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This study investigates cognitive difficulties and mathematical ideas that are related to making 
connections among representations. A three-week intervention was designed and implemented to help 
prospective secondary mathematics teachers develop understanding of big ideas that are critical to 
connection of representations in algebra. This study finds that most participants had difficulties with the 
concept of variable, the Cartesian connection, and its related idea, graph as a locus of points, and held 
incomplete concept definitions and concept images of conic curves. During the intervention, however, 
many showed signs of progress. Many who were initially dependent on memorized forms of algebraic 
formulas made efforts to consider aspects of the Cartesian connection to make sense of their work.  

ey ords  eacher d cation Preservice  eacher no ledge  Algebra and Algebraic hin ing  
Advanced Mathematical hin ing 

Objectives 

he p rpose of this st dy as to investigate cognitive obstacles and mathematical ideas related to 
ma ing connections among representations and ho  prospective teachers  thin ing progressed hile they 

or ed on tas s that ere designed to bring o t these cognitive iss es. he importance of representations 
in mathematical nderstanding is ell doc mented renner, Mayer, Moseley, et al., 1997  n th, 2000  
Mosch ovich, Schoenfeld,  Acavi, 1993 , and st dents  learning of mathematics thro gh representations 
is recommended in the Principles and Standards for School Mathematics C M, 2000  and the Common 
Core State Standards CCS , 2010 . o ever, not m ch is no n abo t cognitive obstacles or ideas that 
are involved in ma ing connections among representations or ho  to help st dents develop mathematical 

nderstanding thro gh connection of representations osse, Ad Gyamfi,  Chetham, 2012  ven, 1998  
e cept that even mathematically capable individ als have compartmentali ed nderstanding of 
mathematical representations Gagatsis  Shia alli, 2004  itt, 1998  inner, 1989 . Ma ing connections 
among representations is one of the big ideas in mathematics ed cation acampagne, lair,  ap t, 
1995  n th, 2000  and more research is needed to nderstand this comple , yet critical iss e.  

his st dy is a component of a larger pro ect intended to develop and st dy a mathematics c rric l m 
for prospective secondary mathematics teachers.  his report specifically deals ith a three ee  nit 
designed to promote nderstanding of algebra thro gh the connection of representations. enty 
prospective secondary mathematics teachers participated in this st dy. alitative research methods ere 
employed in order to delve into cognitive diffic lties and ideas that are related to the connection of 
representations and to doc ment ho  st dent nderstanding evolved d ring the nit.  

Theoretical Framework 

n the mathematics ed cation comm nity, representations are regarded as critical tools for 
mathematical comm nications and problem solving renner et al., 1997  Goldin  Shteingold, 2001  

iebert  Carpenter, 1992  ollar  or ood, 1999  Mo so lides  Gagatsis, 2004  hompson, 1994 . 
o ever, it has no n that mere representation of a mathematical concept in a certain mode of 

representation is not eno gh for mathematical nderstanding. n order to nderstand mathematical 
concepts or to be s ccessf l in problem solving, learners need to be able to connect representations. hey 
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need to be able to not only recogni e ideas embedded in vario s representations b t also convert a 
representation in one form to another and translate ideas from one representation to another ithin and 
across vario s representations or o  isenhart, 1992  D fo r anvier, ednat ,  elanger, 1987  

ven, 1998  itt, 1998  Gagatsis  Shia alli, 2004  n th, 2000  esh, ehr,  Post, 1987 .  
Many researchers have investigated ho  learners attempt to connect vario s representations of 

f nctions, a concept critical to m ch of algebra and higher mathematics. For e ample, n th 2000  
sho ed that the Cartesian connection a point is on the graph of the line L if and only if its coordinates 
satisfy the e ation of L  Mosch ovich et al., 1993, p. 73 is related to st dents  problem solving ability 

here they m st connect symbolic and graphical representations of linear f nctions. itt 1998 , Williams 
1998 , and ansson 2005  have sho n that teachers  inability to se s bconcepts, s ch as variables and 

domain range, affected their problem solving. Follo ing p on the ideas posed by n th 2000  and other 
researchers cited above, a primary foc s of this research as to e amine ho  learners  nderstanding of 
critical mathematical ideas that are related to connections among representations , s ch as the Cartesian 
connection, interacts ith their abilities to connect representations and or their problem solving ability. 

n order to address this iss e, e designed a nit foc sing on representations in algebra. he nit, 
indeed the entire co rse, as developed and implemented along ith the ed cational and philosophical 
principles of realistic mathematics education Fre denthal, 1991  Gravemei er, 1999  and constructivist 
learning theory Cobb, ac el,  Wood, 1992 . As s ch, mathematical nderstanding in the co rse and 
hence in this st dy as regarded as social constr ction or reconstr ction  of ideas thro gh mathematical 
comm nications and collaborations hile learners are actively engaged ith realistic  Gravemei er, 
1999  tas s. 

For this st dy, e restrictively se the term, representations, in regard to only fo r types of 
representations in algebra algebraic, spatial, n meric, and verbal representations. We also e tended the 
notion of the Cartesian connection to a point is on the graph of the mathematical relation, R x, y   0 if 
and only if its coordinates satisfy R x, y   0  in order to accommodate this idea to other mathematical 
relations ith t o variables, conic c rves in this case.  

he constr cts of concept definition and concept image all  inner, 1981  inner, 1991  inner  
Dreyf s, 1989  are tili ed as a tool to nderstand participants  cognitive str ct res relating to conic 
c rves. According to inner and others, an individ al s nderstanding of a concept is related to her verbal 
definition of the concept concept definition  and her non verbal image of the concept concept image . 
When her concept definition and her concept images are aligned ith the formal concept definition the 
one accepted by the mathematics comm nity , she can solve non ro tine problems or prove theorems by 
s ccessf lly cons lting both the definition and the image inner, 1991 . As ith other st dies concerning 
learners  nderstanding of mathematical concepts angi, 2006  ingolbali  Monaghan, 2008 , this 
constr ct aided s to nderstand the mathematical thin ing and nderstanding of the participants. 

Methods 

Research Setting 

his research as cond cted in an in iry based classroom d ring the inter arter, 2009, hen a 
three ee  teaching nit foc sing on Algebra as implemented. 20 prospective secondary mathematics 
teachers PSM s , mostly niors and seniors ma oring in mathematics, participated in this st dy. he 
Algebra nit started ith the opening activity, a disc ssion of symbolic and spatial meanings of the 
sol tion of the algebraic e ation x2  2, follo ed by the ma or tas , an interpretation of the historical 

or  by mar hayyam 1048 1131 . PSM s ere as ed to fig re o t ho  mar hayyam s geometric 
approach to the sol tion of a c bic e ation made sense, i.e., ho  an intersection point of the parabola  
py  x2

 and the circle x2  y2  qx, ith p and q positive integers, determines the sol tion of the algebraic 
e ation x3  p2x = p2q. his tas  involved three s btas s  a  graphing the circle represented by algebraic 
representation x2  y2  qx and proving hy the formal concept definition of circle defines the e ation of 
circle, b  deriving the e ation of a parabola based on the concept definition of parabola, and 
c  e plaining ho  the sol tion of x3  p2x = p2q is represented spatially. D ring the mar hayyam tas , 
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t o ic  rites ere administered to e amine PSM s  nderstanding of representations, the one 
e amining PSM s  abilities to connect the concept definition and the algebraic representation of circle, 
and the other e amining their abilities to connect algebraic and geometric representations. 

All sessions ere videotaped sing t o video cameras. PSM s  responses to ic rites and gro p 
posters that they prepared for the presentations ere also collected.  

Methods of Analysis 

For the analysis, e adopted and modified an analytic method by Po ell et al. 2003 , designed for 
research sing video data. At first, e vie ed the video recordings and prepared a brief, ritten record of 
the video content. he ritten record at this stage incl ded ro gh transcriptions of some episodes and 
foc sed on mathematical activities, sit ations, and meanings Po ell et al., p. 416 . We also ro ghly 
vie ed PSM s  ic rites to get a sense of their responses. We then developed a priori codes, based on 
the research frame or , research estions, and the problematic areas of the mathematical investigations 
that ere fo nd from the vie ing of video recordings, ic rites, and posters Miles  berman, 
1994 . With these observational codes, e re atched the video recordings and ree amined the ritten 
data. At this stage, e revised the codes by identifying more codes and constantly comparing ith the 
e isting codes Glaser  Stra ss, 1967 , and identified critical events significant moments sho ing 
learners  cognitive diffic lties, concept al leaps from previo s nderstanding, or int itive mista es 
Po ell et al., 2003 . At the ne t stage, e prepared ord to ord transcripts of the portion of the video 

data, incl ding critical events and other episodes that provided evidence for important theoretic or 
analytic matters to o r g iding research estions  Po ell et al., 2003, p. 423 . he ne  transcription 
data, combined ith the ritten data, then, p t thro gh another phase of analysis for the acc racy and the 
consistency of the res lts.  

Results  

The Case of Circle 

Most PSMTs knew the definition of circle correctly, as “the collection of points equidistant from a point”. 
However, their algebraic concept image of circle, (x – a)2 + (y – b)2 = r2, and the spatial concept image of 
circle were compartmentalized or existed without proper understanding of the roles of variables x and y or 
constant r. 

Only one out of five groups (each group had 4 PSMTs) successfully transferred the algebraic 
representation, x2 + y2 = qx, to its graphical representation, the circle with the center (q/ 2, 0) and the radius q/ 

2. Three groups transferred the equation, x2 + y2 = qx, to a circle centered at the origin, with radius labeled qx
, by taking the left part of the equation, x2 + y2 =, as a process of drawing a circle with center (0, 0) and qx as 
the square of the radius, without paying attention to the variable x. In subsequent class discussions, they also 
showed lack of understanding of the Cartesian connection. Although these groups had an understanding that x 
= 0 and y = 0 satisfy the equation, x2 + y2 = qx, they were unable to translate this idea to the graphical 
representation in that they did not recognize that the graph of x2 + y2 = qx had to pass through the origin. One 
group transferred x2 + y2 = qx to a bow-tie figure passing through the origin (see Figure 1). Although this 
group’s graph passes through the origin, they did so because they believed that their “radius” qx  approached 
0 as x approached 0. Understanding of the concept of variables in graphical representations or the Cartesian 
connection was absent in most of these students.  
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Figure 1: Representation of circle and parabola 

The Case of Parabola 

nly one o t of 20 PSM s ne  the concept definition of parabola the loc s of points e idistant 
from a point, called foc s, and a line, called directri . When they ere as ed to find the e ation of 
parabola ith the foc s 0, f  and the directri  y   f given, the vast ma ority had no cl e ho  to start. For 
them, a parabola as given by the e ation y = ax2 or y  a x  h 2  k here the only meaningf l 
information they co ld dra  from these e pressions ere the verte  h, k  and the coefficient a, and their 
disc ssion as mainly abo t the concavity of the parabola, ho  ide the parabola as depending on the 
val e of a, or ho  to shift y = ax2 to y  a x – h 2  k sing vertical and hori ontal translations. nly after 
being reminded by the instr ctors that their ob as to derive the e ation of parabola sing the definition 
of parabola and that they co ld name a random point that is e idistant from the foc s and the directri  as 
x, y  in the Cartesian plane, did they attempt to interpret the definition of parabola to come p ith some 
ind of algebraic e ation. ven then, a lengthy disc ssion ithin their gro p and ith the instr ctors as 

re ired to reach to the algebraic representation, x2  4fy. Altho gh they seemed to nderstand that x, y 
represent variables in an algebraic relationship, r x, y   0, they did not nderstand that x, y  co ld 
represent varying coordinates in the geometric conte t. Most of them also did not nderstand or se the 
idea that a graph of a mathematical relation is a loc s of points hose coordinates satisfy the relation even 
if they had heard the definition m ltiple times from their classmate and instr ctors. Many of them had 
diffic lties in translating mathematical concepts, s ch as distance and e ivalence, from verbal geometric 
representations to algebraic representations. 

Connecting the Solution of the Cubic to the Intersection Point of the Circle and Parabola 

For PSM s, finding the relationship bet een the real sol tion of the c bic x3  p2x = p2q and the point 
of intersection of the parabola and the circle as diffic lt as ell. o gro ps falsely claimed that the 
sol tion of the c bic e ation as the distance bet een the point of intersection and the origin or the 
distance bet een the point of intersection and the foc s of the parabola he act al sol tion of the c bic 
e ation as the x coordinate of the non origin intersection point of t o graphs . he e amination of 
PSM s  ic rites also s ggested that they fell short in nderstanding the relationship bet een algebraic 
and graphical representations. n one of the t o ic rites, only 5 o t of 18 PSM s specified that the 
sol tion of a system of linear e ations, 2x  y  10, x  2y  8, as the x, y coordinates of the point of 
intersection 4, 2 , discriminating the point 4, 2  on the plane from its coordinates x  4 and  
y  2, another evidence for their lac  of nderstanding of the Cartesian connection. For them, splitting a 
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single ob ect, a point x, y  in the Cartesian plane, into t o ob ects, its coordinates x and y, or sing x as a 
distance bet een the point x, y  and the y a is in their descriptions as very challenging.  
 

   

Figure 2: Graphical to algebraic transfer 

o ard the end of the mar hayyam tas , ho ever, there ere many signs that PSM s ere ma ing 
progress in connecting representations. For e ample, one gro p sho ed the relationship bet een the 
algebraic representation of a circle x2  y2  qx and the graph of circle ith center q 2, 0 , by incorporating 
a concept in geometry the proportionality of similar triangles into the Cartesian coordinate system 
Fig re 2 . his gro p first sho ed that y q  x   x y and then derived the e ation  

y2  x q  x  by cross m ltiplying, hich then can be transformed into x2  y2  qx. heir or , finding an 
analytic e pression of circle sing geometric properties on the Cartesian plane, as Descartes did, as 
remar able progress, compared to their initial or  on the mar hayyam tas . n the beginning, they 
mostly foc sed on form las and algorithms of hich they did not ma e m ch sense. o other gro ps also 
came p ith e planations ho  mar hayyam co ld have represented his sol tion and idea in his period. 

he importance of verbal, spatial, and algebraic representations in nderstanding algebra as embedded in 
the gro ps  or . 

Conclusion  

his st dy fo nd that itho t interventions prospective secondary mathematics teachers ere largely 
dependant on memori ed form las or algorithms rather than foc sing on meanings and ideas in connecting 
algebraic e ations and their Cartesian graphs. heir problem solving as handicapped by incomplete 
concept images and definitions of circles and parabolas, similar to learners in the other st dies on the 
concept of f nction ven, 1993, 1998  inner, 1991  inner  Dreyf s, 1989  Williams, 1998 . n the 
case of circle, altho gh most of them ac no ledged the formal definition of a circle, they ere nable to 
prove hy the definition gives the e ation of circle. n the case of parabola, most of them had no 

no ledge of the definition of parabola or the s bconcepts of foc s and directri . ven after they ere 
reminded of the definition repeatedly by their classmate and by the instr ctors, they had diffic lties in 
translating the ideas in the definition to an algebraic representation.  

his st dy also affirms that the Cartesian connection, the idea that connects algebraic and graphical 
representations of a line Mosch ovich et al., 1993  n th, 2000 , is a critical idea to connect 
representations in the concept of conic c rves. he concept of variable and a graph as a loc s of points
an e tended idea of the Cartesian connection ith the concept of variable intert ined ere also 
identified as critical ideas in ma ing connections of representations.  
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hro gh the intervention, prospective teachers made some progress. D ring the three ee s of 
instr ction, e sa  some positive changes in prospective teachers  mathematical thin ing and behaviors 
and progress in nderstanding mar hayyam s sol tion to c bic e ations. Many prospective teachers 

ho initially ere dependent on memori ed forms of algebraic form las made efforts to consider aspects 
of the Cartesian connection to ma e sense of their o n or . heir e pos re to these critical ideas and 
concepts also helped them analy e st dents  thin ing. n the s bse ent activities that dealt ith st dents  

nderstanding of algebra hich ill be doc mented in a later article  they tried to relate many of these 
same iss es that they e perienced to st dents  cognitive diffic lties and nderstandings in algebra.  

An implication of this st dy is that teacher ed cation programs might have to pay special attention to 
these critical ideas so that their grad ates can better help their f t re st dents nderstand connections 
among algebraic e ations and their Cartesian representations. his st dy sho s one of those e amples. 
Using a historical tas  of mar hayyam in accordance ith the principles of realistic mathematics 
ed cation Fre denthal, 1991  Gravemei er, 1999 , e provided prospective teachers opport nities to 
reconstr ct these critical ideas that are essential for their o n nderstanding of algebra and for their f t re 
instr ction. F rther, by providing s bse ent tas s ith hich prospective teachers co ld disc ss st dent 
mathematical thin ing aro nd the same iss es that they had e perienced, e tried to provide them 
opport nities to develop pedagogical content no ledge along ith s b ect matter no ledge. 

Connection among representations is identified as one of the big ideas  acampagne, lair,  
ap t, 1995  Schifter  Fosnot, 1993  in algebra by many researchers n th, 2000 . Understanding the 

role of the Cartesian connection and the idea that a graph is a loc s of points that satisfy a relation in sense 
ma ing abo t the connections bet een symbolic and graphical forms is a cr cial piece of pedagogical 
content no ledge that secondary teachers need to be familiar ith. nly hen a teacher is a are of the 
importance of this big idea and hold the nderstanding of the big idea, can she teach for the big idea 
Schifter  Fosnot, 1993  Schifter, ssel,  astable, 1999 . 
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