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The power of choice: 
Making use of varied  
representations to solve  
a mathematical problem

Successful mathematical problem-solving relies on choices about how best to represent and 
solve problems. This article exemplifies a range of problem-solving strategies, which depend 
on different representations of mathematical ideas.

Introduction

Problem-solving is an integral skill in mathematics, 
leading to it being identified as one of four key ideas in 
The Australian Curriculum: Mathematics. According to  
the curriculum, problem-solving and the other three key  
ideas are described as “actions in which students can 
engage when learning and using the content” (ACARA, 
2018b, para.1). The description of the key idea of 
problem-solving in the curriculum points to the merit of 
students gaining mastery of varied ways of representing 
problems and of communicating answers effectively. 

Students develop the ability to make choices, inter-
pret, formulate, model and investigate problem 
situations, and communicate solutions effectively. 
Students formulate and solve problems when 
they use mathematics to represent unfamiliar or 
meaningful situations, … when they apply their 
existing strategies to seek solutions, and when 
they verify that their answers are reasonable. 
(ACARA, 2018b, para. 4)

The curriculum also highlights the importance of 
students formulating, modelling, investigating, and 
recording situations, at times with the use of concrete 
materials (ACARA, 2018a).

The grandeur of problem-solving lies in the variety  
of problem-solving methods. This is evident in the 
variety of problem-solving strategies depicted in the 
Mathematician’s Tool Shed visual (Kanasa, n.d.) on the 
Mathematics Centre website. The depicted methods 
include use of varied representations of mathematical 
ideas such as diagrams, tables, and graphs to aid prob-
lem-solving. Moreover, as suggested by Jacobs and 
Ambrose (2008), students themselves often offer a  
variety of novel methods, and honouring and extending 
such methods can aid problem-solving. 

Educators have increasingly highlighted the advantages 
of using a combination of strategies to scaffold children’s 
problem-solving. This includes visual methods and more 
formal methods (see Flores, Koontz, Inan, & Alagic, 
2015, Jacobs & Ambrose, 2008; Ng & Lee, 2009;  
Ruchti & Bennett, 2013; Zambo & Zambo, 2004).  
As suggested by Jacobs and Ambrose (2008), children 
need to be encouraged to gradually expand their reper-
toire of such problem-solving strategies, with the aim  
of scaffolding their ability to solve a range of problems 
effectively, and aiding them to communicate mathe-
matical ideas in varied ways. Scaffolding learners’ ability 
to create and use a variety of representations typical of 
mathematics offers benefits in problem-solving and in 
other activities, and offers the potential of enhancing 
learning (Terwel, van Oers, van Dijk, & van den Eeden, 
2009). 

In this article, a range of methods and strategies are 
presented for solving a single mathematical problem, 
including novel methods posed by in-service teachers  
at one Australian university. The variety of problem- 
solving strategies rely on use of concrete materials, dia-
grams, and varied representations of mathematical ideas. 

Use of multiple representations to scaffold 
problem-solving 

Figure 1. Example of mathematical word problem.

Old McDonald has 14 animals (ducks and sheep). Altogether 
the animals have 40 legs. How many ducks and how many  
sheep does he have?
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The problem investigated in this article is shown in  
Figure 1. The section begins with a discussion of strat-
egies in which concrete materials and visuals are used, 
including novel methods posed by in-service teachers. 
These methods provide ways of scaffolding children’s 
understanding. They are followed by increasingly  
formal methods. 

In-service teachers’ methods

When presented with a problem like the one above, 
in-service teachers suggest multiple novel problem- 
solving strategies. These include starting with 14 circles 
cut out of playdough and 40 toothpicks to represent 
the legs (see Figure 2). Gradually either two or four 
toothpicks are placed in each circle until none remain. 
This results in six circles with four toothpicks and eight 
circles with two toothpicks or six sheep and eight ducks.  

In a similar but slightly more abstract method 40 
counters can be placed into 14 piles of either four or 
two counters leading to the above answer (see Figure 
2). Gradually when using such a method, children will 
realise that the problem can be solved more systemati-
cally by for instance, starting with two counters in each 
pile, then adding another two to some of the piles until 
none remain. 

In another novel method suggested by in-service 
teachers, children’s building blocks with two or four 
nodes can be used, with the aim of finding how many 
of each is needed if a total of 14 blocks have a total of 
40 nodes (see Figure 2). Notably, the problem can be 
simplified first by using easier numbers to aid children 
who are struggling. In fact this problem can be solved 
by first halving the number of animals and legs then 
solving the problem, followed by doubling the answers. 

Figure 2. Use of playdough and  
toothpicks, or counters, or blocks  
to represent the ducks (top row)  
and sheep (bottom row). 

As suggested by the in-service teachers, a 7 × 2 array 
can also be useful, limiting the number of animals to 14 
(Figure 3). Similar to the idea of the use of counters in 
Figure 3, the 40 legs are represented by 40 match sticks. 
These are placed in the 14 spaces on the array in piles of 
two or four matchsticks, the piles of two representing 
the ducks and of four the sheep. Once again, as identi-
fied by some in-service teachers, the quickest way is to 
place two sticks into each of the 14 piles and then add 
another two sticks to some of the piles until no sticks 
remain. Answer: 6 sheep, 8 ducks.

Another idea is to solve the problem by drawing the 
14 bodies. This is followed by placing 2 legs on each, 
then adding two legs to some of the animals until a 
total of 40 legs have been drawn. The animals are then 
decorated to look like ducks and sheep (see Figure 4). 
Answer: 6 sheep, 8 ducks.  

 
Figure 4. Using visuals to solve the problem.

Linking the visual methods to  
mathematical ideas

Teachers need to inspire thinking about such problems 
in the classroom. This may be achieved through pro-
moting reflection about different possible strategies, 
aiding students to make connections to mathematical 
ideas and symbolic notation, or presenting students 
with tasks that extend the original problem (Jacobs 
& Ambrose, 2008). Teachers may introduce students 
to a range of formal methods, and encourage them to 
evaluate whether their answers make sense (Flores et al., 
2015).

For instance, the above methods can be extended 
by referring to the set, array, and number line models, 
which are common ways of representing mathematical 
ideas. The use of counters or matchsticks as explained 
above, are examples of the set model. An array of size 
4 × 10 can be drawn, and the 40 squares divided into 
groups of 2 and 4 with the aim of having a total of 
fourteen groups. For instance, if the 40 squares were 

Figure 3. Using matches and a  
2 x 7 array to solve the problem.
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first divided into groups of four there would only be ten 
groups. Another four groups are obtained by dividing 
four of the groups of four into twos (see Figure 5). 
Similarly the problem can be solved by referring to a 
number line, once again starting with ten groups of  
four and then splitting the last four groups into twos, 
such that 14 groups are obtained (see Figure 5).

Methods such as these expand understanding, 
pointing to ways in which the problem can be solved 
by referring to mathematical ideas. For instance, the 
diagrams in Figure 5 suggest a link to the concept of 
multiplication. If two legs are placed on each of 14 
animal bodies, this gives a total of 14 × 2 = 28 legs.  
This leads to subtraction and division. A total of  
40 ‒ 28 = 12 legs remain. They are placed in pairs on  
six of the animals meaning that six animals become  
four-legged (i.e. six sheep) and the remaining eight 
animals are two-legged (i.e. eight ducks).

Solving the problem can also be linked to the  
concept of multiples. In particular the multiples of two 
and four are used to represent the number of legs on 
the ducks and sheep respectively (see Table 1). Using 
the table it is possible to identify the number of duck 
legs and the number of sheep legs that add to 40 legs. 
However, complicating the issue, more than one combi-
nation of duck and sheep legs sums to 40. For instance, 
8 duck legs plus 32 sheep legs give a total of 40 legs but 
looking at Table 1 it can be seen that 8 duck legs repre- 
sents 4 animals and 32 sheep legs represent 8 animals,  
a total of 12 not 14 animals. The correct combination  
is 16 duck legs (i.e. eight ducks) and 24 sheep legs (i.e. 
six sheep), a total of 14 animals.

Number of animals 1 2 3 4 5 6 7 8 9 10

Ducks: Number  
of legs

2 4 6 8 10 12 14 16 18 20

Sheep: Number  
of legs

4 8 12 16 20 24 28 32 36 40

Figure 5. Using an array and number line to solve the problem.

Formal mathematical methods

Estimate and improve
This method relies on an initial estimate of the number 
of sheep (or ducks), followed by calculations, and modi-
fication and improvement of the original estimate. Good 
communication of the process in important, including 
statements about what is being calculated at each step.

Suppose there are five sheep,  
then there are 14 – 5 = 9 ducks

Number of legs:  
(5 × 4) + (9 × 2) = 38
which is too low

Suppose there are six sheep,  
then there are 14 – 6 = 8 ducks

Number of legs:  
(6 × 4) + (8 × 2) = 24 + 16 = 40 legs  
which is correct

Answer: 6 sheep, 8 ducks.

Table of values
The problem can also be represented in a table of values 
(see Table 2), in which good communication of the  
ideas relies on comprehensive wording of the headings 
in the columns. In this case, teachers can draw the chil-
dren’s attention to all the patterns in the table, including 
discussion about the reasons for the patterns.

Table 1. Using multiples of two and four to represent the number of duck and sheep legs.
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Table 2. Presenting the data in a table.

Number of sheep Number of sheep legs Number of ducks Number of duck legs Total number of legs

1 4 13 26 30
2 8 12 24 32
3 12 11 22 34
4 16 10 20 36
5 20 9 18 38
6 24 8 16 40  Correct

Answer: 6 sheep, 8 ducks.

More complex mathematical methods

The methods lead to strategies that can be used in more 
senior levels, giving a snapshot of how the problem relates 
to the application of mathematics beyond primary levels 
of schooling. Not only may some gifted primary children 
be ready to focus on more complex mathematics, but 
inclusion of these methods gives teachers a broader view 
of the progression of mathematics into senior school 
years.

Algebra
As is the case in many algebraic problems, the first step 
towards solving the problem consists of naming one of 
the variables. In this case the number of sheep is s. Then 
the number of ducks is expressed in terms of s, and a sin-
gle equation with one unknown (s) is written to represent 
the situation. Once again good communication of the 
symbolic representation is essential.

Let number of sheep be s.  
The number of ducks is 14 – s
Number of sheep legs is 4s 
and number of duck legs is 2(14 – s)
 
Total number of legs is:  
   4s + 2(14 – s) = 40
        4s – 2s = 40 – 28
       2s = 12
       s = 6 is the number of sheep
 
Number of ducks is:   
   d = 14 – s = 8 ducks
 
Answer:  6 sheep, 8 ducks.

Figure 6. Using graphing  
to solve the problem.
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Graphing
In this method, the problem is first represented by two 
linear equations.

Let number of sheep be s. 
The number of ducks is:  d = 14 – s
The number of legs is:  2d + 4s = 40

The two algebraic equations are graphically represent-
ed on a well-labelled graph, the point of intersection of 
the two lines representing the solution to the problem. 
Answer: 6 sheep, 8 ducks (see Figure 6).

Discussion and conclusions 

It is evident that a diverse range of strategies that can be 
used to solve a single problem. And, notably, although 
many possible methods were used for solving the given 
problem, those described are by no means a complete 
list of possible options.

Use of a variety of such strategies offers learners  
versatility when solving mathematical problems, and 
exposes them to a broadened view of mathematics, 
in which a range of mathematical methods and ideas 
are linked. As noted by Jacobs and Ambrose (2008), 
“Through experiences with multiple strategies, children 
can gain the ability and flexibility to change strategies 
when one is unsuccessful” (p. 265).  

The implication for teachers is that effective teaching 
of problem-solving relies on their own versatility with  
a range of problem-solving strategies. Such versatility 
has the potential to assist them to support their students  
to develop a repertoire of strategies to aid solving of  
a range of mathematical problems. 

Careful consideration needs to be given to the choice 
of appropriate strategies. Choice of best strategies may 
be dependent on the mathematical development of 
the learners, for instance. The methods described in 
this article are organised so as to become increasingly 
mathematical and abstract, and are reliant on various 
representations of mathematical ideas and on increas-
ingly deeper procedural knowledge of mathematics. 
Visual methods can, and should, be used in all levels  
to reinforce understanding and to cater for learner pref-
erences. In primary years, the more complex methods  
may only be appropriate for extending able students’  
learning. They also give teachers a better understanding 
of the progress of mathematics into senior years.

The range of strategies are reliant on varied repres- 
entations of mathematical ideas, meaning that greater 
versatility with use of varied mathematical representa-
tions has the potential to extend problem-solving 
abilities. Further, exposure to varied representations 
presents learners with a range of ways of effectively  
and efficiently communicating mathematical ideas.

Although use of varied representations can aid  
problem-solving (Burns, 2007), only helpful and relevant 
representations offer benefits in problem-solving activ-
ities. Moreover, representations need to be precise and 
detailed so as to accurately depict problems and solutions 
(Terwel et al., 2009). 

As evident in the study by Flores et al. (2015), learners 
who have previously been exposed mainly to traditional 
methods may need practice with using less formal meth-
ods and varied representations to enable them to do so 
effectively. They may also need scaffolding with forming 
links between varied representations and conceptual 
understanding (Zambo & Zambo, 2004). 
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