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The study reported in this paper is an attempt to develop a comprehensive model of
measuring problem solving and posing (PSP) skills based on Marshall’s schema theory
(ST). A battery of tests on PSP skills was administered to 5" and 6" grade Cypriot
students (n=2519). The Rasch model was used and a scale was created for the battery of
tests and analyzed for reliability, fit to the model, meaning and validity. The analysis
revealed that the battery of tests has satisfactory psychometric properties. The identified
scale verifies previous findings suggesting that a number of variables are interwoven in
the problem solving process. Yet, problem representation possesses a critical role in the
process. The scale also suggests that achievement in posing problems is affected by the
type of given information. The findings are discussed with reference to intended uses of
teaching mathematics and suggestions for further research are drawn.

INTRODUCTION

Though problem solving (PS) has always consisted an integral part in mathematics
education, it was only after the evolutionary work of George Polya that researches and
mathematics educators realized the importance of elaborating on the process of solving
problems. As a consequence, a number of models have been proposed to describe the
cognitive elements involved in that process (i.e., Anderson, 1993; Mayer & Hegarty,
1996; Verschaffel, Greer & De Corte, 2000). Most of the aforementioned models provide
for general approaches and strategies for PS, irrespective of the problem type. On the
contrary, ST proposed by Mashall (1995), elaborates on routine problems presenting a
comprehensive PS approach. ST aims to provide solvers with a number of cognitive
schemata that can be used as guides during the PS process. It also employs the idea of
using simple external representations (diagrams) which act as learning aids in retrieving
and enhancing cognitive schemata (Goldin, 1998; Diezmann & English, 2001).

ST focuses mainly on the structure of the problems, providing five distinct problem
structures (change, group, compare, restate and vary) that capture most routine problems
that are usually presented to primary students. The former three problem structures can be
used to solve additive problems, while the last two are mainly used for solving
multiplicative structure problems. For each situation, Marshall (1995) proposed an
appropriate diagram, which is expected to help students recognize the problem situation
and solve the problem. Combinations of the above-mentioned structures could be helpful
in solving more complex problems (two or three step problems).

Marshall (1995) also, identified four main elements (types of knowledge) involved in the
PS process: identification, elaboration, planning and execution knowledge. The first type
of knowledge refers to identifying the structure of a problem, and thus, can be considered
as the most important part for schema activation. The second type of knowledge refers to
recognizing the details that are distinct to each schema. Selecting the appropriate
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diagram, placing data in it and drawing equations from it can be considered as elements
of this type of knowledge. The planning knowledge refers to setting a solution plan for
solving a given problem and it is usually conceived as unifying all needed decisions in
order to arrive at a solution (thus, it includes elements of the two aforementioned types of
knowledge). This type of knowledge is more prevalent in solving multiple step problems.
Finally, the last type of knowledge includes executing algorithms.

The model described above was first introduced in upper elementary grades (4th to 6th)
in Cyprus in 1998, with minor amendments. Specifically, only four problem structures
were introduced, given that restate problems were embodied in comparison problems.
Problem-posing (PP) activities were also included, since the significance of PP is
nowadays well accepted (Silver & Cai, 1996). The present study builds on a previous
study that investigated whether the first two types of knowledge mentioned in the model
in relation to additive problem structures might help us form a developmental model
measuring PS skills based on ST (Kyriakides, Philippou & Charalambous, 2002). In this
paper, we report on testing a more comprehensive model including: (a) all problem
structures, (b) one-step and multiple step problems (2 and 3 step problems), and (c) the
former three types of knowledge, since execution knowledge refers mainly to executing
algorithms. In this context, the main aims of this study were: (a) to develop a
comprehensive model for measuring pupils’ skills in problem solving and posing (PSP)
one-step and multiple step problems, and (b) to collect empirical data in order to examine
its validity.

THE DEVELOPMENT OF THE BATTERY OF TESTS ON PS

To answer our research questions, a battery of 48 tests on PSP was constructed guided by
existing research and theory on assessment of PSP skills in Mathematics and by taking
into account ST. Furthermore, a key requirement in designing the tests was its alignment
with the mathematics curriculum that was operative in Cyprus. Thus, items were mainly
based on ideas presented in ST as well as on activities included in the curriculum of
Cyprus primary schools.

The specification table of the tests (Table 1) included fourteen levels of PSP skills related
to three types of knowledge. Levels 1-3 referred to identification knowledge.
Specifically, the first two levels included tasks examining the verbal identification of the
schema needed for solving a problem (i.e., students were requested to identify the
structure of a given problem or select a problem representing a given structure). The third
level included tasks examining students’ ability to select information and pose questions
in order to produce problems of a given structure. The following four levels (levels 4-7)
included tasks related to elaboration knowledge, which is linked to the use of diagrams.
Namely items included choosing the correct diagram representing the structure of a given
problem or selecting a problem that could be represented by a given diagram (4th level),
placing the data and the unknown quantity of a problem in the correct position of a given
diagram (5th level), setting equations for given diagrams (6th level), and posing problems
based on specified diagrams (7th level). Items related to planning knowledge (levels 8-
14) were similar to the above described, although they mainly referred to multiple step
problems. Specifically, the items of the 8th level were similar to those of the 1st level
(thus, these items included elements of the identification knowledge).

2—206



Types of Levels Items of the batte
knowledge

Identification 1. Verbal recognition of problems* 1-12
knowledge 2. Selection of problems based on a given structure* 13-24

3. Posing problems of a given structure* 25-40
Elaboration 4a. Diagrammatical recognition of problems* 41-52
knowledge 4b. Selection of problems based on given diagrams* 53-64

5. Filling in data and unknown in given diagrams* 65-100

6. Setting equations based on given diagrams™ 101-127

7. Posing problems based on given diagrams* 128-151
Planning 8. Verbal recognition of problems** (I) 164-183
knowledge 9a. Diagrammatical recognition of problems** (E) 184-213

9b. Selection of problems based on given combin| 214-223
structures** (E)
10. Filling in data and unknown in given diagrams** (E) | 224-263

11. Setting equations based on given diagrams** (E) 264-338
12. Posing multiple step problems** (E) 339-378
13. Recognizing, representing and solving problems* 152-163
14. Recognizing, representing and solving problems** 379-398

* one-step problems, ** multiple step problems,
(h=identification, (E)= elaboration knowledge is also prevalent

Table 1: Specification table of the tests on PS based on ST

Similarly, levels 9-12 were analogous to levels 4-7 (thus, these items included elements
of the elaboration knowledge). The remaining two levels referred to setting and carrying
out all needed actions to solve either one-step problems (13" level) or multiple step
problems (14" level). The specification table guided the construction of a battery of tests
with 398 items, representing all levels. Levels 1-7 and 13 included tasks of all four
problem structures, while levels 8-12 and 14 included combinations of the four problem
structures.

METHODS

The items in the final version of the battery of tests were content validated by four
experienced primary teachers, two mathematics textbooks writers, and two university
tutors of Mathematics Education. The “judges” of the tests were asked to mark-up, make
marginal notes or comments on or even rewrite the items. Based on their comments,
amendments were made, particularly where terminology used was considered as
unfamiliar to primary pupils. The final version of the battery of tests (available on
request) was administered to all 5" grade (1184) and 6" grade (1335) pupils from 27
primary schools selected by stratified sampling (1298 of the subjects were boys and 1221
were girls). The Extended Logistic Model of Rasch (Andrich, 1988; Rasch, 1980) was
used and the data were analyzed by using the Quest program (Adams & Khoo, 1996).
The data were initially analyzed with the whole sample (n=2519) for all items together.
The analysis was repeated with each of the four groups (grade 5, grade 6, boys and girls)
of the sample, to investigate whether the battery of tests was consistently used by each
group of the sample.
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FINDINGS

Table 2 provides a summary of the scale statistics for the whole sample and for each of
the four groups of the sample. We can observe that for the whole sample and for each
group the indices of cases and item separation are equal or higher than 0.85 indicating
that the separability of the scale is satisfactory (Wright, 1985). We can also see that the
infit mean squares and the outfit mean squares are close to 1 and that the values of the
infit t-scores and the outfit t-scores are approximately zero. It can be claimed that there is
a good fit to the model. The comparatively high value of outfit t-scores for persons can be
seen as an indication of the relatively low separability of the persons scale and this can be
attributed to the fact that the test was administered to children of a limited age span (only
children of the two upper grades were included in the survey) and thereby the variation
among their abilities was relatively low.

STATISTICS Whole Boys Girls 5" grade 6" grade
n=2519) 0=1298) (n=1221) m=1184) (n=1335)
Means (items) 0.00 0.00 0.00 0.00 0.00
(persons) 0.13 0.05 0.23 0.07 0.19
Standard deviation (items) 0.98 0.96 1.01 0.99 0.98
(persons) 0.97 1.00 0.95 0.95 1.01
Seperability* (items) 0.94 0.88 0.88 0.88 0.89
(persons) 0.86 0.86 0.85 0.85 0.86
Mean Infit mean square (items) 1.00 1.00 1.00 1.00 1.00
(persons) 1.00 0.98 1.00 0.98 1.00
Mean Outfit mean square (items) 1.02 1.02 1.03 1.03 1.02
(persons) 1.02 1.02 1.03 1.03 1.02
Infit t (items) -0.05 -0.03 -0.02 -0.03 -0.03
(persons) 0.02 0.00 0.04 0.00 0.03
Outfit t (items) 0.03 0.04 0.05 0.05 0.04
(persons) 0.11 0.11 0.11 0.11 0.11

Separability* (reliability) represents the proportion of observed variance considered to be true.
Table 2: Statistics relating to the scale for the whole sample and the four groups

Figure 1 illustrates the scale for the 398 test items with item difficulties and the whole
group of pupils’ measures calibrated on the same scale. The items appear in twelve
columns. The first four represent the four problem structures (1=change, 2=group,
3=vary, 4=compare situation), while the remaining eight represent combinations of the
four problem structures. Namely, these columns include items involving two additive
structures, one additive and one multiplicative, one multiplicative and one additive, two
multiplicative structures, three additive structures, two additive and one multiplicative,
two multiplicative and one additive and three multiplicative structures (columns 5-12,
respectively). Both figure 1 and the item fit map for the 398 items fitting the model reveal
that all the items of the tests have a good fit to the measurement model.
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Moreover, pupils’ scores range from —3.62 to 4+3.58 logits and the item difficulties range
from -3.20 to +2.99 logits. This implies that the 398 items of the test are relatively well
targeted against the pupils’ measures, though a set of both more and less difficult items
could be given to 19 students placed at the two opposite ends of the ability scale (12
pupils’ scores were over +2.99 logits, and 7 pupils had lower scores than —3.20 logits).

The following observations arise from both Figure 1 and Table 1. Firstly, as concerns
posing one-step problems (columns 1-4), items 25-40 (PP by selecting the needed data
and posing a proper question to reflect problems of a given structure) are among the most
difficult items of the test. In contrast, PP based on complete diagrams provides adequate
guideline, and thus PP items of this type (items 128-151) turn out to be easier than items
of the previous type and of many PS items, as well. In the case of multiple step problems,
only the second type of PP was included (items 339-378). Figure 1 reveals that PP of this
type is more difficult than solving problems of the analogous structure. There is only one
exception in the 12" category (problems involving three multiplicative structures), where
students had more difficulties in solving rather than posing problems.

As regards solving one-step problems, columns 1-4 reveal that the three types of
knowledge cover a wide spectrum of PS abilities. At the one end of the spectrum
(difficult items end) one may observe items related to the planning knowledge. This is
more obvious for non-consistent problems (i.e., problems with inconsistency between
their wording and the operation needed to arrive at a solution), such as items 152, 153,
159 and 161. The “difficult items end” is also occupied by items related to the 5" level
(the second type of elaboration knowledge). Specifically, these items concern filling in
the proper diagram in order to represent the structure of a given problem sufficiently.
Items related to choice of the proper representation (items 41-64) appear somehow lower
rather than the previous items, even lower to items related to identifying the structure of a
given problem (levels 1-2). Items linked to setting the proper equations appear at the
lower end of the scale, except of those connected to inconsistent problems (such as items
107, 111, 112, 114, 120). Finally, the distribution of items in columns 1-4 suggests that
the problem structure interacts with the three types of knowledge, since change and
compare problems cover a wider spectrum of abilities, in comparison to vary and group
problems.

Regarding multiple step problems, columns 5-12 suggest that planning knowledge items
(379-398) can be considered as lying at the hardest end of the ability scale, as in the case
with one-step problems. Likewise, filling in the proper representation items (224-263)
appear above items related to the identification of the problem structure (items 164-183)
or to the selection of the most suitable representation (items 184-243). Moreover, items
related to setting the correct equation for a given diagram (items 264-338) appear
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somehow below items of the aforementioned levels. Finally, the distribution of items in
the two final columns suggests that problems involving more than one multiplicative
structure can be considered as more difficult than those involving mainly additive
structures.

DISCUSSION

The findings of the present study provide support to results of relevant studies related to
problem solving and posing (Mayer & Hegarty, 1996; Goldin, 1998; English, 1997;
Silver & Cai, 1996; Kyriakides, Philippou & Charalambous, 2002). Analytically,
achievement in problem posing seems to be influenced by the type of given information.

Complete diagrams aid the construction of problems in contrast to PP by selecting and
combining given statements. However, in the case of multiple step problems, even
though pupils were provided with complete diagrams, PP activities turned out to be
harder than PS items. The distribution of items in Figure 1 also suggests that a number of
variables are interwoven in the PS process. The structure of the problem, the cognitive
processes involved in solving problems (i.e., types of knowledge), the consistency
between the wording of the problem and the suitable operation, as well as the number of
needed steps for solving a problem (one vs. multiple steps) are some of the variables
affecting PS achievement. However, a relatively consistent pattern concerning the type of
knowledge involved in the PS process emerges from Figure 1, both for one-step and for
multiple step problems. Planning knowledge items are the most difficult, as it was
expected, since achievement in these items demands the presence of the previous two
types of knowledge. Using the correct representation properly also appears to be a critical
element in the PS process. However, the selection of the proper representation is not
sufficient in the PS process. Solvers need to place the given data and the unknown
quantity in the correct position to form a complete representation that will guide the
selection of the proper operation(s). Indeed, the present study suggests that setting the
correct equation for solving a problem is of less importance than constructing a proper
representation for a given problem.

It goes without saying that teachers should help students pay attention to the construction
of proper representations. Teachers should also be aware that a number of variables are
involved in the PSP process. Awareness of these variables can be helpful in both
designing teaching interventions for eliminating related difficulties and measuring pupils’
skills in PSP. Further research is also needed in order to specify the importance of each
variable in the PS process. Item Response Theory models involving two or three
parameters might be helpful in this direction since discontinuities in the levels of the
specification table of the test can be assessed.
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