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The non-normative application of proportional strategies in non-proportional covariance situations is 
widespread and documented in studies conducted in many countries and with participants across a wide 
range of ages. In the present study, we found that preservice middle-grades teachers have many of the 
same problems with proportional reasoning as those reported with other populations. We employed 
diSessa’s (1993) knowledge-in-pieces perspective to track how pre-service teachers used knowledge 
resources before and after a unit on proportional reasoning in their methods course. Past research has 
often characterized this phenomenon as the result of intuitive or impulsive responses to familiar missing-
value problem presentations. Our data show that even a detailed understanding of the relationship 
between covarying quantities by no means guarantees the normative use of the proportion equation. 

ey ords  eacher no ledge  eacher d cation Preservice  ational mber 

Purpose 

Meno s slave famo sly told Socrates that a s are of do ble area is obtained by do bling the side 
length of the given s are. he inappropriate application of proportional reasoning strategies in non
proportional covariance sit ations termed here non-normative  is idespread and doc mented in st dies 
from many co ntries and among participants ith a ide range of ages for a revie , see an Dooren, De 

oc , anssens,  erschaffel, 2008 . o ever, no ledge of the root psychological so rces of this 
tendency remain tentative and pedagogical remedies nsatisfactory see the first iss e of Mathematical 
Teaching and Learning 12 . 

n the present st dy, e fo nd that preservice middle grades teachers have many of the same problems 
ith proportional reasoning as those reported ith other pop lations. o gain f rther insight into these 

diffic lties, e employed diSessa s 1993  no ledge in pieces perspective to trac  ho  pre service 
teachers sed no ledge reso rces before and after a nit on proportional and non proportional reasoning 
in a methods co rse. We report t o cases in hich participants dged non proportional relationships to be 
proportional even tho gh they demonstrated clear nderstanding of the non proportional covariance 
relationship. 

Perspectives 

Teachers and the Illusion of Proportionality 

Fr edenthal 1983, p. 267  rote, inearity is s ch a s ggestive property of relations that one readily 
yields to the sed ction to deal ith each n merical relation as tho gh it ere linear.  eachers, even those 
certified for mathematics, are not e empt from its l re. iley 2010  fo nd that in a sample of 80 
preservice elementary teachers, less than 50  solved constant difference and inverse proportion problems 
correctly. We ill strate these terms ith e ample tas s from other st dies ith teachers. We sed similar 
tas s in the present st dy. 

Constant difference. Cramer, Post, and C rrier 1993  report that 32 o t of 33 preservice elementary 
teachers solved the follo ing tas  sing the proportion 9 3  x 15. S e and lie ere r nning e ally 
fast aro nd a trac . S e started first. When she had r n 9 laps, lie had r n 3 laps. When lie completed 
15 laps, ho  many laps had S e r n  he relationship bet een these r nners  laps is not proportional  

hey remain an e al distance apart  9  3  x  15.  
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Inverse proportion. Fisher 1988  reported that 12 o t of 20 inservice secondary mathematics 
teachers did not solve the follo ing problem correctly  f it ta es 9 or ers 5 ho rs to mo  a certain 
la n, ho  long o ld it ta e 6 or ers to mo  the same la n  he common error as to ass me a 
direct proportion s ch as 9 5  x 6. nstead, the relationship bet een men and min tes is inversely 
proportional  he amo nt of or  is constant  9 5   6x.  

Knowledge-in-Pieces and Conceptual Change 

Prior or  on this problem has been cond cted ithin a traditional no ledge as theory perspective 
demir  Clar , 2007 . no ledge is nderstood as a nified and coherent str ct re and concept al 

change is characteri ed as a paradigm shift  old str ct res are replaced ith ne  ones. nstead, e se 
diSessa s 1993  no ledge in pieces epistemology that models no ledge as net or s of loosely 
connected no ledge reso rces that are each highly sensitive to conte t. Concept al change from this 
perspective is characteri ed as the piecemeal constr ction and reorgani ation of no ledge reso rces e.g., 
diSessa  Sherrin, 1998  as learners grad ally navigate the contin m from novice to e pert.  

Within the larger no ledge in pieces perspective, diSessa and Sherin 1998  proposed the 
coordination class as an empirically verifiable alternative to the blac bo  notion of concept in traditional 

or  on concept al change. A coordination class is made p of readout strategies by hich one ac ires 
information sees  in no ledge se sit ations.  he causal net of a coordination class is made p of the 
syllogism li e ays of inferring ne  information not directly available from reado t.  For e ample, 
someone might se the e ation F=ma to obtain information abo t acceleration from a sit ation that 
specified only force and mass. Different conte ts re ire different reado t strategies and res lt in different 

inds of inferences in the ca sal net. Coordination in an e pert s coordination class means a  that one 
integrates all of the relevant information in a partic lar conte t, and b  that inferences are aligned or 
consistent across the range of applicable conte ts.  

Under this analytic approach, no ledge and its se are not caref lly disting ished, and no ledge 
per se is empirically lin ed at a fine grain si e to conte t al differences across sit ations of no ledge se. 
Wagner 2006  applied diSessa s frame or  and fo nd that concept al change happened as the 
participant s no ledge, came to acco nt for rather than overloo  conte t al differences  p. 6 . We 
follo  Wagner in specifying terms for more precisely disc ssing the conte t al differences that problem 
solvers enco nter in activity. he type of a problem is defined by appealing to normative or e pert 

dgment. he aspects of a problem are defined separately for each problem solver by obtaining empirical 
evidence for hat feat res or details are perceived as relevant. he term context is broader, incl ding type, 
aspect, and the cover story for the problem. For e ample, altho gh the problems reported by Crammer et 
al. 1993  and Fisher 1988  are of a different type one describes a constant difference and the other 
describes an inverse proportion , a problem solver might li ely read o t a similar aspect in both sit ations  
the omen r n and the or ers mo  at e al rates. 

Methods 

Participants and Context 

his st dy too  place in the conte t of an 18 ee  content methods co rse on n mber and operations 
for preservice middle grades mathematics teachers that met for t o 75 min te sessions each ee . 
St dents in the co rse N  28  ere in their third year of college and had ta en at least  a co rse in 
introd ctory calc l s prior to the st dy. o ee s of the co rse ere devoted to a nit on proportional 
reasoning. St dents or ed on tas s in small gro ps and participated in hole class disc ssions. he 
instr ctors selected tas s and orchestrated disc ssion to foc s on the big ideas for the nit s ch as  
proportional sit ations are those in hich covarying antities maintain a constant m ltiplicative 
relationship ratio .  
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Problem Situations 

We gave st dents problem sit ations describing both proportional and non proportional covariation 
d ring the nit and on assessments. he present st dy foc ses on the follo ing fo r problems that are 
variants of problems sed in previo s st dies e.g., Cramer et al., 1993  Fisher, 1988 . he first t o 
problems describe sit ations of constant difference. he last t o are non linear as ell as being non
proportional. he Wor  Problem describes an inverse proportion sit ation, and the nterest Problem 
describes an appro imation to  an e ponential sit ation. 

The Running Problem sed in the pretest, posttest, and intervie s . Determine hether the follo ing 
problem is a mathematically valid ill stration of the proportion A   C D  ob and Marty r n laps 
together beca se they r n at the same pace. oday, Marty started r nning before ob came o t of the 
loc er room. Marty had r n A laps by the time ob had r n  laps. o  many laps C had Marty r n by 
the time that ob had r n D laps  

The Combine Problem sed in the methods co rse nit on proportion . o combines harvest grain at 
the same rate. he first combine starts harvesting 10 min tes before the second combine. After 20 min tes 
of operation, the second combine harvests 400 lbs of grain and the first harvests 600 lbs of grain. o  
many po nds ill the second combine harvest by the time the first has harvested 1000 po nds of grain  

The Work Problem sed in the pretest, posttest, and intervie s . Determine hether the follo ing 
problem is a mathematically valid ill stration of the proportion A   C D  f A men paint the o tside of a 
ho se in  min tes, then ho  many min tes D o ld it ta e C men to paint the same ho se, if all the men 

or  at the same rate  
The Interest Problem sed in the methods co rse nit on proportion . arl has a savings acco nt that 

pays interest monthly at a rate of 5 . hree months ago, there as 300 in his acco nt. f he did not 
ithdra  any money from the acco nt, ho  m ch is there no  

Data Collection 

ach class session as video recorded sing t o cameras. ne camera as stationary and positioned 
to capt re the activity in the hole classroom. he second camera as hand held and trac ed the primary 
instr ctor second a thor  and the ritten or  of the st dents  ith hom he as interacting. St dents 
also too  a pre test and post test. he primary data for this st dy ere from video taped intervie s 
r nning 60 to 90 min tes  cond cted ith fo r pairs of st dents from the class. D ring the intervie s, 

each pair as presented ith a se ence of tas s and as ed to solve the tas  together hile verbally 
e plaining their reasoning. he intervie er enco raged the st dents to tal  freely and occasionally as ed 
clarifying estions. 

Analysis 

ideo data from each class as s mmari ed, and st dent and instr ctor comments ere time stamped 
and s pplemented ith screen shots to facilitate revie . he intervie  data ere f lly transcribed. We 

atched all of the intervie  data and rote s mmaries comparing each of the st dents  pre  and post nit 
intervie s. hen e revie ed the classroom video data for each st dent and loo ed for interactions or 

ritten or  that might inform the observed changes. Finally, e revie ed st dents  ritten or  on the 
pre test and post test, on the co rse midterm and final e am, and on the proportional reasoning home or  
assignments. 

Results 

We fo nd that st dents ho correctly e plained relationships bet een antities that ere not 
proportional in the nning and Wor  problems given above  still tried to set p and se proportion 
e ations. o nderstand ho  this co ld ta e place, e e amined the no ledge reso rces that st dents 

sed to determine hether or not proportions co ld be set p to solve these problems. r analysis led s 
to foc s on a  the consistent se of one no ledge reso rce the necessary correspondence bet een 

antities and their position in a proportion e ation  by all intervie ed st dents across all tas s, b  the 
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reado t and se of the same rate/pace aspect of the tas s hich varied among st dents, and c  the vario s 
aspects of the non proportional nterest and Combine problems given above  that st dents fo nd relevant 
for inferring proportionality.  

First Interview, Work Problem 

n this section, e se data from the Wor  Problem to describe a common aspect of the problems 
perceived as proportional correspondence bet een antities. (Note on transcription: Pa ses are 
indicated by ellipses and interr ptions by the em dash  overtal  is ithin do ble slashes and action ithin 
s are brac ets  there are no deletions in the transcript provided.  

Lisa and Tess. hese st dents immediately agreed that the Wor  Problem as proportional, and isa 
notably recogni ed the aspect of same rate. 

Tess   thin  the proportion is  acc rate beca se yo  have the n mber of men on top over Lisa  and 
they re going at the same rate  the n mber of min tes and the same rate so yo  have yo r second 
n mber of men over yo r second n mber of min tes. 

Alice and Clara. After reading the problem, Alice said, So  g ess li e yo  o ld start off by setting 
it p li e this,  and rote the proportion A   C D. hen Clara sed her pencil to point to A and then  

hile saying, his amo nt of men paint a ho se in this many min tes.  Alice to ched her pencil to  at 
the same time as Clara, and then Alice said, his many men pointing to C  and min tes pointing to D .   

Discussion. Across all pairs, st dents began almost all intervie  tas s by caref lly reading o t the 
correspondence bet een the antities represented by variables and the position of these variables in the 
pres mptive proportion e ation. his is evident in ess s initial comments ... so yo  have yo r second 
n mber of men over yo r second n mber of min tes . When as ed abo t similar behavior d ring the 
second intervie , isa said, Proportion has to correspond.  Alice and Clara also read o t the 
correspondence bet een initial and final, men and min tes in the Wor  Problem, and this shared activity 
and its res lt had a shared interpretation  the proportion e ation as applicable. Several other st dents e 
intervie ed noted that a fail re of correspondence o ld r le o t the proportion e ation in their vie . 

First Interview, Running Problem 

n this section, e report ho  different intervie  pairs read o t the aspect of same pace in the nning 
Problem, and ho  they made very different se of it.  

 Lisa and Tess. ess established the correspondence bet een the antities as she read the problem 
o t lo d by pointing to each variable in the proportion as she read its description. After a 30 second pa se, 

isa began. 

Lisa  mm.   mean if they eep on at same pace, Tess  ight  isn t that going to be the same 
difference bet een the t o Tess  ight  so it o ld be an e al proportionality  o ld thin  ... 

ind of li e e al fractions Tess  eah  e ivalent fractions   
hey tried a n merical e ample, then both agreed the proportion as valid. 

Interviewer  So r n me thro gh yo r reasoning one more time.  
Tess  ay.  We st pl gged in n mbers to ma e s re that it as acc rate and valid.  So e said that 

if Marty had r n 4 laps by the time that ob had r n 2 laps, e re loo ing for ho  many laps C, 
Marty ran by the time that ob had r n 8 laps.  So e p t 4 over 2 e als  over 8.  And so o r 
proportion, e re going to do 4 times 8, hich is 32 e als 2 times , st 2 , and then e re 
going to divide by 2.  So e get 16 e als  and re riting the proportion  it s going to be 4 over 2 
e als 16 over 8 and that is correct beca se yo  can simplify ... that s 2, 2 rites 2 2 .  So yes it 
is valid. 

Alice and Clara. After or ing ith a n merical e ample, the st dents made a discovery.  
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Alice  So e re saying by the time Marty had ran 4 laps ob o ld have ran 2 Clara  es  beca se  
feel li e if they r n it in the same pace  

Clara  then it sho ld have been only 1 more lap.  
Within a fe  min tes, they agreed that the proportion e ation as not valid. 
ntervie er  Why are yo  estioning its validity   

Clara  eca se if they re r nning the same pace ... if ob had r n 1 more lap than Marty sho ld have 
r n 1 more lap.  e st started earlier b t they re r nning at the same pace, so the same speed of 1 
lap sho ld st be in Marty s 1 more lap. f Marty ent and started and he ran 1 lap and then ob 
came and started and ran another lap, Marty is still r nning so Marty o ld have r n 2 laps by the 
time ob ran 1.  And then hen they r n another lap, Marty o ld have r n 3 laps by the time 

ob ran 2, b t ith this proportion it s saying that Marty o ld have r n 4 laps by the time ob 
ran 2 beca se it s do bling.  

Discussion. t is clear that the same pace aspect of the problem as ite salient for isa.  She 
interr pted ess on the Wor  Problem to point o t a similar aspect of that problem, same rate. n the 

nning Problem, she sed the same pace information to concl de normatively  the same difference.  
o ever, the information abo t same difference served as a arrant for isa s se of the proportion 

e ation  so it o ld be an e al proportionality,  o ld thin .  Clara made a different inference, 
they re r nning at the same pace, so the same speed of 1 lap sho ld st be in Marty s 1 more lap.  hese 

data are evidence of differences in these st dents  ca sal nets. hat is, altho gh both pairs had access to 
the same information abo t the problem, a areness of a constant difference led them to different 
concl sions abo t the applicability of the proportion e ation. 

he data presented th s far admit the alternative hypothesis that isa and ess did not f lly nderstand 
the problem sit ation or ere simply failing to be attentive and caref l. Certainly, it ma es int itive sense 
that st dents ho possess or develop the ind of antitative nderstanding that Alice and Clara displayed 
of the nning Problem o ld not apply the proportion e ation in non proportional sit ations. he nit 
on proportional reasoning in the methods co rse as designed to help st dents develop st this ind of 

antitative nderstanding for several types of non proportional covariance that are fre ently vie ed as 
proportional. 

The Proportion Unit 

he first and second intervie s brac eted the t o ee  nit on proportional reasoning that incl ded 
or  disting ishing proportional and non proportional relationships. he nterest Problem and the 

Combine Problem received prominent attention as e plicit e amples of non proportional sit ations 
thro gho t the nit. St dents in the methods co rse itnessed clear, normative e planations from their 
peers and had opport nities to or  on these and similar tas s in class and on home or  incl ding 
inverse proportion tas s . hey also received feedbac  on their or  from the instr ctors in class and on 
home or .  

he nit appeared to have little effect on st dents  tendency to se the proportion e ation on the non
proportional Wor  and nning problems. hese specific problems ere not disc ssed d ring the nit.  

able 1 sho s ho  many st dents maintained or changed their responses for the Wor  and nning 
problems on the posttest N  27, one st dent as absent for the posttest  and serves to conte t ali e the 
data from the second intervie  described in the ne t section. We sed Mc emar s 1947  test for matched 
data and fo nd that there as no statistically significant change in st dents  responses on these items pWor  

 1.00, p nning  .450 . St dents ere almost entirely agreed on the Wor  Problem, b t the consens s 
response as non normative. y contrast, the proportion of normative responses on the nning Problem 

as not m ch different than that e pected by chance. 
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Table 1: Student Pretest and Posttest Responses on Two Non-Proportional Problems 

 Posttest esponse 
 Work Problem Running Problem 

Pretest esponse Proportional on prop. Proportional on prop. 

Proportional 25 1 9 2 

on prop. 1 0 5 11 
 

The Second Interview  

n this section, e report t o cases here st dents clearly nderstood antitative relationships that 
ere not proportional in the problem b t still endorsed the proportion e ation. 

Clara. Alice did not participate in this intervie  beca se of a family obligation.  Clara began the 
Wor  Problem ith confidence and set o t to stify her se of the proportion e ation by sing a 
n merical e ample  2 15  4  . hen she pa sed for 35 seconds. 

Clara  t is proportional, b t it s going to be a proportion going do n this ay if the men ere 
increasing dra s a line ith negative slope  beca se if more men are or ing on the ho se then 
it s going to ta e fe er min tes.  t if it ta es 2 men 15 min tes then it s going to ta e one man 
7.5 min tes so it is going to be proportional.   mean ... not 7.5, that doesn t ma e sense ... ta es 
one man 30 min tes. t s proportional, it s st a decreasing proportion. 

After or ing for 3 more min tes, Clara re ected her graph b t not the proportion e ation. A changed 
tone of voice s ggested decreased confidence, b t she remained adamant. 

Clara  What m thin ing is that as the amo nt of people painting the ho se increases the amo nt of 
time it ta es to paint the ho se o ld decrease.  m st not s re ho  to ill strate that.  t o ld 
be a proportion,  feel it s proportional ...   st don t no  ho  to represent it proportionally in a 
graph . 

Lisa and Tess. oth isa and ess immediately decided that the nning Problem as proportional. 

Interviewer  o  do yo  no  it s proportional    
Tess  eca se if they r n at the same pace this says they r n laps together beca se they r n at the same 

pace.  ven if Marty starts before ob, ho ever many ... they re going to r n at the same pace.  So 
it s going to in ... li e the amo nt difference is going to stay the same the hole time beca se 
they re r nning at the same pace.   

Lisa  Mm hmm yes .  t s a constant increase  
Tess  ight, if Marty starts he r ns t o laps, and ob starts.  So by the time that he r ns 4, by the time 

Marty r ns 4 laps, ob ill have r n 2 laps ... then 6, 4 ... 8, 6 ... so the same amo nt of increase 
every time.    

Lisa  eah, and if yo  no  the lap difference bet een the t o then yo  can give me any val e of laps 
and  can fig re o t here they are Tess  ight  itho t having to go step by step li e yo  do 

ith interest problems.   
Tess  ight.   
Interviewer: So that s hat tells yo  it s proportional    
Lisa  eah, beca se yo re not factoring in time or anything.  o re li e ...  mean if yo  ere to as  

at t enty min tes then yo d have to factor in the time difference.   

A little later in the intervie , d ring the Wor  Problem, ess contin ed in the same vein.  

Tess  ight, or li e on interest problems li e every month there s five percent interest. She starts ith 
this amo nt  then she p ts this amo nt in each month, and then yo  have to also thin  abo t yo r 
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interest and ho  that s affecting yo r amo nt. t this is st a same rate yo  no , li e there s 
nothing adding in.   

Discussion. n both cases, the st dents provide normative reasoning abo t ho  the antities in the 
sit ation covary sing specific n mbers. Clara said, f it ta es 2 men 15 min tes ... it  ta es one man 30 
min tes.  ess gave a se ence of e ample val es for the consec tive pairs of laps r n  Marty r ns 4 
laps, ob ill have r n 2 laps ... then 6, 4 ... 8, 6  he st dents clearly demonstrated acc rate no ledge 
of the relationships among the antities in the problem sit ations, yet in both cases the st dents endorsed 
the proportion e ation.  

he data from Clara contrast ith her or  d ring the first intervie  on the nning Problem, here 
she sed similar antitative nderstanding to normatively re ect the proportion e ation. n this case, 
conte t al differences led to non normative no ledge se. Clara read o t the aspect of more men, fewer 
minutes and interpreted the Wor  Problem as a negative proportion problem li e those disc ssed in class 
and on the home or . 

n the case of ess and isa, some of the data are consistent ith the first intervie . For e ample, ess 
read o t the aspect of same pace, and sed this to dge that the amo nt difference is going to stay the 
same the hole time.  isa apparently agreed, saying, t s a constant increase.  t rather than moving 
directly from the aspect of constant increase to the proportion e ation that is, in parallel to ho  isa 
moved from the aspect of same difference to the proportion e ation d ring the first intervie , this pair 
referenced their co rse e periences ith the nterest and Combine problems.  

isa and ess read o t and sed aspects of the Combine and nterest problems that o ld li ely go 
nnoticed by e perts. he nning Problem had a f nctional aspect for isa, o  can give me any val e 

of laps and  can fig re o t here they are.  y contrast, ess and isa s or  on the nterest Problem as 
iterative  they sed each monthly total to comp te the ne t. n the class disc ssion of the nterest Problem, 

ess said, o  need to no  all of the previo s months to find the ne t month.  Several other aspects of 
the non proportional problems disc ssed in class disting ished them from the intervie  problems. For 
e ample, isa read o t the time interval of 20 min tes specified in the Combine problem and sed this as a 

arrant for non proportionality. She said that the nning Problem o ld not be proportional if yo  ere 
to as  at t enty min tes.  Moreover, both st dents agreed that to solve the nterest and Combine 
problems, one had to factoring in  an e tra antity li e time or interest. n the nning and Wor  
problems, ess observed, there s nothing adding in.  ess s and isa s no ledge reso rces ere 
evidently refined and reorgani ed to incorporate their e periences in the co rse b t their dgments 
remained non normative.  

Implications and Conclusion 

he antitative res lts of this st dy provide a partial replication ith preservice middle grades 
teachers of prior res lts ith elementary and secondary teachers e.g., Cramer et al., 1993  Fisher, 1988  

iley, 2010  sho ing that teachers face some of the same challenges as children hen reasoning abo t 
sit ations involving non proportional covariance. ecent research e.g., an Dooren, De oc , le gels  

erschaffel, 2010  s ggests that thin ing abo t problems rather than ans ering refle ively is necessary if 
st dents are to avoid applying the proportion e ation in non proportional sit ations. he alitative data 
reported here arrant a m ch stronger claim  ven a detailed nderstanding of the relationship bet een 
covarying antities may not be s fficient for the normative se of proportionality. hese res lts s ggest a 
sobering assessment of the pedagogical challenge faced by teacher ed cators. Preservice teachers may 
need a broad and coordinated collection of fine grained no ledge reso rces developed in a ide variety 
of conte ts in order to disting ish bet een covariance relationships and to apply the proportion e ation 
appropriately across conte ts and problem sit ations. 
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