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Introduction 
The need to develop mathematics teacher practices is known worldwide (Borko, 2004; Jaworski, 
1998; Koellner, Seago, & Jacobs, 2018). Professional development (PD) environments in which 
teachers will ‘take up’ (Adler, 2005) new paradigms and practices are necessary to make a 
difference in classrooms. Often, teachers take part in PD workshops but are not able to integrate 
new ideas into their current practices (Clark & Hollingsworth, 2002; Richardson & Placier, 2001). 
Cai et al. (2017, p. 234) explain that research findings should be of the correct ‘grain size’ for 
teachers to be able to use them in their own lesson planning. Although Brown (1992) reminds us 
that interventions should be able to transfer to everyday classrooms; interventions are only 
meaningful if they result in changes in mathematics classrooms (Wilson, 1998).

Professional development programmes that have been successful include those that focus on: 
representations, explanation and communication (Hill & Ball, 2009; Kilpatrick, Swafford, & 
Findell, 2001), engagement in a variety of activities (Porritt & Earley, 2010), learner centeredness 
(Polly et al., 2015) and a strong connection to classroom contexts and practices (Chigonga & 
Mutodi, 2019). From a mathematical models and modelling perspective, researchers propose that 
teachers should have the same experiences that they want their learners to learn from (Schorr & 
Lesh, 2003). Materials and tasks also affect learning in PD programmes (Ferrini-Mundy, Burril, & 
Schmidt, 2007; Hill, 2004) while PD that focuses on reflective thinking (Artzt, Armour-Thomas, 
Curcio, & Gurl, 2015) shows positive results. Elements such as learner centeredness, engaging in 
a variety of activities and teacher reflection have always resonated with me as the researcher as 
important aspects of successful mathematics classrooms. Merchie, Tuytens, Devos and Vanderline 
(2018), in their evaluation of the effectiveness of PD initiatives, set out that extended engagement, 
collective learning and active participation are hallmarks of effective PD interventions. This study 
wanted to ascertain if these PD features could be translated into a successful PD programme for a 
local context, and furthermore if teachers changed their classroom practices.

This article sets out a professional development programme for primary school mathematics 
teachers. Clark and Hollingsworth’s model of teacher change provided the theoretical 
framework necessary to understand teacher change. A design study allowed for increased 
programme flexibility and participator involvement. Five volunteer primary school teachers 
teaching at South African state schools were involved in the programme for a period of one 
year and their pedagogy, use of mathematical content and context developed during the 
programme. Twenty lessons were observed over the year-long period. An observation rubric 
that specifically focused on mathematical pedagogy, use of context and mathematical content 
scale guided the researcher to gauge global changing teacher practices. Teacher growth was 
evident through their professional experimentation and changes in their personal domain. The 
design features emanating from the study are that teachers be given opportunities to experience 
reform tasks (e.g. model-eliciting tasks) in the role of learners themselves and teachers should 
be encouraged to use contextual problems to initiate concept development. More mathematical 
detail in lesson planning is also necessary. Furthermore, teachers need appropriately designed 
resource materials to teach in new ways. It is recommended that professional development 
includes teachers engaging collaboratively in solving rich tasks. This study adds to the growing 
body of knowledge regarding teacher development programmes that focus on how teachers 
change their own classroom practices.

Keywords: Mathematics teacher professional development; primary school mathematics 
teachers; in-service training; design-based research; model-eliciting tasks.
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The teachers involved in this study were Grade 5 and 
Grade 6 teachers in South African primary schools. All 
teachers had at least three years of teaching experience and 
were teaching in well-resourced suburban schools. All 
schools and classes were mixed in terms of cultural 
background, ethnicity, gender and ability. The language of 
teaching and learning in all schools was English. However, 
for about one-third of the learners in the classes, English was 
not their home language. Only one teacher specifically 
trained to be a mathematics teacher. The challenges and 
economic effects of poor-quality mathematics education in 
South Africa are well documented (Spaull, 2013) and 
development of mathematics teachers is considered a 
national priority. However, how to effectively change teacher 
actions and decisions at a classroom level is less apparent.

Schoenfeld (2011) set out that teachers make decisions 
based on three interlinking aspects: their resources (which 
includes various forms of knowledge), their orientations 
(which includes their beliefs) and their teaching goals. This 
PD programme set out to resource teachers by providing 
both knowledge, classroom materials and activities to 
support teacher professional experimentation and decision-
making. The aim of the development programme was to 
facilitate teacher decision-making towards increased use of 
contextual problems at the outset of teaching a section of 
work, more robust mathematical discussions and increased 
learner activity during mathematics lessons. This study 
concurs with the ideas of Chirinda and Barmby (2017) that 
design-based PD interventions should allow teachers to 
construct knowledge through being actively engaged in the 
PD. This PD ran in three cycles, and included teachers being 
actively involved and not simply listening to presentations 
or lectures.

In a review essay that critically examined mathematics teacher 
change, Goos and Geiger (2010, p. 505) found that a common 
thread in the literature on teacher change was the role of 
‘productive tensions in creating opportunities for mathematics 
teacher change’. The study reported on here proposed that 
model-eliciting activities may provide productive tension 
since these types of open problems were new to the teachers 
involved. Engaging collaboratively with this productive 
tension may catalyse professional experimentation and 
possible changes in teachers’ classroom practices. Model-
eliciting tasks were used as a ‘springboard’ for the PD sessions. 
Modelling problems are open tasks where learners are 
presented with a real-world problem where the instruction 
explicitly requests that a model for thinking about the problem 
is generated (see Figure 2 as an example). Model eliciting tasks 
have been found to be beneficial both to learner mathematical 
competencies (Maaß, 2006) and for teacher professional 
development (Doerr & Lesh, 2003). Borromeo Ferri and Blum 
(2013) lamented that very few studies involving primary 
school teachers were evident in the literature. In South Africa 
specifically, limited research exists on mathematical modelling 
in studies involving both learners or teachers, although the 
results are very positive (see Biccard, 2013; Durandt, 2018).

Teacher change should be conceptualised holistically through 
interventions, resources and change processes within the 
classrooms. However, teacher development programmes 
should empower teachers to determine their own growth 
and change paths (Frid & Sparrow, 2009). Teachers need to be 
in the driving seat of how change will take place in their 
classrooms for this change to be meaningful to them. Deficit 
type narratives (Adler & Sfard, 2017) are not particularly 
useful in change discourse; rather change should be seen as 
teachers understanding and appreciating the flexibility of 
their teaching knowledge and practices (Wilson & Cooney, 
2002). In this study, teachers were not expected to reproduce 
any of the modelling tasks or PD activities in their classrooms; 
they were requested to use what was useful to them from 
the PD programme to transfer to their own teaching and 
classrooms.

In this study, Clark and Hollingsworth’s (2002) adaptation of 
Guskey’s (2002) alternative model is employed to understand 
global changes and growth in teachers’ classroom practices. 
Where Guskey advocates that changes in teacher actions 
precede changes to their belief systems, Clark and 
Hollingsworth provide a more authentic model for how 
teacher professional development can take place through an 
interconnected model. The model proposes the concurrent 
activation of four domains: the external domain, the domain 
of practice, the domain of consequence and the personal 
domain (see Figure 1).

The research question guiding this design study was: What 
changes are evident in primary school mathematics teachers’ 
classroom practices when participating in a design-based professional 
development programme?

This leads to the sub-question: What are ‘model-eliciting 
activities’ and how do they exemplify a design-based PD?

The idea around change and growth in teachers is complex. 
The word change may denote any change (positive or 
negative) while growth suggests improvement in teaching 
practices. In this study the term ‘change’ was used since 
I did not necessarily pre-empt a positive change in teachers 
due to the professional development intervention. In the 
next section, a model to understand change from teacher 
professional development is set out.

Source: Adapted from Clark, D., & Hollingsworth, H. (2002). Elaborating a model of teacher 
professional growth. Teaching and Teacher Education, 18, 947–967 (p. 951). https://doi.
org/10.1016/S0742-051X(02)00053-7

FIGURE 1: Model of teacher change.
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Theoretical model of teacher change 
Clark (1998 in Clark & Hollingsworth, 2002) set out that 
Guskey’s model could be more useful if it is seen as a cycle 
with multiple entry points rather than a linear process. 
Guskey’s model proposes that teachers must first experience 
a change in their classroom practices before they will 
generate changed beliefs. Philipp (2007) suggests that 
supporting teachers to jointly change their beliefs and 
actions may be more important than worrying about which 
comes first (beliefs or actions). 

Clark and Hollingsworth’s (2002) model (see Figure 1) 
explains that teacher change and growth is a process of 
enactive and reflective relationships between four inter-
related domains. The model provides a more holistic, flexible 
and integrated model for understanding teacher change 
through intervention studies. According to the change 
environment, the external domain initiates the change cycle 
by providing new information or stimulus for teachers. In 
the case of this study, a professional development programme 
that would introduce teachers to model-eliciting activities as 
a springboard for discussing mathematics teaching is the 
external stimulus. The external domain then promotes a 
change in the domain of practice through enactment of 
professional experimentation, that is, the teacher may try 
something different in the classroom. Through professional 
experimentation, certain salient outcomes are evident 
(e.g. increased learner participation or enhanced learning); 
this is the domain of consequence (the classroom). These 
consequences of a teacher’s experimentation may result 
in changes to their personal domain (knowledge, beliefs, 
attitudes or orientations).

Clark and Hollingsworth (2002) conceptualise the 
interconnectedness between the four domains as comprising 
two inter-related processes of enactment (solid arrows) and 
reflection (dashed arrows). Reflecting on the domain of practice 
may change the personal domain while the enactment of the 
personal domain will result in changes to the domain of 
practice. Clark and Hollingsworth acknowledge the complexity 
of teacher learning and that teacher change can take place 
through ‘multiple growth pathways’ (p. 950). What may be 
deduced from their model is that the external domain 
(professional development for example) does not have an 
immediate effect on the domain of consequence. External 
sources of information or external stimulus catalyse changes in 
the domain of practice or the personal domain. Through 
reflecting on these changes in the personal and practice 
domain, salient outcomes in the domain of consequence (the 
classroom) may be evident. The professional development 
programme designed in this study makes provision for both 
teacher enactment of change (through classroom observation) 
as well as reflection (on the various PD activities). This article 
focuses on the enactment of change in teachers’ own classrooms.

A guiding principle in this study was to acknowledge that 
teachers learn in ways that they find most useful (Clark & 
Hollingsworth, 2002) and that teachers need to be in control 

of the decisions they make in a classroom, if teacher change 
is meant to be significant (Richardson, 1990). What follows in 
the next section is an explanation of the methodology as well 
as setting out the procedures in more detail. 

The study: methodology, 
participants and procedures
Methodology 
The methodology for the study is an intervention study, 
which can be seen as a type of design study, which is a 
common type of design study (Cobb, Jackson, & Dunlap, 
2015). Design-based research (DBR) typically takes place in 
three phases (Bakker, 2004). A planning phase where the local 
instruction theory is formulated (Gravemeijer & Cobb, 2006). 
The second phase is the actual teaching experiment where 
designing, redesigning and ongoing analyses of the 
instructional activities take place (Gravemeijer & Cobb, 
2006). The third phase, the retrospective analysis, sets out 
to contribute to a local instruction theory. Although DBR is 
not common in professional development of mathematics 
teachers (Cobb, Confrey, DiSessa, Lehrer & Schauble, 2003; 
Sztajn, Wilson, Edgington, Myers, & Dick, 2013), its flexibility 
is of value when dealing with teachers who already are in 
service and have a bank of experiences and beliefs regarding 
mathematics teaching. Cobb and Steffe’s describe DBR as 
(in Cobb et al., 2003, p. 9; addition by author) ‘a sequence of 
teaching sessions with a small number of learners [teachers] 
aiming to create a small-scale version of a learning ecology so 
that it can be studied in depth and detail’. The aim of the PD 
programme was to present teachers with model-eliciting 
tasks and to use teachers’ first experiences with these tasks in 
the PD programme (both as participants in model-eliciting 
group work and by observing learners solving the same 
tasks) to springboard discussions on more learner-centered 
and more problem-centred approaches.

Participants and procedures
Five mathematics teachers volunteered to be part of the PD 
programme. The teachers indicated that they were interested 
in learning about new ways of teaching mathematics. 

These teachers were teaching Grade 5 and Grade 6 learners 
(10 to 12 years old). They were teaching at three schools that 
formed a convenience sample. The schools were suburban 
government primary schools that were well resourced. The 
classes were of mixed ability, cultural background and 
gender with around 33 to 35 learners in each class. The study 
ran for a period of one year, although actual contact with the 
teachers was for a period of nine months. The relevant 
stakeholders and gatekeepers gave their permission for the 
study to take place.

The PD ran in three cycles (see Figure 3) with classroom 
observation visits taking place before the sessions of 
researcher-teacher intervention commenced. During Session 
1 of each cycle, teachers would take positions as learners 
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themselves where they solved a mathematical modelling 
problem as a group. An example of a modelling task (Figure 2) 
given is the one used for the third task in the study. 

During Session 2 of each cycle, the teachers would observe 
small groups of learners solve the same problem. The teachers 
were asked to become critical reflectors during this session. 
During Session 3 of each cycle, I considered the discussions 
in Session 1 and Session 2 and provided support and 
scaffolding that the teachers indicated they required. PD 
through DBR requires both engaging teachers in one setting 
(the PD setting) while trying to reorganise their practices in 
another setting (the classroom) (Cobb, Zhao, & Dean, 2009). 
Session 3 of each cycle was adapted and designed as the 
programme unfolded and as I gained a better understanding 
of the dynamics of the PD. 

Observing and recording holistic changes in a mathematics 
teacher’s lessons is not a simple task. For this purpose, the 
rubric created by Fosnot, Dolk, Zolkhower, Hersch and 
Seignoret (2006) was used during classroom observations 
since classroom observations can be used to gauge general 
teacher quality (Merchie et al., 2018). It includes a pedagogy 
scale, use of context scale and mathematical content scale. 
The design concept for this study is congruent with that of 
Fosnot et al. (2006). Their framework is set within the 
theoretical work of Realistic Mathematics Education where 
‘mathematics is a constructive, cognitive activity of making 
meaning in a social world’. In order for teachers to teach 
mathematics in this way, 

we engaged in-service teachers in experiences that involved 
action, reflection, and conversation within the context of 
learning/teaching. We took the perspective that teachers need 

to construct new gestalts, new visions of mathematics teaching 

and learning. To do this they need to be learners in an environment 

where mathematics is taught as mathematizing, where learning is 

seen as constructing. (p. 7) 

For validity purposes, an existing observation framework was 
used to understand the observed lessons and to document the 
teacher’s development through the programme. The rubric is 
too extensive to repeat here, so a summary is presented in 
Figure 4. The coding protocol for this study is included in 
brackets.

These formulations allowed me to consider teacher 
development across three interrelated domains that could 
capture some elements of teacher change in a mathematics 
classroom. The rubric is detailed enough to ensure consistency 
in its interpretation and use. The rubric focuses on teacher 
actions within the classroom and the repercussions for 
learning through these actions. 

This PD followed a similar approach to that of Cobb et al. 
(2009) in that I did not work directly with teachers in their 
classrooms, but by presenting collaborative professional 
development sessions the mobility of the innovation and how 
it can be supported was the primary focus. There was also no 
expectation for the teachers to implement model-eliciting 
tasks in their classrooms, but to make changes that they felt 
would improve the teaching and learning in their own 
classrooms. The study reported on here proposed that model-
eliciting activities (as the external stimulus) would catalyse 
professional experimentation and possible growth in teachers’ 
personal domains. Teachers were asked to teach lessons that 
would meet the requirements of the curriculum and content 
that they needed to teach for that day. The research was not to 
interfere with their normal teaching schedule.

Ethical considerations
The research was granted ethical clearance by the overseeing 
university (Reference no. DESC_Biccard2012). Permission to 
conduct the research was also given by the overseeing 
provincial department of education. Principals of the schools 
also granted permission for the study to take place. 
Participants took part voluntarily in the study and were 
assured confidentiality. Participants signed informed consent 
documents and were allowed to withdraw from the research 
at any point. 

Findings and discussion 
The findings of some of the other areas of this study have been 
partially disseminated (see Biccard, 2013, 2018; Biccard & 
Wessels, 2015, 2017) which is consistent with design research 
in that ‘within a larger study, several sub-studies often take 
place’ (McKenney & Reeves, 2012, p. 15). The findings 
presented here set out the global development in the 
classroom practices of the five volunteer teachers. 

Twenty lessons were observed through the programme and the 
development of the teachers gauged using the rubric in each 

Source: Biccard, P. (2013). The didactisation practices in primary school mathematics 
teachers through modelling. Unpublished doctoral dissertation, Stellenbosch University, 
Stellenbosch, South Africa (p. 328). Retrieved from http://hdl.handle.net/10019.1/85598
Note: The columns Busy, Steady and Slow refer to times when park attendance was high 
(busy), medium (steady), and low (slow).

FIGURE 2: An example of a modelling task.

Hire or fire?
Mr Ndlovu runs a fast food business. Last year he had nine people who
sold food on Saturday mornings at the market. This year, he can only 
afford to pay two people. These are the records he kept from last year’s 
sales for each person. Who should he hire this year … and why?
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case by the same researcher. A brief summary of the lessons is 
presented (see Table 1) as well as the overall rubric score (P1, 
P2, P3 for the three ratings on the pedagogy scale; C1, C2, C3 
for the three ratings on the use of context scale and M1, M2, M3 
for the three ratings on the mathematical content scale). These 
results reflect the enactment of the PD on the teachers’ domain 
of practice through professional experimentation.

Teaching by telling was observed as the dominant 
pedagogy during the baseline lessons. The learners were 
mostly seated and silent during these lessons. Only one 

lesson involved pupils working in groups to calculate 
averages followed by a whole class discussion. However, 
this was to present answers and not to facilitate learner 
constructions. This lesson was identified as showing ‘signs 
of change’ (P2). 

During the weeks that followed the baseline observations, 
teachers were involved in Cycle 1 of the PD programme 
(see Table 1). The design principle of teacher-as-learner and 
moving problems to the beginning of a lesson were the focus 
of this cycle. During session 2, the teachers worked as a group 

Pedagogy scale
• Teaching by telling, which involved teacher explana	ons, teacher acknowledging of correct answers and learners prac	sing teacher-shown procedures (P1). 
• Signs of change. This meant that the teacher allowed 	me before learners answered ques	ons, allowed learners to work in pairs or groups. This was more for sharing of
   ideas than scaffolding of ver	cal mathema	sa	on (P2). 
• Facilita	ng learner construc	on. Encouragement of learner dialogue that focuses on building reasoning is evident. Facilitates puzzlement around big ideas
   in mathema	cs (P3). 

Use of context
• Working en	rely in the domain of bare numbers or stereotypical word problems that do not serve to advance mathema	cal ideas (C1). 
• Word problems are used as a star	ng point for construc	on, in contrast to the applica	on of previously learned knowledge as depicted in level one. However, 
   this serves as the purpose of mo	va	on or to elicit children’s thinking; no a�en	on is paid to the process whereby mathema	cal ideas and/or strategies may emerge (C2). 
• Use of realis	c contexts and truly problema	c situa	ons as a didac	c to facilitate mathema	cal development. Contexts are purposely designed so as to develop
   mathema	cal big ideas, models, and strategies (C3). 

Mathema�cal content 
• The teacher’s ques	oning is focused on skills, procedures or tool use (M1). 
• The teacher ques	ons around concepts and not necessarily the connec	ons between ideas and concepts (M2). 
• Mathema	cs is understood as mathema	sing and the poten	al for the development of it is no	ced and acted upon throughout the lesson. The discussion is around
  ‘big ideas’ and the teacher works towards connec	ng learner ideas to this ‘big idea’ (M3).

Source: Adapted from Fosnot, D.T., Dolk, M., Zolkower, B., Hersch, S., & Seignoret, H. (2006). Mathematics in the city: Measuring teacher change in facilitating mathematization. Paper used at the 
coaching institute for numeracy and literacy leaders.

FIGURE 4: Classroom observation rubric.

Source: Adapted from Biccard, P. (2013). The didactisation practices in primary school mathematics teachers through modelling. Unpublished doctoral dissertation, Stellenbosch University, 
Stellenbosch, South Africa (p. 145). Retrieved from http://hdl.handle.net/10019.1/85598

FIGURE 3: Design-based research cycles.

Observa�on Researcher observes teachers’ lessons

Cycle 1 session 1

Cycle 1 session 2

Cycle 1 session 3

Observa�on cycle 2
Design principles: lessons planning, using a variety of representa�ons and examples.

Cycle 2 session 1 Modelling task for teachers to solve.
Discussion and reflec�on on the task. The task is the tangram toys task adapted from Brousseau (1997, p. 177).

Cycle 2 session 2 Teachers observe a small group of learners solve the same problem. Discussion and reflec�on.

Cycle 2 session 3 Guidelines for classroom prac�ce. Discussion on lesson prepara�on and the mathema�cal goal of a lesson. 
Discussing hypothe�cal learning trajectories in teacher lesson planning. 

Cycle 3 session 1

Cycle 3 session 2

Cycle 3 session 3

Final observa�on Researcher observes teachers’ lessons.

Baseline lesson observa�on
Design principles: teacher as learner, moving contextual problems forward.

Modelling task for teachers to solve.
Discussion, reflec�on. The task used is the airplane task and is described in Lesh and Doerr (2003, p. 7).

Teachers observe a small group of learners solve the same problem. Discussion and reflec�on.

Guidelines for classroom prac�ce. Discussion around: moving contextual problems to the beginning and not the end of a sec�on of work.
Advantages of working with problems. Matching contextual problems with number sentences. Which work be�er for learning concepts? 

Modelling task for teachers to solve. Discussion, reflec�on. The task is the Hire or Fire task (see Figure 2). 
Researcher facilitates a discussion on why propor�onal reasoning is difficult. Difference between addi�ve and mul�plica�ve reasoning 
and how to facilitate a shi� from addi�ve to mul�plica�ve reasoning.
Presenta�on of a variety of classroom tasks that can facilitate this (Van de Walle, Karp, & Bay-Williams et al. 2010, pp. 352–355).

Teachers observe a small group of learners solve the same problem.
Discussion and reflec�on.

Guidelines for classroom prac�ce.
Resourcing teachers for a changing paradigm.

Observa�on cycle 3
Design principles: using exis�ng resources and finding new resources.
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to solve the Airplane modelling problem. Their initial 
responses revolved around how the problem was unsuitable 
to Grade 6 learners because no methods were given nor 
suggested and that the question was too open. However, 
when they observed how groups of Grade 6 learners 
approached and solved the problem, they were surprised 
that learners (who were learners at one of the schools) were 
able to organise the problem and model an answer. During 
the final session for this cycle, I provided the teachers with 
printed cards that had either a contextual (word) problem or 
a decontextualised problem. Teachers had to ‘match’ the 
contextual problem with its more traditional partner. We then 
discussed when and how giving learners a contextual 
problem at the outset (before showing methods) could assist 
with conceptual development. An example of the type of 
matching problem is provided in Figure 5.

Teachers discussed how two different types of questions on 
the same concepts could either alienate students or be more 
inclusive:

Teacher E:  These [referring to number-only problems] are all 
memory, they must remember what to divide 
and when.

Researcher: And if I don’t remember? 
Teacher A:  Then it’s over. 
Teacher C:  But that [problem-centred questions] they can still 

figure out – it’s words. 
Teacher A:   They don’t have to remember that you have to 

do that, and then that…

Teacher E:   You see, I am still telling them…I have to go to 
where they work it out for themselves…that is 
where I am struggling. (Biccard, 2013, p. 191)

What is evident here is that teacher change must be 
approached holistically to include teachers’ personal domain 
since this is a strong enabler of changing a teachers’ domain 
of practice to develop improved classroom outcomes.

I visited the teachers at the beginning of the next school term; 
Table 2 reflects a summary of the lessons observed.

During the follow-up lessons in Cycle 2, two lessons 
demonstrated ‘signs of change’ where teachers allowed 
ideas from learners to guide the discussion while the 
question and answer sessions were more in-depth and 
focused on connecting the mathematical ideas.

Two lessons facilitated learners’ own constructions, which 
presents some evidence of professional experimentation in 
the domain of practice. These lessons saw learners working 
in groups trying to construct meaning and not working 
individually and silently as in the first series of lessons. In the 
one lesson, groups had to use blocks to explain to the rest of 
the class what 23 of 18 ‘looked like’ while the second lesson 
involved learners working in pairs to calculate equivalent 
fractions of area models. The inverse operations lesson was 
still traditional in nature. Two lessons were still dominated 
by teachers specifying methods while three lessons had 
learners think about methods. The time allocated for student 
interaction (Teacher A and Teacher C) in the lessons allowed 
for students to think reflectively about their working with the 
manipulatives.

Around March, each year the Grade 6s and 7s
go on camp. There are 105 learners going on 
camp this year. At the camp, there are canoes to
rent. There are 2, 3, 4 or 5 seater canoes. 
Mrs Smith prefers to order the same size canoe, 
how many canoes of what size must she order?

Is 105 divisible by 2, 3, 4, or 5? 

FIGURE 5: Example of card matching activity.

TABLE 1: Summary of baseline lessons.
Baseline lessons Rubric rating

Teacher A
Word problems on percentage increase and decrease
The teacher explained a ‘method’ during a whole class discussion 
by discussing calculating a ‘tip’ for a waiter. Thereafter learners 
worked individually on similar problems.

P1
C1
M1

Teacher B
This was a revision lesson. Learners were generating mind maps on 
the concepts of Area and Perimeter. The teacher reminded learners 
of the various formulae for calculations. Learners worked 
individually on their mind maps.

P1
C1
M1

Teacher C
The teacher presented methods to convert fractions to decimal 
numbers and percentages through using area representations. 
The lesson was concluded with an individual worksheet.

P1
C1
M1

Teacher D
The teacher presented learners with ‘sum search’ sheets where 
they had to find addition and subtraction problems. Learners 
worked in groups but worked individually to find the ‘sums’. 
Groups had to calculate the average number of sums they found.

P2
C2
M2

Teacher E
The teacher asked learners to write out tables multiplying by 10, 
100 or 1000. The teacher explained that this was holding learners 
up in their multiplication methods, so she spent the lesson trying 
to get them to identify patterns such as:
3 × 10 = 30
3 × 100 = 300, etc.

P1
C1
M1

C, context scale; M, mathematical content scale; P, pedagogy scale.

TABLE 2: Summary of Cycle 2 lessons.
Cycle 2 lesson Rubric rating

Teacher A
Creating equivalent fractions.
Learners worked in pairs through a self-discovery worksheet. They 
had to pack out blocks to determine the equivalent form of various 
fractions.

P2
C3
M2

Teacher B
The teacher explained ‘inverse’ operations using a flow diagram 
drawn on the board. An extensive teacher-led whole class 
discussion took place before individual seatwork.

P1
C1
M2

Teacher C
The teacher asked learners to work in groups. She provided each 
group with small wooden blocks and a big sheet of paper. She 
asked learners to calculate 2

3
 of 18 and to show their working 

(by packing blocks on the projector) to the rest of the class using 
the blocks. Learners could use the paper for calculations to verify 
their answers if necessary.

P3
C2
M2

Teacher D
The teacher led a whole class discussion on presenting equivalent 
fractions in area models. She held an extensive question and 
answer sessions and wanted to show connections between learner 
understandings.

P2
C1
M1

Teacher E
The teacher led a whole class discussion on different number 
patterns that she presented on the board. She wanted learners to 
give the next number in each pattern and explain the pattern. She 
used both additive and multiplicative patterns. Learners were 
encouraged to show various methods of working out the next 
number. The teacher focused on learners discussing how + 2; + 4; + 
8 is the same as × 2 in the pattern: 2; 4; 8 …
The lesson concluded with learners working individually on 
textbook problems

P3
C1
M2

C, context scale; M, mathematical content scale; P, pedagogy scale.
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The first session of PD that followed these lessons had 
teachers solve the second modelling task in groups. Some 
teachers struggled with calculating the ratio for the task 
(e.g. how to increase a 4 cm length to 7 cm) and once again 
felt that learners would need more guidance. Teachers also 
worked through a variety of other proportional reasoning 
problems in a variety of contexts. The shift from additive 
reasoning to multiplicative reasoning was the main 
discussion of this session. The summary of proportional 
research (Van De Walle et al., 2010, p. 350) was also presented 
to them. During the second session, the teachers observed 
groups of learners solving the same task. The learners were 
able to use a variety of techniques with varying degrees of 
success. Teachers observed both additive and multiplicative 
reasoning. The teachers did, however, note that the task 
allowed learner thinking to be more visible.

During the lesson observation, I also noted that teachers’ 
lesson planning was not very detailed. The lesson plans were 
mostly populated with dates and topics but no further 
elaboration of concept development. I, therefore, presented a 
session on thinking about the mathematical goal of the lesson 
and hypothetical learning trajectories as an important aspect 
of lesson thinking and lesson planning. I wanted teachers 
to see that the mathematical goal of the lesson not as the 
lesson title, for example adding fractions, but rather as what 
mathematics learners would need to learn, for example writing 
fractions in equivalent forms.

I visited the teachers again and the lessons are summarised in 
Table 3. 

The third cycle lesson observation showed a move away 
from teachers’ teaching by telling toward a greater focus on 
asking learners to work collaboratively. Lessons now included 
questions that stimulated learner thinking rather than seeking 
specific answers. The external domain appeared to have 
activated a change cycle in the other three domains (domain 
of practice, domain of consequence and the personal domain).

Three lessons during Cycle 3 showed ‘signs of change’ while 
two allowed for learners’ own constructions to guide the 
lesson. In the three that showed signs of change, learners 
worked in groups and discussed their ideas regarding 
multiplication and division word problems, factor trees and 
3D shapes that they identified around the school grounds. In 
the two lessons coded as P3, one lesson saw learners cutting 
paper pizzas and chocolates to share between numbers of 
learners and in the other lesson, learners had to construct 
their own 3D prism before moving onto formal terminology, 
diagrams and concepts. Learners were spending more time 
working with each other and verifying their work with each 
other. Teacher B’s and Teacher E’s lessons included questions 
that stimulated student thinking rather asking for specific 
answers. Lessons in this cycle also reflected many more 
mathematics moments due to the increase in student activity. 
The professional experimentation results in a change to the 
domain of consequence (outcomes) and changes to the 
personal domain. It supports Guskey’s (1986, 2002) principle 
that teachers have to experience learner success in their 
classrooms to change their beliefs about teaching. Although 
teachers were asking learners to present their ideas, no 
explicit connections between the ideas was made by the 
teachers. 

The final sessions of PD once again started with the teachers 
solving a modelling task (see Figure 2). Teachers found this 
problem challenging and were starting to talk about the 
various ways in which the learners would approach it. They 
expressed concern that learners would not manage to work 
with so much data. Although the groups of learners did 
produce models for the problem, they were not able to work 
with the busy, steady and slow aspects of the data but rather 
aggregated the data.

Teachers indicated throughout the PD that they needed 
assistance in finding contextual problems that covered the 
curriculum topics at the correct level. This is consistent with 
Borromeo Ferri and Blum’s (2013) quantitative findings on 
the barriers teachers cited to implementing model-eliciting 
tasks. We discussed how teachers could use the resources 
that they do have (e.g. textbooks) to facilitate mathematical 
learning where learners not only follow set methods but are 
allowed to first tackle problems and think about them. We 
discussed using textbook problems at different stages of the 
lesson. Teachers looked at different examples of typical 
textbook problems and discussed if they should always be 
used to conclude the lesson. They shared examples of how, at 
times, it may be beneficial to use the textbook problems at the 
beginning of the lesson or as pair work during the main part 

TABLE 3: Summary of Cycle 3 lessons.
Cycle 3 lesson Rubric rating

Teacher A
Multiplication and division word problems. 
Learners worked in pairs. The teacher explained that learners 
should co-construct their understanding of the problem. Both 
learners had to agree to the solution method and be able to 
explain why it was correct.
A whole class discussion concluded the lesson.

P2
C2
M2

Teacher B
Learners sat in groups and had to observe and point out the 
features of a given 3D shape. They were then asked to create the 
same 3D shape using toothpicks and jelly sweets. The teacher 
moved around looking at the constructions and asking questions 
without explicitly telling learners what to do. The learners worked 
on traditional textbook work on 3D shapes afterwards.

P3
C3
M2

Teacher C
The teacher asked learners to work in groups. She provided each 
group with a large sheet of paper. Groups had to make as many 
factor trees as possible and present their solutions to the rest of 
the class.

P2
C2
M3

Teacher D
The teacher revised the names and types of 3D shapes the learners 
had learnt the year before. She discussed their features. She then 
took learners on a walk around the school grounds and asked them 
to identify as many of the 3D shapes as they could. She stopped at 
strategic places on the school grounds. The lesson concluded with 
a whole class discussion on the various shapes they identified.

P2
C2
M2

Teacher E
The teacher provided each learner with a page where some pizzas 
and some chocolate bars were printed. She then asked them to 
share the pizzas (3 pizzas shared between 4 children) or 4 chocolates 
shared between 12 children. Learners worked individually but were 
in discussion with their peers. She then led a whole class discussion 
on the different ways that learners used to share out the pizzas or 
chocolates.

P3
C3
M3

C, context scale; M, mathematical content scale; P, pedagogy scale.
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of the lesson and to use a whole class discussion afterwards. 
During this final session, I provided URLs to open online 
resources that teachers could refer to as well as book titles 
(e.g. Mathematics in Context or the Shell Centre for Mathematics) 
that teachers could use.

At the end of this session, I asked teachers to reflect on their 
own teaching. Their responses show that they are starting to 
consider their roles as facilitators more critically. They stated 
the following when asked which aspects of their teaching 
they still wanted to improve. These responses indicate 
changes in their personal domain.

To have the patience not to give groups who are struggling the 
answer, but to guide them patience with their methods/ideas – 
not to tell them how to work out the answer. Talk less and listen 
more to facilitate more and control less. (Biccard, 2013, p. 257)

I visited the teachers at the end of the term and the summary 
of lessons is presented in Table 4. These observations took 
place either just before or just after the schools’ mid-year 
exams. Teachers were revising or catching up work, before 
the winter vacation.

In the final lessons, two showed signs of change while three 
focused on learners’ own constructions. The signs-of-change 
lessons included pair work on word problems with a follow-
up whole class discussion while the second lesson involved 
groups of learners working collaboratively on ordering 
decimal numbers. For the three learner construction lessons, 
one involved a model-eliciting problem and two involved 

learners’ own constructions on profit models and learners 
constructing their own nets for 3D shapes. Teacher A and 
Teacher D appeared to have folded back to more traditional 
teaching for this lesson.

Summary
The baseline lessons and Cycle 2 lessons were predominantly 
calculation-based lessons. During Cycle 3 lesson observations, 
three teachers used some other contexts as starting points 
(e.g. word problems) while two teachers presented truly 
problematic situations where no known procedures could 
simply be applied to the problems (sharing pizzas and 
constructing 3D objects). In the final lesson observations 
(almost a year after the start of the programme) three teachers 
presented truly problematic situations but only two of these 
teachers guided the classroom discussion to connect learner 
understandings. It was during this cycle that one of the 
teachers presented the model-eliciting problem based on 
finding the winner of an athletics event. The teacher noticed 
that this problem (presented before moving onto typical 
textbook problems) assisted her learners in understanding 
concepts related to ordering decimal numbers. This 
teacher tried a mini-experiment in her classes (professional 
experimentation). She had one of her classes work on the 
textbook problem first and then complete the model-eliciting 
problem. She found that this class struggled with the textbook 
problem while those that did the model-eliciting problem 
first did not.

Teachers’ initial lessons were typical mathematics lessons in 
terms of focusing on bare numbers, procedures or skills. 
During Cycle 2 observations, some of the teachers started 
exploring mathematical moments in their classes by allowing 
learners to enter the mathematical discussion through self-
directed activities and group work. By Cycle 3 observations, 
two teachers had their classes explore mathematical ideas 
through their own constructions (e.g. pizza sharing lesson). 
By exposing mathematical ideas through contexts, teachers 
in this study were able to capitalise on the ‘mathematics 
moments’ in their classrooms. Of the 20 lessons observed, 
only 4 reached the third level on the pedagogy scale. 
Changing teacher practices is a complex endeavour and the 
time needed for paradigm shifts in mathematics teaching 
cannot be underestimated (Guskey, 2002; Wilson & Cooney, 
2002). Teacher change is also not a linear process of teachers 
moving from point A to point B to point C but moving around 
between the various stages of change or development based 
on their knowledge, context and goals at the time. Teachers 
take up certain aspects from the PD to try out in their 
classrooms when they feel professional experimentation is 
appropriate.

The lesson observation rubric focused on three big areas 
(pedagogy, context and content) where the potential for 
mathematisation can be gauged in a classroom. The three 
elements of the rubric are interrelated in terms of classroom 
practice. ‘Teaching by telling’ was often associated with bare 

TABLE 4: Summary of final lessons.
Final lessons Rubric rating

Teacher A
Learners worked in groups on lists of decimal numbers that had to 
be ordered. The groups had to agree on the order and one person 
from each group had to present their solutions. A whole class 
discussion with teacher connecting ideas concluded the lesson.

P2
C1
M1

Teacher B
The teacher presented learners with a complex problem on 
calculating profit. It involved repackaging a large packet of peanuts 
into smaller quantities. Learners worked in pairs to solve it. The 
teacher gave them big blank sheets of paper to work on and not 
their usual workbooks.
She concluded the lesson with a whole class discussion on the 
problem where she tried to connect different ideas presented 
by the learners.

P3
C3
M2

Teacher C
The teacher presented learners with a model-eliciting problem. 
Learners were given the results of athletics events and the list 
of ‘winners’. Some events are won because of the larger number 
(e.g. long jump) while other events are won because of a smaller 
number (e.g. a race). Learners worked in groups to determine if 
the winners’ list provided to them was correct. 

P3
C3
M3

Teacher D
Learners worked in pairs on multiplication and division revision 
problems. The teacher created two sets of worksheets with word 
problems using similar mathematical concepts but in different 
contexts. Learners presented their solutions. She led a discussion 
on how the problems on the two different worksheets were 
similar in structure and solution path.

P1
C1
M2

Teacher E
The teacher provided each group of learners with a 3D shape. 
She asked them to look carefully at the edges, corners, etc. She 
provided each learner with a large sheet of paper. Learners had 
to draw a net of the shape. Thereafter she provided learners with 
a pre-printed net and asked them to compare their net to the 
pre-printed one. She asked them to look at what was the same and 
what was different. She then asked them to construct both nets.

P3
C3
M3

C, context scale; M, mathematical content scale; P, pedagogy scale.
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numbers emphasising procedural mathematics (with the 
teacher sticking to a predesigned script) while a pedagogy 
of facilitating learner constructions necessitated the use of 
truly problematic situations and a focus on the underlying 
structure of the problem. In the latter lessons, teachers were 
using learner involvement to a greater extent, although not 
always making explicit connections between learner ideas. 
Teachers’ evolving pedagogy involved using more contexts 
and more focus on learners’ own constructions during the 
lessons. This is consistent with the findings of Cobb et al. 
(2009). The teachers also increased the physical and visual 
material used in the latter lessons. However, this in itself 
does not signify change if the materials are used superficially. 
There is a danger that teachers may use added materials 
because they think they are expected to in terms of their 
participation in PD. 

Conclusion
Teachers are the most ‘critical layer of the school system in 
terms of efforts to change what happens in schools’ (Smith & 
Southerland, 2007, p. 397). However, the notion of teacher 
change is a complex concept that makes professional 
development of mathematics teachers more a design 
process than an implementation process. The formulation 
of design principles in this study (teacher as learner, 
bringing contextual problems forward, more detailed lesson 
planning, using a variety of representations and resourcing 
teachers) may allow others to reflect and select or design 
their own principles in their own settings. 

This study sought to contribute to the micro theory level by 
proposing activities such as modelling tasks for teacher 
professional development and did not necessarily seek 
replication of tasks in the classroom. In an attempt to move 
away from deficit-type narratives regarding teachers, the 
DBR approach in this study did not prescribe which practices 
teachers should take up since there are ‘many different ways 
for teachers to create powerful learning environments’ 
(Schoenfeld & the TRU project, 2016) in their classrooms. 
Rather Richardson’s (1990, p. 14) suggestion that meaningful 
change will take place if teachers have control over what 
they ‘adapt, adopt or ignore’ from the PD was used for this 
study. The modelling activities became springboards for 
discussion, and may have created avenues for conceptual 
change in teachers. The two-tiered process (working on a 
model-eliciting problem themselves followed by observing 
learners solve the same problem) appeared to assist teachers 
in making some changes in their own classes. The modelling 
problems may have supported the change environment since 
professional experimentation led to some personal domain 
changes. The processes of enactment and reflection facilitate 
changes in one domain being translated to a change in 
another domain (Clark & Hollingsworth, 2002).

This study was limited to five teachers in one region of 
South Africa, teaching Grade 5 and Grade 6 mathematics 
that is congruent with one of the known limitations of 

DBR – designing to scale (Cobb et al., 2015). Further research 
is needed in how to implement DBR at scale. The study did 
not focus on teachers implementing specific model-eliciting 
problems in their classrooms. Rather, it sought to work with 
teachers in terms of where they were and how they chose to 
develop their own pedagogies. Teachers appeared to have 
knowledge needs (what is modelling, why present problems 
at the outset, etc.) and orientation needs (how do learners 
learn mathematics in meaningful ways?). Teacher change in 
this study was modest and since this is also not a longitudinal 
study, it is not known if teachers maintained some of the 
changes evidenced during the PD intervention time period. 
Since ‘it is what teachers think, what teachers believe, and 
what teachers do at the level of the classroom that ultimately 
shapes the kind of learning that young people get’ 
(Hargreaves, 1994, p. ix), there is a need for ongoing research 
in mathematics teacher professional development that 
focuses on how teachers can develop their own pedagogy, 
use of context and mathematical content in their own 
classrooms.

Acknowledgements
Competing interests 
The author declares that she has no conflicting interests in 
producing or publishing this article.

Authors’ contributions 
I declare that I am the sole author of this article.

Funding information 
This research received no specific grant from any  
funding agency in the public, commercial, or not-for-profit 
sectors.

Data availability statement 
Data sharing is not applicable to this article as no new data 
were created or analysed in this study.

Disclaimer 
The views and opinions expressed in this article are those of 
the author and do not necessarily reflect the official policy or 
position of any affiliated agency of the author.

References
Adler, J. (2005). Holding the past, living the present and creating a future: Trends and 

challenges in research on mathematics teacher education. In R. Vithal, J. Adler, & 
C. Keitel (Eds.), Researching mathematics education in South Africa (pp. 163–181). 
Cape Town: HSRC Press.

Adler, J., & Sfard, A. (2017). Introduction. In J. Adler & A. Sfard (Eds.), Research for 
educational change: Transforming researchers’ insights into improvement in 
mathematics teaching and learning (pp. 1–6). London: Routledge.

Artzt, A.F., Armour-Thomas, E., Curcio, F.R., & Gurl, T.J. (2015). Becoming a reflective 
mathematics teacher: A guide for observations and self-assessment (3rd ed.). 
New York, NY: Routledge.

Bakker, A. (2004). Design research in statistics education: On symbolizing and computer 
tools. Unpublished doctoral dissertation, Centre for Science and Mathematics 
Education, Utrecht University, The Netherlands. Retrieved from http://dspace.
library.uu.nl/bitstream/handle/1874/893/full.pdf?sequence=2

http://www.pythagoras.org.za�
http://dspace.library.uu.nl/bitstream/handle/1874/893/full.pdf?sequence=2�
http://dspace.library.uu.nl/bitstream/handle/1874/893/full.pdf?sequence=2�


Page 10 of 10 Original Research

http://www.pythagoras.org.za Open Access

Biccard, P. (2013). The didactisation practices in primary school mathematics teachers 
through modelling. Unpublished doctoral dissertation. Stellenbosch University, 
Stellenbosch, South Africa. Retrieved from http://hdl.handle.net/10019.1/85598

Biccard, P. (2018). Primary school mathematics teacher reflection through a modelling-
based professional development programme. Africa Education Review, 15(2), 
49–64. https://doi.org/10.1080/18146627.2016.1241672

Biccard, P., & Wessels, D.C.J. (2015). Student mathematical activity as a springboard to 
developing teacher didactisation practices. Pythagoras, 36(2), art 294. https://
doi.org/10.4102/pythagoras.v36i2.294

Biccard, P., & Wessels, D.C.J. (2017). Developing mathematisation practices in primary 
mathematics teaching through didactisation based teacher development. African 
Journal of Research in Mathematics, Science and Technology Education, 21(1), 
61–73. https://doi.org/10.1080/18117295.2017.1283184

Borko, H. (2004). Professional development and teacher learning: Mapping the 
terrain. Educational Researcher, 33(8), 3–15. https://doi.org/10.3102/0013189x 
033008003

Borromeo Ferri, R., & Blum, W. (2013). Barriers and motivations of primary teachers 
for implementing modelling in mathematics lessons. In B. Ubuz, Ç. Haser, & M. 
Alessandra Mariotti (Eds.), Proceedings of the Eighth Congress of the European 
Society for Research in Mathematics Education (pp. 1000–1010). Ankara, Turkey: 
Middle East Technical University. Retrieved from https://www.mathematik.uni-
dortmund.de/~erme/doc/CERME8/CERME8_2013_Proceedings.pdf

Brousseau, G. 1997. Theory of didactical situations in mathematics. Dordrecht: Kluwer 
Academic Publishers.

Brown, A.L. (1992). Design experiments: Theoretical and methodological challenges in 
creating complex interventions in classroom settings. Journal of the Learning 
Sciences, 2(2), 141–148. https://doi.org/10.1207/s15327809jls0202_2

Cai, J., Morris, A., Hohensee, C., Hwang, S., Robison., V., & Hiebert, J. (2017). Clarifying 
the impact of educational research on learning opportunities. Journal for 
Research in Mathematics Education, 48(3), 230–236. https://doi.org/10.5951/
jresematheduc.48.3.0230 

Chigonga, B., & Mutodi, P. (2019). The cascade model of mathematics teachers’ 
professional development in South Africa: How well did it suit them? EURASIA 
Journal of Mathematics, Sciences and Technology Education, 15(10), em 1761. 
https://doi.org/10.29333/ejmste/109261

Chirinda, B., & Barmby, P. (2017). The development of a professional development 
intervention for mathematical problem solving pedagogy in a localised context. 
Pythagoras, 38(1), a364. https://doi.org/10.4102/pythagoras.v38i1.364 

Clark, D., & Hollingsworth, H. (2002). Elaborating a model of teacher professional 
growth. Teaching and Teacher Education, 18(8), 947–967. https://doi.org/10.1016/
S0742-051X(02)00053-7

Cobb, P., Confrey, J., DiSessa, A., Lehrer, R., & Schauble, L. (2003). Design experiments 
in educational research. Educational Researcher, 32(1), 9–13. Retrieved from 
https://www.jstor.org/stable/3699928

Cobb, P., Jackson, K., & Dunlap, C. (2015). Design research: An analysis and critique. In 
L. English & D. Kirshner (Eds.), Handbook of international research in mathematics 
education (3rd ed., pp. 481–503). New York, NY: Routledge.

Cobb, P., Zhao, Q., & Dean, C. (2009). Conducting design experiments to support 
teachers’ learning: A reflection from the field. Journal of the Learning Sciences, 
18(2), 165–199. https://doi.org/10.1080/10508400902797933

Doerr, H & Lesh, L. (2003). A modelling perspective on teacher development. In R. Lesh 
& H.M. Doerr (Eds), Beyond constructivism: Models and modelling perspectives on 
mathematics problem solving, learning, and teaching (pp. 125–139). Mahwah, NJ: 
Lawrence Erlbaum.

Durandt, R. (2018). A strategy for the integration of mathematical modelling into the 
formal education of mathematics student teachers. Unpublished Doctoral 
dissertation. University of Johannesburg. Johannesburg, South Africa. Retrieved 
from http://hdl.handle.net/10210/296510 

Ferrini-Mundy, J., Burrill, G., & Schmidt, W.H. (2007). Building teacher capacity 
for implementing curricular coherence: Mathematics teacher professional 
development tasks. Journal of Mathematics Teacher Education, 10(4–6), 311–324. 
https://doi.org/10.1007/s10857-007-9053-9

Fosnot, D.T., Dolk, M., Zolkower, B., Hersch, S., & Seignoret, H. (2006). Mathematics in 
the city: Measuring teacher change in facilitating mathematization. Paper used at 
the coaching institute for numeracy and literacy leaders. 

Frid, S., & Sparrow, L. (2009). ‘You just have to take a bit of a risk sometimes’: Breaking 
the ‘cycle of tradition’ in primary mathematics. Mathematics Teacher Education 
and Development, 11(1), 36–53. Retrieved from https://files.eric.ed.gov/fulltext/
EJ899361.pdf

Goos, M., & Geiger, V. (2010). Theoretical perspectives on mathematics teacher 
change. Journal of Mathematics Teacher Education, 13(6), 499–507. https://doi.
org/10.1007/s10857-010-9166-4

Gravemeijer, K., & Cobb, P. (2006). Design research from a learning perspective. In J. 
Van den Akker, K. Gravemeijer, S. McKenney, & N. Nieveen, (Eds.), Educational 
design research (pp. 17–51). New York, NY: Routledge.

Guskey, T.R. (1986). Staff development and the process of teacher change. Educational 
Researcher, 15(5), 5–12. https://doi.org/10.3102/0013189X015005005

Guskey, T.R. (2002). Professional development and teacher change. Teachers and 
Teaching: Theory and Practice, 8(3–4), 381–391. https://doi.org/10.1080/13540600 
2100000512

Hargreaves, A. (1994). Changing teachers, changing times: Teachers’ work and culture 
in the postmodern age. London: Cassell.

Hill, H.C. (2004). Professional development standards and practices in elementary 
school mathematics. The Elementary School Journal, 104(3), 215–231. Retrieved 
from https://www.jstor.org/stable/3202950

Hill, H.C., & Ball, D.L. (2009). The curious-and crucial case of mathematical knowledge 
for teaching. Kappan, 9(2), 68–71. https://doi.org/10.1177/003172170909100215

Jaworski, B. (1998). Mathematics teacher research: Process, practice and the 
development of teaching. Journal of Mathematics Teacher Education, 1(1), 3–31. 
Retrieved from https://link.springer.com/article/10.1023/A:1009903013682

Kilpatrick, J., Swafford, J., & B. Findell (Eds.). (2001). Adding it up: Helping children 
learn mathematics. Washington, DC: National Academy Press. https://doi.org/ 
10.17226/9822

Koellner, K., Seago, N., & Jacobs, J. (2018, July). Representations of practice to support 
teacher instruction: Video case mathematics professional development. In G. 
Kaiser (Ed.), Mathematics teachers engaging with representations of practice. 
Proceedings of the 13th International Congress on Mathematical Education (pp. 
9–22). Hamburg: Springer Open. 

Lesh, R., & Doerr, H.M. (2003). Foundations of a models and modeling perspective on 
mathematics teaching, learning, and problem solving. In R. Lesh & H.M. Doerr 
(Eds.), Beyond constructivism: Models and modeling perspectives on mathematics, 
problem solving, learning and teaching (pp. 3–33). Mahwah, NJ: Lawrence Erlbaum.

Maaß, K. (2006). What are modeling competencies? ZDM: The International Journal 
on Mathematics Education, 38(2), 113–142. https://doi.org/10.1007/BF02655885

McKenney, S., & Reeves, T.C. (2012). Conducting educational design research: What it 
is, how we do it, and why. London: Routledge.

Merchie, E., Tuytens, M., Devos, G & Vanderlinde, R. (2018). Evaluating teachers’ 
professional development initiatives: Towards an extended evaluative framework. 
Research Papers in Education, 33(2), 143–168. https://doi.org/10.1080/02671522
.2016.1271003

Philipp, R.A. (2007). Mathematics teachers’ beliefs and affect. In F.K. Lester (Ed.), Second 
handbook of research on mathematics teaching and learning (pp. 257–315). 
Charlotte, NC: Information Age Publishing.

Polly, D., McGee, J., Wang, C., Martin, C., Lambert, R., & Pugalee, D.K. (2015). Linking 
professional development, teacher outcomes, and student achievement: The 
case of a learner-centered mathematics program for elementary school teachers. 
International Journal of Educational Research, 72(1), 26–37. https://doi.
org/10.1016/j.ijer.2015.04.002

Porritt, V., & Earley, P. (2010). Effective practices in continuing professional 
development – Evaluating impact. Professional Development Today, 13(3), 6–12.

Richardson, V. (1990). Significant and worthwhile change in teaching practice. 
Educational Researcher, 19(7), 10–18. https://doi.org/10.3102/0013189X019007010

Richardson, V., & Placier, P. (2001). Teacher change. In V. Richardson (Ed.), Handbook 
of research on teaching (pp. 905–947). Washington, DC: American Educational 
Research Association. 

Schoenfeld, A.H. (2011). How we think: A theory of goal-orientated decision making 
and its educational applications. New York: Routledge.

Schoenfeld, A.H., & the Teaching for Robust Understanding Project. (2016). An 
introduction to the Teaching for Robust Understanding (TRU) Framework. Berkeley, 
CA: Graduate School of Education. Retrieved from http://map.mathshell.org/
trumath.php

Schorr, R.Y., & R. Lesh. (2003). A modelling approach for providing teacher 
development. In R. Lesh & H.M. Doerr (Eds). Beyond constructivism: Models and 
modelling perspectives on mathematics problem solving, learning, and teaching 
(pp. 141–157). Mahwah, NJ: Lawrence Erlbaum.

Smith, L.K., & Southerland, S.A. (2007). Reforming practice or modifying reforms? 
Elementary teachers’ response to the tools of reform. Journal of Research in 
Science Teaching, 44(3), 396–423. https://doi.org/10.1002/tea.20165

Spaull, N. (2013). South Africa’s education crisis: The quality of education in 
South Africa 1994–2011. Report Commissioned by the Centre for Development 
and Enterprise. Johannesburg: CDE.

Sztajn, P., Wilson, H., Edgington, C., Myers, M., & Dick, L. (2013). Using design 
experiments to conduct research on mathematics professional development. 
Alexandria Revista da Educacao em Ciencia e Tecnologia, 6(1), 9–34. Retrieved 
from https://dialnet.unirioja.es/descarga/articulo/6170641.pdf

Van de Walle, J.A., Karp, K.S., & Bay-Williams, J.M. (2010). Elementary and middle 
school mathematics: Teaching developmentally (7th ed.). Boston, MA: Allyn and 
Bacon Publishers.

Wilson, J. (1998). Technology in mathematics teaching and learning. Retrieved from 
http://jwilson.coe.uga.edu/Texts.Folder/Tech/Technology.Paper.html

Wilson, M., & Cooney, T. (2002). Mathematics teacher change and development: The 
role of beliefs. In G.C. Leder, E. Pehkonen, & G. Torner (Eds.). Beliefs: A hidden 
variable in mathematics education (pp. 127–147). Dordrecht: Kluwer.

http://www.pythagoras.org.za�
http://hdl.handle.net/10019.1/85598�
https://doi.org/10.1080/18146627.2016.1241672�
https://doi.org/10.4102/pythagoras.v36i2.294�
https://doi.org/10.4102/pythagoras.v36i2.294�
https://doi.org/10.1080/18117295.2017.1283184�
https://doi.org/10.3102/0013189x033008003�
https://doi.org/10.3102/0013189x033008003�
https://www.mathematik.uni-dortmund.de/~erme/doc/CERME8/CERME8_2013_Proceedings.pdf�
https://www.mathematik.uni-dortmund.de/~erme/doc/CERME8/CERME8_2013_Proceedings.pdf�
https://doi.org/10.1207/s15327809jls0202_2�
https://doi.org/10.5951/jresematheduc.48.3.0230�
https://doi.org/10.5951/jresematheduc.48.3.0230�
https://doi.org/10.29333/ejmste/109261�
https://doi.org/10.4102/pythagoras.v38i1.364�
https://doi.org/10.1016/S0742-051X(02)00053-7�
https://doi.org/10.1016/S0742-051X(02)00053-7�
https://www.jstor.org/stable/3699928�
https://doi.org/10.1080/10508400902797933�
http://hdl.handle.net/10210/296510�
https://doi.org/10.1007/s10857-007-9053-9�
https://files.eric.ed.gov/fulltext/EJ899361.pdf�
https://files.eric.ed.gov/fulltext/EJ899361.pdf�
https://doi.org/10.1007/s10857-010-9166-4�
https://doi.org/10.1007/s10857-010-9166-4�
https://doi.org/10.3102/0013189X015005005�
https://doi.org/10.1080/135406002100000512�
https://doi.org/10.1080/135406002100000512�
https://www.jstor.org/stable/3202950�
https://doi.org/10.1177/003172170909100215�
https://link.springer.com/article/10.1023/A:1009903013682�
https://doi.org/10.17226/9822�
https://doi.org/10.17226/9822�
https://doi.org/10.1007/BF02655885�
https://doi.org/10.1080/02671522.2016.1271003�
https://doi.org/10.1080/02671522.2016.1271003�
https://doi.org/10.1016/j.ijer.2015.04.002�
https://doi.org/10.1016/j.ijer.2015.04.002�
https://doi.org/10.3102/0013189X019007010�
http://map.mathshell.org/trumath.php�
http://map.mathshell.org/trumath.php�
https://doi.org/10.1002/tea.20165�
https://dialnet.unirioja.es/descarga/articulo/6170641.pdf�
http://jwilson.coe.uga.edu/Texts.Folder/Tech/Technology.Paper.html�

