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Linear Equating

Abstract

The present paper presents four commonly used designs in equating test scores. These designs

are (a) single-group, (b) random-group, (c) equivalent-group, and (d) anchor-test. For each

design, its data must be collected according to specific guidelines. Three of the four methods

are illustrated by means of hypothetical situations. All four methods try to equate test scores

from equally reliable and parallel measures. Although the anchor-test design is not as simple

to implement as the other designs, it is one of the most popular equating procedures
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Equating Tests Scores Using the Linear Method: A Primer

Suppose student A is administered the fall edition of test X and gets a grade, GAX, on

it. Also, suppose that student B is administered the spring edition of test X and gets a grade,

GBX, on it. Can the two scores be compared given that they come from different test

administrations? To make matters even worse, assume that student B is taking test X for the

second time. Can it be safely said that student B has no advantage over student A due to the

fact that he/she is not only taking a later administration of the test but also re-testing? It is for

these reasons, among others, that many testing programs use multiple editions of a given test.

That is, most testing programs use a new set of questions, as similar in difficulty and content

as possible, on each test administration.

Since every test administration uses different editions of the test and different editions

of the test use different sets of questions, it follows that there will be some differences among

test editions. In other words, although test developers attempt to develop test editions that are

as similar as possible in content and statistical specifications, there will be some differences in

the level of difficulty. Consequently, if there is to be any comparison among examinees who

have taken different editions of the same test, a process that would produce comparable scores

on these editions must be sought. One such process is to equate the test scores.

The purpose of this paper is to present a brief introduction to the Linear Equating

Method. According to Kolen (1988),

In linear equating the means and standard deviations on the two

forms for a particular group of examinees are set equal. In this

method, Form 2 scores are converted so as to have the same

mean and standard deviation as scores on Form 1. (p. 33)
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Four commonly used methods will be discussed, but only three will be illustrated by means of

hypothetical situations.

Definition of Equating

A review of the literature offers several definitions of equating. Angoff (1982), points

out that

Equating is the process of developing a conversion from the system

of units of one form of a test to the system of units of another form

so that scores derived from the two forms after conversion will be

equivalent and interchangeable. (p. 56)

Therefore, when equating has been properly done, "it is possible to compare directly the

performances of two individuals who have taken different forms of a test" (Angoff, 1971, p.

563).

According to Lord (1980), two tests forms, X and Y, are considered equated if it is a

matter of indifference to each examinee which test he or she takes. Moreover, Petersen, N. S.,

Kolen, M. J., and Hoover, H. D. (1986) have pointed out that scores on tests X and Y are

considered equated only when the following conditions hold:

1. Same Ability-the two tests must both be measures of the same

characteristics (latent trait, ability, or skill).

2. Equity- for every group of examinees of identical ability, the

conditional frequency distribution of scores on test X, after

transformation, is the same as the conditional frequency distribution

on test Y.

3. Population Invariance-the transformation is the same regardless
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of the group from which it is derived.

4. Symmetry-the transformation is invertible, that is the mapping

of scores from Form X to From Y is the same as the mapping of

scores from Form Y to Form X.

The equity requirement follows from Lord's (1980) statement and has the following

implications:

1. Tests measuring different traits or abilities cannot be equated.

2. Raw scores on unequally reliable tests cannot be equated (since

otherwise scores from unreliable test can be equated to scores on

a reliable test, thereby obviating the need for constructing reliable

test!).

3. Raw scores on tests with varying difficulty levels, i.e., in vertical

equating situations, cannot be equated (since in this case the true

scores will have a nonlinear relation and the tests therefore will not

be equally reliable at different ability levels).

4. The conditional frequency distribution at ability level 0, flx:0] of

score 0 on test X is the same as the conditional frequency distribution

for the transformed score x(y), flx(y):0], where x(y) is a one-to-one

function of y.

5. Fallible scores on tests X and Y cannot be equated unless tests X and

Y are strictly parallel (since the condition of identical conditional

frequency distributions, under regularity conditions, implies that the

moments of the two distributions are equal).
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6. Perfectly reliable tests can be equated.

Designs for Equating

Before an equating may be done, data must be collected from very specific

designs. Four commonly used designs to collect data before performing an equating

are (a) single-group design; (b) random-groups design; (c) equivalent-group design;

and (d) anchor-test design, see Figure 1. When using the single-group design, both

tests are administered to the same group of examinees. The forms are administered one

after the other, and when possible on the same day. As Crocker and Algina (1986)

point out, "since the same examinees take both tests, the difficulty levels of the tests

are not confounded with the ability levels of the examinees" (p. 198). However, in

doing so the researcher must assume that there is no practice and/or fatigue effect on

the scores on the second test (Petersen et al., 1986, p. 245).

Insert Figure 1 About Here

A common solution to the above mentioned problem is to package the books in

such a way that every other booklet is a new form. This way, every other examinee

takes a new form. According to Angoff (1971) "this procedure will fail to yield

randomly equivalent groups only when the examinees themselves are seated in a

sequence (e.g. boy, girl, boy, girl, etc.) that may be correlated with the test score" (p.

569).

When the equating is being done by means of the equivalent-group design, the

two forms are administered to two random groups, one for each group. This way,

every examinee takes only one test. However, since every examinee takes only one
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test, there is no common data for the groups. This, in turn, makes it impossible to

adjust for differences between the groups. Moreover, when "using the equivalent-

groups design it is important that the groups be as similar as possible with respect to

the ability being measured; otherwise, an unknown degree of bias will be introduced in

the equating process" (Petersen et al., 1986, p. 245).

In practice, it is often impossible to randomly select the two groups to use in

the test administration. In such a situation, the anchor-test design is used to adjust for

random differences between the groups. In this design, "each test contains a set of

common items, or a common external anchor-test is administered to the two groups

simultaneously with the tests" (Hambleton & Swaminathan, 1985, p. 198). In theory,

the anchor-test should consist of test items like those on the forms to be equated. Thus,

the higher the correlation between the scores on the anchor test and the scores on the

tests to be equated, the more useful the data from the anchor test will be. In other

words, as Angoff (1971) has noted,

If, for example, rxu = 0 (and, presumably, ryu = 0, since X and

Y are parallel forms), this would indicate that observations made

on Form U are irrelevant to the psychological functions measured

by Form X or Form Y and are therefore not useful in making

adjustments in those measures (p. 577)

where Form U is the anchor test. The length of the anchor test is suggested (Angoff,

1971) to be at least 20 items or 20% of the number of items in each test, whichever is

larger.
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Other methods of equating tests scores, which have been recently developed,

include item response theory (Lord, 1980), confirmatory factor analysis (Rock, 1982),

and section pre-equating (Holland & Wightman, 1982). Nonetheless, these methods

require complex calculations. Moreover, since these methods are still being tested out

in the field, "it is quite safe to assume that in the near future the more traditional

methods will continue to play an important role in most testing programs" (Budescu,

1985, p. 14).

Linear Equating

Single-Group Design

As stated previously, select a large heterogeneous group. Divide this group into

two random subgroups. Administer Form X to the first group and Form Y to the

second group. According to Angoff (1982),

Two scores, one on Form X and the other on Form Y- again,

where X and Y are equally reliable and parallel measures- may

be considered equivalent if their respective standard score

deviates in any given group are equal. (p. 56-57)

In other words, two scores are equivalent if

(X -Mx ) (Y -My )

Sx Sy

(Angoff, 1982). To solve for Y, first multiply both sides of the equation by Sy. Thus,

(X -Mx ) (Y -My )

Sx Sy
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becomes

Sy (X Mx )
Sx

Adding Myto both sides,

Sy (X -Mx)
=Y

Sx

Rearranging terms,

Sy Sy
Mx Y

Sx Sx x

Sy Sy
X + IV11 y --M x =Y

Sx Sx

Letting A =, and B = My s,
Mx ,s

Sy

X Sx

Y = AX + B

where A is the slope and B is the intercept of the conversion equation.

Suppose that group one takes Form X and obtains a mean of 75 (i.e., Mx = 75)

and a standard deviation of 8 (i.e., Sx = 8). Also, suppose that the mean and standard

deviation for the second group are 70 and 9, respectively (i.e., My = 70 and Sy = 9).

Substituting into

Sy Sy
xX+My M = Y

Sx Sx



gives

Linear Equating0

X + 70 -9 (75 ) = Y
8 8

Y = I 9
+ 70 -(75 )

8 8

Thus, a score of 80 on Form X is equivalent to

Y = 9 (80) + 70
8

(75)
8

Y = 75.625

a score of 75.625 on Form Y.

Random-Groups Design

As in the single-group design, select a large group and divide into two random

subgroups. However, this time the original large group should be homogeneous. Once

the group has been subdivided, administer Form X followed by Form Y to the first

group. To the second group, administer the forms in the opposite order. That is,

administer Form Y followed by Form X to the second group. According to Angoff

(1982), in this design, "it is assumed that the standardized practice effect of Form X on

Form Y is the same as the standardized practice effect of Form Y on Form X" (p. 59).

Although the linear equation to be used in the random-group design is the same as the

one for the single-group design (Y = AX + B), the A and B terms are given by different

formulas. The linear equation for equating using random-group design is

Y = AX + B

1 "I



where

A-1
s2 s2

Y1 Y2
2 2+ S-"I X2

B=MY1+MY2 A(Mxi+MX2

2 2

Linear Equating 1

(Angoff, 1971).

Suppose that on a given test administration, group one obtains a mean of 60

and standard deviation of 5.5 on Form X. Similarly, when group one was administered

Form Y, the group's mean and standard deviation were 55 and 5, respectively. Also,

suppose that the second group's mean and standard deviation on Form X were 63 and

4.5, respectively. Likewise, suppose that the second group's mean on Form Y was 60

and that the group's standard deviation on Form Y was 5. Table 1 presents the

different means and standard deviations for both groups. Substituting these values into

yields

A=
s2 s2

Y1 Y2
s2 s2

X2

My +My2 A(Mx1 +Mx2)
B=

2 2

A.
4.52 52

= .915.52

B. 63 + 60 .91(60 + 55)
= 9.175

2 2
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So that,

Linear Equating2

Y = AX + B

= .91X+ 9.175

Thus, a score of 70 on Form X is equivalent to

Y = .91X + B

= .91(70) + 9.175

= 72.175

Insert Table 1 About Here

Anchor-Test Design

Unlike the single-group design where the group takes both test forms or the

random-group design where each group takes both test forms countered balanced,

when using the anchor-test design each group takes each of the forms to be equated

and a common (anchor) test.

Administer Form X to group one, Form Y to group two, and let U be the set of

scores on the anchor-test. According to Crocker and Algina (1996), the assumptions in

an anchor-test design equating are

1. The slope, intercept, and standard error of estimate for the

regression of X on U in subpopulation 1 are equal to the slope,

intercept, and standard error estimate for the regression of X

on U in the total population.

2. The slope, intercept, and standard error of estimate for the

regression of Y on U in subpopulation 2 are equal to the slope,

13
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intercept, and standard error of estimate for the regression of Y

on U in the population. (p. 460)

The linear equation for equating using the anchor-test design is, again,

Y =AX+ B

where

A
Sr

Sx

B=My AMX

Sr b2 i
VcvU

2 c2
At Y2 YU2 j L'2

VQ2
Xi

±b2
XU1 k"

tc,2
U "Ui

\
"

MY =my2 ±byu2(Mu Mu2)

M =M +b (M M U1)MX xui u

where bxu is the slope of the regression of X on U in group one and byu2

is the slope of the regression of Y on U in group two (Angoff, 1971).

Suppose that both groups, one and two, have been administered their respective test

forms. The groups' hypothetical data is presented in Table 2. Substituting the corresponding

values yields

14
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4.92 + .75(6.12 5.32)

5.82 +1.32(6.12 6.52)

My = 70 +.75(78 72) = 74.5

Mx = 73 +1.3(78 80) = 70.4

B = 74.5 1.08(70.4) = 1.53

So that,

Y = AX +B

= 1.08X -1.53.

Thus, a score of 70 on Form X is equivalent to

Y = AX +B

= 1.08X -1.53

= 1.08(70)-1.53

= 74.07

Insert Table 2 About Here

This paper has presented how to equate test scores using each of the following four

designs: single-group, random-group, equivalent-group, and anchor-test. Each design has its

own data collection assumptions to meet. Three of the four methods were illustrated by means

of hypothetical situations. All four methods try to equate test scores from equally reliable and

parallel measures. Although the anchor-test design is not as simple to implement as the other

designs, it is one of the most popular equating procedures.
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Figure 1

Single-Group Design

Form X Form Y

Group A

Random-Groups Design

Form X Form Y

1st
2nd et 2nd

* *Group A

Group B

Equivalent-Group Design

Form X Form Y

Group A

Group B *

Anchor-Test Design

Form X Form Y Form U

Group A

Group B *
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Table 1

Linear Equating?

Means and Standard Deviations for Both Groups

Mean Standard Deviation

Form X Form Y Form X Form Y

Group One 60 55 5.5 5

Group Two 63 4.5 60 5

Table 2

Hypothetical Data Anchor-Test Design

Form X Form Y Form U

Group One Mean 73 80

SD 5.8 6.5

xu1
1.3

Group Two Mean 70 72

SD 4.9 5.3

bxu2 .75

Total Mean 78

SD 6.1
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