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Abstract

This study investigates cognitive constructs to be measured in word problems in algebra.

One performance-based assessment was administered to 290 high school students.

Students' responses were scored by three scoring systems: the correct/incorrect criterion

(0/1), a holistic scoring rubric (0-4), and an analytical scoring rubric for measuring

maturity levels of mathematical reasoning (0-4). The results demonstrated that cognitive

constructs in a performance-based format were different from those in a multiple-choice

format. Outcome cognitive constructs in students' responses were not the same as

planned ones in tasks. Bloom's Taxonomy was not sufficient for classifying

mathematical reasoning. The correct/incorrect scores could not distinguish different

levels of mathematical reasoning . The combined use of a holistic scoring rubric and an

analytical one for reasoning were informative.
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Cognitive Constructs Measured in Word Problems:

A Comparison of Students' Responses in Performance-based Tasks and

Multiple-choice Tasks for Reasoning

Recent studies of cognitive psychology have suggested the need for change in

achievement testing. How can we assess students' thinking processes and reasoning?

How can we infer the levels of students' understanding? What cognitive constructs are

measured in different task formats using different scoring criteria? This study

investigates cognitive constructs to be measured in solving word problems in algebra.

Because conventional achievement tests are based on the psychological theory of

behaviorism, they assess students' observable behaviors that can be reliably recorded as

either present or absent (Bloom, Hastings, and Madaus, 1971). However, recent research

in cognitive psychology has a changed view of learning. The differences between a

novice and an expert are not the amount of knowledge, but the ways of viewing aspects

and of structuring problems. "Learning should be a qualitative change in a person's

conception of a certain phenomenon or of a certain aspect of reality (Johansson., Marton,

& Svensson., 1985)." Therefore, the purpose of assessment is not to establish the

presence or absence of specific behaviors, but to infer the nature of students'

understandings of particular circumstances (Masters and Mislevy, 1993; Mislevy, 1995).

The National Council of Teachers of Mathematics (NCTM) has stressed fostering

problem solving, reasoning, and communication in mathematics education. Assessment

should seek evidence of reasoning processes in solving problems. Communication is the

vehicle by which students appreciate mathematics as involving the processes of problem-
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solving and reasoning (NCTM, 1991, p. 96). The format of tasks used in assessment is

an important factor affecting students' performances. Open-ended questions are more

language-dependent than are multiple-choice questions, both in the statement of the

problem and in students' responses; however, open-ended questions can provide for

greater diversity in solution strategies and students' understanding. Open-ended questions

can offer more insight into students' thought than multiple-choice tests (NCTM, 1995. pp.

58 - 59). The important question is, therefore, how we can assess reasoning process

involved in solving problems in paper-pencil type, large-scale testing.

Some studies showed a high correlation between students' performances on

multiple-choice and performance-based tasks (e.g. Wolf, 1994). When we consider

performance-based tasks, however, there are two methods for scoring responses: (a)

scoring final answers using the correct/incorrect criterion and (b) scoring reasoning

processes using scoring rubrics. The results would be different based on what scoring

system is used. Wolf has pointed out that the more items are structured in terms of the

task to be performed and the specification of acceptable responses, the easier such items

are to administer and score. On the other hand, this task structure and scoring system rely

on observable behaviors rather than inferences of understanding. Open-ended questions

or less-structured tasks that have multiple solution strategies and/or multiple answers can

offer rich insights into students' thinking processes. Nevertheless, the scoring criteria

may be difficult to determine. Furthermore, the scoring system that is used in an

assessment greatly affect the results that are obtained.

This study investigates cognitive constructs in tasks (planned constructs) and in

students' responses (outcome constructs). These cognitive constructs are compared in

5
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different scoring systems. Since performance-based, open-ended tasks can reveal a wide

variety of insights of thinking processes in students' written responses, the scoring system

should reflect the variety of cognitive constructs in thinking processes. Scoring

appropriateness is a key issue for measuring reasoning processes. First, the task structure

in multiple-choice format and in performance-based format is examined by both

mathematically and cognitively. Next, students' responses are classified by Bloom's

Taxonomy. Finally, cognitive constructs of students' responses are compared using

different scoring criteria.

Three questions are discussed in this paper:

(1) What cognitive constructs are we measuring in solving word problems?

(2) Are the same cognitive constructs measured in a multiple-choice format and a

performance-based format?

(3) How can we score different cognitive levels of reasoning processes?

Method

Items

Eight items in algebra were chosen from similar content areas and were grouped

into 4 forms having 5 items each. The reasons for using four different types of forms

were: (1) feasibility in a classroom hour (approximately 45 minutes), and (2) detecting

which items mostly likely have higher generalizability. The time constraints must be

considered for administering a performance-based, achievement test in a classroom. For

minimizing the effect of speededness, five items were chosen for each form. Five of the

eight items were modified from publicly released SAT multiple-choice type tasks. One
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task was administered with a slight change in presentations and conditions in different

sites to examine cognitive constructs in students' responses measured in different task

structure. For full description of the items, please refer to Suzuki & Hamisch, 1996a.

Scoring Rubric

The scoring rubric in this study was adopted from the QUASAR1(Quantitative

Understanding: Amplifying Student Achievement and Reasoning) project. The scale

ranges from 0 to 4, and a single score was assigned to a response with holistic

perspectives considering three components; mathematical conceptual and procedural

knowledge, strategic knowledge, and communication. The description of this rubric was

shown in Appendix (Illinois State Board of Education, 1995, Lane 1993).

The MARS (Maturity of Algebraic Reasoning and Strategies) scale was

developed by the author for this study and utilized for the measuring maturity levels of

mathematical reasoning. The scale which ranges from 0 to 4 intends to measure

mathematical achievement levels of solution strategies in problem-solving. The score

level was determined for each problem by classifying students' solutions. Detailed

construction of the MARS scale was described in the paper of Suzuki and Harnisch (1996

b). The cognitive constructs at each score level are to be discussed compared to Bloom's

Taxonomy.

1 QUASAR (Quantitative Understanding: Amplifying Student Achievement and Reasoning) is a national
project that seeks instructional programs in the middle-school grades that promote the acquisition of
thinking and reasoning skills in mathematics (Silver, 1991). The project is directed at students attending
schools in economically disadvantaged communities.
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Samples

The four forms were randomly assigned in one class period (approximately 45

minutes) to 142 Algebra II students in two high schools in Midwestern cities in the U.S.

and 148 eleventh graders in one high school in a suburb in Japan. Data were collected

during the period of November, 1994 to January, 1996.

Scoring Students' Responses

Students' responses were scored by trained raters using the QUASAR holistic

scoring rubric previously described. The inter-rater reliability exceeded .9 in this study.

The main reason for this high rate was that the raters were working together for two years

in the same project using the same scoring rubric. The significant feature of the scoring

procedure was assessing the reasoning and communication skills for finding their answer,

rather than the final answer itself. Emphasis was placed on the processes of finding

answer and to communicating solution strategies with others in written format.

Therefore, a response could receive a "4" (the highest score) if the strategy and process

were correctly specified, even though the final answer was not sufficient or even was

incorrect. On the other hand, a response could be scored a "2" when a solution process

was not provided or was poorly specified, although the final answer was correct.

Classification of Cognitive Constructs in Responses

Wilson's "Table of Specifications for Secondary School Mathematics" (WTS) was

used to determine cognitive constructs for tasks and students' responses. WTS was

developed to classify tasks in secondary school mathematics using the Bloom's
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Taxonomy (Wilson, 1971). The mathematical achievement levels are measured by WTS

with two dimensions: categories of mathematical contents and levels of cognitive

behaviors.

The content area includes number systems, algebra, and geometry. Number

systems includes: (1.1) whole number, (1.2) integers, (1.3) rational numbers, (1.4) real

numbers, (1.5) complex numbers, (1.6) finite number systems, (1.7) matrices and

determinants, (1.8) probability, and (1.9) numeration systems. Algebra includes: (2.1)

algebraic expressions, (2.2) algebraic sentences and their solutions, and (2.3) relations

and functions. Geometry includes: (3.1) measurement, (3.2) geometric phenomena, (3.3)

formal reasoning, and (3.4) coordinate systems and graphs.

Cognitive behaviors have four levels: computation, comprehension, application,

and analysis. The computation-level behaviors include: (A.1) knowledge of specific

facts, (A.2) knowledge of terminology, (A.3) ability to carry out algorithms. The

comprehension-level behaviors contain six sub-categories: (B.1) knowledge of concepts,

(B.2) Knowledge of principles, rules, and generalizations, (B.3) knowledge of

mathematical structure, (B.4) ability to transform problem elements from one mode to

another, (B.5) ability to follow a line of reasoning, and (B.6) ability to read and interpret a

problem. The application-level behaviors involve a sequence of responses by a student:

(C.1) ability to solve routine problems, (C.2) ability to make comparisons, (C.3) ability to

analyze data), and (C.4) ability to recognize patterns, isomorphisms, and symmetries.

The analysis-level behaviors are so called "doing mathematics" level, that is, those where

we ask a student to go beyond what he/she has done during previous instruction. Five

sub-categories are involved at this level: (D.1) ability to solve nonroutine problems, (D.2)

9
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ability to discover relationships, (D.3) ability to construct proofs, (D.4) ability to criticize

proofs, and (D.5) ability to formulate and validate generalizations.

Results and Discussion

Task Structure

The task structure of a single item (Item 1) and its variations (Item 2 and Item 3)

were discussed to illustrate how cognitive constructs measured in the task changed as

some conditions were changed. Item 1, shown in Figure 1, was from publicly released

SAT multiple-choice tasks. The item was classified 2 based on the WTS as (C.1) the

application level, to solve routine problems and (1.1) whole number in number systems.

Item 2, shown in Figure 2, was a performance-based task used in this test. The

use of horizontal sums instead of vertical sums changed the problem structure , although

the representations of both sums were equivalent mathematically. In vertical sums, the

notation of "AB" may be interpreted as "10A + B" because of A and B being odd digits.

Once horizontal sums are used under the same conditions, the notation of "XY" can be

interpreted by either "10X + Y" or "X multiplied by Y." For example, when X = 3 and Y

= 5 (X and Y are odd digits), XY = (X)(Y) = 15 (XY is a two digit number). In this case,

the condition of "odd digit" is interpreted as "odd single positive integer." The horizontal

sums are interpreted as "3XY = YZ," which becomes an algebraic problem, no longer a

number sense problem. Cognitively, vertical sums presentation emphasizes the condition

2 This classification is based on an expert opinion (ref. Dr. Kenneth Travers, University of Illinois at

Urbana-Champaign).
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of "a digit" for X, Y, and Z, to read XY = 10X + Y. Horizontal presentation reduces

one's attention to the condition; therefore, the word "digit" is more likely interpreted as "a

single positive integer" and hence XY is more likely interpreted as a multiplication of X

and Y. Because there are two ways to interpret XY, the problem has multiple strategies

and multiple answers.

This task (Item 2) was classified in Analysis level, because it was no longer a

routine problem. Furthermore, a performance-based format almost always requires a

description of reasoning; therefore, the task was classified based on the WTS as (D.3)

ability to construct proofs in the analysis-level behavior and (2.3) relations and functions

in algebra. The content area of this task shifted to algebraic relations from number

systems. The task became less structured because multiple answers were possible.

However, the difference between Item 1 and Item 2 involved only mathematically

equivalent representations. What does this imply? The following paragraph discusses an

interpretation about this phenomenon.

The original SAT item contains a "hidden" assumption, directed by the school

curriculum, which is not explicitly stated. In other words, the item is measuring abilities

different from mathematical understanding. That is "school curriculum convention." If

students do not share the same curriculum convention, the task is a biased item when it is

used in a multiple-choice format. This is because a student may interpret the vertical

sums as 3AB = BC. A student could interpret like this if the task is given right after

he/she learned algebraic expressions. This interpretation could occur based on a student's

background, but not by the mathematical understanding. From this perspective, the

11
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performance-based format has an advantage over the multiple-choice format because it

can reveal how a student interprets the problem.

Item 3, shown in Figure 3, used the same horizontal sums presentation as Item 2,

but the condition of X, Y, and Z was changed from "different odd digits" to "different

odd integers." The variables were no longer required to be one-digit integers . Moreover,

it was clearly stated that XY and YZ were two-digit integers, instead of "correctly worked

sum of three two-digit numbers." This task reduced some of the conditions possessed by

Item 2 . Thus Item 3 was less structured than Item 2. Therefore, the range of correct

answers was increased 3. Although some of the mathematical assumptions were changed,

the task classification based on the WTS stayed at the same level as Item 2: (D.3) ability

to construct proofs at the analysis level and (2.3) relations and functions in algebra.

When a task format is changed, the task structure is also changed. Generally

speaking, all performance-based items require students to justify solution processes and

reasoning in their own words. So items are usually classified in (D.3) level based on the

WTS. When a task is a routine problem or is familiar to students, it is possible to

classify as (C.1) ability to solve routine problems at the application-level. In either way,

there are only two possible classifications, (D.3) or (C.1). The WTS may not be

sufficient to describe cognitive constructs for performance-based tasks.

3 Mathematically, we can determine a set of correct answers which satisfies sufficient and necessary
conditions. However, for this purpose of assessment, we do not expect students to determine the perfect
answer. Therefore, we accept a sub set of the perfect answer.

12
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Analyses of Students' Responses in Performance-based Tasks

Students' responses were classified according to the WTS to determine cognitive

constructs in problem-solving. These constructs (outcome constructs) were compared to

those for tasks (planned constructs) if they were matched. The WTS was originally

developed for task classification in secondary school mathematics. Although students'

backgrounds and experiences affect the way the students solve a task, the classification of

the task is determined by the "average" or most students' experiences on the task for a

particular grade level. Here, the description of cognitive processes in the table was used

to classify students' products.

Students' responses for Item 2 were shown in Figures 4 through 6. Student 1

rewrote the sum notation into vertical from horizontal format as shown in Figure 4.

Cognitively, vertical sums presentation may help students to find the answer intuitively.

We could infer that Student 1 justified the answer to be correct after finding it, because

no evidence was provided about how to find X = 1, and/or why X needs to be 1.

Student 2 (see Figure 5) justified why X needs to be 1. This student demonstrated

a higher level of mathematical reasoning than Student 1. Student 3 (see Figure 5) found

the correct answer intuitively, and the reasoning was not mathematical. The difference

between Student 1 and Student 3 was that Student 1 could justify the intuitive solution

mathematically but Student 3 could not. Therefore, the responses of Student 1 and

Student 2 were classified based on the WTS as (D.3) ability to construct proofs in the

analysis-level, which was the same as the level of the task classification.

The response of Student 3 was classified as (C.1) ability to solve routine problems

at the application-level, which was the same as the level of Item 1, the multiple-choice

13
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format. The response of Student 3 could even be classified as either (B.3) knowledge of

mathematical structure at the comprehension-level or (B.6) ability to read and interpret a

problem at the content category of (1.1) whole numbers in the number systems. It may be

expected that students use this intuitive solution for Item 1, a multiple-choice format,

because the original SAT item is one of 25 questions for a 30-minute test. On the other

hand, the performance-based task is one of five questions for a 45-minute test. Based on

this time allocation for solving the problem, the multiple-choice format requires a more

intuitive solution rather than mathematical reasoning ability.

Item 3 was the least structured task among the three, and the task promoted a

variety of reasoning among students as shown in Figure 7 (Student 4) and Figure 8

(Student 5). Although neither of them showed perfect mathematical reasoning, we could

infer the achievement levels of mathematical reasoning from their responses. Student 4

could understand that X needs to be 1 or 3, but did not provide any reason of why X

needs to be 1 or 3. Student 5 demonstrated a deeper understanding than Student 4,

although an insufficient reasoning process was involved. The response of Student 4 was

classified based on the WTS as (D.1) ability to solve nonroutine problems because verbal

justification was not provided. The response of Student 5 was classified as (D.3) ability

to construct proofs in the analysis-level. It should be noted that the outcome cognitive

constructs that were determined in students' responses were not the same as the planned

cognitive constructs which were classified for tasks.

14
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Cognitive Constructs Represented by Scoring Systems

Cognitive constructs were compared by different scoring systems to demonstrate

how scores assigned to a response could represent cognitive constructs measured in a

task. The correct/incorrect scores, the QUASAR holistic scores, and the MARS scores

were compared.

All five students (Students 1 through 5) received credit based on either a multiple-

choice format or the correct/incorrect scoring criterion. Therefore, we concluded that the

correct/incorrect criterion measured the same performance task ability as the multiple-

choice task. However, the cognitive constructs measured in the multiple-choice format

were different from those in the performance-based format. As we discussed previously,

the multiple-choice format required a more intuitive solution rather than reasoning

because of time allocation. Consequently, the correct/incorrect scoring criterion may not

be appropriate for performance-based tasks. Moreover, the criterion did not distinguish

differences among outcome cognitive constructs in students' responses.

When utilizing the QUASAR holistic scoring rubric, Student 1 and Student 2

scored a "4," whereas Student 3 scored a "2" because the explanation was not

mathematically justified. Student 4 scored a "3" because of a poor verbal

communication. Student 5 scored a "4," although the response involved insufficient

reasoning and an incorrect answer. The QUASAR holistic scores could represent

outcome cognitive constructs shown in students' responses. The score, however, did not

distinguish different achievement levels of mathematical reasoning demonstrated by

Student 1 and Student 2.
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The MARS scale was developed by the author to classify levels of students'

reasoning. The scores involve 5 levels ranged from 0 to 4: 0 for no understanding or no

response, 1 for limited understanding with major conceptual errors, 2 for intuitive

solutions without mathematical reasoning, 3 for mathematical reasoning which concerns

sufficient conditions only (for example, no consideration of why X needs to be 1), and 4

for mathematical reasoning which considers sufficient and necessary conditions. Both a

"3" and a "4" level of the MARS scale in mathematical reasoning represent "the

evaluation stage" in terms of Bloom's Taxonomy. However, the "4" level represents a

higher ability of mathematical reasoning than the "3" level. Classification of cognitive

constructs according to Bloom's Taxonomy may not be sufficient to distinguish

mathematical reasoning.

Based on the MARS scale, Student 2 and Student 5 received a "4," Student 1 and

Student 4 received a "3," and Student 3 received a "2." These scores could distinguish

the difference between Student 1 and Student 2, whereas the QUASAR scores could not.

In order to assess mathematical reasoning in performance-based tasks, levels of

mathematical reasoning need to be represented by an assigned score.

Conclusions and Implications

Cognitive constructs measured in an item change as test formats and task structure

are changed. A performance-based format can measure different cognitive constructs

from a multiple-choice format. However, when final answers of performance-based tasks

are the target of scoring using the correct/incorrect criterion, the scores are the same as a
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multiple-choice format. Although the scoring is easy and stable, performance-based

assessments with such a scoring criterion do not have any advantage over multiple-choice

tests because they seek the same evidence.

Performance-based tasks can reveal varieties of mathematical reasoning which

cannot be identified in multiple-choice tasks. Because planned cognitive constructs for

tasks are not always the same as outcome cognitive constructs in students' responses,

performance-based tasks have some advantage in assessing students' cognitive stages

over multiple-choice tasks. In addition, we should rethink the fact that a multiple-choice

format is well-structured. We may measure a use of "intuitive" solution rather than

mathematical reasoning in a multiple-choice format. We may even measure something

else such as "curriculum convention" by a well-structured multiple-choice item rather

than measuring mathematical ability. Reasoning processes in students' responses in

performance-based tasks can clarify the ways students are thinking. It might be a good

chance to reconsider the distinction of well-structured items and less-structured or ill-

structured items.

The WTS based on Bloom's Taxonomy may not be sufficient for classifying

performance-based tasks for mathematical reasoning. Even Bloom's Taxonomy does not

distinguish achievement levels of mathematical reasoning: a level of reasoning which

considers both sufficient and necessary conditions and a level of reasoning which

considers only sufficient conditions. How can we describe these different abilities in

mathematical reasoning psychologically?

Scoring systems and criteria are key issues to assess a variability of reasoning

processes. A variety of reasoning processes are revealed by less-structured tasks with

17
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multiple strategies and/or multiple answers. The QUASAR holistic scores can measure

some cognitive constructs; however, they do not distinguish the different ability levels in

reasoning. The MARS scale is designed to measure the maturity levels of reasoning and

solution strategies. The combined use of both scales may be informative to assess

mathematical reasoning in problem-solving.

Wilson stated that there is no evidence to support the assumption that

performances at one cognitive level require the mastery of related content at lower levels.

Accordingly, performances at all cognitive levels should be expected for all students

(Wilson, 1971. p650). Performance-based assessments for mathematical reasoning can

be a powerful tool to improve instructions and students' reasoning ability.

Fostering reasoning and communication skills in mathematics education is not an

easy process for either students or teachers. Many students tend to believe that finding a

correct answer is the goal of solving math problems. Assessments for reasoning and

communication could assist students in correcting their misconception of math learning.

18
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Figure 1. Item 1: Multiple-choice Format

AB
AB

+ AB

BC
If A, B, and C are different odd digits in the correctly
worked sum of three two-digit numbers shown above,
what is the value of B?

(A) 9 (D) 3
(B) 7 (E) 1
(C) 5

WTS:(1.1) whole number/ number sense

(C.1) solve a routine problem/ application

Figure 2. Item 2: Performance-based Format

If X, Y, and Z are different odd digits in the correctly
worked sum of three two-digit numbers shown below
find the value of Y.

XY + XY + XY = YZ
Show all your work and explain in words how you
found your answer.

WTS: (2.3) relations/algebra

(D.3) construct a proof/ analysis

Figure 3. Item3: Less-structured Task

Assume that X, Y, and Z are different odd integers, and
XY and YZ are two-digit integers. When X, Y, and Z
have the relation shown below, find the value of Y.

XY + XY + XY = YZ
Show all your work and explain in words how you
found your answer.

WTS: (2.3) relations/algebra

(D.3) construct a proof/ analysis

Figure 4. Student 1

XY
+ XY
+ XY

13
+ 13
+ 13

YZ 39
If X = 1, then X + X + X = 3, which could be used for
the value of Y. Y + Y + Y which is 9 could then be 9.
All three numbers are odd and therefore these three
digits are the solution.

X=1,Y= 3,Z= 9

WTS: (1.1) whole number/ number sense
(D.3) construct a proof/ analysis

C/I: C QUASAR: 4 MARS: 3
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Figure 5. Student 2

XY + XY + XY = YZ
13 + 13 + 13 = 39
Y = 3

Know X can only be a 1 or a 3, because any other X
value tripled would provide a 3-digit answer Use one
as X, because 1 + 1 + 1 = 3. 3 + 3 + 3 = 9, which is also
an odd #. Y has to be the same for Y on both sides of
the equation, so 13 + 13 + 13 = 39 is the only choice by
guess & check method under the criteria.

WTS: (1.1) whole number/ number sense
(D.3) construct a proof/ analysis

C /I: C QUASAR: 4 MARS: 4

Figure 6. Student 3

13 + 13 + 13 = 39, Y = 3

I guessed what the numbers would be and then worked
it out on my calculator.

WTS: (1.1)whole number/ number sense

(C.1)solve a routine problem/ application

/(B.3)Icnowledge of mathematical structure
***(B.6) ability to read and interpret a problem

C/I: C QUASAR: 2 MARS: 2

Figure 7. Student 4

XY + XY + XY = YZ

3XY = YZ

Y(3X Z)= 0

(i) When X = 1 and Z = 3,Y = 5, 7, 9

(ii) When X = 3,and Z = 9,Y = 1, 5, 7.

WTS: (2.3) relations/ algebra
(D.1) solve a nonroutine problem/ application

C/I: C QUASAR: 3 MARS: 3
Figure 8. Student 5

X, Y, Z: odd integers, XY, YZ: 2-digit integers,

3XY = YZ, XY?.. 11, YZ 33.

Then, XY and YZ have the following ranges.

33 11, 99 33.
X 11 11 5 3 3 3

Y 1 3 5 7 9 I1
Z=3X 33 33 15 9 9 9

The answers are: 1, 3, 5, 7, 9, 11

WTS: (2.3) relations/ algebra
(D.3) construct a proof/ analysis

C/I: C QUASAR: 4 MARS: 4
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