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LETTER OF TRANSMITTAL.

.

DrepakrMeNT o Tk INTERIOR,
Brreau or Epbucstiow, |
_ Washington, October 11, 1919.

Sir { the committees of the Conmission on the Reotgani-
zation§of Secondary Education, appointed by the National Educa-
tion Assecintion, and several of whose reports this burcau has
alreadW¥ published in the form of bulletins, undertook the study of
mathematies in the high schools. As stated by this committee in the
introduction to this report and by the chaicman of the commission
in the preface, the committee found itself unable to make final recom-
mendations in regard to the reconstruction of the conrses of study in
this subject in the high schools. The committee has, therefore, con-
fined its work to a preliminary report, preseifting nn analysis of the
subject, and raising eertain fundamental guestions which must be
answered before the reconstruction desired can be undertaken intelli-
gently and with any certainty of satisfactory success. .

I' am transmitting this preliminary report for publication as &
bulletin of the Bureau of Education, in order that iy this form it
may be accessible to students of education. teachers of mathematics,
and directors of mathematics teaching in high schools. It is ex-
pected that it will give rise to such diseission and experimenting
as will enable other committees'to carry forward the work of the
point of definite reconstruction of courses of study in this subject
for the several classes of high-school pupils.

]

Respectfully subinitted. ‘ )
- P. P. Craxtoy,
\ . , Commisaionor.
The Secrerary or Tur INTERIOR, 4
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The Commission on the Reorganizition of Secondury Education
finds itself "confronted with problems\of great. difliculty in recom-
mending a reorganization of the mathematical studies of the sec-
ondary school.  Anteeedent to new eonrses, there should be an agree-
ment among psychologists and educators such as has not. yet been -

“reached. It scems, therefore, that the best serviee that the commis-

sion gan at this time render is to present an analysis of the situation,
This report, therefore, is submitted primarily for the purpose of
stimulating discussion. Tt is hoped that the praetical suggestions
will also serve to dircet experimentation in planning new conrses for

secondary <chool stidents of the various types here recognized,

CraveNen D, Kinastey, -
Chairmon of the commission.

131‘.

~ »

ey g e Lt I -3

B o ? 2Ty
P e

-V T i el )




o

ERIC

Aruitoxt provided by Eic:

THE PROBLENM OF MATHEMATICS 1IN SECONDARY EDVCATION.

q

" 1. INTRODUCTION.

FFew subjects faught in the secondary school elicit more contra-
dictory statements of view than Jdoes mathematies.  What shonld be
tanght, how much of it, to whom, how, and why, are matters of dis-
agreement.  There is every variety of positidh, A conservative group
wonld keep substantially unchanged the customary content and divi-
sion into courses, and fild the hope of improvement in a move ade-
iuate preparation of teachers. - To this limited reform an increasing
mimber object, with little agrecment, Lhowever, among themselves,
Amid the eonflict of opinions the committee on the problem of mathe-
maties in secondary education believes that a reconsideration of the
whole question is desirable. ' G

To present the finished details of a working plan would have «
bheen most gratifying to the committee, but this has been judged im-
possible. The situation seems to force the limitation. To earry
weight. such a detailed plan would have to be hased upon a wider
range of experiment. thau in fact exists. Only recently has there
been serious effort to consider the problem of the proper content
and arrangement of the courses in sccondary mathematies,, The
pertinent. ox[’)}vril‘nﬁnls available for study do not as yet present a
variety- of type and testing sufficient to establish the 1eeessary
conelysionss Within the time allotment availabie to the committee
there seemed théi only the choice between no report and an admit-
tedly preliminary report.  The committee has chosen the latter alter-
native, and proposes to lay before the American educational public -
(1) some of the considerntions that demand a fresh study of the
probleins involved, (2) $ome of the factors that beav upon the rolu-
tion of the problem, and (3) certain tentative suggestions for ex-
perimentation to develop new anil better comrses. Tt is but fair to
say that few of the specific’ suggestions made are in fact new,gnany
being already somewhere actually in practice, '

o N
IL. THE DEMAND FOR AN INQUIRY. _ -

An ingiiry into the advisability of reorganizing aud reconstituts:
ing secondary mathematics is demanded from a varipty ‘of considera-

tions. ' . S

=

" ‘It {8 gratifylng to note that the Mathematical Assoclation of America is pushlog &, =

.program of study and c'xoerj_mgnuuoi;. along Hoce qujlte nln_:.u.qr ‘to those here dinctinsed. .
e lm. m &2_ v B v N
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.

LTt ix being inzisted as never before that ench subjeet and each
itenn in the subject. jn\tif\ itsel 5.0, negatively, that no subject or
item he retained in any crrvientim unless its value, viewed in rada-

* tion to other topics and to time involved. ean be made reasonably

probable.  No longer shonldthe foree of tradition shield any sub-
jectTrom thiv sexntiny. A better insight into the conditions of social
wel fave, and the many changes among these conditions, alike make
inhevently l)l()]l.ll)l(,‘ a hifferent emphasis upon vaterials in the
uun(ulum,,lf nol a d:ﬂ"vn-nt selection of actiunl “subject atter.
This calls fof a veview and revaluation. n pnn(-nl.u f b our
older studies, mathematics not least.

2. Morcover, a grpwing sciehce of ede ation N come (o plm-

“appreciably different values upon cevtain psychological factors in.

volved, chief wunong which is thal relating te * ental discipline.”
No one inclusive formulation of the older position cam be awwerted, -

_yet on the whole theve was aceeptance of the fuulti paye )olug\

with an uncritical belief in the possibility of a good-for-rll tFaining
of the several v fu(ultu-\ T To the extremist of this ~chool the

“facnlty of u.wunng " for example, conld be trained “on iy -
terial where reasoning, wies involved (the more evident the uﬁmnng
the better the training), nnd any facility of reasoning gained in that
particulay activity, conld, it was thought, he necordingly, divected at
will with little loss of cffectiveness to uny other situation where
good rewsoning wax desived. In probably no study did this older
doctrine of *mental discipline™ find larger scope than i m.nt'w-
matics, i drithmetic Lo an appreciable extent, more i ultrvln AL nost
of nll in geometry. -

With the seientific seruting of thv conditions umlorﬂ\.n O b
fer” of training takes place, the inguiry grows conting ally ore
msistent ay to whether our |tlu ‘nintical courses \houl(l coptinue an-
changed. now. that so much of their "older Justification has heen
modified.. Possibly - hoth purpose wnd content need “to l)wlmid[.,/d

3. Yet another demund for reconstruction is found™ in the now,
generally uceepted belief that not i high- Mool pupils shonld tuke
the wamt studies, The fact of arked individual differences has
been scientifically established., Tho prine lplcs of ndnptntwn to such -

~individual differeices, that. is, 1o individual needs and capucities, i

now w:de]\ nccepled in the lung schools of America. The exception
ealls for sérutiny. 'Im(lltlmmlh algebra nnd geometry have Jbeen
requlml for gl;\duutwn Is this necessury or advisable?  In this
growing practice of differentintion and adapmtmn we lave an &

- third renson, ?ﬂ\sﬁt least recmmdcrmg the customary umtho wtics
cy tOUTNes.

R % A demund for reconsxderatxon well, worthy of ont attehtion s
:_;found in the ingistent questlon whether 8 content chosen to furmshf?

t? \.
o v*“'*.
o w"‘ﬁa
e A
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ANALYS)3 CI THE SITUATION. - 11 |

preparation for further but remote study does necessarily or even
probubly include the wisest selection of knowledge useful for -thoe
who o not 1'0:\‘]1 that advanced stage of study. Whether all should
learn first the more assuredly useful topics, or whether alternative
courses =hould be offered, are proper subjects of inquiry.  In either
event we find in this consideration « fourth reason for studving anew
“the offerings of our high-schogl mathematics. » . :
2. Actifth reason for reconsideratlon i found in the problem of
method.  Educators ave studyving now with new. zeal the proper pres- - -
entation of subject matter in all school work.  Should not this study
extend {o secoirdary matbhematies? Have we arranged the subject
matter of that field in the best form for appropriation? Might ir
even be possible that mathematies shoulq be reorganized in a way to
rn across customary lines of divicion 2=0r might this be trne of
some parts of mathematies for some groups of pupils and not be true
of allZ The proper answers to such questions are not at onee evident,
but certainly there is snough point«in the inuiry to add a fifth

reason for one proposed investigation. _ on ,
:

" 1L ANALYSIS OF THE SITE\TI()N. !

L The problem of pres h/u/ion\.-—l’ar-rcn('hing differencesy? of
method carry with them widely different organizations of sulject
matter. especially in introductory courses, From this consideration,
at least, therd are’certain advantages in diseussing us the first facton
in the situation the problem of presentation.

The traditional school method has been that based upon the “logi-
eal 7 arrangement of subject matter.  Thus owr fathers studied
English granuna: before they took up compusition, the * scienee ™
being = logically,™ anterior to-the “art.” . The science, in this ense

“grammar, began with a definition of itself and the analysis of the
subject into its fous principal divisions, Then came the definitions
of the = parts of speech.” It was a long—and generally dreary —road .
hefore the pupil could see any bearing of what he learned upon any-
thing “else. ¢ At’ length, after toilsome ‘memorizing, there appeared »
Fithin the subject itself a new variety of mental gymuastics which
called forth from some a certain show of setivity: In the endgthe
survivors caught somo glimpse of what it hadt all been about. But
when they took up the “art"” of composition, the “science” proved  °
of snall assistance, Somehow the* art ™ had to be learmed as if it
alone facedtthe actual demand. “» i

From an jmplicit reliance npon this * logical ® arrangement there
has come a revolt; not yet untversal, but still unmistakably at hand..
The demand has now become imsistent that in arranging subject
matigr for learning, »consiaﬁntion‘ +be givan, not'to ‘logic”. ag i
formeNy conceived, byt to econoniy in learning and effective: con-

\ g 3 3 oA N‘ .'. 3 «
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12 'MATHEMATICS IK SECONDARY -EDUCATION,

trol of subject matter. This reversal of mefhod, coupled with a dis-
trust of the theory of discipline, has thug not only reduced grammar
to a small fraction of §ts former self. but has. bexides. greatly re-
. .nrnnged and rewritten the stugy.
* Keeping before ns the demand for economy in learnipg and effec-
" tifh control of subject matter, ¥hat can we say about methodt  How
does learning in fact iake place? (1) Repetition is a factor in
fearning kuown to all.  (2) An inclusive *set ™ which shall predis-
pose the attention, focus available inner resources. and secure repe-
tition iy a necessary condition less commonly considered.  (3) The
cffect of accompanyng satisfaction to foster habit formation is i

ado:rﬁl:ltx- consideration of the problen of method. It accords with
~these cousiderations umiwith undisputed observatipn that, other
things being equaly any Rem is move readily leaned if its bearing
and need are definitely recogmnized. The felt need predisposes at-
. tention, calls into play aecessory mental resotirees, and in proportion
to its strength sceures the necessary repetition.  As the need is met,

new item of knowledge. The element of fell need thus secures not.
ohly the lenrning of the new itens, but it has.at the same time called
into play the allied intellectual resonrees =o that neéw ard old are
welded together in effective Ol‘g‘\nl/ﬂtl()ll with reference to tho necd
which originally motivated the proces® - .

Lest some should fear that by need is heve~meant 1 meve “ bread
and’ butter demand,” the comimittee hastens to say that it is peycho-
Jlogfc and not economic need which acts as the factor in learning.

* Economic need may indeed be felt; and, if so, may then serve to in-
" fluence learning:, It there is nothing in the foregoing argument, to

any other to lnm;_r nbnnl the Imnmng and mgnm/andn »of subject
matter. A
To speak of the bearing and nocd nf any new mnt‘m ial is to 1mpl\
.the presence and functioning of alveady existent purposes shd in-
terests. From this consideration thus related to the foregoing the
committee Believes<that, speaking generally, introductory mathe-
matics—ordinarily conceived as sopun;to courses in algebta, geome-
try, and- trigonowetry—shonld be given in connection with the
; - ‘solving-of problems and the executing of projects in fiolds ‘where the
"‘pllpll.& alveadgghave both knowledge and interest. This would make

.course, il which individual differencescould be considered and-the
‘effective, devices of supervised study e utilized. - The minimum of

. <1The behavidrist pajchologist by definition rejects the subjective connotation of * eatis-
luuu." 1. we . had ‘Recesa; td the actual pueholm inyolved, poumy.tho dll'mm ot

T T — - _—

_third factor to be'nofed.t  These thvee factors are necessary. then, to

satisfaction enxues. Al factors thus cooperate to fix in place the

deny that a purely “theorctie ™ intevest might not be as potent as .

the study of mathepasics more nearly approximate a laboratory

o

.

A
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%

the course might well in this- way be cared for in the recitation
period, reserving the outside work rather for allied projects and
problems in which individual interests and capacities were promi-
nent factors. * o

The significant element .in this wmcptmn 1~ the unhmtmn of
ideas and intereste already present with the pupils u~ a wilieu’
t\lt]nn which the mathematicul conception or process to be t taught.
finds a natural setting. and from which a ueed to use the conception
Or process can as a consequence he eastly developed.  Where this
state of affairs exists, the bearing and felt need ntilize the liws of
leavning ax was disenssed above, and the nnthematical kuowledge or
~kill is fixed in a manner distinctly economicnl as wg‘ml‘ both
present effort and future :\pphonluht\

As wax stated at the outset. this suggeted pmculum.reucho:;
Leyond the questions of economy of learning and application—con-
trolling though these here are—to the gquestion of content. The pro-
cedure heve rontomplnted makes definite detand for a1} uppropriate
introductory content. To work’ along this line there musY be made o
selection of conceptions and processes which can serve tlie pupils as
instruments to the attainment of the ends set before thent in the proj--
cets or problems upon which they are at work. This instrumental
character becoines then the essential factor n any xmmluctory
“course. It is these instrumental needs and not % logical™ intercon-
nectedness which must give unity to such a course. A content thus
instrumentally selected will, on the one hand, be free of the old
formal puzzles, the complex instances, the \orb'll~ problems which in
the past have wasted so much {ime and destroyed so much potentinl
interest: and will, on the other, run across the divisions heretofore ™
sepauatmg alg(‘bla gemnn‘f\. and trigonometry,

A distinet advantage in the prom(lme here suggested i~ the -bottor
promise it holds out of pieeting in one mtro(lu(.tm) course the nmt

of both those who will go on to advanced study in mathematical 1in

and those who will not. Where the basix of selection and procedire
is justrumental, all can begin together.  The, future specmllzers in
mathematics will as the course proceeds take incressing interest in
the matlrematical relationships involved and will stress tliis aspect.in
their individual ppoblems and pm]ects Those whose tastes ‘and
aptitndes lead them elsewhere will in the meanwhile have had . ?

_opportunity to learn in practical situations some of the mathematical

fields. Their individual pm]e(ts inithe course can servg wellas con-
tecting links between the mathematics taught and their later 'ﬁeld
o‘ vbeational application. |
After the introdgétory course has been complege, aumd dlﬂemenex;
atjon hss begun, the hme«pnncxples still hoﬂd, tlmugh in ﬂne dif :
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4 © MATHEMATICS IN SECONDARY EDUCATION.

fields., Those who have chosen to continue the study of mathematies
as such will find their problems or projects within the field of i
A mathematics itself, quite likely examining ‘anew in the light of wider
acquaintance assumptions freely. made in the earlier period. Eu-
clid’¢-system of axioms and postulates migh’l here réceive its first
careful consideration. Those who had elected to prepdres for engi-
neering and the like might continue tofind their mathduatics in con-
nection with problems or projécts devoted now patticularly to a
.preliminary engineering content.  Conceptions nsually reserved for
college analytics and caleulus—if not indeed already used in the

intreductory course—can well have a place here. Their rich in-
strumental character will justify their presence. eyen if they lack
somewhat in relationship to a fully. developed logical system. .
2. The sercral needa for mathematics—Among the multiplicity of :
“specific oceasions for Lising mathematics and among the varions types
of subject matter, there are certain possinle groupings which promise
aid in the determination of the mathematical courses.
Without implying the possibility always of sharp differentiation.
‘we may distinguish in the realm of mathematical knowledge (1)
those items tife immediate use of which involve u minimum of thinli-
ing, as, for example, adding a colunin of fignres, und (ii) those items
whichare primarily uséd as notions or voncepts in the furtherance of
thinking. Tt is clear that the distinction here is of the way in which
-the knowledge is used and not of the knowledge itself; for any jtem
of knowledge might at gpe time serve one function and at another
-time the other. Tt would still remain t owever, that certain
groups of people wight have charactegistically different needs along
the two lines. Under the first head we should include the mechanic's
use of & formuln, the surveyor's use of his tables, the statisticians
finding of the quartile. The wan in the street would eall this tho
“praetical” usc of mathematics. Under the other head we should in-
clude the intelligent reader’s use of mathematical language by whicl _
‘he woild understand an account of Kepler’s three famous laws.
-Some may wish to call this the “cultural” use of mathematics. The
‘term “interpretative” might. hewever. more exactly express the dif-
“ferentiating idea’ ~
" Wo may next ask whether there are differentiable groups amonge
 high-school pupils whose probable destinations or 'activities deter-
"mine within reasonable limits the exjent and type of their future
| mathematical needs. In a democracy like ours; questions of prob-
‘able destination .are of -course very dificult. There must.be no
“caspe-like perpetuation of economic dnd cultural differences; and
‘dedinite effort must bo mt_iae to keep wide open the door of further
study. for thoss: who may Jater change their minds. - But diffeg- -
’él'lti‘at‘inlg.zgh_oicéh{,nj“in ‘fggt mg"dg;;l ang in ‘yjey -of tl;é';_ wealth. of
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ANALYSIS OF THE SITUATION, 15 -

efferings on the one hand and of individnal‘(Iiff«-roncos on the other,
such choices must be made. Properly safeguarded by an intelligent
effort to adopt ocial demands to individual taste and aptitude, these
chpices should work to the advantage both of the individyal and of
the wroup.  The committee considers that four groups of nsers of
mathematics may be distinguished : ‘ b

(@) The™ general readers.” who will find their use of mathematies
bevond arithwetic confined Targely to the interpretative function
described above.

(6) Those whose work in certain trades will ke lgmited. bat
still specific. demand for thé “practical ™ use of mathenmtics,

(c) Those whose practical work as engineers or as students of
certain scienges reqaires considerable. knowledge of mathematics,

(¢} Those who specialize in.the study of mathematics with a
view either to resenrch ov to teaching or to the mere satisfaction of
extended stndy in the subject.

Tt is at once evident that these groups are not <hmrply marked off
from each other: and that the needs of the first gronp ave shared
by the others 1t is, moreover, tiue that the *“general readers”
represent @ wide range of interest. The conmittee has taken all
these things into account. and still believes that the division here
made will prove of substantial utility in areanging the offerings of
high-school mathematics,

S Comparative vadues—Out of the conflict of topies for «_phice in
the program there emerges one general principle, already suggested
in these pages. which is being increasingly aceepted for gnidance by
students of education.  In briefest negative terins: No item shall be 1
refained for any speeific group of pupils unless, ine relation to
other items and to time involved, its (probable) value can bhe shoun, )
So stated the principle seems a trnism. but properly applied it
proves a grim pruning hook to the dead limbs of tradition. A
final method of ascertaining such eomparative values remains to be
worked dut; but the feasibility of a reaouable application of the
principle will liardly be denied. 1In accordance with t ¥, many
topics once common have been dropped from the curriciitum ‘ahd
more ave marked to go. Thus our better practice has ceased to in=
clude the Enclidian method of finding the H. C. F.. because the.
knowrledge of this method is nowheré serviceable in life; and: in',,
secondary nlgebra itself little if anything-clse depends on it. In- v
deed, the H. C. F. itself might well go, ns it is used almost exclusively, *
in simplifying fractions made for.the purpose. = PR

In a full discussion, many terms of the statement would' need wﬁi“"é
sideration. What constitiites value is probably the"pqint,whem-;g’cﬁf:
questioning 'would' arise; . The committée takes:.this termi:in its
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" basis or other mero material utility, though affirming that re-
munemtno omploy ment is normally a worthy part of the worthy
life. What the statement then in fact demands is (i) that the value
of the topic be not a_mere assumption—a positive case must. be made
aut; and (ii) that the value of the topic so shown be sufficiently great
in relation to other topics and to the element of cost (as vegavds
time, labm money outlay. etc.) to,warrant it< inclusioh in the cur-

* Ticulum, ) .
This principle of exclusion seemx especially applicable to those
items which now remain merely s a heritage from the past and 10
those which have been introduced mainly to round out the subject. or

{where the unity of the subject matter has been found in the con-

tent itself and not in the relation of the content. to the needs of the

pupil. - '

i . Ipoffering such a principle for guidance, the committee considers
“that it is merely stating explicitly what has been implicitly assumed
in all such controversies. The committee none the less believes that
conscious insistence on the point is necessary in order to disclose®
whatever indefensible clements may lm in our present program of
studies.

4. “Formal discipline.”—A full discussion of this ‘epie, of course,
is impossible “within the limits of this paper. Such a discussion is.
moreover, for our purpose unnecessary, because w: shall wish to
use only the most general conclusion, in which the e is substantial
concurrence. We can thus avoid the niceties of elaboration, about

" -which agreement has not yet been reached. The lder doctrine as-
sumed uncrmca]ly a very high doglec of what we now eanll * general
‘transfer ” of training. Medern investigation, to s peak generally, re-
stricts very considerably the amount of transfer which may reason-
ably be expected, and inquires strictly into the conditions of transfer.
Under the older doctrine it was a sufficient justification for the re-
quiring of any subject that pupils should gain through it increased
ability in the uge of any important “faculty ," because the increase
in ability was naively assumed to mean an increase in the equally
"naively assumed faculty itself and would accordingly be offective
*. wherever the faculty was used. As#upils show such an increase of
ablhty in one or more faculties” by the simple fact of learning any
_ new sub]ect the convenience of this older doctrine for curriculum
. defense is evident. When.this old peychological doctrino was fivst
called in question by scientific measurement, the idea gmned ‘popular

1 curngncy that all transfer was denied. No such claim hs serious sup-

e port -The psychologists, however, have so far found it difficult to

fagree upon any final situation as to the amount of transfer whitch in
£\ particular situation may be &' priori expected. All agree, none

I '-the leas, in: greqtly reduomg the olcl claxm both us to the amountmnd ..
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as to the genemhty of conditions under which trunsfer may be ex-
pected. In accordance with these considerations the committee hde
not used the factor of “ formal discipline” in determining the con-
tent of the mathematical courses to be recommended in this report.

5. The needs of the scveral growps.—With these several princi-
ples and fuctors before us, we are now ready to consider more fully
the needs of the several groups of users as distinguished above.
We are particularly concerned to ask whether or not their respective
group needs are compatible. with one introductory course to be
taken in comnion; and if ' yes, when the differentiation from such
2’comon-course should begin.

(1) The * general reuders.? *This group will need to use in
* practical ¥ fashigmbut little of mathematics other than ordinary
avithmetic. As gz:\l al readers, however, they will still vequire o
certain acquaintance with mathematical language and concepts.  *
Just what tevins, symbols, and concepts would micet the requirements
of this group avill have.to be deterinined by extensive inductive
studies,  Assuming, however, ordinary arithmetic and mensuration,
some items can be at once named as fairly certain to be included:
How to intcrpret and evaluate a simple literal fornfula; the mean-
ing and use of an algebraic cquation of one unknown; the notion
and use of negative numbers in such simple cases as temperature,
latitude, and stock fluctuations; the simpler conception of space
relations (imduetively obtained) ; the notion of function (the depend-.
once of one quantity upon another) : the graph as « means of inter- -
preting statistical information, with such tprms as average and
median,  _— -

(2) The group prepaving for certain trades ~—Undm this head
the conmuittee wounld group those whose use of “practical” mathe-
matics is, while generally quite definite, still relatively small—such,
for example, as machinists, plumbers; shect-inetal workers, and the
likee  The general run of the need here contemplated can be gath-
ered from the requirements laid down for machinists in one of the
more recent vocational surveys—simple equations, use of formulas,
measurement of angles, msasurements of areas and volumes, square
root,“making and reading of graphs, solution of right triangles,
geometry of the cncle Much practice ygmld of course be necessary
to muke even this small amount of mathematics function adequately.

It is at once evident that if no more afgebra is needed than formu-.
las, simplo equations and the graph, and no more geometry than is,

-here suggested, then the ofdinary high-scheol courses in theseé sub-
Jjectgare but ill-adapted to the needs of such pupils. It would seem 3

“'to follow that this group of pupils has no need to follow courses in
mathematics other than (i) arithmetic, (u) the ¢ interpretaﬁs{ae” i

1 »4
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(introductory) mathematics discussed above, and (iii) the special
applications of these to the specific subject matter of their several
specializations.

This group might tlien well study in common with the preceding |
until the completion of the work there laid out. The presentation
of this common course along the lines previously laid down (p. 11)
would well harmonize the somewhat diverse interests of the two
groups. What little additional content aud whatever practice in
spocmh?ed applieation this second group might need could then be
given either in a parallel or in a succceding conrse (or courses)
especially devised for that purpose.

(8) The group preparing for cnquwez ing.—This group &ill con-
sist mostly of boys intending to study in enginecring schools. 1In
contrast with the two preceding groups, appreciably more mathe-
matics is here needed. In contrast with the following group, there
are here specific aims external to mathematices itself which define and
limit the mathematical knowledge and skill needed. Although
recognizing that the individual teacher will require a certain leeway
as regards content in getting hix class effectively to work at any
topic, we may still profitably ask as to the minimum content fixed
for this group by its peculiar needs. )

The minimum mathematical content suitable for the use of this
group can probably best be secured by working snnultnneou&]) along
two lines: First, to uascertain inductiv ely what muathematics the
engineer needs (including experiment to find out. what part of this_
can best be tanught in the secondary school): second, to criticize the
existing courses to sce what they lack and what. they include that iy
useless for this gronp. It is much to be hoped that necessary in-
duetive studies and experiments n]ong the first line of procedure may
be ugomusl\ pushed The second in important respects waits for
the first, but it is possible from certain inherent considerations at
once to exclude some matter now customarily taught.

Taking the customary high-school mathemntics as a basis for com-
parison, we find at least three principlex of criteria for exclusion
« = from the present offerings: (a) Exclude all those items which ave .
" not themselves to be directly used in practical situations or-which are
not reasonmbly necessary to the intelligent mastery or use of such
“ practical " items; () exclude all' involved and complicated in-
stances of otherwise useful topics or applicatiang) which do not serve
to clarify the main point under consideration; (¢) exclude all such
proofs and discussions as do not. in faet help. the pupil to ah intelli- :
gent use of the topic. It is probably correct to say thut theee exclu- =
. sidns relate, to inaterial introduced from considerations of theory
“rather than of intelligent pramcal -mastery; from oonslderntlons of 5

-n,;
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the pleasure that theorizers (teachers mostly) get from the study of
mathematics rather than from a conscious purpose to give that famil-
iarity and gras which the future practical man will need. -
Under the head of (a) topics excluded as not needed in this group
the committee would mention such as the H. C. F. and the L. C. M.;
operations with literal coeflicients (except for a few formulas) ; radi-
cal equations: the theory of exponents. except the simplest opera-
tions with fractional and negative exponents (these to be retained to

"give meaning to logarithms and the slide rule): operations with

imaginaries; culg root; proportion as a separate topic (the simple
equation suflices Yor the progressious).

Among (b) excluded complex applications might be mentioned the
following: All lengthy exereises in multiplication and division; fac-
toring bevond the simplest instances of the four forms (i) ax4-ay,
(i1) a*—=b?, (iii) a*42ab+be, (iv) x?+ (a+b) x4ab: all but the sim-

[~ plest. fractional forms (the more complicated are in fact given to

illustrate factoring); all radicals beyond ab and Jn+b; simulta-

Zneous cquations of more than two unknowns: simultaneous quad.

raties (except possibly a quadratic and a linear) ; the clock, hare and
hounds, and courier problems and the like; thic extended formal dem.-
onstrative geometry of our ordinary schools; jost trigonometry he-
yond the use of sine, cosine, and tangent in tviangle work. .

(€) Proofs excludell or deferred are wostly caved for in (a) and
(b). Tho chief instances in the past (too often yet. rewaining for
the “ specializers ) have been the distinetion between negative quan-
tities and negative numbers, the (supposedly) rigorous generalizing
of amXar="", the proof of too evident propositions in geometry,
the incommensnrable cases in geometry, the general proof of sin
(x+y). ' )

It may be mentioned in this connection thut teachers of mathematics
from arithmetic onward only too frequently deceive themselves as
to the place that the presentation of a rigorously logical proof JPplays
in bringing conviction. The worth of a sense of logical togency
can havdly be overestimated; but we who teach not infrequently .
overreach ourselves in our zeal for it. The teacher of introductory -
mathematics can wel] take lessons from the laboratory, where careful
measurement repeated nnder many different conditions will brihg a
‘conviction often otherwise unknown to the pupil who is not giftgd
in abstract thinking. Probably in mnost instances an inductively
reached conviction is the best provocative of an appetite for m yet
more thoronghgoing proof, N -

Everything so far points to one common introductory course.

With this grqup as with the preceding, tho point ¢f differentiation -

wpuld seem to come at the end of tlie interpretative course first dise

oussed for the “general readers.” Whether this third (engineeriyg)

<
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group should proceed further in common with the fonrth group (of
specializers), we later consider further in common with the fourth
group,

() The group of vpv(‘ulll’en-—'llll~ group will include those
pupils, both boys and girls, who * like * mathematics. While these
best of all could continue to work with the present offerings, the con-
siderations urged under the discussion on presentation suffice,'in’ the
comnnttee’s opinion, to demand cven for this group a far- reaching
reorganization of practically nll of secondary mathematics.

Simce we are here planning for those who specinlize in mathe-
maties, we are not called upon—after meeting the interpretative
need—to consider any ‘external demands upon mathematics, but only
siich 1 welection and arrangement within the subject itself as best
furthers the mnthenmtlbal activity,  Hitherto the arrangement
within the course has been made, a~ we ~aw in the discnssion on prec-
entation, in answer to consideration<rather of * logical ™ organiza-
tion than of psvchological experiencing and growth. The results
have not been satisfactory. \lgelra, geometry. and. to n lesser de-

» gree, trigonometry have been treated as separate logical entities,
" with consequent loss to the pupil of both interest .and power, Tho
committee thinks that the selection and organization should he mndo
in the light of experiment as to which conceptions do in fact prove
snecessively most stvategic in the pupils’ continued approach to
xuathem‘ltwul power. The result would probably take a form sonic-
what annlogons to the * general science ™ course which is now being
;= worked out in that field.
5 Thut this group should take its introductory work i contmen with
’ the others has perhaps been sufficiently nnplwd The intelligent
- choice of & specialty could hardly precede the actnal experiencing of
tasto and aptitude. How far beyond the common introductory course
“this group should go in compuuy with the third (tho prollmlnm Y o
engineering) is not casy to say. In all but the largest schools
-administrative considerations will probably keep the two together in
whateveg work is offered. Where numbers and funds suffice, differ-
.. entiation may well begin nnmedmtelv upon the completion of the
common introductory course, according to considerations, already
faid down.. In that case the preliminary engmeermg group would
‘get theiv mathematics more in terms of engineering content and sit-
uations; those specializing i in mathematics would get theirs more
: . directly in terms of “pure™ mathematies, The contents of such
7 courses could ‘well differ considerably. - {
6. Selecting mathematical abzlzh/.—*l‘ rom the pomt of view both #
" of society and its needs and of the individual and his satisfactions, it
is highly desirable that abilityf or tlie lack thereof, be disclosed in
grder ;w ﬁtellxgellt chonco 2 y be made. . Mathem,\lcnl ah;}x}y ‘a8 H'f
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expressed in mathematical achieyement and application is a most

powerful agency in advancing civilization. In order that society

may profit by its available stock of mathematical ability, there is

urgent need of some process that shall disclose this ability. Anal-

ogous considerations demand that the individual learn* by a less

cost]y process than occupational trial what degree of probable suceess”
he inay expect from an occupation in which mathematical ability is

an important factor. We hope much from further psychological

study in this field of diselosing specific abilities, but-as matters now .
stand the opportunity in the high school for trial of mathematical

success and liking is at least one important part in the disclosing

of mathesnatical ability. This factor must be taken into account in

avranging the introductory work in matheinatics. )

IV. SUGGESTIONS AS TO COURSES.

Each valid cnnsidm‘a‘tion in the foregoing discussion should huve
ts effect in the resulting determination of the matlematics courses.
Considgragions of presentation demanded that we give up the “ log-
ical *’arrangement, of subject matter, especially for introdnetory -
work, and find instead an organization based upon the successful at- -
tack of projects and problems in_connection with which the pupils
already have both knowledge and potential interest. Four groups of
pupils judged by probable destination showed four types of mathe-
matical needs: (i) The *general readers,” whose needs lic largely
in the “interpretative™ function of mathematics; (ii) those who,
expecting to enter trades, would have a small but still definite need -
for “practical ” mathematics; (3ii) those who, as prospective en-
' gineers, would need a considerablo body of content determined by the
demands of engineering study and practice; (iv) those specializing in’
mathemati® who would wish » content determined by the satisfac-
tions inherent in the activity and by the demands of further study.
From consideratiops of coniparative values nothing should enter into
the curriculum except as it can show probable value in relation to
other topics and to time involved. “Formal discipline” was not
considered by the committeo in determining the content of coursés
to be recommended. Care should be given that at an early stage -
mathematical taste and ability may be disclosed so as to aljow appro-
priate choice of school work and occupational prepafation. It .
saggued clear that & new introductory course should be offered which b
all the students should, normally, sake in common. Collegs entranee
. considerations, except as inherently cared for above, are deliberately
disregarded. * ST . E 2

o

ERIC

Aruitoxt provided by Eic:



o

ERIC

Aruitoxt provided by Eic:

* social and intellectual life. As a pavt of this content, it scems safe to

. two years to A, probably reducing the weeklv time allowance, and !} _

_‘.EL " th ‘this-copnection,
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The task certainly is great. \otlung'\)mt of extended study nnd
experimentation can mect the sitnation. The committee makes the
fol]owmg tentative suggestions as possible lines along “lmh research
and trial might prove pmﬁtublo

1. The work of the ;umm high school.—Tt ~eems to the committee
thut the work of grades 7. & and 9 should, in addition to_whatever
review of previous :mthmetlc may be necessary. include—

A. A body of processesgnd mncoptlom commonly called arith-
metic, where the study, however. is of social activities—trade or other-
w lhc——Whl(‘]l need mathematics. rather than of mathemdtical topics

-artificially “motivated ™ hy =ocial relationships. As a constituent
part of these processes the committée would include any-use of alge-
bra or intuitive geometry within easy reach of the pupils which ean
prove its worth by actual serviee in conuon life ottside of the school.

B. A body of-mathematical symlfols, comcepts, information. and
processes—commonly thought of as l)e]m‘gmg to algebra and geom-
etry or bevond—w hich the intelligent general veader of high school
or collega standing:will need in order to meet the demands of his

suggest the ordinary algebraic symbols, the use of the fermula, the
simple equation, and the (statistical) geaph.

(. The opportunity for at least a preliminary t(.'sting of mathe;
niatieal taste and aptitude.’

D. Such additiomal content—relatively ~mall in amount—as may
be needed to make effective the te.u,lung of the:foregoing.
. The appropriate contentpof purts A ¥l B can be fixed only by o o
carefully made inductive study of the demands s they actually ex-
ist; the contents of parts.C and D, only after <xionded experimenta-
tion. The contents of B, C. and D, respectively, the committec
judg(\ to be in the descending order of size and importance. Pend-
ing the scientific determination of these several contents, the com-
mittee feels that a wide diversity of offerings is to be welcomed as
a sign of healthy \m)«ﬁon 1]]\0]8 to promote progress. . -

Just what course groupings of the foregoing shouldbe made must
likewise be for some time a matter of evponmontntlun. Some will_ __
wish to consider the whole three vears' york as one unity, the
various items being, presented in such conmections among: them-\_.
selvgs and with the situations of Rpphcutlon a5 good teaching may
sugglst. Others wil] wish to give A in grade 7, and devote’ gmdes
8 and 0 to an‘extended treatment of B, C; D. Still"others will give -4

in- the ninth grade concentrate on'B, C, D. '

1 We have grounds for boplng that psychological tests may prove ot mteﬂal ulhum .

.
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Especial attention is ealled to the course to be made up of B, C, and
D (whether extending through one year or two). ‘This is the com-_
mon introductory course referred to many Aimes in theseages. It]
is assumed that as a rule all pupils would take it (or at least begin on .
it), and that no further mathematics ‘wonld be HI\lnlll.llIL\ required '
for colloge entrance.!

2 Lrade mathemation—For the groups of <mafl but definite
" practical 7 nse the committee judges that the foregoing will cony-
monly suflice so far as concerns speeifie mathematical content.  Tn
somggof the trade currvienlums, however. it will be necessary to pro-
vide n specific comrse (or courses) in which sufficient practice in the
trade application can be found. The more divectly ~ueh courses ean
be comnected with the work of application the better.

3. Prelisinary cngincering—For the preliminary o lw:nocnng
group there are, after the common introfuctory conrse, several possi-
hl]mcs One would be to hnve this gr oup w ork as héretofore with the

“specinlizers? (see w This is perhars Tess desirable, but
will probably contin@€ forsome tinte to com as the more usual -pro-
cedure, espee ially in the sccondary school of not ore than moderate -

© sizo and income.  Another possibility would he to construct a course,
specifically. for this group from a careful study of g specific de-
mands of their future work (sce pages 18 and 19 aflove). Such a
content. could then be given according to the principles of presenta-
tion discussed emlier (see p. 11). Here ugain experimentation will
be noco&snry‘ to develop an eflective orgnunization and procedure.
Such expcruncnt.mon may be expected o show a wide vange of va-
riation—at the one extreme an approximation to the old formal
“logrical 5 at the other, an effort to make allanathematics teaching
purely ingidental to other work. And again, a wide (lnmslt\ is at
the first n&\mlthy indication.
. For the speciulizers—Where numbers and income warrant,
» should be elective work during the gmdos 10, 11, and 12 for
A specializing in mathematics.  There' is need, as prcvnouslyf
to reorganize the customary offerings for these vears in such;
to displace a prcsentntlon based on classification for a pre-t
sentation\pased on expcnmentnllv determined conditions in growth,;
n interest\and .power. C

Suéh o rejyrganization will unturally run aeross the lines of divi- -

sion heretofoye maintained, and syjll probably, anticipate certain
| conceptions. pmcedm'os confitiéd now to analytics and caleulus.
© Where the préliminary engineering group is included with this ~

.

%
L

! 1 Any pupll would ol course be'permméd to offcer for entrance credit ahy other mathe:
' matics he had elected {n his secondary school. It is, moreover, probable that cortaln

.. College courpes open to hmen would apecify as a nccessary prerequisite an amount ot
. m;hqﬂatlcu greater than that here included in thls: "g&enueadcn‘ "' course, ;
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group it may prove advisable to utilize to n considerable extent
_problems and projects from the natural sciences to give n vertain,s
desirable concreteness of thinking. This may well result. in benéfit.
to all concerned. 'With progress in the work should come, however.
for thoug’}pﬂf) of specializers an increased interest.in and desire for
mathemsfics on its own account.  Such a reorganizacion as i~ =ug-

titv of formal demonstrative geometry, a result. that the committee

- anticipates with equanimity. Tt scems probable that by suitable
experimentation a new course cxenghe¢ worked out which will prove
more alluring to the pupil and at the same Gme furnish « bettor
mtroduction to the further study of the subject. Varions cffort-
tending to corroborate this belief have alveady been made hoth in
this country and abroad.

It may be asked whetheyr all secondary ~chools should tey o nuke
full offerings of the courses hiere =uggested. The committee thinks
not. Tt will expect that work substantially equivalent to that heri
suggested for the grades 7, 8, and 9 will everywhere he offered: that
the trade courses will naturally be restricted to trade currienlums ; bul
that the elective work for the senior high school may be restricted
in small schools where the income is not large. - It ~eems probable
that the relative reduction attending elective mathematics in the col-
lege will extend itself similarly to the secondary school. The com-
mittee in conclusion degrecatos the continued disposition on the part
of some colleges unwisely to dictate the contents of courses in
'secondary schools. "It feels that such a usurpation of power operates
to prevent the secondary school from making the most intelligent
adaptation of its work to the negCs of its pupils,




