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Manipulating Combinatorial Structures

Gilbert Labelle
Universite du Quebec a Montreal (UQAM)

A combinatorial structure is a finite construction made on a finite set of elements. In real-life
situations, combinatorial structures often arise as "skeletons" or "schematic descriptions"
of concrete objects. For example, on a road map, the elements can be cities and the finite
construction can be the various roads joining these cities. Similarly, a diamond can be con-
sidered as a combinatorial structure: the plane facets of the diamond are connected together
according to certain rules.

Combinatorics can be defined as the mathematical analysis, classification and enu-
meration of combinatorial structures. The main purpose of my presentation is to show how
the manipulation of combinatorial structures, in the context of modern combinatorics, can
easily lead to interesting teaching/learning activities at every level of education: from el-
ementary school to university.

The following pages of these proceedings contain a grayscale version of my (color)
transparencies (two transparencies on each page). I decided to publish directly my trans-
parencies (instead of a standard typed text) for two main reasons: my talk contained a great
amount of figures, which had to be reproduced anyway, and the short sentences in the
transparencies are easy to read and put emphasis on the main points I wanted to stress.

The first two transparencies are preliminary ones and schematically describe: a) the
importance and relations of combinatorics with science/ social activities, b) how analytic/
algebraic combinatorics is similar to analytic/ algebraic geometry. The next 7 transparencies
(numbered 1 to 7) contain drawings showing basic combinatorial structures together with
some terminology. Collecting together similar combinatorial structures give rise to the con-
cept of species of structures (transparencies 8 to 12). A power series is then associated to any
species of structures enabling one to count its structures (transparencies 13 to 15). Each op-
eration on power series (sum, product, substitution, derivation) is reflected by similar opera-
tions on the corresponding species of structures (transparencies 16 to 18). The power of this
correspondence is illustrated on explicit examples (transparencies 18 to 26) where the struc-
tures are manipulated (and counted) using various combinatorial operations. Transparen-
cies 27 to 30 suggest some general teaching/ learning activities (from elementary to advanced
levels) that may arise from these ideas. I hope that the readers will agree that manipulating
combinatorial structures constitutes a good activity to develop the mathematical mind.

References

The main references for the theory of combinatorial species are:

Joyal, A. (1981). Une theorie combinatoire des series formelles, Advances in Mathematics, 42, 1-82.
Bergeron, F., Labelle, G., & Leroux, P. (1998). Combinatorial Species and Tree-like Structures.

Encyclopedia of Math. and its Applications, Vol. 67, Cambridge University Press.

BEST COPY AVAILABLE

2 3



P
R

E
LI

M
IN

A
R

IE
S

T
he

 d
yn

am
ic

 c
on

ne
ct

io
ns

 b
et

w
ee

n

co
m

bi
na

to
ria

l /
 d

is
cr

et
e

sc
ie

nc
e 

I s
oc

ia
l

m
at

he
m

at
ic

s
an

d
ac

tiv
iti

es

w
ill

 g
re

at
ly

 in
cr

ea
se

 d
ur

in
g 

th
e 

co
m

in
g 

de
ca

de
s 

:

C
om

pu
te

r 
sc

ie
nc

e
(a

na
ly

si
s 

of
 a

lg
or

ith
m

s.
 o

rg
an

iz
at

io
n 

an
d

co
m

pr
es

si
on

 o
f d

at
a 

st
ru

ct
ur

es
, e

tc
)

C
he

m
is

tr
y

(c
la

ss
ifi

ca
tio

n.
 s

ym
m

et
rie

s 
of

 m
ol

ec
ul

es
,

is
om

er
s.

 e
tc

)

C
om

bi
na

to
ric

s

P
hy

si
cs

(c
la

ss
ifi

ca
tio

n,
 s

ym
m

et
rie

s 
of

 a
to

m
s,

qu
an

tu
m

 th
eo

ry
. F

ey
nm

an
 in

te
gr

al
s.

 e
tc

)

B
io

lo
gy

(a
na

ly
si

s 
of

 D
N

A
, g

en
et

ic
 c

od
e.

cl
as

si
fic

at
io

n 
of

 s
pe

ci
es

, e
tc

)

M
at

he
m

at
ic

s
(a

na
ly

si
s,

 c
al

cu
lu

s,
 a

lg
eb

ra
, g

eo
m

et
ry

,
gr

ap
hs

, g
ro

up
s,

 e
tc

)

H
um

an
 a

ct
iv

iti
es

(p
ub

lic
 k

ey
s 

m
et

ho
ds

 o
f e

nc
ry

pt
io

n,
en

co
di

ng
 o

f c
om

pa
ct

 d
is

cs
.

se
cu

re
 tr

an
sa

ct
io

ns
, c

om
m

un
ic

at
io

ns
.

de
si

gn
 o

f p
la

ne
 fl

ig
ht

s,
 s

ho
rt

es
t p

at
hs

.
te

ac
hi

ng
 a

nd
 le

ar
ni

ng
ba

si
c 

co
m

bi
na

to
ria

l s
tu

ct
ur

es
. e

tc
)

A
N

A
LY

T
IC

 / 
A

LG
E

B
R

A
IC

 G
E

O
M

E
T

R
Y

G
eo

m
et

ric
al

-4
M

at
he

m
at

ic
al

fig
ur

es
fo

rm
ul

as

0
2x

 -
 e

y 
+

7 
=

 0

x2 +
y2

=
 9

y=
e2

A
N

A
LY

T
IC

 / 
A

LG
E

B
R

A
IC

 C
O

M
B

IN
A

T
O

R
IC

S

C
om

bi
na

to
ria

l
--

->
M

at
he

m
at

ic
al

st
ru

ct
ur

es
4-

-
fo

rm
ul

as

0
Y

=
1"

*(
)

y 
=

 x
 +

xy
2

e3
x



1
2

M
A

N
IP

U
LA

T
IN

G
 C

O
M

B
IN

A
T

O
R

IA
L 

S
T

R
U

C
T

U
R

E
S

G
ilb

er
t L

ab
el

le
 / 

L
aC

IM
 -

 U
Q

A
M

In
 C

om
bi

na
to

ric
s,

 a
 s

tr
uc

tu
re

, s
, i

s
a

fin
ite

 c
on

st
ru

ct
io

n
m

ad
e

on
 a

 fi
ni

te
 s

et
 U

.

W
e 

sa
y 

th
at

 : 
U

 Is
 th

e 
un

de
rly

in
g 

se
t o

f
s

or
: U

 is
 e

qu
ip

pe
d 

w
ith

 (
th

e 
st

ru
ct

ur
e)

 s
or

: s
 is

 (
bu

ilt
) 

on
 U

or
: s

 is
 la

be
lle

d 
by

 th
e 

se
t U

E
xa

m
pl

e 
1.

A
 tr

ee
 o

n 
tJ

 =
a,

 b
, c

,
,

+

el
"

ki
t

"1
:\6

ci
f

J
R

a
y

E
xa

m
pl

e 
2. 4

A
 r

oo
te

d 
tr

ee
 o

n 
1.

7.
.k

bc
,..

x,
rt

+
3

e

1,
4

3 
a

a.

4

E
xa

m
pl

e 
3.

A
n 

or
ie

nt
ed

 c
yc

le
 o

n 
II

f
,

93
6

I
A

S
P

'k
cL

-.
1

(4
...

;.
7 

3
V

ar
ia

nt
s:

ev
en

 (
or

ie
nt

ed
) 

cy
cl

e
od

d 
(o

ri
en

te
d)

 c
yc

le

E
xa

m
pl

e 
4.

A
 s

ub
se

t o
n 

(o
f)

tr
o 

1%
.f

f.
,

(o
r 

bi
co

lo
ra

tio
n)

0
_L

0



3
4

E
xa

m
pl

e 
5.

A
 (

th
e)

 s
et

 s
tr

uc
tu

re
 o

n
E

xa
m

pl
e 

8.
A

 p
ar

tit
io

n 
on

=
 1

0,
*,

 4
2,

3,
 4

, (
7,

'1
'3

1:
1

U
 /,

0A
A

J- TJ
J1 V
ar

ia
nt

s:
ev

en
 s

et
od

d 
se

t

E
xa

m
pl

e 
6.

A
 p

er
m

ut
at

io
n 

on
LY

-=
Ii

2/
30

0 
/6

, a
i b

d

ys
..,

.IT
t

.e
gk

tN
,

."
.`

t
f

t
s 

. \-
-i

i.e
l

;0
U

 '
,.,

 ..
*

.
11

.-
1N

e
4

r )%
/

' I
;

/
\-

- 4
.

a
6

i -
--

>
...

. f

E
xa

m
pl

e 
7.

 A
lin

ea
r 

or
de

r 
on

 U
=

1=
d 

A
l; 

.4
0;

a3

er xs
44

.

E
xa

m
pl

e 
9.

A
n 

en
do

fu
nc

tio
n 

on
62

-3
g,

a
S

e
34

V
24

1g
1 1-

3 
e

2}
ri

 V
r.

.v
,.

ea
9

N
N a

S
.

H
.

O
f

fj
R

io
63

1
S

y

r1
7.

-4
3"

4

If
fa

r.
v.

..
/6

2(
iv

itv
y 

'IV
ts

,6
2,

44
,

So
c

/4
 I

ti,
.4

7
I

17

0

2.
,,

,..
\,.

..0
.,.

...
...

..0
...

4"
.

F
t 3

s:
-"

,3
..,

..-
er

-'-
er

e.
..

a 
3

2
N

 5
?

SP

*3



5
6

E
xa

m
pl

e 
10

. A
 b

ic
ol

or
ed

 p
ol

yg
on

 o
n

T
J=

14
,1

2,
c,

d,
e,

 f
3

E
xa

m
pl

e 
11

.
A

 g
ra

ph
 o

n 
E

T
=

 it
,

.
. .

,
fq

,,-
r,

;-
-,

-:
--

-
7

0
Z

S

/3
,2

4,
...

...
...

._
__

#0
7

.t.
,

1
1 

N
,

ir
...

.,,
,,,

,..
...

..4
T

4.
...

.1
 -

..
A

te
ip

 2
3

9
...

.I
e.

'
11

-:
1
V

,
,..

...
..,

.-
--

 2
 9

r, f
vS

-
2

a.
,

q
5'

i..
g

E
xa

m
pl

e 
12

. A
 c

on
ne

ct
ed

 g
ra

ph
 o

n 
U

=

ft
'

i9
n

"1
11

'

,0
0.

41
7

3
4/

6

E
xa

m
pl

e 
13

. A
 s

in
gl

et
on

 o
n 

U
=

 I
 A

l

a
(T

he
re

 is
 n

o 
si

ng
le

to
n 

st
ru

ct
ur

e 
on

 U
 if

 (
r.

.7
(*

 1
.)

E
xa

m
pl

e 
14

.
A

n 
em

pt
y 

se
t s

tr
uc

tu
re

 o
n 

U
=

16

4:

(T
he

re
 is

 n
o 

em
pt

y 
se

t s
tr

uc
tu

re
 if

 T
7*

 +
)

E
xa

m
pl

e 
15

.
A

n 
In

vo
lu

tio
n 

on
 U

=
1*

-,
4.

, A
.

h
h

A

r
rn

s

4
e

a.

E
T

C
, E

T
C

, E
T

C
,

...



7
8

C
O

N
V

E
N

T
IO

N
 :

A
n 

ar
bi

tr
ar

y 
st

ru
ct

ur
e

A
. o

n 
T

...
7

w
ill

 s
om

et
im

es
 b

e 
re

pr
es

en
te

d
by

b
c

H
er

e,
 U

 =
5

A
d

6.
, c

., 
,A

)
e.

A
 s

tr
uc

tu
re

 A
. o

n 
T

..7
 is

sa
id

 to
 b

e 
ev

en
 (

od
d)

if 
LT

 c
on

ta
in

s 
an

 e
ve

n
(o

dd
) 

nu
m

be
r 

of
 e

le
m

en
ts

.

T
w

o 
st

ru
ct

ur
es

 4
, a

nd
 t 

ar
e

sa
id

 to
 b

e 
di

sj
oi

nt

if 
th

ei
r 

un
de

rly
in

g 
se

ts
 a

re
di

sj
oi

nt
.

S
tr

uc
tu

re
s 

ca
n 

be
 s

tu
di

ed
an

d 
cl

as
si

fie
d 

by
co

lle
ct

in
g 

th
em

 in
to

 S
P

E
C

IE
S

O
F

 S
T

R
U

C
T

U
R

E
S

 :

Fo
r 

ex
am

pl
e,

 w
e 

ca
n 

co
ns

id
er

th
e 

sp
ec

ie
s 

a
th

e 
sp

ec
ie

s
A

th
e 

sp
ec

ie
s

th
e 

sp
ec

ie
s

ce
.

th
e 

sp
ec

ie
s

a)
th

e 
sp

ec
ie

s
E

th
e 

sp
ec

ie
s 

E
 *

va
n

th
e 

sp
ec

ie
s 

E
w

a
th

e 
sp

ec
ie

s 
S

th
e 

sp
ec

ie
s

L.
th

e 
sp

ec
ie

s 
B

th
e 

sp
ec

ie
s 

E
nd

th
e 

sp
ec

ie
s 

V
I' 

of
 a

ll
bi

co
lo

re
d 

po
ly

go
ns

)
th

e 
sp

ec
ie

s 
21

4.
0,

. o
f a

ll 
gr

ap
hs

,
th

e 
sp

ec
ie

s
of

 a
ll 

co
nn

ec
te

d 
gr

ap
hs

,

th
e 

sp
ec

ie
s

)(
of

 a
ll 

si
ng

le
to

ns
,

th
e 

sp
ec

ie
s

I
of

 th
e 

em
pt

y 
se

t,
th

e 
em

pt
y 

sp
ec

ie
s 

0
(c

on
ta

in
in

g 
no

 s
tr

uc
tu

re
),

th
e 

sp
ec

ie
s 

In
v 

of
 a

ll
in

vo
lu

tio
ns

,

of
 a

ll 
tr

ee
s

(a
rb

re
s)

,

of
 a

ll 
ro

ot
ed

 tr
ee

s
(a

rb
or

e5
ce

nc
es

),

of
 a

ll 
cy

cl
es

,
of

 a
ll 

ev
en

 c
yc

le
s,

of
 a

ll 
su

bs
et

s 
(o

f s
et

s)
,

of
 a

ll 
se

ts
 (

en
se

m
bl

es
),

of
 a

ll 
ev

en
 s

et
s,

of
 a

ll 
od

d 
se

ts
,

of
 a

ll 
pe

rm
ut

at
io

ns
,

of
 a

ll 
lin

ea
r 

or
de

rs
,

of
 a

ll 
pa

rt
iti

on
s,

of
 a

ll 
ed

of
un

ct
io

ns
,

th
e 

sp
ec

ie
s

F
of

 a
ll

F
- 

st
ru

ct
ur

es
.



9
10

B
y 

co
nv

en
tio

n,
 fo

r 
an

y 
fin

ite
 s

et
 tJ

 w
e 

w
rit

e

FL
U

]
:=

 th
e 

se
t o

f a
ll

F-
st

ru
ct

ur
es

 o
n 

U

E
xa

m
pl

e.
If 

F
 =

=
 th

e 
sp

ec
ie

s 
of

 c
yc

le
s,

th
en

Is
 a

 4
1-

 s
tr

uc
tu

re

an
d 

if
"i

f
=

rn
,n

,1
,, 

11
, t

he
n

C
if

rn
, )

1,
 0

)1
31

A
N

D
irO

A
r't

 g
er

e'
t

"&
tli

vo
n

;:7
4.

."
44

41
71

44
,5

r
3

3
2

F
un

da
m

en
ta

l p
ro

pe
rt

ie
s 

sa
tis

fie
d 

by
th

e 
pr

oc
ee

di
ng

 e
xa

m
pl

e 
:

P
R

O
P

E
R

T
Y

 1
.

F
or

 e
ve

ry
 fi

ni
te

 s
et

 t7
, t

he
 s

et
47

E
73

 Is
 a

lw
ay

s 
fin

ite
.

P
R

O
P

E
R

T
Y

 2
.

E
ve

ry
 b

ije
ct

io
n

U
 =

 r
n,

rij

PV
11

1 
I

V
 =

 1
4-

 h
a 

c,
 4

3
in

du
ce

s 
an

ot
he

r 
bi

je
ct

io
n,

C
L

U
)

44
>

 4
46

41
1,

24
."

I
0,

1=
1

w
hi

ch
 r

el
ab

el
s 

vi
a 

/3
 e

ac
h 

C
-s

tr
uc

tu
re

 o
n 

U
to

 fo
rm

 a
 c

or
re

sp
on

di
ng

 C
 -

st
ru

ct
ur

e 
on

V
.



0
11

12

N
ot

e.
 T

w
o 

su
cc

es
si

ve
 r

el
ab

el
lin

gs
vi

a 
A

 a
nd

 A
l

am
ou

nt
s 

to
 a

 s
in

gl
e

re
la

be
lli

ng
 v

ia
 A

'o
 /3

 :

P4
.)

fl
op

ou
,

ct
av

i )
m

ei
° 

C
fp

l
e

cm
=

C
LA

."
3

C
D

D
E

F
IN

IT
IO

N
 (

A
nd

re
 J

oy
al

,
U

C
IA

M
,1

97
9)

A
 c

om
bi

na
to

ria
l s

pe
ci

es
 is

 a
ru

le
 F

 w
hi

ch

1)
 g

en
er

at
es

, f
or

 e
ac

h 
fin

ite
 s

et
U

,
an

ot
he

r 
fin

ite
 s

et
F

LU
),

2)
 g

en
er

at
es

, f
or

 e
ac

h 
bi

je
ct

io
n

F
LU

)
(3

*
F

,
an

ot
he

r 
bi

je
ct

io
n 

F
E

 V v)
in

 a
 c

oh
er

en
t w

ay
 : 

F
[(

1°
 J

o 
Fr

ia
j

F1
(3

'0
A

l

A
ny

 a
. I

n 
F

LU
) 

is
 c

al
le

d 
a

F
-s

tr
uc

tu
re

 o
n 

U
 .

0 
A

ny
 b

ije
ct

io
n 

F
 [f

a]
 is

ca
lle

d 
F

- 
re

la
be

lli
ng

 v
ia

 p
 .

C
O

N
V

E
N

T
IO

N
. A

n 
ar

bi
tr

ar
y 

F
 -

st
ru

ct
ur

e 
A

L 
on

T
..7

ca
n 

be
 r

ep
re

se
nt

ed
by

 d
ia

gr
am

s 
lik

e

or

or

E
T

C

C
ou

nt
in

g 
st

ru
ct

ur
es

 o
f a

 g
iv

en
sp

ec
ie

s

T
he

 p
ro

pe
rt

ie
s 

of
 r

el
ab

el
lin

gs
im

pl
y 

th
at

th
e 

nu
m

be
r 

of
 F

 -
st

ru
ct

ur
es

 o
n

t7
de

pe
nd

s 
on

ly
 o

n 
th

e 
nu

m
be

r 
of

el
em

en
ts

 o
f U

.

T
ha

t i
s,

1 
F

M
 I 

de
pe

nd
s 

on
ly

 o
n 

l t
j .



13
14

H
en

ce
, i

f w
e 

w
an

t t
o 

si
m

pl
y 

co
un

t F
 -

st
ru

ct
ur

es
,

it 
is

 s
uf

fic
ie

nt
 to

 c
on

si
de

r 
on

ly
 th

e 
ca

se
s

1.
7 

=
 n

 =
--

1.
.#

2.
11

3
n 

=
 0

,
1,

2o
 .

.

D
E

F
IN

IT
IO

N
.

Le
t F

 b
e 

a 
sp

ec
ie

s 
an

d

=
IF

 te
_1

1
=

 n
um

be
r 

of
 F

 -
st

ru
ct

ur
es

la
be

lle
d 

by
1,

2,
...

,n
i.

T
he

 g
en

er
at

in
g 

se
rie

s 
of

 th
e 

sp
ec

ie
s 

F
 is

00

F(
x)

 -
7,

&
I

n!
=

F
(x

) 
=

s 
xv

i
n

E
xa

m
pl

e 
1.

 S
 t 

th
e 

sp
ec

ie
s 

of
 p

er
m

ut
at

io
ns

S
(x

) 
=

E
 p

i!
=

E
x"

nv
o

0,
1*

0
I

E
xa

m
pl

e 
2.

6:
1 

%
 th

e 
sp

ec
ie

s 
of

 s
ub

se
ts

2"
eZ

X
n3

9

E
xa

m
pl

e 
3.

 E
th

e 
sp

ec
ie

s 
of

 s
et

s

E
C

zJ
=

=
ex

fly
.

w
w

E
xa

m
pl

e 
4.

;
th

e 
sp

ec
ie

s 
of

 e
ve

n 
se

ts

(x
)

+
+

D
e*

+
.=

 c
os

h
N

O
T

E
. W

e 
w

ill
 s

ee
 th

at
 g

en
er

at
in

g 
se

rie
s 

gi
ve

 r
is

e
E

w
en

to
 a

 d
yn

am
ic

 c
on

ne
ct

io
n 

be
tw

ee
n

C
O

M
B

IN
A

T
O

R
IC

S
 a

nd
 A

N
A

LY
S

IS
.

E
xa

m
pl

e 
5.

E
ye

d
t

th
e 

sp
ec

ie
s 

of
 o

dd
 s

et
s

(1
)=

+
13

1-
+

+
 -

-
=

si
nl

nx



15
16

E
xa

m
pl

e 
6.

L 
th

e 
sp

ec
ie

s 
of

 li
ne

ar
 o

rd
er

s

L
 (

x)
 z

 x
" 

E
x"

11
1.

.e
Pl

y°

E
xa

m
pl

e 
7.

C
 ; 

th
e 

sp
ec

ie
s 

of
 c

yc
le

s

C
(x

)
=

E
 X

" 
=

.0
/n

(1
%

ve
,

)
n

I
t I

E
xa

m
pl

e 
8.

th
e 

sp
ec

ie
s 

of
 e

ve
n 

cy
cl

es
IS

M
S

c.
(x

)=
 D

n.
-0

14
 m

 z
ak

ir 
aq

nf
t

PI
 e

ve
n 

it
it,

 I

E
xa

m
pl

e 
9.

E
nd

 =
 th

e 
sp

ec
ie

s 
of

 e
nd

of
un

ct
io

ns

E
nd

 (
X

) 
-=

n"
-F

r
P1

3o

E
xa

m
pl

e 
10

.
X

 :
th

e 
sp

ec
ie

s 
of

 s
in

gl
et

on
s

X
(4

) 
=

+
+

C
oi

fs
=

E
xa

m
pl

e 
11

.
ith

m
 I

th
e 

sp
ec

ie
s 

of
 g

ra
ph

s

C
Z

)
"

T
c/

el
 a

C
O

M
B

IN
IN

G
 a

nd
 M

A
N

IP
U

LA
T

IN
G

 S
P

E
C

IE
S

W
e 

kn
ow

 h
ow

 to
ad

d,
 m

ul
tip

ly
, s

ub
st

itu
te

, a
nd

 d
iff

er
en

tia
te

se
rie

s 
to

 o
bt

ai
n 

ot
he

r 
se

rie
s 

:

If
F

(x
).

. E
ib

.
lir

k
G

(3
0
-E

i p, 2
4+

1
.1

,,,
,

IN
N

,

H
 (

x)
 =

Z
 1

7.
,

In
v

th
en

 w
e 

ha
ve

 th
e 

fo
llo

w
in

g 
ta

bl
e

an
d O
P

E
R

A
T

IO
N

C
O

E
F

F
IC

IE
N

T
 h

n

H
(4

=
 F

(x
) 

+
G

(x
)

il 
=

5 
+

5;
,

1-
1W

 =
 F

(c
) 

- 
6(

%
)

4_
10

1 
ii.

h=
as

-*

ti(
7)

 =
F

 (
6(

2)
)

G
(o

)=
 ie

r 
0

=
7"

,
81

,
ni

t
6

...
St

in
k

3
-4

4A
"I

.

H
 (

x)
 =

 ti
- 

F
(x

)
h 

=
 5

+
,

T
hi

s 
ta

bl
e 

su
gg

es
ts

 c
or

re
sp

on
di

ng
co

m
bi

na
to

ria
l o

pe
ra

tio
ns

 fo
r 

sp
ec

ie
s 

:



17
18

D
E

F
IN

IT
IO

N
. F

ro
m

 g
iv

en
 s

pe
ci

es
 F

 a
nd

 G
ot

he
r 

sp
ec

ie
s 

ca
n 

be
 b

ui
lt 

:

T
he

 e
4p

ec
ie

s 
F

+
G

A
 (

F
+

G
)-

st
ru

ct
ur

e
sE

r
(4

1.
44

..t
G

op
h.

)

a 
6-

st
ru

ct
ur

e

a 
F

-s
tr

uc
tu

re

or

t\.
.)

T
he

 s
pe

ci
es

G
an

 o
rd

er
ed

 p
ai

r

A
 (

 F
-G

 )
- 

st
ru

ct
ur

e 
is

of
 a

 F
-s

tr
uc

tu
re

 a
nd

 a
ci

ls
jo

irr
t 6

-s
tr

uc
tu

re

T
he

 s
pe

ci
es

 F
(G

) 
=

 F
o 

G
a 

F
.-

st
ru

ct
ur

e
A

 (
F

o 
G

)-
st

ru
ct

ur
e 

is
bu

ilt
 o

n 
a 

fin
ite

 s
et

 o
f

di
sj

oi
nt

 G
-s

fr
uc

tu
re

s
F

O
G

(h
er

e,
 G

( 
0-

0)

T
he

 s
pe

ci
es

 F
'

A
 F

'- 
st

ru
ct

ur
e 

on
 U

 is
ra

 F
-s

tr
uc

tu
re

on
 U

+
 f4

ti

T
H

E
O

R
E

M
. I

f F
 a

nd
 G

 a
re

 s
pe

ci
es

, t
he

n
(F

+
G

)(
x)

 =
 F

(x
) 

+
 G

(z
),

(F
-

=
 F

0c
) 

G
O

O
,

C
F

o 
6)

(2
1=

 F
(G

O
e)

),
 C

if
F

'C
x)

 =
F

ra
c)

.

E
X

A
M

P
LE

S
 / 

A
P

P
LI

C
A

T
IO

N
S

1)
 E

=
 E

.*
 E

 o
dd

E
 (

X
) 

- 
E

ev
en

C
X

) 
E

od
a 

O
C

)

th
at

 is
,

ez
=

 c
os

t,
x

si
nb

2)
 L

et
 D

 b
e 

th
e 

sp
ec

ie
s 

of
 d

er
an

ge
m

en
ts

,
i.e

., 
pe

rm
ut

at
io

ns
 w

ith
ou

t f
ix

ed
 p

oi
nt

s,
 th

en
S

E
 D

m
ss A
fr

ls
.

S
(x

)=
- 

E
C

x)
D

(x
)

-r
iz

a-
 =

 e
x 

3)
 C

x.
)

D
w

r.
:

d 
=

 n
um

be
r 

of
 d

er
an

ge
m

en
ts

 o
f

n 
ob

Je
ct

s

O
t 7

 2
1

31



A
.

19
20

3)
E

nd
 =

S 
° 

A

4?
lc

"
*

4
e.

)
41

(
ol

4
41

r4
14

'
.0

4.
-

:(
4*

)4

?/
.

C
07

./.
_o

va
;

/ --
C

ic
k-

,0
4-

`
.
4t

.
4,

®
17

--
0 /

\
E

nc
i(x

)-
z.

S(
k(

x)
)

E
" n

-
rn

s.
- 1-

A
k)

n"
N

al
P

I!

A
M

 =
yi

n
z"

T
v

n

L
Q

...
.."

..,
...

.

,
4 

,
f)

\,)
,

k.
.)

,,o
m

u
.t-

o),
.;

*a
4,

/
.

f
4.

-

s(
x)

=
 E

(c
(1

))
ix

E
va

)
41

60
=

(m
- 

)!

4b
)

Le
t

S
O

>
 b

e 
th

e 
sp

ec
ie

s 
of

 p
er

m
ut

at
io

ns
ha

vi
ng

 *
 c

yc
le

s
an

d
E

k
be

 th
e 

sp
ec

ie
s 

of
 *

-s
et

s,

th
en

 S
 s

E
ko

 4
4,

E
dt

(x
)=

S(
*`

 )
(x

)
"1

6 
E

it(
03

e1
)

rg
,,

A
,. 

=
nu

m
be

r 
of

 p
er

m
ut

at
io

ns
 o

f n
 p

oi
nt

s 
ha

vi
ng

 k
 c

yc
le

s

ab
so

lu
te

 v
al

ue
 o

f S
tir

lin
g 

nu
m

be
r 

of
 th

e 
fir

st
ki

nd

=
E

no
,,,

..
tle

f
+

V
II

>
 0

,4
1(

rt
,1

01



r

<
7,

21
22

5a
)

33
=

--
E

0E
+

W
he

re
 E

. i
s 

th
e 

sp
ec

ie
s 

of
no

n-
em

pt
y 

se
ts

.

E
+

(x
) 

=
e 

i =
B

C
3e

)=
 E

(E
+

C
x)

)

=
ee

e'
'

e
e

It 
fo

llo
w

s 
th

at
6=

 n
um

be
r 

of
pa

rt
iti

on
s 

of
 a

 s
et

 o
f n

 e
le

m
en

ts

I

E
.

L.
n

T
hi

s 
is

 D
ob

in
sk

i's
 fo

rm
ul

a
e

.
fo

r 
th

e 
n 

th
 B

el
l n

um
be

r
4m

0

5b
)

Le
t .

B<
le

>
be

 th
e 

sp
ec

ie
s 

of
 p

ar
tit

io
ns

ha
vi

ng
 *

 c
la

ss
es

an
d

E
li

be
 th

e 
sp

ec
ie

s 
of

 *
-s

et
s,

<
4e

>
B

 =
 E

lio
(2

3=
 [

nu
m

be
r 

of
 p

ar
tit

io
ns

 o
f n

 p
oi

nt
s 

in
to

 A
 c

la
ss

es
S

tir
lin

g 
nu

m
be

r 
of

 th
e 

se
co

nd
 k

in
d

I
gr

i
*I

ri
in

n
r)

'
rh

t
*

Y
IL

 >
 0

6)
=

 E
. E O

N
 2

=
 (

E
4 

ex

nu
m

be
r 

of
 s

ub
se

ts
 o

f a
 s

et
 o

f r
, e

le
m

en
ts

2"
(k

no
w

n!
)

A
7)

Le
t S

 b
e 

th
e 

sp
ec

ie
s 

of
pe

rm
ut

at
io

ns
^

ha
vi

ng
 o

nl
y 

ev
en

 c
yc

le
s 

:
S

.-
- 

E
0C

ev
en

m
.e

c.
,..

(2
).

. e
il.

,F
c

,

V
7-

77

z,
 .

is
 3

2.
 s

t..
af

t-
it

if
 h

 =
 2

k
.,

0
ot

he
rw

is
e

8)
-

ef
il

14
0.

4
14

es
t

L
'(x

)=
(L

fr
))

t
=

xl
(k

no
w

n!
)



23
24

9)
C

;=
L

(a
ga

in
I 

)

lid
(X

)1
=

14
4

4.
00

dx

L
od

d
=

L
I

ev
en

bu
t

Pb
'c

ev
en

12
)

A
=

 X
' (

E
°A

)

I
./

= -

=
 X

(x
l-

E
00

0)
z e

ik
(x

)
A

(3
0

4.
14

x)
X

an
n

11
)

B
1

E
 B

re
cu

rr
en

ce
)

Il
iB

(2
)

1=
E

(L
)B

00
11

, e
x-

33
(z

)
bh

. I
(*

)
*m

e

13
) 

Le
t

be
 th

e 
sp

ec
ie

s 
of

 v
er

te
br

at
es

( 
a 

ve
rt

eb
ra

te
 is

 a
 p

oi
nt

ed
 r

oo
te

d 
tr

ee
 )

=
 L

O
A

,.
,i,

.,0
f 

/
...

...
...

...
._

__
\.a

. a
 c

e.
...

.,.
...

:
fr

 (
ze

e
si

,"
 0

1_
,A

 /_
.:

e-
-.

. .
4 

\s
e

s-
..

4.
...

..-
w

,
...

...
, /

 4
,

.-
._

...
.

as
(5

-o
-*

il,
-,

..
...

...

I
. v

e(
x)

.. 
L

 (
A

(2
0)

 5
 -

1_
A

(.
) 

5
E

A
44

4C
x)

A
/4

 ..
r.

 n
 a

. r
.

nu
m

be
r 

of
 e

nc
lo

fu
nc

tio
ns

 o
n 

P
 e

le
m

en
ts

n"
a.

r.
 n

" 
-I

(J
oy

al
)



7:
V

25
26

14
) 

gl
=

 th
e 

sp
ec

ie
s 

of
 fo

re
st

s 
of

 r
oo

te
d 

tr
ee

s

a'
=

41
'

.
.

1/
4.

fe
-7

,1
.

4k
.

H
en

ce
, t

he
 n

um
be

r 
of

 b
al

lo
t o

ut
co

m
es

 f
or

n
ca

nd
id

at
es

Is

*"

16
)

Le
t 8

4 
be

 th
e 

sp
ec

ie
s 

of
 b

al
lo

ts
.

43
.0

1 
=

 L
0 

E
ll.

&
LI

N
 L

tE
.6

0 
=

 L
 (

ex
- 

i)
as

43
0

(7
);

'
4-

--
--

--
T

er
5u

-k
t5

+
6.

1)
11

76
0 

cl
aw

ni
l

tit
Q

,
nu

m
be

r o
f 

fo
re

st
s 

of
 r

oo
te

d 
tr

ee
s 

on
n 

po
in

ts
,o

v-
I

=
+

 I 
j

15
)

A
ul

t
=

 E
t

21
,1

4(
z)

,..
e

it'
`,

''`
)

Z
ia

 (
29

=
L

t A
. (

x.
)

=
 L

te
,)

,T
.;

i
n
i
n
t
e
g
e
r
Y
)

17
) 

In
v

=
 E

a
+

 E
,,)

"1
.1

1

oi
0*

* 
ef

f

IL
.

"0

Ili
th

ei
V

oi
rn

ifb
ite

e:
vv

r+
0:

34
x1

n:
ol

eu
tl%

en
4:

on
n 

el
em

en
ts

 Is

al
)1

.3
.5

-4
2*

-0

18
)

C
la

ss
ic

al
 fo

rm
ul

as
 o

f C
al

cu
lu

s 
ho

ld

Fo
r 

ex
am

pl
e 

: (
F-

0 
6,

Y
=

(F
io

 &
)G

' [
ch

ai
n 

ru
le

 ]

G
 V

G
 -

R
gb

r
G

)(
v-

"
N

.,

11
cs

;L
N

.,
0 

-*
(r

*a
F.

6
G

.R
::

oJ
C

's



27
28

P
O

S
S

IB
LE

 T
E

A
C

H
IN

G
 / 

LE
A

R
N

IN
G

 A
C

T
IV

IT
IE

S
( 

fr
om

 e
le

m
en

ta
ry

 to
 a

dv
an

ce
d 

)

T
o 

fin
d,

 b
ui

ld
 o

r 
dr

aw
 c

om
bi

na
to

ria
l

st
ru

ct
ur

es
 fr

om
 r

ea
l-l

ife
 s

itu
at

io
ns

or
 fr

om
 c

on
cr

et
e 

/ a
bs

tr
ac

ts
 o

bj
ec

ts
.

T
o 

de
ci

de
 w

he
th

er
 tw

o 
st

ru
ct

ur
es

of
 a

 g
iv

en
 s

pe
ci

es
 a

re
 e

qu
al

 o
r 

no
t.

T
o 

m
ak

e 
a 

co
m

pl
et

e 
an

d 
no

n-
re

pe
tit

iv
e

lis
t o

f s
tr

uc
tu

re
s 

be
lo

ng
in

g 
to

 a
 g

iv
en

sp
ec

ie
s,

 la
be

lle
d 

by
 a

 g
iv

en
 (

sm
al

l) 
se

t.

T
o 

m
ak

e 
a 

co
m

pl
et

e 
an

d 
no

n-
re

pe
tit

iv
e

lis
t o

f u
nl

ab
el

le
d 

st
ru

ct
ur

es
 b

el
on

gi
ng

to
 a

 g
iv

en
 s

pe
ci

es
 o

n 
n 

in
di

st
in

gu
is

ha
bl

e
el

em
en

ts
 (

n 
sm

al
l).

T
o 

fin
d 

co
m

bi
na

to
ria

l e
qu

at
io

ns
 a

ss
oc

ia
te

d
to

 s
pe

ci
es

 (
an

d 
vi

ce
-v

er
sa

).

T
o 

fin
d 

en
um

er
at

iv
e 

or
 s

tr
uc

tu
ra

l p
ro

pe
rt

ie
s

of
 s

pe
ci

es
 fr

om
 th

ei
r 

co
m

bi
na

to
ria

l e
qu

at
io

ns
(v

ia
 s

er
ie

s 
ex

pa
ns

io
ns

, f
or

 e
xa

m
pl

e)
.

T
o 

fin
d,

 b
ui

ld
 o

r 
dr

aw
 c

om
bi

na
to

ria
l

st
ru

ct
ur

es
 fr

om
 r

ea
l-l

ife
 s

itu
at

io
ns

or
 fr

om
 c

on
cr

et
e 

/ a
bs

tr
ac

t o
bj

ec
ts

.

R
iv

er
s 

m
ak

in
g 

a 
(p

la
ne

) 
tr

ee

F
lo

w
er

s

10
14

V
is

:4
7

S
itt

in
g 

ar
ou

nd
 a

 r
ou

nd
 ta

bl
e



29
30

T
o 

de
ci

de
 w

he
th

er
 tw

o 
st

ru
ct

ur
es

of
 a

 g
iv

en
 s

pe
ci

es
 a

re
 e

qu
al

 o
r 

no
t.

s
-
b
-
c
-
d
-
e

f
-
g
-
h
-
I
-
J

a
-
g
-
h
-
l
-
J

I
1

1
i

f
-
g
-
h
-
i
-
J
 
=
 
a
-
b
-
e
-
d
-
o
 
*
 
f
-
b
-
c
-
d
-
e
,

T
o 

m
ak

e 
a 

co
m

pl
et

e 
an

d 
no

n-
re

pe
tit

iv
e

lis
t o

f s
tr

uc
tu

re
s 

be
lo

ng
in

g 
to

 a
 g

iv
en

sp
ec

ie
s,

 la
be

lle
d 

by
 a

 g
iv

en
 (

sm
al

l) 
se

t.

T
he

 1
6 

tr
ee

s 
la

be
lle

d 
by

 {
 a

, b
, c

, d
 }

 :
a-

b-
c-

d
a-

c-
b-

d
a-

b-
d-

c
a-

d-
b-

c
a-

c-
d-

b
a-

d-
c-

b

b-
a-

d-
c

b-
d-

a-
c

b-
a-

c-
d

0-
c-

a-
d

c-
a-

b-
d

c-
b-

a-
d

b\
a/

d
I G

b
\
c
/

a

I d

c
d

b I a
b
\
d
/
 
a

I G

T
o 

m
ak

e 
a 

co
m

pl
et

e 
an

d 
no

n-
re

pe
tit

iv
e

lis
t o

f u
nl

ab
el

le
d 

st
ru

ct
ur

es
 b

el
on

gi
ng

to
 a

 g
iv

en
 s

pe
ci

es
 o

n 
n 

in
di

st
in

gu
is

ha
bl

e
el

em
en

ts
 (

n 
sm

al
l),

T
he

 2
 u

nl
ab

el
le

d 
tr

ee
s 

on
 4

 id
en

tic
al

 e
le

m
en

ts
:

(0
-4

,-
0-

41
1

Y

T
o 

fin
d 

co
m

bi
na

to
ria

l e
qu

at
io

ns
 a

ss
oc

ia
te

d
to

 s
pe

ci
es

 (
an

d 
vi

ce
-v

er
sa

).

T
o 

fin
d 

en
um

er
at

iv
e 

or
 s

tr
uc

tu
ra

l p
ro

pe
rt

ie
s

of
 s

pe
ci

es
 fr

om
 th

ei
r 

co
m

bi
na

to
ria

l e
qu

at
io

ns
(v

ia
 s

er
ie

s 
ex

pa
ns

io
n,

 fo
r 

ex
am

pl
e)

.



<St-- OW, 7q

U.S. Department of Education
Office of Educational Research and Improvement (OERI)

National Library of Education (NLE)
Educational Resources Information Center (ERIC)

REPRODUCTION RELEASE
(Specific Document)

I. DOCUMENT IDENTIFICATION:

Title: CA 4A-01 1k-Q1 4 4A-T1-4-ENA PcriC S ElD0c4.-110--N Sn) Q-P-c)

PROCCEDI N CI- S acx, 0 A-10,ML)A-c._ i3 6--
Author(s): GA t K6-- 5 r AA AA. r- 6 'DAV )
Corporate Source: 11-tech,,A,ry,,,ZZ,0

44.4...caotZtrr,

II. REPRODUCTION RELEASE:

Publication Date:

Zoo

In order to disseminate as widely as possible timely and significant materials of interest to the educational community, documents
announced in the monthly abstract journal of the ERIC system, Resources in Education (RIE), are usually made available to users in microfiche,
reproduced paper copy, and electronic media, and sold through the ERIC Document Reproduction Service (EDRS). Credit is given to the source
of each document, and, if reproduction release is granted, one of the following notices is affixed to the document.

If permission is granted to reproduce and disseminate the identified document, please CHECK ONE of the following three options and sign
at the bottom of the page.

The sample sticker shown below will be
affixed to all Level 1 documents

PERMISSION TO REPRODUCE AND
DISSEMINATE THIS MATERIAL HAS

BEEN GRANTED BY

0 T DUCATIONAL RESOURCES
I ORMATION CENTER (ERIC)

re
of

Level 1

Check here for Level 1 release, permitting
reduction and dissemination in microfiche or
r ERIC archival media (e.g., electronic) a

paper copy.

The sample sticker shown below will be
affixed to all Level 2A documents

2A

PERMISSION TO REPRODUCE AND
DISSEMINATE THIS MATERIAL IN

MICROFICHE, AND IN ELECTRONIC MEDIA
FOR ERIC COLLECTION SUBSCRIBERS ONLY,

HAS BEEN GRANTED BY

TO THETHE EDUCATIONAL RESOURCES
INFORMATION CENTER (ERIC)

Level 2A

Check here for Level 2A release, permitting reproduction
and dissemination in microfiche and in electronic media for

ERIC archival collection subscribers only

The sample sticker shown below will be
affixed to all Level 2B documents

PERMISSION TO REPRODUCE AND
DISSEMINATE THIS MATERIAL IN

MICROFICHE ONLY HAS BEEN GRANTED BY

2B

TO THE EDUCATIONAL RESOURCES
INFORMATION CENTER (ERIC)

Level 2B

Check here for Level 2B release, permitting reproduction
and dissemination in microfiche only

Documents will be processed as indicated provided reproduction quality permits.
If permission to reproduce is granted, but no box is checked, documents will be processed at Level 1.

I hereby the Educational Resources Information Center (ERIC) nonexclusive permission to reproduce and disseminate this document
as indi =d abbe. Reproduction from the ERIC microfiche or electronic media by persons other than ERIC employees and its system
con - rs requires permission from the copyright holder. Exception is made for non-profit reproduction by libraries and other service agencies
to fnformati n needs of educators in response to discrete inquiries.
Si Printed Name/ ositionifitle:

Q--C e (
lt-----4

Organization/Address: lc) ......1- , ! I., ; ,.:../. 7.--

-.`r, k---....--Li_i_.,. ,,...P.-* ".., .....'e .. 'q,'"vi.....)......,'

Telephone: '1 FAX:...egi 41
E-Mail Address: Date: A,e..., fo2,

coin-if-to ua.,t tvex..hk



III. DOCUMENT AVAILABILITY INFORMATION (FROM NON-ERIC SOURCE):

If permission to reproduce is not granted to ERIC, or, if you wish ERIC to cite the availability of the document from another source,
please provide the following information regarding the availability of the document. (ERIC will not announce a document unless it is
publicly available, and a dependable source can be specified. Contributors should also be aware that ERIC selection criteria are
significantly more stringent for documents that cannot be made available through EDRS.)

Publisher/Distributor:

Address:

Price:

IV. REFERRAL OF ERIC TO COPYRIGHT/REPRODUCTION RIGHTS HOLDER:

If the right to grant this reproduction release is held by someone other than the addressee, please provide the appropriate name and
address:

Name:

Address:

V. WHERE TO SEND THIS FORM:

Send this form to the following ERIC Clearinghouse:

However, if solicited by the ERIC Facility, or if making an unsolicited contribution to ERIC, return this form (and the document being
contributed) to:

ERIC Processing and Reference Facility
4483-A Forbes Boulevard
Lanham, Maryland 20706

Telephone: 301-552-4200
Toll Free: 800-799-3742

FAX: 301-552-4700
e-mall: ericfac@ineted.gov
VVWW: http: / /ericfacility.org

EFF-088 (Rev. 2/2001)


