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Abstract

It is of critical importance, in particular, for mathematics teachers who will teach future generations to
understand and do mathematical proofs. It is important to determine future teachers' beliefs about and difficulties
with proofs because their knowledge of this issue affects their teaching. This study aims to determine and
compare the proof schemes of prospective mathematics teachers from two state universities, one in Turkey and
the other in Spain. The case study was conducted within this study. The participants were 51 prospective teachers
at their second year from the department of teaching mathematics education at Huelva University in Spain and
45 prospective teachers from the department of teaching mathematics education at Cumhuriyet University in
Turkey. The Proof Test consisted of four questions about proofs for parallelograms. Semi-structured interviews
were subsequently conducted to investigate the prospective teachers’ responses in-depth. The findings suggest
that prospective teachers from Turkey and Spain indicated affinity in proving. The majority of the prospective
mathematics teachers were either unable to complete the proof or completed the proof in an inaccurate way.
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1. Introduction

Proof is a keystone of mathematical thinking. Being competent at proving is of critical importance for
mathematics teachers who will teach future generations to understand and do mathematical proofs (VanSpronsen,
2008). However, a vast majority of university mathematics students have problems understanding and doing
proofs (Coe & Ruthven, 1994; Martin & Harel, 1989; Oflaz, Bulut & Akgakin, 2016). The fact that students do
not understand what proofs are or their function underlies these problems. Students who do not know how to
write a proof prefer to memorize it instead of understanding it (Moore, 1994). It is important to determine future
teachers' beliefs about and difficulties with proofs because their knowledge of this issue affects their teaching.
This study aims to determine and compare the proof schemes of prospective mathematics teachers from two state
universities, one in Turkey and the other in Spain. The interactivity and variety of mathematics education studies
enable international comparison studies (Xsenofontos, 2010).

1.1 Theoretical Framework

The proof is a logical and deductive expression. According to Harel and Sowder (1998), proofs are the
arguments that people produce to convince themselves and others about the accuracy of an expression. Therefore,
proving has the goals of researching and persuading. While research is an action aimed at eliminating one’s own
doubts regarding the accuracy of a claim, persuading is an action aimed at eliminating others’ doubts regarding
its accuracy (Harel, 2008).

Sometimes, in the teaching contexts, the emphasis on proofs is given to its function as confirmation of an
expression. But the history of mathematics tells us that it is more important for mathematicians to know why a
statement is correct than to know that it is correct (Hersh, 1993). This also holds true in teaching proofs. Students
should be shown why a statement is correct, rather than showing that it is correct because sense-making occurs
when the proof and explanation are given together (Dreyfus, 1999). At this point one should reflect not only on
proofs, but on proving. Mathematical proof is a complex activity that produces an assumption with supportive
arguments using complex logical argumentation processes. The proof that is produced at the end is only a part of
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this process (Hilbert, Renkl, Kessler & Reiss, 2008), the process of proving, which is an important mental task in
mathematics. Therefore, understanding proof-related concepts, constructing proofs and understanding them are
skills that students need to develop. However, students experience many difficulties with constructing and
understanding proofs (Ernest, 1984; Hersh, 1993; Hilbert et al., 2008). Understanding mathematics occurs when
the processes of intuition, trial, error, estimation and assumption take place successively, but the order of
theorem, proof and example is generally followed in mathematics classrooms, becoming mathematical proof “a
mental experiment independent of content” (Almeida, 2003, pp. 479). The structure of proofs, its requirements,
are transversal amongst the mathematical contents, but proofs are not built on a vacuum; proof teaching that is
not carried out in accordance with mathematical understanding causes difficulties to the students. A lack of
mathematical knowledge make proofs quite incomprehensible. The fact that students focus on operations rather
than on content while performing proofs makes it difficult for them to do proofs (Baker, 1996).

In order to face the students difficulties, mathematics teaching should promote, following curricular and social
demands, students’ relational understanding (Skemp, 1978), and avoid that students learn definitions and
theorems by memorizing proofs without understanding them (Cadwallader-Olsker, 2007). Harel and Sowder
(2003) conducted a study at the university level that reported good outcomes in making proofs clear, convincing
and understandable for students. The teaching experiment designed in this study was based on teaching proofs in
a way that enabled sense-making.

A revision of the research literature provided us studies on students’ proof levels according to various
taxonomies. Studies conducted with prospective mathematics teachers have reported that most of them have
empirical proof schemes (Martin & Harel, 1989). Martin and Harel (1989) found that half of the prospective
mathematics teachers were unable to complete a proof, and that those who were able to complete it had empirical
proof schemes. Even students who had previously taken a course on proofs tried to complete a proof by memory
since they did not understand how to do the proof (Moore, 1994). Housman and Porter's (2003) study of
high-achieving students found that they had external conviction, empirical and deductive proof schemes. Hoyles
(1997) asked primary and secondary school students to show that the interior angles of a triangle add up to 180~
and categorized their proof schemes as empirical, enactive, narrative and visual. Asking the same question, Oflaz,
Bulut and Akc¢akin (2016) showed external conviction and empirical proof schemes. When asked about their
perspectives regarding proofs, the students emphasized that it is necessary to teach lessons with proofs and added
that they have difficulties understanding proofs since they lack sufficient experience with them. Morali, Ugurel,
Tuntkltand Yesildere (2006) developed a study with prospective primary mathematics teachers and found that
they did not find it necessary to use proofs in mathematics lessons. Schwarz et al. (2008) carried out a study of
the proof abilities of prospective teachers in three different countries and determined that they were unable to
construct mathematical proofs even though they were asked questions containing secondary-school content. The
literature supports studies of students’ proof processes and frameworks (Balacheff, 1988; van Dormolen, 1977,
Weber, 2004).

Harel and Sowder (1998) focused on how students convince themselves about the correctness of an expression
and categorized these processes as external conviction, empirical and deductive proof schemes. External
conviction proof schemes depend on an authority such as a teacher or a book, on strictly the appearance of the
arguments or on symbol manipulations. External conviction proof schemes are divided into authoritative, ritual
and symbolic. Empirical proof schemes are based either on evidence obtained directly from quantitative
measurement samples, on the basis of algebraic expressions, or on the substitution of certain numbers in
perceptions. Inductive and perceptual proof schemes are in this class. In the deductive proof scheme, deductions
are made from certain axiom sets. The deductive proof scheme consists of two subcategories, each consisting of
various proof schemes: the transformational and the axiomatic proof schemes. In this study, the prospective
teachers’ processes of proving were categorized using the proof schemes of Harel and Sowder (1998).

1.2 The Need for International Comparative Research on Proving

Studies of the mathematical performance of students from different countries have grabbed attention in recent
years. At the same time, different practices and approaches are being studied with an international approach in
mathematics education studies. This has led researchers to focus on differences. Determining the reasons for
these differences by investigating them constitutes the subject of comparative studies (Artigue & Winslaw, 2010).
Some comparative studies focus on the mutual benefits of shared good practices or the applicability of policies
and practices of other nations’ educational systems (Clarke, 2003). Most comparative studies are carried out in
two ways: large-scale comparative studies using quantitative methods and small-scale qualitative studies
(Andrews, 2007; Xsenofontos, 2010).
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In this study, the prospective teachers’ proof schemes were determined and compared, and the results were
evaluated using a mixed approach (predominantly qualitative). For this purpose, the sub-problems of this study
were determined as follows:

What are the proof schemes of prospective mathematics teachers at a state university in Turkey?
What are the proof schemes of prospective mathematics teachers at a state university in Spain?

Avre there differences in the proof schemes of prospective mathematics teachers at the state universities
in both countries?

2. Method
2.1 Design of the Study

This is a case study, a very common qualitative study design. Case studies are an in-depth description and
investigation of a limited system (Meriam, 2013, p. 40).

2.2 Participants

51 prospective primary teachers at their second year of their degree in the Faculty of Education of the University
of Huelva (Spain) and 45 junior prospective teachers from the department of mathematics education at
Cumhuriyet University in Turkey participated in this study. The implementation was carried out in May (Spain)
and in October (Turkey) 2017.

A purposeful sampling technique was used to select the participants to be interviewed at the end of the
implementation. The responses of the prospective teachers were categorized using the proof schemes of Harel
and Sowder (1998), and one prospective teacher was selected as an example for each scheme in each country to
be interviewed.

2.3 Data Collection and Analysis

After a review of the research literature on proof schemes, a Proof Test (PT) consisting of four questions about
proofs for parallelograms was developed (Figure 1). This PT was delivered to four prospective primary
mathematics teachers in both countries in order to check time completion and understandability, resulting that
the questions were comprehensible and the need of approximately 45 minutes to do the test. Therefore, the
implementation was carried out in one lesson hour at both universities. The responses were categorized by two
researchers applying Harel and Sowder’s (1998) taxonomy of proof schemes using descriptive analysis.
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Figure 1. Four Questions About Proofs For Parallelograms
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The analyses of two experts were compared, the dissimilar results were discussed, and a consensus was reached
on the results. Based on these analyses, three prospective teachers from each country were interviewed one week
after the implementation. These semi-structured interviews were video-recorded and transcribed, and analyzed
using Harel and Sowder’s taxonomy. In the interviews, which lasted about 50 minutes, the prospective teachers
were given their PTs again and asked to explain how and why they did their proofs. The results of this analysis
allowed us to go onto the comparative analysis.

3. Findings

A detailed analysis of the prospective teachers' work selected from Turkey and Spain samples are presented.
Then, the proof schemes of the prospective teachers in the samples of both countries are compared.

3.1 Findings for the Proof Schemes of the Prospective Teachers in Turkey Sample

One presents the proof schemes, which were determined according to the findings of the first implementation in
Turkey sample, and a detailed analysis of the works of the three selected prospective teachers.

The proof schemes in Turkey sample are presented in Table 1. The majority of the Turkish prospective teachers
were either unable to solve the proof or did an incomplete proof. In addition, the prospective teachers
concentrated on the ritual and transformational schemes. Only 6 solved Proof 1 using the external conviction
scheme, and the remaining 39 either could not solve the proof or gave an incomplete answer. The authoritarian
proof scheme was only encountered in Proof 1. For Proof 2, 11 prospective teachers had the ritual proof scheme
and 6 had the transformational proof scheme. 15 prospective teachers were not able to answer at all, while 7 gave
irrelevant answers. The prospective teachers mostly had the transformational and ritual proof schemes for Proof
3, and the perceptual proof scheme was only encountered in this proof. The transformational proof scheme was
similarly the most common scheme in Proof 4, while 10 prospective teachers had the symbolic proof scheme
among the external conviction schemes. In this proof is where one finds more answers by the prospective
teachers. No prospective teachers had the axiomatic proof scheme.

Table 1. Proof Schemes of The Prospective Teachers In Turkey Sample
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3.1.1 Findings of the Detailed Analysis of the Works of Three Prospective Teachers Who were Selected from
Turkey Sample

3.1.1.1 Su’s Proof Schemes

Su, whose explanations were insufficient in the first implementation, was considered in the category of external
conviction. Su considers herself a math lover and a talented math student. She does not want to be a teacher in
the future, but want to work in the field of mathematics.
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Figure 2. Su’s Worksheet (1% question)

Su’s worksheet in the first implementation shows that she was trying to reach a conclusion by establishing a
similarity between the sides of ACD triangle that was formed by combining the A and C points in the first
question (Figure 2). Thus, Su was trying to reach a conclusion by establishing a similarity between random sides
not based on logical evidence. In the interview, after thinking of what to do, it came to Su’s mind to look at the
similarity. In order to find a similarity, she said that she needed “the ratio of that to that, the ratio of this to this.”
Similar to the operations carried out in the first implementation, she tried to find a similarity among random
sides instead of finding similar triangles and expressing the similarity among the sides lengths of these triangles.

R (Researcher): What was the similarity?
S (Su): I cannot say ... The similarity is that the ratios of the sides are equal to each other...

R: In the first implementation, you found a similarity among irrelevant sides. | wonder you wrote this because
you think which triangles are similar?

S: Maybe there was no similarity. | might have done so in order to adapt to the question. I might have done it so
as to be equal.

Su tried to find a similarity among random sides with completely random operations. In order to reach a result
somehow, she noted similarities among irrelevant sides without knowing much about the meaning of the concept
of similarity. Then, she investigated the angles in the parallelogram by saying “Shall we proceed from angles?”
With a hope of finding a similarity, she looked for equal angles and asked the researcher whether the angles ABC
and ADC are equal. The fact that Su asked the researcher without knowing that these angles are congruent. So it
can be interpreted as having incomplete knowledge of this topic. Later, she reached a conclusion by forming a
similarity between the correct triangles, with the researcher’s guidance.
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Figure 3. Su’s Worksheet (2nd question)

For the second question, Su carried out operations with an incorrect assumption that she assumed to be correct
from the beginning. Thus, Su examined the ADM and BCM triangles formed by giving the name M to the
intersection of diagonals. She applied the Pythagorean theorem to these triangles with an assumption that the
AMD and BCM were 900. Using the equations among the sides obtained according to the Pythagorean theorem,
she tried to show the correctness of her assumption by substituting these equations with the assumption given in
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the question (Figure 3).

In the interview, Su thought to reach a conclusion using a formula.
S: Can we benefit from the formula and so forth?

R: Which formula?

S: Was there the sine formula or was there?

R: What is the sine formula?

S: | do not know, something like that remained in my mind, but | don’t remember what formula was
that...mmm...What can we do? Would it be right to write using equations (given in the question) to show this
equation (given in the question) and to say that it was provided? Would | divide two sides by 2? That is to say,
would | write this, do a few operations, say that it is equal, in order to show that this equation is true?

R: In a sense, by substituting values?
S: No, it is not substituting values, let me try...

Su thought of using the sine formula without remembering the formula, even without being sure of the existence
of such a formula. This situation indicated that without thinking whether it is useful to reach the conclusion, Su
listed the formula names that came to her mind about triangles and acted according to the researcher’s reactions.
Additionally, saying “Would | do a few operations, and say that it is equal?”” meant that Su had a tendency to
reach the conclusion using random operations rather than showing that the equation is true by doing operations
according to the triangle properties.

R: In your first worksheet, you expressed the intersection of the diagonals as 90< Do you think it is 90<?
S: It does not look like 90< Besides, | cannot know if it is 90< It could be...

R: Could it be?

S: Can it not be? Would it be a square if it is?

As well as not being sure that the opposite angles of a parallelogram are congruent, Su thinks that diagonals
bisect each other at right angles. Later, she added that the angles did not look like right angles based on the
visual property of the shape. This reminds us the visualization level, the lowest of van Hiele’s levels of
geometric thinking. Even though Su is not at the visualization level, the fact that she made a judgment based on
shape properties for this question can be inferred to mean that she lacks knowledge about this topic. Later, with
the researcher’s guidance, she reached the conclusion doing some random operations, drawing perpendiculars
and using the Pythagorean theorem.

For the fourth question, she thought of applying the Pythagorean theorem by drawing an auxiliary element with
her tendency, which she gained in the other questions, to avoid determining which operations would lead the
solution.

S: | generally tried to reach the solution by assuming the equation given is true. Would | make somewhere
90<drawing a perpendicular from the vertex D to the diagonal |AC|)?... | need to find something that is both 90<
and has the angle a in order to figure out the ratios. That DFC angle is (180 — a), | shall consider the cosing,
sine of the ratio. I shall draw a perpendicular from somewhere.

R: There are four triangles. For example, how do you find the area of the FDC triangle.
S: With the sine formula.
R: What is sine formula?

Su has some knowledge, even though it is incomplete and inaccurate, based on her experiences in education. Her
idea of using the sine formula to find the area of a triangle with one angle measurement given might indicates
this. After the researcher reminded her of the area formula with sine, Su was able to determine the area of the
triangle correctly.

S: A(DFC) =1+ 2.|FC|.|FD|.sin(180 — a). 180-a is the state of a with a minus. That is to say, it will be
sina with a minus. That is to say, | can express this as sina by putting a — before this expression.

R: Will the area not be negative in this case?
S: It should not be negative. But, the sina takes a value between -1 and 1; thus, the sina has a negative value.
R: Think of the coordinate system. In which quadrants, is sine positive?
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S: In two and three. In the first quadrants, they are all positive. Cosine is positive in the first and fourth quadrants,
and sine is positive in the first and second quadrants. Okay, sorry, then, this expression is positive, not negative.

Su’s incomplete and inaccurate knowledge manifests itself later on with this question. She made a mistake even
on the topic of positivity and negativity of the sine and cosine functions in quadrants, which can be considered as
the basis of the trigonometry topic. She was thought to lack a serious knowledge of this topic because she
claimed that the value of sin (180-a) should be negative, which would cause the area to be negative.

External
Conviction

Figure 4. Su’s Proof Scheme

The results of the interview showed that Su tried to reach the conclusion using random properties and formulas
without knowing which operation would lead to the conclusion. For example, the fact that when she starts to
solve a question, she attempts to solve this question in the way that she used to solve the previous question
without thinking of the question itself might indicate this situation. Therefore, Su who has behaviors that are
appropriate to the authoritarian and symbolic proof schemes, was deemed to have the external conviction proof
scheme (Figure 4).

3.1.1.2 Can’s Proof Schemes

Can who has a moderate level worksheet according to his operations in the first implementation was interviewed.
He was deemed to have an empirical proof scheme based on the operations he carried out. He can reason
mathematically, but he does not think of himself as successful in mathematics.
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Figure 5. Can’s Worksheet (1% question)

When Can’s worksheet was investigated, it was determined that he attempted to reach the conclusion using areas
for the first question (Figure 5). His reason for this choice was: “We can use areas in this question because we
used to do in high school.” By relating to his previous experience, he thought that using areas would lead him to
the correct conclusion for this question, too. Therefore, he started off using the side-area relations in triangles.
However, he still accepted that his assumption was correct and completed the proof accordingly. As he did in the
first implementation, he tried to reach the conclusion using the areas of triangles in the interview. With the
researcher’s guidance, he said:

C (Can): Using similarity, if this is a, there is the ratio of %% here, and this (JAB| length) becomes 2a from the
butterfly rule.

R (Researcher): Which triangles do you see as similar?

C: If I call G this point, DFG and AFB. In fact, the conclusion was directly reached from here. If | combine A
and C, and call it the center of gravity? (draws the |AC| diagonal). It becomes the center of gravity; yet, how can
| say that?
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R: What was the center of gravity?
C: The center of gravity divides in the ratio of %2 and the sides are congruent.

What the prospective teacher described as the butterfly rule is, in fact, the similarity rule in triangles. He tried to
reach the conclusion using some knowledge. However, he tried to set all his knowledge and to use whatever
might lead to a conclusion, rather than using the knowledge needed to complete the proof. For example, he calls
the intersection of a median drawn from a vertex and any line drawn from another vertex to the opposite side as
the center of gravity in an ABC triangle. The center of gravity, in fact, is the intersection of three medians in a
triangle. This might indicate that Can has incomplete and inaccurate knowledge regarding the elements of
triangles.

Figure 6. Can’s Worksheet (3rd question)

When Can’s answer to the third question was investigated, it was seen that he tried to reach the solution using the
areas of triangles. He found the areas of BFC and BAF triangles by applying the sinus area formula. He, later,
found that the areas of the triangles are congruent by proportioning their areas. Based on the rule that the areas of
triangles with the same heights are proportional to the lengths of their bases, he showed that the lengths of these
triangles’ bases are congruent since their areas are congruent (Figure 6).

Like his approach to other questions, he also completed this question considering the areas of triangles. Unlike
his peers, his proof of the equality of the side lengths by relating it to the areas of triangles indicated that Can
completed the solution using mathematical thinking process.

External
Conviction

Figure 7. Can’s Proof Scheme

His interview revealed that he tried to reach the solution using the areas of shapes in all of the questions because
of his experience doing so in his previous education. However, he was able to reach the correct solution with the
researcher’s guidance even if he tried to solve each question in a similar way. Therefore, Can, who has
deficiencies in some topics, can be said to have the empirical proof scheme (Figure 7).

3.1.1.4 Nur’s Proof Schemes

When Nur’s worksheet was investigated, it was determined that she was able to express the correctness of her
assumptions. So, she has the empirical proof scheme. Nur is a prospective teacher who can reason correctly and
express her ideas mathematically.
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Figure 8. Nur’s Worksheet (1% question)

Nur's worksheet for the first implementation showed that she tried to reach the conclusion for the first question
applying the Pythagorean theorem to the relevant triangles by drawing perpendiculars from the points of E, F,
and D to the |BC| side. However, she made these mistakes: the perpendicular drawn from the point E coincided
with the midpoint of the |BC| side, and the perpendicular drawn from the point F coincided with the point C, and
then she tried to reach a solution by accepting the assumption that was supposed to be proved and using the
similarity rule (Figure 8).

In the interview, she similarly tried to show the correctness of the assumption by accepting it as true. Nur
primarily denoted the lengths in the shape with letters. She tried to reach the conclusion somehow by applying
the Pythagorean theorem to the triangles formed. Later, she tried to remember what she did in the first
implementation and said that she wanted to solve this question later. In her second attempt, she started with
indicating the congruent sides again by giving letter values to the sides.

N (Nur): If I draw a diagonal from A to C, the lengths that this diagonal divides on |BD| will be equal... What
could we reach from there? When | see a parallelogram, drawing a perpendicular comes to my mind. | draw a
perpendicular line from there (the point D) (to the (|BC|). However, | don’t know whether | can reach the
conclusion from there.

R (Researcher): If you think a bit more simply...
N: Will we use similarity again?
R: Focus on the ACD triangle if you like. Isn’t |[AL| a median?

N: Then, if we draw a line from C to F, this also divides |AD| into two equal parts and becomes a median.
Because if |AL| divides the side into two equal parts passing on the point F, the line drawn from the other vertex
(from the point C) also divides |AD| into two equal parts.

R: Is it sufficient for JAL| to be a median in order to make this inference?

N: Hmm..The length of |BD| also divides |AC| into two equal parts. Therefore, the other one is a median since it
passed on the point F. Then, there was an a/2a ratio in median (the ratio of |FL| to |FL][). The ratio of |OF| to |FD|
will be %. Similarly, the ratio of |BE| to |EO] in the other triangle (the BAC triangle) will be two. |BO| and |OD|

were equal to each other from the parallelogram property. Therefore, |EO| and |OF| become equal to each other.
That is to say, it becomes |BE|=|EF|=|FD|.

1. |BE|=|EF|=|FD| oldugunu gosteriniz.

Figure 9. Nur’s Worksheet (1st question, second attempt)

In her second attempt, Nur reached the conclusion using the auxiliary drawings (Figure 9). She again preferred to
apply the Pythagorean theorem primarily by drawing a perpendicular from the point D to the side |BC|. Then,
with the researcher’s direction, she focused on the ACD triangle by drawing the |AC| diagonal. She showed that
the assumption given is correct by drawing medians of the sides of |CD| and |AD| and using the properties of
medians. While nearly all the prospective teachers reached the conclusion by constructing similarities between
triangles for the solution of this question, Nur additionally applied the properties of medians, indicating that she
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has a different point of view. For the third question, Nur found a solution by giving the same letter value to the
congruent side lengths and angles and benefiting from the similarity of triangles on her worksheet for the first
implementation. Therefore, she showed the correctness of the assumption by accepting it as true. In the interview,
she started by indicating the equality of the interior alternate angles by primarily giving letter values to the equal
lengths of the parallelogram.

R: What are you going to do?

N: I am trying to show why these equations are equal.

R: You have again accepted that equations given are correct. You’re asked to show this.
N: I found it from the Z rule. That is to say, from the properties of parallelograms.

3. |AF|=|FC| ve |DF|=|FB| oldugunu gosteriniz.
A J 8

Figure 10. Nur’s Worksheet (3" question)

What Nur called the Z rule is the rule of the equality of the interior alternate angles in triangles. As Nur got in the
habit of accepting that the assumption given is true, she chose to give letter values to the congruent lengths. Later,
she tried to apply the Pythagorean theorem by drawing perpendiculars from the points of B and D to the opposite
sides (Figure 10).

R: What are you trying to see?

N: In fact, we need to draw a perpendicular there in order to see (she drew perpendiculars from the point A to
|DB| and from the point C to |BD]|).

R: What do you see now?

N: From here (meaning the CFBH quadrilateral) this (|BH| and the distance between the point B and the point
where the perpendicular intersects the side) is d, | suppose, | remember it like this. Those perpendiculars are
equal to each other, c. This (|BCJ) is already b.

: Why are the perpendiculars equal to each other?
: I don’t know why, but | remember it like this. It was stuck in my mind like this.

. | start the process from here. Let me see whether they will be equal. Later, | will think of why it is so.
: Look at the AFD and FBC triangles...

N: Those (the AFD and BFC angles) are alternate interior angles. There is a similarity between the AKF and FCP
triangles. For this reason, the sides that the angles face will be congruent. Because they are congruent triangles.
The angles are equal to each other, and the perpendiculars are equal to each other. In this case, |AF| will also be
equal to |[FC|. |DK| and |PB| are already equal to each other. Therefore, |DF| and |FB| are equal to each other.

R
N
R: But you are not sure, you just remember it like this.
N
R

Nur found a similarity between the AKF and FPC triangles and a similarity ratio of 1 since the length |AF]| is
equal to the length |FC]|. In this case, as well, she did the proof by accepting the assumption. Nur’s result that the
other sides are congruent considering the fact that the lengths of the perpendicular sides are congruent is, in fact,
the result that can be obtained after showing the lengths of the |AF| and |FC| sides are equal to each other.

As a general evaluation, Nur prefers to apply the Pythagorean theorem by drawing a perpendicular from one
point to a side for such questions. This indicates that as she gotten into the habit of drawing auxiliary elements
and applying the rules that she knows, she tried to reach the conclusion somehow rather than carrying out
operations to solve the question that was asked.
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External
Conviction

Figure 11. Nur’s Proof Scheme

Instead of reasoning by making inferences, Nur tended to prove the assumption by initially accepting that the
assumption was correct and applying a set of operations. Therefore, her operations were not very suited to the
purpose. Based on her operations, it can be said that she has the empirical proof scheme (Figure 11). Proving can
be done in more than one way (Raman, 2003). Harel and Sowder (1998) argue that one can’t prove that there is a
single proof of proving that the same question can be proved by using different proof schemes. So Nur does not
exhibit only one proof scheme, she exhibits more, three of the proof schemes at the same time.

3.2 Results for the Proof Schemes of the Prospective Teachers in Spain Sample

The proof schemes of the prospective teachers in Spain sample are presented in Table 2. The majority of Spanish
prospective teachers are unable to perform any proof. An average of almost the half of the group make nothing in
some of the proofs. The most frequent proof schemes have been the symbolic and the inductive. It is interesting
to note that 22 prospective students did nothing in Proof 1 while 9 used the empirical scheme and 7 used an
external conviction scheme in this case. In Proof 2, 22 participants used an inductive scheme while 3 used a
symbolic scheme and 12 did nothing. This was the proof that more students could solve. For Proof 3, 17
prospective teachers used an empirical scheme, 9 solved this proof using an inductive scheme and 8 using a
perceptual scheme, what make this the case that most people used a perceptual scheme. In addition, 7 solved the
proof using external conviction schemes, 5 of them using symbolic scheme. Finally, 14 prospective teachers
solved Proof 4 using an external conviction scheme, concretely 13 out of them used symbolic reasoning. On the
other hand, 17 prospective teachers did nothing in this case. It is important to mention that no prospective
teacher solved any proof using deductive schemes or the authoritarian scheme.

Table 2. Proof Schemes of the Prospective Teachers in Spain Sample

Nothing 22 12 18 I
E Manipulation of data
without any
2 - 6 6 2 10

3.2.1 Results of the Detailed Analysis of the Works of Three Prospective Teachers Who Were Selected from
Spain Sample

3.2.1.1 Daniel’s Proof Schemes
Daniel said that he got average marks in Maths in Secondary Education, also he claims that he used to show no
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interest in Maths. However, he said that his motivation about Maths increased at the university, improving his
marks. On the other hand, it is interesting to say that he studied Technical Drawing at high school so he believes
that this is the reason he likes Geometry.

Daniel tried three of the four proofs. We focus on the first proof because this was the most developed and it's
possible to clearly perceive what proof scheme he shows. It's important to mention that three resolutions have a
common reasoning: it is the initial transformation of the original shape in a well-known shape for him. Daniel
studies the properties of the original shape using a rectangle in the three and fourth proofs. In the first proof, he
decomposes the rhomboid in two triangles by the minor diagonal because he knows the triangle properties better.

Figure 12. Daniel’s Worksheet (1st question)

Daniel notices the medians of the triangles ABC and ADC in which the rhomboid is discomposed and uses a
well-known property of the barycentre, though he called, wrongly, incenter (Figure 12). He used the property
that the distance between one vertex of the triangle and the barycentre is twice the distance between this point
and the midpoint of the opposite side. Daniel claims that he could proof this result thanks this property that he
remembers from the Technical Drawing lessons at high school. However, he makes some conjectures without a
logical explanation. We realize it when he says that the segment composed by the vertex B and the intersection of
the two diagonals of the rhomboid, which we name as M onwards, is a median.

D (Daniel): [...] actually we need two medians to find out the barycentre. Then, | was thinking that these two
triangles are equal; if we connect the vertex of one with the vertex of the other one (he means vertices B and D), as
they share a side, | thought that it would be the midpoint (M). In this way, we have the median determined by the
vertex A and the midpoint of the side BC. On the other hand, we have the median from the vertex B until the
midpoint of AC.

R: Why did you say that this point (vertex M) is the midpoint of AC and BM is a median?

D: I suppose this because | thought that | need to use the median to solve the problem [...]. | thought that | had to
adapt the shape to make sense. Because if | don't suppose that M is the centre | don't know how to continue the
proof. | couldn't continue my strategy. Then | said to myself, “I have to suppose it” to solve the proof.

He used a similar reasoning when he justifies that both triangles in this rhomboid are equal.
R: Was there some idea that made you think that these triangles are equal?

D: Mm... | think that I only observed the symmetry of the picture. As it is said that these and these sides are equal
(he means the sides BC and CD that appear in the picture that are equal), then two equal sides are... | don't know
how to explain it.

We could notice that not every steps in this proof, that Daniel did, are consistent. Concretely, in the second
paragraph, the prospective teacher uses reasoning based on a rudimentary mental image because he said that both
triangles are equal based on the symmetry of the original shape. He does not use the properties of a parallelogram.

Furthermore, Daniel considers that his reasoning is valid for every kind of rhomboid. However, he is insecure in
the case of other type of parallelograms. The prospective teacher said that he would need to check the figure in that
case. This happens when Daniel had to prove the same property in a square. He tried to prove it in a superficial way,
making drawings and applying the same lack of logic assumptions before mentioned.

On the other hand, it is important to highlight the explanation of Daniel when he tried to justify the absence of
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examples in his proof:
R: Why you did not use examples in your proof?

D: Aha, now I think that it would be logical to use them. I tried to prove it as mathematically as | could. | think that
examples limit you to concrete cases. When we had to prove something, we had to prove in such a way that can be
applied to all cases, that could be generalised.

R: What do you mean when you said that now it could be logical?

D: Because if | am not sure about any reasoning, | use an example to check if something is true. It's a previous step
when you need to make generalizations [...].

R: So, why did you not use them then?

Daniel: Maybe, it was because | considered the proof as something more theoretical, then | did not think of using
examples.

External
Conviction
PS

TR

lenydasiay

Figure 13. Daniel’s Proof Scheme

This explanation places Daniel outside the inductive proof scheme, because although he recognizes the
usefulness of using examples to understand a problem, he identifies the limitations of following an inductive
process. However, we can observe that the reasoning followed is characterized by the connection of previous
hypotheses, the results based on rudimentary mental images, the lack of logical arguments and the use of
drawings to convince oneself and persuade others about the reasoning followed. These are singularities typical of
the perceptual test scheme, so it can be said that Daniel has this proof scheme (Figure 13).

Finally, Daniel highlights the importance of teaching the notions of proof in mathematics classes. He said that this
could improve the comprehension of results and mathematical properties in different areas. Also, he considers the
introduction of abstract proofs in the curriculum at younger ages, trying to avoid the difficulties they cause
beforehand.

3.2.1.2 Monica’s Proof Schemes

Monica is a prospective teacher who had many difficulties with Maths in Secondary, even she claims hating them.
However, her interest and participation in math classes increased at high school and at university, where she is
studying the degree of Primary Teacher Education, after receiving private classes of mathematics in an academy
during several courses.

In this case, the four proofs have been done following the same initial reasoning in each one, the decomposition of
the original shape into triangles. As Monica claims, this strategy allows her to work with known properties on the
triangle, instead of working with properties of the original parallelogram, which she does not know.

Focusing on the analysis of the different proof schemes that Monica shows, it is worth highlighting the response
she offers when is asked in the interview about having worked a proof or activity similar to the fourth activity.

M (Monica): Let me think ... | sometimes help my cousin in private classes (7th grade) and, for example, he
studies the basics of geometry [...]. In some activities they put a shape that joins a triangle with a square together,
and say "find the area of the shape". You have to explain to the child that first he has to deal with the triangle and
then with the square. Then you sum them and so on...
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Figure 14. Monica’s Worksheet (4™ question)

This is the idea that she shows in the first resolution. Monica tries to get the formula of the area of the rhomboid
indicated in the statement from the area of the four triangles that composed the parallelogram, in the way that its
semi diagonals constitute two of the sides of these triangles (Figure 14). However, this reasoning leads to a
different result. She gets the formula of the area of a rhomb, as a consequence after having decomposed the
rhomboid into four right triangles. Mdnica does not realize it and considers that her proof is valid although
incomplete, because she considers that she was unable to construct the formula indicated in which the sine
appears. She claims that this is due to her lack of knowledge about trigonometry.
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Figure 15. Monica’s Worksheet (1% question)

Something similar happens in the resolution of the first proof. In this case, Monica believes that she has correctly
performed the proof based on the proportionality of the triangles that composed the rhomboid. He argues that
triangles AABE, AAFE and AADF can be put in Thales position, because their sides are proportional and share
the same vertex (Figure 15).

In the resolution of this proof, Monica remembers the type of exercises of similarity of triangles that she used to
work in secondary, as she says:

R: Did you have something in your mind when you performed the proof in this way?"

M: "Honestly, | had the typical Secondary problem of ... | have a tree with such a height and here I have a girl. How
tall is the girl? and it gives you the height of the tree.

R: Did you think you could put the triangles in that way due to your memories?
M: Exactly

In both fragments it can be seen how Monica presents limitations in her arguments, which are based on the search
for a proving process similar to another that she knows. In addition, when considering the arguments, he has
followed in each proof, we could say that her reasoning is influenced by the appearance of what constitutes a
mathematical proof instead of worrying about the validity of such arguments. These aspects reflect a ritual proof
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Figure 16. Monica’s Worksheet (3rd question)

On the other hand, the reasoning that Monica follows in the third resolution is based on a rudimentary mental
image. So, she shows a perceptual proof scheme also. In this case, the prospective teacher considers that the
rhomboid could be divided into two equilateral triangles from its minor diagonal, considering that all its sides are
equal to this diagonal (Figure 16). Mdnica says that these triangles, in which the rhomboid is divided, are equal
because, if you draw the parallelogram on a paper and fold it by its smaller diagonal, the triangles would overlap.

R: Why did you think that thistriangles are the same?

M: | saw that they were the same if | folded the figure on paper around here (she means to the minor diagonal)
and the sides, | saw at first glance that they are the same. [...] This is true, | know it. Now I'm going to try to
show the result.

Figure 17. Monica’s Proof Scheme

In addition, like Daniel, Monica also identifies the limitations of the proof process based on examples. She
considers that having worked with examples would not prove the result, but an application of it. She recognizes
the usefulness of using examples only as a method of checking a result. Therefore, Monica does not manifest an
inductive proof scheme and based on his reasoning it can be said that she has the ritual and perceptual proof
scheme (Figure 17).

Regarding her opinion about the teaching of the notions of proof in the mathematics classes, Monica considers
that this knowledge constitutes only one of the parts of mathematics and that should not receive more attention
than other areas that she considers more relevant, such as arithmetic or algebra.

3.2.1.3 Marta’s Proof Schemes

Finally, we show the case of Marta, a prospective teacher, who expresses being "enchanted with mathematics"
and having obtained excellent marks throughout her academic training. However, she also claims to have trouble
when working with mathematical proofs, especially with geometrical ones.

Like Monica, Marta has done the four proofs presented. However, the initial reasoning that shares all the
resolutions is different in this case. Marta makes measurements with a rule to the main elements of the
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parallelogram shown in each activity. As she expressed in the fourth activity, Marta uses this strategy to
substitute numerical values in the given formula, trying to find a value of the area of the shape and then get
conclusions (Figure 18).

M (Marta): | have taken measures with the rule and | have solved it by substituting the values in the formula.
Then, after sine, what we have is a divided by b; hence | wrote nothing, as if that was something more general, |
think.

R: What have you understood that you must prove?

M: That the equality is fulfilled. What | try to do is to introduce values in the formula to get the area ... Although
now | think also that if | knew another way to calculate the area of the shape and matched the number I get from
the formula, then | would have proven it.

R: So, what do you think must be proven in the activity?
M: That the two equalities give the same result.
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Figure 18. Marta’s Worksheet (4™ question)

We observe that the initial reasoning followed by Marta is characterized by the approximation of the solution
without having understood, first of all, what is intended to be proven. In this case, the prospective teacher
performs the proof manipulating symbolic expressions without giving them a meaning. In the interview, she
realizes the mistakes of understanding that she has made in her written resolution as it was showed in the
previous fragment. Mentioned aspects of her reasoning are typical of the symbolic proof scheme.

In the same way, Marta shows a symbolic reasoning in the first proof. She uses the Pythagorean Theorem
improperly in order to manipulate the expressions, which shows some incoherence in her reasoning (Figure 19).
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Figure 19. Marta’s Worksheet (1 question)

Moreover, we notice that Marta's reasoning shows aspects of the inductive proof scheme. In every proof, Marta
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shows a similar reasoning about the use of examples. The prospective teacher distinguishes theoretically in the
interview that the way in which a result is usually generalized, is through algebraic language.

R: Do you always deal with numerical values when you carry out a proof?

M: No, you can also use letters [...]

R: In your case, how do you usually solve proofs?

M: 1 usually do first with numbers and examples; and then, | generalize with letters.

However, it was enough for her to obtain the result with a numerical example of each question, specifically the one
obtained from the empirical measurements of the parallelogram, in order to generalize the result and conclude the
proof. This conclusion was confirmed in the interview, despite having made the comment presented in the previous
fragment.
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Figure 20. Marta’s Worksheet (3" question)

For example, this type of reasoning can be observed in the third question, where Marta obtains the measurements
of the semidiagonal of the rhomboid with a ruler. When she observes that they coincided, she considers that
these segments are equal and, then, that she has been able to prove the result (Figure 20).

R: What do you understand by proving?

M: When the equality is true... If an equality is given to you and you want to prove it, the issue is that you have to
prove that this equality is fulfilled.

R: Is it true in this case (original shape) or in any case?

M: I think that in this case, for this one (it refers to the rhomboid presented in the fourth question). Although I think
it could be generalized too.

R: And do you think you have performed a valid proof in this question?
M: Yes.

Figure 21. Marta’s Proof Scheme

Based on this reasoning it is possible to say that Marta has the symbolic and inductive proof schemes (Figure
21).

Regarding her point of view about the teaching of the notions of proof in math classes, Marta, like Monica,
considers the notions of proof as another part of mathematics that does not deserve special attention. She even
expresses that this knowledge is not useful in most cases, because students could memorize the formulas without
needing to understand their proof.
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4, Discussion

The majority of the prospective mathematics teachers (in Turkey and in Spain) were either unable to complete
the proof or completed the proof in an inaccurate way, and, amongst those who completed the proofs, none used
the axiomatic proof scheme, which is consistent with Schwarz and Kaiser (2009), who studied professional
knowledge in several areas and countries, resulting that the future teachers could not construct formal proofs.
According to van Hiele (1986), geometric thinking progress through levels. Students will be able to study on
axiomatic system once they have reached the upper levels (Battista & Clements, 1995). Prospective teachers may
have lower geometric thinking levels to study on axiomatic systems. The authoritarian proof scheme was used by
2 Turkish prospective teachers only. If one compares this little use of this scheme with the amount of prospective
teachers who do not complete the proofs, one can infer that an external authority is generally not considered as a
plausible way to prove. As a global picture, Turkish schemes are dominated by external conviction and deductive
schemes, and Spanish are dominated by empirical and external conviction schemes. A plausible reason is the
scarce weight of deductive reasoning in Spanish schools at all levels.

Prospective teachers may have often used external proof schemes because they can’t explain the problems
according to their lack of knowledge or because they can’t create their own mental structures (iskenderoglu,
2010). Another difference between the Turkish and the Spanish sample concerns the fourth proof. A big amount
of Spanish prospective teachers do not complete this proof, because they are not familiar with trigonometry.

5. Final Reflections

Comparative studies aim to identify how education systems differ among countries. The main differences among
countries are teacher training programs, mathematics curriculum, courses, assessment, policy implications,
country level variation, how much do the institutions vary (Mendaglio, 2015; Schmidt et all, 2008). Comparative
studies of mathematics education aim to determine and explain differences of homologous phenomena in related
contexts. Chang (1984) determined the differences in mathematics education between Taiwan, China and US.
This study focuses on these countries’ mathematics curriculum, teaching methods, and teacher training.
According to the results of that study, the main differences among countries are curriculum, graduation
requirements, instructional methods, classroom management, faculty evaluation, remediation, teacher training,
in-service training, and the future of the teaching profession. It is known that proof education among countries
differs. Ruan (1996) shows that there are significant differences in deductive proof education between US and
China. The main differences between two countries’ proof education are mathematics curriculum, instructions,
examinations, supplementary materials, and how teachers and students perceive geometry. In our study we
focused on the proof schemes of prospective mathematics teachers from Turkey and Spain. According to the
results there are similarities and differences between proving of both countries. Further studies are needed to
investigate the causes of the differences between proof schemes and proving of students among countries.
Finding of such comparative studies will help educators and researchers classify students’ proof schemes and
proof writing. Thus it will be possible to evaluate holistically the results of these small scale qualitative studies
and large scale studies like TIMMS.
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