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The data used for the qualitative analysis reported here were generated as part of a larger study to 
understand and characterize teacher practice related to engaging students in algorithmic thinking 
associated with the fraction operations of addition, subtraction, multiplication and division. This paper 
presents ways in which teachers used students’ emergent ideas to leverage the use of equivalence as a tool, 
rather than a procedure, to support students as they work to develop algorithms for operating with 
fractions.  

ey ords   ational mbers  nstr ctional Activities and Practices  Middle School d cation 

Purpose 

Prior or  on teacher practice ac no ledges the comple ity of instr ction hen teachers aim to 
engage st dents in a thentic mathematical activity here the instr ctional path is not specified and 
teachers themselves engage in sense ma ing as they ma e instr ctional decisions all  ass, 2003  

a emi  Stipe , 2001  Stein, Smith, enningsen,  Silver, 2000 . n their revie  of the collective 
literat re on teaching and classroom practice, Fran e, a emi and attey 2007  offer that effective 
teaching involves more than having a rich tas  or eliciting st dents  thin ing. hey arg e that the field 

o ld benefit if the comple ity of teacher practice ere e amined sing a domain specific approach 
leading to the identification of ro tines of practice, or core activities, that sho ld occ r reg larly ithin 
partic lar mathematical domains.  

From an instr ctional perspective, fraction operations are especially comple  amon, 2005  Ma, 
1999  or o et al., 1992 . he literat re e.g., amii  Warrington, 1999  has doc mented that st dents 
can invent, or reinvent, proced res for operating ith fractions. o ever, there has been little 
consideration of the role that a teacher might play in s pporting st dents to constr ct s ch strategies and 
proced res. n this paper e dra  from o r or  ith fo r e perienced and s illf l  teachers hose 
approach to teaching fraction operations involves positioning st dent to invent, or reinvent, their o n 
proced res for operating ith fractions. t is arg ed that the ays in hich the teachers leveraged st dent 
reasoning to dra  o t perspectives on e ivalence is an important aspect of teacher practice associated 

ith instr ction that emphasi es a guided-reinvention approach to fraction based algorithm development 
Gravemei er  van Galen, 2003 .  

Theoretical Framework 

n their disc ssion of a guided-reinvention approach to algorithm development, Gravemei er and van 
Galen 2003  emphasi e that instead of concreti ing mathematical algorithms for st dents, teachers can 

se an instr ctional approach here st dents develop or reinvent algorithms for themselves. Given the 
opport nity to reinvent mathematics in some hat the manner that it played o t historically, st dents can 
e perience mathematical no ledge as a prod ct of their o n activity. he core idea is that st dents 
develop mathematical concepts, notations, and proced res as organi ing tools hen solving problems  
Gravemei er  van Galen, 2003, p. 117 . elated to g ided reinvention is the notion of emergent

modeling Gravemei er, 2004 . When instr ction is designed to s pport emergent modeling, instead of 
trying to concreti e mathematical no ledge, the ob ective is to help st dents model their o n informal 
mathematical ideas. From this informal modeling, more formal ays of reasoning can emerge. he teacher 
plays a role in s pporting this development. his or  characteri es practice here teachers s pported 
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st dents  mathematical activity related to fraction operations, and the role of e ivalence, itho t ta ing 
over the g ided reinvention process or red cing the cognitive demands of the or .  

ivalence concepts are f ndamental if st dents are going to be able to operate meaningf lly ith 
fractional antities. he fle ibility to nderstand and vie  fractional antities as having many names all 
representing the same n mber, the ability to generate e ivalent fractions meaningf lly, and the ability to 
perceive the relationship bet een e ivalent fraction representations, are important feat res in algorithm 
development amon, 2005 . he st dents in this st dy e plored e ivalence as a concept al idea and as a 
s ill in an instr ctional nit that preceded the nit here data as collected for the st dy reported here. n 
the data e foc s on ays in hich teachers dre  from st dents  informal reasoning in order to s pport 
the notion of e ivalence as a tool hen operating ith fractions. t as not s ggested to st dents in 
advance that they needed to have or se e ivalent fractions. t emerged from their mathematical activity. 
t as present in their informal or  hen ma ing sense of and solving problems that o ld lead to 

adding, s btracting, m ltiplying and dividing fractions.  

Methodology 

he settings for this st dy ere the classrooms of fo r si th grade teachers and their st dents. ach of 
the teachers sed the Connected Mathematics Pro ect CMP   instr ctional nit Bits and Pieces II: Using 
Fraction Operations appan, Fey, Fit gerald, Friel,  Phillips, 2006a  as their primary c rric l m 
so rce. his nit ses a g ided reinvention approach to developing meaning for fraction operations. t 
allo s algorithms to arise thro gh st dent engagement ith both conte t al and n mber based sit ations. 
n this setting, ass mptions can be made abo t the tas s sed and abo t the fraction related concepts that 
ere developed prior to, and d ring the nit on fraction operations. n the timeline for the si th graders 
ho are part of this st dy, st dents came to the fraction operation nit ith previo s e periences that 

s pported their nderstanding and ability to se e ivalent fractions. Prior to implementing the Bits and 
Pieces II nit, the Bits and Pieces I: Understanding Fractions, Decimals and Percents appan, Fey, 
Fit gerald, Friel  Phillips, 2006b  nit as also implemented.  

his st dy sed a alitative design. D ring the teaching of the Bits and Pieces II nit, classroom 
lessons ere videotaped each day d ring the 5 6 ee s it too  to cover the nit. n addition, the teachers 

ore an a dio recorder d ring each lesson. he a dio recorder as sed to record the small gro p 
conversations teachers had ith st dents. When a teacher completed a lesson, they also a dio recorded a 
short 5 min te reflection on the lesson. When visiting, the researchers engaged in participant observation. 

his incl ded observing, ta ing field notes, interacting ith st dents d ring small gro p or  time, and 
meeting ith the teacher after the lesson to see  their perspectives on the lesson. D ring the s mmer the 
researchers and teachers came together for three days to disc ss their teaching. he three days of s mmer 

or  ere also videotaped for data analysis. Ways teachers p rposef lly leveraged the se of e ivalence 
as a mathematical reasoning tool as one of the topics disc ssed.  

Data analysis as g ided by ric son s 1986  interpretive methods and participant observational 
field or , hich addresses the need to nderstand the social actions that ta e place in a setting. he 
m ltiple data so rces allo ed for triang lation. he school year data as transcribed and analy ed for 
emerging themes. he analysis led to characteri ations for leveraging e ivalence as a tool. t foc sed on 
themes related to hat teacher elicited from st dents d ring hole class disc ssions hen they ere 
sharing strategies for solving problems, and ho  these elicitations positioned st dents to move from 
informal to formal mathematical reasoning. 

Findings 

n order to capt re ho  a teacher might leverage st dents  informal reasoning ith e ivalence in 
s pport of helping them artic late strategies for operating ith fractions, characteri ations of practice are 
provided for each addition s btraction, m ltiplication, and division. Specific pro ect teachers are not 
identified in the dialog e. hese findings are presented as a collective vie  of hat as observed in the 
classroom data and hat emerged in the collaborative work that took place during the summer workshop. 
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Addition/Subtraction 

he or  on addition and s btraction began ith a tas  here st dents dre  on past or  that 
involved partitioning and naming fractional antities. he problem, referred to here as he and Problem 
see appan et al., 2006a, pp. 17 19 for f ll problem , sed an area model here s are sections of land 
here divided into smaller sections for farming. nitially, the tas  as ed st dents to determine hat 

fraction of a section of land each farmer o ned. Depending pon ho  st dents partitioned the land, 
vario s e ivalent fractional names emerge for different farmers. As part of their arg ments, st dents 
vis ally partitioned their map into e al si e parts and sho ed, for e ample, that o c  o ned 1 16 of a 
section or Foley o ned 5 16 of a section. Some st dents o ld c t o t a farmer s section, for e ample a 

reb s piece, and then sho  32 rebs si e pieces filled Section 18 and that o c s land co ld also be 
called t o 32nds of the section. Fig re 1a sho s a map here a teacher recorded the fractional val es that 
emerged from st dents  or . An important idea that emerged from this part of the problem as that 
collectively st dents offered more than one possible fractional name for each section.  

 

 

(1) 5/16 + 3/16 = 8/16 = � 
 
(2) 10/32 + 6/32 = 16/32 
 
(3) 10/32 + 6/32 = 16/32 = � 
 
(4) 5/16 + 6/32 = 16/32 
 
(5) 5/16 + 3/16 = 8/16 

 

Figure 1a. Land map solutions Figure 1b. Number sentences 

 
he ne t part of the and Problem as ed st dents to combine vario s sections of land and rite a 

n mber sentence for their sol tion. ne problem posed as  Lapp and Bouck combine their land. What 
fractions of a section do they now own together? hese n mber sentences ere offered by st dents d ring 
disc ssion  4 16  1 16  5 16 and 8 32  2 32  10 32. ere, as is typical of st dents ho solve this 
problem, they sed fractions ith common denominators to rite their n mber sentences. his emerges 
int itively. St dents did not do this beca se they ere prompted to. When presenting their n mber 
sentences, st dents ere as ed to sho  on the map, ho  they ne  their n mber sentences ere tr e. he 
teacher then e tended st dents  ideas to dra  pon e ivalence as a tool by as ing them to consider ideas 
li e the follo ing   

• When we put Lapp plus Bouck together some of you said the answer was 10/32 and some of you 
said the answer is 5/16. Are those amounts the same? Or are they different? 

• I am going to throw up another example. I have some kids who look at Lapp and say that Lapp is 
� of Section 18. Is Lapp � of that section? [class says “yes”] And we are supposed to add Bouck 
to it. So for example, I could say that Bouck is 1/16. Is Bouck 1/16? [class says “yes”] So I am 
going to write the number sentence � + 1/16 = 5/16. Is that a true statement?  

n response to the later scenario, some said yes  and others said no.  he teacher as ed st dents to 
tal  to their gro ps and prove if it as tr e. he class conversation then ent  
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T: Tara I heard you say something. Would you share it? 
Tara: It is right but if you wanted to make it an easier addition problem to do, you could change the 

� into 4/16. Then you would have the same denominators.  
T: Would that make it easier?  
Class:  Yes. 
T: How many of you agree with that? 
Class: [Most students raise hand.] 
T: Is this sentence right here [1/4 + 1/16  = 5/16] a true sentence? 
Class: Yes.  
T: Can someone say what it is about this sentence [1/4 + 1/16 = 5/16] that makes it hard to say if 

that is right or wrong? 
Sam: Because the denominators are different? 
T: What does that tell us about the size of the pieces. 
Liam: They are different. 
T: We are talking about a unit here [points to Lapp on map] that is fourths and then a unit here 

[points to Bouck on map] that is sixteenths. And it is kind of hard to put that together and say 
what it is. 

here as a similar disc ssion hen the teacher posed the follo ing  Foley and Burg combine their 
land. What fraction of a section will they now own together? Fig re 1b contains a string of n mber 
sentences that emerged d ring this disc ssion. Again, st dents ere as ed to se the and Problem map to 
arg e that their sol tions ere sensible. A st dent offered n mber sentence 1 in Fig re 1b. Another st dent 
then offered n mber sentence 2 in Fig re 1b. 

T: You didn’t get the same fraction that the other group had…Can someone talk to us about that? 
One is 8/16 and one is 16/32. Who is right? 

Drew: They are both equal. 
T: How do you know they are both equal?  
Kayla: Because 8 times 2 is 16 and 16 times 2 is 32. 
T: So if you have 16/32 of the whole section, how much to you have? 
Kayla: �. [Writes number sentence 3 in Figure 1b.] 
T: So, Isabel, what does that say about both answers? 
Isabel: They are both equal. 
T:    Let me ask another question. I had a kid last year that did it a different way. He said  
   Foley was 5/16. Then he looked at Burg [on map] and wrote 6/32. Then for the  
   answer, he wrote 16/32. [See number sentence 4 in Figure 1b.] Would that number sentence 

work? 
Class:  [There were both yes and no responses.] 
T:  Talk with your table. [Students talk.] Daniel. 
Daniel: The answer works but not the sentence. But the answer is the right answer.  
T:  Oh. So the answer works but not the sentence.  
Leah:  If it gives the right answer then it is true. 
Others: No. 
Tara: Really, you can change 6/32 to 3/16 and 16/32 is 8/16…[this gets recapped and number 

sentence 5 in Figure 1b is recorded.] 
T: Let me ask again, is this sentence [5/16 + 6/32 = 16/32] a true sentence?  
Class: [some said yes and some said no] 
T: Yes. This is a true sentence. Because we know that Foley really is 5/16. We know Burg really 

is 5/32. But, what helps us think about it? Daniel, I heard you say you don’t like this sentence. 
What is it about that sentence that made it hard for you? 

Daniel: There are different denominators  
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T: Yeah. The pieces are not the same size. So what were you guys doing to make these  
    easier for you? So they weren’t confusing. 
Lacey: Changing the denominators. 
T: Yeah. You were changing the denominators and then adding the amounts. 

Using e ivalence as a tool, the teacher leveraged st dents  reasoning to dra  o t several ideas. ne 
idea as to ma e e plicit hy st dents ere choosing fractions ith common denominators. hey ere 
doing this int itively. y leveraging e ivalence as a tool, st dents ere able to e plain hy this as 
helpf l. his is a ey component of the algorithm they are or ing to ard. A second idea involved sing 
e ivalence to compare three different sol tions i.e., 8 16, 16 32, and �  in order to verify they ere all 
correct. his s pported st dents  ability to read and or  ith mathematical symbolism. When st dents 
move on to problems that do not have a conte t, they ill need to se e ivalence as a tool to sho  others 
ho  they are or ing ith and manip lating antities. 

Multiplication 

here ere opport nities to leverage e ivalence as a tool hen or ing ith fraction m ltiplication. 
n one conversation st dents ere finding fractional sections of fractional parts parts of parts  in a 

scenario that involved bro nie pans see appan et al., 2006a, pp. 32 33 for f ll problem . For e ample, 
What fraction of a pan will I have if I buy � of a pan that is � full? n these scenarios, the problems ere 
presented as part of part  problems. At this point in the or , an algorithm as not established nor 
p shed for e plicitly. When modeling � of 2 3, t o different diagrammatic approaches ere sed leading 
to t o different n mber sentences  � of 2 3  2 12 and � of 2 3  1 6. St dents ere as ed to consider 

hether these ere both tr e and ho  they ne . St dents sed their diagrams and e ivalence as a tool 
to arg e that both 2 12 of a pan and 1 6 of a pan ere the same amo nt. 

After or ing thro gh n mero s bro nie pan problems, a st dent offered that hen she rote her 
n mber sentences she noticed that it loo ed li e yo  co ld st m ltiply the n merators across and the 
denominators across and it o ld or  too. Many st dents ere still trying to nderstand hat � of 2 3 
meant and so the teacher s ggested that this st dent contin e to dra  her bro nie pan models and test her 
idea to see if or ed across n mero s problems.  

n the second day of the nit, st dents ere introd ced to m ltiplication symbolism here � of � is 
formally ritten as � � �. hey ere also as ed to se estimation and n mber sense to consider hether 
the follo ing problems o ld lead to prod cts greater than or less than one hole  5 6 � �, 5 6 � 1, 5 6 � 
2, and 3 7 � 2. he st dent ho had been contemplating ho  to operate symbolically started the follo ing 
disc ssion. 

Libby: When there is a whole number, not so much when estimating, but remember how I told you 
before [referring to her idea to multiply numerators and multiply denominators]. For 5/6 � 2, 
couldn’t you turn the two into 12/6 and do it my way and I could figure it out?”  

T: [Rewrites 5/6 � 2 as 5/6 � 12/6 on board.] Change this into 12/6? 
Libby: Yeah. 
T: I don’t know why not. It is another name for 2. Right? 
Libby: Then I could do 5 times 12 and 6 times 6. 
T:  If that way works. It seems like every time you tried it, it has matched your model. I don’t 

know if I would want to draw all those things but you could. For 2 you would have to draw 
two whole pans. 

Ginny: I agree with Libby on her way but I think you could do it in a simpler way. You could turn two 
into two halves.  

T: Would that be one? [writes 2/2 = 1].  
Ginny: No. 
T: So that is not equal. That seems like I would be finding 3/7 of 1 instead of 3/7 of 2 if I made it 

2 halves. This is an excellent discussion and it is exactly what I want everyone to be 
doing…You are thinking and I love it. Keep thinking. 
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ere the teacher prompted st dents to dra  pon e ivalence as a tool. We also sa  the st dent, 
ibby, in iring abo t the se of e ivalence as a tool. n her nderstanding of fractions, she recogni ed 

that a fraction can have many names. She as also starting to reali e that by choosing a specific e ivalent 
name, she co ld se her theory abo t ho  to m ltiply fractions symbolically. his is an idea the entire 
class o ld event ally e plore together. 

Division 

With division the long term goal as to s pport development of the common denominator algorithm 
for fraction division. Most of the or  sed otative division problem conte ts. For e ample  You have 
7/8 of a pound of hamburger. If you make patties that are each 3/8 of a pound, how many patties can you 
make? he initial problems involved simple fractions ith common denominators, then simple fractions 

ith nli e denominators, and finally mi ed n mbers ith both common and nli e denominators. n the 
initial days of the or  on division, the foc s as on creating a pict re or vis al representation for the 
problem and riting a corresponding n mber sentence. St dents ere sing dra ings, rate tables, and 
n mber sentences to tal  abo t hy 7 8  3 8 as li e finding ho  many 3 eighths are in 7 eighths or ho  
many gro ps of 3 are in 7.  

n this scenario, st dents had moved to or ing ith mi ed n mbers. he problem being or ed on 
as You have 2 2/3 pounds of hamburger and you are making 2/3 pound patties. How many patties can 

you make? A st dent presented a pict re here three holes ere partitioned into thirds. o and t o
thirds as mar ed. he st dent then mar ed and co nted o t ho  many t o thirds ere in 2 2 3. he 
n mber sentence they rote as 2 2 3  2 3  4.  

T: Did anyone have a different number sentence then what she had written there? She had 2 2/3 ÷ 
2/3 = 4 which is correct. But I think there is another number sentence that could help make the 
answer stand out even better. 

Cody: 8/3 divided by 2/3 equals 4. 
T:  Can you write that number sentence up there? [pause] Look at that number sentence. We are 

purposefully putting these up there so you can look at those and start seeing if there is a faster 
way to do this then drawing a picture or making these [rate] tables that we are making. 8/3 
divided by 2/3 is 4. I can see that really easily, but I had a hard time seeing it with 2 2/3 ÷ 2/3. 
So keep thinking about that. 

e t, st dents or ed or  on the problem You have 2 1/4 pounds of hamburger and you are making 
3/8 pound patties. How many patties can you make? n his diagram, a st dent partitioned each po nd of 
hamb rger into eighths and mar ed gro ps of 3 8. Along ith a dra ing to s pport an ans er of 6, the 
st dent presenting his or  rote the n mber sentence 9 4  3 8  6.  

T: I am looking at his number sentence. I am having a hard time seeing that the answer is 6. Does 
any one have a way that we could write that number sentence that could help us see the answer 
better. I saw some other number sentences on peoples’ work. 

Chris: You could write 18/8 ÷ 3/8 equals 6. [This is recorded on the work being displayed.] 
T: Why is the first sentence [9/4 ÷ 3/8 = 6] so hard to deal with? 
Ali: We don’t have common denominators. 

he class contin ed to disc ss hy having common denominators ere helpf l. n these e amples the 
teacher as dra ing o t the basis behind sing the common denominator algorithm. he st dents  n mber 
sentences did not capt re ho  they ere sing common si e parts in their dra ings. everaging 
e ivalence as a tool as one ay to dra  o t a connection bet een st dents  diagrams, their symbolism 
and a potential algorithmic approach. 

Discussion and Significance 

he contrib tion of this or  is an artic lation of specific ays that teachers might leverage 
e ivalence for a partic lar fraction based operation itho t red cing the cognitive comple ity of the 
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st dents  or . n the bigger pict re of s pporting algorithm development, there ere connections made 
bet een symbolism, vis al models, and e ivalence. he leveraging of e ivalence as a tool s pported 
st dents to ma e their implicit or informal ideas, fo nd in their vario s representations, e plicit for p blic 
disc ssion. While the data presented did not share the act al emergence and artic lation of specific 
algorithms for each operation, it highlighted ays a teacher might se e ivalence as a tool to s pport 
st dents to invent or reinvent  for themselves algorithmic proced res for operating ith fractions based on 
their informal or . his foc s on leveraging e ivalence as a tool is in contrast to presenting e ivalence 
as a rote proced ral step as is common hen instr ction presents algorithmic proced res as ready made. 

While it as not the direct foc s of this paper, an important part of the or  st dents ere doing 
involved developing vis al representations or models for scenarios that enacted the fo r fraction 
operations. St dents then attached symbolism in the form of n mber sentences to their vis al 
representations. he data shared revealed ays in hich the vis al representations and the symbolic 
representations ere important in the algorithm development process. While there as not eno gh space 
here to display f ll development from informal to formal, e ivalence is presented as one important tool 
that teachers might leverage to help st dents engage in mathematical reasoning that s pported the 
emergence of meaningf l proced res and algorithms for fraction operations.  
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