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Relational
Thinking:

What's the Difference?

Instructional activities
designed to encourage
( relational thinking in primary-
grades classrooms can give students
l advantages when they reason
about subtraction.

ol

Ian Whitacre, Robert C. Schoen, Zachary Champagne, and Andrea Goddard

ow much is 41 — 39?2 How about 100 — 3? Which of those computations was easier for you to

do? It so happens that first graders are much more likely to solve 100 — 3 correctly than 41 —39.

Likewise, second graders are much more likely to solve 100 — 3 correctly than 201 — 199. Our

data (Schoen et al. 2016) suggest that the latter problems are more difficult for students to

solve correctly, because many students’ understanding of subtraction is limited by thinking

about the operation only as take-away or by using a default procedure, such as the standard
subtraction algorithm in the United States. In this article, we argue the importance of students learning to
reason flexibly about subtraction. We highlight a useful but often-ignored way of reasoning, and we offer
suggestions for teaching about subtraction.
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In a 2014 study (see fig. 1), we found that of
the majority of second graders who attempted
to use the standard U.S. subtraction algorithm
to compute 201 — 199, only 29 percent were suc-
cessful (see table 1). Some students obtained
such answers as 198 as a result of “subtracting
up” errors and, unfortunately, failed to notice
the unreasonableness of such a large answer.
Furthermore, even when these approaches were
successful, the correct answer could have been
obtained much more easily by counting forward
from 199 to 201 or counting backward from 201
to 199.

We found similar results in first graders’
attempts to solve 41 — 39 = ___. Many students
struggled with this problem, despite being able
to correctly solve problems like 100 - 3 = ____
For many adults, by contrast, problems like
201 -199=__ and 41 -39 =___ can easily be
solved mentally. A characteristic that can make
problems like these easy is that the numbers
are close together. However, this characteristic

In the spring of 2014, 614 first and second graders were
interviewed to determine how they solved a variety of math
problems. Below are a few of the many problems. Table 1
shows the percentages of correct answers on each of them.

Students had access to base-ten blocks, snap cubes, paper, and
markers. They were also free to solve problems mentally or to use
their fingers to help them. Students were presented with each
problem on a sheet of paper and asked to write the number that
would make the equation correct. First graders were asked to solve
100-3=__and41-39=___

Second graders were asked to solve 100-3 = and 201 -199 =

Of all second graders in the study who were posed 201 - 199,
26% got the correct answer. Of those who attempted to
use the standard subtraction algorithm (56% of the total
number of students), 29% found the correct answer.

Total numbers of students who correctly solved
selected subtraction problems

100-3=__ 41-39=__ 201-199 =
Grade 1 (n =333) 213 (63%) 50 (15%) —
Grade 2 (n = 281) 231 (82%) — 72 (26%)
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is only useful if one thinks about subtraction as
asking such questions as “How far apart are 41
and 39?” or “What would I have to add to 39 to
get 412" If, instead, one asks, “How much is left if
I take 39 away from 41?” one has much work to
do to find the answer and many potential pitfalls
along the way.

Take-away subtraction

We found that students in both grade levels
relied heavily on the take-away meaning for
subtraction. For problems such as 100-3=__,
thinking in terms of take-away served many
students well. One popular strategy was to start
from 100 and count down (99, 98, 97), often
using fingers. For problems like 100 — 3, this
way of reasoning is advantageous, because the
subtrahend is small; the student must take away
only 3. In 201 - 199, by contrast, the difference is
small, but the subtrahend is large. In the latter
situations, thinking about subtraction as take-
away can be highly inefficient, whereas thinking
of the difference as the distance between the
given numbers is advantageous.

Itis not a new idea that that there are limita-
tions to the take-away meaning of subtraction.
Gibb (1954) pointed this out more than sixty
years ago in a paper that discussed different
types of subtraction word problems and vari-
ous strategies that children use to solve them.
Her points are still valid and relevant today.
When initially learning about the operation,
students in the United States learn to associ-
ate subtraction with taking away, or removing,
objects from a set. This meaning for subtraction
is consistent with separate-result-unknown
problems, such as this:

Connie had 13 marbles. She gave 5 to Juan.
How many marbles does Connie have left?
(Carpenter et al. 1999)

Many teachers value the take-away mean-
ing, especially when it comes to introducing
subtraction initially (e.g., Maples 1959; Page
1994). In fact, teachers often orally read the
subtraction symbol as “take away” (e.g., reading
13 - 5 as “Thirteen take away five”). The take-
away meaning is certainly important and useful,
especially when students are first learning about
subtraction. However, equating subtraction
with take-away is problematic, because many
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situations involving differences do not fit neatly
with a take-away interpretation (Fuson 1986).
For example, in a join-change-unknown prob-
lem, such as “Connie has 5 marbles. How many
marbles does she need to have 13 altogether?”
(Carpenter et al. 1999), the answer of 8 marbles
can be obtained by computing 13 - 5; yet, noth-
ing in the story is being taken away. If children
are told to use subtraction to solve these kinds of
problems—and yet learn that the sole meaning
of subtraction is take-away—they may experi-
ence mathematics as not making sense.

Differences as distances
The point we wish to highlight is how power-
ful flexible reasoning about subtraction can be
for students. Beyond the take-away meaning,
many situations exist in which reasoning about
differences as distances between numbers is
helpful. Students who solve 201 - 199 by count-
ing forward from 199 to 201 seem to be answer-
ing a different question than those who create a
set of 201 objects and remove 199 objects from
it. In the case of these numbers, “How far is 199
from 201?” seems to be a simpler question to
answer than “How much is left if you take 199
away from 201?” because 199 and 201 are close
to each other.

Thinking about differences as distances
between numbers (e.g., on a number line) can
help students make important connections
among the ideas of addition and subtraction,
counting forward and backward, and even
linear measurement. It can also help students
to sensibly relate different types of story
problems to the subtraction operation, as well
as to make otherwise difficult computations
like 201 - 199 much easier. The distance
meaning arises in integer arithmetic, where
it can provide a sensible interpretation of
such expressions as 3 — —-5. Furthermore,
the distance interpretation is used in
algebraic and geometric applications in
secondary mathematics and beyond,
such as using subtraction to determine
the horizontal or vertical distance
between two points in a plane.
Thus, reasoning about differences
in terms of distance is good
preparation for the transition
from arithmetic to algebra
(Matsuura and Xu 2014).
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Relational thinking
The Common Core State Standards for Math-
ematics (CCSSM) (CCSSI 2010) call for students
to solve addition and subtraction problems
that involve a variety of situations (1.0A.A.1,
2.0A.A.1). For students to reason effectively
about different subtraction computations, flex-
ible thinking about subtraction is important.
Also important is the habit of pausing to con-
sider the numbers in the problem and what is
being asked before choosing an approach. Some
students notice that 39 and 41 are very close to
each other, and they choose a strategy that takes
advantage of that feature (1.0A.B.4). Others
interpret the problem as asking them to take a
set of 39 away from a set of 41; they plow ahead
with a default procedure, whether or not it is
efficient to do so. In other words, some students
use relational thinking to make problems like
41 - 39 easy; others miss these opportunities.
Relational thinking involves a mindful
application of place value and the properties
of number, operations, and equality in solving
mathematics problems (Jacobs et al. 2007).
Curriculum standards and textbooks encourage
students to learn different strategies for solving
problems, but relational thinking involves more
than just using strategies; it involves making
strategic decisions. A student with a disposi-
tion toward relational thinking has a habit of
thinking before acting. We believe that students
who approach 100 — 3 as “100 take away 3” and
then shift their thinking to view 41 — 39 as the
distance between 41 and 39 are demonstrating
relational thinking.
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“"How much is
left if | take 39
away from 41?”



“201 -199 =2
... because | had to
add 1 to make 200, and
| had to add another 1

to make 201.

Children's reasoning about
subtraction computations

We present three examples from interviews
with first and second graders solving subtrac-
tion problems. These episodes are not selected
to be the three most typical kinds of responses.
Rather, they are intended to represent a range
of responses and to illustrate important points
concerning relational thinking in reasoning
about subtraction.

Young children tend to focus

on the take-away meaning

The following quote from a student interview
highlights the complex process involved in
thinking about a problem such as 201 -199=___
using take-away subtraction. A second grader
had previously solved 100 -3 = ___ by counting
back from 100 (99, 98, 97) and answered 97. His
use of take-away subtraction to solve 100 — 3
worked very well, because it required counting
back only three. When this student was pre-
sented with 201 — 199, he again used a take-away
model, chosing an incremental approach based
on place value to find his answer:

So, you can't take away the 99; so, I'm going
to subtract the hundreds first—because
you can't take that [99] away from
201. So, I'm going to subtract the
201; subtract 100 would be 101.
And now minus the 9 [referring to

the nine tens) from the 101 would be 91, 81,
71 [pausing], 61, 51 [pausingl, 41, 31, 21, 10.
So, I have 10 left, minus 9 [holding up ten
fingers and counting back]. It will go 9, 8, 7,
6,5,4,3,2,1. The answer is 1.

Even when working with such large numbers
as 201 and 199, this student was able to use
an advanced strategy involving incrementing
and counting backwards. However, the process
of taking away 199 was cumbersome, and the
student happened to make a mistake when
he mentally took 10 away from 21 and got 10,
rather than 11. This small mistake resulted in an
incorrect solution. We certainly believe that this
student could have arrived at the correct answer
with his method. In fact, he came very close. It
is not the case that take-away reasoning dooms
students to get incorrect answers. It is just that
taking away 199 by incrementing requires a
lot of working memory and many steps in the
process, and those steps create opportunities
for errors.

Reasoning about differences as distances
Although reasoning about subtraction in terms
of the distance between two numbers can
be advantageous, we acknowledge that such
approaches are also not immune to errors.
Consider the reasoning of another student, who
solved 201 - 199 = ___ by counting up from 199.
When initially presented with the problem, the
student paused and then said, “I don’t know
why my brain isn’t thinking right now.” Then, he
wrote a 2 as the answer. He explained, “Because
these two numbers are really close together,
I just found out what were the numbers in
between, and there were only two numbers in
between them—wait—I mean one. I meant
to say one.” The student crossed out the 2 and
wrote a 1.

The interviewer asked, “OK, so explain to me
again how you got one.”

The student explained, “The same way I
got 2, but I found out that it’s really actually 1,
because 1 plus 199 would be 200, so I would
just have to add 1 more to get to 201 [long
pause]. 1 think I'm going to make it 2. That
makes more sense.”

He again wrote a 2. In his final explana-
tion, he said, “Because I had to add 1 to
make 200, and I had to add another 1
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to make 201, and that’s how I got 2.” This stu-
dent struggled with deciding whether it was the
one whole number between 199 and 201 or the
count from 199 to 201 that would give the cor-
rect solution. This is not a trivial issue, and it is
one that can be troubling even for students who
are proficient with subtraction. Thus, encourag-
ing students to reason about distances between
numbers is only one important aspect of a com-
prehensive approach to teaching subtraction.
Just as with take-away approaches, challenging
conceptual issues must be tackled.

Opportunities to bridge from

take-away to distance

When a first grader was posed the problem
41-39=__, shedecided to use snap cubes. She
connected them end-to-end until she had a very
long chain of 41 cubes, counting them as she
went. Just before the chain was complete, she
reached 39. She then added 2 more cubes for
a total of 41, and said, “That’s forty-one.” Then
she said, “Take away thirty-nine.” She seemed
prepared to remove 39 cubes from the chain by
counting them individually, but then she sud-
denly exclaimed, “Oh, that’s easy!” She removed
the last 2 cubes that she had added to the chain,
and said, “That’s thirty-nine. It equals two! Yay!
That’s easy.”

In her sudden insight regarding this prob-
lem, this student noticed something. She may
have thought about taking 39 cubes away from
the chain or taking 2 cubes away, or perhaps
she thought about rewinding her actions to the
moment before she had added the last 2 cubes
to the chain. In any case, she split the chain into
two parts with lengths 39 and 2, and she could
see that the answer was 2. The proximity of 39
to 41 created an opportunity for this student to
do something special. Rather than laboriously
removing and counting 39 cubes to discover
how many were left, she broke the chain at the
meeting point of the 39th cube and 40th cube,
making it quick and easy to see the solution of 2.

The purpose of these interviews was to
investigate students’ thinking, not to influence
it. However, moments like this suggest oppor-
tunities that teachers could capitalize on in
classroom settings.

We have suggested many ways that the ideas
in this article can be applied in the classroom,
and additional suggestions are available in the
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more4U online appendix. The most important
point is the goal: for students to develop the
habit of making thoughtful, strategic decisions
about how to approach subtraction problems,
supporting those decisions with multiple ways
of reasoning.

The importance of flexibility

After interviewing hundreds of first- and sec-
ond-grade students and observing them as they
solved mathematics problems, we conclude
that learning to reason flexibly about subtrac-
tion is important for students. Subtraction is
more complicated than addition (Fuson 1984),
and subtraction can be thought about in dif-
ferent ways (Selter et al. 2012). The take-away
meaning is important and plays a central role
in early subtraction instruction. However, chil-
dren who think about subtraction only in terms
of take-away are limited in their flexibility and
thus tend to rely on inefficient and error-prone
approaches. Some problems lend themselves
to thinking of subtraction as take-away; others
lend themselves to reasoning about the differ-
ence as a distance. Promoting these different
ways of reasoning when opportunities arise is
important to assist students in becoming accu-
rate, efficient, and flexible with computation.

Common Core
Connections

1.0A.A.1
1.0A.B.4
2.0A.A1
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Encouraging
flexible subtraction reasoning

We offer suggestions that apply to classroom instruction
related to subtraction. We present these in the form of
things for teachers to notice, to use, and to encourage. We
have tried or observed some of these in classrooms. Others
are inspired by opportunities that we noticed in interviews.

Notice

* Notice the different situations in which you use
subtraction and the ways that you reason about
subtraction. (SMP 8: Look for and express regularly in
repeated reasoning.)

* Notice the situations that your students associate with
subtraction. (MTP7: Elicit and use evidence of student
thinking.)

* Notice the language that you and your students use
when talking about subtraction. (SMP 6: Attend to
precision.)

Use

e Use the terms minus or subtract when reading the
subtraction symbol, and refrain from reading the
symbol as “take away” (Fuson 1986). (SMP 6: Attend
to precision.)

* Use tasks such as 41 — 39 = Q. Write these horizontally,
rather than vertically, to encourage students to use
nonstandard strategies. (MTP5: Pose purposeful
questions.)

e Use story problems with Compare situations
(Carpenter et al. 1999; CCSSI 2010) to emphasize
thinking about differences as distances between
numbers. (SMP 7: Look for and make use of structure.)

e Use think-alouds to model how you choose an
approach to a subtraction problem in order to
help students learn to articulate their reasoning

about subtraction. (MTP4: Facilitate meaningful
mathematical discourse.)

Use a number line posted on the wall of your classroom
when discussing subtraction problems and strategies.
Emphasize distances between numbers when this idea
relates to a problem or strategy being discussed. (MTP3:
Use and connect mathematical representations.)

Use true/false equations, such as 72 - 68 = 74 - 70, to
support students in thinking about how adjusting both
the minuend and the subtrahend by the same amount
does not change the distance between the two values.
(MTP2: Implement tasks that promote reasoning and
problem solving.)

Encourage

Encourage students to use mental math and to reason
flexibly about subtraction. (MTP6: Build procedural
fluency from conceptual understanding.)

Encourage students to discuss and make sense of one
another’s strategies. (SMP 3: Construct viable arguments
and critique the reasoning of others. MTPA4: Facilitate
meaningful mathematical discourse.)

Encourage students to ask specific questions, such as,
“How were you thinking about subtraction?” or “Which
meaning of subtraction were you using?” (MTP4:
Facilitate meaningful mathematical discourse.)

Encourage students to notice when a strategy is most
helpful, depending on the numbers. (SMP 7: Look for
and make use of structure.)

Encourage students to describe what they are trying to
find out when solving a subtraction problem. (SMP 6:
Attend to precision.)
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