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Abstract 

 
The Common Core State Standards (2010) involve the demonstration of conceptual knowledge 
of numbers and operations. For students who struggle with mathematics and have not responded 
to instruction, it is important that interventions emphasize this understanding. In order to address 
conceptual understanding of numbers and operations in meeting the rigorous Common Core 
State Standards, interventions should include the use of explicit instruction, manipulation of 
objects, and visual representation of numbers. The current pilot study investigated the use of 
such a method within a tiered intervention model, the concrete-representational-abstract (CRA) 
sequence and the strategic Instruction Model (SIM). Six fourth grade students receiving 
intervention through a response to intervention model participated. Multiplication with 
regrouping was taught using CRA and SIM (CRA-SIM) over the course of ten lessons as part of 
an intervention period. Data were collected before and after CRA-SIM instruction and statistical 
analysis showed that students made significant gains after instruction. The practical implications 
and application of CRA-SIM instruction will be discussed. 
 

Teaching Multiplication with Regrouping Using the Concrete-representational-abstract 
Sequence and the Strategic Instruction Model 

 
Roles and responsibilities of special education teachers have expanded with adoption of school 
failure prevention models such as response to intervention (Mitchell, Deshler, & Lenz, 2012; 
RtI). The Individuals with Disabilities Education Improvement Act (IDEIA, 2004), expanded the 
eligibility definition for specific learning disabilities to include lack of response to systematic 
intervention. Since that time, general and special educators have collaborated in implementing 
RtI to provide systematic intervention for students at risk for failure. This collaborative process 
begins with the provision of evidence-based instruction to all students by the general education 
teachers. General education and special education teachers work together to identify students 
who demonstrate lack of progress and need differentiated instruction within the general 
education classroom.  Special education teachers may assist general education teachers in their 
development of differentiated instruction. General education and special education teachers work 
together to identify students who continue to demonstrate lack of progress and are in need of 
more focused and intensive intervention. The special education teacher is likely to take a more 
active role in the provision of intensive instruction for students who have failed to respond to 
evidence-based general education practices and differentiated instruction. This includes 
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implementation of specialized instruction that requires small groupings that address particular 
deficits (Mitchell, Deshler, & Lenz; Swanson, Solis, & Ciullo, 2012. 
 
In the provision of intensive interventions, special education teachers must ensure that the skills 
addressed contribute to student’s progress within state standards for learning which, the 
Common Core State Standards (CCSS) for most students across the nation (National Governors 
Association Center for Best Practices & Council of Chief State School Officers, 2010).  
Conceptual understanding, especially in the areas of numeracy and operations, is the emphasis of 
the elementary-level CCSS in mathematics. Students demonstrate conceptual understanding by 
going beyond the completion of algorithms and representing numbers and operations through the 
use of manipulative objects, drawings, and pictures. It is important that mathematics 
interventions for students receiving RtI interventions stress these skills.  
 
Within the evidence base for elementary-level mathematics interventions, research has shown 
that the use of manipulative objects, visual representation of numbers and operations led to 
improved computation (Miller, Stringfellow, Kaffar, Ferreira, & Mancl, 2011). The concrete-
representational-abstract sequence (CRA) is an instructional method that provides instructional 
scaffolding in which students to complete operations using manipulative objects (concrete), 
using drawings (representational), and finally using numbers and symbols and procedural 
knowledge (abstract). Mercer and Miller (1992) combined the CRA sequence with a mnemonic 
device that assisted students in remembering the procedures necessary for computing problems 
using only numbers and symbols. Systematic instruction in the completion of certain procedures 
which results in independently problem solving is the hallmark of the strategic instruction model 
(SIM). A strategy is a collection of steps or plans combined into one self-instructional routine 
that a student uses to complete a task or problem (Deshler & Schumaker, 1993).  Mercer and 
Miller combined the CRA sequence with SIM by including a strategy for solving basic 
mathematics facts (Discover the sign, Read the problem, Answer or draw and check, and Write 
the answer; DRAW) in the Strategic Math Series which has been shown effective. The 
combination of CRA and SIM (CRA-SIM) have been shown effective in teaching place value 
(Mecer & Miller; Peterson, Mercer, & O’Shea, 1988) and subtraction and addition with 
regrouping  (Flores, 2009, 2010; Mancl, Miller, & Kennedy, 2012; Miller & Kaffar, 2011). This 
combination of methods addresses conceptual learning of numbers and operations through CRA 
and procedural learning required in completing algorithms through SIM. CRA-SIM begins with 
instruction using manipulative objects, concrete instruction. Next, at the representational level, 
objects are replaced with drawings and pictures and students solve problems by drawing each 
step of the operation. After students demonstrate mastery of the representational level, students 
learn a strategy to be used in solving problems using numbers only. This strategy provides an 
efficient and effective avenue for completing the algorithm. The steps in completing the 
algorithm are usually provided in the form of a mnemonic device which serves as a memory aid. 
After learning the strategy, instruction is provided at the abstract level in which the students 
solve problems using numbers only with the assistance of the strategy mnemonic. 
 
The line of research regarding CRA-SIM includes early investigations of its effectiveness in 
teaching place value and basic operations and more recent studies of its use in teaching 
operations that involve regrouping. Peterson, Mercer, and O’Shea (1988) taught place value 
concepts to students with specific learning disabilities. Mercer and Miller (1992) investigated the 
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effects of CRA-SIM in teaching place value, basic operations, and problem solving to 
elementary students with specific learning disabilities. The results showed that CRA-SIM was 
effective in increasing students’ fluency in basic operations, understanding of place value and its 
role in operations, and completion of word problems involving basic operations. Harris, Miller, 
and Mercer (1995) and Morin and Miller (1998) found that CRA-SIM was effective in teaching 
multiplication facts to students with disabilities. 
 
More complex operations that involve addition and subtraction with regrouping have been taught 
using CRA-SIM. Flores (2009, 2010) taught subtraction with regrouping to students at-risk for 
school failure using CRA-SIM. Miller and Kaffar (2011) compared CRA-SIM to traditional 
basal curriculum in teaching addition with regrouping (computation and word problems) to 
students who were at-risk for failure. Miller and Kaffar combined CRA with the following 
regrouping strategy: read the problem, examine the ones column, note the ones column, address 
the tens column, mark the tens column, examine and note the hundreds, then, with a quick check 
(RENAME). The researchers found that CRA-SIM resulted in greater learning gains than found 
using the basal curriculum.  
 
Mancl, Miller, and Kennedy (2012) investigated the effects of CRA-SIM using the RENAME 
strategy to teach subtraction with regrouping to elementary students with specific learning 
disabilities. The researchers demonstrated a functional relation between CRA-SIM and increased 
computation performance. Flores, Hinton, and Strozier (in press) investigated the effects of 
CRA-SIM (using RENAME) and instruction in subtraction and multiplication with regrouping to 
students receiving tiered intervention within the RtI framework. Flores et al. extended the 
research by teaching multiplication with regrouping (two digits in the in the multiplicand and one 
digit in the multiplier). The researchers showed a functional relation between CRA-SIM and 
subtraction and multiplication with regrouping.  
 
Research has shown that CRA-SIM is an effective method of mathematic instruction for both 
students with disabilities and students at-risk for failure. The use of CRA-SIM using the 
RENAME strategy has been shown to be effective in teaching addition, subtraction, and 
multiplication when there is one digit in the multiplier (Miller & Kaffar, 2011; Mancl et al., 
2012; Flores et al., in press). However, there is a lack of research regarding more mathematical 
operations such as multiplication that involves two digits in the multiplier. Therefore, the 
purpose of this pilot study was to investigate the effectiveness of CRA-SIM using the RENAME 
strategy to teach multiplication involving two-digit multiplicands and multipliers to elementary 
students receiving tiered interventions within the RtI framework. 
 

Method 
Setting 
The study took place in an urban high-need elementary school in the Southeastern United States. 
Eighty-three percent of the students enrolled were eligible for free and reduced lunch and the 
school had not met the state criteria for adequate yearly progress over the past two years. Student 
performance in mathematics was a specific area of weakness according to state assessments; 
Forty-five percent of students did not meet minimum grade level standards.  
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The study was conducted during an after-school intervention program within a general education 
setting. The intervention program was part of a tiered prevention program, the third tier (tertiary 
level) of intervention. The students received CRA-SIM instruction during a thirty-minute portion 
of the one-hour period. The intervention program met two days per week and the study took 
place over the course of seven weeks. During this time period, there were two weeks in which 
there was no instruction due to a holiday break and state testing.  
 
A general education teacher with over ten years of experience, certification in both general and 
special education, and a doctoral degree in special education provided instruction. The teacher 
had previous experience in implementing CRA-SIM to teach basic operations and received 
professional development specific to multiplication with regrouping. The first author provided 
two sessions of professional development which required mastery of implementation defined as 
defined 100% accuracy measured by a fidelity of treatment checklist. 
 
Participants  
The participants were six fourth grade students who had not been previously referred for special 
education assessment. However, all of the students were currently participating in an RtI model 
of failure prevention. All of the students were at risk for failure in mathematics and were 
receiving intervention at the tier-three level. The students were ten years of age and their cultural 
backgrounds were African American. All of the students’ benchmark assessments indicated that 
they were not making adequate progress in mathematics according to the state standards. The 
students demonstrated skills that were one to two years below grade placement. 
 
Materials 
The materials consisted of a teacher’s manual, student learning sheets, place value mats, and 
base-ten blocks, and curriculum-based assessments. The teacher’s manual was divided into four 
parts: concrete level, representational level, instruction in the RENAME strategy, and abstract 
level. Each lesson section included a description of procedures, suggested sample scripts, and 
pictorial directions of the problem solving process. The descriptions of lesson procedures for 
lessons at the concrete level (lessons one through three), representational level (lessons four 
through six), and abstract level (lessons eight through ten) were: a) administration of a timed 
curriculum-based assessment in which students were given two minutes to complete 
multiplication problems; b) provision of an advance organizer in which the teacher described the 
lesson activities; c) modeling and demonstration of the problem solving process in which the 
teacher physically modeled how to solve problems, described her actions, and thoughts aloud; d) 
guided practice in which included both the teacher and the students solving problems together; e) 
independent practice in which the students solved problems without the teachers’ assistance; and 
f) post organizer in which the teacher reviewed the lesson activities and gave a preview of the 
next lesson’s activities. Nine of the ten student learning sheets were 8x11 pieces of paper divided 
into three sections: three problems for teacher demonstration, three problems for guided practice, 
and four problems for independent practice. The learning sheet from lesson seven involved the 
problem solving strategy; each step of the RENAME strategy was listed in the center of the 
learning sheet. The place-value mats provided students with visual cues for problem solving 
procedure as well as allowed students to organize their base-ten blocks or drawings. An example 
of a place value mat is shown in Figure 1. 
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Figure 1.  
Example of Place Value Mat Used to Complete Multiplication Problems  

 
 
The curriculum-based assessments included twenty-five problems that required multiplication of 
two-digit multiplicands and two-digit multipliers which required regrouping. There were four 
different probes, each on 8x11 pieces paper with the problems printed in 12 point font. There 
was a Cronbach’s Alpha Coefficient of r = .73 for assessment items in order to ensure that that 
they would be completed or answered similarly across students.  
 
Procedures 
At the beginning of instructional lessons, the teacher administered a two-minute curriculum-
based measure in which the students were instructed to complete as many problems as possible 
until told to stop. Seven assessments were given over the course of the study. Concrete 
instructional lessons included an advance organizer in which the teacher described the lesson 
activities. Then, she modeled problem solving using base ten blocks. After modeling, the 
students and teacher completed problems together, trading turns. Next, the students completed 
problems without the teacher’s assistance. Finally, the teacher provided a post organizer in which 
the lesson was reviewed briefly and the events of the following lesson were announced. A 
pictorial example of the procedure that a teacher would use to solve a problem at the concrete 
level is shown in Figure 2. 
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Figure 2.  
Procedures for Solving Multiplication Problems at the Concrete Level 
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The teacher began by representing the multiplicand (top number). In the example above, the 
teacher set out four tens blocks and three ones blocks on the multiplication mat. The teacher 
began solving the problem with the numbers in the tens place (e.g., for the problem 43x34, three 
groups of four ones were made). The answer is twelve, regrouping was necessary; ten ones were 
exchanged for one tens block that was added to the tens place. The remaining two ones were left 
on the mat and the teacher wrote a two in the ones place. Next, the teacher multiplied the number 
in the tens place of the multiplicand (top number) by the number in the ones place of the 
multiplier (bottom number). This was four groups of four tens and the answer was sixteen tens. 
Since this was more than ten tens, ten blocks were exchanged for one hundred and a hundred was 
added to the hundreds place. There were seven tens (six plus one that was regrouped from the 
ones place) left after regrouping. The teacher wrote the numeral seven in the tens place of the 
problem and the numeral one in the hundreds place of the problem. The teacher told the students 
that she was finished multiplying by the number in the ones place of the multiplier (bottom 
number) and she drew a line through that number and wrote the numeral zero in the ones place 
below the row of numbers computed previously. 
 
Next, the teacher completed the same steps, multiplying by the number in the tens place of the 
multiplier (bottom number). Manipulating objects for large numbers such as forty groups of 
thirty were cumbersome, so, after the first lesson, the teacher showed the students that forty 
groups of thirty is the same as four groups of three hundreds (the associative property). From that 
point forward, when multiplying numbers in the tens place (e.g., 20x30), the teacher and students 
employed the associative property (e.g., 2x300) to decrease the number of blocks needed as well 
as show why the answer would be written in the hundreds place. When top numbers had been 
multiplied by the number in the tens place of the bottom number, both answers were added. The 
teacher added the blocks represented on the mat together and then wrote the appropriate 
numerals in the written problem. Before, moving to the next problem, the teacher checked the 
written answer with each column of blocks placed on the mat. 
 
Lessons at the representational level followed the same steps; however, the teacher and students 
used drawings to represent the problems. Tallies drawn on a horizontal line were used to 
represent ones and long vertical lines represented tens. Hundreds were drawn using squared and 
thousands were depicted as cubes. These shapes were similar in form to the base-ten blocks. A 
problem completed at the representational level is shown in Figure 3. 
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Figure 3. 
Completed Problem at the Representational Level 

 
 
Representational lessons were implemented using the same procedures as used for concrete 
lessons (advance organizer, model, guided practice, independent practice, post organizer). After 
representational lessons, the RENAME strategy was taught. The teacher described each step and 
modeled its use while solving a problem. The students and the teacher engaged in verbal 
rehearsal of the strategy until students could identify the steps independently. The last three 
lessons were at the abstract level.  Problems were solved using just the RENAME strategy 
(numbers only, no manipulatives or drawings).  
 
Treatment Fidelity and Inter-observer Agreement  
The first author observed at least one lesson at each level as well as the instruction in the 
RENAME strategy to check for treatment fidelity. A treatment fidelity checklist was used and it 
included a list of teacher behaviors; presence or absence of each of the behaviors was noted. The 
curriculum-based assessments completed by the students were checked for reliability; two 
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observers graded them and compared their scores for agreement. The treatment fidelity checklist 
is included in Figure 4. 
 
Figure 4. 
Treatment Fidelity Checklist  
 Instructor Behavior Yes No 
1 Instructor gives student a blank probe sheet and instructs him/her to 

complete as many problems as he/she can. 
  

2 Instructor uses a timing device to ensure that students compute problems for 
two minutes. After two minutes, the instructor collects the probes. 

  

3 Gives an advance organizer, tells the student what he/she will be doing and 
why. 

  

4 Demonstrates how to compute problems with the manipulative objects 
pictures, or numbers accurately (depending on level of instruction). 

  

5 During guided practice, prompts the student to solve problems, students help 
the instructor solve the problem using manipulative objects, pictures, or 
numbers (depending on level of instruction).. 

  

6 Instructs the students to solve problems without her guidance. Provides 
verbal prompts if the student has difficulty. 

  

7 Monitors the student’s work while he/she solves problems independently. 
Does not offer the answers. 

  

8 Collects student’s paper and scores problems and provides feedback 
regarding correct and/or incorrect responses. 

  

9 Closes with a positive statement about the student’s performance in the 
feedback process, reviews lesson, and mentions future lesson and 
expectations. 

  

 
 

Results 
 

In order to analyze the effects of the independent variable, CRA-SIM instruction on the 
dependent variable, student progress as measured by the change in percentage of digits written 
correctly, a repeated measures analysis of variance (ANOVA) statistical procedure was 
conducted with the factor being time (curriculum based probes given before and after the 
intervention) and the dependent variable being the percent of digits written correctly.  The means 
and standard deviations for curriculum-based assessments are presented in Table 1.   
 
Table 1. 
Means and Standard Deviations for Curriculum-based Assessments  
Curriculum-based Assessments (CBM) Mean Percent Digits Correct Standard Deviation 
CBM prior to intervention 10% 5.4% 
CBM after intervention  62% 40.6% 
 
The results for the ANOVA indicated a significant time effect, Wilk’s Λ = 0.30, F(1, 5) = 11.53, 
p=<.02, multivariate η²= .70. Follow-up polynomial contrasts indicated a significant linear effect 
with means increasing over time, F(1, 5) = 11.53, p<.02, partial η²=.70.  The observed power 
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was 0.77. These results suggest that CRA-SIM made a statistically significant difference in 
students’ growth in the percentage of correct digits written over time. Descriptive data showed 
that four of the six students made consistent progress in their ability to fluently compute 
multiplication problems requiring regrouping. Student five’s progress is not clear based on visual 
analysis; however, after instruction, she completed one whole problem correctly whereas before 
instruction, she wrote one digit within multiple problems correctly. Student six did made 
progress in completing problem procedures; however errors in computation interfered in her 
ability complete the problem correctly and fluently.  Students’ fluency progress, as measured by 
the number of digits written correctly, is provided in graphic form in Figure 4. 
 
Figure 4.  
Student Progress Graphs  
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Treatment fidelity was 93% over the course of the study. During two observations, CRA-SIM 
was implemented with 80% accuracy. After these lessons, the teacher and researcher discussed 
problems within the lessons and the teacher demonstrated accuracy in target areas. Follow-up 
observations of these areas were conducted and implementation was 100% accuracy. The 
remaining observations of lesson implementation were 100% accuracy. With regard to reliability 
of grading student assessments, inter-observer agreement was 100% across assessments and 
students. 

Discussion 
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The purpose of this pilot study was  to use CRA-SIM (using the RENAME strategy) to teach 
multiplication involving two-digit multiplicands and multipliers to elementary students receiving 
tiered interventions within an RtI framework. The results showed that CRA-SIM instruction 
resulted in significant gains for the students. These results are consistent with other CRA-SIM 
regrouping research (Flores, 2009, 2010; Mancl, Miller, & Kennedy, 2012; Miller & Kaffar, 
2011). 
 
The students’ gains were shown after ten lessons provided in a limited amount of time within an 
RtI intervention program. This is significant because the students’ intervention program occurred 
twice per week and CRA-SIM instruction was only a portion of this time. In addition, there were 
interruptions in their program due to state testing and spring break. Nonetheless, students made 
significant progress with one hour of instruction per week. 
 
With regard to student progress, each student demonstrated increased conceptual and procedural 
learning. Students one, two, and three demonstrated increased conceptual and procedural 
learning as well as increased fluency, writing thirty or more correct digits on the post-test. 
Students four, five, and six demonstrated increased conceptual and procedural learning without 
achieving the same level of fluency as the other students.  Students four and five began the study 
with misconceptions regarding place value and numeracy. The students multiplied vertically, 
multiplying the digits in the ones place and writing the answer underneath the line and 
multiplying in the tens place and writing the answer under the line (e.g., 23x25=415). During 
CRA-SIM instruction, students demonstrated their conceptual learning by representing numbers 
using base-ten blocks and drawings as well as their procedural learning by representing 
algorithm steps. After CRA-SIM, the students completed a problem correctly. The completion of 
the problem was much slower, but it was completed following accurate procedures.  
 
Student six demonstrated conceptual learning by accurately representing problems using base-ten 
blocks and drawings. However, the use of numbers only was problematic since this student was 
not fluent in basic multiplication; without pictures and drawings, she could not accurately 
complete basic multiplication operations. After CRA-SIM instruction, this student completed 
problems following accurate procedures, but errors in basic operations resulted in very few 
correct digits. This is an important example of the role of prerequisite skills in choosing 
appropriate interventions. It was unrealistic to expect progress regarding fluency in regrouping 
without fluency in basic operations. 
 
It is noteworthy that CRA-SIM instruction was provided by a practicing teacher with available 
resources within a high-need school. CRA-SIM was implemented with readily available 
materials and was implemented without difficulty with regard to procedures and available time. 
Other CRA-SIM research has been conducted by researchers rather than teachers (Flores, 2009, 
2010; Flores, Hinton, & Strozier, in press) and it is important that practical settings be included 
the evidence base for CRA-SIM.  
 
Limitations and Future Research 
This study is limited in its size with only six students participating. Future research should 
include larger numbers of students. In addition, this study did not show that CRA-SIM was more 



 

JAASEP     FALL, 2014        147 
 

 

effective than any other intervention; therefore, research should include comparisons between 
CRA-SIM and other interventions in teaching multiplication with regrouping. Another limitation 
of this study is the lack of maintenance and generalization data. The findings encompass student 
progress after ten lessons rather than include follow-up data. Future research should address 
additional practice opportunities that would build fluency as well as follow-up measures of 
progress over time. In addition, data regarding generalization of learning in general education 
settings or progress within the RtI framework as measured by benchmark assessments should be 
added to the research evidence in the future. 
 

Conclusions and Implications 
 
This pilot study contributes early evidence that CRA-SIM was effective in increasing 
multiplication with regrouping performance with regard to both conceptual and procedural 
learning which are importance components of state standards according to the CCSS (National 
Governors Association Center for Best Practices & Council of Chief State School Officers, 
2010).  All of the students made progress with regard to conceptual and procedural learning. 
Although progress was shown after just ten lessons, additional practice opportunities after 
instruction are likely needed to build fluency across students. In conclusion, CRA-SIM was 
demonstrated to be an easily implemented intervention within an RtI prevention model which 
resulted in significant student learning. 
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