

������������������������!�����(������ ���%�	��������	������� 120�

�

���������$��&�	&$���$��&'�&$�+������"$��&��&�)���&*&�)/-./*&�	��������������������
���
�������������������������
����
�������

��������
����
���������������	��������������
���
���������
������������#��$���%�������������������� �����".�

WRITING PROBLEMS TO BUILD ON CHILDREN’S THINKING:  
TASKS THAT SUPPORT PRE-SERVICE TEACHER TRANSITIONS 

Andrew M. Tyminski 
Clemson University 
amt23 clemson.ed  

Tonia J. Land 
Dra e University 

tonia.land dra e.ed  

Corey Drake 
Michigan State University 

cdra e ms .ed  

V. Serbay Zambak 
Clemson University 

v amba clemson.ed  

A critical practice in teaching elementary mathematics is posing problems that build on children’s 
mathematical thinking. As such, teacher educators must provide pre-service teachers (PSTs) with a set of 
learning experiences to support PSTs in this practice. In this study, we present our analyses of PSTs’ 
responses to a sequence of three methods course activities that engaged them in increasingly complex 
tasks requiring the PSTs to write problems in response to authentic student work.  

ey ords  Children s hin ing  eacher d cation Preservice  Mathematical no ledge for eaching 

Introduction 

esearch s ggests that a critical practice in teaching elementary mathematics is posing problems that 
b ild on children s mathematical thin ing Carpenter et al., 1999 . An implication of this research is that 
teacher ed cators m st provide pre service teachers PS s  ith a set of learning e periences to s pport 
PS s in engaging in this critical practice. o ever, as a field, e no  little abo t the design, enactment, 
or se encing of these inds of e periences. n this st dy, e present o r analyses of PS s  responses to a 
se ence of activities that engaged them in increasingly comple  tas s re iring the PS s to rite 
problems in response to st dent or .  

Theoretical Frame 

Sh lman 1986  s ggested three types of no ledge are important for teaching  s b ect matter 
no ledge, pedagogical content no ledge, and c rric lar no ledge. Since that article, all and 

colleag es all, ill, et al., 2005  ill, Sleep, et al., 2007  have b ilt on Sh lman s or  and have 
provided the Mathematical no ledge for eaching M  frame or  f rther defining s b ect matter 

no ledge SM  and pedagogical content no ledge PC  and identifying s bsets of these no ledge 
bases. We are gro nding this st dy in t o s bsets of PC no ledge of content and st dents, 

no ledge that teachers possess abo t ho  st dents learn content  ill, Sleep, et al., 2007, p. 133  and 
no ledge of content and teaching, mathematical no ledge of the design of instr ction, incl des ho  to 

choose e amples and representations, and ho  to g ide st dent disc ssions to ard acc rate mathematical 
ideas  ill, Sleep, et al., 2007, p. 133 . hese s bsets of the PC  constr ct are sef l as e are as ing 
PS s to thin  abo t ho  st dents solved partic lar problems and then se that no ledge of st dents to 
design s bse ent instr ction.  

Also relevant to this st dy is the professional noticing of children’s mathematical thinking constr ct 
acobs, amb,  Philip, 2010 . hree interrelated s ills  attending to children s strategies, interpreting 

children s nderstandings, and deciding ho  to respond on the basis of children s nderstandings comprise 
the constr ct. Within o r methods co rse, e as  PS s in several instances to tal  abo t hat they notice 
in st dent or  via video clips and ritten  and disc ss hat they thin  st dents do or do not nderstand. 
Finally, e as  PS s to se hat they no  abo t st dents to generate a ne t problem.  
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Methods  

Data ere collected from thirty three, first semester, senior level PS s 32 female, 1 male  enrolled in 
an elementary mathematics methods co rse ta ght by the first a thor in fall 2011. he data incl de PS  
responses to three different activities, each of hich are from a set of methods co rse materials ritten by 
the second and third a thors Dra e, and, et al., 2011 . he activities ere designed to scaffold and 
s pport PS s as they developed the capacity to ma e sense of st dent strategies and to rite appropriate 
s bse ent tas s for st dents. ach of the activities is set in the conte t of act al classrooms. he three 
activities ere posed over the first si  ee s of the co rse and ere se enced in order to provide PS s 

ith vario s e periences analy ing and riting effective tas s based on st dent thin ing. he first activity 
atalie s Class the e t Day  as designed to give PS s the opport nity to notice and analy e ho  an 

e perienced teacher sed her st dents  c rrent no ledge of division ith fractional remainders to design 
a s bse ent story problem and n mber choices. he second activity Co nting Se ences  re ired the 
PS s to rite an opening n mber ro tine  and problem, incl ding n mber choices to address a 
class ide addition misconception. he third activity Fishbo l Problem  as ed PS s to analy e 14 
st dents  m ltiplication strategies and rite a s bse ent problem ith n mber choices to address the 

ide range of learners. We organi ed the activities to form a tra ectory along several dimensions  moving 
from noticing an e pert teacher s tas  design to having PS s design tas s themselves, moving from 
designing a tas  to address a single misconception to riting a tas  that addressed a ide range of st dent 

nderstandings, and moving from PS s noticing an e pert teacher s n mber choice to selecting n mbers 
for a pre ritten tas  to riting an entirely ne  tas .  

Data Analysis and Results 

Natalie’s Class the Next Day  

Prior to completing the atalie s Class the e t Day tas , PS s atched a video ith transcript of 
atalie and her 2nd grade class as they solved t o partitive division story problems   

Problem #1 Trisha and Allie are sharing ______ chocolate chip cookies. If they are shared equally, 
how many will each of them get? 

2 4 5 8 9 12 13 
30 31 50 51 66 67 83 

Problem #2 Trisha, Allie, Lance, and Kathy are sharing brownies. If they are sharing _____ 
brownies equally, how many will each person get? 

4 5 8 9 16 17 20 
32 33 44 45 48 49 50  

M ltiple n mber choices are given to provide for differentiation. St dents ere to choose the ro  of 
n mber choices st right  for them. n Problem 1, even n mbers ere posed follo ed by the ne t 
consec tive n mber ith the e ception of 2 and 83 . n Problem 2, m ltiples of fo r ere posed 
follo ed by the ne t consec tive n mber. he se of ne t consec tive n mbers as intended to provide a 
scaffold in that st dents co ld se hat they ne  abo t one n mber choice to help ith the ne t. 
ncl ded in the video are e amples of st dent or , teacher st dent interactions, and a sharing session 
here st dents e plain their vario s strategies. After disc ssing the video, PS s are as ed to complete the 

follo ing activity  

he ne t day, atalie posed the follo ing problem.  Solve the problem for a fe  of the number 
choices.  Then, answer the questions below. 

here are  miniat re candy bars. D stin, ose, Sam, and oe are going to share the candy bars. 
f they split p the candy bars e ally, ho  many ill each of them get  

11  17  22  35  48 
65  83  75  99  104 
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1. Why do you think Natalie posed this particular problem next? 
2. What do you notice about the number choices in this problem compared to the number choices 

given the day before? 

Analysis: Natalie’s class the next day. As e e amined responses from the PS s, e foc sed on 
their responses to estion t o. he ne t problem atalie posed is also a partitive division problem and 
e tends the second problem from the day prior in sharing a set of ob ects among fo r people. We analy ed 
PS s  responses according to their noticing of three aspects of atalie s n mber choices  1  the n mbers 
in both ro s are both larger n mbers than the day before  2  the n mbers are more complex in that 
st dents had to thin  not only abo t sharing remainders of ero and one, b t also t o and three as ell  3  
the ne t consec tive n mber scaffold that had been sed the day before has no  been removed. o 
a thors independently coded the PS s  responses for evidence of these three facets ith 94.9  agreement 
94 99 .  

ere is a sample response from one of the PS s, aceylyn all names are pse donyms  

he first thing that stood o t to me abo t these n mber choices as that they ere generally larger 
than the ones offered on the previo s day.  e t, hen  act ally started or ing ith them,  fo nd 
that these n mber choices granted me ith ite different ans ers than the day before.  n the 
previo s day the ans ers had either been hole n mbers, or sometimes involved a half as ell, b t 
today the ans ers came o t ith remainders of � or �.   

his response as coded as identifying larger n mbers as ell as more comple  n mbers. 

Results: Natalie’s class the next day. We e amined the 33 responses to the atalie s Class the e t 
Day activity in t o ays  1  ho  many of the facets of the n mber choices ere identified by each PS , 
and 2  n mber of PS s that identified each facet. he res lts are presented in Tables 1 and 2. We 
interpreted this data through the lens of MKT, specifically as indication of knowledge of content and 
teaching; knowledge of how to choose examples and design instruction. From the data one can see that 
~48% of the PST identified either zero or one facet of the number choices, ~42% identified two of the 
three facets and only a small percentage (~9%) were able to identify all three. We posited that it might be 
more likely for PSTs to notice the larger numbers and the lack of scaffolds than recognize the complexity 
of the numbers, as the first two required less developed knowledge of content and teaching.  

Table 1: Number of Facets Identified         Table 2: Percentage of Each Facet Identified 

 
Counting Sequences 

he Co nting Se ences activity begins ith the PS s atching a video ith transcript of enny s 
first grade class. For her , enny poses the follo ing co nting se ences to her st dents that foc s on 
base ten concepts  30, 40, 50, , , . 44, 54, 64, , , . 57, 67, 77, 

, , . 157, 167, 177, , , . enny s st dents are able to solve the 
tas s by co nting by 10. St dents also notice the nits place remains the same and the tens place n mber 
increases by one each time. hey are able to solve the se ence that crosses over  from a 2 digit n mber 
to a 3 digit n mber. he video ends ith enny posing a story problem abo t a paleontologist  
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A paleontologist had  dinosa r bones. e fo nd some more. o , the paleontologist has 
 dinosa r bones. o  many bones did he find  

10, 70 , 20, 84 , 26, 126 , 15, 65 , 60, 150 , 42, 53   

he activity provides PS s ith a description of st dent or  from the Paleontologist Problem  

Most of the children solved the paleontologist problem by sing a h ndreds chart, b t many 
co nted by ones hen co nting p to the second n mber instead of co nting by tens. Some 
children did co nt by tens. For 20 and 84, the children ho ere co nting by tens either co nted 
by ones from 20 to 84, or co nted by tens to 80, then co nted 4 more. obody solved for 42 and 
53 Dra e, and et al., 2011 . 

Follo ing this description, the story problem enny sed the ne t day itho t n mber choices  is given, 
oday, the paleontologist is loo ing for fossils. e already had  fossils in his collection. e fo nd 

some more. o , the paleontologist has  fossils. o  many fossils did he find  he co nting 
se ences activity as then posed for the PS s to complete  

o  that yo  have seen the Co nting Se ences video and its transcript , consider these 
estions related to st dents  sol tions to the Paleontologist Problem.  

1. What is the disconnect between how students counted in the opening routine and the counting 
strategies they used when solving the problem? 

2. Why do you think the disconnect exists? 
3. Considering this disconnect, generate two artifacts for the next day’s lesson: an opening number 

routine and number choices for the Paleontologist problem given below. Briefly justify your 
choices.  

n this activity, e ere interested to see if  1  the PS s co ld recogni e many children did not see their 
co nting by tens strategy in the se ence activities as applicable in solving the oin change n no n story 
problem  2  they co ld posit reason s  for the disconnect  3  they co ld design an  to address the 
reason s  stated in 2  and 4  they co ld select appropriate n mber choices for the ne t day s problem. We 
believe this tas  as a nat ral progression from the previo s tas , as it re ired PS s to interpret and 
respond to a general mathematical misconception ithin a class of children.  

Analysis: Counting sequences. Prior to analyzing this data set, the authors collaboratively examined 
several responses to this activity from a previous course and through open and emergent coding (Strauss & 
Corbin, 1998) established a series of codes and operational definitions for: (1) identifying the disconnect 
explicitly and accurately (yes/no/no response); (2) number of reasons given for the disconnect (0, 1, 2 or 
more); (3) identifying the degree to which the ONR addressed the reason(s) given (low, medium, high); 
and (4) classification of the types of number choices we believed were appropriate for Jenny’s students 
(count by 10s from a decade number as given in Jenny’s original Paleontologist Problem, count by 10s 
from a non-decade number, count by 10s and 1s). We operationalize the degree to which the ONR 
addressed the reasons for the disconnect by examining the approaches the PSTs took in selecting the type 
of task, structure and/or number choices for their ONR. PSTs who used the same approach as Jenny, or 
used approaches that did not connect to their reason, were ranked low. PSTs who attempted at least one 
new type, structure or number choice related to their reason, and did so in a manner we believed could be 
effective, were rated medium. PSTs who made significant changes (more than one new approach) related 
to their reason, and did so in a way we were confident could be effective, were rated high. Reliability 
percentages for each of the four categories are as follows: Disconnect: 90.9%; Reasons: 75.8%; Degree: 
78.8%; Number Choices: 87.1%. We discussed disagreements and reached consensus on the final codes. 

Chelsea s response follo s. he n mbers correlate ith the estions given above  

1) When students were counting in the counting sequences opening routine, they were counting 
by tens and realized that the second digit of the number was remaining the same. However, 
once they tried solving the problem, the students began counting by ones, and it threw them 
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off to try counting larger numbers by ones. 
2) When counting by tens, the second digit of the number remains the same. It creates a pattern 

and makes it easy to continue in an almost rhythmic-like pattern of repeating “10, 20, 30, 40, 
50...” and so on. However, when counting by ones, the second number changes along with the 
first number and this can be very confusing for kids if they are counting “10, 11, 12, 13, 14, 
15, 16, …”  

3) Opening Number Routine – Fill in the blanks with the missing numbers.  
10, _____, _____, _____, 50, 60, _____, _____, 90, _____ 
5, _____, 25, 35, _____, _____, 65, 75, _____, _____, 105 
100, _____, _____, 130, _____, 150, _____, _____, 180, _____, _____ 

Problem for the next day 
oday, the paleontologist is loo ing for fossils. e already had  fossils in his collection. 
e fo nd some more. o , the paleontologist has  fossils. o  many fossils did he find  

[10, 30]  [5, 25]   [100, 175]  [3, 43] 

 chose these n mbers beca se  started o t ith simpler n mbers that they co ld easily apply their 
co nting se ence strategy to a ord problem 10, 20, 30 .  then moved on to 5, 25  beca se 
starting at 5 and co nting by tens is slightly more diffic lt. e t  did 100, 175  beca se starting 
at 100 is diffic lt, and they also have to co nt by 5 s once they get to 70. Finally,  placed the 
hardest n mber choice last beca se the st dents have to co nt by tens, b t they are starting at 3, 

hich ill thro  them off to see a 3 as the last digit, and they ill really need to nderstand the 
process of co nting by tens to get from 3 to 43. 

he above e ample as coded as 1  yes to identifying the disconnect  2  0 for not identifying a reason 
for the disconnect  3  as low for the degree in hich he she addressed the disconnect as it is the same 
approach sed by enny  and 4  as having counting by tens from a decade number, counting by tens from 
a non-decade, and counting by tens and ones in the n mber choices. 

Results: Counting sequences. Of the 24 PSTs who attempted to identify the disconnect within 
Jenny’s class (9 no response), 18 were able to accurately do so (75%). 18 of those 24 (75%) were able to 
posit at least one reason why the disconnect may have occurred. When it came time, however, to design an 
opening number routine that would address the disconnect, more than 50% of PSTs simply posed “more of 
the same” approaches Jenny used. Ten PSTs (30.3%) made an attempt to try something different, but only 
five PSTs (15.2%) were able to do so in a way we felt confident would afford the children multiple 
opportunities to make the connection between skip counting by 10s in patterns and using skip counting by 
10s as a strategy for solving join-change unknown addition problems. The number choices data were more 
encouraging. There was a high percentage of PSTs (42.4%, 14/33) who included at least two of the three 
appropriate number choices or all three of the appropriate number choices (48.5%, 16/33) in the next day’s 
problem. Three PSTs included only one of the appropriate number choice types. One emerging pattern 
from these data is our PSTs seem to be able to understand and identify student thinking, but often struggle 
using this information to effectively address it. 

Table 3: Counting Sequences Results 

Disconnect Reasons Degree Number Choices 
Y N NR 0 1 2+ L M H 10sD 10sND 10s1s 
18 6 9 15 9 9 18 10 5 25 29 24 

Fishbowl Problem 

he Fishbo l Problem is set in the conte t of Molly s 2nd 3rd mi ed age classroom. his tas  as 
b ilt aro nd PS s  e amination of e amples of st dent or  from 14 children in Molly s class in response 
to the follo ing m ltiplication problem  
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Sam had  fish bo ls. e had  fish in each bo l. o  many fish did Sam have  Molly 
presented 4 pairs of n mber choices for her st dents to pic  from  A  2, 10 , 5, 10   4, 20 , 8, 
20  C  3, 11 , 6, 11  D  4, 12 , 8, 12 .  

he tas  for the PS s as as follo s  

1. First, consider Molly’s learning goals—what are they? 
2. Next, look at the student work on the following pages. What do you find interesting? What 

evidence can you identify that students are or are not making progress toward the learning 
goal(s)? 

3. Write a problem for the next day along with a rationale. What do you think will be an 
appropriate problem that will meet the range of needs in Molly’s classroom? Reference at least 
three students or group of students specifically in your rationale. 

We believed this activity as an appropriate ne t tas  for the PS s  development as it re ired them to 
analy e and ma e sense of several children s thin ing, to rite a story problem appropriate for the entire 
class and sim ltaneo sly attend to specific strategies and learning goals hen riting n mber choices. 

his activity is very similar to the or  of teaching and re ired PS s to se many different no ledge 
bases to effectively complete the activity. Molly had different goals for different gro ps of children in her 
room. For some children she anted to see if they ere able to s ip co nt by m ltiples of ten.  For others, 
she anted to see if they co ld notice and se the do bling relationship bet een the pairs of n mbers she 
had chosen for them to solve. She incl ded n mber choices li e 11 and 12, to see if any children o ld 
solve sing the distrib tive property and their no ledge of tens. 

Analysis: Fishbowl problem. n o r analysis of the children s or , e classified their approaches 
into one of fo r categories  1  direct modeling  children in this gro p either co ld not solve any of the 
m ltiplication tas s, or did so by directly modeling the sol tion ith dra ings  2  s ip co nting  children 
in this gro p s ip co nted by 10s and or m ltiples of 10  3  repeated addition brea  apart by place  
children in this category solved tas s by riting the m ltiplication problems as repeated addition and then 
bro e the 2 digit n mbers li e 11 and 12 apart by place val e and added the 10s and 1s separately  and 
4  do bling  the children in this gro p also sed repeated addition to solve the first n mber choice in the 

pair, b t ere also able to recogni e the relationship bet een do bling the n mber of gro ps and do bling 
the prod ct.  

Similar to o r analysis of the Co nting Se ences Activity, the a thors first collaboratively e amined 
several responses to this activity from a previo s co rse and established a series of codes and operational 
definitions for riting an appropriate story problem yes no  and demonstrating nderstanding of 
children s strategies yes no . n o r analysis of the PS s  n mber choices, e coded their responses in 
terms of addressing c rrent st dent nderstanding and in terms of addressing Molly s learning goals. As 

e coded the responses in terms of addressing st dents  c rrent nderstanding, e first loo ed for 
evidence in the rationale that the PS s ere attempting to choose n mbers for specific individ al s or 
gro ps of children s  strategy. f e fo nd evidence, e then e amined the n mber choices they selected 
in order to determine if they had successfully done so. We coded their n mber choices in terms of learning 
goals in a similar manner. f PS s e plicitly mentioned a learning goal in their rationale, e coded it as an 
attempt. f an attempt as made, e then determined if the n mber choices ere appropriate. f so, e 
coded it as a success. eliability percentages ere calc lated for each category and ranged from 73.5   
93.9 . Consens s as reached on all disagreements. 

Samantha s response follo s as an e ample. For space p rposes only her problem is shared  

livia has  dra ers. She has  pencils in each dra er. o  many pencils does livia 
have  

 ant to address the same goals, b t have str ct red them so some are easier than her first 
e amples, some the same diffic lty, and some harder. 
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Group A    (3, 10)    (4,10)    (6, 10)  (11, 10) Here I want to practice going over 100 to provide 
some extra challenge. I also wanted those struggling to recognize the relationship between the 3 
and 10 and the 4 and 10. 

Group B (1, 20)     (2, 20)   (4, 20)    (8, 20) Here I want the students to start on the 20s to focus on 
the relationship between the first and second number in the problems, but also the first numbers 
over the sequence. 

Group C (4, 11)   (5, 11)   (7, 11)   (5, 12) Here I want students to apply their knowledge of 
counting by 10s and then adding 1s to solving the problem. Hopefully having the second number 
switch to 12 will have these extend that knowledge. 

Group D     (2, 11)     (2, 12)    (2, 13)    (2, 14) I wanted the students who’ve really gotten a hang 
of this 10s and 1s concept to apply it and to see patterns by keeping the 2 consistent. 

n this case, the above problem as coded not attempting, and th s, not s ccessf l, in addressing 
specific st dent s strategies. o ever, it as coded as attempting and s ccessf l in choosing n mbers for 
specific learning goals. 

Results: Fishbowl problem. he data s pports the preliminary res lt from the Co nting Se ences 
activity. We can see by this stage in o r se ence a vast ma ority of the PS s 31 33, 93.9  made sense 
of the st dent or  provided and ere able to rite an appropriate story problem type 28 33, 84.8 . 
When it comes to riting n mber choices for the ne t story problem ho ever, it becomes evident that  
1  PS s have diffic lty in addressing m ltiple gro ps of st dent thin ing sim ltaneo sly  2  hen PS s 

do attempt to rite specific n mber choices to address or f rther st dent thin ing, they are not often 
s ccessf l in doing so 9 17, 52.9  8 26, 31  7 15, 47  5 12, 42  and 3  PS s have diffic lty 

riting n mber choices that attend to both st dent thin ing and learning goals. 

Table 4: Fishbowl Problem Results 
  Number Choices for Students Number Choices Learning Goals 
  Low/Direct 

Model 
Skip 

Count 
Repeat+ 
/BABP 

Doubling Skip by 
10s 

Doubling Distributive 
Property 

Story? Understand? A? S? A? S? A? S? A? S? A? S? A? S? A? S? 
28 31 17 9 26 8 15 7 12 5 22 11 17 12 14 10 

Discussion 

As e interpret the res lts from this se ence of activities thro gh the or  of acobs and her 
colleag es 2010 , e concl de PS s have become more adept at attending to and interpreting st dent 
thin ing. he activities ho ever, have not helped the PS s to ma e similar progress in responding to 
st dent thin ing. ne possible reason for this res lt is that o r se ence of tas s does not provide eno gh 
ed cative s pports to develop PS s  ability to respond appropriately to st dent thin ing. We have not 
e plicitly attended to the estion, What ma es a n mber choice appropriate or inappropriate to 
s pport e tend a st dent s c rrent ay of thin ing  An activity that presents an e ample of st dent 
thin ing and re ires PS s to select and stify an appropriate n mber choice from a list of possibilities 
might help to develop PS s  ability to interpret, eval ate and rite appropriate n mber choices. hese 
concl sions can be e plained in terms of the constr ct of M . r se ence of activities appears to 
s pport the development of PS s  no ledge of content and st dents. hro gh repeated e pos re to 
a thentic st dent or  both video and ritten , PS s have improved in their ability to ma e sense of and 
eval ate st dents  thin ing strategies in a variety of mathematical conte ts. his no ledge base is 
paramo nt in attending to and interpreting st dent thin ing. PS s  no ledge of content and teaching 
ho ever has not sho n similar improvement. ho gh the PS s have demonstrated an ability to interpret 
st dent thin ing and diagnose  mathematical inconsistencies, they have not yet developed the appropriate 
content no ledge base to respond effectively in prescribing  the ne t treatment. 
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