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On the Behrens-Fisher Problem: A Review

Abstract

The Behrens-Fisher problem arises when one seeks to make inferences about the means of two
normal populations without assuming the variances are equal. This paper presents a review
of fundamental concepts and applications used to address the Behrens-Fisher problem under
fiducial, Bayvesian. and frequentist approaches. Methods of approximations to the Behrens-
Fisher distribution and a simple Bayesian framework for hypothesis testing are also discussed.

Finally, a discussion is provided for the use of generalized p values in significance testing of

hypotheses in the presence of nuisance parameters. It is shown that the generalized p value
based on a frequentist probability for the Behrens-Fisher problem is numerically the same
as those from the fiducial and Bayesian solutions. A table for tests of significance is also

included. W

Key words: Behrens-Fisher problem, two means problem, unequal vartances.




Introduction

A frequently encountered problem in applied statistics is testing the difference between two
population means. The Behrens-Fisher problem arises when one seeks to make inferences
about the means of two normal populations without assuming either that the variances
are equal or that the ratio of variances 1s known. Under such conditions, Neyman-Pearson
(1928, 1933) sampling theory may provide a different solution from those available via either
Bayesian theory (e.g., Jeffrevs, 1940) or Fisher’s (1935, 1939) fiducial theory (Kendall &
Stuart, 1979; Lehmann, 1993). Although a number of methods have been proposed for
the Behrens-Fisher problem beginning with Behrens (1929) and Fisher (1935), no definitive
solutions exist (Robinson, 1982). For reasonably large sample sizes. differences between
various extant solutions are generally much less than between these solutions and use of
Student’s t test. When sample sizes are small, however, the three theories may yield different
solutions. In the context of Bayesian and fiducial theories, several sets of tables (Fisher &
Healy, 1956; Fisher & Yates, 1957; Issacs. Christ, Novick, & Jackson, 1974: Lindley & Scott,
1984; Sukhatme, 1938; Sukhatme, Thawani, Pendharkar, & Natu, 1951) have been presented
for the Behrens-Fisher problem. No tables are available, however, for directional hypothesis
testing for even numbers of degrees of freedom and small sample sizes.

This paper presents a review of the Behrens-Fisher problem, focusing on fundamental
concepts and applications rather than theoretical and philosophical considerations. It begins
with expositions of Fisher’s fiducial and Jeffreys’ Bayesian approaches to the Behrens-Fisher
problem. A table is then presented for significance tests which includes cases for even
numbers of degrees of {reedom and small sample sizes under directional hypothesis testing.
Also discussed are methods of approximations of the Behrens-Fisher distribution and a
simple Bayesian framework for hypothesis testing (Lindley, 1965). In addition, frequentist
approaches (Aspin, 1948; Tsui & Weerahandi, 1989; Welch, 1938, 1947) are discussed.
Finally, it is shown that the generalized p value (Tsui & Weerahandi, 1989) is numerically
the same as those obtained from t} : . *..cial and Bayesian solutions. Examples are presented

to illuminate similarities and differences among various methods.




Formulation of the Problem

We motivate the discussion of the Behrens-Fisher problem with an example taken {rom
Marascuillo and Serlin (1988, p. 229). In this problem, patients in a mental health clinic
were given one of two initial treatments: n; = 4 patients received a film treatment and
ny = 3 patients received an interview treatment. Researchers wanted to know whether the
patients in the film treatment and the interview treatment differed in the number of times
they returned to the clinic for subsequent treatment. The following are the data for this
problem: z; = (#11,...,%1s,) = (8,10,12,18). ; = 11.25, s = 8.91667, o = (1,7,11),
T, = 6.33333, and s = 25.33333, where the sample mean and sample variance for ¢ = 1.2

are defined as

1 &
- _ - g 1
Zi niZ:IIJ (1)
and
52 = ! i(z —-:E-)Q (2)
1 ni"'lj=l L) 1)

We assume that the two independent samples, ry; and z;, were drawn from two normal
distributions having means p; and po and variances ¢? and o3, respectively. With the
assumption of equal variances, that is, 02 = 02 == o2, the population variance is estimated

by the pooled sample variance, s? = 15.48333, using

52 _ (77,1 — 1)5? + (TLQ — 1)5% (3)

n +ny —2
The sufficient statistics for gy, g2, and o? are Z,, Z,, and s®. Note also that Z, — Z, has a

normal distribution with mean § = p2 — g; and variance (1/n; + 1/n2)o?. The Student’s

pivotal statistic with n; + ny — 2 degrees of {reedom is

PR o Rk} ~t(ng 41y — 2). (4)
\ (1/n1 + 1/ny)s?
If we denote 14/2(17) as the value for which
Pr{t > tapo(v)} = /2 (5)
and also denote
a =Pr{t < =lop(v)} + Pr{t > 1,,2()}, (6)

3

o




then the 100(1 — «)% confidence interval for § is

Fo— Ty Eloplny +ng = 2)y/(1/n1 + 1/ny)s?. (7)

For the null hypothesis Ho: § = 0, we have t = 1.63599 with 5 degrees of freedom. The

resulting two-tailed p value is 16277 with a 95% confidence interval of [—12.64209. 2.80875)

or —12.64200 € 6 € 2.80875. The result i1s that the difference between the two means is not

significant at the .05 alpha level.
When it is not reasonable to assume o? = o}, neither a pivotal statistic nor an exact

confidence interval procedure exist. One simple way to solve this problem. however, is to

use a proxy
6—(Z2—1)

T = ~ i[min(ul, 1/2)], (8)
Vs3/ny + si/n,

where 11 = n; — 1 and v, = ny — 1. Restate in terms of a confidence interval, we have

T — &) &£ Lo (min(vy, vo)]y/s1/ny + s%/n;. (9)

Note, in this case (i.e.. 1~ test), the actual confidence is greater than 100(1 — )% (Mickey

& Brown, 1966). The Marascuilo and Serlin (1988) data yield {* = 1.50493; with 2 degrees
of freedom, the resulting two-tailed p value is .27127. The 95% confidence interval is
[—18.97365,9.14031). When n; = n, = n, the value obtained from Equation 4 is the same
as that from Equation 8. In this special case we can use Equations 4 and 7 to test the
null hypothesis and to obtain the 100(1 — )% confidence interval, respectively. However, as
noted in Hsu (1938) and Robinson (1976), the Type I error rate might be greater than the
specified nominal level unless the equality of two variances is satisfied.

The above t* solution is a simple ad hoc approach to the Behrens-Iisher problem. Two
other approaches based on the test statistic 1~ are derived from fiducial theory and Bavesian
theory. We first present a solution from fiducial theory followed by a solution based on the

Bayesian approach.

Fisher’s Fiducial Approach

Fisher (1935) proposed a statistical method for obtaining a probability distribution of a

parameter from observed data called a fiducial probability distribution (sce Fraser. 1978 for

4
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a brief review). Recall that we assume the two sets of observations are random samples drawn
from independent normal distributions. The quantities Z; and s? are jointly sufficient for y;
and o} having independent sampling distributions N(u:,0?/n;) and (¢7/v;)x2 , respectively,
for 7 = 1,2. Consequently. we can define

Hi — Iy

~ t{n; —1). 10
rERTE) (10)
e = I+ tn/s2n, (11)

i =

By logical inversion

and 6 = ua — p; 1s distributed as

6=.’E2—.'21+ig\/3§/n2—t1\/$?/n]. (12)

The fiducial distribution of § can be used to make fiducial inferences aboul é and to set
fiducial intervals. Instead of obtaining the distribution of ¢, for the purpose of tabulation,

however, Fisher (1935, 1939) chose the statistic

§ — (50 —
7= (2 xl_ =1ycosf — ¢, sinf, (13)

Vst/m 4+ s5/ng

where 8 is taken in the first quadrant and

tan 6 = :;\/\/Z:; (14)

Noted that 7 is the same quantity as ¢™ but for ease of presentation in the context of

both fiducial and Bavesian theories we use r. The distribution of 7 is the Behrens-Fisher
distribution and is defined by the three parameters v;. vq, and 6, 7 = 7(v1,v2.8). The
distribution can be secen as a mixture of two ¢ distributions, t(v;) and t(v2).

If we denote To/2(11, v2.8) as the value for which
Pr{r > rap2{v1.12.0)} = a/2. (15)

then the 100{1 — a)}% fiducial interval is

Ty — Ty £ Topp(m . 0)\/sE/m + c"ﬁ/n_g (16)




Bayesian Approach

In this section. we present the Bayesian approach to the Behrens-Fisher problem given by
Jeffreys (1940, 1961). Thiu solution is equivalent to that obtained via the fiducial ‘uference
approach. From the fundamental theorem of the normal distribution, the quantities Z;
and s? are jointly sufficient for g; and ¢?, which have independent sampling distributions
N(pi.ol/n,) and (62 /vi)x% for i = 1,2. Then, assuming vague reference prior distributions
for uy, w2, logo). and logo, (i.e., independent and locally uniform). it can be shown that

the joint posterior distribution of g, and ps 1s

p(p1- folz) = P(#1|~'21-.321))P(#2|52, 5%), (17)
where z = (2, 7) and for ¢ = 1,2,

17 62) = (8:/\/mi)7! { ni(#,——i‘i)?}“(“‘“)/‘
Pl ) = gy [T v -,

Vi S;
where B(p, q) is the beta function, B(p,q) = F'(p)['(¢)/T(p+¢). Hence, a posteriori y3 and p2

—00 < i < oC. (18)

1

are independent and distributed as scaled t distributions, ¢(Z;, $2/n,.1,) and t(Z2. s3/n2. 1),
respectively.
In order to obtain the posterior distribution of é = py — y;, we transform & = py — 1

and &, = u; and then integrate out 6, from the joint distribution of é and é;:

p(8)z) = /p(é, §i|2)ds,, —oo < & < oc. (19)

Since the transformation has unit Jacobian, it follows that

- —(r+1})/2 = y2—(ra+1)/2
_ _ oo T?.]((S] —171)2 772(5+61 —Ig)
p(6|71. 8%, 79.62) = k /:oo [l + T 1+ sl déy,
(20)
where
GV GV G YAV (21)

B(3. 4V B(3,%)Vv:
The distribution of § = u — py can be computed by numerical integration to any reasonable
level of accuracy. We present some approximations for the distribution of é later for cases

where v and v, are relatively large.

6




For convenience, we use 7 = ¢; cos @ — ¢ sin 8, where. in terms of the scaled ¢ distribution,
t; and t; are independently distributed as t(0.1, ) and (0.1, v). respectively. The posterior
distribution of gs — g7 and the inference about § can be equivalently determined from the
distribution of . The density function of 7 may be obtained from the joint distribution of

1, and 12 by the following integration:

(71, ve.0) = // Cop(ty)p(t)dihydty;, —oo <7 < oo, (22)
7=1izcos6—t; siné
where
1 tz —(v.+1)/2
p(l) = =7— <1 + —') . 1=1,2 (23)
Bl ghvin v
To integrate, we set 7 = tycosf + t;sinf and { = {ysinf + {; cosf. Since the resulting

transformation has unit Jacobian,

- [1 + ({ cosf — 7sin 9)2}—(‘}]“)/2 [1 + (¢sin 6 + 7 cos §)* ez 41)/2

e, ) =k
p(Tv1,v2,0) /_oo ” ” d¢,
(24)
where
p 1 ;
K= : (25)

B 5B 5

The distribution of 7 depends only on three parameters 11, vo, and 0, a result identical
to the case given by Fisher (1935, 1939) using fiducial theory. The distribution of 7 (i.e.,
Behrens-Fisher distribution) is a symmetric distribution, similar to the ¢ distribution in
appearance. Since Bayesian highest posterior density (HPD) intervals are numerically

identical with Fisher’s fiducial intervals, they can be obtained using takles such as Sukhatme

(1938).

Tables of the Behrens-Fisher Distribution

A number ol tables have been presented for the Behrens-Fisher distribution beginning with
Sukhatme (1938) and Sukhatme et al. (1951). Subsequently, Fisher and Yates (1957.
Tables 6 and 6-1) presented significance points of the Behrens-Fisher distiibution for
v,y = 6,8,12,24,00, 0 = 0°(15°)90°, @ = .05,.01 and v, > vy, = 1(2)7, 8 = 0°(15°)90°,
a = .10..05..02,.01. Weir (1966) presented percentage points of the Belirens-Fisher
distribution for v;.1; = 6.8.12,24.0c. 8 = 0°(15°)90°. a = .001. Table 41 in Issacs ef al.

T




(1974) contains Behrens-Fisher percentage points for v, v, = 6,8,12,24,o¢, 8 = 0°(15°)45°,
a = .50,.20,.10,.05,.02. Lindley and Scott (1984, Tables 11-a and 11-b) provide tables
for the Behrens-Fisher distribution for 1, > wp = 1(1)8.10,12.24. 20, § = 0°(15°)90°,
a = .05,.01. Tables of percentage points of the Behrens Fisher distribution are alsc
reproduced in Finney (1952), Lee (1989), and Novick and Jackson (1974) (see also Greenwood
& Hartley, 1962; Johnson, Kotz, & Balakrishnan, 1995). No tables are vet available, however,
when the degrees of freedom for #; and v, are small and even for & = .10, .02.

The purpose of this section is to explain the method of approximation used in the
computer program for the percentage points of the Behrens-Fisher distribution and to
present a table of percentage points for v;.v, = 1(1)8.10,12.24,00, 6 = 0°(15°)90°,
a = .10,.05,.02,.01. The method is based on Sukhatme (1938). The complete tables of
the Behrens-Fisher distribution for 1,1, = 1(1)30, 00, 8 = 0°(15°)90°. o = .10,.05,.02,.01
are available from the authors. In addition, two computer programs, B and BF, which can

be used to obtain tail areas and percentage values of the Behrens-Fisher distribution are

available from the authors.

The probability that 7 exceeds 75 can be written as

Pr{r > ny} = / (7w, v . 0)dT, (26)

T0

where p(tlvy,1s,8) is given in Equation 24. Transforming t; = (cos@® — 7sinf and

ty = (sinf -+ 7 cos, and changing the order of integration, it follows that

Prir > 70} = /_ Z p(t1) / p(ts)dtadts, (27)

oo
to

where ty = 79/ cos @ + {; tan @ and p(t;) is defined in Equation 23. Next, if we define

() = p(t) [ plta)dts = plts)Pr{ta > to). (28)
then
Pr{r > 7o} = /m Fli)dt = lim S fle) At = Y flen)At. (29)
—oe k=1 k=1

As ¢ — oo, f(¢) — 0 and [ is a nonnegative continuous function. The integral can
be approximatled via numerical integration to any reasonable degree of accuracy. In the

computer programs we set Af; = 107! and define ¢, as the largest number with one decimal
8
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place, where both ¢; < 0 and f(c1)At; > 1071 [ie., f(c1) > 107!%], and ¢, as the smallest
number with one decimal place where both ¢, > 0 and f(c,)At; > 107" [ie., f(ca) > 1071,

Following Box and Tiao (1973), the integration process can be viewed geometrically in
Figure 1. In the figure, the joint distribution of #; and i,, [i.e., the product p(1;)p(t2)], is
illustrated by the three dimensional plot. Also shown is the distribution of 7. For a given
70, the equation 79 = 5 cos & — t; sin § determines a line on the two dimensional 1,t,-plane.

Pr{7 > 79} can be obtained by aggregating Pr{t, > 15} weighted by p(t,).

Insert Figure 1 about here

To illustrate the method, let us suppose that we want to calculate the tail area of
7o = 1.99704 for »; = v, = 60 and § = 43°. The computer program B first calculates
c) using temporary values of t;. If ¢, = —10.4, then f(—10.4) < 107'® and, consequently,
¢ = —10.3. Similarly with At; = 107!, we obtain ¢, = 4.5. Values of t;, values of 1
corresponding to 7o = 1.99704, Pr{t, > to}, and values of f(cr)At; are given in Table 1.

The probability that 7 exceeds 75 1s .025. Executing B requires input values for 7, vy, v, 8.

insert Table 1 about here

The computer program BF can be used to obtain percentage values of 7. To obtain

percentage points, the program requires input for vy, v, 8, «, where
a =Pr{r < —75p2(v1,v2,8)} + Pr{7 > 74,2(11, v2.8)}. (30)

The 100(1 — @)% HPD interval, which is in fact the same as the fiducial interval, can be
constructed from a single run of the computer program BF. The 100(1 — a)% HPD interval
for 6 is given in Equation 16. Table 2 contains the percentage points of the Behrens-Fisher

distribution for vy, vy = 1(1)8,10,12,24, 00, = 0°(15°)90°, a = .10,.05,.02,.01.

Insert 'I'able 2 about here
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For the Marascuilo and Serlin (1988) data, 7o = 1.50493, v, = 3, 1, = 2, 6 = 27.19365.
From the computer program B, we obtain Pr{r > 7y} = .14546, indicating the difference
between the two means is not significant at o = .05. From the computer program BF, we

obtain 7025(3,2,27.19365) = 4.13069. The corresponding 95% HPD interval is [—18.41183,
8.57850].

Approximation of the Posterior Distribution

Since the Behrens-Fisher distribution has no simple form, approximations have been used to
obtain percentage points (e.g., Barnard, 1984; Banerjee. 1960, 1961; Cochran, 1964; Cochran
& Cox, 1950; Fisher, 1941; Ghosh, 1975; Linssen, 1991: Patil. 1965; Rahman & Saleh, 1974).
For example, Banerjee (1960, 1961) proposed the approximation

T80 =\t (e + 12 ,(1)(1 — ¢, (31)
where
2
s/ . 2
= = 6 32
T Tt (32)
and, consequently.
s3/nq
] —_Cc = —2 = E 9 33
s2/ny + 83 /n, o8 (33)
Cochran and Cox (1950) proposed
Taja = taja(tr)e+ toja(va)(1 = c). (34)

Reporting the statement of a p value, whether or not it is followed by a pronouncement
concerning the significance of the result, may sometimes be more informative than reporting
a fixed-level hypothesis testing result. In the context of Bayesian inference, it is desirable
to show the whole posterior distribution rather than particular intervals. The posterior
distribution of § can be obtained by numerical integration of Equation 19 or using formulas
presented by Ghosh (1975). All methods for the approximations of the percentage points of
the Behrens-Fisher distribution can be used to plot the approximate posterior distribution.

One important point may be that neither the numerical integration using Lauation 19

nor Ghosh's method expresses the posterior distributicn in terms of tahled functions. To do

10




so, we can use Patil’s (1965) approximation or Molenaar’s (1979). methods. For example,
Patil’s (1965) method fits the ¢ distribution to the distribution of 7 by equating the second
and the fourth moments. Patil noted that the forrnula is valid for v, v, > 3 and works quite

well for v1,v2 > 7. 1t can be shown that 7 is approximately distributed as

7= ﬂfi]_)’ (35)
where
vocost  uysin?d\’ 5 cost 0 visin g -
g=4 ( -2 -2 ) L =9 —8) o = 2%m — 4) (36)
and .
h* = gi 2 (Vz;iszze + Il;ilsifzze) ' (37)

In terms of the scaled ¢ distribution, 7 is approximatelv distributed as t(0,h%.g).
Consequently, the difference of the mean values é§ = py — gy is distributed a posteriori as
t[Zo — Z1,(s3/n1 + s2/n2)/h%, g). Patil’s approximation (or Molenaar's methods) cannot be
used on the data from Marascuilo and Serlin (1988) due to the small degrees of {reedom. We
can use Ghosh’s (1975) method, however, although neither approximation is better than the
numerical integration method. The posterior distribution of § obtained {rom the numerical
integration method is presented in Figure 2. The posterior distribution of §, p(&lx), is
centered at #; — Z; = 4.91667. The 95% HPD interval [—18.41183,8.57850] is also presented

in Figure 2.

Insert Figure 2 about here

Hypothesis Testing Based on Lindley

Lindley (1965) suggested a simple test of a point null hypothesis, {for example. Ho: 6 = 6
against H;: 8 # &y under a vague or diffuse prior. To conduct a significance test at level
a, Lindley suggests finding a 100(1 — )% HPD region. Hp is rejected only if & is outside
of this region. Notice that a directional hypothesis test can also be easily accornmodated.

Berger (1985) and Lee (1989) contain other Bayesian approaches to hypothesis testing.

11
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In the Bayesian context. it is often more useful to obtain the whole posterior distribution.

The 95% HPD interval in Figure 2 contains 0 and the null hypothesis Ho: 6 = 0 cannot be

rejected.

Frequentist Approach

Other solutions to the Behrens-Fisher problem also exist (e.g., Aspin, 1948, 1949; Gronow,
1951; James, 1959; Lee & Gurland, 1975; Mehta & Srinivasan, 1970; Nel, van der Merwe, &
Moser, 1990; Pagurova, 1968; Scheffé, 1943; Sprott & Farewell, 1993; Tsui & Weerahandi,
1989; Wald, 1955; Welch, 1938, 1947). Several solutions to the Behrens-Fisher problem have
been investigated on the basis of their size and magnitude of their power (e.g.. Davenport
& Webster, 1975; Lee & Gurland, 1975; Mehta & Srinivasan, 1970; Wang, 1971). Of all
those methods, perhaps those due to Welch (1938, 1947), Aspin (1948, 1949), and Tsui and
Weerahandi (1989) are the most important from the frequentist perspective.

Welch (1938) presented an approximation of ¢* by the method of moments and later
(Welch, 1947) used asymptotic series expansions to obtain a critical value for terms of order
1/v?:

%51, v2,.0) = zap2 (1+ V1 + V), (38)

where z,/2 is the a/2 point of the standard normal distribution (i.e.. the probability of

1422
Vx = ( 4 /2> V217 (39)

exceeding z,/2 Is «/2) and

and

1+ 22, 3+5:2, 421, 15 + 3222, + 9z3
u=—(—4ﬂ>@+< L “)%r- 2R VEL (40

2 3 32

4

where ¢ is given in Equation 32 and

=Sy = (41)

U u
V1 v,

The result was extended further by Aspin (1948) to terms of order 1/v? and 1/v! and the

latter has become known as the Welch-Aspin test:

1A (1,120 €) = Zapa (14 Vo + Vo + Vo + 1) (42)

14




where V3 and Vy are defined in Aspin’s (1948, p. 90) Equations 13 and 14, respectively. Lee
and Gurland (1975) noted that Aspin’s Equation 14 contained an error: Specifically, that
Vag should be V5,. The Welch-Aspin test rejects the null hypothesis Ho at level o when

t* > 14(v1, v, ¢). We can also obtain the 100(1 — )% confidence interval as
= a L 4WA 2/ 2
Iy — Iy tgp(n,va, sl /m + s3/n,. (43)

Aspin (1949) presented tables of critical values of the Welch-Aspin test for ), 1, =
6,8,10.15,20,cc, ¢ = 0(.1)1. @ = .10 and 1,y = 10,12,15,20,30.0c, ¢ = 0(.1)1, a = .02.
Trickett, Welch, and James (1956) presented tables for vy, v, = 8,10,12. 15,20, 00, ¢ = 0(.1)1,
a = .05 and 1y,v, = 10,12,15,20,30,00, ¢ = 0(.1)1, o = .01. Pearson and Hartley (1970,
Table 11) reproduced Aspin (1949) and Trickett et al. (1956). Note that critical values for
certain small sample sizes (e.g., v; < 6) are not available from these tables.

In addition Welch (1938) suggested another method based on a random number of degrees
of freedom. This is often referred to as the approximate degrees of freedom solution or Welch's
approximate ¢ test. 1n this regard Welch (1938) presented the following critical value:

Wi ' 1
= ta/?. Vv = .
a/? i v+ (1 =)/’

(44)

where the degrees freedom +' is in general not an integer. The critical value 1“;'/2 can be
obtained using the computer program ET (Galen Research, 1992). When using the ¢ table it
is customary to round ¥’ down to the nearest integer although the impact of such rounding
has not been investigated. It is of interest to note that the equivalent of Welch's approximate
t test had been proposed by Smith (1936) in a somewhat different context for a related
problemn (see also Cochran, 1964; Satterthwaite, 1941, 1946; Wallace, 1980). Wang (1971)
indicated that Welch's approximate i test is not as effective as the Welch-Aspin test. Even
so Best and Rayner (1987). Davenport and Webster (1975), and Scheffé (1970) indicated
that Welch’s approximate { test may be the best practical solution.

For the Marascuilo and Serlin (1988) data ¢ = 15.0493 and the critical values are
W, = 3.20703 and tW!, = 1055(3.05244) = 3.15117. The corresponding 95% confidence
intervals of the Weich test of order 1/1# and Welch's approximate 1 test are [—15.39420,

5.56086) and [—15.21169, 5.37835], respectively.




For the significance testing of one-sided hypotheses, for example, Hp: § < &y versus H;:

&> &y, Tsui and Weerahandi (1989) suggested use of generalized extreme regions of the form
Re(6:m) = {X :T(X;z,6,n) 2 T(z;2,6,1)}, (43)

where = denotes the observed data for the random variable X, T'(X:z.,6,7) is a test statistic
that is stochastically increasing in 6, and 7 is the nuisance parameier. The generalized
p-value 1s defined as
P = sups¢s PT{X € Ro(6.7)} (46)
and it is free of the nuisance parameter . A small value of p suggests that the observed z
does not support Hg.
In the context of the Behrens-Fisher problem we use the following notations of random
variables as X; = (Xu1,....Xin, ). Xi ~ N{p,,0%/ny), and 1;82/0? ~ ¥2(v;), for i = 1,2.
Define z;, Z;, and s? as the observed values of X;, X: and S?, respeclively. Note that the

parameter of interest is § = g — 1 and that the nuisance parameter 5 contains both o?

and ¢2. In place of T'(X;z,6,7). Tsui and Weerahandi (1989) considered a generalized test

variable

_ o 2\ TVR g2 g2e2\ 12

W(X) = W(X1, Xz 21.22,0},07) = (X2 = X)) (-Ti + ;i) (#512 + ﬁ) (47)
and hence

W(z) = W(z1, 2020, 72, 02,0%) = %y — 1. (48)

The distribution of W given z,, and z, is free of the nuisance parameter and can be seen

as Z(s2/U + s2/V )% where Z, U, and V are independent, Z ~ N(4,1), U ~ x*(r1). and

V'~ 3*(v2). In addition, the family of cumulative distributions of W (X) for given z; and

z7 is stochastically increasing in § (Lehmann, 1986). The generalized extreme regions can

be defined as
Ry 2, (8. Uf.,ag) = {(X;,X2) : W(X) - W(z) >0} (49)

and the generalized p value is

I . {82 vy 82 172
p=Pr{W(X)>W(2)l§=0} =Pr I}r'(yl + 1) M/2 <n]é + i = ()) > T - I

14
16




— F 2o & U_lii 1/253 e 1/2 3

where ¥ and C are independent, ¥ = Z [(I/ + V)/(v1 + »)]”"/* has a form of Student’s 1
distribution with v 4 v, degrees of freedom, C = U/(U + V') ~ beta(v,/2,1,/2). and ¥(-) is
the cumulative density function of Student’s ¢ distribution with », + 1, degrees of freedom.

The expectation [ is performed with respect to C. Equation 51 can be written as

1 1 D1, b /) -
/(; Pr{t{vi + m) < TO(D(C)IC} WC(H/J 1\1 _ C)( 2/2} ldC, (52)
where
S Gk ) (53)
/82 /ny + 83 /ny
and

1/2
(n +2)C-C) ] (54)

o(C) = [1/1(1 — C)sin? 6 + 11 C cos?§
Equation 52 is, in fact, the same as Pr{7 < 7o} = 1 —~ Pr{7 > 70}, where Pr{r > 7o} is
defined in Equation 26 (cf. Ruben,1960). For Hg: § < 0 with § = uy — g;, we obtained
Pr{7 < 70} = .85454 from the computer program B. The data do not support the null
hypothesis. If we use a different § (e.g., § = p1 — up), however, we have

1
B(%.%)

2

1
p= / Pr{t(n + v2) > 78(C)|C} Cli-1(] - oe/A-1g0 (53)
0

and Equation 35 and Equation 26 are numerically identical.

Summary

The Behrens-Fisher problem has been one of the focal points of the controversy between
the Neyman-Pearson frequentist and Fisherian approaches (as well as possibly the Bayesian
approach) to significance testing and statistical inference (for further discussion, see Bartlett,
1936; Fisher, 1956; Lehmann, 1993; Wallace. 1980; Welch, 1956). Although substantial
agreement can be found among the results from the various methods, there is also substantial
disagreement among proponents of various positions.

Table 3 summarizes the critical values and the 95% confidence/HPD intervals for the

data from Marascuilo and Serlin (1988) used to illustrate these methods. The conservative




;
£
i
!
i

" test yielded the largest critical value and, consequently. the widest confidence interval.
The { test yielded the smallest critical value and the shortest confidence interval. All other
confidence/HPD intervals lie between the two intervals (see also Mickey & Brown. 1966).
Under the assumption that ¢} = ¢2, the confidence interval of Equation 7, which is a
frequentist solution, coincides with the fiducial interval and as well as with a Bayesian HPD
interval based on the vague reference prior. For directional hypothesis testing, the frequentist

solution by T'sui and Weerahandi’s (1988) vields the same conclusion as fiducial and Bayesian

approaches.

Insert Table 3 about here

From the Neyman-Pearson approach, efforts continue to construct or approximate a
similar test for which the control of Type I error holds for all 0?,7 = 1.2. Linnik (1968/1966)
proved, however, that a uniformly most powerful test does not exit in the context of the
Behrens-Fisher problem. As indicated in Lehmann (1993) and Wallace (1980), the main
difference between the Bayesian (or Fisher) and Neyman-Pearson approaches is whether or
not the inference is conditioned.

Bayesian inference is conditional depending on unknown nuisance parameters. The
Bayesian context discussed in this paper was only for the noninformative prior. In the
general Bayesian context in whcih informative priors may be used, the attempt is made
to incorporate the prior information. If one has substantial prior information about the
parameters. especially information which can be approximated by independent normal and
chi-square distributions for jx; and ¢, respectively, then the Behrens-Fisher problem can
be extended to incorporate it. Other Bavesian methods for the Behrens-Fisher problem
have also been presented by Broemeling, Son, and Hamdy (1990), Dayal and Dickey (1976),
Johnson and Weerahandi (1988), and Patil (1964).

When there are more than two groups, the Behrens-Fisher problem becomes the
generalized Behrens-Fisher problern. When more than one variable is of interest, the Behrens-
Fisher problem becomes a multivariate one. Procedures for the generalized Behrens-Fisher
problem have been proposed by James (1951), Johansen (1980), Welch (1951), Tambhane

(1977), and Tsakok (1978). Comparisons of the solutions and the corresponding robustness

16
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problem for general linear hypotheses is treated by Brown and Forsythe (1974) and Clinch
and Kesselman (1982). The multivariate Behrens-Fisher problem in which two groups and
two or more variables are of concern is discussed by Bennett (1980), Dalal (1978), Dalal and
Fortini (1983), James (1954), Johnson and Weerahandi (1988), Kim (1992), Siotani (1987).
Subrahmaniam and Subrahmaniam (1973, 1975), and Yao (1963).

In this review, we have focused on parametric solutions to the Behrens-Fisher problem.
Nonparametric or distribution-free solutions have also been proposed for this type of problem
(see Lehmann, 1975). In general, these methods attempt to evaluate the strength of the
information in the data by replacing observed values with ranks or using permutations of
the data.

The Behrens-Fisher problem itself is concerned with only one of the assumnptions of the ¢
test (or the analysis of variance), namely, equality of variances. Other assumptions are also
important for comparison of group means. Speicifically, assumptions concerned with the
model, independence, and normality need to be considered in addition to the equal variance

assumption.
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Aruitoxt provided by Eric:

Values of 1, Values of tg Corresponding to 79 = 1.99704, Probability of t3 Exceeding the Values of tp, and Values of f{cp)Aty

Table 1

k 3! 0 Pr{tz >t} Heplan k t tg Pr{r2 > tn} Jlep)aty
1 -16.3 -7.4758  0.9999999998074004  0.000000000C000013 76  .2.8  0.0242  0.4903795421123505  0.0004601789451886
2 -10.2  -7.3758  0.9999999997145280  0.0000000000000019 77 2.7 0.1242  0.4507703483104706  0.0005422214883407
3 -10.1 -7.2758  0.0999999995768073  0.0000000000000028 78 .2.6 0.2242  0.4116650223731995  0.0006302436251987
4  .10.0 -7.1758  0.9999999593730434  0.0000000000000040 79 .25  0.3242  0.3734413385391235  0.0007223795934042
5 .59 .7.0758  0.0999999990711576  0.000000000U000059 80 -2.4 0.4242  0.3364536166191101  0.0008162114C76970
6 -9.8 -6.9758  0.99D9999986243348  0.0000000000000087 §1 -2.3  0.5242  0.3010220229625702  0.0009088398789208
7 .97 .6.8758  0.9999999979633403  0.0000000000000128 82 -2.2 0.6242  0.2674139507961273  0.0008869950216740
8  -9.6 . -6.7758  0.9999999969861362  0.0000000000000187 83 -2  0.7242  0.2358667999505997  0.0010772162146061
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24 .80 -5.1758  0.9999986150161370  0.0000000000096239 99  .0.5  2.3242  0.0117580384572025  0.0004114881290657
25  .7.9 -5.0758  0.9999979972949784  0.0000000000142658 100 -0.4 24242  0.0091851930415962  0.0003364434241982
26  -7.8  -4.9758  0.9999971110910831  0.000000000211487 101 .03 2.5242  0.0071293306789205  0.0002705788668534
27 .77  .4.8758  0.9999958434018565  0.0000000000313536 102 -0.2 2.6242  0.0054888834658188  0.0002140652462193
28 .7.6 -4.7758  0.9999940355777606  0.0000000000464812 103 -0.1 2.7242  0.0042152556226653  0.0001666156522453
28 -7.5 -4.6758  0.9999914658027664  0.0000000000689007 104 0.0 2.8242  0.0032118789926099  0.0001276023097736
30 .74 .4.5755  0.9999878253301161  0.0000000001021185 105 0.1  2.9242  0.0024330053800264  0.0000961689668664
31  -7.3  -4.4758  0.9999826863375657  0.0000000001513080 106 0.2 3.0242  0.0018324853%230374  0.0000713365584852
32 -7.2  .4.3758  0.9999754589357236  0.0000000002241241 107 0.3 3.1242  0.0013725146028222  0.0000520909465345
33 .7.1  .4.2758  0.9999653340486824  0.0000000003318433 108 0.4 3.2242  0.0010224484513564  0.0000374511517050
34 .7.0 .4.1758  0.9999512076793717  0.0000000004911149 109 0.5 3.3242  0.0007576681098542  0.0000265155990187
35  .6.9 .4.0758  0.9999315816516018  0.0000000007264028 110 06 34242  0.0005585987612027  0.0000184910220789
36 .6.8 .3.9758  0.9995044354308215  0.0000000010737053 111 0.7 3.5242  0.0004098016633794  0,000012703894 7483
37 .6.7 -3.8758  0.9998670599265634  0.0000000015858611 112 0.8 3.6242  0.0002992041410489  0.0000086005202455
38 .6.6 -3.7758  0.9998158458544305  0.0000000023403200 113 0.9 3.7242  0.0002174472281806  0.0000057389014838
39 .65 .3.6758  0.9997460178377756  0.0000000034504125 114 1.0 3.8242  0.0001573256707082  0.0000037753056817
40  -6.4 -3.5758  0.9986512994407228  0.0000000050816659 115 1.1 3.9242  0.0001133384924592  0.000002449104 7158
41  .6.3 .3.4758  0.9995235043837037  0.0000000074753552 116 1.2  4.0242  0.0000813117020256  0.0000015671253477
42 .6.2 .3.3758  0.9993520337056183  0.0000000109823946 117 1.3 4.1242  0.0000581029543876  0.0000009893738903
43 .61 .3.2758  0.9991232702248710  0.0000000161119389 118 14  4.2242 0.0000413598664141  0.0000006164440255
44 6.0 .3.1758  0.9988198746063472  0.0000000236008185 119 1.5  4.3242  0.0000283335634539  0.0000003791638908
45 .59 -3.0758  0.9984199467240367  0.0000000345123296 120 1.6  4.4242  0.0000207311378359  0.0000002302952960
46 -5.8 -2.9758  0.9978960766046134  0.0000000503761484 121 1.7 4.5242  0.0000146022126525  0.0000001381632457
47 5.7  -2.8758  0.9972142899315584  0.0000000733854940 122 1.8  4.6242  0.0000102522197575  0.00000008188S0070
48 .5.6 -2.7758  0.9963328074268792  0.0000001066734153 123 1.9  4.7242  0.000007T1760467463  0.0000000479834305
49 .55 .2.6758  0.9952012631132817  0.0000001546875706 124 2.0 4.5242 0.0000050082370269  0.0000000277912554
50  -5.4 -2.5758  0.9937585140501248  0.0000002237724083 125 2.1  4.9242  0.0000034855966184  0.0000000159189346
51  .5.3 -2.4758  0.9919324216732749  0.00000032279§5931 126 2.2 50242 0.0000024185011720  0.0000000090204176
52 .52 .2.3758  0.9896382051805575  0.0000004642618939 127 2.3 5.1242  0.0000016752887984  0.0000000050579956
53 .51 .2.2758  0.9867776543472080  0.0000006655625853 128 2.4 52242  0.0000011572558370  0.0000000028074164
54 .50 -2,1758  0.9832386802435186  0.0000009508110460 129 2.5 5.3242  0.0000007976275627  0.0000000015429104
55  -4.9  -2.0758  0.9788850209400916  0.0000013531738085 130 2.6 5.4242  0.0000005486063992  0.0000000008398957
56  .4.3 -1.9758  0.9736068577857244  0.0000019179279186 131 2.7 5.5242  0.0000003765879031  0.0000000004525891
57 -4.7  -1.8758  0.9672221439644469  0.0000027063622726 132 2.8 5.6242  0.0000002580291761  0.0000000002421381
58  .4.6 -1.7758  0.9595782657125062  0.0000038006749658 133 2.8 5.7242  0.0000001764914261  0.0000000001283183
59 .45 -1.6758  0.9505039080977440  0.0000053099771423 134 3.0 56242 0.0000001205258975  0.0000000000674366
60 .44  -1.5758  0.9398287981748581  0.0000073775241894 135 3.1 5.9242  0.0000000821545505  0.000(000000351575
61  -4.3 -1.4758  0.9273800328373909  0.0000101890384594 136 3.2 6.0242 0.0000000558630363  0.0000000000181881
62 4.2 -1.3758  0.9129935503005981  0.0000139820754802 137 3.3  6.1242  0.0000000380581614  0.0000000000093396
63  -4.1  -1.2755  0.8965109738740921  0.0000190559511796 138 34  6.2242  0.0000000258531309  0.0000000000047618
64 .40 -1.1758  0.8778311237692833  0.0000257815431157 133 3.5 6.3242  0.0000000175431271  0.0000000000024114
65  -3.9 -1.0758  0.8568279147148132  0.0000346099243405 140 3.6 6.4242  0.0000000118927505  0.0000000000012131
66  -3.8 -0.9758  0.8334480077028275  0.0000460783473622 141 3.7 65242 0.0000000080552957  0.000D000000DOE0ES
67  -3.7 -0.8758  0.8076722323894501  0.0000608116343943 142 3.8 6.6242  0.0000000054518982  0.0000000000003014
68  .3.6  -0.7758  0.7795300632715225  0.0000795186717817 143 3.9 67242  0.0000000036873826  0.0000000000001489
69 .35 -0.6758  0.7481041123867035  0.0001020675099161 144 4.0 68242 0.0000000024924814  0.0000000000000732
70 .34 -0.5758  0.7165333032608032  0.0001318786723573 145 4] 69242  (.0000000016839375  ©0.0000000000000358
71 -3.3 -0.4758  0.6820122897624969  0.0001673643362528 146 4.2 7.0242 0.0000000011371967  0.0000000000000374
72 .32  .0.3750  0.6457884609699249  0.0002098821188380 147 4.3  7.1242  0.0000000007677066  0.0000000000000084
73 .31  -0.2758  0.6081587076187134  0.0002601024400830 148 44 72242  0.0000000005181303  0.0000000000000041
74 3.0  -0.1758  0.5694607794284821  0.0003186244129421 148 4.5 7.3242  0.0000000003496223  0.0000000000000020
75 .29 .0.0758  0.5300712287425995

0.0003853889176623
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Pr{r > 7} =y fex)Ar = 0.025
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Table 2

Percentage Points of the Behtens-Fisher Distribution for v1,¢9 =

1(1)8, 10,12, 24,00, 8

= 0°(15°)90°%, & = .10,.05,.02,.01

vy, 4g o 0° 15° 30° 45° 600 T80 @0°
1,1 .o 6.31375 7.73273 8.62474 8.92899 8.67474 7.73273 6.3137s
05 1270630 1556186  17.35700  17.98929 17.35700  15.56186  12.70620
.02 31.82052  38.97201  42.46763  45.00101 43.46763  38.97201 31.82052

01 63.65674 77.96326  86.95672  90.02423 86.95672  77.96326  63.65674

1,2 .10 2.91999 3.924322 4.51108 5.51485 5.99718 6.25177 6.31375
.05 4.30265 £.31134 8.3261¢ 10.1272s 11.53256  12.41375  12.70620

.02 6.96455 12.20822  18.15890  23.66761 28.00059  30.86235  31.82052

.0l 9.92482  21.05806  34.14512  46.16851 $5.61373  61.60681  63.65674

1,3 .10 2.35336 3.23550 4.12401 4.95809 5.65934 6.13872 6.3137s
.05 3.18245 4.95977 7.12269 9.30312 11.11208  12.29429  12.70620

.02 4.54070 9.52070  16.30672  22.64110  27.50237  30.74479  31.82052

.01 5.54091 17.28287  32.03669  45.08352  55.15098  61.49196  63.65674

14 a0 2.13185 2.95932 3.56159 4.77767 5.57804 6.12159 6.31375
.05 2.77645 4.46447 6.77038 2.13618 1105568  12.28450 12.70620
.02 3.74695 6.80613  16.04749  22.55223  27.57655  30.74067  31.62052

.01 4.60409 16.70163  31.88659  45.03612  55.13767  61.48988  63.65674

1,5 a0 2.01505 2.81232 3.72983 £.70125 5.55092 6.11690 6.31375
.05 2.57058 4.21758 6.63646 9.09012 11.04305  12.2823s 12.70620

.02 3.36493 5.56286 15.99780  22.53854 27.57259  30.73989  31.82052

.01 4.03714 16.59318  31.86885  45.03075  55.13502  61.46950  63.65674

1,6 .10 1.94318 2.72152 3.65305 4.66300 5.53921 6.11488 6.31375
.05 2.44691 4.07337 6.57G54 9.07314 11.03833 1228141 12.7062¢

.02 3.14267 8.46783 15.98355 22.53408 27.57100 30.73953 31.82052

.01 3.70742 16.56656  31.86396  45.02880  55.13516  61.48933  63.65674

1,7 .10 1.89458 2.66006 3.60383 4.64137 5.53302 6.11373 6.3137s
.05 2.36462 3.95044 6.54601 9.06502  11.03582  12.28086  12.70620

.02 2.99795 8.42578  15.97736  22.53172  27.57008  30.73931  31.82052

.01 3.49948 16.55705  31.66146  45.02768  55.13470  61.48922  63.65674

1,8 .10 1.85355 2.61576 3.57007 4.62794 5.52924 6.11299 6.31375
.05 2.30600 3.91637 6.52864 9.06031 11.03422  12.28049  12.70620

.02 2.89646 £.40475  15.97378  22.53020  27.56947  30.73916  31.82052

.01 3.35536 16.55724  31.85986  45.02693  55.13440  61.46914  63.65674
1,10 .10 1.81246 2.55628 3.52744 4.61261 5.52484 8.11207 6.31375
.08 2.22814 3.83503 6.51053 9.05496  11.03227  12.28004 12.70620
.02 2.76377 8.38556  15.96958  22.52832  27.56871  30.73898  31.82052

.01 3.16927 16.54700  31.85787  45.02600  55.13402  61.48904  63.65674
1,12 a0 1.78229 2.51825 3.50208 4.60428 5.52234 6.11152 6.31375
.05 2.17881 3.78641 6.50145 9.05193  11.03111  12.27977  12.70620

.02 2.68100 8.37694 15.96714  22.52720  27.56826  30.73887  31.82052

.01 3.05454 16.54403  31.85669  45.02545  S55.13380  61.48900  63.65674
1,24 10 1.71088 2.42872 3.44935 4.58825 5.51708 6.11033 6.31375
.05 2.06390 3.68543 6.48488 9.04552  11.02860  12.27917 12.70620

.02 2.49216 6.36187  15.96185  22.52476  27.56727  30.73864  31.82052

.01 2.79694 16.53765  31.85410  45.02424 $5.13331  61.48889  63.65674
1,00 .10 1.64481 2.34652 3.40944 4.57412 5.50086 6.10602 6.31375
.05 1.95991 3.61340 6.46939 9.03548  11.02059  12.27205 12.70620

.02 2.32631 £.34623  15.94896  22.51083  27.55161  30.72189  31.82052

01 2.57581 16.52357  31.83484  44.99901  55.10323  61.45570  63.65674

2,1 .10 6.31375 6.25177 5.99718 5.51485 4.81108 3.92422 2.91999
.05 12.70620  12.41375  11.53258  10.12725 8.32514 6.31134 4.30265

.02 31.82052  30.86235  26.06059  23.66761 18.13899  12.20822 6.96455

01 63.65674  61.60681  55.61373  46.16851  34.14512  21.05806 9.92482
2,2 .10 2.91999 3.03383 317318 3.22807 3.1731s 3.03383 2.91999
.05 4.30265 4.41381 4.56288 4.62396 4.56288 4.41381 4.30265
.02 6.96458 7.06128 7.20468 7.26645 7.20468 7.06123 6.96455

.01 9.92482 10.00723  10.13676  10.19433 1013676  10.00723 9.90482
2,3 .10 2.35336 2.49530 2.68859 2.82874 2.89730 2.91527 2.91999
.05 3.18245 3.36047 3.64523 3.90252 4.10025 4.23991 4.30265

.02 4.54070 4.79100 5.28466 5.64165 6.37504 6.79275 6.96455

01 5.84091 6.18733 6.96557 7.93732 8.90495 9.64006 9.92482
2,4 .10 2.13185 2.28310 2.49609 2.67337 2.79942 2.88351 2.91999
.05 2.77645 2.97833 3.31242 3.65282 3.96364 4.20522 4.30265

.02 3.74695 4.05353 4.67802 5.44249 6.20064 6.75946 6.96455

.01 4.60409 5.04853 6.08192 7.42809 8.71689 9.60944 9.92482
2,5 .lo 2.01503 2,17060 2.39404 2.59327 2,75331 2.87135 2.91999
.05 2.57058 2.78415 3.14478 3.53453 3.90859 4.19447 4.30265

.02 3.36493 3.70001 4.39889 5.28626 6.14924 6.75199 6.96455

.01 4.03214 4.52754 5.71647 7.26976 8.675TS 9.60415 9.92482
2,6 .10 1.943186 2.10111 2.33119 2.54526 2.72770 2.86541 2.91999
.05 2.44691 2.66731 3.04504 3.45839 3.88168 4.18979 4.30265

.02 3.14267 3.49489 4,24462 5.21308 6.12942 6.74909 6.96455

.01 3.70742 4.23461 5.53489 7.21002 8.66265 9.60219 9.92482
2,7 a0 1.85458 2.05401 2.28874 2.51361 2.71182 2.86199 2.91999
.05 2.36462 2.58948 2.97944 3.42728 3.86654 4.18721 4.30265

.02 2.99795 3.38170 4.14936 5.17411 6.11981 6.74752 6.96455

.01 3.49948 4.04879 5.43399 7.18321 8.65671 9.60111 9.92482
2,6 .10 1.845955 2.01999 2.25821 2.49131 2.70118 2.85978 2.91999
.05 2.30600 2.53399 2.93322 3.39970 3.85710 4.18858 4.30265

.02 2.89646 3.26852 4.08504 5.15113 6.11423 6.74650 6.96455

.01 3.35838 3.92122 5.37322 7.16812 8.65326 9.60041 9.93482

e

Aruitoxt provided by Eric:
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Tablc 2-continued

= .10,.05,.02, .01

Vi.v2

o®

15°

30°
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48° 60° 75¢ 90°

2,10 .10 1.81246 1.97418 2.2173 2.46219 2.68798 2.85710  2.91999

.05 2.22814 2.46025 2.87275 3.36571 3.84615 4.18361 4.30265

.02 2.76377 3.14714 4.00853 5.12628 6.10803 6. 74826 6.96455

.01 3.1692% 3.75851 5.30783 7.15506 8.64929 9.59954 £.92482

2,12 .10 1.78229 1.94478 2.19122 2.44413 2.68020 2.85553  2.91999

.08 2.17881 2.41353 2.83513 3.345%1 3.84005 4.18245  4.30265

.02 2.63100 3.07175 3.96417 5.11370 6.10457 5.74453  6.96455

.01 3.05454 3.65982 5.27546 7.14800 8.64699 5.59902 9.92482

2,24 .10 1.71028 1.87506 2.13004 2.40367 2.66385 2.85219  2.91999

.05 2.06390 2.30468 2.75043 3.50555 3.82782 4.17997  4.30265

.02 2.49216 2.90129 3.37742 5.09067 6.09740 6.74293  6.96455

.01 2.79684 3.44555 5.22337 7.13443 8.64210 9.69789  9.92482

2,00 .10 1.64481 1.81026 2.07429 2.36919 2.65028 2.84858 2.91989

.05 1.95991 2.20631 2.67858 3.27519 3.81739 4.17674 4.30265

.02 2.32631 2.75461 3.81967 5.07317 6.09000 6.73976  6.96455

.01 2.57581 3.27£99 5.19258 7.12209 8.63577 9.59433  9.92482

3,1 10 6.31375 6.13872 5.65934 4.95809 4.12401 3.23550  2.35336

.05 12.70620 12.29429 11.11208 9.30312 7.12269 4.95977  3.18245

.02 31.82052 30.74479 27.60237 22.64110 16.306%2 9.52070  4.54070

.01 63.65674 61.49196 $5.15098 415.08352 33.03669 17.28287 5.84091

3,2 .10 2.91999 2.91527 2.89730 2.82874 2.68859 2.49530 2.35336

.08 4.30265 4.23991 4.10025 3.80252 3.64523 3.36047 3.18245

02 6.96455 6.79275 6.37504 5.84165 5.28466 4.79100 4.54070

.01 9.92482 9.64006 8.90495 7.93732 6.96557 6.18733 5.84091

3,3 .10 2.35336 2.38618 2.44512 2.47143 2.44522 2.38618  2.35336

.08 3.18245 3.19135 3.22536 3.24395 3.22536 3.19135  3.18245

.02 4.54070 4.50128 4.46705 4.45965 4.45705 4.50128  4.54070

.01 5.84091 5.75394 5.63969 5.59790 5.63969 5.75394 5.84091

3.4 .10 2.13185 2.17969 2.2670% 2.33118 2.35447 2.35318  2.35336

.08 2.77645 2.81572 2.91339 3.01157 3.08779 3.14922 3.18245

.02 3.74695 3.76498 3.67294 4.04546 4.25029 4.44873 4.54070

.01 4.60409 4.60093 £.72022 4.98621 5.34942 5.69429 5.84091

3,5 .10 2.01505 2.07070 2.17274 2.25780 2.30968 2.33931 2.25336

.08 2.57058 2.62621 2.75634 2.89717 3.02568 3.13386  3.18245

.02 3.36493 3.41494 3.59516 3.86108 4.16752 4.43370  4.54070

.01 4.03214 4.07640 4.31559 4.73914 5.25584 5.68061 5.84091

3,6 .10 1.94318 2.00356 2.11459 2.21322 2.28375 2,33211 2.35336

.08 2.41591 2.51265 2.66252 2.83051 2.99219 3.12659  3.1824%

.02 3.14267 3.21288 3.43699 3.76168 4.12866 4.43751 4.54070

01 3.70742 3.78213 4.09477 4.21677 5.2178) 5.67557 5.84091

3,7 .10 1.869458 1.95810 2.07525 2.18345 2.26712 2.32781 2.35336

.08 2.36462 2.43719 2.60042 2.78743 2.97188 3.12248  3.1824S

.02 2.99795 3.08203 3.33587 a.70143 4.10751 4.42422  4.54070

.01 3.49948 3.59533 3.95817 4.54802 5.19922 5.67297 5.84091

3.8 .10 1.85958 1.92831 2.04690 2.16226 2.25566 2.32497  2.35336

.05 2.30600 2.38349 2.85640 2.75753 2.95848 3.11985  3.18245

.02 2.89646 2.99063 3.26606 3.66182 4.09465 4.42217  4.54070

.01 3.35538 3.46675 3.86643 4.5057$ 5.18856 5.6713% 5.84091

3,10 .10 1.81246 1.88118 2.00824 2.13421 2.24102 2.32149  2.35336

.05 2,22814 2.31222 2.49828 2.71908 2.84213 3.11668  3.18245

.02 276377 2.87164 3.17659 3.61400 4.08010 4.41971 4.54070

.01 3.18927 3.30189 3.75252 4.45851 5.17731 5.66940  5.84091

3,12 .10 1.78229 1.85288 1.98448 2.11654 2.23214 2.31943  2.25326

.08 2.17881 2.26711 2.46174 2.69562 2.83265 3.11484 218245

.02 2.68100 2.79772 3.12205 3.58675 4.07219 4.41828  4.54070

.01 305454 3.20103 3.68559 4.43372 5.17128 5.86825 5.84091

3,24 .10 1.71088 1.78580 1.92708 2.07602 2.21275 2.31502  2.3533¢

.08 2.06390 2.16214 2.37778 2.64426 2.91307 2.11092  3.18245

.02 2,43216 2.63011 3.00270 3.53290 4.05667 4.4152),  4.34070

.01 2.79694 2.97730 3.54801 1.38938 5.15940 5.66579-  5.84091

3,00 .10 1.64481 1.72353 1.87431 2.04023 2.19640 2.31086  2.35336

.05 1.95991 2.06736 2.30375 2.60223 2.89742 3.10707  3.18245

.02 2.32631 2.48453 2.90609 3.49449 4.04423 4.41186  4.54070

.01 2.57583 2.78916 3.44907 4.35989 5.14929 5.66269 5.84091

4,1 10 €.31378 6.12159 5.57804 4.77767 3.86159 2.95933  2.13185

.05 12.70€320 12.28450 11.05568 2.13618 6.77038 4.46447  2.77645

.02 31.82032 30.74067 27.57655 22.55223 16.04749 8.80613  3.7469%

.01 83.65674 €1.4p988 55.13767 £5.03612 31.88659 16.70163  4.60409

4,2 10 291998 2.88351 2.79942 2.67337 2.49609 2.28310  2.13185

.08 4.30265 4.20522 3.86364 3.65282 3.41242 2.97833  2.77645

.02 6.96455 6.75946 6.20064 5.44249 4.67802 4.05358 3.74695

.01 9.92482 9.60944 8.71689 7.42809 6.08192 5.04853  4.60409

4.3 .10 2.35336 2.38318 2.35447 2.33118 2.2670% 2.17969 2.13185

.05 3.18245 3.14922 3.08779 3.01187 2.91339 2.81572 2.77845

.02 4.54070 4.44873 4.25029 4.04546 3.87294 3.7¢498 3.74895

.01 5.84091 $.69429 5.34942 4.98621 4.72022 4.60093  4.60409

4.4 10 2.1318% 2.14694 2.18050 2.18089 2.18050 2.14694 2.13185
.08 2.77645 2.77165 2.77927 2.78859 2,77927 277165 2.77645 1

.02 3.74695 3.70422 3.64932 3.63095 3.64912 3.70422 3.74698

.01 4.80409 4.52544 4.40009 4.34982 4,40009 4.52544 4.60409

QO

ERIC

Aruitoxt provided by Eric:




Table 2-continned

Percentage Foints of the Behrens-Fisher Distribution for vy, vy = 1(1)8, 10,12, 24, co, ? = 0% (15%)90°, o = .10,.05,.02, .01
vy, 2 a [ 15° 30° 45° 60° Ts° 90°
:
4,5 .10 2.01505 2.03832 2.04856 2.12645 2.13706 2.13265 2.13185 A
.08 2.5705L 2.58187 2.62466 2.67517 2.71670 2.75444 2.77645
.02 3.35493 3.35042 3.36966 3.44342 3.55690 3.68460 3.74695
.01 4.03314 3.99258 3.98331 4.08387 4.28284 4.50502 4.60403
4,6 .10 1.94318 1.97147 2.03190 2.08347 2.11158 2.12505 2.13185
.05 2.44691 2.46786 2.53244 2.60971 2.66192 2.74594 2.77645
.02 3.14267 3.14643 3.21067 3.33978 3.510a38 3.67602 3.7T4698
.01 3.70742 3.69356 3.75511 3.94473 4.22921 4.49701 4.60409
4,7 .10 1.89458 1.92626 1.99358 2.05469 2.09506 2.12042 2.13185
.08 2.36462 2.39239 2.47141 2.567T04 2.66038 2.74101 2.77645
.02 2.99795 3.01446 3.10884 3.27529 3.48358 3.67137 3.74695
.01 3.49548 3.50381 3.61293 3.86217 4.20064 4.49289 4.60409
L 4,8 .10 1.85955 1.29365 1.96596 2.03412 2.08356 2.11734 2.13185
.05 2.30600 2.33872 2.42813 2.53719 2.64571 2.73783 2.77645
.02 2.89646 2.92235 3.03835 3.23183 3.46657 3.66846 3.74695
.01 3.35538 3.37325 3.51656 3.80864 4.18357 4.49036 4.60409
4,10 .10 1.61246 1.84981 1.92885 2.00680 2.06873 2.11352 2.13185
.05 2.22814 2.26755 2.37094 2.49844 2.62755 2.73396 2.77645
.02 2.76377 2.80254 2.94756 3.17971 3.44664 3.66502 3.74695
.01 3.16927 3.20591 3.39522 3.74491 4.16468 4.48737 4.60409
4,12 .10 1.78229 1.82170 1.90509 1.98952 2.05963 2.11124 2.13185
.05 2.17881 2.222%84 2.33493 2.47452 2.61679 2.73170 2.77645
.02 2.68100 2.72817 2.89185 3.14576 3.43550 3.66302 3.74695
.01 3.05454 3.10356 3.32252 3.70911 4.15458 4.48564 4.60409
4,24 .10 1.71088 1.75512 1.84905 1.94961 2.03948 2.10634 2.13185
.05 2.06390 2.11789 2.25191 2.42117 2.59402 2.72690 2.77645
.02 2.49216 2.55969 2.76817 3.07917 3.41338 3.65881 3.74698
.01 2.79694 2.87643 3.16698 3.63976 4.13524 4.48197 4.60409
4,00 .10 1.64481 1.69336 1.78741 1.91399 2.02226 2.10187 2.13185
.08 1.95991 2.02350 2.17823 2.37625 2.57562 2.72250 2.77645
.02 2.32631 2.41347 2.6649% 3.02862 3.39639 3.65480 3.74695
.01 2.57581 2.68530 3.04526 3.59200 4.12041 4.47831 4.60409
5,1 .10 6.31375 6.11620 5.55092 4.70125 3.72983 2.81232 2.01508
.05 12.70620 13.28235 11.04308 9.09013 6.63646 4.21758 2.57058
.02 31.22052 30.73989 27.57259 22.53254 15.99780 8.56288 3.36493
.01 63.65674 61.48950 55.13592 45.03075 31.86885 16.59318 4.03214
5,2 .10 2.91999 2.87135 2.75331 2.59327 2.39404 2.17060 2.01508
.05 4.30265 4.19447 3.90859 3.53453 3.14475 2.78415 2.57058
.02 6.96455 6.7519% 6.14924 5.286326 4.39889 3.70001 3.36493
.01 9.92483 9.60415 8.675TS 7.26976 5.71647 4.53754 4.03214
5,3 .10 2.35336 2.33931 2.30968 2.25780 2.17274 2.07070 2.01508
.05 3.18245 3.13386 3.02568 2.89717 2.75634 2.62621 2.57058
.02 4.54070 4.43370 1.16752 3.£6108 3.59516 3.41494 3.36493
.01 5.84091 5.68061 5.25584 4.73914 4.31559 4.07640 4.08214
5,4 .10 2.131858 2.13265 2.13706 2.12645 2.08856 2.03832 2.015G5
.08 2.77645 2.75444 2.71670 2.67517 2.62466 2.58157 2.57058
.02 3.74695 3.68460 3.55690 3.44342 3.36966 3.35043 3.36493
.01 4.50409 4.50502 4.28284 4.08367 3.98331 3.99258 4.03214
5,5 10 2.01508 2.02381 2.04600 2.05747 2.04600 2.02391 2.01508
.08 2.57058 2.56353 2.56237 2.56518 2.56237 2.56353 2.57058
.02 3.36493 3.32820 3.27402 3.25431 3.27402 3.32820 3.36493
.01 4.03214 3.96771 3.85575 3.80866 3.85575 3.96771 4.03214
5,6 .10 1.94318 1.95704 1.98983 2.0153%2 2.02087 2.01613 2.0150%
.05 2.44691 2.44936 2.47046 2.50038 2.52729 2.55439 2.57058
.03 3.143267 3.12263 3.11338 3.14914 3.22429 3.31809 3.36493
.01 3.70742 3.66576 3.62209 3.66338 3.79435 3.95745 4.03214
5,7 .10 1.89458 1.91182 1.95200 1.98705 2.0044% 2.01136 2.0150&
.05 2.36462 2.37363 2.40968 2.45802 2.50531 2.54902 2.57058
.02 2.99795 2.98964 3.01087 3.08317 3.19488 2.3125) 3.36493
.01 3.49948 3.47400 3.47645 3.57550 3.76019 3.953209 4.03214
5,8 .10 1.865955 1.87933 1.92467 1.96682 1.99304 2.00817 2.01505
.05 2.30600 2.31979 2.36659 2.42830 2.49020 2.54551 2.57058
.02 2.89646 2.59683 2.93940 3.03836 3.17584 3.30900 3.36493
.01 3.35538 3.34202 3.37763 3.51764 3.73911 3.94880 4.03214
5,10 .10 1.81246 1.83541 1.88786 1.93990 1.97820 2.00417 2.01508
05 3.22814 2.24842 2.30964 2.38957 2.47131 2.54123 2.57058
.02 2.76377 2.77611 2.84767 2.98197 3.15304 3.30482 3.36493
.01 3.16937 3.17280 3.25289 3.44726 3.71508 3.94485 4.03214
3,12 .10 1.78339 1.80782 1.86445 1.92285 1.96905 2.00179 2.01305
05 2.17881 2.20329 2.27378 2.36556 2.46000 2.53871 2.57058
.02 2.68100 2.70120 2.79131 2.94823 3.14006 3.30241 3.36493
.01 3.05454 3.08929 3.17787 3.40670 3.70200 3.94373 4.03214
5,24 .10 1.71088 1.74G83 1.8089% 1.88333 1.94883 1.99663 2.01508
.05 2.063%90 2.09843 2.19104 3.31161 2.43573 2.53336 2.57058
.02 2.49216 2.53156 2.06575 2.87652 3.11382 3.29734 3.36493
.01 2.79694 2.83954 3.01887 3.32500 3.8767T0 3.93808 4.03214
5,00 .10 1.64481 1.67915 1.75783 1.84700 1.93106 1.99197 2.01505
.08 1.95891 2.00392 3.11746 2.36563 2.415%0 3.32889 2.57088 ' )
.02 2.32631 2.38438 2.56009 3.83034 3.09366 3.29278 3.30493 .
.01 2.57881 2.64614 2.88632 3.26601 3.85744 a.e3sal 4.03214
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Percentage Points of the Behrens-Fisher Distribution for uy, g = 1(1)8, 10,12, 24, 00, & = 0°(15°)50°, o

Table 2-continued

= .10,.0s,.02, .01

0%

15°

viivg o 30° 45° 60° 75° 90°

6,1 .10 6.31378 6.11486 5.53921 1.66300 3.65305 2.72152 1.94318

.08 12.70620 12.28141 11.03832 9.07314 6.57654 4.07337 2.44691

.02 31.82052 30.73953 27.57100 22.53408 15.98355 8.45783 3.14267

.01 63.65674 61.48933 55.13516 45.02880 31.8639¢ 16.56656 3.70742

6,2 10 2.91999 2.86541 2.72770 2.54526 2.33119 2.10111 1.94318

.08 4.30265 4.18979 3.68168 3.46839 3.01504 2.66731 2.44691

.02 6.96455 6.74909 6.12942 5.21308 4.24462 3.49489 3.14267

.01 9.92482 9.60219 8.66265 7.21002 5.53489 1.23161 3.70742

6,3 .10 2.35336 2.33211 2.2837S 2.21322 2.11459 2.00356 1.94318

.05 3.18245 3.12659 2.99219 2.83051 2.66252 2.51265 2.44691

.02 4.54070 4.42751 1.1286% 3.76168 3.43699 3.21288 3.14267

.01 5.84091 5.67557 5.21781 4.61677 4.09477 3.76213 3.70742

‘6.4 10 2.13185 2.12505 2.11158 2.08347 2.03190 1.97147 1.94318

.05 2.77645 2.74594 2.68192 2.60971 2.53244 2.46786 2.44691

.02 3.74695 3.67602 3.51038 3.33978 3.21067 3.14643 3.14267

.01 4.60409 4.49701 4.22921 3.94473 8.75511 3.69356 3.70742

6,5 .10 2.01505 2.01613 2.02087 2.01532 1.98993 1.95704 1.94318

.05 2.57058 2.55439 2.52729 2.50038 2.47046 2.44936 2.44691

.02 3.36493 3.51809 3.22429 3.14914 3.11338 3.12263 3.14267

.01 1.03214 3.95748 3.79435 3.66328 3.62209 3.66576 3.70742

6,6 .10 1.94318 1.94918 1.96505 1.97385 1.96508 1.94918 1.94518

.05 2.44691 2.43986 2.43531 2.43583 2.43531 2.43986 2.44691

.02 3.14267 3.11152 3.06203 3.04294 3.06203 3.11152 3.14267

.01 3.70742 3.65390 3.55642 3.51401 3.55642 3.65390 3.70742

6,7 e 1.89458 1.90392 1.92731 1.94567 1.94878 1.94433 1.94318

.08 2.36462 2.36389 2.37451 2.39373 2.41304 2.43422 2.44691

.02 2.99795 2.97785 2.95825 2.97613 3.03124 3.10530 3.14267

.01 3.49948 3.46097 3.40815 3.42334 3.51905 3.64760 3.70742

6,8 10 1.85955 1.87130 1.80011 1.92565 1.93739 1.94107 1.94318
.08 2.30600 2.30980 2.35142 2.36409 2.39783 2.43051 2.44691 .

.02 2.89646 2.88455 2.88643 2.93059 3.01107 3.10137 3.14267

.01 3,35538 3.32812 3.30751 3.36320 3.49556 3.64372 3.70742

6,10 .10 1.81246 1.82745 1.8€358 1.89897 1.92257 1.93698 1.94318

.03 2.22614 2.23833 2.27449 2.32539 2.37857 2.42597 2.44691

.02 2.76377 2.76320 2.79386 2.87300 2.98665 3.09667 3.14267

.01 3.16927 3.15772 3.18042 3.28937 3.46829 3.63518 3.70742

6,12 .10 1.78229 1.79935 1.84019 %.88205 1.91341 1.93453 1.94318

.05 2.17881 2.19308 2.23864 2.30134 2.36697 2.42329 2.44691

.02 2.68100 2.68789 2.73697 2.8383% 2.97257 5.09396 3.14267

.01 3.05454 3.05345 3.10388 3.24635 3.45319 1 3.63658 3.70742

6,24 .10 1.72088 1.73284 1.78498 1.84278 1.89283 1.92921 1.94318

.08 2.06390 2.08798 2.15592 2.24711 2.34187 2.41758 2.44691

.02 2.49216 2.51733 2.61009 2.76400 2.94374 3.08826 3.14267

.01 2.79694 2.82192 2.93811 3.15805 3.42365 3.63114 3.70742

6,00 .10 1.64481 1.67117 1.73406 1.80747 1.87513 1.92444 1.94318

.03 1.95891 1.99326 2.08229 2.20060 2.32122 2.41255 2.44691

.02 2.32631 2.36939 2.50296 2.70481 2.53147 3.03327 3.14267

.01 2.57581 2.62693 2.80447 3.09253 3.40171 3.62634 3.767472

7.1 .10 6.31375 6.11373 5.53302 1.64137 3.60383 2.66006 1.89458

.08 12.70620 12.28086 11.03582 9.06502 6.54601 3.98044 2.36462

.02 31.82052 30.73931 27.57008 22.53172 15.97736 8.42576 2.99795

.01 63.63674 61.48922 55.13470 45.02768 31.86146 16.55705 3.48948

7,2 .10 2.91999 2.86199 2.71182 2.51361 2.28874 2.05401 1.89458

.08 4.30265 4.18721 5.66654 3.42726 2.97944 2.58946 2.36462

.02 6.96455 6.74752 6.11961 5.17411 4.14936 3.36170 2.99795

.01 9.92462 9.60111 8.65671 7.18321 5.43399 4.04879 3.49948

7.3 .10 2.35336 2.32781 2.26712 2.18345 2.07525 1.95810 1.89458

.05 3.18245 3.12248 2.97188 2.78743 2.60042 2.43719 2.36462

.02 4.54070 4.42422 4.10751 3.70143 3.33587 3.06203 2.99795

.01 5.84091 5.67297 5.19922 4.54802 3.95817 3.59533 3.45948

7.4 .10 2.13188 2.12042 2.09506 2.05469 1.99358 1.92626 1.89458

.08 2.77645 2.74101 2.66028 2.56704 2.47141 2.39239 2.36462

.02 3.74695 3.67137 3.48358 3.27529 3.10884 3.01446 2.99795

.01 4.5040% 4.49289 4.20064 3.862)7 3.61293 3.50381 3.49948

7,5 .10 2.01505 2.01136 2.00449 1.9670S 1.95200 1.91162 1.09458

.08 2.57058 2.54902 2.50521 2.45802 2.40968 2.37363 2.36462

.02 3.36493 3.31251 3.19488 3.08317 3.01087 2.98964 2.99795

.01 1.03214 3.95209 3.76019 3.57550 3.47645 3.47400 3.49948

7,6 .10 1.94318 1.94433 1.94878 184567 1.92731 1.90392 1.89458

.05 2.44691 2.43422 2.41304 2.99373 2.37451 2.36389 2.36462

.02 3.14367 3.10530 3.03124 2.97613 2.95825 2.97765 2.99795

.01 3.70742 3.64760 3.51905 3.42334 3.40815 3.46097 3.49948

7.7 310 1.89438 1.89902 1.91113 1.91788 19113 1.89902 1.85458

.05 2.36462 2.35807 2.35215 2.35161 2.35215 2.35807 2.36462

.02: 2.99795 207119 2.92662 2.90869 2.92662 2.9711¢9 2.89795

.01} 3.4994¢ 3.45397 3.36875 3.33071 5.36875 3.45307 3.49948

7.8 .10 1.85955 1.86637 1.88400 1.89798 1.89077 1.89572 1.89458

.08 2.30000 2.30393 2.30900 2.32201 2.33683 2.35424 2.36462

.02 2.88646 2.87756 2.85424 2.86265 2.90576 2.90695 2.99795

.0t 3.35534 3.32058 3.28674 3.44964 3.49048

3.28008

3.34371




Table 2-cantinued

Pescentage Points of the Behrens-Fisher Distribution for ¥y, vp = 1{1)8,10,12, 24,00, & = 0°(159)90%, o = .10, .05, .02, .01

vy, Vg a 0°® 15° 3a° 45° 60° 78 20°
7,00 .10 1.81246 1.82249 1.84756 1.87145 1.88498 1.89157  1.89458
.08 2.22814 2.23223 2.25202 2.28331 2.31735 2.34952  2.36462
.02 2.76377 2,75576 2.76696 2.80430 2.88031 2.96187  2.99795
.01 3.16927 3.14942 3.13786 3.19308 331429 3.44456  3.19948
712 .10 1.78229 1.79437 1.32423 1.85462 1.87582 1.88308 1.89458
.05 2.17801 2.16689 2.21613 2.25924 2.30557 2.34673  2.36462
.02 2.68100 2.66017 2.70363 2.76912 2.86553 2.95893  2.99795
.01 3.05454 3.04465 3.06022 3.14854 3.29788 3.44165  3.49948
7,34 .10 1.71088 1.72782 1.76915 1.81550 1.85523 1.88365 1.89458
.05 2.06390 2.08157 2.13333 2.20483 2.27997 2.34076  2.36463
.02 2.49216 2.50897 2.57571 2.69309 2.83499 2.85275  2.99795
01 2.79694 2.81193 2.89181 3.05619 3.26527 3.43559  3.49948
7,00 .10 1.64481 1.66612 1.71388 1.78028 1.83737 1.87881 1.89458
. .08 1.95991 1.98668 2.05960 2.15799 2.25878 2.33554 2.36462
02 2.32631 2.36045 2.46755 2.63204 2.81124 2.94742  2.99795
.01 2.57581 2.61584 2.75552 2,98656 3.24102 3.43036  3.45948
s1 .10 6.31375 6.11299 5.52924 4.62794 3.57007 2.61576  1.85955
.05 12.70620  12.28049  11.03432 9.06031 6.52864 3.91637  2.30600
.02 31.82052  30.73916  27.56947  22.53020  15.97378 8.40475  2.89646
.01  63.656T4  61.48914  S5.13440 4502693  31.85986  16.55224  3.35538
8,2 .10 2.91999 2.85978 2.70116 2.49131 2.25821 2.01999 1.85955
.08 4.30265 4.1a558 3.85710 3.39970 2.93322 2.53399  2.30600
.02 6.96455 6.74650 €.11425 5.15113 4.08594 3.26852  2.89646
.01 9.92482 9.60041 3.65336 7.16912 5.37322 3.92122  3.35538
8,3 .10 2,35336 2,32497 2.25566 2,16226 2.04690 1.92531 1.85955
.08 318245 3.11985 2.95848 2.75753 2.55640 2.38349  2.30600
.02 4.54070 1.42217 4.09465 3.66182 3.26606 2.99063  2.89646
.01 5.84091 5.67135 5.18866 4.50575 3.86643 3.46675  3.35538
84 .10 2.13185 211734 2.08356 2,03412 1.96596 1.88365 1.85955
.08 2.77645 2,73763 2.64571 2.53718 2.42813 2.33872  2.30600
.02 3.74695 3.66846 3.46657 3.23183 3.03835 2,92235  2.89646
.01 4.60409 4.49036 4.18357 3.80864 3.51656 3.37328  3.35538
8,5 .10 2.01508 2.00817 1.29304 1.96682 1.92467 1.87923  1.65955
.08 2.57058 2.54551 2.49020 2,42830 2.36659 2.31979  2.30600
.02 3.36493 3.30900 3.17584 3.03836 2.23940 2.89683  2.89646
.01 4.03214 3.91880 3.73911 3.51764 337763 3.54202  3,35538
8,6 .10 1.94318 1.94107 1.93789 1.92565 1.20011 1.87130 1.85955
.08 2.44691 2.43051 2.39763 2.36409 2.33142 2.30980  2.30600
.02 3.14267 3.10137 3.01107 2.93059 2.88643 2.88455  2,89646
20l 3.70742 3.64372 3.49556 3.36320 3.30751 3.32812  2.35538
8,7 .10 1.89458 1.88572 1.89977 1,89798 1.88400 1.86637 1,85955
.05 2.36462 2.35424 2.33683 2.32201 2.30900 2.30355  2,30600
.02 2.99795 2.96695 2.90576 2.86265 2.85424 2.87756  2.89646
.01 3.49948 3.44964 3.34371 3.26908 3.26674 3.32058  3,35538
8,8 .10 1.85955 1.86305 1.87268 1.87816 1.87268 1.86305  1.85955
.08 2.30600 2.30003 2.29361 2.29241 2.29561 2.30003  2,30600
02 2.89646 2.87309 2.83292 2.8162¢ 2.83292 2.87309  2.89646
.01 3.35538 3.31589 3.21063 3.20636 3.24063 3.31589  3.35538
8,10 .10 1.81246 1.81913 1.83628 1.85173 1.85791 1.85886 1.85955
.05 2.22814 2.22618 2.23654 2.25371 2.27399 2.29518 2.50600
02 2.76377 2.75098 2.73905 2.75732 2.80676 2.8677T3  2.89646
.01 3.16927 3.14423 3.11038 3.12882 3.20971 3.31038  3.35538
8§12 .10 1.78229 1.79099 1.81298 1.83496 1.84878 1.85633  1.85955
.05 2.17881 2.18276 2.20060 2.22961 2.26210 2.29231 2.30600
.02 2.68100 2.67519 2.68136 2.72173 2.79150 2.86462  2.89646
.01 3.05454 3.03912 2.03189 3.08323 319228 3.30724 3.35538
8,2¢ .10 1.71088 1.72439 1.75798 1.79595 1.82813 1.85083  1.85955
05 2.06390 2.07727 2.11768 2.17507 2.23616 2.28615  2.30600
.02 2.49216 2.50351 2.55261 2.64457 2.75976 2.85807  2.89646
.01 2.79694 2.80557 2.86151 2.98813 3.15751 3.30068  3.35538
8,00 .10 1.64481 1.66267 1.70724 1.76078 1.81019 1.84593 1.85955
.05 1.95991 1.98324 2.04385 2.12601 2.21460 2.28080  2.30600
.02 2.32631 2.35456 2.44366 2.58225 2.73495 2.85248  2.89646
.01 2.57581 2.60869 2.72332 2.91568 313151 3.29509  3.35538
10,1 .10 6.31375 6.11207 5.52484 4.61261 3.52744 2.556326 1.861246
.05 12.70620  12.28004 11.03227 8.05496 6.51053 3.63503  2.32814
.02 31.82052  30.73898  27.86871  22.52832  15.86958 8.38556  2.76377
.01  63.65674 6148904  55.13402  45.02600  31.85757  16.54700  3.16927
10,2 .10 2.91999 2.85710 2.68798 2.46218 2.21731 1.97418  1.21246
.08 4.30265 4.18361 3.84615 3.365T1 2.87275 2.46025  2.22814
.02 6.96455 6.74826 6.10803 5.12639 4.00853 |, 3.14714 2.76377
.01 9.92482 9.59954 8.64929 7.15506 5.30783 - 3.75851 3.16927
10,3 .10 2.35336 2.32149 2.24102 2.13421 2,00684  11.88118 1.81346
.08 8108248 311668 2.94213 2.71908 2.49828 2.31222  32.23814
.02 4.54070 4.41971 4.08010 3.61400 317659 2.87164 2.76377
.01 5.84091 5.66940 5.17731 4.45851 3.75252 -+ 3.30189  3.18927
104 a0 2.13185 2.11352 2.06873 2,00680 1.9208% 1.84981 1.81246 2
.08 2,77845 2.7339¢ 2.62755 2.49844 2.37094 2.28758  2.22814
.02 3.74695 3.08502 3.44664 317N 2.94756 2.80254  2.76377
.01 4.60109 4.40737 116486 3.744m 3.3%822 3.20591 3.1€937
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Table 2-continued
Percentage Points of the Behrens-Fisher Diatribution for vy, vy = 1(1)8,10,12,34, 00,8 = 0%(15°)90°, o

= .10,.05,.02, .01

vy, Vg o 0® 15° 30° <s° 60° 789 20°
10,5 .10 2.01508 2.00417 1.97820 1.93990 1.88796 1.83541  1.81246
.08 2.570s8 2.54123 2.47131 2.38957 2.30964 2.24842  2.22814

.02 3.36493 3.30482 3.15304 2.98157 2.84767 277611 2.7637T7

.01 4.03214 3.94495 3.71508 3.44726 3.25289 3.17280  3.16927

10,6 .10 1.94318 1.93698 1.92257 1.89897 1.86358 1.82745  1.81246
.05 2.44691 2.42597 2.37857 2.32539 2.27449 2.23833  2.22814

.02 3.14267 3.09667 2.98665 2.87300 2.79386 2.76320  2.76377

.01 3.70742 3.63918 3.46829 3.28937 3.18042 3.158772  3.16927

10,7 .10 1.89458 1.89187 1.88498 1.87145 1.84756 1.82249  1.81246
.08 2.36462 2.34952 2.31735 2.28331 2.25202 2.23223  2.22814

.02 2.99785 2.96187 2.88031 2.80430 2.76096 2.75576  2.76377

.01 3.49948 3.44456 3.31429 3.19308 3.13786 3.14942  3.16927

. 10,8 .10 1.85955 1.85886 1.85791 1.85173 1.83628 1.51913  1.81246
.08 2.30600 2.29518 2.27399 2.25371 2.23654 2.22818  2.22814

.02 2.69646 2.86773 2.80676 2.75732 2.73905 2.75098  2.76377

.01 3.35538 3.31038 3.20971 3.12882 3.11038 3.14423  3.16927

10,10 .10 1.81246 1.81489 1.82155 1.82543 1.82158 1.81489  1.81245
.0s 2.22814 2.22316 2.21675 2.21497 2.2167s 2.22316  2.22814

.02 2.76377 2.,74522 2.71261 2.69760 2.71201 2.74522 2.7637T7

.01 3.16927 3.13811 3.07752 3.04917 3.07752 3.13811  3.16927

10,12 .10 1.78229 1.78672 1.79818 1.80873 1.81240 1.51233  1.81246
.0s 2.17881 2.17764 2.16072 2.19082 2.20472 2.22018  2.22814

.02 2.68100 2.66916 2.65377 2.66146 2.69613 2.74187  2.76377

.01 3.05454 3.03258 2.99783 3.00219 3.05882 3.13460  3.16927

10,24 .10 1.71088 1.72005 1.74334 1.76985 1.79174 1.80673  1.81246
.08 2.06390 2.07191 2.09757 2.13609 2.17834 2.21377  2.22814

.02 2.49216 2.49685 2.52379 2.58280 2.66283 2.73480  2.76377

.01 2.79604 2.79797 2.82469 2.90352 3.02110 3.12730  3.16927

10,06 .10 1.64481 1.65827 1.69265 1.7347s 1.77372 1.80176  1.81246
.05 1.95991 1.97666 2.02353 2.08872 2.15630 2.20823  2.22814

02 2.32631 2.34732 2.41370 2.51684 2.63659 2.72882  2.76377

.01 2.57581 2.60007 2.68395 2.82748 2.99267 3.12118  3.16927

15,1 .10 6.3137s 6.11152 5.52234 4.60428 3.50208 2.51825  1.78229
.05 1270620 1227977  11.03111 9.05193 6.50145 3.78641  2.17881

.02 31.82052  30.73887  27.56826  22.52720  15.96714 8.37694  2.68100

01  63.65674  61.48900  S$5.13380  45.02545  31.85669  16.54403  3.05454

12,2 .10 2.91999 2.85553 2.68020 2.44413 2.19122 1.94478  1.78229
.08 4.30265 4.18245 3.84008 3.34591 2.83513 2.41353  2.17881

02 6.96455 6.74¢53 6.10457 5.11370 3.96417 3.0717%  2.68100

01 9.02482 9.59602 8.64699 7.14800 5.27546 3.65982  3.05454

12,3 .10 2.35336 2.31943 2.23214 2.11654 1.98448 1.85288  1.78229
.05 3.18245 3.11484 2.93265 2.69562 2.46174 2.26711  2.17881

.02 4.54070 4.4182¢ 4.07219 3.58675 3.12208 2.79772  2.68100

.01 $.84091 5.66825 5.17128 4.43372 3.68559 3.20103  3.05454

12,4 .10 2.13185 2.11124 2.05963 1.98952 1.90508 1.82170  1.78229
.08 2.77645 2.73170 2.61679 2.47452 2.33493 2.22254  2.17881

.02 3.74695 3.66302 3.43550 3.14576 2.89185 2.72817  2.68100

.01 4.60409 4.42564 4.15458 3.70911 3.32252 3.10356  3.05454

12,5 .10 2.01505 2.00179 1.9690s 1.92285 1.86445 1.80732  1.78229
05 2.570s8 2.53871 2.46000 2.36556 2.27378 2.20320  2.17881

.02 3.36493 3.30241 3.14006 2.94825 2.79131 2.70120  2.68100

.01 4.03214 3.94273 3.70200 3.40670 5.17787 3.06929  3.05454

12,6 .10 1.94318 1.93453 191341 1.88208 1.840189 1.79935  1.78229
.08 2.44691 2.42329 236697 2.30134 2.23864 2.19308  2.17881

.02 3.14267 3.09396 297287 2.83839 2.73697 3.68789  2.6510D

.01 3.70742 3.63658 3.45219 3.24635 3.10388 3.05345  3.05454

12,7 10 1.85458 1.88908 1.87582 1.85462 1.82423 1.79437  1.78229
.05 2.36462 2.34673 2.30587 2.25924 2.21613 2.18689  2.17881

.02 2.99798 2.95893 2.86553 2.76912 2.70363 2.63017  2.68100

.01 3.49948 3.44165 3.29783 3.14854 3.06022 3.04465  3.05454

12,6 .10 1.85955 1.85633 1.8487% 1.83496 1.81298 1.79099  1.78229
.08 2.30600 2.29231 2.26210 2.22961 2.20060 2.18276  2.17881

.02 2.89646 2.86462 2.79150 2.72173 2.66136 2.67519  2.68100

.01 3.35538 3.30724 3.19228 3.08323 3.03189 3.03912  3.05454

12,10 .10 1.81246 1.81233 1.81240 1.80873 1.79828 1.78672  1.78229
.05 2.32814 2,22018 2.20472 2.19082 2.18072 2.17764  2.17881

.02 2.76377 2.74187 2.89613 2.66146 2.65377 2.66916  2.68100

.01 3.16927 3.13460 3.05882 3.0021% 2.9978% 3.03258  3.05454

12,12 10 1.78228 1.78413 1.76913 1.79207 1.78913 1.78413  1.78229
.05 2.178€2, 2.17459 2.16860 2.16664 2.16860 2.17458  2.17881

.02 2.68100 2.66565 2.637s1 2.62494 2.6375) 2.66565  2.6810D0

.01 3.05454 3.02883 2.8783¢ 2.95429 2.97834 3.02883  3.05454

12,24 .10 1.71088 171742 1.73420 1.75328 1.76845 177848  1.76229
.05 2.06390 2.06870 2.08526 2.11176 2.14195 2.16802  2.17881

.02 2.49216 2.49295 2.50667 2.54532 2.60325 2.08823  2.88100

.01 2.7969¢ 2.793588 2.80338 2.85338 2.93875 3.02101  3.05454

12,00 .10 1.64481 1.655¢0 1.68353 1.71818 1.73038 177346 1.78229
.08 1.95691 1.97331 2.01105 2,00419 2.11968 2.16235  2.17881

.02 2.32631 2.34305 2.39580 2.48034 2.57611 2.65196  2.68100

.01 2.87581 2.59506 2.86098 2.77813 2.90874 3.01483  3.08454




‘Tabie 2-continued
Percentage Point: of the Bekrens.Fisher Distribution for vy, vy = 1(1)8, 10, 13, 24, 00, ¢ = 0°(15°)90°, ¢ = .10,.0S, .02, .01

vy, ¥2 o 0° 15° 39° 45° 60° 75° 90°
.
24,1 .10 6.81375 6.11033 5.51708 4.58835 3.44935 2.42872 1.71088
.08 12.70€20 12.27917 11.02860 9.045532 6.48488 3.68543 2.06390 A
.02 21.82052 30.73864 7.56727 22.32476 15.96185 8.36187 2.49216
.01 63.65674 61.48889 55.13331 45.02424 31.85410 16.33765 2.79694
24,2 .10 2.91999 2.85219 2.66385 2.40367 2.13004 1.87506 1.71088
.05 4.50265 4.17997 3.82782 3.30555 2.75043 2.30468 2.06390
.02 6.96455 6.74293 6.09740 5.09067 3.87742 2.90129 2.49216
.01 9.92482 9.59789 8.64210 7.13443 5.22337 3.44555 2.79694
24,3 .10 2.35336 2.31502 2.21375 2.07602 1.92708 1.78580 1.71088
.05 3.18245 3.11082 2.913C7 2.54426 2.37778 2.16214 2.06390
.02 4.54070 4.41523 4.05667 3.33290 3.00270 2.63011 2.49216
.01 5.840091 5.66579 5.15940 4.38938 3.54801 2.97720 2.79694
24,4 .10 2.13185% 2.10634 2.03948 1.94961 1.84905 1.75513 1.71088
.05 2.77645 2.72690 2.59402 2.42117 2.25191 2.11789 2.06390
¢ .02 3.74695 3.65881 3.41338 3.07917 2.76817 2.55969 2.49216
.c1 4.60409 4.48197 4.13524 3.63976 3.16698 2.87643 2.79694
24,5 .10 2.01508 1.99662 1.94863 1.88333 1.80897 1.74082 1.71088
.08 2.57058 2.53336 2.43573 2.31161 2.19104 2.09343 2.06390
.02 3.36493 3.29734 3.11382 2.67652 2.66575 2.53156 2.48216
.01 4.02214 3.93808 3.67670 3.32500 3.01587 2.83954 2.79694
24,6 .10 1.94318 1.92921 1.89288 1.84278 1.78498 1.73284 1.71088
.05 2.44691 2.41758 2.34187 2.24711 2.15592 2.08798 2.06350
.02 3.14267 3.08826 2.94374 2.76400 2.61009 2.51733 2.45216
.01 3.70742 3.63114 3.42365 3.15808 2.93811 2.82192 2.79694
24,7 .10 1.89458 1.88365 1.85523 1.81550 1.76913 1.72782 1.71088
.08 2.36462 2.34076 2.27997 2.20483 2.13339 2,08157 2.06390
.02 2.99795 2.95275 2.83499 2.69309 2.57571 2.50897 2.49216
.01 3.49948 3.43559 3.26527 3.05619 2.892181 2.81193 2.79694
24,8 .10 1.85955 1.85083 1.82813 1.79598 1.75798 1.72439 1.71088
- .05 2.30600 2.28616 2.23615 2.17507 2.11768 2.07727 2.06390
z .02 2.89646 2.85807 2.75976 2.64457 2.55261 2.50251 2.49216
E .01 3.35538 3.30068 3.15751 2.98513 2.86151 2.80557 2.79694
E 24,10 .10 1.81246 1.80673 1.79174 1.76985 1.74334 1.72008 1.71088
.05 2.22814 2.21377 2.17834 2.13609 2.09757 2.07181 2.06390
= .02 2.76377 2.73480 2.66283 2.58280 2.52379 2.49685 2.49216
.01 3.16927 3.12930 3.02110 2.90352 2.82469 2.79797 2.79694
24,12 .10 1.782329 1.77848 1.76845 1.75325 1.73420 1.71742 1.71088
.05 2.17881 2.16802 2.1418% 2.11176 2.08526 2.06870 2.06390
.02 2.68100 2.65823 2.60325 2.54532 2.50667 2.49285 2.49216
.01 3.05454 3.02101 2.93875 2.85338 2.80338 2.79358 2.79684
24.24 .10 1.71088 1.71163 1.71348 1.71455 1.71348 1.71163 1.710A8
.08 2.06390 2.06175 2.05808 2.05646 2.05803 2.06175 2.06390
.02 2.49216 2.48466 2.47021 2.46331 2.47021 2.48466 2.49216
.01 2.79694 2.78442 2.75946 2.74713 2.75946 2.78442 2.79694
24,00 .10 1.64481 1.64970 1.66277 1.67953 1.69530 1.70681 1.71088
.05 1.95991 1.96601 1.98331 2.00837 2.03504 2.05576 2.06390
.02 2.32631 2.33392 2.35737 2.39593 2.44098 2.47773 2.49216
.01 2.57581 2.58453 2.61313 2.66379 2.72567 2.77690 2.79694
0.1 .10 6.31375 6.10602 5.50986 4.57412 3.40944 2.34652 1.64481
.05 12.706 20 12.27205 11.02059 9.03548 6.46939 3.61340 1.95991
.02 31.82052 30.72189 27.55161 22.51063 15.94896 8.34523 2.32631
.01 63.65674 61.45570 55.10323 44.99901 31.83484 16.52357 2.57581
oo ,2 .10 2.91999 2.84858 2.65028 2.36919 2.07429 1.81026 1.64481
.05 4.30265 4.17674 3.81739 3.275149 2.67858 2.20631 1.95991
.02 5.96455 6.73976 6.09000 5.07317 3.81967 2.75461 2.32631
.01 9.924832 #.59433 8.63577 7.12209 5.19258 3.27599 2.57581
o,3 .10 2.35336 2.31086 2.19640 2.04023 1.87431 1.72353 1.64481
.08 3.18245 3.10707 2.89742 2.60223 2.30375 2.06736 1.95991
.02 4.54070 4.41186 4.04423 3,49449 2.90609 2.48453 2.32631
.01 5.84091 5.66269 5.14929 4.35989 3.44907 2.78916 2.57561
00 4 .10 2.13185 2.10187 2.02216 1.91399 1.79741 1.69336 1.64481
.05 2.77645 2.72250 2.57562 2,37625 2.17823 2.023%0 1.95991
.02 3.74695 3.65480 3.39639 3.028632 2.66495 2.41347 2.32631
.01 4.60409 4.47831 4.12041 3.59200 3.04526 2.68530 2.57581
a8 .10 2.01505 1.99197 1.93106 1.84790 1.75783 1.67915 1.64481
05 2.57058 2,52859 2.41590 2.26563 2.1174€ 2.00392 1.95991
.02 3.36493 3.29278 3.09366 2.82034 2.56009 2.38438 2.32631
.01 4.03214 3.93381 3.65784 3.26601 2.88632 2.64614 2.57581
00,6 .10 1.94318 1.92444 1.87513 1.80747 1.73406 1.67117 1.64481
.03 2.44691 2.41255 2.32122 2.20060 2.08229 1.99326 1.95991
.02 3.14267 3.08327 2.92147 2.70481 2.50296 2.36939 2.32631
.01 3.70742 3.62634 3.40171 3.09253 2.80447 2.62693 2.57581
00,7 .10 1.89458 1.87881 1.83737 1.78028 1.71835 1.66612 1.64481 BEST COPY AVA]LABLE
08 2.36462 2.33554 2.25878 2,15799 2.05960 1.98668 1.95991
.02 2.9979% 2.94742 2,81124 2.63204 2.46755 2.36045 2.32631
.01 3.49948 3.43036 3.24102 2.,98656 2.75552 2.615884 2.57881
0,8 10 1.85958 1.84503 1.81019 1.76078 1.70724 1.66267 1.64481 - e
.05 2.30600 2.28080 2.21480 2.12801 2.04%88 1.98224 1.95991 J
.02 2.80646 2.85248 2,7349% 2.58225 2.44336 2.35456 2,32631
.01 3.35538 3.29309 3.13151 2,91568 2.72332 2.60889 2.57581
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‘Table 2-continued
Percentage Points of the Behrens-Fisher Distribution for vy, vy = 1(1)8, 10, 12, 24, 00, 8 = 0°9(15°)90°, &« = .10, .05, .02, .01

vyivg o o° 15° 306° 15° 60° 75° 90°

©0,10 .10 1.81246 1.80176 1.77372 1.73475 1.69265 1.65827 1.64431
.05 2.22814 2.20823 2.15630 2.08872 2,02353 1.97666 1.95991 )
.02 2.76377 2.72882 2.63659 2.51884 2.431370 2.34732 2.32631
.01 3.16927 3.12118 2.99267 2.82748 2.68395 2.60007 2.57581

oc,12 .10 1.7822% 1.77346 1.75038 1.7181¢ 1.68353 1.65560 1.64431
.05 2.17881 2.16235 2.11883 2.06419 2.0110s 1.97331 1.95991
.02 2.68100 2.65198 2.57611 2.43034 2.39580 2.34305 2.326231
.01 3.05454 3.01451 2.90874 2.77513 2.66098 2.59506 2.57581

.24 .10 1.71088 1.70651 1.69530 1.67953 1.66277 1.64970 1.64481
.05 2.06390 2.05576 2.03504 2.00837 1.98331 1.96601 1.95991
.02 2.49216 2477738 2.44098 2.29592 2.35737 2.33392 2.32631
01 2.79694 2.77690 2.72567 2.66379 2.61313 2.56453 2.57581

©0,00 .10 1.64481 1.64481 1.6448] 1.64481 1.64481 1.64481 1.64481
A 0% 1.85981 1.85991 1.95991 1.95991 1.95991 1.95991 1.95991
.02 2.32631 2.32631 2.32631 2.32631 2.32631 2.32621 2.32631

.01 2.57581 2.57581 2.57581 2.57581 2.57581 2.57581 2.57s81

T
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Table 3
Critical Values and the 95% Confidence/HPD Intervals for
the Marascuilo and Serlin (1988) Data

Method Critical Value Interval

t* Test 4.30265 = 1025(2) [-18.97365, 9.14031)
Bayesian /Fiducial 413069 = Tou5(3.2,27.19365)  [—18.41183. 8.57830]
Welch (order 1/v7) 3.20703 = 19,5(3,2,0.20885) [-15.39420, 5.56086)
Welch’s Approximate ¢ 315117 = 1,425(3.05344) [—15.21169, 5.37835]
Student’s ¢ 9.57058 = t05(5) [~12.64209, 2.80875]
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Figure Captions

Figure 1. Integration of p(7).

Figure 2. Posterior Distribution of 4.
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Figure 1. Integration of p(T).
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Figure 2. Posterior Distribution of 6.
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