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Abstract Body

Background: Subtraction combinations are particularly challenging for children to learn
(Kraner, 1980; Smith, 1921; see Cowan, 2003, for a review). Even relating subtraction to
addition (e.g., Think of 8-5=? as “5+what number=8?"") frequently does not help, because the
complement principle (e.g., If 5+3=8, then 8-5=3) is not obvious to primary-level children
(Baroody, 1999; Baroody, Ginsburg, & Waxman, 1983; Canobi, 2004, 2005, 2009; Henry &
Brown, 2008; Putnam, deBettencourt, & Leinhardt, 1990).

Three adjustments were made in the present experimental training of the subtraction-as-
addition strategy to make its rationale (the complement principle) more apparent and intelligible.
(a) A subtraction item such as 8—5=? was relating to ?+5=8, not 5+7=8. As the addend 5 appears
in the same location in the subtraction and the addition equation, it should better draw children’s
to the fact that addition and subtractions complements have the same parts and whole. (b) Some
activities modeled “empirical inversion,” which theoretically should help children understand the
complement principle (Baroody, Torbeyns, & Verschaffel, 2009). Such activities involved
moving to 3 on a 1 to 20 number list, adding 5, and predicting the new location on a number list
(also symbolically represented as 3+5=?). After determining the new location (also symbolically
represented as 3+5=8), the child was next asked to predict the location on a number list if they
then backtracked 5 or essence undid the addition previous addition of 5 (also symbolically
represented as 8—5=7?). The solution to the follow-up subtraction item underscored that taking
away 5 after adding 5 brought you back to 3 again (also symbolically represented as 8—5=3). (c)
In order to further underscore the connections between related equations and foster part-whole
understanding, which theoretically is the basis for understanding various relations between
addition and subtraction (Briars & Larkin, 1984; Canobi, 2005; Resnick, 1983, Riley, Greeno, &
Heller, 1983; Piaget, 1957; UCSMP, 2005), the total for each complementary addition and
subtraction equation was labeled the “whole,” each part was labeled “part,” and the
corresponding components in each equation had a distinct color.

Research Questions: Would the group receiving the experimental subtraction-as-addition
training outperform the control group, which received training on a different reasoning strategy
involving 8s or 9s, on both practiced and unpracticed subtraction combinations and (2) a group
that receiving unstructured subtraction practice on at least the unpracticed subtraction items.
(Transfer to unpracticed items indicates the successful learning of a general reasoning strategy.)

Setting: A total of 75 first graders (6.1 to 7.6 years old, mean=6.6) from five schools in two
school districts serving a mid-sized mid-western community participated in the study. See Table
1 for details.

Intervention: The preparatory training (Stages I and II) is detailed in Table 2 of Paper 1. The
training by conditions (Stages Il to V) is delineated in Table 2. The experimental subtraction-as-
addition training is illustrated in Figures 1 to 7. The preparatory training (Stages I and II in Table
2) was identical for all participants and that the training differed by condition in Stage 1l to V.

Research Design: All children in the sample pool simultaneously received the 7.5-week long
preparatory (Stage I and II) training. During this time, children were pretested on the TEMA-3.
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After the completion of the preparatory training, participants were individually administered a
preliminary computer-based mental-addition screening test that served to gauge fluency with the
easiest sums: adding with 0 and 1 and the doubles (see Authors, xxxx, for details). Participants
fluent on more than half the items in these combinations families were eligible for the present
study and were administered the computer-based mental-arithmetic pretest to gauge fluency with
subtraction and more difficult addition combinations. Participants who were fluent on less than
half the subtraction and adding with 8 or 9 items were then randomly assigned by class to
structured learning/practice of subtraction-as-addition reasoning strategy, structured
learning/practice of use-a-ten reasoning strategy, or a unstructured practice of subtraction and
n+8/8+n and n+9/9+n combinations. The computer-assisted experimental interventions were
conducted simultaneously, and each lasted 12 weeks. Both preparatory training and experimental
interventions involved one-to-one, 30-minute sessions twice per week. All project training was
conducted at project computer stations in a hallway outside a child’s classroom or in a room
dedicated to the project. Pull outs occurred in non-literacy time blocks, including mathematics
instruction and play time. All participants were re-tested on the mental arithmetic items two
weeks after the training to gauge retention. Project personnel implemented all testing and
training procedures. Positive assent was obtained for each testing and training sessions.

Data Collection and Analysis: The test of mental arithmetic fluency included five categories of
items: (a) practiced subtraction items (7-5, 9-5, 10-7, 11-6, 11-7, 12-9, 14-7); (b) unpracticed
(transfer) subtraction items (9—6, 106, 11-5, 11-8, 12-7, 13-7, 16-8), (c) practiced addition
complements of (practiced and unpracticed) subtraction items (3+9, 4+5, 4+6, 5+6, 5+7, 6+5,
6+7, 7+7, 8+8), (d) practiced use-a-ten items (5+8, 7+8, 7+9, 8+4, 8+7, 9+5, 9+6, 9+9); (e)
unpracticed (transfer) use-a-ten items (4+8, 5+9, 6+8, 8+5, 8+6, 8+9, 9+7, 9+8). Note that
category a items were practiced by the subtraction-as-addition and the unstructured-practice
groups; category c items, by the subtraction-as-addition only; and the category d items, by the
use-a-ten and the unstructured-practice groups. None of the groups practiced category b and
category e items, and so category b served as transfer items for subtraction-as-addition and the
unstructured-practice groups, and category e served as transfer items for the use-a-ten and the
unstructured-practice groups. The testing was done in the context of a computer game.

As the two primary groups (subtraction and use-a-ten) targeted different types of skills each
was used as a control group for the other. The unstructured-practice group was also utilized as an
active instructional comparison group in both sets of analyses to determine if the structured
discovery practice resulted in better outcomes than just simply practicing the items. Analyses of
fluency were done using the proportion correct by a child on a test. ANCOV As, using pretest
mental-arithmetic fluency, pretest TEMA-3 pretest, and age as the covariates, were used to
compare posttest performance of each group on targeted practiced and unpracticed combinations.

Findings / Results:

The impact of structured subtraction-as-addition and unstructured practice. As
predicted, the structured subtraction-as-addition group significantly outperformed the use-a-ten
(control) group, F(1, 45)=31.68, p <.001, Hedge’s g = 1.46, but not the unstructured-practice
group, F(1,45)=.68, p =.414, Hedge’s g = .22. However, the effect size between these two
groups favoring the structured group was—especially given that this was a delayed posttest
result—educationally meaningfully. Additionally, the unstructured-practice group significantly
outperformed the control group, F(1,45) =13.21, p =.001, Hedge’s g = .95.
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As predicted for the unpracticed subtraction items, the structured subtraction group
significantly outperformed the control group, F(1, 45) =4.07, p =.050, Hedge’s g = .50 and the
unstructured-practice group, F(1, 45) =4.56, p =.038, Hedge’s g = .55. The unstructured-
practice group did not outperform the control group, F(1, 45)= .25, p=.619, Hedge’s g =-.12.

For the practiced addition complements of the subtraction items, the structured subtraction-
as-addition group significantly outperformed the control group, F(1, 45) = 18.40, p <.001,
Hedge’s g = 1.04, and the unstructured-practice group, F(1, 45) =14.25, p <.001, Hedge's g =
.77. The unstructured-practice group did not significantly outperform the control group, F(1, 45)
=1.31, p=.259, Hedge’s g = .26.

The impact of structured use-a-10 and unstructured practice. For practiced use-a-ten, the
structured use-a-ten group significantly outperformed the subtraction-as-addition (control) group,
F(1,45)=9.03, p =.004, Hedge’s g = .78, but not the unstructured-practice group, F(1, 45) =
1.18, p = .284, Hedge’s g = -.26. Additionally, the unstructured-practice group significantly
outperformed the control group, F(1, 70) = 18.79, p <.001, Hedge’s g = .99.

The structured use-a-ten group did not significantly outperform the control group for
unpracticed use-a-ten-items, F(1, 45) = .36, p = .550, Hedge’s g = .15, or the unstructured
practice group, F(1,45)=.00, p =.996, Hedge’s g = -.02. The unstructured practice group did
not significantly outperform the control group, F(1, 45) = 1.52, p =.224, Hedge’s g = .28.

Conclusions: Regarding the delayed posttest results with the practiced subtraction
combinations, the structured subtraction-as-addition group, which received supplemental
subtraction instruction/practice, significantly outperformed the use-a-ten group, which received
regular classroom subtraction instruction/practice. Moreover, as indicated by a small, but
appreciable, effect size (Cohen, 1992), the structured subtraction group outgained the
unstructured-practice group, which received supplemental subtraction practice but not training
on how subtraction is related to addition. The unstructured practice group also significantly out
performed the use-ten group. For the subtraction combinations not practiced by any group, the
structured subtraction out gained the other groups at a marginally significant level and with a
medium effect size indicative of instructional effectiveness (IES, 2011). The other groups did not
differ on the unpracticed subtraction items.

The pattern of these results provides evidence of the efficacy of the structured subtraction
intervention. Although either structured or unstructured supplemental practice is more effective
than typical classroom training in promoting fluency with practiced subtraction items, the
structured training provided additional benefit over haphazard supplemental practice with such
items. More importantly, the structured subtraction—but not the unstructured practice—
apparently enabled first graders to learn the subtraction-as-addition reasoning strategy that they
could fluently apply to unpracticed subtraction combinations. This transfer was achieved despite
only 34 repetitions for each practiced subtraction item and 26 repetitions for each related
addition complement—substantially less practice than thousands of repetitions per item
necessary to achieve memorization (by rote) of a basic fact specified by earlier models/computer
simulations of arithmetic learning (e.g., Shrager & Siegler, 1998; Siegler & Araya, 2005; Siegler
& Jenkins, 1989).

The structured subtraction-as-addition group, which practiced the addition complements of
subtraction, not unexpectedly were more fluent on such items at the delayed posttest that the
other groups, which did not practice the items. It is unclear whether this superior performance
was due to the structured training (e.g., relating addition and subtraction to each other and part-

SREE 2012: Fluency with Arithmetic Familes 29



whole relations), practicing related sums and differences together (e.g., the facilitating effect of

practicing another related combination—one with same parts and whole), or merely extra

addition practice. The latter, however, seems unlikely for two reasons. One is that addition items
were practiced only 26 times each during the intervention. Another is that the unstructured-
practice group (which practiced subtraction and unrelated addition item) surprisingly became
appreciably more fluent with the addition complements (which they did not practice) than the

use-ten (control) group (which practiced only combinations involving the addition of 8, 9, or 10).

A possible contributing factor is that practicing 14—7=7, for instance, facilitated learning the

unpracticed addition combination 7+7. Although clearly, in need of further systematic research,

it may be that learning subtraction combinations can impact learning of addition complements as
well as vice versa.

The results regarding the structured use-a-ten training were disappointing. Although this
training resulted in significant improvements on practiced n+8/8+n and n+9/9+n items, so did
unstructured practice. Moreover, it was not more effective in promoting fluency with unpracticed
n+8/8+n and n+9/9+n items than the other conditions. Findings suggest that different strategies
and instructional techniques may be necessary for the different relational families and these
findings provide a starting point with which to build knowledge in this area.

The results of the structured subtraction-as-addition training, if not the structured use-a-ten
training, are consistent with the recommendations of the NRC (2001) that Phase 2—Ilearning
reasoning strategies—can be accelerated by directly teaching reasoning strategies, if done
conceptually. Likewise, the present results are consistent the NMAP (2008) conclusion and the
number sense view that structured practice can be an effective instructional tool in promoting the
learning of the relations and promoting fluency (Phase 3). Although both structured and
unstructured practice were more effective in improving fluency with practiced subtraction items
than typical first-grade mathematics instruction, only the structured training was effective in
promoting the learning of a reasoning strategies that could be applied efficiently and effectively
to non-practiced subtraction items.

Several features of the structured subtraction training may have contributed its success:

1. Connecting the complementary relation between addition and subtraction to Highlighting
empirical inversion—children’s informal tendency to view these operations as separate or
unrelated processes—can help them to see that addition and subtraction are, in fact, inter-
related operation—that is, complementary. For example, figuring out that 3+5 is 8 and then
undoing this incrementing process (subtracting the same amount 5) to arrive at 3 again may
have been particularly helpful in seeing that 3+5=8 and 8§—5=3 are inter-related.

2. Labeling and color-coding the common whole and parts in each juxtaposed equation can
further help children see that addition and subtraction are complementary.

3. Keeping the second addend or part in the same position may facilitated the effect of feature 1
by underscoring the same amount was added and then taken away from another and feature 2
by highlighting the two equations have a common part.

Fostering an understanding of the complementary relation between addition and subtraction

provides a basis for meaningfully learning and applying the subtraction-as-addition reasoning

strategy. Although further research is clearly needed to evaluate the impact of these features

separately and in combination, the present results suggest that the meaningful learning of a

subtraction-addition strategy, which children can be apply to unpracticed subtraction

combinations can significantly reduce the amount of time and practice needed to achieve fluency
with basic subtraction combinations.
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Appendix B. Tables and Figures

Table 1

Participant characteristics by condition

Training Condition

Structured Structured Unstructured
Subtraction Use-a-Ten Practice
Age range 6.1to 7.1 6.2t07.2 6.2t07.6
Mean (SD) 6.6 (0.3) 6.6 (0.3) 6.7 (0.3)
Median age 6.6 6.6 6.8
Number of boys / girls 14/11 17/8 12/13
TEMA-3 range 92 to 137 89 to 142 75 to 125
Mean (SD) 107.2 (11.7) 106.8 (13.2) 103.5 (12.1)
Median TEMA-3 103 105 105
Free/Reduced lunch eligible 8 10 5
Black/Hispanic/Multiracial 8 7 7
Single-parent 3 3 1
. Parent under 18 0 1 0
Family
History Parents w/o HS 0 0 0
ESL 4 2 3
Birth complications 0 0 0
Medical/ | Visual impairment 0 1 1
Develop- | Language delay 0 0 0
mental
Condition | Speech services 1 0 0
Spina bifida 0 0 0
ADHD 0 0 0
Behavioral | Aggressive 1 2 0
Condition
Passive/withdrawn 1 1 3
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Table 2

Experimental Mental-Arithmetic (Stages IlI to V) by Condition

Stage/ Computer Game” Structured Control Unstructured
Set subtraction as addition (Structured use-a-ten) subtraction
(and add-with-8 or -9) practice

11/ A | Castle Wall (feedback on | Solve addition item such as 3+9; Solve 10+n/n+10 item such as 7+10; Subtraction items such as 12-9 and
horizontal # line) usually followed by solving a related usually followed by a related 8+n/n+8 | 8+n/n+8 or 9+n/n+9 solved in
Train Game (feedback on | subtraction item 12-9. or 9+n/n+9 such as 7+8 or 7+9. haphazard order.
vertical # line)

111/ B | Does It Help? (Possible Solve an addition item such as 2+5 (or | Solve a 10+n/n+10 item such as 6+10; | Solve one item and asked if a second
helper and target items 5+7); then asked if it helps solve a then asked if it helps solve 8+n/n+8 or | had the same answer—e.g., 11-6 &
presented successively) subtraction item such as 9+n/n+9 such as 6+9 (yes) or 7+9 9-5 (no), 8+7 & 7+8 or 12-9 & 10-7

7-5 (yes for 2+5 and no for 5+7). (no). (yes).
Wall Help? ? (All Addition items such as 4+5 and 5+7 A block of 10+n/n+10 items is solved | A block of items is solved in
possible helper items solved first and sums arranged first and sums arranged sequentially haphazard order first and sums
presented first block; all sequentially as part of a wall. as part of a wall. 8+n/n+8 or 9+n/n+9 | arranged sequentially as part of a
target items, presented in | Subtraction items such as 9—5 items such as presented; child asked wall. Child asked if item in the wall
a second block) presented; child asked which sum in which sum in the wall helps. helps (has the same answer as) an
the wall helps. item from second block.
IV / | Timed Monkey? (Possible | Monkey starts at branch 0 and, for 7+6, | Mocha Monkey swings 7 branches Mocha Monkey swings 7 branches
A helper and target items e.g., swings to branch 7, asked to what | and then 10 more, where will she and then 9 more, where will she land?

presented successively)

branch monkey will be if swings 6
more. Related subtraction follows: If at
13, where will monkey be if swings
back 6.

land? Cocoa Monkey swings 7
branches and then 9 (or 8) more,
where will she land?

Cocoa Monkey swings 9 branches and
then 9 more, where will she land?

Clocked Choice
(timed version of Does It
Help?)

After determining sum (e.g., 4+7=11),
asked if, helps answer 11-7, 10-7, 11—
6, or None. Feedback indicated that
both 4+7 and 11-7 have the same
whole 11 and same part 7 or that an
incorrect choice did not. Then asked to
answer the subtraction item. Feedback
high-lighted parallel part-whole
aspects.

Solved a 10+n/n+10 item such as
10+7 and provided feedback. Then
asked what which 8+n/n+8 or
9+n/n+9 was 1 (or 2) smaller than the
10+n/n+10 item (e.g., The answer to
which problem below 1 smaller
thatn10+7=17: 7+8, 7+9, 949, or
None?)

Solve one item and asked which of
three choices (or none) had the same
answer.
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IV/B

Lost Puppies

Asked if a puppy with a dog tag
consisting of an addition item was such
as 2+5 belonged to part-part family
(one part 2; other part 5).

Determined sum; feedback indicated
that 7 was correct because the whole 7
has parts 2 and 5.

Asked if a subtraction item such as 7-5
belongs to the same family with a part
of 2 and part of 7. After feedback, child
solved for difference.

Asked if a puppy with a dog tag
consisting of a 10+n/n+10 item such
as 7+10 belonged to the 16 family.
Feedback for a correct answer of
“No” indicated that it was not the lost
puppy and congratulated the child for
not taking someone else’s puppy.
Then asked to indicate the sum of
7+10. The same procedure was
followed for 7+9.

Asked if a puppy with a dog tag
consisting of an addition or a
subtraction item had a particular
answer

Timed Train

Same as Train Game, except with a clock and increasingly restrictive time limits.

V / A | Dirt Bike Block of practiced addition items and Block of practiced 10+n/n+10 items Practiced addition and subtraction
then block of practiced subtraction and then block of practiced 8+n/n+8 items practiced in haphazard order.
items solved. or 9+n/nt9 items solved.

Long Jump Practiced addition and subtraction Practiced 10+n/n+10, 8+n/n+8, and Practiced addition and subtraction
items practiced in haphazard order. 9+n/n+9 items practiced in haphazard | items practiced in haphazard order.
order.

V /B | Puppy Choice

Treasure Hunt

Car Race or
Fire truck

Practiced addition and subtraction
items practiced in haphazard order.

Practiced 10+n/n+10, 8+n/n+8, and
9+n/n+9 items practiced in haphazard
order.

Practiced addition and subtraction
items practiced in haphazard order.

*Each game was played 4 times, except the Stage V / Set B games, which were each played twice.
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Table 3

Combinations Practiced by Condition

Type of Structured Subtraction Training Structured Use-a-Ten Unstructured Subtraction (and
Combination Training Add-with-8 or -9 Training
Item Practiced Items Unpracticed Items Practiced Items Unpracticed Practiced Items Unpracticed
Items Items
Subtraction items 7-5,9-5, 10-7 9-6, 106, - - 7-5,9-5,10-7 9-6, 10-6,
11-6, 11-7, 11-5, 11-8, 11-6, 11-7, 11-5, 11-8,
-9, 13-6, 12-7, 13-7, 12-9, 13-6, 12-7, 13-7,
16-8 14-7, 10-3%, 16-8
13-6%*, 13-2*
Addition 2+5%, 34+6*, 3+7*, - - - - -
complements 3+8%*,3+9,
to practiced/ 4+5, 4+6, 4+7%*,
unpracticed 5+6, 5+7, 6+5,
subtraction 6+7, 7+6, 7+7,
items 8+8
Add-with-8 or -9 - - 5+8, 6+9, 4+8, 5+9, 648, 5+8, 6+9, 4+8, 5+9, 6+8,
items 7+8, 749, 8+5, 8+6, 8+9, 7+8, 719, 8+5, 8+6, 8+9,
8+4, 8+7, 9+7, 9+8 8+4, 8+7, 9+7, 9+8
9+5, 9+6 9+5, 9+6
Add-with-10 aids - - 2+10 to 8+10 & - - -
for adding with 8 10+3 to 10+9%*
or9
Filler items - - - - 2+6, 3+5 -
10-3, 132

Note 1. The structured subtraction group and the unstructured subtraction (and add-with-8 or -9) group practiced the same subtraction
combinations and did so the same number of times.
Note 2. The structured use-ten group and the unstructured subtraction group (and add-with-8 or -9) practiced the same add-with-8 or -9
combinations and did so the same number of times.

Note. An asterisk indicates practiced but not pre- or post-tested.
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