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This paper describes a synthesis conducted to determine what research says regarding preservice 
teachers’ understanding of fractions and identify the gaps in their existing knowledge basis. Specifically, 
this paper will address a smaller portion of the synthesis and report the findings from fraction 
multiplication and division topics. Results indicated that preservice teachers’ understanding of fraction 
multiplication and division is limited and largely based on rote procedures. Implications for teacher 
education programs and future research studies are provided. 

ey ords  eacher d cation Preservice  ational mbers 

Objectives 

lementary teachers need a solid nderstanding of mathematics so that they can teach it as a coherent, 
reasoned activity and comm nicate its elegance and po er  Conference oard of the Mathematical 
Sciences C MS , 2001, p. i . o ever, research st dies on preservice teachers  mathematics no ledge 
have sho n that many possess a limited no ledge of mathematics in ey content areas s ch as n mber. 
For e ample, hanheiser 2009  fo nd that only 3 of 15 preservice teachers held a conception of place 
val e that allo ed them to e plain ho  and hy the s btraction algorithms ith three digit n mbers or . 

he ational Mathematics Panel affirmed the proficiency ith fractions  as a ma or goal for 8 
mathematics ed cation beca se s ch proficiency is fo ndational for algebra and, at the present time, 
seems to be severely nderdeveloped  p. vii . herefore, developing s ch proficiency in preservice 
elementary teachers is a critical tas  for mathematics ed cators. As the a thors of The Mathematical 
Education of Teachers s ggest, he ey to t rning even poorly prepared prospective elementary teachers 
into mathematical thin ers is to or  from hat they do no  C MS, 2001, p. 17 . here is still m ch 
to be learned abo t preservice teachers  PS  conceptions in a ider array of topics and ho  e might 

se s ch no ledge in designing mathematics co rses for PS s. n this paper, e disc ss the main 
findings from a research synthesis of e isting st dies on preservice elementary teachers  fraction 

no ledge to identify critical directions for f t re research specifically in the area of fraction 
m ltiplication and division.   

Theoretical Framework 

Sh lman 1986  proposed three categories of content no ledge for teachers  a  s b ect matter 
content no ledge, b  pedagogical content no ledge, and c  c rric lar no ledge. For Sh lman, 
s b ect matter content no ledge incl des no ing a variety of ays in hich the basic concepts and 
principles of the discipline are organi ed to incorporate its facts  and tr th or falsehood, validity or 
invalidity, are established  p. 9 .  Pedagogical content no ledge refers to the no ledge of sef l forms 
of representations e.g., analogies, ill strations, e planations  of s b ect matter ideas that ma e it 

nderstandable to others, and an nderstanding of the conceptions and pre conceptions st dents bring to 
the learning processes. he third type of no ledge, c rric lar no ledge, incl des no ledge of a f ll 
range of programs designed for the teaching of partic lar s b ects and topics at a given level, the variety of 
instr ctional materials available in relation to those programs, and the set of characteristics that serve as 
both the indications and contraindications for the se of partic lar c rric l m or program materials in 
partic lar circ mstances  p. 10 . 

Sh lman s ideas on pedagogical content no ledge spar ed a h ge interest in no ledge for teaching, 
eliciting over a tho sand st dies thro gho t a n mber of content areas ith a large n mber of these st dies 
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foc sing on teachers  no ledge of mathematics e.g., Davis  Simmt, 2006  all, hames,  Phelps, 
2008  iebert, 1986  Ma, 1999 . Deborah all and her colleag es introd ced the term mathematical 

no ledge for teaching  e.g., ill, all,  Schilling, 2008 , hich foc sed on the or  that teachers do 
hen teaching mathematics.  

ilding on Sh lman s 1986  categories of no ledge, all, hames, and Phelps 2008  introd ced a 
frame or  for mathematical no ledge for teaching. his frame or  bro e s b ect matter no ledge into 
three categories  common content no ledge CC , the mathematical no ledge that sho ld be no n 
by everyone  speciali ed content no ledge SC , the no ledge of mathematics content that is specific 
to the or  of teachers  and hori on content no ledge, hich involves nderstanding ho  different 
mathematical topics are related. Pedagogical content no ledge as similarly bro en into  no ledge of 
content and st dents CS , hich dealt ith nderstanding ho  st dents relate to different topics  

no ledge of content and teaching C , hich involves the se encing of topics and the se of 
representations  and no ledge of the c rric l m as a hole. While a n mber of different frame or s 
loo  at mathematical no ledge for teaching, this frame or  proposed by all and her colleag es is 
typically loo ed at by gro ps foc sing on hat teachers no  abo t mathematics and served as a 
frame or  for o r st dy as ell. 

Background and Research Questions 

his or  as initiated at a PM A or ing gro p in 2009 and 2010. he members of the or ing 
gro p all ta ght specially designed mathematics co rses for elementary school teachers in the United 
States and so ght to improve their practice by b ilding on PS s  c rrent no ledge. he or ing gro p 

as formed ith a goal of s mmari ing the prior research addressing PS s  content no ledge and its 
development ith the idea that e co ld both improve o r teaching and design f rther research to e tend 

hat e no  abo t PS s  mathematical no ledge. We bro e into smaller gro ps by content area, 
hole n mbers, fractions, decimals, geometry, and algebra , and attempted to synthesi e the c rrent 

research in each of these fields. 
his paper reports a synthesis of the research that has been done to this point on fraction m ltiplication 

and division. hese are the areas that came p most fre ently in the literat re. r goals for the research 
synthesis ere to  1  to identify hat e already no  abo t preservice elementary teachers  no ledge 
of fractions in both the domains of s b ect matter and pedagogical content no ledge, and 2  to identify 
the no ledge gap in the e isting no ledge basis to help g ide f t re research endeavo rs. 

Methods 

he first step of cond cting this research synthesis as to identify the e isting literat re. nitially, e 
decided to restrict o r search to only p blished research o rnal articles to maintain the ality of the 
findings. o ever, recogni ing the time lag re ired for p blication, e decided to e pand the search to 
also incl de proceeding papers p blished in 2007, 2008 and 2009, and dissertations p blished since 2005. 
With ey ords s ch as preservice teachers,  preservice elementary teachers,  fraction,  fraction 
concepts,  fraction operations,  fraction m ltiplication,  fraction division,  and rational n mbers,  e 
searched the C, Google Scholar, Dissertation Abstract and ational mber easoning databases 
gismo.fi.ncsu.edu/database). We also man ally searched thro gh the recent PM A and PM  

proceedings beca se e ere not s re abo t the time lag for a proceeding paper to be incl ded in the 
above databases. his search yielded 42 o rnal and proceeding articles and 3 dissertations bet een 1988 
and 2011.  

he second step re ired the research team to locate these papers and s im thro gh them to determine 
if they had a research estion foc sing on preservice elementary teachers  fraction no ledge. Fifteen 
papers ere re ected beca se they did not meet this criterion. For e ample, some papers ere abo t 
c rric l m se ence or instr ctional activities that o ld facilitate preservice elementary teachers  
learning of fractions, hile others ere abo t preservice elementary teachers  teaching of fractions. So the 
synthesis e report on in this paper is based on 30 papers and dissertations.  
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Caref l readings of these doc ments ere carried o t d ring the third step. o assist the comparison 
across these doc ments, an entry in a synthesis table as filled ith information s ch as research 

estions,  research design,  descriptions of participants,  content foci,  data collection,  data 
analysis,  findings,  and implications  for each one.  

We soon noticed the follo ing main trends in o r synthesis table. First, all b t t o papers ere 
p blished in t o distinct time periods  1988 to 1994, and 2005 to 2011, ith 21 articles falling in the latter 
time period. his sho s a gro ing interest in preservice elementary teachers  fraction no ledge. Second, 
the ma ority of the papers foc sed on preservice teachers  s b ect matter content no ledge, ith a 
handf l on pedagogical content no ledge s ch as their ability to constr ct valid fraction story problems 
and representations, and their ability to predict st dents  errors, and none foc sed on preservice elementary 
teachers  fraction c rric lar no ledge. hird, the ma ority of the st dies 17 of them  foc sed on 
preservice elementary teachers  fraction no ledge in a single s b concept, for e ample, fraction 
m ltiplication or fraction division, ith si  st dies foc sed on t o or more fraction s b concepts. nly 
fo r foc sed on the development of fraction no ledge. n the follo ing section, e ill report the main 
findings abo t preservice elementary teachers  fraction no ledge related to m ltiplication and division.  

Results 

We organi ed o r findings aro nd the ma or themes that e fo nd in the research. hese dealt ith 
PS s  common content no ledge of fraction proced res, their speciali ed content no ledge of being 
able to rite story problems modeling sit ations ith fractions, their no ledge of content and st dents, in 
relation to common st dent errors in regards to fractions, and of different instr ctional interventions 
designed to help improve this no ledge. 

Preservice Teachers’ Understanding 

esearch ill strates that preservice elementary teachers are most ncertain abo t dividing fractions, 
follo ed by s btracting, m ltiplying, and then adding fractions e ton, 2008 . his becomes problematic 
especially hen the ability to represent an operation ith diagrams and story conte ts has been identified 
as an important type of speciali ed mathematics no ledge for teaching all, hames,  Phelps, 2008 . 
S ch ability even becomes more important in the conte t of the Core State Standards of Mathematics 
implementation. Grade 5 and 6 st dents are e pected to solve real ord problems involving fraction 
m ltiplication and division thro gh vis al fraction models e.g., a tape diagram, n mber line diagram, or 
area model  and e ations to represent them.  

o ever, st dies have sho n that the ma ority of preservice elementary teachers do not have a strong 
ability to represent fraction m ltiplication and division ith story problems all, 1990  o, 2009  Simon, 
1993 . While preservice teachers have an easier time on riting story problems hen one of the t o 
n mbers involved in m ltiplication and division comp tation is a hole n mber, many of them ere not 
able to do the same hen mi ed fractions are involved or hen both given n mbers are fractions. For 
e ample, o 2009  fo nd that preservice teachers str ggled to provide an appropriate conte t and 
representation given a symbolic e pression of fraction m ltiplication. n agreement ith Goodson psy 
2009 , o concl ded that hole n mber by fraction m ltiplication is easier than problems ith t o 

fractions. f the 127 preservice early childhood and elementary ed cation st dents in o s st dy, only 
27  co ld constr ct a valid ord problem to represent 1 2 � 1 3, hile 58  co ld constr ct a valid ord 
problem to represent 1 2 3 � 4. n addition, o fo nd that the ma ority of the preservice teachers sed a 
m ltiplication as repeated addition  constr ct hich can be problematic hen or ing ith non hole 

n mbers.  
Findings from all 1990  and Simon 1993  indicated that many preservice teachers ere nable to 

generate a valid story problem for fraction division problems s ch as 1 3 4  1 2 or 3 4  1 4. Many of 
them rote story problems that ere act ally for m ltiplication of fraction by either the given fractions or 
by the reciprocal of the divisor. t also appeared that preservice teachers ho attempted to se 
meas rement division conte ts ere more s ccessf l than those that sed partitive division. he field has 

st began to e amine preservice teachers  proficiency of sing diagrams to represent fraction 
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m ltiplication and division. ne st dy that compares ai anese and U.S. preservice elementary teachers  
fraction no ledge contains a m ltiple choice item as ing them to choose the diagram that can not be sed 
to model 3 4 � 4 5 or 4 5 � 3 4 o, o,  e , 2011 . he finding s ggested that the ma ority of 
preservice elementary teachers from both pop lations ere nable to identify the correct ans er hich 
simply sho ed a diagram of 3 4 and a diagram of 4 5 ith a m ltiplication sign listed in bet een.  

Preservice Teachers’ Knowledge of Student Errors 

When teachers enter the classroom, they need to have an nderstanding of mathematics content as ell 
as st dent thin ing all, hames,  Phelps, 2008 . y nderstanding ho  st dents thin , teachers can 
establish classrooms here disc ssions foc s on the validity of st dents  responses. no ing ho  
preservice teachers interpret st dent responses before they enter a classroom can provide a fo ndation for 
the types of activities needed in teacher ed cation programs.  

n the conte t of fraction division, research has sho n that preservice teachers  analy e st dent 
responses at a s rface level Son  Crespo, 2009  irosh, 2000 . For e ample, hen sho n a correct 
st dent s method that incl ded dividing the n merators and denominators, preservice teachers arg ed that 
the method or s b t only beca se the ans er matched to hat they got by inverting the second fraction 
and m ltiplying Son  Crespo, 2009 . he participants in this st dy did not delve deeper into the 
concepts nderlying the methods and their beliefs abo t teaching and learning strongly correlated ith 
their responses to ard the non traditional algorithm.  

ther research has sho n that similar conceptions hold tr e hen preservice teachers analy e 
st dents  incorrect methods for dividing fractions irosh, 2000 . irosh fo nd that participants ere able 
to identify common problems that st dents o ld have, b t they generally attrib ted these errors to 
st dents not nderstanding the algorithm for dividing fractions. h s, preservice teachers had some 

nderstanding of the types of diffic lties st dents may have, b t ere not able to stify hy those 
methods are incorrect irosh, 2000 .    

Improving Preservice Teachers’ Understanding 

Several recent st dies have e amined the effects of special instr ctional strategies on preservice 
teachers  proced ral and concept al no ledge for fraction  for e ample, se of manip latives Green, 
Piel,  Flo ers, 2008  eb based instr ction in, 2010  and problem posing ol Ucar, 2009 . All 
three st dies sed the e perimental design ith control and e perimental gro ps. All sho ed significant 
better improvement by the preservice teachers in the e perimental gro ps.  

For e ample, in a st dy cond cted by Green, Piel, and Flo ers 2008  only 15  of the preservice 
teachers in the e perimental gro p ere able to ill strate the fraction division 1 1 2  3 4 d ring the pre
test. After or ing ith manip latives for fo r ee s, 66  of them ere able to do so.  hese st dies also 
pointed o t that it as more diffic lt for preservice teachers to ill strate fraction m ltiplication and 
division sit ations than it as for them to rite story problems. his pattern remained tr e after the 
treatment. For e ample, hile the percent of preservice teachers in the e perimental gro p ho ere able 
to rite story problems for fraction division increased from 2  to 88  bet een the pre  and post test in 
the st dy by ol Ucar 2009  the corresponding res lt for dra ing diagram for fraction division ere 
2  and 80 .  

Discussion 

esearch regarding preservice teachers  mathematical content no ledge ill strates that they have a 
r le based conception of fraction m ltiplication and division.  Misconceptions res lt from overgenerali ed 
r les from other n mber systems, s ch as m ltiplication al ays ma es bigger, or res lt from not 

nderstanding algorithms for m ltiplying and dividing fractions. ther diffic lties preservice teachers have 
ith fractions stem from not having a concept al nderstanding of the mathematics. h s, hen as ed to 

provide conte t ali ed sit ations, they tend to create sit ations not related to the original problem or are 
nable to generate a sit ation at all. 
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Preservice teachers  conception of fraction m ltiplication is based off of the part hole meaning of 
fractions. St dies s ggest that in the conte t of m ltiplication, preservice teachers are more s ccessf l 

hen the problem contains fractions less than one and hole n mbers Goodson psy, 2009  o, 2009 . 
h s, more e periences ith fractions greater than one as ell as more problems not incorporating hole 

n mbers are needed in teacher preparation programs.   
Preservice teachers  conception of fraction division is largely foc sed on the sharing meaning of 

division. n addition, fraction division nderstandings are proced rally or algorithmically based. As a 
res lt, preservice teachers have diffic lty ith interpreting fraction division sit ations and str ggle ith 
representing the sit ation ith an appropriate conte t. 

ecent reports have beg n to doc ment the ays in hich preservice teachers  develop an 
nderstanding of fractions obias, 2012 . obias 2012  fo nd that their fraction nderstanding does not 

develop linearly in that no ledge of one topic may not be f lly developed before they start to learn 
another. h s, classroom instr ction may need to foc s on m ltiple fraction concepts before preservice 
teachers can develop an nderstanding of one idea.  

Conclusion 

y nderstanding preservice teachers  no ledge of fraction m ltiplication and division, f t re 
st dies and improvements in teacher ed cation programs can start to investigate the ays in hich 
preservice teachers overcome their misconceptions to develop the mathematical nderstandings needed to 
be an effective teacher. irt ally every st dy s ggests that strong teacher ed cation programs and 
improvements to teacher ed cation co rses are needed, ho ever little has been done to doc ment the types 
of e periences preservice teachers need. With c rrent recommendations s ggesting that mathematics 
teacher ed cation programs design instr ction aro nd hat preservice teachers do no , and ith the 
ma ority of st dies foc sing on fraction division, research is needed regarding preservice teachers  

nderstanding of other fraction topics. ho gh there has been a recent increase in the n mber of 
p blications pertaining to preservice teachers  no ledge of fractions, this is still not eno gh for teacher 
ed cators to have an ade ate nderstanding of ho  preservice teachers thin .  
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