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Abstract

This study sought to establish the benefits of an analytic scoring
procedure for assessing student performance in doing geometry proofs
based on the theories of Greeno and Bloom. Five criteria were
established for assessipg performance in proof. After a training
session, three judges rated the performance of 241 students using the
scale on a proof test used in previous research or a new proof test we
developed.

Student proof scores were established through the averaging of the
judges’ ratings. To establish tue validity of scores generated by .uis
type of assessment, the scores were compared with the scores of other
tests intended to measure a student’s ability to do proof. Repeated
measures ANOVAs were used to determine the interrater reliabilities for
all the ratings, which were consistently high. Cronbach alpha was used
to estimate the internal consistencies of test scores fesulting from the
new scoring method, which were very high. A step-down analysis of
variance for three methods of scoring proof, by proof test form, was
conducted to investigate the analytiéal sensitivity of each method,
which revealed the analytic scoring method to be much more statistically
sensitive. A table of correlations for van Hiele levels and the new
assessment criteria was generated and a convergent/discriminant analysis
of correlations revealed that the scoring criteria, a combination of
Bloom’s taxonomy with Greeno’s geometric knowledge areas, were not well

aligned with the van . Hiele theory.
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The purpose of our research was to explore the possible benefits
of a different method of scoring geometry proofs. The different method
was an analytic, as opposed to dichotomous or holistic, scoring
approach. The analytic scoring scale we constructed consisted of five
major criteria. The major criteria were broken into subcriteria applied
to specific aspects of performance in geometric proof, thereby giving a
very detailed description of a subject’s proof develépment behavior as
well as the degree of correctness of the proof (see below for details).

This article reports the results of our research relative to
investigating the benefits of using an analytic rating scale to score
geometric proofs. These hypothesized benefits were: (a) increased
internal consistency of the scoring of proofs, (b} a more normal

distribution of scores, (c) more detailed and precise descriptions of

. proof development behavior, and (d) greater validity of scores through

the use of scaleable subtests. The background theory related to the
development of the scaling method will be presented prior to giving the
research results.
Background: The Analytic Scoring Method

After developing a new geometry.proof test and a new geometry
problem~-solving. test, due to limitations in those currently awvailable,
we considered the question and problem of how to score these new tests.
At first, a very simple right-or-wrong traditional scoring method was
considered; namely, a method where a team of three judges would
determine independently whether the subject had responded correctiy to a
proof and then the consensus of their opinions would be used to score
the problem or proof either right or wrong. This simple method of
scoring, however, would not be very effective in validating the two
tests we developed or in doing analyses of results from these two tests.

Such a dichotomous method would result in scores of 0 to 6 for the New
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Proof Test (NPT), since there were 6 proofs, and 0 to 5 for the Geometry
Problem Solving Test (PST). We wanted a method that would be more
statistically sensitive and descriptive, and one that did not truncate
variances so severely. An analytic scoring method, therefore, was
developed for use. The analytic method was based on a method presented
by Charles, Lester, and O'Daffer (13887, p. 30), which focuses on
measuring degrees of correctness in proofs and mathematical problem
solving. To the best of our knowledge, this performance philosophy and
scoring approach has not been used in research on geometry and proofs
although it has been advocated by several prominent theorists (e.gqg.,
Polya, 1957, and Greeno, 19%8).

Next we considered the issue of whether the analytic scoring
method could be used for both the proof and problem-solving tests. We
believed the same scoring rubrié could be used if the same criteria were
used for analyzing performance on both tests and a conceptual link
between problem solving and proof generating behaviors could be
established (see below). The analytic scoring method, therefore, was
designed to be used for both the PST and the NPT. The remainder of this
background section discusses proof as a type of problem, the typical
types of student proof performance seen in secondary-school geometry,
the cognitive abilities necessary for successful proofs and problem
solving, and the details and mechanics of the analytic scoring method
used on this research.

Proof as a Type of Problem

Initially, one must distinguish between the possible
interpretations of the word “proof.” 1In one context a proof can be a
finished argument; as in “the professor presented his proof.” The use
of the term “proof” here implies the argument is completed and ready for

presentation. The sense in which a proof can be regarded as a problem
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is when the term refers to a task that a student is asked to complete,
as when a teacher says “do the proofs on page 421 for homework.”

Further, one needs to undefstand the distinction between a.problem
and an exercise. A problem can be defined as a task for which the
subject does not have an immediate procedure for solution (Lester,
1980) . An exercise is a task for which the subject knows a method of
solution. Newell and Simon further reinforced the definition of problem
when they wrote: “A person is confronted with a problem when he wants
something and does not know immediately what series of actions he can
perform to get it” (1972, p. 72). Gloveﬁ, Ronning, and Bruning have
stated: “A problem exists when an obstacle separates our présent state
from some desired state” (1990, p. 149). A proof fits all these
definitions of a problem and definitions supplied by others such as
Polya (1957) and Greeno (1978).

A true geometric proof is an original argument provided by its
author. Though the statements and reasons provided bylthe student may
be the same as those of another author, a true proof is not memorized
and then written or recited. In a true proof, the student is provided
information and asked to show that that information leads to a specified
conclusion. The obstacle, as Glover et al. (1990) referred .to it, is
finding the right chain of deductions and presenting them coherently.

To write a true proof is to fill the logical gaps between the givens and
the prove. If the student simply lists or recites a series of
statements and reasons, he has not accomplished a successful proof. He
has mimicked someone else’s proof.

In some instances, a student may be asked to prove a well-known
theorem. This can still present a problem to those who have not
memorized a proof of that theorem. In research, it would be difficult

to tell if a student worked out a proof on her own or if she memorized
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the proof. Using proofs that are not typical theorems in a text,
therefore, would be critical in an instrument designed to measure proof
ability. In such instances, the ability to author a competent proof
based on algorithmic behaviors is low probabilistically. A set of
specific instructions for doing categories of proofs cannot be provided
by a teacher. Because a student must use heuristics and judgment (both
strategic and tactical) to arrive at a true proof, a geometric proof’s
solution path is not immediately evident with such proofs.

Heuristics come in when the student begins to make deductions
based on the information anq the problem figure. ﬁot all the
conclusions the si.dent makes necessarily contribute to the argument.
Students can believe that irrelevant deductions are important.
Sometimes, students attempt a proof using the wrong strategy, like using
a triangle congruence plan when that strategy cannot be successful.
Other times, students infer spatial relationships from a diagram that
negate the need fqr giving a proof. In a true proof, the series of
statements and reasons must be discovered. Thus, it appears that a true
geometric proof is a type of problem. A proof is a problem because it
is a pask that is slightly “fuzzy” in several ways rather than precise
with only one solution and solution path.

Several researchers have used proofs in their examples of
problems. Among these authors are Newell and Simon (1972, p. 73) and
Greeno (cited in Glaser, 1978, pp. 50-52). Newell and Simon use the
proof task as an example of a well-defined problem because the desired
result is so specific and any proposed solution is testable. It would
seem then that a proof is a type of problem, and as such any broadly
inclusive scheme designed to measure the ability to solve a problem
would also most likely apply to the ability to write an original proof.

Typical Student Behavior

How do students typically perform when confronted with a proof and

~3
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how does a teacher assess the student’s performance? Answering these
questions is critical to developing anlinstfument to measure the ability
to do proof. Therefore, let us éonsider how students typically perform.
Based on more than twenty years of correcting geometric proofs, many
conversations with colleagues who have corrected proofs, and
conversations with geometry students, the following characterization of
student performance islproffered.

Typical high school students fall into several very broad
categories when it comes to solving a proof problem. For any given
problem, some of the possible student performance categories might
include:

1. Unschooled: Those who have no idea what to do.

2. Novices: Those who understand what they are expected to
attempt but are confused. '

3. Intermediates: Those who show an understanding of the process
but appear to be missing knowledge of a key concept that would enable
the necessary deductions.

4. Competents: Those who appear able to solve most problems or
write most proofs.

5. Experts: Those.who can write elogquent proofs or problem
solutions.

The above topology is helpful in a number of ways. Therefore, let us
review some of the behaviors of members of the above categories.

The Unschooled, who have no idea what to do, may write down the
given and attempt a statement or two mimicking another proof performance
they have witnessed. The Unschooled may have some knowledge of facts or
propositions; however, they cannot make inferences about abstractions
and cannot make plans to solye the problem. The Unschooled frequently
do not comprehend the problem space.

The Novices do show indications of comprehension. The Novices

often say that they understand a theorem or definition, but cannot apply
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it. Novices do not appear to discriminate well the relevant from the
salient. The Novices are easily misled. They will use notation
correctly and can match terms to their definitions. In a proof, the

Novices always write down what is given, they usually pick something
else out they suspect to be true based on the diagram (e.g., if it looks
like a rectangle, they assume the angles are right angles) and they
usually put the correct statement on the last line. Sometimes the
Novices make good deductions. The Novices appear to have favorite
reasons like “SAS” or “Reflexive” and they usually try to work them into
the proof somewhere. These preferences affect the strategies of the
Novices and they often try to use a plan that is unworkable. Novices
will make characteristics of a shape part of the given instead of simply
classifying the figure.

The Intermediates have the "big" picture regarding proof but they

stumble aver their statements and reasons because they have gaps in
their knowledge base. Thé Intermediates might abbreviaﬁe too much,
leaving out essential phrases. The Intermediates may leave the given
out of the proof. They may make up their own theorems (to fill the
gaps)  and invent reasons. Intermediétes frequently believe their
missing steps are obvious and need not be written.

The Competents will be able to correctly do most proofs from a
typical high school text. The €Competents will remember the essential
theorems and definitions as well as postulates. The Competents
generally do not write any unnecessary steps although they may not take
the most efficient path to a solution. The Competents exhibit good
problem-solving skills. The Competents do not put more information in
the given than is necessary.

The Experts are able to solve problems in a minimum amount of time
and without wasted efforts. The Experts will quickly seize upon a

strategy that leads to the solution with an economy of steps and



O

ERIC

Aruitoxt provided by Eic:

N » Analytic Versus Holistic Methods

simplicity of explanation. They make effective use of previous
theorems, definitions, and postulates. Experts are able to produce
“elegant” proofs.

Although useful in many ways, these five broad categories alone do
not provide adequate criteria for research or assessment. One objective
of this research was to assess or categérize student.performance
optimally when it comes.to proof or problem solving. The better the
system of assessment, the better the range of possible scores or
categories, which, in turn, will improve the statistical analxse;. A
closer look at some of the essential behaviors affecting the student’s
ability to do a prcof, theréfore, will help guide the process of finding
an assessment method.

Necessary Cognitive Resources

An analytic scoring method requires an in depth assessment'of the
types of knowledge and cognitive behaviors that are associated with
success in doing proofs. Doing a proof requires attention, perception,
memory-search, heuristics, and logic. Memory search is critical to
success in any problem-solving situation. The student must be able to
access relevant information to make the links between the knowns and the
objective. Having the right kinds of knowledge can make the difference
between success and failure in doing geometry proofs.

Greeno (1978) has given a reasonable analysis of what knowledge is
needed to solve geometry problems and hence to do proofs. He refers to
four requisite types of knowledge: (1) general knowledge such as the
definitions of terms and the meanings or markings, (2) visual knowledge
of angle formations such as vertical angles or patterns that imply
special relationships between geometric figqures like triangles, (3)
knowledge of inferential propositions (e.g., postulates or theorems},
and (4) knowledge of strategies or possible plans for reaching the

objective such as planning to use SAS to prove triangles congruent or

10
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" the Pythagorean theorem to find a missing side. Of the four types of

necessary knowledge, the first three are declarative and the fourth is
procedural. Further, a successful proof or problem solution can depend
on knowledge and appropriate use of notation, units, and symbols.

In addition to the knowledge resources the student must possess to
achieve competence at proof, the student must exhibit certain thought
processes. Bloom (1956) proposed a taxonomy of cognitive behaviors that
arranges thought processes into a hierarchy. At the lower end are the
recall processes and at the upper end are reflective processes. Bloom’s
taxonomy can be used’as a guide in assessing a student’s progress in
problem solving. Using Bloom’s taxonomy combined with the knowledge
bases suggested by Greeno as a guide, it is possible to outline the
spectrum of cognitive behaviors that are exhibited in the process of
doing a proof.

Bloom’s taxonomy places cognitive behaviors into a hierarchical
sequence. The later behaviors are considered higher level cognitive
functions and build on those that come before. Bloom’s hierarchy has
been shown by factor analysis to resemble a letter Y with knowledge,
comprehension and application forming the trunk, evaluation and analysis
being on different limbs, and synthesis an extension of analysis.

Using Bloom's taxonomy of cognitive behaviors as a guide, the
essential behaviors necessary for doing proof and solving geometric
problems are given below:

1. The student requires knowledge of terms, patterns, symbols,
definitions, properties, propositions, strategies, syllogisms. A
student gives evidence of possessing the required knowledge by: (a)
drawing a diagram that can be used to make the proof; (b} using the
terms mentioned in the problem in a meaningful context; (c) mentioning
formations or patterns that occur in the problem; (d) using symbols,
syntax, and notation correctly; (e) referring to relevant postulates,
theorems, or definitions; (f) making at least one correct deduction; and
(g) assembling a series of statements and reasons that shows the intent

of accomplishing some subgoal, if not the ultimate goal.

2. The student must comprehend the problem space as related to the
proof. What is known? What exactly needs to be shown or done?

10
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Students.exhibit their comprehension of the problem space when: (a) the .
relevant “given” are used in the body of the proof or the calculations;
and (b) the last line of the proof is the statement required in the
proof accompanied by a plausible reason, albeit not substantiated; or
the problem’s answer is given in terms of the proper units or phrases.

3. The student needs to be able to apply deductive logic to knowns
and previous deductions and to apply the relevant theorems or
definitions. The student also needs to apply the proper notation and
syntax. A student exhibits this behavior when his work: (a) includes
at least one valid use of a rule of logic or a theorem; and (b} when his
notation is correct.

4. The student must be able to analyze the problem. How do the
"givens" affect the outcome? What is relevant? What can be ignored?
What else needs to be known (deduced)?‘ A student exhibits this behavior
when: (a)only necessary statements or formulae are included in her
work; (b) relevant information is deduced from the givens; and (c)
relevant statements are deduced and written, albeit the reasons supplied
for them may be incorrect.

5. The student needs to be able to synthesize the information and
to be able to make a plan for closing the gap between what is known and
what needs to be proven. The bridge between knowns and the objective
will be constructed from deduced facts. What type of strategy (for
example, SAS or CPCTC) should bé employed to reach the ultimate goal of
deducing the requested proposition or to answer the question? Generally
the last lines of a proof or the initial equation of a problem exhibit
the main solution strategy intended by the author. Although the
student may have missed some pieces (i.e., not known why two relevant
parts were congruent), it can be inferred that the student attempted to
employ a viable strategy when: (a) the penultimate line is relevant or
the pivotal equation is appropriate, and (b) the statement on the last
line is the objective of the problem, accompanied by a logical reason,
or the solution and. units are correct.

6. The student needs to be able to evaluate his proof. Is the evidence
I have given relevant? Are my deductions worthwhile in the context
of this problem? Have I accomplished the proof? Is it the best
possible proof or was there a better way to do it?

The student’s ability to evaluate in the Bloom sense (i.e., to
assess or detect the logical consistencies or inconsistencies of
arguments) is assessed by the overall correctness of the proof itself.
Evidence of the evaluation process is found in corrections to text.
Evaluation is evident when: (a) a student appears to have abandoned an
irrelevant statement or equation by erasure or scratch-out, or (b} the
student adds statements and renumbers lines.

By comparing typical student performance with the necessary cognitive
processes mentioned earlier, we determined criteria for assessing

performance that could be observed in a student’s written proof or

problem. The criteria do not correspond one-to-one with Bloom's six

11
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categories of cognitive function nor Greeno’s areas of geometric
knowledge (see below). The lack of the one-to-one correspondence is due

in part to the fact that some cognitive behaviors mask or combine with

others. For example, it is difficult to separate the categories
analysis and synthesis just by reading a proof. For example, the plan a
student embarks upon depends on his analysis. Further, knowledge of

relevant theorems, properties, or rules of logical inference is
frequently only evident when the knowledge is applied. Therefore, the
criteria of the analytic scoring method were geared to combinations of
the cognitive processes suggested by Bloom and the knowledge areas
suggested by Greeno.
The Analytic Scoring Criteria

With both Greeno’s and quom’s theories as a guide and with many
years of experience in correcting student proofs, the author proposed
these five criteria for assessing student performance on written
geometric proofs and proBlems:

Criterion I (Knowledge): The student appears to have knowledge of the
terms, notation, and diagram markings of the problem.

Criterion II (Comprehension): The student has determined the known
information and the objective of the problem.

Criterion III (Application): The student uses pertinent definitions,
postulates, theorems, etc., and key visual formations of the
problem to develop the proof or solution.

Criterion IV (Analysis & Synthesis): The student has a strategy or plan
to accomplish what he or she intends and knows when an
auxiliary part (e.g., segment) is needed.

Criterion V (Evaluation): The student can make valid deductions and
present an effective proof/problem-solution.
The above criteria also show the integration of Greeno’s theorized
knowledge areas. Criterion I relates to general knowledge of terms,

markings, and so on. Criterion II relates to visual knowledge since

frequently understanding the problem includes knowledge of visual
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formations. Criterion III can be linked to Greeno’s knowledge of
inferential propositions, and Criterion IV corresponds to Greeno’s
knowledge of strategies.

Each criterion was subdivided by having the judge apply the'
criterion to particulars. For example, on the proof analytic scale
scoring sheet, Criterion I was assessed relative tb knowledge and use of
(1) terms, (2) notation, (3) diagram markings, and (4) overall
impression of these basic requisites. Further, not all five scoring
criteria had the same number of subdivisions. A sample of amproof test
analytic rating scale scoring sheet is given in Table 1, which is given
in the results section so that the incerrater reliability for each
judgment may be included in the table presenting this rating scale.

The ratings for each subcategory ranged from 0 to 4 depending on
the degree to which the subject’s work met the scoring criteria. The
definition of these rating codes were:

Code 0: Only negagive (wrong) indicators are present (Contra

indicated). A rating of 0 is given when the subject’s work indicates
the criterion has not been met.

Code 1: No indications or indeterminate (Cannot tell). A rating
of 1 is given when it cannot be determined if the criterion has been
met. Either there is no evidence or the subject’s work does not relate

to the specific criterion being applied.

Code 2: Only a few positive indicators are present (Slightiy). A
rating of 2 is given when the subject’s work indicates the criterion has
been met to a very limited degree. The subject may appear to understand
some of the terms or one of the relevant theorems but does not appear to
have enough knowledge to make a significant effort to solve the proof or
problem.

Code 3: Mostly positive indicators (Mostly). A rating of 3 is
given when the subject’s work almost completely satisfies the criterion.
The subject appears to know all but one of the terms or theorems, or to
be very close to a correct solution.

Code 4: Indicators are all positive (All). A rating of 4 is
given when the subject’s work fully meets the criterion.

13
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The above scoring codes were right on the proof or problem-solving
scoring sheet to make it simpler for the rater to use these codes (See
Table 1).

Method of Vvalidating Analytic Scoring Method

It is essential to show that the analytic scoring method is
preferable to other, less time intensive methods of scoring. For this
reason the analytic scoring method was compared to two other methods of
scoring. The comparison involves not only the types of scoring methods,
but four of the instruments used in the main research.

Instruments Used to Validate Analytic Scoring Method

The four instruments involved in this research include both open-
ended and multiple-choice tests. The open-ended (generative) question
tests were proof tests. As mentioned previously, a new proof test was
developed. A proof test develoéed by the Cognitive Development and
Achievement in Secondary School Geometry (CDASSG) team was also used for

the purpose of comparison and as a marker. The CDASSG Proof test chosen

was Form 3. The reason Form 3 was chosen was that it had the highest
reliability rating of the three forms (Cronbach a = .88) and the items
all had mean scores between 1.66 and 2.86 on a 0 to 4 scale. For the

main research both proof tests were scored using the analytic scoring
method the author developed.

Along with the New Proof Test (NPT) and the CDASSG Proof Test
(CPT), two other instruments were also used. One was a test to
determine a subject’s van Hiele (Teppo, 1991) level of geometric
thinking known as the Revised van Hiele Test (RVHT) and the other was a

test used to categorize subjects by Piagetian stage known as the

-Equilibrium in a Balance Test (EBT) developed by Adi (1976). It should

be noted that these four instruments formed the core of a convergent-

discriminant validity study (Campbell & Fiske, 1959).

14
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The EBT is a 15 item multiple-choice response test. 1IiL is broken
into three subtests of five items each. Each subtest is associated with
a Piagetian operational or cognitive stage, (i.e., concrete,
transitional, formal). The items ask the subject to choose a solution
that will keep a balance in equilibrium. In previous research, the EBT
had a Guttman reproducibility coefficient of .96 and a scalability
coefficient of .87 (Adi; 1980).

The Revised Van Hiele Test (RVHT) also uses a multiple-choice
response mode and consists of three eight item subtests. Each of the
three RVHT subtests corresponds to a van Hiele level of geometric
thinking (i.e., Visual, Desériptive, Theoretical). The items all r. .ate
to geometric shapes and their possible relationships. The RVHT
psychometric findings revealed a Guttman reproducibility coefficient of
.97, a scalability coefficient of .80, and a level assigned test-retest
correlation of .83.

The EBT and RVHT tests were multiple choice and could be scored by
a computer. The proof tests were scored by three trained geometry
teachers using the analytic scoring method previously explained. These
three judges were trained as previously described.

éoth the CPT and the NPT consist of six problems. Each has a
problem that requires filling-in missing parts of a proof, a problem
asking for the set-up of a proof, and four complete proofs. The CPT has
no simple prove-these-triangles-congruent problem nor any problem
involving circles. The NPT features a circle problem and a simple
triangle congruence problem. Both tests consist of typical high school
textbook proofs.

Judges and the Scoring Procedure

Three judges were used to score proofs using the analytic scoring
scale given in Table 1. Each judge was a high school geometry teacher,

all with at least ten years of experienée. All the judges had master’s

15
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degrees, two were Ed.D. candidates; and the other a department head.

The judges were trained to do the scoring. After instruction,
they discussed the criteria and the written evidence that would
correspond to each criterion. Then the judges practiced the method of
scoring on identical samples of unrelated student proofs until each was
comfortable with the scoring rubric. The rubric wés‘formalized and the
judges continued to practice until they agreed on apﬁroximately 803 of
the ratings they made.

Each analytic scoring criterion was applied to three specific
problems. There were two reasons why each criterion was applied to only
three proofs or problems. First, not all problems lent themselves to
giving evidence of the criterion being applied. Secondly, applying the
criterion to only the most suitable items would shorten the labors of
the judges. The proofs for each criterion were chosen because they were
likely to contrast the behaviors of students for that criterion. We
attempted to choose three very suitable proofs for each criterion and
score eacﬁ proof at least twice.

Participants

‘The 241 high school geometry sfudents took one of two proof tests.
One proof test had been used previously in research by the Cognitive
Development and Secondary School Geometry (CDASSG) team, which developed

it. This test is referred to as the CDASSG Proof Test (CPT). The CPT
was a reliable proof test (a = .88); however, it covered a more limited
number of proof topics (for example, no circles) than the New Proof Test
(NPT) developed for this study.

Test Administration and Handling

The tests were administered in late May and early June of 1993.
There was a total of 253 subjects from Massachusetts and southern New

Hampshire involved in different aspects of the research. Most of the
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subjects were from suburban communities; 73 were from an urban high
school. There were 220 subjects who took both the EBT and the RVHT.
Of the 241 who took a form of progf test, 119 took the NPT and 122 took
the CPT.

All tests were administered by a given student’s geometry teacher.
There were seven classrqom teachers from four secondary schools involved
in administering the tests. The teachers were suppliéd with
instructions and scripts for administration. The EBT, RVHT, and one of
two proof tests (CPT or NPT) were administered on three separate days.

The CPT and the NPT forms had been prepared separately and then
shuffled together numerous times before they were handed to the
administering teachers so that there would be no controlling the test
form that a student received. Each of the four participating schools
had roughly the same number of proof forms (CPT and NPT) to distribute.
The classroom teachers were told to pass out the proof-test forms
themselves to insure the randomness of the distribution of the two
forms. As.the present research was primarily aimed at determining the
performance of an analytic scoring method and convergent and
discriminant validity, strict randomization was not as important as in a
treatments comparison study.

We made three copies of each subject’s proof test. The NPT's were
copied in pink and tﬁe CPT’'s in white. Next we generated a series of
random numbers to determine the order for correcting the proof tests, by
version. Six packets of approximately 40 tests (N = 241) were prepared
for each judge consisting of tests'following the randomly determined
sequence.

Analytic Scoring Method

There was a total of 60 ratings made per subject, per judge.
Using the analytic scoring method for each test, the minimum score was 0

and the maximum test score was 240 (60 times 4). The closer a score was

18 v

SRA JIAVA VGO T

PYPLC AW F ) e RN ; .



O

ERIC

Aruitoxt provided by Eic:

Analytic Versus Holistic Methods

to 0, the more likely the student’s work showed little or no ability to
solve a problém or do a proof. The closer a student’s score came to
240, the more the student’s work was at the expert level.

The final scores were essentially ordinal in nature because the
gaps between the integer scores would not necessarily indicate the same
difference in performance. However, according to Kerlinger (1986, p.
494), a numerical rapiﬁg scale can approach interval status, primarily
as a function of the number of items or ratings made on the scales. As
there were 60 five-point ratings on our scale, we treated the aggregate
scores from the scale as interval data in this study.

The student’s final score was the total of the average of the
judges’ ratings on each of the 60 measures. That is, the three judges’
scores were averaged for each judgment and the total of these averages
was the final score used for anélees. Final scores also ranged,
therefore, between 0 and 240.

When the two multiple-choice tests (RVHT and EBT) were scanned,
the scores of these cests and specified subtests were saved in addition
to subjects’ actual choices (for example, A, B). For example, on the
Revised Van Hiele Test, the scores on subtests for the first-eight
items; second-eight items, and third-eight items were recorded in
addition to.the scores for the full 24 items. The EBT was broken into
three subtests by successive groups of five items.

Subdividing the tests alléwed us to quickly establish a revised-
van-Hiele-level and Piagetian-level score for each subject. The process
for assigning a revised-van-Hiele-level was as follows:

l. Establish a cut-off score for mastery at each level (e.g., let
cut-off be 6).

2. Assign Level-1 score equal to 1 if the first-eight score
exceeds or equals the Level-1 cut-off score, otherwise let the Level-1
score be 0. ' -

3. Assign a Level-2 score equal to 2 if the second-eight score
equals or exceeds the Level-2 cut-off st¢ore, otherwise let the score be
0.
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4. Assign a Level-3 score of 4 if the.third—eight score exceeds
Level-3 cut-off score, otherwise assign a score of 0.

5. Assign subject Level 3 mastery if all three level scores total
seven. Assign subject Level 2 mastery if the level scores total three.
Assign subject Level 1 mastery if the level scores total one. Assign
studenrt Level 0 mastery if the level scores total zero. Subjects with
any other level totals cannot be assigned a mastery level.

Students with level totals other than 0, 1, 3, or 7 had failed to show
mastery at a level lower than the highest level. they mastered and thus
did not satisfy the hierarchical criterion for van Hiele level
assignment. A similar approach could be used to sort students.into
Piagetian stage using the EBT.

On the EBT the subjects were given scores based on their number
correct and by a theorized level. The same method was used for the
RVHT. Subject’s scores on the NPT and CPT were a total of all the

averaged ratings done by the three judges.

Comparing Proof Scoring Methods

To make a comparison of scoring methods possible, the two proof
tests, NPT and CPT, were scored three different ways. The scoring
methods are as follows:

1. Dichotomous: Score each of the six proofs on each subject’s
test either right or wrong. The “Net” ratings at the right end of a row
on the analytic score sheet (see Table 1) were used to determine if a
proof was right. A proof was right if the total of the averaged net
values for a specific proof was 75% or more than the total possible
value. For example, referring to the sample analytic score sheet
displayed in Table 1, Item 2 (i.e., Proof 2) appears in Criteria I, III,
and V. This means the total possible “Net” points for this proof would
have been 12 because the highest average “Net” score for each Criteria
was four and there were three occurrences of ratings on Item 2. We used
75% or more as the cutoff for being right. So, if the total averaged
“Net” ratings was nine or more for Item 2 the proof was considered
right. A one was assigned to proofs deemed right, and zero if deemed
wrong, and the subject’s score was the total of the one’s received.

This way of scoring could result in scores for each student ranging from
zero to six.

2. Holistic: Use the-average of the “Net” ratings for each proof
to calculate the final sore. For example, again referring to Item 2 on
the sample analytic score sheet, the score for Item 2 (i.e., Proof 2)
was the average of the three “Net” ratings found in Criteria I, III, and
V. Each proof on the test received an averaged score and these six
scores were totaled. In this way each proof received a score from zero
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to four and each subject’s test resulted in a score ranging from 0 to
24.

3. Analytic: Score each test using the analytic scoring method
previously described. The analytic scoring method could result in
scores ranging from 0 to 240.

The results pfesented below compare these three scoring methods in
terms of reliabilities,.qorrelations, convergent ahd‘discriminate
validity, and score distributions at both the total fest and subtest
levels. Lastly, we considered the potential uses of the analytic
scoring criteria as subtests. To this end, we constructed tables of
correlations for the five analytic criteria. 1In these tables we
compared the van Hiele theory with an integrated theory including
Bloom’s taxonomy and Greeno’s geometric knowledge areas.

Results

The interrater reliabilities of the analytic scoring method were
considered and assessed first. Involving judges introduces the element
of “errors of judgment” into the already complex field of possible
sources of error. As an effect of having the items scored by judges,
the judges become a feature of each item (i.e., proof). Three judges
were used in an effort to control thé level of this type of error.
However, the reliability of the three judges was a concern; ffﬁerefore,
repeated measures analysis of variance was used to study the judges'
patterns of ratings.

The overall agreement or disagreement of the judges’ ratings is
evident in the separate interrater reliability coefficients (IRC’s) for
each of the 60 ratings the judges made per subject, and for their rating
totals by subject. These IRC’s are given in Table 1. Table 1 gives the
alphas for each of the 60 ratings made by the-three judges over all 241
subjects (it combines both proof tests). The entry in the blank beside
“Total” in Table 1 shows the IRC’s for the judges’ rating totals over
the same subjects. |
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r-Reliability CSefficients.(IRC's) .for the Judges

Interrate
over Both Proof Tests, CPT and NPT (N = 241)
(Code 0) Only negative indicators (Contra indicated) .  (Code 3) Mostly positive indicatcrs (Mostly)
(Code 1) No indications or indeterminate (Can't tell)} B (Code 4) Indicators are all positive Z-} (A11

(Code 2) Only a few positive indicators (8lightly!
: -~———Criterion I

1) The student appears to understand the terms, notation, and diagram markings of the
problem. ’
Apply the above codes to: N ) Specify
Item 2—Positive Indicaters present icode}) T .88 N .72 M .€3 Other Net .87
Item 4—Positive Indicators present (code) T .83 N .80 M .59 Other - Net .86
Item 5—Positive Indica;oré present (code) T .89 N .79 M .70 Other Net .87

«~———-~Criterion- II .
2) The student has determined the known information (semant:.c or wvisual) a.nd. the
objective of the problem.

Apply this above codes to: - Specify

Item 3—Positive Indicators present (code) 8 .79 V .63 O .84 Other Net .84
Item 5—Positive Indicators present (code) § .87 V .73 O .88 Other Net .91
Item 6—Positive Indicators present (code) 8 .80 V .84 O .88 Other Net .90

~———7Criterion III.
3) The student exhibits knowledge of pertinent definitions, postulates, theorems,
etc., and key visual formations of the problem.
Apply the above code to: Specify

Item 1—Positive Indicators present (code) D .88 T .31 V_.5% Orher Net
item 2—Positive Indicators present {code) D .87 T .88 V .&i Other Net
Ttem 4—Positive Indicaters present (code) D .87 T .88 V .87 Other Net

~———-Criterion IV.
4) The student has a strategy or plan to accomplish what he or she intends and knows
when an auxiliary segment is needed. .
Apply the above ccde to: - .Specify

Item 1-—Positive Indicators present (code) P_ .92 A .C3 Other Net .32
item 3—Fssitive Indicators present {(code; P_.32 A .32 Orher, Net .32
Item 6—Positive Indicators present {codej P_.85 A .77 Orther Net .&o6

~———~Criterion V.
5) The student can make deductions and ptesent an effective proof.
Apply the above code t2: . Specify
Item 1-—Positive Indicators present {code} D .91 C.90 FD .92 R .88 Other Net .92
item 2—Positive Indicators present {code) D 2 C.85 FD .85 R .89 Other Net .92
3¢C

39
Item 3—Positive Indicators present (code) D .8 .81 FD.B83 R .80 Other Net .86
: Total: .85

As can be seen in Table 1,'the IRC’ predominantly ranged between
.59 and .92. The squares of the IRC’s shown in Table 1 can be
interpreted as approximations of the percent of times the judges agreed
on a rating. Overall, the mean IRC -for the three judges was a very
impressive .83, which suggests an eStimated interrater agreement ratio
of 69%. One sees from the typlcally h1gh IRC’s in Table 1 that the
Judges were very similar in their ratlngs. The IRC in the “Total"_space

at the bottgm of Table 1, IRC = .95, indicates how very similar the
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judges’ totaié were for the subjecté.

Table 1 indicates that in only one case were the judges' ratings
remarkably different; that rating is found in Criterion IV, Item.;,
Rating A. This particular rating applies the criterion “knows when to
draw an auxiliary segment” to a problem where no apxiliary segment is
needed. The dissimilarity in the judges’ ratings appeared to result
from a discrepancy in.how to rate an item when the criterion does not
apply. One judge typically gave the benefit of the doubt and high
ratings of 4; the other two used the “cannot be determined” rating of 1.
Given: this finding, the averages of the judges’ scores were used %S the
student’s score (unlit of analysis on tnese two tests).

The typically high IRC’s in Table 1 indicate the judges
interpreted the scoring cfiteria and student performances similarly. It
also means that total scores tend to represent the same pattern of
performance across the elements of a proof and not different patterns
for each judge. Total scores therefore are highly meaningful and
interpretable and mean the same thing for different students who have
the same score. Consequently, these results are evidence for both the
reliability and validity of the proof scofes obtained via the analytical
rating method, and for the analytical rating scale producing, in
general, similar scores for different judges.

Internal Consistency

Internal consistency refers to the interrelatedness of a series of
items or scale. Items that focus on the same skill or trait tend to
correlate with each other. Items that are not representative of the
same latent trait tend to be less éorrelated with each other. Items
aimed at measuring the same latent trait should be highly correlated to
be reliable and valid. Thefefore, internal consistency is tied to the

correlation among items and is an index of coherence and .
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interpretability. It is in part a reiiability index and in part a
validity index for several different reasons (see below for details).

Measures of internal consistency assess both the interpretability
and the validity of an instrument. Interpretability in the sense that
subjects with the same total score have similar patterns of correct
items and validity in the sense that the items are measuring the same
latent trait. Furthermore, according to Nunnally (1967, p- 210), when a
test is administered to a group only once a good way to estimate
reliability is through measures of internal consistency. Cronbach’s
aipha () or its dichbtomous equivalent, Kuder-Richardson Formula 20
(KR20), are both very good measures of internal consistency.

Table 2 shows either the Cronbach alpha or the KR20 for the four
instruments used to assess the performance of the analytic rating scale.
The instruments were the Equilibrium in a Balance Test (EBT), Revised
van Hiele Test (RVHT), CDASSG Proof Test (CPT), and the New Proof Test
(NPT). The Cronbach alpﬁas reported were those measuréd on the mean
ratings of the three judges on each judgment. The EBT and RVHT will be
discussed in greater detail below.

.Table 2 also compares the three methods of scoring the two proof
tests, CPT and NPT. On the top line, the line with the proof test’s
name, are the statistics for the aggregate scores using the analytic-
scoring method. Each rating on the analytic score sheet is regarded as
an item. The proof tests were also subdivided into tests for each
criterion. These subtests results are presented on the line just below
the aggregate test results. For a breakdown of the items on the “Five
Criteria Subtests” refer to the sample scoresheet in Table 1. The items
for the “Holistic” method and the “Dichotomous” method are the actual
proofs on the tests, of which there were six.

As can be seen in Table 2, most of the instruments used for the
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spééiai"ﬁote,fwﬁén the analyfic scdriné method was applied, the alpha ) l
for the proof tests were over .97,ﬁwhereds the alpha fér those
instruments that ‘are dichotomous or holistically scored are much léwer.
Notice also that the alphas for the five criferia subtests of the

analytic scoring method are also over .90,

Table 2: Reliability Coefficients for Equilibrium in a Balance (EBT),
Revised van Hiele (RVHT), CDASSG Proof (CPT), and New Proof (NPT) Tests

) Instrument N Items KR20 or Cronbach’s a
Equilibrium in a Balance (EBT) 239 15 KR2CG's = .54
Three Stage Subtests 5 5, 5 (-, .70, .48)
Revised Van Hiele Test (RVHT) 235 24 KR20’s = .83
Three Level Subtests 8, 8, € .47, .B%, I8
CDAS3SG Proof Test (CPT) 122 60 a‘s = .29
Five Criteria Subtests 12, 12, 2, 3, it .33, .24, .26, .24, .97
Holilstic Rating Scale $ .20
Dichotomous Scale 5 36
New Prcof Test (NPT) T119 B0 a's = .38
Five Criteria Subtests 1z, 12, 1z, 2, % .92, .24, .23, .31, .93
Holistic Rating Scale 5 .54
Dichotomous Scale 6 .17

Notes. The source of the reliabilities in parentheses is Adi and Pulos,
1978. The statistics on the top line of each proof test are for the
analytic scoring method.

The very high alphas, seen in Table 2, indicate the scores from
the proof tests are highly interpfétable and very internally consistent
across criteria scoring. We also see, considering that the proof tests
were only administered once, that scoring the proof tests using the
analytic scoring method results in a more reliable score. Thus, we
conclude from Table 2 that using the énalytic scoring method improves
the internal consistency of the proof test, which in turn makes the

proof test more reliable, intefpretable, and valid.
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The Distribution of Scores

We next considered the possible effects of the analytic scoring
method on various analyses researchers tend to do. An expected effect
of the method was a change in the distribution of scores. Descrip£ive
statistics presented in Table 3 consist of ranges, means (M), standard
deviations (SD), skewness, and Ikurtosis (Kurt) for the proof tests, CPT
and NPT, by method of ;céring. The methods of scoring are dichotomous
(i.e., right or wrong), holistic, and analytic. The comparative
statistics presented in Table 3 consist of one-way analysis of variance
F ratios, omega (®w) squares, and Kolmogorov-Smirnov (K-Z) two-sample Z
scores, which give‘a direct éomparison of the tests’ distributions of
scores.

We observed that the analytic method of scoring generated more
normal distributions for both theACDASSG Proof Test (CPT) and the New
Proof Test (NPT). The descriptive statistics for comparing the NPT and
CPT are given in Table 3. ~ For example, we found the analytic method
diminished the kurtosis of the NPT from -1.09 using the dichotomous
method to -.64. We also found the skewness of the CPT decreased from
.36 for the dichotomous ratings to .19. However, the analytic scoring
method'did not change the distribution of the NPT nor the CPT more than
the holistic; in fact the holistic method had the best overall
descriptive statistics. The holistic method shows better descriptive
statistics'because it is not as fine-grained a scale as the analytic
rating scale and therefore skewness ;nd kurtosis would need to be much
more pronounced to affect the skewness and kurtosis indices. The same
is true for a dichotomous scale. Bgaring this in mind, it could be
argued that the statistics for the analytic rating scale are better than
either of the other methods.

Overall, the analytic method of scoring appears preferable when

:2 25
Q '
ERIC ST
BEST COPY AVAILABLE |

&



O

ERIC

Aruitoxt provided by Eic:

Analytic Versus Holistic Methods

correlational studies and analysis of variance-are intended because
normal distributions are assumptions for these types of analyses. The
comparative statistics for the CPT and NPT using the three types of

scoring methods are given in Table 3.

Table 3: Descriptive and Comparative Statistics, by Various Scoring
Methods, for the CDASSG Proof Test (CPT) and the New Proof Test (NPT)
(N’s = 122 CPT, 119 NPT)

Scoring Range M SD Skew- Kurt. F w? K-S Z°

Method ness
Dichotomous 3.91 .01 1.48
p < .05 p <.03
CPT 6.0 2.5 2.2 .36 -1.35 .
NPT 6.0 3.1 1.9 .13 -1.09
Holistic 4.18 .01 1.36
. p < .05 p <.05
CPT 21.3 12.9 5.9 .19 -1.23
NPT 22.3 14.3 5.3 -.05 -.78
Analytical ) 6.31. .02 1.67
p < .02 p <.01
CPT 179.7 129.7 52.1 .19 -1.24
NPT 183.7 145.4 44,3 -.32 -.64

The F ratios, omega squares, and K-S Z’s shown in Table 3 indicate
the definite affects of using an analytic séoring method. Note how F
gets larger and becomes more significant when the analytic method is
used (Fs = 3.91, 4.18, 6.31; p’s < .05, .05, .02; for dichotomous,

holistic, and analytic, respectively). Note how the amount of variance

explained by the prcof test form doubles when the analytic scoring
method is used (w2.= .01, .01, .02 for dichotomous, holistic, and
analytical, respectively). The F ratios and omega squares indicate the

greater sensitivity of the analytic scoring method to the subtle

differences between the test forms. Lastly, note that the using a more
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sensitive scoring method can have a pronounced effect on a test’s
distribution of scores as indicated by the Kolmogorov-Smirnov z scores
(Z's = 1.48, 1.36, 1.67; p'’s = .03, .05, .01; for dichotomous, hoiistic,
and analytic, respectively). |

We also investigated the hypothesized sensitivity of the analytic
method of scoring by doing a step-down analysis of variance on the CPT
and NPT using the methéds of scoring for the steps. Table 4 presents
the results of a step-down ANOVA of CPT and NPT controlling the
covariance of the dichotomous method of scoring with the other methods

of scoring.

Table 4: Step-Down Analysis of Variance for CPT versus NPT Using Method
of Scoring for Steps and Controlling for Dichotomous Scoring

Scoring Method Step-down F Hypoth. df Error df sig._of F
Dichotomous 3.91 1 239 .049
Holistic .26 1 238 . .609
Analytic 7.65 1 237 .006

Table 4, as an extension of Table 3, indicates anothér advantage
of the'analytic scoring method. While the F ratio for the holistic
scoring method loses significance when covariance of the dichotomous
test is controlled, as can be seen in Tables 3 and 4 (p increases from
.049 to .609), the significance of the F ratio of the analytic scoring
method becomes greater (p decreases from .02 to .006). The implication
of the step-down ANOVA is that when the covariance is controlled, the
holistic method of scoring (0 to 4 rating) adds no more information than
the dichotomous right-or-wrong scoring method, while the analytic
scoring method continues to yield a great deal of unique information
about the nature of the tests and student performances. Clearly, the

analytic scoring method can yield more information about the subjects or
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instruments. Tables 3 and 4 show that the method of scoring can affect
ANOVA results in several ways.

Next, we consider the effect method of scoring has on
correlations. To consider correlations, tﬂe proof teéts must be
compared with other instruments. We will show the comparisons.with two
other instruments, the Revised Van Hiele Test (RVHT) and the Equilibrium
in a Balance Test (EﬁT). Since this research utilized a convergent-
discriminant desién, the comparison of'correlations was especially
important. First we will elaborate the reasons these tests were used in
the larger convergent-discriminant design.

The objecti.c of the RVHT is to categorize students by van Hiele
level, of which there are presently three. As such, the RVHT is really
a combination of tests intended to sample from several domains. The
items of the RVHT were not intended to sample a unique content érea or
skill, but to sample from three or more descriptive areas. As shown in
Table 2, the RVHT had three subtests, one for each theorized van Hiele
level, visual, descriptive, and, theoretical. The RVHT was scored two
ways. Subjects received a simple total correct score forAthe entire 24
item test, RVHT; and they were assigned to a van Hiele level, RVHLEV, by
the algorithm outlined above.

The EBT was a test designed to sort subjects into the cognitive
stages theorized by Piaget. Oniy three of Piaget’s theorized stages
were under consideration, concrete, transitional, and formal. Thus, the
EBT was divided into three subtests (see Table 2). The EBT was also
scored in two ways, similar to the way the RVHT was scored. The scores
associated with the EBT were EBT, for total correct, and EBLEV, for
level assigned.

Table 5 presents examéles of contrasting correlations for the two

proof tests, CPT and NPT, using different methods of scoring, with the
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RVHT and the EBT. The methods of scoring the proof tests are presented
as before, using the proof variable name. Pearson product-moment
correlations were used throughout this study. As can be seen from Table
5, correlations can vary depending on the scoring method that is used.
The two proof instruments, CPT and NPT, vary to the extent they
correlate with the EBT gnd RVHT both when the total scores are used
(RVHT and EBT) and when the instruments’ subtests are used to separate

the subjects into level categories (RVHLEV and EBLEV}.

Table 5: Contrasting Correlations, Related to Method of Scoring, for
CPT and NPT Samples with RVHLEV, RVHT, EBLEV, and EBLEV (N = 241)

CDASSG Proof Test (CPT) New Proof Test (NPT)
(N = 122) (N = 119)
Dichot. Holistic Analytic Dichot. Holistic Analytic
RVHLEV .46 .47 - .45 .52 .52 .49
RVHT .49 .52 .50 .57 .58 .54
EBLEV .42 .40 .40 .46 .44 .42
EBT .40 .39 .38 .45 .43 .40

Note. p < .01 for all values in table.

Though there is no significant difference in the correlations on
any row for either the CPT or the NPT, Table 5 indicates the analytic
scoring method correlations are usually the lowest correlations in a
row, particularly for the NPT. As Ferguson notes (1981, p. 107},
correlation estimates the magnitude of concomitant variation. Hence,
the nature of the distributions of the scores to be correlated affects
the size of the correlation coefficient. The more normal the
standardized distributions of the variables, the more likely the
correlation coefficient observed will be untruncated.

The analytic scoring method resulted in more normal distributions

of scores (K-S Z’s = .57, 1.05; p's < .90, .22, for the NPT and CPT,
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respectively), than the RVHLEV (K-8'z = 3.25, p < .001), EBT (K-S.-z =
1.56, p < .02), and EBLEV (K-S z.= 4.84, p < .001), and than those of
the other two scoring methods, dichbtomous (K-S 2’s = 1.44, 2.09;.p's <
.03, .001, for the NPT and CPT, respectively), and holistic (K-S Z2‘s =
.87, .96; p’s < .44, .31, for the NPT and CPT, respectively). Hence, in
general, the correlatidns for the analyticlscoring method are more
accurate than those for the holistic and dichotomous methods as
estimates of the population parameters. for the coefficients.

Validity of the Subtests

We vieﬁed the analytié scoring criteria as being fairly
hierarchical. As such, we considered using the ratings for each of the
five criteria as subtests that could be used to sort or categorize the
subjects by levels of proéf mastefy or performance (unschooled to expert
as outlined above). Consequently, we decided to test the hierarchy of
the criteria (see Table 6 for criteria).

As previously mentioned, a method of estimating the reliability of
an instrument to hierarchically categorize subjects is the Guttman
Scalogram method (McIver & Carmines, -1981, p. 40). The Guttman
Scaloéram method is an analysis of the subjects’ subtest score patterns.
Each subtest is scored as either a success or failure. If a 1 means a
success and a 0 means a failure, then a pattern consists of a series of
1’s and 0’'s, written from left éo right, indicating the pass or fail
status from the lowest category subtest to the highest. The scalogram
method estimates how reproducible and scaleable the subject patterns
are.

To have a scaleable pattern the subject must succeed at all levels
(e.g., categories) before the highest level mastered. Patterns such as
(1, 0, 0) and (1, 1, 0) are scaleable patterns because, sﬁarting at the

left and reading to the right, the first 0 encountered is followed by an
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uninterrupted series of 0’s. Patterns such as (0, 1, 0) and (1, O, 1)
are not scaleable. To be reprodqcible'means that the pattern of
successes can be determined from the total score. For example, a total
score of 3 on a 5 category test must imgly that the subject was
successful on the first three categories of the five.

Calculating the Guttman reproducibility coefficient involves
determining the number of corrections fhat must be m#de to make the
patterns of all subjects scaleable and reproducible, dividing that
number by the number of possible changés that could have been made.

This quotient is then subtracted from 1 to determine the reproducibility
of the subtesté. The calculations result in what is known as a
coefficient of reproducibility. Reproducibility coefficients on or
above .90 are regarded as significant (McIver & Carmines, 1981, p. 51).

In addition to Guttman’s coefficient of reproducibility, there is
also a coefficient of scalability. The coefficient of scalability is
calculated the same way és'the coefficient of reproducibility except for
the counting of errors. For the coefficient of scalability the
subject’s total score is considered inviolate and corrections are made
so that the response pattern is scaléable for that total score. This is
usually a larger number of corrections and results in a smaller-
coefficient.

The coefficient of scalability is considered an indicator of
possible improvement in prediction when the scale is used as opposed to
using the total-correct scores. A coefficient of .60 or more is
considered significant for scalability (McIver & Carmines, 1981, p. 51).

Using cutoffs of 75% of total possible ratings to establish
success for a criterion, we calculated the Guttman reproducibility (CR)
and scalability (CS) coefficients for both proof tests. The NPT and CPT

reproducibility coefficients were .86 and .95, respectively; the
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scalability coefficients were .72, and .8l. These numbers indicate that
the analytic scoring criteria are scaleable and that the there is some
benefit to using the scale generatea by the criteria. Interpreting the
five scoring criteria as roughly correspohding to the student beﬁévior
categories, unschooled to expert, the scalabiiity of the analytic
scoring criteria provide a new way of categoriziné students which we
will present below.

Since the analytic scoring criteria were not uniformly applied'to
all six proofs on a test, we considerea the reproducibility coefficients
of the analytic scoring criteria for particular proofs. All the proofs
on both tests ‘had significantly high reproducibility coefficients. The
coefficients ranged from .96 to 1.00 for the NPT and .92 to 1.00 for the
CPT. In particular, using the analytic scoring method, Proof 1 on the
NPT was rated for Criteria III (knows relevant propositions), IV (has a
plan), and V (succeeds). The reproducibility and scalgbility
coefficients for the NPT’s Proof 1 were both equal to 1.00 because the
subject patterns were all reproducible and scaleable.

Given the evidence above, we concluded that the analytic scoring
method was very scaleable on all criteria and aggregate scores, and that
we could use the ratings for each criterion as subtests. Such evidence
of scalability also supports the validity of the criteria as meésurable
behaviors. We, therefore, believe the analytic scoring method yields
subtest scores that are highly descriptive of the subject’s performance;
in fact, much more so than the other two scoring methods.

Comparing proof scores to assigned revised van Hiele level

As previously mentioned, the Revised van Hiele Test was developed
to sort students by hierarchical categories of geometric thinking. The
van Hiele level instrument (RVHT), consisted of three subtests of eight

items apiece. According to the theory, the van Hiele levels are
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hierarchical beginning with visual-recognition, then descriptive, and
thirdly theoretical. Table 6 shows correlations for the analytic
scoring criteria with the three level subtests of the RVHT. These
correlations are shown for both the NPT and the CPT.

The correlations presented in Table 6 also suggest that the RVHT
Level 3 subtest is'not the best predictor of proof'performgnce of the
three RVHT subtests. Our results indicated that the ﬁVHT is also highly
scaleable and thus hierarchical (CR = .97, CS = .80). However, one sees
in Table 6 that generally the highest cbrrelations are found in- the
Criterion IV row. This finding suggests that the “having a plan”
criterion best predicts performance on any of the RVHT level subtests.

As having a plan is classically considered to be a prime exemplar of

~higher order cognitive activity, this result strongly supports the model

of doing proofs we have outlined above and the validity of the analytic

rating scale devised.

Table 6: Correlations by Analytic Scoring Standards applied to the
CDASSG Proof Test and the New Proof Test with the Subtests of the
Revised Van Hiele Test '

CDASSG Proof Test (CPT) New Proof Test (NPT)

T
[l
Visual Descrp. Theor. ! Visual Descrp. Theor.

Criterion I, knows .36 .40 .31 : .42 .42 .29
terms, marks, notation |
1

Criterion II, .36 .37 .31} .40 .37 .27
comprehends problem [
: ]

Criterion III, knows .33 .38 .29 : .38 .44 .32
relevant propositions 0
1

Criterion IV, has a .37 .39 .33 : .44 .46 .34
plan/draws needed parts 0
!

Criterion V, succeeds .34 .35 .31 ) .37 .39 .35
1

at proof or problem

Note. p < .01 for all correlations.

Finally, Table 6 also shows that the van Hiele theory does not
align itself with the integration of Bloom’s taxonomy and Greeno’s

hypothesized areas of geometric knowledge presented earlier. Recall
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that, the scoring criteria we used were based on a combination of
Bloom’s and Greeno’s theories. 1If botﬁ the van Hiele theory and the
analytic scoring criteria represented the same hierarchical consfruct,
the correlations would be largest for Criteria IV and V with RVHT.Level
3, theoretical. They are not. Table 6 shows that, in gene;al, the
highest correlations occur at Level 2 (desériptive).l One explanation of
this result might be fhat the “Y” structure of Bloom’s taxonomy
confounds its alignment and agreement with van Hiele’s theory. Another
explanation might be that the analytic scoring criteria and the revised
van Hiele theory do not represent the same construct. We believe that
the latter explanation is the more correct one.

Performance Classifications

We also found that the analytic scoring criteria could be used to
classify subjects into the broad performance categories discussed

earlier. We used the followihg method for classification:

. 1. Use 75% of the possible total score on a criterion as the
success cut-off. Score the criterion as a one if cut-off is reached,
otherwise score as a zero.

2. Classify (0,0,0,0,0) patterns as “Unschooled.”
3. Classify (1,0,0,0,0) patterns as “Novices.”

4. Classify (1,1,0,0,0) or (1,1,1,0,0) patterns as
“Intermediates.”

5. Classify (1,1,1,1,0) patterns as “Competents.”

6. Classify (1,1,1,1,1) patterns as “Experts.”

Of the 241 students who took a proof test, 185 (77%) were
classified into one of the performance categories and the
classifications were strongly correlated with the proof scores
(r = .86, p < .001). oOf those that were classified, 67% were

unschooled, 4% were Novices, 4% were Intermediates, 7% were Competents,
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and 18% were Experts. This finding indicates that only 25% of those
classified, or 46 of all 241 subjects (19%) were capable of proof at the
end of a year’s study of geometry. This finding was not unexpectédlas
previous research also found only a small percentage of geometry
students had mastered geometric proof (e, g.r Senk, 1985, 30%).

These findihgs are evidence of both the streﬁgth and validity of
the classification system based on the analytic scoriﬁg criteria and the
criteria themselves. When subject performance ciassifications (e.g.,
Novice) were correlated with van Hiele ievel assignments, the was only a
moderate correlation (r = .53), which is respectable as there is no
chance of mapping three categories unto five perfectly.

This finding is evidence that the van Hiele level assigned a

_subject is not as strong a predictor of proof performance as one would

like to see or as suggested by advocates of the van Hiele model for a
valid model of geometry performance. The moderate correlation for the
revised van Hiele level a#signed with the proof performénce
classifications coupled with the correlations shown in Table 6 lead to
an unexpected conclusion. The unexpected conclusion is: Either the
Revised Van Hiele Test (RVHT) is not é strong predictor of proof
performance or students with the geometric thinking level that would
enable them to do proof are not mastering the skill. This conclusion
suggests that either the RVHT be corrected to accurately predict proof
performance, or instruction is not enabling students with the ability to
accomplish proofs successfully, or the revised van Hiele theory is not
yet an adequate model for predicting prootf performance even if it is
corrected. Given the weight of the research evidence presented in this
study, we believe that the van Hiele test needs to be revised again,
and, due to the limited descriptions of the levels, the van Hiele theory

is not yet an adequate model for predicting proof performance.
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Conclusions

This research was intended to inVestigate three methods of sqoring
geometry_pioofs. The three methods were dichotomous (right—or-wiong),
holistic, and analytical. To do this comparison, a new analyticai
method of scoring proofs was developed.. The genesis of the analytic
method based on the theories of Greeno and Bloom was discussed.

Tables 1 and 2 nave indicated at least two benefits of the
analytic scoring method. First, the method results in very similar
patterns of ratings for judges indicating a very reliable set of
criteria that give dependable results. Second, the method produces
higher levels of internal consistency, which indicates that these scor..
are more interpretable, and thus more valid.

Tables 3 and 4 have suggested two benefits of the analytic method
of scoring. The analytic method results in a better distributinn of
scores through increasing the range of values, and the_increaéed range
improves the interpretability and descriptive capacity of the scores
themselves. Secondly, the analytic scoring increases the likelihood of
significant, reliable, and interpretable findings in ANOVA and in
correlational studies. This latter benefit is greater accuracy and
sensitivity in hypothesis testing.

Tables 5 and 6 also showed that there was another benefit of the
analytic scoring method. The ratings for each criterion could be used
to form highly scaleable and reproducible subtests. This result
reinforces our view that the analytic scoring method is more descriptive
of the subjects’ performance. We also showed that the subtests can be
used in correlational studies revealing similarities and differences
with other performance theories. 1In particular, we have seen that the
van Hiele thenry is not aliéned with Bloom’s when Greeno’s hypothesized
knowledge areas are integrated into the. taxonomy.

Further, the analytic scoring criteria could be used to sort
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roughly 77% of subjects into proof performance categories ranging frdm
unschooled to expert. Of those classified, by far the highest
percentage of students fell into the most unskilled class, the
unschooled {67%). After a year of geometry, only 25% of those
classified could be considered competent or expert at geometric proof.
The remaining 8%, those ;lassified as Novices or Integmediates, were
possibly just acquiring hecessary proof skills, which are considered
integral parts of formal geometry study.

All of these results support four conclusions. These four.

conclusions are:

1. The analytic scoring method results in better internal
consistency and reliability indices than the dichotomous or holistic
approaches. The increased number of scale points directly affects the
internal consistency of the tests. The high level of interrater
reliability also supports the view that a coherent and dependable set of
criteria was developed.

2. The increased number of scale points also improves the
distribution of scores. The larger range of scores results in more
interpretable scores and a more normal distribution. A more normal
distribution of scores affects subsequent analyses such as ANOVA.

3. The scoring criteria make possible a better interpretation of
a subject’s performance. The criteria were shown to be highly scaleable
and reproducible suggesting a strongly hierarchical structure.
Therefore, subject performance on criteria subtests is highly .
interpretable and aids in more specific descriptions of student proof
performance.

4, Lastly, the analytic scoring criteria themselves can be used
as both independent and dependent variables in analyses. We saw the
criteria could be used to contrast Blooms’s taxonomy with the van Hiele
theory. The scoring criteria could also be used to explore construct
validity for other theories related to proof, and the scoring criteria
could be used to classify students into categories of proof performance.
In light of these demonstrable benefits, we highly recommend the use of
this analytic scoring method over holistic or dichotomous methods. We
believe it to be a method that can be used by researchers and classroom

teachers alike. The benefits of use by classroom teachers would include

better feedback to students, more specific information to. guide
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curriculum deVelopment for teachers (and researchers), and a method for
diagnosing learning inequities related.to proof. We also believe that

the model of the factors and processes involved in doing proofs éhat we
developed utilizing the analytic rating scale presented here is a better

model than van Hiele’s, Greeno’s or others currently in the literature.
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Test Number

REVISED VAN HIELE TEST

Directions

[When you are told to begin:
l.

2.

5.
6.

Wait until your teacher says that you may begin.

F)o not open this test booklet until you are told to do so.

This test contains 24 geometry questions and ten problem-solving questions. It is not
expected that you know everything on the test.

There is a test number on the top right hand corner of this page. Write this number where
you are instructed on your answer sheet.

Read each question carefully.

Decide upon the answer you think is correct. There is only one correct answer
to each question. Fill in the circle corresponding to your answer on the answer

sheet.

Use the scrap papér for figuring or drawing. DO NOT MARK THE TEST.
To change an answer, completely erase your previous answer.
If you need another pencil raise your hand.

You will have 40 minutes for this test.

Figure E.2. Cover page for combination of RVHT and PROBSOLV,.



Revised. Van Hiele Test

1. Choose the rectangle or rectangles.
(A) S only '
(B) T only
(C) S and T only
(D) S and U only
(E) All are rectangles. S

2. Choose the square or squares.

(A) K only '
(B) L only [\
(COMc.y -

(D)L and M only K L M
(E) All are squares.

3. Choose the triangle or triangles.
(A) None of these are

triangles.
(B) V only _
(C)Wonly - ; ; ~—— \
' U \Y% w X

(D) W and X only
(E) V and W only

4. Choose the parallelogram or parallelograms.

(A) J only
(B) L only

(C) J and M only
(D) None of these are
parallelograms. ‘5
E) All llel s.
(E) All are parallelogram J M L
5. Choose the square or squares.

(A) None of these are
squares. <> Q
(B) G only '
(C) F and G only U
G H I

(D) G and I only F
(E) All are squares.
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6. Choose the shape or shapes that can be called right triangles.

(A) A only
(B) B only o
(D) A and B only ‘
A . B C

(E) None of (A)—(D)

7. Which of these can be called a rectangle.

(A) All can. ’
(B) « only
(C)R only

(D) P and Q only P R
(E) Q and R only o Q

8. Choose the circle or circles. .
(A) A only
(B) A and C only
(C) C only
T B C

(D) Bionly
(E) All are circles.

9. In a rectangle GHJK, GJand HK are the diagonals.

Which of (A)}—(D) is not true in every rectangle” G H
(A) There are four right angles. '

(B) There are four sides.

(C) The diagonals have the same length.

(D) The opposite sides have the same length. K )

(E) All of (AY—(D) are true in every rectangle.
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10 An isosceles triangle is a triangle with two sides of equal length.

Here are three examples.

Which of (A)—(D) is true in every isosceles triangle”:

(A) The three sides must have the same length.

(B) One side must have twice the length of another side.

(C) There must be at least two angles with the same measure.
(D) The three angles must have the same measure.

(E) All of (A)—(D) are true in every isosceles triangle.

11. A rhombus is a 4-sidéd figure with all sides of the same length.

Here are three examples. O 5 Q

Which of (A)—(D) is not true in gvery rhombus?
(A) The two diagonals have the same length.

(B) Each diagonal bisects two angles of the rhombus.
(C) The two diagonals are perpendicular.

(D) The opposite angles have the same measure.

(E) All of (A)—(D) are true in every thombus.

12. What characteristic do all rectangles have that some parallelograms do not have?
(A) opposite sides equal
(B) diagonals equal
(C) opposite sides parallel
(D) opposite angles equal
(E) None of (Ay—(D) .

13. PQRS is a square.
Choose the relationship that is true of all squares. P Q

(A) PRand RS have the same length.
(B) QSand PR are perpendicular.
(C) PSand QR are perpendicular. S R
(D) PSand QS have the same length.

(E) Angle PQR is larger than angle SRQ.

44
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14. Classify the following shape using the markings. It may not be drawn accurately.
Give it the most specific name possible. [Hint: The same number of notches means the
lengths are the same, the box at the center means it 1s a right angle. ]

(A) polygon.
(B) quadrilateral.
(C) rectangle.
(D) rhombus

(E) square

15. The figure below is a cube. Which relationship is true of all cubes?

— — B C
A) AD and FE are the same length.
B) AF is parallel to CD. A ”
C) BC and AE are the same length.
D) AD and AE are the same length. D
E) Angle ABC is greater than angle AFE.
F E

16. What sentence best describes a square”

*(A) It is a rectangle with all sides the same length.
(B) It is a 4-sided figure with sides that are the same length.
(C) Itis a quadrilateral with four right angles.
(D) It is a 4-sided figure with all sides the same length and the opposite sides are
parallel. '
(E) It has four right angles and the opposite sides are parailel.

17. Here are two statements.
Statement S: AABC has three sides of the same length.

Statement T: In AABC, ZB and ZC have the same measure.
Which is correct?

(A) Statements S and T cannot both be true.

(B) If S is true, then T is true.

(C) If T is true, then S is true.

(D) If S is false, then T is false.

(E) None of (A)—(D) is correct.

T8N
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18. Examine these three sentences.

(1) Two lines perpendicular to the same line are parallel.
(2) A line that is perpendicular to one of two parallel lines is perpendicular to the other.

(3) Iftwo lines are equidistant, then they are parallel.

In the figure below, it is given that lines m and p are perpendicular and lines » and p are
perpendicular. Which of the sentences above could be the reason that line m is parallel to

line n?

/rp
(A) (1) only —r > m
(B) (2) only
©) Gyonly —F > n
(D) Z.ther (1) or (2) \J/

(E) Either (2) or (3)

19. Here is a right triangle, AABC. Equilateral triangles, AACE, AABF. and ABCD,
have been drawn on the sides of AABC. A I

From this information, one can prove that
AD,BE,and CF have a point in common. What

would this proof'tell you?

(A) Only for AABC drawn above can we be sure AD,BE, and CF have a

point in common. o .
(B) In some but not all right triangles, AD,BE,and CF have a point in

common. L .
(C) In any right triangle, AD, BE,and CF have a point in common.

(D) In any triangle, AD, BE, and CF have a point in common.
(E) In any equilateral triangle, AD, BE,and CF have a point in common.
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_20. Here are two statements.

I. If a figure is a rectangle, then its diagonals bisect each other.
I1. If the diagonals of a figure bisect each other, then the figure is a rectangle.

Which of the following statements is (are) correct”?

(A) To prove L is true, it is enough to prove two is true.
(B) To prove Il is true, it is enough to prove I is true.
(C) To prove 1l is true, it is enough to find one rectangle whose diagonals bisect

each other. :
(D) To prove Il is false, it is enough to find one non-rectangle whose diagonals

bisect each other.
(E) None of (A)—(D) is correct.

21. In geometry:

(A) Every term can be defined and every true statement can be proved true

(B) Every term can be defined but it is necessary to assume certain statements are true.
(C) Some terms must be left undefined but every true statement can be proved true.
(D) Some terms must be left undefined and it is necessary that certain statements be

assumed. .
~(E) None of (A)—(D) s correct.

22. Here are two statements.

Statement 1: The radii of circle A are the same length as the radii of circle B.
Statement 2. Circle A is the same size as circle B.
Which is (are) correct?

(A) If statement 1 is true, then statement 2 is false.

(B) If2 is true, then statement 1 is false.

(C) Statements 1 and 2 cannot both be false.

(D) Either statements 1 and 2 are both true or both false.
(E) None of A—D is correct.
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23. It is given that the measures of ZA (angle A) and £B total 90° and that the measures

of «C and ZB total 90°. Based on the given, choose the statement or statements below
that are valid conclusions?

I. ZA and ZB aré the same size.
II. ZA and ZC total 90°.
II. ZA and ZC are the same size.

(A) I only

(B) Iand II only
(C) II only

(D) II and I1I only
(E) II only

24. The lines /, m, and » may not be in the same plane. However, / L m at point A, n L
m at point B, and A and B are not the same point. Which of the following conclusions
would be valid?
"(A)/Ln.

(B) / (not L) n

(C) It cannot be determined if /is L to n.

(D) lis//ton. _

(E) ! and n will cross eventually.

2

ERB Problem, Solving

25. To raise money a class made 100 plant hangers from twine costing $30.00. Other
expenses totaled $15.00. If all of the hangers were sold for $1.25 each, what was the total
profit?

(A) $95.00 (C) $70.00

(B) $80.00 (D) $45.00
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26. A bowl of punch has exactly three ingredients, X, Y, and Z, in the proportion 1:2:6,
respectively. What fractional part of the punch is X?

1 1
(A) 5 (©). P
ol 1
® @) 5

27. A certain utility company charges $15 for the first 100 cubic meters of gas consumed
and $0.07 for each additional cubic meter consumed. What is the total charge for 2,800

cubic meters of gas?
(A) <74 ‘ (C) $196
(B) $189 (D) %204

28. On the average, Joe’s car uses 2 liters of gasoline for every twenty-one kilometers of
travel. How many kilometers does the car travel, on the average, on a full tank that holds

50 liters of gasoline?

(A)2,1000 (C) 105.0
(B)525.0 (D) 52.5
29. Mr. Johnson owes a store $200 plus 1Yz percent interest. What is his total debt to the
store?
(A) $230.00 (C) $201.30
(B) $203.00 (D) $200.00

30. A quantity P is three less than twice Q. Which equation states this relationship?

(A) P—? C)YP=2Q-3
(B) P=3-2Q (D)P-3=20
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31. At a price of x grams for | .dollar, how many grams can be bought for y dollars?

(A) = (€) xy
y .

®L (D) y +x
X .

32. If a rope is to reach from the top of a twelve meter pole to a point on the ground that
is 16 meters from the base, then the minimum length of the rope must.be how many

meters?
(A) 32 - (C) 24
(B) 28 , (D) 20
33. A survey of television viewers showed that viewers were four times as likely to be

watching program A as to be watching program B. If the chances that a randomly
selected viewer will be watching program B are 1 out of 10, what are the chances that the

viewer will be watching program A? _
(A) 1 outof40 (C) 1 out of 4
(B) 4 out of 40 (D) 4 out of 10.

34. The length of a rectangular floor is | meter more than twice the width of the floor. If
the area of the floor is 36 square meters, then the length of the floor, in meters, is

(A) 4.5 ©)9
(B) 6 | D) 18

35 A shelf contains a total of 180 science, math, and English books. If there are twice as
many English books as math books, and three times as many math books as science books,
how many English books are on the shelf?

(A) 60 (C) 108

(B)72 (D) 120
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3.

NRHS Procft Test

Write a Statement and Reason prcof.

P A

L R
Given: PA= LR, PL=zAR
Prove: APAR = ARLP
Explaln why a triangls cannot have both an obtuse and a

right angle. Use the indirect method of proof if you are
familiar with it.

Write a Statement and Reason proof.

Given: TRAP is an 1sosceles‘trage201d with TP=RA
Prove: TA=RP

T

b

™
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Complete the Statement and Reason proof.

q.
T Statement . Reason
1. TR=TLLRI// AP 1. Given
2 Ll = L2 2.
R I 3. L1 = /A, L2 = £p| 3-
4. LA = /P 4. Substitution
5. TA=TP 5.
6. RA=zIP 6.5
A P '
Given: TR=z=TL RI// AP ,
Prove: RA=IP 5. Statement: The diagonals of a

rectangle are congruent.

Suppose you wished tc prove the above statement.
provided: 1. Draw and label a figure. 2. Write in terms
of your figure, what is given and what is to be proved.

Figure: Given:

Prove:

DO NOT PROVE THE STATEMENT ABOVE

6. Write a Statement and Reason proof. Prove the theorem:
Tangent segments from an external point to a circle are

congruent .
9 T
A
‘N
Given: TA and ﬁxlare tangent to circle O

Prove: TA = NA

Extra: On the back, if time permits, explain why you were

stumped by one of these proofs.

52

I:; ~he space



- CDASSG Proof Test

1. Complete the Statement and Reason proof.

___Statement Reason A B
1. AB //CD 1. Given '
2. /B = /ZBCD 2.
.\
3. AB=AC 3. Given C D"
4. 4. Base ang!es of an isosceles Given: AB // CD,
triangle are congruent ' AB = AC
-] (equal in measure). Prove: CB bisect< . *CD
5. 5. Transitive property or
substitution
6. 6. Definition of an angle
bisector.

2. Statement: If a line passes through the midpoints of two sides of a triangle, it is

parallel to the third side of the triangle.
Suppose you wished to prove the above statement. In the space provided:
1. Draw and label a figure. 2. Write in terms of your figure, what is given and

what is to be proved.

Figure: Given:

Prove:

DO NOT PROVE THE STATEMENT ABOVE

3. Write a Statement and Reason proof. Proof
A
E F
1 2
B D C

Given: D is the midpoint of BC,
1= /22, DE =DF !
Prove: AABC is isosceles.
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4. Write a Statement and Reason proof. ‘
Given: Quadrilateral HUK, HI = HK, IJ = JK Proof
Prove. ZI = ZK

J

H

5. Write a Statement and Reason proof. Prove the theorem:

The diagonals v a rectangle are congruent.
Given: ABCD is rectangle. Proof
Prove:. AC=BD

A B

6. Write a Statement and Reason proof. L Proof
Given: KLMN is a parallelogram. N is on line MQ

LQand KN intersect at P.
Prove: AKLP ~ ANQP

Ne A
V4

Q

Extra: On the back, if time permits, explain why you were stumped by one of these
proofs. '
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Problem-Solving Test

General instructions: Show all work. -If you use a
calculator, show how you set up the problem.

1. Solve for X.

\x

2. Solve for X

/TR

VA
f d
VR A

3. Name the smallest segment (side) in the diagram.
Explain your choice.

T R

Y

The diagram above may be drawn inaccurately.
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4. Find the area of the shaded region. The diameter of
the circle is 10.

5. Triangle ABC has sides 3, 4, and 5. Triangle ¥YZ nas
sides 3, 4, and 6. Which triangle, ABC or XYZ, has
the larger area? Explain your answer.

Extra: If you were stumped by a problem, explain what you
believe you needed to know in order to reach a solution.
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