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Adoption of the Common Core State Standards present challenges to school districts, school 
administrators, and teachers. To assist in this endeavor, we present our work on unpacking the CCSS-M 
for the length, area, and volume Learning Trajectory (LT). The overarching theme of “genetic 
epistemology” and a five-characteristic framework guided our work of unpacking the Standards. As a 
result, we added “Bridging Standards” to mediate students’ progression through the length, area, and 
volume LT to provide a coherent structure through this trajectory. The implications of our work were 
discussed. 

ey ords  Standards  earning ra ectories  C rric l m 

Objective 

he Common Core State Standards for Mathematics CCSS M  CCSS , 2010  are a ma or revamping 
of e isting and past state standards. Adoption of the CCSS M presents many challenges for school 
administrators and teachers. n partic lar, the learning tra ectories that ostensibly ndergird the Standards 
are not readily accessible to readers beca se they are abridged ithin the standards and do not contain a 
f ll treatment of the research base Confrey, 2012 . ence, there are gaps bet een standards red cing their 
cohesiveness. Finally, the Standards a thors state  hese Standards do not dictate c rric l m or teaching 
methods  CCSS , 2010, p. 3  hich is commendable, ho ever, this implies that teachers need reso rces 
and s pport to nderstand the grad al evol tion of the big ideas  ithin the Standards. 

r research gro p has npac ed the grade 8 standards for the CCSS M 
http .t rnonccmath.com  Confrey et al., 2011  by mapping each of the 8 standards onto 17 s 
Confrey, 2012 . For each tra ectory, e npac ed the Standards, or parts of a Standard if it had a fe  

parts e.g., 3.MD.7 had three parts  3.MD.7.a, 3.MD.7.b, and 3.MD.7.c , into descriptors to incl de a 
caref l disc ssion of the f ll learning tra ectory. he descriptors incl de  1  Concept al principles  
2  Misconceptions, strategies, and representations  3  ntrod ction of meaningf l distinctions abo t 

mathematical concepts and m ltiple models of sit ations  4  A coherent Str ct re of Development 
nderlying the  and 5  ridging Standards.� ther gro ps ho are npac ing the standards tend to 

elaborate on the mathematical content in each Standard e.g., McCall m, lac , Umland,  Whitesides, 
2010  or ma e comparisons bet een e isting standards and the CCSS M e.g., orth Carolina Department 
of P blic nstr ction, 2011 . ho gh important, these approaches do not al ays give perspective on ho  
st dents  mathematical ideas advanced nder instr ction. n this paper, e present o r or  on npac ing 
the 5 CCSS M Standards for the length, area, and volume . Dra ing pon the literat re, e created 
an initial draft to reveal a coherent str ct re for this .1 

Literature Review 

Learning Trajectories 

he term learning trajectories (LT), has different meanings among researchers in mathematics 
ed cation. Simon 1995  first defined a hypothetical learning trajectory  to be, he learning goals, 
the learning activities, and the thin ing and learning in hich st dents might engage  p. 133 . r 
research gro p defines a learning tra ectory to be,  

a researcher con ect red, empirically s pported description of the ordered net or  of constr cts a 
st dent enco nters thro gh instr ction i.e., activities, tas s, tools, and forms of interaction , in order 



���������������
��������������$�
��������
������� ./�

�

�

���������#��%�
%#���#��%&�%#�)������!#��%��%�'���%(%�'-+,-(%�	��������������������
���
�������������������������
����
�������

��������
����
���������������	��������������
���
���������
������������"��#�	�$��������	����������� �����!%�

to move from informal ideas, thro gh s ccessive refinements of representation, artic lation, and 
reflection, to ards increasingly comple  concepts over time. Confrey, Maloney, g yen, Mo ica,  
Myers, 2009  

We vie  s as e pected probabilities of st dents  progresses in their development of mathematical 
no ledge in terms of se ence and li elihood. s permit one to specify at an appropriate and actionable 

level of detail hat ideas st dents need to no  d ring the development and evol tion of a given concept 
over time. his definition allo ed s to npac  and se ence of the CCSS M Standards g ided by the 
research literat re on spatial meas rement.  

Learning Trajectories for Length, Area, and Volume 

Synthesi ing the literat re in length and area meas rement g yen, 2010 , e fo nd three different 
vie points on meas rement  1  those ho have b ilt s for length and area sing an e ternal iterating 

nit arrett, Clements, landerman, Pennisi,  Pola i, 2006  attista, 2007  attista, Clements, Arnoff, 
attista,  orro , 1998  Clements  Sarama, 2009  thred  Mitchelmore, 2000  2  those ho have 

investigated the se of common nits as meas re ehrer et al., 1998  g yen, 2010  and 3  those ho 
have b ilt an entire n meration system based on meas rement Do gherty  enenciano, 2007 . y 
approaching meas rement as a systematic process to compare t o or more antities  Confrey, 2011 , 

e e panded the meaning of meas rement beyond association a n mber of nits ith a given antity to 
incl de b ilding n mber nit relationships sing nits that are internal of and e ternal to the ob ect being 
meas red. n o r or , e treated st dents  learning of the concepts and s ills of length, area and vol me 
as progressions thro gh a single  instead of separate  for the above reason.  

Development of length trajectories. Sarama and Clements 2009  have proposed a  for length 
meas rement based on a mi ed method analysis and synthesis from other st dies e.g., iebert, 1981  

ehrer, 2003  Piaget, nhelder,  S emins a, 1960  Stephan, Cobb,  Gravemei er, 2003 . heir  
identified five areas of ho  st dents b ild concept and s ills thro gh instr ctional e periences  1  
alignment of endpoints to compare lengths Piaget et al., 1960  2  comparing the lengths of t o ob ects 

sing a third ob ect and transitive reasoning iebert, 1981  3  finding the lengths of an ob ect by tiling  
or iterating  smaller identical ob ects as length nits and associating higher co nts ith longer ob ects 

iebert, 1981  ehrer, 2003  Stephan et al., 2003  4  nderstanding that length meas re re ires e al
length nits llis, Siegler,  an oorhis, 2000  and 5  sing r lers and length meas res to investigate 
real orld phenomenon ehrer, 2003  Stephan et al., 2003 . 

he evol tion of st dents  concepts and s ills on length meas rement is described in terms of 
st dents  developmental progressions and their action schemes see Sarama  Clements, 2009, pp. 289
291 for details . Seven levels ere identified in the  1  Pre length antity recogni er  2  ength 

antity recogni er  3  ength direct comparer  4  ndirect length comparer  5  nd to end length 
meas rer  6  ength nit relater and repeater  and 7  ength meas rer. Sarama  Clements  2009  or  
and its s pporting corp s of st dies provided the research inp t needed to npac  the ength Standards 
Sarama, Clements, arrett, an Dine,  McDonel, 2011 . 

Development of area trajectories. esearchers have doc mented that to have a deep nderstanding 
on area, st dents m st first nderstand the idea of systematic coverage no overlaps or gaps  by a s are 

nit thred  Mitchelmore, 2000 . hey learn to align the nits into an array of ro s and col mns, 
relating ro s and col mns to the lengths of the sides, and finally to calc late area from the n mber of nits 
of length and idth attista et al., 1998 . ther aspects of a more complete learning tra ectory for area 

o ld incl de developing st dent nderstanding abo t meas ring ith a s are nit vers s ith a r ler, 
lin ing to lattice point arrays, the impact of different si ed nits on the magnit de of the area, lin ing area 
and perimeter, and e tending to triangles or circles. Finally, it o ld incl de st dent nderstanding of the 
calc lation of fractional area ith an anticipation that the prod ct of t o n mbers prod ce an area that is 
smaller than an area of either one of the linear dimensions by 1 nit e.g. � in.  3

4 in.  3
8 s . in. is less 

than � in by 1 in. or 3 4 in by 1 in. .  
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g yen 2010  doc mented that st dents co ld constr ct common nits to compare areas hen as ed 
to compare t o or more areas itho t the provision of an e ternal nit. hro gh e ipartitioning Confrey 
et al., 2009  of the t o areas into smaller areas, st dents created a same si ed area nit embedded in the 
original areas to be sed as the basis of comparison. e also demonstrated that st dents event ally 
generali ed that if t o areas are e al, they m st be meas red by the same si ed nit the same n mber of 
times. As a res lt, his st dents ere able to correctly predict the effects of changing the nit si e on the 
meas re of an area. thers have investigated a n mber of these ideas Simon  l me, 1994 , b t or  
remains to synthesi e these findings into a nified description lin ed to st dent behaviors.  

Development of volume trajectories. attista and Clements 1996  sho ed five levels of st dent 
behaviors hen or ing vol me tas s. At evel A, st dents only begin to concept ali e a set of c bes that 
forms a rectang lar array. At evel , st dents have concept ali ed the c bes, b t do not tili e the 
inherent layer str ct re of a 3 dimensional c be. At evel C, c be faces are sed, ho ever, either all of the 
face c bes are co nted or o tside the c bes. At level D, st dents se the vol me form la and co nt a ro  
of face c bes to calc late vol me. astly, level  is reserved for o tliers. St dents ho ere not yet at 

evel A ere generally nable to find o t ho  many c bes there ere in a 3 dimensional bo , since 
seeing a mental array pict re is only the beginning step to evel A nderstanding. o s ch st dents, the 

 � W �  form la means very little. hose ho applied the form la tended to ignore the three factor 
prod ct that res lts from vol me meas rement. M ltiplication as also not the only operation relied on to 
calc late vol me. Addition, s ip co nting, and repeated addition ere also sed. 

attista 1999  follo ed ith a teaching e periment to see if fifth graders co ld en merate c bes. All 
si  st dents in the st dy ere able to str ct re and en merate 3D c be arrays. o ever, their se of 
layering did not immediately lead to its se in s bse ent predictions. attista 2007  c rrently claims 
seven levels of sophistication in st dents  ses of c bic arrays to constr ct vol me, ranging from 
organi ation or location of nits in arrays, to introd cing composite nits, emergent array str ct res, and 
spatial str ct ring and en meration. 

C rry and thred s 2005  or  disting ishes pac ing vol me  ith c bes and filling vol me  
ith li id or sand. While investigating st dents  nderstanding of the relationship bet een length, area, 

and vol me, they discovered that st dent scores on pac ing vol me tas s ere highly correlated ith 
scores on length. n these tas s, st dents ere as ed to pac  an area ith a nit bo . hey performed m ch 
better on tas s involving filling vol me ith ater or sand. he a thors con ect red that a filling 
proced re and length iteration ere related processes. his literat re informed o r consideration of the 
contents to be incl ded in the descriptors. 

Unpacking the Length, Area, and Volume Trajectory 

An overarching theme of o r or  is to consider the genetic epistemology  Piaget, et al., 1960  of 
ho  instr ction refines st dents  informal mathematical idea s ccessively and develop more comple  
ideas, as informed by research from a cognitive and instr ctional standpoint. he adoption of the genetic 
epistemology approach motivated a five characteristic frame or  for npac ing the mathematical content 
of the Standards into the descriptors. First, the descriptors provide an e plicit brea do n of comple  
mathematical ideas into its conceptual principles. For e ample, the descriptor for standard 1.MD.2 spells 
o t the principles of sing a length nit to meas re. Second, the descriptors address the misconceptions, 
strategies, and representations that st dents may enco nter as their informal ideas evolve into comple  
mathematical ideas. For e ample, the descriptor for standard 2.MD.1 addresses the misconception in sing 
a r ler, here st dents may misinterpret the n mber of tic  mar s spanned by an ob ect as its length. hird, 
the descriptors identify meaningful distinctions abo t a mathematical concept. hese distinctions lead to 
multiple models of problems and s pport st dents  generali ations. For e ample, the descriptor for 
standard 3.MD.5.b ma es three distinctions abo t the idea of an area of n s are nits  as  1  iterating an 
area nit n  1 times, 2  n times as big  as an area nit, and 3  a s eep of a line segment over a distance. 
Fo rth, the organi ation of the descriptors of a  reflected a genetically coherent structure of 
development thro gh hich st dents develop big ideas.  For e ample, the descriptors of this  are 
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organi ed to highlight the genetic se ence in hich st dents develop length, area, and vol me by  
1  Defining the attrib te, 2  Direct comparison, 3  ndirect comparison, 4  Meas ring sing a nit ith 

no gaps or overlaps, and 5  Compensatory and Additive principles. Fifth, e introd ce ridging 
Standards,  additional mathematical no ledge that mediates st dents  progression from prior concepts in 
earlier Standards to more sophisticated and formal concepts in later standards. hese ridging Standards 
and their descriptors provide a complete genetic epistemological acco nt of a . For e ample, alitative 
comparison of area and vol me ere added as ridging Standards, since this mathematical no ledge as 
instr mental to the coherent str ct re nderlying st dents  development of meas rement, b t as not 
incl ded in the CCSS M.  

We approach the tas  of npac ing the CCSS M by describing st dents  development in terms of the 
characteristics mentioned above. r npac ing proceeded in the follo ing manner. First, e se enced 
the relevant Standards in a ay that generally reflects research findings abo t ho  st dents progressively 
learn the ideas. A set of se enced Standards can be regarded as an abridged . Second, based on the 
abridged , e b ilt an nabridged version here e incorporated research findings to bridge the 
instr ctional gaps bet een and ithin the standards of a . For length, area, and vol me, e synthesi ed 
different research findings in the domain of spatial meas rement into a nified description of ho  
st dents  mathematical no ledge evolved as they enco nter activities, tas s, tools, and forms of 
interaction. hird, e added ridging Standards hen e felt the research s ggested mediating ideas that 

ere necessary to be learned before progressing to the ne t standard in the . 
We drafted the te t of the npac ed s in the format of a t o col mn table, in hich the left col mn 

sho ed the standards and its codes as se enced in the  and the right col mn sho ed the descriptor of 
the standard. We sed Confrey s 2010  he agons map to represent ho  the s develop over time and to 
depict ho  they are relate to each other vis ally. he length, area, and vol me  as organi ed into si  
sections  1  Attrib tes, Meas ring ength and Capacity by Direct Comparison  2  ength meas rement 

sing nits and tools  3  Area and Perimeter  4  ol me Meas rement  5  Conversion  and 6  Area and 
ol me of Geometrical Shapes and Solids. he move to s bdivide the entire  into sections does not 

signify some disconnect bet een the contents of the descriptors b t rather permit s to foc s on npac ing 
the more intert ined connections among some Standards. n fact, cross references bet een the Standards 

ere often made hen drafting the descriptors. 

Report of the Unpacking of Length, Area and Volume Standards 

We rote 50 descriptors in the length, area, and vol me  36 from CCSS M and 14 ridging 
Standards . elo  e present a s mmary of the mathematical no ledge that e have npac ed, 
according to the five characteristic frame or . he most pdated edition of the descriptors can be 
accessed online http://www.turnonccmath.com . 

Conceptual Principles of Length, Area, and Volume 

n the descriptors, e npac ed a list of concept al principles to be mastered by st dents across 
length, area, and vol me. hey are  the Conservation Principle, the Compensatory Principle, the Principle 
of Unit Placement, the Principle of Unit Conversion, and the Additive Principle. he Conservation 
Principle states that the length or area or vol me  of an ob ect remains nchanged nder any rigid 
transformation. he Compensatory Principle states that there is an inverse relationship bet een the si e of 
the nit length, area, or vol me  sed for meas rement and the meas re co nt of the nits . he Principle 
of Unit Placement states that the nits sed to meas re the length or area or vol me  of an ob ects m st be 
placed itho t gaps or overlaps and along a path aligned ith the ob ect s length or arrays in the case of 
area and vol me . he Principle of Unit Conversion states that smaller nits can be composed to form 
larger nits and that larger nits can be regro ped into smaller nits. he Additive Principle states that the 
oining of t o lengths areas or vol mes  are s ms of the lengths areas or vol mes . From the  

perspective, these principles are fo ndational to st dents  development across length, area, and vol me. 
his does not imply that they are ta ght directly, b t rather that the st dents  nderstanding of them 

evolves grad ally thro gh the co rse of activities and tas s. 
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Misconceptions, Strategies and Representations 

We identified a n mber of misconceptions informed by A P res lts. hese concerned st dents  se 
of r lers and their nderstanding abo t area and perimeter. For e ample, hen meas ring the length of an 
ob ect, many st dents do not chec  if the ob ect aligns ith the ero mar . hey also tend to treat tic  
mar s on the r ler as the length of the ob ect instead of the interval bet een the tic  mar s. n area and 
perimeter, st dents tend to meas re the perimeter of a rectangle sing s are tiles aro nd the corner and 
believe that increasing the perimeter of a rectangle al ays increase its area.   

We described length as being represented on a n mber line by e ally spaced intervals from 0 as a 
sef l representation of addition and s btraction. Addition of t o n mbers a  b  co ld be tho ght of as 

combining a length of a nits ith another length of b nits. S btraction of t o n mbers, a  b can be 
tho ght of as comparing the difference bet een t o line segments or ta ing a ay b nits from a line 
segment of a nits. For strategies, e also highlighted vario s ays in hich st dents can directly compare 
t o lengths, t o areas and t o vol mes. eca se length, area, and vol me have different spatial 
properties, the strategies of direct comparison varied. For e ample, straight lengths can al ays be directly 
compared, hile some areas may overlap and need decomposition to compare. i e ise, the capacity of 
t o containers can be directly compared if po red into cylinders ith the same base, hereas vol mes of 
solids ill re ire a systematic means of decomposition.  

Distinctions and Models 

While the Standards did not introd ce any distinctions bet een vol me of a solid and the vol me of a 
container, e se capacity  to refer to the latter in the descriptors. We also ma e distinctions among 
concepts of area and vol me hich ere not e plicit in the Standards. For e ample, the area of a rectangle 
can be vie ed as composed of smaller s are nits vers s the s eeping of a length over a distance. 

i e ise, e disting ished bet een vol me as the pac ing of space filling nits vers s the s eeping of an 
rectang lar area over a height.  

We also disting ished the area form la of rectangles involving fractions from hole n mber lengths 
and introd ced fo r models of fractional m ltiplication of lengths based on e ipartitioning of areas in the 
descriptors  1  a hole n mber and a nit fraction  2  t o nit fractions  3  t o proper fractions b t not 

nit fractions  and 4  one or t o mi ed n mbers or improper fractions . his is consistent ith the 
se ence in the standards for fractions for m ltiplication, hich is developed f lly in the division and 
m ltiplication . i e ise, in the npac ing of the vol me form la of a rectang lar prism, e introd ced 
different models of ol me   � W �  related to the associative property. Coordinating across 
learning tra ectories and providing m ltiple models s pports f t re development in these topics. 

Coherent Structure 

As Smith and Gon lates 2011  reported, the Standard s treatment of length meas rement is the most 
complete in alignment ith the research literat re as st dents are e pected to disting ish length as a 
meas reable attrib te .MD.1 , directly compare t o ob ects based on length .MD.2 , order three 
ob ects based on length 1.MD.1 , iterate a length nit to e press the length of an ob ect as a hole n mber 
of those length nits 1.MD.2 , se tools to meas re the length of ob ects 2.MD.1 , and meas re the 
length of an ob ect sing different length nits 2.MD.2 .  

o ever, for area meas rement, the Standards riters presented an abridged version of this se ence 
here st dents immediately iterate a nit s are to cover a rectilinear area and call this meas re n nit 

s ares 3.MD.5.a and 3.MD.5.b , then learn to meas re area by co nting nit s ares 3.MD.6 , and 
finally find the area of a rectangle by m ltiplying the length by the idth 3.MD.7.a . hey then incl de a 
standard for st dents to nderstand that areas are additive 3.MD.7.d , a Standard that as missing in the 

ength content. Similarly, for vol me meas rement, the se ence first started ith st dents  meas rement, 
estimation of vol me and one step vol me problems of involving any of the fo r operations 3.MD.2 . 
D e to the abridged treatment, the str ct re nderlying st dents  development in Area and ol me as 
incomplete.  
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o ameliorate these iss es, e identified from the length, area, and vol me contents a template of ey 
ideas fo nd in st dents  development of spatial meas rements. We then applied this template across length, 
area, and vol me Standards in o r npac ing. As a res lt, a coherent str ct re of the  descriptors 
emerged across length, area, and vol me, hich sho ed ho  st dents  concepts and s ills of ength and 
Area and ol me become more sophisticated nder instr ctions over time  1  Describe and recogni e the 
meas reable attrib te  2  Direct comparison of t o ob ects  3  ndirect comparison of t o ob ects  4  
Comparison of three or more ob ects  5  Define hat is meant by n nits  6  press the attrib te as a 

hole n mber of the nits. 7  Meas re the attrib te t ice sing different nits compensatory principle  
8  Meas re to determine ho  m ch bigger or smaller  and 9  ecogni e the attrib te as additive. 

Describing st dents  development of mathematical no ledge ithin s ch a coherent str ct re leveraged 
on the relevant research in providing teacher readers a sense of an overall developmental progression of 
st dents  no ledge as ell as the interconnectedness bet een different Standards hen npac ed. 

Addition of “Bridging Standards” 

As a res lt of o r nderta ing of generic epistemology  acco nt of st dents  learning, e introd ced 
a total of 14 ridging Standards npac ed ith descriptors based on the coherent str ct re ands. Five ere 
associated to the concept al principles of length, incl ding the missing additive principle  five ere 
associated to the concept al principles of area  three ere associated to the vol me concepts  and the last 
one connected the s rface area ith the vol me of the cylinder. he last ridging Standard as added 
based on a s ggestion from a district c rric l m coordinator ho noted its absence. When read as parts of 
the tra ectory, these descriptors filled in the no ledge gaps bet een some Standards and provided a 
coherent str ct re for st dents  development of length, area, and vol me.  

Discussion 

he length, area, and vol me Standards in the CCSS M provide an e ample of hy caref lly 
npac ing the Standards is important. We detailed a tra ectory of eaving the relevant Standards together 

in o r npac ing in place of a piece ise Standard by Standard elaboration. e t, e disc ss the 
implication of o r or  for State Standards and C rric la. 

Cross-walk between CCSS-M, State Standards and Curriculum 

Comparing the CCSS M and e isting State Standards provides a ic  and pragmatic ay of 
eval ating the amo nt of re alignment needed for c rric lar and assessment p rposes. o ever, this 
approach is ins fficient in itself to prepare teachers for implementation. For e ample, ho  sho ld matched 
State Standards be re ordered to maintain a coherent learning path  Do nmatched State Standards matter 
to st dents  learning  A minimalist approach might do more harm in this case. Unpac ed sing a s 
perspective, the descriptors provide ed cational practitioners access to a research basis in ma ing ed cated 
decisions. For e ample, the coherent str ct re of moving from Defining attrib tes  to Comparison  in 
the length, area, and vol me  provide gro nds for incl ding addition of areas as a grade level ob ective 
in the CCSS M. Similarly, an  analysis s pports a means to cond ct content analyses of proposed 
c rric la and CCSS M. he five characteristics of o r npac ed descriptors provided teachers ith 
c rric lar landmar s  in anticipation of identifying and filling in instr ctional gaps in c rric la. 

Endnote 
1 We than  the participants of the 2011 Meas rement Mini Center Conference ich ehrer, Do g 

Clements, eff arrett, ac  Smith, Mi e attista and others  for revie ing an earlier draft of these 
descriptors. his process of peer revie  enriched o r or  ith the c rrent vie s of the research 
comm nity. 
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