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We present findings from a study of prospective middle school teachers’ reasoning as they transitioned 
from thinking arithmetically to thinking algebraically about even and odd numbers. Teachers were asked 
to make sense of and use two representations of even and odd numbers to model them and to make 
connections between the representations. Analysis of a whole-class discussion indicates that although 
teachers easily represented even and odd numbers using an algebraic generalization, they grappled to 
make sense of a given geometric model. As teachers worked to make sense of the geometric model, they 
transitioned back and forth among three ways of interpreting the model (two of which were incorrect; one 
of which was correct).  

.eyZords� Algebra and Algebraic 7hinNing� Classroom DiscoXrse� 1Xmber Concepts and 2perations� 
7eacher (dXcation±Preservice 

Purpose of the Study 

Standards for .±12 mathematics emphasi]e the Xse of mXltiple representations �e.g., Zritten Zords, 
diagrams, symbolic e[pressions, physical models, graphs� for maNing sense of and commXnicating 
mathematical ideas �Common Core State Standards ,nitiative >CCSS,@, 2010� 1ational CoXncil of 
7eachers of Mathematics >1C7M@, 2000�. Scholars argXe that e[amining different representations can 
maNe mathematics more meaningfXl by illXminating different aspects of a mathematical idea or 
relationship �CXoco, 2001� 1C7M, 2000�. 5epresentations may be particXlarly important in the middle 
grades as stXdents maNe the transition from thinNing arithmetically—for e[ample, ZorNing Zith specific 
even and odd nXmbers²to thinNing algebraically—for e[ample, maNing sense of even and odd nXmbers 
as sets of nXmbers that can be generali]ed �CCSS,, 2010� 1C7M, 2000�. 7he difficXlties that many 
stXdents have in maNing this transition are Zell docXmented �e.g., Cha]an, 	 <erXshalmy, 2003� Smith, 
2003�, and scholars sXggest that considering both visXal and nXmerical modes of generali]ing may 
facilitate this transition by helping stXdents Xnderstand the natXre of variable and familiari]ing them Zith 
the strXctXre of algebraic e[pressions �/annin, 2003� 5ivera 	 %ecNer, 2009� 7hornton, 2001�. 

Considering different mathematical representations has also proven to be beneficial for teachers. 
5esearch shoZs that maNing sense of and Xsing different representations can strengthen teachers¶ content 
NnoZledge by reTXiring them to maNe connections among representations and can strengthen teachers¶ 
pedagogical content NnoZledge by providing them greater access to stXdent thinNing as stXdents interpret 
different representations �+erbel�(isenmann 	 Phillips, 2005� ,]siN 	 Sherin, 2003�. 7hXs, one Zay to 
strengthen teachers¶ ability to sXpport middle school stXdents¶ transition from arithmetic thinNing to 
algebraic thinNing is to provide them Zith opportXnities to reason aboXt and Xse different representations 
to maNe sense of mathematical ideas. ,n particXlar, the mathematics content coXrses taNen dXring their 
teacher preparation programs might be a promising conte[t for sXch learning e[periences.  

7his research report presents findings from a stXdy that investigated the Zays in Zhich a class of 
prospective middle school teachers �PMS7s� reasoned aboXt different representations of even and odd 
nXmbers dXring their ZorN on a nXmber theory Xnit in a mathematics content coXrse for PMS7s. 7he 
conte[t of even and odd nXmbers Zas chosen for tZo reasons� �a� it is central to the nXmber theory ideas 
that are stXdied in the middle grades �CCSS,, 2010� /appan, Fey, Fit]gerald, Friel, 	 Phillips, 2006�� and 
�b� it is accessible, yet still presents some challenge, for teachers �Smith, 2011�.  
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Theoretical Perspective 

MXch of the mathematics edXcation literatXre in recent years conceptXali]es the learning of 
mathematics as a collective act. 7he vieZ that learning is a social endeavor is rooted in theories of 
cognitive development based on foXndational ideas by -ean Piaget and /ev 9ygotsNy. Piaget argXed that 
social interactions are central to NnoZledge development becaXse they inflXence individXals¶ attempts to 
resolve conflicts betZeen their perspective and the perspectives of others �%roZn 	 Palincsar, 1989� 
5ogoff, 1998�. 9ygotsNy also emphasi]ed social interaction as an essential element of cognitive 
development. +e asserted that there is flXidity betZeen self and others, and cognitive e[changes at this 
boXndary mitigate the process throXgh Zhich NnoZledge development occXrs. SociocXltXral theories of 
mathematics learning integrate the perspectives of both Piaget and 9ygotsNy and maintain that one cannot 
e[amine individXal stXdents¶ reasoning and cognitive development ZithoXt considering hoZ it is 
inflXenced by the social conte[t or e[amine the social conte[t ZithoXt considering hoZ individXal 
stXdents¶ reasoning inflXences that conte[t �Cobb, 2001� Cobb 	 <acNel, 1996�.   

ParticXlarly relevant to the present stXdy is the notion that representation can be conceptXali]ed as a 
collective act occXrring Zithin a specific social and mathematical conte[t. Collective representation 
involves ³negotiating individXally constrXcted representations in the shared space of a groXp or classroom 
as Zell as the teacher¶s role in facilitating these interactions´ �StylianoX, 2010, p. 327�. 7his stXdy 
investigated the e[tent to Zhich considering different representations of even and odd nXmbers Zas helpfXl 
in PMS7s¶ collective transition from thinNing arithmetically to thinNing algebraically.  

Methods 

7he stXdy Zas condXcted dXring Spring 2011 at a foXr�year, pXblic Xniversity in the soXtheastern 
United States. 7he 22 participants �14 female� 8 male� Zere PMS7s enrolled in a reTXired 16�ZeeN 
mathematics content coXrse for prospective middle and secondary school teachers. �Since secondary 
school teachers at this Xniversity are certified to teach both middle and secondary school, all participants 
Zere considered prospective middle school teachers.�  

7he coXrse met once a ZeeN for tZo hoXrs and thirty minXtes and focXsed on three content strands 
central to the middle grades� �a� nXmber and operations� �b� algebra and fXnctions� and �c� geometry and 
measXrement �CCSS,, 2010� 1C7M, 2000�. 7hroXghoXt the coXrse PMS7s Zere asNed to reason aboXt 
and maNe connections betZeen and among representations of mathematical ideas across these three 
content strands. 7he instrXctor �and first aXthor� also immersed PMS7s in the processes of mathematical 
inTXiry �CCSS,, 2010� 1C7M, 2000� and modeled a type of teaching Zhose goal Zas learning Zith 
Xnderstanding �Carpenter 	 /ehrer, 1999�. PMS7s Zere encoXraged and e[pected to regXlarly engage in 
discXssions Zith their peers as they shared their thinNing aboXt problems and solXtion strategies, reasoned 
aboXt and made connections betZeen mathematical ideas, made and evalXated conMectXres, and developed 
and revised mathematical argXments. 

Data collection occXrred dXring a five�ZeeN Xnit on nXmber theory that inclXded considering nXmeric, 
algebraic, and geometric representations of even and odd nXmbers and e[ploring hoZ to add and mXltiply 
even and odd nXmbers Xsing these different representations. 7he primary data soXrce Zas transcripts of 
video of the Zhole�class discXssions that the second aXthor filmed. Secondary data soXrces inclXded� �a� 
the second aXthor¶s field notes� �b� Zritten ZorN prodXced by PMS7s dXring each class� and �c� aXdio 
recordings of ZeeNly meetings betZeen the first and second aXthors in Zhich they reflected on each class 
meeting, identified and discXssed any ideas that the PMS7s seemed to be strXggling Zith, and discXssed 
the instrXctor¶s plans for the ne[t class meeting.  

7he stXdy reported herein focXses on the first idea that PMS7s grappled Zith dXring the data 
collection, Zhich occXrred dXring the second class meeting of the Xnit �the fifth class meeting of the 
semester�� e[plaining hoZ the different components �µ2¶, µn¶, and µ�1¶� of the algebraic generali]ations of 
even and odd nXmbers �µ2n¶ and µ2n�1¶, respectively� Zere represented geometrically in ³7ilo¶s model´ 
�shoZn in FigXre 1�. ,n particXlar, PMS7s had difficXlty maNing connections betZeen� �a� the µ2¶ in the 
algebraic generali]ations of both even nXmbers and odd nXmbers and the ma[imXm nXmber of tiles in each 
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colXmn of 7ilo¶s model� �b� the µn¶ in the algebraic generali]ations of both even and odd nXmbers and the 
total nXmber of µcomplete¶ colXmns �i.e., colXmns that contain tZo tiles�� and �c� the µ�1¶ in the algebraic 
generali]ation of odd nXmbers and the one e[tra tile that maNes an µincomplete¶ colXmn. �AlthoXgh 2n�1 is 
also a valid generali]ation of the set of odd nXmbers, the instrXctor chose to focXs on the 2n�1 
generali]ation in order to be consistent Zith the soXrce of 7ilo¶s model, the Connected Mathematics 
Project cXrricXlXm.�  

 
 

 

(Lappan, Fey, Fitzgerald, Friel, & Phillips, 2006, p. 25) 

Figure 1: Tilo’s model 

 
7he transcript of the class meeting that is the focXs of this stXdy Zas analy]ed to identify the Zays in 

Zhich PMS7s Xsed the different representations of even and odd nXmbers to reason aboXt the meaning of 
the components of the algebraic generali]ations of even and odd nXmbers. 7hree milestones in PMS7s¶ 
thinNing aboXt the variable µn¶ �shoZn in FigXre 2� emerged from the data� �a� claiming that µn¶ 
represented one tile� �b� claiming that µn¶ represented one complete column� and �c� claiming that µn¶ 
represented the total number of complete columns.  

 
Thinking Arithmetically  Thinking Algebraically 

 
Milestone a Milestone b Milestone c 

 ‘n’ represents one tile  
(incorrect) 

‘n’ represents one  
complete column  

(incorrect) 

‘n’ represents the total 
number of complete columns 

(correct) 
   
   

Figure 2: Milestones in PMSTs’ transition from arithmetic to algebraic thinking 

ConceptXali]ing µn¶ as representing one tile �Milestone a� ZoXld resXlt in a different algebraic 
e[pression for each natXral nXmber �e.g., 2 �2n�, 3 �3n�, 4 �4n�, 5 �5n�, 6 �6n�, Zhere n 1 tile� and 
reflects arithmetic thinNing since it treats each nXmber individually rather than as belonging to a set of 
nXmbers Zith shared characteristics. ConceptXali]ing µn¶ as representing one complete column �Milestone 
b� also resXlts in a different algebraic e[pression for each natXral nXmber �e.g., 2 2�n�, 3 2�n��1, 4 2�2n�, 
5 2�2n��1, 6 2�3n� Zhere n 1 complete colXmn�� hoZever, it recogni]es that even nXmbers have the 




������������������������!�����(������ ���%�	��������	������� 021�

�

���������$��&�	&$���$��&'�&$�+������"$��&��&�)���&*&�)/-./*&�	���

�����������
������
���
���

����������
���������
���
����
��
�����

��
����
��
����
��������������
�	��������������
��
�
���������
������������#��$���%�
������������������� �����".�

characteristic of being able to pXt the tiles into groXps of tZo Zith no tiles left over, and that odd nXmbers 
have the characteristic of being able to be pXt the tiles into groXps of tZo Zith one tile left over. 7hXs, 
Milestone b is considered to be a more algebraic Zay of thinNing becaXse it sXggests that there are some 
shared characteristics among nXmbers Zithin the same set. +oZever, this Zay of thinNing is not 
completely algebraic becaXse it does not alloZ for a single algebraic generali]ation to represent even 
nXmbers and another algebraic e[pression to represent odd nXmbers. ConceptXali]ing µn¶ as representing 
the total number of complete columns �Milestone c� reflects algebraic thinNing by recogni]ing the shared 
characteristic among even nXmbers as being able to pXt the tiles into groXps of tZo Zith no tiles left over, 
the shared characteristic among odd nXmbers as being able to pXt the tiles into groXps of tZo Zith one tile 
left over, and resXlts in one algebraic e[pression for the set of even nXmbers �2n� and another algebraic 
e[pression for the set of odd nXmbers �2n�1�.  

After identifying and coming to agreement on the e[tent to Zhich the three milestones reflected 
arithmetic and algebraic thinNing, the aXthors reanaly]ed the transcripts to trace PMS7s¶ ideas as they 
moved bacN and forth betZeen the three milestones in their transition from thinNing arithmetically aboXt 
individual even and odd nXmbers to thinNing algebraically aboXt generalizations of the set of even 
nXmbers and the set of odd nXmbers.  

Results 

7he transition from thinNing arithmetically aboXt individual even and odd nXmbers to thinNing 
algebraically as sets of nXmbers that can be generali]ed Zas challenging for this groXp of PMS7s and did 
not occXr in one direction �from thinNing arithmetically to thinNing algebraically�. ,nstead, in their efforts 
to maNe connections betZeen the geometric and algebraic representations, PMS7s¶ Xnderstanding of the 
meaning of the variable µn¶ in the algebraic generali]ations of even and odd nXmbers �µ2n¶ and µ2n�1¶, 
respectively� shifted bacN and forth betZeen the three milestones� �a� µn¶ representing one tile� �b� µn¶ 
representing one complete column� and �c� µn¶ representing the total number of complete columns. As 
shoZn in FigXre 3, all three milestones Zere considered at least tZice dXring the Zhole�class discXssion. 
7hat Milestone a Zas abandoned fairly early in the discXssion sXggests that PMS7s reali]ed that pXtting 
tiles into groXps of tZo to maNe complete colXmns helped to maNe some distinction betZeen the set of 
even and the set of odd nXmbers. +oZever, the movement bacN and forth betZeen Milestones b and c 
indicates that PMS7s Zere not convinced that groXping the complete colXmns together ZoXld alloZ them 
to clearly distingXish the set of even nXmbers from the set of odd nXmbers and connect to the algebraic 
generali]ations they had identified. 7hXs, althoXgh the discXssion ended on the �correct� Milestone c, 
PMS7s¶ Xnderstanding of µn¶ as representing the total number of complete columns may have remained 
fragile. Field notes from the sXbseTXent class, in Zhich PMS7s began operating on even and odd nXmbers, 
also reflected this instability.  

 
Milestone   b           a           c          a           c           b           c           b           c           b           c 

 
 
 
 
 
 
 
Milestone a: ‘n’ representing one tile 
Milestone b: ‘n’ representing one complete column 
Milestone c: ‘n’ representing the total number of complete columns 

Figure 3: PMSTs’ transition among the three milestones 

 

Beginning of the 
whole-class 
discussion  

End of the 
whole-class 
discussion  
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7he e[cerpts that folloZ are illXstrative of the strXggle that PMS7s had as they collectively made sense 
of the different representations and transitioned from thinNing arithmetically to thinNing algebraically 
aboXt even and odd nXmbers. ,n the first section, PMS7s ZorN to maNe sense of the variable µn¶ in the 
algebraic generali]ations and to find commonality Zithin the set of even nXmbers and Zithin the set of odd 
nXmbers ± thXs maNing the transition toZard thinNing more algebraically, and moving aZay from 
Milestone a. ,n the second section, PMS7s focXs on maNing e[plicit connections betZeen the featXres of 
7ilo¶s model and the specific components of the algebraic generali]ations and move bacN and forth 
betZeen Milestones b and c. All names Xsed in the e[cerpts that folloZ are pseXdonyms. 

Finding Commonality Within the Sets of Even and Odd Numbers 

Prior to introdXcing 7ilo¶s model, the instrXctor asNed PMS7s to describe the set of even nXmbers. 
PMS7s easily identified commonalities across all nXmbers in this set. For e[ample, they described even 
nXmbers as being divisible by 2, having no remainder after dividing by 2, being a multiple of 2, being an 
integer, and including 0. Despite these Zays of describing the set of even nXmbers, PMS7s strXggled to 
maNe sense of 7ilo¶s model �shoZn in FigXre 1� Zhen the instrXctor introdXced it. ,n particXlar, PMS7s 
strXggled to maNe connections betZeen individXal representations of even and odd nXmbers in 7ilo¶s 
model and the algebraic generali]ations of even and odd nXmbers that they identified �(ven 2n and 
2dd 2n�1, Zhere n is a Zhole nXmber�. 7he soXrce of difficXlty Zas in maNing sense of the meaning of 
the variable µn¶ in both the algebraic and geometric representations of even and odd nXmbers. 7his 
difficXlty is illXstrated in the folloZing e[cerpt Zhere the PMS7s grapple Zith Zhether µn¶ represents one 
tile, one complete column, or the total number of complete columns in 7ilo¶s model�  

Uberto: Every, every n is a column. 
Olive: Yeah, every n is a column. 
Uberto: [Tilo’s] saying there [are] no sets- there’s no columns and then there’s one extra. 
Kaila: Every two n would have to be a column. 
Uberto: Yeah. Every two n is a column.   
Instructor: Every two n is a column, ok. Help me see where that is here. How do you see that? 
Uberto: Actually isn’t it just the n? It is just the n because, look at two. If you plug it [into] the two n 

equation, you have one [complete] column, and therefore two tiles.  

,n this e[cerpt, Uberto and 2live initially state that every µn¶ is a colXmn ± sXggesting that µn¶ 
represents each colXmn. 7his Xnderstanding of the variable is not consistent Zith the algebraic 
generali]ations of the sets of even or odd nXmbers. ,nstead, even and odd nXmbers Zere being represented 
differently and treated individually rather than as belonging to a set of nXmbers Zith common attribXtes 
�e.g., 2 2�n�, 3 2�n��1, 4 2�2n�, 5 2�2n��1, 6 2�3n� Zhere n 1 colXmn�. .aila argXes that every µ2n¶ 
ZoXld be a colXmn ± sXggesting that µn¶ represents an individXal tile. Again, this Xnderstanding of the 
variable ZoXld resXlt in different e[pressions for even and odd nXmbers �e.g., 2 �2n�, 3 �3n�, 4 �4n�, 
5 �5n�, 6 �6n�, Zhere n 1 tile�. While both of these Zays of maNing sense of even nXmbers sXggest that 
the PMS7s Zere thinNing more arithmetically than algebraically, there seems to be a TXalitative difference 
in Uberto and 2live¶s thinNing as compared to .aila¶s thinNing. Whereas the e[pressions aligned Zith 
.aila¶s thinNing shoZed no commonality Zithin the sets of even or odd nXmbers, e[pressions for Uberto 
and 2live¶s thinNing sXggested that the components of the algebraic e[pressions for even and odd nXmbers 
�i.e., µ2¶, µn¶, µ�1¶� needed to be considered. 7his became more evident after Uberto responded to .aila¶s 
idea aboXt the meaning of µn¶ by draZing the PMS7s¶ attention to the nXmber of tiles in a colXmn 
compared to the total nXmber of colXmns. As sXch, Uberto Zas e[tending the PMS7s¶ reasoning beyond 
thinNing aboXt individXal even and odd nXmbers to beginning to find commonality Zithin these tZo sets of 
nXmbers. 

Explicitly Connecting the Geometric and Algebraic Models 

As the PMS7s continXed to reason collectively aboXt the meaning of the variable µn¶ in the algebraic 
generali]ations of even and odd nXmbers, they freTXently Xsed the geometric representations to maNe 
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fXrther distinctions betZeen the components of the algebraic e[pression. 7his movement bacN and forth 
betZeen representations is reflected in %obbie¶s comment� 

+oZ aboXt Ze MXst define n and say for tZo, yoX have tZo tiles on top of each other and that¶s a 
colXmn, that¶s one >complete@ colXmn. So if yoX define n as the >total@ nXmber of >complete@ colXmns, 
if yoX pXt >it@ in the formXla, tZo n, tZo times one, it¶d give yoX tZo. So Ze have seven, right, to get 
eight, yoX ZoXld add another tile on top of the one that¶s oXt Ze ZoXld end Xp Zith one, tZo, three, 
foXr colXmns, n representing the nXmber of >complete@ colXmns, yoX do tZo times foXr, it ZoXld give 
yoX eight. So Ze shoXld MXst have� n shoXld MXst represent the >total@ nXmber of >complete@ colXmns, 
and it¶ll give yoX the nXmber of� Xm even nXmber.  

,n this e[cerpt, %obbie Zas thinNing algebraically and maNing an argXment for Zhy µn¶ represents the 
total number of complete columns rather than representing one complete column. %y comparing specific 
even and odd nXmbers in the geometric representation to the algebraic generali]ation of even and odd 
nXmbers, she Zas able to determine that the µ2¶ represents the nXmber of tiles in a colXmn, and that the µn¶ 
represents the total nXmber of complete colXmns. FXrthermore, %obbie identified a difference betZeen 
colXmns that are complete �by e[plicitly stating, ³yoX have tZo tiles on top of each other and that¶s a 
colXmn, that¶s one >complete@ colXmn´� and those that are not complete for an odd nXmber �by stating, 
³yoX ZoXld have to add another tile on top of the one that¶s oXt.´� As sXch, %obbie¶s Zay of thinNing Zas 
consistent Zith the algebraic generali]ations of even nXmbers and odd nXmbers and alloZed for even 
nXmbers to be e[pressed as µ2n¶ and odd nXmbers to be e[pressed as µ2n�1¶. ,sabel clarified the meaning 
of the components even fXrther by noting�  

, thinN Zhat >%obbie and others@ are trying to say is that tZo is a constant� there are tZo tiles in a 
colXmn, so that doesn¶t change. So that the only nXmber that changes is n, and it says hoZ many >total 
complete colXmns@. So if yoX have liNe eleven >complete colXmns@, it¶d be tZo times eleven Zhich 
ZoXld pXt yoX at tZenty�tZo tiles. 

Despite PMS7s¶ transition toZard thinNing aboXt even and odd nXmbers algebraically �the discXssion 
ended Zith Milestone c�, as the class continXed to maNe connections betZeen the different representations, 
the meaning of the variable µn¶ in the algebraic generali]ation Zas often revisited. 7he pattern of 
Milestones c, b, c, b, c, b, c �shoZn in FigXre 3�²shifting bacN and forth betZeen Milestones b and c²
sXggests that PMS7s¶ Xnderstanding of the meaning of µn¶ in the algebraic e[pressions for even and odd 
nXmbers remained Xnstable.  

Discussion 

7his stXdy e[amined PMS7s¶ reasoning as they transitioned from thinNing arithmetically to thinNing 
algebraically aboXt even and odd nXmbers Zhile maNing connections betZeen algebraic and geometric 
representations of even and odd nXmbers. Fle[ibility in connecting mXltiple representations is a critical 
aspect of mathematical Xnderstanding �e.g., /esh, Post, 	 %ehr, 1987� 1C7M, 2000�, and the resXlts of 
this stXdy sXggest that this is challenging for teachers. 7he geometric model �7ilo¶s model� seemed to be a 
catalyst for helping the PMS7s in this stXdy reason aboXt the different components of the algebraic 
generali]ations of even and odd nXmbers �i.e., the µ2¶, the µn¶, and the µ�1¶� as they transitioned from 
thinNing aboXt individual even and odd nXmbers to thinNing aboXt the set of even and the set of odd 
nXmbers. FXrthermore, althoXgh PMS7s easily generated algebraic representations of even and odd 
nXmbers²that inclXded the variable µn¶²they had difficXlty maNing sense of Zhat µn¶ represents Zhen 
asNed to connect the algebraic representations to the geometric one. 7hXs, the introdXction of the 
geometric model revealed PMS7s¶ conceptions in Zays that ZorNing e[clXsively Zith the algebraic model 
may not have. 

7he resXlts of this stXdy also sXggest that the transition from thinNing aboXt individual nXmbers to 
thinNing aboXt sets of nXmbers is not Xni�directional, bXt rather involves several conceptXal milestones²
some of Zhich are incorrect²that teachers move bacN and forth betZeen as they made sense of 
generali]ations of even and odd nXmbers. ,t is also important to note that teachers reverted bacN to the 
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incorrect conceptXal milestones throXghoXt the Zhole�class discXssion ± sXggesting that their 
misconceptions Zere rather stable. 7hXs, the resXlts of this stXdy indicate that mathematics teacher 
edXcators face a serioXs challenge� hoZ to sXpport prospective or practicing middle school teachers in 
maNing sense of and connecting mXltiple representations of mathematical ideas. FXtXre ZorN Zill 
investigate hoZ PMS7s Xsed these different representations to add and mXltiply even and odd nXmbers 
and hoZ the mathematics teacher edXcator Zho Zas the instrXctor of this coXrse sXpported them in maNing 
sense of the representations. 
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