
Algebraic reasoning is foundational to all mathematical 
thinking (Warren & Cooper, 2005). This is no less the 
case in the early years of school, where the capacity to 
recognise the structure of mathematical processes enables 
students to acquire deep conceptual understanding 
(Mulligan & Mitchelmore, 2009). It is through algebra, 
therefore, that we are able to explore and express mathe-
matical structure, pattern and relationships.

Kaput (2008, p. 6) argues that:

...solving the algebra problem [in elementary 
school] serves four major goals:

1. To add a degree of coherence, depth, and power 
typically missing in K–8 mathematics.

2. To ameliorate, if not eliminate, the most perni-
cious and alienating curricular element of today’s 
school mathematics: late, abrupt, isolated, and 
superficial high school algebra courses.

3. To democratise access to powerful ideas by 
transforming algebra from an inadvertent engine 
of inequity to a deliberate engine of mathemati-
cal power.

4. To build conceptual and institutional capacity 
and open curricular space for new 21st-century 
mathematics desperately needed at the secondary 
level, space locked up by the 19th-century high 
school curriculum now in place. 

Together with the study of functions and variation 
and the solution of problems inside and outside 

mathematics, one of the big ideas in algebra is that of 
generalised arithmetic (Kaput, 2008). In the Australian 
Curriculum: Mathematics ,“number and algebra are 
developed together, as each enriches the study of the 
other.” Bringing together algebra and arithmetic in this 
way allows the focus of arithmetic to move beyond skill 
acquisition; it becomes understanding the structure of 
our number system and exploring how computational 
methods can be expressed and generalised algebraically. 
This adds the coherence and depth, as well as the power-
ful ideas, described above by Kaput.

Algebra as generalised arithmetic was one of the focus 
topics used in the development of classroom resources 
as part of the reSolve project. reSolve: Maths by Inquiry 
(www.resolve.edu.au) is a national program designed 
to promote more relevant, rigorous and engaging 
mathematics from Foundation to Year 10. Resources 
for classroom use and professional learning are available 
free to all Australian teachers, while more than 250 
Champions of reSolve across Australia are committed to 
working with colleagues to promote a spirit of inquiry 
in school mathematics. The project is managed by the 
Australian Academy of Science in collaboration with the 
Australian Association of Mathematics Teachers, and is 
funded by the Australian Government Department of 
Education and Training.

reSolve aims to:
a. develop and disseminate a suite of innovative, 

high quality mathematics teaching and 
learning resources for Foundation to Year 10 
school students, teachers and school leaders, 
incorporating contemporary mathematics 
pedagogies that are aimed at transforming the 
teaching and learning of mathematics; and

Using resources from the reSolve: Mathematics by Inquiry Project to demonstrate how, through 
a structured inquiry process Years 3 and 4 students can investigate the structure of number and 
generalise the results. This focus on structure sets the foundation for algebraic reasoning.
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b. ensure widespread awareness and uptake 
of the resources and associated pedagogical 
approaches in schools across Australia.

At the centre of reSolve is the reSolve: Maths by 
Inquiry Protocol, which sets out a vision for teaching 
and learning mathematics and underpins all aspects  
of the project. 

The Protocol is organised around three focal points:
• reSolve mathematics is purposeful.
• reSolve tasks are inclusive and challenging.
• reSolve classrooms have a knowledge- 

 building culture.
Odd and even numbers provide an ideal context 

to highlight algebra as generalised arithmetic and to 
develop algebraic reasoning. Children can often identify 
odd and even numbers from a relatively early age, yet 
frequently make limited use of them beyond recognition 
or classification. In the reSolve project the properties 
of odd and even numbers are explored in a sequence 
of lessons in Year 4. The two lessons presented below 
build the algebraic reasoning skills of generalisation and 
justification through problems that involve adding and 
subtracting odd and even numbers. They focus on two 
content descriptions from the Australian Curriculum: 
Mathematics:

• Year 3: Investigate the conditions required for a  
 number to be odd or even and identify odd and  
 even numbers (ACMNA051) 

• Year 4: Investigate and use the properties of odd  
 and even numbers (ACMNA071)

The two lessons assume that students have a rudi-
mentary knowledge of odd and even numbers. It is 
anticipated that students know that even numbers end 
in 0, 2, 4, 6 or 8 and can be split into two parts with 
no remainder, and that odd numbers end in 1, 3, 5, 7 
or 9 and have a remainder of one when split into two 
parts. The broad goals are to prompt students to make 
generalisations about addition and subtraction of odd 
and even numbers, and to connect their generalisations 
to the structure of odd and even numbers.

The first task requires students to move through a 
number maze that starts at 5 and finishes at 14 (Figure 
1) using horizontal, vertical and diagonal movements. 
As they move, the students need to add together the 
numbers in each box that they pass through. The aim of 
the task is to finish with a total that is an odd number.

 The expectation is that students will initially choose 
a random path through the maze and add numbers 
as they go. Students record their paths and the sums 
obtained. The maze was carefully designed to have 
multiple pathways, including ones with only one odd 
number (e.g. 5, 6, 10, 16, 14) to ones that use seven 
odd numbers (e. g. 5, 13, 15, 9, 19, 12, 40, 16, 38, 
27, 3, 12, 2, 14). However, using every odd number 
in the maze gives an even total, so it is not possible to 
try simply passing through every number. Students are 
encouraged to find multiple addition pathways that 
result in an odd total and are then asked: Is it possible to 
know that your pathway will have an odd total without 
actually adding all the numbers? How do you know? 
This challenge invites the students to explore regularities 
in their pathways, recognising that an odd number of 
odds is always required to give an odd total. 

But why does an odd number of odds result in an 
odd total? To understand this, the lesson takes students 
back to the visual structure of odd and even numbers. 
An odd number, when divided by two, has a remainder 
of one. Adding an even number of odd numbers allows 
the remainders of one to be paired together to form 
an even number. Adding an odd number of odds will 
always leave one of the remaining ones on its own, 
forming an odd total.

Figure 1. Number maze.
Figure 2. Visualisation of adding odd and even numbers.
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One way in which the teacher can help students 
visualise this is to give each student a handful of coun-
ters and, without counting, find out if they have an odd 
or an even number of counters. Two students who each 
have an odd number of counters can then be asked to 
explain, without using numbers, why they would obtain 
an even total when they combine their counters. Figure 
2 shows a visualisation of the results of adding odd and 
even numbers.

The notes for teachers include an algebraic 
justification:

An odd number can be expressed as 2n + 1,  
recognising its remainder of one when divided by two. 
So (2a + 1) + (2b + 1) = 2a + 2b + 1 + 1

             = 2a + 2b + 2
             = 2(a + b + 1)
2(a + b + 1) is even because it is a multiple of 2.
The second lesson in the sequence challenges students 

to use this knowledge in a new problem. The students 
are presented with a set of ten square tiles. Both sides of 
the tiles are marked with the numbers 1 to 10. One side 
of the tile has a ‘+’ in front of the 1 to 9, the other side 
has a ‘–’ in front of the 1 to 9, as shown in Figure 3.

 
Figure 3. Set of ten square tiles.

Students are set three problems:

• Flip between addition and subtraction so that  
the result is 27. 

• Flip between addition and subtraction so that  
the result is 15. 

• Flip between addition and subtraction so that  
the result is 12. 

Tiles with addition on one side and subtraction on 
the other enable students to easily experiment, without 
having to write out all the numbers. This also allows 
students to explore some interesting questions: Why is it 
that flipping a tile from addition to subtraction reduces 
the total sum by double the value of that number on 
the tile? The numbers showing give 31. To make 27, the 
immediate reaction is to flip the + 4 to – 4 to reduce the 
value by 4, but of course this does not work.

The task asks students to find three specific numbers: 
27, 15 and 12. Asking the students to find two odd 
answers and then an even answer creates disequilibrium 
and prompts deeper thinking: Why is it I can make 27 
and 15 but I cannot make 12? What is it about 12 that 
makes it different? Using their knowledge of the previ-
ous task in the sequence, students recognise that there 
are five odd numbers in the sequence and that therefore 
only an odd total can be obtained. Alternatively, they 
may see that if every tile has a ‘+’ sign, the total is 55. 
Flipping a tile reduces the total by an even number 

(double the number on the tile), so every flip must result 
in another odd number. This then raises the question of 
how you might modify the numbers in the task to pro-
duce only even answers. Or is it possible to modify the 
numbers to produce a mixture of odd and even answers? 
(Of course, this is impossible!)

The three key elements of the reSolve: Maths by Inquiry 
Protocol are evident in these lessons. First the mathe-
matics is purposeful in that it provides opportunities to 
generalise and develop a sense of ownership and empow-
erment (Arcavi, 2008). Second the tasks are inherently 
inclusive and challenging in that they allow students to 
find at least one solution relatively easily, but challenge 
them to find more and more complex solutions, and  
even to explain why a solution is impossible. Third there 
is a knowledge-building culture embedded in the design 
of the physical resources that encourages students to 
communicate and collaboratively refine their ideas.

Generalisation is the heartbeat of mathematics, 
and appears in many forms. If teachers are unaware 
of its presence, and are not in the habit of getting 
students to work at expressing their own generali-
sations, then mathematical thinking is not taking 
place. (Mason, 1996, p. 65)

Building students’ understanding of odd and even 
numbers based on the structure of our number system 
allows them to explore computation and to develop 
arithmetic generalisations. Generalisations are a critical 
part of algebra and, indeed, all mathematics.
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