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Abstract

This paper reviews the current theory and research on algebra/mathematics word problems. First,
the major research findings are identified and summarized along with the theoretical perspectives
that produced the research. The findings are then interpreted from.the perspectives of traditional
and wholetheme approaches. Also, a sample methodology of each approach is presented to

provide a concrete understanding of the differences between the two.
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Solving Word Problems in Mathematics: A Comparison of
Traditional and Wholetheme Approaches
Introduction

If you ask students what is the most difficult topic in any mathematics course they will
undoubtedly say word problems (Mayer, 1982; Weaver & Kintsch, 1992). It has been known for a
long time that students , even good ones, find word problems difficult and dislike them (Terry,
1921/1992; Weaver & Kintsch, 1992). The difficulty students encounter in solving word problems
and the dislike for them are reflected in their performance. Improving stucient performance and the
fundamental problem-solving skills involved, though considered to be critically important math
educators, have not been easy.

This paper reviews the current theory and research on algebra/mathematics word problems.
First, the major research findings are identified and summarized along with theoretical perspectives
that produced the research. The findings are then interpreted from the perspectives of traditional and
wholetheme approaches. Also, a sample methodology of each approach is presented to provide a
concrete understanding of the differences between the two.

Traditional Models of Problem-Solving

Models of problem-solving have been developed in order to understand the problem-solving

process. One such model is described in Mayer (1982). This two stage model consists of a

translation stage and a solution stage. In the translation stage, the words of the problems are used
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to build an understanding of it in terms of an internal representation in memory. In the solution stage,
the student applies the rules of algebra and arithmetic to this internal representation in order to find
the answer. Students have more difficulty in the translation stage than in the solution stage (Mayer,
1982). Nevertheless, in the classroom more emphasis is given to the teaching of the solution phase.
This is perhaps because of an absence of an adequate understanding of what is involved in the
translation stage.

Mayer (1982) identified linguistic, factual, and schema knowledge in the translation stage.
On translating the word problem the student needs to have knowledge of the English language, the
mathematical tent}inology (e.g. factoring, squared) and any words used in special ways (e. g. product,
difference) in problem solving sifuations. The student must also possess schematic knowledge that
allows him/her to determine the information tha* is relevant and to transfer the understanding of one
problem to other similar problems. This part of the model requires the student to have knowledge
of the objects and events of the problems as well as metacognition related to the solving of word
problems.

Mayer (1982) stated that strategic and algorithmic knowledge are required for the solution
stage. The student here is required to break the problem into parts and store the parts in memory
in such a way he/she will be able to retrieve them when needed. In this part of the model, the student
is supposed to hold a lot of information in the working memory. Furthermore, the student also
requires a knowledge of algebra and of algebraic procedures and operations involved in finding of
the answer. In an effort to build schema knowledge for students, Mayer designed a structure for
word problem formulae presentation.

Following the pattern in which word problems were presented in textbooks and taught in
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classrooms, Mayer (1981) divided word problems into families, categories, and templates. A family
grouped all the word problems using same source formula to solve the problem. In this way the
students were able to master one type of formula at a time. Each family was divided into categories
based on the general form of the story line so that within a chapter problems were presented by
categories. This format allowed the student to focus on one variation of the formula at a time.
Furthermore, each category was divided into templates based on the propositional structure of the
problem. Let's take for example, the family of "distance = rate x time". In this family of problems,
stories can be dealing with motion, current, or work. Tﬂese will be the categories. In the category
of motion, there. are different templates. Examples of these are "overtake", "round trip", and
“closure”. Each template consisted of a unique list of propositions. Mayer felt thaf if the students
would become familiar enough with the template, they would automatically associate the new
problem with the appropriate template. As a result they would be able to solve the problem readily.

Mayer (1982) conducted a study to determine which types of word problems presented
students with the most difficulty at the template level. Even at this basic level, Mayer found that
translation is influenced by the structural property of propositions in the problem and that translation
is influenced by the learner’s schema of the problem. However, the application of his model in
textbooks did not account for this additional step within the translation stage so student learning was
diminished (Mayer, 1982).

Reed (1987), another researchér interested in studying word problem, developed a model of
solving word problems by analogy. One of the difficulties in solving word problems by analogy is that
the story context has an enormous effect on the analogy. In the analogy, students have less difficulty

with the problem when the context is the same even if the equation needed to solve the problem is
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different than when the context is different but the equation is the same (Catrambone & Holyak,
1989, Reed, 1987). For this reason, Reed (1987) classified pairs of word problems into four different
types. Equivalent problems have the same solution procedure and story context. Similar problems
have the same story context but required a modification of a solution procedure. Isomorphic
problems have the same solution, but different story contexts. Unrelated problems have different story
contexts and different solutions. The implication then is that the context chosen for the story must
be broad enough so that many variations of the formula or many formulae can be used. In this way
students develop a really broad schema that will enable them to handle many varying equation types.
Using analogies in this way allowed students to assimilate the content in a more global wav.

| Weaver and Kintsch (1992) used Reed's classification of word problems together with a model
of arithmetic word problem developed by Kintsch and Greeno (1985) to build a model for solving
algebra word problems. This model consists of a set of knowledge structures and a set of strategies
for using these knowledge structures in building a representation and in solving the problem. In the
process of problem representation, quantities which refer to objects in the pictorial, symbolic, and
verbal propositional relational structure are organized into a schema or connected to an already
existing schema from long term memory. Tﬁis is a set of propositional frames, used in translating
sentences into propositions. Schemata also represent properties and the relations of sets. This
organized set of propositions is referred as text base. Along with the set of propositions is the
problem model. This reflects the knowledge of the information required to solve the problem but is
not included in the text. However, it does not reflect the information in the text not required for the
solution of the problem. Where as Reed used a single story context within which students were

better able to handle diverse equation types, Weaver & Kintsch established a representational model
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to serve as the context for various equation types. In the 1985 model a conceptual problem
representation must be constructed according to arithmetic schemata. Then mathematics operators
are applied to this schematic problem representation. The difference between arithmetic and algebra
is only one of complexity. There are more algebraic schemata than arithmetic schemata, algebra
problems are interrelated in more ways than arithmetic problems, and calculation procedures are more
complex. With this in mind and the fact that it appeared to be a relatively small number of algebraic
schemata will be needed to deal with the majority of algebra word problems as they were classified
by Mayer (1981). Mayer’s model (1982) was formulated in terms of a hierarchical structure while
the Weaver and Kintsch model (1992) consisted of an interconnected web of propositions.
Strengths and Limitations of the Models

American education is piecemeal in nature. Teachers simplify using simplification by isolation.
This means teachers present concepts, facts, skills, procedures, routines, and definitions piece by
piece. By doing this, teachers are working with the professional knowledge base (PKB) without ever
tapping the intuitive knowledge base (IKB)of the students in the hope of increasing it to a complex
knowledge domain (Iran-Nejad, 1994). This approach depends entirely on previously acquired
professional knowledge. The teacher just adds more newer professional knowledge to the one that
the students already has. There is an assumption here, the sum of the parts equals the whole.

Within this approach, information is received directly by the learner from an external source,
usually the teacher. This is what Fan-Nejad (1990) calls straight internalization of external
knowledge. The learner in this situation, almost always is exclusively extrinsically motivated,
although there can exist some intﬁnsic motivation.

Teachers using this approach, present topics at the simplest level of the knowledge domain.

¥
Hioim
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As the topics get more complicated téachers try to simplify the content by using different processes.
More importance is given to the parts than to the whole. One such process is the "bottom-up"
(Anderson, 1995). This is a data-driven processing. In the bottom-up technique, the teacher breaks
down the subject matter into a continuous sequence of discrete events and then presents each discrete
step until all the steps are covered. Sometimes a teacher uses "top-down" processing. This is a
conceptually driven processing. The teacher tries to illustrate the specific content by giving a relevant
framework decomposed into isolated components and subcomponents.

In mathematics most of the teaching is by using simplification by isolation. A problem is
broken down into parts and each part is independently solved. We see that the theoretical framework
stems from at least three sources, Mayer, Reed, and Weaver and Kintsch.

A strength of Mayer's model is existence and importance of the translation stage. This is in
fact the most important aspect of problem solving. This stage acknowledges the need of
understanding the context in order to get to the solution stage. On the other hand, in his model, he
uses the broad classification of word problem just an organizational tool. Mayer uses a bottom-up
when he starts at the template level to build student expertise. This can be a problem because
students can get too involved in the details and forget the main problem. Mayer breaks down even
further than the template after the student has dealt with the words of the story.

Reed, on the other hand, moves towards a wholetheme approach to teaching and learning by
establishing a broad context which is closer to real world circumstances. In Reed's analogy model
for problem solving the strength is obtained from the empirical evidence. The empirical evidence
shows that content is more important than the solution equation and it makes sense to say that the

closer we can get to understanding the story the faster we can translate it to mathematical language
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and hence to the needed solution procedure. The limitation of his model is that although the model
takes in consideration the story content it might not carry that importance far enough.

Not only do Weaver and Kintsch promoted simplification by isolation but they further
complicate learning for the student by introducing a rigid artificial propositional network. This can
also suggest to the students that there is only one way to arrive to the solution. Students might
encounter difficulty in trying to apply their knowledge to solve real-world problems. A limitation of
the model is that the problem has to fit one of those artificially developed structure types. The
students would have to learn those structures, select the appropriate one and be able to take the
information and place it in the matching structure. Silver (1979) found that good problem solvers
used more the mathematical structure while poor problem solvers used the story context. The
strength of this model is restricted to the good problem solvers. The existence of the intermediate
structure type as a mean to categorize the problems is done dynamically by good problem solvers.
But, in the case of poor problem solvers has to be acquired by active self-regulation and not
dynamically as in the other group.

In using the piecemeal approach, teachers tend to think that the delivery of knowledge is the
sole objective in teaching. Hence, the student is only a passive‘ recipient. This contﬁbutes to the gap
between what is taught and students' real world experiences.

Moving from Piecemeal to Wholetheme

Reed’s studies (1987) showed that students were able to differentiate what needed to be done
to solve the problem when working with similar story contexts. It tapped their existing knowledge
base so that they were not wrestling with the words just with the computations. Students had the

greatest difficulty when trying to solve isomorphic problems. In the wholetheme approach we find

10
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a very logical reason for that. These problems are incompatible (Iran-Nejad, 1989), because they
have different themes (different story contexts) but share the same elements (equation type).
Knowing all of these it makes sense for math teachers to teach word problem solving techniques at
the broadest context level possible in order to have opportunities to reach each student at his or her
knowledge base.

The idea behind the wholetheme approach is that learning is natural, from the inside, and is
holistic in essence. The wholetheme approach aims at providing the learner with a holistic way of
thinking about the knowledge domain (Iran-Nejad, Marsh, & Clements, 1992). There are two kinds
of knowledge, thematic and categorical knowledge (Iran-Nejad, Marsh & Clements, 1992).
Knowledge is represented as thematic knowledge and categorical knowledge is created in the context
of thematic knowledge. Since one of the two functions of the brain is the ongoing brain activity, it
is implied in this model that human beings learn best when they are presented with thematic
knowledge (Iran-Nejad, 1989). Hence, the focus in education should be thematic knowledge and not
categorical knowledge as it is now.

A theme is the fundamental ground against what everything that is related to it is attracted
and becorﬁes partofit. Asthese things are integrated there is a rich figure-ground relationship- that
erupts and then the focus changes slightly. Through systematically reintegrating and reorganizing the
learner's IKB the professional knowledge base of the learner expands. Learners should be presented
first with the "whole picture” in the context of the living experiences.

In mathematical word problems, the figure-ground relationship is between the story context
and the underlying structure, where learning occurs in authentic context instead of in isolation.. In

the traditional method, the relationship is established between the story context of a given word
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problem and the story context of another word problem. Limiting the applicability of this knowledge
to a different word problem because in this model simplification is achieved by isolation. On the
other hand, from the wholetheme approach the relationship of the word problem is set in the
appropriate way, this is establishing a relationship between the story context and the underlying.
Where the structure of the problem allows the learner to apply that to an infinite number of word
problems because in this model simplification is achieved by integration.

An altemative approacﬁ to teaching word problem could be using the wholetheme approach.

The teacher could start the class by showing a map of the United States or a state in particular.

Each student wi!l then mention the name of one city they have visited or want to visit. The names
will be written on the blackboard. Students will then select two cities from the list and determine
which one of the two cities is at a shoﬁer distance from their city. Then students will have to
determine, of the two selected cities, which will take less time to get there and which one will take
more time from their city. The students will then be asked to select a third city and do the same thing
of comparing the amount of time to-get to that city from their city. The students would have
e‘stablished by now the concepts of distance and time by tapping their IKB.

The discussion will continue within the context of distance. A student will be ask to select
acity. Students will be asked how long it will take to get to that city. Different travelling times will
be mentioned. Students will be asked how can this happen. Students will need to tap into their IKB
to find reasons. At this moment the students will be grouped to find out the reasons and discuss
them. At the end of the discussion, the group will have to report the reasons for getting the different
travelling times. Ten minutes will be devoted to this discussion in groups. By then, the group would

have come up with the concept of rate as related to distance and time. The students would have

12
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arrived intuitively to the conclusion that if distance is being held constant, rate and time are inversely
related and that the formula is distance = rate x time.

An analogy will be presented by the teacher at this moment. This analogy being that the
relationship among distance, velocity, and time is the same as the relationship among the human body,
exercise, and the weight of the person. After this point being made, eacﬁ group will have to write
up four problems relating distance, rate, and time and to solve them for homework. This will be the
first session.

Similar procedure will be used on subsequent sessions but the students will be asked to plan
different things. _Plans for a dream vacation, going to a rock concert, going shopping at the mall,
the class trip, a fund-raising activity for the class, going to the beach, and buying something expensive
will be asked the students to make. A different activity will be used everyday. As in session one, the
students will have to come up with four problems that they will have to do for homework. If there
is a student that has not experienced the activity or is not interested in that particular activity can
make plans for any other thing. Students are going to be grouped in groups of four. Groups won't
be the same every time. The students will be asked to pose possible problems they might encounter
in the plans. By tapping into their IKB, all the different types of problems will emerge from the
students. By consensus in the group, students will select a particular type of problem to study during
that session. Students will come up with a way or ways of solving that word problem. If an answer
provided by a student encounters difficulty in being accepted by the group, the student will be asked
to provide compelling reasons for his/her answers. Time will be allowed for the group to get
consensus in the answer. Moreover, if there is a student having difficulty tapping his/her own IKB

in solving these problems, that student will be allowed to engage in whatever activity he or she wants

13
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to engage. At any time during the session a student may ask a question about a homework problem.
The solution to that problem will come from the group. Continuing with this process the students
will cover all the different types of word problems. This will be achieved by the students tapping their
own IKB and not just because the teacher has presented all the different types of problems.

At first the process might go slowly because students will have to go through many
reorganizations of their IKB. As students are tapping their IKB, students begin to reorganize their
IKB so that a more elaborate IKB forms through this constant reorganization. Thus, providing the
student more ground for further reorganizations and reconceptualizations.

Teachers gsing this approach must meet the following conditions. First of all, they should be
able to recognize the very broad themes. This teacher requires a very broad professional knowledge
(IKB almost = PKB) in order to see the broad themes and not restrict his/herself to the known
categories of the textbooks (Mayer, 1981). The teacher must also recognize that there is also more
than one way to solve the problem. In math this is not very often the case but it might happen. What
it is importan? to notice here is that although the teacher might see the connections in one way the
student might see them coming from a different source and teachers have to respect that. What is
impqrtant here is what makes sense (what taps) to the student's IKB since this is the one that is being

reorganized not what makes sense to the teacher.



¢ Word Problems 14

Bibliography

Anderson, J. R. (1995). Cognitive psychology and its implications. (4th edition). New York:

W. H. Freeman.

Catrambone, R., & Holyoak, K. J. (1989). Overcoming contextual limitations on problem-

solving transfer. Journal of Experimental Psychology: Learning, Memory, and

Cognition, 15, 1147-1156.

> o4

Iran-Nejad, A. (1994). The global coherence context in educational practice: A comparison
in piecemeal and whole-theme approaches to learning and teaching. Research in the

Schools, 1, 63-76.

Iran-Nejad, A, Marsh, G. E., & Clements, A. D. (1992). The figure and the ground of
constructive brain functioning: Beyond explicit memory processes. Educational
Psychologist, 27, 473-492.

3 =y

Iran-Nejad, A. (1990). Active and dynamic self-regulation of learning processes. Review of

Educational Research, 60, 573-602.

Iran-Nejad, A. (1989). A nonconnectionist schema theory of understanding surprise-ending
stories. Discourse Processes, 12, 127-148.

Iran-Nejad, A. (1989). Associative and nonassociative schema theories of learning. Bulletin

of Psychonomic Society, 27, 1-4.

Kintsch, W, & Greeno, J.G. (1985). Understanding and solving word arithmetic problems.
Psychological Review, 92, 109-129.

Mayer, R. E. (1981). Frequency norms and structural analyses of algebra story problems.
Instructional Science, 10, 135-175. '

Mayer, R E. (1982). Memory for algebra story problems. Journal of Educational Psychology,

74, 199-216.

Reed, S. K. (1987). A structure-mapping model for word problems. Journal of Experimental
Psychology: Learning, Memory, and Cognition, 13, 124-139.

i35



. Word Problems 15

Silver, E. A. (1979). Students perceptions of relatedness among mathematical problem
solvers. Journal for Research in Matemathics Education, 10, 195-210.

Terry, P. W. (1992). The reading problem in arithmetic. Journal of Educational Psychology,
84, 70-75.

Weaver, C. A,, & Kintsch, W. (1992). Enhancing students' comprehension of the conceptual
structure of algebra word problems. Journal of Educational Psychology, 84, 419-428.




U.S. Department of Education
Office of Educational Research and Improvement (OERI)
Educational Resources Information Center (ERIC)

REPRODUCTION RELEASE

(Specitic Document)- - :

. DOCUMENT IDENTIFICATION:

Tile: Socvine Wokp ProBcems in Mathemnmcs: A CoppaRison of
TZAD!,T:'ouA'L_AUO Whoterh en A—Pfroac,u-e,_s

Author(s): Mpetuns Taein, Béuaﬁuf wAL_LAce,o.ncL Asuear Traw-Ngjap

: Publication Date:

/Vou. 1,199

Corporate Source:
Aty LRSITY o ﬁALA&AMQ-} TquAWOSA/AL,
Il. REPRODUCTION RELEASE:

In order to disseminate as widely as passible imely and significant materials of interest to the éducational community, documents announced

: in the monthly abstract journal of the ERIC system, Resourcas in- Education (RIE), are usually made available to users in microfiche, reproduced

paper copy, and electronic/optical media, and sald through the ERIC Document Repraduction Service (EDRS) or other ERIC vendors. Credit is
"given to the saurce af ‘each document, and, if reproduction release is granted, one of the following natices is affixed to the document.

if permission is granted to reproduce and disseminate the identified document, please CHECK ONE of the following two options and sign at
the bottom of the page. .

The sample sticker shown below will be
affixed to all Level 1 documents

The sample sticker shown below will be
affixed to all Level 2 documents

PERMISSION TO REPRODUCE AND

&~ DISSEMINATE THIS MATERIAL
= HAS BEEN GRANTED BY
Check here ' \@
For Level 1 Release: <
Permitting reproduction in 9’3‘

microfiche (47 x 6" film) or
other ERIC archival media
(e.g., electronic or optical)

TO THE EDUCATIONAL RESQURCES |

INFORMATION CENTER (ERIC)

PERMISSION TO REPRODUCE AND
DISSEMINATE THIS
MATERIAL IN OTHER THAN PAPER
COPY HAS BEEN GRANTED BY

\Z '
R
%)

TO THE EDUCATIONAL RESOURCES
INFORMATION CENTER (ERIC)

-}

Check here
For Level 2 Release:
Permitting reproduction in
microfiche (4" x 6" film) or
other ERIC archival media

'(e.g., electronic or optcal),

and paper copy. but notin paper copy.
Level 1 Level 2
Documents will be processed as indicated provided reproduction quality permits. 1f permission
to reproducs is granted, but neither box is checked, documents will be pracessed at Lavel 1.
* hereby grant to the Educational Resources Information Centar (ERIC) nonexclusive permission to reproduce and disseminate
this document as indicated above. Reproduction from the ERIC microficha or slectronic/optical madia by persons other than
ERIC employses and its systam contractors requires permission from-tha copynight holder. Exception is made for non-profit
reproduction by libraries and other service agencies to satisfy information needs of educators in responsae to discrete inquinies. *
Sign [Signature: Printed Name/Paosition/Title:
here- 777%) D&-Zb(.& , rMMﬂI’A Thpia /6214 duate Stuotwr
please P
Organization/Address: i i lelephone: {FAX:
UniversiTy o bR ABMIA 205 -378-7SF5
, EDuchnouny Researcy o E'Viai Address: Fiiate:
ERIC | =25, 7 mrapa 30 «atim, - Py €155
B —— j = 2 . )
Tudlabppod  #- 35 Y8702 aeeld

fover)



ll. DOCUMENT AVAILABILITY INFORMATION (FROM NON-ERIC SOURCE):

ERIC, or, if you wish ERIC to cite the availability of the document from another sdurce, -

please provide the following information regarding the availability of the document. (ERIC will not announce a document unless it is
publicly available, and a dependable source can be specified. Contributors should also be aware that ERIC selection criteria are
significantly more stringent for documents that cannot be made avaitable through EDRS.)

If parmission to reproduce is not granted to

Publisher/Distributor:

Address:

Price:

V. REFERRAL OF ERIC TO COPYRIGHT/REPRODUCTION RIGHTS HOLDER:

if the right to grant reproduction release is held by someone other than the addressee, please provide the appropriate name and address:

Name:

Address:

V. WHERE TO SEND THIS FORM:

Send this form to the following ERIC Clearinghouse:

ERIC Acquisitions

ERIC Clearinghouse on Assessment and Evaj;uation
210 0'Boyle Hall S
The Catholic University of America

Washington, DC 20064

Howevaer, if solicited by the ERIC Facility, or if making an unsolicited contribution to ERIC, return this form (and the document being

contributed) to:

ERIC Processing and Reference Facility
1100 West Street, 2d Floor -
Laurel, Maryland 20707-3598

Telephone: 301-497-4080
Toll Free: 800-799-3742
FAX: 301-953-0263
e-mail: ericfac@inet.ed.gov
WWW: httpu/ericfac.piccard.csc.com




