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Discovery learning has long been a part of mathematics teaching in 
the elementary and middle grades. Since the 1960s and 1970s, based 

on the work of Jean Piaget, Jerome Bruner, and others, helping students 
‘discover’ or ‘construct’ their own understandings of mathematical concepts 
through well-designed activities facilitated by a competent teacher using 
appropriate questioning has been hallmark of the characteristics of a 
highly successful mathematics classroom. Children can discover patterns for 
number operations through the manipulation of multibase blocks, can create 
an understanding of the addition of fractions with like denominators by 
summing with circular fraction pieces and then recognising the algorithm for 
such fraction addition, or can develop the concept of theoretical probability 
computation by performing experiments, recording data, and building 
upon these experiences of experimental probabilities. The examples of such 
activities for the earlier grades abound. However, once a student reaches 
the secondary career, it is not uncommon for such teaching practices to be 
replaced with a more traditional didactic approach to instruction. Regardless 
of age, a person often understands a concept better and remembers it longer 
if that understanding comes from questioning, reasoning, and struggle. Such 
examples appropriate for older students at varying levels will be shared below 
beginning with a simple common illustration.

Multiplying binomials and factoring related trinomials

Early in the study of algebra, students learn about binomials and begin to 
perform arithmetic operations with these binomials. A process which is 
sometimes taught as a procedure with little emphasis on understanding is the 
operation of multiplying two binomials (e.g., the FOIL method, that is, first, 
outside, inside, last). A more complete approach includes first multiplying 
these binomials using the distributive property as such:
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(x + 3)(x + 5) = (x + 3)x + (x + 3)5 = (x × x) + (3 × x) + (x × 5) + (3 × 5)
 = x2 + 3x + 5x + 15 
 = x2 + 8x + 15

A student should be tasked with multiplying several pairs of binomials 
in this way to support the concept of polynomial multiplication using the 
distributive property. Through several examples, the student can then start to 
look for patterns as final answers are recorded:

Example 1.  (x + 3)(x + 5) = x2 + 8x + 15
Example 2. (x + 2)(x + 4) = x2 + 6x + 8
Example 3. (x + 1)(x + 7) = x2 + 8x + 7

After several such examples, the students should be asked to explore ways 
to find the final trinomial answer to the product without writing out the steps 
of the distributive property. It is not difficult to lead students to the conjecture 
that for such binomial multiplication (x + a)(x + b), the coefficient of the x 
term in the trinomial is (a + b) and the constant term is ab. 

It should be noted that in all examples above, both a and b are positive. 
The student should be challenged to explore the results if a or b or both are 
negative. For example, 

 (x + 3)(x – 2) = (x + 3)x + (x + 3)(–2) 
  = (x × x)+ (3 × x)+ (x × (–2))+ (3 × (–2))
  = x2 + 3x + (–2x) + (–6)
  = x2 + x – 6

The student will discover that the conjectured pattern holds for all such 
examples and the student can now easily multiply any two such binomials 
readily with their constructed formula. Multiplying binomials now goes 
beyond the memorisation of a formula to a process that makes sense to the 
students because they have created it.

Having learned about multiplying binomials in the above way makes 
the process of factoring simple trinomials easier for students to discover. 
Consider the trinomial x2 + 5x + 4. The student can reason that this trinomial 
is the result of multiplying two binomials in the manner described. Thus  
(x + a)(x + b) = x2 + 5x + 4. Recall from above that the constant term 4 
appeared by multiplying ab. The coefficient 5 appeared by adding a + b. 
Thus, the student can conjecture that a and b are two real numbers which 
multiply to be 4 and add to be 5. Through predicting and checking, it is easy 
to determine that a and b are 1 and 4 (or 4 and 1). This process of factoring 
makes much more sense to students who have experienced the construction 
of multiplication patterns. Factoring trinomials goes beyond a set of rules to 
be remembered to more about thinking about the structure of the problem.
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Graphing polynomial functions using patterns

One of the simplest and most common uses of patterning and discovery 
during the study of functions is to have students study and make conjectures 
about the graphs of families of polynomial functions. For example, a student 
can easily graph f(x) = x2 by plotting points or using any graphing device. 
Through some quick exploration, the student can discover that the graph 
of f(x) = x2 + 1 is simply the original quadratic function graph shifted up 
one unit. Similarly, f(x) = x2 + 2 is the original graph shifted up two units,  
f(x) = x2 – 3 is the original graph shifted down three units, and so on. The 
teacher can lead the student to discover or conjecture that the graph of the 
quadratic function f(x) = x2 + c, where c is a fixed real number, is the graph of 
f(x) = x2 shifted up or down c units depending on the sign of the constant c. 

Similarly, this exploration can be extended for the student by considering 
the graph of f(x) = (x + 1)2. Again, by using a graphing device, the student 
can easily see that this is the graph of the original quadratic f(x) = x2 
shifted left one unit. Similarly, f(x) = (x + 2)2 is shifted to the left two units,  
f(x) = (x – 1)2 is shifted to the right one unit, etc. Without saying too much, the 
teacher can lead the student to the conjecture that the graph of f(x) = (x + a)2, 
where a is any real number, is the graph of f(x) = x2 shifted to the right or left 
a units in the opposite direction of the sign of a. By extending this exploration 
even further, students can graph functions such f(x) = bx2, where b is a real 
number such that b > 1, then 0 < b < 1, then –1 < b < 0, then b < –1. Each 
case range for values of b yields different attributes in the resulting graph. 
Finally, the teacher can lead the student to conjecture the form of the graph 
of f(x) = b(x – a)2 + c based on various real values of a, b, and c. 

It is simple enough for a teacher to present the above information to 
students using a didactic approach with examples. But allowing the students 
to approach this topic inductively by systematically investigating an organised 
set of examples can lead the students to create their own understandings of 
the patterns and the resulting effects of the coefficients on the final graph. 
This gives the students power over the information in that it has resulted from 
reasoning and makes sense. 

Existence of inverse functions

When asked whether or not a function has an inverse function on a particular 
interval, many students automatically turn to the horizontal line test. A student 
will respond that if any horizontal line drawn on the coordinate plane crosses 
more than one point on the function’s graph on the given interval, then the 
function does not have an inverse function on this interval. This rule, as with 
the process of binomial multiplication described above, can be presented 
and can become an automatic check for students with little understanding or 
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reflection on the mathematical reasoning behind the test. A more deliberate 
approach to student discovery of the test can build conceptual understandings 
which solidify the student’s function knowledge. 

To begin the discussion, it is imperative to informally review the definition 
of a function: f(x) is a function on its domain if each element in the domain 
maps to exactly one element in the range of the function. In other words, 
each input has exactly one output. This definition illustrates the vertical line 
test for determining whether a mapping is, in fact, a function. Suppose that, 
for a given graph, there are two points falling on the same vertical line on the 
coordinate plane. Since the two points fall on the same vertical line, they have 
the same x-coordinate. Thus, let the two points be (a, y), and (a, z). These 
ordered pairs indicate that a is mapped to y and a is mapped to z. Since a is 
mapped to two distinct values in the range, y and z, this mapping must not be 
a function. Therefore, if a graph fails the vertical line test, it fails to represent 
a function.

Given this review, next consider any function. As an example, consider 
f(x) = x2 – 2x + 3 on [–2, 7] as given in Figure 1 created using Maple. A student 
can certainly get this graph on any graphing device.

Figure 1. f(x) = x2 – 2x + 3.

For this function, note that f(–1) = 6 and f(3) = 6. Given the definition of 
a function, this is allowable as each of these x-values has exactly one y-value. 
However, this function is not a one-to-one function. Again informally, a 
function is one-to-one if there is a one-to-one correspondence between the 
x-values and the y-values. Since both x = –1 and x = 3 is mapped to the same 
y-value, this is not a one-to-one function. In other words, in this case a given 
y-value is the result of two distinct x-values. Note on the graph that this means 
there is at least one horizontal line which passes through two distinct points 
on the graph, namely (–1, 6) and (3, 6). A function which fails the horizontal 
line test is not one-to-one.
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So how does this relate to the existence of an inverse function for our 
function f(x)? Recall that an inverse function ‘undoes’ what a function does. 
Since (–1, 6) falls on our function f(x) = x2 – 2x + 3, then the point (6, –1) 
would fall on the inverse function. Likewise, since (3, 6) falls on the function 
f(x), (6, 3) would fall on the inverse function. But then both (6, –1) and (6, 3) 
fall on the graph which, by definition, indicates the graph is not a function. 
Thus no inverse function exists for f(x) = x2 – 2x + 3 on the interval [–2, 7]. 

To extend this reasoning, the student should be lead to note that whenever 
a function fails the horizontal line test, it fails to be a one-to-one function. If 
a function is not one-to-one, there is a single y-value which is mapped to by 
multiple x-values. Thus, inverting each ordered pair would mean that there is 
at least one x-value which maps to multiple y-values. This latter mapping fails 
to meet the definition of a function. Thus, a function which fails to pass the 
horizontal line test fails to have an inverse function. This practice of reasoning 
about the existence of an inverse function for a particular f(x) helps the 
student go far beyond the rote rule to make sense of the mathematics and 
build a true understanding of functions and their relationships.

The relationship between continuity and differentiability

A set of related concepts in calculus with which students often struggle is 
determining intervals where a function is continuous, where it is differentiable, 
and the relationship of those two. Often this is presented to students using a 
formal approach involving the precise definitions of the terms and a formal 
proof which leads to the relationship. However, students often do not see 
or understand this relationship beyond following the steps to the proof and 
memorising the result. An investigation of the relationship between these two 
concepts prior to the formal approach can convince students that the result 
makes sense and is as expected.

Table 1 provides a method for students to organise the investigation.

Table 1. Recording results of investigation.

f(x) Interval(s) of continuity Interval(s) of differentiability

f(x) = 2 – 4x

f(x) = f (x)= x − 5

f(x) = cos x + 1
f(x) = x2 – x + 1
f(x) = 9 – x2 on [0, 3]

f(x) =
 

1
(x − 2)2

f(x) =

Such a graphic organiser helps the student display information in a way 
to better notice relationships (Roepke & Gallagher, 2015). An informal way 
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to have a student explore the continuity of a function is to examine the 
graph of the function (albeit carefully) using a graphing device to determine 
where the function is defined without ‘holes’ or ‘breaks’. To explore the 
differentiability of a function, the student can use their standard rules for 
finding the derivative and examine this derivative function in the same 
way. After completing work on the functions listed, the student should be 
encouraged to explore additional functions. Eventually the student should be 
lead to note the relationship between the two columns: A function which is 
continuous at a point may or may not be differentiable at that same point but 
if the function is differentiable at a specific point then it must be continuous 
there. This leads to the classic theorem: 

If f(x) is differentiable at x = a then it is continuous at x = a. 

But now the theorem is expected and makes sense because the student 
has constructed that relationship through the examination of examples. The 
teacher may proceed with the classic approach of formal definition and proof 
with students who are now convinced through reasoning of where this process 
must lead.

Characteristics of the graph of f(x) = ln(x) 

Students often study the natural logarithm function as the function y = ln(x), 
x > 0, where y = ln(x) = loge(x). In other words, y is the power of e which would 
yield an answer of x, or ey = x. An alternate approach to the definition of the 
function y = ln(x), x > 0, is to define this as the area underneath the curve  
f(t) = 1

t  from t equals 1 to x. More precisely,

 
ln(x)= 1

t
dt , x > 0

1

x

∫
A student who has studied both differential and integral calculus of 

polynomial functions, and defines the function ln(x) using the latter definition, 
can explore the characteristics of this graph using prior knowledge of calculus 
concepts.

Given only the information above and background knowledge of 
introductory calculus, students can be challenged to sketch the graph of 
f(x) = ln(x). For example, given the definition above, what is known about 
the domain of the function and what does that tell us about the graph? The 
function is defined for x > 0 indicating that the curve falls exclusively to the 
right of the y-axis. Can we reason about the value of ln(1)? Recall from the 
definition above that ln(x) represents the area under the curve f(t) = 1

t  from 
t equals 1 to x. But if x = 1, this is the area under the curve between t = 1 and 
t = 1 which is zero! Thus ln(1) = 0.
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Further characteristics of the graph can be discovered by relating the 
function to its area definition. The function is defined for x > 0, but consider 
strictly x > 1. The curve f(x) = 1

x , x > 0 (again created with Maple) is shown in 
Figure 2. By examining the area to the right of x = 1 under the curve, it is easy 
to see that the total area begins at zero when x = 1 and is constantly growing as 
x increases (note: the area under the curve from x = 1 to x = 3 is shaded). Thus 
f(x) must be positive and increasing to the right of x = 1. 

Figure 2. f(x) = 
1
x

, x > 0.

Next consider 0 < x < 1. Recall the more formal expression for f(x) = ln(x) 
as described above is 

 

ln(x)= ln(x)= 1
t

dt , x > 0
1

x

∫

Thus if 0 < x < 1, say x = 0.5, 

 
ln(0.5)= 1

t
dt

1

0.5

∫
In this case we are computing f (x)

a

b

∫ dx  where a > b. The student should recall 
from earlier work with integrals that the value of this integral is − f (x)

b

a

∫ dx  
which will be the opposite of the area under the curve from x = 0.5 to x = 1. So 
when x is very close to zero, the value of this integral is a very large negative 
number and the area gets closer to zero as x approaches 1. Thus f(x) = ln(x) 
is negative and is also increasing from x = 0 to x = 1 reaching a value of zero at 
x = 1 as described above. The graph of f(x) = ln(x) on x > 0 is given in Figure 3 
and our conjectures about its characteristics can be verified.
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Figure 3. f(x) = ln(x), x > 0.

Conclusion

Mathematics should make sense. Many times teachers work with younger 
students towards that goal through well-designed activities, questioning, and 
the plan for student engagement. Yet it is common to see less of this as the 
student progresses through later study. Students of all ages need to be given 
the opportunity to think, explore, and reason about mathematical ideas to 
draw their own conclusions about mathematics concepts and relationships. 
Students who do so may likely have more confidence in their ability to do 
mathematics and go further with their mathematical study. Mathematics 
becomes a way of thinking as opposed to a set of rules to be memorised.
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