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Iintroduction

When | first began teaching mathematics twenty years ago, | stood in front of the
classroom and lectured. | wrote a lot on the blackboard for students to copy and
occasionally students wrote homework solutions on the board and explained them to the
class. My classes were very teacher and procedure dominated. Over the years my
classes have come to include more student involvement, and 1 have attempted to
incorporate new ideas and suggestions from conferences and reading. The more
studying | did about math education, however, the more frustrated | became. | felt that
my classes were not reflecting the results of research, especially research about how
girls learn best. Therefore, | decided to study the research and work to provide a
module of a calculus topic which reflects the results of research. This module is meant
to serve as a guide for how | believe math teachers can develop lessons based on
research and theories about how students learn mathematics.

This project begins with a review of recent articles on issues of gender in the
mathematics classroom. Then | discuss some cognitive research on how students learn
mathematics. Constructivism, a theory of knowledge, offers a framework for designing
lessons which incorporate suggestions from the research for improving math education.
Finally, | have constructed a module investigating the concept of limits to illustrate how
the research can be incorporated into an advanced placement calculus curriculum. The

module can be adapted for use in a precalculus or analysis course as well.
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Gender Issues

Research on gender issues in mathematics first became well known in the
1970’s. Since then the focus has broadened and changed as more has been learned
and educators have made efforts to respond to research observations. By the mid-
1970’s, research evidence supported the claims that there were differences in boys’ and
girls’ learning of mathematics and that those differences were most noticeable in
situations which required complex reasoning. The observed differences increased at
the beginning of adolescence (Fennema, 1993). The Fennema-Sherman studies of the
mid-70's reinforced these findings. They aiso found that once required courses were
completed girls did not continue in mathematics to the level boys did. This result led to
the suggestion that encouraging girls to take more higher level courses would lead to a
diminishing of gender differences.(Fennema, 1993). Studies completed in the 1980’s
indicate that gender differences have declined and that more girls are taking higher level
math courses; however, there are still indications that male and female students have
different attitudes about mathematics, its importance and their own abilities, and that
interactions between teacher and student tend to differ based on the sex of the student.
in addition, studies show that certain types of assessment and content lead to gender
differences. | will look at some research which gives indications of strategies teachers
can use to make their classrooms more gender equitable.

The Fennema-Sherman studies beginning in the 1970’s investigated affective
and attitudinal variables. Confidence in mathematical ability and perception of the
usefuiness of mathematics were found to correlate with gender differences. Boys feel
that math is more useful than girls do, and boys have more confidence in their ability to

learn math. The gender differences appear even when there is no difference in math



achievement (Meyer, 1990). Marsh (1989) found that math achievement is closely
related to previous success; achievement in the senior year is related to achievement in
the sophomore year.

Several studies in the 1970’s and 1980’s investigated to what students attribute
their success or failure. In 1974 Weiner developed the attribute model shown below
relating the four types of reasons individuals give to explain success and failure (taken

from Meyer, 1990). According to this model ability and task difficulty are stable and
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unchanging whereas effort and luck are unstable; ability and effort are internal, under
the control of the individual, whereas task difficulty and luck are external, and
uncontrollable. Attribution styles have been found to differ by gender in several studies
completed in the 1970’s and 1980’s. Boys attribute their success to ability while girls
attribute success to effort. Boys attribute failure to bad luck, and giris attribute failure to
difficulty of the task and lack of ability (Meyer, 1980). Girls internalize failure saying “It's
my fault” whereas boys say “Well if | just studied a little more or the question was
different | would have done better.” Girls feel they are stupid when they fail.

Gender differences are largest on high complexity tasks, and two models have
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been developed which help to explain the relationship between internal belief systems

and gender differences. Fennema and Sherman created the Autonomous Leaming

Behavior model which describes the development of learning behaviors leading to

autonomous learning and consequently success on high complexity tasks. According to

their model, societal and external influences impact on both internal motivating beliefs

and autonomous learning behaviors which are necessary for the completion of high

complexity tasks. The diagram below taken from Meyer (1990) illustrates the

relationships in their model.
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The Model of Academic Choice developed by Eccles et al. relates the impact of factors

involved in making academic choices. Two strands which affect academic choices are

the expectation of success and the individual's determination of the value of the task

(Meyer, 1990).

Corinna Ethington (1992), using the Eccles’s model, studied the impact of

psychological variables on current achievement of students. Her study included a

statistical analysis of the following variables and their relationships to each other: prior
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achievement, perceptions of parents’ attitudes, family help, stereotyping, self-concept,
expectancies, goals, difficulty of subject, value of subject, and current achievement. Her
analysis showed that for males only prior achievement and value have a significant
direct effect on current achievement, but for girls stereotyping, family help, difficulty,
prior achievement, and value all have a direct impact on current achievement. This
research indicates that both internal and external influences are different for girls and
boys.

According to the Autonomous Leaming Behavior model what occurs in the
classroom can have a great impact on the development of autonomous learning
behaviors. Consequently, much work has been done recently on what happens in the
classroom. No significant differences are noted in classroom interactions based on the
sex of the teacher even though female teachers tend to be more student-centered and
supportive of students than male 'teaChers. Both male and female teachers, however,
interact differently with boys than with girls. Research in the math classroom reflects
the comments of Myra and David Sadker (1994) that in general boys receive more
attention in the classroom than girls. Boys call out more, and volunteer more. Teachers
call on boys more, ask them higher level questions, give them more wait time, and
discipline them more (Koehler, 1990, Hart, 1989, Leder, 1990a, Leder 1990b). Boys
also give the impression of being more mathematically competent, whether they are or
not, because of the way students participate in typical classes (Jungwirth, 1991).

Laurie E. Hart (1989) studied classroom interactions of high ability seventh grade
students based on the students’ confidence level and gender. According to her study,
the average student has only one or two public interactions with the teacher in the
classroom during the day. Most of these interactions are initiated by the teacher and

involve low-cognitive-level tasks. Classes in which more interactions invoived boys than
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girls were more teacher dominated and contained more overt sex role stereotyping by
teachers than classes in which more interactions were with girls. Self-confidence
increased more in classes in which girls participated more. High confidence students
engaged in more mathematical activities than low confidence students during class time,
but engagement time for high level tasks did not change significantly based on either
sex or confidence level.

Elizabeth Fennema argues that, because of the impact teachers have on the
development of autonomous learning, teacher attitudes toward students are important.
in research with Peterson, Carpenter, and Lubinski (1990), she found that first grade
teachers believed boys’ successes and failures are caused by ability and girls’
successes and failures are caused by effort. The teachers believed the best boys were
more competitive, logical, and independent than the best girls. Fennema et al. argue
that these and similar attitudes of' teachers may possibly be reflected in development of
student beliefs, since teacher expectations have been shown to correlate with student
achievement (Fennema, 1990).

Classroom situations in which girls are more successful are varied. At the

Potsdam Campus of the State University of New York a predominately male faculty runs
an extremely successful program for both males and females. Students, there, respond
to a mixture of challenge and caring from father figures. Professors encourage
independence through coaching (Rogers, 1990). Zelda Isaacson (1990) in describing a
successful program for math-anxious women in their twenties and thirties retumning to
school talks of inspiring confidence in a relaxed, supportive, non-competitive
environment which encourages coliaboration, cooperation, and creativity. Fennema
(1993) argues that classroom environments that lead to success for girls in mathematics

encourage students in autonomous learning behaviors.

6



Such studies on classroom interactions suggest that teachers can make changes
in their classrooms to help ensure that all students are heard and valued. Teachers can
strive to give equal attention to both boys and girls. They can avoid stereotyping and
encourage female role models. They can pay attention to whom they are asking higher-
level-cognitive questions so that both genders are challenged. They can monitor the
length and frequency of wait time to ensure that girls are given the same opportunities
as boys for reflection before answering. As the Sadkers (1994) indicate effecting such
changes in the classroom is not easy because society has conditioned all of us to
gender inequities, but the attempt should be made.

Belenky, Clinchy, Goldberger, and Tarule in Women’s Ways of Knowing maintain
that women have their own ways of knowing. Many women see knowledge and leaming
as connected to their lives and experience while men treat knowledge as separate from
themselves. The authors compare the bull sessions of male college students which
revolve around debates of issues with the gossip sessions of female students which
center on discussions of experience. Carol Gilligan in In a Different Voice compares the
relationship oriented ways that girls approach moral decisions to the rational approaches
of boys. This area of feminist psychological research suggests that work in the
classroom should emphasize connections in learning. In fact, in Women’s Ways of
Knowing the authors argue that constructivist teaching is one way to help schools meet
the needs of female students.

Several studies of math education have investigated specific topics or strategies
which impact male and female success differently. Since females as a group have
poorer spatial skills than males, it was suggested that differences in math achievement
could be explained by differences in spatial ability. Lindsay Tartre (1990) reports,

however, that spatial ability needs to be looked at within genders. Males, whether they
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have high or low spatial ability, can handie math problems. Low-spatiai-ability maies
make use of hints. High-spatial-ability females were successful on the tasks, but
females with low spatial ability could not do the problems even with the help of hints.
Tartre’s research suggests that low-spatial-ability females may not benefit from practice
in spatial ability. Joan Ferrini-Mundi (1987), on the other hand, in a study of college
calculus students found significant sex differences which favor men in spatial ability and .
women in calculus achievement. Her work indicates that female students benefit from
practice with spatial problems. Both projects show that differences in spatial ability are
not responsible for the demonstrated differences in mathematics achievement between
the sexes. They do suggest, however, that exposing female students to spatiai training
will not hurt students and may help.

Research has also been undertaken to study the impact of testing style on
gender differences. In a study of‘ uni\)ersity students in the United Kingdom, Johnston
Anderson (1989) found that while males and females scored the same on open-ended
problem solving tests, females’ scores were consistently only 80% to 86% of the men's
scores on multiple choice and true-false tests. Since the students were equal on all
other measures, Anderson concluded that women and men approach objective tests
differently. In looking at timed tests as opposed to untimed tests, Miller, Mitchell, and
Ausdall (1994) concluded that maies scored significantly better than females on timed
tests. When similar untimed tests were given, female scores improved significantly,
while male scores did not. The female scores did not equai the male scores even when
untimed, however. This research suggests that if timed objective tests remain important
as evaluative tools, then teachers should work with female students to try to help them
learn to approach the timed tests more successfully.

An analysis of the longitudinal High School and Beyond study indicates that sex
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differences are small and appear to be decreasing. Stereotypes that males do math and
females do English are diminishing. The study found the achievement of girls in math
only slightly below that of boys. Significant sex differences still appear in academic
attitudes where girls had poorer math attitudes than boys, however. The biggest gender
difference occurred in the better grades girls received overall (Marsh, 1989).

Even if gender differences are decreasing, they still exist in the learning of
complex concepts, in personal attitudes, in classroom interactions, and in the choice to
continue in math. Therefore, as teachers we can learn from the research and try to
establish classroom environments which encourage gender equity. The research | have
outlined suggests several avenues to explore from the concrete to the more nebulous.
Some ideas to investigate include:

1. monitoring classroom interactions to ensure girls and boys receive the same

opportunities to particibaté

2. monitoring classroom interactions to ensure girls and boys receive the same

feedback

3. incorporating more wait time and allowing it equitably

4. using some untimed tests

5. exposing students to multiple choice and true-false assessment forms in a

learning environment

6. incorporating activities which encourage the development of spatial ability

7. removing, if possible, and addressing, if necessary, stereotypical gender

references

8. including more cooperative leaming opportunities

9. decreasing the use of competition as a motivator

10. creating more student-centered classrooms

9
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11. emphasizing the connections in mathematics

12. coaching rather than telling

13. encouraging autonomous learning

14. challenging students with complex mathematics.
The list is overwhelming. The question remains how can a teacher incorporate all of
these ideas? What kind of structure will address these issues? In order to find a
framework to structure these ideas, | tumed to research on how students leam
mathematics - not just how women learn, but how all students approach mathematical
tasks. The next two sections discuss some of that research and an epistemological
theory of knowledge which, | believe, gives structure to the type of classroom instruction

gender equitable teaching requires.
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Learning of Mathematics

Much research in math education is now being done from a cognitive science
perspective. Attempts are being made to determine how students learn mathematics.
Research procedures usually involve individual interviews and videotapes. Often a
student or teacher is asked to reflect on her thinking in an effort to add meaning to
observed events. A few classes or students are observed in depth and then
researchers look for universals which help explain how students learn. The emphasis is
on finding generalizations for cognitive procedures which seem to apply to all students.
Rarely are students singled out by gender, race, or socioeconomic background. Much
of the work | read has been done at the elementary level. Researchers often compare
two classrooms: one in which traditional, teacher-dominated, procedure-oriented
teaching occurs and another in which a different concept of leamning is used as a basis
of instruction. | will examine several fypical traditional classrooms and interactions and
then review some examples of alternative techniques and their results.

The literature includes many descriptions of students and teachers
misunderstanding each other. There is the kindergarten boy, Nicholas, who is asked to
draw on a piece of paper a representation of how he ordered ten objects. Nicholas

turned in _the paper shown below.

[al *[1] [3] (8} [
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The teacher wrote on the paper the word “backwards”. When Nicholas brought the
11
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paper home, his mother asked him about it. He responded that he had drawn one
through four then ran out of room so drew five through eight below one through four and
again ran out of room so he placed nine and ten where he had room with the nine first.
When the mother suggested the boy take the paper back to the teacher and explain, he
did not bother saying it did not matter (Brooks, 1993). | claim it does matter. The boy
had in fact completed the assigned task correctly. He had ordered the numbered
objects logically, just not according to the teacher’'s model.

Maher and Davis (1990) discuss a similar situation which occurs in a class where
Brian and Scott are working together on the following problem:

At Pizza Hut each large pizza is cut into twelve slices. Mrs. Elson ordered
two large pizzas. Seven students from Mrs. Elson’s class are to eat one
piece from each of the pizzas. What fraction of the two pizzas was eaten?

Brian and Scott have worked on the problem together and separately for a considerable
period of time. Brian has dsed two pattern block hexagons to represent each pizza and
a pattern block triangle to represent one piece. The boys are convinced that they have
a correct solution and Brian tries to explain it to the teach'er.

Brian:  So there's 24 slices in both pizzas, so Mrs. E. wants 7 students... she
took 7 students to Pizza Hut, so ... she's gonna give'em one slice
from each pizza so we should have, uh, 14 out of 24, right, slices.

Teacher: All right, now let me ask you this. How do you get 24 slices in the
one pizza, and 12 slices in the other?

Note that this is not what Brian had actually done or said.

Brian: In all.

Teacher: Brian.

Brian: There’s 12 slices in the one pizza, and 12 slices in the other.

At this point the teacher interrupted Brian and told him how he (they) should
think about the pizzas. [The teacher expected the students to use one pizza
of twelve slices as the unit not two pizzas with 24 slices as the unit.]

.Br.ia.n seemed ready to abandon his solution. The teacher directed the
students by correcting their work; she discarded Brian’s solution (which had,
in fact, been correct).

12
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As the tape continues the boys give in to the teacher’s method which she uses to lead
them to the answer 14/12ths. Unfortunately, not only has she undermined the boys’
reasoning, especially Brian’s, but Brian’s solution was correct and hers was not.
Unfortunately, | believe in a busy classroom all too often the teacher fails to take the
time to listen to students and to understand their representations and solutions to a
problem.

Not only do teachers and students miscommunicate in many classrooms, but also
students frequently do not understand algorithms whiéh they appear to be able to use.
Students can apply the algorithms correctly, but they do not understand what the
algorithm represents or they can not determine which algorithm is appropriate in a given
situation. The lack of understanding of an algorithm is apparent in Wheatley’s (1992)
discussion of Talitha’s work when she was asked verbally to find “235 minus 341"
Talitha was in the top fifteen percént of her fifth grade class. She had worked with
borrowing and could compute problems like 2,005 minus 1,237. She had never worked

with negative numbers, however Her work on 235 minus 341 is shown below.

Talitha subtracted 1 from 5 and got 4. She then knew that she could not subtract 4 from
3 so she borrowed a 1 from the 2 making it a 1 and getting 9 by taking 4 from 13. Then
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when she attempted to take 3 from 1 she realized that she could not so she borrowed
from the tens place making the 13 a 12 (hence the 9 became an 8) and getting as her
final answer 884. When asked about her answer later Talitha thought maybe she
should have borrowed from the 5 ones rather than the 13 tens. Talitha did not
understand the concept behind borrowing. She had not internalized that when one
borrows a 1 from the hundreds place you are really rewriting 100 as 10 tens. Therefore, .
you can not tum 1 ten into 10 hundreds. Talitha could apply the borrowing algorithm
correctly in a typical subtraction problem, but did not understand how the process
worked. In addition, she did not think of mathematics as the process of making sense.
She did not observe that 235 minus 341, no matter what it might be, could not possibly
be as big as 884.

Davis and Maher (1990) illustrate the situation where a student can find the
answer using common sense ana rebresentations. but uses the wrong algorithm and
becomes confused. Ling Chen, another fifth grader was faced with the following
problem:

Jane has one third of a candy bar. She gives half of what she has to
Mike. How much of a candy bar does she give to Mike?

Ling wrote the fractions correctly and drew the picture below to illustrate her solution.
]
Tore hes = o5 a cw\&a bar,
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She divided the candy bar in thirds and then divided the thirds in half to get sixths;
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consequently, Mike got one-sixth of the candy bar. When the teacher asked Ling if she

could do the problem with numbers, after working for a while, Ling wrote

] -
— —

1
3 2

x =< = =

-

3 | 5

Ling knew the algorithm for dividing fractions and she executed it correctly.
Unfortunately, division of fractions was the wrong algorithm for this problem. When the
discrepancy in her answers was pointed out, she still believed one-sixth was the correct
answer so then she tried

1,3 - 3
Q)L\ =)

to get one-sixth. When that did not work she tried

- |

L mm—

L
4 b

= I,B X
She now has said that multiplication and division of fractions are the same. She
believed that this must be the correct numerical solution because it got the right answer.
Ling can solve problems successfully using representations, but she does not
understand the link between algorithms and problems yet.

These examples illustrate the importance of teacher interactions in the
classroom and the difficulties even good students have in understanding and applying
algorithms. Students appear to make the most progress when they represent problem

situations in their own way. Remember that Brian solved the pizza problem correctly

with his own method and Ling solved the candy bar problem quickly and accurately with
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her own presentation. As teachers we need to provide classrooms which encourage
student investigation and understanding. Next | will consider two situations in which
students were encouraged to think and to explore.

Wheatley (1992) gives the protocol below as an example of a situation in which a
student needed time to reflect on his reasoning.

Interviewer: What is 21 take away 19?
Jim: One ... no, TWO!

Interviewer: What is 31 take away 287
Jim: 12

Interviewer: What is 31 take away 29?
Jim: 11

Interviewer: What is 31 take away 30?
Jim: [long pause] One?

Interviewer: What is 31 take away 297
Jim: Two ... I've got it now.

Wheatley claims, and | agree, that Jim took the long pause to think about an obvious
dilemma he faced if he continued to follow the mental image that would give him 10
when he subtracted 30 from 31. Jim had time to reflect and he thought through thé two
conflicting images of 31 take away 30 until he felt comfortable with the logic of his
answer. The time allowed Jim to think through his answer, to make sense of the math.
The willingness of the interviewer to allow Jim to correct his own false image appears to
have given Jim confidence in his mental image.

The second example comes from Pirie and Kieren (1992). In this classroom
scenario the students are reviewing orally responses to seat work on generating
fractions of an hour from a certain number of given minutes.

Teacher: What about 15 minutes? Miguel?
Miguel: Two eighths.

Teacher: [A little surprised by the answer] Two eighths? Two eighths of what?
Miguel: Two eighths of [hesitation] a pizza.

Teacher. Well, we're dealing with time here.
Miguel: Oh yeah! Two eighths of an hour.

16
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Teacher: Any other fraction of an hour which tells us about fifteen minutes?
Bonnie?

Bonnie: One-fourth hour.

Teacher: Good. Let's start a list. [Writing] Two eighths, one fourth ... Others?

Sarah: Three 12ths.
Teacher: Why is that?
Sarah: Well 5, 5, and 5 are 15. They are one 12th so three 12ths of an hour.
Teacher: Yes, we could see that on the clock - in five minute pieces. One, two,
three 12ths. [Writes 3/12.] Any other?
Pete: Four 16ths.
Teacher: [Adding 4/16 to the list] Other?
Dan: How about seven 28ths.

[The list now reads: 2/8, 1/4, 3/12, 4/16, 7/28]

Leanne: [interrupting] Wait a minute. Some of those fractions are less
equivalent that others. [Pause] No, no they’re all equivalent to one
fourth.

Jose: No, Leanne. Go! Don’t stop! That's a good idea. See: two 8ths and
one 4th and three 12ths - they're really equivalent. But two 8ths and
three 12ths aren’t as equivalent and three 12ths and seven 28ths,
they're hardly equivalent at all!

This class is very different from Brian and Scott’'s. Here when Miguel gives a different
answer than the one the teacher was expecting it is accepted. In fact, it is used as a
stepping stone to new discoveries about equivalent fractions. In this class students are
encouraged to question and investigate. All answers are accepted, but note when
Miguel says two eighths of a pizza he is made to see that they are talking about hours
so that he can correct his own answer.

Such examples taken from cognitive research suggest that students are most
successful when they have opportunities to construct their own understanding.
Mechanical leamning of algorithms and rote procedures does not ensure that students
understand the concepts behind the procedure or can determine when to apply the
procedure. “It is not enough to absorb and accumulate information. Children must be
given the opportunity to assimilate mathematical knowledge - to construct and complete

mathematical understandings. This requires that instruction build upon children’s
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existing knowledge...Such an approach is important for fostering self-regulation and a
positive disposition toward mathematical learning and problem solving - as well as
meaningful learning” (Baroody, 1990, 63).

Many researchers have their own suggestions of how to design the most effective
classrooms for encouraging the type of leamning suggested by cognitive research. Alan
Schoenfeld (1988) argues that math learning is contextually bound and that math
classrooms should create a culture which is similar to the culture of mathematicians.
Such a culture is based on sense making and uses algorithms and procedural math as a
tool. Brown, Collins and Duguid (1989) argue for an even more situated learmning. They
believe that mathematics is learned best in an apprenticeship situation. Students learn
by working collaboratively as though they were apprentice mathematicians solving real
problems.

Work in developing new forms of curriculum is underway at the early elementary
levels. Constance Kamii (1985) has worked with teachers in the first grade who teach
through the use of games to stimulate the students’ natural desire to understand and to
move to higher levels of understanding through carefully designed game situations.
Fennema, Carpenter, Franke, and Carey (1993) are invoived with the Cognitively
Guided Instruction program which encourages students to design their own
understanding and requires them to share their ideas and interpretations with each
other. This sharing of understanding helps other students to develop new
understandings. Grayson Wheatley (1992) is associated with the Mathematics Learning
Project in which learning is problem-centered. A problem is presented and then
students work in groups of two. After about twenty minutes, solutions or attempts are
shared in whole class settings and the class determines which of the solutions they

believe are correct. In these programs collaborative learning is an essential part. In
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addition, teachers spend time listening to their students to determine each individual
student's level of understanding. Curriculum is often adapted to meet the needs of
students.

Traditional mathematics teaching has used a “procedures-first” approach. The
teacher explains a procedure and then students practice the procedure usually
individually in a worksheet format. Wheatley (1992) argues that this traditional format
does not encourage students to make sense of mathematics énd consequently capable
students such as Talitha do not understand the procedures which they can execute so
well. With the use of manipulatives Wheatley maintains that teachers often use an
“abstract-first” approach. In this situation the teacher explains the abstract mathematical
concept and then illustrates it by showing the students how to use manipulatives to
achieve an answer. Once again Wheatley argues that students do not have an
opportunity to create understandiﬁg. 'The'understanding is created by the teacher from
~ the teacher’s understanding of the concept not from the students’ understanding.

If, as cognitive research suggests, students learn best by working through
concepts themselves what behaviors should we as teachers encourage in our
classrooms? As a starting point, | suggest that teachers who wish to encourage the
learning of all students without regard to gender should strive to include the following

behaviors in their classrooms:

-

. attention to where the students are in their understanding
respect for student opinions about mathematics
reflection about mathematics

sharing of ideas

listening to others

o o M 0D

writing about mathematics
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7. making connections
8. persistence
9. interactions involving mathematics
10. collaboration.
Constructivism is a theory of knowledge which encourages many of these behaviors. In
the next section, | will argue that using a constructivist approach teachers can design

lessons which respond to the results of cognitive research.
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Constructivism

Constructivism has been described as consisting of two hypotheses:

1. Knowledge is actively constructed by the cognizing subject, not
passively received from the environment.

2. Coming to know is an adaptive process that organizes one’s
experiential world; it does not discover an independent, pre-existing
world outside the mind of the knower. (Lerman, 1989, 211)

The constructivist theory of knowiedge is based on the idea that each person
constructs her own reality by interacting with the world. Each interaction changes the
world the individual knows; consequently, each interaction changes the individual's
construction of reality. As a basis for a mathematics pedagogy. constructivism demands
that teachers recognize that each student constructs her own mathematical knowledge
and that her knowledge is constantly being adjusted to incorporate new mathematical
experiences. As teachersitis ou,r reéponsibility to help our students develop “good”
mathematical constructions. This requires teachers to understand where their students
are in mathematics so that they can provide appropriate mathematical experiences.

Constructivism developed from Piaget's theories of cognitive-development
psychology. Piaget's concept of abstract reflection is a process of internalizing
mathematical operations as we manipulate objects in our environment. We are
constructing the mathematical results through our use of the objects. The cognitive
structures we develop while working with the objects and the abstract reflection we use
to form the cognitive structures are both constructivist aocording.to Nel Noddings
(1990).

In 1973 Stanley Erdwanger’s studies of Benny had an enormous impact on the

development of the pedagogy of constructivism. Eriwanger reported that, taught in a
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behavioristic traditional manner, Benny created his own understandings of how to get
the answers on the answer sheet. Benny’s constructions led to results such as the
conclusion that 3/2 and 2/3 both equal .5. Constructivists use Benny as an example of
how poorly students can learn mathematics if they are not taught in a manner which
encourages mathematical thinking (Noddings, 1990). In addition to providing a
constructivist framework to explain Benny's leaming, Erlwanger showed the value of a
new kind of research and methodology which investigated the understanding of one
student in depth. Both the research and the methodology served to advance the theory
of constructivism (Steffe, 1994).

In the early 1980’s, von Glaserfeld influenced the theoretical development of
constructivism. According to Steffe and Kieren, von Glaserfeld and Richards argued in
1980 that “in constructivism one i§ not studying reality, but the construction of reality”
(Steffe, 1994, 721). Jere Confrey (1990) describes the dual nature of constructivism:
we construct our own knowledge of reality and in the process of construction that reality
continuously changes.

Put into simple terms, constructivism can be described as essentially a
theory about the limits of human knowledge, a belief that all knowledge is
necessarily a product of our own cognitive acts. We can have no direct or
unmediated knowledge of any external or objective reality. We construct
our understanding through our experiences, and the character of our
experiences is influenced profoundly by our cognitive lenses. To a
constructivist, this circularity is both acceptable and unavoidable. One’s
picture of the world is not, however, static; our conceptions can and do
change. The essential fact that we are engaged in living implies that
things change. (Confrey, 1990, 108)

If students construct their own understanding and their own reality, the question
remains how should teachers structure classrooms to help students construct “good
mathematics.” Clearly, “acceptance of constructivist premises about knowledge and

knowers implies a way of teaching that acknowledges learmers as active knowers’

22

24



(Noddings, 1990, 10), but what way of teaching?
Jere Confrey (1990) identifies necessary beliefs and skills of a constructivist

teacher.

[T]he most basic skill a constructivist educator must leamn is to approach
a foreign or unexpected response with a genuine interest in learning its
character, its origins, its story and its implications. Decentering, the
ability to see a situation as perceived by another human being, is
attempted with the assumption that the constructions of others,
especially those held most firmly, have integrity and sensibility within
another’s framework. The implications for working with students are
stunning. (108)

When one applies constructivism to the issue of teaching, one must
reject the assumption that one can simply pass on information to a set
of leamers and expect that understanding will result. Communication
is a far more complex process than this. When teaching concepts, as
a form of communication, the teacher must form an adequate model of
the students’ ways of viewing an idea and s/he then must assist the
student in restructuring those views to be more adequate from the
students’ and the teachers’ perspective. (109)

A basic concemn of a constructivist teacher is understanding the students’
perspective of the material. Since constructivists believe each person constructs his or
her own leaming, constructivist teachers need to structure activities which encourage
students to investigate mathematical concepts. Such teachers strive to adjust classwork
to meet students where they are in their understanding. Consequently constructivist
lessons include opportunities for students to examine their own reasoning as well as
ways for teachers to become aware of students’ perceptions and reasoning so that
activities can be adjusted accordingly. Learning for each student involves a constant
readjustment of his developing structures of understanding. Constructivist teachers can
not just impart knowledge with a lecture and assume students will construct “good
mathematics”. Learning is interactive. Students construct understanding by reflecting

on new ideas and concepts. Carefully structured activities can help students in the
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reflection process. As teachers we need to create classrooms which encourage
students in abstract reflection.

Jacqueline Grennon Brooks and Martin G. Brooks in their book, /n Search of
Understanding: The Case for Constructivist Classrooms (1993), provide guidance for
teachers who wish be constructivist by describing what they believe are the essential
characteristics of a constructivist teacher. Their work is intended for teachers of all
disciplines and the examples they use come from a variety of subjects. Their blueprint
for a constructivist classroom can easily be applied to the math classroom. They claim
that “when teachers recognize and honor the human impulse to construct new
understandings, unlimited possibilities are created for students® (21). Such classrooms
allow students to make connections and follow paths of interest by freeing them from
fact-driven curriculums. Grappling with big ideas of interest encourages students to
realize that learning is complex and not easy just as the real world is complex and filled
with multiple perspectives. In constructivist classrooms students are encouraged “to
clarify for themselves the nature of their own questions, [and] to pose their questions in
terms they can pursue’ (30).

The Brooks (1993) give five guiding principles for establishing a constructivist
classroom. Topics to be studied should be of “emerging relevance to students”. The
emerging relevance may occur either because the questions are intrinsically important to
students or because teachers present them in such a way that their importance to the
students emerges through classwork. Leaming itself should be structured around
“primary concepts.” Information should cluster around a concept so that the structure is
holistic rather than separate isolated snippets of information. When concepts are
presented holistically students will break them apart to assist in the analysis. Big ideas

and large concepts give students more opportunities to find ways to become attached to
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the information. From my perspective the most important of the Brooks's principles of
constructivism is the importance and value of the student'’s point of view. Constructivist
teachers actively seek their students’ points of view. They accomplish this by listening,
by questioning and by avoiding inserting their own point of view. Listening to students is
crucial for effective constructivist teaching because of the importance of the
constructivist belief that learning is constructed from present knowiedge. Once
students’ viewpoints are known, curriculum is developed to address student perceptions.
Constructivist education constantly adapts to adjust to where students are in their
understanding. Assessment aiso changes in the constructivist classroom. Teachers
assess students continually. By listening to student points of view and by asking
students to explain their work, teachers have constant feedback about student learning.
Consequently, traditional testing is not necessarily used. Teachers make use of
authentic assessment and non-judgnﬁental feedback instead.

Nel Noddings (1993) suggests that constructivist pedagogy, which requires
teachers to understand and value student purposes, also requires an ethic of care.
Because the constructivist teacher is dedicated to understanding student concerns and
to responding to them, the constructivist teacher cares for her students. Caring about
students helps teachers to connect mathematics to what is important in students’ lives.
Caring constructivist mathematics is connected to real life not just to “real” mathematics.

if we examine the ideas of constructivism, we can see that the constructivist
classroom has many of the following characteristics:

1. considering problems of emerging interest to the students

2. studying major concepts, the big picture
3. seeking students’ points of view
4

. valuing students’ points of view
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teaching through questions rather than answers
listening to each other
allowing time for ideas to form

interacting in groups

© ® N o o

encouraging persistence

10. striving to make sense
‘ 11. making connections

12. communicating both verbally and in writing

13. adjusting curriculum to students’ understanding

14. using authentic assessment

15. giving non-judgmental feedback

16. reflecting

17. caring

18. encouraging autonomy

19. honoring creativity.
These characteristics can serve as guidelines for a feacher who wishes to use a
constructivist pedagogy. The ideas on this list include all the behaviors that were
generated from a study of the cognitive science research on how students leam
mathematics. Therefore, this list responds to the concern for addressing in the
classroom how students leam. In addition, there is considerable overiap with the list of
classroom issues generated from the research on gender. Many of the gender issues
seem to disappear in a constructivist setting. Classrooms are more cooperative and
student-centered in constructivist settings. Teachers will need to monitor their
interactions with students to ensure that both genders receive comparable treatment,

but since constructivist teachers are constantly monitoring student understanding the
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teachers should be aware of gender inequities. Overall, | believe that a constructivist
framework offers the best way to ensure that all students receive the best mather—natics
education possible. “A constructivist framework challenges teachers to create
environments in which they and their students are encouraged to think and explore.
This is a formidable challenge. But to do otherwise is to perpetuate the ever-present

behavioral approach to teaching and learning” (Brooks, 1993, 30).
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A Constructivist Unit

Believing that a constructivist pedagogy provides the best framework for
equitable and effective math education, | have developed a unit on limits from a
constructivist perspective. Changing theory into practice is difficult for me. Therefore,
using the guidelines given on the preceding pages | have designed a series of lessons
on limits which | believe reflect a constructivist approach to education. This unit is
meant to serve as one example of how to structure constructivist leaming at the upper
levels of high school. The unit was designed with the Advanced Placement curriculum
in mind, but it could be used as a model for any class with access to graphing
calculators. Since the unit is meant to be constructivist, any teacher using it will
necessarily adapt and change it to meet her students’ needs and interests. The pacing
and the depth of study depend on the abilities and interests of students in the class.
Consequently, each teacher must decide which units to emphasis and how to pace the

lessons.
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Developing an Understanding of the Meaning of a Limit

To examine functions exhibiting a variety of behaviors as the domain values
approach a specific point. ‘

To appreciate the need for a concept, the limit at a point, to help determine the
behavior of a function near a point.

To understand the importance of range values when determining the limit of a
function at a point.

To work with the definition of the limit to determine whether a function has a limit.

To find limits of functions algebraically, numerically, and graphically as
appropriate.

To investigate one-sided limits. '

To examine the advantages of defining a limit as approaching infinity.

To extend the concept of limit to include the limit of a function as x approaches

infinity.

Examining functions which exhibit a variety of behaviors as the domain values
approach a specific point.

Before beginning this unit, students need to know the definition of an open
neighborhood. They aiso need familiarity with a graphing calculator which they may use
as a tool whenever they wish.

This first section begins with a worksheet. Although the worksheet could be
worked on individually, | recommend groups of three or four working together. Working
in a group adds the element of discussion which often aids in an investigation. Each.

student should write her own response to any questions, however. For an AP class or
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above average students, | would give them the first worksheet in groups with no
introduction. An essential part of the exercise for the teacher is to interact with the
groups using questions (no answers) to encourage their explorations. At this point,
getting the correct solution is not as important as thinking about how functions might
behave at a point.

Worksheet

Determine the behavior of each function for x values in a neighborhood of x = 0. Write
one or two sentences for each function describing its behavior and how you determined
it. Be sure to note what happens at x = 0.

1. f(x)=1-x 8. f(x) = x sin (1/x)
2. f(x)=(x- xa)/(x +1) 9. f(x) = (sin x)/xA
x+1, x>0
3. f(x) = (X - x2)Ix 10. f(x) =% 4, x=0
2-X, x<0
4. f(x) = (1 - x)/x 1. fx)= Cx-X")x, Xx}O
%V 4, x=0
5. f(x) = |xJ/x 12. f(x) = SL(X -x*)x, x#0
1. x=0
6. f(x) = sin x 13. f(x) = In |x|
3x+1, x>0
7. f(x) = sin (1/x) 14. f(x) = 3 4, X=0
1-x, x<0
30

32




After students have had time - one or two days depending on class length - to
work with each of the functions, | suggest a class discussion of observations. The
purpose of the discussion is to encourage students to see, categorize, and question
some of the behaviors a function may exhibit at a point. It is a time to raise questions
based on observations, not to énswer them. The structure of the discussion will depend
on student input; however, some possible exploratory questions follow.

Which functions were most interesting/confusing? Why?

Did any of the functions behave in unusual ways? How?

Did any of the functions surprise you with their behavior? What were you

expecting? Why?

What questions do you have after looking at these functions?

Such questions are intentionally vggue in order to encourage students to create their
own understanding and questions rather than enforcing the teacher’s view.

Before asking questions along the outlines above, in some classes you may want
to talk about each of the functions around x = 0. Different groups can report on different
functions. When students discuss a function they need to explain the method used to
achieve their answer. Some of the functions if graphed on a graphing calculator may
allow students to describe what is happening near x = 0 without the students realizing
that the function does not have zero in its domain, i.e., f(x) = (sin x)/x, or that f(0) is not

the same number as the value the function is near.

Appreciating the need for a way to help determine the behavior of a function ata
point.

After discussing all of the functions, students should be encouraged to generate

specific questions. Depending on the make-up of the class, such questions could be:
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brainstormed

developed in groups

worked on individually perhaps as homework.
Brainstorming, although the fastest method, is the least attractive option, because some
students, especially girls, may refrain from posing questions which seem to them silly.
Those may, in fact, be the most important questions.

Perhaps the best method to generate questions, if time allows, is to have
students think of questions for homework and then get together at the beginning of class
in small groups to generate several questions which reflect the crucial issues found in
the homework questions. Having students generate questions individually at first allows
the slower worker an opportunity to think through relationships before they are
suggested by a group member. But having groups work together helps to refine the
questions and carry analysis to a ﬁighér level. Each group would supply at least one
question to a class list of questions which students felt needed to be investigated. Some
typical questions that might arise are:

What is the effect of x in the denominator?

Why do some functions have asymptotes and others holes and still others no

holes?

Why do some functions jump?

How can you tell what’s going to happen without a graph?

The specific questions are not as important as the process of asking them. The
teacher can always insert a few questions, but the student is more involved if she feels
her questions are helping to guide the inquiry.

At the end of class, each group would tumn in their individual questions as well as

their group questions since the questions allow the teacher to gain knowledge about the
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understanding of individuals. In addition, important student questions may be
overlooked in the class discussion. Having a chance to look at each group’s list allows
the teacher the opportunity to revisit issues the following day or to add another question.
The questions may also serve to facilitate review of the concepts.

| Once the questions are generated, it will probably become obvious that what
happens to the function at a point and what happens to it around x = 0 may be two
different things. We can find out about f(0) by substitution, but we need a new method
to investigate the behavior of f(x) when x is near zero. The goal of the unit to this point
is to raise the awareness of the behavior of functions at or near a point. Students
should have become aware that f(0) is not always the value that the graph is near for
domain values near 0. In fact, the function may not even be defined at x = 0.
Consequently, mathematicians nged a way to talk about and distinguish what is
happening to a function near a value -of its domain.

if students have not generated an intuitive understanding of the complexities of

functional behavior, then it may be necessary to revisit some of the worksheet functions
or similar functions before going on to a discussion of the limit at a point. In another
class it may be more appropriate to go on to limits, giving a big picture, and then retum
to specific examples of why the limit concept is helpful. The teacher needs to determine

the students’ readiness and develop the lesson starting from where the students are.
Understanding the importance of range values when determining the limit.

We now need to investigate what we mean when we say the limit of a function at
a point. Some of the functions we have looked at have a limit as x approaches zero and
some do not. If we tentatively say that the limit of f(x) as x approaches c, a point, is the

finite number f(x) gets very, very close to as x gets very, very close to c from both
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directions then we can intuitively guess which of our functions have a limit at x= 0. We
need to revisit the functions and discuss why some have a limit and some do not - still
intuitively. For homework or group work | would then give the students the two graphs
shown below and ask them to write down in their own words why one function has a limit

at x = 1 and the other does not.

A
, A
f 24 O—
2 -t
| 4 ’__’____L-—--—-——-o

My hope is that they would begin to see the importance of the range in determining
whether the function has a limit. After a discussion of the homework problems we can

now introduce the i—g definition of the limit.

We call L the limit of the function f(x) as x approaches c,

written lim f(x) = L
X~7C

if for every & > 0 there exists a S > 0 such that
|f(x)-L|<g  whenever 0<|x-c|<g—.

It may be necessary to review what the inequalities mean. In addition, several pictonal

examples of functions with and without limits help to interpret the definition.

34

36



L+€ 4 —l 4— L‘+€"“/f“ —_— -
| 4

/Wi}t\‘: B4 e

/ g C ctd ' / | ‘Q,

c-4& no Lim

at ¢

i T xS
a:{'

Working with the definition of the limit.

Using the graphing calculator, we can now revisit the original functions. By using
the window (or range) option, we can choose ah epsilon and either find a delta or
convince ourselves that no delta exists. Only one or two examples are necessary to
illustrate why a function does not have a limit at a point. In groups, students could
explore several of the functions we intuitively said had no limits to see if they could
détermine why those functions do not satisfy the definition of the limit as x approaches 0.
f(x) = sin (1/x) is an excelient choice for the groups to examine. No matter what you
choose as a limitif €.< 1/2, the graph goes off the screen for all values of delta you
choose. Another good choice is f(x) = |x}/x; you can lose half the graph with f/ <1.
Comparing the graph of f(x) = (sin x)/x with the two preceding functions shows the
difference between a function having a limit at a point and a function which fails to have
a limit at that point. The graphing calculator allows students to make the range
boundaries on the graph of f(x) = (sin x)/x as close to 1 as they wish and still find domain
values for x around 0 so that the value of the function is within the range values chosen.

To reinforce the analysis by the groups | suggest putting diagrams on the board,
or, if available, using an overhead graphing calculator for groups to present their own

analysis of the functions in terms of the definition. The overhead graphing caiculator
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allows students to quickly investigate ideas or questions suggested by other classmates
while leading the discussion. After examining several of the original functions in class, |
would assign the remaining ones to be discussed for homework. For each problem
there should be a sketch of the graph and and a few sentences describing why the
function has a limit at 0 or why it does not.

After this introduction to the definition of a limit at a point, | would retum briefly to
a more traditional approach to leaming limits. Using a function such as f(x) = 1 - x, and
choosing a finite value for epsilon, say 1/100, | would show the students how to find a
delita which would satisfy the definition of the limit. The graphing calculator would allow
us to confirm the choice of deita and to illustrate that any smaller delta would also work.
Several other simple examples of the definition of the limit would be investigated in
class. This is a good time to use an example such as the limit of f(x) = 4x + 2 as x
approaches 5, since up until this b_oint we have worked only with functions when x was
approaching zero. All students would be required to work through several similar
problems on their own. Whether much work is done using a generic epsilon to find a
delta would depend on the level of the class. In BC Calculus, students would be
required to work through some epsilon-delta problems and limit theorems would be
proven; in regular calculus or precalculus classes such rigorous mathematics would only

be briefly discussed uniess students showed interest.
Finding limits of functions algebraically, numerically, and graphically.

Once limit theorems have been discussed, | would spend some time working with
students to find limits algebraically. A standard calculus text offers examples and
explanations of the necessary manipulations, and | would refer to the text for examples

and some homework problems. After students feel comfortable finding limits
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algebraically using limit theorems, | would ask them to consider the following two

problems to see if they can solve them without graphing.

s
1. lim (sin 3x)/x 2. lim X - 6xq+ 5x3+ 27+ 3x-5
x>0 x-

3x3- x2- Ox +7

These are good problems to have small groups discuss, because they can both
be done using techniques from previous courses (trig identities and synthetic division) as
well as by substituting numbers close to 0 and 1, respectively. | would require that each
group submit a written justification of their solution - particularly because of the
tendency of students to assume that sin (3x) = 3 sin x. These problems were chosen to
illustrate the technique of approximating limits numerically with a calculator so if no
group uses that _technique either the teacher has to suggest it or supply other problems
to try and encourage it. Both problems can be done using all three techniques:
algebraic, numerical, and graphical. They serve as a vantage point to discuss the
various ways to determine the value of a limit, the dependability of each method, and

when a particular way might be most heipful.
Investigating one-sided limits.

Now, the students have enough experience with two-sided limits so we can begin
looking at one-sided limits. Note, in some classes questions about one-sided limits may
have aiready arisen. When such questions occur, a constructivist teacher shoutd
encourage students to foliow their interests. In that situation, a teacher may wish to
adapt this material for earlier use.

| suggest using small groups again and asking students to investigate the
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behavior of the function, f(x) = x* The directions below could be given to each group to
guide their investigation.

Without using the graphing capabilities of your graphing calculator,
determine as much as you can about the behavior of the

function, f(x) = xx. Among the characteristics to speculate on are the
range and domain and a possible sketch of the graph. Please share
with me your written description of the function’s behavior and a
possible sketch before you check your results against the graph on the
calculator. As you write about the function you may discover some
questions you can not answer, simply include those questions and why
you have them in your write-up. You may be able to answer them after
you look at the graph on the calculator.

The function, f(x) = )3( , provides a wonderful opportunity for students to review
implicit domains, ranges, and roots of negative numbers. It also can serve as an
introduction to calculating limits using logarithms as a tool when such limits appear in the
curriculum. | have chosen to use ‘it here because of its behavior as x approaches zero.

Once the students have investigated the graph of f(x) = x X , they should be able
to tell that the limit of xx as x approaches 0 through positive values is one. Students
should then be encouraged to look at this situation in terms of the definition of the limit at
a point. Possible questions are:

Does the definition of the limit we have allow for this situation where one only has

x values on one side of c?

If so, why?

If not, could you design a definition which would work in this case?

There are at least two ways to handle this problem. (Students may suggest
others to investigate.) One can consider only values of x in the domain of the function
when using the limit definition, or one can define a new kind of limit - a one-sided limit.
Both ways work in this case, and restricting the definition to the domain of the function

makes sense as the easier solution. In fact, that restriction is included in definitions of
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the limit in the field of mathematics known as analysis. But if students examine the
behavior of the function f(x) = |x]/x as x approaches 0, they will probably see the benefits
of defining special case limits known as right-handed and left-handed limits. Students
can be asked to write a definition for right-handed limits based on the definition we have
given for the limit. For homework, students could find or create examples of functions
which have unequal one-sided limits at a point and functions which are undefined at a
point, but have equal one-sided limits.

Using the function‘s students have found for homework, we can begin to answer
some of the questions which the class generated as we began the study of limits:

Why do some functions jump?

Why do some functions have open holes?

How can you tell whether piecewise functions will meet?

These questions can be answered with the use of right and left hand limits, and
students should be encouraged to write several sentences to answer each of them.
Now is a good time to return to the original worksheet, and ask the students to respond

to it again using limits to describe what is happening at x = 0.
Allowing the limit at a point to approach infinity.

Included on the original worksheet are the functions f(x) = (1 - x)/x and
f(x) = In |x]. When asked to describe the behavior of those functions using limits as x
approaches 0, students will almost surely say that those functions do not have a limit at
x=0. The limit is a finite value. Comparing these functions to the behavior of
f(x) = sin (1/x), however, can remind students that not having a limit can mean different
things about the behavior of the function at that point. Asking students to describe in

words the differences in the two situations - one where the function oscillates rapidly and
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the other where the functions go off to positive or negative infinity - should lead into the
idea of talking about a function approaching infinity as x approaches a point c. Again,
the value of the concept of right and left hand limits can be seen. The following
definition can be derived for right-handed limits which approach positive infinity.

We say the limit of f(x) approaches positive infinity as x approaches c

from the right, written lim f(x) = +o=,
x=->ct

if for every M > 0 we can find a S < 0 such that

f(x) > Mwhenever x (c,c+J ).

in groups of four students, pairs can be asked to construct ten problems for the
other pair. These problems should illustrate all the different types of limits at a point that
have been discussed. The pairs can then exchange problems and answer each other’s
problems. The advantage of having students make up the problems is that it forces
them to think about the structure of functions both algebraically and graphically. Having
the pairs work on each other’s problems encourages clarifying discussions when a
problem is not understood or well defined. As always this work should be collected so
that the teacher can evaluate whether the students understand and can use the

definitions of various types of limits at a point.
Examining the limit of a function as x approaches infinity.

So far we have had students examine the behavior of functions at a point to help
justify definitions of the fimit. Now | suggest we reverse the procedure to help determine
whether students can use their constructions of the limit concept to interpret the
definition of the limit of a function as x approaches infinity. | would give the definition 6f

the limit as x approaches infinity and several examples of functions, some of which have
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limits and some of which do not, to groups of three or four. Students wouid have an
opportunity to discuss the definition and examples to try and create an understanding of
this new concept. The worksheet below would serve as instructions for the group work
and a homework assignment.

Worksheet

Consider the definition of the limit as x approaches infinity and each of the examples.
Draw a diagram which helps you interpret the definition. In your group discuss the
definition, your illustration and each example. ldentify why the limit exists or fails to exist
for each function given.

Definition of the limit of a function as x approaches infinity:’

The function f(x) has a limit L as x approaches infinity,
written im f(x) =L,

X =7 o=
if for every € > 0 there exists an M > 0 such that
[f(x)-L|< ¢ whenever x> M.

Consider the following examples:

1. lim (1-x)/x = 1 2. lim 1/x=20
X=->02 X -7 o2

3. lim (3xZ-2x+1)/(@x>+2) = 3/4

X->o0°
4. 1im Yax+2 IVx -1=3
X =>oc°
. X . .
5 a. lim e nolimit b. im e =0
X =5 o= X-9—o°
6. a. lim sinx no limit b. lim (sinx)/x =0
XD oo X-> o<

7. lim  (4x" - 2x+ 1)/ x no limit

X-9 oo
8. imV 22 +1/x = V2 b. imY2x*+1/x = -Y2
X-y oo X7 = oo '

(o]

X
Clim (1+1/x) =e
X =Yoo~
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Homework

Write a brief essay which explains your interpretation of the definition of the limit
of a function as x approaches infinity. Please include a sketch illustrating your
explanation and a discussion of several functions to illustrate when the limit exists and
when it fails to exist. Diagrams may be helpful.

As the groups are working to interpret the new definition, the teacher needs to
walk around and keep an eye on each group to be certain that progress is being made.
Working with the groups is tricky because the goal is to have each group, ideally each
individual, construct its own meaning for the limit as x approaches infinity. Therefore, as
teachers when we work with groups, we need to strive to understand the students’
constructions and not impose our own. We should question groups to ascertain their
interpretations before guiding them with suggestive questions. Our questions should be
open-ended such as “Have you considered ... ?° “What If ... ?° Group work is the
perfect time for the teacher to offér extra support to students who have found the limit
concept especially challenging. By this time | would expect the students to automatically
investigate the given functions with a graphing calculator, but if this does not happen in
all groups, such a suggestion should be made.

The homework essay is important for two reasons. It forces the students to think
through individually the implications of the new definition. Writing reinforces and clarifies
the thought processes. In addition, the essay gives immediate feedback on each
student’s interpretation of the new concept. The essays allow the teacher to assess
whether students have grasped the new concept and whether the class is ready to move
on or needs to spend time as a class talking through the new concept. In order for the
teacher to have a night to read the essays, the next class could be spent leaming how to
determine limits algebraically as x goes to infinity. The class, as a whole, could justify

that the limit of 1/ x© , where p > 0, is zero. Then, it might be fun to allow students to
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work with the examples on the worksheet. The limits were given to them there, but now
the group challenge would be to see which limits they could determine using algebraic
manipulations. A super challenge would be to see if they could identify and justify any
short cuts for evaluating limits as x goes to infinity. | would expect some group to
identify the algorithm that the limits of quotients of polynomials can be determined by
inspection of the highest powered terms, but groups might construct their own equally
valid procedures. After allowing time for the groups to play with limits as x approaches
infinity, the groups should have an opportunity to share their results and to engage in a
class evaluation of each procedure to determine wﬁich could be generalized. An open
discussion encourages students to look more closely at the work done in their own
groups. If the group can convince the whole class that a procedure or algorithm works
then the group has had an opportunity to internalize their own learning and increase the

understanding of classmates.

Note

A natural progression from this discussion of limits would be an investigation of
asymptotes - horizontal, vertical, and oblique - and their relation to limits. Such a topic
would make an exploratory lesson for advanced students, especially those in AP
Calculus courses. In classes in which some students need more time working with
limits, students who were comfortable with limits could investigate asymptotes and then

share their learning.

Assessment

The question arises about how to assess leaming which occurs in a format such
as that described above. First, it must be noted that constant informal assessment is
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part of the structure of these lessons. Students are asked to write frequently about their
understanding and to explain group conclusions to the class. in addition, an important
part of this type of constructivist leaming is continual evaluation of student
understanding by the teacher. Each written assignment should be read and notes
should be kept. During classwork the teacher should observe and listen carefully to
student interchanges. Teacher knowledge about where students are and what they
understand is invaluable in pacing, structuring and modifying lessons.

But more is needed. Students deserve the opportunity to show what they know
and to extend their understanding through review and consolidation. A variety of
assessment vehicles allow students to continue to grow in understanding and to prepare
for other possible math courses. Assessment can and should range from multiple
choice and short answer to open-ended essay questions to applications to portfolios.
The important thing is that studenis have an opportunity to show what they know - not
what they do not know.

Multiple choice problems are an important assessment tool especially if students
will be taking an advanced placement exam. Research indicates that females do less
well on multiple choice and true-faise type problems than males. Therefore, exposing
students to such questions in the classroom setting is important. In order to remove
some of the anxiety that AP and muitiple choice exams engender, | suggest introducing
students to such questions in a group format. Working together on challenging multiple
choice problems, students should have some success. As individuals feel more
comfortable with a particular format they have a better chance of success on their own.
Also, students can learn that some problems are very hard and that it is not at all
unusual for groups working together to have difficulty solving them.

Tests and examinations can be designed to allow students to show their learning.
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Traditional test questions such as compute the limit can be interspersed with questions
on definitions and brief essays describing the explorations students have undertaken. In
constructing these evaluation instruments the graphing calculator should be considered.
When computing limits for example, some might be done more easily with the graphing
calculator than with algebraic manipulations. In fact, students can be asked to discuss
limits for types of functions which are entirely new to them when they have the graphing -
calculator as a tool. Students could be asked to find the limit as x approaches infinity of
f(x) = (1 + 3/x) X even though they had never investigated such a function.

Tests can be given in an untimed format or as take-homes. |If students have
ample time to reflect, the questions on evaluation instruments can address higher level
cognitive skills . Given in a group format tests allow students an opportunity to pool their
efforts much as they would in the working world. Testing and assessment no longer
mean one student writing madly o'r pahicking for 40 to 50 minutes. Tests are just an
additional way to help students construct good mathematics and to help the teacher
understand how successful the student has been.

In addition to tests or instead of tests, students could be asked to write papers or
give reports. Possible topics are why a specific definition works or what limits tell you
about a particular function. Each student or groups of students could investigate
different functions and then give oral reports. The possibilities are endless. Students
could investigate why limits are important. Applications in medicine and science are
especially interesting. One possibility is to have students look at the absorption of a
drug over time. Projects investigating applications open new horizons to students.

Portfolios are another way for students to show what they have learned. |
suggest that students keep portfolios which include all their written responses to group

work or homework questions. Not only do portfolios remind students and teachers of
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the student’s growth in understanding but they also serve as a vehicle for review.
Looking back at one’s own observations helps one to remember. In addition, self-
assessment can be a part of the portfolio. Students benefit from thinking about their
own learning and determining themselves what they have or have not learned well.
Assessment, no matter what form it takes, should be an opportunity for students
to reflect and justify as it helps them prepare for new concepts. The assessment tools
used should blend naturally with the structure of the class as one of exploration and
construction of knowledge. Students should be able to show what they know as they

continue to expand their understanding.
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Conclusion

This project was designed to help address gender issues in mathematics
education. A review of the recent research on gender issues indicated that while gender
differences appear to be decreasing differences still exist in the learning of complex
concepts, in personal attitudes toward math, in interactions in the classroom, and in the
level of mathematics studied. While the research suggested several strategies teachers
can implement in the classroom, the startegies seemed isolated and not part of an
overall structure to improve learning in the classroom. Therefore, an investigation was
undertaken to examine research on how students of both genders learn mathematics.
This research led me to the belief that each student constructs her own understanding
and knowledge as a result of activities in the classroom. Constructivism is a theory of
knowledge which addresses those beliefs. Consequently, a review of constructivist
literature led me to a list of guidelines-for an effective classroom which, | believe, meets
both concerns brought up in studies of gender and concerns brought up in cognitive
research on how students learn. Finally, using the constructivist guidelines | designed a
unit to illustrate the use of constructivist teaching at the upper high school level. |
believe that constructivist teaching with units like the one on limits will help address the
issues of gender in mathematics education and at the same time improve mathematics

understanding for all our students.
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56



Kaiser-Messmer, Gabriele. Results of an Empirical Study into Gender Differences in
Attitudes Towards Mathematics. Educational Studies in Mathematics 25. 209-
233. 1993. :

A West German study of boys and girls 14-19 shows that attitudes about gender
have changed but girls, even though they express open-mindedness about
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making.
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Steffe, Leslie P., and Beatriz S. D’Ambrosio. Toward a Working Mode! of Constructivist
Teaching: A Reaction to Simon. Joumal for Research in Mathematics Education
26, No. 2: 146-159. 1995.

The authors argue that there is a type of teaching which is constructivist. Their
model of constructivist teaching involves reflection, autonomy, and situations that
encourage assimilating generalization. '

Steffe, Leslie P., and Thomas Kieren. Radical Constructivism and Mathematics
Education. Joumal for Research in Mathematics Education 25, No. 6: 711-733.
1994,

In this article the authors describe the background and development of radical
constructivist theory based on a reinterpretation of Piaget's genetic structures.
Constructivism developed over a thirty year period of theorizing and research.

Strauss, Sheila. Girls in the Mathematics Classroom: What's Happening with Our Best
and Brightest? Mathematics Teacher, pp. 533-537. Oct. 1988.

A mathematics teacher at Hunter College High School, NY, evaluates the effect
on female success in calculus when the school goes coed.

Tartre, Lindsay A. Spatial Skills, Gender, and Mathematics. In E. Fennema & G. C.
Leder (Eds.), Mathematics and Gender (pp. 27-59). New York: Teachers
College Press. 1990.

This is a comprehensive investigation into the relationships among high and low
spatial ability and gender. Spatial ability is separated into its different components in the
analysis of student spatial ability and math achievement. Low spatial ability girls have
the lowest achievement in related mathematics.

Webb, Norman L. and Arthur F. Coxford. Assessment in the Mathematics Classroom,
1993 Yearbook. Reston, VA: National council of Teachers of Mathematics.
1993.

This NCTM Yearbook discusses the reasons to change assessment in the
mathematics classroom. Although the Yearbook does not discuss gender issues
directly, changing assessment techniques is shown as a way to include more creative
discovery in the mathematics classroom. Including writing, open-ended problems, and
self-assessment as part of assessment in mathematics is recommended. Examples of
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different types of assessment help the reader understand the recommendations of the
authors of the various articles.

Wheatley, Grayson. The Role of Reflection in Mathematics Leaming. Educational
Studies in Mathematics 23. 529-541. 1992.

Reflective abstraction is important in constructivism. Wheatley argues problem-
centered learning promotes autonomy and facilitates reflection.
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