figure 9, has correctly understood and written the system of linear equations in 
the form of AX = B. 

Subject M-3 

 

Figure 10. Written result of Subject M-3 on problem 3 
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In Figure 10, M-3 answers the coefficient matrix , the variable matrix  and the 

constant matrix . M-3 concludes that if a matrix is multiplying by the identity matrix, the result is 

the matrix itself. 

The written result of M-3 in Figure 10 reveals that M-3 has understood the concept of AX = B as the multiplication of 
matrix A in the form of an augmented matrix with an identity matrix X, and the result is matrix B. Supported by the 
result of the interview with M-3, it turns out M-3 concluded that AX = B is the multiplication of matrix A with the X 
identity matrix, where the result is matrix B. M-3 understands that if there is a system of linear equation, the system is 
converted into an augment matrix. However, M-3 did not understand about the coefficient matrix obtained from the 
variable coefficients and the matrix constants obtained from the equation system constants. This is because the matrix 
formed has an order of 3X3. M3 thought the matrix is multiplied by I3 to obtain matrix B. 

In the fourth problem, subject were asked to solve the system of equations in number 3.  

Subject M-1 

 

Figure 11. Written result of Subject M-1 on problem 4 

M-1 solved a system of linear equations using the elementary row operation procedure shown in Figure 11. In the first 

row of the matrix  to get one main, M-1 multiplies the first-row elements where  becomes 

. Then the second-row element was reduced by three times from the first-row element to . 

After that the third-row elements were reduced twice the first-row elements to obtain a reduced echelon matrix form 

, and converted to the equation . 

Based on the written results of M-1, the form of the equation  has not been a solution because the solutions 
for the values of  and  have not been determined. Then an interview was conducted to find out whether the M-1 
could solve the equations it got. M-1 provided an explanation for solving the equation , by assuming  

so that the value  was obtained. 

Subject M-2 

 

Figure 12. Written result of Subject M-2 on problem 4 
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Solving linear equations system using elementary row operating procedures was also carried out by M-2 as shown in 

Figure 12. To obtain the main one in the first row of the matrix  was done by reducing the first-row 

elements by the elements in the second row was obtained . Then the second-row element was reduced by 

three times the first-row element . The next step is two times the first-row element reduced the third-row 

element to become a matrix . Obtained the equation  which corresponds to the matrix, then 

the M-2 replaced the variable   with any value p, where p is a real number, then the value  was obtained. 
M-2 concluded that the resulting linear equations system has many solutions. 

Subject M-3 

 

Figure 13. Written result of Subject M-3 on problem 4 

M-3 adds up the first-row elements with two times the third-row elements in the matrix , obtained by 

 which was then the element the first-row is multiplied by  to give . The next step is the 

second-row element is reducing by nine times the first-row element, and the third-row element is reducing by six times 

the first-row was obtained by the matrix . Followed by multiplying the third-row element by  to be 

 then divided the second-row element by  gets . The elements in the third row subtract 

four times the elements in the second-row are obtained . Then the third-row elements are multiplied by 

 to become  then the first-row was replaced with the third-row obtained . From the matrix, 

M-3 wrote . 

Figure 13 shows that the solution to the linear equations system carried out by M-3 uses elementary row operating 
procedures. The first step performed with the operation   was correct, but the next step was wrong due to 
inaccuracy in changing the linear equations system to an augmented matrix. In addition, M-3 made a mistake in 
calculating algebraic operations. The interview results revealed that M-3 knew how to solve a system of linear 
equations using elementary row operations. However, according to M-3, it is challenging for M-3 to run fractional 
number operations, and M-3 is still confused about determining the initial step in determining the main one. This can 
also be seen in the written results done by the M-3 subject. 
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Discussion 

There are many methods in solving systems of linear equations, one of which is elementary row operations. Elementary 
row operations can be performed by changing the matrix to an echelon row form or a reduced echelon row form. 
Therefore, for prospective mathematics teachers to be able to solve linear equations system with elementary row 
operations, it is necessary for them to know the procedure correctly (Zuya et al., 2017). The method for solving the 
system of linear equations can be seen in Figure 14. 

 

Figure 14. Method for solving the system of linear equations 

The procedures carried out need to be strengthened by understanding the concept of elementary row operations to 
avoid prospective mathematics teachers’ tendency to think practically rather than theoretically (Kazunga & Bansilal, 
2018). Based on the results of tests conducted on subjects M-1, M-2, and M-3, the researchers then continue to examine 
the process for the test results deeper by conducting unstructured interviews and determine how each subject 
understands the concept of solving linear equations using elementary row operations. 

In the first problem given in understanding the problem, all subjects already know what they have to do to determine 
whether the given matrix is a row echelon form or a reduced row echelon form. However, the M-1 subject has an 
inverse understanding of the concept of the row echelon form and the reduced row echelon form, and M-1 was just 
putting in what the subject remembers about the nature and procedures in solving problems. In addition, M1’s 
interpretation and reasons for the answers were incorrect. It can be said that M-1 does not have conceptual knowledge. 
Following the statement of Britton and Henderson (2009) that solving procedural problems such as solving linear 
equations systems and manipulating matrices is not difficult, whereas a conceptual understanding is needed when 
faced with a definition (Zaslavsky & Shir, 2005). In line with Cummings (2015), a person's conceptual understanding 
can be measure through the ability to provide definitions, explanations, and reasons. This is different from the cases of 
M-2 and M-3, who have better conceptual knowledge to explain the reasons for their answers. The ability to see the 
relationship between the matrix elements with the properties of the matrix in the form of row echelon or reduced row 
echelon in different situation and procedures, indicates that the subject already has a conceptual knowledge that can 
then develop into conceptual understanding. Good conceptual understanding does not rule out good procedural skills 
(Rittle-Johnson & Schneider, 2012). 

In solving the second problem, the subject must understand that each parametric equation system represents a family 
of functions (Oktaç, 2018). Subjects M-1, M-2, and M-3 have understood the problem given. M-1 can even use 
procedures and solve problems correctly so that a solution consisting of parameter values is obtained. In contrast with 
M-2 and M-3, they replaced the parameters a, b, c, and d with any real numbers, then they substitute the result entirely 
to the equation . Therefore, a, b, c, and d are not a set of solutions, because the values of a, 

b, c, and d only satisfy the equation . Mistakes in conceptual understanding can lead to 

incorrect procedures and calculations, as revealed in Hidayat and Iksan (2015) 's research, ultimately confusing 
because they think solutions are a collection of parameter values that make the system correct, Stadler (2011). 

Before the system of linear equations is solved using elementary row operations, it is converted into a matrix consisting 
of a coefficient matrix, a variable matrix, and a constant matrix with the notation AX = B. Subjects M-1 and M-2 already 
understand the problems given and can use procedures and solve problems correctly. However, M-3, in representing 
the system of linear equations to a matrix form, was still inaccurate. This will have an effect when M-3 determines the 
solution of the system because X is seen as a solution and A as a set of coefficients (Larson & Zandieh, 2013). M-3's 
ability to find connections to build relationships between algorithms is still weak. This can happen because the initial 
knowledge possessed by M-3 is not yet strong. When the prospective mathematics teacher's experience of a material is 
not ready and then they were given new knowledge, the concept they built will not be as strong if the initial knowledge 
has been understood correctly—in line with the study of Anderson et al. (2001). 

In determining the solution to a linear equations system using elementary row operations, it is necessary to understand 
the concept at each step of the solution. In line with Canobi (2004) opinion, conceptual understanding is close relate to 
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performing procedures appropriately and numeracy skills. Therefore, learning mathematics is essential by focusing on 
conceptual understanding without eliminating procedure-based learning (Al Mutawah et al., 2019). In the fourth 
problem, subjects M-1 and M-2 carried out each step by correctly applying the calculation procedure. The application of 
the correct calculation procedure shows that M-1 and M-2 already have good conceptual knowledge. M-1 and M-2 have 
found a connection from a linear equations system to form the matrix AX = B, which is then solved using row 
operations with the correct procedure to obtain a matrix in reduced row-echelon form. As seen from the works of M-1 
and M-2, the form of the reduced row echelon is always unique (Bouhjar et al., 2018). Although M-1 and M-2 used 
different basic operations in performing procedures for elementary row operations, they still produced the same 
reduced row echelon form matrix. The final result is the equation  with a solution consisting of parameter 
values. For M-3, in contrast, errors in operating the matrix in elementary row operations prevent M-3 from producing 
the correct answer. Even though the procedures are appropriate, this must be an important note to understand the 
concept. Gilmore et al. (2017) stated that an excellent conceptual understanding could identify and select problem-
solving strategies that are not too dependent on procedures. 

Conclusion 

This study analyzes three prospective mathematics teachers' conceptual understanding by providing four problems of 
linear equation systems that were arranged based on indicators of conceptual understanding. An analysis was carried 
out on the results of these tests carried out by prospective mathematics teachers. Then, the results of the analysis were 
strengthened by the results of the unstructured interviews. From the results obtained, there are still subjects who only 
relies on their memory of the properties and procedures in determining whether a matrix is said to be a row echelon 
form or a reduced row echelon form. These prospective mathematics teachers are still weak in building relationships 
between algorithms due to immature conceptual knowledge. Researchers found that prospective mathematics teachers 
were more comfortable solving problems that were done procedurally. This is in line with the study of Hannah et al. 
(2016). When interviewed regarding the conceptual knowledge they had worked on, there were still some who 
answered incorrectly. This indicates that prospective mathematics teachers better understand the material based on 
the examples given. Therefore, this will undoubtedly be a problem if they are faced with different mathematical 
questions. It is crucial to investigate further how the mental construction process and mathematical conceptual 
knowledge of prospective mathematics teachers through meaningful learning can maximize their conceptual 
understanding.  

Recommendations 

Based on the results obtained, to improve the quality of further research, the researcher suggests that further research 
be carried out for prospective teachers, teachers, lecturers, and researchers to examine the conceptual understanding 
process carried out experimentally in the classroom. In addition, it is necessary to research how conceptual 
understanding can influence the creative thinking process in mathematical problems. 

Limitations 

The limitation of this study is only to reveal the conceptual understanding of prospective mathematics teachers, based 
on the results of written tests sent via the Google Classroom application and the results of interviews via video calls. 
The conceptual understanding process has not been seen with direct observation in the classroom because the learning 
is still online. Another limitation is that this study only reveals conceptual understanding in determining the solution to 
systems of linear equations with elementary row operations. This study remains attractive with these limitations 
because the analysis results regarding the analyzed conceptual understanding are diverse and unique. 

Authorship Contribution Statement 

Dewi: Concept and design, data acquisition, analysis, writing. Zaenuri: critical revision of manuscript, final approval. 
Dwijanto: Critical revision of manuscript, editing/reviewing. Mulyono: Critical revision of manuscript, 
editing/reviewing 

References 

Abdalla, M. M., Oliveira, L. G. L., Azevedo, C. E. F., & Gonzalez, R. K. (2018). Quality in qualitative organizational research: 
Types of triangulation as a methodological alternative. Administration: Teaching and Research/ Administração: 
Ensino e Pesquisa, 19(1), 66–98. https://doi.org/10.13058/raep.2018.v19n1.578  

Andamon, J. C., & Tan, D. A. (2018). Conceptual understanding, attitude and performance in mathematics of grade 7 
students. International Journal of Scientific & Technology Research, 7(8), 96–105.  

Anderson, J. R. (2000). Cognitive psychology and its implications (5th ed). Worth Publishers. 

https://doi.org/10.13058/raep.2018.v19n1.578


1168  DEWI ET AL. / Conceptual Understanding in Determining Solutions of Linear Equation System 
 

Anderson, L. W., Krathwohl, D. R., Airasian, P. W., Cruikshank, K. A., Mayer, R. E., Pintrich, P. R., Raths, J., & Wittrock, M. C. 
(Eds.). (2001). A taxonomy for learning, teaching, and assessing: A revision of Bloom’s taxonomy of educational 
objectives (Abridged ed.). Longman. 

Borja-Tecuatl, I., Trigueros, M., & Oktaç, A. (2013). Difficulties in using variables—A tertiary transition study. In S. 
Brown, G. Karakok, K. Hah Roh & M. Oehrtman (Eds.), Proceedings of the 16th Annual Conference on Research in 
Undergraduate Mathematics Education (pp. 80–94). Sigmaa Rume. 
http://sigmaa.maa.org/rume/RUME16Volume2.pdf  

Bouhjar, K., Andrews-Larson, C., Haider, M., & Zandieh, M. (2018). Examining students’ procedural and conceptual 
understanding of eigenvectors and eigenvalues in the context of inquiry-oriented instruction. In S. Stewart, C. 
Andrews-Larson, A. Berman, & M. Zandieh (Eds.), Challenges and strategies in teaching linear algebra (pp. 193-
216). Springer. 

Britton, S., & Henderson, J. (2009). Linear algebra revisited: An attempt to understand students' conceptual 
difficulties. International Journal of Mathematical Education in Science and Technology, 40(7), 963-
974.  https://doi.org/10.1080/00207390903206114  

Canobi, K. H. (2004). Individual differences in children’s addition and subtraction knowledge. Cognitive Development, 
19(1), 81–93. https://doi.org/10.1016/j.cogdev.2003.10.001   

Crooks, N. M., & Alibali, M. W. (2014). Defining and measuring conceptual knowledge in mathematics. Developmental 
Review, 34(4), 344–377. https://doi.org/10.1016/j.dr.2014.10.001  

Cummings, K. (2015). How does tutoring to develop conceptual understanding impact student understanding?   
Bridgewater State University.  http://vc.bridgew.edu/honors_proj/96  

Dudley, P. (2013). Teacher learning in Lesson Study: What interaction-level discourse analysis revealed about how 
teachers utilised imagination, tacit knowledge of teaching and fresh evidence of pupils learning, to develop 
practice knowledge and so enhance their pupils’ learning. Teaching and Teacher Education, 34, 107–121. 
https://doi.org/10.1016/j.tate.2013.04.006    

Fruedenthal, H. (1991). Revisiting mathematics education. Kluwer Academic Publishers. 

Gilmore, C. K., & Bryant, P. (2008). Can children construct inverse relations in arithmetic? Evidence for individual 
differences in the development of conceptual understanding and computational skill. British Journal of 
Developmental Psychology, 26(3), 301–316. https://doi.org/10.1348/026151007x236007   

Gilmore, C., Keeble, S., Richardson, S., & Cragg, L. (2017). The interaction of procedural skill, conceptual understanding 
and working memory in early mathematics achievement. Journal of Numerical Cognition, 3(2), 400–416. 
https://doi.org/10.5964/jnc.v3i2.51  

Hannah, J., Stewart, S., & Thomas, M. (2016). Developing conceptual understanding and definitional clarity in linear 
algebra through the three worlds of mathematical thinking. Teaching Mathematics and Its Applications, 35(4), 216–
235. https://doi.org/10.1093/teamat/hrw001   

Hidayat, R., & Iksan, Z. H. (2015). The effect of realistic mathematic education on students’ conceptual understanding of 
linear progamming. Creative Education, 6(22), 2438–2445. https://doi.org/10.4236/ce.2015.622251  

Hiebert, J. (1986). Conceptual and procedural knowledge. Routledge. https://doi.org/10.4324/9780203063538   

Kazunga, C., & Bansilal, S. (2018). Missconceptions about determinants. Challenges and Strategies in Teaching Linear 
Algebra, 127–145. https://doi.org/10.1007/978-3-319-66811-6_6  

Khashan, D. K. H. (2014). Conceptual and procedural knowledge of rational numbers for Riyadh elementary school 
teachers. Journal of Education and Human Development, 3(4), 181–197. https://doi.org/10.15640/jehd.v3n4a17  

Kilpatrick, J. (2001). Adding it up: helping children learn mathematics. National Research Council, National Academy 
Press. https://doi.org/10.17226/9822  

Lambert, V. A., & Lambert, C. E. (2012). Qualitative Descriptive Research: An Acceptable Design. Pacific Rim 
International Journal of Nursing Research, 16(4), 255-256.  

Lanya, H., & Zayyadi, M. (2017). Pemahaman mahasiswa calon guru yang berkemampuan matematika tinggi terhadap 
operasi baris elementer [Understanding of prospective teachers with high mathematical abilities on the operation 
of elementer row]. Buana Mathematics: Journal of Scientific Mathematics and Mathematics Education/ Buana 
Matematika: Jurnal Ilmiah Matematika dan Pendidikan Matematika, 7(1), 23–26. 
https://doi.org/10.36456/buanamatematika.v7i1:.640    

Larson, C., & Zandieh, M. (2013). Three interpretations of the matrix equation Ax= b. For the Learning of 
Mathematics, 33(2), 11-17.  

http://sigmaa.maa.org/rume/RUME16Volume2.pdf
https://doi.org/10.1080/00207390903206114
https://doi.org/10.1016/j.cogdev.2003.10.001
https://doi.org/10.1016/j.dr.2014.10.001
http://vc.bridgew.edu/honors_proj/96
https://doi.org/10.1016/j.tate.2013.04.006
https://doi.org/10.1348/026151007x236007
https://doi.org/10.5964/jnc.v3i2.51
https://doi.org/10.1093/teamat/hrw001
https://doi.org/10.4236/ce.2015.622251
https://doi.org/10.4324/9780203063538
https://doi.org/10.1007/978-3-319-66811-6_6
https://doi.org/10.15640/jehd.v3n4a17
https://doi.org/10.17226/9822
https://doi.org/10.36456/buanamatematika.v7i1:.640


 European Journal of Educational Research 1169 
 

Laswadi, L., Kusumah, Y. S., Darwis, S., & Afgani, J. D. (2016). Developing conceptual understanding and procedural 
fluency for junior high school students through model-facilitated learning (MFL). European Journal of Science and 
Mathematics Education, 4(1), 67–74. https://doi.org/10.30935/scimath/9454  

Leong, K. E. (2013). Factors that influence the understanding of good mathematics teaching. EURASIA Journal of 
Mathematics, Science and Technology Education, 9(3), 319–328. https://doi.org/10.12973/eurasia.2013.939a  

Maharani, N. (2020). Perbandingan tingkat pemahaman mahasiswa STMIK STIKOM Indonesia pada metoda sarrus dan 
metoda cramer pada penyelesaian sistem persamaan linier [Comparison of the level of understanding of STMIK 
STIKOM Indonesia students on the sarrus method and the cramer method in solving systems of linear equations]. 
PENDIPA Journal of Science Education, 4(2), 66–73. https://doi.org/10.33369/pendipa.4.2.66-73  

Maya, R., & Sumarmo, U. (2011). Mathematical understanding and proving abilities: experiment with undergraduate 
student by using modified moore learning approach. Journal on Mathematics Education, 2(2), 231–250. 
https://doi.org/10.22342/jme.2.2.751.231-250  

Miles, M. B., Huberman, A. M., & Saldana, J. (2014). Qualitative data analysis: A methods sourcebook (3rd ed.). SAGE. 

Mutawah, M. A. A., Thomas, R., Eid, A., Mahmoud, E. Y., & Fateel, M. J. (2019). Conceptual understanding, procedural 
knowledge and problem-solving skills in mathematics: High school graduates work analysis and standpoints. 
International Journal of Education and Practice, 7(3), 258–273. 
https://doi.org/10.18488/journal.61.2019.73.258.273  

Nathan, M. J. (2012). Rethinking formalisms in formal education. Educational Psychologist, 47(2), 125–148. 
https://doi.org/10.1080/00461520.2012.667063  

Oktaç, A. (2018). Conceptions about system of linear equations and solution. In S. Stewart, C. Andrews-Larson, A. 
Berman & M. Zandieh (Eds.), Challenges and strategies in teaching linear algebra: ICME-13 Monographs. Springer. 
https://doi.org/10.1007/978-3-319-66811-6_4  

Rittle-Johnson, B. (2006). Promoting transfer: Effects of self-explanation and direct instruction. Child Development, 
77(1), 1–15. https://doi.org/10.1111/j.1467-8624.2006.00852.x  

Rittle-Johnson, B., & Schneider, M. (2012). Developing conceptual and procedural knowledge of mathematics. In R. 
Cohen Kadosh & A. Dowker (Eds.), Oxford handbook of numerical cognition. Oxford University Press. 

Rittle-Johnson, B., Siegler, R. S., & Alibali, M. W. (2001). Developing conceptual understanding and procedural skill in 
mathematics: An iterative process. Journal of Educational Psychology, 93(2), 346–362. 
https://doi.org/10.1037/0022-0663.93.2.346  

Rosita, C. D., Nopriana, T., & Dewi, I. L. K. (2019). Development of linear algebra learning material based on 
mathematical understanding and representation. Journal of Physics: Conference Series, 1157(4), 1-7. 
https://doi.org/10.1088/1742-6596/1157/4/042116 

Ruswana, A. M. (2019). Analisis kemampuan pemahaman matematis pada mata kuliah aljabar linier elementer 
[Analysis of mathematical comprehension ability in the points of aljabar linier elementer lectures]. Journal 
Cendekia: Journal of Mathematics Education/ Jurnal Cendekia: Jurnal Pendidikan Matematika, 3(2), 293–299. 
https://doi.org/10.31004/cendekia.v3i2.111  

Skemp, R. (1986). The psychology of mathematics learning. Penguin Books. 

Soebagyo, J. (2017). Profil pembelajaran dalam mengakomodasi mathematical proficiency [Learning profile in 
accommodating mathematical proficiency]. Euclid, 3(2), 474–490. https://doi.org/10.33603/e.v3i2.328  

Stadler, E. (2011). The same but different–novice university students solve a textbook exercise. In M. Pytlak, T. 
Rowland & E. Swoboda (Eds.), Proceedings of the Seventh Congress of the European Society for Research in 
Mathematics Education (pp. 2083-2092). University of Rzeszów. 

Suarsana, I. M., Widiasih, N. P. S., & Suparta, I. N. (2017). The effect of brain based learning on second grade junior 
students’ mathematics conceptual understanding on polyhedron. Journal on Mathematics Education, 9(1), 145–
156. https://doi.org/10.22342/jme.9.1.5005.145-156  

Suh, J. M. (2007). Tying it all together: Classroom practices that promote mathematical proficiency for all 
students. Teaching Children Mathematics, 14(3), 163-169. https://doi.org/10.5951/TCM.14.3.0163   

Suhady, W., Roza, Y., & Maimunah, M. (2019). Identifikasi kesalahan konseptual dan prosedural siswa dalam 
menyelesaikan soal pada materi dimensi tiga [Identification of student conceptual and procedural errors in 
solving problems on three-dimensional material]. Journal Cendekia: Journal of mathematics education/ Jurnal 
Cendekia: Jurnal pendidikan matematika, 3(2), 494–504. https://doi.org/10.31004/cendekia.v3i2.143  

https://doi.org/10.30935/scimath/9454
https://doi.org/10.12973/eurasia.2013.939a
https://doi.org/10.33369/pendipa.4.2.66-73
https://doi.org/10.22342/jme.2.2.751.231-250
https://doi.org/10.18488/journal.61.2019.73.258.273
https://doi.org/10.1080/00461520.2012.667063
https://doi.org/10.1007/978-3-319-66811-6_4
https://doi.org/10.1111/j.1467-8624.2006.00852.x
https://doi.org/10.1037/0022-0663.93.2.346
https://doi.org/10.1088/1742-6596/1157/4/042116
https://doi.org/10.31004/cendekia.v3i2.111
https://doi.org/10.33603/e.v3i2.328
https://doi.org/10.22342/jme.9.1.5005.145-156
https://doi.org/10.5951/TCM.14.3.0163
https://doi.org/10.31004/cendekia.v3i2.143


1170  DEWI ET AL. / Conceptual Understanding in Determining Solutions of Linear Equation System 
 

Van de Walle, J. A., Karp, K. S., & Bay-Williams, J. M. (2010). Elementary and middle school mathematics: Teaching 
developmentally. Pearson Education, Inc. 

Wong, M., & Evans, D. (2007). Students’ conceptual understanding of equivalent fractions.  Mathematics: Essential 
Research, Essential Practice, 2, 824-833.  

Zakaria, E., Ibrahim, & Maat, S. M. (2010). Analysis of students’ error in learning of quadratic equations. International 
Education Studies, 3(3), 105-110. https://doi.org/10.5539/ies.v3n3p105  

Zaslavsky, O., & Shir, K. (2005). Students' conceptions of a mathematical definition. Journal for Research in Mathematics 
Education, 36(4), 317-346. https://doi.org/10.2307/30035043  

Ziegler, E., Edelsbrunner, P. A., & Stern, E. (2017). The relative merits of explicit and implicit learning of contrasted 
algebra principles. Educational Psychology Review, 30(2), 531–558. https://doi.org/10.1007/s10648-017-9424-4  

Zuya, H. E., Matawal, D. B., & Kwalat, K. S. (2017). Conceptual and procedural knowledge of pre-service teachers in 
geometry. International Journal of Innovative Education Research, 5(1), 30–38.  

https://doi.org/10.5539/ies.v3n3p105
https://doi.org/10.2307/30035043
https://doi.org/10.1007/s10648-017-9424-4

