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PME XVIII PROCEEDINGS

Edited by Joao Pedro da Ponte and Joao Filipe Mates
Departamento de Educacio

Faculdade de Ciencias da Universidade de Lisboa
Lisboa Portugal

PREFACE

The first meeting of the International Group for the Psychology of
Mathematics Education (PME) took place in Karlsrure, Germany, in 1976.
Thereafter different countries (Netherlands, Germany, U.K., U.S.A., France,
Belgium, Israel, Australia, Canada, Hungary, Mexico, Italy, Japan) hosted the
conference. In 1994 Portugal will host PME. The conference will take place at
the University of Lisbon. The University is a public institution devoted to the
creation, transmission and diffusion of culture and science, holding the

heritage of

-the foundation of University in Portugal, in 1288,
the creation of the Lisbon King's School of Surgery, in 1825,
the creation of the Polytechnic School in 1837,

the creation of the Higher Studies in Arts, in 1859,
the institution of the University of Lisbon in 1911.

The Department of Education of the F, ulty of Sciences has a strong
record of commitment to research, teacher education and service in
mathematics education. We are pleased to be the host site for PME XVIII.

The academic program of PME XVIII includes

-- 157 research reports
55 short oral presentations
28 poster presentations
4 plenary addresses
1 plenary panel

11 working groups

7 discussion groups
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The review process

The Program Committee received a total of 184 research report proposals
that encompassed a wide variety of themes and approaches. Each proposal
was submitted to three outside reviewers drawn from PME membership who
were knowledgeable in the specific research area. In addition, one or more
Program Committee members read each paper. Based on these reviews each
paper was accepted or rejected. The short oral and poster presentations were
also read by one or more Program Committee members and on the basis of this

recommendation either accepted or rejected. If a reviewer submitted written
comments, they were forwarded to the authors along with the Program
Committee decisions.

List of PME XVIII reviewers

The Program Committee wishes to thank the following people for thei
help during the review process:

Paulo Abrantes (Portugal)
Josette Adda (France)
Conceicao Almeida (Portugal)
Miriam Arnit (Israel)
Michele Artigue (France)
Ferdinando Arzarello (Italy)
Bill Atweh (Australia)
Nicholas Balacheff (France)
Arthur Baroody (USA)
C. Batanero (Spain)
Luciana Bazzini (Italy)
Nadine Bednarz (Canada)
Alan Bell (United Kingdom)
Alan Bishop (Australia)
Ma Boavida (Portugal)
Paolo Boero (Italy)
George Booker (Australia)
Rosa Bottino (Italy)
Ada Boufi (Greece)
Chris Breen (South Africa)
Catherine Brown (USA)
Maria Bartolini Bussi (Italy)
Ana Paula Canavarro (Portugal)
Thomas Carpenter (USA)
David Carraher (Brazil)
Susana Carreira (Portugal)
Giampaolo Chiappini (Italy)
Douglas Clements (USA)
Paul Cobb (USA)
Jere Confrey (USA)
Thomas Cooney (USA)
Martin Cooper (Australia)
Anibal Cortes (France)
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Kathelyn Crawford (Australia)
Robert Davis (USA)
Michael De Villiers (South Africa)
Bemardette Denys (France)
Willibald Dorfler (Austria)
Tommy Dreyfus (Israel)
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Laurie Edwards (USA)
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Domingos Fernandes (Portugal)
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Claude Gaulin (Canada)
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Juan Godino (Spain)
Gerald Goldin (USA)
Brian Greer (Northern Ireland)
Jeef Gregg (USA)
Ulrich Gtevsmuhl (Germany)
Henrique Manuel Guimarries (Portugal)
Angel Gutierrez (Spain)
Gila Hanna (Canada)
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Kath Hart (United Kingdom)
Klaus Hasemann (Germany)
Lulu Healy (United Kingdom)



Rina Hershkowitz (Israel)
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James Hiebert (USA)
Ichei Hirabayashi (Japan)
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Celia Hoy les (United Kingdom)
Ade la Jaime (Spain)
Claude Janvier (Canada)
Barbara Jaworski (United Kingdom)
Rob Jong (Ho land)
Rochelle Kaplan (USA)
James Kaput (USA)
Christine Keitel (Germany)
Carolyn Kieran (Canada)
David Kirshner (USA)
Konrad Krainer (Austria)
Chronis Kynigos (Greece)
Collete Laborde (France)
Susan Lamon (USA)
Marsha Landau (USA)
Leonor Cunha Leal (Portugal)
Miriam Leiva (USA)
Enrica Lemut (Italy)
Stephen Lerman (United Kingdom)
Frank Lester (USA)
Fou-Lai Lin (Taiwan)
Liora Linchevski (Israel)
Salvador Llinares (Spain)
Eric Love (United Kingdom)
Carolyn Maher (USA)
Nicolina A. Malara (Italy)
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HISTORY AND AIMS OF PME

At the Third International Congress of Mathematics education (ICME 3,

Karlsruhe, 1976), Professor E. Fischbein of the Tel-Aviv University, Israel, instituted

a study group bringing together people working in the area of the psychology of

mathematics education. PME is affiliated with the International Commission for the

Mathematics Instruction (ICMI). Its past presidents have been Prof. Efrain Fischbein,

Prof. Richard Skemp of the University of Warwick, Dr. Gerard Vergnaud of the

Centre Nacional de la Recherche Scientifique .(C.N.R.S.) in Paris, Prof. Kevin F.

Collis of the University of Tasmania, Prof. Perla Nesher of the University of Haifa,

Dr. Nicolas Balacheff of the C.N.R.S. in Lyon, and Prof. Kath Hart of the University

of Nottingham.

The major goals of PME are:

To promote international contacts and the exchange of scientific information in the

psychology of mathematics education;

To promote and stimulate interdisciplinary research in the aforesaid area with the

cooperation of psychologists, mathematicians and mathematics teachers;

To further a deeper and better understanding of the psychological aspects of teaching

and learning mathematics and the implications thereof

Membership
Membership is open to people involved in active research consistentwith the Group's

aim, or professionally interested in the results of such research.

Membership is open in an annual basis and depends on payment of the subscription for

the current year (January to December)

The subscription can be paid with the conference fee.
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PME XVIII Working Group

PSYCHOLOGY OF INSERVICE EDUCATION OF

MATHEMATICS TEACHERS: A RESEARCH PERSPECTIVE

Group Organizers Sandy Dawson, Simon Fraser University, Canada
Terry Wood, Purdue University, USA
Barbara Jaworski, Oxford University, UK

This is the sixth year that the group has been studying the role of the
teacher educator in providing inservice for mathematics teachers. Last year
at PME XVII in Japan, the group did not meet. However, at PME in Italy,
the work of the group focused on the propositions selected for a framework
on inservice education (INSET). In Portugal, the time allocated to the
working session will be spent preparing the draft of the text for a book on
INSET from an international perspective.

Previously, the group had decided to develop a book that would present a
sharing of experientes and practices on inservice mathematics teacher
education from an international perspective. As a group, it has been
decided that the text will contain cases, incidents or vignettes, in order to
offer a sense of the nature and needs of INSET internationally. We have
identified 4 propositions which will form the framework for the book

Since the meeting in Italy, group members have been preparing
contributions for this text. In Portugal, these preparations will form the
basis for the work of the group. During the first meeting, subgroups will be
formed based on the 4 propositions. Each subgroup will then work during
the time allocated for the working group sessions to prepare a draft of the
book on INSET.

Group contact: Sandy Dawson, Simon Fraser University, Faculty of
Education, Burnaby, British Columbia, V5A 1S6

Contributions : Terry Wood, Dept. Curriculum & Instruction, 1442 LAEB,
Purdue University, West Lafayette, IN 47907 1442.
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WORKING GROUP ON

CULTURAL ASPECTS IN THE LEARNING OF MATHEMATICS

The fact that mathematics curricula appear to be remarkably similar all over the world
makes it possible to conduct international surveys such as those conducted by the
International Association for the Evaluation of Educational Achievement (IEA).
At the same time, numerous recent studies question the nature of mathematics; the
learning of mathematics is considered not only to be the learning of a body of
knowledge but also a cultural process.
Various debates have arisen about the following points:

The interactions between mathematical skills and culture-specific representations.
The universal and non-universal aspects of cognitive development
The nature of the effects of systems of signs (including language) on psychological

functions: general or specific effects (Vygotski's theory questioned).

In the previous meetings at PME XVI and PME XVII, we identified three research
directions which are consistent with our interests:

Informal education and formal mathematical knowledge
The effects of cultural environment, including language, on the mental repre-

sentations of students and teachers
Cognitive processes in learning mathematics, using a comparative approach for

different cultures.

At PME XVIII in Lisboa, we intend to consider some definitions of the concept of
culture and how they are expressed in our specific domain of the learning of
mathematics.
One of them was offered by Geertz in The Interpretation of Cultures (1973).
Geertz considers the culture concept:

an historically transmitted pattern of meanings embodied in symbols, a system of
inherited conceptions expressed in symbolic forms by means of which men
communicate, perpetuate, and develop their knowledge about and attitudes
toward life.

Rotative panels will be devoted to the above-mentioned subjects about the current
debates, taking into account the cultural context of the country in which PME is held.
Then we should finalize the continuation of the work of the group for the next two
years.

49 4
Coordinator : Bernadette Denys



RESEARCH ON THE PSYCHOLOGY OF MATHEMATICS

TEACHER DEVELOPMENT

The Working Group Research on the Psychology of Mathematics Teacher
Development was first convened as a Discussion Group at PME X in London in
1986, and continued in this format until the Working Group was formed in 1990.
This year, at PME 18, we hope to build on the foundation of shared understandings
that have developed over the last few years.

Aims of the Working Group
The Working Groups aims to:

develop, communicate and examine paradigms and frameworks for research in
the psychology of mathematics teacher development;

collect, develop, discuss and critique tools and methodologies for conducting
naturalistic and intervention research concerning the development of
mathematics teachers' knowledge, beliefs, actions and reflections;
implement collaborative research projects;
foster and develop communication between participants;
produce a joint publication on research frameworks and methodological issues.

Plans for Working Group Activities at PME in 1994
A striking feature of the Working Group for Research on the Psychology of

Mathematics Teacher Development in Japan in 1993 was its cohesiveness. It is
hoped that, through the activities of the Group in 1994, the dynamics of the Group
can be continued and expanded.

Group members have expressed the need to have a deeper understanding of a
range of research methodologies which are particularly appropriate for research in
the area of mathematics teacher development. Several approaches will be shared
and critiqued within the Group, and will form the nucleus of the publication
"Effective Methods for Achieving and Monitoring Change in Mathematics Teacher
Development: An International Perspective." The focus of the publication would
be on the collection, development, discussion and critiquing of paradigms and
frameworks for research in the psychology of mathematics teacher development.

At PME in 1994, a summary of different strategies being used in different parts of
the world for mathematics teacher development will be given, and research on the
effectiveness of these will be summarised.

A start is to be made on the development of a reading/reference list which
would be an ongoing activity for the Group, and possible collaboration on various
research projects will be explored.

Nerida F. Ellerton, Convenor
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WORKING GROUP ON SOCIAL PSYCHOLOGY OF MATHEMATICS EDUCATION

JEFF EVANS, Middlesex University, ENFIELD, Middx. EN3 4SF, UK
LEO ROGERS, Roehampton Institute, LONDON SW15 5PH, UK

The Working Group did not meet at PME XVIII in Japan. The programme
for Portugal is planned to cover four 90 min. sessions as follows:

Session 1: Origins and Re-organisation of National Curricula (LR)

Superficial comparisons of mathematics curricula may be made in terms
of statements of content, specifying in what year, if at all, a

particular topic appears in a country's curriculum. Much more useful
is a comparison such as the recently published IEA studies which begin
to look at the contexts and motivations behind the "intended"
curriculum in different countries. A study of the comparison between
English and Spanish mathematics curriculum will be briefly presented,
and some criteria for analysis proposed.

In this session, participants will be able to introduce themselves,
and to report on the situation in their own countries.

Session 2: Children's Conceptions and Strategies in Designing (Tasos
Patronis, Dept. of mathematics. Univ. of Patras, GREECE)

Our research group has tried to create a classroom activity that
integrates physical, emotional and cognitive components of children's
reality (d'Ambrosio, 1984, ICME-5) in the curriculum. Children of a
rural primary school were asked to design and construct a model of a
village in which a team of foreign children were supposed to spend
their holidays. This "modelling activity" (in a broad sense) provides
children with the opportunity to move from the real world to a "real
model" by using mathematics and physics ideas at an implicit level.

Session 3: Alternative curricula for Democratic Citizenship (JE)

Many teachers of mathematics aspire to a curriculum which provides the
basis for democracy, for "responsible citizenship", etc. What would
such curricula look like: would there be any real maths? Or would it
more resemble statistics? What problems might arise, e.g. in the
"transfer" of school learning to applications in civic life, similar
to the problems of applying "vocational" curricula at work.

Session 4: Looking ahead

Links with the Cultural Aspects working group.
Proposals for a name change; e.g. "Social Apects of Maths Ed.";
"Social and Political Aspects...";
"Social and Political Issues in..."
What might usefully be done between now and the next PME?
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GEOMETRY WORKING GROUP

In 1993 the Geometry Working Group started a new period of activity, aimed to
analyze the teaching and learning of Geometry on the light of results from recent research
and of current trends in Mathematics Education. The first meeting of this period
(Tsukuba, Japan, 1993) was devoted to an overview of the field, with presenters who
talked about different components of the current problematic of Geometry Education (see
the November 1993 PME Newsletter). The coming meetings, from this year, shall be
devoted to monographic themes to be analyzed in depth from several points of view.

This year, the meeting of the Geometry Working Group shall be devoted to the
theme of Geometry Problem Solving. Several approaches can be considered. For instance:

- From a classical point of view, Polya's classification of geometric problems in
problems of construction and problems of proof, together with his recompilation of
methods and heuristics for solving problems, form a framework that continues being
useful for understanding the students' activity.

- However, current tendencies are also paying attention to the several types of
processes that happen during the resolution of geometric problems, and to issues related
to the curriculum and the position of problems in it.

- Traditional Geometry problem solving was based on constructions with ruler and
compass and figures drawn on paper. However, the everyday more frequent use of

computers in schools, and the development of specialized software rise new possibilities
and new research questions that have to be analyzed.

And, hopefully, some other approaches shall arise during the meeting.

Angel Gutierrez; Coordinator of the Geometry Working Group
Dpto. de Didictica de la Ma tema tica
Universidad de Valencia
Apartado 22045; 46071-Valencia (Spain)
Fax: 34 - 6 - 3864487
E-mail: gutierrezemac.uv.es
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The PME Working Group on Representations

Group organizers: Claude Janvier, Universite du Quebec a Montreal
Gerard Vergnaud, C. N. R. S., Paris

Preliminary statement
Representations are key theoretical constructs in the psychology of mathematics education. For

the purposes of the working group, the meaning of this term is quite broad. It includes:

External structured physical situations or sets of situations, that can be described mathematically
or seen as embodying mathematical ideas. External physical representations range from
pegboards to microworid.

External structured symbolic systems. These can include linguistic systems, formal mathematical
notations and constructs, or symbolic aspects of computer environment

Internal representations and systems of representation. These include individual representations
of mathematical ideas (fractions, ratios, proportions, functions...) as well as broader theories of
cognitive representation that range from image schemata to heuristic planning.

The group does not promote any particular theory of representations even though some of its

participants may. It is essentially eclectic since it is open to any coherent "chunk" of principles or

concepts, or theory in construction that can display a fair amount of "predictivity" in particular
domains without being generalizable.

At Lisbon, come and check your theory against facts
As in the previous meetings, participants are invited to make presentations and discuss the

issues they raise. A newsletter was sent to the regular participants with this intention in mind.

Anyhow if you think you have some interesting things to report, get in touch with us.

Otherwise, you may simply want to check out your theoretical constructs against the supremacy

of reality or you may be willing to see others becoming predictive on the basis of the constraints of a

situation. Then we. think we have what you desire: hard facts and the conditions prevailing during

their production. We have, indeed, asked many people to bring in their luggage some experimental

results that still need interpretations. Why not come and give yours?

Details and news
The Working Group was guided by Gerald A. Goldin from the 1989 conference in Paris .

Participants were kept informed by a yearly newsletter. Over, the last years it has attracted roughly

50 participants at each conference. The idea of publishing a special issue of the Journal of
Mathematical Behavior on the basis of the activities of the group will soon be a reality. Articles have

been submitted and the referees at the time of the conference will have completed their work. More

details to come.
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Working Group:
Teachers as Researchers in Mathematics Education

Co-ordinators: J. Mous ley, V. Zack, C. Breen

This group has been meeting annually since 1988 and as a working group since

1990. It aims to discuss issues surrounding the theme of teachers becoming
researchers in their own classrooms. Over the past few years, the group has also
focused on teachers educators researching their own work and on collaborative,
participant research methods.

People who attend the Teachers as Researchers Working Group for 1994 will
review their own work, and that of other teachers, in attempting to understand and

change classroom practices. Activities will include a small group discussion about how

different "understandings' arise from the use of various research methodologies, as well

as from different beliefs about mathematics, and about teaching and learning.

A variety of methods of collecting and using information about our own classrooms,

in schools and in a variety of teacher education situations, will be discussed. Current
and new members of the group will have the opportunity to give short presentations
about any examples of formal or informal attempts to improve teaching which involves
teachers in the research process, as well as to contribute to the group's activities
throughout the coming year.

It is expected that the themes raised each year in our discussions, such as the
positioning of teacher-researchers, reflective practice, the examination of individual and

social pedagogical beliefs, support for collegiate research, and the facilitation of
participatory research will be taken up again in Lisboa.
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PME Working Group
Algebraic Processes and Structure

Coordinators: Teresa Rojano and Rosamund Sutherland

This Group was set up in PME XIV with the aim of characterising the shifts that

appear to be involved in developing an algebraic mode of thinking and to investigate the

role of symbolising in this development. The group is also concerned with the
impli,-ations of their collective research for classroom practice.

The main issues discussed at PME XVII were: the necessity of distinguishing between

the nature of mathematics and the nature of algebra; the danger of separating algebraic

knowledge from symbolism when trying to characterise algebraic thinking: the
importance of incorporating methods of solving problems as a main component to

analyse the nature of algebra: the algebraic knowledge as such of school algebra. since

there is always the possibility to include "other algebras" like permutations of Boolean

algebra: the role that computer environments might play when talking about an algebraic

mode of thinking not necessarily linked to symbolic manipulation: the (semiotic)
difficulties of passing from one type of representation to others, for example, geometric

language; the shift from arithmetic to algebra and the question, 'if there is a hierarchy of

growth in this shift, what role does natural language have in such growth ?': the

widespread tendency to relate the cognitive structure hierarchy to the sign system used

to express the cognitive structure; the ways of using a determined sign system to
express cognitive processes in algebraic thinking; the tendency in some psychological

research works to see only the structures in the cognitive domain without incorporating

the use of socially established codes.

The group are currently working on an edited book and draft chapters are being

prepared before the meeting in Portugal. The work of the group at PME XVIII will

centre around discussion and redrafting of these chapters. organised around four

subgroups.
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Research on Ratio and Proportion

During PME XVIII the working group on ratio and proportion will continue

to explore the development of children's understanding of concepts of ratio and

proportion. In addition, this year we will explore teachers' understanding of

these concepts, and the necessary changes in teacher preparation and

professional development programs to bring about an appropriate knowledge

base for effectively teaching proportional reasoning.

The first session will be devoted to a discussion of the recent work of

working group members in the area of children's learning of ratio and

proportion concepts. New members will also be welcome to give bripf

presentations on current activities. This session will also give people a chance

to introduce themselves and plan the remaining sessions in greater detail.

The second session will focus on teacher knowledge of proportionality

and related concepts. One or more invited speakers will give brief

presentations for discussion by the working group. We will discuss implications

for the preparation of teachers.

Since concepts of ratio and proportion are part of the complex of

concepts and skills Vergnaud refers to as the Multiplicative Conceptual Field,

we will attempt to extend our discussion in the third session to connect ratio and

proportion to related topics; rational numbers concepts and operations,

quantitative reasoning, and so on.

The final session will be devoted to planning for future work by the

Working Group, particularly for PME XIX in Brazil in 1995.

Anyone interested in participating and in brief presentations related to

the session topics should attend the first session and/or talk to Judy Sowder.

Contact: Judy Sowder, San Diego State University, isowder @sciences.sdsU.edu



ADVANCED MATHEMATICAL THINKING
Organisers: David Tall (U.K.), Gontran Ervynck (Belgium)

The group is concerned with all kinds of mathematical thinking of students beyond the
age of 16, extending and developing theories of the psychology of Mathematics Education that
cover development of mathematics over the full age range.

SESSION I: The Role of the Computer in learning advanced mathematical Con-
cepts.

Initiators: John MONAGHAN (U.K.), Joe W1MBISH (U.S.A.), Thomas LINGEFJARD
(Sweden).

Computing equipment is increasingly available in schools and universities. How does it
affect the learning and understanding of advanced mathematics ? The computer can be used
as a tool, introducing an opportunity for "experimental math"; doing the tedious calculations
and displaying graphical representations it furthers understanding of the related concepts. But
how does a computer help students to conceptualize and construct for themselves mathematics
that are already completely formalized by others ? The use of symbolic manipulators is part of
this topic as well. The relationship between the computer and the development of proofs will
he discussed in the second session.

SESSION II: The Computer in Mathematical Proof.
Initiators: Gary DAVIS (Australia), Gila HANNA (Canada), Adrian SIMPSON (U.K.).
Recalling a statement of M. Atiyah (1984): "In mathematics there are several stages involved

in a discovery, and formal proof is only the last. The early stage consists in the identification
of significant facts, their arrangement into meaningful patterns and the extraction of some
plausible law. Next is the process of testing this proposal against new facts, and only then does
one consider a formal proof". We want a better understanding of the role of the computer in
the stages preceding the construction of a formalized proof. E.g. we may raise the question
if the views of Lakatos on the nature of proof have to be modified according to the role of
computers ? This session may also be seen as a continuation of the work in the AMT Group
at PME-17 (1993).

SESSION III:The Psychology of Advanced Mathematical Thinking, and Future
plans.

Initiator: David TALL (U.K.)
The final session will focus attention on what psychological evidence may tell us about

advanced mathematical thinking, the construction of formal concepts, relationships between
visual and verbal/symbolic codings, cognitive aspects of proof. There will be opportunities to
relate back to the earlier sessions.

The final half hour will be devoted to future plans.
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PME Working Group

Classroom Research

The purpose of this group is to examine issues and techniques associated with

classroom research and the impact of such research on educational conditions.

The focus of discussion at PME XVIII will be centered around the uses and

limitations of innovative technology to enhance data collection and analysis in classroom

research. Presentations by invited speakers will be made describing the following research

studies. These presentations will be used as a springboard for active participant discussion

of related issues.

le. coordinated sources of data collection

A portable and ine'.pensive system will be described that usesaudio and video taping

coordinated with supportive software to investigate classroom learning. This system makes

it possible to quickly access recorded data to facilitate post-classroom interviews.

Interactive multimedia

The use of and implications of using interactive multimedia in classroom research will

be described. This technology consists of a CD-ROM disk with computer access, and

involves the creation of Quick Time sequences of collected videos and the creation of a

HyperCard interface. Reference will be made to the use of CD-ROM disks of children

engaged in the active construction of mathematical ideas for teacher training and classroom

research.

Oualitative data sorting, indexing, and theory building

The use of the computer application software NUDIST to search, index, and manage

qualitative data will be discussed. Such software not only assists in structuring data but in

developing educational theory. The potentials and problematics of theory building will be

discussed with particular reference to how NUDIST is currently being used in a research

project entitled "Quality Teaching in Mathematics Education."

Contact person: Anne Teppo, 1611 Willow Way, Bozeman, MT 59715, USA
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Cabri-geometry

Organizer: Nicolas Balacheff

PME 17 in Tsukuba gave an opportunity to start a discussion group
specifically devoted to geometry in connection with computer environments.
mainly (and not exclusively) based on the example of Cabri-geometre.

Recent period actually shows a renewal of interest In geometry and the role
devoted to geometry in the curricula of most of the countries around the
World. Just to mention inside PME the Geometry Working Group, where
active discussion has been taking place for many years.
One intriguing question stems from the irruption of computers in the
classroom and at home and today several software exist that are used for
geometry teaching and learning. Among them LOGO, the Geometry
(Super)Supposer. Geometry Inventor, Geometer's Sketchpad and Cabri-
geometre, all share a more or less explicit relationship to the concept of
"Discovery learning".

Questions to be addressed in the discussion group range as follows:

What is and what could be the use of Cabri-type software in classroom and
outside classroom?
What could be the long term changes in the geometry curricula induced by
the development of computer based teaching learning environments?
What are innovative uses of Cabri-type environments for exploring not purely
geometry centred situations? (There is a growing interest in modelisation
using geometry, e.g.in mechanics, optics, statics, etc.).

All the preceding issues should be examined according to different contexts
the traditional context of classroom, where Cabri-type software can be used

as an aid for proving geometrical facts. In this context. Cabri-geometre is
often used in conjunction with an overhead projector, as a demonstration
program with great flexibility;

the context of organisation of problem-solving sessions in a exploratory
environment, where students work in small groups in front of and in
interaction with a computer;

the context of mathematical research: exploring new fields in geometry can
lead to new results and insights for proving them. Cabri-geometre and other
computer based environments allow us a renewed attack on subjects of some
complexity, which could not be investigated until now due to the lack of
suitable tools;

the context of production of pedagogical documents, made up of figures
accompanied by text, to be used with or without Cabri-geometre;

the context of research in didactique: Cabri-geometre can be used to
analyse, study and compare the ideas and constructs of students in geometry,
as produced in a standard pencil-and-paper situation or in the Cabri
computer environment, or as the result of an Interaction between both.

The PME 18 meeting of the discussion group will also give an opportunity to
introduce a discussion about the new Cabri-geometry II which is to be
released in August 94.
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ilscussisanama: "Vygotskian Research and Mathematics Learning"
Convenors: Kathy Crawford & Steve Lerman

The aim of the discussion group is to examine the contribution of Vygotsky and
some of his compatriots and the implications of their theory of learning in a socio-
cultural context for mathematics education. The assumptions underlying Vygotsky's

position differ in several ways from the tacit philosophical and psychological position

of the mathematics education community. In particular Vygotsky challenges the
centrality of the individual in meaning-making and insists on a social ontogeny of
consciousness. In addition his position transcends traditional Cartesian dualities
such as self/other, mind/body, feeling/thinking and subject/object. His historical-

cultural method of research differs significantly from predominant methodologies
which typically focus on a part of the learning situation.

The discussion group will be collaborative and in keeping with the tradition of
acknowledging the cultural histories of the people there. Participants should come
prepared to make a contribution.

In the first sesition we will negotiate an agenda and then work together to interpret
some aspiicts of Vygotsky's work Sorne!particuler points of discutsion inight be:

The idendfloatkin of pointit of difference between Vygotsky's theOry and

other research parsdigfrel.

Practical applicationlof the "historical cultural methOd"

Mediation

Activity

Dialectie thinking

Zone of proximal development

Concept.(as a verb)

Discussion' in the second session may centre around research questions that are
raised by Vygotsky's work and issues of research design.
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Mathematics classrooms as
complex adaptive systems

A. J. (Sandy) Dawson, Simon Erase/. University, Canada
Eric Love. Open University, UK

John Mason, Open University. UK

Current writings on the nature of mathematical learning directs attention towards cultural and social aspects of human
life. This is exciting and challenging work for researchers in mathematics education. Equally provocative work is
occurring in the areas of biology (e.g., Maturana and Varela), economics (e.g.. Anderson, Arthur), complexity theory
(Jen, Nocolis & Prigogine, Waldrop), chaos theory (e.g., Kauffman). computer science and Al (e.g., Langton et al). and
the theory of coevolution and codetermination (e.g., Campbell & Dawson, Holland. Varela et al). The purpose of this
discussion group would be to explore the possible connections amongst recent results in these various fields with a
view to enriching and broadening the theoretical bases and research programs in mathematics education.

One of the results of recent research in those fields indicates that evolution is not just a result of random mutation and

natural selection, but equally if not more importantly, it is the product of emergent behaviour and self-organization.
Moreover, it is not as if a species or individual member of a species, evolves on its own; rather, species seem to co-
evolve within a large system.

Ecosystems, economies, societies- -they all operate according to a kind of Darwinian principle of relativity:
everyone is constantly adapting to everyone else. (Waldrop, p. 259)

A area of interest to mathematics education researchers would be to view classrooms as societies, and the individuals
within could be seen as coevolving together. How might the use of this coevolutionary perspective enrich current
classroom research by providing concepts and scaffolds from biological and coevolutionary research paradigms?

Complex adaptive theory suggests that complex behavior (such as is found in classrooms) need not have complex root:.
Complex behavior can and is generated from simple roots. Not only can very complex behavior arise from simple
roots, but the development which occurs may take many different forms. It is not possible to predict what the outcome
will be from a simple set of roots. Applied to the teaching and learning of mathematics, this result has profound
implications for the outcomes teachers might expect from their lessons and the behavior they hope their students will

display. These implications would he explores! in the discussion group.

But recent results in the fields noted at the outset Indicate that whatever behavior appears at a particoliu time is
dependent upon events which have preceded ityet the emergem behavior is not predictable from those events.

each emergence sets the stage and makes it easier for the emergence of the next level. (Waldrop. p 297)

These results place teachers (of mathematics) in a difficult situation. On the one hand, if students arc to learn concept v.
say, and if this might be facilitated by first learning concept a-. then it would seem appropriate to teach a before v. On
the other hand, if students' learning is not predictable, then there is no guarantee that teaching .r will make it easier (or
even possible) for students to learn y. And to further complicate the situation, the teaching of x may lead to some
totally unexpected behavior. Given these results, it would seem that classroom research which attempts to understand
how teachers accomplish their goals, and how learners come to understand mathematics, needs at the very least to
consider very carefully its methodology and the generalimbility (if not validity) of its outcomes.

Life at the edge of chaos (Lewin) is a phrase increasingly COMMOO to discussions in the fields noted at the outset
Those using this phase are attempting to describe a region located between the state where a system dissolves Into
chaos, where conditions arc so fluid that no patients are discenuble, and a state where a system has becomecompletely

stable and in which it exhibits no fluidity at all The conjecture is that this region, beyond unchanging stability but
just shy of random chaosthe edge of chaos.- is where learning takes place What implications does the. concept of
learning at the edge of chaos have for the teaching. teaming and researching in mathematics edocation9

Organirationally, the first discussion session would (I) provide a brief ocerview of recent developments in the fields
noted (15 minutes), and (2) through a series of focused questions and by working in small groups explore the possible
relevance of these developments for research in mathematics education (tiO minutes), so as to (3) share the outoome of
small group discussions with the goal of providing directions for further explorations (15 minutes) '11w second

session, again working in a mixture of small and huge groups. would take the results from session one and develop
plaits for action and conununication to take place subsequent to the PME meeting
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POST-STRUCTURALISM DISCUSSION GROUP
Organisers: Paul Ernest (UK) and Tony Brown (UK)

Post-structuralism is a loosely defined movement or set of perspectives that looks critically at

structuralist theories. It critiques structuralism in the form of Jean Piaget's structural
psychology, Claude Levi-Strauss's structural anthropology, and Roman Jacobsen's structural

linguistics, for example. The critique argues that these and other structural theorists overstress

static structure at the expense of personal agency, and ignore the contingent and historically

shifting nature of the structures of human thought. A central figure in post-structuralist thought

is the philosopher and historian of ideas Michel Foucault. More recently, a seminal post-
structuralist critique and contribution to psychology is contained in Henriques et al (1984).

In the past few years, a growing number of researchers in the psychology of mathematics

education have adopted or utilised post-structuralist perspectives. Perhaps the best known is

Valerie Walkerdine who gave a plenary talk at PME 14, and is well known for her post-

structuralist analysis of young children's language and reason (Walkerdine, 1988). Other recent

papers have reflected or drawn upon a post-structuralist perspective, such as those of Jeff'

Evans (PME 17), Clive Kanes (PME 15) David Pimm (PME 14) and Paul Ernest (PME 15,

17). Thus post-structuralism is a part of PME thought, and needs to be discussed more filly.

Post-structuralism offers a number of important insights for the psychology of
mathematics education. It stresses the import of social context, thai of power and positioning

in inter-personal relations, the central role of discourse, language and text, and the problematic

and multiple nature of the learner or cognising subject. Currently these issues are topics of

central empirical and theoretical interest in the psychology of mathematics education. Thus a

discussion of the post-structuralist contribution is important and apposite.

It must also be recognised that post-structuralism is a controversial and problematic

perspective. Apart from often being expressed in obscure language, and being as yet a nascent

and incompletely worked out position, it also challenges many deeply held (and felt)
assumptions widespread in the psychology of mathematics education. Thus it is appropriate to

consider what post-structuralism might offer the psychology of mathematics education in

undogmatic fashion in a discussion group. The group will proceed by short lead contributions

followed by open chaired discussion on themes such as the following.

The nature and contribution of post-structuralism Orientating over-view. Discursive
practices. Power. Critiques of constructivist and cognitivist conceptions of the subject.

Critiques of post-structuralism. The under emphasis on self, individual construction, mental

structure. Constructivist critiques.

Post-structuralist research in the psychology of mathematics education. Current work

and perspectives. Discourse analysis. New potential sites: e.g. semiotic analysis.

References

Henriques, J. et al. (1984) Changing the Subject, London: Methuen.

Walkerdine, V. (1988) The Mastery of Reason, London: Routledge.
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Psychological Foundations for Systemic Reform in Schools

Richard Lesh

Psychological Foundations for Systemic Reform in Schools

In the USA, current curriculum reforms emphase systemic initiatives. But, how is

systemic reform different from earlier initiatives based on mechanistic conceptions of
mathematics, problem solving, learning, and instruction? This session will focus on
ways that new curriculum reform efforts influence (and are influenced by ) conceptions
about what it means to understand and use mathematics in "real life situations.

Current educauonal practice is based on a coherent set of ideas (about goals,
knowledge, work, and technology) derived from "scientific management" principles
from the industrial revolution. Consequently, schools are not likely to change unless
these ideas are replaced with equally coherent "world views" in which knowledge is
likened, not to a machine, but to a living organism. This discussion session will
discuss why a similar shift in metaphors also must apply to the way students, teachers,
and programs are assessed. The following themes will be addressed.

Results from adult literacy examinations which emphasize current conceptions
about basic mathematical literacy requirements for all citizens. (Saundra Young,
Adult Literacy Program, Educational Testing Service)
Principles for writing effective "performance assessment" activities which empha-
size: (i) deeper and higher-order understandings of the most powerful constructs in
elementary mathematics, and (ii) problem characteristics which are typical of
situations in which mathematics is used in a technology-based society in an age of
information. (Richard Lesh, Principal Scientist, Educational Testing Service)
Characteristics of teachers' tools (e.g., response interpretation procedures, process
observation forms) which are useful to identify conceptual strengths and weaknesses
of individual students. (Bonnie Hole, Princeton Research Institute for Research on
Science and Mathematics Learning)
Examples of students' responses which illustrate why the preceding problems
emphasize a broader range of mathematical abilities (and students) which were not
recognized and rewarded by traditional tests, textbooks, and teaching. (Eamonn
Kelly, Assoc. Professor, Rutgers University)
Examples showing how performance assessment activities for students provide the
basis for activities in which teachers are able to (simultaneously) learn and document
what they are learning. (Miriam Amit, Math Curriculum Director, Israel).
Principles for assessing the quality of emerging research methodologies to explore
students' and teachers' thinking in complex situation . (Barbara Lovitts, Director,

National Science Foundation Program for Research on Teaching & Learning).
New models for program accountability using performance assessment activities.
(Madeleine Long, Director, NSF Program on Systemic Initiatives).
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VISUALIZATION IN TEACHING - LEARNING SITUATIONS

M. Alessandra Mariotti
Dip. Matcmatica
Universal di Pisa - Italy

Angela Pesci
Dip. Matcmatica
Universal di Pavia - Italy

Everybody agrees that images have a basic role in thinking. but so far. the mental processes involved have not
yet been fully clarified.
Different and opposite positions can be found in the literature about the contribution of images in a variety of
situations.
Of course exploring general processes and mechanism would be very interesting. but it is worth limiting our
aim and considering the problem from the specific point of view of mathematical education, which is the
domain we arc interested in.
Thus. our discussion aims to focus on specific aspects in the particular school situation.
There are two main hypotheses about the role of imagery in education that we want to state explicitly, in order
to be discussed and explored

1. Thinking is spontaneously accompanied and supported by images, we usually call it 'visualization'.
The following can be considered a shared opinion among the psychologists "thinking makes use of
representations, some of which are produced by imagery processes. and some by mc:c abstract
representational systems" (Denis. 1991. p 104) Literature is very rich in this field. but "probably the greatest
obstacle to imagery research is that the process it aims at specifying can be used in a wide variety of cognition
situations" (Denis, 1991, p. 123).
On the other hand, it can be considered common opinion in the field of Math Education that "the cognitive
manipulation of mathematical concepts is highly facilitated by the mental construction and availability of
adequate image schemata" (Ddrfler. 1991. p 20).

2. It is possible to intentionally intervene on the process of 'visualization'
For some respect, 'visualization' can be considered a subjective phenomenon. this idea agrees with everyday
experience of a great variety in pupils' performances related to imagery.
This opinion may lead to neglect or even discard the possibility of direct interventions to promote pupils'
imagery in mathematics.
On the contrary - together with many other researchers - we arc convinced in the possibility of the positive
influence of a purposeful teaching.
Among others the following questions seem meaningful to us.
- What kind of 'external images' should be used in school practice?
- Arc there general criteria to select visual aids in math teaching?
- What is the relationship between external images provided by teachers and internal images which run in

pupils' minds?
- When specific visual aids are introduced. how is it possible to check their influence on pupils' reasoning,

both in problem-solving and concepts formation?
- How does teachers' opinion affect their attitude towards images in teaching practice?
Several research projects in this field have already started, we wish to promote a discussion and a cooperation
among all interested people, contributing from different points of view.

References

Miter, W.. (1991) Meaning. image schemata and protocols. Proceedings PME XI: Assisi. Vol. 1, 17-32
Denis, M. (1991) Imagery and thinking, in Comoldi, C & McDaniel. M A Imagery and Cognition,
Springer-Vcrlag
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Research on Learning Mathematics and
Programming

Proposal for a Discussion Group at PME 18, Lisbon.

Richard Noss (University of London)
Doug Clements (University of New York at Buffalo)

The idea that learning to program a computer may have some beneficial
effect on the learning of mathematics is now some thirty years old. The
early eighties brought forward a flurry of research, largely catalysed by the
appearance of Logo but this has largely subsided. Yet there is now a
renewed interest in the question, not least because the notion of what it
means to program is in a process of radical change. The group will address

a number of related questions:

What does the research effort indicate so far?
What issues have proved fruitful to research?
Which methodologies have proved appropriate for the investigation
of these issues?
What are the implications for mathematics education?
Where should research go in the future?
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USING OPEN-ENDED PROBLEMS IN MATHEMATICS CLASS

Erkki Pehkonen, Dept Teacher Education, University of Helsinki (Finland)

The method of using open-ended problems in classroom for promoting
mathematical discussion, the so called "open-approach" method, was developed

in Japan in the 1970's (Shimada 1977). For example in the paper of Nohda
(1991), one may find a nice description of the paradigm for the open-ended
approach. This discussion group began last year in Japan (Pehkonen 1993),
where the topic of discussions was the concept "open-ended problem" and its

classroom usage.
In the group, we concluded that open-ended problems pertain to a larger

class of open problems (i.e. problems with openness in the initial or goal
situation). Furthermore, open problems contain e.g. problem posing, project
work, and most real life problems. The presentations of the discussion group
will be published in the International Review on Mathematical Education (in
Germany known as ZDM).

In the sessions of this year, the discussion group will focus on the research
results obtained around open-ended problems. There will be again some brief
presentations (about 10-15 min) from different countries, in order to give some
starting points for discussion. The main questions will be "What scientific know-

ledge do we have from open-ended problems?" and "Are there some under-
presented fields on which we should focus our research?".

References

Nohda, N. 1991. Paradigm of the "open-approach" method in mathematics
teaching: Focus on mathematical problem solving. International Reviews on
Mathematical Education 23 (2), 32-37.

Pehkonen, E. 1993. Using open-ended problems in classroom. In: Proceedings of
the seventeenth PME conference (eds. I. Hirabayashi, N. Nohda, K. Shige-
matsu & F.-L. Lin). Vol. I, 104. University of Tsukuba, Tsukuba (Japan).

Shimada, S. (ed.) 1977. Open-end approach in arithmetic and mathematics - A
new proposal toward teaching improvement. Tokyo: Mizuumishobo. [in
JapaniseJ
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DILEMMAS AND PARADOXES: MATH TEACHERS' AWARENESSES OF TEACHING
AND LEARNING MATHEMATICS IN MULTILINGUAL CLASSROOMS.

Jill Adler

Education Department, Witwatersrand University, South Africa.

Abstract: This paper reports on a preliminary analysis of the

first stage of a longer research project on teacher awareness of

teaching and learning mathematics in multilingual junior secondary

classrooms in South Africa. The project is framed by a social

theory of mind - that consciousness is formed through socially

mediated activity (Vygotsky, 1978), and methdologically is

concerned with a theoretically informed interpretation of empirical

data gathered in a particular way. It is situated in South Africa

where schooling contexts differ enormously and where multilingual

classrooms are the norm. This presentation focusses on an initial

set of in-depth interviews with six teachers in three different

classroom contexts, where teachers talked about the context of

their teaching, the tasks and challenges they face at the junior

secondary level in general, and language related dimensions of

their teaching in particular. A discourse analysis (Potter and

Wetherell, 1987), and hence of presences and silences in the

teachers' accounts, suggests that teachers in multilingual settings

confront and produce language related dilemmas and paradoxes as

they manage their teaching. These, in turn, have implications for

educational access in the broader South African context.

Potter, J and M Wetherell (1987) Discourse and Social Psychology:
Beyond Attitudes and Behaviour. London. Sage

Vygotsky, L (1978) Mind in Society. Harva:r:. University Press.
Cambridge.
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USING PERFORMANCE ASSESSMENT ACTIVITIES TO PROMOTE INTEGRATION

BETWEEN SUB-DISCIPLINES IN TEACHER EDUCATION

Miriam Amit

Ministry of Education, Israel

Currant reform in mathematics education calls for change in instruction and

assessment. Instruction should de-emphasis drill and practice type activities

and incense emphasis on open ended real-world problem. Testing and assessment

should de-emphasis multiple choice activities and increase emphasis on

performance assessment activities. In order for true educational change to

occur, instruction and assessment must be linked. To address these changes,

the Educational Testing Service (ETS) developed performance assessment

materials for middle school mathematics based on research of Lesh and known

as the PACKETS program activities. The program strongly reflect the NCTM

standards and facilitates the delivery of interdisciplinary instruction,

cooperative learning and application of mathematical thinking to real life

situations. For each activity the student receives a newspaper article which

provides a topical real-world starting point for a model eliciting project

size problem. These problems are generally perceived as having the potential

to contribute to the development of higher-order thinking, and assessment of

performance and conceptual understanding. Teachers' guide include samples of

student products of the project size problem, a "ways of thinking" sheet that

analyze different approaches to solve the problem exhibited in the products,

suggested interpretations using assessment tools and written reflection to

the students. These rAterials were used in an inservice teacher training

course for middle school mathematics teachers. The course was based on theory

and practice in several "sub-disciplines" such as: instruction, testing and

assessment, problem solving strategies, mathematical modelling, attitudes and

beliefs, real-world and "pure" mathematics. Each of them was taught

separately, with no interaction between the sub-disciplines. In order meet

the changes in math education and to integrate between the above, performance

assessment activities were used. At the beginning, the participants took the

roll of students and solved a model eliciting problem, working in small

groups and documenting their solutions. One activity, for example, was to

create a model for adjusting given recipes to new situations under constrains

that emerge from a newspaper article. The participating teachers used several

solution paths and came out with different models, most of which met the

requirements of the problem. The diversity of results was a surprise to the,

teachers who were used to "one problem, one path, one solution". Next, taking

the roll of teachers again, participants analyzed samples of student products

according to the "ways of Thinking" sheet provided in the PACKETS program,

and expanded their analysis to peer and their own products. In performing the

activity and and assessing the products participants had the opportunity to

integrate between the different sub-disciplines taught in the course and even

to re-consider some of their beliefs about problem solving. in the session

the activity, the models and the integration process will be discussed.
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THE DEVELOPMENT OF PROJECTIVE ABILITIES
IN PRE-SCHOOL CHILDREN.

Poulos Andress.

According to the Piagetian School the projective ideas in children's mind come after the

topological ones and explicitly after the age of 7-8 years. This is mainly due to the fact that the

child in this age is egocentric and he can't imagine the view from another person's position.

There is some doubt about these conclusions and a reasoning on newer experiments of these

positions. In this oral representation we will talk about two main research problems:

I: The role that the projective ideas play in the development of geometrical thinking on

children's mind.

II: The effect of didactical intervention at earlier ages (5-6 years old) on these ideas.

Our research programme on acquisition of geometrical concepts is based on the follow:

1. The concepts of plane figures are learned with the use of solid bodies.

2. The perceptive perception is improved in the 3D space.

3. The micro-space of the table isn't sufficient for the development of perceptive perception.

4. The children in the play perform tasks that call for the view of objects from many different

optical positions. This is a component of projective view of geometrical objects.

We study and control the evolution of children's behaviour in the process of our programme

during the year's 1992-93 and 1993-94.

The first conclusions of our observations are:

a) The children have great deal of experience, so they can "read" two-dimensional complex

figures. Also they can construct a block of objects looking at the photo or the pattern.

b) The differences between perspective and non-perspective drawings are not perceptible from

the children without proper instruction.

We hope that the completion of our researching programme will throw light on the

projective abilities of pre-school children.

References.
* Cox Mauren (1977) "Teaching perception ability to five-years-old", British Journal of

Educational Psychology 47,312-321.
* Piaget Jena & Inhelder Barbel (1971) "The Child's Conception of Space", Routledge

& Regan Paul. London.
* Pillow Bradford & Flavell John (1986) "Young children's knowledge about visual

perception, projective size and shape". Child Development, 57, 125-135.
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INTEGRATING DERIVE IN SECONDARY LEVEL MATHEMATICAL

TEACHING : THEORETICAL POTENTIALITIES AND THE REAL LIFE OF
TEACHERS AND STUDENTS

Michele Artigue, Maha Abboud, Jean Philippe Drouhard, Jean Baptiste Lagrange

Equipe DIDIREM, Universitd Denis Diderot Paris 7

The research presented here is an ongoing research whose em is to study the impact of the
use of C.A.S. softwares on the mathematical representations and practices of secondary
school students.

It is carried out with students whose teachers can be considered as "experts" : they have been
integrating computers to their maths teaching for many years and using DERIVE (the specific

C.A.S. considered here) for more than one year. About 40 teachers are involved with students
ranging from 14 to 18 years old.

The research combines external and internal methodologies :

- the external sttidy is based on two questionnaires (one for teachers and one for students)

aiming to collect detailed information about the way DERIVE has been used in each precise

class during the whole academic year, what was expected and what really happened, as well

as the opinions of both teachers and students about this software and its potentialities for
maths teaching and learning.

- the internal study is based on qualitative observations of classroom sessions with DERIVE.

Sessions to be observed are selected with a special subgroup of experts working together in a

C.A.S. working group created three years ago by the Ministery of Education : they have
previously experimented them and think that they are well adapted for testing some of the

hypothesis currently found in the litterature about the potentialities of DERIVE or other
C.A.S.

The research began in1993. A first version of the student questionnaire was elaborated and

tested with students belonging to the classes of the C.A.S. working group teachers mentioned

above. Some observations were also carried out and allowed us to fix the internal
methodology, specially the form taken by the a-priori analysis of situations to be observed
and to get more precise criteria for selection.

In the short communication, firstly we shall present the problematic of this research, relating

it to some others developed in this area then we shall focus on the internal part of the
research. By refering to some specific obervations, we shall show how the results obtained up

to now lead us to reformulate most of the hypothesis initially made by the experts and
currently found in the litterature and also to reflect on the conditions to be satisfied by
mathematical situations for being "good DERIVE- session candidates".
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CONTRIBUTION TO AN EPISTEMOLOGICAL AND EDUCATIONAL
ANALYSIS OF TEACHERS' PERSONAL REPRESENTATIONS ABOUT

PROBLEM SOLVING

Ana Maria Boavida, FCT- Universidade Nova de Lisboa

Several authors have claimed that the terms problem and problem solving
have several meanings according to the teacher's perspectives about the nature
of mathematics and its teaching and learning.

This presentation will report some components of a study which purpose
was to understand how some Portuguese mathematics teachers interpret
problem solving in the context of school mathematics in general and in the
context of the students' development in particular.

The study assumed the plurality of ways of learning, the diversity of
contexts in which knowledge is constructed, the unique character of the
interaction of the individual with his or her environment, the complexity of
success or failure in mathematics and the importance of a basic mathematical
culture as a necessary condition for the construction of the Person in today's
historical and social context.

This study had a two-fold objective: (a) to analyse and to understand
teachers' personal representations of problem and problem solving in
mathematics education; (b) to explore possible relationships between these
representations and their personal philosophies about mathematics.

Methodologically, the study was organized around two complementary
components. A theoretical component, which analysed contemporary trends in
mathematical philosophy, and the meanings of the terms problem and problem
solving. Another component included the analysis and interpretation of data
collected through semi-structured interviews of teachers of mathematics
(grades 7th - 12th).

The interpretation of these data suggests that the interviewed teachers have
diferent meanings for problem and problem solving which affect the role and
place each teacher gives to problem solving. The relationships between their
personal philosophies about mathematics and the personal representations of
problem solving are complex, simultaneously involving mathematical and non
mathematical factors. It is also found that they claim predominantly personal
philosophies of absolutist tendency for mathematics.
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CONTEXTS AND STRUCTURES IN LEARNING TO NEGATIVE NUMBERS

Alicia Bruno y Antonio Martinen

Universidad de La Laguna

We expose the results of an experience carried out about the learning of

negative numbers with 111 students (11-12 years old). The students worked with

a curricular material in which negative numbers were presented through

concrete situations in five different contexts: possesion and debt,

temperature, above and below water level, time and road. The numbers appeared

expressing stages (s) ("I owe 5 dollars", "temperature is 8 degrees below

zero"), comparisons (c) ("I owe two more than you", "in Madrid there are two

degrees less than in London") and variation (v) ("I lost 8 dollars",

"temperature fell 8 degrees"). The addition and subtraction with negative

numbers was studied through the problem solving with the following structures:

(1) the addition of two states gives the total state: sl + s2 = st ;

(2) the addition of the initial state and the variation gives the final state:

si + v = sr ;

(3) the addition of two variations gives the total variation: vt + v2 = vt ;

(4) the difference of the final state and the initial state gives the

variation: sf -st = v ;

(5) the difference of two state gives the comparison: si - s2 = c .

This classification of the problems is similar to the one used by

Vergnaud (1982).

We analyse the difficulty of the problems and the strategies used by the

students (numerical and/or graphic) to solve them (Peled, 1991), according to

the kind of the structure of the problem and the context. On the other hand,

we study the kind of structures and contexts that the students choose with

greater frequency to write problems (the solutions of which are fixed

operations with negative numbers).

The problems allowing a best understanding of the operations with

negative numbers were those of the context of the possesions and debt and

those of the structures (1) and (2). Also these problems are chosen by the

students to write problems in greater frequency. The most difficult problems

were those of the context of the time and the structures (4) and (5),

furthermore these structures were chosen occasionally to write problems.
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A STUDY OF THE CHILD'S CONCEPTION OF FRACTION
- THE GENETIC DIMENSION -

USING THE CLINICAL PIAGET'S METHOD

AND SEARCHING METODOLOGICAL INFERENCES

Ely Machado de Campos

Centro Educacional La Salk de Ensino Superior

Canons, RS. Brasil

The purpose of this investigation is to study the child's conception of fraction. The study
deals with the elementary concrete partitions of three dimensional and two dimensional figures
and the use of Piaget's methods of collecting and organizing experimental data.

The principal objective is the chartring of the development of intellectual structures
related with fraction, i. e., the study of the genetic dimension.

In order to grasp the context, this work more specifically includes two sections: a dis-
cussion of Piaget's investigation and the aplicat ion of the clinical method to a experimental
group with 35 children aged 3-10 years old.

In the current research, the subjects were given the task of bisecting, trisecting, etc ...
a circular cardboard "cake" and other figures. In the clinical interview, which acompanied
each task, subjects were questioned about their dominace of conservation.

The findings of this study were largely as Piaget indicated and they refer how important
it is to explore the intellectual development theory about fraction where the viewpoints of
teachers must include besides the what's to be taught, how children learn and when they
learn (i. e., conditions to learn).
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FROM INTEGERS TO FRACTIONS

David Carraher*, Luciane Heim, & Analucia Schliemann*

Universidade Federal de Pernambuco, Recife, Brazil

In learning about fractions students must rely upon what they know about integers, yet
their understanding of whole numbers at times gets in the way. For example, research
has shown that many students maintain the belief that multiplication "makes bigger" and

division "makes smaller" (Bell, Fischbein, & Greer, 1984) well into their secondary school
years. How can students reconcile former knowledge about natural numbers with
knowledge to be acquired about fractions? Where must breaks with past knowledge and
conventions be established?

An exploratory study was undertaken with 10 middle school children to investigate

how they deal with the effect of multiplication and division by integers. This seemed a
reasonable situation for clarifying how integer knowledge is related to fraction knowledge

since successive multiplication and division by integers are equivalent to operating by a

fraction. Children were first given single operation tasks to clarify their interpretations of

multiplying and dividing quantities by integers. Following this they were given tasks
which involved successive division and multiplication upon a given quantity. (Both orders

were given: division followed by multiplication and vice versa.)

Although all ten children accepted multiplication as n-folding a quantity, there was

considerable variability about how to interpret division of a quantity by an integer. Four of

the students were inclined to view "division by n" as 'breaking the quantity into n pieces".
Even when the interviewer drew attention to the written operation, "÷ 3", some students

maintained that the amount of chocolate was the same as it was before the division. This

suggest that the belief that "dividing by an integer makes smaller" may admit exceptions

in certain circumstances.

There was considerable variation among students regarding the effects of
successive integer multiplication and division upon a physical quantity. Some students
treated division and multiplication (e.g. ÷ 4 followed by x 3) as producing a fractional part

(e.g. 3/4) of the original amount, regardless of the order of the operations. Hoviever,

students reaching this conclusion did not necessarily realize that a fraction could act as a
multiplicative operator. Others claimed that the integer operations were not related to
fractions. Overall, the interviews suggest that the links between integer multiplication and

division, on the one hand, and fractions, on the other, are tenuous. That some students

showed progress during the interview itself suggests that successive operations tasks
may be useful for drawing out the interrelations between integers and fractions.

At the Technological Education Research Centers (Cambridge, MA) during 1994.
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USING A LOGO ENVIRONMENT TO CREATE A MATHEMATICS CLASSROOM
COMMUNITY

Marta Civil
University of Arizona, Tucson, USA

In this paper I describe one aspect of our work with a fifth grade teacher, as we collaborate to
change mathematics teaching and learning in her classroom. This research is part of a larger
program of work that focuses on a socio-cultural approach to learning and rejects the deficit
model for minority education (Moll, 1992). In our work, classroom teachers and university
researchers collaborate to develop innovations in teaching by developing a classroom
environment that sees the students and their families as resources for learning.

The work reported here is part of our effort to create a mathematics classroom community in
which students engage in discussions on mathematically rich problems (Cobb, 1991; Lampert,
1988). Because of the characteristics of the school and the fact that these studentshave been
acculturated to the school ways for five years, changing their perceptions about what it means to
do mathematics in school was met with resistance. Immersing them in a completely new
environment, namely the logo laboratory, gave us a way to break down some of the established
behavior norms and roles in the classroom. In addition, because logo was new to every student
in the class, it served as an equalizer through which students considered less successful" were
able to shine. After a few sessions with the whole class, a very diverse group of seven students
expressed an interest in continuing working on logo. This paper will report on this micro-
community of learning focusing on social and cognitive aspects.

At the social level, the patterns of behavior of the logo group in the lab were in sharp contrast
with their behavior in the classroom. Students who were either aggressive or withdrawn in the
classroom, became more open and friendlier towards their peers in the lab. They were curious
about each other's work. Although students worked individually in the projects of their choice,
there was constant spontaneous sharing of information. Ideas traveled throughout the lab.
Some students became resources to their peers. In the paper I elaborate on the different patterns
of interaction. The students' projects gave us a window into their world and into their
understanding of some aspects of mathematics (e.g., decimals, angles, patterns). With varying
degrees of success (as I will illustrate in the paper), we engaged in conversations around their
work and their thinking. This helped us assess what was happening at the cognitive level.
Issues of persistence, confidence, intellectual challenge, and frustration shaped eachstudent's
personal approach to his or her project. The projects gave them an opportunity todevelop an
area of expertise (Hoy les, 1985). The effects of this expertise were quite evident in their
presentations to the whole class. Even the students whose thinking we had difficulty reaching,
gave quite coherent and articulate presentations.
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THEORY AND PRACTICE: DO STUDENT TEACHERS ENCOURAGE YOUNG
CHILDREN'S MATHEMATICAL KNOWLEDGE OF THE REAL WORLD?

Anne D. Cockburn
University of East Anglia, U.K.

Research suggests that many young children are unaware of the role of math-
ematics in adult lives (Desforges and Cockburn, 1987). Teachers have been
encouraged to present their pupils with realistic, practical problems (e.g.
Hay lock, 1991; Kamii, 1989) and, indeed, such an approach forms part of the
Mathematics National Curriculum in England and Wales. Despite this, many
children have difficulty in applying their knowledge in unfamiliar contexts
(OFSTED, 1993). Personal observation supports Desforges and Cockburn's
1987 finding that early years teachers tend to provide routine mathematics
tasks rather than problems and investigations which require the application
of basic skills.

In response to a questionnaire, early years student teachers indicated that
they are strongly in favour (97%) of pupils engaging in practical mathematics
in realistic contexts (N = 36). This short presentation will consider:

(i) in what ways students act upon these beliefs on teaching practice.
(If they do not, why not?)

(ii) whether such an approach has any effect on pupils' understanding,
progress and knowledge of mathematics within a real world con-
text.
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WORD PROBLEMS.
FROM NATURAL LANGUAGE TO MATHEMATICAL EQUATION: THE

RESPECT OF HOMOGENEITY

CORTES Anibal
LabPSYDEE, 46 rue St. Jacques, 75005 PARIS.

Most students in putting into equation the following problem:
A shop-keeper selling smoking items buys from a wholesaler match-

boxes and lighters by giving him 230F. If he buys 260 match-boxes and 30 lighters,
the wholesaler gives him back 3F. If he buys 160 match-boxes and 40 lighters the
whole saler gives him back 2F. What's the price of a match-box? and that of a
lighter?
write directly the system of equations: 260x+30y=230-3 and 160x+40y=230-2. Now,
to put in equation a word problem requires to pass through stages, in general implicit:

a) First, it is necessary to identify or to construct correspondences (in natural
language) between two whole sets in our problem: to a number n of mutch-boxes
corresponds a sum of money Sa (only one) rt -> Sa. In the same way, for m
cigarette-lighters: m -> Sb and nUm -> Sa+Sb.

b) Then, it is necessary to construct numerical functions starting from the
correspondences previously constructed. There is a rupture here because these
numerical functions express equivalences: the homogeneity of terms must be
respected. The functions in our problem are: the total sum of money St=Sa+Sb; the
sums of money payed in function of the number of objects: Sa=xn , Sb=ym and
St=xn+ym. In general these functions are not written down.

c) The mental construction of these functions makes possible to connect the
numerical data to the unknowns of the problem. Now, the numerical calculation of
these unknowns requires, in our pr)blem, to write a system of equations by
substitution of datas in the function St=xn+ym. This process is in general implicit.

Analysis of one representative error: some students write "x represents the
match-boxes and y represents the lighters". The signification of the unknowns
switches to the one of an object. Then, they write: x+y=230 and 260x+30y=230-3. In
the first equition the equal sign expresses only a correspondence: to a number of
objects corresponds a sum of money. The homogeneity of terms is not respected:
there are objects on one side and money on the other. The disregard of the
homogeneity also appers when students give two different significations to one
symbol. For example x can be also an unit-price in the second equation.

The numerical functions and the equations written down must always have the
same units and the same signification. Therefore, we can identify an operational
invariant or a principle: the respect of the homogeneity of terms in mathematical
expressions and the homogeneity of the signification of symbols. This implicit
principle guides the cognitive process involved in mathematical modelisations of
conceptulisations of reality.
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INTUITIVE NOTIONS ON SEQUECES IN PUPUILS OF SECONDARY SCHOOL

Joaquin Ferrer Sanchez Departamento de Didactica de la
Matematica.Universidad de Almeria.
Almeria.Spain.

ABSTRACT

This work is about the intuitions about the concept of

sequence in pupils fourteen-fifteen years old.

A lest has bee passed to the children in a classroom

in Secondary School,which consists in two items about

sequence.In the first item one pupil is to explain what

a sequence is to another pupil.The second item presents

four examples,and the pupil needs to dicose whether one

one of them is a sequence and justify his choice.The

first example is about an infinite non-numerable set:a

segment;the second example asks about of sand of a

beach;the third one is the positions of a pendulum.The

set of odd numbers is the last example.

Responses are classified following threecriterion:

oder,infinity and regularity.Then,we analyte the

consistence of the answers given to the different above

mentioned examples.

References

Fischbein.E et al.1979.Educ. Stud. in Math,10(3),40
Moreno,Luis E. et a1.1991.Educ. Stud. in Math.22:21
Sierpinalta,A.1987.Educ. Stud. in Math.,18,371
Sierpinalta,A.1990.For the Learn. of Math.,10(3),24

80_38_



Exploring the source and effects of critical incidents in the
growth of the professional knowledge of mathematics teachers

filerae les
The University of Nottingham

Abstract
The field in which I wish to report is that of the development of professional learning in mathematics teachers.
Areas of current investigation outside of Mathematics Education include work on the structure of a teacher's
knowledge (Shulman, Calderhead, Zeichner), the nature of knowledge about teaching (Scholl, Calderhead,
McIntyre and Brown, Olsen,van Manen) and the nature of professional development (Gelderland & Gates, Day,
Eraut, Can & Kenixtus).

Shulman has written that one area which needs further examination is the effect subject knowledge has on a
teacher's beliefs and classroom practice. Furthermore there is currently great interest in constructivist
approaches to learning, not just for pupils learning mathematics, but for teachers developing their teaching.
Howeverthere are someveryrecent signsthatthere is a stilt away from viewing the individual as constructor of
knowledge towards the social and cultural context of knowledge oonstruotiont 'social oonstructivism' and 'social
interactionisni'. This atteniptsto merge ilygolskian ideas ofthe role of language and situation, with a perspective
that learning ohm does take place as a result of some interaction with another. However just as we are Act just
individual meaning makers, we axe not just social negotiators. At the same time we are a product of our past,
having psychological dispositions which mayeifiser liberate or constrain us.

R is within &is contnetthat Iwislito maims work which looks closely Attie act of developing new ideas about
teaching which are significant enough to bring about a change in awareness which in its turn brings about a
change in behaviour. The idea of exploring 'significant moments' (Mason, Jaworski, Gates, Davis), 'critical
incidents' (Trip) or 'critical events' (Woods) is Act a new one and might even be traced back to early works in
Buddhisin,the Yates and other suchphilososhies. However it seems tobeproviding atoms into** mind of the
teacher 'inaction'. Onearearthicit las received little attention has been the psychological disposition of teachers
towards interpreting their experiences. Whilst much research from a oonstructivist tradition has identified the
very moments of learning ofyoung children (es, Staffs, Cobb ttertvonGlasersfeld) litfie has been done in the area
ofthe growth of knowledge ofthe teacher - either novice, or expert -with a focus °nth' subject specialism.
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ROLE OF INTERVALS WHEN FUNCTIONS ARE INTRODUCED

Joaquin Gimenez . Computer Engineering Department, Taragona

ABSTRACT

Some distractors were found in building intuitional knowledge of dependence in no linear
graph situations. Conceptions of dependence and use of interval is analyzed.

INTRODUCTION AND OBJECTIVES

Our study try to analyze the students' conceptions (Artigue 1990) and images (Vinner 1983).

(in a "in service teacher training" experience) of global interpretation, use of variation ideas of

functions prior to the usual formal study (11-16 years old). The main questions were the
following: (a) Could we characterize an intuitional knowledge (Kieren 1992) about dependence

and variability prior the formal study? (b) What about the use and verbalisation of interval in

using global interpretations of no linear graphs in comparison situations?

METHODOLOGY

120 scholars (11 to 16 years old) and 5 teachers in the Tarragona area participated in a cross

longitudinal study. The set of questions included: (a) dependence, and corres-ponding linguistic

framework, (a) interpretation of scaled function and comparison of graphs in real context

situation, and (c) use of algebraic and table .notation to represent a simple dependence.

MAIN RESULTS

(a) Functions are considered as graphs, and later as a relation, but the students need the formula

at a starting point, for explicitation. (b) The observations revealed a basic geometrical view

(Azeirate & Deulofeu 1994) of dependence and no explicit link with operative understanding.

Global observations did not appear easily. (c) "Close contextual" activities as football game act

as distractor to interpretations. (d) Operative discrete understanding act as a barrier for a global

interpretation of graphs, if there is no related to a geometrical interpretation. (e) A lot of discrete

viewing appears in functions' comparison tasks. Intervals are used for single functional
interpretations of increasement, but it seemed not necessary to talk about variability even in

comparison tasks. (f) Second part of the study (in progress) revealed that interpreting and

using real situations in a figurative way, could be a powerful intuition to improve dependence

understanding if comparison tasks are introduced.

REFERENCES
Artigue,M ( 1990) Epistemologie et didactique. Recherches en didactique des mathematiques.

10, (2.3),pp.241 -286.
Azeirate & Deulofeu (1994) 14 to 16 yearsold pupils'problems in connection to function

dependence and variation. In Malara & Rico (eds) Proceedings of 1st Italian-Spanish
Research Symposium in Mathematics Education, 91-97.

Kieren (1992) "Building intuitional knowledge". ICMI lecture. Univ. Laval. Quebec.
Vinner, S (1983) Concept definition, concept image, and the notion of function. Int. Journal of

Mathematics Education in Science and Technology, 14 (3), 293-305.

82 40 --



TEACHER THINKING AND NARRATIVE ANALYSIS
OF STUDENT TEACHER'S STORIES

Fernando RIBEIRO GONCALVES

Helena RALHA SIMOES

Carlos Marques SIMOES

UNIVERSIDADE DO ALGARVE

ABSTRACT: Metacognition can provide an important conceptual tool for the study of
teacher thinking (Clark & Peterson. 1986: Morine-Dershimer, 1991). In spite of his incipient
nature, as a scientif domain, it helps eventually to understand the complexity of the several

modes of knowing involved in teacher development, since his early beginnings (Eisner,
1985). But. if the modes of knowing and the events to which they refer are taken to be in a
different domain from the practice of teaching and learning, then we must also take into
account the distinction between theory and practice that permeates our reflexion.

Our effort in this paper is to construct a basis for working on these possibilities
through the narrative analysis of student teacher stories and histories (Josselson &
Lieblich, 1993). Such terms provide elements of metacognitive reflexion. and therefore we
will try to reconstitue the emergence of the pedagogical content knowledge in teacher

education (Gudsmundottir, 1991, Shulman. 1991).
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"THE ATTITUDES IN PROBLEM SOLVING"

Josefa Hernandez, Candelaria Espinel and Martin M. Socas

La Laguna University (Spain)

The influence of affective factors in education is beyond doubt, doing

research aspects concerning with the pupil attitudes (McLeod, 1992) and

teacher beliefs (Thomson, 1992) at the preent.

Some of the aims of our paper are analyzed:

. Differences between pupil attitudes toward Mathematics in general and

towards problem solving.

. Differences by ages, sex, studies of their parents.

. Relation between the pupil attitudes and the qualification in mathematics.

. Relation between the attitudes and the style of the teacher.

Our research has been carried out with students (8-11 years) in Tenerife

(Spain), in which 13 teachers of 7 schools and 355 children took part.

Starting from some papers by Aiken (1974, 76) and by Gairin (1987), we made

and validate two tests: one to measure their attitude towards mathematics and

the other their attitude to problem solving. These are made up 25 items,

referred to affective (10 reactives), comportamental (5), cognoscitive (5),

implication (2), contextual (2) and beliefs (1) components. At the same time

we make a questionaire for teachers to analyze their way of teaching.

Firstly we gave the test about attitudes towards mathematics to the

students and them about the attitudes towards problem solving. This test is

given again to the student after we has been carried out a instructional

design about arithmetic problems. The assesment technique which we used was

Likert's added clasifications and it was given to all students. As a

consequence of these results we have found out that the attitudes of the

children towards problem solving is slightly higher than towards mathematics,

nevertheless these points do not change after carrying out the instructional

design, which was assessed in a positive way by the student as well as by the

teacher. Among the causes of these results we have found out the influence of

teacher beliefs and conceptions, as well as the instructional design which is

carried out in a short time does not make any significative changes in the

student's attitudes.
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MEDIATING UNDERGRADUATE MATHEMATICS LEARNING
THROUGH DIALOGUE AND CO-OPERATION.

M. HOCKMAM.
University of Witwatersrand.

A learning programme based on collaborative and
constructivist ideas was developed and introduced into the

Math 100 tutorial system at The University of Witwatersrand

during the first semester of 1993.

The programme involves a cycle of learning, beginning with

the lecture or class, moving through group work and pro-

active tutorials, and ending with self study. The
construction of the programme was influenced by the work of

Vygotsky with respect to the Zone of Proximal Development,
the constructivist views of Von Glasersfeld and Lochhead, and

the existing precedents of group work and conflict lessons

developed by the Shell Centre fol. Mathematical Education,
University of Nottingham. The great success of pair-learning

at religious Jewish seminaries also encouraged and influenced

the development of the programee. It is hoped that the
programme can be adapted to become part of the tutorial

system of any maths course at a university.

The wain concern of the project is the structuring of small -

group and pro-active tutorials. The aim of both these

tutorials is to encourage communication among the students,

and between the students and the lecturers. Maths education

at both school and university needs to move away from being
teacher-centred and allow the students to take a more active

part in their own learning.

The learning programme was piloted with 50 of the 350

students in the first year main stream mathematics course,

and involved two lecturers. A questionnaire, relating to the

general atmosphere during tutorials, was completed by the

whole Math 100 class at the end of the semester. A positive

result was obtained, with the pilot project students

indicating an involvement and enjoyment of the tutorial

system, not shared by the rest of the students. Despite these

results, no significant change in academic performance was

observed at this stage.
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SLUMS CHILDREN'S SCHOOL ARITHMETICAL KNOWLEDGE

Mariela Orozco Hormaza

Department of Psychology

Universidad del Valle

Cali, Colombia

Several authors have described successful performances of low

socio economic level children to solve arithmetical tasks, provided

they are presented in their "everyday context" (Saxe, 1991) or in

their "context of transaction" (Carraher y Schliemann, 1985). I

would like to describe children's successful procedures in solving

a school arithmetic centered test. The test was applied individually

to 3.75 "slums children" to identify their number comprehension before

they enter first grade. Children's success in solving the test tasks

suggest that it is necessary to modify assessment methods in order

to be able to establish their school mathematical knowledge and ways

of reasoning. The presentation will include: a description of the

test, the way it was applied and the results obtained; and a
reflexion on the test content and the methods used to apply it and

to analyse the children's answers. Finally, I would like to propose

that this type of assessment allows one to identify "children's

mathematics" (Steefe (1990) and enables one to decide on "mathematics

for children" as Steefe has suggested (Steefe, 1988, 1990).

CARRAHER, T.N., CARRAHER D.W. AND SCHLIEMANN, A.D. (1985)
Mathematics in the streets and in schools. British Journal
of Developmental Psychology, 3, pp. 21-29.

SAXE, G. (1990) Culture and Cognitive Development: Studies in
Mathematical Understanding. Hillsdale, NJ: Lawrence
Erlbaum.

STEFFE, L. P. (1988) Children Construction of number sequence and
multiplying schemes. In J. Hiebert, M, Behr (Eds.).
Number Concepts and Operations in the Middle Grades.
Preston, Virginia: Erlbaum. National Council of Teachers
of Mathematics.

STEEFE, L. P. (1990) Children's construction of meaning for
arithmetical words: A curriculum problem. In D. Tirosh
(Ed.). Implicit and Explicit Knowledge. An educational
Approach. Norwood, NJ: Ablex.
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Progression in the understanding of an
algebraic rule

MOK, Ah-Chee Ida
Department of Curriculum Studies, University of Hong Kong

Most of the exercises in textbooks can be completed by recalling
algebraic rules accurately. Thus, a correct piece of routine exercise

may not guarantee that students have achieved progress in

understanding. This study is an ongoing one and it aims to find a
better picture of how students understand an algebraic rule and how

their reasoning changes as their learning experience grows. Students
from different levels in secondary school are chosen to do task-based
interviews. The design of the tasks are based on the pattern of the
distributive law. During the interviews, studentshave to distinguish the

legitimate and the illegitimate situations, and they are asked to explain

their answers.

In the trial study for designing the inteview tasks, the tasks were tried

by three students with Hong Kong educational background and of age

12, 14 and 18. They had completed secondary year one, three and five

in Hong Kong respectively. The responses of the students were found

to be mainly unistructural according to the SOLO taxonomy. (Biggs &

Collis, 1982) There was obvious difference in the reasoning strategies

of students from different age group.

The student's responses are summarized in the table below:

Student age Characteristics of responses

age 12 unistructural, mainly substitution, tautology,
inconsistency, recall, wrong data

age 14 unistructural, mainly manipulations, goal-directed
transformation, some substitution, tautology

age 18 induction & deduction, consideration of the nature of
variable, unistructural, tautology, multistfuctural
but closed too soon, relational during probing

Reference:

Biggs, J.B. & Collis, K.F., 1982, Evaluating the Quality of Learning: The Solo Taxonomy

Structure of the Observe. Letorninst Outcomel, Academic Press.

Mok, A.C.I., 1993, "The understanding .1 the distributiv,... law", poster presentation in

PME XVII, Japan.
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CONCEPTIONS OF FUNCTION: A TOOL FOR ANALYSIS OR A CONSTITUENT
OF THE MATHEMATICAL KNOWLEDGE?

Maria Kaldrimidou, Dpt. of Early Chilhood Education, University of Ioannina, Greece.

The term conception (and/or misconception) appears more and more often in the litterature
of the mathematics' education. The use and the meaning the notion has in the researches'
reports, and especially to the researches concerning the concept of function, will be the first
issue of this paper.

Usually, the term is used without an explicitly reference to his meaning. But, the context of
the researches' reports led us to an interpretation of the term. So, 'conceptions" are used in
relation to:

1. the knoweldge of the subjects (students or teachers of mathematics), as the 'analogori
(Vergnaud) Construct of the concept in their minds (Breidenbach & al., Vinner)

2. the mathematical concept, to determine the different aspects the concept has in different
topics (A. & J. Selden, Sierpinska).

3. the procedures used in mathematics, their epistemological value and other caracteristics
of the mathematics such as generalisation, definition, iconic representation... (Artigue,
Sierpinska, Dreyff us, Kakirimidou & Ikonomou).

Moreover, and this will be the second issue of the paper, we will try to set up an unifying
approach of the notion of conception and to present our considerations about:

1. the discrimination between the term conception and other similar terms such as ideas,
beliefs, scheme of thought,...

2. the nature, the function and the structure of conceptions in the construction of
mathematical knowledge, and consequently

3. the possibility of intervention, during the educational proces.
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THE COGNITIVE STRUCTURE AS A PROCESS OF DOING MATHEMATICS

Tadato Kotagiri
University of the Ryukyus

I have previously reported on the cognitive structure that is observed when elementary-school

children successfully leant numbers and four arithmetic calculations according to the Suido

Method.(See the Proceedings of the PME 17, ID -240.) This structure has four phases, or

four thinking modes, identified as the Real World, the World ofModels, the World of Schemes, and

the Mathematical World. All the empirical results show that every elementary-school child can

achieve a satisfactory level of learning numerical concepts by going through the four cognitive

worlds conducted by the Suido Method even if he/she is called a slow learner in mathematics

learning because he/she can manipulate concrete objects and understand the result of his/her efforts.

We can begin here with the question, "Why can a child understand the result of manipulating

concrete objects?" This question is not particular to the Suido Method, but is a general question

because it is popular to use concrete objects, pictures of concrete objects, and everyday-life stories

for teaching mathematics. Then, the question is, "Why can a child do and understand mathematics

by using the concrete objects, the pictures, and the stories?"

I propose that there is a base-structure under the structure composed of the four cognitive worlds.

Citing Freud's idea, this base-structure could be called Prelogical Knowledge, which is obtained un-,

sub-, or pre-consciously. By a simple experiment, it is easy to prow that there exists Prelogical

Knowledge, which is not intended to be memorized. From this point of view, the above statement of

successful teaching should be rectified as follows: Every child who his stored enough Prelogical

Knowledge in his/her mind can understand the mathematical relations explained in the thinking

modes with concrete objects, pictures, and stories. The Prelogical Knowledge is different from the

knowledge memorized through the Drill- and - Practice lessons because a child !tams or memorizes

something consciously in the Drill-and-Practice situation. The memory Gy.trin of Prelogical

Knowledge is different foam computer memory because a child understands the rr-"aning of

information to be accumulated unconsciously even if he/she is just two or tree years ail..

We night now consider another question, "Why can a child understand the meaning of

information to be stored succesciously?" Since a child scarcely know the words to communicate

with another person, child's way of understanding the meaning of words is different from adult's one.

This question is generalised into the following, "Why can a young chid, whose vocabulary is

Fs lum* IstaptlaistrmLsgmcgptuurkmUggeamLftxt,Mscha_ac.?"
I propose that there are two conditions which must both be satisfied for a young child ID

understand the ineartinp of new words: One is Emotional lkirgnamt sad die of is c911101111!

Jam. It is easy to observe these conditions in a child's play, i.e., when the child is playing

house or is *win a paper picture show. In other words, we can observe the two condition when

a child forgets himmArkeseff to do something. This suggests that an important principle of storing

Prelogical Knowledge is to let a child do what he/she fen enjoyable, joyful, delightfid, amusing, etc.

47 -89



Constructing a culture of alternative pedagogy
in a formal educational system:

an analysis of two teachers' interventions.
Yanna Preen - Kynigou and Chronis Kynigos*
*University of Athens, School of Philosophy, Dept. of Philosophy, Education and Psychology

The context of this research is a logitudinal project, involving all teachers and children of a

primary school using Logo programming to develop alternative pedagogy for mathematics.

Episodes about the didactical intervention 01 two teachers with seven years' prior l.ogo
teaching experience within the project are described, where, their developed strategies to

influence the learning environment, on the one hand in order to discourage an unreflective use

of the computational medium, and on the other, in order to help the children to focus on and

become aware of the interesting and powerful mathematical ideas which they use in amongst

their projects were challenged by the assumptions carried over Irons the wider educational

paradigm. A qualitative analysis of all the teachers' verbalisations in the classroom was carried out,

supported by interview data. based on: a) video recordings of the teachers' activity and transcription

of all their interventions throughout five teaching periods each and b) on semi - strucutred interviews

regarding their beliefs about the didactical strategies they had formed.

The preliminary results support the argument that the teachers have developed strategies to influence

the learning environment, on the one hand in order to discourage an unreflective use of Logo, and on

the other, in order to help the children to focus on and become aware of the interesting and powerful

ideas which they use in amongst their projects. However, their efforts are not facilitated by the

assumptions =Tied over from the wider educational paradigm to the Logo work, even though during

the normal cumculum hours they did attempt to engage the children in classroom discussions or find

time for them to work in small groups and the school explicitly supports such pedagogy. The children

come into the Logo classroom with the expectation that the teacher is there either to provide

information or answers, or to test whether the pupil can provide them. The teachers have, in general.

gradually developed a meaningful way to communicate to the children why they are not readily giving

them factual answers, why they will often throw the responsibility of a situation back to the children

themselves, and that it is socially acceptable and legitimate for them to conjecture. theorize and make

mistakes. Even so. this does not seem to be the case of simply explaining the rules of a new game and

then playing it The teachers see important eduational value in consistently communicating these rules

throughout the project's duration.
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CARDINALITY UNDERSTANDING AND LEVELS OF ACQUISITION

Vicente Bermejo

M Oliva Le=
Purificacidn Rodriguez

Universidad Complutense, Madrid, Spain

This work focused, on the one hand, on the process of cardinality

acquisition and, on the other, on the relation between the cardinal

concept and the counting procedure. To gain a better understanding of

children's understanding of cardinality we presented four tasks: (a)

conventional sequence (CS); (b) backward sequence (BS); (c) jump at the

beginning of the standard sequence (JBSS); and (d) jump forward and

backward in the standard sequence (JFBSS) to three groups of subjects

(i.e., Group I: M: 3:9, range 3:5 - 4:0 years; Group II: (: 4:3, range

4:0 - 4:6 years; Group III: M: 4:10, range 4:6 - 5:0 years).

As for our first goal, in general, the results showed that the

cardinality acquisition did not conform to an all-or-nothing process.

On the contrary, the present data supplied further evidence to the six

steps proposed by Bermejo and Lego (1990) in an earlier research

regarding the cardinality understanding: (1) incomprehension of the

situation and random responses; (2) repetition of the number word

sequence used in counting; (3) counting the set of objects again; (4)

giving the last number word of the counting sequence (i.e., the "how

many" rule); (5) responding with the largest number word of the used

sequence; and (6) a true cardinality answer.'

Concerning our second goal, the results evidenced that did not seen

to exist an essential relation between counting and cardinality. In

effect, many children who counted accurately failed to answer to the

cardinality question. Likewise, many children that didn't know how to

correctly count were able to give precise cardinality responses. Thus,

in accordance to previous research, a cultural or instrumental relation

is suggested between counting and cardinality.
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THE STABILITY OP ALTERNATIVE PROBABILITY CONCEPTIONS

p. E. Laridon and X. J. Glencross

Universities of the Witwatersrand and Transkei

As reported at PMB 17 (Laridon and Glencross, 19113), ongoing research

uses questionnaires adapted from Green (1942) to investigate the

understanding of probability amongst grade 9 pupils in the

Witwatersrand and Transkei areas of South Africa. This questionnaire

has been applied to about 1 200 pupils.

A more detailed analysis is here presented of two series of

items from Green's questionnaire. The first of these consists of

questions related to expectations pupils have on drawing balls from

bags; the second series deals with spinners. A novel sequential path

approach to the statistical analysis of these series of items is

used. Alternative conceptions are posited as being the basis on which

pupils made choices amongst the alternatives presented with each item

in the series. The group of pupils fitting into a particular

conception as indicated by a choice is followed through the series.

Bono startling results emerge in terns of the actual final percentage

of pupils who have used a particular conception consistently

throughout. the series. The outcomes of this analysis, questions

statements often made about the stability and persistence of

alternative conceptions. Serious doubts are also raised about the

reliability of the usual statistical analyses of instruments

consisting of multiple choice items.

In Green's questionnaire some of the multiple choice items are

followed by an elicitation of reasons for the choice made. The

cascade analysis of the items mentioned above is illuminated by an

analysis of these free responses. The categories obtained are

discussed in terms of possible underlying causes as found in the

literature (Borovonik and Bents, 1991).
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THE BUILDING OF MEANINGS IN MATHEMATICS: AN APPROACH OF THE
CONCEPT OF FRACTION.
Lopez Carretero, Asuncion. I.MLE.B. (Investigation Area I.MLIP.A.E).
Council of Barcelona. Spain.
Gallego Lazar°, Carlos. Teaching Staff College. Ramon Llull University.
Barcelona. Spain.

This work intends to be a contribution from a psychological perspective

to the study of the mental functioning in the Mathematics field. It

analyses the formation of concepts, and more specifically some aspects

of the building of the fraction's notion,

The work places the problematic in the frame of the mental

representation in order to tackle the cognitive dynamics responsable

for the building of meanings in Mathematics.

Thanks to the theoretical means of "the representational model" and

"the operational context" (Moreno-Sastre, 1988),this work studies the

interaction produced between the representational content -variables

of the task- and the operations that the subject makes to relate these

variables.

It has been noticed how different conceptual schemes together with

forms of symbolic expression are generated and coordinated in the

process of elaboration.

The building of meanings in Mathematics in the first stages could be

considered as a progressive coordination of operations and

representational contents. The dynamics of the formation of the schemes

could be the responsable for the building of the mathematical

knowledge.

The elaboration of a symbolic language able to express the mathematical

relations is the result of a process of creation which does not only

resultin the reorganisation of the conceptual relations at a more

complex level, but it can also open Impassable mental tracks up to

know.

The aim of this communication is to relate the conclusions of this work

to Vergnaud's concept of "the Conceptual Field", to the ideas around

Brousseau's "Epistemologic Obstacle", and to the studies carried out

by other autors such as (Post, Leah, Both) in the fraction's field.

Aerh,M.J.,Losh.R.,Post,Th.R.,Silvos,2.A.(1983):Rational Number Concepts. In
:Acquisition of mathematics concepts and pr .London, Ed. Academic Press

Inc.
Brousseau,G. (1983):Les obstacles ipistimologiqmes it lea problems en
sethimatiques.Recherches en didectigue des eaChematigues 4.2 pp.165-198.
Lopes Carretero,A (1988): Aprendormatemeticas,domesoconstrucciencolectiva.
In Moreno,M (Comp.).
Moreno,N (198$): El dialogo do lo cisntifico. In Merono,N (comp):Ciencia,
Aprendlsajo y Comunicacion. Barcelona, Ed. Laia.
Sastre,G (1988): Creacion de *strategists communicatives y las escrituras
aritmeticas. In Moro:110,M (comp).
Vergnaud,O.: La theorio des camps conceptuels. Aschorches en didectique des
mathAmatiques 10/2.3 pp.133-169.
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IMMIGRANT UNIVERSITY STUDENTS' EXPRESSION OF

PROBABILISTIC CONCEPTS FROM THEIR LIFE EXPERIENCES

Lguzon. D. and Zinn, B.

Rothberg School for Overseas Students, The Hebrew University of Jerusalem

The primary aim of our teaching is to enhance students' capabilities in

dealing with probabilistic concepts, and secondly to support immigrant youth in

their adaptation to a new country.

Students are invited to use theoretical models, for instance Venn diagrams or

Bayes' rule, as a basis for illustrating a life situation of their choice. The process

involves going from the model to the situation (the reverse of modeling). To

successfully undertake this task, a student must understand the theoretical model and

its structure, select an appropriate subject for this model, assign each part of the

subject to its counterpart in the model, and to evaluate the fit between the subject

and the model. Students must then pose mathematical questions about their

representation. This process demands flexibility on the part of the student.

Immigration is a stressful process, requiring flexibility in adapting to the host

country. We make use of the fluid situation in which our immigrant students find

themselves to instill new learning strategies for problem-solving.

A pilot study, using Venn diagrams as the theoretical model, was undertaken

with French-speaking immigrant students. The pilot study gave an indication of

students' increased interest, firstly in writing their own interpretations of the
model and sertirmily, in act' learning during class through generating their own

exercise. The reverse modeling gave immigrant students a legitimate opportunity to

express nostalgia for what they left behind as well as their reactions to the host

country's culture during their process of adapting to the new country. These

concerns were reflected in the students' choice of topics which ranged from Italian

soccer teams, Israeli culture as viewod by Asterix comic strip, airport baggage

control, and international politics. The degree of students' activity and the fusion of

their affective and intellectual involvement led us to extend the study.

An experimental group, which did not differ from control groups on pre-tests

of basic algebra and probability skills, was provided with many opportunities to

write their own interpretations of models. during a semester course on Probability.

The experimental group's achievements on the final exam were significantly higher

than those of the control groups. Eliciting students' expressions of probabilistic

concepts seems to be an avenue worth pursuing. We are trying to Implement this

teaching strategy with logic problems, which form part of psychometric tests for

university entrance.
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THE RESOLUTION OF TWO COMBINATORY TASKS BY MATHEMATICS TEACHERS

Helena Maria d'Orev Marchand

Faculdade de Psicologia e de CiOncias da Educacao-

Universidade de Lisboa

Formal operational thinking is the frailest of all stages of cognitive development studied

by the Geneva School (Inhelder & Piaget, 1955). Research on formal thinking in
adolescence shows that the average age of access to formal stage is substantially
different from the one claimed by Piaget and Inhelder in 1955. Research, which was
aimed to study adults' cognition, shows 1) that subjects that used formal thinking were few
and 2) that a significant number of subjects never reached a fully formal level. Faced with

these results, Piaget (1972) reformulated his first conception of formal thinking. In this
reconceptualisation Piaget not only admitted that the age level of 11/12 years should be

extended to 15120 years but he also pointed out 1) the role of the environment, 2) the role

of the capacities and 3) the role of professional specialisation in the construction of
formal operational structures. In 1972, Piaget suggested that the cognition of adults be
studied through tasks related to their profession or related with problems with which they

were familiar.
What happens with adults with a high level of schooling (average - 17 years) and
with a professional experience essentially in teaching? Do they control fOrmal
operations? Do mathematics teachers solve easier formal tasks than teachers of
other scientific areas? in this type of population, do formal tasks with familiar
content induce formal thinking more easily than formal tasks with academic
content?
The aim of this communication is to report some research data gathered to answer these

questions.
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OECD STUDIES OF EDUCATIONAL INNOVATIONS:
THE CASE OF THE NCTM STANDARDS

Douglas B. McLeod
Center for Research in Mathematics and Science Education

San Diego State University (USA)

The National Council of Teachers of Mathematics (NCTM) has played a
significant role in efforts to change school mathematics in the
United States. NCTM has focused its efforts on the development and
implementation of the Curriculum and Evaluation Standards for
School Mathematics (NCTM, 1989). The activities of NCTM provide-an
interesting opportunity for a case study of how a professional
organization of mathematics teachers can provide direction for
educational change in an entire country.

Romberg and Webb (1993) have presented the historical background
for understanding NCTM's role in developing the Standards. In this
case study we are analyzing the various factors that influenced
NCTM's work. We are also gathering data on the extent to which the
Standards have been implemented. Main sources of data include
interviews with educational leaders and observations in classrooms.

Seven other case studies of educational change are being conducted
in the USA (see Romberg & Webb, 1993) and a number of other
researchers have begun to carry out similar studies of educational
change in several other OECD countries (e.g., Keiichi Shigematsu in
Japan). Researchers who are participating in similar studies are
invited to identify themselves at the session.
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PROBLEMATIZATION IN THE TEACHING AND LEARNING PROCESS:
STUDENTS AND TEACHER ATTITUDES

Maria do Carmo Domite Mendonca
University of Campinas

This paper relates the results of a study in a 6th grade class based in a
problematization approach. This approach stresses active learning produced from
information from students' social reality. Two aspects were emphasized: (a) the
action, to motivate students to act within new situations of his or her reality in order
to modify it; (b) the dialogue, as the teacher faces patiently the differences of points
of view and, among the, to reveal enough similarities to establish communication
concerning the goal aimed by the group.

Of major interest was the study of students' attitudes towards mathematics
learning when the educator is looking from an extemalist view of mathematics, as
mathematics connects itself with other fields of study and as the teacher considers
the socio-cultural context of the students.

The class had 36 students. They were regarded as the weakest 6th grade class
of the school with a quite low achievement in mathematics and in other subjects.
The average age of the students was 14 years old. They worked in groups of 4 or 5
during their math classes in a spontaneous arrangement. Two of the strategies used
in the work were the following (concrete examples will be given at the presentation):

(1) SESPONTANEOUS: Make evident a situation in the school context.
The teacher must be attentive to emphasize a situation that is significant for the
students and, then, to carry on a discussion about it, in order to develop a
problematization process.

(2) GTSGENERATOR THEME: ask the students to choose a "generator
theme" from their social reality and help them to observe and investigate it in order

to unleash a problematization.
Experimental evidence shows that there was an increase in interest of most of

the students. they were excited about mathematics classes. Some problematizations
allowed the introduction of new mathematics topics. Others were used essentially to
present some exercises to practice skills and techniques. Still others enabled a
synthesis of what students had learned, providing them the opportunity to develop
skill in communicating mathematical ideas. Finally; some problematizations helped
to develop in students a greater sense of what mathematics is, how it has been
created and why to study it.
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ASSESSING STUDENTS' MATHEMATICAL ACTIVITY IN THE CONTEXT OF DESIGN PROJECTS

Judit N. Moschkovish

Institute for Research on Learning

Palo Alto, CA U.S.A.

Research in cognition and learning has pointed out the need for closing the gap between learning

mathematics in and out of school (Carraher, Carraher, and Schliemann, 1985; D'Ambrosio, 1991; Lave,

1988; Saxe, 1991). This perspective redefines what mathematics is and extends mathematical activity to

include more than using rote algorithms. Following this perspective, current curriculum guidelines and

standards for mathematics call for engaging students in 'real world' mathematics rather than mathematics

in isolation of its applications. However, it is not clear how application projects will change students' activity

or how these projects will affect assessment practices.

The Middleschool Mathematics through Applications Project (MMAP) is designing curriculum

materials in line with these standards and investigating students' activity when using these materials in the

classroom. In this alternative learning environment students explore mathematical concepts in the context of

design projects. One of the 4.6 week units, Antarctica, puts middle school students in the role of designers

who are creating a research station for a scientific expedition to Antarctica. This unit guides the students,

working mostly in small groups, through the design and analysis process. Tools include ArchiTech, IRL-

designed software that allows students to create floor plans and analyze information on their station's

heating and building costs.

This paper presents the preliminary analysis of research undertaken in one MMAP classroom using

the Antarctica project. The analysis focuses on several issues in assessment practices raised by the design

project curriculum. The paper describes the central issues and tensions encountered in the design and

investigation of assessment practices: How does an application based, long term project affect classroom

assessment practices? How are the assessment needs different than in a traditional classroom? What

activities do assessment practices focus on: the design process, the presentation of products, students' uses

of mathematical tools, or students' mathematical arguments? On what other productive activities might

assessment practices focus?
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STUDENTS' PROBLEM SOLVING APPROACHES

AND THEIR SPATIAL AND ABSTRACT REASONING

Conceicao Almeida

e

Ana Paula Mourao

Institute de Educagao
Universidade do Minho

Braga, Portugal

The investigation of students' problem solving abilities - nature,
origine and development processe - has been one of the major concerns of
our recent work.

The study reported here is part of this investigation. Its purpose is to
investigate how different problem-solving approaches, used by 10th grade
students to solve school mathematical problems and other problems
(curriculum content free), are related to their spatial and abstract
reasoning.

The results of the study are presented and discussed with reference to
its purpose.

Some suggestions to the teaching and learning of school mathematics
are made.
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USING INTERACTIVE MEDIA FOR CLASSROOM OBSERVATION'

Judith A. Mous ley Peter Sullivan

Deakin University Australian Catholic University

Geelong, Australia Christ Campus, Australia

The software presented is a multi-media package aimed at improving classroom observation and

research skills. It is being developed for use in pre-service and in-service mathematics education, but has

potential for use in other professional education contexts. Resources included within the program include

films of pre- and post-lesson interviews with the teachers, videos of the lessons (and any parts thereof),

transcripts and other lesson documentation, associated readings and bibliographic data bases, graphic

representations, and other resource materials.

Four lessons, based on six components of quality teaching (see Mous ley & Sullivan, this volume) were

planned, taught and videotaped. They are now stored on CD-ROM disc to enable interactive analysis of the

lessons. Our current research is examining how interactive media can be used to form comprehensive data

bases of classrooms in action, and how these can be used in teacher preparation, in-service professional

development and educational research.

Using on-and off-campus teacher education students, the project is using case study methods to

determine different levels of interactions, (a) between users and the program, and (b) within small groups

of uses, during the employment of a variety of pedagogical styles and student tasks. Teaching and learning

range from a transmission mode, where the lecturer plots the learning path, to individual or group research

projects of the students' own design using the program's resources.

This project has four aims. The first is to further understandings about the potential of multi-media

technologies to promote reflection, discussion and writing by groups of teachers and student teachers. The

second is to increase knowledge about how technology can be used to stimulate more student-directed

professional development and particularly group discussions and research projects (including teachers'

research into their own practices). The third aim is to provide a detailed evaluation of some uses of

interactive media to enhance classroom observation during the practicum as well as for researchers. Lastly,

we aim to explore the potential for students on different campwes (or distance education students with

access to appropriate networks) to contribute to a group analysis of mathematics classroom interaction and

to a common data base.

Conference participants are encouraged to contribute to the further development of this project by adding

to interactive documents that the software contains, including data bases of (a) questions which could be

researched using the program's materials, (b) comments, suggestions and questions about the research

project, and (c) short quotations and bibliographies appropriate for the styles of teaching demonstrated.

This research is being funded by the Australian Research Council, Australian Catholic University and Deakin

University.
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INTEGRATION OF INDIVIDUAL Q', STIONING
IN THE ERROR ANALYSIS PROCESS.
(An example with the algorithm of division)

NANTAIS, Nicole
Universite de Sherbrooke, Quebec

Error analysis is a very good approach to identify errors that the children commit in applying arithmetical
algorithms. Many authors (Ashlock, 1976, Cox, 1975, Radatz. 1979) have studied errors and tried to

classify them as well as make hypothesis concerning their causes.

Errors can come from many different sources: computation error, understanding error, application of
false rules, misunderstanding of numeration, and these kinds of errors can be corrected in different
manners depending on their source. So, for teachers, it. is important to know not only where the children
have committed errors, but also what kinds of errors. why they were committed, and how to correct them

effectively.

In teacher preparation courses, .,uve developed a global didactical approach in which we use error

analysis for understanding arithmetical algorithms (Nantais, 1990, 1991a). This approach consists in six

steps that allow future teachers not only to classify pupils' errors, but also to learn why the child does

that and what to do to remediate a specific kind of error. We describe these steps and each of their aims

below.

The first step consists of a task analysis to identify difficulties proper to each arithmetical
algorithm which having its own rules based on numeration principles. The second step is the

classification of errors of which we know the typology from the literature (Ashlock, 1976, Cox,

1975, Ginsburg, 1977, Radatz, 1979). The third step consists of determining hypothetical causes.
The fourth step is the preparation of a list of exercices based on the difficulties identified in step 1 and

the classification of a group of pupils' answers in a grid that permits to see, at a glance, where
the difficulties lie for each child as well as for the group. Nevertheless, this step doesn't allow necessarily

to know the understanding of the construction of the algorithm in the application of rules or of the
understanding of the numerical principles underlying them. Then, the Ofth step consists of the design

of individual questioning developed in accordance with the specific problem identified in step 4; this

questioning is based on the design of the mini-interview developed by Nantais (1991b). And the sixth

and last geil, the development of a remediation program to aid individual pupils or a
group of pupils correct their errors as well as understand what they do when they apply arithmetical

algorithms.

In this presentation, we will bring some results of an experimentation of this approach by future teachers

and highlight the essential role of individual questioning of step 5 with fifth graders on their
understanding of the division algorithm.
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ABOUT SYMBIOSIS BETWEEN NOTION AND ALGORITHM IN INTEGRAL CALCULUS
German Mufioz Ortega & Francisco Cordero Osorio

Departamento de Maternatica Educativa, CINVESTAV-IPN, Mexico.

The phenomena that integral calculus describes are characterized by the relationship between
magnitudes intervening and variations given among those magnitudes. When studying this
phenomenon, particular problems are inferred (see group 1 in figure) which partially describe the
behaviour of phenomenon. For instance, from movement two kind of questions can be posed: about
"real causes" of movement or about "calculation" of the evolution of movement systems.

Ab--1
Phenomenon Particular problem

Ap 1
1 1

(Ab) Abstraction

Ab Ab.--3
Mathematical Model Theories

Ap
2 1 1 3:H

(Ap) Application.

Each particular problem requires the following components to be solved (see group 2,3 in figure):
Processes of abstraction in which student's "notions" (with associated meanings) are present when

he is faced to problems. These processes are essentially of two types: empirical abstraction and
reflective abstraction (Piaget & Garcia, 1992).

Mathematical models are outer representations of de subject as an consequence of process of
abstraction.

Symbolic language in which the subject gives to symbols some rules and meanings (syntax and
semantics).

Theories appear when the structure of several mathematical models are studied and concepts,
theorems and algorithms are part of it.
Based on the scheme above, we can state that:

The present teaching of Calculus is focused on groups 2 or 3, that is, definitions of concepts are
analysed and algorithms are practiced and then to go back to group 1 to study problems of
applications. In this sense, Dreyfus (1990, p.125) has reported that "students learn calculus
procedures in a purely algorithmic level" and "teachers and students learn to say what integral and
its geometrical representation is and they identify with difficulty a methodology which enables them
to study continuous variations phenomena" (Cordero, 1993).

Concepts and algorithms are the result of a set of problems or of a set of situation in the same
sense as Vergnaud -conceptual field-(Vergnaud, 1990).

Notions and algorithms cannot be isolated. On the contrary, a symbiosis exists between them.
Questions such as what mechanisms are present in this symbiosis? How to structure a conceptual
field which enhances this symbiosis and the understanding of concepts and algorithms of Calculus?.
The specific problems we are studying are: a) problems "with initial conditions", b) prediction and
accumulation notions, and c) Taylor's series and the foundamental theorem of calculus both used as
a device of calculus, taking in account all the above elements for discussion.
REFERENCES
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DOES YOUR ANSWER MAKE SENSE?

THE ROLE OF TEACHER QUESTIONING IN STUDENT JUSTIFICATIONS

Ralph S. Pantozzi

Rutgers University

This paper describes a temporal sequence of questioning observed in interactions between a

teacher and pairs of students during the course of a longitudinal study. Analysis of these interactions

reveals processes that assist the teacher in constructing a working knowledge of children's thinking.

While students develop solutions to a problem, the teacher asks them to explain aspects of their

work.

Method

Data for this analysis came from seven videotapes of students working in pairs on a problem

situation. Each videotape was accompanied by a complete transcript. Each session was examined

for examples of interaction between students and teacher and the resulting effects upon the next

interaction.

Results and Conclusions

My analysis of these videotapes reveals a temporal pattern of five levels of teacher

questioning. This pattern of questions is important because it triggers the students to justify their

solutions. During this sequence of questioning students begin to make sense of their own answers.

They develop a self-motivated need to discover and justify multiple solutions.
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ON STUDENTS' CONCEPTIONS OF THE REAL CONTINUUM

Tasos Patrords and Joanna Mamona-Downs
University of Patras and University of Macedonia. Greece.

There is a fair amount of research on students' formation of the basic concepts of
Analysis - especially of the concept of limit - but only a few works focus on the
conceptions about the continuum of real numbers. This is a communication of some
results of on-going research on the subject. We asked the following question to
students of mathematics and to future primary school teachers:

" Given the two sets of real numbers A = { 0.3 . 0.33 0.333 , } and
B = (0.4, 0.34. 0.334. ...). does there exist a real number x which is. at the same
time, greater than all elements of the set A and less than all elements of the set Br

Below we include some of the main conceptual formations and prejudices that we
have identified in the responses of 68 students of Mathematics and 20 students of
Education. Formations (A). (a). (C) and (D) are somewhat related to those
identified by Mamona. and Mamona-Downs (1987 1990 ). while (E) and (F) are
new.

(A) Dependence on the symbolic representation (or form) of numbers.
Example : The number x in the question does not exist because " there is no digit
between 3 and 4 . so it is impossible to form such a decimal number ".

(B) Each of the two given sets expresses an on-going process without mg.
This leads to an dillainishing interval which never degenerates to a single point
between the sets A and B . (This conception was more frequent among future
primary school teachers ).

(C) "Infinite induction" used for the definitions of the sets A and B.
Each of the two given sets has a member of "infinite order", (expressed respectively
as "0.333..." or as "0.333...4 "), which is the "final result" of the process: these
numbers consequently are not usually considered as equal to the real number x in
the given question.

(D) Explicit Use of Limits:
Application of the usual rule to find the limit of a geometric series, sometimes
together with an attempted "e-6" reasoning.

(E) acx for every member of an (infinite) set A. then we should also have
sun as&

Example: 'The number x in question does not exist; otherwise we should have
supA<x<inf B. which is not true since supA=infB".

(F) arguing. from R is dense in its ordering and is order -complete.
From the existence of an x1 such that 0.3<x1<0.4, an x2 such that 0.33<x2<0.34
and so on, some students infer the existence of x in the given question "obviously by
passing to the limit".
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PEER COLLABORATION - AN ESSENTIAL ELEMENT FOR
THE SUCCESS OF THE PROBLEM - CENTERED APPROACH TO

THE LEARNING OF MATHEMATICS'

SYLVIE PENCHALIAH

(UNIVERSITY OF DURBAN-WESTVILLE, SOUTH AFRICA)

This report forms part of a research project by the author, on
children's intuitive/spontaneous problem solving, with regard to
multiplication and division word problems. The theoretical
framework is based on Socio - Constructivism (basic premise -
learning is a social activity as well as an individual
constructive activity). The principles of Qualitative and Action
Research Methodology were followed.

For a period of four months, work has been done with Junior
Primary children, at a school that has implemented the problem
centered approach for approximately four years. Group sessions
were conducted, twice a week, for ten weeks with small groups
(i.e. 4 to 6 children). These children were given different
types of multiplication and division word problems, which they
worked out however they wished (eg. by modelling, drawing
diagrams or mental/abstract methods). These steps were followed:

1. Their behaviours were observed in relation to:

1.1 their solution strategies
1.2 their social interactions

2. These observations were reflected upon and

3. subsequently modified in the succeeding group sessions.

One of the many interesting observations that was made, has to
do with social interactions within these groups. Now fundamental
to the Problem-Centered Approach based on Socio-Constructivism,
children/individuals learn through their interactions and

discussion with others. But many of these young children had
great difficulty in listening to each other's ideas. In this
paper/poster some ideas will be shared on how this problem was
addressed by the author.
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A teaching of the absolute value in secondary school. Study of
"institutionnalisation".

Marie-Jeanne Perrin-Glorian
Equipe DIDIREM, Universiti Paris 7

Previous researches (Perrin- Giorian 1993) showed how important is the articulation between
the course of the teacher and the sense actually involved by the pupils during activity of
problem solving. Even if students use with sense in probem solving some tool that we can
identify as a mathematical concept, we may observe later a loss of sense, after the course when
definitions and formalisins arc given.
The present research intends to identify relevant variables for institutionnalisation (Brousseau
1987), on the side of pupils and on the side of teachers. In order to do it, we chose to make
some cases studies by observing several classes on the same mathematical topic.
We chose the 10th grade (15-16 years old) because it is in France the first year of "lycde"
(second cycle of general secondary school) and the last year before orientation of students to
scientific, literary or economic section. We retained two mathematical topics that are new at this
level : the absolute value (including the absolute value function) and homothety.

In our presentation, we broach two parts : on the one hand, the place of the absolute
value in the French curriculum and specificities of the teaching of such a topic, on the other
hand, the study of the non strictly mathematical part of the discourse of the teacher.

About 5 years ago, the absolute value was introduced in the 8th grade (13-14 years old)
with regard to relative numbers. But it was considered as difficult and of no real use for this
level. Now students meet the absolute value for the first time in the 10th grade as distance on
the real line and as a particular function (the theme of functions is important at this level). But,
since there is no more formalisation of the notion of limit in secondary school, it is not very
useful for problem solving : it is a tool to have shorter formulations, to define functions with
only one algebraic expression, instead of several ones, and it is a mean to make
counterexamples : it gives the only function studied at this level that is continuous and not
differentiable everywhere. The statute of this concept makes it difficult to introduce it as an
implicit tool to solve a problem.

On the second point, we present the comparison of the discourse of the same teacher in
two classes : the first one had a good level, the level of the second one was lower. We started
from the hypothesis that the teacher fits to his students and we were looking for differences.
This teacher has a somewhat innovative practise in the 2 classes : during one session, students
are proposed problems involving the new concpts as implicit tools ; they arc organized in small
groups to solve them. During the next session, the teacher directs a synthesis, and, at this
juncture, gives the lesson : definitions, explanations .... Moreover, this teacher gives much
place to heuristics in his discourse.
We detected 2 main differences between the 2 classes :
- time is not managed in the same way : there are more digressions in the class of lower level.
Moreover, in this class, they arc caused by an error or an insuffisantly accurate answer of a
student ; they give an opportunity to record previous lessons. In the other class, they give an
opportunity to anticipate further lessons. Paradoxically, more difficult questions may be asked
in the class of lower level.
- there is more heuristic discourse in the class of lower level, but it is more algorithmized.
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KINDS OF ARGUMENTATION USED IN GEOMETRY

JOVANA REZENDE and LILIAN NASSER
UNIVERSIDADE FEDERAL DO RIO DE JANEIRO BRASIL

Secondary school students encounter, in general, many difficulties in geometric

questions requiring justifications and proofs (Balacheff, 1987; Hanna, 1990). This study

focuses on the kinds and levels of argumentation used and its main aim is to try to

understand and alleviate students' difficulties on argumentation tasks.

The first pilot study was carried out with 13 year-old-studentsstarting the geometry

systematic course. As they did not have sufficient previous experience with geometry,

they were reasoning at a low van Hie le level (van Hie le, 1986) and could not answer the

argumentation questions.
Another attempt was tried with freshman students at the Mathematics

undergraduate course. According to their answers to several tasks, the following kinds

of argumentation were identified:

- Inconsistent reasoning: the student cannot organize his reasoning to justify

the assertion;

- Empirical justification: the student relies on the verification of some

examples;

- Graphic explanation: the student justifies the assertion through a graphic or

figure;
- Reference to a higher authority: the student accepts the truth of the

assertion based on the authority of the textbook or the teacher;

- Acceptable Justification: the student succeeds in justifying the assertion,

expontaneously or after prompting;

- Formal proof: the student writes a proof to justify the assertion.

A deeper observation will be carried on with another sample of freshman

undergraduate students at the Geometry course, in which two aspects will be

investigated: if the kinds of argumentation suggested are validated and if it is possible to

improve the kinds of argumentation used through suitable instruction.
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THE CONSTRUCTION OF THE CONCEPT OF FRACTIONAL NUMBER

Maria Judith Sperb Ribeiro

Universidade Federal do Rio Grande do Sul

Porto Alegre, RS, Brasil

The purpose of this work is to investigate the understanding of the concept of fraction
by elementary school's students.

The application of a writen test and subsequent observations made in a fourth grade class,
show that in general, the children have problems with fundamental concepts of fractions.

Interviews and other related activities realized with two students (10 years old) of this
class, choosen at random, showed that the symbols were introduced befoie the students
could understand their meaning. The students did the fractional number operations by just
applying mechanically sonic rules that they didn't understand.

A suplementary work perfomed with this two children, using manipulative material,
diagrams and real world situations, indicate that the difficulty was a consequence of insuficient
exploration and discovery experiences and not a lack of mental hability.

From our experience we conclude that students in a ten-year-old mental level have in-
tellectual conditions to construct the concepts of fraction if their teacher understands and
respects their knowledge process. For the correctly understanding of fractions, we believe it
is crucial the use of concrete material and that the students do some activities that allow
them to develop strong mental images of fractions.
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The correspondence between rational numbers and the number line: a
classroom experience in Secondary School.

Isabel ROMERO and Luis RICO. Dep. de Didgctica de la Matematica. Universidad de
Gnutada. SPAIN.

Abstract

This work belongs to a wider study about the initial comprehension of the
concept of real number by students of Secondary School. It has been carried out as an

action research experience with a class of children fourteen-fifteen years old.

In order to explore the intuitions of the pupils about the correspondence of the

rational numbers and the number line, two questions were made at different moments of

the didactical process. In the first one, we asked wheter they thought that rational
numbers filled the number line. The second question was posed as an exercise: pupils
needed to asigne a number to some given points on a line in which the points 0 and I were

also marked; in the end we asked whether they thought that there was always a number
corresponding to any given point on the line, and which kind of number could it be.

The answers to the first question were Yes and No in a similar proportion; the
reasons pupils gave were fuzzy and diverse, and in some ocassions served to justify
opposite opinions. In the second question, pupils asigned finite decimals or fractions to the

given points, answered that there was always a number corresponding to any point of the

line, and that this number was an integer, a fraction or a decimal (finite).

This result ilustrates the difficulties of dealing with the correspondence between

the geometrical continuum and the numerical continuum, which is a key point in the

classical construction of the concept of real number.
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AFFECTIVE VARIABLES AND MATHEMATICS ACHIEVEMENT:

A STUDY OF A SAMPLE OF SECONDARY STUDENTS

IN BRUNEI DARUSSALAM

Khoo Phon Sai and Palanisamy K. Veloo

Universiti Brunei Darussalarn

The study explored the relationships among selected affective variables and
mathematics achievement and the extent to which these affective variables accounted for

observed variance in maths achievement. The subjects comprised 259 secondary students.

Data was collected through the administration of an Assessment of Mathematical Abilities

test (AMA) and a set of instruments consisting of Attributions in Maths (AIM) ( Relich,

1986), Maths Belief Scales (MBS) (Kloostcrman 1991), Maths Attitude Scale (MAS) and

Maths Classroom Perception Inventory (MCPI).

The major findings of the study are generally consistent with those reported in the

literature. For example, high maths achievement (as measured by AMA) is positively

correlated with maths self-concept, enjoyment of maths and confidence in learning maths

but negatively with maths anxiety (Reys, 1984; McLeod, 1992). Analysis of variance

results showed that girls are more Rely than boys to attribute success to effort, have

greater self-concept and enjoyment of maths and more positive attitudes towards maths.

The method of systematic decomposition of variance based on a series of
regression analyses showed that the unique contribution of each block of affective variables

ranged from 0.3% to 4.7%. In contrast, variables such as gender, class type, age, previous

exam grade and monthly maths test marks provided larger unique contributions ranging

from 12.0% to 29.8%. The results of the study fail to confirm the hypothesis
(Kloosterman, 1991) that beliefs about how maths is learned account for a considerable

portion of the variance in mathematics achievement scores.
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USE OF ALTERNATIVE METHODS OF ASSESSMENT
glisabetit Reseda Silva and Vida Maria Pereira dos Santos

Esco la Madell's! ARM* De Gasped and Projeto Fnadie-MatemAtica UFRJ
Universidade Federal do Rio de Janeiro (UFRJ) and Projeto Fundlio-Matetnitica UFRJ

*Assessment practices send a powerful message to students about the mathematical thinking,

experience and content that is valued" (Tzur, Brooks, Enderson, Morgan and Cooney, 1993, p. 151).

Assessment methods should change if teachers want to have students valuing mathematics, knowing

how to argue and question in-school as well as out-of school situations that deals with logical thinking,

and willing to tty out different solutions. Since 1993, a group of live school teachers together with five

college students (math majors) and one university mathematics educator have been investigating the use

of alternative assessment techniques in different grade levels. This paper discusses two experiences

realized by one middle school teacher from this group. In the 1993 study, the 30 seventh grade

students explored geometric topics (e.g., plane and spatial figures, angles and triangles) and the teacher

tried out several assessment instruments. She used group work, open -ended questions, concept maps,

group and individual contests, and self-assessment of their performance. The driven forces for her

innovations in teaching and assessing were threefold. First, her own beliefs that should exist other

ways to examine students' mathematical knowledge besides the traditional paper-pencil tests. Second,

her long teaching practice giving evidence that good grades are not always equivalent to a meaningful

mathematical understanding and bad grades do not necessarily means that students don't understand

mathematics. And, lastly the discussions within our study group with the rich input of the college

students offering their own point of view about assessment (Webb & Coxford, 1993).

The pilot experience in 1993 showed us the potential of (a) concept maps to diagnose students'

conceptions and misconceptions, (b) open-ended questions to exhibit a variety of students' solutions

and interpretations, (c) assessment in group to develop socialization skills and to teach students about

other ways of thinking, and (d) self-assessment to develop students' awareness of their strengths and

weaknesses in mathematics. The analysis of several instruments of assessment offered us with a richer

picture of students' mathematical thinking and understanding. Therefore in the second study, that was

initiated in February 1994 with a grade eight classroom we will pursue these aspects. Throughout the

year this classroom will be observed and interviews will be conducted in order to gather further

information about the advantages and difficulties of using alternative assessment techniques. In

February 1994, while revisiting geometric topics explored in 1993, we have concentrated our analysis

on the effects of the use of concept mapping and open-ended tasks and it was perplexing to perceive

how students are achieving mathematical maturity about themselves and can solve problems in a variety

of ways.
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A GEOMETRIC-ALGEBRAIC APPROXIMATE TO THE TRIGONOMETRIC
FUNCTIONS WITH THE USE OF SUPERCALCULATORS.

Leopoldo Zsilliga Silva
Tecno logic° de Estudios Superlores de Ecatepec, Mexico.

On the investigations made regarding the organization of a precalculus course, we have
recoursed to the graphic representation, as the nearest to the student's intuition to agree with new
concepts. It has the purpose of finding teaching options to make possible to give the students the
knowledge, abilities and the necessary strategies for the study of calculus.

This investigation was made in the Technological of Advanced Studies of Ecatepec, Mexico
with students in the first year of university level (between 17 and 22 years old) and it was made in
the frame of the Didactic Engineering [Artige, M. 1990] as an investigation methodology.

We worked on the trigonometric functions theme attending the results obtained in the
preliminary analysis of Engineering [Zuftiga, L. 1993].

The central part of the research was based in the study of the functions in relation to the
mechanisms that operate the transference between the algebraic and geometric contexts.

Within the development of the experience we used the supercalculator (Texas Instruments TI-
81) in order to examine to what point it gives information that can lead to the problem solution and
how is it that the student interacts with it under the knowledge and abilities that was pretended to
develop. At the same time we are concerned of observing and analyzing the competence (as to be
capable or not) of the students as the involved cognitive process!.

On the other hand, the evaluation was constant, and it was made according to a resource called
"Tasks", which consisted in problems designed to observe the advances and difficulties in the
students throughout the research. We also applied a final exam on the theme. The type of problems
worked were as the following examples:

Without the use of a supercalculator:- Determine amplitude, period, intersection points with the
axis and draw the graphic of the function: y = 3 sen (x - 7c16).

With the use of a supercalculator:- How many solutions does the equation sen(1/x)=0 have?
Argument your answer.

The results obtained in this investigation, shows a better competence on the students in the
problems solution, as a comprehension of sufficient satisfactory concepts.

In the research (and after that) we also observed that the students appealed to the graphication
in an spontaneous way with the purpose of fortifying its analytic procedures. We consider
necessary in the didactic strategies manufacture and on the systematic observation of learning
experiences, to study such student's conduct.

Also, the results show meaningful flowings; for example, to approach the proper calculus
problems, the students subject to the study, will not have as an additional problem the graphication
of functions, at least on which respects to the trigonometric functions. Its possible that the abilities
and knowledge acquired, the student reflect as use tools on their following courses.
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THE WORKER STUDENT AND HIS RELATIONSHIP WITH MATHEMATICS
Luis Claudio do Silva and Vitals Marla Pereira dos Santos

Co litio Estadual Walter Or !marline and Projeto Fundlio-Maternities UFRJ
Universidade Federal do Rio de Janeiro (UFRJ) and Projeto Fundio-Matenuitica UFRJ

There is considerable research documenting the gap between in and out-of school mathematics(e.g.,

Bishop & Abreu, 1991; Carraher, 1988; Lave, 1988) and there is still a need to investigate ways to

actually bridge this gap with school teaching. This study is part of a project that explored the language

and discourse of a group of 15 fourth grade students (with ages varying from 15 to 24) that came to an

evening school after a full day of work k3ilva, 1994). Data source included a dialogue, classroom

observations and audio-taped interviews. The dialogue with the students was to identify their

professional activity and mathematical concepts they used with no awareness of them. In this paper we

talk about one student who affirmed in class that disliked mathematics. When describing his daily

routine as an apprentice of baker he talked about a recipe for making French bread. He explained the

effects of heat on the yeast, the different proportions he had to be aware of when doubling or halving

the recipe, and ways he would divide the dough. The language he used to describe his task was full of

mathematics and he wasn't aware of it. The two episodes (the oral and the written recipe) together with

an audio-taped interview helped us to identify the richness of terms and meanings he had used. His

interest for mathematics began to increase after these events with the researchers. This occurred

because we could point out for him work situations that had a lot to do with school mathematics. In his

discourse we could identify room to explore (a) differences and similantics between forms and size; (b)

length, mass and volume conservation; and (c) fraction concepts (half and third of continuous and

discrete sets, proper fractions and equivalence of fractions). His out-of-school experience with

mathematics (as well as the other students' professional experience) offered a better context for learning

mathematics meaningfully. And could easily raise more interest in students than the routine and out of

context problems proposed by the teacher or textbook. But the teacher wasn't able to perceive the

potential of her students' experience or to use the information provided by the research to make a bridge

between their use of math in the work culture with the school mathematics. We strongly agree with

Borba (1993) when he argues that an alternative for the classroom action would be for teachers to

consider a closer relationship between tacit knowledge from culture and school knowledge.
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A VERBAL-ARITHMETIC PROBLEM SOLVING MODEL, THAT JUXTAPOSE

TWO SELF-SUFFICIENT REPRESENTATIONAL SYSTEMS

Josefa Hernandez and Martin M. Socas

La Laguna University (SPAIN)

The Polya' model (1957) to solve mathematical problems, inspiration

source to a broad list of subsequent models (Schoenfeld, Mason-Burton-Stacey),

and the model for competence based on .epresentational systems proposed by

Goldin (1985,87) within the framewor. of information-processing theory give us

changes in the raising of arithmetic problem solving, since these are moved

from a verbal-syntactic system to the formal notational system.

We are doing research on a model to solve verbal-arithmetic problems,

adapted for Primary schoolchildren (8-11 years), which contemplate the Polya'

stages and which facilitate the use of different representational systems.

This model consists of 6 stages, not necessarily lineal: reading;

understanding; visual-geometric representation-performance and solution;

formal representation-performance and solution; solutions and verification.

Starting from reading, we are trying to understand it with the help of the use

of drawings, which represent the situation as a whole together with the

writing of the data and the unknown. The third stage tries the children to

solve the problem in the visual-geometric system in a self-sufficient way, we

are previously learning to use this representational system in its semantic

and syntactic aspects. We emphasize that the visual-geometric solution or the

diagram are not only considered to be a visual support, which is basically

semantic in research, but also an autonomous way of solving problems. The

fourth stage is referred to the problem formal solution by means of arithmetic

operations. Both solution ways involve a verification In terms of equality or

inequality (5th stage). The sixth stage consists of the verification of the

solution within the framework of the problem wording. During the processes we

are trying to control the planning system used by the children, that is to

say, to develop a manager who control their own advance, as well as the

attitudes which cause the performance of the model towards the problem solving

and mathematics.

We are design a normal index card to implement this model, which can be

extended to non arithmetic problem.
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Pre-algebra from a different perspective
L. Streefland
Freudenthal institute
Utrecht, The Netherlands

History
The term 'algebra' stems from 'Itisab al djabr we al moekabalah' by al Charezmi
(1 040).'Algorithm' stems from the author's name. The title means
reorganising or regrouping terms or parts, while changing their state.Those
activities. that also might be characlererised by schematising and
algebrising concern the treatment of tirst and second degree equations in a
verbal-numerical format.Is not this algebra, or is it? Yes, it is; algebra

without letters! Was pre-algebra anticipating al Charezmi's work?

Francois Vi6te (1540-1603) was the first mathematician who used letters for
both known and unknown (values of) magnitudes in equations. It was a great
step forward. The general treatment of equations had been achieved then. Is
this algebra? Superfluous to ask!

Equations are only one part of algebra and their transition from an
arithmetical environment to a formal algebraic one took a considerable amount
of time. This implies.a warning! If pro-algebra is defined as a stage of
transition from arithmetic to algebra, then as historical development shows

- one needs to be careful about the duration thereof in mathematics education.

Pre-algebra
The historical learning process of mathematics shows both the foreshadowing of
future events (anticipating) as well as looking back (viewing them

retrospectively).

Examples of pre-algebra from the 'Maths in context project'l) will be
presented, together with some provisional results.They will illustrate both
the beforementioned general principles, that is taking a retrospective view

aiming at anticipation and their mutual connection in a course. It will turn

out that the transition from primary school mathematics (arithmetic) to

algebra can be anticipated rather early by intertwining 2) particular learning
strands in primary school mathematics.

Conclusion
After all the examples will make clear, that mathematics education as a
subject is a design science and that the educational profits of research, for
instance, are not determined by the integrity of the research-design and the
methods applied, but rather by the justice done to the subject matter in the
background of the philosophical and theoretical framework one has. This means
that distortions need to be avoided. 'rum the leathers perspective formal
mathematics is distorted mathematics duo to its rigidity as a product. This is

true for pre-algebra in particular.

notes
1) This is a co-ptoject of the Freudenthal Institut. and the National Center
for Research in Mathematical Sciences Education at the University of
Wisconsin, Madison, USA.
2) Streefland, L. The design or a mathematics course. A theoretical
reflection, L. Streefland (ed), The legacy of fiats -Froudenthal, special issue
of Educational Studies in Mathematics, 25 (1/2) 1993. 109-135.
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ACCELERATING THE DEVELOPMENT OF COGNITIVE AND METACOGNITIVE

SKILLS: THE MATHEMATICAL THINKING SKILLS PROJECT

Howard Tanner and Sonia Jones

University College of Swansea, Wales, UK.

The ability to think formally and to generalise and explain underpins the secondary

mathematics curriculum. Recent research studies using problem centered learning suggest that

cognitive acceleration is possible in early adolescence. (Cobb et al 1992, Shayer & Adey

1992) There is also evidence to suggest that pupils' metacognitive development can be

enhanced. (Tanner & Jones 1993)

This paper describes a project to develop and evaluate a thinking skills course. There are

two strands to the course:

1. the development of a structured series of cognitive challenges to stimulate the

progressive evolution of key skills in the areas of strategy, logic and communication;

2. the use and development of teaching techniques which encourage the maturation of

the metacognitive skills of planning, monitoring and evaluation.

Underpinning both strands is a continual emphasis on the need to explain rather than

describe, to hypothesise and test, and to justify and prove. Activities are structured to

encourage the development of a small number of general strategic or cognitive tools. Each

activity is targeted on at least one of the schema of formal operations.

350 children aged between 11 and 13 from twelve classes in six secondary schools in Wales

followed the course and were compared with an equal number of matched control groups

using pre-tests, post-tests and structured interviews. Assessment instruments were devised

to assess pupils' levels of cognitive development, and their ability to use strategic and

metacognitive skills. A Likert type attitude questionnaire was applied and subjected to factor

analysis. Statistical data were supported by participant observations made and recorded

during intervention lessons.
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THE FUNCTION CONCEPT FOR 5TH TO 8TH GRADE STUDENTS

LUCIA A.A.TINOCO
UNIVERSIDADE FEDERAL DO RIO DE JANEIRO - BRASIL

The function concept has been introduced at secondary school in Brazil about fourty
years ago, and its teaching is concentrated on the last three years in most of the schools. But
the importance of this concept and the difficulty of its teaching have incentivated the
research in this topic. Most of them reffer to the use of machines in order to improve the
students' aquisition of the concept.

The present works was developped by a group of the "Projeto Funclao" team, at
1992/93, and focused the four phases of the function concept construction, based on the
classification proposed by Bergeron, J. and Herscovics, N (1982), particularly, the second
and third phases: initial mathematization and abstraction which can be developped from
grade 5th to 8th.

The work is grounded on the answers of secondary teachers and students to a
questionary/test applied in order to know their main ideas about the function concept and its
teaching. Analyzing the results of the questionaries and tests, we have observed that there
is no comprehention of the function concept in the meaning reinforced by Ponte (1990): as
an especific tool for explore variation problems.

In this sense, the group has concentrated its attention to these two tasks:
1) The explicitation of the main characteristics and involved ideas in the first three phases
proposed by Bergeron and Herscovics (1982) (intuitive comprehention, initial
mathematization and abstraction), to be developped in the first years of the secondary
school.

Through a serious work at that phases it is possible to have a formal treatment of the
functions in the last high school years, but now with the pertinent notation and
nomenclature.

2) The experiments have been made in 6th, 7th and 8th grade classes of public schools in
Rio de Janeiro by teachers and undergraduate students of the group.

Its results are beeing useful to:
- aprimorate the conclusions about the phases' characteristics and activities;
- recognize some other knowledges and tools necessary to improve the construction of the
function concept by the students.
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CHILDREN'S UNDERSTANDING OF RANDOM GENERATORS

Kathleen Truran

University of South Australia

This paper discusses the premise that young children do not intuitively perceive similarities between

the behaviour of different, but mathematically identical, random generators.This study is innovative

because children are asked to compare the behaviour of one random generator with others. These

experiences are not generally encountered as part of the classroom mathematics experience,and so far

as the writer can ascertain, similar questions have not often previously been asked by researchers.

Previous studies have in the main been limited to investigating the behaviour of one random
generator, usually a coin, dice or spinner of the type of question presented by, for example, Green

(1983) and Hoemann and Ross (1982)

The communication will summarise data collected using group tests and individual interviews from

primary school children aged from 7-12 years from a range of primary schools in South Australia. !t

will explain children's perceptions of the behaviour of familiar and unfamiliar random generators in

identical situations, for example, playing a game of Ludo. The child is asked doe example whether a

game of Ludo would be equally fair if it was played using a six-sided die, six numbered balls in an

urn, tickets numbered 1-6, or a spinner with 6 equal sections are used.

This research investigates the thinking processes and affective ideas children use when confronted

with such situations. Examples of results based on gender and culture will also be discussed.

Preliminary findings indicate that children predict different results depending on whichever random

generator is used in a game. This raises the question are their responses developmental or
experiential; or do children respond to a tactile stimulus? For example:

1. Why do you say the game of Ludo will not be fair if you played using the six-sided die
and these tickets numbered 1-67

R Because they are different. That (the die) is plastic and feels hard. These (the tickets) are
paper and they arc soft.
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CONTROL PROCESSES DURING THE SOLUTION OF GEOMETRIC
CONSTRUCTION PROBLEMS IN COMPUTER

Marianna Tzekaki, Lecturer,

Department of Early Childhood Education, Aristotle University of Thessaloniki

The proposed oral communication refers to the operation of control process developed within the

frames of the solution of geometric construction problems in computers. It presents data from the

observation of students (12-13 years old) during the construction of geometric figures in a

computerized environment, especially organized in order to offer control indications along the

course of a construction.

Such indications, related to the faced geometric knowledge, allow the students to examine the

validity of their decisions and their actions and to look for answers adjusted to the construction

problems they face. It must be point out that the students, interpreting such external indications,

tend to convert them into internal control criteria, according to their knowledge. This fact leads

them to adjust or even to change the indications meaning, in order to correspond to their pre-

existing structure. Thus, the paper presents the interpretation or change procedures of control

indications, which are a priori homogeneous, but their reading varies per student and per faced

geometric concept.

It is indicated that the functionality of such control processes depends on how anexternal indication

tends to be assimilated in a proper internal criterion, that is in a criterion which, for each faced

knowledge, gives to the pupil valid control means for his action or for his decision.
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A PILOT STUDY ON STUDENTS' COGNITIVE DIFFICULTIES IN CALCULUS

ktehiye Ubuz

University of Nottingham * Middle East Technical University

Shell Centre for Mathematical Education Science Education

Nottingham, NG7 2RD, UK Ankara 06531, TR

This research reports the results of a pilot study which aimed to get feedback about students'
cognitive difficulties in calculus. A diagnostic questionnaire was designed to observe them and
piloted with 18 A-level second year students in England, 1993. A-level is a 2 year academic
course for 16-18 year old students. The primary concern was to approach these difficulties by

studying the students' errors and misconceptions. This research also examines the implication of

these difficulties for constructing the design of the main study. The purpose of the main study is to

investigate engineering students' cognitive difficulties in calculus in computer-based environment
compared with non-computer-based environment.

A substantial amount of research in errors and misconceptions has been done at the precollege and

college level in traditional environment ( Orton, 1980; Selden, 1989; Amit and Vinner, 1990), but a

smaller body of work exists at these levels in a computer-based environment (Tall, 1986).

The presentation will focus on the issues arising from the research to form tie hypotheses of the
main study. A brief explanation of findings correlated with literature will also be given.
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AN ANALYSIS OF DIAGRAMS USED BY SECONDARY SCHOOL
PUPILS IN SOLVING MATHEMATICAL PROBLEMS

Palanisamy K Veloo Francis Lopez-Real
Universiti Brunei Darus.salam University of Hong Kong

Two hundred secondary school pupils were given a set of ten mathematical word-problems to
solve. The pupils ranged from Form 1 to Form 4 and the mathematical content of all the problems
did not go above the Form 1 level. The pupils were instructed to draw a diagram which they
considered would be helpful for solving each problem and to incorporate any important
information into the diagram. This presentation analyses the diagrams and discusses the results
with respect to four classifications:
i) the degree to which the diagram was concrete or symbolic
ii) the degree to which the relational aspects of the problem were represented
iii) how much of the relevant data was present in the diagram space
iv) the extent to which the data was incorporated into the diagram.

The analysis showed a statistically significant difference in the type of diagram drawn by the four
age-groups. The Form 3 & 4 pupils drew more diagrams at the Symbolic end of the continuum
and less at the Concrete end compared with the Form 1 & 2 pupils. A similar result was found
with respect to the Relational construct, again the Form 3 &4 pupils drawing more diagrams at the
positive end of the continuum. As regards the correlation between a successful outcome for the
solution of a problem and the type of diagram drawn, two highly significant factors emerged.
These were: (i) the degree to which the relational aspects were represented, and (ii) the degree to
which the data was incorporated into the diagram.

However, a very important 'negative' result also emerged from the study. Despite being given
explicit instructions to draw a diagram, nevertheless no diagram was drawn in approximately 30%
of all cases. The hypothesis that the diagram was omitted in cases where the pupils could easily
solve the problem by other means was not borne out in the analysis. 1.n fact the opposite is the
case, the paired frequencies of 'Diagram Drawn' and 'Success' being significant at the 1% level.

The implications of these results are discussed and in particular it is argued that there is an urgent
need to help children with a diagram-drawing strategy for problem-solving in an explicit and
positive way rather than simply leaving it to chance and the spontaneous intuition of a few visually-
oriented pupils.
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The Construction and Re-presentation of Images in Mathematical Activity
Grayson H. Wheatley and Dawn Brown

Florida State University

Evidence is mounting that imagery plays a significant role in math-
ematical reasoning. When students are engaged in meaningful mathematics
rather than rote computation, it is quite likely they will be using some form of
imagery. Kosslyn posits three processes in the act of imaging: construction , re-
presentation, and transformation of the image. In previous work we have
discussed transformation of images and the role it plays in mathematics learning.
Drawing upon the work of Brown, Kosslyn, Krutetski, Lakoff, Presmeg, von
Forester, and Wheatley, this paper will lay out a theoretical position on the
construction and re-presentation of images in relation to mathematical activity.

The construction of an image is the most fundamental of the three
processes. If a student fails to initially construct an image there is nothing to re-
present or transform. While engaged in mathematical activity, whether of a
numeric or geometric nature, students construct images. For example, they may
be shown a geometric figure briefly and asked to draw what they saw. When they
make their drawing, they are operating from a constructed image. The nature
and quality of the image will influence the drawing which results. If at a later
time they are asked to draw what they saw, the students then must re-present
the image. This act of re-presentation is complex and subtle. For example,
Piaget has shown that the image constructed may undergo change over time with
no intervening intervention. In many cases the re-presented image may have
been modified or it might be a prototype which is then transformed based on the
demands of the task. Furthermore, the nature of the re-presentation is greatly
influenced by the intentions and goals of the individual at the time of re-
presentation.

This presentation will provide elaborated descriptions of image
construction and re-presentation in the act of doing mathematics as well as
detailed examples of each. Examples of different re-presentations being evoked
by different tasks will be illustrated. Based on our previous work, we believe
activities which encourage the construction of images can greatly enhance
mathematics learning. Further, some individuals are particularly successful in
constructing and re-presenting images. Our programmatic research over the past
five years .suggests that students who naturally use images in their thinking
easily make sense of novel mathematics tasks while students who score low on a
test of mental rotations often do not.
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THE INTERVIEWER'S ROLE IN THE EMERGENCE OF MEANING
Tracey Wright

TERC, Cambridge, MA

This presentation will be based on my experience interviewing elementary school
children in the Students' Conceptions of the Mathematics of Change project. The
project intends to contribute new foundations for the teaching and learning of the
mathematics of change from elementary school to college. A major goal is to explore
ways to foster continuity between elementary school mathematics and calculus. Some
of the thematic focuses are qualitative integration and differentiation, the
interpretation of numerical and graphical patterns to describe change, and the
interplay between symbolic expressions and physical change over time or space.
Our elementary study is based on what we call Learning Situations, that is, four or five
sessions during which individual students hold a conversation with the interviewer
as they explore ideas and use tools to make sense of mathematical problems.

What is the goal of such a conversation? It is not to teach the child because we do not
have a specific pre-defined way of understanding the problem situations that we want
the child to adopt. It is not to evaluate the child because we do not use an apriori
scheme to categorize children's responses. The primary goal of our interviews is to
understand what becomes meaningful for the child as she deals with situations
involving motion and graphing.

The focus of this presentation will be an analysis of the role of the interviewer in light
of this ongoing challenge: How does meaning emerge for both the interviewer and
the child in the context of an interview? How does the interviewer help the child to
express what is significant to her? In what sense does the interviewer guide the child
through the particular graphing phenomena we wish to explore? I will also focus on

the interaction between the interviewer and the subject. How does what is
meaningful get negotiated? Who is the teacher? Who is the learner? Is there an

expert here?

After exploring these questions I will address a broader issue: How do we as
researchers make sense of what the child does and says in light of our beliefs that the
interviewer's words and actions must influence the child? I will give examples from
my experience as an interviewer, looking at both the child and the interviewer as

subjecto.

Reference. Tierney, Nemirovsky, Wright and Ackerman (1993). Body motion and
children's understanding of graphs. In PMENA 15th Proceedings (Pacific Grove CA).
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MATHEMATICAL UNDERSTANDING AMONG SUGAR CANE FARMERS

Nadja Maria Acioly, C.N.R.S, FRANCE

Abstract

This study is aimed at analysing the cognitive functioning of illiterate subjects or subjects with little

schooling in the mathematical domain. These subjects, while working as sugar-cane planters, have to

deal with mathematical computations involving the determination of the area of different plots of land,

and to develop, without any direct help from school instruction, an understanding of mathematical

relations. This understanding, however, is developed through the use of non-precise schemes, which,

depending on the measures chosen to be included in the computation, may sub estimate or

overestimate the final results. Twenty-one sugar cane workers, occupying different levels in the

hierarchy of the sugar cane plantation, from cane cutters to supervisors and administrators, took part

in the study. Following an ethnographic study of the work in the plantation, data were collected in

three phases. In phase I subjects were individually interviewed about how they would compute the

area of plots of measures spontaneously given by themselves, followed by the computation of areas

of plots with measures suggested by the interviewer. In this phase, the precise shapes of the plots

(quadrilaterals or triangles) were not drawn. Phase II consisted of a more formal interview in which

the subject was presented, In view of drawings on paper, with the same perimeter, but different

surfaces. They had to: (a)compute the area of quadrilateral and triangles representing plots of land

with all measures indicated; (b) compare the surfaces of figures representing plots of land; and (c)

double the area of a square. Phase Ill consisted of field observations and interviews to clarify some

points raised by the results of previous phases, and determine the most common types of plots that

workers deal with in their everyday activities. Results of the first phase show the constant use of non-

precise computational schemes with choice of elements that overestimate (in the case of cane

cutters) or sub estimate (In the case of supervisors and administrators) the area to be worked. In the

second, more formal phase, new strategies, aimed at correcting distortions increased by the irregular

shape of plots were found. Finally, in the third phase, we found that workers at all levels seem to be

aware of the distortions resulting from the use of a wrong formula and that these distortions can be

compensated by other social mechanisms. The choice of measures in this context may be interpreted

as a result of the particular social interactions in which computations take place, thus Illustrating how

the development of mathematical understanding is intertwined with the cultural context involved in

the situation where problems are solved. Results are discussed In terms of methodological and

conceptual issues relating culture and the development of mathematical knowledge.
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AWARENESS OF LEARNING, REFLECTION AND TRANSFER
IN SCHOOL MATHEMATICS

Alan Bell
Shell Centre for Mathematical Education

University of Nottingham

The aims of this project were to investigate the metacognitive skills and
concepts possessed by students of secondary school age in some typical
mathematical learning environments, to explore the feasibility of
raising the levels of their awareness by appropriate interventions, and
to study the effects of such enhancement on the students' mathematical
attainments.

The outcomes of the project include, as well as these results detailed
below; the Teachers' Handbook containing the set of suggested
enhancement activities, trialled and including examples of students'
work; the Evaluative Instruments, partially developed but needing
further improvement; and the set of Case Studies of the seven classes
during the main experimental year. (Documents available at present
from the Shell Centre are the Summary Report , the Teachers'
Handbook , Evaluation ).

Excerpts from each of these aspects will be displayed.
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NUMERICAL UNIVERSES

Alicia Bruno y Antonio MartinOn (Universidad de La Laguna)

In the teaching of the natural numbers to primary school it is usually

insisted that these numbers can be used to express cardinals and not in the

fact that can be used to express a measurement. We believe that, always that

were be possible, activities would be carried out in which numbers for measure

were used, because in this way the learning of the numbers would be more

complete and more congruent with posterior numerical extensions.

Numerical Situation: A number is used to express different numerical

situations ("I have got 2 sweets", "the length of the table is 2 meters,...).

Numerical Region: The situations can be grouped in numerical region according

to a characteristic concept (cardinal, ordinal, ratio of cardinals,...). A

numerical region is of the numerical set A if all the numbers of A can be used

to express numerical situations of this region. For example, the following are

regions of Z: ordinal, cardinal, ratio of cardinal, measurement of scalar

magnitudes of one direction, measurement of scalar magnitudes of two

directions. However, the cardinal region is not of 8, because 0'3 does not

express a cardinal.

Numerical Universe: The numerical universe of a set A is the set of the

numerical regions of A.

If we consider an extension of the numerical set A to the numerical set

B, the number of regions of A is greater than the number of regions of U, that

Is to say, the numerical universe decreases. However, the numerical situations

corresponding to a common region to both sets increase. For example, with the

numbers of U more lengths than with those of Z can be measured, but the

cardinal and ordinal regions are not in the numerical universe of O which are

in universe of Z. In the practice of teaching, when extending the number sets

usually introduces pupils to an environment in which it seems that the

interpretations of the numbers (their numerical universe) is increased, when

in fact what increases are the numerical situations belonging to regions

common to both sets. This causes that pupils associate each number set almost

exclusively with a single region, the one on which it was insisted more. In

the literature certain ideas are found that have some points in common with

numerical universe: Kieren (1988), Greeno (1991) and Vergnaud (1990).

REFERENCES

Greeno, J. (1991). Number sense as situated knowing in a conceptual domain.
Journal for Research in Mathematics Education, 22, 3, pp 170-218.

Kieren, T (1988). Personal knowledge of rational Numbers: Its Intuitive and

Formal Delopment. In Hiebert, J. and Bher,M. (eds). Number concepts and
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MATHEMATICAL EDUCATION AN PUPILS OF DEPRIVED
CULTURAL BACKGROUNDS

Ines W GOmez Chacon
Institute de Estudios PedagOgicos Somosaguas. Spain.

In this study we tray to evaluate students' ability in order to
learn mathematics. This pupils belong to the Centre " Taller NORTE
JOVEN" -placed in a suburban area of Madrid- and follow a Math
program for students in a disadvantaged social-cultural context
and all of them are out of school system and have a limited
backgrounds in mathematics.

It describe how cultural background and affective factors
could be important in the way they learn and they are taught.

The method I have followed has been elaborate mainly
through:

- Autobiographies in about their experiences in clasroom' s
teaching and learning mathematics.

- Strategy games. As games can replace some of the
uninteresting routines of drill and practice with a self-motivating
procedure, and they can offer to "players" a variety of problem
solving experiences during which they are enabled to observe
themselves as problem-solvers, and upon which they can later
reflect, in order to appropriate mathematics as their own.
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THE COLOR CARDS - LOGICAL REASONING TESTS (CC-LRT)

Chrlstos Chasiotis

Department of Mathematics, University of Ioannina, Gram
The educational importance of logical reasoning, the unexpectedly low level of student

performance in that area and the great diversity of the theoretical and methodological

aproaches of the related educational and psychological research, justifies the search

and development of suitable and convenient assessment and research instruments.

The Color Cards - Logical Reasoning Tests (CC-LRT), based on simple games with a

collection of color cards, free of logical and mathematical terminology, can be utilised for

the assessment of logical reasoning of students and teachers, in all school levels, and

the investigation of the corresponting cognitive processes.

The variation of different variables of the situation, number of different colors and

number of cards, logical form of propositions and type of logical tasks, leads to different

forms, equivalent or not, of these tests. Some of these forms can be considered as

variations or extensions of the well known Wason's Four Card or Selection Task.

Some forms of these tests, concerning deductive reasoning from a conditional

hypothesis and testing a conditional hypothesis with complete or incomplete data, will be

presented, followed by some results of alternative analyses of students responses,

indicating that partial correct responses can be obtained by the application of incorrect

rules, and leading to alternative hypotheses about the underlying cognitive processes.
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CARNAVAL MATEMATICO
"FORMAL" MATHEMATICS IN AN "INFORMAL" SETTING

Marta Civil
University of Arizona, Tucson, USA

This poster describes a mathematics project for ethnic minority children (ages 11-13). The
overall goal was to provide the participants with a mathematically rich and supportive
environment to promote their interest and confidence in doing mathematics. The program used a
combination of "formal" and "informal" time. During the formal time, the participants worked in
small groups at four different stations on activities ranging over probability, geometry, patterns
and functions, and measurement. Each station had a middle-school teacher whose role was to
facilitate the children's work by encouraging mathematical conversations around the participants'
ideas. During the informal time, the participants chose among an array of logic and strategy
games and geometric and topological puzzles that were spread around the room. These
"carnivals" took place in non-school settings: the Children's Museum and the Public Library.

This project set out to 1) broaden the participants' views about what mathematics is by engaging
them in topics and methods that usually receive little to no attention in school; 2) promote group
work in mathematics by presenting them with activities that called for cooperation with their
peers; 3) enhance the participants' communication skills in mathematics by encouraging them to
explain their thinking.
The participants expressed surprise that what they were doing was actually mathematics. The
influence of their in-school mathematics experience was quite noticeable. Yet, they appeared to
gain an appreciation for the different methods to go about a problem and for the variety in the
tasks they worked on. The poster will elaborate on each of the above objectives as well as
discuss implications for school teaching. This project provided a laboratory for in-school
teaching innovation by giving the teachers a chance to focus on mathematics topics and
instructional methods that are not commonplace in school curricula. The teachers have since then
implemented many of the aspects of the project in their regular classroom teaching.

A research objective of this project was to study the participants' behavior during the informal
time, in which they had more control over what to do and with whom. The conceptual
framework guiding this work draws upon research on formal versus informal learning,
especially on studies on mathematical performance in out-of-school versus in-school settings
(Lave, 1988; Nunes, 1992; Schoenfeld, 1991). The sources of data consist of surveys,
interviews, observations, the participants' folders, and videotaping. I looked at questions such
as: What caught the participants' attention? How did they tackle the task? How persistent were
they? Did everybody participate? The poster addresses these questions as well as implications
for the development of mathematics programs in "informal" settings.

References
Lave, J. (1988). Cognition in practi;e: Mind. mathematics. and culture in everyday life. New

York: Cambridge University Press.
Nunes, T. (1992). Ethnomathematics and everyday cognition. In D. A. Grouws (ed.),

Handbook of research on mathematics teachine and learning (pp. 557-574). New York:
Macmillan.

Schoenfeld, A. H. (1991). On mathematics as sense-making: An informal attack on the
unfortunate divorce of formal and informal mathematics. In J. F. Voss, D. N. Perkins, & J.
Segal (Eds.), Jnformal reasoning and instruction (pp. 311-343). Hillsdale, NJ: Lawrence
Erlbaum.

Funding for Camaval Matematico was provided by a grant under the Eisenhower Mathematics
and Science Education Act.
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TRIADS: The implications of a new theoretical structure

David Clarke
Australian Catholic University
Oakleigh, Victoria 3166, Australia

Came Barnett
Far West Laboratory
San Francisco, Cal., USA

ABSTRACT

Sandra Frid
Curtin University
Perth, West Australia

Recent research in education, and mathematics education, in particular,has led to the

identification of independent categorizing systems intended to mirror the structures found in

such diverse fields as teacher professional development (Barnett, 1992); student writing in

mathematics (Clarke, Stephens, & Waywood, in press); and student acquisitionof calculus

knowledge (Frid, 1992). There are particular characteristics of these categorizing systems

which display a tantalising similarity:
Contextual similarity - the common location of all three studies within

educational environments;

Structural similarity - the "three-valued" (triadic) structure of all three

categorizing systems;

Conceptual similarity - categories in each system resemble each other in

the nature of their conceptual distinctions.

This degree of similarity suggests that each categorizing system is an independent manifestation

of a more fundamental triadic system (TRIADS). This paper examines the characteristics of

these triadic systems and makes comparison with other systems (or analytical frameworks)

found in the research or theoretical literature, in an attempt to establish the significance of the

degree of conceptual similarity found in the categorizing systems employed in mathematics

education. It is proposed that the privileging of abstraction which hascharacterized

contemporary models of learning is mistaken, and that cognitive sophistication be identified

with personally contextualized knowledge rather than with formally abstracted knowledge.

TRIADS is proposed as a robust structure having relevance in a variety of educational contexts.

It is also proposed that conceptual similarities between the first twolevels of TRIADS and

Skemp's (19.'6) diadic structure for mathematical understanding support the addition of a third

level, to be called Contextual Understanding.

References
Barnett, C. & Sather, S. (1992). Using case discussions to promote changes in beliefs

among mathematics teachers. Paper presented at the annual meeting of the American
Educational Research Association, San Francisco.

Clarke, DJ., Waywood, A., & Stephens, M. (in press). Probing the structure of
mathematical writing. Accepted for publication in Educational Studies in Mathematics.

Frid, S. (1992). Undergraduate calculus students' language use and sources of conviction.
Unpublished doctoral dissertation, University of Alberta, Canada.

Skemp, R.R. (1976). Relational Understanding and Instrumental Understanding.
Mathematics Teaching, No. 77, December, 1976, 20 - 26.
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Mathematics Curriculum Design - A case: 12-16 in Andalucia (Spain)

Rafael Carretero. Centro de Profesores. Aracena. Huelva (Spain)
Moises Coriat. Dep. de Diclactica de la Matematica. Universidad de Granada. Spain
Pedro Nieto. Centro de Profesores. Sevilla (Spain)

Abstract

According to the 1990's Spanish Ley de Ordenacion General del Sistema
Educativo (LOOSE). Mathematics Curricula in Andalucia have been designed along
various years and, for the 12-16 Step, they end with Advisory Documents. We give a
visual sketch of an Advisory Document (Carretero, Coriat y Nieto 119931):

Firstly, we present an overall view of Andalucia's open Mathematics Curriculum. The
open character leads to state three levels in the teachers' planning and programming
tasks: Sequencing, Organizing and Class-Room Activities.

Secondly. the attention is focused on the Organizing Level, and, within it. on the
Adapted Conceptual Structures (ACSs) (Cockroft 119851, Rico 119921). whose
meaning and general framework are resumed.

The framework is then applied to an ACS exemple whose title is Big and Small.
Globally. Sequencing, Organizing and Class-Room Activities Levels are intended as

tools allowing teachers to exchange their experiences or issues and to connect them with
research in Mathematics Education.
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REFLECTION ON PRACTICE: THE CONCPFP OF FUNCTION AS A CONTEXT

I. Escudero, M. Garcia, S. Llinares y V. Sanchez
Departamento de Didactica de las Ciencias (Matematicas)
Facultad de Education. Universidad de Sevilla, Espana.

There are lots issues about 1n-service Mathematics Teacher Education that worry both
researchers and mathematics teacher. In this poster we focus on two interrelated aspects of
mathematics teaching and professional development of the teacher:

(i) the analyses of practice and the design of tools that facilitate mathematics teachers'
reflection process about their own practices, and

(ii) the design and analyses of teaching tasks that support and encourage mathematical
reasoning and learners' perspectives to do mathematics.

The mathematics teachers' conceptions about mathematics, mathemati.s teaching and
learning have on impact on (i) the analysis process on mathematical content and the way:that
teacher designs and posing teaching tasks, and (ii) their own professional development
processes.

In this context (design of teaching and professional development of mathematics
teacher), we think that there are some questions that must be addressed,

(i) What is the meaning of : 'doing mathematics', 'teaching mathematics', 'learning
mathematics in the classroom', ...?

(ii) What is the meaning of mathematics content (both process and product aspects?.

If we think about the school mathematical content as a process, we are in favour .of
a perspective that hightlight process as problem solving, communication about mathematics
(classroom discourse), mathematical reasoning (explore examples and no-examples to
investigate a conjeture), etc. Consider the school mathematics as a process imply one
different way to think about mathematics teaching situations.

In this poster we focus on several aspects of the mathematics teacher's job of teaching
mathematics in one context of in-service teacher education. The analisis of relationships in
the classroom between

- TASK-ACTIVITY
- MATHEMATICS TEACHER, AND
- LEARNERS,

i;ito an institutional context are the content of the one pedagogical intervention in a inservice
teacher education.

The concept of function is the mathematical content in the tasks analyzed. The
relationship between the task and the activity should be the content of teacher's thinking
process. Two tasks and their analysis are presented as examples of discusion in inservice

mathematics teacher education.

This report forms part of the Project PS91-0102. DGICYT. Madrid.
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GRAPHS AND CONCEPTUAL MAPS

Maria Candelaria Espinel Febles
University of La Laguna (Spain).

From the point view of understanding, the explanatory power of a model

depends upon its capacity to account for the observed phenomena using the

smallest possible number of parameters. Today it seems to be widely recognised

that the ability to compare and to classify constitutes one of the fundamental

mechanisms which lie at the root of intelligent behaviour.

The conceptual map (Novak, 1990, 1988) is usually represented by a

diagram which allows to show the conceptual structure of a discipline, or one

part of it, following an order of greater to smaller level of generality. The

objetive is to make use of it as a didactic tool for explaining their great

help as an instrument for significant learning of concepts, this is, to

memorise, recognise and finally to explain in the best way.

The technique for constructing this model is placing the most outstanding

concepts or main explanatory power in the higher part of a net and they are

going to add others of smaller nevel of generality. From this procedure, we

have a net which vortices are the concepts and its edges are their relations

between concepts: The mathematic model is a connected graph. If this graph is

a tree the concepts are going to be organised as levels. If the graph has

cycles it has interlace notions and that supposes a better understanding of

the concepts. Graph theory is one of the most flourishing branches of

combinatorial mathematics and constitutes an extraordinary mathematic tool to

study the conceptual maps.

This research on study the conceptual nets introduces a few elements of

the terminology of graph theory, concretely, X-trees, minimal spanning tree,

Steiner trees and dendrograms. We take as examples the analysis conceptual

maps in mathematics made by a group of teachers and student teachers.

REFERENCES
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NONTRADITIONAL ACTIVITIES IN MATHEMATICS CLASSES
Woe! Jose S. Fisico

Math Instructor, Brent International School, Manila
Editor, Vita Mathematica (A Series of Magazines for Elementary and High School Students)

Member, Mathematics Society of the Philippines (MSP)
Member, Mathematics Teachers Association of the Philippines (MTAP)

Trainer, Philippine Delegates to the International Math Olympiad

In mathematics education, the way a student learns about the subject matter is just as
important as what he learns about it. Most math teachers, apparently, associate their learners to

an empty can where knowledge is poured in. Thus, students learn in a very restricted manner.

To have a more conducive atmosphere for learning mathematics, a creative teacher who
is also diligent and resourceful should always consider giving mathematics activities which do not
only help in the learning processes but also captivate the attention, the curiosity, and the sense of
wonder of the students.

Realizing that best lessons in life come from actual experiences, the author developed
nontraditional mathematics activities where students experience learning in a more intimate and

interesting manner.
Some of these activities' which the author would be sharing are the following.

a. Cartooning the Lessons in Mathematics
Cartooning caricatures mathematical ideas. It makes principles, theorems, numbers and

symbols "come alive" through the art of exaggerating lessons (but making sure that basic principles
are retained.) The humor or the essence of each doodle usuallydepends on the caption or the

expression in each animation.
This activity which shows the aesthetic, philosophical and humorous aspects of mathema-

tics is based on the assumption that learners scribble or make "nonsense" doodles whenever they
feel like killing time or they are pressured to listen to uninteresting lectures.
b. Essays in Mathematics Classes

As a mathematics activity. expository writing helps learners understand mathematical
concepts clearly and concisely. Asking students to write math-related compositions minimizes rote
memorization on the processes in solutions which are usually given in class. Thus, an activity of
this sort enhances a deeper understanding of problems, making the acquisition of skills in problem
solving an easy task to achieve.
c. Rhyming in Mathematics Classes

Many topics and concepts in mathematics are perplexing to students. If these are not
properly taught, misconceptions may arise. As an example, the cancellation process is a
misnomer topic. When assessed, most students have a hard time explaining the dif ference between
cancellation of expressions which sum up to zero and cancellation of rational expressions which
give a quotient of one. Rhyming the lessons helps in eliminating math-misconceptions.

In addition, the use of rhymes makes learning ideas lighter and within the reach of the
average student. It also helps students possess the following virtues - discipline, perseverance and

the need to compromise. To relate rhyming words, say prove, disapprove, move, mood, and
groove in such a way that the meter as well as the essence of each expression is correct involves

a lot of patience and compromise with a students' belief without jeopardizing mathematical

principles.

Samples of work of audents will be distributed during the conference; Other activities such as
newspaper clippings, translation activities, etc. will be delivered if time permits.
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OPERATIONS WITH POLYNOMIALS-CONCRETE MATERIAL

ESTELA KAUFMAN FAINGUELERNT and FRANCA COHEN GOTTLIEB

UNIVERSIDADE SANTA 1RSULA - Rio de Janeiro - Brasil

Purpose - Demystify the teaching of algebra introducing the concept of algebric

expressions and operating with them by games with concrete material.

Strategy - Starting by the visualization of the areas of squares and rectangles, the
pupils were able to:

. write algebric expressions of 1st and 2nd degrees

. write algebric polynomials of 1st and 2nd degrees

. operate with polynomials of 1st and 2nd degrees

. generalize to higher degrees without the use of the concrete material, descovering
rules and writing them in corrent language.

Construction of the geometrical forms and writing the correspondentalgebric
expressions using the mesures of the sides.

Construction of the geometrical forms corresponding to algebric expressions
previousely given.

Descover rules for notable products.
Accomplish factorations.

Focalization of reversibility and generalizations in every activity.

Concrete material used -

. 4 red squares with side of 8 cm

. 4 blue squares with side of 8 cm

. 20 red square with side of 2 cm

. 20 blue squares with side of 2 cm

. 12 red rectangles of 8 cm by 2 cm

. 12 blue rectangles of 8 cm by 2 cm

The experience - It was applied in three classes of the 7 th grade (age 12-13), total
of 96 pupils. They worked in groups of four. Every group was accompanied by the
teacher and the coordenator of Mathematics.

Result - The pupils who participated in the experience did not find any difficulty
with equations and systems.
95% of these pupils were promoted.

Bibliography - Hilde Howden - Algebra Titles for the Ovrhead Projector-CCA. Cuisinaire
Material

Jakubo e Lellis - Matemitica na Medida Certa. Ed. Scipione.
Eatela Kaufman Fainguelernt and others. Trabalhando con Geometria.

Ed. Atica.
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THE OSTENSIVE REDUCTION IN ALGEBRAIC MANIPULATION

Elisa GALLO

Department of Mathematics

University of Turin Italy

Algebraic manipulation is what is used to transform a formal expression into another of the same

algebraic object; the formal transformations of expressions make sense when they are inserted in a

conceptually structured context, even if they operate on the ostensive plane of the expression.

The adaptation of the models activated by the pupil during the algebraic manipulation, in order to

create a model ad hoc, is provoked by the action which links the subjective pole (what the pupil

knows) to the objective pole (what the pupil produces), which we refer to as control.

The question at the basis of our research on algebraic manipulation is therefore: what is the dynamics

of control during the solution of an algebraic exercise?

An algebra exercise may be taken as a problem or not: the latter is true when the pupil automatically

applies a procedure without using controls. If, on the contrary, control is present in the solution, the

exercise becomes a problem and control is developed at the level of perception and the perceptive

reorganisation of formulas; at the level of the use of resources (models) and procedures (other

models); at the level of syntax; at the level of meanings, namely global and local semantics.

The manipulation which takes place in terms of formal ostension must also be carried to the

conceptual level, with the action of control: we are studying the phenomenon of the ostensive

reduction of manipulation (present when the pupil does not manage to adjust his knowledge and the

formal object with which he is working in the two processes of the instantiation of knowledge and of

the application of semantics to knowledge) and its didactical overcoming.
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STUDENTS' GOALS IN LEARNING MATHEMATICS: A CRITICAL ANALYSIS OF YEAR 10

STUDENTS' ACTIVITY IN A MATHEMATICS CLASSROOM

Simon Goodchild

College of St. Mark and St. John, Plymouth U.K.

I am currently engaged in exploring the nature of students activity in a mathematics classroom using a social-

constructivist model of cognition.as a basis for interpretation of events observed and students' accounts of their

activity. The object of this presentation is to outline the model and describe how I am using it to explain students'

activity.

Investigating cognition in everyday practice Lave (1988) offers an explanation of cognition as being "...

constituted in dialectical relations among people acting, the contexts of their activity, and the activity itself" (p.

148). Lave develops her model of cognition from observations of individuals engaged in 'everyday' activities

such as shopping in a supermarket or dieters preparing calorie controlled meals. This provides a starting point for

explaining classroom activity but it is insufficient, as Elltonin (1961) points out educational tasks differ from

everydk ,sks in that the goal of an educational task is a change in the acting subject rather than the object of the

activity. This change in the acting subject is believed to be due to a process of interpretation or reflection

(Goodchild 1992), Neisser describes 'the perceptual cycle which illuminates how the reflective process may

operate. Mathematical activity is clearly central to the practice of the class observed and this has been

characterised as processes of metaphoric and metonymic transformations (Ernest 1993) Thus the model I wish to

present synthesises the contributions of Lave, Neisser and Ernest.

The data interpreted by the above model arises from my attendance, throughout the year, at every mathematics

lesson of one year 10 class where I tape record the teacher's remarks to the class and conversations I have with

individual students regarding their interpretation of the activity. Using the model I believe it is possible to identify

three different levels of goals towards which students work: their rationale (Mellin-Olsen 1987) for engaging in

activity, their purpose in the set task and a dichotomy between production and interpretation.
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VERIFIER - A SELF LEARNING METHOD
IN EARLY GEOMETRY dt MATHEMATICS

by

H. Orbach. B. llany- Gigozlnsky

BETH BERL TEACHER TFA1NING COLLEGE
CENTER FOR THE INSTRUCTION

OF MATHEMATICS

The purpose of the "VERIFIER" teaching aid is to develop visual
perception and discrimination of shapes as a basis for geometric
thinking. Furthermore. it also aids in the identification of numbers and
of groups, series, and basic facts concerning mathematical exercises.
"VERIFIER" is a series of four teaching aids with accompanying booklets
for ages 3 -4; 4-5; 5-6; 6-7 and so on. The exercises within each level are
also presented In increasing levels of difficulty. Teachers can also create
their own worksheets.
All the teaching aids are designed to be self-correct:ng and allow the
child to proceed at his own pace.
Each tool consists of a transparent box and a set of tiles. The child solves
the exercises by selecting tiles and placing them In the appropriate
places on the transparent bottom part of the box, turns it upside down
and verifies his answers by comparing the pattern to the one In the
booklet.

The "VERIFIER" and its accompanying booklets contain:

1. Shapes - the child learns to identify and distinguish between the
basic shapes (circle, square, triangle. etc.) and discovers intuitively
the principles of conservation of the characteristics of the various
shapes during transformation within a plane.

2. Patterns - the child discovers the concept of mathematical patterns
by identifying the missing shapes which complete the pattern.

3. Directions - the child develops his ability to perceive directionality
on a plane and to use concepts such as above, below, right and left.

4. Coordinates - the child develops his ability to coordinate on a plane.
He must take into consideration up to four criterions at once (shape,
size color, full or empty),

5. Reading numbers and identifying groups - the child learns to count
and recognize numbers, utilizing geometric groups. The emphasis is
on separation and classification of shapes.

6. Exercises - include drills with addition, substraction, division.
multiplication and equations.
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EVERY CHILD CAN DO MATHEMATICS

Tadato Kot agi r i
University of the Ryukyus

What is Doing Mathematics? Creating mathematical ideas is probably one of the most
important activities and building ideas into a whole system is hard work. In this process, symbols are

used as, for example, concrete materials are used in planning and building a house. Therefore,

operating symbols is a part of Doing Mathematics.

In the nature of things, creating mathematical ideas is pretty amusing and everyone can enjoy

it. But actually many people have failed to enjoy it, although they think it would be amusing. The

reason is that it is difficult to operate symbols in mathematics. This algebraic operation should be

one of the main reasons why people have difficulties in doing mathematics.

MI, a fifth-grade boy and slow learner in mathematics, could name the numerals up to a

four-digit number and count concrete objects such as apples or a picture of apples. But he couldn't

answer 6+7 correctly although he could do 9+4. He knew how to add .,ne-digit numbers: that is, he

could count his fingers one by one to find the answer. What I like to clarify here is that he didn't

operate figures as mathematical symbols and he operated only minerals and fingers, i.e., the verbal

and the concrete.

could answer 4+9 by using the concrete objects called the Tiles.

KB, a third-grade girl and also slow learner in mathematics,
q

But when she tried to operate figures in order to answer 4+9, she L

couldn't do the same thing in figures as she did in Tiles as shown

in the Data-1.

It is unthinkable that a child, who is not good at operating mathematical symbols, is a good

mathematics learner. Thai, the issue is whether or not every child can operate mathematical symbols.

My findings, which are based on the &tido Method, show that the answer is affirmative. (Refer to

the Proceedings of the PME17, B-240.)

The Data-2 is KB's and the Data-3 is Mis. These data show that they became able to
manipulate mathematical symbols as if they manipulated concrete objects. Also, it is obvious that

they could continue to identify

the quantitative meanings of
operating figures. As the result,

they can operate figures

algebraically as if they paid no

attention to the meanings of the

mathematical symbols.
Note: ?be euteects In my research am Canadian and Abeam. The research results that I am Intseestsd in
doesn't depend on the GAMIN difference between Canada and Japan. I am pleased to acknowledge the
considemble seNtence of Dr. T. Kieran, University d Alberta, and Dr. W. Stasis, Unbent/ at Mai Columbia.

13
Data-I
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SOME PROBLEMS IDENTIFIED WITH MAYBERRY TEST ITEMS IN ASSESSING
STUDENTS' VAN HIELE LEVELS.

Christine Lawrie
University of New England, Annidale, Australia.

In the early 80s Mayberry (1981) developed a diagnostic instrument to be used to assess

the van Hie le levels of pre-service primary teachers. The test which was carried out in an

interview situation, was designed to examine seven geometric concepts. There has been no

reported attempt to (a) replicate this work in Australia; (b) consider the items in some alternative

format; or (c) analyse the validity of the test questions.

To address these issues, a detailed testing and interview program of 60 first year primary-

teacher trainees was undertaken at the University of New England. This paper considers one

aspect of the findings of this study. When collating the results in the assessment of van Hide

levels, some of the students' reasoning was not consistent with expectation according to the

Mayberry items. Interviews did not appear to clarify these inconsistencies. On analysis of the

results by concept and by level, it was considered that certain aspects of the Mayberry items had

the potential to lead to incorrect assessment of a student's level of understanding in geometry. In

particular, four main features were found to account for major problems to the test validity.

They were:

1. incorrect assignation of a level to certain items;

2. unequal treatment of concepts across levels;

3. uneven distribution of questions across levels; and

4. unbalanced distribution of question focus within levels.

Conclusion
This analysis not only gives us a clearer perspective about the Mayberry test and the

results, but also provides further insight into the van Hiele Theory itself. In particular it

provides further empirical evidence about what it means to work at a particular level. It

reinforces the hierarchy of the van Hide levels, and that the level at which a student is working

can be discerned. However, it refutes the van Hide notion that the levels are discrete, lending

support to the findings of researchers including Gutierrez (1991) which suggest that there are

some students whose answers clearly reflect two consecutive levels of reasoningsimultaneously.
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Colours Towards R+
Moises CORIAT BENARROCH

Pedro S. MARTINEZ LOPEZ,

Junin BAENA RUIZ

Departamento de Didactica de la Matematica.
Universidad de Granada. Granada, Spain
inst. de Bachillerato "Bahia de Almeria". Almeria.
Spain.
Inst. de Bachillerato "Montes Orientates". linalloz,
Granada (Spain)

Abstract

Referring to real number first learning at Secondary School Level, a
Phenomenology (in Freudenthaf s sense), incorporating a full variety of examples and

didactic situations, is lacking. To reach such a goal. we claim the need exists for tools

to allow the design and study of didactic plans and obstacles (like those revealed by

Sierpifiska 11987, 19901) arising in the Class-room.

Colours towards 2+ suggests a complementary, manipulative approach to the

real number learning and teaching at Secondary School Level; such an approach was
first fully described by the same authors 119931.

We present an activity based upon colours (used by us in in-service teachers

training courses), allowing (a) to ask significative questions related to a particular

encapsulation process (Tall 119911), exhaustion, and (b) to link infinite and limit
intuitions, on the one hand, and real number first learning, ont the other. As far as

human groups enjoy handling colours, the activity appears as culture-independent.
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ALGEBRAIC REPRESENTATIONS AND DISCOURSE
IN A "TRADITIONAL" CLASSROOM

Luciano Meira
Federal University of Pernambuco

This poster looks at the ways in which the teaching and learning of algebra are
intertwined with the representational and communicative processes going on in the
classroom. The extensive body of research in algebra has demonstrated teacher's and

students' difficulties regarding this subject. Many have argued against the current focus of

algebra instruction on "formal procedures for transforming symbolic expressions and
solving equations to find the hidden value of the variable." (Fey, 1990, p. 70) This

general aim of traditional teaching generates other more specific difficulties such as (1)
understanding the transformative character of algebraic representations; (2) building
algebraic models of situations; (3) proving results for algebra problems; (4) understanding

the function of algebra concepts and notations. Recently, several alternative approaches

for algebra teaching have been suggested to help students overcoming these obstacles:

(1) the "arithmetization" of algebra, in the sense of stressing the areas of continuity
between algebraic and arithmetic problem solving (e.g., Smith, 1994; Falcdo, 1992; Lins,

1991); and (2) the algebraic modeling of functions based on activity upon physical events

and situations (e.g., Meira, 1991; Greeno, 1988).

Although we seem to know much about "algebraic thinking" (even if it is very hard to
define), we lack a robust understanding of algebraic activity in the classroom context. In

order to better understand the difficulties reported above and to place those difficulties in

relation to classroom processes, this research analyzes the mathematical activity of
teachers and students in the everyday practice of algebra teaching and learning in a
traditional classroom. The data for this presentation consists of videotapes of a teacher's

and his students' algebraic activity in one eighth grade classroom, and videos of pairs of

students from the same classroom as they participated in several problem solving
sessions.

A preliminary microgenetic analysis of the data suggests that (1) there were many
instances in the classroom where the students' procedural work with algebraic notation
could be developed into more elaborated algebraic thinking; (2) there were not enough

instances where the teacher was able to capitalize on emergent representational and
interactional scenarios in order to develop an advanced sense of algebraic activity; and (3)

a significant part of the students' algebraic activity during the problem solving sessions
involved little or no direct engagement with algebraic notations. The poster will illustrate

these claims through the presentation of protocols that show several categories of clashes

between the teacher's and the students' understanding of algebra.
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USING INTERACTIVE MEDIA FOR CLASSROOM OBSERVATIONi

Judith A. Mous ley

Deakin University

Geelong, Australia

Peter Sullivan

Australian Catholic University

Christ Campus, Australia

The software presented is a multi-media package aimed at improving classroom
observation and research. It is being developed for use in pre-service and in-service
mathematics education, but has potential for use in other professional education
contexts. Resources included within the program include films of pre- and post-lesson
interviews with the teachers, videos of the lessons (and any parts thereof), transcripts

and other lesson documentation, associated readings and bibliographic data bases,
graphic representations, and other resource materials.

Four lessons, based on six components of quality teaching (see Mous ley & Sullivan,

this volume) were planned, taught and videotaped. They are now stored on CD-ROM

disc. Our current research is examining how interactive media can be used to form
comprehensive resource bases on mathematics education, and how these can be used

in teacher preparation, in-service professional development and educational research.

Using on-and off-campus teacher education students, the project is employing case

study methods to determine different levels of interactions, (a) between users and the
program, and (b) within small groups of users. Teaching and learning styles range from
a transmission mode, where the lecturer plots the learning path, to individual or group
inquiry-based projects of the students' own design using the program's resources.

This project has three aims. The first is to further understandings about the potential
of multi-media technologies to promote reflection, discussion and writing by groups of
teachers and student teachers. The second is to increase knowledge about how
technology can be used to stimulate more student-directed professional development,
including teachers' research into their own practices. The third aim is to provide a
detailed evaluation of some uses of interactive media to enhance classroom observation

during the practicum as well as for researchers.
Conference participants are encouraged to contribute to the further development of

this project by adding to interactive documents that the software contains, including data

bases of (a) questions which could be researched using the program's materials, (b)
comments, suggestions and questions about the research project, and (c) short
quotations and bibliographies appropriate for the styles of teaching demonstrated.

1 Th Is research is being funded by the Australian Research Council, Australian Catholic University and

Deakin University.
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THE IMPORTANCE OF CONTEXT IN ASSESSING MATHEMATICAL LEARNING

Marilyn NiCkS011, Alison Green, Sarah Hughes

University of Cambridge Local Examinations Syndicate

The poster presentation will be provide details of a study of the effects of contextualisation in questions

assessing mathematical learning. The effects of context in mathematics tests has been established (e.g.

APU 1985, Carraher 1989) and some of these effects have been noted in connection with mathematics

examination papers for 16 year olds (Key Stage 4) (SEAC 1992). Examinations at this level reflect the

recommendations of the Cockroft Report (DES 1982) which advocated the testing of a larger proportion of

mathematics in context, with a view to expanding the place of the uses and applications of mathematics

within the taught curriculum. This has been accompanied by a move towards criterion-referenced testing

which sets out to assess what the pupil can do and thus to reward positive achievement (DES 1982). Four

levels of activity have been identified in the process of responding to a contextualised question and one of

the concerns of the study is to explore whether it is possible to reward a pupils for achievement at each of

these four levels. Examples of such questions and how they can be 'decomposed' into these levels will be

illustrated together with the various combinations of components in contextualising questions (e.g.

numbers with diagrams or the written word with pictures). Major concerns of the study, therefore, are to

establish the extent to which it is possible (a) to deduce any evidence of the mathematics a pupil knows at

each level, (b) to reward a pupil's response at each level and (c) to determine the facilitating or inhibiting

effects of particular contexts in relation to particular kinds of mathematics. A flowchart will be included in

the poster to indicate the progression of the project and the questions being addressed.

The project is being undertaken by the Cognitive Psychometrics Section of the Research and Evaluation

Division at the University of Cambridge Local Examinations Syndicate to investigate the effects of context

in assessing the mathematical learning of children at Key Stage 2 (7-11 year olds) in the National

Curriculum. The project is known as Cambridge Primary Assessment (CamPAs).
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A LOOK AT GEOMETRY IN NATURE AND AROUND US - ANOTHER WAY TO

TRAIN UNDERGRADUATE PRESERVICE TEACHERS TO TEACH GEOMETRY

Dorit Patkin - State Teachers College Seminar Hakibbutsim

- Israel Educational Television, Tel-Aviv,62507

Ilan Levenherg - Municipally High-school, Haifa, Israel

Introduction- The activity described below is a part of a course in Euclidean

geometry in the State Teachers College. It is known that geometry is a subject

which needs visualization skill and students whose visualization skill is not

developed enough have difficulties in studying geometry. In addition, students

think that geometry is closed, dead, emotionless and boring.

In order to show the beauty of the geometry and to understand its implementation

in our daily life the activity includes slides and pictures. The subjects which

are presented through the slides are: from nature's architecture of diatoms to

the bold shapes of city skylines, from naturally occuring polyhedra to artistic

and functional adaptations created by humankind, from ratio and proportion

conciderations of nature to the subtle use in proportion in our everyday life.

By using these slides and pictures we bring together the wide expance of

geometry and make this important subject much more meaningful to the students.

The aims= Using these slides and the activity around it makes the learning more

meaningful by helping the students move from a concrete to a pictorial and

finally to an abstract representation. This activity is a pictorial bridge from

the concrete to the abstract. It engages the visual sense and brings to the

students an awareness of geometry in functional as well as aesthetic setting. It

is an inherent multidisciplinary approach relating geometry to a plethora of

contexts such as life science, social science ecology etc..

In such an activity every student can take part, and can develop his visual,

drawing, logical and applied skills across the cognitive geometry levels of the

students according to Van-Hiele's theory.

The activities- The activities can be done while introducing a topic, developing

it or summarizing it. Several slides and pictures are introduce to the students

and they are asked what they can see - for example a slide of a wheel of a car.

The students are asked to determine the geometrical shape they are shown, to draw

it or to explain how to draw it, to give other examles of wheels in other shapes

and so on. Another activity is with a triangle garden In the three corners there

are roses. Questions are asked like - Where we have to put the sprinklers? - Can

we do it in every triangle garden? Activities and questions such as these enhance

the lessons and motivate the students to the awareness of geometry in nature and

the world around us.
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LOGO AND PROBLEM SOLVING STRATEGIES:

AN EXPERIMENTAL STUDY WITH PRIMARY SCHOOL CHILDREN

Maria Isabel Pereira and Luisa Morgado

Escola Superior de EducacAo de Leiria

Faculdade de Psicologia e Ciencias da Educacio da Universidade de Coimbra

In an adequate environment LOGO programming can facilitate the development of cognitive

skills, particularly in what concerns problem solving skills in mathematics.

With the purpose of evaluating the effect of LOGO programming in problem solving

strategies, we started an investigation with two groups of 7 and 9 years old children. Our main

hypothesis is that LOGO facilitates the generalisation of the procedures that children use to solve

problems.

This study had three different parts: pre-test, tasks and post-test. The study wasmade in two

primary schools in Leiria between January and June 1993. It involved sixty four children, half of

them with seven years and the other half with nine years. Each age group was divided in a control

and a experimental group. Each of this four groups had sixteen children. All the children in the

experimental groups had at least one year of experience with LOGO programming. In establishing

these groups we tried to make them as homogeneous as possible in what concerns the psychogenetic

development of the children involved, in particular the concepts of space, laterality and perspective

coordination. During the pre-test and the post-test, piagetian proofs were used to measure these

concepts in the children involved. Between the two tests children were asked to perform two tasks.

Those tasks involved the use of LOGO programming in experimental groups and cut-paper

manipulatives in control groups.

The analysis of data collected from the tests made allows us to draw some conclusions about

the strategies that LOGO programming children use to solve problems and to compare the

generalisation skills of the children in experimental and control groups.
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The Language LOGO and the construction of mental representation in the
child. an experimental study

Jose Peres Monteiro Luisa Morgado
Esco la Superior de Educaclio da Guarda Universidade de Coimbra

Introduction: We examine the question of knowing whether the
language LOGO may become a favorable learning context for the users to
develop their ability of mental representation or of building up concepts,
when solving concrete problems.

Hypothesis: Hi- The practice of LOGO mainly benefits the
development of the ability of mental representation or the building up of
concepts of the individuals who have used this language of programming
rather than the simple practice of using a piece of paper and pen.

H2- The practice of LOGO helps the individuals to
achieve a precise and rigorous verbal codification in the description of the
behaviour adopted in the acomplishment of the problem solving tasks.

Experience: Twenty eight children aged eight to nine and
attending the third year of primary school took part in this experimental
research. There were two groups A (LOGO) and B ( paper and pen). In
the phases of pre-test and post-test all the students in both groups
performed the same piagetian tests. They were used to evaluate concepts
of length measurement, mental representation and space orientation. In
the experimental phase the two groups performed the same type of
tasks, where group A used LOGO and group B used onlypaper and pen.

Results: The results revealed that group A (LOGO) in the mental
representation test (second post-test) obtained higher results than group
B (paper and pen). No statistical differences were noticed.

The students of group A (LOGO) used a more precise and acurate
language when describing the procedures subjected to a mental
representation.
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Mathematical notions and operative cognitive tools in
occupational settings

Janine ROGALSKI
Senior Researcher Equipe Psychologie Cognitive Ergonomique

CNRS- Universitd Paris 8 2 rue de Is libera 93526 Saint-Denis Cedex 2

Supporting operators in complex occupational activities is a %metal trend in
technical settings (such as process control). Mathematical notions are involved as tools, and
tables of values and functional graphical representations often play a role in support systems.
An important issue is concerned with the availability of such tools depending on the
operators' vocational knowledge about the entities modelized in such mathematical ways and
their knowledge about the mathematical notions themselves.

An empirical study was developed about the use of a graphical-based operative
cognitive tool, devoted for helping operators on prognosis, anticipation for resourcesand
actions in forest fire fighting. (We define as "operative cognitive tools" various types of
artifacts -from graphical representations, abacus, tables of values, pocket calculators to
expert systems- that take in charge of the cognitive operations required by a task. )

The forest fire tool ') integrates in the same graphical representation two
(linear) models : one represents the relationship between the distance (y-axis) of the front fire
by respect to time (x-axis), the other links the quantity of required means and the fire spread
through a twofold valuation of the y-axis (distance and number of firetrucks). Available
means depending on time may be represented on the same graphic. Comparing the curves of
the expected and required means allows to evaluate time intervals were action is possible.
Relating time intervals to distance intervals allows to evaluate (spatial) zones where action is
possible. (Ground properties -read on topographical maps- are used fordecision making. )

Operators are firemen Officers ; most of them get a scientific background (more
than 2 years at universitary level). Nevertheless, using the FFT appears to present specific
difficulties, some of them revealing ill-acquired notions about functions and graphs.

We will present global results about the main hypotheses : 1) specific training on
the tool is required even if no new notions are involved and 2) specific experience in the
domain (forest fire fighting) facilitates training and use of the tool, and qualitative data about
the type of errors. Implications for required mathematical background and/or specific
vocational mathematical training will be discussed.
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PROJECT EME: A EUROPEAN MATHEMATICS EDUCATION RESEARCH DEGREE

LSO Rogers, Mathematics Education, Roehampton Institute London SW15 ;PH

1. Background.

a) An ERASMUS Network has been in operation for three years which now involves the
universities of Thessalonildl, Bielefeld, Bologna. Grenoble, Institute of Education London, loaning,
Parma. Regensburg, Roehamplon Institute, and Southbank University London.

The subject of this programme is 'Didactics of Mathematics" and involves the exchange of
students on undergraduate programmes who are training to be teachers. There have been a number
of meetings of the teaching staff involved, to discuss the details of their different programmes, and
the project is continuing with opportunities for curriculum development and teaching staff exchanges.

b) Two TEMPUS projects have been submitted, one bringing the University of Sofia into the
above network, and the other, a proposal by Roehampton Instifiute involving, Warsaw,Wroclaw, Pavia
and Utrecht in a scheme to deveiop a higher degree programme in Mathematics Education.

2. The Proposal.

As a result of this cooperation, and motivated by the report of the Committee forMathematics
Education published in the EMS Newsletter,2 a proposal was later published3 giving details of the
work In progress, and the possible future development of Eurgoan...ararimslaieralaludjaajn
12ilecikaciMathameica.

The principal ideas are as follows:

a) Each university has developed its own characteristicprogrammo in didactics of mathematics.
The content and style of these programmes not only reflect local and national interests, but also the
individual expertise of the tutors has its outlet in the topics included in the programme.

b) The idea of a European Programme in Didactics of Mathematics at Masters or Doctorate level
is based on two principles:

(i) iii041111/INSBODACOSIONI and (N) 9t
For example, a student might enrol for a Masters or Doctorate degree in one country, but

study for part of the time In another community country, thereby gaining credits which can be
transferred back to the Institution in the horns country to count towards their final qualification.

The success of this scheme depends on the agreement to adopt the the principles of the
European Credit Transfer System (ECTS), and to ensure that their programmes are constructed
according to a modular scheme whereby at students are able to take advantage ofself-contained and
viable shod courses.

Central to this is the Idea of Unit of Study which may be spread over a period of one
semester or one term, or organised as a period of Intensive study' of, say, two weeks. A nr....Wer of
European Universities are adopting this method of organising programmes, although the Unitft
Modules may need to be of different lengths, according to the aims of thecourses.

Further information and a more comprehensive description of the programmes involved may
be obtained from Leo Rogers at the address above.

1. Coordinator: Prof. Athanassios Gagatsis, Department of Mathematics, Aristotle University of
Thessaloniki, 54006 Thessaionkl.
2. Dodler,W.(1992) European Mathematical Society (EMS) Newsletter No.4, June 1992, (14.15)
3. Rogors,L. (1993) EMS Newsletter 7, March 1993
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PUPILS' UNDERSTANDING OF BEGINNING ALGEBRA

Lai-Leng Soh

University of Oxford, UK

000 100420 MLI]

When Ben was asked to translate the above balance puzzle into an algebraic

equation, he wrote
3x + 15 = 5x

Without completing this equation, he stopped and said,

"Can't do that ... ... unless you swap them round."

He then wrote
5x + 9 = 3x + 15

and solved the equation. This episode showed that Ben had the idea that an equation

with one unknown could be solved only when there was more of the unknown on the left

hand side of the equation than on the the right hand side.

This is an example of the ideas that pupils may form during the learning process,

some of which may not be intended by teachers or authors of teaching materials. As

such unintended ideas may be impediments to the learning of algebra at a later stage, it

is essential to comprehend how pupils come to understand beginning algebra.

This study examines pupils' growth of understanding of beginning algebra in

classes using individualised learning materials. Of particular interests are:

What images do pupils construct?

How do pupils go about constructing these images?

How do these images compare with those intended by authors of teaching materials?

The study involves 5 case studies, each on a pair of pupils aged 11-13. The

methods of data collection include video recording and personal observation in

classrooms, interviews and post-tests.

The presentation displays some of the results obtained in this study.
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USING A COMPUTER ENVIRONMENT IN THE CLASSRROM TO LEARN THE CONCEPT

OF PROPORTION

Martf,E., Steren.B. and Garcia-Mila,M.

Universitat de Barcelona

The aim of the present study is to analyze the process of learning the concept of proportion

displayed by 12-13 year-old student dyads when they use a computer environment in their

mathematics class. We hypothesize that computers can be an effective mean to foster the process of

learning difficult mathematics concepts such as proportion. When the students use a computer

environment the process of learning becomes more interactive, motivating and self-regulated (Pea,

1987). The computerized didactic sequence we propose is the result of an interdisciplinary

collaboration among cognitive psychologists, mathematics teachers, and software designers. The

main principles that have guided the design of the didactic sequence are the following:

I. To integrate the didactic sequence in the curriculum of mathematics.

2. To present a set of similar problems based on the same physical phenomenon (light and

shadows) but becoming progressively complex. This complexity is defined in terms of the

students' rate of progress in the psychological construction of the concept of proportion (Vergnaud,

1983).

3. To help the students overcome their difficulties with a set of retroactive regulation (text

and graphic feedback) according to the type of errors displayed.

4. To foster interaction between students as a way to optimize the process of learning using

a computer environment.

In addition, two complementary analyses are undertaken. The first one consists of

comparing the results obtained in the pretest and the posttest in both, the experimental (working

with the computer environment) and the control (working with a noncomputerized version of the

didactic sequence) groups. The second one is a microgenetic analysis of the working process

displayed by a subset of dyads while they interact with the computer environment.

In the present poster. we describe and theoretically justify the didactic sequence involved in

the computer environment, and we present the results of the first analysis (pre/posttest differences).
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THE HISTORY OF MATHEMATICS AND THE LEARNING OF
MATHEMATICS: PSYCHOLOGICAL ISSUES

Paul Ernest (UK)

Introduction to the Plenary Panel of Lucia Grugnetti (Italy), Teresa
Rojano (Mexico), Anna Ward (Israel) and Eduardo Veloso (Portugal)

Currently an historical reconceptualisation of the nature of mathematics is
underway. Until recently the widely accepted view of mathematics was that of

modernism which envisaged the building of timeless and indubitable structures

of thought based on a logical masterplan, the Euclidean paradigm. However the
failure of the prescriptive programs of the logicist, intuitionist and formalist
schools to achieve absolutely certain foundations for mathematical knowledge is

well documented (Ernest, 1991, Kline 1980, Tiles, 1991). In contrast, a new
tradition in the philosophy of mathematics has been emerging which has been

termed post-modernist (Tiles, 1991), maverick (Kitcher and Aspray, 1988) and

quasi-empiricist (Lakatos, 1976). This perspective is primarily naturalistic,
concerned to describe the nature of mathematics and the practices of
mathematicians, both current and historical. It is and fallibilist in its epistemology

as well as inter-disciplinary and historicist (Lakatos, 1976; Kitcher, 1984).

The reconceptualisation of the nature of mathematics as essentially
historical, in philosophy, mathematics education and adjacent fields, such as

Piaget's genetic epistemology, is a development of great significance. It has
strong implications for epistemology, encompassing the nature and justification

of all knowledge, for methodology, as well as for theories and research on
learning. For example, much of the controversy around radical constructivism
centres on the fact that this position adopts the view that all knowledge,
including mathematics, is a fallible construction. Inducting learners into a body

of knowledge that is the contingent product of historical, cultural and
evolutionary forces is a different problem from teaching under the traditional

view. It demands more humility from teachers and researchers, and the
realisation that learner errors are not absolutely defined, but only relative to a
conventional body of knowledge.

The admission of a historical perspective centre stage in the psychology of

mathematics education thus is of deep and widespread significance. However

the indications of its importance go beyond philosophy and methodology. There

are also vital ways in which the inclusion of the history of mathematics is central

to the content of research in psychology of mathematics education. This will be
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evident in the contributions of panel members. But I should also mention that
there are important schools of thought beyond those represented on the panel
in which history plays a central part, such as Dutch, French and German
research in the didactics of mathematics. Thus, for example, the international
research community in mathematics education has had its perceptions 6f the
place of history in mathematics education, and in the psychology of mathematics

education in particular, changed by the contribution of French researchers.

CONCEPTUAL DEVELOPMENT AND OBSTACLES

The parallel between the cultural development of mathematics and individual
psychological development has been explicitly noted at least since the 19th
century biologist Haeckel formulated his biogenetic law: 'ontogenesis

recapitulates phylogenesis'. In the realm of mathematics this parallel was
extensively elaborated by a number of authors such as by Branford in 1908
(Fauvel, 1991: 16). In psychology this insight was further develciped by
Vygotsky as a central feature of his psychological theory.

Every function in the child's cultural development appears twice, on two
levels. First, on the social and later on the psychological level; first
between people as an interpsychological category, and then inside the
child as an intrapsychological category. (Vygotsky, 1978: 128)

Now as Freudenthal said in 1983, 'We know for sure that this [biogenetic] law is

not true in a trivial way...The young learner recapitulates the learning process of

[hu]mankind, although in a modified way." (Steiner, 1989: 27-28) Thus the
history of mathematics cannot absolutely dictate the necessary order in the
learning or development of mathematical concepts. But since mathematics
concept formation appears to be a recursive operation, the historical stages in
the elaboration and extension of concepts provides an illuminating if sometimes

loose parallel of great richness. Consequently, the history of mathematics is
widely used to provide a genetic epistemological analysis of mathematical
concepts for psychological and didactical purposes.

During the course of its history science changes, and some of these
changes are dramatic enough to be termed revolutions (Kuhn, 1970). Gil lies
(1992) claims that there are revolutions in mathematics too. There is a powerful

analogy between Kuhn's theory of normal and revolutionary development, and

Piaget's theory of assimilation and accommodation in cognitive growth,
respectively. Both a scientific revolution and schema accommodation are
triggered by a contradiction or cognitive conflict.

Bache lard (1951) anticipated Kuhn's ideas, and invented the concept of an

'epistemological obstacle' which prevents progress and development in the
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history of ideas. He writes of revolutions as 'ruptures' in thought when an old

style of thinking which is acting as an epistemological obstacle is swept away.
Thus in mathematics well as the learning of new knowledge, unlearning to
overcome epistemological obstacles is also needed. For example the fact for

natural numbers (n>1) that multiplication is a procedure that produces larger
numbers ceases to be true for rational numbers or integers. Multiplication no
longer always 'makes bigger'. Many examples like this, and deeper ones too
(e.g. shifts in the definition of a function), are indicated in the history of
mathematics. Thus analysis of the history of mathematics provides researchers

with a tool for anticipating psychological obstacles in the learning of
mathematics.

MATHEMATICAL PROCESSES
Problems and problem solving are central to both the history of mathematics
and psychology of mathematics education. In both areas they stimulate
knowledge growth. Historical problems, such as the KOnigsberg Bridge Problem,

which stimulated Euler to create Topology (Wolff, 1963) also serves well to
introduce students to network theory in today's classroom. But the parallel I wish

to remark on is in the realm of mathematical processes and strategies. Pappus
distinguished between analytic and synthetic problem solving methods. Two
thousand years later the distinction was used by psychologists to distinguish

different levels of cognitive processing (Bloom, 1956). More generally,

methodologists of mathematics such as Descartes 1628) and Polya (1945) have

offered systems of heuristics which have driven research in problem solving in

psychology and mathematics education (Groner et al., 1983). Problem solving

research in mathematics education research still has much to learn from the
history of mathematics, and in the era of computers that history continues to

grow and evolve new methods.

ATTITUDES TO AND PERCEPTIONS OF MATHEMATICS

It is widely remarked in the mathematics education literature that student and
teacher attitudes and perceptions of mathematics are important factors in
learning (e.g. Ernest, 1991). Indeed, much of the research on girls or women
and mathematics talks of the problems caused by the stereotypical perceptions

of mathematics as a male domain (e.g. Walkerdine, 1988). Thus a further

important area of impact of the history of mathematics is on student (and
teacher) attitudes to and perceptions of mathematics. In his survey, Fauvel
(1991: 4) suggests that the use of the history of mathematics in teaching has the

following outcomes.
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Helps to increase motivation for learning
Makes mathematics less frightening
Pupils derive comfort from knowing they are not the only ones with problems
Gives mathematics a human face
Changes pupils' perceptions of mathematics

One of my own areas of research and interest has been in the area of the
philosophy of mathematics education, concerning a historicised

reconceptualisation of mathematics (social constructivism as a philosophy of
mathematics), and its impact in theory and practice on teacher and student
personal philosophies of mathematics (e.g. Ernest, 1991). Although there is
insufficient research on the relationship between the use of the history and
positive attitudes to and useful perceptions of mathematics (Stander, 1989), a

number of experimental teaching programs reported at PME use a historical
approach and have positive outcomes (e.g. some Italian experiments described
by Bartolini-Bussi, 1991).

These are just some of the important relationships that exist between the

history of mathematics and the psychology of learning mathematics. My
colleagues will offer more detailed explorations into such relationships.
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RELATIONS BETWEEN HISTORY AND DIDACTICS OF MATHEMATICS

Lucia Grugnetti, Dipartimento di Matematica, Universita di Parma

History of mathematics in mathematics education: why?
Among all subjects involved in mathematics education, nowadays there is a growing

debate concerning the role of the history of mathematics in mathematics education. On

the other hand, at least for the time being, teaching of scientific subjects does not

emphasize the historical point of view. Perhaps something will change: in the proposal of

the programs for Italian high secondary schools, concerning calculus for example, it is

written "It will be possible to follow the historical itinerary which, starting from
Archimedes, arrives to Newton and Leibniz through the contributions of Cavalieri,

Torricelli and other precursors of calculus." On the contrary, in the almost all Italian text-

books for high secondary schools, the development of calculus is not the historical one;

in fact it goes from the concept of function to the concept of limit (one of the most

complex mathematical concepts) and then from the concept of derivative to the concept of

integral. On the other hand, I believe that, with regard to mathematics, an historical

approach is advantageous for the student because it allows them to think of mathematics

as a continuous effort of reflection and of improvement by man, rather than a "definitive

building" composed of irrefutable and unchangeable truths.

Concerning the teachers they must remain aware of the inherent relativity of knowledge,

and that to provide students with an adequate view of the way science builds up

knowledge is in the long run worth more than the acquisition of facts (von Glaserfeld,

1991) [4].

Risks and difficulties
The crux of the matter is "how can we methodologically develop a teaching itinerary from

a historical point of view?". In my opinion, the historical approach to mathematics

involves the passage from a disciplinary to an interdisciplinary treatment in the broadest

sense of the word. The passage from a disciplinary to an interdisciplinary approach is

really fundamental if we want to try and bypass one of the several risks in introducing

history of mathematics in mathematics education: the anachronism. As Weil (1978)1111

"There is a vast difference between recognizing Archimedes as a forerunner of integral

and differential calculus, whose influence on the founders of the calculus can hardly be

overstimated, and fancying to see in him, as has sometimes been done, an early

practitioner of the calculus." Moreover, once we introduce at school a mathematician or,

in general, a scientist, it is fundamental to analyse the political, social, economical context

in which he lived. By this way it is possible to discover that facts and theories, studied in

different disciplines, are concretely related. As Pepe (1990) 191 reminds us, the "meeting"

between history and didactics of mathematics must be developed taking into account the

negative influences that they can have one on the other. A possible negative influence of

history on didactics is the increasing of a notionistic ambit, with interesting and curious
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references which are, in effect, not essential. On the contrary, the history of mathematics

offers us several examples which "gain" by an interdisciplinary approach (L. Pepe, 1990)

as, for example: the number systems of ancients; Galileo, the mathematization, the
experimental method; Descartes and the analytical method. Fortunately we have not yet

"standards" in the field of history of mathematics in the didactics of mathematics; in fact

this field is nowadays open to discussions and suggestions. Among the different
proposals there are the well known French works of some IREM [6] that are, in
particular, concerned with a critical analysis of "originals" directly in classrooms.
Another proposal comes from the USA where, for example, F. J. Swetz [10] says that a

direct approach to historically enriching mathematics instruction and the learning of

mathematics is to have students solve some of the problems that interested early
mathematicians. Such problems offer case studies of many contemporary topics
encountered by students in class. According to Swetz, that problems transport the reader

back to the age when the problems were posed and illustrate the mathematical concerns of

the period. According to me, the approach by problems can be easily utilised also by

teachers that are not really concerned with history of mathematics, but there is the risk, if

there is not a "contextualisation", that we offer to students a too much fragmentary idea

of the history of mathematics. By this I do not want to discourage the approch to
mathematics and to history of mathematics by problems, but that we must be conscious

of the inherent obstacles and misconceptions. In this perspective, the proposals of using

originals, as IREM', are very interesting on condition that we pay a big attention to the

inherent difficulties. Coming again to the Italian proposal of the mathematics program for

high secondary school, whereas we want to follow the historical itinerary, we must be

conscious, once again of needs and potentialities together with difficulties and obstacles.

For example, concerning the teaching of calculus, the Cavalieri's theory of indivisibles

could be an interesting point, on condition that since the originals by Cavalieri are very

difficult, we use a son of "didactical transposition" of that theory.

Some suggestions from Italian experiences
An interesting use, from a didactical point of view, of the Cavalieri's theory, can be

found in a cultivate italian text-book (L. Lombardo Radice, L. Mancini Proia, 1979) [8]

to find the area of the ellipse:

If we have the circle: x2 + y2 = I and the ellipse: x2 /a2 + y2/b2 = 1

and if we consider the chords obtained by cutting the circle and the ellipse by might lines

which are parallel to axis y, we have: y2 r. a2 x2 ; y2 = b2 (112 .. x2) / a2
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The ratio of the two chords is b2 / a2 , so we obtain: E:C=b:a from which

E = C b/a. We know that C = rca2; therefore E = n ab.

It is important to underline at least two important aspects of such an activity. The first is

that it is inserted in a historical approach to calculus starting from the way in which

Archimedes calculated the area between a parabola and one of its chords. This approach

allows teacher to follow also with students the historical process in which the problem of

the quadratures (integration) preceds the problem of the tangents (derivation). Moreover I

think that, by this process, students can also appreciate later "modern" integration as need

of generalisation. At the same time, if we try to follow, in a certain sense, the historical

process of calculus and, as in the previous examples, the theory of indivisibles, we have

to develop with students a critical analysis concerning that theory. So why the XVII

century was the moment of the theory of indivisibles? Or why the calculation of areas

and volumes being one of the main problems of that century? An implicit use of history in

designing teaching is introduced by the research group of Modena (M. Bartolini Bussi).

Early historico-epistemological studies of this research group resulted in the adoption of a

particular context which could have emphasised the dialectical feature of mathematical

experience as well as offered opportunities to develop meaningful historical studies in the

classroom: it is the context of mathematical machines . For example, some elements of

the study of conic sections are considered in the project Mathematical Machines in High

School. The leading motives of this teaching experiment can be described under the

following keywords: geometry, history, machines. (1 J. The research group of Genova

(P. Boero) considers, particularly, the following uses of the history of mathematics in the

teaching of mathematics: 1) as a source of ideas, for the teacher, on "fields of experience"

in which to construct mathematical skills and concepts, through suitable teaching

itineraries and situations; when used this way, the pupil does not necessarely have to

receive explicit information on the historic background used for the teaching project; 2) as

a field of study for pupil, in order to work on particular mathematical objects (concepts

and formalisms), to analyse their historical evolution and to translate from one formalism

to another; 3) as an opportunity to set off developing mathematical discussions and

demostrations, based on questions which have arisen in the course of the history of
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mathematics [2]. The research group of Genova (F. Furinghetti) uses the history of

mathematics education to analyse mathematics teaching problems and educational
phenomena. Moreover, according to this group, it is important to realize an integration of

the history of mathematics in school mathematics [3]. From the research group of
Cagliari (L. Grugnetti) comes an example of the history of mathematics also in view of an

interdisciplinary teaching: the Liber Abaci by Leonardo Pisano (Fibonacci) as a source of

problems (from XIIIth century) which concern different teachers and subjects: Italian

and Latin (what kind of language is that of the Liber Abaci?), history (The development

of the Middle Ages in Europe and Islam, geography (the West, the Middle East "Islam"),

mathematics (the pupils' strategies for solving some questions from Liber Abaci;
Leonardo Pisano's strategies: why he solved his problems by those strategies?) [5].
Interdisciplinarity is also the leading motivation for the interest of the research group of

Rome (M. Menghini) in the history of mathematics. The purpose of interdisciplinarity is

not to show how mathematics can be applied to other disciplines, nor to examine a certain

period in different fields, but to show how different disciplines help all together to form a

branch of knowledge. And this can be observed better "from a certain distance", when

the concept is clearer, also because the sistematization process can be very long [7]. Also

other Italian research groups are begining to work on the role of the history of
mathematics in mathematics education. The different points of view allow a dynamic

debate on this subject and point out a growing up of an important field of mathematics

education.
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THE CASE OF PRE-SYMBOLIC ALGEBRA AND THE OPERATION OF
THE UNKNOWN

Teresa Rojano
Departarnento de Matematica Educativa

Centro de Investigation y Estudios Avanzados del I P N (Mexico)

The notion of rupture or cut in knowledge as in Bachelard (1970), which in turn gives rise to the

concept of epistemological obstacle, is used as a central element linking the historical and
educational domains. One characteristic of the case presented here consists of the formulation of

conjectures on the didactic obstacles of epistemological origin (Brousseau, 1976) which are
present in individuals in transition from arithmetical to algebraic thinking and the empirical
exploration of such conjectures by means of clinical studies with subjects who are beginning to

learn symbolic algebra. On the basis of the results obtained at an ontological level, the historical-

epistemological analysis is once again taken up with the aim of seeking possible correspondence

with the new didactic findings. This movement back and forth between history and didactics is

what places this work in the field of mathematical education and not in that of the history or the

epistemology of mathematics (Filloy, 1990).

Two moments of pre-symbolic algebra.
`:tom the comparison between two moments in the symbolic evolution of algebra, before the

appearance of The Analytic Art by F. Viete (ed. Witmer, 1983), the presence of cuts or didactic

obstacles in the process of acquisition of algebraic language is conjectured. The moments in

question are (a) that of the Practical Mathematics of the Italian Renaissance (XIII - XV centuries)

represented by the ahhacus hooks (Egmond, 1980), characterized by a dedication to the solution

of practical problems expressed in vernacular form and using the methods of oriental

mathematics. In these texts there is a diversity of strategies used to solve problems which, from

the point of view of the symbolic algebra currently in use, would be identical problems; it is the

specific numerical characteristics of each case which guides the strategy for problem solving and

there is not an explicit operativity regarding unknown quantities ( Filloy and Rojano, 1984a). The

second moment (b) is that of the first text book of advanced algebra, the De Numerics Oasis by
Jordanus de Nemore, written in Latin in about 1225 (ed. Hughes, 1981). Concrete numbers never

appear in the statement or the argument in this work. Most of the propositions correspond to the

solution of systems of equations that can be reduced to a quadratic. The work with general
numbers allows the cases solved previously to be recognized and thus, a general strategy of the

book is to try to reduce the new cases to earlier propositions. In the argument, the quantities

discussed arc designated by letters and there is no syntactic operativity on them except

juxtaposition to indicate addition (Puig, 1991).

- 125 -162



As well as pertaining to well differentiated symbolic levels, the medieval works referred to also

have common features: there is no systematic treatment in the operations carried out on those

terms of the equation which involve unknowns. This disposition "not to operate with unknowns",

which appears to be connected with the symbolic insufficiency of these works compared with the

symbolic algebra inaugurated by Viete, leads to the formulation of conjectures as to the presence

of didactic cuts in the process of transition from arithmetical thought to that of algebra. One of

these cuts is located precisely at the moment in which, for the first time students face the need to

operate the unknown in the solution of linear equations with terms with "x" in both members.

A didactic cut of epistemological origin

Among the most eloquent manifestations of the rupture mentioned above are the typical

spontaneous responses of students in the clinical interview to items of equation solving such as

2x +3=5x. The children tend to assign an arbitrary value to the unknown on the right side and

solve the equation 2x +3=constant, which does not require operation of the term x. Or else,

when they are asked to find the value of x in x +5=x + x, we get what we have called polisenly

of x, that is the response: "this x (the one of the right) has a value of 5 and the other two (one on

each side of the equation) can have any value (the same value for both)" (Filloy & Rojano,

I984b, 1989). The term polisemy of x is used when, within the same statement (algebraic), the

same symbol is assigned meanings which pertain to different semantic fields. In one case this. is

the semantic field to which the notion of specific unknown pertains. In the other, it is the
semantic field of general numbers. Examples of the eleven cognitive tendencies reported in this

study are: conferring intermediate senses to more abstract mathematical texts, and focusing on

readings made in languag strata that will not allow solving the problem situation (Filloy. 1991

(h)).

Findings like those referred to previously. obtained at an ontoligical level, with subjects who arc

in transition from arithmetical thought to algebraic thought, correspond to moments of significant

change in the historical development of algebraic language and lead to questions about how the

mathematical signs systems used and their interpretation (as in the case of how pre-algebraic

students read algebra's signs system) predetermine the !mks of analysis and the strategies for

solving problems modeled in these systems of signs. In turn, this opens up a new perspective for

re-visiting the history of the symbolic systems within algebraic knowledge, taking it now as an

element of theoretical analysis for cognitive sciences (Filloy and Puig, 1991).

Towards a new type_of research program

An example of this new line of research is the analysis which Filloy (1991 (a)) carries out on

proposition XIII of The Book of Square.% by Leonardo Pisano (medieval mathematician, also

known as Fibonacci). The proposition in question states that: "the square of any number can be
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expressed as the sum of successive une-en numbers, starting with the unit". In the analysis, the

differences between the mathematical signs systems used by Leonardo to express his arguments

and the mathematical signs system of current symbolic algebra play a central role and it is shown

that this proposition, in the latter system of signs, can be proved in a simple and brief manner,

unlike the tong and complicated formulations of Fibonacci. This contrast is used to show the fact

that the mathematical signs system used announce the strategies for solving problems and guide

the sense of all the inferences made during the argument, which, in the case of Leonardo, can be

related with what is observed in the development of thinking in children today, when they try to

attain competence in the use of algebra at secondary school. That is to say, the new program of

research proposed is to observe and describe in the work of pre-vietic algebrists, such as

Fibonacci, me cognitive tendencies like those found in children who are beginning the study of

algebra, in order to better formulate existing hypothesis and to develop new, plausible hypothesis

about these tendencies.

Puig (1991) describes another piece of research of the same son, on the mathematiCal signs

system used by Jordanus de Nemore in De Nurneris Datis. In this paper, the author attempts to

describe De Nutneris Datis as one of the strata of language which, looked at retrospectively from

current symbolic algebra, are seen as less abstract. This can be related with the objectiv,; of

th.3wing light on the uses of mathematical signs systems which will culminate in the competent

use of the system of signs of symbolic algebra.
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WHAT HISTORY OF MATHEMATICS HAS TO OFFER

TO PSYCHOLOGY OF MATHEMATICAL THINKING

Anna Sfard

The Hebrew University of Jerusalem, Israel

A few years ago, in a conversation with a mathematician, I complained about my

students' resistance to the seemingly simple idea of a complex number. The

mathematician would not accept the claim that the subject might be inherently

difficult. He hinted that it could be a problem of an incompetent teacher

rather than of incapable students or a difficult subject matter. I insisted

that there is a stumbling block the nature of which was not yet clear to me. I

brought lots of evidence. Eventually, the mathematician seemed to be giving in.

'Yes, the problem might be somewhat more complex than I thought', he said. But

then, after a thoughtful pause, he exclaimed: 'OK, it's difficult, but I assure

you that I would make the students understand the idea in no time: I'd just

write the axioms of a complex field and show that the concept is well-defined'.

I knew then, as I know now, that the mathematician I talked to was not an

exception. Teachers are sometimes equally insensitive to profound difficulties

students have with seemingly simple concepts. Several years and many hours of

reading, researching, and thinking later, I began to realize the reasons of

this insensitivity. It may be stated in many different ways, depending on the

school of thought to which one belongs: one can say that the students and the

teacher do not share one paradigm, or that, without realizing, they are engaged

in different mathematical practices, or that they don't participate in the same

mathematical discourse. In whatever words one puts the explanation, the message

is always the same: the student and the teacher cannot communicate because,

although they may be using identical expressions, they live in incompatible

mathematical worlds, they are playing according to different rules, and their

thoughts go in parallel rather than clash or coincide.

There is no better way to analyze this problem than by scrutinizing the

historical development of mathematical knowledge. History is the best

instrument for detecting invisible conceptual pitfalls. History makes it clear

that the way toward mathematical ideas may be marked with more discontinuities

and dangerous jumps than the teacher's are likely to realize. If the

mathematician I talked to were aware of the turbulent biography of complex

numbers, he would probably be more attentive to my classroom horror stories.

Similarly, if the mathematics teacher of the French writer Stendhal bothered to
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look into some original mathematicA texts, the latter would have been less

likely to complain for the sake of posterity that his difficulties with

negative numbers "simply didn't enter [the teacher's] head" (see

Hefendehl-Hebeker, 1991). Indeed, it would be enough to have a brief glimpse at

the emotion-laden statements of eighteenth and nineteenth century

mathematicians to realize that there must have been some major disparity

between the emerging ideas and established knowledge. Here is an example of

such a revealing utterance:

The talks about "impossible numbers, which, being multiplied together,

produce unity.. [are] all jargon, at which common sense recoils; but, from

its having been once adopted, like many other figments, it finds the most

strenuous supporters among those who love to take things upon trust and hate

the colour of a serious thought" (Frend in 1796).

The point I wish to make here is that historical disputes, however fierce, tend

to be completely forgotten once mathematicians manage to reconcile themselves

with the problematic notions. As follows from the conversation quoted above,

for a modern mathematician nothing could appear simpler than complex numbers.

Stewart and Tall (1983) comment, tongue in cheek: "Looking at the early history

of complex numbers, the overall impression is of countless generations of

mathematicians beating out their brains against a brick wall in search of what?

A triviality" (p.5). In the classroom, however, problems are likely to appear

at any of the junctions at which mathematicians themselves faltered and asked

questions. Thus, history seems to have much to offer to the psychologist who

studies the learning of mathematics.

To fully grasp the view I try to present, one has to understand far-reaching

changes occurring right before our eyes in philosophers' conception of human

knowledge. The Cartesian implicit assumption about the possibility of "God's

eye view" of the world is gradually giving way to a non-objectivist position --

position which questions the claim that scientific theories "tell us what

properties things have in themselves" (Putnam, 1987, p. 13). New winds in

philosophy of mathematics may be viewed as after-shocks of this major

conceptual upheaval. As a traditional stronghold of "absolute truth" and

objectivity, mathematics may be the last domain of human intellectual activity

to succumb, if only partially, to the doctrines of relativism and historicism

(philosophy of science was revolutionized much earlier by Kuhn, Feyerabend, and

their followers; in fact, it may well be that this is where all the trending

away from the Cartesian paradigm started). Robust as it always was in its

objectivist positions, even this most analytical of sciences could not, in the
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longer run, remain unaffected by the sweeping blow of the postmodern Zeitgeist.

Since Lakatos declared it fallible and quasi-empirical, mathematics has been

steadily proceeding toward a new identity. The image of mathematics as a

"stark, atemporal, formal, universe of ideal knowledge" (Kaput, 1983) was

abandoned for the sake of the idea that knowledge in general, and mathematical

knowledge in particular, is a form of social practice. As such, it is

inter-subjective rather than objective, it is judged by criteria of

acceptability and usefulness rather than of "perfect correctness", and above

all - it is in a constant flux and can never be regarded as a finished product..

Thus, even though the term "practice" may have different meanings for different

writers, one implication is common to,all the possible interpretations: human

thought and thinking in large, and mathematical thought and thinking in

particular, cannot be fully understood in isolation from their history.

According to Kuhn, understanding science and its development is a hermeneutical

task, and hermeneutics means, among others, using a method of analysis which

considers history as consequential (Berenstein, 1986). The same may be said in

the context of mathematics.

Being deeply convinced of its importance, I have been using historical analysis

in practically all my studies of concept formation. Whether I dealt with the

learning of algebra or with the development of the notion of function, the

historical perspective proved invaluable source of insights into the subtleties

of learning process and into the nature of student's difficulties. This talk is

too short to present any of these analyses. To illustrate my claims, let me

therefore elaborate on the opening example. According to what was said above,

my mathematician's insensitivity to student's difficulties with the concept of

complex numbers could probably be successfully treated with a dose of

historical insights and a hermeneutical exercise. If the mathematician looked

into historical sources he might have realized that like in the case of

mathematicians who lived a few hundreds of years ago, the student could be a

captive of an inadequate system of epistemological and ontological beliefs.

Today, like in the past, certain implicit meta-matematical assumptions may be

the barrier which prevents the concept of a complex number from entering into

the realm of mathematics, Indeed, the idea of extracting square root from a

negative number is inadmissible to a person whose understanding of number is

based on the metaphor of physical quantity, for whom numbers are

mind-independent entities, and who does not consider the possibility of

bringing such entities into existence by mere axiomatic stipulation. To realize

all this it would be enough to read carefully and with a hermeneutical eye

texts written by Leibniz, Euler, and many other mathematicians.
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The task, of course, is far from easy. It is extremely difficult to put oneself

into intellectual shoes of another generation of practitioners. This is

probably why pupil's fundamental problems with the idea of complex number tend

to be overlooked by the teacher. The latter's own implicit beliefs make him or

her oblivious to the possibility of somebody having a different epistemological

and ontological attitude. Those who stand at the top of a mountain might have

forgotten the changing landscape they watched themselves while climbing the

hill for the first time. One of the few works which have shown that the problem

of an inadequate meta-mathematical framework does exist and obstructs learning

of complex numbers is the study by Tirosh and Almog (1989). The authors attempt

to probe learners' hidden conceptions led them to the conclusion that "the

students are reluctant to accept complex numbers as numbers, and [they]

incorrectly attribute to complex numbers the ordering relation which holds for

real numbers". One finds here a striking similarity to the stance taken by past

mathematicians who rejected the concept of complex number on the basis of the

claim that "a square root of -1 is both greater than infinity and smaller than

minus infinity".

In this brief talk I tried to make a case for historicism. This last term is

used here in its "benign" non-Popperian sense, which reminds the researcher

that "agent's epistemic principles and their standards of reflective

acceptability ... vary historically" (Geuss, 1981). Mathematics, like any other

kind.of human knowledge, is inextricably entangled into its own past, and thus

considering history when trying to understand the ways people conceive and

construct mathematical universes is not an option it is a necessity.
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PRACTICAL USES OF MATHEMATICS IN THE PAST:
A HISTORICAL APPROACH TO THE LEARNING OF

MATHEMATICS.

Eduardo Ve loso (Portugal)

If we accept that students attitudes and perceptions of mathematics are
important factors in learning and if we believe that the integration of history in
the teaching of mathematics has some effect on those attitudes and perceptions,

two possible next steps would be i) to answer the questions raised by John
Fauvel (1991) "why the value of using history is so hard to put across in the

right quarters?" and "what is getting in the way of this simple beneficial
improvement?" and ii) to discuss the present situation in what concerns how

that integration is practiced, in order to appreciate what kind of effect it has or
could have on those attitudes and perceptions. I will try to propose an answer to

John Fauvel questions and to suggest and give examples of alternative ways of

carrying that integration.

Firstly, the answer to John Fauvel questions could be based on the analysis of

some "good reasons for using history" suggested in the same article and quoted
by Paul Ernest in the introductory statement: "helps to increase motivation for
learning", "makes mathematics less frightening", "gives mathematics a human
face". In fact, many teachers today think that they can use other teaching

strategies (for instance computers, manipulatives, challenging problems) to
increase motivation, to eliminate the fear of math and even to teach human

mathematics, without the additional burden of learning history of mathematics.

And the right quarters simply don't understand why do we must integrate
history in the teaching mathematics if our objectives for school mathematics are

mainly the understanding of mathematical concepts and the acquisition of
modern techniques. So, only when the point of view expressed in the Cockcroft

Report that "the mathematics teacher, has the task [...j of helping each pupil to

develop so far as is possible his appreciation and enjoyment of mathematics itself

and his realization of the role which it has played and will continue to play both

in the development of science and technology and of our civilization..."
(Cockcroft, 1982) will be openly accepted as a description of the main
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objective for school mathematics, we could be assured that a sound rationale for

the integration of history in the teaching mathematics can be built.

Secondly, in what concerns the present practice of integration, we might say that

the main stream is not satisfactory at all. The basis for this practice is the idea that

the history of mathematics could be, identified with the life and works of the
great mathematicians. So, from the poorer ways of using history in the classroom

telling anecdotes about some mathematicians to the ones that are most

promising activities using mathematical texts of the past what is always

implicit is the history of mathematics a science. This is of course a valuable

way to integrate the history of mathematics in education, and there are very
good examples of this practice (see for instance (Fauvel 1990). But most
mathematical texts written by mathematicians are difficult to be interpreted by
the average student, and their use is more appropriate for classes of students with

a good disposition to mathematics. So it is probable that this practice, if
exclusive, would result, for the majority of students, in the perception of
mathematics as a distant and mostly inaccessible domain, reserved for some gifted

people. It is not in this direction that the integration of mathematics in its
teaching is expected to change the perceptions of the students.

The history of mathematics is not just the history of the building of mathematics

as a science, it includes the practical uses of mathematics, less or more
sophisticated, during the slow development of our technological society. When

the students develop activities concerning this practical uses of mathematics in

the past, they may

realize that people like them used elementary and intuitive mathematics with

ingenuity, in order to make their work more productive and the: lives better;

see mathematics as a science "storicamente determinata r; fortemente intrecciata

con le altre manifestazione culturali delle vane epoche." (Bussi 1992) (free
translation: "historically determined and strongly connected with the other
cultural accomplishments of the different periods").

When possible, the examples of practical uses of mathematics gain to be taken

from the local history (Fauvel 1993). This point could be illustrated with the
experiences that are being carried, in Portugal, on the relations between
mathematics and the techniques of navigation used by the Portuguese pilots
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during the voyages of the 15th and 16th centuries. This is a very rich domain, as

suggested by the following examples (for more details, see (Ve loso 1992)) .

The mathematics of astronomical navigation. The beginnings of astronomical
navigation in the Atlantic occurred in the second half of the 15th century, when
the Portuguese ships navigating near the coast of Africa were forced by strong
headwinds to make long detours across the ocean to return to Portugal, without
reference points on land. Navigators need to know their progression to the north,

and they develop rudimentary ways to do it, resorting to the only references they

had available, the position of the stars. Adapting old astrological instruments, like

the quadrant, to new needs, they measured each day the altitude in degrees of
the North Star and used a known correspondence of difference in degrees to
distance navigated in latitude, in leagues (1° <> 16 1/3 leagues).

Pupils can recapitulate the reasonings of their ancestors when they study the
simple mathematical principles of the quadrant, follow the method of Erat6stenes

to measure the earth, and discover the correspondence between degrees and

distances.

Interpretation of marine texts. The nautical handbooks of the 15th and 16th
centuries were written. by the pilots themselves, making successive copies of the

most important rules used in the navigation, and introducing modifications
requested by new conditions or findings. They are a rich source of texts, written

in an interesting style and embodying almost always a mathematical component.

There are rules for navigation with the Pole Star ("the regiment of the North"),

with the Sun ("the regiment of the declination of the Sun") and with other stars

(for instance,"the regiment of the southern cross"), rules to compute the
corrections in distance when the course is deviated for any reason ("the
regiment of the leagues"), rules to know the time during the night ("the regiment

of the hours of the night"), and so on. Pupils will interpret these texts,
discovering and exploring the mathematical underpinnings of the rules. When
they read the nautical handbooks, written without the algebraic symbolism
introduced later in the history of mathematics, they will appreciate the strength

and utility of the mathematical language.
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Building and graduating nautical instruments. After the quadrant, many other

types of instruments of navigation were introduced, like the modified astrolabe,

the cross shaft and the kamal. Several processes were developed for the correct

graduation of these instruments. Pupils can understand the mathematical
principles of the different instruments, work in small groups to build models of

some of them, and even explore their uses in several ways.
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The Historical Dimension of Mathematical Understanding
Objectifying the Subjective

Hans Niels Jahnke
1DM, University of Bielefeld, Germany

1. The cognitive quality of culture a plea against fast food mathematics

In the following, I shall ask for the role history and culture could play in the teaching
and learning of mathematics. Besides L. S. Vygotsky, Jerome S. Bruner has doubtlessly
been the psychologist who, in part against Piaget, has pointed out the significance of
culture for cognitive development. Though the considerations I am going to quote date
back nearly thirty years, they still appear worth considering. At the core of his early
conception of cognitive development was the belief that "the human, species-typical way

in which we increase our powers comes through converting external bodies of
knowledge embodied in the culture into generative rules for thinking about the world
and about ourselves." (Bruner [1972], 115) Though this may be a widely shared
viewpoint. I have nowhere read a more impressive description of the resulting conceptual
problem for (cognitive) psychology than with Bruner:It is always difficult for the
psychologist to think of anything 'existing' in a culture or however one wishes to
express the presence of traits and skills transcending any one individual's life or even
the span of a generation. Psychology is in the main acultural and ahistorical in its
theories: ... We are, alas, wedded to the idea that human reality exists within the

limiting boundary of the human skin!" (Bruner, Olver, di Greenfield 119671, 321) This has
been written in 1967, and I am well aware that meanwhile a lot has been done to overcome
the said deficit, particularly with regard to mathematics instruction and by scientists who
feel obliged to the context of "psychology of mathematics education". Nevertheless, I
shall not be wrong in assuming that, on the whole, Bruner's statement is still true and that
we find it as difficult as before to understand the cognitive quality of culture and history in
a theoretically appropriate way. An indication for this is again found in Bruner when,

today, he speaks of a "cultural psychology" (Bruner 119901) as a desideratum and not as

an existing discipline.
This unsatisfactory state of affairs within cognitive psychology is reflected in a

corresponding pedagogical uncertainty about the role of culture and history in the
teaching of formal sciences. Though, frequently, lip-services are payed to the cultural
dimension, in reality only very few people take it serious. In fact, even if we accept the
thesis that the formal sciences are founded in and by culture, it is not at all obvious that the
cultural dimension should he made an explicite object of teaching. As far as I know, even
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Bruner did not held the idea to assign a greater relevance to the history of science in the
teaching of formal sciences , and it must be stated that the movement of "New Math" to
which Bruner adhered, at the time the above lines were written, was characterized by a
profoundly unhistorical conception of mathematics and of mathematics instruction.
Bruner's thesis about cognitive development is at first sight merely a proposition which
states something about the evolution of human thinking. It is a cultural achievement that
man generates ever more mediated and powerful systems of symbols. But it is doubtful
whether making culture a topic will contribute anything towards making the conversion of
cultural artefacts into generative rules more profound and more efficient. Somehow, it is as
with logic. Thinking is logical, nevertheless it is doubtful whether a treatment of logic
proper will contribute anything towards enhancing thinking.

There are two lines of argument for the significance of the history of mathematics for
teaching which we owe to the 19th century. The first is known as "biogenetical law" and
says that the cognitive development of the individual recapitulates the development of the
human race on the whole. Hence, the conclusion is, teaching should also present the
subject matter in the order of their historical genesis. Without doubt, this "law" may claim a
certain plausibility. Mathematical reasoning in the individual develops from primitive
counting skills to higher mathematical compentencies as it has been in history. In essence,
however, this "law" seems to be too undifferentiated and, on the whole, wrong. Firstly, it
provides, strictly spoken, no legitimation for treating history of mathematics in the
classroom, but, at best, requires that the makers of curricula should know something about
history. Secondly, every person grows up in a new and different culture, and if his mental
development consists in transforming the artefacts of culture into his personal mental
property, then the way of learning cannot recapitulate history.

The second argument in favor of history is much more specific and has exerted a strong
influence on many mathematicians and mathematics teachers, at least in Germany.
Mathematician Otto TOplitz formulated it most poignantly in the 1920ies. It starts from the
observation that, for many learners, mathematics is a conglomerate of techniques and
concepts whithout meaning. At some point in time, however, these contents have been
invented as answers to concrete questions posed by human beings, and if we would go
back to the times when they emerged, "the dust of the times, the scratches of long use
would drop from them, and they would rise before us as entities full of life." (Toeplitz
[1927], 90) Hence, history of mathematics could play an important, even decisive, role in
teaching by giving recourse to the original, proper meaning of mathematical concepts.
Without doubt, this thesis deserves a detailed discussion. I should like to confine myself to
some short remarks.

It is certainly true that we obtain crucial insights into our thinking by going back to its
beginnings. A comparison to teaching general history is useful. There, too, we invest much
effort in teaching history to adolescents in the hope that they will grasp something about
their identity als social and cultural beings. But the example of teaching general history
shows also something else. In general history, there has been a significant and instructive

176 140



change of paradigm. In the 19th century, educated European people held the view that it

is most important to teach the ancient history of the Greeks and Romans, because this

period constituted the origin of Western civilization. Knowing this history was identical

with knowing our innermost identity. Today, this view iscertainly no longer held. Of

course, we continue teaching Greek and Roman history, but it has lost its prime

importance. Modern history is deemed as significant as the ancient, and it is a matter of

debate which part has contributed more towaras forming our identity. Our present-day

teaching of history has become more pluralistic. We learn something about our past in an

exemplary way, but only few teachers will still conceive of history as of a process in which

a "Western" identity was formed and developed ever higher.

To me, this has significant consequences for discussing TOplitz' thesis. On the one hand,

in affirming it. Just as Greek history remains important, it is a significant experience to recur

to the origin of a mathematical concept. On the other hand, in correcting it: I would deny

that something like the proper meaning of a mathematical concept exists at all and as well

that it can be found in its origins. Rather, it is an overwhelming experience that history

introduces those who beome involved with it to a foreign world which may be interesting

and fascinating, but which is considerably at odds with one's own notions about

mathematics. I shall go into this in more detail with two examples in the main part of my

lecture.
The tension between history and the notion of mathematics which is formed in today's

classrooms has a simple and important consequence which is not always taken seriously

enough by those who plead in favor of more history in mathematics teaching. History of

mathematics is difficult! At all times, scientists have written for a close circle of colleagues

and experts, and what they wrote was the fruit of long and intense reflections. There is no

reason to assume that this should be easily accessible to adolescent students, even if

subject matter is concerned which today seems to be quite elementary and which we can

teach to a larger circle of students without great problems. Indeed, we have to state that

while the idea to include history in one's teaching is considered attractive by many, it has

not been very successful as yet. Where it is done, there are mostly entire groups composed

of teachers and scientists devoting themselves to this task with much engagement (for

efforts of this type in France and Italy see Commission Inter-IREM Epistemologie et

Histoire des Mathematiques (1992) and Bazzini & Steiner 119891). Of course, the

achievements of individual excellent school and university teachers should not be

neglected, too. However, as a rule, teachers consider history of mathematics as additional

subject matter in face of too short a time and they do not feel prepared adequately.

Somehow, history is felt to be alien to normal classroom work (see Jahnke (19911).

In view of this situation, it seems to he crucial to arrive at an adequate understanding of

the aims of integrating history into the curriculum. These aims should be realistic and

regard the difficulties mentioned. Above all, we should develop an appropriate (neither too

exaggerated nor too low) idea of what history can achieve. This idea will not be easy to

elaborate and will require not only pragmatic work but profound reflection as well. Thus, I
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should like to pose my above questiononce more: does the explicit inclusion of cultural
and historical references yield an indispensible cognitive support for learning mathematics,
and if so, which is the cognitive quality of this contribution, and how can it be described?
Or rather: does history provide only additional subject matter which has nothing to do
with "mathematics proper" and which, at best, does no harm, but which has no intrinsic
connection to the mathematics we teach?

Faced with questions of this type, it is often useful to take a step back and look for
analogous situations in other fields. We know that every vital function of man is culturally
mediated, however basic and close to his biological needs it may be. It would be easy to
think that while this cultural moulding is a fact of life, becoming aware of it plays no role
for exercising them. But this is simply not true. Even if we consider functions so basic as
sexuality and nutrition, it is quite evident that their cultural dimension plays a quite
important part in our everyday world. How strongly sexuality is culturally thematized, I
need not dwell upon, nor on the extent to which this thematization influences our actual
experience of sexuality. But even in regard to nutrition it is true that while one can eat
without knowing anything about the culture of eating, it is not only gourmets who know
that one cannot really relish food without knowing about manifold cultural aspects (eating
habits, producing and refining foodstuffs, how and where the raw products are grown).
This includes quite naturally a historical dimension as well, and quite a branch of experts is
fully occupied with disseminating knowledge about these things in magazines, books, films
and advertising. Of course, the cultural dimension of eating is differently perceived by
different people, with some quite elaborately, with others only in rudiments. To formulate
things polemically: eating without cultural perception is consuming "fast food", the latter
meaning both the products and a certain attit ade towards eating.

This example teaches us something else, too. The way, how the eating culture is
conveyed to us, embraces also historical dimensions. though they they may be rather
reduced. Thus, like any culture, the culte of eating should be differentiated into two
aspects: into a synchronous and a diachronous culture. The crucial problem is then to
understand how the synchronous and the diachronous culture are intertwined and how
they interact.

What does this comparison teach us? To me, one insight seems to be most important:
the cultural moulding and reflection of our basic needs is a spontaneous. natural. human
process. It is not intentional. Nobody consciously decides to look for the cultural
dimension of nutrition and sexuality in order to motivate people to maintain their own lives
and their species, but vice versa, culture is an integral part of these functions. "Fast food",
however, also shows: culture has natural enemies. Culture of eating is not simply there, but
it has to be developed, enhanced and defended.

For mathematics teaching, this means: the value of the historical view is missed if we try
to make it function for some other purpose. If we only intend to "motivate"our students
and to keep their attention awake, the real importance of the historical view is missed.
History should be a natural component of teaching and it cannot be justified by anything
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but itself. History of mathematics requires justification just as little as mathematics proper.

Whoever gives mathematics lessons in which questions of how a concept came historically

into being never arise, has already made a far-reaching decision about the cultural framing

of his teaching. To say it polemically: he has opted for fast food mathematics.

In the subsequent parts of my lecture I should like to develop first some considerations

on the relationship between mathematics and culture from two small case studies, and then,

in the closing part, I shall present a model for the integration of history into teaching which

aims at interlinking the synchronous and diachronous culture of teaching.

2. Cultural dimensions of mathematics the case of quadratic equations

In order to study the significance of cultural and historical frames for understanding

mathematics I shall discuss two cases: the history of quadratic equations and the

'introduction and justification of the transfinite ordinal numbers by Georg Cantor. Let us

begin with quadratic equations. We shall confine ourselves to two texts (episodes). While

they arc presented here in their historical order, we shall see that, from the viewpoint of

school teaching, it does not make sense to study them in this order. Indeed, the first text is

difficult to understand, and its relation to quadratic equations is not evident. This

highlights some of the difficulties historical texts frequently entail.

The text in question is theorem 6 from the hod book of Euclid's Elements (in the

following we say Euclid II, 6): If a straight line be bisected and a straight line be added

to it in a straight line, the rectangle contained by the whole with the added straight line

and the added straight line together with the square on the half is equal to the square

on the straight line made up of the half and the added straight line. (Heath [19561, 385)

Thus, the theorem says (see fig. 1): ADB + CB2 = CD2.

A

K L

0

E G F

Figure I

Obviously, the meaning of this and other theorems in Euclid ll is not easy to decipher.

The historians' standard view ist that this is algebra in geometrical disguise, the so-called

"geometrical algebra". According to this, the theorem is a means to construct geometrically

the solution of a quadratic equation of the form



ax = b2.

This can be achieved in the following way. The idea is somehow concealed in the
wording of the theorem, since the Greeks expressed it additively. Ifwe reformulate the
theorem slightly, the idea can be seen better:

AD BD =C132 -CB'

Here, the difference between the two squares on the right side has a geometrical meaning.
It is the angular area NOP situated around the point H (fig. 1). Such angular figures were
designated by the Greeks with a proper term as a "gnomon". Since the gnomon at hand is
the difference between two squares, it is suggestive that the Pythagorean theorem must
somehow he applicable. Indeed, if we take

AB = a

BD = x

as the given quantity and

as the sought one, then we have

(a + x)x = .v2 + ax = Gnomon.

The gnomon, however, is a difference between two squares and shall be= b1 . Thus, the
Pythagorean theorem can be applied to construct the solution of the equation:

(` 21+x)? -(` 2') =h2

(
2
a +

2

= b2 +(;)
2

This yields immediately a geometrical construction of a root by means of compass and
ruler.

As has been said above, this interpretation has not remained unquestioned, as no
source can be found with the Greeks in which this theorem is used in this way (see f.e.
Unguru [1975/761 and van der Waerden [1975/761. For a discussion cf. Artmann [19911)
One finds, however, that it has been used for geometrical problems which, today, we would
describe algebraically by quadratic equations. Thus, for instance, in Euclid II, 11 the golden
section is derived from our theorem Euclid 11,6, and, algebraically, the golden section
requires the solution of a quadratic equation. Likewise, Appolonius has characterized the
conic sections by conditions which take recourse to the corresponding theorems in Euclid
II. Nevertheless, it may rightfully be asked whether it is justified to speak simply of algebra
here. Euclid II contains purely geoemtrical theorems which are used to solve purely
geoemtrical problems. However this question may be answered, in any case, to me the
conclusion seem irrefutable that Euclid II belongs into the history of algebra, because
some subsequent authors referred explicitely to Euclid or used similar geometrical figures
in order to justify the undisputably algebraic formulae for solving quadratic equations.
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This is, for instance, the case with al-Khowarizmi, and with this we come to our second

text. In the 9th century A.D.,al-Khowarizmi (see Rosen [18311) formulated a verbal rule to

solve the quadratic equation of the type "Roots and Sqares are equal to Numbers" (e.g.:

s' +10x = 39): "...you halve the number of the roots, which in the present instance yields

five. This you multiply by itself; the product is twenty-five. Add to this thirty-nine; the

sum is sixty-four. Now take the root of this, which is eight, and subtract from it half the

number of roots, which is five; the remainder is three. This is the root of the square

which you sought for; the square itself is nine" (I.c., 8). He justified this rule by the

following geometrical diagram
S

G

B

25 D

A

H
Figure 2

The square AB represents the x2 sought, to which the two rectangles G and D of size

5x are made adjacent. In the lower left corner is then a square of size 5. 5= 25 "missing". If

it is added, the large square SH has the area 25+39 =64 and, thus, the side length 8 = 5+x.

Therefore, a solution of the equation is x = 3.
Obviously, there is a certain similarity between this figure and that in Euclid. Al-

Khowarizmis's figure, however, is much simpler, and its meaning is much easier to decipher.

It does not aim at a geometrical theorem which would have to be formulated statically, but

rather for an arithmetical or geometrical, in any case algorithmic, determination of a certain

quantitiy. Al-Khowarizmi's figure must be read dynamical!, and it is incomplete in the sense

that it does not contain any equality at all. We must mentally add this equation. Al-

Khowarizmi's figure has'only an operative meaning, but this meaning is clear and

unmistakable.
This purely cognitive description of the difference between Euclid and al-Khowarizmi,

however, remains incomplete and unintelligible, if the respective cultural context is not

considered. Indeed, there is evidence that al-Khowarizmi belonged to a group of Arabian

mathematicians who followed an anti-Euclidean attitude and did mathematics not out of a

theoretical, but out of a purely practical interest. Solomon Gandz has described this very

impressively, and I should like to quote him at some length:"At the university of Baghdad

founded by al-Ma'mun (813-33), the so-called Bayt al- Hikma, 'the House of Wisdom',

where al-Khowarizmi worked under the patronage of the Caliph, there and then

flourished also an older contemporary ofal-Khowarizmi by the name of al-Haijaj ibn

Yusuf ibn Matar. This man was the foremost protagonist of the Greek school working for

the reception of Greek science by the Arabs. All his life was devoted to the work on

Arabic translations from the Greek. Already under Harun al-Rashid (786-809) al- Haijaj

had brought out an Arabic translation of Euclid's Elements. When al-Mamun became
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Caliph, al-Haijaj tried to gain his favor by preparing a second improved edition of his
Euclid translation. Later on (829.30) he translated the Almagest. Now al-Khowarizmi
never mentions this colleague of his and never refers to his work. Euclid and his
geometry, though available in a good translation by his colleague, is entirely ignored
by him when he writes on geometry. On the contrary, in the preface to his Algebra al-
Khowarizmi distinctly emphasizes his purpose of writing a popular treatise that , in
contradiction to Greek theoretical mathematics, will serve the practical ends and needs
of the people in their affairs of inheritance and legacies, in their law suits, in trade and
commerce, in the surveying of lands and in the digging of canals. Hence, al-Khowarizmi
appears to us not as a pupil of the Greeks but, quite to the contrary, as the antagonist of
al-Haijaj and the Greek school, as the representative of the native popular sciences. At
the Academy of Baghdad al-Khowarizmi represented rather the reaction against the
introduction of Greek mathematics. His Algebra impresses us as a protest rather against
the Euclid translation and against the whole trend of the reception of the Greek
sciences. "(Gandz [1932], 65/66)

In the history of medieval Arabic algebra, there were obviously two currents. One
consciously adopted Greek traditions and founded the methods to solve quadratic
equations by recurring directly to Euclid IL This current can be designated as a scientifc-
academic one. The other current had its sources more in Indian mathematics and in Near
and Middle East traditions oriented towards popular applications. Van der Waerden
speaks of a tradition of popular mathematics in Egypt and in the Near East during the
hellenistic and post-hellenistic epoch (van der Waerden [1985], 14); similar statments have
been made by J. Hoyrup (see Scholz [1990], 43). Al-Khowarizmi was probably inspired by
these sources. Thus, the history of algebra seems to be fed by different lines of tradition
which had been influenced and shaped by various theoretical and practical interests.

If we take these facts for granted, we may ask whether such knowledge should be part
of the mathematical teaching offered to our students. I should like to answer this clearly in
the affirmative. Why? The core of my answer is that history serves to thematize problems
which concern the students and for which there is no opportunity of discussion in the
usual learning environment. This concerns a host of aspects among which I should like to
single out two, which seem particularly important to me. The first is the contrast, already
mentioned, between practical and theoretical mathematics. Thiscontrast can first be
connected with the question why al-Khowarizmi's solution of the quadratic equation is so
easy to understand and why Euclid's theorems prove to be so inaccessible. We had already
pointed out that al-Khowarizmi's diagram must be read dynamically, as a step-by-step
calculation of a quantity which is represented as a geometrical variable. This type of
mathematics is characterized by the immediately perceptible connection between the
motive of action (one wants to know a concrete quantity), plan, and action. On the other
side, there is the unwieldy Euclidean theorem. It does not immediately express its meaning
and why we should bother at all with such a theorem. As mathematicians, we arc familiar
with this phenomenon. Many theorems of mathematics have no meaning out of
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themselves, but only as components of a theoretical structure. To establish and to develop
such a structure, i.e. a theory, is not only a cognitive achievement, but requires also a
certain social and cultural context within which dealing with such purely mental structures
makes sense (and, as we know, leads often to substantial practical conclusions). In Greece,
for instance, a book like Euclid's can only be understood if we take into consideration the
cultural climate in which philosophies of mathematics like those developed by Platon and
Aristotle could grow. Students, too, are confronted with the contrast between theoretical
and practical mathematics from the very beginning of their mathematical career, but there is
no place in teaching where the perceptions, attitudes, motives and sentiments linked with
the different types of mathematics can be thematized and reflected upon. Thus, important
distinctive features of mathematics are reduced to individual observations never publicly
mentioned which frequently turn into bizarre sediments of an unreflected mathematical
biography. Here, history would offer an opportunity to relate one's own experience to the
historical lines of traditions and, thus, to experience subjective impressions as objectively

founded.
My second point refers to the concept of variable. This is a fundamental concept of

mathematics. It is fundamental for the mathematical mode of thinking and for the way how
mathematical objetcs exist. However, it does not belong to its 'subject matter' and is not
explicitely treated. Though being one of the most fundamental ideas of mathematics, the
concept of a variable is more a notion of meta-mathematics than of mathematics itself. The
simple idea to suppose something not yet known as known and to represent it by a symbol
"x" required a long history before it was elaborated. In al-Khowarizmi, we evidently find
variables in geometrical form, but already conceived of operatively as constituents of
algorithmic procedures. Al-Khowarizmi did certainly not invent variables, but rather they
had already existed for a long time within the practical popular tradition. In Greek
mathematics, Pappus reported about the "analytical method" which embraces the very idea
of assuming what is sought as known. It is very probable that this idea goes back to the
tradition of practical mathematics. It is this very idea, Descartes mentions again at the
beginning of his "geometry" (1637). The meaning of the concept of variable is obviously
not confined to finding the correct algebraic equation for elementary mathematical
problmes. In his dispute with Frege, Hilbert has pointed out that systems of axioms can be
compared to systems of conditional equations. Every axiom is some kind of equation for
the undefined terms occurring within it, which must in consequence be regarded as
variables (cf. Steiner [1964], Steiner [1965] and Jahnke [1978], 147 - 151). In tis
generalized sense, the use of variables is even not only constitutive for mathematics, but
for any theoretical science. Every science contains basic concepts which are at first onyl

partially interpreted and are progressively determined by new applications and new
theorems in the course of theoretical progress.

Again, we have to note that current teaching has no proper place for such ideas
though they are constitutive for an adequate understanding of mathematics.
Consequently, we encounter only a small number of pupils and students who arc



somehow aware of the significance of the method of setting the "unknown" equal to "x".
At best, they will see this as a "brilliant trick", but none will realize that the concept of
variable is a key to large parts of the history and philosophy of science. Thus, there is again
the danger that this important achievement becomes a "bizarre sediment" within an
unreflected mathematical biography. Such ideas should and can be thematized
independent of historical contexts, but I claim that the very individual character ofa case
like al-Khowarizmi's substantially contributes towards understanding the general meaning
of a concept like that of variable. This insight is deepened by the contrast between our
present purely symbolical algebra and its geometrical versions which can be found in
history. This contrast provides the opportunity of imbedding the meaning of algebra in
broader contexts and making it understandable.

These brief remarks will suffice to make clear how I think that history could be
included into the topic of "quadratic equations". Obviously, not genetically as a means to
teach the algebraic methods of solution. This should be done in one of the usual ways. In
the subsequent period of exercises, however, one of al-Khowarizmi's texts could be read.
His geometric derivation is mathematically fascinating and challenging for students.
According to the classroom situation, the other. more difficult cases of quadratic equations
can be treated as well. If al-Khowarizmi's book is then discussed as a whole, the class will
he guided immediately to the cultural and historical context. With regard to his practical
motives, al-Khowarizmi is very explicit. Among the interesting questions is the one which
practical applications al-Khowarizmi offers for quadratic equations. The students will be
bitterly disappointed and find not one unartificial example. Perhaps comparisons with the
textbook in use will be possible. The cultural context would also provide a key for a brief
glance at Euclid, but under normal circumstances this would be going too far. I am
convinced that the students' material view on algebra will substantially profit from this
excursion into history.

3. The cultural dimension of mathematics - Georg Cantor's introduction and
justification of the transfinite ordinal numbers

As my second case, I should like to treat the introduction and justification of the
transfinite ordinal numbers by Georg Cantor in 1883. Obviously, this case is far from the
former with regard to content and historical period, yet there is a relationship. This is
established by the generalized meaning of the concept of variable of which I have spoken
above. Cantor introduced the transfinite ordinals as symbolic quantities having certain
properties. This procedure was not as evident to him as it is for us today, and, hence, he
gave quite a number of reasons which can only be understood when considering the
cultural and philosophical context of his time. These I am going to analyze. Asa result of
this analysis, Cantor will prove to be a typical representative of a transitional period from
the 19th century to modern mathematics, and getting familiar with his mode of reasoning
offers us a unique access to the origins of modern mathematical thought.
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To understand Cantor's situation, we must realize that there are two different
components in Cantor's set theory. One is the set theoretical description of point
aggregates of real numbers or of spaces of higher dimension. This was intuitively
accessible to Cantor's colleagues, and as an informal way of speaking this type of set
theory had existed a long time before Cantor. He was only the first to start a systematical
study in this field and to attain remarkable and surprising results. His achievements in this
area were received and used by his colleagues. Quite different is the situation with the
theory of the transfinite cardinals and ordinals, which Hilbert later designated as "one of
the most audacious creations of the human mind". This part of set theory met with
widespread lack of understanding and even sharp criticism among his contemporaries.

The emergence of set theory started in 1872, when Cantor published a paper on the
uniqueness of Fourier series representations (in regard to Cantor's biography and the
emergence of his set theoretical ideas cf. Dauben [1979] and Purkert & Ilgauds [1987]).
For the theorem to be proved he needed the new concept of a "derived set" to characterize
certain subsets of the reals. He defined the derivation P' of a subset P of the reals as the set
of all limit points of P. In the same paper he gave also a new foundation for the real
numbers, an achievemnet which had been sufficient to secure him a prominent place in the
history of mathematics. In 1874, Cantor published another paper where he proved that the
algebraic numbers are countable whereas the reals are not. In 1877, after many efforts, he
was successful to prove the result, surprising even to himself, that the the set of points of
the unit square has same the cardinality as the set of points of the unit interval!.

Though some of these results were a real sensation, they remained within the limits of
the widely accepted set theoretical description of the continuum and its subsets. From
1879 on, however, Cantor began publishing a series of papers under the heading "Ober
lineare unendliche Punktmannichfaltigkeiten" ("On linear infinite point sets"), part 1 to 6, in
which he accomplished the decisive step towards the theory of transfinite ordinals. This
was in the 5th contribution published in 1883 (Cantor [1883]). In the introduction, C Ii.or
wrote that his studies had progressed to a point "where their continuation becomes

dependent on an extension of the concept of the real whole number beyond the p:esent
limitations, and this extension falls into a direction where nobody has hitherto sought

it." (l.c., 73) He was well aware of the fact this his endeavour was "in a certain opposition

to views widely held concerning the mathematical infinite and to opinions frequently
defended on the nature of numbers" (1.c.). Therefore, he devoted most of this paper to
historical and philosophical reflections on the infinite and his new transfinite ordinals. In its
entire character, this paper went beyond what was then mathematically accepted use, and
Felix Klein's amazing foresight was required to ensure that Cantor's work could be

published at all in a mathematical periodical.
To understand Cantor's epistemological problem and the audacity of his step, we must

go back a bit. Cantor had already introduced the transfinite ordinals in the second paper

"On linear infinite point sets" of 1880 as symbols designating the order of a certain iterative
procedure (Cantor [1880]). If P is a set of points, and if P. P P"),...are derivations of P
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of finite order, we obtain the first derivation with infinite order and, thus, the first infinite

ordinal according to P") = )
After P(''') follow then #"'f, P°"2). The derivation of

n=1

order of P "' is then defined by IP. 2) This process can be continued over all

polynomials in up to expressions like Ps'', P", etc. In the present context, the most
important fact is that intuitive-geometric examples can be given for all these sets, as Cantor
showed. Therefore, the transfinite operative symbols co,of,ae, ...have a clearly
determined, intutive meaning, too. In order to illustrate the situatiuon, one could perhaps

3 1

7
draw an analogy to fractions. Fractions like

4
or can be understood as operative

symbols producing parts from a whole (e.g. a cake). In this sense, fractions have a well-
defined intuitive meaning. But it is something very different to detach fractions from this
intuitive meaning and to conceive of them as of autonomous objects, for which an abstact
calculus, the calculus of fractions, is established.

This is precisely the step Cantor does in the said 5th paper. The transfinite operative
symbols - Cantor speaks of "bestimmt defitzierte Unendlichkeitssymbole" ("definitely
defined symbols of infinity") (Cantor [1883), 74)- are detached from their intuitive context
and conceived of as "unendliche reale ganze Zahlen" ("infinite, real, whole numbers")
(Lc). As we have seen, Cantor was well aware of the audacity of this step, and I am going
to discuss some of his arguments for justifying it. My purpose is not to reconstruct Cantor's
mathematico-philosophical views completely, but I shall select some of his arguments,
classify them, and relate them to their cultural and philosophical background within 19th
century Germany. I distinguish seven arguments:
1. Mathematics is a formal science.

Cantor distinguishes between two meanings of the reality of whole (finite or infinite)
numbers, their intrasubjective or immanent reality and their transsuhjective or transient
reality (1.c., 90/91). The former consists in the relations of numbers to other "components of
our thinking", the latter says that numbers have to be considered also as expressions or
images of processes in the exterior world with which the intellect is confronted. A
concept's immanent reality, according to Cantor, presupposes that its relations to the other,
previously formed concepts are well-defined and consistent. Consequently, pure
mathematics must deal only with a concept's immanent reality and is not subject to a
metaphysical control. In this sense, it is "free" mathematics. Against that. "applied"
mathematics (analytical mechanics and mathematical physics) must take into account the
relationship towards external objects and is insofar metaphysical in its foundations and
objectives.

The strategic function of this reasoning is clear. It provided a general legitimation
against all those colleagues who frankly denied the existence of the actual infinite and
therefore would reject the transfinite ordinal numbers. If Gau13, Abel, Jacobi, Dirichlet,
Weierstra13, Hennitc and Riemann had been subject to a metaphysical control, Cantor said,
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the modern theory of complex functions, which at first had no applications, could never
have been developed. Cantor extended this general argument by another one specific to
the mathematics of the 19th century.

2. The example of Ideal elements, The transfinite ordinals and the actual infinite, Cantor
says, are creations just as legitimate and at the same time alien to the everyday mind as the
complex numbers had been ages ago (1.c., 74). We may note that this argument has a
certain tradition in mathematics. Leibniz and others had already justified their use of
infinitesimally small numbers with the same remark. In the 19th century, this entire method
of introducing new, intuitively uninterpretable concepts in a purely symbolical way had
been elaborated into a systematic technique by various mathematicians. Thus, for example,
infinitely distant points, straight lines and planes in projective geometry, one infinitely
distant point in the complex plane and ideal algebraic numbers had been created and
proved to be powerful mathematical instruments. Cantor pointed explicitely to these
examples, and indeed a present-day mathematician who has grown up with these
techniques has difficulties in understanding why Cantor was exposed to such a strong
criticism. Thirty years later, David Hilbert used the very same argument to legitimize his
formalist foundation of mathematics. Hilbert considered only finite combinatorial objects to
be intuitively interpretable, and the rest of mathematics turned into a universe of "ideal
elements". Cantor's proclamation of the liberty of pure mathematics thus was, under
philosophical aspects, an offshoot into mathematical modernity which nevertheless had its
distinctive genesis within the cultural and philosophical soil of the 19th century.

Cantor's roots in 19th century culture can be seen most impressively from the fact that
he was not simply a formalist and was not content with a formal view on pure mathematics,
either. For him, there was no doubt that immanant and transient reality will always be in
accordance, and he saw the reason for that "in the unity of the universe to which we
belong as well" (I.c., 91). Thinking and external reality are in the last instance tied together
by an inner harmony even if this is not evident at any time and in all respects. In order to
elaborate the material meaning of the transfinite ordinals, Cantor, thus, advanced quite a
number of additional arguments which again have their roots in 19th century culture.

3. The Appeal to Internal Intuition ("Innere Anscahuung"). In various parts of his text,
Cantor appeals to "internal intuition" ("innere Anschauung") as proof that the transfinite
ordinals exist. In one place he says, that the concept of counting possesses an immeadiate
objective reality in our internal intuition and that this proves the reality of ordinal numbers
even when they arc definitely infinite (l.c., 76). A little later, he states that the laws of these
numbers can be derived with apodictic certainty from "immediate internal intuition" (l.c.,
78). He even proclaims the theorem that any set can be well-ordered to be an universally
valid law of thinking (1.c.). The entire scope of this appeal to internal intuition can be
understood only within the cultural climate of 19th century Germany. The concept seems
to appear first in Kant where it is the psychological correlate to pure intuition. It designates
our ability to internally grasp spatial and temporal forms as the basis of geometry and
arithmetics, independent of any external empirical perception. Later on, this concept was
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extended and linked to that of "productive imagination", then designating the ability to
imagine even objects which go beyond spatio-temporal intuition. Internal intuition thus
meant the ability of imagining worlds which lie beyond our empirical everyday world. The
concept also had an important pedagogical function, as all pedagogical authors from
Herbart to Diesterweg agreed that the development of internal intuition in contrast to
external perception is the main aim of mathematics instruction (c.f. Jahnke [1990], 34 - 62).
During the entire 19th century, the concept of internal intuition played an important role in
the mathematical literature, because ideal elements such as the infinitely distant points in
projective geometry, while not being empirically perceptible, seemed accessible to internal
intuition, and Cantor used it in precisely this way in the phrases mentioned above. He was
firmly convinced that such an internal intuition existed and was apt to prove the existence
of a mathematical object, and he could trust that this would convince his readers, too.

4. The Aesthetical Argument. The beauty of a theory was a much-used topos in the
scientifc literature of the 19th century, and, consequently, Cantor also wrote that it was
"pure delight" for him to see how the number concept splits into the two concepts of
cardinal and ordinal number when one ascends to infinity (1.c., 90).

5. The Legitimacy of Abstract Speculation. Kronecker, Cantor's strong opponent, held
the view that only the finite whole numbers really existed and that, in the last instance, all
other analytical concepts should be conceived of as relationships between finite whole
numbers. This conception, later designated as "early intuitionism", was directed against
most analysts of the time, in particular, however, against Cantor. In a very poignant remark
of his paper, Cantor supposed that Kronecker's intention was "to draw limits to the free
flight of the mathematical speculation, to prevent its falling into the chasm of the
'transcedent.."(1.c., 82) This leads directly into one of the hottest and typically German
disputes within 19th century science. While philosophy and science had been closely
allied at the beginning of the century, such as in romantic natural science ("romantische
Naturforschung"), an anti-philosophical turn occurred later which led to a predominance of
positivistic views. Cantor, obviously, views himself as being on the side of speculative
thought and opposed to positivism even in 1883. He believes to advance a strong
argument when he reproaches Kronecker for being attached to "utilitarianism". C. G. J.
Jacobi had already instisted, against Fourier, that he "did science for the glory of the
human mind". Within the German academic climate, it was not opportune, even at the end
of the century, and despite the positivism, to be considered an adherent of "utilitarianism".

6. Organismic Conception of Nature. Cantor does not state it openly, but he
nevertheless suggests to the reader in connection with one of his remarks about Leibniz'
and Spinoza's philosophy that transfinite numbers are a first step towards a mathematics
which would be suitable for an organismic research into nature, whereas the mathematical
analysis hitherto used sided with the mechanical explanation of nature. Again, we observe
a cognitive motive of romantic natural science (I.c., 86).

7. Mathematical Generalization and Differentiation of Properties, Against those
mathematicians and philosophers who saw in the existence of the actual-infinite a
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contradiction to other concepts and principles of mathematics, Cantor argued that it is one
of the essential features of mathematical generalization that the generalized objects do not
necessarily have the same properties as those which had been assumed at the outset. For
finite sets, cardinal and ordinal number (in German "Anzahl", we say for the sake of
simplicity "ordinal number") are congruent in the sense that sets of the same cardinality
also have the same ordinal number. This is no longer true for infinite sets. Sets of the same
cardinality may very well have different ordinal numbers. This is so, because for infinte sets
the ordinal number is dependent on the previously defined well ordering, whereas for finite
sets the possible different orders lead to the same ordinal number. In the finite case, the
commutative law of addition holds for ordinal numbers, but this is not true for infinite sets.
since 1-Fw= co*co-F 1. For finite sets, an ordinal number is either even or odd, in the infinite
cases, it can be both. because of co.2 = 1+ co.2. The situtaion is like that with complex

numbers; where one cannot distinguish between positive and negative numbers either (1.c..
75, 77, 78). Teacher students should be able to see the analogies to problems learners
encounter when switching from calculating with natural numbers to fractional or negative
numbers. Among other things, with fractions the "law" that multiplication increases a
number will not longer hold true.

If we try to sum up these arguments, we will not be able to percicve them as a closed
edifice of reasoning. The very same internal intuition which made Cantor "sec" his
transfinite ordinals served him as a reason to consider the infinitely small quantities
mathematically illegitimate. Nevertheless, there is, as we have seen, a perhaps surprising
relation to some general trends in German cultural history of the 19th century. Cantor's
entire arguments had already played a part eighty years before in the romantic movement
and romantic natural science. Romanticism had had to cede to positivist views, but some
lines of thinking which originated from romanticism remained vital within the German
academic world. With Cantor they fused again into a surprising synthesis.

Again, we may ask whether our students can profit from such a text and from being
able to comprehend it historically. Of course, today, one hundred years after Cantor, we
will not justify the introduction of the transfinite ordinals in the same way. Nevertheless,
the tension between theoretical concepts and their intuitive interpretation remains a
problem which concerns every mathematician, I would even say, every scientist, and for
which there is no definite answer. It is precisely this which makes the historical view
indispensible. Cantor's text quoted contains a fascinating mixture of aspects which can be
immediately linked to present-day learners' experience and other aspects which must be
inferred from the contemporary context. But even the romanticist subcurrent in Cantor's
thinking is not so alien to our present -day problems as may seem at first glance. The big
topic of romanticism of imagining worlds which lie beyond the everyday world has
attained surprising actuality in the computer age with its artificial worlds. Thus, the
historical view does not only lead us back into the past, but enables us to see our prescnt-
day problems more clearly.
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4. The Twofold Cirlce

To close, I should like to sketch a conception for integrating historical dimensions into
mathematics teaching. As I have said in the beginning, it is particularly important to relate
the sychronous and the diachronous mathematical culture to each other. The synchronous
culture contains the culture of dialogue and work in the classroom just as well as the role
of mathematics in public life, in economy and technolgy and the image which is attached
to it. The diachronous culture must be related to this life of mathematics, but it should not
simply affirm the sychronous culture, but should rather widen our visions.

My principal thesis is that the concept of "hermeneutics" is suitable to describe the
pedagogical interaction between synchronous and diachronous culture. At a first glance,
this thesis has quite simple consequences. The mathematics teacher who wants to use
history of mathematics in his teaching should understand something of the historian's
work. I mean this in the sense that also a physics teacher should understand something
about the phsicists's work, at least so much as to have an approximate idea how physical
theories refer to reality, which is the role of experiments, how hyotheses are obtained and
tested. If history of mathematics is not to deteriorate into a dead dogma, a mere addition to
the dogmas of mathematics, then the teacher introducing history should know something
about historical sources and the basically hypothetical character of large parts of our
historical knowledge.

On the other hand, my thesis implies the claim that the historian's perspective represents
an important element of an appropriate teaching culture. Seen under the aspect of method,
history of mathematics, like any history, is essentially a hermeneutic effort. Theories and
their creators are interpreted, and the interpreter is always aware of the hypothetical, even
intuitive character of his interpretation. Interpretation itself takes place within a circular
process of forming hypotheses and checking them against the text given. In the case of
history of science, the objects of this process of interpretation, the scientific subjects
(individuals and groups), are again hermeneuticians who interpret fields of objects. Of
course, this view of scientific work will be adequate with varying precision in different
times and different fields. But if we do not understand it too narrowly, this description can
very well be advanced. Scientific interpretation, too, is now subject to the circular process
of forming hypotheses, testing and revising them. He who is concerned with history, thus,
has to do with a complex network of interpreters, problem fields, and interpretations
(theories) which 1 have represented in a little diagram and which I should like to name the
"twofold circle".

This diagramm consists of t :1:mary circle in the right bottom representing the circular
relation between a scientist (S), a tlteory (T) and a field of objects (0) and a large
secondary circle representing the hi.-:torian (S1), a historical interpretation (T1) and the

primary circle as his field of objects.
My proposition that the teacher should know and understand something about the

historian's perspective if he takes history of mathematics into the classroom, refers precisely
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Figure 3

to the problem that he/she must be aware of this twofold circle and able to move within it.
Only this will enable him and his students to acquire a certain freedom against the subject
matter to form hypotheses and to be ready to think oneself into other persons who have
lived in another time and another culture.

For me, this thinking oneself into another person and into a different world seems to be
the core of an educational philosophy, providing a basis for historical contents in
mathematics teaching. He who thinks himself into a scientist or into a group of people
doing mathematics, has to do mathematics as well, he moves as a mental game in the
primary circle. This compels him, for instance, to imagine the theoretical conditions the
historical person is explicitely or implicitely supposing. These, however, he will know but
incompletely, he will have to mobilize imagination to form hypotheses about them. The
essential thing in this is that doing mathematics in the primary circle is guided, in its
objectives, by other aspects which result from relations within the secondary circle.

Thinking ourselves into other persons leads us to reflect about our own relationship to
mathematics. This reflection, in turn, is objectivated by the material (mostly texts) we are
working upon. Certain aspects of the historical person will be easily accessible to us,
others will reamin alien. Again: Why? As always in hermeneutics,our own self
unavoidably comes into play, and it is not felt to be a disturbing factor, but a decisive
prerequisite to insight.

A third element in this work is of especially pedagogical value. The roles of teachers
and students have to change necessarily if hermeneutics is to be taken seriously. Surely,
their roles will not become equal, but more symmetrical. At certain points the authority of
the teacher will necessarily end.

Let me end with the statement that in all fields of life it will become more and more
important in the future to consciously relate the diachronous and synchronous culture.
The teaching of mathematics should participate in this process.
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A Functional Approach To The Introduction Of Algebra
Some Pros And Cons

Carolyn Kieran
Department de Mathematiques, Universite du Quebec a Montreal, Canada

Why do we need to consider new approaches to the teaching of school algebra? In
reporting the seventh- and eleventh-grade results of the fourth mathematics assessment
of the National Assessment of Educational Progress (NAEP), Brown et al. (1988)
concluded that: "Secondary school students generally seem to have some knowledge of
basic algebraic and geometric concepts and skills. However, the results of this
assessment indicate, as the results of past assessments have, that students often are not
able to apply this knowledge in problem-solving situations, nor do they appear to
understand many of the structures underlying these mathematical concepts and skills"
(pp. 346-347). However, to cover their lack of understanding, it appears that students
resort to memorizing rules and procedures that they eventually come to believe
represents the essence of algebra. Brown et al. reported that a large majority of the
students of the NAEP study felt that mathematics is rule based and about half of the
students considered that learning mathematics is mostly memorizing.

Such findings are not limited to the United States. In the algebra research reports
presented here at PME and at other international gatherings, time and again we have
heard that students can learn to carry out the expression-simplification and equation-
solving tasks we give them, but are unable to justify the operations they carry out. What
is it in current algebra instruction that leads students to this impoverished state of
cognition?

In this paper I will attempt to begin a discussion on an alternate approach to the
teaching of algebra. The first part is a theoretical analysis of the development of algebra
and of students' cognitive difficulties. The second part addresses questions related to the
adoption of a functional approach to algebra from the very beginning. And the third part
of the paper describes one researched attempt at organizing the teaching of algebra
around the notion of function.

Theoretical Background

A. Process-Object Model

Anna Sfard, my co-researcher in the project to be described later in this paper, has
analyzed the development of various mathematical concepts, definitions, and
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representations, from a combined historical and psychological perspective. This analysis,
supported by research findings in the learning of school mathematics, has shown that
abstract notions such as number and function can be conceived in two fundamentally
different ways: structurally (as objects) or operationally (as processes). Sfard (1991) has
presented the distinctions between the two approaches in the following way:

There is a deep ontological gap between the structural and the operational
approach. Seeing a mathematical entity as an object means being capable of
referring to it as if it was a real thing--a static structure, existing somewhere in
space and time. It also means being able to recognize the idea "at a glance"
and to manipulate it as a whole, without going into details. In contrast,
interpreting a notion as a process implies regarding it as a potential rather than
actual entity, which comes into existence only in a sequence of actions. Thus,
whereas the structural conception is static and integrative, the operational is
dynamic and detailed. (pp. 4-5)

Sfard has claimed that the operational conception is, for most people, the first step in
the acquisition of new mathematical notions. The transition from a "process" conception
to an "object" conception is accomplished neither quickly nor without great difficulty.

After they are fully developed, both conceptions are said to play important roles in
mathematical activity. The process-object duality of mathematical concepts, which is a
pivotal part of the discussions in this paper, has also been elaborated in somewhat related

ways by other researchers in the mathematics education research community, including,
Douady (1985), Dubinsky (1991), Hard and Kaput (1991), and Gray and Tall (1991).

At the heart of these models is the notion that mathematical conceptions lie in the eyes

of the beholder. To illustrate, I quote from a recent paper by Sfard and Linchevski

(1994):

When you look at an algebraic expression such as, say, 3(x + 5) + 1, what do
you see? It depends. In certain situations you will probably say that this is a
concise description of a computational process. 3(x + 5) + I will be seen as a
sequence of instructions: Add 5 to the number at hand, multiply the result by 3
and add I. In another setting you may feel differently: 3(x + 5) + 1 represents
a certain number. It is the product of a computation rather than the
computation itself. Even if this product cannot be specified at the moment due
to the fact that the component number x is unknown, it is still a number and the
whole expression should be expected to behave like one. If the context
changes, 3(x + 5) + 1 may become yet another thing: a function -- a mapping
which translates every number x into another. This time, the formula does not
represent any fixed (even if unknown) value. Rather, it reflects a change. The
things look still more complicated when a letter appears instead of one of the
numerical coefficients, like in a(x + 5) + I. The resulting expression may now
be treated as an entire family of functions from R to R. Alternatively, one may
claim that what hides behind the symbols is a function of two variables, from
R2 to R. There is, of course, a much simpler way of looking at 3(x + 5) + 1: it

may he taken at its face value, as a mere string of symbols which represents
nothing. It is an algebraic object in itself. Although semantically empty, the
expression may still be manipulated and combined with other expressions of
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the same type, according to certain well-defined rules. (emphasis in the original
version, p. 191)

B. The Development of Algebra

The above example is particularly appropriate because it sets the scene for the
continuation of our discussion. In that example, we saw how an algebraic expression
can be interpreted as a computational process, a fixed but unknown number, a function, a
family of functions, and a string of symbols. The order of these interpretations is
significant, because it reflects the historical development of algebra. As we next look
briefly at this evolution, it is to be kept in mind that what was conceived in terms of
process at one level became reconceptualized as an object in the next phase of
development. (See Sfard (1991) and Sfard and Linchevski (1994) for more details.)

1. Operational algebra. During this period, which encompasses all of what we refer
to as rhetorical algebra, algebra was characterized by the use of ordinary language
descriptions for solving particular types of problems and, with a few exceptions, lacked
the use of symbols or special signs to represent unknowns. Even the approaches of the
Renaissance mathematicians of the 16th century were purely verbal and operational.
Generalized computational processes on number continued to be the focus until Vieta's
work of the late 1500s at which time algebraic objects were conceptualized. This is not
meant to suggest that the presence of symbols can be equated with the development of a

structural view. But it is extremely difficult to imagine conceptualizing a process as an
object when one has only words to work with and does not have some symbol system.

2. Algebra of a fixed value (of an unknown). Algebra could enter a structural phase
once a means was developed to present a computational process in a very concise and
highly manipulable way. Symbolic algebraic expressions with an unknown represented
by a letter were such a means. It was Vieta who, by the end of the sixteenth century,
definitely set a basis for symbolic algebra. erom now on an expression such as 3(x + 5)
+ 1 (using the symbolism of today) could represent not only a set of operations to he
carried out on some unknown number, it could he viewed also as a number itself, albeit

an unspecified one. The process-product distinction with respect to algebraic
expressions, first mentioned by Davis (1975), captures the essence of the point to be

made here.
Historically, this phase had to be attained before any future progress could be made.

The process had to itself become an object; in fact, the algebraic expression came to be

interpreted as having a double sense. Similar developments occurred earlier with respect

to the operations of division and subtraction whereby objects such as 1/3 and -4 were

created.
There is some evidence that algebra may have entered this structural phase with the

work of Diophantus (3rd century A.D.). Diophantus, who used a combination of
symbols and words and thus created so-called "syncopated" algebra, solved many

different types of equations. Sfard and Linchevski (1994) have suggested that "while
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solving word problems, he constructed such expressions as 10 - x and 10 + x (in fact, he
wrote equivalent strings of Greek letters) and manipulated them as if they were genuine
numbers (e.g., he multiplied them obtaining 100 - x2); the fact that thirteen centuries after
Diophantus mathematicians still preferred the awkward verbosity of rhetoric algebra
bespeaks the inherent difficulty of his way of thinking" (p. 199). But this period can
only be considered a first step in the development of structural algebra, for Diophantus
did not develop any general methods; each of the 189 problems of his Arithmetica was
solved in a different way. Kline (1972) has remarked that the work of Diophantus "reads
like the procedural texts of the Egyptians and Babylonians, which tell us how to do
things" (p. 144).

3. Functional algebra. This next phase of structural algebra was made possible by
one ingenious contribution made by Vieta: his introduction of letters in two different
roles--as unknowns and as givens. His use of letters in this double role was crucial to the
development of functional algebra: it now became possible to express general, non-
numerical solutions to problems, something that Diophantus had not imagined. In other
words, the letter could now be viewed as a variable.

The use of symbolic expressions to "reify" computational processes brought a real
breakthrough in algebra, and in fact in the whole of mathematics. Concise procedures
were then developed for the solving of equations by mere manipulation of the algebraic
objects. These processes were in stark contrast to the reversing computational processes
applied earlier when algebraists were seeking to find the value of the unknown quantity.

Over the course of time, these parametrized expressions which were the objects of
algebra came to be viewed in a functional way. Sfard and Linchevski (1994) have
pointed out that "after the new invention [introduction of the symbolism] was transferred
(mainly by Descartes and Fermat) to geometry to serve as an alternative to the standard
graphic representations, and then applied in science (by Galileo, Newton, and Leibniz,
among others) to represent natural phenomena, algebra was ultimately transformed from a
science of constant quantities into a science of changing magnitudes" (p. 200).

Despite these advances, the new mathematical object of function still had a long way
to go in its evolutionary path before it assumed the identity it has today. However, I will
not dwell any longer on these historical unfo!dings since they are of less relevance for my
story which focuses on the introduction of high school algebra.

C. Reflections of History in Students' Learning of Algebra

The previous account of the historical development of algebra provides a perspective
for interpreting research findings on student learning of algebra. Only a few samples of
past research are presented here, in order to provide a flavor of how students' algebra
learning difficulties can be interpreted as a series of cognitive adjustments to be made in
moving from process to object conceptualizations. Bear in mind that, quite often,
instruction has tended to follow the historical order. Thus, it is essential that we be
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cognizant of student difficulties in order to begin to evaluate the implications of altering
our approach to teaching algebra.

1. Operational algebra. This perspective is shown in students' early work with
algebra problem solving. Simple problems such as "Amy has 5 more marbles than Bill,
and Bill has twice as many marbles as Ken; if Amy has 49 marbles, how many does Ken
have?" are usually solved verbally and by reversing the operations specified in the story
(49 - 5 and then 44 / 2). This operational approach. which reflects students' earlier work
in arithmetic, is easily extended to cover the solving of simple equations such as 3x + 5 =
23. With problems involving the algebra of a fixed value, however, this undoing
approach fails.

2. Algebra of a fixed value (of an unknown). Much of the algebra research
literature provides evidence of students' difficulties in handling tasks requiring a fixed-
value-algebra interpretation. Collis (1974) has described one symptom of this difficulty
as students' inability to accept Lack of Closure. Filloy and Rojano (1984) have
characterized the phenomenon of being able to solve equations such as the one above.
but not examples with an unknown on both sides, such as 3x + 5 = 2x + 12; they have
called this phenomenon the Didactic Cut: Bell, Malone, and Taylor (1987), in their report
of the development of 14-year-old students' abilities at setting up equations to solve
word problems, noted that the initial conceptual obstacle of how to express certain word-
problem statements (e.g., "15 more than x") were overcome; however, the difficulties
associated with treating an algebraic expression as an object (e.g.. coping with "15 more
than [x - 30]"), were less fully resolved. Even when students do appear to have acquired
the beginnings of a fixed number interpretation (as evidenced by their ability to solve
equations by performing the same operation on both sides), this knowledge is often
found to be quite fragile when they are faced with explaining the underpinnings of their
solving approaches for systems of equations (Sfard & Linchevski, 1994).

3, Functional algebra. Kiichemann's (1981) report of the algebra segment of the
CSMS study contained a few examples of tasks requiring a variable interpretation of the
le',ter and of students' attempts at such tasks. For example, the question, "Which is large..
2n or n + 2'?", was successfully answered by only 10% of the 15-year-olds of the study.
Several researchers (e.g., Clement, 1982; Mevarech & Yitschak, 1983) have also found
that expressing functional relations by means of an equation poses difficulties to
students. However, it is not only the function concept which is elusive to many (e.g.,
Leinhardt, Zaslaysky, & Stein, 1990); functional notation poses its own special barriers

(Carpenter et al., 1981). The limits of student understanding of functional algebra are
sometimes revealed with tasks involving parameters (e.g., Assessment of Performance

Unit, 1980). In this regard, the potential of innovative computer programs, in conjunction

with the necessary instructional support of a capable teacher, has been suggested by a

few recent studies (e.g., Heid, to appear; Moschkovich, 1992; Schwarz, 1989).

In algebra curricula that have followed the sequence: operational algebra --> fixed-

value algebra --> functional algebra, there has never been, to my knowledge, any serious

effort to test whether the student difficulties that have been documented with respect to



moving from an unknown-to:a-variable interpretation of the letter (Harper, 1987;
Kiichemann, 1981) are dependent on the nature of this instruction. In any case, even
with those curricula that do not follow this order, students have been, found to
experience serious problems with functional algebra. Thus, the obstacles that the field of
mathematics has experienced over the centuries in its lengthy evolution from
computational to functional algebra are seen to he reflected daily in the microcosm of
student learning.

Why a Functional Approach to Algebra From the Very Beginning?

The previous section devoted to the Theoretical Background was intended to make
apparent that a functional approach to algebra is one in which the letter is viewed as a
variable. As well, with representations that do not involve symbols, such as story
contexts, the term functional approach is extended to include the expression of variable
notions in a more rhetorical formulation.

1. Some Arguments Against

From the preceding historico-psychological analyses, reinforced by the available
research literature, we see not only that functional algebra was late in developing
historically, but also that students appear to have a great deal of difficulty with this
advanced kind of algebra. It is widely accepted that the difference between thinking in
terms of known and unknown quantities versus thinking in terms of variables and
constants marked a demarcation line between two distinct kinds of algebra during the
past centuries. Many researchers have emphasized how much of a challenge it is for
students to switch from the former mode of thought to the latter. But what if students
did not learn operational and fixed-value algebra before going on to functional algebra?
What if they were to begin with functional algebra? The evidence from individual
learning might then not correspond with historical development. Sfard and Linchevski
(1994) have warned that "a direct jump, say, over the wide gap separating functional
algebra from operationally interpreted algebra may end in broken hones" (p. 205);
nevertheless, they have added that, due to computers, there is new hope for such a jump.

Functional approaches to algebra have been attempted in the past. During the New
Math movement, function was presented as the thread tying together all of high school
algebra. But that entire movement failed for reasons that have not been fully analyzed.
Since the concept of function is extremely difficult for students, the odds arc that the
way it was then introduced may have had much to do with the failure.

In certain countries, Israel for example, the introduction to algebra starts right away
with the use of letters as variables and not only as unknowns. Equation solutions, even
the solving procedures, are described in set-theoretic terms. The official introduction of
the concept of function comes later. At that point, solutions of equations and inequalities
are supported with graphical representations. According to Sfard and Linchevski (1994),
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"this uncompromisingly structural way of dealing with the subject is certainly very
attractive due to its mathematical elegance, consistency, and universality" (p. 213).
However, the resulting student conceptualizations have been found to be considerably
less structural than the instruction would suggest (Sfard, 1987, 1989) and, in fact, fraught
with gaps and misconceptions (e.g., Dreyfus & Eisenberg, 1982; Markovits, Eylon, &
Bruckheimer, 1986; Vinner & Dreyfus, 1989). This leads us to ask how one might
conceive a structural approach to algebra involving functions that avoids some of the
pitfalls of the past.

2. Some Arguments For

According to Schwartz and Yerushalmy (1992), "function" is the primitive algebraic
object:

We believe it is important for both students and teachers to have a reasonably
simple coherent top-level view of the subject th4 they are learning and
teaching. This belief, in turn, leads us to try and formulate the subject of
algebra parsimoniously, building everything on the concept of function. There
are several reasons for this choice. First, we believe that it is pedagogically
workable. ... Second, the function is a mathematically powerful and pervasive
idea. Third, the capacity of suitably crafted microcomputer software to present
several different representations of functions simultaneously seems to us to be
a pedagogic opportunity worth seizing. (p. 262)

The top-level view of algebra advocated by Schwartz and Yerushalmy is one for
which it is possible to describe certain obvious cognitive advantages, such as possession
of a general and concise conceptualization rather than one that is detailed and diffuse,
versatility and adaptability of perspective that greatly increases the student's ability to
cope with the task at hand, and so on.

The potential of beginning with a more powerful concept in the introduction to
algebra has been researched by Davydov (1962) in the (former) Soviet Union with
elementary school children. (See also Freudenthal's (1974) discussion of this work.)
Even though Davydov's study was not oriented explicitly around functional algebra, but
rather the teaching of part-whole relations as a means of introducing algebra, the positive
findings of the study clearly indicate the feasibility of beginning with top-level views.
The nature of Davydov's approach is summarized as follows:

In the first phase of the study involving classes of 8-year-olds, strips of paper
cut into parts, volumes of water, weights of grits, and so on were used to show
children the meaning of whole and parts. From the beginning, the whole and
parts were indicated by letters on drawings--numbers were never used. Later
on, the wholes and parts were related in equations involving plus, minus, and
equal signs. Children learned to make drawings corresponding to formulas
such as k = a - c - h - f. After about three dozen lessons on the relation of
whole and parts, the second phase on problem solving began. Texts such as,
"There were a red and b blue pencils in a box, and together there were c
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pencils," were to be translated into a drawing. a scheme, and three formulas.
Then the children had to invent texts to correspond to given drawings and,
later on, to given formulas. Eventually numerical values were introduced.
(Kieran, 1992, pp. 403-404)

According to Davydov, the use of literal data in problem situations compelled the
children to fix their attention on the relations between magnitudes and on their
variability. The report of this study does not state whether the children were, in fact,
viewing these relations in terms of fixed-value algebra or of functional algebra; however,
the point here is that they had not first gone through the phase of operational algebra.

Schwartz and Yerushalmy mention above the potential of the computer to work hand
in hand with and, in fact, enhance a function-based approach to the teaching of algebra.
Some examples of their approach arc provided in Chazan, Yerushalmy, and Schwartz
(1993). Even though they "expect that it will take the better part of the next decade to
work out the full details of a curriculum in mathematical analysis for 12- to 18-year-olds"
(Schwartz & Yerushalmy, 1992, p. 289), they do claim to have grounds for optimism: "In
large measure, this optimism stems from the deep conviction that mathematics is at least as
much a visual undertaking as it is a symbolic one; now, for the first time we have
available a set of instruments that allow us to manipulate our mathematical constructs
graphically" (p. 289).

Other technologically-supported projects that have recently been built around the
concept of function, many of them via mathematical modeling, include the Computer-
Intensive Algebra curriculum project (Fey & Reid, 1991), the Pittsburgh Urban
Mathematics Project (Hadley, 1993), and the Empowering Teachers-Mathematical
Inquiry Through Technology project (Carter, 1993). It should perhaps be mentioned that
the way in which the computer is used in these projects is not of the early programmed
instruction type; rather students use computers as tools to explore mathematical ideas
and to solve mathematical problems.

The problem with several of these recent attempts at building algebra around the
notion of function is the lack of a theoretical framework (except for those researchers
who have adopted a process-object perspective) for both designing the functional
approach and for testing it. Thus, we still know very little about whether such
approaches are indeed a route to follow in future algebra teaching or not. I would like
now to share with you one theory-based attempt at developing an approach to
functional algebra and for researching its potential.

Our Projectl

1. Overview

Our intention in this project was to develop an approach to teaching algebra that did
not follow the historical sequence of operational to fixed value (of an unknown) to
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function. We aimed to introduce algebra from the start with a functional notion of
variable. But as we have seen, on the face of it, there is really nothing so new or
controversial about emphasizing the importance of variables and functions--even for
beginning algebra students. The novelty of our project resides, we believe, in its
theoretical' dimensions; also, the actual route we take is, in some respects, quite original.

Looking at the matrix (Figure 1), we can follow the trail of history, as shown by the
solid arrows. It begins in the top left cell with operational algebra, followed by the first
phase of structural algebra--the algebra of a fixed value--which led in turn to the second
phase of structural algebra--functional algebra. The lower left cell of the matrix does not
contain part of the solid arrow because functional algebra does not seem to have
developed directly from computational algebra.

Since the theoretical model underlying our work emphasizes the process-object
duality of mathematical conceptions, we decided to design two alternative versions of a
functional' algebra approach (shown by the two dotted arrows in The matrix of Figure 1):
(a) a process-oriented version which begins with an operational interpretation of
functional algebra and heads toward a structural interpretation, and (b) an object-
oriented version which does the opposite, that is, it begins with a structural interpretation
of functional algebra and gradually adds an operational interpretation.

By separating our functional approach into these two theory-based parallel versions,
we hoped to be able to observe critical features of student learning of functional algebra

that can be identified with either process or object emphases, and to isolate cognitive
difficulties associated with one version or the other. (The implicit assumption with
respect to the theory is that the process-object model is applicable to the learning of
functional algebra which according to the historical development of algebra had a strong
structural component from the very beginning.) Our ultimate goal is to design an
approach to functional algebra that integrates the essential aspects of both versions and
that might icad to a refinement of the model with respect to its application to the learning

of structural mathematics.
Before continuing, it is to be noticed that both versions explicitly bypass the algebra

of a fixed value in which the letter is treated as an unknown. Our intention in this regard
was to include in both versions examples involving an unknown by spreading them over

the teaching units. Such examples of fixed-value algebra would be derived from the

functional algebra (by providing some numerical value to the function). It is of
significant research interest to examine the impact of such a reordering of traditional
teaching approaches on student algebra learning.

In order to give a sense of the spirit of these two versions. 1 will illustrate each by

showing some of the ways by which we intended to provide for the construction of

meaning for (a) algebraic expressions and (b) the operations underlying symbolic

manipulations. But, first, a few words describing methodological aspects of the project
are in order.
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OPERATIONAL STRUCTURAL

FIXED VALUE

FUNCTION

Figure I: Theoretical matrix in which the path of the solid arrows represents the
historical development of algebra, and the two dotted arrows indicate the process-to-
object and object-to-process dimensions of our functional algebra

2. General Description of the Experiment

Two teaching sequences with accompanying materials (teacher materials and student
activity sheets) were developed--each one designed for thirty 45-minute lessons. The
sequences were aimed at seventh or eighth grade students (12-14 years) who had not yet
had any algebra before, but who had already learned to operate with integers. The
object-oriented version began with introducing the students to Cartesian graphs in the
context of story-based functional situations and went as far as the solving of equations
and inequalities by graphing methods. The process-oriented version began with an
emphasis on the computational processes involved in describing functional situations
and ended with the solving of equations and inequalities, but by tabular rather than
graphical representations. Both versions included a great deal of work on equivalent
expressions. We had intended to cover algebraic methods of equation solving, as well as
the use of graphical representations in the process-oriented class, but did not have
enough time for these.

After pilot testing our materials with two groups of four students at another school, we
embarked on the main part of the study in a relatively small, private, Montreal secondary
school--in two of the Grade 7 classes. All students were pretested and many of them
were also interviewed prior to the start of the classroom teaching sessions. It was
planned that the students should work in pairs on all of the activities. In general, they
chose their own partners, which led to various combinations of abilities being paired
together. We found that these partnerships worked better than those few combinations
that we ourselves engineered. Another pedagogical aspect of the study was an attempt
to keep to a minimum the amount of time spent by the teacher doing frontal teaching.
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After a brief introduction to new material, students went on to working at their activity

sheets. It was only at the end of each unit (each unit being four to six days in length)
that the students spent a rather larger portion of the r time in whole-class discussions
orchestrated by the teacher. In these discussions, there was an attempt to bring out and
draw together the notions that had been tackled by the student pairs during the previous
few days.

The teaching, which began at the end of January this year, was done by the two
research assistants of the project and by a math teacher from the school; both principal
researchers also circulated in the class to help out while the students were working on
their activity sheets. All class and computer laboratory sessions were video-taped. While
the students were working in pairs, the two cameras were focused on the same two pairs

of students each day. After each week's lessons, the two pairs in each class were
interviewed (two at a time) by the principal researchers. The aim of these interviews was
to follow the students' conceptual development. We also attempted to identify those
areas that they were finding either difficult or rather easy, as well as to probe into the
kinds of meanings they were forging for the new mathematical symbols and

transformations. Further interviews were conducted with these students on an individual
basis immediately after the study ended, as well as three weeks later. Written tests were
administered to the two classes of students midway through the study and also at the
end. The same test that was written by the two seventh grade classes at the end of the

study was given to all of the other students of the school from Grades 8 to 11.

3. Creating Meaning for Algebraic Expressions

Process-oriented version. In this version, the emphasis from the outset was on
computational processes involving functional interpretations of the variable. One of the
best ways in our opinion to encourage an operational perspective in learners is by means
of their generating computer algorithms. The computer software that we used was

CARAPACE (Boileau & Garancon, 1987). This software requires the entry of an
algorithm before one can gain access to the associated table of values. The central idea

of this approach was that the students develop algebraic symbols as means for
programming the computer--as a way of encoding computational procedures.

An example illustrating the early emphasis on computational processes, which

included activities with tables and computer algorithms, as well as a focus on verbal

descriptions of a story situation (though the' latter are not depicted here), is provided in

Figure 2. This very explicit use of variables in an equally explicit computational setting

within a computer nvironment is a rather new approach to the introduction of algebra.

Other researchers have attempted to simulate this with paper and pencil, but student

difficulties in carrying out their own computations each time they replace the input
variable with another numerical value have tended to remove their attention from the

critical aspect of functional change which is taking place.
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The vocabulary, input and output variables, and computational procedures, was an
integral part of this process-oriented teaching sequence. Other early activities included
guessing rules from tables and translating verbal descriptions of computational recipes
into expressions. In the CARAPACE environment, the transition from significant
variable names to single letters was made without much fuss. Linking the input and
output variables of computer programs with algebraic expressions was facilitated by the
writing of one-line programs and the use of computer-generated tables of values that
displayed the algebraic expression as the header of the output-variable column (see
Figure 3). It is to be noted that, initially, students wrote only one operation per line in
their CARAPACE programs, and that the one-line program illustrated in Figure 3 is the
result of a few sessions devoted to the replacement of several one-operation lines by a
single line containing the final "story-telling output variable."
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Figure 3

Object-oriented version. In this structural approach to functional algebra, the
graphical representation was emphasized. Sfard (1991) has pointed out that "geometric
ideas for which the unifying static graphical representations appear to be more natural
than any other, can probably be conceived structurally [as objects] even before full
awareness of the alternative [process] descriptions has been achieved" (p. 10). It should
perhaps be mentioned that graphical representations can also be interpreted
operationally in terms of computational processes. but the particular slant we used did
not stress such aspects.

Because of the potential of computer technology, which not only makes available the
intensive use of Cartesian graphs but also provides for novel and powerful explorations
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of the properties of functions, we were able to exploit the structural features of functional
graphs in ways that would otherwise not have been feasible. The computer software
used was Math Connections: Algebra 11 (Rosenberg, 1992), a learning environment that
permitted the students to work with up to three graphs at a time--graphs that were color-
coordinated with accompanying (if desired) tabular and algebraic representations. The
central idea of this approach was that the students develop (a) algebraic symbols as
means for describing the fractions represented by the graphs and (b) algebraic
manipulations as means for recording operations with the graphs of functions.
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Global overviews of functional graphs were encouraged right from the beginning with

story-based discrete and continuous graphs that did not have any underlying rule. For

example, an age-height function provided the context for discussing how height varies

with age, when height increases, when it increases more or less quickly, when it levels off,

and so on. Then students were introduced to story-based graphs involving a rule, with

activities like the one illustrated in Figure 4. Verbally-stated rules were translated into

algebraic expressions which were subsequently graphed; the analysis of the graph was

always a major focus. Soon students learned to associate the slope and y-intercept of

linear graphs with the corresponding features of an algebraic expression and a suitable

story context. Explorations in the computer graphing environment also permitted them

to categorize expressions of different degrees into linear, parabolic, and others; and to

begin an analysis of the parameters of quadratic functions vis-à-vis their graphical

representations.

4. Creating Meaning for Algebraic Manipulations

Some of what we consider to be the most interesting and exciting aspects of the

project occurred around the creation of an underlying support for algebraic

transformations. Our aim for this part of the teaching sequence was the meaningful

exploration of equivalence of algebraic expressions via computational and graphical

work with the properties of associativity, distributivity, and commutativity, leading to

general formulations of these properties.

For example, in the process-oriented version, we wanted to use computer algorithms

and the underlying numerical relationships as a base for generalizing the properties, the

latter being instantiated with, for example. partially-covered dot arrays. Many of the

follow-up activities involved the generation of equivalent expressions and their testing

by means of computer-produced tables of values (see Figure 5).

In the object-oriented version, we decided to introduce algebraic manipulations as an

equivalent of operations on functions, such as adding. multiplying by a number, and so

on; these operations were first to he demonstrated with graphs. We began with adding

the graphs of two linear functions. The expressions for these graphs would not be

provided in advance. Thus, students would add vertical segments of the two linear

graphs (for a given x-value they would add the two y-values), marking the sums by

points, and join the points. They would then discover that the resulting graph is linear as

well, and would then generate for it an expression for the sum. Let's say that it turned

out to be 50 + 15x. The students would then be asked to look again at the two original

graphs and to generate their expressions (15 + 10x and 35 + 5x). They would thus

realize that the expressions (15 + 10x) + (35 + 5x) and 50 + 15x are equivalent.

Equivalent expressions were defined earlier as "leading to the same graphs, in any

domain," thus as "representing the same function." After working with several graph
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additions of this type, the ground would have been prepared for discussions of the
property of distributivity, for example, 3x + 4x = (3 + 4)x = 7x.

The first session devoted to operations on functions gave an unexpected direction to
the subsequent teaching, which was not quite what we had initially planned. In order to
motivate the whole business of adding graphs, we placed the two starting graphs into a
story context: "Two brothers have savings accounts in the bank. When they opened
their accounts, they each had a lump sum to deposit; this amount was to be increased by
regular deposits of their allowances. The two given graphs represent how their accounts

have grown each month. If they had opened only a joint account from the beginning,
what would the graph look like'?" The students were given some help in figuring out
how to go about adding together two graphs--by adding vertical segments from the
horizontal axis to the corresponding point on each graph. They drew their sum-graph
(by joining the resulting points) on the activity sheet containing the two given graphs
(see Figure 6).

When the sum-graph was finished, they were to try to generate the expression for that
function. As we were circulating around the class, observing how they were going
about this task, we happened to hear one pair of students remark that they had figured

out a quick way to add two functions: "Just add the y-intercepts and then add the
slopes." When the research team got together at the end of the day to discuss all that

had transpired during that class session, we decided to take advantage of this

unexpected
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approach that had surfaced. We revised some of the subsequent activities in order to
build on this formulation. This student-generated interpretation of the simplification of
linear algebraic expressions was then tested by the class during the following days on all
i'ne major linear functions they were dealing with: those with graphs passing through the
origin, those not passing through the origin, and constant functions. They also tried it
out with more complicated sum combinations, for example, (8x - 1) + (-2x + 5) + (3x - 2).
Obviously, it was not immediately generalizable to full general versions of distributivity,
associativity, and commutativity (all of which were involved in adding linear
expressions), but this would not be a problem in the current study, which because of time
constraints would not go any farther than the solving of linear equations and inequalities
by means of graphical and tabular representations. What still remained to be done with
this group before going on to the comparing of functions (equations and inequalities)
was the multiplying of a function by a constant (see Figure 7). This too was approached
by graphical operations, which, just as with the previous experience, provided the
underlying support for further algebraic manipulations. They now had a coherent whole
for operating on equations; they could meaningfully simplify any combination of linear
functions into canonical form. Thus, equations such as 3x + 4 - 2 - 7x + 6(x + 5) = 2(3 -
4x) - 14 could easily be solved graphically by first "adding both the slope and intercept
terms on each side" to obtain the canonical form of each expression, and then graphing
the two functions being compared by means of the slope and y-intercept terms of the
two expressions.

1.
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Closing Remarks

There are many more stories that could be told at this point in our research, but most of

them would be incomplete because we have not yet finished analyzing our data. You

are probably curious to know which version seemed better. But there is no point in

asking such a question because it was really not a competition. Until we have done a

complete analysis of the data, it would be premature to say anything specific about the

merits and the drawbacks of each of the two approaches. Thus, you must be kept in

suspense for some time. All that might be mentioned at this point is that both versions

showed certain strengths and weaknesses. Each one of them provided us with ideas on

good opportunities for learning algebra in a meaningful way, and each brought its own

caveats as to what shouldn't be done.
But this has not been a presentation about our research project. It has been an

attempt to open up discussion on an alternate way of approaching the teaching of

algebra to early high school students. Much of the past algebra research has tended to

take the traditional curriculum as a given and to document the nature of the learning that

accrues with such a curriculum; the kinds of learning obstacles associated with such

instruction were noted. More recent research that has taken advantage of the potential

of technology has pointed to ways in which we might rethink the teaching of algebra,

but much of this work has lacked a theoretical framework by which we can not only

assess what is occurring in these novel environments but also place it in a broader

context.
In elaborating some of the pros and cons of introducing algebra right from the start

with a functional interpretation of variable, I have attempted to situate such an approach

within both a historical and a psychological perspective. The process-object model

afforded the foundation for a theoretical matrix for generating two different versions of a

functional approach to algebra. It is hoped that the few examples that were supplied and

the description of the underlying theoretical framework were adequate to provide a basis

for further dialogue and development in this area of mathematics learning.
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Researching From the Inside in Mathematics Education
Locating an I-You Relationship'

John Mason
Centre for Mathematics Education, Open University, UK

INTRODUCTION
To express is to over stress

As I cast about for a suitable form for what I want to express, I find myself drawn deeper and
deeper into the web of language, the philosophical disputes which have produced volumes of
words over centuries. In preparation for this talk, I have been refreshing my reading of
psychology, sociology, and philosophy, by skipping and wading through vast tracts of
discourse. What came to mind repeatedly is the phrase 'about it and about', from FitzGerald's
verse XXIX of Omar Khayyam's Rubaiyat.

Myself when young did eagerly frequent
Doctor and Saint, and heard great argument
About it and about; but evermore
Came out by the same door wherein I went.

Words generate more words in explanation, but often draw us away from the experiences from
which they stem. I want to stay with my knowing. And so just as I have been seeking nuggets
in the writings of, and about, others, so you will, I hope, find some nugget in what follows.
Indeed, what follows is an expression, replete with concomitant over-stressings, of what I am
tempted to call common epistemology, a description, elaboration, and precising of how we all
come to know that, know how, and know to. But to make such claims requites me to ground
my remarks in the discourse of philosophy, psychology, and sociology, as well as mathematics.
And that there is certainly neither time nor space to attempt in detail.

I shall attempt to draw your attention away from cause-and-effect oriented direct approach
that characterises so much of our collective research, and towards a more indirect action-
based approach espoused by John Dewey (1933):

Perhaps the greatest of all pedagogical fallacies is the notion that a person learns
only the particular thing he is studying at the time. Collateral learning ... may be
and often is much more important than the lesson.

His sentiment is reflected in research such as Denvir & Brown (1986) and Bereiter (1991) in
which children appeared to master components of a topic only indirectly connected with that
topic, and not to learn some components which the researchers felt were core to the topic. I
want instead to draw your attention inwards to the vital and essential role of the researcher's
own sensitivities. I shall need to draw upon techniques for promoting effective shared
meaning, what Maturana & Varela (1988) called consensual coordination (of consensual
coordination of action), which produces language. I shall offer an opportunity to engage in
actions of construal, spurred, as Sperber & Wilson (1986) propose, by the assumption that I
believe that what I offer you is of relevance, and to engage in mutual co-determination (Varela
et al. 1991). As my title suggests, one approach is through Buber's expression of the triad I-
You-It but before developing that theme, a word or two about background motivation and
beliefs.

1 An expanded version of this paper is available under the same title from CME, The Open University, Milton
Keynes, MK7 6AA, U.K.
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AIMS AND BELIEFS
I have long concluded that it is very hard to say anything new that has not been said more
eloquently elsewhere. Plato and Greek Myths, Chinese, Indian, and Islamic philosophers, and
more recently, Dewey, Piaget, Freudenthal, and Skemp, (to name but a few major theorists)
have said it all beautifully. Nevertheless it is important to re-search, re-collect, re-connect, re-
learn, re-integrate, and re-cast insights in the discourse of the times. I see working on
education not in terms of an edifice of knowledge, adding new theorems to old, butrather as a
journey of self discovery and development in which what others have learned has to be re-
experienced by each traveller, re-learned re-integrated and re-expressed in each generation.
Nor is effective teaching a matter of producing the correct causes which are then guaranteed
to have a desired effect. Rather, each effective act of teaching is an action which involves the
mutuality of three impulses (Bennett 1956, Mason, 1994). Each individualhas to re-work the
main themes for themselves as they become aware of their awarenesses in preparation for
teaching. Researchers cannot hand results to teachers as recipes with guaranteedresults.

My aim is
to understand, to construe, ... for myself;
to develop, socialise, and integrate my various selves',
to attend to the process that I may help others do the same.

In short my aim is to set up actions whose working out will keep me alive to situations in
which I find myself. As Gattegno (1990) put it,

All I have to share is my awareness of my awareness

and Feyerabend (1991) offered:
All you can do, if you really want to be truthful, is to tell a story.

So my aim is to extend my awareness, increase my sensitivities to others, and to do this by
telling stories, and by evoking stories from others. My position is easily stated:

I cannot change others, but I can work at changing myself.

I am not the only one to take this pragmatic view. Rice (1993) posed it as a question: "Should

we, as Robinson (1989) suggests, abandon our attempts to change teachers, and concentrate
on creating opportunities for them to change themselves?"

This runs counter to the systemic approach in which huge projects attempt to effect change in

most or all teachers. I believe such approaches to be fundamentally flawed, precisely because
they ignore the psychological process of searching, integrating, construing, and acting, which
constitute the intra-human and inter-human processes of teaching and learning. I am
interested in what is possible, more than in what is the norm, and in self-actualisation rather
than changing others, so I align myself with Maslow (1971). I take this opportunity not to try
to persuade you about something, but rather to use the energy of your attention to engage in
the action of exposition, in which your presence (actual or virtual) as audience enables me to
contact a world of experience in a fresh way, to talk from experience rather than talking about
it, through relating directly to my topic rather than merely referring to it.

I - You - It.

Buber is well known for his contrast between I-It connection and I-You2 relationship. The I-It
connection is subject-object, owner-owned, user-used, whereas I-You is co-acknowledging, co-

2 Kaufmann (1880 p263) points out that Buber's original title was Ich and Du, and that the Thou appeared in the

Ant English translation, made by a clergyman. Buber bemoans the ineritsblility of transition of You into It, but
Kaufmann points out that the underlying malaise reflects Kuber's being deeply affected by separation from his
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determining, co-evolving mutuality. I-It thinking characterised much of 19th and early 20th
century attitudes to the environment: man controlling nature and the use of the engine as
fundamental metaphor for thinking about nature and about people. Buber suggested that
most human relationships are I-It in nature, rather than the humanistic I-You.

There is no I as such but only the I of the basic word I-You and the I of the basic
word 1-It. (Buber 1923, p54)
It borders on other Its; It is only by virtue of bordering on others. But where You is
said there is no something. You has no borders. (Ibid p51)
The world as experience belongs to the basic word I-It. The basic word I-You
establishes a world of relationship. (Ibid p53)

Kang & Kilpatrick (1992) used Buber's characterisations to describe the 'fragility of
knowledge' in which 'constant form cannot keep constant meaning' (p3) as it emerges from
formless personal awareness (I-You) into form-full public articulation (I-It) in a journal, and is
then further organised and edited into formulae, technique, and even mnemonic, as
instruction. I-You knowledge is insightful, connected, and personally situated. I-It knowledge
is behavioural action manifested in a material world. Unfortunately, instructional materials
convert I-You expert awareness into I-It behavioural knowledge, which Chevellard (1985).
called the transposition didactique.

Textbooks appear to be transmitters of knowledge, but in fact re-inforce mechanicality. The
very act of simplification so that 'they will understand' is an act of reduction (Tahta 1991)
from I-You awareness to I-It formality which each student has to reconstruct into I-You
awareness if they are to re-locate complexity, to 'make it their own and achieve ownership' (a
popular play on words in Mathematics Education in the UK in the 80's). Brousseau (1984)
spoke in terms of a contrat didactique which has at its heart a didactic tension (Laborde,
1989):

The more explicitly the teacher indicates the behaviour which would arise from
understanding, the more likely students are to be able produce that behaviour
without generating it from understanding (Mason 1989).

Of course to turn assertions like this into stimuli for informing teaching requires agreement
on the meaning of terms such as understanding, behaviour, etc. which is not my focus here.
Researching from the inside involves developing means to work at negotiation of meaning
(giving brief-but-vivid accounts of incidents which illustrate the terms and the functioning of
the tension so as to develop a shared vocabulary and the basis for sharing alternative actions)
which not only assist in building an I-You relationship, but also offer teachers experience of
processes which they can themselves use in their own teaching. Thus knowing-that can
become knowing-to.

Constructivism draws attention to the necessity for each individual to construct an I-You
relationship from I-It knowledge, through what Piaget called assimilation and
accommodation, Skemp (1969) called relational understanding, Gattegno (1970) called
integration through subordination (developed, for example, in Hewitt 1994), and Pine &
Kieren (1989, 199, 1994) extended into a picture of recursive unfolding and folding back.
Whereas textbook authors often appear to be trying to replace or minimise the role of the
teacher, thereby exhibiting distrust of teacher capabilities, all the authors quoted above
suggest that the teacher is essential for exhibiting and displaying, in Vygotsky's words,
'higher-psychological functioning' (Vygotaky 1978, Wertsch 1985). Most pupils require the
presence of exemplary awareness in order themselves to become aware, to be stimulated and

mother at the age of three, and suggests that this influenced the essentially longing quality of Buber's description
of an I-You relationship.
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prompted to seek an I-You relationship, to enter into and experience the complexity of
knowing rather than being satisfied with simplified pre-digested I-It knowledge. This is the
teacher's epistemological vigilance (Bousseau 1986), their 'sharing of awareness ' (Gattegno
1987).

Through I-You relationships, an educated person both listens and speaks, engaging in two
way co-determination and co-evolution of interacting selves (Varela et al 1991). Neither acts
upon or causes the other, but both develop in relationship. Buber saw human development as
leading to the ability to make decisions in the moment, to responding sensitively and
existentially, using principles and traditional practices as checks and reminders rather than
as rules. This is non-trivial to achieve. It requires authenticity, the courage to be (as Tillich
1952 also stressed) rather than to seem. Like many educationalists before and since, Buber
felt that learning had to be related to subsequent action. A similarly pragmaticist theme is
present in researching from the inside, since the main test of validity of a distinction is that it
informs future practice.

Peirce used the same words as Buber rather similarly some sixty years earlier:
Though they cannot be expressed in terms of each other, yet they have a relation to
each other, for THOU is an IT in which there is another I. I looks in, IT looks out,
THOU looks through, out and in again. I outwells, IT inflows, THOU commingles. I
is self-supported, IT bears on a staff, THOU leans on what it supports (Peirce 1861
reprinted in Moore 1982 p 45-46).

The developed and balanced triad I-You-It makes it possible to transcend cause-and-effect
thinking by focusing on actions (Mason 1994).

RESEARCHING FROM THE INSIDE

Researching from the inside arose from interrogating my own experience of work on myself
while addressing the question of how to support teachers in teaching mathematics. My
conclusion was that they have to work on themselves, informed by research, and shared
practices. I then realised that all educational research depends on blending research from the
inside and from the outside.

There is a strong sense in which the most important effect of educational research is on the
researcher themself (Mason 1994). What a researcher finds out most about is themselves, not
just in mathematics education, but even in mathematics and science:

We have found that where science has progressed the farthest, the mind has but
regained from nature that which the mind has put into nature. We have found a
strange footprint on the shores of the unknown. We have devised profound theories,
one after another, to account for its origin. At last we have succeeded in
reconstructing the creature that made the footprint. And Lol It is our own.
(Eddington, quoted in Kline 1980, p341)

No matter how hard we struggle to find out about the external world (and independently of
whether our epistemological foundations even admit of such a construct), what we see and
construe is in strong measure a mirror image of ourself. The theme of mirroring appears in

fairy stories such as Snow White, and in philosophical treatises (Rorty 1979). Jackson (1992),
in reporting on extensive classroom observations, illustrates mirroring beautifully through
choosing to report incidents that acted as stimulus to enquire and interrogate his own
perceptions and assumptions, rather than intrude on the teacher whose lessons he was
observing.

At one end of the spectrum, you can literally research yourself, and at the other end of the
spectrum, using personal experience (whether through analogy or more directly) you can at
inform perceptions, observations, analysis and theorising.
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Experience

The core of researching from the inside is attending to experience to get a taste of
What it is like to .. be stuck on a problem, think you know how to ... but in fact have
a buggy algorithm, face a new class of on the first day of term, etc.

so as to develop sensitivities to others and to be awake to possibilities. The practices of
researching from the inside are derived from working on ways to learn from experience
ourselves, so as to be assistance to each other.

Once attention is directed onto any word such as experience, it becomes woolly and
problematic. Suddenly it evaporates into a myriad of unclear notions. I want to use it to refer
both to that accumulation from conception to death which we call life, and also to moment-by-
moment incidents (those Cragments which can he re-called and re-entered). Often it is
tempting to speak of experience of something (such as counting, factoring, reasoning,
specialising or generalising, abstracting, using a computer, etc.), but this use begs the
question of whether there is an 'it' that can be experienced, or whether life is a continual
process of experiencing.

Philosophers and psychologists have worked hard to define experience,
My experience is what I choose to attend to. (James 1890 p402)
Experience is remoteness from You (Buber 1923 p60)

These sorts of definitions only make full sense when I-You connection is made with the total
weltenschauung of the writer. I prefer a Wittgensteinian or Peircean-pragmaticist stance,
indicating meaning through use in context, metaphor, and effect.

For example, in 1884, Abbott published the astoundingly popular Flatland. In it, he developed
the notion that in any given world you only ever experience sections of objects of higher
dimension. You cannot be aware of higher dimensionality except as you construct it virtually
and analogically. Flatland's continuing popularity is partly due to the metaphoric content:
what we see, what we attend to, is necessarily confined to the dimensions of what we are
attuned to. Higher dimensions have to be imagined and pieced together. Experiencing a
succession of sections does not ensure that you have an experience of that succession as a
complete object, but working by analogy is one way to educate awareness about a higher-
dimensional structure. The adage

A succession of experiences does riot add up to an experience of that succession.

has been attributed to Kant, and admirably summarises one of his central tenets in Critique
of Pure Reason (1781). It also hints at the possibility of having experience of succession, or in
other words, having a shift in the structure and focus of attention (Mason & Davis 1988) from
participating in an action to awareness of that action.

It is quite remarkable that although it is a cliché that we learn from experience, one thing we
don't seem to learn from experience is that we do not often learn from experience alone. Extra
effort is often required. The child touching the hot stove may learn not to touch stoves, but the
student who rushes in with the first idea that comes to them and then gets stuck does not
seem to learn so readily, nor the teacher who answers their own questions because students
don't, or the researcher who gets caught up in their own ideas while conducting an interview.

Reflection has been much touted as the way to learn from experience, but my experience has
shown me that more is required more than mere 'thinking back'. The Discipline of Noticing (to
be summarised shortly) was articulated in order to provide more systematic structure and
methodical practices which are founded in psychological insight and which have proved
effective in a wide variety of circumstances. In a different vein, Pearson & Smith (1985) offer
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a range of debriefing strategies to support practitioners in learning from experience, Boud et
al (1985) offer a range of suggestions, Kemmis (1982) developed Stenhouse's notion (1975) of
teacher as researcher into action research, but this has turned into a mechanical procedure in
four stages which are the antithesis of what action research was designed to support, and
Kolb & Fry (1975) offer a four stage model redolent of action research but omitting manyof
the elements which are crucial to effective research from the inside.

Using Experience
A vital part of participation in society is checking what others say against our own experience.

Leonardo da Vinci put it as
Avoid the teaching of speculators, whose judgements are not confirmed by experience
(quoted in Zammattio, et al 1980 p133).

In mathematics it is possible to accept a result stated by another mathematician (although
one ought to check it for oneself), but in education it is impossible to build upon a proposed
'result' without testing it in one's own experience and situation. If it checks out, sheds light,
sharpens awareness, or extends the range of actions, it will be taken as valid for that
individual, otherwise it will fade into the background.

Dewey (1933) turned his sense of the importance of experience as the grounding of all
learning, all epistemology, into an educational principle:

Since learning is something the pupil has to do himself and for himself, the
initiative lies with the learner. The teacher is a guide and director; he steers the
boat, but the energy that propels it must come from those who are learning. The
more a teacher is aware of the past experiences of students, of their hopes, desires,
chief interests, the better will he understand the forces at work that need to be
directed and utilized for the formation of reflective habits. (p36)

My impression from the recent ICMI conference on Research in Mathematics Education: its
methods and its results was a widespread acknowledgment that, to paraphrase Dewey,

Teaching is something the teacher has to do themself, the initiative lies with the
teacher. The researcher can guide. But the energy that propels teaching comes from

the teacher.
In other words, we cannot hand teachers facts or strategies with guaranteed effects (Artigue
& Perrin-Glorian 1991). In order for research activity to affect anyone other than the
researcher themself, it is necessary that an action take place, in which the practitioner's
experience is spoken to directly, and acted upon by the practitioner. They have to reconstruct
the awareness and check it in their own experience.

That is exactly what researching from the inside is about. The next sections contain a brief
general description of my approach, followed by a particular case study. If you prefer to work
from the particular to the general, you might begin with the case study.
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Spection

One way to appreciate something is to see what it is not. To
this end, it is useful to employ what Bohm (1983) called
rheomode, building new words from old roots. In this case,
spection (from the Latin specare meaning to look) is the root
for such words as inspection (related to observation and so at
the heart of all research), respect, spectacles, and speculation
(future looking). From spection we can produce words like

extraspection: looking from outside;

introspection: one self observing another;

interspection: sharing and negotiating observations with another.

These three terms serve to distinguish aspects of research perspectives. Traditional research
methodologies are based on extraspection. Studying what children, teachers, and others do,
both inside and outside of schools, by observing them, analysing, making distinctions, and
explaining and theorising is valuable work. I call it extraspective because it is observation
from outside of the situation, inevitably separate and I-It, and perceived through different
forms of attention from that of the participants. Only the most extreme forms of ethnography
are anything other than extraspective.

By contrast, introspection describes the development of an inner observer (Mason et al 1984,
Schoenfeld 1985) who watches and witnesses, and when strengthened, can inform practice in
the moment by awakening the functioning self to alternative possibilities. Spection is being
awake in the moment, noticing and responding freshly and creatively in the instant, catching
oneself before embarking on habitual behaviour. As noticing becomes less retrospective and
increasingly spective, an altered structure of attention is created. Intraspection becomes more
frequent and more vivid. This requires hard and lengthy work on different selves and on
splitting attention.

Interspection describes interactions between colleagues who go beyond extraspection and
begin to form a shared or taken-as-shared (Cobb 1991) world of experience. They develop
labels for collections of similar incidents and actions to trigger a rich web of negotiated
description and experience. One by-product of sharing descriptions is that strategies and
gambits (Pimm 1987) emerge which can turn into future possibilities.

While reflection continues to be an ill-defined and overly used term, I use it to refer to
retrospective re-entering of salient moments from the recent past, and attempting to give
accounts of these in descriptions which do not embellish, judge or justify. Their purpose is to
resonate similar experience in the listener through which they can enter the experience of the
describer. To prepare for future actions, I am prospective by mentally imagining myself in a
typical situation in which I wish to work differently, and projectively imagining myself
responding in the way I wish.

It is essential not to get caught up in ones own little solipsistic world, and to make use of the
rich source of insight and awareness provided by colleagues. It is necessary therefore to be
interspective through describing salient moments to others by re-entering one's own moments
and giving accounts-of them to others, and being triggered to re-enter moments by listening to
other accounts.
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None of these spections is to be confueed with introspection which, although a useful word, is
now tainted with the brush of 19th century Northern European psychologists such as Wundt
(Gardener 1986 p102-106). Wundt and his colleagues promoted introspection, in which
subjects (largely fellow experimenters, because they had to be trained as observers) attended
to their own sensations and reported as objectively. as possible. Behaviourism grew out of a
logical-positivist reaction to excesses which introspection produced. Intraspection is based on
accepting the need for training in inner observation, but not accepting any account as valid
just because it is personal and idiosyncratic and hence unchallengeable. Instead, a rigorous
discipline of reporting and validating is involved, avoiding the theorising of "I must have ...",
and "I think that ...", and focusing on direct brief-but-vivid descriptions which resonate with
other people's experiences.
Basic Processes of Noticing as a Discipline

I never imagined that there could be so many ways to look mathematically at a box of
raisins or our own families. It has made me open my eyes to the simple things around
me.

This comment from a fifth-grade teacher (Muscella 1992) captures vividly a sudden
awakening of awareness, a feeling in the moment that 'things will never be the same' which is
characteristic of moments of sudden noticing.

Most of the time, students, teachers, educators, researchers, and administrators react to
stimuli. Their actions are the working out or unfolding of decisions made hours, months or
years earlier. In order to cope with the variety of situations that develop, it is essential to
automate certain responses so that they become rehearsed reactions which can flow
automatically without agonising all the time over making choices. But the trouble with habits
is that they sink below the level of awareness, and then are not available for inspection:

Habit forming can be habit forming
One aspect of inner research is to seek out such habits and make them available for re-
questioning from time to time, to maintain a conjecturing 'as-if stance towards the whole
process of teaching and learning. Learning diaries and personal journals can serve to awaken
an enquirer to issues which are of significant to them, simply by looking back over the
incidents that were considered sufficiently significant to record, and locating patterns and
commonalities in these.

Wheeler (1965) advocated description of classroom incidents as the currency of exchange
between teachers, and this has been developed by many groups including the my own Centre.
For extended descriptions, see OU (1988), OU (1992), and Mathematical Association (1991).
The roots lie very deep. Plato advocated use of the particular in the way he set out his
dialogues, while through the voice of Socrates, he commented on the difficulty that
discussants have in dealing with abstraction without using the particular. Effective writers
are those who are able to resonate reader experience through the clever use of brief-but-vivid
evocations.

Study of teachers noticing in the moment, that is teacher decision-making, provides a study in
transition from outer to inner research. Early studies (Peterson et al 1978a, 1978b, McNair
1978a, 1978b) focused on interviews and observations by objective researchers. More
recently, teachers are finding that such decisions are available to self study, and that it is
precisely in such moments that the taste of freedom, of being alive to the situation, is felt
(Rosen 1991, Baird & Northfield 1992, Williams 1989, Chatley 1992, Billifigton 1992).

The Discipline of Noticing is elaborated in several sources (Mason, 1984, Davis & Mason 1989,
Mason 1991, Davis 1992, Mason 1993). Thera are four aspects:
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Systematic Reflection: retrospective re-entry through brief-but-vivid accounts of
incidents, without judgement or explanation; once a corpus of accounts accumulates, it
is possible to identify common threads.

Recognising and Labelling Choices: locating alternative strategies and gambits for use
in particular situations in the future, either from reading, from sharing incidents, or
from observing others; labelling typical incidents and corresponding gambits so as to
trigger recollection of possible actions spectively.

Preparing and Noticing: entering recent experiences post-spectively, then imagining
making an alternative choice pro-spectively. It takes considerable effort to move the
moment of recognition from the retrospective to the spective.

Validating with Others: to guard against solipsism and self-delusion, continued
interspective exchange of brief-but-vivid incidents and observations; refining task-
exercises which permit colleagues to experience (directly or by analogy) something
proposed as worthy of noticing.

Popper's fallibilism requires theories to be falsifiable. The Discipline of Noticing requires
theories to be sufficiently resonant to inform future practice, but this may take work. Lack of
resonance falsifies the theory only locally, at the given time and under the given conditions,
since resonance may arise later, and attention may be focused elsewhere at that time. By
maintaining a questioning attitude, seeking recognition of salient moments and resonance
with the experience of others, you act against a tendency to become fixed in your new ways.
Attention and Awareness In Inner Research

Through systematic use of the discipline of noticing, and through interrogating my own
experience (whether corresponding or analogic) and that of others I find that I am able to
propose conjectures and focus attention when tackling a problem in mathematics education.
These conjectures may sometimes be usefully investigated by measuring things, but often
more efectively by working at locating experiences which contribute to enriching and
deepening sensitivities so as to be awake to possibilities in the future. The test of validity is
whether it generates convincing stories about the past, and whether it informs actions in the
future.

My attention has been self-referentially or perhaps recursively drawn to the central
importance of attention and awareness, and hence imagery and energies as research domains,
as an explanatory component of a global theory of teaching and learning, and as the essence of
methodology. Epistemological foundations of any research paradigm are based on how
attention and awareness is employed, made explicit, and interrogated. Inner research makes
explicit use of the study of attention, which in turn seems to me to be at the heart of learning,
teaching, research, and administration.

Incidents that remain salient in memory, even for a short time, can be taken as the
phenomena under study, or as indicators of it. They can also be taken as a mirror in which to
see oneself, to locate one's interests and concerns. Jackson (1992 p37-56) illustrates mirroring
beautifully, through choosing to use things that stood out for him as stimulus to enquire and
interrogate his own perceptions and assumptions rather than intrude on the teacher whose
lessons he was observing.

The universe is a mirror in which we can contemplate only what we have learned to
know in ourselves. (Calvino 1986, p107)

which brings us back to mirors and the Eddington (quoted earlier). All research has an
element of research of self within it.
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CASE STUDY: WHAT DID YOU SEE?

My case study illustrates the beginnings of an investigation described in a manner which
reflects the process of researching from the inside as closely as I can manage in text. I begin
with an incident.

A colleague and I were observing a lesson involving twenty-five 17-18 year olds doing
A-Level (pre-university) mathematics. The teacher drew their attention to the
following problem as a potential homework from an old exam paper:

0.6

0.4

0.2

x
1 + x 2

0

She then asked the class "what do you see?". I distinctly heard a student say "root
three", but the teacher appeared not to hear. She waited, and someone else offered"the
equation of the curve". On getting no further reply within a few seconds, she drew
attention to the subtraction in the 'show that' as a difference between two areas.
It transpired in later conversation that she had indeed not heard the "root three",
though she began from then on to refer to it as if she in fact had heard it. She
expressed disappointment that they had not had more to say.

You might like to pause and consider what if anything strikes you about this incident.

What strikes me initially is the not-hearing. I felt a resonance between this incident and
many others I have participated in. I recognise so clearly being caught up in the flow of what I
am thinking that it is only later when I listen to a tape that I realise that I have not 'heard'
what a student or colleague was saying to me. Instead I hear what I can hear, and run from
there. It is only when I actuall hear an unexpected reply that I realise I had a very clear
image in my head, and that my question was intended to point them to what I was seeing
(Love & Mason 1992). It is a form of 'guess what is in my mind'. But I only recognise it as such
when the response differs from what I am expecting and I am awake to that discrepancy.
Then I can do more than react by asking a more focused question. Recognition offers a

moment of choice:
I can carry on and ask another question that is more focused, perhaps ending with a
trail of more and more specific questions such as Holt (1964) captures so beautifully in
his account of Ruth ("If I wouldn't tell her the answers, very well, she would just let me
question her right up to them"); and which Bauersfeld called funnelling.
I can acknowledge that I am caught in a guessing game and reveal (try to describe)

what I am seeing;
I can let go of my thoughts and concentrate on what the students are saying.

The latter strategy parallels another common strategy of asking students to construct their
own question of a similar type which they consider to be hard, because students then reveal
where their attention and concern is focused, and it is often not where the teacher expects it.
Listening to what other students say they are seeing, and discovering that differentstudents

Show that the shaded area is f 3
1+x2 8

0

1" 2 2 1



are seeing different features can be one way for students to realise that there are alternative
ways of seeing which may be more effective.

I now have something to look out for (an unexpected response), and some strategies to try out
when I notice an opportunity. I set myself to catch a similar moment in the future, and I do
this by imagining myself in a class asking a question and being surprised by the response.
Then I imagine myself choosing to tell them what is in my mind, and I also imagine myself
taking time to listen to what they say, and giving time for others to make different reports. In
order to help trigger my awareness of strategies to use, I produce a label for this sort of
incident, for example, rather unimaginatively, unexpected response.

After working in this way for a while, I find perhaps that I am beginning to recognise I am
about to ask a question pointed at what I am seeing, and am able to ask less pointed
questions, to dwell more in the students' experience than in my own. Or perhaps I find that it
does not help me, and I soon forget all about the incident, the label, and questioning as an
issue. If I find my practice being informed. I seek out particularly sharp examples which I can
turn into task-exercises to offer to others as the basis for discovering whether they too
recognise what I think I am noticing, and whether it too informs their practice.

Discussion

That was an example of one phase of researching from the inside, working at extending
sensitivity to notice opportunities to alter what I am attending to, to awaken my awareness in
the moment. It might have been triggered by reading some research on questioning, from
something a colleague said, or a moment of 'graced' noticing (Mason & Davis 1988).

What I have described here is a process of I-You connection; but it is presented in words, so
you have to battle through an I-It reduction to re-construct an I-You of your own. The purpose
of task-exercises is to provide specific highlighted recent experience to which to relate and
through which to build connections.

Development
Having located one incident that struck me, suddenly it is everywhere. I begin to notice 'the
phenomenon' in other situations (not even necessarily in the classroom). An action is
beginning, parallel to the growth of early language (Brown 1973) in which meanings are over
generalised and then re-specialised to common usage. All sorts of 'examples' come to mind,
before an editing-selecting process refines the class, choosing some particularly central or
paradigmatic examples (Lakoff 1987). Past and present experience are juxtaposed by a
strength of intention to look out for such incidents. The very notion of 'example', 'such
incidents', and 'this phenomenon' is an indication that abstraction is taking place. It is a
delicate shift in the structure of my attention (Mason 1989). My experience with graduate
students suggests that this is a significant and non-trivial component of any research.

As the investigation continues there will be a temptation to discriminate more finely, to
produce more distinctions, to classify and taxonimise. Sometimes this can be helpful, but
intricate classifications not based on direct experience or extant structures are usually very
hard to remember. Dyads and triads and well chosen labels for metonymic triggering are
much easier to reconstruct, and more likely to 'come to mind' than lists.

More Exemplars

The unexpected-response phenomenon is itself a particular case of a more general
phenomenon of not-seeing turning into seeing, which I have labelled as coming-to-see, and
which I recognise having worked on in a different guise as shifts of attention (Mason & Davis
1988). In the interests of conserving space, I limit myself to a very few examples from each of'
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the domains mathematical content, mathematical themes, learning, teaching, and teacher
education.

Mathematical Content
A student describes the surface of a ball as three dimensional. It "takes up space".
The perimeter of a region ignores the 'space inside'.

Learning
A student looks at y = x/k and does not see this as the equation of a straight line
with slope 1/k because it is not in the form y = mx.
A student can calculate how many handshakes will be needed in a group of
strangers for specific sizes of group, but not how to `do it in general'.
A student can read off points from a graph, but seems to have no sense of what the
graph says about the situation being graphed.

This stimulated Janvier (1978) and led to insights and new materials (Swan 1985).
A student can talk about triangles and lines, but acts as if they are not aware of
angles, vertices, and edges of the triangles

This observation forms the core of the van Hiele (Burger & Shaunessy1986) investigations
leading to their classifications of stages in geometry.

Mr. Short's height is 6 paperclips. It is also 4 matchsticks. Mr. Tall's height is 6
matchsticks. What is Mr. Tall's height in paperclips?

Hart (1981) and many others used this and a variety of other contexts (based on ideas drawn
from Karplus) to study children's use of addition strategies in what experts classify as ratio
and proportion tasks (see forexample Hiebert & Behr 1988).

For me these are generic examples of observations that most teachers will recognise.
Sometimes it is not until their attention is drawn to them that teachers actually recognise
them as phenomena, which in itself provides a generic example of the difference between
noticing and marking. (You have noticed if you recognise what someone else remarks upon;
you have marked if you can initiate a remark about it.)

What do I see that they have in common? In each case, the student appears to be unaware of
some feature. They appear not to see what the teacher sees. This is not simply a feature of
schooling, for it is thought that neonates are aware only of surfaces, and those rather fuzzy at
first, and only later come to distinguish edges, colours, and textures (Keilman & Spelke 1983).
Their perceptual apparatus has to learn to discriminate. So too, every act of learning can be
seen as an act of new distinction-making, of coming to see what was previous undetected,
undistinguished, unseen. It all depends on what you are attending to, and that is influenced
by habits, practices, and integrated awarenesses.

Mathematical Themes
Mathematicians use the metaphor of not-seeing explicitly, as became clear when category
theory introduced the forgetful functor in order to formalise the way mathematicians suppress
extra information (MacLane 1986). For example:

treating fractions as ratios, or division operations, or rational numbers, according to
the context and ignoring the other interpretations.
treating on polynomials as vectors which can be added and 'forgetting' that they can
be multiplied or solved;

These are deliberate not-seeings, suppression of context when it does not suit. Suppression
has positive and negative aspects, and there are clear resonances with psychological
behaviour in which we suppress what we cannot cope with, and literally do not see it. This
aspect deserves considerable more attention (see Tahta 1991, 1993).
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Teaching
When students are introduced to the modulus function (y = I x I ), the lecturer sees this
function as generic, illustrating how functions can be continuous at a point but not
differentiable there, but the students see it is an exceptional case.

MacHale (1980) pointed out that most textbooks offer students a single counter-example to
natural conjectures, such as that continuity implies differentiability. Consequently, students
demonstrate Lakatosian facility in monster-barring, treating the single example as an
isolated exception. Most students require assistance to build a rich web of examples and
implications from a single example.

Teacher Education

Gates (1993) observed that when pre-service teachers look back over a lesson they have
planned and carried out, they become aware that they 'just hadn't thought' of what would
happen. For instance,

One trainee had brought only one object for the whole class to feel or examine, but with
the intention that everyone have hands-on experience. Asked about it later, he replied
"I just hadn't thought of it."

It is not just a matter of not employing mental imagery to prospectively enter the class and
see what would happen, for the novice teacher does not have t' rsxperience even to notice
that there might be a difficulty.
Researching

As researchers we see what we are attuned to see, rather than 'what is there'. Researched
events consist of the collection of memories and reconstructions that participants have of
them. Goodman (1978) exploits his world-making metaphor and extends Hanson's (1958)
observation that 'facts are theory-laden' to

(facts) are as theory laden as we hope our theories are fact-laden ... facts are small
theories, and theories are big facts (p96-97).

Donaldson (1978) among others showed how easy it is when conducting experiments with
children to assume that they hear the question in the same way that you imagine it: "How
many more white counters than counters?" may be heard as "how many more white then
black?", and lead to puzzling results. When you ask a question, you assume that people
respond to that question as if it matters to them and as if they hear what you are thinking.

When you think you see, when you dwell in what you see, you are less open to seeing more.
This is consistent with Peirce and Dewey who stressed the role of doubt as essential for
successful research: not temporary or interim doubt, but repeated and continuing.

Next Phase
The next phase of development is to isolate some task-exercises which highlight pertinent
noticing. I will offer some examples. in the presentation. Their aim is to provide direct recent
experience of what it is like to not-see, exemplifying the role of relating ideas to your own
experience as directly as possible, through analogy. These tasks are then tried out with
colleagues, modified and honed so as to focus attention on not-seeing and strategies for
coming to see. They can then be used as the focus for crystallising past experience, for being
sensitive to new situations with similar qualities, and for locating alternative strategies and
gambits. The cycle of investigation continues.
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Summary

I began with an incident, then drew out from that (lacking the possibilities of interaction)

something worth noticing (being surprised by an unexpected response) which I have found

fruitful. I illustrated it and suggested alternative choices that could be made. I then

broadened my focus to situations in which people do not discriminate. I offered a sample

range of situations (as substitute for collecting examples from you) to indicate the domain of

applicability of the phenomenon. The examples in some sense constitute the domain, their

generic or paradigmatic qualities being a matter of personal perception and collective

negotiation. The test for whether what I have said and done is valid locally (here, today), is

whether you feel you recognise the sort of situation I describe, and whether, at least for a

short time, you find yourself thinking and perceiving in these terms.

I offered a variety of forms ofanalysis: some classifications, some parallels with other aspects

of psychology, and some connections to specific mathematics education research. All of this

was an attempt to locate how this framework helps me to see situations, and to structure my

actions. Ideally, through sharing descriptions of relevant incidents, we would develop a range

of strategies which various people have used in similar situations, we would report on

attempts to employ these, and so develop a practice with a shared (or taken-as-shared)

vocabulary of description.

Note the self reference of the case study in the process of validation with colleagues.

Colleagues may not themselves be able to hear or see what it is I am pointing to, perhaps

because their attention is fully taken up by other concerns, perhaps because my 'examples' are

not in fact examples for them, perhaps because I am deluding myself to some extent. Hence

the importance of conferences, where colleagues can share experience and negotiate the use of

technical terms and frameworks in an extended community.

But is this research?

I know that this is a contentious issue. Let me put the case that what I have outlined can

constitute a research practice. I have sketched how to ground the methodology in a consistent

epistemology. I have indicated a domain of applicability of the methodology, not just the

obvious and central aspects of psychology including attention, awareness, consciousness, and

inner processes such as mental imagery and energies. Any issue concerning the experience of

others can be informed and illuminated by careful interrogation and use of your own

experience. I have illustrated examples of the sorts of questions it is best able to inform and

the sorts of questions it tends to raise. I have discussed briefly the sort of validity and

robustness of results that can be obtained (personal and collective insight and enhanced

awareness).

COMMON EPISTEMOLOGY

I call it a common epistemology because it describes the processes which I have found in

myself and which seem to accord with the experience of most of the people I have talked to in

many different disciplines. It concerns how we commonly rather than theoretically come to

know things in mathematics education.

Moat researchers I know are unable to read everything published that pertains to their

interests. So they are selective. They tend to read articles in a few particular journals

regularly, and to cast about to others when connections arise. They tend not to read

everything, and even the articles they read they attend to differently. Some authors are

known to them and may receive special (or little) attention. Statements that conform to

experience are passed over unless they pertain directly to current activity, in which case they

are noted for future reference; statements that conflict with current thinking are either
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dismissed (with justifications to do with methodology or context or some other factor), or are
noted and checked out at the next opportunity.

Even where a researcher tests a pedagogical activity, shows that 'it worked' and then
publishes it, others must adapt and adjust the task for their conditions. They cannot simply
import it and then build upon it. Indeed the failure of a sequence of major national projects
intended to improve, change, or revamp mathematics teaching and learning have been
singularly unsuccessful precisely where they have focused on behaviour and failed to work on
awareness, have treated teachers and pupils as objects in I-It relation, and failed to attract
the person within to work on whatever was being offered in I-You connection.
CONCLUSION

I began by observing that to express is to over stress. Once catapulted into language, it is very
hard to preserve the complexity of teaching and learning mathematics because of the
inevitable distinctions and classifications through which we simplify the world of our
experience. As soon as emphasis is placed on separation, on I-It, as for example in researching
solely from the outside, there is a de-emphasis on I-You relationship; as soon as emphasis is
placed on relationship (which in itself is hard to express or manifest in linear text3), there is a
corresponding de-emphasis on separation. Gilligan (1982 p48) added significance to this
tension by suggesting that separation and relationship form one dimension along which
women's and men's ways of knowing differ. Just as you think you are noticing something
useful, someone else sees that your seeing is partial and biased!

I am grateful to my colleague Liz Binns for her frequent comments during the drafting of this
paper, and to my many colleagues whose insights and incidents have contributed to my
seeing.
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Mathematics teachers' professional knowledge*

Joao Pedro da Ponte
Universidade de Lisboa, Portugal

This paper addresses the study of teachers' knowledge, beliefs, conceptions and
practices, presenting some illustrations from the area of problem solving. In mathematics
education, the teacher has attracted much less work than the student. This may be due, in
part, to the different knowledge base of interest in each case. Regarding students, we are
concerned with their learning of mathematics. The nature of mathematical knowledge is
itself problematic, yet that does not seem to rise too many difficulties for our work.
Regarding teachers, it is much less clear what is the specific knowledge (necessary for
teaching mathematics) that we should be looking at. Is it knowledge of mathematics
content? of mathematics pedagogy'? of students' cognitive processes? some mixture of
several of these?

In recent years, the teacher emerged as a key figure from whom depends much of the
success of current reform efforts in mathematics education. At our research group, the study

of teaching became a major area of interest. Problem solving appeared as an interesting
focus for inquiry since (a) it is strongly valued by the new curriculum orientations, (b) there
are many different views about it, among both teachers and mathematics educators
(Schoenfeld, 1992), and (c) it deals with processes that we all agree to be at the heart of the
mathematical activity.

In the first part of the paper I will briefly review work done on teachers' professional
knowledge and related concepts within and outside PME. Then, I will present cases taken
from empirical research and discuss a few concepts used in our investigations. And in the
final part I will contrast some general frameworks to study mathematics teachers'
professional knowledge and draw some perspectives for future work.

This work was done within the project "0 Saber dos Professores" ("Teachers' Knowledge),
supported by a grant from JNICTJunta Nacional de Investigacao Cientffica e Tecnologica,
Portugal, under the contract PCSH/379/92/CED. The project team also includes Henrique M.
Guimaraes, Ana Paula Canavarro, Leonor Cunha Leal and Paulo Abrantes. The author thanks Jose
Manuel Matos and Maria dos Anjos Casciro who made helpful comments in a previous version of
the manuscript.
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Teachers and research on teaching

The place of the teacher in mathematics education research. Until quite recently,
teachers received just a very devaluated view both in curriculum development projects
(Elbaz, 1983; Howson, Keitel and Kilpatrick, 1981) and in psychologically oriented studies
in mathematics education such as those reported in PME (Hoy les, 1992).

Research on teaching, like classroom research, has generally viewed teachers in a
fragmented way, in terms of isolated characteristics, and from a negative stance...
Such approaches reinforce the view of the teacher as an instrument; she is a cog
in the educational machine, and one which often seems to fall below the quality-
controlled standards of the whole, at that... Part of the problem of such research
undoubtedly lies on viewing the teacher and her work in isolation from the
substance of what she teaches, that which gives much of its meaning and
direction to her work. But the main failing of these approaches is that they view
teachers as passive, dependent and often unsuccessful participants in the
educational enterprise. (Elbaz, 1983, p. 9-10)

This devaluated view is quite natural within the dominant individualistic tradition of
educational research, "focusing on learners, their intelligence, their abilities, and their
thinking" (Bauersfeld, 1994, p. 133). However, it is not acceptable to an interactionist view
in which the individual and the society are seen as inseparable units, having a mutually
interdependent relationship, as "teacher and students interactively constitute the culture of
the classroom" (p. 139).

The intcractionist perspective, requiring the consideration of both psychological and
sociological theories, is receiving increasing acceptance. Many mathematics educators now
concur that a comprehensive understanding of the main issues bearing in the processes of
teaching and learning mathematics cannot be studied just by looking at the learner. It is
necessary to take into account also other factors, such as the social context of learning
(Balacheff, 1990) and the nature of the knowledge being learned also a social construct
(Berger and Luckmann, 1976). The teacher is certainly one of the most important elements
of the learning context and a key person in the definition of what is knowledge.

Not surprisingly, the individualistic tradition of educational research, focusing on the
learner, basically sees the teacher as a complicating variable. However, a growing
awareness of the limitations of this individualistic stream of educational research for
example, making it impossible to guarantee reproducibility conditions in teaching
experiments (Artigue, 1992) and the current pressures for reform in mathematics
education all led to a greater awareness of the complexities of the mathematics classroom
and of the important role of the teacher.

Recent work in PME. In PME, many studies have addressed (in one way or another)
mathematics teachers' belity:v. This research mostly derives from the pioneer work of
Thompson (1982) and Cooney (1985), stan,ling NI the assumption that what teachers do in
the classroom mostly depends on their belief ahout mathematics and mathematics teaching.
Recently, the view that the classroom environment and bocill, educational, and personal
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constraints also shapes teachers' beliefs is favoring a more dialectical perspective of the
relationship between beliefs and practices (Hoy les, 1992; Thompson, 1992).

Another line of research in PME has to do with teachers' knowledge of subject matter
and teaching strategies, reflecting the influence of Shulman' s (1986) ideas about the key
role of subject matter pedagogy. These studies investigate teachers' knowledge of
mathematical concepts and how to teach them (Even and Markovits, 1991; Llinares and
Sanchez,1991; Sanchez and Llinares, 1992). Their assumption is that teachers who do not
know well their subject cannot do a good job in teaching it, which is certainly a relevant
point. However, this research has a strong focus on declarative aspects of knowledge and
may be leaving out of the scene the most important issues regarding teachers' instructional
activity, clearly stressed in Shulman's (1992) more recent writings.

Some research about teachers mostly stand on general frameworks of constructivism

and activity theory, usually either presenting these ideas as content for teachers to learn or
using them to inform the approach followed in teacher education initiatives (Adler, 1992;
Crawford, 1992; Hart and Najee-ullah, 1992; Rice, 1992). Such general frameworks may
provide useful starting points, but still need to be developed into more specific concepts and

models related to teachers' actual professional roles.
The NCTM Standards (1989, 1991) key concepts of mathematical power, discourse,

problem solving, etc. are the basic frame for didactic oriented studies (Davenport, 1992;

Dougherty, 1992; Santos and Kroll, 1992). Such studies are clearly grounded in teachers'
subject matter and pedagogical knowledge but seem to require a more elaborated view about
the specific ways how such knowledge develops and works in practice.

Finally, recent work has been done in the perspective of teachers as reflective

practitioners, or, going one step further, of teachers as researchers (Chapman, 1993;

Jaworski, 1992; Lerman and Scott-Hodgetts, 1991; Mous ley, 1992). Teachers, in this
perspective, are seen as playing an important role in the definition of the purposes and goals

of their work as well as on the means to attain them and, therefore, participate in the
production of knowledge about teaching (Zeichner. 1993). Most of these ideas spring from

the influential work of SchOn (1983), discussing different kinds of reflection, notably

reflection-on-action and reflection-in-action.
Work not much represented in PME. However, there are other important lines of

work on teaching which, perhaps surprisingly, have not been strongly represented in PME:

a) The study of teachers' thinking within a cognitive psychology approach, dealing with

teachers' interactive thoughts and decisions, both in planning an in conducting classroom

activities. Most of this research has been done contrasting "expert" and"novice" teachers,

looking at their squemata or knowledge structures (Berliner et al., 1988; Leinhardt, 1988).

b) Whereas that program of study presupposed that actions are guided by knowledge

structures existing in the individual mind, more recently situated cognition began defining

expertise from the perspective of knowledge use in practice, assuming that the acquisition

and use of expert knowledge is essentially bound to particular contexts (Lampert and Clark,

1990).
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c) With a similar concern but with a different origin, the study of teachers' practical
knowledge has been carried from an interpretative-phenomenological perspective. For
example, Elbaz (1983) views teachers' knowledge as a complex, practically-oriented set of
understandings used to shape and direct the work of teaching. The content of this knowledge
is revealed in the responses that teachers give to the situations that they live in their
professional activity. Also in this perspective, Clandinin (1986) describes personal practical
knowledge as being experiential, value-laden, positive and oriented towards practice. In her
view, such knowledge is acquired through trial and error, is subject to change, and implies a
dialectical relationship between theory and practice.

In mathematics education research, the teacher has been mostly viewed as a deficient
professional a person with deep misconceptions, lack of mathematical knowledge, and
inappropriate and inconsistent beliefs, contradictory with current reform efforts. This brief
review suggests that research on mathematics teaching may consider alternative
perspectives. Outside mathematics education, other lines of study have considered important
aspects of teachers' activity and knowledge. Without denying the difficulties that teachers
face, both in conceptual and practical grounds, these perspectives may yield new and more
intersting ways of looking at them.

Teachers conceptions and practices regarding mathematical problem solving

In Portugal, recommendations to radical reform in mathematics teaching have been
strongly supported by teacher education institutions and the association of mathematics
teachers and were partially adopted by the Ministry of Education. In just a few years,
positions that were minority became part of the official discourse. Problem solving is at the
heart of the new curriculum orientations that also emphasize aspects as enhancing students'
attitudes and values, applications of mathematics, use of calculators, active methods, group
work, history of mathematics, and new assessment methods.

I will consider several examples of teachers' professional knowledge and practice as it
relates to problem solving. The ideas and data presented in this paper were developed using
an interpretative qualitative methodology, based in case studies of teachers. Of special
concern were their personal and professional experiences, including their conceptions,
motivations, and areas of difficulty 1. And I will take these examples as starting points to
discuss some related theoretical concepts.

Carolina2. Carolina has 5 years of experience teaching 7th- 1 1th grade students. She
graduated two years ago from the Faculty of Sciences of Lisbon, where she had some
difficulty in completing all her mathematics requirements. She felt that in the mathematics
methods course there was a stress in just a few ideas (as problem solving) that she did not
view as particularly relevant for mathematics teaching. During the internship, under the
influence of the supervising teacher, she began viewing more favorably the new orientations
for mathematics education. Stimulated by her colleagues, she has participated in meetings of
the association of teachers of mathematics, co-leading some sessions oh the use of graphic
calculators.
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Problem solving, as a personal activity, does not attract much of her enthusiasm. As she

indicated: "I am not very good in solving problems." Her attempts to introduce specific

problem solving activities in her classroom have not been very encouraging. She feels a

particular difficulty in the discussion of the solutions:

Last year... With one of my classes I did some problems... I think that the big
interest is the discussion that is generated... And my discussions are terrible!
[Each] problem has a discussion, [contrasting] the several ways they did them,
and it is a disaster... Those classes go very poorly... And it is something from
which I run away, not because I do not find it interesting, but because .[I do not

feel good].

Carolina also indicates some trouble in finding good materials to support problem

solving classes. She considers that her classes follow basically a "traditional" model, with

moments for exposition and periods for solving exercises. She does not feel comfortable in

unforeseen situations and tries to prevent those from arising. She has trouble in changing her

approach if the situation requires so. She likes to present mathematical material in the form

of games and is very concerned (and apparently successful) in establishing a good

relationship with her students. Notwithstanding all her difficulties and frustrations she has a

prevailing feeling of satisfact not because of the intensity of the mathematical activity

she is able to promote but because her good relationship with students.

A distinction among knowledge, beliefs and conceptions may be helpful in interpreting

this case. I take knowledge to refer to a wide network of concepts, images, and intelligent

abilities possessed by human beings. Beliefs are the incontrovertible personal "truths" held

by everyone, deriving from experience or from fantasy, having a strong affective and

evaluative component (Pajares, 1992). Conceptions are the underlying organizing frames of

concepts, having essentially a cognitive nature. Both beliefs and conceptions are part of

knowledge.
Beliefs are just a part relatively less elaborated of knowledge, kept from confronts with

empirical reality. Belief systems do not require social consensus regarding their validity or

appropriateness. Personal beliefs do not even require internal consistency. This implies that

beliefs are quite disputable, more inflexible, and less dynamic than other aspects of
knowledge (Pajares, 1992). Beliefs play a major role in domains of knowledge where

verification is difficult or impossible. Although we cannot live and act without beliefs, one

of the most important goals of education is to discuss and promote our awareness of them.

Conceptions, as underlying organizing frames, conditionate the way we tackle tasks,

very often in forms that others find far from appropriate. The interest in the study of

conceptions stands on the assumption that, as a conceptual substratum, they play an

essential role in thinking and acting. Instead of referring to specific concepts, they constitute

a way of seeing the world and organizing thought. However, they cannot be reduced to the

most immediate observable aspects of behavior and they do not reveal themselves easily

both to others and to ourselves.
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Carolina moved from rather definite beliefs about the non-appropriateness of current
curriculum orientations to a somehow middle ground position: these ideas seem all right but
they arc very difficult to put into practice. She does not know how to conduct several
aspects of a problem solving activity (how to get materials? how to lead a discussion?) and
so keeps following what she recognizes as a traditional approach. She is perfectly aware that
her teaching practice does not conform to the current curriculum orientations which she
does not know how to carry out. Her beliefs about the importance of the personal
relationships between teacher and student constitute a very strong core around which she
constructed her professional role. Her conceptions regarding the educational usefulness of
games (that include a game metaphor to describe mathematics learning) provide her an
important framework to organize her teaching.

Carolina is a rather insecure teacher she expects that experience will help her to
become more confident. She has many problems left to solve in her relationship with
mathematics an issue that she wants to avoid. But the essential point is the remarkable
distance between what she considers didactically desirable and what she does in practice,
and this seems to stand mostly on difficulties in the practical knowledge regarding
instructional activities and classroom management.

Isaura3. Isaura is a mathematics teach:r in a middle school (5th and 6th grade) with 18
years of experience. She is a very responsible person, enthusiastic about teaching, who likes
to speak about her work. At the age of 15. she already intended to become a mathematics
teacher. However, a new mathematics class she had at 10th and Ilth grade was a rather
negative experience. She disliked the teacher who, she said, "made me feel anxious about
everything". And Isaura chose to study agricultural engineering. But even before completing
this degree she was already teaching in a secondary school.

Isaura is now fully certified to teach. She has been a mathematics head teacher in
several schools, is a regul6r active participant in the national meetings of the association of
teachers of mathematics and has been involved in the MINERVA project dealing with the
introduction of computers in schools.

To this teacher, problem solving is the essence of mathematics and should underlie all
mathematics teaching. She supports the new curriculum orientations and says that the good
teacher "puts in the classroom all the innovations... New technologies, group work,
materials". And she indeed puts a lot of effort in selecting and preparing learning situations.
In her classes, she uses investigations, games, puzzles, and activities related to students' out
of school interests. In practice, problem solving is a means to introduce or apply different
concepts and is only used when it fits within the curriculum:

[Problems need to fit] not just the sequence of topics but the curriculum... [I find]
it difficult to elaborate problems suitable for students and, finally, how to
evaluate the students on this domain... From a theoretical point of view much is
said about problem solving but from a practical point of view [not much]... How
arc we supposed to take problems to the classroom? How do we integrate them in
the sequence of topics?
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In terms of observation, I circulate among [students], I observe the difficulties but

I cannot see the support that each student requires... And that makes me very
confused... I begin thinking: Are they stuck? What kind of help shall I give to let

them arrive at a given conclusion? Will this yield a great mess, each of us saying

a different thing?... Sometimes the problems are not very well chosen.

Isaura has difficulty in finding good problems and in integrating problem solving

activities within the sequence of topics. She prepares many materials but she is still

uncertain about which are the really suitable ones. She also indicates difficulties in

conducting her classes, especially at the level of interaction and discourse. Group work is

frequent but the working climate is marked by many distractions and interruptions. Also,

there is a noticeable pressure to rush up things to draw quickly conclusions without giving

all the students the chance to think thoroughly the proposed tasks. Isaura's concern in

"losing no time" is quite apparent in most of her activity.

There is a sharp discrepancy between lsaura's stated beliefs about mathematics teaching

and her actual practices. However, when we look closer on the possible reasons why

practice finds problems in matching those beliefs we also find issues that have to do woh

knowledge. We may understand Isaura a little better if we view our knowledge as broadly

structured in different worlds ofexperience, each with its own "meaning-structure" leading

us to operate with a particular "cognitive style" (Schutz and Luckmann, 1973).

There are several dimensions of these worlds of experience, all mutually inter-related.

One is its coherence and self-sufficiency. The very intensive and practical nature of teaching

demands this restricted world to be taken as a whole and complete. Therefore, the world of

teaching, although overlapping the world of everyday life, has a distinctive coherence and

distinctiveness (Elbaz, 1983).
Each world of experience is also characterized by a particular tension of consciousness

and a form of spontaneity. The tension of consciousness bears on our level of interest and

attentiveness. Teachers need to be aware of many simultaneous phenomena, which makes

teaching a very stressing activity. The form of spontaneity of a given world of experience is

different from that of other worlds. This explains why, to a "similar event" (to an outsider's

perspective), one person may respond very differently in distinct worlds of experience.

Teachers' forms o: spontaneity in teaching may significantly differ regarding those of

everyday life. They may even vary noticeably according to the specific professional context

and the students they arc working with.

This structure of our experience in different worlds makes quite comprehensible that a

teacher as Isaura expresses (sincerely) some beliefs about the teaching of mathematics in an

interview setting and acts in a rather different way in a classroom plenty of "difficult"

students. There is no inconsistency but just a gap that can be bridged by research that looks

more closely at teachers actions in the classroom and their contextual and conceptual basis.

Our knowledge within a given world of experience may have different degrees of

density and consistency. It conveys complex and detailed information relative to the

domains with which we have to work with frequently. As our knowledge works in a
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satisfying way we suspend doubts about it. Only when our maxims fail in delivering what
they promised in the world of experience in which they are supposed to work they may
become seriously problematic (Bergerand Luckmann, 1976).

In this framework, all our knowledge, including our beliefs and conceptions, has social
roots in our activity and is shaped by our experience. Beliefs and conceptions cannot be
viewed determining practice, since it is the nature of the social institutions in which wemove including schools that mostly shapes them. In the long run, however, these
conceptions are mostly framed by experience within social contexts. However, the
interactionist perspective does not indicate the absolute domain of the social. There is a
margin for the individual which may be widened by conscious reflection. Specific actions
arc framed by existing conceptions acting in a given world of experience which enable to
make sense of situations and choose among alternatives.

Isaura has attended several workshops and discussions on problem solving and reads
regularly the professional literature. However, she indicates that her personal relation with
problem solving is not a very easy one:

I do not always have persistence... For some [problems] I do not have muchpatience... I like to know how it is done... I go to the solutions...
Many of the existing difficulties begin with the teachers and their lack ofpreparation in this field. In most of the cases, the teachers while they werestudents were not used to solving problems but just exercises... On the other
hand, the word 'problem' has for us a very strong connotation, associated with
the idea that was transmitted that who could not solve problems was stupid.

The activity of this teacher seems to be marked by some anxiety, which is probably a
specific character trait. This results in some difficulty in managing a stable and productive
working relationship with the students. As with Carolina, there are also some problems left
to solve in her relation with mathematics. However, Isaura's beliefs supporting the new
curriculum orientations seem to have a positive impact in her classes, enriching her the
students' learning experiences.

Julia& Julia is a teacher of mathematics with 10 years of experience, who graduated
ffom the Faculty of Sciences of Lisbon. She teaches 7th-1 lth grade students in a secondary
school. She is a communicative and active person, who usually manages to accomplish what
she plans and enjoys chatting and laughing. Julia attended a couple of national meetings of
the association of teachers of mathematics and was involved for several years in the national
project MINERVA. She enjoys artistic activities, something she would now gladly consider
for a profession. In teaching, she highly regards the possibility of designing and conducting
what she views as "creative" classes.

Her classes have an enjoyable working climate, with most of the students involved in
the proposed activities. Mathematical situations with a problematic character are the starting
point for the activities that she carries with students. Most of these situations involve just
mathematical notions and do not refer to real life contexts. She stresses interrelating
graphical and analytical approaches, establishing relationships among concepts, generalizing
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and formalizing. All of this is carried encouraging communication among students and

teacher and students.
During the interviews, she made in two different moments the following statements

about problem solving:

Look, I do not solve many problems myself... Perhaps because I am not a person
that... That gets much interested about problem solving. It is not because I feel
that as not important. you know?... But I think that it is important to propose
problems to students. There. I miss some opportunities. As I do not solve many
problems myself, I only know those most trivial ones and those that are on the

books.

I think it is important that [mathematics teaching] is done this way: putting the
student in the position of the mathematician, of the mathematician that
discovered, because he is also a person... [The student] also thinks and is able to
discover the same as the [mathematician]. Or else, always in a [perspective of
proposing] a problem that we have to solve... [I say], 'let us sec how we can solve
this' and here it comes the mathematics.

Julia seems to have more than one conception of mathematics problem. On one hand,

she regards a problem as a self-contained situation, referring to a mathematical or non-

mathematical context, but not much related to the mathematics curriculum something

that she indicates to he important but that does not play a significant role in her teaching. On

the other hand, by problem she means a strictly mathematical question that requires a non

immediate response, implies to relate several concepts and yields the discovery of new

mathematics knowledge a perspective that is consistent with her views and practices of

mathematics teaching. She seems to refer to very different kinds of "problems", but the use

of the same term to express distinct ideas generates what can be regarded as an
inconsistency in her responses. Julia is just referring to different worlds ofexperience: one

concerns general talk about mathematics and mathematics education and another refers to

actual classroom activity.
Situations of practice have unique characteristics of complexity, specificity, instability,

disorder, and undetermination. Schon (1983) considers knowing-in-nction as a kind of

knowledge that is built into and reveals itself in action. In his view, knowing-in-action has

an intuitive and tacit nature, is marked by spontaneity, and is learned through action and

reflection in situations of practice. With a similar intent other authors speak of personal

professional knowledge (Connelly and Clandinin, 1986) or teachers' craft knowledge

(Grimmett and Mackinnon, 1992; Brown and McIntyre, 1993).
Educational theory is unable to direct practice taking into account all the myriad

features underlying practical situations. If one is concerned with practice and with
knowledge that evolves out of contextualized activity and informs intelligent action (such as

that of the teacher in the classroom), we need to focus in a different kind of knowledge,

which I will call professional knowledge.
A professional activity is characterized by the accumulation of practical experience in a

given domain. It is not adequate to judge the professional knowledge of a practitioner by the
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standards of academic (scientific or philosophical) knowledge. Judgment, and on the case of
teachers, judgment on the spot, plays an essential role in professional activity. This
judgment may profit from academic knowledge but .requires the use of other resources. It
needs an intuitive apprehension of the situations, an ability to articulate thinking and action,
a sense of personal relationships, and self-confidence. That is, professional knowledge is
essentially knowing in action, based both on theoretical knowledge and on experience and
reflection on experience.

We may differentiate among academic, professional and common knowledge based on
the ways the basic underlying beliefs are articulated with specific patterns of thinking (based
on logical reasoning and experience). Experiential aspects arc pervasive in more elaborated
professional knowledge. Rational arguments predominate in academic knowledge.
Academics and professionals (when they act in their quite circumscribed special domains)
have a strong explicit or implicit concern for consistency and systematicity. Common
people (and academics and professionals when they act outside their activity domains) have
other priorities and do not worry too much about such matters.

If we want to regognize professional practice on its own right, we need to take it as the
starting point for research and not just the place for application of theory. The concern
becomes not just in applying theory to practice to improve it; but instead, to work with
professionals to better understand practice and its constraints to make it stronger. Or, as
Connelly and Clandinin (198.6, p. 294) put it, "to enhance its ongoing practicality".

Somehow disturbing is Julia's little personal involvement in the practice of mathematics
investigations and problem solving, suggesting a perplexing dissonance between what she
considers a valuable learning experience for her students and what she values in her
personal life. However, this teacher has the ability to make the mathematical content appear
quite naturally in a problematic way. Her practices seem to fit what Stanic and Kilpatrick
(1989) described as problem solving as context to develop mathematical ideas. One may
wonder if her students get a sharp notion of what are mathematical problems, what are
problem solving strategies and how is mathematics applied in real world situations. But
Jtilia certainly provides an example of great mathematics teaching, with plenty of
opportunities for students to reason and communicate mathematically. Although not quite
adjusted to all requirements of the new curriculum orientations, she gives us a superb case
of professional knowledge.

The structure and development of teachers' professional knowledge

Structure. Elhaz (1983) suggests that teachers' professional knowledge is structured at
three levels: images, practical principles, and practical rules. A rule of practice is a concise
statement of what to do in a frequent practical situation. It may apply to rather specific or
fairly general situations, but it always refers to their concrete aspects. Rules of practice
concern means the purposes of the action arc taken for granted and are quite
idiosyncratic. They are formulated for the purpose of eliminating the need for unnecessary
deliberative thought.
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For Elbaz, a practical principle a less explicit statement indicating a purpose. They

are more expressive of the personal dimension of professional practical knowledge.
Principles may stand on theory, may develop out of experience, or both. Although they do

not guarantee similar courses of action in similar situations, they still enable us to say that

practice is principled. It is worth noting that such practical principles and rules of practice

seem rather similar to actions and operations as assumed in activity theory (Crawford,

1992).
Images of how teaching should be are the less explicit and the most general level of

teachers' practical knowledge. They are broad and metaphorical statements that express in a

clear way some purpose and result from the combination of feelings, values, needs and

beliefs. Images organize the teachers' knowledge in different areas. They capture some

essential aspects of their perceptions of themselves, of their teaching, of their situation in the,

classroom, and of their subject matter. Summarizing her conclusions of a case study of a

teacher, Elbaz (1983) writes: "Sarah's practical knowledge is structured around a small

number of images that reflect the entire body of her knowledge and serve to hold together

the principles and rules she uses in bringing her knowledge to bear on practice" (p. 144-5).

The idea of image is also present in other authors. For example, Clandinin (1986) views

images as "the coalescence of diverse experiences and their expression in diverse practices"

(p. 180) and Berliner et al. (1988) seem to regard images as reference frames of how things

should go in a classroom.
Leinhardt (1988) uses two other constructs to study teachers' professional knowledge:

script and agenda. A script refers to a specific lesson segment and concerns the goals and

structured actions enacted to teach a particular topic. For each lesson the teacher has an

agenda, which includes goals and actions, tests, and an overall strategy. Typically, in each

lesson, the teacher sets an agenda and uses several scripts. A fundamental objective of

teaching is to go on using a script, or, according to the intended agenda, to move to the next

script. Modest adjustments are made when necessary in response to the needs of the

students.
Leinhardt contends that teachers construct models, but not of individual students'

knowledge. She found that teachers essentially diagnose what went well and what went

wrong in their teaching and not the specific mental representations of their students.

Therefore, the core of these models refers to the ways of teaching the subject matter and

provides an orientation for the future how each topic will be taught next time. This is a

line of thinking that brings us close to Shulman's (1986) ideas about the centrality of subject

matter pedagogical knowledge.
There are several differences between these authors. Elbaz is concerned with the general

structure of the teacher's professional knowledge while Leinhardt, Berliner and their

colleagues focus on the knowledge structures mostly bearing in the development of the

lesson. Also, Elbaz regards teachers as having just a few organizing images while Berliner

seems to extend this term to include practical principles, suggesting that teachers (especially

experienced teachers) hold a great variety of images regarding classroom work. And thirdly,
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Elbaz strongly takes into account the personal and contextual factors bearing on teachers'
knowledge while Leinhardt and Berliner seem to be essentially concerned with classroom
performance.

Adopting Elbaz's terminology, we can say that Julia seems to base all her teaching in a
strong image of the working mathematician, as someone who has successes and failures in
striving to relate concepts and solve problems. Her self-image as a creative and autonomous
professional is also crucial and has a strong impact in her classroom practice. Her practical
principles and rules of practice do not seem to be in conflict with her fundamental
professional iniages.

Isaura also has a strong and clear (rather ambitious) image of what is an innovative
teacher. However, when she comes to concrete action this image is overshadowed by
concerns about the curriculum, the classroom dynamics, and her view of the students'
capacities. She may face a problem of competing images. Alternatively, we may conjecture
that she does not dispose of appropriate practical principles and rules of practice to enact her
espoused teaching images. There is little doubt that if we just studied her stated beliefs and
conceptions we would gather a very different picture of how she is as a teacher and what
may be her most significant professional development needs.

Finally, Carolina distinguishes what may be all right in principle from what she feels
confident in doing. She has a self-image of not being very well succeeded in mathematics
nor in conducting classroom discussions. She organizes her professional practice around
activities in which she feels secure and constructs her professional role through her personal
relationship with the students.

Development. Experience is certainly one major factor contributing to the development
of teachers' knowledge. As Berliner et al. (1998) indicate, experience changes the way we
see the world around us, creating insensivity towards ordinary things and prompting us to
notice atypical aspects. This is extremely helpful, specially in dealing with complex
situations, since we do not need to look at usual features and can concentrate in a few

ected issues.
Preservice teachers do not have a professional experience. But we may argue that their

personal experience in elementary, secondary, and higher education yields the essential
frame in which they organize their teaching images and tentative practical principles and
rules of practice (Crawford, 1992). So, let us see in what ways may experience contribute to
the development of teachers' professional knowledge.

Referring to their empirical research, Berliner et al. (1988) indicate that the responses of
many of the experienced teachers reveal that they have rich images or prototypes for
students and classroom events. These teachers also accumulate a great quantity of
information about students, so that, in some sense, they seem to know their students even
before they meet them. They also use routines in more areas of instruction more frequently
and with more success. Supporting the view that professional knowledge is somehow
distinct from common everyday knowledge, these authors say that experienced teachers
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show evidence of more reasoned thinking, referring to concrete evidence in their
explanations and justifications of their actions.

Experienced teachers constantly monitor students and the class activity. If things are

going as expected, there is no need to give too much attention to details and it is possible to

follow the intended agendas and scripts. A similar view is proposed by Brown and McIntyre

(1993), who claim that teachers are mostly concerned in maintaining some "desirable

normal state of pupil activity" enabling progress towards the intended goals. But, if
something unforeseen arises, the teacher needs to act in a different, deliberative mode, close

to Schon's (1983) idea of reflection-in-action. Both through positive and negative instances,

in an intuitive way, we subsume our experience in practical principles but we can also do it

at a more conscious level, through deliberate and systematic reflection.

The influence of the context is a major concern of recent approaches to cognition. In

these three teachers we note the influence of context through preservice and inservice

opportunities. However this influence seems to be mediated by (a) their attitude towards the

profession, (b) their personal relationships with mathematics, shaped by experience as

elementary, secondary and university students, and (c) the way they personally relate to

students, shaped by all their former experience of interpersonal relationships.

Julia derived most of her images of the mathematics classroom from her preservice and

inservice experiences, participation in projects, and other professional activities. Isaura, also

took an interest in innovative approaches to mathematics education mostly from her

intensive contacts with a professional association. Carolina,quite differently, did not accept

the ideas proposed in her preservice education, showing how the effect of these professional

learning contexts highly depends on a personal readiness factor. During her internship,

under the influence of an enthusiastic and supportive supervisor and within a group context,

she changed notably her general attitudes towards the current curriculum orientations and

accepted to give a try to some of the new ideas. However, regarding the ways she presently

organizes her classes, one may ask how strongly she changed her essential conceptions. All

these personal processes take many years, showing that teachers' professional development

has to be studied in a very different time scale of that usually adopted in teacher education

programs.

Conclusion

This paper presented some theoretical concepts which may prove to be useful in

studying teachers' professional knowledge. It also showed some evidence suggesting that a

different view of the teacher's knowledge and professional activity may be fruitful in

studying mathematics teaching.
Recent research has most emphasized teachers' conceptions and beliefs. We may also

study teachers' images (a clearly less evaluative concept), practical principles and rules of

practice (more directly related to teachers' actions), and how these relate to teachers'

agendas and scripts in specific lessons. We should be looking for the internal integration of
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the different levels of the structure of teachers' knowledge as well as for their ability to
guide actual practice in a variety of contexts.

The difficulty in integrating problem solving into the mathematics curriculum is a
feature common to all these teachers. Julia presents her students with situations with a
problem solving flavor, but does not value specific problem solving activities or students'
learning of problem solving strategies. Isaura proposes many problem solving tasks, but
does not explore them to their full potential. She is aware that sometimes things do not go
very well but has trouble in understanding the specific nature of the difficulties. Carolina
agrees that problem solving activities would be desirable but simply does not feel
comfortable in doing them and chooses to work in other directions.

Practice, an inherently complex and unpredictable realm, has its own specific
characteristics that need to be valued on its own right. Teachers work within many
constraints (of which we need a better understanding) but still create quite sensible solutions
for their practical situations. Innovative curriculum orientations, such as problem solving,
need to be studied more closely from the point of view of practitioners.

There is a need to keep discussing general models and concepts of teachers'
professional knowledge as well as carrying specific studies on the external influences and
on the internal development processes. Such research may provide important guidance for
the development of new professional development programs and promote a better account
of the role of the teacher in curriculum development initiatives. To be successful, research in
this field needs to include a strong participation of teachers where they are granted the role
of active partners speaking on their own voice (Jaworski, 1992). This collaborative process
may turn out to be a most valuable key for a better understanding and improvement of
mathematics education.

Notes

I Although specific methodological aspects arc not discussed here, important issues arise in this
kind of research, such as the relative role of observation and interviewing and the relation of the
researcher with participating teachers and students.
2 This case is reported in detail in Ponte et al. (1993). In this and the following cases, I kept the
pseudonyms used in the original research reports.
3 This case is discussed in Delgado (1993).
4 This case is taken from Canavarro (1993) and Ponte and Canavarro (1993).
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BUILDING ON CHILDREN'S INTUITIONS ABOUT LINE
GRAPHS

Janet Ainley
Mathematics Education Research Centre

University of Warwick
Coventry, UK.

This paper describes one aspect of the work of the Primary Laptop Project,
which aims to study the effects of continuous and immediate access to high
levels of computer provision on children's learning of mathematics. Children
who are competent in the use of spreadsheets to record data are able to produce
graphs quickly and easily, and so it may seem that more traditional skills of
constructing graphs become redundant. However,evidence presented in this

paper suggests that children as young as8 - 9 years are able to assimilate these
skills, and produce and use reasonably accurate hand-drawn graphs as a result
of their computer experience without any explicit teaching.

Background
The Primary Laptop Project has the long-term aim of studying the effects of continuous and

immediate access to high levels of computer provision on children's learning of mathematics. Two

classes within the school - currently Y4 (8/9 year olds) and Y5 (9/10 year olds) - are equipped with

one portable computer for every two orthree children. They have access to these machines

throughout the school day, and take them home overnight and at weekends. The software available

includes LogoWriter and ClarisWorks, a commercial package containing wordprocessor, database,

spreadsheet and graphics facilities.

Two researchers are working alongside theclass teachers, focusing on work in mathematics and

science. The researchers operate as a teacher/researcher pair, each responsible for teaching one

class, and observing lessons in the other. Field notes taken in the classroom (directly onto a

portable computer) are supplemented by examples of children's work, recorded interviews with

children and teachers, discussions between researchers and class teachers, and field notes taken by

the teachers themselves.

Activities in the classroom are planned jointly by the class teachers and researchers, following the

thematic approach normally used in the school, but building into this opportunities to exploit the

potential offered by the children's high levels of computercompetence.

Initial evidence of children's intuitions

As part of a series of activities linked to the theme of Growing and Shrinking, the Y4 class had

been researching their own body measurements, and how these had changed since they were babies.

They had experience of the use of a spreadsheet and its graphing facilities through entering their

own body measurements in a table, and drawing bar charts to compare heights, foot sizes etc. In an
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attempt to extend the children's experience of graphs, an activity using line graphs of children's

growth was introduced.

I introduced the activity by showing some data about the height of a baby (in fact my own daughter

Lilian) between birth and age three. From this data I produced a line graph as shown in Figure 1,

and invited the children to comment on what they saw.

Immediately Emily said: It says two

and a half there (i.e. on the axis) but

that wasn't in the data. I asked if they

could work out how tall Lilian was

when she was two and a half. Several

ideas were offered.

Joanne: Would it be half way along that

part of the line?

Emily: You could look at the numbers

and work out half way between them.

A number of other children did not say

anything. but were moving their fingers

in the air, apparently trying to read off

the height on the vertical axis.

After some discussion, the next stage

of the activity was introduced. The

children were presented with tables showing the heights of four imaginary children at various ages.

The task was to produce a line graph from one set of data, and to find out from it how tall that child

was at age 3 and age 13.

100

12

h $4
so

1 76

h 72
Mt

64

Al III C1 Name aig ' hails ht
2 Lilian ; o 54

1
: 6,57. 72

77
6 1.5 83

2 89
7 3 98

Figure 1: Line graph drawn from spreadsheet data.

The task of entering their chosen data into the spreadsheet, and producing a line graph from it

presented few problems to the children, and most groups were able to make a good attempt at

interpolating the values for the heights at age 3 and age 13. They used a variety of methods for

doing this: pointing with fingers, using the mouse pointer, using graphics lines from the drawing

tools. In addition, conversations with the children while they were working revealed their

understanding of the meanings of the graphs they produced.

Holly and Verity quickly produced a line graph. Verity: (Pointing with the mouse to I I)That's
about 11 there and (pointing again) about 3 there. Holly: (reading across the graph )So it's about

80 centimetres at age three Is that right? They then went over to get a ruler to see what 80 cm
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looked like. They had a quick discussion about whether this could be the height of a three year old.

In the end they decided their answer was all right.

Emma and Phillipa showed their graph

to the class teacher because it didn't

look as they had expected. She asked

them what the chart told them; they

said that Danny had shrunk as he got

older. The teacher asked: Is that

likely? Phillipa thought that they had

probably put in the wrong data. They

went away to check, and found that

Phillipa had put in 191 instead of 119

for the height at age 7. They quickly

changed this entry, and were satisfied

with their new graph.

Both teacher and researchers were

excited about the events of this lesson

because of the intuitive ease with which he children seemed to handle line graphs. The children's

facility with the graphs was remarkable for anumber of reasons.

200

100

0

A II
1 Danny
2 Age Height
3 2 87i

5 108 1

7 191 1

11 142 1

14 160 i
16 161_i

0 4 8 12 16 20

Figure 2: Emma and Phillipa's surprising graph.

This was the children's first introduction to line graphs in school (though they would have

been exposed to their use in the media.) Line graphs are generally considered to be relatively

difficult, and would not normally be introduced to children as young as these.

By default, the software draws graphs showing only the main horizontal grid lines (as can be

seen from the figures above), so very little support is available for interpolation.

The software chooses a scale for the graph which best fits the frame available, and the scale

then alters as the size of the frame was changed. This meant that the children had to deal with

a variety of scales, some ofwhich were not ones which we would have chosen as being easy

to read.
The children had had no explicit instruction in how to interpolate points on the graph. or how

to read scales on the axes.

Intuitions explored
In order to explore further the strength of the children's intuitive understanding of the work they

had done with line graphs, individual structured interviews were conducted with about a third of the

class, taking a cross-section of abilities. In the interview, the children were given new sets of data

for the growth of two more imaginary children. They were asked to produce a line graph on the
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computer from one set of data, and to read from the graph the person's height at 3 and at 13, as in
the previous lesson. If they did this confidently, the computer was removed, and they were then
asked if they could draw a similar graph from the other set of data by hand, on a sheet of
centimetre-squared paper. If this task seemed beyond them, theywere offered a sheet with ready
drawn axes on which to produce the graph. We posed this task not because we particularly valued
the ability to draw graphs by hand, but as a way of exploring the children's understanding of the
structure of the graphs they had been using.

All of the children interviewed were able to repeat the original task of entering data into the
spreadsheet and using the software to produce a line graph. All but two of the children interviewed
were prepared to attempt drawing a graph by hand. These varied in their accuracy, but most
showed a reasonable choice of scales on the axes, often copying the scales used by the computer.
The children found more difficulty in plotting points efficiently. The general strategy was to start
drawing a line, often with a ruler, from the bottom left corner, and hope to arrive at the right place
for the first point. We did give a strong hint at this point about marking the point first. Once
provided with prepared axes, all but one of the children (a boy withvery low self-confidence who
would not attempt the task) produced a graph from which they could interpolate satisfactorily.

_L_*.l....-......._.i....___... N.., ., .- ... ___. ....
--,.
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Figure 3: Sam's graph Figure 4: Emily's graph

Initial conjectures
From the evidence described above, we conjectured that the computer played a significant role in
enabling children to gain access to work with line graphs, and furthermore in allowing children to
build on their intuitive understanding to construct for themselves the skills required to draw such
graphs by hand. It seemed possible that being able to produce graphs without needingto worry
about the problems of scaling axes and plotting points, freed children to focus attention on using the
graph in a meaningful way. Also, experiencing a number of examples of similar graphs enabled
them to assimilate some features of the use of scale, which they were then able to use to produce
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their own graphs. One feature of the software seemed to be potentially important here: if the size of

the frame within which the graph is drawn is changed (something which the children would

naturally do to get the graph looking as they wanted it) the scale is altered to fit the new frame. We

had a sense that this might be powerful in implicitly drawing children's attention to significant

features of the graph which did not change under these conditions.

These initial results are in clear contrast to the experiences of other researchers, for examples those

of Padilla, McKenzie and Shaw (1986), who used pencil and paper tests to investigate success rates

in a number of different skills relating to line graphs. They open their paper with the statement that

as many experienced teachers are well aware, creating graphs and interpreting data from them are

skills not easily acquired by most students. With students in grades 7 - 12, (i.e. 3 to 8 years older

than the pupils in the Primary Laptop Project) they found that, although 84% were successful in

reading and plotting points, only 57% were able to interpolate and extrapolate, andonly 32% were

able to scale axes successfully. Swatton and Taylor (1994), reporting on tests of graphing skills

within the Assessment of Performance Unitstudies, observed similar levels of competence with

children at age eleven: 78% success at reading points, but only 35% success for interpolation.

Although there appears to be considerable difference in the results we had obtained and those

reported by these two papers, it is worth pointing out two factors which we recognise as having

considerable significance. The children in our project class were carrying out this work within the

context of a project they had beenclosely involved with for some weeks. The data they were

working with was, although artificial in the sense that it referred to imaginary children, real and

meaningful to them. This would not be the case for pupils in either of the studies referred to above.

Secondly, the line graphs the children produced were ones in which the appearance of the graph

matched the phenomenon which was being graphed; the graph goes up as the child grows up.

Kerslake (1981) suggests that graphs of this type are the easiest for children to interpret, and it is

not clear whether Padilla's or Swatton's test items contained only graphs of this kind.

A comparative study
In an attempt to replicate our results and to explore the role of the computer in this activity, we

undertook a comparative study with a group of 9/10 year old children in anotherof the project

classes. Our aim was to introduce the idea of line graphs in two ways, one making use of the

computer, and one relying on more traditional resources. Our conjecture was that children who had

used the computer would be better able to produce their own graphs by hand, and to interpolate

from them. We gave the whole class a pre-test which presented a table of data and a hand-drawn

line graph of a child's growth, and asked them to recognise specific points, and to interpolate. The

results from this pre-test were used to establish a baseline of skills, and todivide the class into two

groups of matched pairs.
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Our aim was to provide parallel experiences for each group without explicitly teaching either group
how to draw graphs. One group (the computer group) was given a series of activities, following

closely the work done by the Y4 children. That is, they were given tables of data for various

imaginary children, and asked to produce graphs from this on the computer and read off

information which required them to interpolate. The second group (the paper group) worked with
the same data, but had it presented to them on duplicated sheets containing the table of data and a
hand-drawn graph. They were asked to discuss and compare the graphs, and to read off
information in the same way as the computer group. The hand-drawn graphs used thesame scales
as those on the computer, in order to keep the experiences of the two groups as similar as possible.

After working on these activities for about 45 minutes, the computers and the duplicated sheets

were put away, and both groups of children were given a new set of data and asked to produce a
line graph by hand. The results at this stage were generally disappointing, and we felt that the
groups had not had sufficient time to get to grips with the work, particularly as they had been

introduced to the topic in rather an artificial way, without it being part of an on-going project. We
wanted to focus the children's attention on the task of drawing their own graphs, but without

explicitly teaching the skills of constructing axes and plotting points. In order to do this, we
returned the children's initial attempts at drawing graphs without comment, and asked them to
compare and discuss them in small groups. We then lead general discussions in which the

computer group compared their attempts to graphs produced on the screen, and the paper group
looked back at examples of hand-drawn graphs. After this both groups were given a post-test. For
this they were given squared paper, and a table of data about a child's growth. They were asked to
produce a graph by hand and interpolate to read off information about both the height of the child at
various ages, and her age at a particular height.

In analysing the post test, one result was immediately clear: there was no difference between the

computer group and the paper group in their ability to produce hand-drawn line graphs. After an

initial response of considerable disappointment that our conjecture about the effect of the computer
had not been supported, we began to consider the results more carefully. We believe that they point

to exciting possibilities for building on children's intuitive responses to line graphs of this kind.

A large number of the children (more than half) were able to complete the post-test successfully:

that is, they could construct sensible axes using an appropriate scale, plot the points they had been

given using these, and interpolate from their graph to read off information with reasonable

accuracy. (We accepted as accurate any response which fell within the correct square on the grid.)

To analyse the performance of the children more precisely, we scored them separately for their

ability to perform each of these parts of the task. In order to get a graphical representation which

reflected this analysis, we used a binary scoring system, awarding one point for the ability to
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way, and makes a number of

features immediately clear. For

example, no child scored 6: in

other words, there were no

children who could plot points

and construct sensible axes but

who could not then interpolate
successfully from their graphs. In fact, apart from the 3 children who failed to score, only one child

failed to interpolate from the graph she had drawn. Two children made areasonable attempt at

interpolation even when their graphs were not 'sensible' ones: for example seeJames' graph in

Figure 6. A significant group of the children (5 out of 25), were more successful at constructing

suitable axes than at plotting points accurately
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Figure 5: Analysis of post-test results
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Figure 6: James' graph and attempts to interpolate

Conclusions
Our results suggest that these relatively young children were able to respond intuitively to these

graphs; interpolating points not actually marked on the graph, and reading information off axes

with differing scales did not seem to be difficult for most of them. Furthermore, in the process of

working with graphs, many of the children seemed to assimilate skills which enabled them to draw

simple line graphs by hand.
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On reflection, we conjecture that the children were able to interpolate, handle scales, plot points and

construct sensibly scaled axes because we did not attempt to teach them these skills. In contrast to

the way in which line graphs are traditionally introduced, we did not deconstruct the task into

constituent skills, but presented the children with complete images of the graphs in contexts which

focused not on the representations themselves, but on meaningful tasks using the graphs. We see

this as an example of what Hewitt (1994) refers to as functionalisation, the process by which skills

reach a level at which we are able to function with them automatically, when they are encountered

in contexts in levels subordinated to other tasks.

The presentation of a complete image was the common feature of the approaches taken with both

the paper and computer groups within the comparative study, and this seemed to be more

significant than the differences between working with or without the computer. More traditional

approaches to introducing line graphs would necessarily begin by teaching construction skills:

constructing suitably scaled axes and plotting points. If attention is focused on these, it is difficult

for children to keep in mind the context and purpose for which the graph is being drawn. Indeed,

the skills of constructing graphs are often taught in isolation from any meaningful context, and so

appear to children to be an end in themselves.

We now believe that the presentation of complete images of line graphs in purposeful contexts

offers exciting opportunities for building on young children's intuitive ideas to introduce difficult

but powerful skills such as interpolation and manipulating scales. Such images could be, of course,

provided by using printed materials, but these resources are not under the children's control, and

will not generally be drawn from what we have come to call hot data (Ain ley & Pratt, 1993). This

is data which has been collected or researched for a clear purpose, as part of some wider

exploration, rather than as an end in itself. Using computers allows children to have control: to

select the data which is appropriate for their work, and to produce graphical images of that data

quickly and easily. Our experience suggests that given this opportunity, young children's ability to

work with line graphs is far greater than is generally recognised.

Ain ley, J. & Pratt, D. (1993) pgnabiczadmmatiaajadiautaicijachngiggy, Proceedings of
Technology in Mathematics Teaching Conference, University of Birmingham (UK)

Hewitt, D. (1994)
unpublished PhD thesis, Open University.

Kerslake, D. (1981) Graphs in Hart, K.M. (Ed) chadizo:illyjaganglinggflaibcmakillzift,
Murray.

Padilla, MJ., McKenzie, D.L. & Shaw, E.L. (1986) AaEARniilagiadJkLinecuatairlit
Ability of Students in Grades Seven Through Twelve., School Science and
Mathematics, Vol. 86.

Swatton, P. & Taylor, R.M. (1994)
az Ability to Handle Variablgs, British Educational Research Journal, Vol. 20.

it I . I I II I I I I/ I I.

6111' I f" I I 1' I I I I

259 _g_



Cognition and competence in mental calculation
Gomez Alfonso, Bernardo
Depto. de didactica de la matemitica.
Universidad de Valencia-Spain

Abstract

The present article deals with the performance of Spanish students in a

Teacher Training College when solving problems of mental computation with

natural and decimal numbers before and after receiving instruction based on

formal methods (i.e. methods taken from the written tradition found in

arithmetic textbooks). The study seeks to establish the cognitive processes

underlying lack of competence and to establish a typology of the different errors

of the students.

Resumen
Este art fculo trata sabre el desempetio de estudiantes espanoles para futuros

profesores al resolver ejercicios de cuticula mental con mimeros naturales y

decimales, antes y despuis de recibir ensaanza de los mitodos formates
(entiendase que son aquellos que recoge la tradiciOn escrita en los libros de

Aritmitica). El estudio se orient6 hacia la determinaciOn de los procesos

cognitivos involucrados en la falta de competencia, y en particular en la tipologfa

de los errores que cometieron .

Introduction
Recently there has been a growing interest in the roots of students systematic

errors. Matz (1980), in an article about errors in the solution of algebra problems,

suggests that they stem from adaptations, which though reasonable do not always

work, of previously acquired knowledge to new situations and that some of these

errors in algebra are rooted in a lack of mastery and understanding of arithmetic

procedures.
On the other hand it has been empirically established that one of the

problems in mental computation is the generalized lack of competence and more

specifically in a diminished competence when problems involving decimal

numbers, rather than integers, are to be solved. It has been claimed that this is

because the concepts are not well developed or because learners lack valid

strategies (Reys, Trafton, Reys and Zawolesky, 1984, in Reys, 1985, p.25).
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It has also been argued that mental computation is an excellent method for
bringing out and checking students' conceptions of arithmetic, which normally
remain concealed when standard pen and paper calculations are performed.

An experimental study based on these ideas has been carried out to
determine how far the lack of strategies, insufficiently developed concepts, lack of
mastery and understanding of arithmetic procedures and faulty adaptations of
previously acquired procedures are the cause of the generalized lack of
competence in students who have already demonstrated adequate capacity in
arithmetic and algebra at school.

Methodology

The study was carried out throughout the academic year 1992-93 with
Spanish students training to be future teachers in their normal venue of study
the E.U.d F.P. of the University of Valencia.

The students were administered two tests: one prior to instruction in formal
methods of mental calculation and another after the period of instruction. Both
tests were divided into two one-hour sessions, one session of each test consisted
of subtraction problems and the other of multiplication problems. The problems
were selected after a number of pilot experiments and were characterised by the
following features: they were not excessively difficult, it was possible to use
alternative strategies to solve them, they allowed for comparison between data
gathered for natural numbers and decimals, the number of problems in each test
was such that students were able to solve them in a one hour session.

Pre-instruction Problems

47-189 243-75 1300-875 461-166 265-199 13-8,75 ,23.1,58

12 3720,25 8235 47299 41242 1,420,15 4225

Post-instruction Problems
737-289 34-75. 1400-675. 111.186 45-197 14-7,75. ,324,67 4,7-18,9 ,24,3-7,5 46,146,6
4,12 720,25 6235 7298 1242 ,420,15 4275 320,45 4,925,1 19218

Students were required to solve the problems In their head and although
there was no time limit for each item, the time assigned to each session was one
hour, which proved to be sufficient. They were instructed to write only the result
of their computation so that they had to compete the operation before writing
anything. On the same sheet, they then had to explain in their own words how

10
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they had obtained the answer. Subsequently the answers and the students'
explanations were analyzed and a typology of student errors was established,

which was refined by means of individual interviews.

The instruction in methods of mental computation was developed

following an experimental program which had been previously devised by the

author (Gomez, b 1994) and based on a broad study of the history of mental

calculation in the school curriculum.

Unlike the program which is currently popular in school textbooks and

which is analytic and case dependant, the experimental program is a global and

simultaneous synthesis of formal methods for the four operations based on

levels of generalization and common guiding principles.

The students were introduced to this synthesis. The basis of the synthesis

was discussed in class to bring out the basic facts of the number system and the

properties and concepts of the four operations and to promote flexibility rather

than mere training or pointless discussion of which is the best method.

Results and conclusions

Before receiving instruction in formal methods, most of the students were

restricted to column methods and the most common errors were those that

seemed to stem from carelessness or lapses of memory, however some errors

were also observed that appeared to be symptomatic or evidence of more specific

problems.
After instruction students showed more flexibility and there was a greater

number of error types in particular for symptomatic errors . In the subtraction

problems 15 different types of error were identified, of which 7 could be put down

to carelessness or lapse of memory and 8 seemed symptomatic; in the
multiplication problems, of the 27 types of error 10 seemed to be due carelessness

and 17 symptomatic.
The high number of error types may be explained by the way error types

have been distinguished, since we have considered as belonging to different types

both errors that appear in different methods and errors that appear in the same

method but which seem to require a different explanation.

_,, _
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This wide range of error types can, however, be arranged in terms of three
categories: rule extrapolation, generalized method, or centring on the modified
element instead of on the modification.

1. Examples of Rule extrapolation:

3.12 = "96.1.1 multiplied 31x31 -> 3.1
3.1
31

9 3 .

9 6.1."

This error seems to be an extrapolation of the rule for placing the decimal
point from the column based algorithms for adding and subtracting. Here it
seems that the student applies the same rule to multiplication so that he brings
the decimal point down respecting its initial position.

The mistake of misplacing the decimal point by counting final zeroes in a
decimal number:

24x015= "0036; 240015=12x030=06x060=0036"

seems to be an extrapolation of the rule which counts decimal places of the data
in order to place the decimal point in the product. In this case the student seems
to count the zeroes to the right of the final significant decimal place, as though he
considered 0.60 to be different from 0.6.

The error of eliminating or recovering improperly the decimal point after
moving it in both factors

34x015=105 "I multiplied 34 by 1.5 and got 6.0+4.5 =10.5"
(In this example there is the additional error of not recognising the place value of
3 in 34.)

seems to be an extrapolation of the rule used in the division algorithm to
eliminate the decimal point in the divisor by moving the decimal point
simultaneously in the dividend and the divisor.

12
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2. Examples of errors that seem stem from generalizing methods from one
operation to another.

The error of decomposing a number and multiplying its first digit by the
other number and subsequently multiplying the result by the second digit:

28x35= "I multiplied 5x28 and then multiplied the result by 3".

appears to be a generalization of the method of addition by decomposition
combined with a failure to recognise the place value of the 3.

The error of invalid "adding and taking away" which involves multiplying,
not the data given, but the results of adding a number to one of the data and
taking away the same number from the other datum.

64x75=4830. "I take 5 away from 75 and add 5 to 64 so I get 69x70 (I multiply by an

easier number and I get the same result)

seems to be a generalization of the compensation approach to adding, whereby a

quantity is added to one datum and taken away from the other.

The mistake of "front-ending" or place grouping the elements of a
multiplication without recognising the intermediate products.

Completed digits (i.e. including their place order zero)

28x35=640 "I multiplied 20x30=600 and then 8x5=40 and I added 600+40 = 640".

appears to be a generalization the method for adding whereby digits with
different place values are added separately: units with units, tens with tens.

Isolated digits

3.12="9.1. I squared 3 and then 1 (I multiplied 31x31)"

This variation seems to be evidence of the same theorem implicit in the
previous example, but here the student is not aware of the initial decimal form
0 (zero point) before the 1 of 3.1 when this is decomposed into 3+0.1.

13 --
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3. Examples of errors that seem to result from centring on the element modified
rather than on the effect of the modification.

The error of increasing the multiplier by x and subtracting the product of the
multiplier and x instead of subtracting the product of x and the multiplicand:

28x35= "994. I multiply 35x30 and I subtract 56"

seems to be evidence of centring on the modified element. It seems that here the
student does the following: 28x35 =(30 - 2)x35 =30x35 -2x28.

The error of subtracting x from the multiplier and adding the product of the
multiplier and x instead of adding the product of x and the multiplicand:

41x32=1294. "41 times 30 =1230 and I add 64".

seems again to indicate centring on the modified element. Here it appears that
the student multiplies each of the elements of the decomposition (30+2) by each
of the original numbers: 30x41 and 2x32.

The error of miscounting the zeroes after multiplying numbers ending in
zero:

47x99="423; 47x100=470-47=423".

appears to indicate centring on a hundred when multiplying by a hundred and
not on the effect that it produces.

Implications

The problems identified in student errors seem to originate not so much in
the existence of badly developed concepts as in rigid rule applications,
generalizations, extrapolations and centring, that could be the consequence of
teaching which lays too much emphasis on the creation of automatism at the
expense of and of promoting reflection on procedures and on the effect that
modifications to data have on the results.
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To avoid these undesirable consequences it seems reasonable to propose a

change in teaching so as to improve students' conceptions of arithmetic

procedures as a meaningful, non-automatic actions on numbers.
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VARIOUS REPRESENTATIONS OF THE FRACTION
THROUGH A CASE STUDY

Marta Elena Valdemoros Alvarez
Research and Advanced Studies Center of the 1PN, Mexico

In the development of a research centered on the
construction of the "language of fractions" and its
relationship with the involved concepts, we applied an
exploratory questionnaire in the fourth grade of an
elementary school. We also carried out various qualitative
observations of classes and designed the study of some cases
(through individual interviews). The present report is only
referred to FABIOLA CASE, characterized by the effective use of
pictorial representations connected with the sum of fractions
and the generation of adequate representations tied to the
manipulation of concrete materials (in contrast with her own
algorithmic handle).

In general, Sastre (1984) identified some primal connections

between the verbal language, the arithmetical signs and pictorial

representations that resulted in conjugated arithmetic teaching and

learning. The cognitive activities develop by any individual, in the

mentioned symbolic fields, are inmersed in multiple difficulties. To

carry out the passage of one symbolic plane to another, the introductory

approach most accessible could be the pictorial representations which

also could fulfill the role of precursor of the arithmetic writing.
Lesh (1987) recognized distinct types of representation systems

tied to the mathematic learning; between others, the representations

derived of manipulative models, the drawings or diagrams and the written

symbols.

Laborde (1990) has emphasized the internal complexity of the

mathematic language, jointly has ratified the constructive character of
their symbolic processes and their tight links with the thought.

Opportunely (Valdemoros, 1993a, I993b), we had recognized which

activities were included in our exploratory questionnaire of the

"language of fractions". In Valdemoros, 1993b, we centered on results

derived of simple tasks referred to the fraction recognitiun. The

necessity to deepen toward the additive situations contemplated in the

exploratory questionnaire, made us realize some case studies

(Valdemoros, I993a); here we will limit ourselves to present only one of
them, relying on the circumstance that this case accentuates the role of

semantic enrichment fulfilled by the pictorial representations, in the

sum of fractions context.
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FABIOLA CASE

The results of the fifteen addition problems incorporated in the

exploratory questionnaire, permitted us to identify some very noticiable

tendencies, in the escolar group selected for the research. The most

relevant and frequent phenomenon, in such questionnaire, defined the

profile of various cases. A very generalized difficulty among the

children was related to the recognition of the notion of unit implicated

in each task; nevertheless, in the contexts which included the pictorial

representations, we detected that there were a considerable number of

pupils who successfully solved such obstacles and expressed an adequate

result, with the help of drawings (Fabiola was the student that

evidenced such situation with greater clarity).

Through the observation of some classes developed by the teacher in

charge of the group, we noted that what was manifested by the last

mentioned children ,was not found to be induced by the common teaching

(because the instruction processes tended to be centered on the

algorithmic procedures and included a very restrictive use of concrete

treatments).
From those antecedents we described the case of the last children

like a concrete domain of the additive situations referred to the

fractions, favored and expressed by the use of pictorial

representations. Not being made propitiated by the teaching, we

conceived that such concrete domain was generated by a generalization

and ampitatton of the "constructive mechanisms" that Kieren (1988)

attributed to the fraction (partitioning, quantitative equivalence and

formation of a divisible unit); this is the hypothesis of the case.

Fabiola registered many algorithmic inconsistencies in various word

addition problems of the exploratory questionnaire. Nevertheless, she

accomplished adequate solutions each time that the addition problem

included pictorial representations.

Although we did not ask for any drawing in the subtraction

problems, Fabiola included some pictorial representations spontaneously,

Taking into account the aforementioned aspects, we designed ten tasks

that were developed within three hours of interview and were taped. Next

we exposed these tasks (Table I).
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Task 1 Invent a problem that contains: 2/8 + 2/4.

Task 2 Invent a problem that contains: 1/2 - 1/4.

Task 3 Choose a figure in which you can represent: 2/8 + 2/4.

Task 4 Now will you represent 1/2 - 1/4 with pencil and paper?

Task 5 Demand at cantnantatian between the gankt. 1 and 3.

Task 6 Requirement at eantnaot between the gaolco 2 and 4.

Task 7 Demand at necanotquctian at 40/Tle expneooed oatutianct,
certain pnatatemo at the explanatanct queotiannaine.

in

Task 8 In this collection represent: 1/2 + 2/6.

V)P 'qtri.
.40P

.4112e Qc
KIP 1St 4121e

Task 9 Use the blocksw to represent in this figure: 2/8 + 2/4.

Task 10 Use the blocks to represent in this figure: 1 2/5.

\ /
Table I

Blocks designed by Zullie (1975).
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SOME RESULTS AND THEIR INTERPRETATIONS

Briefly, we centered our attention on the tasks where the most

important passages of the activities were concentrated (we realized a

detailed presentation of the case in Valdemoros, 1992).

Task 1:

Invent a problem that contains: 2/8 + 2/4j

Fabiola wrote "Benito has 2/8 of apples and 2/4 of plums = 2/8 +

2/4 = 2/12.. Static text where, in spite of the situation of measurement

chosen, was absent the unit of measure. Likewise, both fractions were

referred to distinct classes of objects. Such inconsistencies in the

global elaboration of the text generated a lack of an interrogative

statement (because of the indicated components disabled the semantic

closure of the text, through a question). On an algorithmic level

Fabiola added the denominators as though they were natural numbers.

Task 2:

Invent a problem that contains: 1/2 - 1/4.

In the first attempt, FABIOLA wrote "Carlos has 1/2 kilo of

chocolates and 1/4 of candy" without getting to finish this text (the

operation was associated to distinct classes of objects and the first

fraction was related to a unit of measure). In the second attempt, it

emerged as a definitive text "Carlos has 1/2 kilo of chocolates and gave

1/4 to his brother. How much chocolate does he have left? 1/2 - 1/4 =

1/4". The final rectification indicates that the subtraction has

permitted FABIOLA to refer the operation to a unique class of objects,

for what she has identified satisfactorially a unit of measure.

Presumably, she could manage in an adequate manner the equivalence

between fractions required for the solution of the problem because both

fraction were very familiar to Fabiola.

The solutions presented by FABIOLA, in the context of word

problems, revealed certain instability (this characteristic was notably

accentuated in the exploraty questionnaire).
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Alternatively, FABIOLA selected distinct continuous whole and

subdivided them (according to what we demonstrated in Figure I). The

motives of the variations of one to another of the options were able to
be established with great effort, because she was very concentrated on

the particular designs and did not notice the great affluence of her own

thoughts. After a very extense dialogue and a very advanced development

of the task, we were able to find that she tried to obtain three parts
in the initial figures because "they are two quarters and one quarter
(that signifies two eighths )...they are three... three quarters". In

other words, recognizing three quarters as a result She was centered on

the numerator and intented to indicate three parts in the first square
represented and in the triangle that then was substituted by the final
square. (See figure I).

FIRST FIGURE SECOND FIGURE TH 1 RD FIGURE

A

PICTORIAL REPRESENTATIONS TIED TO TASK 3

FIGURE I

As soon as she could graphically place the complement of three
quarters (the part not marked of the last figure) FABIOLA developed the
final adequate representation. Later she marked with her hand, the

presence of "one eighth, two eighths... one quarter and one quarter" in
the last square; she wrote "3/4" as a result of it and colored in

"Egyptian style" each one of these parts (with four different colors).
Such shaded areas ratified what was stated by Kieren (1985), with
respect to the generative role of the unitary fractions (meaning the
ones that have numerator I). Many children of this group realized to
similar shades in other contexts.

Task 4:

How would you represent 1/2 - 1/4 with pencil and paper?

In the exploratory questionnaire we omitted the tasks of this
nature, considering the marked difficulties that brought about the
pictorial representation of subtraction. Here, we formulated with great
extent the requirement, giving more liberty to FABIOLA for the
interpretation of the consignment of work. In the first instance she
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wrote this text: "Juan bought 1/2 sheet of craft paper, but only used

1/4. How much paper does he have left?'
To orient her answers toward the pictorial representations and

their intrinsic difficulties, we suggested she make a drawing. FABIOLA

designed what we exposed in Figure 2. To give meaning to this pictorial

representation, she invented the next text: "Juan bought half of a

chocolate and only ate half of what he had, meaning one quarter of

chocolate".
This spontaneous resource added to her desing a dynamic model, in a

way not deliberate (drawings preserved sufficient ambiguity in spite of

having been organized as a sequence).

4

It

FIGURE 2

. .

z...
.. ..

Ali
NV

FIGURE 3

We asked Fabiola if she had something to add to the pictorial

representation (in Figure 2) or if it was established for another person

foreign to the interview could understand it. As a way of answering,

FABIOLA completed the drawing, as we show it in Figure 3. With such

epresentation, she identified with great clarity the unit of reference.

Task 5:

Demand of confrontation between Tasks I and 3

In this field, having to corroborate that the same addition of

fractions she has assigned different results (in the Tasks I and 3),

FABIOLA retreated inward in a strong conflict. FABIOLA ratified both

solutions and, trying to resolve the contradiction recently recognized,

she stated that "both fractions resultant of the addition" were

,quivalent, to justify such false statement. The girl was supported

exclusively in verbal formulations. We required her to support her

statement via creating a design.

Once again, in association with the pictorial representation

FABIOLA proved the unexistence of the equivalence between recognized

fractions in those tasks, as a result of the addition.

This circunstance revealed to us the strangth given by the pupil to

the algorithm that prevailed over the intuitive sureness brought about

from an adequate use of the pictorial representations (even though she
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expressed a non conventional algorithm and it was false, In this
task).

We suppose that a teaching based on those empiric evidences, will
propitiate in FABIOLA the generation of important meanings and proving
tools.

The instruction received by FABIOLA dropped such possibilities and
in this spontaneous dynamic confrontation, the intuitive support tended
to be subordinated to the algorithm in a context not appropiate for such
hegemony.

Tasks 9 and 10:

Use the blocks to represent in
this figure: 2/8 + 2/4.

Use the blocks to represent in
this figure: 1 - 2/5.

FIGURE 4 FIGURE 5

With respect to the manipulation of the concrete materials and to
the "active representations" involved, the Figures 4 and 5 showed the
respective final distributions of the colored blocks, mended to both

figures, by FABIOLA. Without showing evidence of difficulties, FABIOLA
went on comparing all existing blocks probing them over the worksheet
and decided upon such solutions. With this she demonstrated the ability

to generalize the domain manifested in the pictorial systems, from such
of another planes of concrete representation very close to the action.

CONCLUSIONS

About the use of distinct ways of representation articulated in the
integrated field of arithmetic language, FABIOLA could generalize a

recognition markedly intuitive of links and operations between

fractions, from the pictorial domain towards other symbolic concrete
representation systems.

So, such instruments appeared to conform the most fluid and

accesible processes, in this particular case.

Globally, these mentioned resources showed to propitiate the
identification of divisible units, the adequate partitioning that the
diverse tasks required, and the recognition of quantitative equi va
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relations. Such mechanisms were seen as seriously limited when the

beliefs sustained by FABIOLA, with reference to the algorithm, generated

contradictions in which resolution FABIOLA fell back on these false

convictions, in detriment of her own empiric evidences. The direction of

that problematic and the maximum unfolding of the mentioned intuitive

resources (in the direction suggested by Sastre, 1984), requires being

aboard through a efficient teaching.
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THE INFLUENCE OF CHILDREN'S CULTURE ON

THEIR PROBABILISTIC THINKING

raileatingi, Julian Williams
University of Manchester

Abstract

This research examines the influence of children's culture on their probabilistic thinking. In
the first stage 38 11-12 year old children were interviewed. The interviews included
discussion of their concepts of 'chance' and 'luck' , their beliefs and attributions, their
relevant experiences, and their probabilistic thinking. Interpretations of the concepts 'chance'
and 'luck' were varied, often not involving randomness. Several distinct types of reasoning
were identified. In some cases religion and superstitious beliefs appear to influence their
inclination to use probabilistic thinking. Certain heuristics and approaches were common:
the 'outcome approach', 'representativeness', 'availability', the 'equiprobability bias'. Some
children did not understand coins and dice as random devices. In the second stage, a
questionnaire will be administered in an attempt to further validate these results.

1. Literature and theoretical framework

The object of this investigation is to research the probabilistic thinking of 11 year old children
in their first year of secondary school, before any special instruction has begun, and how this
is affected by their 'culture'. We define the latter as their language, their experience and their
beliefs, and explore these in so far as they relate to probability and chance.

Piaget and Inhelder (1975; original in French, 1951) analysed children's thinking about
probability into the usual stages (pre-operational, concrete operational, etc.), culminating in a

formal understanding of probability through combinatorics. This structure to some extent still
holds good, and Green (1982), in a survey of 3000 secondary pupils aged 11-16 methodologically

inspired by the CSMS studies (Hart, 1981), showed how their development followed a
hierarchy which was consistent with this. But Green also concluded that most English pupils
finish secondary school without achieving the level of formal operations. Green found that
reasoning ability was the main significant factor associated with students level of
understanding, explaining 44% of the variance, whilst age group explained only 14%.

Another focus of criticism on much of Piaget's research, see e.g. Donaldson (1978), has been

targeted on the gap in communication which may develop between researcher and child.
Borovcnik and Bentz (1991, p.101) cast doubt on some interpretations of answers to commonly

used probability questions: "Seemingly false answers can be traced to such breakdowns in
communication rather than missing concepts." For this reason we adopted an open, flexible
interview format in trying to deduce children's patterns of reasoning and thinking.
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With Green's conclusion that most English 16 year old do not reach Piaget's 'formal' stage it is

not surprising that Kahnemann, Slovic and Tversky (1982) show how even adults reason in

situations of uncertainty using intuitive 'heuristics', which are rules of thumb which seem to

be developed to guide our behaviour in daily living. They are often used erroneously to make

mistaken judgments, which they refer to as biases, in probabilistic situations.
'Representativeness', which involves expecting a sample to be representative of its parent

population, and 'availability, which involves estimating odds according to memories of

similar past experiences, are just two which are relevant to children. Lecoutre (1992) added a

further important 'equiprobability bias' in which random events tend to be assumed to be

equiprobable by nature.

Konold (1989, Konold et al, 1993) suggests that in additional to normative, formal reasoning

and to reasoning with heuristics, people also reason in some situations ( e.g. when predicting

the weather) according to an 'outcome approach': they are inclined to view probability

inappropriately as 'operative', i.e. as attempting to predict the outcome of an event. This is

accompanied by a desire to seek causal explanations. In other words - people might be making

mistakes not in their probabilistic judgments, but in applying to a probabilistic situation

another type of judgment. In our research we will be checking to what extent do children

apply the 'outcome approach'. We will also examine to what extent are different situations

seen by the child as related to probability.

Fischbein (1975) showed that some intuitions (and biases) in young children's thinking are

important in helping (and hindering) their pre-formal probabilistic thinking. These intuitions

are a product of persorial experience (Fischbein, 1987) . A teaching programme can bring

significant improvement (Fischbein & Gantt, 1984). The tendency to look for causal_

explanations is noticed, and there is a suggestion that this might actually increase with age

given the existing way of teaching.

We hypothesise that all these heuristics, intuitions, inclinations and biases might be affected

by cultural factors. Influences of culture on cognition have been shown to be important in

general, (Holland and Quinn, 1987; Buscaglia, 1987). Saxe (1991) has shown how children's

experiences of sweet selling on the streets of Racife might have influenced their mathematical

thinking. Fischbein, Nello and Marino (1991) indicate that cultural influences on probabilistic

reasoning might be important. Phillips and Wright (1977) speculated that differences between

UK and Hong Kong Chinese students' inclination to take a probabilistic view of events might

he due to the relative 'fate-orientation' of Chinese culture.

It seems likely that 'availability' will be circumscribed by the frequency, strength or recency of

relevant experiences in culturally determined experiences and practices like gambling or

board games. We also expect that strong beliefs or attitudes to fate might influence children's
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inclination to view an event as 'random'. Children strongly causal in their view of the world
might be expected to adopt the 'outcome approach' to random events. Indeed, we wonder
whether children understand the term 'chance' in an appropriate way.

Our theoretical standpoint is therefore to view attitudes, beliefs, experiences and use of
language as the means by which culture might influence children's probabilistic thinking, (in
particular their attribution of events to chance, use of heuristics, level of understanding, and
use of an outcome approach ).

Our aim here is to find and describe examples of this. In the interviews certain types of
thinking, and certain stereotypes of students did indeed emerge.

2. Method

The first stage of the research included interviews. These were conducted for two main
purposes:

a) Building communication: clarifying main concepts used; trying out and modifying items
from previous research and new items; trying out interview techniques.
b) Trying an holistic approach: looking for patterns linking the different fields of the child's
probabilistic thinking, and between these and the child's culture. These patterns could lead to
hypotheses, with the intention of further validation in the second stage of research.

38 pupils were interviewed, all in their first year of high school (11-12 years old), from two
inner-city schools in Manchester. 33 were born in England. Of the parents - 20 children had

two parents born in England, 13 had two parents born elsewhere, and 5 had one of each. Of
families with one or two parents not born in England, 5 were born in Pakistan, 4 in Jamaica, 4
in Africa, 3 in the Far East (2 other ). Each interview lasted for about 45 minutes.

The interviews were not uniform, due to the need to develop suitable questions and
interview techniques, and due to the flexibility needed when an interesting aspect of the
child's thinking emerged, requiring clarification. The main topics discussed were:

Language related to probability, mainly - the concepts of 'chance' and 'luck'.
Beliefs and superstitions, and the system of attribution.

Background and experience related to chance.
' Specific questions in probability.

Although some quantitative analysis was done, the main emphasis remained qualitative, due
to the small numbers and non representative sample. The perspective was basically a case-
study perspective, trying to reach cautious generalisations as hypotheses for further research.
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3. Results

3.1 language

The pupils' understanding of what is meant by 'chance', 'things happening by chance' or 'tuck'
was very varied. Some of the main interpretations of chance were:
The possibility, or opportunity of something happening, that is to 'have a chance'. For

example:
Chess is analysed as a game of chance, because "you've got to try, and you've got a chance of winning and a
chance of not winning." (INTERVIEW NO 1)

Interviewer: Could you tell me what do we mean when we speak of "things happening by chance" in our
lives?
N.: Like - chance to become something.
1.: What do you mean by that?
N.: When you leave school and go to college or university, to become something. (INTERVIEW NO 24)

Something to do with uncertainty:
I.: What would be something that does NOT happen by chance?
R.: When you know what's going to happen.
Later weather is discussed.
R.: I'd agree that was chance, cause you wouldn't know. (INTERVIEW NO 31)

Something that just happens, without planning or intention:
A road accident? By chance I suppose... unless the driver is trying to kill the person, or the person that gets
run over is trying to kill himself. It's usually by accident if you stepped into the road in the wrong time; or
two cars skid - it's usually by chance. (INTERVIEW NO 22)

Some of the main interpretations of luck:
Something good or bad that happened, not necessarily random:
The discussion is about a computer game called lemmings':
I've got a sister, she's younger than me. She's not very lucky. You've got to use a mouse and she can't use a
mouse properly. So she's always killing these lemming. (INTERVIEW NO 21)

Example of luck: I got 39 out of 39 M a maths test. (INTERVIEW NO 6)

An unexplained, perhaps supernatural factor.
About dice: My sister is very lucky. She gets 6 eight times in a row. I sometime; get a 6 straight away,
sometimes I wait for ages... (INTERVIEW NO 2)

In many cases children used several interpretations of these concepts during the interview.

3.2 Beliefs

Beliefs appear to be the element of culture with the most influence on probabilistic thinking.

The pupils' beliefs were explored in several areas: their religion; their view of God's role In

the world; their superstitions; their attributions.
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Some pupils thought God controls everything that happens in the world. Others thought
God's control was partial - God controls the things He chooses to control. Others do not believe
in God, or think He does not control anything in the world.

Several of the pupils believed in superstitions, such as walking under a ladder, breaking a
mirror, lucky and unlucky numbers, black cats, etc. There were also beliefs directly connected
to coins and dice, like, for instance, that when throwing a coin 'tails' is luckier.

After clarifying what the child meant by the terms 'chance' and 'luck', it was attempted to
understand to what areas of life does he think these terms apply, i.e. where does he use them
as attributions? This is important as an independent goal, of seeing how chance is mapped in
the children's general view of the world. It is also important to see if random devices
commonly used by researchers and teachers (dice, coins, counters, etc.) are seen in the same
way by the children.

When discussing the broader issue, several contexts were used, such as road accidents, the
weather and success in sports, and their relationship to chance was discussed. The variation
in views was quite broad. For example road accidents were sometimes seen as known in
advance or even planned by God; they were mostly seen as controllable by people's behaviour;
some saw chance as playing a role.

Common devices used in probability teaching and research are dice, coins, counters, etc. It is
often taken for granted that children see these devices as random. But, quite a number of
children thought, in different degrees of certainty, that their results depend on how you throw,
or handle, these different devices. This was especially so with coins. Some associated this with
cheating; others - with experience; others could not explain why, but suggested some people

are luckier than others. Specifically - quite a number of children prefer 'tails' when tossing a
coin (9 of the 12 asked, as compared to 1 that preferred heads and 2 that did not prefer either),

some quoting the sentence 'tails, tails, never fails'. Most of these had no rational explanation
for this, with exceptions such as explaining that 'heads' sticks out, and so it is heavier, causing
the 'tails' result to be the more frequent.

A few pupils used God as their major attribution, others tended to use causal attributions, and

a few used chance a lot. As it will be shown later, these seemed to be types of reasoning modes,
used along a lot of their responses. But many pupils, perhaps the majority, could not be
described as revealing a consistent type of reasoning, but rather used a mixture of types.

3.3 Experience

Pupils' experiences seemed to be generally quite similar, regarding probability. All pupils play

28

279



board games with dice and computer games, few mentioned card games. There were
differences in the amount these games were played, but these didn't seem to be an important
factor in explaining differences in probabilistic thinking. Perhaps experience that you do not

reflect upon or discuss with someone does not influence concept building as much as could be
assumed. For example, a pupil describing himself as his football team's 'coin flicker' seemed to
have a lot of experience in flicking coins, but this did not diminish his belief that he could
manipulate the coins' results (even though when trying to show his abilities in the interview
- he succeeded about half the time... but he was still proud of himself!). Even so - experience

might influence the strength of an 'availability' heuristic, discussed in the next section.

3.4 Probabilistic thinking

Many of the interviews revealed application of heuristics. These sometimes caused the
children to see common random devices in a non normative way. Many children
remembered from their experience with board games waiting a long time for a '6' on the die,

often needed to begin a game. This made them conclude that it is harder to get a '6' than other
numbers (17 pupils). This could be thought of as an example of the 'availability heuristic
(Kahnemann et a1,1982). Sometimes this view did not emerge immediately, but only after

some probing.

Another common heuristic used, mainly in the context of coins, can be classed as
'representativeness' (14 pupils). For example, some expected that when you toss two coins you

will mostly get one 'heads' and one 'tails' (rather than two 'heads' or two 'tails').

Some children used equiprobability - but did so automatically, reflecting the 'equiprobability
bias'. For example - when asked about a raffle in a class comprising 16 girls and 13 boys, 10 out

of 23 interviewees thought a girl was just as likely to win as a boy. Part of their explanations
seemed to indicate a view that chance is 'naturally' equiprobable.

The 'outcome approach' was common in the interviews. In fact - a majority of the children
revealed this approach to some extent. For example - 16 out of 21 interviewees answered that

if after a prediction of 70% chance of rain it did not, in fact, rain - then the probabilistic
prediction was wrong.

3.5 Possible links between culture and probability

A crucial question in this study is - does culture play a significant role in the building of a
child's probabilistic thinking? Although, due to the nature of the interviews, this is not easy to

generalise definitely, we claim that such a role exists. Examples of influences are:
6 children with a high level of superstitiousness, leading to views of dice and coins as not
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equiprobable, without any explanation, and to crude, unrefined probabilistic thinking.
A child with a strong influence of religion (see discussion below).
3 children with a strong tendency to causality and determinism, in areas normatively seen as
involving randomness.
A child whose world of chance was dominated by tricks and suspicion.
A child with a view of chance that was extremely ' equiprobable', as in Lecoutre (1992).

This is not to say that these views are the main influence on the child's probabilistic thinking.

As shown in previous research (Green, 1982), ability is by far the major factor effecting
probabilistic thinking. But beliefs do seem to be an additional factor, leading to several types of

reasoning. The types that have been presented are probably not all existent types, and most
children probably reflect not a 'pure' type of thinking, but some kind of individual
combination. But this might be the link between culture and probabilistic thinking.

We will now present one detailed example of this type of possible link between a belief system

and probabilistic thinking. In interview no 2 religion seems to have a strong impact on the
boy's feelings toward chance. G. was born in England, and so were his parents. G's father is
head of a Nazarene theological college, serving in the past as a missionary in Africa, so G.
spent ages 2 to 5 in Africa. The result of these influences appears to be a mixture of rational
and irrational elements in his interpretation of events:
When I was in Africa a rolsonous snake almost killed my sister. By chance I came outside so I could tell
someone. But it was not luck, it was God. He saw that my sister didn't die. That wasn't chance... Fruit
machine, that's chance. I don't think God would like that..
I don't gamble... I'm against it. You just get ripped off. Most places are fixed.

So some things may look like chance, but are actually acts of God. Others - have a touch of evil

In them. This could explain G.'s answers about probabilities, revealing a mixture of fairly
correct knowledge with irrational ideas. Dice are seen on one hand, quite rationally, as
unpredictable:

You can't say what you will get. I sometimes get a 6 straight away, sometimes I wait for ages.

But on the other hand :
My sister is very lucky. She gets 6 eight times in a row... With two dice: there is more chance to get
different numbers. But my mum is good in getting the same number.

So C. seems to hold the Irrational belief that certain people (the 'good' people?) have better
chances than others when throwing dice.
In a question involving combinatorics G. reveals quite advanced combinatorics reasoning, but
still gives an unexplained preference:

I.: What number would you bet on when summingresults of two dice, a 3 or a 6?
G.: I'd bet on a 6, because there are three possibilities to get it (3,3 ; 4,2 ; 5,1) and 3 has only one chance
(2,1).
I.: And if you'd have to choose between 3 or 11?
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G.: it'll be difficult because both have one possibility. But I prefer 5,6.

So, to sum up, C. reflects a duality of rational with irrational ideas that seem to be influenced
by religious belief. The hypothesis that probabilistic reasoning is influenced by religious belief

will be one of those investigated in the second stage (questionnaires) of the research.

4. Conclusions

1. We have found that certain intuitions, approaches, biases and heuristics noted
in the literature take a strong and common form in 11 year old thinking, e.g. the 'outcome
approach', 'representativeness', 'availability', 'equiprobability'. Coins and dice may not be

understood by some children as random devices.
2 We have instances where individuals' reasoning appear to be related to their

beliefs about the world and events. A few stereotypes of religious, superstitious, causal and
suspicious thinkers emerged.

Further research might add to the list, test the reliability of these stereotypes and discover their
frequency in the population. We might also correlate the strength of these beliefs with the
different measures of probabilistic thinking, approaches and heuristic reasoning.
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AMORE MI CK CAN SR PENFORNED Ill THE LERNER'S INNG1NATION:

THE CASE OF NULTIPLICATION OF A FRACTION BY AN INTEGER

liana Arnon, Ed Dubinsky, Perla Nesher

Abstract
Two learning theories, both based on the work of Piaget, are brought
together to contribute to curriculum development, research, and teaching
mathematics to children of 7-12 years of age. The theory of Learning
Systems (Welsher, 1989) provides the curriculum developer with a
structure of learning units, using physical objects to teach
mathematics. The question "How does the learner become independent of
the physical objects?" remains without an explicit answer in this
theory. We suggest that the scheme of learning: Action - Process -
Concept (Dubinsky, 1991) provides an answer to this question. The
analysis is presented via an example: fractions in grade-four.

I. Theo:v aid the research question

Piaget (Piaget & Inhelder, 1958; Piaget, 1974; 1975; 1976) taught

that at the age of concrete operations, children learn and construct

abstract ideas while reflecting on actions they perform with their own

hands on physical objects.

The theory of Learning Systems (Nesher 1989), based on Piaget's

assumptions described above, provides the curriculum developer with a

structure of mathematics learning units which use physical objects. A

learning unit consists of a Knowledge Domain, an Exemplification Domain,

and a series of activities defined in the theory.

The Knowledge Domain consists of a collection of related

mathematical concepts which one aims to teach. For example: fractions

in grade four. The mathematical concepts discussed here are of four

kinds: new objects (such as fractions); qualities of these objects

(such as being greater than or smaller than 1); relations between the

objects (such as one fraction is greater, smaller, or equal to another);

and arithmetic operations on these objects (such as binary operations,

e.g. addition of fractions, unary operations, e.g. the expansion of a

fraction, or any n-ary operation, e.g. the average of n fractions).

The Exemplification Domain consists of the collection of physical

objects which we want to use when teaching the Knowledge Domain. The

collection should be carefully chosen according to two main criteria:

a) The objects should be familiar to the children in advance.

b) The collection should be as analogous as possible to the Knowledge

Domain: the mathematical objects should be represented by the

283 12



physical objects, on which one can check qualities and relations

analogous to the mathematical qualities and relations of the

Knowledge Domain. Furthermore, there exist physical actions

isomorphic to the arithmetic operations of the Knowledge Domain and

easy to perform in class, which represent the arithmetic operations,

and are taught, at least at the beginning, instead of numeric

algorithms. Such a physical action becomes
the definition of the

arithmetic operation it represents.

Example: a learning unit on fractions for grade four was planned

according to this theory, the physical objects being ready made circle

cuts representing a variety of fractions (1/2 , 1/6, 1/8,...1/10,

1/12, 1/16, 1/20), n cuts for each 1/n fraction. The Knowledge Domain

and Exemplification Domain of this learning unit will be presented in

detail in the presentation.

The Activities include three stages:

a) Activities within the
Exemplification Domain, emphasizing those

qualities of the objects which are relevant to the Knowledge Domain.

b) Activities which combine the Exemplification Domain and the Knowledge

Domain. The mathematical language and symbols are introduced at this

stage with their meaning in the Exemplification Domain: they are

defined and given meaning to in the terms of the Exemplification

Domain. Here is an example of a typical stage B activity: the child

is faced with the arithmetic problem 1/5 * 3 =. In order to solve

it, he or she takes three 1/5 circle cuts (three "times"(1) ),

arranges them in a consecutive array, which, according to the rules

of correspondence between the
Exemplification Domain and Knowledge

Domain, stand for the fraction 3/5. Therefore, the pupil offers 3/5

as the answer of the multiplication problem.

c) Activities within the Knowledge Domain: this is the stage where a

child acts without touching
the physical. objects of the

Exemplification Domain. They might even not be present any more.

A research question: how does the shift from stage B to stage C

activities happen? What brings about the learner's independence of the

physical objects of the Exemplification Domain?

1) Another meaning, frequently attached
to multiplication of a

fraction by an integer - the meaning "part of a quantity" -

is not dealt with in this research report.
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Dbindky (1991) suggests that every mathematical object is

constructed by a learner as a result of an action on objects (concepts)

previously constructed. The learning of a new concept starts with the

°Interiorization" of the action. Interiorization is one of the five

diffarent reflective abstractions defined in this theory:

Interiorization, Coordination, Reversal, Encapsulation and

Generalization.

Interiorization is revealed by two major characteristics:

a) The learner's ability to perform the action in his or her

imagination.

b) The learner's awareness of his or her action, including many of its

details. A high degree of awareness is expressed by the learner's

ability to describe his or her action verbally, and to feel free to

invent examples, problems and shortcuts of his or her own.

When the interiorization of an action is ccapieted the learner's

knowledge reaches a stage called "Process" in this theory. The next

stage in the development of a concept is the stage in which the learner

is already able to operate new actions on the process. The process (the

interiorized action) has become a concept. This stage is.brought about

by the reflective abstraction called by Ddbinsky "Encapsulation".

..1. I
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When joining the two theories, we add a new criterion to.the planning

of the Exemplification Domain in the Learning System theory. If in the

original planning the new mathematical objects of the Knowledge Domain

were represented by physical objects, according to Dubinsky's theory,

new mathematical objects have to be constructed by the learner via

actions on previously constructed objects. According to Piaget, for

children of ages 7-12 these objects should be physical. So, instead of

starting the learning with a collection of physical objects that

satisfies the above criteria, we start with an action: the action of

producing such objects. It is the action of producing a physical object

that stands for each individual mathematical object of the Knowledge

Domain (for example: a fraction), and not the physical object itself.

The learner will start working with ready made physical objects only

after there exist enough indications to the fact that the action has

been interiorizeld to a degree where the child knows, and can explain

verbally, how to produce each object.
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Example: in the unity for grade four, special tools were suggested

and produced, which enable the children to draw, with satisfactory

precision, circles divided into n equal parts, and shade k such parts.

This action was taught as representing a fraction k/n (greater than,

smaller than, or equal to 1). Other learning units, constructed for the

learning of further mathematical concepts related to fractions,

consisting of Exemplification Domains using collections of different

physical objects, were structured according to this principle: the

learning always starts with an action of producing a physical object.

This action is carefully chosen so that it serves as a definition of

the new mathematical object (idea) that is the main topic of the

learning unit.

III. The contribution of the Action - Process - Concept theory

to the research Question

An hypothesis was made: if a mathematical idea is taught via an

action on physical objects, the learner will stop using these objects

once he has interiorized the action to a degree that he can perform it

in his imagination, no longer
needing the actual touch of the physical

objects. The question raised within the Learning System theory, of how

the learner moves from using the
Exemplification Domain in order to

solve problems of the Knowledge Domain to acting exclusively within the

Knowledge Domain, is answered in the following way: at the beginning,

learners only seem to work exclusively within the Knowledge Domain. In

reality, they use an imaginary Exemplification Domain: when presented

with an arithmetic problem of the Knowledge Domain, they imagine the

necessary physical objects, act upon them in their mind's eye, produce

an imaginary physical result, and hand in an arithmetic solution (in the

mathematical language, analogous to the Exemplification Domain

terminology).

Do children really work that way? That is the question our research set

out to find.

Two grade .our classes of schools of similar children population

IA:armed fractions using two different sets of materials: booklets and

sets of physical objects.



One class used materials planned according to the principles of

Learning Systems: the set of physical objects consisted of ready made

circle cuts representing the fractions 1/2 ,..., 1/6, 1/8,...1/10, 1/12,

1/16, 1/20, n cuts for each 1/n fraction, each circle cut carrying its

appropriate fraction in print. This class is called Class A.

The second class used materials planned according to the combination
of the Learning Systems ideas and the Action - Process - Concept scheme:

the set of physical objects consisted of the same set of circle cuts,

except that here most of them did not carry printed fractions (an

important activity was to find out and write the appropriate fraction or
fractions). In addition, the set included circle cuts for fractions

with numerator greater than 1 (such as 3/4, 4/5). The last addition to

the set of physical objects, which, in our opinion, makes the most

significant difference between the two Exemplification Domains, was the
tool with which to partition a circle into n equal parts. This tool

enabled the learning unit to start with tha r^tion of drawing a

representation of a fraction in a circle, long before the ready made
circle cuts were first introduced in o'er's. The class using this

Exemplification Domain is called Class B.

Another difference between these two classes lies in the use of
numeric algorithms: in Class B actions on the physical objects were the
only methods introduced in class, either to solve problems, or as
reference in discussions. In Class A, at the beginning of grade five,

the teacher found it necessary to teach an additional method of solving

problems of multiplication of a fraction by an integer: the numeric
algorithm a/b * c = (a*c)/b .

At the beginning of grade five (after the summer vacation, and after

the learning of the numeric algorithm took place in class A), the pupils
of these classes were interviewed with the purpose of exposing the

degree of interiorization of some of the actions they learnt in these
learning units. We will describe some of the findings concerning the
arithmetic operation "Multiplication of a Fraction by an Integer" .

iblUilatlailMLUSILBUIWtthaialMillf1113ThSitant
No physical objects were present during the interview. The last

question of the interview was either 1/5 * 3 or 3 * 1/5. The children
were asked to explain their answers. If the pupils did not solve the

problem, or if they did not refer in their explanations to the physical
objects used in class, the interviewer gave what we will call The
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Prompt: she suggested that the pupils try to recall and refer to the

physical objects which were used in class.

V. Eindinos

Here are some illuminating
findings of the multiplication part of the

interview:

a) Many children of both classes used some numeric algorithm in solving

the problem. The source of such algorithms
for children who had not

been taught any is a matter of further research.

b) Some children used wrong numeric algorithms. The prompt enabled the

interviewer to find the origin of their wrong algorithm: it was

always the interiorization of a wrong action on physical objects.

c) Children who did not correctly solve the problem before the prompt,

but after it offered a correct answer followed by an explanation

relying on the physical objects, were found in both classes: five of

them in class 8, but only one in class A.

d) one girl offered a numeric algorithm, but spontaneously explained

that she did not solve that way,
but used an action on imaginary

circle cuts.

AllIMIFABSMIQttaletATISUM4211

The children's reactions were
analyzed according to their success in

solving the problem, their success
to do so with the help of the prompt

after having faired without it, and their ability to relate their

explanations to the actions on the physical objects. Following this

analysis, they were grouped into five categories described in the table:

wrong
answer
or
none

Category
Number and i of children

class A Class

a) no influence of the prompt 11 (39%) 7 (21%)

b) the prompt helps t., expose
source of misconception

2 ( 7%) 2 ( 6%)

c) after the prompt: improvement 2 ( 7%) 1 ( 3%)

d) no good answer before the prompt,
satisfying answer and explanation after 1 (3.5%) 4 (12%)

e) satisfying answer and explanation

without the prompt
12 (43%) 19 (58%)

total 28 13



All the children of the first three categories did not solve the

multiplication problem correctly. Yet the categories differ from each

other by the kind of influence the prompt had on the children. In the

first category (a) the prompt had no influence on them. In the second

category (b) after the prompt the children gave a physical object

oriented explanation. This explanation helped the researcher to

understand the source of their wrong answers. Category (c) is the first

category with children on whom the prompt had a real positive

influence: after the prompt they have improved their answer of the

multiplication problem, although not to a completely correct answer.

Category (d) is the category in which the influence of prompt is the

strongest: these children did not correctly solve the problem before

the prompt, but after it they offered a correct answer followed by an

explanation relying on the physical objects. In category (e) the

Children solved the problem correctly and offered a satisfactory

explanation without a prompt. The difference between the two classes is

Shown in the following figure:

60

0
C I

Categories

no ovidence of interiorisation intariorisod action

In this figure we can see that the section point between those children

Who interiorized the action of multiplying a fraction by an integer and
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those who did not is between categories (c) and (d). The line of class

B goes below that of class A to the left of this point, and above the

line of class A to the right of this point: in class B, where the

children worked according to the combined theories, the percentage of

children who achieved some degree of interiorization of the action is

higher than in class A. In terms of the research question we say that

in class B, where the teaching put more emphasis on learning via actions

which can be performed in the learner's imagination, more children

interiorized the multiplication of a fraction by an integer to a degree

where they became independent of the concrete objects (stage C

activities in the theory of Learning Systems).

VI. Conclusions

We believe that the evidence collected in this research indicates that

the solution suggested by Ddbinsky's scheme of learning to the question

raised within Healer's framework is effective: teaching fractions to

elementary school children using physical objects according to the

Learning Systems framework and the Action - Process - Concept scheme

seems to facilitate the child's prospect of becoming independent of the

physical objects, without the need to teach and memorize numeric

algorithms. Additional learning units on fractions have been developed

and are being tried out in the light of this paradigm.
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Summary. This study is framed in a wider analysis of the nature of algebraic language and of
its related cognitive processes, which has been carrying out by the authors. These analysis point
out the difference between "sense" and "denotation" of a symbolic expression as a key element of
algebraic thinking in problem solving: this distinction and the mutual interaction of the two poles
are investigated more deeply. Particularly, the report focuses on the relationship between sense and
denotation during the process of naming, that is the process of assigning names to the elements of
the problem. An analysis of the process and of the difficulties met by students is given through
examples; evidence is given about the crucial role of the naming process in determining the success
of the solution.

Introduction.

In a previous work (Arzarello-Bazzini-Chiappini, 1993) we have analysed the nature of
algebraic language distinguishing between sense and denotation in an algebraic
expression and we have identified the activation of frames as the driving force of
algebraic thinking in problem solving. In this report we analyse more deeply the
relationship between sense and denotation in the knowledge domains where algebraic
representation is used. Particularly we focus on the so called process of naming, which
makes possible incorporating and clarifying the sense of a problem into the system of
algebraic representation.

This process is typical of algebra and constitutes a breaking away with arithmetic.
Thus it is a novelty for students, as well as it represented a novelty in the historical
development of the discipline. At this regard let's remind the work by Viete, who
emphasised the crucial role played by the process of predication in analytical methods
("Logistica numerosa est quae per numeros, Speciosa quae per species seu rerum formas
exhibetur, ut pote per Alphabetica elemental.

In contemporary literature on algebra learning (Chalouh &Herscovics, 1988;
Chevallard, 1989; Kieran, 1989) there is evidence that much work towards solution is
done, once a good process of naming has been produced by the subject .

It is equally clear that many troubles are rooted in the students' incapability to
construct suitable formulas, which should incorporate the meanings of the objects
involved and their mutual relationships. Such difficulties have different reasons, as recent
research has pointed out: for example the epistemological difference between arithmetic
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and algebra (Chevallard, 1989), obstacles due to the gap between procedural and
relational aspects in formulas reading (Arzarello, 1991; Linchevski&Sfard, 1991; Sfard
1991), didactic cuts between levels of complexity in using formulas (Filloy&Rojano, 1989).

For many students there is an objective difficulty in coaching their stream of thinking
in order to condense the most relevant aspects of a given problem into a formula.

The process of naming: a theoretical analysis
The process of naming consists in assigning names to the elements of a problem and is

aimed at constructing an algebraic expression able to make explicit the sense of the
problem. It implies the activation of a frame and of the dynamic relationship between
sense and denotation of the algebraic expression within the frame (see below and
Arzarello-gazzini-Chiappini ,1993).

In the naming process the role of constructing and interpreting letters (variables or
parameters) is crucial. Letters can be used to give a name to the extra linguistic elements
(mathematical or not) which are involved in the problem and to emphasise the
relationships among the elements within an algebraic expression. The choice of names to
designate objects is strictly linked with the control of the variables introduced. In this
process, one main difficulty, especially for novices, derives from the impossibility of
sustaining the stream of thought using natural language: in fact, it is very unusual that
algebraic formulas are a linear stenography of what is expressed by means of natural
language.

Let us consider as an example the following problem.

Problem: By means of a good choice of names to designate two subsequent odd numbers, show
that their sum is a multiple of 4.

Experiments carried out with students attending junior secondary school (11-14 year
old) and University courses have revelled similar typologies of errors:

* X 4- y

* 2h+1+2k+1 or 2h+1+2k+1+2 instead of 2h+1+2h+3;
* moreover, a high percentage of students made only arithmetical checks.

The example shows that some students, who can express the relationships among the
elements of the problem using the natural language or the arithmetic code, are unable to
express them suitably by means of the algebraic code. More specifically, they are unable
to use the algebraic code as a mediator between the identified goals of the problem and
the qualitative and quantitative relationships among its elements. In fact, they are unable
to express the algebraic sense of the problem in adequate algebraic terms. By "algebraic
sense of a problem" we mean the clarification of the relationships among the elements of
a problem that the problem exhibits when is interpreted according to the rules of the
algebraic language.
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A good mastery of the algebraic code consists in the capability of incorporating the

sense of the problem into an algebraic expression.

The process of naming is highly influenced by connotative aspects, when the subject

stresses some specific properties, because of their adequacy with the aims of the problem.

Connotation is thus highly connected with anticipatory and heuristic aspects;

connotative features are important insofar as they feature the starting point of the

thinking process towards the aims.
From the very beginning, good solvers have usually a glimpse of a possible path, and

put it implicitly in their first trials of naming; usually they are able to incorporate the

relationships among the elements and prefigure transformations apt to reach the solution.

Not so for novices, who proceed more randomly while choosing and naming variables:

their naming is weaker and often superficial, in any case not linked with anticipatory

aspects but rather influenced by rigid stereotypes.

Sometimes the process of naming is impoverished or blocked when the subject

constructs or interprets symbolic expressions in a rigid way, without understanding the

complex and flexible relationship between sense and denotation. As a consequence, this

subject usually does not grasp the potential of the algebraic code, i.e. the possibility of

incorporating different properties within the names. The name becomes a rigid

designator and may be an obstacle to algebraic reasoning since It inhibits flexibility, which

is a basic support of the functions underlying the use of algebraic language.

In order to better understand such difficulties, we need a more detailed analysis of

the meaning of algebraic expressions.

In our previous work
(Arzarello-Bazzini-Chiappini, 1993, 1994) we have referred to

Frege's semiotic triangle to distinguish between sense and denotation of an algebraic

expression. More precisely, we call "denotation" of a symbolic expression in algebra the

number set that is represented by the expression. It is determined by the symbolic

expression and by the universe in which the expression is considered (for example the

equation x2+1=0 denotes the empty set when it is considered in R and the set (+1, -i) when

considered in C).
On the contrary, the sense consists in the way the denoted set is given through a

symbolic expression. In Mathematics, as well as in natural language, it is not difficult to

find expressions whose senses are different but have the same denotation: for ex., both

"the least prime number" and "the least even number" denote the same number, even if

their sense is different.
Moreover, the same expression may have different senses.

A first one is given by he way the algebraic expression incorporates in its signs a

computational rule, by which the denoted set can be obtained: we call it "algebraic sense

of an expression". For ex. the expressions 4x +2 and 2(2x+1) mean different
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computational rules, and thus they have different algebraic senses, but denote the same
number set.

But in a symbolic expression it is also relevant its reference to a specific knowledge
domain: we call it "contextualized sense. In this frame the contextualized sense of an
expression can be seen as a mapping between the culture of the knowledge domain under
consideration and the syntactical structure of the expression, where its algebraic sense and
its denotation are incorporated . A given expression may have different contextualized
senses, without that its algebraic sense changes: for example 2(x+1) may be interpreted as
the double of a number or as the area of a rectangle whose sides measure 2 and x+1.

Typically, in algebraic problem solving, the same expression can be used to solve
different problem.a. its algebraic sense is the same but its contextualized sense may change
very deeply. That's why. the process of naming is crucial: in fact it is successful insofar it
allows to grasp the algebraic sense of a problem by the algebraic sense of an expression,
which reflects the meaning of the problem by means of a suitable contextualized sense.
From this point of view, our use of such notions as sense and denotation is near to
Vygotsky's distinction between "reference" and "meaning" (1962). In fact, Vygotsky's
theory of concept development shows how the child's grasp of the "meaning" or "mode of
presenting" of words changes from purely perceptual criteria to purely conceptual or
symbolic features. This distinction is critical for understanding how the levels of
generality expressed by words contribute to the levels of generality expressed by a
sentence. Similarly, we can speak of levels of generality of symbols and expressions in the
language of algebra, namely when naming is used in algebraic expressions in order to
generate a contextualized sense suitable to grasp the sense of the problem.

The process of naming: an experimental study
This study has been designed to investigate the role of naming in the solution process.

We have conjectured that the dynamics made active by students while solving problems
highly depend on the process of naming and on the connotative aspects which
characterise such process.

A sample of 70 undergraduate students in Mathematics at the University of Turin and
a sample of 67 students (age range: 16-18) attending a scientifically oriented high school
(Liceo Scientifico) in Pavia have been engaged for the study.

All students have been required to record their reasoning while solving problems as
faithfully as they could. They have been informed that their findings would not be
assessed according to the common standards at school.

Here is an example of a problem, which has been administered to the students
individually:
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Show that if you add to a number of four figures the number obtained reversing the order of)

iiier : (ex. 1235 + 5321) you get a multiple of eleven.

Strategies have been classified according to the types of naming and the activated
frame as shown below. We have adopted the notion of frame, as introduced in Artificial
intelligence: i. e. a structure of data that is stored in memory and is able to represent
generic concepts or stereotyped situations.

Types of naming:

N1 The position value of the figures is pointed out by means of the polynomial
representation (abcd = a103 + b102 + c10 + d)

N2 The position value of the figures is not pointed out (the number is represented as
abed).

N3 Others

Types of frame:
Fl Multiple of 11; F2 Criteria of divisibility by 11;

F3 Divisibility of polynomials; F4 Arithmetical checking

If both the process of naming and the activation of frames are taken into account, four
major strategies are identified:

S1 ( N1 ; F1) or (N1; F4+Fl) ; S2 ( N1; F3) ; S3 ( N2; F2) or (N2; F4+F2 ) ; S4 (N3; F4)

Here we report some typical protocols of these strategies:

TYPE Si

abcd = a. 103 + b 102 + c 10 + d
dcba d 103 + c 102 + b 10 + a
abcd + dcba = (a+d) 1000 +(b+c) 100 + (c+b) 10 + (d+a) 1

(a+d)(1000+1) + (b+c)(100+10) =

(a+d)1001 +(b+c)110

--> I have found that (a+d) is multiplied
by 1001, which is a multiple of 11 and

also 110.

--> I think I have found the solution .
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TYPE S2

a =A.103+ B.102 +CIO +D
b = D103 + C.102 + 1310 + A I try to write the number in this form,

otherwise if I write
a=ABCD, b=DCBA 1 cannot add

a+b = (A+D) 103 + (B+C) 102 + (C+B) 10 + (A+D)

(A+O) 103 + (B+C) 102 + (C+B) 10 + (A+D) 110 +1

-(A+D) 103- (A+D) 102 I

I (A+D)100 +I(B+0-(A+13)]10+(A+D)
[(B+C) -(A+D)] 102+(C+B) 10 I

[(B+C) -(A+D)] 102- I(C+B) - (A+D)1 10

(A+D) 10 + (A+D)
(A+D) 10 - (A+D)-------

I/ the remainder is zero: so a+b is a multiple of
11

TYPE S3

[The student checks the property with numbers]
1235 1 try to see if there is any simmetry

5769 I try with numbers >5

I have simmetry only if the sum of the figures in each number is <10

abcd
dcba

(a+d) (b+c) (c+b) (a+d) if (a+b) and (b+c) <10
(a+d) + (c+b) = (b+c) + (a+d)

If I have 4 figures in the result the sum of the first and of the third figure equals that of the
second and of the fourth figure.

The strategy classified as Type S4 is exclusively based on arithmetical checks, which,
taken by themselves, do not stimulate a more general reasoning.
The following table compares the type of strategy adopted and the percentage of success.
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University Students
Chosen Success

High School Students
Chosen Success

SI 33% 96% 73% 100%

S2 8% 83% 0%

S3 32% 0% 18% 0%

S4 18% 0% 9% 0%

Discussion
The strategy Si is the most common in both samples, even if the percentage of high

school students overcomes that of university students. We observe here a good naming
which allows the solution quite easily. Also the strategy S2 is successful : it shows a good
naming and a good mastery of anticipatory thinking. It was only adopted by a small
percentage of university students and it is absent in the sample of high school students.

The strategy S3 and S4 were totally unsuccessful for both samples.
In the example reported above (type S3) the student has the flexibility necessary to remind
possible carries, but the bad naming (which does not make decimal powers explicit) and
the anticipation of some possible symmetry inhibits her from guessing a possible solution.

The results we got show very clearly the crucial role of naming in the solution of the
problem. As conjectured, a good mastery of this process is linked to anticipatory aspects
and allows the subject to orient the solution process in view of the aim of the problem. On
the contrary, rigid designators can hinder or block the process. In our case one main
block was constituted by the number written as a sequence of letters without any
connection with their decimal value. In no case this led to success.

It is interesting to observe that the two frames Fl, F2 are somewhat similar and correlate
sensibly with the type of naming: in fact NI, N2 facilitate respectively the frames Fl, F2.

The former (namely strategy S1) allows students to enter into the problem in a very
transparent way. The latter (namely strategy S3) drives students towards the use of such
automatic rules as criteria of divisibility by 11. In this case the semantic control is less
easy. In fact the reasons why one must add the odd and even figures to check if a number
is divisible by 11 are very obscure for most students.

The results we obtained in the above mentioned problem are confirmed by the analysis
of solution processes in other problems. Rigid designators show the student's incapability
to use algebraic expressions as flexible thinking tools; as such, the algebraic code loses its
representative function. Hence students do not see the different senses of formulas and
use them in a purely instrumental way.

Conclusions
The experiments we have carried out at pre university and university level have

revealed that many students still have difficulties in the use of algebraic code, even when
facing easy problems. On the ground of these persisting difficulties, we have come to the
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conclusion that learning how to use the algebraic code correctly and meaningfully could
only be the result of a long cognitive apprenticeship during which the student learns to
separate the representative function of the algebraic code from the purely instrumental
function. Then he learns how to incorporate senses in algebraic terms and expressions,
senses which have to be adequate with the problem situation.
Of course, we should not forget the risk that the teacher and the learner interpret algebraic
expressions in different ways. On the one side, the teacher combines sense and denotation
according to the problem situation and is able to use the representative function of
algebraic language as a semiotic mediator. On the other side, the beginning learner is not
able to master suitably the representative function of algebraic language, that remains at a
very instrumental level. In short, he does not control the sense of expressions and uses
names as rigid designators. In this phase the risk of misunderstanding between teacher
and learner is very high and can easily induce misunderstandings in learning.

Taking this issue into account should be the basic ground for designing activities
oriented towards a meaningful learning and use of the algebraic code.
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An Investigation of Different Approaches to Usim. a Graphical
Spreadsheet
Richard Beare

Department of Science Education, University of Warwick, Coventry CV4 7AL, U.K.

Abstract
An experiment is described involving students using a graphical spreadsheet in three
different ways, labelled 'prescriptive' , `constructivist. , and 'open-ended . The clear
superiority of the constructivist approach is described and theoretical reasons for
this are discussed. Specific difficulties that students have with using graphical
spreadsheets are briefly described and discussed. Recommendations are made
regarding the optimum educational use of graphical spreadsheets.

Introduction
Spreadsheets with advanced graphical capabilities have been around for several years
now and their educational potential in a range of subject areas has been widely
recognised, (e.g. Beare, Hewitson and Stephen, 1993, Healy and Sutherland, 1991).
Apart from their graphing capabilities spreadsheets are characterised by the dynamic
represention of algebraic relationships and the ability to replicate formulae in order to
represent iterative processes. Amongst the perceived pedagogic benefits of
spreadsheets as learning tools is their ability to support a variety of learning styles
including, especially, open-ended investigative learning, in which the student has a
large measure of control and ownership of the learning process, (e.g. Beare, 1992).

The most important criterion for using software for aiding learning is that it actually
aids learning in some way, and with an investment of time, money and computer
resources that makes it all worthwhile. We therefore need to know: 'In what
pedagogic situations can spreadsheets enhance specific types of learning?' and 'How
can spreadsheets best be used in these situations?' This paper describes an
experiment to measure the benefit of using one particular graphical spreadsheet as a
simulation, and to compare three quite different ways of using it. However many of
the conclusions are relevant for spreadsheets in other contex:s and also for other
types of software with graphical output.

Description of the Experiment
A spreadsheet was designed to compare two different types of growth pattern for
biological species, known as r-selection and K-selection. It was used with 56 first
year teacher training undergraduates on an 'Ecosphere' course whose main subjects of
study were either Biology or Geography. None of the students had studied the topic
previously and it therefore made a good choice for the experiment since no students
had prior knowledge which would have influenced the experimental results. Before
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working with the spreadsheet the students had a one hour lecture from their usual
lecturer on r- and K-selection. They had been randomly assigned to three different
seminar groups, and were given different sets of instructions for using the
spreadsheet (loosely) labelled 'prescriptive', 'constructivist' and 'open ended'. The
students had to give written answers to the questions on their worksheets and these
were analysed together with their answers on a pre-test and an identical post-test, to
learn as much as possible about how they used the spreadsheet and how their
cognitive understanding was developing.

It is necessary to outline a few of the ideas involved. See any Ecology textbook for
details (e.g. Krebs 1985). r-selecting species are 'opportunist' and rapidly increase in
numbers in favourable conditions, e.g. aphids (like greenfly) in a greenhouse.
Typically they are small in size, live a short time, reproduce rapidly devoting a lot of
energy and material to reproduction, and are poor competitors for resources such as

food and space. K-selecting species reproduce relatively slowly, but out-compete
other species, producing a stable equilibrium population. They are sometimes called
'equilibrium species', typically are larger in size, live longer and devote less energy
and material to reproduction. Oak trees and elephants might be good examples.
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Figure 1: idealised growth curves for r and K-selecting species

Idealised growth curves for the two types of species are shown in figure I. The

growth curve for an r-selecting species is exponential at first, finally crashing when
circumstances change (e.g. temperature suddenly drops). The growth part of the

curve is described by the differential equation
dN = rN where r is the growth rate
dt

constant and N is the population density. The idealised growth curve for a K-
dN K N

selecting species is given by the equation = rN() where K is a positive



constant called the 'carrying capacity'. Initially the growth is almost exponential but
it soon slows down as individuals compete for resources such as food or space and a
final equilibrium population density equal to K results.

The spreadsheet calculated idealised growth curves for an r-species and a K-species.
These were labelled 'A' and 'B' and and plotted on the same axes. Students could
alter the values of r for both species, the population at which the r-species crashed,
and the value of K for the K-species. The spreadsheet was written using the Warwick

Spreadsheet System (based on Microsoft Excel) (Beare,1993) and this enabled the
students to superimpose different growth curves quickly and easily.

During the 1:;:ture the students had been introduced to the biological differences
between the two types of species and their different growth strategies and growth
curves, but without any mathematical explanation or analysis. At this stage 'r' and
'K' for them were simply descriptive labels for two different types of species. Tall
(1989) has suggested p useful term for analysing the conceptual frameworks or
cognitive structures involved. He says: We shall use the term concept image to
describe the total cognitive structure that is associated with the concept, which
includes all the mental pictures and associated properties and processes As the

concept image develops it need not he coherent at all times In the present case
elements of both biological and mathematical understanding would be needed to
fonn a complete concept image of r and K-selecting species. The spreadsheet was
intended to help develop the more quantitative aspects and to help make links
between different conceptual components, biological and graphical, (but without any
knowledgo,of the underlying differential equations used).

K-selection
(0 imagine a population of bluebells in deciduous wood. When first observed

they have an average density of 1 plant per square metre. Assuming that the
bluebells are K-selecting and the wood has a carrying capacity K of 12 bluebell
plants per square metre sketch the kind of population growth curve that you might
expect using the axes below. Label your curve 'A'.

(3). Suppose that the carrying capacity K is limited by the available space. Sketch
a second curve to show how the bluebells would grow in numbers if half the
available space was already occupied by daffodils. Label this curve 'B'.

Table 2: Extracts from the identical pre-test and post-test.

To make the students apply the ideas involved, rather than just recall information, the
questions on the pre-test and identical post-test related to two specific (idealised)
situations that were different to those the students 'investigated' using the
spreadsheet. For the r-selecting and K-selecting species respectively, these were
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aphids in a greenhouse and bluebells in a deciduous wood, rather than dandelions on

a recently cleared plot of land and elephants in the bush. This prevented students
transferring what they remembered from the spreadsheet to the post-test answers

without thinking about the conceptual ideas involved. Two typical questions on the

test are shown in table 2.
The students worked in pairs at the computer so that they would have to clarify their

ideas by communicating with each other. Students could alter parameters such as r

and K on the spreadsheet and observe the resulting changes on the growth curves and

they could also superimpose different curves. Each of the three groups of 18 to 20

students was given a worksheet for use with the spreadsheet with a different set of

instructions so that although they all investigated the same aspects of the growth

curves they had to take different approaches. The specific wordings at the top were:

Prescriptive: Go through the numbered instructions and questions in order. Record

any answers required in the spaces provided.

Constructivist: Before carrying out each investigation I would like you to try and

predict the outcome of it and give reasons for your prediction. Record these things

in the spaces provided. Afterwards record your findings. If they differ in any way

from your predictions try and modify your explanation to account for the differences.

Open-ended: Before carrying out each investigation think about how you are going

to carry it out. In some cases the approach might he quite obvious; in other cases it

may require some thought. After carrying out the investigation give a short

explanation in the spaces provided of how you went about the investigation and what

you expected to find, what you actually found out and what your conclusions were.

Having to record observations on worksheets which were subsequently collected in

and analysed was important. It directed students attention to specific aspects of the

situation being modelled and ensured they actually observed them. Analysis of

worksheet answers in conjunction with the pre- and post-test answers showed what

students actually did with the spreadsheet and gave useful insights into individual

students' cognitive structures and processes as will be made clear below.

Discussion of Prescriptive, Constructivist and Open-ended Results

The prescriptive group were told what values to try, and asked to answer specific

questions, such as 'What final equilibrium density does the elephant population

reach ?' rhe constructivist group and the open-ended group were given identical

questions to investigate, e.g. 'Investigate the significance of the carrying capacity K

for the growth curve [for elephants)'. Unlike the prescriptive group they had to

decide for themselves what values to try and what to look for. The constructivist

group had to think about what they expected to happen first and then make a
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prediction. They then recorded their observations using the headings prediction,
reasons, observations, modified explanation if any differences. The open-ended
group on the other hand did not have to make specific reasoned predictions. Their
observations were recorded using the headings how we went about the investigations
and what we expected to find, what we observed, our conclusions.
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Figure 2: Percentages of students increasing their scores on initially wrong
questions. Graphical questions are arrowed. Half right answers count 0.5.

Prescriptive
Group

Constructivist
Group

Open-ended
Group

Graphical questions 31 (41) 68 (34) 39 (50)
Non-graphical questions 17 (69) 23 (81) 16 (87)
Table 3: Overall percentage increases for initially incorrect graphical and non-

graphical questions within the three groups (sample sizes in brackets).

Of the total of 13 pre and post-test questions, 6 (3 r and 3 K) tested graphical aspects
of understanding by asking the students to sketch growth curves, and 7 tested non-
graphical aspects (e.g., the environmental or biological factors that might influence K
for bluebells in a wood). Answers to individual questions for each student were
graded I (for correct), 0 (for incorrect) and 0.5 (for partly correct). A spreadsheet
was used to calculate the percentages of students in each group getting each
individual question correct having previously got it incorrect. In this way, the
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effectiveness of the spreadsheet exercise in improving understanding could be

compared question by question for each group separately, taking into account only

those students who did not initially know the correct answer. In this way inherent

differences between the 3 groups were largely eliminated. See figure 2 and table 3.

Overall the spreadsheet exercise was quite successful in promoting understanding of

growth curves. On graphical questions the constructivist group improved about

twice as much (68%) as the other two groups, with the open-ended group (39%)

doing a little better than the prescriptive group (31%). On non-graphical questions

the increases were less, as one would expect, but with the constructivist group still

faring best, although by a smaller margin. The clearest message emanating from this

is the superiority of the constructivist approach to using the spreadsheet as compared

with the prescriptive and open-ended approaches. The key element in this is making

a reasoned prediction before each investigation. In order to do this they had to

reflect on their own understanding.
This is illustrated in figure 3. The broken lines indicate the traditional pedagogical

methods of observing, scientific experimention and using analogies in teaching

understanding of phenomena in the real world. The thin solid lines refer to using a

graphical spreadsheet as a simulation to teaching scientific understanding. Assuming

that students are able to interpret the spreadsheet-generated graphs correctly, the end

result of this process is knowledge of how the real world behaves in specific instances

(e.g. a bluebell population in a particular habitat) rather than understanding.

For students to understand this behaviour in terms of more fundamental knowledge

and understanding it 'is necessary for them to reflect on their own understanding.

This is indicated by the thick solid lines in figure 3. The constructivist group were

forced to do this through the predict with reasons - observe - explain any differencies

sequence. The open-ended group were also asked to say what they thought would

happen, but without basing their predictions on any reasoning. They could simply

guess without any thought being given as to why the graphs would change in a
particular way and given the natural human tendency to take the easiest path this is

exactly what they did in almost all cases as their written worksheet answers showed.

The prescriptive group were able to simply observe without any thinking at all.

Graphical and other specific difficulties experienced by some students

Six specific difficulties experienced by some students were discovered from analysis

of their worksheet answers and those on the pre-test and post-test but space only

permits a brief mention of these. Details will be found in Beare (submitted). These

difficulties can all interfere with the effectiveness of a graphical spreadsheet as a

learning tool and this has been indicated by the question marks in figure 3. The first
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Figure 3: Cognitive Processes Involved in Using Simulations as Learning Tools
(letters in parentheses refer to students' difficulties mentioned in the text)

two difficulties are graphical in nature and can prevent students observing adequately
the behaviour of the computer model: (a) difficulties with observing, recalling and
interpreting the shapes of graphs and (h) difficulties in recognising the quantitative
features of graphs. Much of the research on children using graphs has either
concentrated on the mechanics of graph-plotting and reading values rather than the
interpretation of graphs as a means of communication, or it has introduced distracting
extra problems of interpretation, (e.g. Kerslake, 1981 and Bell et al., 1985). The next
three difficulties are ones students have developing higher-order more generalised
abstract concepts front specific situations and these can prevent students drawing
conclusions about the behaviour of real world phenomena from the behaviour of a
computer model: (c) taking graphs at face value rather than interpreting them in
terms of the underlying processes they are intended to represent, (d) difficulties in
generalising graphs from specific numerical examples and (e) difficulties with
deriving generalised concepts from specific situations. Finally: (f) a lack of
adequate basic understanding of the underlying scientific ideas prevented some

305 54



students reflecting adequately on the processes being modelled by the computer so
that their understanding could develop.

Conclusions
Figure 3 makes it clear that a number of separate processes are involved in the
effective use of a simulation based on a computer model. The experiment described
in this paper pinpoints some of the ways in which these processes may fail to occur
and shows the steps needed to ensure that they do in fact happen so that effective

learning takes place. First of all the constructivist approach with a predict with

reasons - observe - explain any differences sequence helps force students to reflect

on their understanding of how the how the real world behaves in terms of more
fundamental knowledge and understanding. Secondly specific steps need to be taken
to ensure that the specific difficulties mentioned previously are circumvented: (i)
help and practice with interpreting the shapes of graphs correctly, (ii) help and

practice with the quantitative interpretation of graphs, (iii) help and direction in
making the links between the understanding of a phenomenon and its graphical

representation, (iv) help with Identifying generalised patterns from specific
examples, and (v) a pedagogic approach that links use of a computersimulation to

understanding of what it represents (either beforehand afterwards or concurrently).
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DEVELOPING A COMMUNITY OF RISK-TAKERS'

Terry Peluso, Cambell Union High School District, San Jose, CA USA
Barbara J. Pence

Joanne Rossi Becker
San Jose State University, San Jose, CA USA

This paper provides a small.scale evaluation of a high school mathematics teacher staff
development project which aims to support teachers as their schools implement de-trot ing and put
all ninth grade students in algebra 1. Two forms of data are reported here: results from three
administrations of an instructional Practices Scale (n :.27) and results from a two hour finws
discussion group with five teachers from the first rear of the project. Roth forms of data we used
to identify those aspects of the program which pare had the most impact on teachers' beliefs and
classroom practices. Areas in need of lurther dewlopment to support teachers as they implement
innovations in curriculum and instrm line are &termed.

Background

This study is part of an ongoing series of investigations by Becker and Pence (1990a;

90b; unpublished manuscript) about inservice education for secondary teachers. Although there

is a large txxly of literature in the areas of learning and teaching mathematics, little is known in the

field of teacher education in mathematics. In the last edition of the Handbook of Research on

Teaching, the chapter on mathematics education (Romberg and Carpenter. 1986) hardly mentions

research on teacher education. As Grouws (1988) pointed out, there is little information available

about the 0 mill design features 01 inservice education programs which maximize changes in

teacher beliefs and classroom behavior. Grous has called for studies which locus on the impact

of carious features of inservice education on classnxim practice. In previous work, Becker and

Pence have found that although changes in teacher beliefs about mathematics and its teaching may

be necessary for changes in (cache' behavior to occur, such changes may not be sufficient. This

paper extends that previous work apt includes a nest methodological approach to better ascertain

the impact of the program on participants.

Program Description

The project discussed here, "Building Bridges to Mathematics for All," is an extensive stall

desclopment project with four main components: an intensive summer institute of 13 days; live

days of followup sessions during the academic year; classroom coaching; and materials purchase

for participant teachers. The project is part of a collaboration with Equity 2000, a College Board

initiative which aims to increase the attendance and graduation rates of students traditionally

underrepresented in college in the US: students of color and low income students. In a study of

students' collegeattending rates, Pelavin and Kane (1990) found that, among students who had

I This reseatch was supported by a grant from the California Postsecondary Education Commission under the
liisenhower program for mathematics and science education The views expressed here represent those of the authors
alone
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completed geometry in high school, college attending rates of Hispanics and African-Americans

were very close to those of European-Americans. Therefore one of the strategies Equity 2000 is

pursuing in cooperating schools (16 schools) is to have all ninth graders (11,000) enroll in at least

algebra I by 1994.

As the schools implement this bold initiative, it is clear that staff development for teachers

is just one component of the support needed. Figure I shows the other components of the Equity

2000 program. In this paper weare concerned with the staff development done with the high

school teachers; this is outlined in Figure 2.

The goals of the staff development include the following:

Teachers %%ill learn new ideas about how students learn mathematics. They will change

their instruction to a constructivist, student-centered one using a variety of instructional

modes and they will learn to serve a diverse student population.

Teachers will learn how their expectations of student achievement can make a critical

difference on student achievement and what their role is in achieving educational equity for

all students.

Teachers will learn new content and learn to extend content across topics and strands as

needed for implementation of integrated courses I and 2.

EQUITY 2000

MATH
INSERVICE

'ELEM. IMIDDLE H.S.

FIGURE I
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FIGURE 2

MATERIALS

The summer institute of the high school program involved the teachers in two types of

activities: traditional workshops, and visits to summer bridge classes for incoming ninth graders in

which they could observe exemplary teachers working with the type of students they themselves

would face the following Fall. The observations focussed on a number of topics, Including: use of

sheltered instruction with limited English proficient students; use of manipulatives to develop new

concepts; and use of technology. Topics for the workshops included alternative approaches to

teaching algebra, sheltered instruction, alternative assessment, use of technology (especially

graphing calculators), and equity. Each teacher received a graphing calculator, and over the three

years of the project all participating schools will' receive a class-set of graphing calculators with an

overhead one included. In addition, the teachers get to select manipulative materials and software

which are needed at their school to implement changes in curriculum and instruction in algebra and

succeeding courses.

Methodology

The Instructional Practices Scale (Becker & Pence, 1990a) was administered to all teachers

in the project at three points during the year: the first day of the summer institute, when the focus

was on practices used the previous year; at the end of the summer, when the focus was projecting

hors much one would use each practice the upcoming academic year; and in May, when teachers

reflected on how much they had used each practice the preceeding year. A total of 27 forms arc
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available for all three administrations. This scale is a Liken scale with 21 items derived from

recommendations in the National Council of Teachers of Mathematics Curriculum and Evaluation

Standards for School Mathematics (NCTM, 1989). Items include positive and negative ones

focusing on problem solving, use of alternative instructional modes, use of technology,
assessment, and connections. The largest subscale is instructional modes which provides a

contrast between a classroom which has students actively involved and a more traditional teacher-

centered one (See Table I in the Results section below). An individual score on each

administration was made for each teacher: in addition, each item was averaged e: toss teachers for

each administration of the test.

The individual scores arse used to select five teachers to participate in a focus discussion

group conducted by the first authoi someone outside the project. Teachers were selected who had

increased scores front the first to second administration of the test, but then went douii

considerably in the posttest.

Questions for the focus group include the follim mg:

- Has it (the project) been harder to implement thai you thought it would be'!

- How adequate has planning time been?

- Describe any resistance from students. Staff.

- What other obstacles have gotten in the way'?

- Can you implement (the innovations) with the Icu el of training provided by this project'?

- What changes would you make in the inser, ice given?

- What do you believe your influence has been on others'?

- What currently is the difference between what you believe and what you feel you can do'?

This discussion was audio-taped and analyzed by the first author.

Results
Only whole-group results on the Instructional Practices Scale will be discussed here. Of

the 21 items, four showed a substantial increase from pretest to posttest: less memorization of

facts: more use of cooperative teaming: less text-based cumculum f and more interrelating strands

in mathematics. The first three showed a progression of increase from pretest to intermediate lest

to posttest. For the rest of the items, the pretest and posttest differed slightly, but in all instances,

the intermediate score was higher than both the pretest and posttest. In fact, the averages for the

whole test were: pretest 3.12: intermediate test 3.61; and posttest 3.1. From these data it seems

that there were a small number of areas in which the teachers self-reported major change. More

interesting, perhaps, is that they intended to use the recommended practices more that they found

they actually did when they reflected back on the academic year. (Sec Table 1 below).

From the focus discussion group Iwo types of results arc discussed here: what positive

impact teachers f el t the project had on them, and areas of need for further development.

All of the participants feel the project to have been a success and its intervention a critical

factor, and perhaps the critical !actor, in affecting their own attitudes toward change as well as their
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willingness to work to implement new curricular design, methodology and materials. Comments

made included the feeling that most participating teachers would still be doing the same thing had it

not been for the project, which gave a necessary push, provided support, opened doors, met

needs, pulled widely separate elements together, provided a multi-district effort and created a

community of risk-takers.

From the point of view of the participants, the project served several purposes. It

presented the opportunity to explore different ways to present algebra, to look into various systems

and assessment procedures and to see demonstrations and other teachers in action. It also offered

the opportunity to observe group work strategies. to learn new methodology and to be introduced

to the uses of calculators and other technology in the classroom. But most importantly, in the

opinions of the participants. it offered a plait orm for the exploration and evolution of perspectives

and points of vim , as well as a safe and encouraging atmosphere for the risk-taking necessar to

the implementation of new curriculum and methodology. It further provided, for these

participants, a resource and support structure for change, as well as a forum for active association

with other participants as "risk partners."

There was a strong feeling that implementation was much harder than anyone thought it

ould be and that, perhaps, the level of staff development offered by the project is not sufficient,

in and of itself, for full implementation to take place. The experience of the participants is that

implementation too often finds the innovator in the role of a salesperson to students, parents and

colleagues. The project, they feel, gave gtxxl preparation for this role with respect to parents and

students, but more in-service in areas such as group dynamics is necessary for implementation.

They stress that the main goal of the project, in their eyes, was to change point-of-view, not

implementation. The project gave the opportunity and the resources to sample and experiment and

to overcome the fear of risk.

All see a need for more planning time during the academic year, as well as the opportunity

for more networking and sharing time. The more expenence with technology the better, and joint

in-service and articulation across grade levels were considered important. More staff development

in writing and group work would be important as they arc major points of resistance on the part of

students. A point all of the participants kept coming back to. again and again, was the need for

staff development in the skills of facilitating change. Resistance from colleagues and staff was

underestimated by the participants, and they felt unprepared to deal with it.

They feel their influence on others has been to change their philosophy of teaching

mathematics a little, to raise expectations for all students and to affect teachers' attitudes through

discussion, and the use of materials and technology they were able to bring back to their school

sites. The project, they feel, puts practitioners in a position to begin to affect student outcomes and

to positively influence the attitudes of their colleagues toward change.

The participants believe that additional staff development in the areas of group

management, classroom management and study skills is needed but they arc strong in their belief
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that their students arc truly learning more math than they did three years ago. They see their
participation in the project as the main factor in making that happen.

Finally, the group thought that assessment must be addressed in greater depth including
.assessment skills and options. There seemed to be a common feeling that new methods of
assessment were not well understood. How do you use these new methods, how many do you
use, how are they used together and for what purposes do you use which methods are only some
of the problems expressed by the participants in what seemed to the interviewer to represent almost
an assessment anxiety.

ITEM PRETEST INTERMED. POSTTESTT presentation 1.7 2.15 1:7Active 'livid, merit 3.88 4.35 3.9
NiCI11011/411011 of facts 2.61 2.9 3.1*Questioning of Ss 3.95 4.1 3.8Cooperative learning 3.35 3.78 3.8*Text-based 2.28 2.65 2.8*Skill work 2.27 2.65 2.3Manipulatives 3.66 3.35 2.8Discussions 3.38 3.85 3.4Whys/bows of math 3.34 3.79 3.1Use of (ale 'computer 3.87 4.23 3.8Problem solving as means
of instruction

3.69 4.25 3.5
Prob solving to
introduce concepts

3.16 3.93 3
Ss comet orally 3.35 3.95 3.6Sr comm in writing 3.02 3.75 2.8Tests to grade 2.74 2.92 2.5Use of ponects 2.36 3.42 2.6Assessment integral past
of instruction 3.44 3.79 3.3
Interrelating strand; 3.34 4.18 3.8*Integrated approach 3 3.65 3.3Connections 3 3.93 3.3

TOTALS 3.12 3.61 3.1

TABLE I

Discussion

These too types of data provide us with multiple ways to examine the project. Based on
the results I rom the Instructional Practices Scale it seems that the project did encourage:

teacher movement away from having students memorm facts;
teacher nuwement towards more use of cooperau% c learning;
less emphasis on text-based curriculum;

and interrelating several mathematical strands.
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In addition, except for use of manipulatives, teachers' rating of all other items rose from pretest to

intermediate test. However, they then fell again from intermediate to posttest, in halfof the cases

to a lower level than on the pretests. It seems that, at the end of the intensive summer institute,

teachers had plans for extensive
implementation changes in their instructional practices. However,

they were unable to carry out these ambitious plans. The focus discussion group provides some

insight into why that may be the case.

From the frame of reference of the five focus group participants, the project created a

community of risk-takers who support and act as resources for each other. They speak of a

gradual evolution of point-of-view as a participant is exposed to new information and strategies in

the presence of encouragement, resources and support. These aspects of the program, however,

did not fully prepare the teachers to overcome resistance to change which they encountered in their

individual school communities. These obstacles included students, other teachers, parents, and

administrators.
These findings point out some of the weaknesses and areas in need of further development.

Over the 3 years of the project wewill work with more teachers at each site, which should extend

this community of risk- takers and provide additional support to the initial group of teachers. More

work is obviously needed to inform parents and administrators about the mathematics reform

movement in general and Equity 2000 specifically. The classroom coaching was not fully

implemented during the first year of the project but it holds promise (Madsen-Nason & Lappan,

1987) to support teachers as they try to implement new curriculum, instructional strategies and

materials.
The multiple strategies used in this project: traditional workshops; visits to exemplary

classes; followup sessions during the academic year; and provision of resource materials such as

calculators, manipulatives and software, provided for some change in teacher attitudes and

willingness to try no% instructional techniques. Viewing these techniques in action in the summer

bridge classes and having time to network and plan with other teachers were identified as the most

useful aspects of the total program.. However, these alone did not provided enough support for the

teachers to implement intended changes in their classrooms as they met obstacles at their school

sites.
Once back in the.schools, these teachers became a small component in a larger system. In

order to support these agents of change at the site level, efforts need to be extended beyond a core

group of teachers. How can we not only develop a community of risk takers, but also support

them so they can truly implement change? This question remains for further investigation.
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TILE EMERGENCE AND DEVELOPMENT OF ALGEBRA IN A PROBLEM SOLVING

CONTEXT: A PROBLEM ANALYSIS

Nadine Bednars, Bernadette DufoursIanvier
CIRADE, Univers ite du Quebec & Montreal

ABSTRACT
The difficulties met by students when they solve problems in algebra led us to reflect on one hand on the
nature of the problems given to students at various grade levels. and on the other hand. on procedures used
to solve them. in many studies on algebra problem solving. the analysis of problems has often been
reduced to the explicitation of the equation structure. Our study of "algebraic" problems as well as our first
experimental work with different problems lead us to question this symbolic approach. Indeed, this
approach does not adequately convey the involvement required from the solver facing these problems. On
the basis of "relational calculus" (Vergnaud. 1982) involved in the representation and the resolution of
such problems, the research team elaborated a reference frametvork and an experimentation to be
conducted with students at different grade levels (12 to 16 years). The results obtained single out the
relative complexity of the different tasks faced by students, as well as the continuities and discontinuities
from one grade level to the next.

RESUME
Les difficultes que rencontrent les Neves dans la resolution de problemes en algebra necessitent une
reftexion dune part sur la nature des problemes utilises a differents niveaux scolaires et d'autre part sur
Its procedures utilisees par les eleves pour les resoudre.Vartalyse des problemes en algebre a souvent ete
reduite, dans les recherches conduites dans ce domain, a rexplicitation de lour structure sous:Jacente en
termes d'equation.Notre etude des problentes"algebriques" et nos premieres experimentations portant sur
differents types de problemes nous conduisent a questionner cette approche symbolique qui rend mal
compte de l'engagement qu'exigent ces problemes du point de vue du solutionneur.Un cadre d'analyse
developpe par requipe sur la base des calculs relationnels( Vergnavt1.82) qu'impliquent la representation et
resolution de tees problemes a ete mis a repreuve lors dune experintentation conduite au pies creleves de
differents niveaux scolatres(12 a 16 arts).L'artalyse des resultats permet de faire ressortir la complexite des
differentes taches pour les etucliants.et les continuites,discontinuites dun niveau scolatre a l'autre.

Resolution of "algebraic" problems represents one of the important goals of the high school program,

where students often encounter numerous difficulties. Among these, mathematization was studied in

Clement (1982): Lochead (1988): Kaput (1983) and others. mostly in its phase of statement translation into

the equation form. These studies agree with Kucheman's results (1981) by showing that in that specific

translation procedure, most of the students treat letters like concrete objects instead of number of objects.

Their results, with those of Bell. Malone. Taylor (1988) and Mayer (19821 point out the obstacles met along

this process of symbolization. How then should we introduce students to algebraic problem solving in

order to make them better at mathematizing?

We believe that, In order to put forward teaching model principles that would lead to improvement.
much deeper reilexions on the nature of the problems given to students are needed. We must establish

criterias which would allow us to analyze the relative complexity of the problems. Much more has to be

known on students reasoning and solving strategies at different stages of their learning of algebra: Just

when they start studying algebra. after their first year, after they are introduced with problems involving

several unknowns.
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indeed, any didactic setting necessarily relies upon the knowledge of the relative difficulty of situations

usually encountered In algebra, the repertory of available procedures to handle them, and the obstacles

encountered. This knowledge can help in the choice of pertinent situations and interventions In that
domain. These reflections question more particularly the type of transitions expected from the student to

the resolution of "algebraic" problems all along their learning of algebra (Bednarz and al.. 1992: Janvier,

Bednarz, 19931. They are part of a wider research program which alms at clarifying the conditions for the
construction and evolution of algebraic reasoning in situations that allowed or allow it to emerge.

OBJECTIVES

At first, we worked at establishing criterias from which a grid of analysis of problems emerged. This

tool allowed us to characterize the different types of problems generally met in algebra textbooks and help

us to shed sonic light on the difference between what we would call an arithmetic problem in opposition to

an algebraic problem. This grid is also a good one to analyze the relative complexity of problems. and

consequently we could wish to use it to produce a repertory of problems covering a range from easy to
difficult depending on the selected criterias. Above all, this part of the research displays the continuities

and "leaps" in relation with the solving of these different "algebraic" problems, particularly in the
transition from arithmetic to algebra, or within algebra itself.

These first findings mostly related to the analysis of problems had to be confirmed and completed by

Informations concerning students' responses when solving these problems. Another aspect of the research

was to investigate on the different ways students, at different grade levels, represent themselves problems

and resolve them spontaneously, in relation with their underlying experience in arithmetic and their
knowledge of algebra.Apart from the objective Just mentioned, we wished to single out solving procedures

developed by students within a class of problems in the evolution form one grade to the next.

THEORETICAL FRAMEWORK

Studies conducted on an analysis of problems In algebra and on their classification remain somewhat

limited. These studies rejoin the results of more global pieces of research on problem solving with regard to

the impact of the formulation of the problem and the students' knowledge structures (Orceno. 1985:
Mayer, 1982). More specifically. Mayer's study (1982) In.this domain uses relatively simple problems tc

provide a first categorization of these "algebraic" problems in terms of the different types of propositions

present in the problem statement (assignment propositions, relational propositions). However, this
linguistic analysis has its limits. Indeed, it does not account adequately for the relative complexity of
different types of problems found In the same class (referring to the same types of propositions) and it is

hard to extend the analysis to more complex algebraic problems. Other studies with a symbolic approach

of analysts of problems and their complexity in algebra were also conducted. Thus, numerous studies have

laid emphasis upon the so called stage of translating the problem statement into symbolic language
(Hensley, 1977; Clement. 1982; Lcchead. 1988: Fisher. 1988; Malle, 1990,..). The stress put on the equation

will lead sonic researchers to talk about a didactic cut when passing from solving problems which
underlying equation Is of the type ax + b = c (Filloy, Rojano, 1984) to problems that can be solved by
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equations of the type ax + b = cx + d. This didactic cut would justify a certain graduation in the choice of

possible problems in the introduction to algebra, and an important conceptual "leap'! from the problems

referring to the ax + b = c pattern to these types of problems (ax + b = cx + d).

Our analysis of the textbooks shows us that this "equation approach" also guides the distribution of the

problems from one level to another. This gradation will guide the choice of problems at a given academic

level, and most importantly the choice of the first problems in which solving with one variable is expected.

Our study of -algebraic" problems, as well as our first experimental work with different problems (Bednarz

and al. 1992; Janier, Bednarz. 1993) leads us to question this approach.

Indeed, we can produce problems with similar equation patterns that will be answered very differently

by the students (as shown later), and on the other hand, problems having different equation patterns will

be answered relatively similarly. Therefore. an eventual gradation of the problems In terms of the

underlying equation will not reflect adequately the involvement required from the student.

This first part of our research done in the perspective of our past work on problem solving with complex

additive arithmetic problems. has led us to elaborate classification of different "algebraic" problems, in

terms of what Vergnaud (1982) has called relational calculus (calculs relationnels), involved in the
representation and resolution of problem situations. Our analysis of the problem's structure, realized with

regards to the nature of the relations between the quantities of the problem, known and unknown

quantities and the linkage of these relations' unables us to lay emphasis on the eventual difficulty of the

problem for the student and his possible Involvement in terms of resolution.

REFERENCE FRAMEWORK

The reference framework developed by the team was based un a systematic analysis of different types of

problems found in arithmetic and algebra sections of textbooks at various grade levels. The analysis has

identified three major classes of problems (see table I) based on the nature of the quantities involved and

the relationships between them.
Table I

Classes of problems In algebra: Underlying "relational calculus"
obit ens wMaitittale. parrahre

Emmy ate "310 sbaderns sit rgoisfara )11 Ow noes sparia
achmtam amid tionetithiamsorellasklballbaa )Navy
many students as slaws, and 3.int nri as has 114 more
/ordeals Nom bmantINI/1 Nov rawly swoons ere reentered
on each of the secenoes^-
Obounfrorn air ezpvintentahOed

MIL Inca qrS a modal ran mammon
Anu7.--)ant

Es ample: Lac Mm ),/0/ lets Ina Mfehml. Lithe dmides of 2
hes inoculator momy, whereas Michael humans N, morn laatte.
by 1,10{. Now, Lake bas 0,40$ Ms, than Kellett. How
Minh drd arold4k-bael each have to Iver withl"
(This problem was zoo rola to of by rentals Came) till

ju 7 ...
SMOAK =4

I The set of criteria developed also involves other elements (formulation, context...)
2 A more comp cx version of this problem was given to us by Francois Conne during the meeting with

our research group.
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The general structure of the three main types of problems represented In table 1 lays emphasis on the

quantities. knowns and unknowns, their relation to one another and the type of relation involved. These

relations are given more or less explicitly in the statement of the problem and they have to be

reconstructed by the student (with the help of the known quantities or other mathematical or contextual

knowledge acquired before the resolution of the problem). For example, the general structure of the first

problem In table 1 involves two types of relations: an additive comparison (114 ino7e) between two

unknown quantities, a multiplicative comparison (3 times more) also between two unknowns. The two

relations Join together and continue in the same direction: the number of students playing basketball

obtained from the number of students skating, and the number of students swimming from the number of

basketball players. A different type of link between the quantities is also explicit in that problem, the

whole quantity related to its parts (which should be given equal consideration). In problem one, the whole

quantity is known (number of participants In the combined activities).3

With the schemas used (see table 1) to illustrate the general structureof problems, the criterias we use to

characterize the problems, as well as their anticipated solving difficulties are made more evident.

-For example, we can see that no easy bridging can be made between the known data: this addresses

an important characteristic of the problems generally encountered in algebra, In relation to those

proposed In arithmetic (see Bednarz and al.. 1992: Janvier, Bednarz. 1993).

The arithmetic procedures generally organize themselves in function of the processing of the known

quantities, by trying to create links between them In order to be able to operate (see Bednarz and al., 1992).

In the preceding problem, the known quantities arc the relations, or the whole.This is the only known

state In this problem which constitutes a possible opening for the student to "bridge" from one given

known quantity to produce a new one.

-Therefore with this technique of analysis, problem 2 (cf. table 1) will appear more complex to

resolve than the problem 1 In so far as here the only known quantities are formed from relations or

transformations (no state is provided In the problem).

3 For the analysis of the other problems see Bednarz and al. (1992).
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-Moreover, problem 1 requires the simultaneous processing of two types of relations (x and + ) by the
student, this composition appears complex (as we will see later on) especially when one approaches it
arithmetically.

This a priori analysts allowed us to underscore critertas which might influence the complexity of the

problems: the nature of the relationships Involved between the data, their linking (continuous or not.
direct or not), the number of relationships involved, the formulation of the relations. A bank of whole-

parts problems was set tip based on these criterias and using this kind of diagram (see table 3 for some
examples of problems).

DATA SOURCE

The grid of analysis was put to the test in an experiment involving students from different grade levels

(first year high school. 12-13 years old) before any introductory course in algebra: second and third years.

(after an introductory course in algebra). Up to this level, the current curriculum restricts students to single

variable solution. Students in the fourth year of high school, after the introduction of solution with
several variables were also included (see table 2). At this level, students were selected froma regular course.

as well as an optional course leading to studies In science. Three to four groups of students per level from

different schools had to solve the proposed problems and explain their solving strategies. Certain
"arithmetic" problems were used as a "barometer in the test and allowed us to weigh the relative strength
of each of the groups.

Table 2
Data source

Sec. 1 (12,13 years old)
before any introduction

to algebra

Sec. II (13.14 years
old) after an

introductory course in
algebra (1 variable)

Sec. III (14.15 years)
after two years of

algebra (1 variable)

Sec. IV (15-16 years)
after an introduction Is

several variables
Regular Option

4 voups

Instudents

4 groups

132 students

3 voups

105 students

5-groups

LS
students

4 Fours

119
students

We will restrict the discussion that follows to one clear class of problems through which the

Introduction to algebra is generally made (table 1, class I). It is for this whole-parts class that a first bank
of problems was set up.

RESULTS

1. Experimental results (see table 3 for partial results in some problems) explain, more or less the great

difficulty students have with these problems. Their inability to create links between the known
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quantities prevents them from getting "arithmetically' into the problem (In grade I. before any

introduction in algebra).

2. The results of this experimentation confirm the influence of the critcrias of complexity Identified a

priori In analyzing the problems:

2.1 In the whole-part structure, we observe the influence of the nature of the relationships between the

quantities. Homogeneous (two relations of the same type as In problems a and b) appears relatively

difficult. When solved arithmetically the homogoneous addivite problem appears more complex.

When we treat them algebraically. the additive versus
multiplicative relationships appear at the same

level of difficulty. Non-homogeneous composition
of the two relationships as in problem d are

difficult problems. Thus. the problem d appears more complex than the others in terms of an algebraic

treatment (sec. II, III. IVreg ) given the composition of multiplication and addition involved. The

algebraic treatment Implies here resorting to parentheses. and to a genuine composition. which is not

the case for problem c.

2.2 The influence of the sequencing of relationships is evident: direct linking as in problem g (involving a

composition of two multiplicative relationships) versus non-linear (where no composition is

explicitly involved as in problems e and fl: convergent asin problem e (where the different quantities

can notbe expressed directly in terms of one unknown) and divergent as in problem f (where the

different quantities can be easily expressed in terms of the first one). Problem a appears very difficult

to solve at all grade levels, as predicted. due to the non-obvious choices it imposes on the unknown or

unknowns, and the complex operations involved.

2.3 Other influences (not mentioned in this table) were confirmed as well during the introduction to

algebra (sec. II): the number of relationships involved, making the data more or less complex to

organize: the formulation of the relationship confirming the conclusions of other studies. Clement

(19821 and Lochead (1988)1.

3. These results (table 3) show. moreover, the fundamental differences between the "relational calculus"

on which an arithmetic mode of reasoning is founded (results of first year high school students before

the introduction of algebra) and the "relational calculus" on which an algebraic mode of reasoning is

based (results at the other grade levels). Thus, for example, problem c appears complex to solve

arithmetically yet not algebraically. This problem Involves the simultaneous managing of two types

of relationships (x et +) whose arithmetic composition turns out to be quite complex. The student must

see that the same quantity (number of students skating) is repeated and is found in the givens for

basketball (repeated 3 times) and for swimming (once again repeated 3 times).

Similarly, the analysis of problems a and b shows us that these problems are differentiated

arithmetically and not algebraically.
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Table 3
Performance at different grade levels in some problems
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4. Certain distinctions appear interesting within one level, and between different academic levels in so

far as they bring about significant differences in the manner in which the students solve the

situations. Thus, certain problems find more difficulty in raising up the students arithmetic
involvement (for example the problems a. c and e). These problems are may be interesting to use to
motivate a transition to algebra.

Some other problems suscitate more in algebra, one variable treatment as in (problem 0. or a multiple
variable treatment (as in problem c where x is defined as the number of beads Denis possesses. and y as

Georges's beads. Pierre therefore possesses 6x but also 3y). Thus, a more in depth analysis of the results

(implicative graphs) allowed us to find different classes of problems and different ways to engage in the
problem.

CONCLUSION

The preceding results, give us a framework that unables us to assign relative difficulties to problems

generally met in algebra. A deeper analysis of the results by means of implicative analyses, had been
realized at each level involved In the set of problems. This analysis confirmed what was previously stated
and unables us to go further in the analysis of the relative complexity of each of the problems.
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Such an analysts of the problems was realized for the case of arithmetics for the conceptual field of

additive and multiplicative structures (Vergnaud, 1982) but was neverachieved for algebra. It should shed

some light on the relevant situations and their progressive organization within a learning of algebra

stressing problem solving processes. More particularly. it allows us to question teaching approaches to

algebra problem solving.
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Abstract
The authors support. with empirical observations. curriculum analysis and didactic engineering, the

theoretical hypothesis put frward by Brousseau (1983) and Gahez (1985) about micro spatial. meso

spatial and macro spatial common representations.

They show some major links benseen many of the students' errors observed during the elementary

learning ofgeometry, and the trim spatial representation, and they support these link by alternative

didactic engineering.

They alto support that it is necessary and possible to help students to improve their meso spatial

and macro spatial representation during their compulsory school attendance.

RiSUMe
les auteurs appuient, en la precisant par des observations empiriques et des travaux d'ingenierie

didactique, l'hypothese thdorique de Brousseau (1983) et Galtez (1985) selon laquelle les

connaissances spontanees des elms sont structurees selon an mains trois representations :

microspatiale. misospatiale et macrospatiale. [curs travaux permettent de teller a la representation

microspatiale de nombreuses erreurs constatecs tant dans k deroukment de ?initiation a la geometric

que dare les evaluations de cet enseignement. Rs montrent aussi ?importance et la possibilite de like

evoluer les representations meso- et macro-spatiaks des dews dans la scolaritd obligatoire.

I. Presentation
Specific spatial knowledge learning is missing in the French compulsory school attendance

curriculum. Geometry acts as a substitute for it. In the introduction to geometry, teachers and pupils

can only rely on common space knowledge. So, if this common knowledge is inadequate in some of

its aspects, it can have serious consequences on difficulties'encountered by teachers and pupils in our

classes.

MG Pecheux (1990) assesses the results of main works led during the last twenty years to clarify

the spatial knowledge development in childhood. She notices that the concept of representation gathers

many varied mechanisms, and that it is very difficult to organise them in their effects upon the

development of spatial abilities from baby to adult level. She shows that the question must be studied

from the point of view of children's spatial practices, and she points to the problem of classifying these

practices. Then, she concludes on the incapacity of psychology to classify the spatial relations in order

to take in account the variety of the student's knowledge and their potential multiple processes in

72

323



spatial behaviour.

The didactic processes developed about mathematical education enable us to exploit the tools

developed by the theory of situations in school practices.

Relying on analysis of different restrictions set by the environment on judicious information capture

and treatment in common situations, Brousseau (1983) and Galvez (1985) propose a classifying

process of these situations by which they get three main situations classes, by using the space scale

variable.

The space scale has already been studied by many researchers, and particularly the difference

between small and large scale spaces. Although Acredolo (1981) has already pointed to the difficulty

to isolate one from the other in the experimental tasks proposed by researchers.

Brousseau (1983) and Galvez (1985) developed a theoretical analysis of the usual practices, based

for one part on the specific restrictions set though the space scale to people's environment interactions,

and for the other, by their frequency and importance in our society. So, these authors showed the

pertinence to consider not only small and large scale space interactions, but also the interactions with a

third kind of space scale that he named no space. They classify common spatial interactions with

three values of the space scale variable, and they support the hypothesis that a specific spatial
representation at least corresponds to each of these classes. Brousseau (1983) named, as a spatial

representation, a group of specific conceptions (each conception corresponding to a geometrical

concept) linked by their frequent common implementation in the same kind of situation..

We have extended this researche and our works have specified the respective inks of the spact

interaction restrictions from one part, and the scale space on the other. We got mainly pupils'
observations, engineering elaboration and implementing in classrooms, and former works analysis.

U. The three main common space representations linked with the space scale
hviis

In order to present these representations, we'll choose one of the geometrical notions we studied.

1) The micro space, or space of common Interactions with manipulated small objects.

This space is familiar to each one from birth and most of the problems met don't need any

geometrical conceptualisation.

The central notion of this kind of interaction is the notion of object. This space is mainly composed

of objets. OM object can be distinguished from another ifyou can separate them by a space(ing). that

}vu can de-admire in one instant, without any amt. In this environment, the notion of distance can

hardly be distinguished from ;awing ; so it has kw links with the geometrical notion.

The micro spatial conception of length is linked to the objects recognition, or cutting, and it is

nearer to the geometrical notion.

2) the mevo space, or space of domestic moves and interactions

It gathers situations of interactions linked with moves or position choices and modifying them

within a field of domestic space. This part of space can be perceived by a global vision, obtained from
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successive but very brief perceptions. The moves cost more in the meso space than in the micro space.

Thence the necessity of a intellectual representation of space which enables people to master their

moves.

The mural notions are here those of locates, mutes. and objects. The new objects are fixed or

semi-fixed ones. Ab space is necessary between two objects (walls...). Between the biggest objects

there are sewn! possible mutes, the possibility to bring other objects (furniture...) ; so there is a

distance concept, linked with length. height. depth, and their measures.

3) The macro spaces (urban, rural, maritime...)
It corresponds to areas the scale of which is so large that you can only get information though

successive local visual glances separated by your moves on the earth surface.

In a macro space, you cannot get a simultaneous global view of the area with which you are

interacting. The objects stay, you move. To direct your moves, you must build a global space

representation to link your local views and recover the continuity of the travelled space.

A conceptualisation is needed to build an image of the whole which is out of direct perception

access.

A macro space is mainly a space composed of locates and travels. The specific objects are fixed

ones and fulfil a landmark function. distances are measured in km or travelling time.

4) Our contribution
We studied the theoretical features of the common spatial representations that we can associate to

the main spatial and geometric notions.

The main result is that there is no reason for people to build a homogenous space representation,

only by individual or social interactions with common situations. Only professional situations require

such a representation which enables to master meso space or macro space tasks and concepts with their

geometric properties.

The geometric concept(s) of angle(s) particularly requires such a homogenous representation, and

may be a good theme to observe the pupils' spatial representation level of homogeneity.

III. Pupils' observations illustrating the space scale effects in the building of
different conceptions of a geometric notion

The rectangle seems to be one of the best known by pupils among geometric notions with angles

which are explicitly taught. We tried to find signs of different conceptions.

1) micro space

According the 1992 ministry evaluation of CE2-6tme1 , 90,6 % know how to draw a 7cm sided

square. So we infer that about the same proportion know how to draw a little 4cmx7cm rectangle, for

example.

The capacity to recognise rectangles has been acquired quite sooner as long as the Wermus (1976)

I CE2 wows 9 year old pupik led ohne means 12 yeti old ones. 11 umple was 2000 reptvialtstive pupils
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conditions are fulfilled (not too small width, proportion between length and width, and so on...).

2) Ines° space

On the contrary, pupils' abilities seems to be quite different when the space scale grows as the

following samples show :

a) We marked on the ground two places distant of I m (the virtual line was not parallel to the

walls). We announced that the (rectangular) table (I mx2m) would be turned upside down. We have

asked two good level pupils to mark on the ground where the two last corners of a table would be

when the others were placed on the marks.

The pupils measured the length and width. and reported the length, with particular attention to

parallelism but no attention to right angles.

When we turned the table upside down to evaluate the marking, the pupa noticed that their marks

were far from the corners, but they were not able to identify the origin of their error.

b) On a circular lawn, we stuck two stumps 7 m away. We successively asked to four groups of

two pupils to stick the other two stumps so that the four should mark the four corners of a 9m long

rectangle. In order to determine the position of the stumps, each group checked the right angle either

bodily, or with a square. But, the last stump stuck, three of the groups made adjustments only by the

sides length and failed. The other group, who succeeded, controlled the direction and the length, even

the diagonals lengths, but they still were not persuaded they had succeeded : they said "Some

quadrilaterals may have four right angles and the opposite sides of the same length, but they are not

rectangles !"

3) macro space restrictions
We also made an empirical study upon two samples of about 50 pupils (11 year old) to determine

the respective influence of the scale (between micro and meso space) in one part and of the restrictions

in space interactions (near to macro spaces conditions). We found that these limitations succeeded for

about 50% of the samples, in blocking the micro spatial knowledge of the rectangle.

4) Conclusion
At the end of elementary school, all pupils can act nearly as if they had a micro spatial conception

of the rectangle.

As soon as the spatial interactions lose they micro spatial characteristics, a great number of pupils

are no more able to spontaneously call on the learned notions of right angles. They have not yet

developed meso spatial or macro spatial conceptions of the rectangle. But some of them, may be 50%

have.

We made other observations in order to show some different conceptions of spatial or geometric

notions which should be linked with the space scale. This vork is very complex, and the main

difficul we came across is the question of the invariability of the question in pupils' minds, when the

space scale varies a great deal. Actually, it is exceptional to spontaneously consider the same question

in such different environments. A question which is meaningful in an environment, is meaningless
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when you make the space scale vary.

IV. The common space representations influence on geometry teaching and
learning

The hypothesis of different spatial representations enables us to :

- renew the analysis of pupils' errors in geometry. Most of the problems are set in the paper sheet

space environment, which presents a lot of micro spatial characteristics. Consequently, we can expect

to find signs of a micro spatial treatment mode in pupils' behaviour.

- find out the conditions which favour a geometric conceptualisation, to be able to produce or to

simulate them in the teaching situations.

1) The micro spatial representation as an analysis tool of the pupils' behaviour in geometry.

a) Solid or void spaces

We give an example of a new pupils' test results interpretation with a test from the ministry of

education evaluation in the first class after elementary school.

The pupils are asked to measure

with their graduated ruler, in one

hand the length of the IBC] segment

which is traced, and in the other hand

the distance from point A to point C.

En Wiwi' la regk gradu6e,

meant en centimetres :

La tongueur du segment IBC] :

FE C = cml

A

La distance du point A au point C

AC cm

The difficulties of the directions and measuring the two segments measuring difficulty are quite the

same, and very well got over, since 93.2 % of the pupils succeed in the first question. But only 54.4

succeed the second question. Unfortunately, all the errors are not identified but it is said that 23.6%

badly position their rulers (1.8% for the first one), and 10% measured and gave AB+ BC or AD+ DC

instead of AC. The non response percentage is very low.

One might think that those pupils don't know the meaning of the word "distance". But in the 1991

tests, the same question (measure the distance between two points of a traced segment), the success

score had been 91%.

Consequently, we can assign this difference to the influence of the heterogeneous micro spatial

representation (in the solid-void meaning) applied to the paper sheet space.

The obstacle to a punctual conception of geometrical figures showed by different researchers

(Artigue and Robinet 1982) (Grenier 1988) is a very clear consequence of the figures taught as objects,

obviously micro space objects.

Bautier (1987) showed the heterogeneity of 15 year (and more) Ad pupils' spatial representations

from the solid and void point of view, at the time of conic perspective learning..
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b) The angle teaching didactic obstacle

We point here to a string of well known errors or blocks, attested up to the angle definition in some

mathematical books (Ben:tonneau 1980), linked with the attribution to angles of sides traced length

properties.

We showed that these errors can easily be explained if you see how the teaching presents angles as

(micro spatial) objects from traced sides : "this is an angle..."

We developed in the COREM, with 10 and 11 year old pupils, a very well controlled alternative

process of teaching angles, which saves from presenting angles as objects, and we found that we could

save teachers and pupils from the usual obstacle.

c) The over-figures and under-figures

many researches showed the pupils difficulty (13 year old and after) to consider the possibility to

include the figure they traced in an over-figure to be traced or to consider under figures, by mental

removal of some of their ekm -.3.

The analysis of the traced figures' teaching, during the elementary schooling, shows that these

figures are always assimilated to concrete objects. The micro spatial representation is implicitly

solicited in this environment, and becomes an obstacle to a geometrical treatment. So are, for example

the segment continuation difficulties (Greiner 1988) or the treatment of non connect figures.

2) Curricula problems

We examined the balance between the use of the showing geometrical teaching method (until 14

year old) and the restriction of the interactions with a sensible space to micro spatial interactions with

the paper sheet space.

This method persistence and reappearance as a disguised showing method ("what can you tell

about ?") is explained : it allows the teaching process to expel the effective space problems, and seems

to take into account the pupil's activity.

The consequence is that the deductive geometric teaching will be result into an exclusion expulsion

of sensible space out of the classroom practices, and not by its mastering.

The flat triangle problem (4cm, 9cm, 5cm) studied by Arsac (1989) shows the logic of this
exclusion : the teacher can't accept the real triangles obtained by pupils, which puts in contradiction

the showing method of teaching and the mathematical requirement of the three points alignment. So

the real space must be excluded to let deductive geometry exist.

3) Engineering probierns

So, if you limit yourself to micro spatial interactions, it is impossible to organise teaching processes

which help pupils construct good space geometric models by effective interactions with space.

Let us take the example of tracing a superimposed figure to another. To make pupils become aware

of the geometrical properties, the space interactions must not be micro spatial interactions, which

allow pupils to compare continuously the traced object and its model, but meso or macro spatial

interactions ; we found these conditions in the carpenter's work when he must prepare on the ground
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a beam so that it can adapt to a parcular place in the framework, or in the work of the glazier who

must cut a parallelogram shaped glass pane in its workshop.

Following Galvez (1985), we showed (1992 and 1993) that some space interactions conditions

which are specific to macro spaces can be introduced in the teaching situations inside the classrooms.

These situations allow pupils to interact effectively with a sensible space and construct some learning

which were blocked in the usual teaching situations.

By these methods, we built and studied in detail two teaching learning processes :

The first aims at some macro spatial learning that the school should make each pupil succeed : to

be able to relate a real space and a plan of it. We worked with a class of 9 year old pupils. One year

later, those pupils' abilities were better with a significant difference, than 11 year old pupils' of a

similar class in the same school. Weil Fassima and Rachedi (1993) noted the difficulties of adults in

similar tests.

- The second aims at an elementary geometric learning : it is a teaching process of sector angles,

for 10 and 11 year old pupils. We showed that the usual obstacle - the sides length- that we link with

the micro spatial representation, can be avoided by this kind of process, where an angle is not an

image of a concrete object, but firstly a means to get and treat pertinent information about some kind

of object. So we proved that the difficulties met by teachers and pupils about sides length is an effect

of didactic choices, and not a specific pupils' problem about angles.

V. Conclusion
We hope we showed you that the hypotheses of Brousseau (1983) and Galvez (1985) are confirmed

by a lot of corroborating and socially important facts.

The previous examples, and many others, enable us to support the hypothesis that an important

proportion of 16 year old French pupils leave the compulsory school attendance only provided with

common and heterogeneous space representations,

- which are inadequate in relation with people's needs in the today's society, particularly

concerned by space graphics,

- which have not been improved by the teaching of geometry,

- which have been an often still are obstacles to a geometrical learning.

Otherwise, we showed that it is possible to facilitate some important space learning by choosing

some didactic variables in order to simulate, in a school limited space, some specific macro spatial

conditions of interactions.
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ONE'S COMPANY, TWO'S A CROWD - PUPILS' DIFFICULTIES
WITH MORE THAN ONE VARIABLE

J. E. Binns

Open University, Milton Keynes, U.K.

I give some accounts of and for difficulties faced by sixteen-
and seventeen-year-old pupils in meeting situations where
they have to deal with more than one variable. I describe one
approach to overcoming these difficulties.

Pupils' difficulties with early algebra are well-documented if not well
understood. In particular there is a lot of research evidence of pupils'
discomfort with the presence of an "unknown". The CSMS research, for
example (Kuchemann 1981), identifies "letter evaluation" as a common strategy
for dealing with an unknown or variable. The researchers found, in other
words, that faced with a letter in place of a number, pupils would often invent a
replacement number to use rather than deal with the letter as a variable. It may
be that the ubiquity of this reaction is related to the historical emphasis on
solving equations in the British early algebra curriculum.

My interest is in older pupils and the difficulties they face with more advanced
algebra. In particular I have been studying situations where pupils are faced
with problems involving two or more variables which play quite different roles.
Some examples of these situations are

using "standard" forms such as y=mx+c, ax2+bx+c=0, where the roles of the
x and y variables are familiar, but a, b, c and m are replacements for what
have, up till now, been numbers

considering functions such as k(k-1)x2+2(k+3)x+2 in which the roles of the
two variables could be seen as equivalent but are more likely to be seen as very
different because of the familiarity of one (x) and the relative unfamiliarity of
the other

using the notion of a variable point, (x, y) or (a, b) rather than a single
variable, or of a variable line or curve.
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I will offer you some short accounts of pupils' working on these types of problems,
together with some reflections on and accountings for these events. My aim in
doing this is to recall for you the similar experiences that you may have had and to
encourage you to use your recollection of such events to enter into my reflections.

Each of the following accounts is of an event in the same classroom in a local
school. I have been working with this class and their teacher twice a week since
September 1993. They are studying the Pure Mathematics component of an 'A'-
level' course in mathematics and aro mainly aged 16 and 17 years. Peter is their
teacher and any other names used in the accounts are of members of the class.

Peter spends today's lesson going through the test which the class did

last Thursday.

Question 5 has caused difficulties for everybody (nobody has got any

marks for it) and reads

"A point P, co-ordinates (a, b) is equidistant from the x-axis and the
point (3, 2). Find a relationship connecting a and b."

Peter says that he cannot understand why it was difficult and asks the
class why they have found it difficult. David H replies that it is
complicated and that "you have to remember all the formulas".

Peter asks them to write down the two distances involved i.e. the
distance from (a, b) to (3, 2) and the distance from (a, b) to the x-axis.
We both walk around the class giving assistance as they do this.

I speak to James, Ewan, Mai and Simon C, in particular to James. He
has drawn a diagram showing the position of (3, 2) and the axes but
has not marked on (a, b). I ask him where he is going to put (a, b) and
he says that he does not know. I say that it is a general point and can
go anywhere. He is trying to place it so that it is equidistant from (3, 2)

and the x-axis. I assure him that this is not necessary and suggest a
general area in which he should place it. Meanwhile Simon has
placed (a, b) on the x-axis. I suggest that he put it somewhere else
and he says "But you said it could go anywhere!" When they have got

1'A' -level is the main academic qualification taken at 18 plus in England and
Wales. Most Universities accept it as an entrance qualification.
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suitable diagrams I ask them to find the distance between the two
points. Nobody mentions the formula for finding the length of a line
joining two given points so I ask them, by pointing at the diagram,
about the horizontal and vertical distances from the axes of the two
points (3, 2) and (a, b). James knows that the horizontal distance of (3,
2) from the y-axis is 3. When I ask him the horizontal distance from
the y-axis to (a, b) (by pointing) he says "It looks about 1". I say "I don't
want 'it looks about ..', I want an exact distance". He says, "Okay,
exactly 1 then!"

After this I point out that the distance is a and they go on to write down
the length of the line joining the two points without much prompting
from me. Simon C seems more confident than James.

Peter is an enthusiastic and well-informed teacher of six years' experience and he
had had time since marking the test papers to consider why it was that the question
had proved so difficult for everybody in the class. Yet he did not anticipate the
nature of the problem that some pupils were having. Speaking to me the following
day he said that dealing with (a, b) as a general point was so familiar to him that
could not see where the difficulties lay for the pupils.

I interpret James' initial behaviour as being similar to that of the pupil who wants
to know the value of the letter. He interprets the action of placing (a, b) on the
diagram as equivalent to choosing values for a and b and so he is cautious about
where to place it. In particular he tries to place it so that the condition expressed in
the question is true. Because he sees the placement as assigning values to a and b,
when I ask him about the distance from (a, h) to the y-axis he gives me a numerical
answer. The more experienced mathematician can cope with this feature of
geometry, that a representation which is necessarily particular can be treated as
general. She can distinguish those properties of the point which would be true of
any point from those which are consequences of its particular position.

One interpretation of Simon's behaviour is that he had sufficient confidence in my
statement that (a, h) could go anywhere to place it somewhere which was
convenient for the subsequent working. What is clear is that he failed to
distinguish between general and particular properties of (a, b).

My second extract is from an earlier lesson in which we had been working on the
equations of straight lines defined by various properties. Prior to the events
described in this extract I had asked them to write down the equation of a straight
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line with gradient 3 and intercept with the y-axis at (0, 1). Next they had to write
down the equation of a straight line with gradient 3 and intercept at (0, -3), and then
a general equation for a straight line with gradient 3. After that I showed them
how to find the equation of a straight line with gradient 3 and going through the
point (2, 8). This process involved substituting the values 2 and 8 for x and y in the
equation y=3x+c. They did one more similar question themselves and then I split
them into pairs and asked one of each pair to explain to the other in general terms
the process by which they had found the equation of a straight line given the
gradient and a particular point on the line.

Quite early in the lesson I ask them to find the equation of a straight
line with gradient m and going through the point (x,, y,). Although we
have done two particular examples of this process and they have
described the process to each other, they find this very difficult. In
particular there is a lot of confusion about the roles of x and y and xi
and y,. For example, having used the equation h=mxi+c to find an
expression for c, Gary substitutes this expression for c into the
equation y,=mx,+c and gets 0=0. Sonny gets the equation basically
correct but cannot decide which of the xs and ys should have
subscripts. There is again some difficulty when I ask them to check
their formula with a numerical example. Some do not realise that they
must leave x and y and substitute the given numbers for in, x, and yl.

The roles of x and y in this problem are familiar to the pupils, though their ability to
deal with them is not necessarily robust. I shall refer here to the role of x and y as
that of variable. Each of them takes no specific value, either known or unknown.
Their importance is not in the values they take but in their relationship to each
other. For these pupils the form y=mx+c has become a representation of a straight
line, and they can substitute numbers for m and c and interpret the meaning of the
equation. However, the introduction of another type of literal symbol changes the
level of difficulty of the problem for them. Firstly the role of m is slightly changed.
It is no longer to be replaced by a number immediately and before any manipulation
is required. It is no longer simply a placeholder. It is an unknown-to-be-given2 but

the stage at which it will be given has been delayed. Secondly the point through

2The person usually credited with first using letters in this way is Vieta (see, for
example, van der Waerden (1985) p85). He did this in the context of writing a
general method for solving certain types of equation and used consonants for
unknown-to-be-given quantities to distinguish them from unknown-to-be-
found quantities which were represented by vowels.
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which the line must pass is now represented by letters rather than numbers. These
are also unknowns-to-be-given and must be worked with as letters in the first
instance.

Gary fails to distinguish between the roles of variable and unknown-to-be-given.
The letters x and y never enter into his calculations, x, and y, playing both roles.
Sonny knows that there are two types of literal symbol involved (he has made no
attempt to simplify an equation which involves two appearances of x and y ) but
their similarity confuses him and he ends with no clear picture of their roles.

The events described in my third extract took place two weeks after those of the
second extract.

After some work on the remainder and factor theorems and on division
of polynomials, Peter asks the class to factorise

(1) x3-1

(2) x3-8

(3) x3-a3

(4) x3+a3

We both walk around the class looking at students' work. David and
Gary are the first to finish (1) and (2). In question (1) they have
identified (x-1) as a factor by seeing that RI) is zero and have then used
long division to find the other factor. In question (2) they have used the
same method. When I reach them they are beginning (3) and remark,
If we had done this one first we needn't have bothered with the first

two".

Some time later I go to the table where Sonny is working. He is also
about to begin (3). He asks for my help, saying "I don't know what a
is.. I tell him that he cannot find out what a is. Somebody else at the
table attracts my attention for a moment and when I return to Sonny
he is keying something in on his calculator. I tell him that it is no use
trying to use his calculator since he does not know the value of a . He
seems stuck so I say that (3) is really a generalisation of (1) and (2) and
explain that, in (2) the 8 can be seen as 23, so that it conforms to the
pattern expressed in (3). I ask him to find the linear factor of x3 -27 =
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x2-33, which he does without difficulty. Then I ask him for the linear

factor of x3-163. He pauses a long time over this, then reaches for his

calculator to work out 163. After another long pause he says "x-16?" I

go on to show him how to do (3), relating it to these special cases.

After another few minutes Simon asks for help. He has started (3) but

has put (x -a3) as the linear factor. Ewan and I explain to him why this

is wrong. My argument is along the lines that f(a3) is not zero. Ewan

says "It's fta) because it's like the others".

In this lesson, which was focussed on methods of factorising polynomials and

solving polynomial equations, Peter wanted to take the opportunity to introduce the

pupils to the factorisations of a3-63 and a3+0 All the polynomials they had

factorised so far were in x and had numerical coefficients. The three conversations

I report seem to me to represent different stages in the development of an

appreciation of the connection between (Wt.° (3). Sonny's original statement ("I

don't know what a is") betrays that the unfamiliarity of this situation had thrown

him back into the state of wanting to evaluate the letter. Notice that he was not

concerned that he did not know what x was. The role of x as a variable (in the sense

I used earlier) was well-established. By theend of my conversation with Sonny he

still was not comfortable with the presence of a . His hesitation and use of the

calculator in factorising x3-163 indicate that the commonality of form of (1) to (3) was

not apparent to him.

Ewan, on the other hand, had seen the connection between the first three

expressions and was using his experience of the first two to solve the third. In fact

he preferred his explanation "It's f(a) because it's like the others" to mine (fZO) is

not zero). The "pattern" which he had seen was then more salient to him than the

method which he used in performing the first two factorisations.

David and Gary had seen not only that (3) conformed to the same pattern as (1) and

(2) but also that (1) and (2) were special cases of (3), that they were therefore

included in it. This aspect of the role of the unknown-to-be-given was not

emphasised by the way in which the task was set. The special cases were set up to

lead to the more general case rather than to flow from it.

This kind of "top-down" generalisation, which starts with the general and moves to

the particular is labelled by Krutetskii (1976) as "on-the-spot generalisation" and

identified by him as a feature of the work of very able pupils. Davydov (1990)

suggests that the top-down approach should be used in mathematics teaching with
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pupils of all abilities and ages and that the alternative "inductive" or "special to
general" approach is most commonly used in schools now (that is in Soviet schools
of the nineteen sixties) and has failed. The teaching strategies he suggests include
the use of letters to stand for quantities which will not for the moment be
enumerated, for example the length of a stick.

The approach with which I have begun experimenting in this class falls, I think,
somewhere between the two. I have tried to use a technique which I have labelled
the "generic example". By this I mean that I have approached a generalisable
procedure by tackling, in front of the class, a particular example, but using it to
point to the general. During the exposition I would repeatedly stress thatmy choice
of numbers has been (at least in some sense) arbitrary and that other numbers
could have been used in their place. I would leave numerical expressions
unevaluated until the last possible moment so that the structure of the solution
would remain visible. I would refer to a number as, for example "the x-coordinate
of the first point", rather than using its numerical value. This then leads into a
general expression of the procedure.

I have also begun to leave parts of this process to the pupils, at the same time
making explicit to them what I am aiming to do and why.

It is my hope that being party to this process will assist pupils in

clarifying the distinction between variable and unknown-to-be-given - they
will have seen a set of numbers being replaced by the letters representing the
unknown-to-be-given

appreciating what is meant by "the letter could stand for anything" and
overcoming the need to evaluate

understanding which aspects of a "specific but standing for general"
diagram are specific and which are general

speeding up or removing the need for "inductive generalisation" of the
kind envisaged by Peter in my third extract
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THE ANALGEBRAIC NODE OF THINKING - THE CASE OF PARAMETER

Nava Bloedy-Pinner

Hebrew University, Jerusalem, Israel

Abstract: Algebraic language is analysed for the case of
parameter. The term analoebraic is defined. A conceptual
framework is suggested to explain students' difficulty to
distinguish between the role of parameters and the role of
unknowns and variables. The difficulty and its explanation are
illustrated with data from students' written responses and
interviews

I. Introduction

There are many studies about students' difficulties with algebraic

langauage. This paper presents a part of a study in which I

suggest a conceptual framework for dealing with phenomena related

to these difficulties, some of which are well known and treated in

literature, and some less known or less treated.

The understanding that learning algebra includes the acquisition of

algebraic language lies behind all related research. In my study I

attempt to systematically analyze the structure of algebraic

language, compare it to the structure of natural language, and

learn about the influence of the latter (for better or for worse)

on the acquisition of algebraic language.

It turns out that many students do not understand algebraic

language correctly, and as a result, their thinking and performance

are badly affected. I would like to call this language defficiency

analoebraic (and use the word algebraic here, to describe

understanding of algebraic language). The meaning of these terms

vary from one context to another. In this paper I will deal with

the analgebraiq mode of thinking in the context of parameter.

2. Letters can be used in different ways

Although letters in algebraic expressions always denote numbers,

and the meaning of an expression is always a number (or a process

which results in a number), there is another level of meaning that

depends on the context and application of the expression.

Kuchemann (1981), and Usiskin (1988) suggest the following usage

and meanings for letters:

(1) Generalized numbers (pattern generalizers), used in rules,

patterns, and formulae, e.g. a+b-b+a or A"LW (area of rectangle).

(2) Specific unknowns, used when solving equations.
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(3) Variables (function arguments), used when the referents of

letters vary, as in "what happens to the value of 1/x as x gets

larger and larger?" (Usiskin 1988), or in "which is larger, 2n or

n+2?" (Kuchemann 1981).

Sfard & linchevski (to appear) use the terms algebra of fixed value

for usage of letters as specific unknowns, and functional algebra

for usage of letters as variables.

In this paper, I would like to distinguish between using letters as

parameters, and using letters as unknowns or variables. Like the

above mentioned distinctions, this distinction too depends on the

context and application of the algebraic expressions.

3. Parameter in high school algebra

In high school algebra parameter is encountered explicitly when

learning about parameter as such, as well as implicitly, when

learning about families of equations (as in analytic geometry),

families of functions, and in some problem solving.

Here are some examples of problems and statements that involve

parameters:

(a) In the following equation x is an unknown and m is a parameter:

m(x-5)-m+2x. For what value of the parameter m will the equation

have no solution?

(b) The graph of (x-m)
2.1.(y_n)242 is a circle.

(c) Find an equation for the line through (2,5) with slope 3.

(d) Write the coordinates of the extremum of the graph of the

function yax2+bx+c.

(e) X is the price of one pencil. Find the price of one eraser if

I paid $K for 10 pencils and 7 erasers.

The knowledge of which letters are meant to be parameters and which

aro unknowns or variables is not built into the expression or the

equation itself. This knowledge is sometimes gained from an

explicit declaration about which letters are used as parameters, as

in example (a), sometimes from common knowledge about types of

equations or functions as in examples (b)-(d), and sometimes by the

formulation of the question as in example (e).

Moreover, the meaning'of a letter as a parameter or as an unknown

or variable, might change throughout the process of solving a

problem as in example (c). Solving this problem starts with



writing an equation y -ax +b, where common knowledge determines that

x and y are variables whereas a and b are parameters. The process

continues by substituting the constant 3 for a, and solving an

equation with unknown b, where constants are substituted for x and

y. The process terminates by substituting the constants found for

a and b, and by letting x and y be variables in ym3x-1.

4. The algebraic and the analgebraic modes of thinking in the

context of parameter

Understanding algebraic language related to parameter means

understanding from the context, which letters are used as

parameters, and understanding the role of parameters as opposed to

the role of unknowns or variables. The different roles are

explained by the fact that an equation or a function with

parameters stands for a family of equations or functions, where

specific instances may be created by substituting numbers for the

parameters, while the other letters still assume the roles of

unknowns or variables.

In understanding this difference of roles, there are some implicit

quantifiers involved. (The existence of implicit quantifiers, in a

different mathematical context, have already been mentioned by Esty

(1992).)

Let me specify the quantifier structures corresponding to equations

with parameters. I will use example (a) from the above (this is an

equation with a parameter and an unknown. A similar treatment can

be given to equations with parameters and variables):

(al) "for all m, there exists E(x), so that E(x) is the equation

m(x-5)-m+2x"

This means that in E(x) here, m (having been quantified) is now a

specific constant, and x is an unknown.

Note that the existential quantifier in this statement is of second

order, namely, quantifying an equation and not a number. As will

presently be shown, this quantifier may be followed by different

statements about the equation.

The difference between the roles of parameters and the roles of

other letters is related to a dynamics of possible substitutions:

first substitute for the parameter, get an equation, then

substitute for the unknowns or variables to check if the equality

holds. This dynamics may be expressed by adding (a2) to (al) from
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above:

(a2) "... and for all x, E(x) is either true or false"

(meaning that each x may or may not be a solution of E(x).)

Note that the unknown is quantified in (a2) after having

quantified the parameters and the equation in (al).

This order of Quantifiers expresses the dynamics of substitutions,

which is characteristic of equations with parameters.

In specific parameter tasks, one is asked to find values of the

parameters for which the equations have special properties. To

continue with example (a), (al) should now be followed by (a3):

(a3) "there exists m, so that E(x) has no solution"

where the latter part may be expressed by (a4):

(a4) "there does not exist x, so that E(x) holds"

Here again, as in (a2), the quantification of x comes only after

the existential quantification of the equation, performed in (al).

If we look at natural language, we might find structures similar to

unknowns ("someone called") or to generalized numbers ("kids like

ice cream"). In natural language, there do not exist, though,

structures similar to usage of variables and parameters, nor

structures with (implicit) quantifiers which are as complex as

described here.

The analgebraic mode of thinking in the context of parameter means

failing to understand these implicit quantifier structures. As

will be shown, the analgebraic students, will wrongly (implicitly)

quantify unknowns and variables before quantifying the equations.

The failure to distinguish between roles of parameters and other

letters is almost not mentioned in literature. Goldenberg, Louis,

& O'Keefe (1992) mention this failure in the context of graphing

software. Sfard and Linchevski (to appear) bring this failure as

illustration to Sfard's theory of reification.

5. Method

As mentioned before, the purpose of this study is to examine to

what extent students are algebraic or analgebraic in the context of

parameter. For this purpose I compiled a questionnaire, part of

which is presented in figure 1.
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Figure 1: Five questions administered in tile study

1. In his homework assignment Gadi was asked to explain why a
line has infinitely many equations. Gadi answered: A line
equation is Ax+By-C, and there are infinitely many
possibilities for x and y, therefore there are infinitely
many equations. What do you think of his answer?

2. Is the line equation y-b a specific case of the line equation
y-ax+b? Explain your answer!

3. Students were asked when the'following equation was not
quadratic: mx2+(m+5)x+m-1-0 (m is a parameter). Avi answered:
when m-0. Michael answered: When x.O. What do you think of
each of the answers? (right, wrong, explain your answer!)

4. A number A is given. Can we always find a number B so
that (A-3)(8-2)-1? Check the correct answer:
a. Always. b. Only when Bf2. c. Only when AO.
d. Only when Bf2 and AO.

5. Can you write the equation of a circle with center (4,6) and
radius 5 which goes through (1,2)? Check the correct answer:
a. Yes, the equation of the circle is: (x-m)2+(y-n)2- R2.
b. Yes, the equation of the circle is: (1-4)2+(2-02-25.
c. Yes, the equation of the circle is: (x-4)2+(y-6)2-25.
d. No, there is superfluous data.

For each of these questions, a correct answer requires an (at least

implicit) understanding of the order of quantification as described

above, while a wrong answer reflects a wrong quantification order.

Task analyses will be given in the next section.

The questionaire was administered to Israeli students who had taken

3-5 unit matriculation exams in mathematics (a unit is one weekly

hour during 3 years of high school). They answered the questions

after having restudied the related material in a course, at the end

of which, they repeated the matriculation exam. This course is a

part of a one year university program for students who do not meet

university admission requirements. By a rough estimate, more then

half of high school graduates are on their mathematics level or

below. Results will be given for two groups: Group A of 48 students

repeating 4 or 5 unit exams, and preparing to study science at the

university, and group B of 34 students repeating the 3 unit exam,

and preparing to study humanities or social sciences. Some students

in group B were interviewed after answering the questionaire.
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6. Results

For all questions, answeres were classified into 3 categories:

Category 1: The algebraic answers.

Category 2: The analgebraic answers.

Category 3: Answers that could not be classified according to the

algebraic/analgebraic criterion, and will not be analysed here.

The distribution of the answers is given in table 1.

Let me now, for each question, give its task analysis, illustrate

the categories, and analyse some of the answers:

Question 1: The correct analysis is: "for all A, B, C, there exists

an equation E(x,y)." The analgebraic students think that: "for all

x, y, there exists an equation." The order of quantifiers is

implicitly reflected in answers in categories 1 and 2. All answers

that related correctly to the roles of x, y and of A, B, C, like

"One equation with infinitely many solutions" or "His answer

should be that x and y have infinitely many combinations that when

multiplied by constants A and B they give result C," were included

in category 1, eventhough they do not point out Gadi's wrong

implication. The answer "Gadi is wrong, it depends on A, B, C"

does point this out. All answers that justified Gadi's claim, were

included in category 2, e.g.: "Gadi's answer is correct!, "true!

each number we substitute for x, y gives a different result for the

equation (C)", "His answer is correct, there are infinitely many

equations because on the line there are infinitely many points."

Apparently, some students think that different x, y substitutions

make different equations because they make different C's, and some

think that each substitution is in itself an equation. This was

also supported by the interviews, which for lack of space cannot be

quoted here.

Question 2: The correct analysis is: "for all a, b, there gxistE an

equation, and when a-0, that equation is y-b." The analgebraic

students think: "for all, x, there exists an equation, and when x-0,

that equation is y-b." This is implicitly reflected in the answers

"yes, when x..0" and "yes, when a-0 or x.0" which are in

category 2. The answer "yes, when a-0" is in category 1. Note,

though, that in the interviews, some of those students, readily

accepted x -O as an additional answer. This suggests an analgebraic

mode of thinking which produced a seemingly algebraic response only

because it was incomplete. The high incidence of unclassifiable
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answers in this question was due to the fact that students did not

specify the substitution in their explanations: "yes, when ax-O"

or "yes, p) is a specific line and y.ax+b is a general line".

Question 3: The correct analysis is: "for all m, there exists an

equation, and there exists m, so that the equation is not

quadratic, and this m is m-O". Analgebraic students wrongly think:

"for all x, there exists an equation, and there exists x, so that

the equation is not quadratic, and this x is xm0." Category 1

includes all answers claiming that Avi is right and Michael is

wrong. Some of the answers added explanations 114 "...because

then [when x -0] it's not an equation" or "... with parameter you

are concerned with m, not with x". All answers justifying Michael

were included in category 2, e.g.: "Both are right because x2

becomes zero." or "... Michael is right because then [when x=0]

m-I-0, and it is not quadratic". When interviewing these students

it was found that they (like those who wrote x2 becomes zero)

considered "m-1=0" not quadratic because it did not have x2.

Table 1: Distribution of categories 1 (algebraic), 2 (analgebraic)
and 3 (unclassifiable), for groups A (n-48), B (n-34).

question group category 1 category 2 category 3 no answer

1 A 26 (54%) 14 (29%) 8 (17%) 0
B 5 (15%) 22 (65%) 1 ( 3%) 6 (17%)

2 A 19 (40%) 22 (46%) 7 (14%) 0
B 7 (21%) 14 (41%) 11 (32%) 2 ( 6%)

3 A 27 (56%) 18 (38%) 3( 6%) 0
B 3( 9%) 29 (85%) 1 ( 6%) 0

4 A 8 (16%) 39 (81%) 1 ( 3%) 0
8 1 ( 3%) 31 (91%) 2 ( 6%) 0

5 A 33 (69%) 13 (27%) 2( 4%) 0
B 18 (53%) 12 (35%) 2( 6%) 2( 6%)

Question 4: The role of A as parameter and the role of B as unknown

are declared implicitly by the formulation of the question. The

correct analysis is: "for all A, there exists an equation E(B), and

when AO, E(B) has a solution for B" (answer c). Answers b and d

wrongly state: "for all A, B, there exists an equation E, and when

Bf2 (and AO) that equation has a solution." Category 1 includes

answer c, and category 2 includes answers b and d (answer a is
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category 3). In the interviews the analgebraic students explained

that when 8-2 we get 0=1 and therefore the equation has no

solution. They did not understand that by substituting B=2, one

does not get an equation, but a specific substitution inside an

equation, and therefore the correct conclusion should be: "B=2 is

not a solution", and not: "the equation has no solution."

Question 5: The correct analysis: "for all m, n, R, there exists an

equation". The analgebraic students wrongly think: "for all a, b,

R, x, y, there exists an equation", namely, they substitute for all

5 letters to obtain the circle equation (being tempted to do so by

the extra given point (1,2).) Thus, category 1 includes answer c,

and category 2 includes answer b (no one checked answer a. Answer

d is category 3).

7. Conclusion

Most of the questions had a high rate of analgebraic answers, and

even a routine question like 5, was answered analgebraically by

many students. These results can be explained by the fact that the

notion of parameter includes implicit but unavoidable quantifier

structures which are even more complex then advanced notions like

E,6 definitions in calculus, which teachers try to avoid.

As was to be expected, group A usually performed better than group

B. Question 2 is an exception. This may be due to the higher

technical skill of group A which lcd them to specify the

substitutions a=0, x=0, thus performing skillfully but analgeb-

raically, not paying attention to the meaning.
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APPROACHING RATIONAL GEOMETRY:
FROM PHYSICAL RELATIONSHIPS TO CONDITIONAL STATEMENTS

Paolo Boero Rossella Garuti
Department of Mathematics, Genoa University Institute for Applied Mathematics, CNR, Genoa

Reflections on some historical and epistemological aspects of the statements of theorems in
geometry suggested a teaching experiment with students in grade VII, concerning the production of
geometry statements and the comparison between the statements produced and the statements
contained in the text-books. An analysis of the students' papers proves that through such activities.
in an adequate educational context, they are able to approach geometry statements constructively.

I. Introduction
Research concerning the didactical and cognitive problems about approaching theorems and proofs

has expanded especially on the proofs (see References): particularly, few works concerning the

construction and analysis of the statements of rational geometry have been published. This report

concerns an exploratory study on the students' early approach to the statements of theorems in

geometry through the production of statements during suitable tasks, and.the comparison between the

statements produced and the statements in the text-books. Our hypothesis is as follows: in an adequate

educational context students from 11-12 years of age should be able to perform these activities and

constructively approach "rational geometry" ').

Our research developed from a reflection on some historical and epistemological aspects of the

approach to geometry statements (synthetically mentioned in § 2): from this we derived the guidelines

of a teaching experiment concerning the approach to geometry statements in grade VII") (see § 3).

The aspects considered in §2 also suggested some keys suitable to analyze students papers (see § 4).

2. Historical and epistemological aspects concerning geometry statements
The statements of theorems in "rational geometry" are general (each statement expresses the

properties of a class of figures - all rectangular triangles, all circles..., not of a particular figure),

abstract (the statements concern geometrical figures and not concrete objects), conditional

(statements are logically articulated in the form: "in the hypothesis that ...it is true that ..." ).We may

also observe that (also depending on their content) statements may be expressed in a procedural way

(especially when they concern how to perform a geometric construction or to work out a measure: see

Heron's Theorem) or in a relational way (as many theorems in Euclid's "Elements").

From a historical point of view, Euclid's "Elements" have been the first systematic organization of a

hypothetical-deductive kind, based on the "evident" properties (axioms) of the elementary geometrical

entities, of geometrical knowledge expressed in the form of general, abstract and conditional

statements. Historians consider it a controversial problem how in the Greek culture the complex

transition was achieved from the particular methods used for particular concrete problems, to the

1 we shall use the expression "rational geometry" as in the Italian syllabi for secondary education
("geometria razionale"), to signify an axiomatic-deductive theoretical organization of the geometrical
knowledge, apart from the particular system of axioms chosen.
") in Italy, it is usually in grade VII that comprehensive school students get in touch with the first
theorems of geometry (generally the theorem of Pythagoras, sometimes the theorem of Thales, more
seldom the theorems of Euclid).
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"Tha les statements" as general properties of abstract geometrical figures, and from these to the

"Euclidean statements" as statements of a conditional kind which arc true since they can be proved (in

them the hypotheses are conditions under which a thesis can be proved). Indeed the oldest geometrical

propositions of the times of Thales probably were statements on the truth (based on evidence) of some

general properties of abstract geometrical figures not requiring any proof based on other more

elementary properties (Szabo,1961). Surely at the time of Aristotle the conditional (as well as abstract

and general) nature of the geometry statements was known (Heath, 1956).

Serres (1992) assumes that the investigation concerning peculiar contexts (such as that of sun

shadows), in a suitable cultural environment, might have suggested the transition to abstract

geometrical shapes. Szabo (1961) relates about different hypotheses interpreting the transition from

Thales to Euclid, and points out their possibile complementarity. He refers to ideas of Kolmogorov

(concerning the development of mathematical proof in a socio-cultural context which was very

advanced for the time), of van der Waerden (concerning the need - felt by the Greeks - to build general

statements in order to overcome the limitations and contradictions existing between different practical

methods derived from the Egyptians or the Babylonians), of von Fritz (who analyses the relationships

between the development of Aristotelian logic and the structure of geometry statements and

mathematical proof). And to its own ideas (concerning the implications of the development of the early

Greek philosophical thinking - especially the Eleatic School, on the development of geometrical

thinking towards abstraction, generalization and logical deduction). Arsac (1961) discusses Szabo's

position, thus showing possible interactions between internal motivations of the synchronic

development of the structure of geometrical statements and mathematical proof (depending on crucial

problems, such as that of incommensurability between the side and the diagonal of the square), and

external cultural development (especially concerning philosophy, starting from the Eleatic School).

Historical and epistemological research may offer interesting suggestions to plan didactical activities

aimed at making the transition to statements of "rational geometry" accessible to students, starting from

their working experience in particular and concrete geometrical situations. This is in our view an

open didactical problem, not so far exhaustively and globally investigated in the research on

mathematical education. Particularly, in the few experimental works to be found in literature on the

costruction of geometrical statements by younger students, we can see that they arc only concerned

with the transition from particular cases to general properties (recently, by also exploring geometrical

situations realized through suitable softwares, such as Cabri (Laborde & Laborde, 1992) or Geometric

Supposer (Yerushalmy & Chazan, 1990)), or from concrete to abstract situations (Gerdes, 1988),

while the problem of the construction of conditional" statements is virtually overlooked.

3. Planning the teaching experiment
Based on the analysis briefly explained in the previous paragraph, we have identified a preliminary

didactic context and two subsequent tasks which seemed adequate to effectively and rapidly achieve a

direct constructive approach of the students to the aspects of the statements of the theorems of rational

geometry that we deem essential.

The educational context has been the study of the phenomenon of the shadows of the sun (see Garuti
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& Boero, 1992 for the motivations and the first part of the didactic itinerary); in this context the students

of the two classes we will consider in this report had gradually come to solve problems concerning the

determination of the heights of objects (inacces.ible by direct measuring), by using the proportionality

existing between the heights of the objects projecting the shadows, and the lengths of the projected

shadows.

To introduce the didactic activities forming the object of this report, two ancient versions 1 of the

"Thales and the height of the pyramids" anecdote were told, then compared and discussed.

In this context, the notion of "triangle similarity" was introduced under the double aspect of
"preservation of the ratios between the sides" and "preservation of the angles".

The first task proposed was: "Imagine you are Males, and write what he might have written down in

his testament in order to explain his findings to posterity. If you can, write a general statement"

From the point of view of motivation, this task could be expected to stimulate a number of students to

reconstruct the meaning of the work done. It was also assumed that the task would stimulate some

students to produce statements with the typical attributes of the statements of rational geometry, to be

used in the following comparison and discussion activities. Indeed the students had initially faced the

problem of the height of a lamp-post and, subsequently that of a tower; the Thales anecdote was

concerned with the height of a pyramid ... It was therefore assumed that some students would feel

uneasy (in writing down their testament) about the many different examples of "concrete" problems,

and that the progress to generality and abstraction of the statements relating to geometrical figures

might be for them an adequate and practicable answer to the need to overcome their embarassment.

It was also assumed that in the transition to generality and abstraction of the statements relating to the

geometrical figures, some students might feel the need to underline the parallelism of straight lines as a

"hypothesis". In fact, in facing the "concrete" problems met in the "field of experience" of sun

shadows many students had become convinced that the proportionality between the heights of the

objects and the lengths of the shadows projected depended on the parallelism of the sun rays, and

therefore might consider this parallelism as the condition of the ratio invariance.

At this point, we deemed impossible a spontaneous evolution of all the students towards statements of

rational geometry (due to a lack of reference models). This was the motivation for the second task,

proposed a few days rifler the "testament" had been produced, which reads as follows: "Try to

establish which of the following four statements resembles yours, and explain why".

In this task, the students are offered four different formulations of Thalcs's statement (sec Annex)

taken from high school text-books.The statements have been selected according to different criteria: an

analysis of the texts produced by the students, so that each one of them may identify with an "official"

statement; statement content; significance in relation to the strategies adopted by the students during the

4 "Tildes measures the heights of the pyramids by measuring their shadows, after having observed the
time when our shadow is the same as our height ... "I Diogenm Laertius I .

"I especially admire you, Males of Miletus, because, by placing your stick at the end of the shadow of
a pyramid, you fanned two triangles with the sun rays, and proved that the height of the pyramid is to
the length of the stick as the shadow of the pyramid is to the shadow of the stick" [Plutarch J.
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work on proportional reasoning; diffusion in the text-books. Drawings were modified in comparison

with those usually found in books so that the students may perceiveanalogies with the shadows

phenomenon without however representing this phenomenon explicitly.

As to the objectives of the second task, we can remark that the request to recognize analogies and

differences between a student's own statement and one of the four proposed, calls upon the distinctive

attributes of a geometry statement (see § 2) and can therefore represent an important step in the process

of becoming aware of them.

As for the methods of observation, in planning the teaching experiment we considered that the two

classes (which had been working two years with the same Maths and Science teacher) were by then

used to writing down their reasoning extensively and accurately. It could therefore be assumed that the

verbal records produced during the two tasks would supply enough material for our study.

4. Analysis of the students' behaviour (sec TABLE 1, annexed)

4.1. Statement production
The texts produced by the students can be analyzed according todifferent keys, linked to the analysis

carried out in the second paragraph.

1) Particular-General
The text types identified are listed below:

a) some students stick to a particular case (Pc), for instance the case of the equinox') or to another

numerical example;

b) others generalize (G) by stating general properties of the sun rays and/or generally describe the

process adopted for which no examples arc given:

c) others still have mixed behaviours (Pc/G) because they go from a particular case to a general

statement or else state the general aspects first, and then apply them to a particular example.

The G or Pc/6 texts are prevailing perhaps because, beyond the explicit request in this sense, the

production of a testament shifts the attention from the geometrical representation of a particular

phenomenon to the construction of a text concerning general properties.

However, we can see that it is not easy to make a distinction between the "particular" as an example to

express a general property, and the "particular" as a failure to have a more general view of the property

in question (see later on: examples concerning the "testaments" of students I I and (27].

11) Concrete-abstract
The behaviours are of a different kind:

a) some students stick to the phenomenon they have observed, and the elements they describe are

concrete objects (rays, sticks, pyramids, ...) (C);

b)others explicitly state the properties of abstract geometric cntitics(parallel straight lines,triangles..)(A)

c) finally, some students begin by mentioning concrete elements, but later in the discussion they

gradually go on to talk of geometrical entities (C&A).

9 they had experienced that in the equinox day at noon (at our latitude) the length of a pole is equal to

the length of the projected shadow
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According to this key we can see how the majority of the students are still tied to the physical

phenomenon observed. This can be explained on the one hand, by the relevance of the geometrization

work performed in the previous year, and on the other hand, by the fact that the transition to

abstraction possibly requires a further didactical mediation to go from sun rays to parallel straight lines.

from the cross section "drawing of shadows/objects/rays" to similar triangles.

III) Conditional nature of the statements
About the mechanism determining the transition from "parallelism of the sun rays as a cause of

proportionality" to "parallelism of the straight lines as a condition of proportionality" it can be said, in

all four cases (111,121,131,118)) where this transition spontaneously occurs (IF), that this might imply

some degree of awareness that the straight lines (unlike the sun rays) may not be parallel, and the

conviction that parallelism is the property of the rays granting proportionality between objects and their

shadows.

IV) Procedural-Relational
The students' behaviours are essentially of three kinds:

a) Procedural (P), when the students describe only the measuring process of an object of height

unkown by using its shadow;

b) Relational (R) when the students detect the parallelism as a cause (or a condition) for the ratio

invariance and relate the elements of the phenomenon (parallel rays, same angular height,...) or of the

geometrical figure without however caring to describe the process to work out the measure;

c) Procedural-Relational (P&R): when the students describe both the process to reckon the height

unknown and the "causes" (or "conditions") for the ratio invariance.

According to this key, we can see that the students are almost equally distributed in the three groups:

the procedural statements probably reflect a will to make explicit (in a more or less general way) the

resolutive methods concerning the problem of inaccessible height constructed during the previous

year's activities; while the relational statements probably correspond to an idea of mathematics

developed by a number of students of this age, due to their school experience about mathematics (as a

"study of the properties of mathematical entities"). We can see how the distinction between the two

types of statements does not seem to be cognitively relevant here (both types of statements are

proposed by students of any level).

Let us now analyze some of the papers to see how the aspects we have so far observed have mixed in

reality; examples such as these strengthen our conviction that, in the particular situation of statement

production we are considering, the attributes "general" and "relational" or "abstract" do not indicate any

superior cognitive performance.

a) [271: he only considers the equinox case and concrete objects (Pc-C-P):
o I have considered a pyramid, I have measured its shadow and knowing that it was the equinox day.
I have found the height of the pyramid. The ratio existing between the pole and the shadow is one »

b) 1 241: his text is characterized by a high degree of generalization both in the description of the

procedure and in the drawing illustrating it . In this drawing we may detect an approach to abstraction

(C-C&A-P&R).
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«1, Tildes leave the following statements to my descendants:
- the sun rays are parallel
- an object and another taken at the same time and exposed for the
same length oftime in the sun have an element in common: if we
measure their shadows at the same time and divide the larger by the
smaller, we find a ratio equal to that of the heights.

if I know the ratio of the shadows, I can find, through it, the height
ofan object through the height ofanother.o

c) 1 331: he builds the text starting from the case of the equinox and goes on to the general case by

linking the ratio invariance with the parallelism of the sun rays. He therefore completes the picture by

giving a numeric example where he makes the procedure explicit. In this general statement, he states a

general property of the "parallel rays". This text is unique for its complexity and the dialectic existing

among the various aspects (Pc&G-C-P&R).
a I, Thaks, [....] have discovered [...] : given that the sun rays are parallel, I have worked our the
height of the pyramid [ ] I have used another object, i.e. a short pole I...) In terms of proportions
the stick was as long as its shadow, and the pyramid was as high as its shadow and sot...) I then saw
that even if the shadows were not exactly as long as the objects 1...) Therefore, if the stick is
contained in its shadow a certain number of times. then another object is also contained in its shadow
the same number of times ... [numerical ex.). Since the rays are parallel, if a shadow is contained in
another a certain number of times, hen a stick is also contained in another the same number of times o.

d) I 1: his text opens with the equinox example, then goes on to a different numeric example. This

student does not express any relation or generalization on these two cases. Afterwards, he "jumps" to

a purely geometrical statement. In this text, the various aspects do not flow together at an explicit

level, and there is a sudden progress to the "theorem" (Pc&G-C&A11,-P).

«Dear descendants, I have made a
wonderful discovery: I know how to work
out the height ofan object by measuring its
shadow. I
Statement: if three angles oftwo triangles
are equal, I can work out the size ofanother
side unknown, since the ratio between the
two is the wined)

5
S

l0

4.2. Comparison between produced and official statements: an outline of results.
During the recognition process the students should interpret systems of different signs: text, figure

and symbols. They try to detect the statement analogue to their own by recognizing analogies in the

drawing (DA) or the text (TA), or (also depending on the content of their texts) through a more

articulated process of interpretation; in this second case, some students (Row), stimulated by "official"

statements, revise their texts making them more general and abstract as well as closer to an official

one; others (Ro) transform one of the official statements to bring it closer to their own statement,

which therefore becomes a consequence (or a realization) of the official statement.

5. Discussion
As is shown in the examples and also in the table, many texts produced during the first and second

task arc characterized by remarkable variety and complexity, and by the dialectical presence of the

different aspects: panicular/general, concrete/abstract, proceduraVrational; this allows the students,

from time to time, to rest on one and/or the other aspect according to what they wish to communicate.
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The official statements proposed in the second task arc not interpreted by a number of students as

formal texts, but seem to "speak" to them about shadows, sun rays and objects projecting shadows.

and to also evoke the conquest by the students of the proportionality model. In the official statements

they thus tend to recognize their own geometrical work experience.

The comparison between produced statements and official statements seems suited to fulfill the double

function of maintaining the relation between the official statements and the students geometric

experience and introduce them to the cultural system of rational geometry.

With these considerations in mind, the teaching experiment suggests a certain optimism as regards the

feasibility of the objective to get grade VII students constructively involved in approaching "rational

geometry", obviously in an adequate educational context.

The teaching experiment also suggests some questions, concerning the teacher's didactical choices,

we would like to point out very concisely: the opportunity or not of forcing (by modifying the first

task) the production of relational statements; or especially the production of conditional statements; the

most appropriate moments to introduce classroom discussions (which might be quite useful to foster

the classification process of statements and the detection of the typical characteristics of the statements

in rational geometry); the ways to accomplish the transition to proof once the "conditional" nature of

the statements has been recognized.

A further question concerns the usage of the history of mathematics in mathematics education, apart

from the usage that may be made in planning teaching experiments by deriving some suggestions from

the hypotheses of historians (as we did). We think it might be useful to clarify the role (that we deem

important both on the affective and cognitive ground) explicit references to personalities and
intellectual activities so far back in time might have for students.
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TABLE I : this table summarizes the main charactetistics of students' behaviours

Stud. I II Ill IV Rc

1 )c&G CM IF P TA

2 G A IF P Ro

3 ?c&G C IF P TA

4 * * * * *
5 ?c&G C R DA

6 * * * * *
7 G C P TA

8 G CM R Ro

9 G C R Ro

10 )C86 C P&R Ru

11 G C P&R Ru

12 Pc&G C P&R Ru

13 * * K *

14 Pc &G C&A R Ro

1S G C R

16 G C P&R DA

17 * * * *
18 G C IF P&R DA

Pc-Particular G=General; C=Conerete; A=A
Re- Recogn tion; TA -Text Analogy; DA- Drawing Analogy; Ro.= Revision official text;
Row-Revision own text; .absent.

S t u d . 1 1 1 I I I IV Rc

19 6 C&A P&R Row

20 6 C R Ro

21 Pc&G C R Ro

22 G C R TA

23 G A P TA

24 G CM P&R

25 Pc&G C P&R Row

26 Pc&G C P TA

27 Pc C P DA

28 Pc&G CM R Row

29 G C P *
30 PC C P Ro

31 Pc&G C P&R DA

32 6 CM R Ro

33 Pc&G C P&R Ro

34 Pc&G C R TA

35 Pc&G C&A R Row

36 Pc&G C R Ro

3 7 Pc CM P Ro

ANNEX : official texts of the Theorem of Thales

If a sheaf of parallel straight
lines cuts two transversals, then
equal segments on one of these
transversals correspond to equal
segments also on the other.

a-b
a'=b'

_11k

2 If a sheaf of parallel straight
lines cuts two transversals,
the ratio between the
segments that are on one of
these is equal to the ratio
between the corresponding
segments that are on the
other.

aib=dfd
.

-.NMI.
a b I b

3. If a sheaf of parallel straight
lines cuts two transversals, the
ratio between corresponding
segments on the two
transversals is constant.

Wa'-lvb'

4. Two triangles that have
equal angles have
corresponding sides in
proportion.

a:d-b:Ii=c:c...k
c

IL\ e'
a a d
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A MODEL FOR STUDENTS' UNDERSTANDING IN A MULTI- REPRESENTATIONAL
ENVIRONMENT
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Abstract
This paper presents a model to describe students' understanding of nunsformations of

functions in a multiple representation computer environment. A case study is presented of a
student who generates rules about stretches of a function and finds justification for the rules

through noticing discrepancies and support among different representations. The teacher has
an important role in this model since the "why question", which can be asked by either the

teacher or the student, is crucial in the model developed. The model is seen as being
potentially extended to other topics of the curriculum.

INTRODUCTION
The relevance of the study of transformations of functions has been associated with its

importance in the modeling process (Confrey & Smith 1991). The use of multiple representations

in mathematics education has also been discussed intensively in the last few years (Wenzelburger.

1992, Eisenberg & Dreyfus (1991), Rubin, (1990). Arcavi & Nachmias 1989, Kaput, 1987). In

particular the use of multiple representations in the learning of transformations of functions has

been attracting attention (Confrey, 1991). Many have argued that multiple representations would

help students to connect realms of meaning which might have otherwise remained separate.

Moreover, with the availability of computers, the use of multiple representations in the classroom

has become feasible. However, few examples of how students have actually worked in such

environments exist. In this paper I will present a case study of a student working with

transforrnatiOns of functions and a model of how students may understand functions in multi-

representational environments. The research involved investigation of students' understanding of

transformations of functions, although I believe that the model developed to describe students'

understanding can be applied to students' understanding of concepts other than functions.

THE RESEARCH

Traditionally the study of transformations of functions has been dominated by algebra. This

study uses visualization of graphs and direct actions on graphical software (through the mouse) as

the starting point of the study of transformations. Then the impact of these graphical

transformations on values in the table window and on algebraic equations is explored.

Function Probe (FP) (Confrey, 1989) is a multi-representational software that allows a

graph to be transformed into another through direct actions on the graph using translation, stretch

or reflection icons. FP allows both the reflection line and anchor line for the stretch to be moved.

Therefore, a graph can be reflected on or stretched from any line parallel to the y or x axis. Points

can be sampled from a graph allowing a transformation in a continuous graph to be studied as

actions on discrete points. These samples can be sent to the table where they will be stored in "x"

and "y" columns. Any pair of columns can be sent back to the graph window as points and
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columns of numbers can be altered in the table window. In this study, three students were

interviewed in a teaching experiment fashion (Cobb & Steffe, 1983) over approximately eight two-

hour sessions. Students were introduced to the features of the software through three tutorials and

then given tasks involving absolute value (AV), quadratic, and step functions. In the first part of the

experiment, the focus was entirely visual. Using the transformations icons, subjects attempted to

transform graph A into graph B. In the second part, a numeric component was added as students

were asked to predict what would happen to the coordinate values of a given point of a graph when

the graph was transformed. Finally, students were asked to explore the relationships between

actions in the graph and coefficients of algebraic expressions. The interviewer was the author of

this paper.

RELEVANT RESULTS FOR THIS PAPER
= abs(n)

F'gure 1 - The original graph y=abs(x) was stretched by 3 (s=3) with the anchor line at x=2 (a=2)
resulting in graph A. The original graph was also stretched (s=4. a=-1) resulting in graph B. On the
left hand side from the top down six icons of the graph window of FP can be seen: the selection
icon, the equation icon, the cartesian point icon, the sketch pad, the translation icon, the reflection
icon and the stretch icon.

Borba & Confrey (1992), Confrey & Smith (1991) have discussed the potential and the

relevance of using multiple representations, visualization and discrete points in the leaming of

transformations of functions. Borba & Confrey (1992) reported an example of how Doug, a 16

year old high school student in Ithaca, New York. coordinated tables and graphs and actions in this

graph to formulate a law of what would happen to a given point of y=lx1 when the function is

horizontally stretched. Doug had already worked through the first visual part of the teaching

experiment and was working through the second part, trying to incorporate numerical value to

transformations. In other words, he was trying to discover what would happen to a given ordered

pair of y=lx1 when a graph is transformed. In this second part, Doug has also already gone through

translations and reflections and stretches, and was dealing with stretches with anchor lines which

were not at the y-axis. Under these conditions when a horizontal stretch (HT) was performed the
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line of invariance would not be at the y-axis. Doug formulated, in regular language, a law of what

would happen to this function when stretched, as shown in figure 1.

In a Lakatosian (Lakatos, 1976) fashion, Doug worked through a sequence of examples in

the computer and found that a horizontal stretch by "s" with the anchor line at "a" could be

described by the following law x'=sx-a(s-1), where x' is the transformed coordinate. "s" the stretch

tauor and "a" represents the position of the anchor line at the line x=a. It should be noted that

Doug was working at this point only with covariational equations (Borba, 1993). Co-variational

equations are equations such as x'=4x-9 and y'=y which represent algebraically a transformation of

the function (in this case a 11S by 4 with the anchor line a=3). Co-variational equations are heavily

influenced by reasoning in a table environment and are embedded in a view of function as

covariation instead of the input-output view (Rizzuti, 1991; Confrey, 1991).

Doug reached the conclusion described above after analyzing several transformations made

in the graph window and analyzing these transformations within a table environment, looking at

sets of points which were sent from the graph window. Not yet described by Borba & Confrey

(1992) is the effect of a "why question" (Henderson, 1992) that was then posed by the interviewer.

Doug was asked why his rule held true, leading him to explore the problem further.

This question took Doug on a very different track. His first attempt to solve the problem

was a visual one. Doug had generated the rule essentially through an analysis of discrete points in

the table. Now he turned to the graph window to look for support for his rule. In front of him he

had now the graph window in figure 2 which was left from a previous investigation, since

he was now focusing on the analysis of the results which were stored in the table window,

Apparently looking at the part of the computer screen soown in figure 2, Doug came up

with an initial explanation:
"what I am thinking right now .. is .. if I have my anchor line at a given point ...say

positive .. one ...X=+1... then .. each point that is already ...to the left or negative side
of it ...is gonna continue moving left ....and each point that is already on the right ...or
positive right is gonna keep moving right or becoming .. more positive ... a greater
positive value .. hum .. and ... each stretch .. is .. as 1 increase the value of the stretch .
.. it moves even further ... right .. if it is already on the right ... or even left if ii's
already on the left ...that's where I an right now ..." [4:12]

Figure 2 - Doug's sketch for HS (s=2, a=-2). The dots are the results of liSes he made from the
original sampled set of points of y=lxl. The stretches on the points were made after his prediction
(the highlighted sketch).
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Doug seems to be explaining the rule he has found in visual terms inspired by the activities

he had developed in the graph window. He was trying to explain the way a given point moved to

the left or right when a graph is stretched. This train of thought did not lead him to fully answer the

"why question", but on the other hand it helped him to better understand stretching, enabling him

to make a wider variety of predictions.

Figure 3 - a reproduction of Doug's sketch. The vertical line on the right hand side is his
representation of the anchor line.

As Doug realized that the track he was following was not being very productive, he turned

away from the computer and drew a sketch similar to the one shown on figure 3. This sketch

,shows what aspect of stretching he is emphasizing at this point. Doug is trying to look at a family

of sketches with different stretch factors on a given function (y =Ixl) with a fixed anchor line (x=1).

X=0

Figure 4 - Reproduction of the sketch made by Doug upon the interviewer's suggestion.

Although Doug could reassure himself of some features of the rule he had generated for stretches

and anchor lines. he seemed to have stumbled in his reasoning. The interviewer suggested that he
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draw another set of stretched graphs with the anchor line at the y-axis so that he could contrast the

sketch on figure 3 and the one on figure 4. The interviewer's suggestion had the effect of leading

Doug to compare the sketches reproduced on figure 3 and figure 4 but also to look at the computer

screen shown on figure 2. Doug compared these figures and, with the help of the interviewer who

pointed out what he had in mind when he suggested that he draw figure 4, he arrived at the

following explanation:

I: OK, right. But what I'm trying to tell you is, when you look at this one here without
moving the anchor line [figure 4i, all you do is multiply by 2, OK? In a stretch by 2.

D: Right.

1: In this one that you move the anchor lined by I [figure 41, what you do is you multiply by
2 and you subtract 1. Then when you made a stretch by 3.

D: Its a . . huh! It's a .. it's actually .. I can think of it in 2 ways. It's actually pretty simple.
I wasn't looking at all the different .. the fact that I add the same number or subtract the
same number to each one, which is a translation after a stretch. It's, so that .. yeh, wow.
didn't even realize that. / was thinking too much about how each value changed. Not . . oh,
my goodness. I didn't realize that. So that... it is a translation, I don't know exactly . . . well
. . . And then the translation is just, um . . increases for each time the stretch increases.

I: When I do a translation?

D: The trans the .. each one is a translation. Even this [figure 4] is a translation of 0.
This is a translation of -1... I can . . the fact that the values are inverse in that if my anchor
line is a =1, it's a subtraction, I can get from the fact that, if my, um . . x=0, um . . that even
though my y, uh. my x, no . . my y-axis is always gonna be the same line, if I look at it as
though my anchor line were the, urn . . the y -axis, then this would be +I , even though its
actual coordinate is -1. You see, this is -1, but the y-axis in relationship to it is + I . And the
opposite is true here, that even though this is +I, um . . the relationship of the y-axis to this
line is -I. That explains why it's an inverse value, at least to some degree. [4;18-19)

It seems that Doug arrived at a new finding in the problem he was working with. He was

able to construct an explanation for the first minus sign in the formula x'=sx-(s-l) he had found

before. He saw the inversion of the sign - a movement to the right of the y-axis of the anchor line

would mean a minus sign - as a way of explaining the relationship between the position of the

anchor line and what happened to a given point when a given stretch has been finished.

DISCUSSION AND THE MODEL FOR STUDENTS' UNDERSTANDING

This case study indicates that understanding mathematics in a multi-representational environment

may be something quite different than it has been in other environments. Doug had first worked

only in the graph window of FP learning how to transform a function through icons driven by the

computer mouse. Next, he generated rules, including the one describing stretches with anchor lines

different than the y-axis which resulted from the observation of several sets of points he had

previously stored in the table window. 'lids rule was a result of an attempt to explain in the table

environment regularities he had visualized in the graph window. However, the explanation in the
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table environment had "taken a life of its own", since he was working only on the numeric realm

without being concerned with the visual part any longer. In a certain sense, it was this emphasis on

one single aspect that allowed him to generate his powerful rule to link a stretched graph - with the

anchor line not coinciding with the y-axis - to the original one. On the other hand, once the why

question was asked, he had to look for an explanation in the visual realm. He combined both the

paper and pencil and the computer media, using a suggestion by the interviewer, to understand

further the law he had generated before and obtained an explanation to the crucial minus sign in his

oral explanation of the rule he had generated. Moreover he could associate the translation of the

anchor line thinking of the anchor line as having a default position at the y-axis - with the stretch

made on the graph.

ONE APPROACH TO UNDERSTANDING

'REGULARITIES

In the

can use
can u

PHENOMENON

'OTHER REPRESENTATIONS

ALGEBRA

iS as

is

MODE OF EXPRESSION]

interacts with

Figure 5 - Concept map showing part of the model for understanding in a multiple representation
environment.

It is important to note the dialectical aspect of this "game" among representations. As he

looked at the graph window and the table window, he was able to synthesize them to generate his

powerful rule. What was once powerful was not as powerful anymore when the why question was

asked and it became clear that rule had been generated with its basis on just one representation. At



this point, he had to look again at both the graph and table representation to explain the rule he

found.
As a result of the analysis of this excerpt and others from Doug and several others from

other subjects which were interviewed, a model for students understanding in a multiple

representation environment was synthesized in figures 5 & 6. Figure 5 emphasizes the notion that

in trying to understand a theme, which could be a contextual problem (Confrey 1991) or

transformations of functions in the "computer context" (Borba, 1993), the student would generate

rules by either noticing regularities in an observed phenomenon or discrepancies between what he

observed in that phenomenon and his previous experience.
SECOND STEP OF THE MODEL: "WHY" QUESTION IS ASKED

"WHY QUESTION"'

provokes a

(NEED(

for

JUSTIFICATION

for

challenges understanding of

generated in a given

REPRESENTATION

in a
such as

can be justified by

such as

can be justified b

can be justified by

ALGEBRA

Figure 6 - The second step emphasizes the role of a representation in supporting (or not) a
regularity noticed in another representation.

In Borba (1993) there is a collection of instances in which the "why question" is asked

either by the interviewer or by the student him/herself. This why question in a multiple

representation environment is usually motivated by discrepancies among patterns found in different

representations or by regularities found in one representation but lacking any kind of justification
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that can give any kind of assurance to the knower about the result found. The justification

provoked by the why question can serve as a means of reassurance. If we consider the idea of

Henderson (1992) of proof as being a "convincing argument", it might be the case that the model

presented on figures 5 & 6 is also a draft of what mathematics proof might become if multiple

representations become pervasive in mathematics and mathematics education.

Finally, it should be mentioned that Confrey (1991) has argued that multiple representations

bring diversity to the classroom. The diversity observed by Confrey (1991) might be extended if

one considers the model below, especially the role of the why question. As the reader might have

noted, the answer given by Doug to the why question could be unsatisfactory in other

circumstances (different characters involved or the same character involved in different setting and

different time). That means that a new why question can arise and new connections with other

representations and knowledge about other phenomena may arise. As a consequence, the process

described by the model can be seen as endless, allowing teachers to allow different students to

answer a different amount and different types of why questions. asked by a teacher or by a student

himself. It also seems that, the model could be used to describe students' understanding of other

topics of the curriculum, although more research will have to be developed to assure this point.
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ABSTRACT

The general framework of this research is the problem of the curricular changes determined by the
introduction of computers in school. We investigate, through a case study methodology, how in-
service mathematics teachers are reacting to this introduction. In the paper we briefly outline the
methodology of our work and the context in which it is set. Then we identify a number of issues we
consider significant to investigate links between teachers' beliefs in mathematics and the use of
computers. Findings resulting from the analysis of the case studies are presented according to these
issues. They allow to enlighten the links between beliefs in maths teaching and the use of computers.

INTRODUCTION

The problem of curriculum changes and the consequent renewal in teaching emerges periodically in

mathematics instruction of secondary school. (Wojciechowska, 1989) points out two major changes

which took place in the secondary school mathematics curriculum in this century. The first one.

referring to the Meran Syllabus (1905), had its principal advocate in Felix Klein who identified the

development of pupil's geometrical imagination and functional thinking as being the basic objectives

of mathematics teaching. The second major change, dating back to the early 60's. was supported by a

French group of mathematicians known as Bourbaki: it ascribed a central role in mathematics to the

abstract notion of structure, based on the set theory.

Today the great challenge offered to maths education by computers is leading to a third

curriculum change, which is still in progress. Unlike the previous ones, this change does not come

from within of the mathematical community as a consequence of certain cultural developments of the

discipline, but it is the consequence of the great changes in the social and economical reality provoked

by the impact of new information technologies.

Studies of the consequences of this impact in mathematical instruction show that the influence

of computers in mathematics teaching is a complex phenomenon that has been approached with very

different orientations depending on the context in which curriculum changes are carried out as well ea

on the cultural (mathematical and technological) background of mathematics educators. The updated

edition of the ICMI studies on the influence of computers and informatics on mathematics and its

teaching (Cornu and Ralston, 1992) offers a perspective of the different orientations observed in
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research and in school practice as regards the relationship between informatics and mathematics. We

can sum up these different orientations under the following labels:

- computers as an aid to teaching and learning mathematics;

- introduction of informatics elements in the mathematics curriculum;

- mathematical basis of computer science.

In this paper we consider aspects of the development of the first two orientations observed at

secondary school level; in particular, we focus on the reactions of teachers facing curricular
innovations involving the use of computers. In this regard, while in the past one could mainly

observe 'extreme' positions (absolute refusal or enthusiastic acceptance), it is now possible to detect a

variety of nuances of attitudes between the extreme poles. An analogous pattern was followed in

research: pioneering studies tended to single out the causes of teachers' attitudes in extreme factors

(think, for example, of 'computer anxiety' or of 'computer appeal'), research has subsequently
passed from this somewhat oversimplified point of view to a more articulated one by considering a

wider range of factors in analysing of teachers' behaviour. In this paper we focus on some of these

factors and, in particular, we attribute a crucial role to teachers' beliefs, in line with the recent trend of

research (see, for example, Hoy les, 1990; Moreira and Noss, 1993; Ponte, 1990). Teachers' beliefs

influence the transformation of the 'official' proposals of curriculum innovations into their 'real'
implementation in classrooms. Different beliefs can be considered as a sign of different awareness of

the curriculum changes proposed, both at the level of contents and methodology.

We observe that, in our particular case, beliefs have to be analysed in two different domains:

the domain of mathematics and its teaching and that of informatics and its teaching. According to the

terminology adopted in the IFIP "Guidelines for good practice on informatics education in secondary

school" (Taylor, Aiken and van Weert, 1991, p.2) henceforth the term informatics will indicate «the

science concerned with information processing* that is to say the theoretical aspects as well as the

different applications of related technology, which in our case means the use of computers for

educational purposes.
We believe that the relevance of our work is twofold: on the one hand, it may suggests

elements to understand the reasons of the gap between proposals of curricular innovations and their

actual implementations in classroom, and, on the other, it may offer researchers in educational

computing elements for producing effective 'tools' for the teaching of mathematics.

CONTEXT AND METHODOLOGY OF THE RESEARCH

The present situation of Italian secondary school (age 14-18) offers a suitable framework for our

research, since, at this school level, new mathematics curricula have been proposed by the Ministry of

Education and are now under experimentation in a great number of schools.

These curricula, in addition to updating the teaching of classical topics (algebra and geometry),

provide for the introduction of new ones (informatics, statistics and probability, logic) and suggest

innovations in methodology.
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In this paper we deal with the innovations induced in mathematics teaching by the introduction

of informatics, which, as previous researches have pointed out, see for example (Bottino and
Furinghetti, 1990), is perceived as being one of the most impressive innovations both for its cultural

weight and for the pressures which teachers am placed under by students and by the world outside the

school. It is not by chance that informatics is the only subject for which a widespread national

initiative of training (addressed to mathematics teachers of upper secondary school) has been carried

out. This training programme is one of the first initiatives of national training ever realised in Italy,

and it has been a powerful stimulus for teachers in the direction of experimenting informatics and the

use of computers in their classrooms. An analysis of the training project carried out and of its results

can be found in (Bottino and Furinghetti, 1991).

In this context the objective of our research is to study the different beliefs on the use of

computers in maths teaching formed by teachers required to deal with a project of curriculum reform

contemplating the introduction of elements of informatics.

To pursue the stated objective we used a case-study methodology; this methodology seems to

be appropriate, given the exploratory character of the study and the complexity of the relationships

between teachers' orientations as regard informatics, the use of computers and mathematics.

We have chosen the case studies on the basis of the results of a questionnaire, which was

aimed at investigating the above mentioned orientations, distributed to 120 mathematics teachers. The

considered sample was significant with regard to types of schooling, social context and teachers'

characteristics. According to the data collected, we singled out five teachers (the five case studies)

which we considered representative of the emerged orientations.

Once selected the five case studies, we performed a deeper investigation of these cases
through interviews (transcribed verbatim) and the analysis of the instructional materials used by the

teachers during classroom work and of the tests employed by them in assessing students' learning.

ANALYSIS OF THE CASE STUDIES

In analysing the considered case studies we focus on the issues reported hereunder which we
consider significant for the investigation of the links between teachers' beliefs in mathematics and the

use of computers:

1) Peculiar features of mathematics teaching.

2) Teacher's inner philosophy of maths.

3) Ways in which informatics is introduced in relation to maths.

4) Motivations for the introduction or the refusal of informatics in maths teaching.

5) Ways of looking at informatics.

6) Opinions about new ways of working induced by the use of computers (e.g. team work).

7) Motivations at using (or not using) software packages.

8) Software packages used.
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Issues 1) and 2) provide a framework of teachers conceptions of maths and its teaching. Firstly,

teachers were asked a number of questions concerning their behaviour in teaching (i.e. contents, time

dedicated to the teaching of each content, degree of' depth, types of problems faced, methodology of

work, assessment, etc.). Answers encompass many factors which are difficult to synthesise into a

unique orientation. Nevertheless, for each teacher, we found some feature which seem to characterise

his/her teaching orientation. These features are related to the methodology of work in maths and/or to

the way of transmitting maths knowledge. Then teachers were presented with statements that briefly

outline different positions as regard philosophy of mathematics (platonism, formalism and

constructivism). The teachers had to reflect on these statements and to state whether they recognise

their way of looking at mathematics in one of these positions. It seems to us that this information,

aimed at a first (rough) explanation of the teachers' inner philosophies of maths, may have relevance

in studying the elements affecting teachers beliefs, their decisions on curricula and their methodology

of teaching, as discussed in the specific studies (Jurdak. 1991; Lerman.1983).

Issues 3) and 4) are related. to the way in which a proposal of curriculum reform which

includes informatics is perceived by maths teachers. In this context it is important to stress how links

between the teaching of maths and informatics were perceived. In particular, our interest is in

investigating whether the links pointed out by teachers are conceptual (i.e. related to common

objectives, methodologies, skills. etc.) or only instrumental (i.e. related to the opportunities offered

by computers as tools for problem solving or as means to motivate students or to update teaching,

etc.). Obviously the way in which links are perceived is connected to the way in which teachers look

in general at informatics (issue 5), for example, if prevalence is given the idea of informatics as a

technological subject or as a discipline with a strong theoretical foundation. The investigation on

issues 3) and 4) enables us to point out also some awkwardness teachers feel about their traditional

maths teaching and whether or not they perceive informatics and the use of computers as means to

overcome these difficulties.
Issue 6 considers teachers' beliefs with regard to the new ways of classroom work induced by

the use of computers (e.g. team work, 'experimental' strategies, autonomous work, etc.). We feel

that the analysis of this aspect is important in order to ascertain the effective acceptance of the

proposed curriculum change by the teachers, in other words, to establish whether the introduction of

computers induces only superficial changes or more substantial ones.

Issues 7) and 8) point out the links between the different choices made by teachers with regard

to the use of software tools (e.g. didactical or applicative packages) and the needs they feel in maths

teaching. Differences concern both the type of chosen packages and the ways in which they are used.

We remark that, as it will be pointed out from the reported findings, teachers usually use the software

packages which are enclosed with the adopted maths textbook or use some applicativepackages, such

as Lotus spreadsheet, for which they had received some preparation in the training courses.

In table I we briefly outline findings resulting from the five case studies on the lines of to the

issues discussed above.
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Case Study 1

The teacher's attitude in mathematics teaching (stress on deduction processes and on theoretical

aspects) guides her approach in the use of computers: she focuses on the basic informatics ideas

rather than on technological aspects and concentrates on concepts (such as variable. syntax,

algorithm) considered common to the two disciplines. The teacher sees computers as mediators of

maths concepts since they offer motivations for the use of a formal language, they foster the adoption

of a structured approach in problem solving and they make concrete the use of abstract concepts. For

these reasons she lays greater emphasis upon the aspects related to programming than upon those

closer to the use of software tools. These tools are considered useful in some case, especially at the

beginning, but the teacher does not ascribe a subst mtial role to them in her teaching. This attitude

points out her little confidence in an intuitive approach to learning and is linked with her orientation

towards a formal view of mathematics. We remark that, during the interview, the teacher expressed

her interest at using Cabri, since this didactical software is considered more congenial to her way of

teaching geometry.

Case Study 2
This teacher reveals a pragmatic view in teaching which is present also when she introduces

informatics elements and stresses those aspects she considers more relevant in preparing students for

their future work. Computers are used in maths teaching as a motivating tool and as a means to

facilitate, to strengthen or to build maths ideas and concepts. The use of software tools is to be

considered in this context. They are seen as a means to introduce somemaths notions more quickly or

to reify concepts; this is done without forcing the per se introduction of the tools, producing, for

example, ad hoc exercises, but using them as needed by the teaching situation. Teacher's attitude

towards teaching can be put in relation to her inclination towardsconstructivism in looking at maths

and is transferred also to the way in which she approaches informatics teaching. As a matter of fact

she seems to regard informatics as a subject that allows the discovery of properties and relationships

through personal inquiry.

Case Study 3
The teacher looks at maths as a system of formal rules, informatics is seen mainly as a technological

discipline, service-subject to maths, that can be useful to solve problems and to motivate students. Its

insertion in the program does not substantially change the way of approaching and of introducing

maths concepts. Links with maths teaching concern more function (use) than common methodologies

and methods. The teacher defines an advantage of the use of computers in maths teaching the stepping

up of computation procedures and the development of trial and error strategies in problem solving. He

is also interested in providing students with views on the practical utility of computers and their

impact on social life. The way how software packages are used should be considered according to

this general orientation: they can be useful to develop maths exercises but not to introduce or visualise

concepts.
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Case Study 4

This teacher looks at informatics as a technological subject which can be useful to attract students'

interest and to 'surprise' them (see, for example, the visualisation of fractals), but she does not

ascribe real educational potentialities to the use of computers in maths teaching a part from a surface

updating of contents. She seems to have accepted the curriculum change only to comply with the

suggestion of the new maths programs but maintains a substantial lack of confidence in the
opportunities offered by computers, as evidenced also by her refusal of the new ways of work

induced by the use of these tools. In general she has a prescriptive attitude in maths teaching that is

transferred also to the use of computers which is carried out mostly in a passive way.

Case Study 5

This teacher has chosen not to use computers in his maths course; we have decided to include him in

our study since we think that it may be relevant, for the purpose of our research, to analyse also the

reasons for which, in certain cases, informatics is waived. The teacher looks at informatics as a

technological subject and any relation with maths is denied, even at the level of service-subject. This

opinion is connected with the teacher's conception of maths and of its teaching: he considers
deduction as the central method in maths and working by trial and error the method peculiar to the

computer world. These two methods are not seen as complementary but antithetical and the latter one

is rejected. According to the teacher, the interest in maths is in 'existence' aspects and not in the

computational ones. He is further not interested in problem solving as an activity to be performed in

his teaching. From a pedagogical point of view, the teacher does not recognise a role of stimulus to

computers when doing maths and dislikes team work since in his opinion mathematical learning needs

individual work.

CONCLUSIONS

We believe our work may give new insight into the studies of maths teachers' beliefs since it stresses

the links between the existing beliefs and those induced by changes in curricula. The case we

consider concerns the introduction of computers in maths secondary school curriculum. We observed

two levels of looking at the role of computers in maths teaching: a 'surface level' that regards

computers as tools for better presenting topics and a 'deep level' where computers are seen as means

for constructing knowledge. The analysis we have performed by means of the case studies points out

that teachers' beliefs on the role of computers are mainly a projection of their beliefs on maths

teaching. If teaching maths is interpreted as a transmission of knowledge, without a real participation

of students, the use of computers appears of little relevance (or even more as a disturbance) since

teachers are not interested in its 'constructive' facilities. On the other hand, teachers who are

interested in constructing knowledge (and, as a consequence, in making concrete abstract ideas, in

concepts reification, in knowledge mediators, etc.) find in computers answers to their needs.

The beliefs on the nature of mathematics are less influential in the acceptance or refusal of

computers but play a role in the choice of the type of software tools used, see, for example, the
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relation between the interest on deduction processes expressed by case study I, her interest on Cabri

and the little relevance ascribed to other kinds of software tools.

From the previous considerations, it follows that in planning maths teachers training for the

use of computers, it is necessary to carefully discuss the aims of maths teaching, presenting not only

characteristics and opportunities offered by computers (and of software tools) but also didactical

itineraries in which their use is functionally linked to maths objectives. This integrated approach is a

necessary premise for effecting 'real' curricular changes with the introduction of computers.

REFERENCES

Bottino, R. M. and Furinghetti, F.: 1990, 'Computer science in basic education: curricular issues

and school practice prospects', in McDougall, A. & Dowling, C. (editors) Computer in

education. Proceedings of !HP TC3 Fifth World Conference on Computers in Education -

WCCE 90 , North Holland, Amsterdam, 25-30.
Bottino, R. M. and Furinghetti, F.: 1991a, 'Computer science and mathematics education in

upper secondary school (age 14-16)', in Waerbecq, A. (editor) Proceedings of CIEAEM

41. 333-341.
Bottino, R. M. and Furinghetti, F.: 1991b, 'A large-scale teachers training programme in

informatics: chances and limits', in Winterburn, R. (editor) Aspects of educational
technology, Vol XXIV. Realizing human potential, Kogan Page, London, 140-145.

Comu, B. and Ralston, A.: 1992, The influence of computes and informatics on mathematics

and its teaching, Science and technology education, 44, Unesco, Paris.

Boyles, C.: 1993. 'Mathematics teaching and mathematics teachers: a meta-case study', For the

learning of mathematics, 12, n. 3.32 -44.
Jurdak, M.: 1991. 'Teachers' conceptions of math education and the foundations of

mathematics', in Furinghetti, F. (editor) Proceedings of the PME XV . 1991, II, 221-228.

Lerman, S.: 1983. 'Problem-solving or knowledge-centered: the influence of philosophy on
mathematics teaching', International journal of mathematical education in science and

technology, 14, 59-66.

Moreira, C. and Noss, R.: 1993, 'Catalysing teacher attitude change with computers', in
Hirabayashi, 1., Nohda, N.. Shigematsu, K. & Lin, F-L. (editors) Proceedings of PME

conference XVII , I, 268-275

Ponte, 1.: 1990, 'Teachers' perceived roles of the computer in mathematics education', in

Booker, G., Cobb, P. & De Mendicuti, T. N. (editors) Proceedings of the PME XIV ,

1990, III, 183-190.
Wojciechowska, A.: 1989, 'Curriculum reform in mathematics: beyond the impossible

revolution?', Journal of curriculum studies, 21, 151-159.

Taylor, H. G., Aiken, R. M. and van Weert, T. J.: 1991, 'Guidelines for good practice.
Informatics education in secondary schools', Document IF /P Group 3.1.



A CASE STUDY OF A TEACHER'S CHANGE IN TEACHING MATHEMATICS

Ada Boufi

University of Athens, Greece

One of our purposes as we worked with a first-grade teacher, was to develop, in her
classroom, a form of practice compatible with socioconstructivist assumptions about
students' learning of mathematics. Supporting her efforts to cope with the constraints of a
compulsory national curriculum, which has a traditional character, gave us the opportunity to
study her process of learning. In this paper, we present our first attempt to analyze the
process by which she accommodated our purpose and changed her practice in the course of
her interactions with the students and us.

Recent reform recommendations in mathematics education (NCTM, 1989, 1991) are

linked with many research studies related to teachers' education (e.g., Ball, 1990; Carpenter,

Fennema, Peterson, Chiang, & Loef, 1989; Cobb, Yackel, & Wood, 1991; Cooney, 1985;

Simon, 1991; Thompson, 1984). These studies allow us, in a certain extent, to become

aware of the complexities involved in innovative approaches of mathematics teaching. The

crucial role of the teacher in any reform movement has led most of these studies to analyses

of different aspects of teachers' knowledge, beliefs, and practices. However, res "arch

focused on the processes by which teachers reorganize their pedagogical beliefs and related

practices is still incomplete. A few studies related to this issue do not account for teachers'

learning in the context of their classrooms. Although the contextual nature of teaching has

long been recognized, only in a series of studies by Cobb, Wood, and Yackel, classrooms are

viewed as learning environments for teachers, and teachers' learning is tied to their classroom

interactions (Cobb, Wood, & Yackel, 1990; Cobb, Yackel, & Wood, 1991; Wood, Cobb, &

Yackel, 1990; Wood, Cobb, & Yackel, 1991). These studies provide an impetus for our work

presented in this paper. Our purpose is to analyze the process by which a first-grade teacher

reorganized her traditional pedagogical beliefs and practices, and thus, learned as she was

trying to teach in a way that encourages students' autonomous construction of mathematical

knowledge. Our analysis takes into account the teacher's intentions as well as the meanings

she interactively constituted with her students. In addition, we take into account the fact

that our teacher was obliged to cope with the constraints of a compulsory national

curriculum, traditional in character.

THEORETICAL PERSPECTIVE/METHODOLOGY

Our theoretical perspective for studying our teacher's learning derives from

socioconstructivism. From this perspective, teachers' learning can be viewed as both an

individual and an interactive activity. More specifically, teachers' learning can be

characterized as a process of self reflection and mutual adaptation by which they reorganize
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their pedagogical beliefs in order to give meaning to their personal experiences in the process

of interacting with others. In this sense, we believe that our teacher's interactions with her

students in the classroom, with us, as well as with other members of the school community

provided opportunities for the transformation of her traditional beliefs and practices.

The above characterization of teachers' learning is analogous to the way we view

students' learning. Therefore, in the analysis of our data, we used theoretical constructs and

methods that have been developed for the analysis of students' learning in classrooms (Voigt,

1985). In particular, as we analyzed the discourse in the episodes we selected, our focus

was on the nature of classroom social interactions. This allowed us to infer the patterns of

interaction, and thus, the social norms negotiated in the classroom. The evolving nature of

these patterns was taken as an indication of our teacher's learning. In turn, based on the

reflexive relationship between norms and beliefs, we were in a position to characterize the

teacher's implicit beliefs about her own role, her students' roles, the nature of mathematical

activity, and the role of the mathematics textbook. In this way, our teacher's learning was

analyzed from a psychological and a sociological perspective (Cobb, Yackel, & Wood, 1993).

PRESENTATION AND ANALYSIS OF DATA

Our teacher was induced in the project after having participated in a seminar that we

organized the year before, Some information about this seminar can be found in Boufi and

Kafousi (1993).

In the course of an interview prior to the seminar, we collected some data about our

teacher's beliefs. As a teacher of mathematics, she believed that she was the only person in

the classroom responsible for students' learning. In accounting for the reasons of her

students' difficulties, she felt strongly that, "They are only due to bad teaching, which results

from the teacher who doesn't prepare himself/herself adequately." Her students' role in

learning mathematics was viewed as passive. As she tried to characterize "the successful

student" in mathematics, she mentioned that, "He/she is the student who can focus his/her

attention and solve problems step-by-step by applying what he/she already knows."

Mathematics, for her, was a subject which, compared to the others, could be characterized

as, "The lesson with the very well-defined answers and fixed solutions...the lesson in which

words, like 'maybe' and 'possibly' do not have a place and are not allowed." Finally,

textbooks were described as having a mechanistic approach to mathematics, and as she said,

"I am dissatisfied with them, but I am obliged to use them." Observations in her classroom,

before the interview, confirmed that the above beliefs were compatible with her practice.

Starting our collaboration with her, we were audiotaping and, occasionally, videotaping

most of her lessons. Also, twice a week, we were observing her lessons, and every week,

we were meeting with her in order to discuss students' progress and plan the following
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week's activities.

The three episodes that we present and analyze below were selected because they

illustrate some crucial points in our teacher's development and because each of them reflects

her practice for a significant period of time, thus, allowing us to infer regularities in her

classroom social interactions.

1st Episode:

This episode occurred in November. Students were working on a family of word

problems. The whole class discussion that follows concerns the second problem.

Teacher: So, at the second stop, the bus arrived with 10 people. There, 3 people got
off the bus. Could you tell me how many people are in the bus now? Hands,
thinking and explanation. What do you say Katerina?

Katerina: In the bus, I think there were 5 people because 3 people got off...and there
were 8 altogether (raises 8 fingers simultaneously) and as 3 people got off
(folds down 3 fingers simultaneously), now, there are 5.

Savas: Ma'am, I disagree.

Teacher: Why do you disagree?

Savas: There are not 5, there are...

Teacher: No. Why do you disagree with Katerina?

Savas: Because...you said that there are 10 people and 3 people got off. If 2 more
people had gotten off the bus, there would again be...5 more people on the
bus...so, but there are not 5.

Teacher: The people were 10. Tell me, how many people are in the bus?

Teacher: You said that there were 10 people. You, Katerina, how many people did you
say that there were on the bus? What did you say Kosmas? Speak louder.

Kosmas: 8 people were in the bus when it started. Now, there are 10 people.

Teacher: There were 10 people and then 3 people got off. What do you say Danae?

Danae: There were 10 altogether and 3 got off (shows 10 fingers and folds down 3
fingers). Now, there are 1,2,3,4,5,6,7 [counts on her fingers).

Teacher: Okay. That's very nice.

(Students agree, and the teacher moves on to the next problem.)

In this episode, the teacher expects that finger counting can be the only means to an

answer. By not asking for different ways of finding the answer, she and her students take for

granted that finger counting is the only acceptable strategy that they can use. As the

textbook is full of pictures with discrete objects and the teachers' guide encourages the use
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of manipulatives, we might take this expectation as reasonable. However, she is in the

process of establishing, in her classroom, norms that facilitate students' communication

among themselves. By asking students to give reasons for their disagreement, she, in effect,

encourages and expects students to listen and understand others' solutions. Another point

that we could make is that she was reluctant to let students resolve their differences. When

she does not make sense of students' explanations, she always decides to funnel them to the

answer that she has in her mind through direct questioning.

2nd Episode:

The following episode occurred just after the Christmas break. Students had worked

in pairs on the following subtraction sentences: 20 - 8 = , 20 - 3 = ,

16 - 3 = , and 18 - 3 = Segments of the whole class discussion that followed the

small group work are presented below:

Teacher: Let's see what you have done. Who wants to tell us the first? Will Chrissoula,
who is raising her hand, tell us?

Chrissoula: We put together with Nikos 20 [both children hold up their two hands), and I
took out 8 IChrissoula closes eight fingers]...and there remained 1,2,3,4...12.

Teacher: Do you agree that 12 remain?

Students: Yes.

Teacher: I would like to hear many ways in order for me to agree. We listened to one
way, but don't forget that if you wanted to find it, and you did not have a
partner in order to take fingers, what would you do? What would Antonis and
Yannis like to say?

Antonis: Ma'am, we found it by using the counting frame.

[The teacher is letting students present their solutions. Most of the students are using
their and their partner's fingers. However, she only repeats solutions that are not
based on primitive finger counting.)

Marianna: I had the 20 in my mind, and then I was taking off, one by one, from my
hands.

Costas: That reminds me of something...that Marianna has done in the past.

Marianna: (She counts down while keeping record on her fingers.) 20,19,18,17,16,14.

Teacher: (Intervenes) 15.

Marianna: 15,14,13 and 12 remain.

Yannis: I did not understand.

Teacher: Yannis says he did not understand. Can you rs.reat it, Marianna?
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Danae: You go down and you confuse us.

Marianna: I take the 20,19,18,17,16,15,14,13,and 12. The 10 are in m mind.

Student: Another ten?

Marianna: 2 and 10 in my mind makes 12.

Teacher: That's a wonderful way. Do you want her to explain this once more?

Student: But always when we do math, she always finds this way either with another
one or by herself.

Teacher: But this way is comfortable for her.

Student: It's like someone else found it and she repeats it.

Teacher: Someone else found it?

Kosmas: She always says the same way.

Teacher: We are going to think, and we will find many ways; that does not mean that
her way is not wonderful.

Student: But it confuses.

Teacher: Let is confuse us a little.

Student: Every day she says this way.

Teacher: Your way is very nice, Marianna. Shall I repeat is one mole? I will raise my
fingers so that you can see them well. Well, Marianna said as I want to take
off 8, I will go back from 20, 8 times. And she goes down
20,19,18,,17,16,15,14,13. How many remained?

Students: 12.

The teacher seems, now, to be aware that counting fingers in primitive ways has

become an institutionalized practice in her classroom. Her effort to make students use

different methods is apparent in this episode. The fact that the textbook does not any longer

emphasize counting makes her even more reluctant to accept finger counting. On the other

hand, her increased understanding of students' competencies informs her interactions with

them and helps her to abandon her romantic attitude that students can use any method tney

like. She now expects that they can use more sophisticated methods. The norm that

students must explain their answers seems to be well established. Also, now when a student

presents a sophisticated solution, she usually repeats it. This action does not only create

learning opportunities for the rest of the class, but is also used as a means to encourage

solutions that she values.
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3rd Episode:

In April, students are discussing the problem: 4 x = 16, after they had found

different ways for 2 x 8 = .

Teacher: Let's hear Danae.

Danae: I said, 4,...5,6,7,8,9,10,11,12,13,14,15,16Ilooks at her fingers]. So it must
be 12.

Antonis: That's wrong...2 times 12 is 13,14,15,16,17,...you see, it's more than 16.

Teacher: Did you understand Danae?

[Dann seems confused.I

Teacher: Can you repeat, Antonis, what you said?

Antonis: 12 plus 12 is...

Teacher: Antonis, can you draw a figure? (Antonis makes 4 circles and places 12 in
each of them. Then, he tries to find out with Danae how much is 12 plus 12.1

Teacher: What do you think Danae?

Danae: I am wrong. I thought that it was addition.

Teacher: Kosmas, how did you do it?

Kosmas: I took 4 times 2 and it was 2 plus 2, 4 plus 2, 6, plus 2, 8. (He raises 4
fingers to keep track of his counting.) Then, I tried 4 and it was right. (He
repeats the same strategy.)

Teacher: (Repeats his solution, and, at the same time, she circles the first 2 circles and
places an 8 next to it and does the same thing as she moves to the next 2
circles.)

The teacher is now more willing to let students resolve their disagreements. Her goal

when she intervenes is to facilitate their communication. Another aspect of her practice is

the use of symbolic representations to model her students' thinking. As we can see,

students are also expected to use symbolic representations for their explanations.

CONCLUSIONS

The above analysis shows some of the changes in our teacher's beliefs and practices.

Her classroom experiences have persuaded her that students can share a part of the

responsibility for their learning. As a consequence, her views about her own role as a teacher

have also changed. Mathematics is not anymore the subject with the fixed answers. As she

works with her students, she experiences a way of doing mathematics much more different

than the one she was used to. The textbook ceased to be the source of her teaching. In our

meetings, she was increasingly involved in the development of instructional activities.



It is apparent that the changes in her beliefs were reflexively related to the changes in

her practice. However, we need more systematic analyses of the teachers' practice as they

try to be innovative if we want to develop models that characterize their learning. Then,

teacher education programs will be easier to design.
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AN ANALYSIS OF YOUNG CHILDREN'S STRATEGIES AND USE OF DEVICES
FOR LENGTH MEASUREMENT

Gillian M. Boulton-Lewis, Lynn Wilss & Sue Mutch

Queensland University of Technology, Brisbane, Australia.

This is a study of the strategies and length measuring devices used by 70
children in years 1,2 and 3 in two schools in Brisbane. Children were given
materials to use and asked to explain their procedures. The teachers were
interviewed to determine the procedures that they were introducing. The overall
developmental sequence was a peak in use of arbitrary devices in year 2, a high
interest in use of standard devices in all years with a significant increase in year
3, and a significant increase in understanding in the length measuring process
over the three years. These results are in conflict with the normal recommended
curriculum sequence and are considered from the perspective of the demand
they might make on capacity to process information.

The intention of the research was to present children with a range of measurement
tasks in order to determine the strategies and devices that they would choose to use to
measure length. An analysis of possible strategis and devices was made in advance
from an information processing perspective and from earlier research in the area and
compared with the strategies and devices that the teachers were introducing. The
hypothesis was that some of the representations and strategies that teachers currently
accept as good practice may not actually be the most appropriate or effective.
THEORIES OF COGNITIVE DEVELOPMENT, MEASUREMENT AND USE OF

MEASURING DEVICES
Length measurement requires knowledge of number, of units of length and of
application of both of these in the length measuring process (Boulton-Lewis, 1987).
Aspects of the length measuring process can be analysed on the basis of theories of
cognitive development such as those of Halford (1992; 1993) or Case (1992) and
approximate ages of achievement can be proposed, assuming that children possess
requisite prior knowledge.
Halford's structure mapping theory of cognitive development (1988; 1992; 1993)

accounts for cognitive development in terms of the structural complexity of tasks,
together with the factors of capacity and knowledge. He has defined four levels of
structure mapping the processing demands of which have been demonstrated
empirically and by task analysis.
In terms of Halford's theory'the ability to recognize and name the attribute of length

in a nominal sense is a task at the element mapping level and should begin to be
possible from 1 to 2 years of age even if an incorrect term such as big is used.
Comparison of two lengths and the ability to use a standard measure without
understanding the reasons for construction of such a measure or the relationship of
units of length is an ability at the relational mapping level. This should allow the
child to recognize equality or inequality of length and to order objects by pair by pair
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comparison. All these abilities should begin from 2 to 5 years. From about 4 or 5
years, the child should begin to be capable of understanding aspects of length at the
system mapping level which require cognition of three elements and the relation
between them. This should allow recognition of the invariance of the length of an
object despite distracting perceptual factors, such as conservation of length as
described and tested by Piaget, Inhelder & Szeminska (1960), transitive reasoning
about length in situations that require both standard and non standard measures, and
procedures for measuring length that require consideration of comparative length
and number of sub units.
Case (1985, 1992) hypothesized four stages, rather than levels, of cognitive

development (sensorimotor, interrelational, dimensional, and vectorial). In terms of
Case's (1992) theory cognitive development takes place recursively. That is earlier
separate operations are integrated to produce higher order operations. An element
mapping task would be one at the last interrelational substage from about 31/2 to 5
years where, for example, numbers can be used to tag a set of objects and presumably
words can be used to tag objects according to the attribute of length. From about 5 to
10 years of age children move through the dimensional substages where they can
cognize third order relations. From about 5 to 7 years of age (unidimensional
substage) children can understand the relation between enumeration and quantity,
which is a relation in a single dimension (Case & Griffin, 1990; Case & Sowder,
1990), hence presumably they should be able to understand single dimension length
relations such as longer than. At the bidimensional thought substage, from about 7 to
9 years children can co-ordinate two units of operations which allow them to
understand part whole number relations and hence presumably relations between the
length of two objects each compared with a third object. The final stage of
integrated bidimensional thought allows children from about 9 years to construct and
compare entities that result from numerical operations and hence this understanding
should be able to be used in length measuring situations which require comparison of
lengths of objects in terms of numbers and lengths of units.
In research with children aged from 3 to 7 years Boulton-Lewis (1987) predicted

sequences of length measuring knowledge on the basis of a logical analysis from
measurement theory, from a literature search, and from an information processing
analysis of the tasks on the basis of Halford's (1982) and Case's (1982) theories.
Empirical research found three clearly separated groups of tasks which included at
the first level variables such knowledge of equality and inequality of length, ordering
of lengths by pair by pair comparison and related number knowledge; at the second
level recognition of length invariance, correct response to a transitivity task and then
conservation of length on a Piagctian task; and at the third level, in order, were
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measurement with a ruler, a length measurement strategy when arbitrary units were
involved and then the ability to reason transitively.
Predicting conservatively from Halford's and Case's theories one would expect

children to begin to cognize and name the attribute of length in some way from 1 to
31/2 years. begin to compare lengths from 4 to 5 years, and begin to conserve length
and reason transitively from 5 to 7 years onwards and hence be able to understand the
length measuring process.
Resnick (1987) discussed differences between learning in and out of school and

provided an example of a real world situation in which money is used. In a real
buying situation children would use the coins they have to make up an amount rather
than calculate in an abstract way what they would need. Similarly it is proposed that
children will want to measure length in the way they see it done out of school.
On the basis of the theories of cognitive development described above, and from

what we know about learning in and out of school the conventional wisdom about the
kind of sequences usually recommended in curriculum documents for teaching length
measuring to young children is questioned here. The Queensland curriculum guides
recommend starting with arbitrary units then progressing to the standard units of
metre and centimetre respectively by the end of year three. It would seem that this
sequence would defeat the purpase of what it is intended to achieve. In the third
group of variables identified by Boulton-Lewis (1987) children could succeed with
measuring using a ruler before they could devise a measurement strategy using
arbitrary units and before they could reason transitively. In order to realise that
arbitrary measures are not reliable a child must reconcile the varying lengths and
numbers of arbitrary units and reason transitively. On the other hand to use a
standard device such as a 30cm or metre ruler to make pair by pair direct
comparisons of lengths of objects is a less demanding task. It also has the advantage
that it appears to be a real world meaningful activity.

RESEARCH IN CHILDREN'S LENGTH MEASURING STRATEGIES
Research concerned with young children's knowledge and strategies for length
measuring addresses two main issues; the sequences and stages children go through
(Boulton-Lewis, 1987; Hiebert, 1981), and children's understanding of identified
measurement concepts and problems arising in the practical application of
measurement strategies (Carpenter, Corbitt, Kepner, Lindquist,& Reys, 1981;
Hiebert, 1984; Miller, 1989).
Hiebert's (1981) posited that children move initially from no understanding of the

measurement situation, to employing an appropriate measurement strategy but
achieving an approximate solution, to using finally an appropriate strategy with an
accurate solution.
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Carpenter et al. (1980), Hiebert (1984), and Miller (1989) believe that children

need to have an understanding of basic measurement concepts if they are not to make

mistakes. Problems that can arise in the use of a ruler include, incorrect alignment

with the object to be measured, focussing on the numbers rather than the standard

unit of measurement, starting at a point other than zero and leaving gaps (Hiebert,

1984; Kouba et al. 1988).
Hay lock and Cockburn (1984) maintain that comparisons can be made directly

without using measuring devices i.e. visual peception. For indirect comparions they

believe that children should begin measuring with non-standard (arbitrary) devices to

gain an awareness of the need for a standard unit. However this belief does not take

into account the information processing demand that the use of arbitrary units would

make, neither does it allow children to believe that they are really measuring as they

see in the real world.
This research was to determine what strategies and measurement devices children

would choose to use in a range of measurement situations and then to consider the

results in terms of the theories described above and the procedures that the teachers

were using. The study was undertaken in two schools at early and late in the school

year, with a sample of children from years 1 to 3.
METHOD

Sample
This consisted of 70 children, 23 in year 1, 25 in year 2 and 22 in year 3, in two

suburban schools in Brisbane in low to medium and high socioeconomic areas.

Design
The teachers were asked to identify in advance their objectives for length

measurement, and the representations and strategies that they intended to use. Each

child was interviewed in term 2 and term 4, with an interval of 16 weeks, to assess use

of concrete materials and the processes or strategies they chose to use. All interviews

with the children were videotaped, viewed, transcribed and coded by the authors.

Materials
Materials were selected on the basis of what teachers said they intended to use and

included uaifix cubes, unmarked sticks, half and full matches, string and scissors,

children's body parts, metre rulers and 30 centimetre rulers.

Procedure
The child and the interviewer discussed the materials. Anyunfamiliar materials were

explained in case the child wanted to use them. Three tasks were presented as

follows.
Task 1. The child was shown 3 pieces of string , 2 pieces were 27 centimetres in

length, the third piece was 24 centimetres long (cf. Boulton-Lewis, Neill & Halford,

log7).
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The child was asked 'Do you think any of these pieces of string are the same length?
Why? 'Could you measure them using any of the materials to find out if you are right?
Task 2. The child was shown a skipping rope and told 'This is my favourite skipping

rope and I want to buy another one just like it, so I need to know how long it is.' The
child was then asked 'How could you find out how long it is? Would you measure it?'
Task 3. This task posed problems of comparison between two rows of matches, with

one of the rows being constant for each comparison and where the child could not
move the matches to use direct comparison as a strategy. The child was shown four
cards with matches glued onto them (cf Boulton-Lewis, Neill & Halford, 1987). Card
1(C1) had five full matches glued in a straight line and was paired with cards 2 (C2),
3 (C3) and 4 (4C) respectively as shown in Figure 2.
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The child was asked `Do you think these lines of matches are the same length, or
are they different? Why? How could you find out?'

RESULTS
Teacher expectations and strategies
All teachers indicated that they followed closely the objectives, materials and

activities recommended in the state curriculum as described above.
Categorisation of responses
Strategies were derived from a literature review and examination of our data. The
responses that the children gave were categorised first by successful and unsuccessful
use of a strategy. These were as follows, SVP/UVP - successful/unsuccessful use of
visual perception, SAD/UAD - successful/ unsuccessful use of arbitrary device,
SSD/USD - successful/unsuccessful use of standard device, SSDL - successful use of
standard device with language error or lack of measurement language, SSDA/USDA
- successful/unsuccessful use of standard device in an arbitrary way, NSDC -
nonconventional use of standard device but correct answer, MUC - mixed use of
standard and arbitrary units, correct answer, MUIC - mixed use of standard and
arbitrary units, incorrect answer, NO - no response at all, no measurement attempted,
probably lacking the concept of length measurement. The categories were then
collapsed to specific strategy use rather than correct and incorrect strategy use, that
is VP, AD, SD, SDL, NSDC, SDA, MU and NO.
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Analyses
A MANOVA for time by year was computed for SVP, UVP, SAD, UAD, SSD, USD,

SDL, SDA, USDA, NSDC, MUC, MUIC and NO. The overalltime by year effect was

significant (Pillai's trace =0.6, F= 1.8, DF =2,67, p =.015). Theunivariate analyses

for time by year showed that differences for UAD (unsuccessful use of arbitrary

device) and NO (no response, no measurement attempted) were significant, F=2.9

(p =.06) and F=10.6 (p = .00) respectively. Tukey post hoc analyses were used to

confirm the significant differences between groups in these categories at the 0.05

level. These differences are shown in Figures 3a and 3b. There was a significant

increase in the un-successful use of arbitrary devices late in year 1, a decrease to late

year 2, an increase early in year 3 and then a decline. There was a sharp decline in the

use of the NO strategy late in year 1, followed by a marginal increase early in year 2

with this decreasing to no use of this strategy at all in late year 3.
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Oneway analysis of variance for VP, AD, SD, SDL, NSDC, SDA, MU and NO showed

significant differences between years for SD, SDA and NO which were confirmed at

the 0.05 level by Tukey post hoc analysis. These differences werefor SD between

year 3 and both years 1 and 2 (Fig. 4a), for SDA between years 1 and 3 (Fig. 4b) and

for NO between years 1 and both years 2 and 3 (Fig. 4c). The overall developmental

trends shown in these figures indicate that the use of arbitrary devices increased in

year 2, probably due to teaching effects, that there was high interest in the use of a

standard device even in year 1, that this increased over the three years and

significantly in year 3, that standard devices were used in an arbitrary fashion from

year 1 and this kind of use declined significantly by year 3, and that there was a

?ignificant increase in understanding in the length measuring process from year 1 to

years 2 and 3 as indicated by the decline in NO responses.
An examination of strategy use by task over the three years showed that the most

frequently chosen were for task I (SD, SDL), task 2 (SD, SDL and ADequally), task

3a (AD, SD), task 3b (AD, VP), task 3c (AD, VP). This analysis of strategy use also

showed that children change strategy to suit their perception of the difficulty of the

task as proposed by Siegler and Robinson (1982) for number and that there was a
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steady preference for use of a standard device, where possible, despite the fact that
teachers were emphasising the use of arbitrary devices until year 3.
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Oneway analysis of variance of strategy use by school showed no significant
differences between them.

DISCUSSION
The results confirm some of the predictions made from the theories of cognitive

development. Generally there was a significant increase in understanding of the
length measuring process over the three years from about 5 to 8 and a half years.
They also confirm that children will choose to use a standard measuring device, if
possible, even if they do not understand it fully or use it accurately.

CONCLUSION
The research indicates that a careful examination should be made of the sequences
for length measuring recommended in curriculum guidelines. We would suggest that
children be encouraged to measure directly and indirectly with standard measures
(and arbitrary units if they so desire) from the first year of school. To avoid the kinds
of errors of usage associated with standard measures described in the literature and
in this research, teachers could discuss explicitly with children how people use
standard measures, that is that they ignore the gap at the end of a ruler, do not leave
spaces between measures and so on.
The results also suggest that if children prefer to use standard measures then

measurement activities would have more interest and meaning for children if they
were encouraged to use them and if the activities appeared to be for some real life
purpose.
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AN INVESTIGATION INTO THE LONGER TERM
EFFECTS OF A PRE-SERVICE MATHEMATICS

METHOD COURSE.
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School of Education, University of Cape Town, South Africa.

Abstract

One of the dangers of pre-service mathematics teacher education courses is (hat the
presenters of such courses can become so involved in their own construction of the
imperatives of mathematics teaching that they fail to pay sufficient attention to the real
contexts in which their students will be teaching. This potential split becomes even more
problematic when the context is one of contestation of a society in transition. The focus of
this paper is on one particular method course for pre-service mathematics teachers at a
South African university. The research reported here was undertaken in an attempt to
determine the perceived effectiveness of the course by former students.

Introduction

The research reported in this paper takes place against a context of the present contested
transformation of South African society. It focuses on the evolvement of a Mathematics
Method pre-service course for secondary school mathematics teachers at the University of
Cape Town during a period where education was often at the forefront of the struggle for
change (Breen 1988). In summary, the course prepares an average of 45 students each year
to teach in schools across the racially and regionally divided 19 different education
departments. Lectures occur over a period of 20 weeks in a single year and are held on one
day over a period of 4 1/4 hours. The initial phase of the content section of the programme,
between 1983 and 1986, included an emphasis on open-ended investigations and an
exploration of Gattegno's description of geometry as 'an awareness of imagery'. The section
of the course which tried to contextualise mathematics education into society focused on
readings on current debates on the non- Eurocentric roots of mathematics, ethnomathematics,
and gender issues in mathematics education.

The programme was thoroughly revised in 1987 in the light of the ineffectiveness of IfIC
programme in getting students to recognise their own need to integrate the theory of the
course into their own practice (see Breen 1990). The political context of the period seemed
to encourage students to take up simplistic polarised positions. In an attempt to challenge
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students to confront their own preconceptions about themselves, society and the teaching of
mathematics, an experiential programme which focused on cognitive and affective conflict
was introduced. The programme was based on a reflection model which is described in more
detail in Breen (1992). The model drew from the work of Gattegno's statement that 'only
awareness is educable' (Gattegno 1970) and tried to integrate Vygotskyan concepts of the
teacher (in this case teacher educator) as mediator and the value of the social interaction in
learning (Vygotsky 1978), and a Rogerian sense of valuing the whole person (Rogers 1983).
The course became an experiential course where students were put in situations which
forced them to mix socially, and to participate in activities which highlighted uncomfortable
aspects of the teaching reality (Breen 1990, 1991, 1992), Throughout the course students
were required to reflect on their assumptions and actions, and a crucial element of the
programme was the requirement that students keep a reflective journal on their own growth
as learners, mathematicians and teachers. This journal served as the major source of
evaluation for the year.

Ratio,...w for study

By the time the programme had run a few years, it had become extremely popular and
students were describing it as one of the most important courses in their university career.
While this was gratifying for the lecturer it did not mesh with the continuing reported
injunction from teachers in schools to student teachers that they should forget all the
idealistic nonsense that they learnt at university and deliver what was required in schools. A
further concern was the extendibility of many of the ideas of the course to the realities of
teaching mathematics to large classes of 75 pupils in severely underresourced schools. In a
context of increasing turmoil in schools and an urgent need to reform the process of
schooling in the country, it became apparent that the evaluation of the course by students
finishing the course left a number of unanswered questions. Accordingly, it was decided to
conduct some research which attempted to access the field experiences of practising teachers
who had completed the course.

Method of research.

Dr. Wendy Millroy was appointed as a senior researcher during 1992 to conduct the
research. Her first task was to develop a data base of past students and their current
addresses. At the same time as this long process was in operation, Dr. Millroy conducted a
series of six short interviews of past students teaching in the Cape Town region. The data
obtained from these interviews was used to develop an interview script In analysing the data
from these initial interviews it became apparent that teachers enjoyed the opportunity to talk
to the researcher, particularly about the method course. The considerable time taken for this
section of the interview meant that far less time was available to focus on their present
teaching situation and their effectiveness at introducing changes into their schools.
Accordingly the order of the interviews was changed to emphasis their current practice and a
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new script was used for a further set of nine long interviews with practising teachers.
Transcripts were made of each interview.

These interview transcripts were then analysed and searched for possibilities for the
construction of a questionnaire which could be sent to all past FIDE students. The
questionnaire generally consisted of statements which required a response based on a five
point Likert scale and was then pilot studied with a group of ten students from the current
method class of 1992. Their comments and criticisms were noted and the final questionnaire
drafted. The revised questionnaire consisted of 93 questions which were subdivided into
four sections which focused respectively on their present teaching practice; their experience
with introducing change in their schools; their recollections of the Maths Method course;
and their present needs for further professional development. The questionnaires were sent
to 320 latest known addresses of students who had completed the course since 1983. 102
completed questionnaires were returned and subsequently analysed.

Results and implications.

Present Teaching

The picture painted by the results of the questionnaire are both reassuring and generally
predictable. There is a sense of enormous perceived optimism in their responses. For
example, 87% felt that they were free to use their own ideas about teaching in their
classrooms,; 85% disagreed with the statement that "I do not encourage too many questions
in class because it can be too time-consuming"; and 85% replied that they were open to new
ideas and to trying new things in the classroom. In contrast to this sense of confidence and
freedom, their responses to a question which asks them to identify their main concerns
during their first years of teaching coincide with many of the frequently documented issues
raised by first year teachers. Teachers in this sample list problems of discipline in class and
the difficulties associated with achieving this; getting through the syllabus in time and the
negative effect this has on creative teaching; and the importance of ensuring that studeuts
get good examination results.

Experiences with Change.

There is an interesting spread of perceived power in controlling change. 58% disagreed with
the statement "I don't feel that I have the power to change anything at school (compared to
24% who agreed), 75% agreed that the teacher needs the support of a progressive principal
to successfully make changes at school, while 63% agreed that pupils have the power to
implement changes at their schools.

As regards their own involvement in trying to introduce change in their schools, 53% agreed
that they can think of several areas where they have been able to make significant changes
(28 % disagreed); 47% agreed that the changes they have been able to make have been
positive and long-lasting; 45% disagreed that they had met lots of resistance when trying to
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change things at their school (35% agreed); and 50% agreed that change has to be
introduced slowly at schools because teachers have a natural resistance to change (30%
disagreed).

Influence of the Course.

The course appears to have had a far reaching influence on those who have responded. The
results of the questions which focused on their recollections of the tIDE course are generally
encouraging. 84% agreed or strongly agreed that the course had taught them to reflect upon
themselves as teachers; 83% agreed that their experience in the course had encouraged them
to treat learners with respect; 77% agreed that they had tried to develop an atmosphere of
freedom and enjoyment in their maths classes as a result of the Maths Method course; and
74% agreed that their experiences in the Maths Method course had changed their ideas of
what it means to be a mathematics teacher. 65% agreed that their experiences in the Maths
Method course had a great influence on their approach to teaching and the same number
agreed that their experience in the course had encouraged them to work co-operatively with
others.

Practical Implications of the course.

Responses in this section are less clear but some of the unmet needs begin to become
evident and generally centre around their first year needs and their difficulties in ensuring
that pupils deliver good results. For example, 50% felt the course equipped them with useful
strategies to survive in the classroom, and 36% agreed that the course had taught them
survival skills which helped them through their first years of teaching compared to 47% who
disagreed. 35% agreed that they had been able to use a lot of the activities with their pupils
at school. 62% agreed that time should be devoted to the special problems associated with
teaching Matric maths. 39% felt there should have been more emphasis on maths content
while 46% disagreed that the lecturer should have been far more prescriptive in covering
specific subject topics and giving teaching ideas.

Significance of the Course.

48% agreed with the statement that "the Maths Method course was the most important
tertiary experience I had". In responding to the statement, "The most significant aspect of
the course for me was....", the most frequent responses were:

i) the variety of interesting, new and different approaches to teaching that were experienced
ii) the fact that the students got to know each other and to work co-operatively at group
activities and interactive games
iii) the course promoted self-reflection and critical self-evaluation both as a person and as a
teaching professional.
iv) the idea of the teacher as a learner and the possibility of the teacher being able to put
him/herself in the learner's shoes.
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The activities which were most frequently mentioned were: the role playing of Mr. Smith,
the silent lesson; video recording and playback micro lessons; and circle dancing

While these results convey a picture of the continuing impact of the course and of a general
optimistic attitude towards classroom innovation, the data gathered in the long interviews
present a much richer source of understanding different dimensions of teacher realities. In an
attempt to explore these different realities, two case studies taken from these long interviews
will be described.

Case Studies

Paul had already taught for several years in one of the sectors of education which have been
disadvantaged by apartheid before he came on the HDE course. He had continued to be very
active politically during the year of the course, and had challenged the lecturer on several
occasions during the year because he felt that the introduction of a humanistic element
through the playing of games masked the political struggle and asked people to accept or
tolerate each other at a time of national contestation. There were several heated debates
between lecturer and student during the year, both in written form in the journal and in
personal conversations.

In reflecting on the course to the researcher, he regretted that he had not participated earlier
in group activities. At the end of the course at one stage he found that his non-participation
had led to his being marginalised at a time when he needed support. In addition, during the
year he had seen the importance of engaging with people with different beliefs and
experiences rather than totally reject them for their positions. On returning to teaching, now
as a head of department; he had been able to apply this new sensitivity and tolerance to a
conflict he had had with a new staff member and had found the issue more easily resolved
than previously would have been the case. Colleagues had also given him the feedback that
it was the first time they had seen him smiling and he believed that he was able to achieve
more in implementing changes in the school because he was more open to negotiation and
understanding the other person's point of view than he had been before the course.

His strongest criticism of the course was that it created a safe and supportive environmr-.tt
for students which in no way resembled the reality that they would encounter in the school
situation. He recalled an incident where students were criticising each other and the lecturer
had intervened to control the situation as having been a missed opportunity for students to
experience the reality of teaching. The successful separation of people through apartheid
was also of concern to him and he felt that it was essential for students to teach or observe
the different possibilities on the spectrum of teaching situations.

In talking about the extent to which he was able to incorporate ideas from the course into his
own teaching, he. raised the interesting point about students trying to teach using the
lecturer's method. I f it didn't work first time they would reject it. He stressed the importance
of teachers owning the methods they use. "This is my method now. I am going to do it my
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way. If the situation is different from in the FIDE class, I'm going to change it to suit my
circumstances".

Dennis tells a very different story. He left the HDE course with a great deal of enthusiasm
for what he called 'the discovery principle, a belief in the merits of group work and the need
to use apparatus to teach mathematics. His meeting with the reality of teaching was harsh.

In the first place he was confronted by the absence of teaching aids in his school. He had
chalk and duster and could not do anything about purchasing anything for himself as he did
not receive a salary for the first three months. His enthusiasm was greeted with scepticism
by his new colleagues who gave him two months before he'd be teaching like them because
they said his fancy theories wouldn't work. The classes he was assigned were another
problem. He taught 5 std 6 classes each day and the average class size was 70. This meant at
times that 4 students shared a desk built for 2. He also found that students were severely
disadvantaged through previous deficiencies in their knowledge of mathematical
foundations.

His story bears testimony to his strength of character. He carried on and tried to apply his
ideas of the 'discovery principle' and was pleased to find that the students enjoyed them. His
class motto was 'Take Risk'. He told the class that at the end of the day that they'll see there
will be a discovery. Students got excited when they arrived at a group answer. Introducing
this method took time and he organised Saturday classes so that they could keep up with the
other classes. He said that if students did not come to these extra classes he would have to
stop doing extra things in class. They came and other classes started to ask for his help. He
conformed a lot more near the June exams so that his class would not be disadvantaged.

The principal heard of the enthusiasm Dennis's teaching was generating and decided to sit in
on a lesson. At the time the Principal was registered for a Masters degree at UCT and was
open to progressive teaching ideas. He became extremely excited at what he saw and asked
Dennis to share and develop some of his ideas. Dennis enjoyed this opportunity and started
thinking about different possibilities. In the first place he said that it was no good teaching
the same standard each year - it was important that teachers should follow the class up each
year so that there was continuity. The principal liked this and agreed that Dennis should take
a Std 7 class in the next year. He also asked Dennis to take over one of the Standard 9
classes to improve the results of the class. Dennis suggested a form of team teaching to
avoid being seen as a thereat to the present teacher. In this method teachers would develop
their own area of specialisation and support the others in that particular field. They should
also examine the syllabus and make recommendations to other teachers as to where the
important emphasis for each year should be. The principal was excited at this initiative. At
the end of the year he rewarded this enthusiasm and dedication by promoting Dennis to
Head of Department. Everything was going like a fairy tale
The honeymoon ended abruptly at the beginning of the next year. The other teachers were
not happy that this youngster has been promoted over the heads of those who had greater
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experience just because he was better qualified and had new ideas. They agitated in the local
community and got Dennis and 4 other teachers suspended from the school. He was out of
teaching for three weeks without pay. In the meantime the principal faced the wrath of the
teachers. The Department came to the principal's aid and he was promoted to circuit

inspector of another district.

Dennis's class becomes angry that he was not there to teach them and they started a counter
movement to get him back through the PTSA (Parent Teacher Student Association). It
succeeded partially and he was reinstated but since his mentor had left the school his
position was downgraded to the rank of assistant teacher and his standard 7 class was taken

away from him so that he returned to teaching the 6's.

One would think that he would be devastated by this turn of events, but he returned to
teaching at the school and his 7's joined him for the extra Saturday classes. But more
problems hit him and soon after his interview for this project he was suspended again. Not
surprisingly at the top of his list of needs was a desire to get together with like-minded
teachers to form a support group. He wants UCT to set up a school in the township so that
other teachers can be convinced of the viability of these new methods and that he has a place

to go to get support.

Implications of the research

Before drawing implications from this research, it is important to highlight some of its
limitations. In the first place the divisive nature of South African society and the education
system in particular means that the students are teaching in a wide variety of contexts.

Added to this is the dynamic nature of the course which undergoes annual revision. The
statistics obtained from the questionnaire have been present for the group as a whole and
show some interesting trends, but it is the differences between categories which would be of
greater value. Unfortunately grouping according to education department is likely to be
simplistic. However an attempt will be made to re-analyse the data using different categories
including those of the two different stages of the course.

However, it is apparent that there are several important considerations arising from the
research which need to be addressed. In the first place there is the issue of the concerns of
first year teachers and the degree to which they are going to struggle to cope. To what extent
should the pre-service course attempt to give them a tool kit of skills to survive the first year
of teaching? Dennis's experience underlines the urgent need for there to be a support
structure for first year teachers in particular. Yet Coombe (1992) describes how she

attempted to set up such a support group for the 1991 Method class at UCT. Despite initial
student enthusiasm for the idea, in the end it was the teachers from schools which had well
established internal support structures for their teachers who found the time to attend
meetings. In analysing her experience Coombe suggests that it is impossible to prepare
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students sufficiently to understand and cope with the different contexts in which they are
likely to teach.

Paul's experience of the course and the way in which he was able to apply aspects of it to his
teaching situation suggest that this type of experiential course would be more valuable for
teachers who have gone through an induction period in teaching. This familiarity with the
classroom context and a knowledge of their own capacity to cope with the daily stresses
allows these teachers the possibility of introducing changes into their practice that are not
available to a beginner teacher who has still to develop a style of teaching. The difficulty in
South Africa is that no ethos of in-service continuous education exists and teachers can
generally secure a life long position without doing any further study after their initial
training. Addressing this issue and creating opportunities for accredited in-service upgrading
of teaching skills would seem to be a crucial aim for the education department created by the
new government of the country.

A final implication can be drawn from Dennis's case study where he has tried to implement
a different model of teaching. The danger of presenting a radically different methodology is
that it runs the danger of separating teachers from their existing knowledge base. A more
sensible approach would be to get students to take a fresh look at their assumptions about
teaching and get them to experience some of the strengths and weaknesses of different
methodologies, so that they are in a position to choose for themselves what they would like
to employ in any particular situation. The need for balance is particularly important in a
country in transition where it is tempting to set up polarities which lead to the destructive
creation of opposites (Breen 1993) which actually disempower teachers (Ellsworth 1989).

References
Breen,C (1988) Policing Exams : The Impact on Teachers and Students in Western Cape

Schools, 1985. Perspectives in Education, 10,1,3-11.
Breen,C (1990) Reflecting on energy activities: an attempt at liberating pre - service

mathematics teachers at a South African university. Proceedings of the First
International Conference on the Political Dimensions of Mathematics
Education: Action and Critique, University of London, April 1990.

Breen,C (1991) Concerning Mr Smith and his (very brief?) reign of terror. Pythagoras, 25,
31-37.

Breen,C (1992) Teacher Education: Confronting Preconceptions. Perspectives in Education,
13, 1, 33 - 44.

Breen,C (1993) Holding the Tension of the Opposites, For the Learning of Mathematics,
13,1, 6-10.

Coombe,J (1992) Researching First Year Teaching. Unpublished mimeograph, University of

Cape Town.
Ellsworth,E (1989) Why doesn't this feel empowering? Working through the repressive

myths of critical pedagogy. Harvard Educational Review, 59, 3, 247-324.
Gattcgno,C (1970) What We Owe Children, Routledge and Kcgan Paul : London.
Rogers,C (1983) Ersaguitaisamjaihslishtics. Charles Merrill: Ohio.
Vygotsky,L (1978) Mind in Society Harvard University Press: Cambridge, Mass.

143

394



MATHEMATICS LIVING IN A POST-MODERN WORLD

Tony Brown

Manchester Metropolitan University

Abstract
In this paper it is suggested that mathematical phenomena generally have their roots in
man's practical concerns and the underlying social dimension can be seen as an
essential feature of the educational process in learning mathematics. By seeing
mathematics as ideas accessed through their cultural presentation, an analogy is drawn
with post-modernist views within which there is a rejection of over-arching schematic
accounts of the world in which we live. It is shown how such an analogy can lead to a
view of learning mathematics where it is seen primarily as being concerned with
capturing, in language, the 'experience' of mathematical activity. By attending to a
reconciliation between the nature of mathematical activity as viewed in a holistic sense
and as viewed through particular formalised statements made within it we can re-
introduce the human into mathematical ideas.

Introduction
Platonic views of mathematics (see Ernest, 1991) which see it as having an independent
existence offer little help to those concerned with the teaching of mathematics.
Mathematics, as described in this paper, is seen as being socially derived and its
manifestations are always subject to the unique perspective of an individual human's gaze.
As such mathematics cannot ever be surveyed neutrally in a holistic way; rather it is always
mediated by some form of access. Embedded as it is in the social fabric, mathematics cannot
be disentangled from its communicative dimension as it only ever arises in human activity,
and then in the form of a language developed through historical social processes. For

someone to engage in mathematics, an initiation into the socially conventional forms which

embed it, is necessary. To do mathematics is to share the symbols of a particular community.

Walkerdine (1988) and Lave (1988) who soften the distinction between individual and
society are followed in describing a socially derived psychology of which the individual is

part. Drawing on post modern accounts of culture this paper seeks to outline an alternative
approach to viewing and reporting on mathematical activity.

The roots of mathematics
The prestige mathematics enjoys because of its manifestation in every day situations is not
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necessarily easily reconcilable with the prestige it derives from its status in the academic

world. The 'queen of the sciences'. in all of its supposed purity, is often seen as quite

separate from its mundane existence as a discipline supporting human endeavours. For

many mathematicians, applied mathematics is not quite mathematics: a certain loss of its

purity seems to go hand in hand with using it in the real world. This is. however, a curious

state of affairs given the origins of mathematics. The subject comprises, by and large, ideas

passed down by our ancestors which, more often than not, emerged in respect of practical

considerations. Most of these ideas can be seen as linguistic framings of phenomena

perceived by the human gaze. For example, circles, right angles, or number systems did not

preexist man: all of these have been created by humans. Names have been assigned as a

consequence of repeated use. School syllabi today are full of those areas of mathematics

imagined to be useful in some way, or at least testable. Indeed, it might be suggested that

the rationale underlying most of school mathematics is essentially economic and utilitarian.

Similarly, vast areas of mathematics have not been pursued by the population at large since

any potential application is seen as being too obscure, extinct or non-existent.

The world as seen by humans has necessarily been tainted by the conventional linguistic

framings employed within a given culture. Such framings have become embedded in our

collective reality such that we now have difficulty in seeing them as anything other than
natural. The things of the world assert themselves in their very familiarity in our ways of

looking. For an Australian aborigine, however, in a world lacking the rectilinearity we

experience in western cultures, or for a fly with its own form of optical equipment , we can

see that the structures imposed on the world by western humans are not unique. As a

culture we have introduced a structuring of the world as a means of orientation - a

classification which allows us to highlight recognisable and repeatable features. Introducing

the use of conventional notation can be seen as an initiation into social practices of this

community rather than an uncovering and recognition of natural phenomena (see

Walkerdine, 1988). As a society we identify and name certain features of our collective

reality to provide markers. This is true of mathematics although the 'truths' of mathematics

have become so embedded in our social fabric that we have forgotten they are constructs.

Owning mathematics
In Saussure's (1966) seminal work in linguistics, carried out at the turn of the century, an

important distinction is drawn between langue, the system and structure of language, and

parole ('speaking') the manifestation of language in everyday speech and writing. I

suggest a similar distinction can be drawn between 'mathematics' existing in a Platonic

sense and 'mathematical activity', its manifestation in everyday human usage in school, jobs

of work etc. Drawing such a line enables us to focus on the language associated with the
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performance of mathematics by people. This permits an examination of mathematics as a
social practice rather than as a subject with independent existence. Brown (1993) discusses
this in greater depth.

By assuming that mathematical knowledge is socially derived there is a need to attend to
the assumptions implicit in descriptions offered of mathematical phenomena. The language
of mathematics reflects the society generating it. Further, in focusing on individual acts of
parole certain perspectives are implicated, emanating from variously perceived langues,

thus removing any possibility of neutrality in the observing. Mathematical learning is not so
much directed towards a body of knowledge but rather is a process of transforming
knowing. The time dependency implicit here results in a difficulty in locating and fixing the
knowledge at the heart of the learning process. The notion of a mathematical equivalent to
langue becomes problematic since it can only ever be accessed through individual acts of
parole governed by particular perspectives. This presents difficulties for those whose job
entails the sharing of perspectives.

There is a story about a man who throws a stick for a dog but the dog fails to see where it
goes. The man points in the direction of the stick but the dog only looks at his pointing
hand. For pupils in classrooms there is a frequent conflict between attending to the
teacher's understanding and attending to the object of that understanding. Do you pay
attention to the pointing hand or to the thing being pointed at? Such concerns about the
location of knowledge have been discussed by Brousseau and Otte (1991). This problem
might be characterised as a 'double-bind' (Mellin-Olsen. 1991) of the sort that might arise in
a teacher's delivery -

-Look at what I see - but it's what you see that's important.

Brousseau and Otte (1991) outline the problems endemic in what they call the 'didactical
contract', where a teacher finds him or her self forced into giving the child knowledge
rather than allowing the child to re-construct the knowledge for themselves. The child, in
paying attention to what the teacher wants, making this the focus of their learning task, is
drawn away from the 'thing' itself. Brousseau and Otte resolve this potential dichotomy by
rejecting notions of knowledge seen as a found object preferring to assert its essential
'fragility', something that can not be held as fixed. Learning is not about the reproduction
of the teacher's knowledge in the mind of the child but rather can be seen as a transforming
of both positions. Knowledge is not a fully constituted object being confronted by a fully
constituted student, rather, both change through a time-dependent process. Learning is not
just about adding to knowledge, rather knowledge, or at least our state of knowing, can be
transformed in many ways; one subtracts from it as well as adds to it, forgetting as well as
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remembering, one re-organises so that known 'things' get new meanings - and knowing is
not just about things. It seems to me the 'fragile' learner described by Brousseau and Otte

has much in common with the human subject described variously within modern
philosophical traditions such as post-structuralism and hermeneutic phenomenology.
Walkerdiste's (1982) post-structuralist psycho-semiotic approach, for example, casts the

individual learner of mathematics in a rather different role to that supposed in cognitive

psychology. She replaces

'Piaget's abstract epistemic subject.. with the notion of human subjects as created
through the incorporation, through the medium of signs, of children into the social

practices which make up our everyday life (p. 129)'

In her later work. Walkerdine (1988) provides many examples of how this is manifested in
the classroom. These traditions have been further described in relation to the teaching and

learning of mathematics by Brown (1993).

Post-modern mathematics
The boundaries of these modern traditions are not clearly defined but the tradition of post-
modernism might be seen as embracing post-structuralism, perhaps with a certain degree of
discomfort. Post-modernism offers some possibilities in describing the sort of world 'fragile'

people might inhabit. Rooted in the work of Lyotard and Baudrillard (for an introduction

see Easthope et al (1992)), post-modernism essentially attends to the medium of culture.

Jencks (1989) suggests, '(t)he challenge...is to choose and combine traditions selectively, to
eclect ...those aspects from past and present which appear relevant for the job at hand'.
Within post-modernism there is always something outside of theory since a theory requires

someone to expound it with a particular interest and from a certain perspective. According

to Lyotard (1979) there is `no universal meta language' - individuals can only express
themselves within a particular story. To import Saussure's terminology, there is no
universally agreed langue, but rather we live in a world governed by acts of parole.

Mathematics is often presented as such a meta-language, as an overarching langue, and this
often results the cultural packaging, within which it is transmitted, being disregarded. A

quote from Adair (1992, p.5) discussing art captures the issue:

The work of art becomes a 'work of culture' only when it has been externalised,
extrapolated from, thought about, talked about, read about, communicated and
shared. Culture in this sense is applied art, as one refers to applied mathematics.



Mathematics too is highly dependent on how it is presented. As teachers and learners we
are concerned with initiation into the culture of mathematics, and in particular with the
culture of school mathematics - examinations, for example, demand a particular style of
mathematics. The media through which we view mathematics condition what we see and
the stories we tell about it. Such media include the published teaching scheme being used,
the teaching philosophy of the teacher, the technical facilities available, the curriculum
being followed, all of which change through time. A view of school mathematics, which

places more emphasis on the cultural packaging, is offer i in the work of the 'realist' school
(e.g. Brockman et al, 1994). Zawadowski (1988) has further discussed school mathematics
in relation to post-modernism.

The activity of mathematics is often characterised as being oriented around the certainties it
contains. However, stories describing .'mathematical' experience are less reliable and we
need to find other approaches enabling orientation. Post-modernist accounts, through their

emphasis on individual perspectives, might be seen as moving us away from seeing a
universal 'correct' view of mathematics anchored around the 'facts' of mathematics. Rather
it can be seen as a process of making sense of snippets of experience. Dave Wilson (in
conversation) has suggested that 'a post-modernist view might be to perceive mathematics
as just being a set of facts, not linked together by a characterisable story - in the same way
that an architect might design a building using a 'bricolage' (Levi-Strauss, 1970) of styles.

assemblies - working mathematically might be about using a series of 'facts', put together to
create an answer'. The next section makes tentative moves towards outlining possible
approaches to coping with the complexity of an interpretable mathematical field.

Orienting mathematics
Mason (1989a) and Brown (1991) have described the outcomes of mathematical activity in

terms of organising and making sense of the experience of doing mathematics. Such a view

presupposes i selection from the different aspects of a given mathematical activity and a

softening of approaches to mathematics that see the subject as being about exercises
comprising strings of questions with singular correct responses. Dockar-Drysdale's (1990)
work with emotionally deprived children perhaps offers a useful analogy here. She

describes some children who have difficulty in making sense of their everyday experience.
This is characterised by a breakdown in their ability to capture and store personal incidents
resulting in a feeling of disorientation. By teaching the children to characterise particular

events in their lives she helps them to develop nodal points as a means of orientation which

enable the child to 'store a realised experience in such a way that this can be preserved and,
if need be communicated' (p.102). For these children structure does not emerge naturally,
but is constructed, perhaps making use of components identified by the broader community.
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The way in which children embed mathematical terminology in personal and family

experience is also explored by Tahta (1993) and Walkerdine (1988). Brown (in press)

describes an approach used by teachers on a masters course, which echoes Dockar-

Drysdale's work. For these teachers, engaged in a task of developing their own professional-

awareness towards re-organising their practice, there was a need to heighten their

awareness of how they captured their own professional experience. By telling anecdotes

about specific issues in their practice they became more able to give an account of their

practice hi general, grounded in particular events. This mechanism facilitated increased

control over change in their practice.

The sociality implicit in mathematical learning necessarily gives rise to an interpretive

dimension. Certain styles of school mathematics activity, for example, investigation work,

are perhaps more likely to result in the student exercising their interpretive skills. Other

styles, more focused on responses to specific questions, might require a re-orientation in the

teacher's role towards more actively encouraging the student to articulate the nature of

their understanding in respect of the questions (Brown,1990a). In emphasising the

interpretive aspects of mathematics the student needs to fit mathematical statements to their

experience and there is a need to decide on their appropriateness in particular situations.

Brown (1991) has followed Ricoeur in showing how explanationand understanding can be

seen as a complementary duality under the umbrella of interpretation. In reflecting on a

mathematical investigation or on some piece of research, for example, I may offer some

comment, which for the time being, encapsulates my understanding. For example, Brown

(1991, p. 477) offers some statements by children attempting to characterise some

symmetrical drawings:

'"If it goes up there, the other side goes up the other way."
'It's the same bOth sides, like it's cut in half."
"That line up the middle is like the line of symmetry."

"It's straight up the middle in that it divides."'

However, as work proceeds refinements can be made. Nevertheless, in order to engage with

a mathematical task it is necessary for Inc to make occasional tentative statements towards

providing markers which help me in finding my bearings. In this way I describe, in a

personal way, the mathematics in terms of my perceived relationship with it but necessarily

in doing this I use the language of the society of which 1 am part (see Brown, 1994). Brown

(1990b) offers a fuller account of children framing their experience of a mathematical

investigation in language. In such work there is necessarily an interaction between

engagement in mathematical activity and making statements in respect of it. As Elliot (1987,

p.160) puts it, in discussing the hermeneutics of Gadamer 'Interpretation constitutes a



moment within thr, process of understanding'. Seen in this way mathematics is less about
finding correct answers to specific questions than about selecting, framing and focusing on
the key questions. This sort of approach has been discussed in more depth in the work of
Mason (e.g. 1988. 1989b).

Conclusion
By rejecting the notion of an agreed and shareable mathematical langue in favour of seeing
mathematics as being manifested and shared through individual acts of parole it becomes
possible to assess mathematics as a social practice. In meeting mathematics in educational
settings and in the world of work a social dimension is endemic in the mathematics itself

which cannot be extracted -nor is it desirable that it be extracted. Mathematics in the social
world of work cannot be about 'body of knowledge' type mathematics since the
interpretive dimension cannot be removed. Communication is not about passing around
ready made objects, nor is it about re-constructing knowledge, rather it is about operating
on knowing. Knowing cannot be seen separate to action since the social practices which
host specific actions are imbued with the society's preferred ways of doing things. Indeed
the individual cannot be seen as separate to his or her society - since the society speaks

itself through the actions of its individual subjects. For example, Walkerdine's (1988)
psycho-semiotic account of developing mathematical understanding offers a framework
which takes us away from more individualist notions of psychology rooted in cognition.The
dynamic qualifies of knowing in a social setting have rules of operation quite separate to
those that might be supposed for individuals dealing with body-of-knowledge type visions
of the various disciplines. This is discussed further by Elliot (1987). Lave (1988, pp.76-93).
for example, suggests softening the distinctions between psychology and anthropology
towards bringing cognition and culture into a more complementary relation. By placing too
much emphasis on the culturally bound manifestations of mathematical 'facts', as

confronted by individuals, we are diverted from attending to mathematics as a social
practice and the skills associated with socially located mathematical activity.
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THE RELATIONSHIP BETWEEN THE TEACHER'S CONCEPTIONS OF MATHEMATICS
AND OF MATHEMATICS TEACHING. A MODEL USING CATEGORIES AND
DESCRIPTORS FOR THEIR ANALYSIS.

Jost Carrillo & Luis C. Contreras
University of Huelva (Spain)

Abstract
This research report outlines a framework for the analysis of the teacher's conceptions of
mathematics and of mathematics teaching. It derives from a theoretical model, tested against data
obtained from a case studies, which also make explicit the relations found between such
conceptions. It greatest interest lies in the contribution of a categories system and descriptors that
make a more detailed characterization of the teacher's beliefs of mathematics and its teaching
easier.

Introduction
The identification of Teacher's conceptions' of Mathematics and Mathematics Teaching (hereafter

CM and CMT, respectively) occupies an important place in Mathematics Education Research (for

a detailed account of this importance the reader is referred to Thompson, 1984 and 1992).

Such conceptions act as a filter and as a decodifying element upon all information from whatever

other research area. Thus, a specific CM and/or CMT could determine the interpretation of and

decisions about students' conceptions, mists. -es and epistemological obstacles, it would orient the

selection of content and the related didactic situations, and it would allow or would serve as a basis

for the negotiation frame (implicit or explicit) of a specific didactic contract (Brousseau, 1989).

Hence, we consider that such conceptions constitute a central thread of teacher's professional

development.

The implicit nature of these conceptions makes them difficult to identify and whatever system that

seeks to make them explicit (verbally explicit) is conditioned and controlled by distinct intrinsic or

extrinsic factors (Llinares and Sanchez, 1990). Furthermore, the interactive nature (theoretical-

practical) of professional knowledge can lead the teacher to express ideas which he or she considers

desirable but which have not yet been assimilated into their practice. This, together with the scant

awareness of their own conceptions, accounts for the inconsistencies between the teacher's stated

awareness of these and what can be inferred from the observation of teaching practices (Thompson,

1984).

We are amongst those who believe that an important relationship exists between conceptions (CM

' Me use the term conception following thoemsom (1992)
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and CMT) and problem-solving modes (Hart, 1991), in the sense that the latter can provide data

about the former and can also be used as a tool for their eventual modification. This conviction

characterizes the way we will continue this research, in which the information about verbally

expressed conceptions will be seen to be enriched by the comparison of what can be inferred from

teacher observation and the data that derive from the processes used in problem solving. Moreover,

a training strategy based on a individualized design (depending on personal conceptions) about

problem solving, in which monitoring plays a main role (Hart, 1991), will be as useful in

challenging the aforementioned conceptions as in promoting a possible alternative to them.

Methodology

The research presented here consists of a case study (6 mathematics teachers who give class to 14-

18 years students). The data have been collated from the answers to a questionnaire and from an

individual open-ended interview, both related to their beliefs of mathematics and mathematics

teaching.

In order to organize all the information, obtained from questionnaires and interviews, it is necessary

to have a theoretical model, that can be used as a basis for the categorization of the items of

information; but, likewise, this model must be submitted to a continuous revision, so that it can

reflect the reality shown in the sample (see table 1). It is clear that the classification, obtained by

the final categorization in the manner explained below, can not be extrapolated, but it reflects the

tensions that exist between the theoretical frame and the observations, and, what is more important,

it offers a practical classification of the individuals studied.

CATEGORIZATION ACCORDING TO THEORETICAL MODEL

SELECTION Of ITEMS OF INFO4MATION FRON INTERVIEWS AND QUESTIONNAIRES

i'PSUGGESTIONS FOR SPECIFIC CHANGES IN THE CATEGORIZATION

PLACING ITEMS IN THEIR CATEGORIES

REVISION, AFTER ANALYSIS OF THE LAST INTERVIEW, OF THE ELEMENTS OF THE CATEGORIES

contrast with similar analytical tools

SECOND CATEGORIZATION SECOND SELECTION OF ITEMS

CROSSSECTIONAL ANALYSIS

(caparison between elements)

3rd CATEGORIZATIONm 1 3rd SELECTION OF ITEMS

VERTICAL ANALYSIS

(elements in isolation)

TAWAS 2.1, 2.2, 2.3, 2.4 f 3 4th SELECTION OF ITEMS

Table i (Revision process)
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For the identification of the CMT we started from a model with 4 didactic tendencies': traditional,

technological, spontaneous and investigative (Fortin, 1992), in which we established 6 categories

in order to get descriptors that could help us to state precisely our data in the most exhaustive

manner. These categories are: methodology, subject significance, learning conception, student's

role, teacher's role and assessment. It constitutes a total of 35 descriptors for each tendency,

many of which coincide with those used in previous studies (Fortin, 1989,92; Kuhs and Ball, 1986;

Ernest, 1989,91; Fennema and Franke, 1992). These descriptors, in a cross - sectional) reading,

establish differences among the diverse tendencies and, in some cases, they have an accumulative

nature when reading from left to right, also giving an idea of the possible development followed

by a teacher from the traditional tendency to the investigative one.

Some descriptors acquire their full meaning they are considered in context with the other

descriptors of a specific tendency (vertical reading), and in some cases they are observed to have

a complementary nature. In the same way, a descriptor belonging to 2 tendencies is differenciated

by the said vertical reading (see tables 2.1 to 2.4).

CATEG.WID.TENO. TRADITIONAL TECNNOLOGICAL SPONTANEOUS INVESTIGATIVE ]

METOCOOLOGY Repetitive practice Reproduct. practice Experimentation Problem solving

Conceptual Final practical Flexible and Flexible and

objectives:contents objectives orientative object. revisable object.

Lecture style

(textbook)

Short research

simulations

Random discovery,

models manipulation

Planned research

(technical means)

Official prescript.

rigid program

(discr. st. (nits)

Sequential,

structured y closed

program

Random program,

negotiated contents

Organized

conceptual maps

SUBJECT Conceptual emphasis Apl icability Emphasis on proced. Proced concepts

SIGNIFICANCE (process product) and attitudes and attitudes

School Math. School No. School M.M. that Sch. M. synthesis

formal Math. adeptat. of formal derives from real of formal M. and

M. to real lift life everyday M.

Informative Informative and Form.(attitudes and Formative (learner

utilitarian rational values) training)

Z.

,tht use the term ancisncy because we consider, in agreement with Perlin (1992), that, in practice,

It's difficult to find teachers who can be identified with a concrete didactic model
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The attempt to synthesize in a table all underlying ideas in the descriptors has forced us to

compress them in a few words -sometimes only one-, attaining in practicability what is lost in

richness.

The two preceeding ideas (complementation and compression) become more explicit in the category

of "Teacher's role", in which the first and third descriptors answer the question "What does he/she

do?", the second "How does he/she do what is expressed by the first descriptor?", and the fourth

accounts for the action expressed by the third descriptor.

CATEG.WID.TEN2. TRADITIONAL TECHNOLOGICAL SPONTANEOUS INVESTIGATIVE

STUDENT'S ROLE they don't take

part In syllabus/

lesson design

Doesn't take part

in syllabus/ lesson

design

Takes part In

syllabus/ lesson

design

Takes part in

syllabus/ lesson

design

The only The min The key to T-L The key to T-L

responsable of T-L responsable of T -L transfer. Is the transf. is the

transferences. transfer. (mot iv. motivation through process(motivation

Submission through context) the activity through meanings)

Listens and copies Reproduces and

imitates

Does things hes

Is attendive Is ettendliva Plays Reflects

Accepts Relieves Engages in dialogue Questions

TEACHER'S ROLE Transmits verbally Transmits through

technol. pr

Persuades Provokes

Dictates Explains Promotes Guides

Reproduces Organizes Analyzes react. and

answers to their

proposals

Researches the

activity

Content specialist Content and didect. humanist, special. Interact. exper.of

design technician in group dynamics cont. and methods

Table 2.2

The theoretical model corresponding to the CM (table 3) has its source in the work of Ernest

(1989,91) (of which we have taken the names of the tendencies) and in the contributions of similar

studies (Lerman, 1983; Skemp, 1978). After the revision process, already described, the three

tendencies (instrumentalist, platonic and problem solving) are organized into 21 descriptors

grouped in three categories: type of knowledge, aims (of mathematical knowledge) and means

of development (of mathematics).
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CATEG.\DID.TEND. TRADITIONAL TECNNOLOCICAL SPONTANEOUS INVESTIGATIVE

ASSESSMENT Cumulative (end Comilative (process formative (process) format. - cumulative

product) dependent on prod.) (prbc. and prod.)

Quantitative Quantative Qualitative Quat..Quantative

Doesn't make Make criteria Variable criteria Explicit and

criteria explicit explicit set by consensus negotiable criter.

Memory Achiening of Degree of Meanings and

objetives involvement deg's, of involv.

Mech. application Mech. application Meaningful

application

Meaningful and

relevant applicat.

Rigid minimun Rigid mlnimun Negotiable miniem Revis.min. object.

objectives objectives objectives (dep. on stud.,

proc., subject and

school context)

No individual No individual Implicit individual Explicit individ.

differentiation differentiation differentiation differentiation

Subjective Taxonomical Undefined Holistic

(observ. behavior)

Recuperating means Recuperating means Motivation is Personalised

global repetition,

isolated from

specific repet.,

isolated from

recuperated through

each activity

recuperat.,complex

i inserted into

normal development normal development the normal devel.

Exam preparation Exam preparation The exam distorts Exam as student's

fixes learning fixes learning the framework of

relations and

activities

creative act.; one

learns during its

execution

Initial Information init.identification Initial diagnostic init.diagn. anal.

based on previous of errors in order analysis of which gives inf.

contents to iamedAtlim. them

before starting

student's interests for program *lab.

and execution

Grading through Grading through Grading through Grading takes

product-based tests tests of the revision'of account of various

objectives student's tasks and

participation

sources(ex. book,

otm.,exems,GW,...)

Table 2.3
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CATEGADID.TEND. TRADITIOIAL TECNIXOGICAL SPONTANEOUS INVESTIGATIVE

LEARNING Accumulative rote Sequential rote Meaningful random Mean, relevant

CONCEPTICM learning learning learning learning (scamp)

Deductive processes Simulated inductive

proc.and ded. proc.

Inductive processes Induction-

deduction

By osmosis By assimilation By spontaneous

construction

By directed

construction

Individual work Individual work Group work and

discussions

Diversity of

grouping and

discussions

Subject logic Maths. logic Students' interests Logic and

interests of stud.

and subject

(aptitude) Predetermined Predetermined Transformable Transformable

(attitude) Predetermined Partly

transformable

Transformable Transformable

Table 2.4

CATEGORIES/CONCEPCTION INSTRUMENTALIST PLATONIST PROOLEM SOLVING

TYPE OF KNOWLEDGE Set of unquestionable

truths

Set of unrelated rules

and tools

Set of utilitarian

knowledge

Logically structured

knowledge

Meaningfully structured

knowledge. Core: concepts

and rational values

Objective, absolute,

universal, value-free and

abstract

Revis. knowt.; relative

truths dep. on context

Core: concept. struct.,

math. proced. and

general strategies

Knowledge which implies

values

AIMS External Internal Intelectual development

MEANS OF DEVELOPMENT Math. as a process of

creating and using

algorithms. Pragmat. view

Knowledge built on the

basis of looking for

cause and effect relat.

Determinist view

Emphasis on empirical

argumentation

Math. is not created, but

discovered. Dogmatic view

Knowledge built on the

basis of previous results

and problems arising from

other sciences

logical reasoning

Knowledge problem.

driven; potential for

creativity. Dynamic view

Knowledge built through

social interaction.

Anthropological view

Ind.-ded.reas.(conject.,

proofs and refutations)

Table
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Discussion

The categories and descriptors of the previous tables have made it possible to locate each teacher

in a didactic tendency more in accordance with they have verbally expressed, and in the model

closest to their mathematics conception, it remaining clear that the objective is not to classify these

teachers, but to obtain a starting point for an eventual modification of such conceptions through

reflection.

In the results showed in table 4 we can observe a high degree of consistency between CM and

CMT (according to Lerman, 1983). A pure problem-solving model corresponds to a pure

investigative tendency; a pure instrumentalist model corresponds to a pure technological tendency;

the three cases in which platonist and instrumentalist tendencies appear are natureized by a strong

traditional tendency; and the last case shows the relation that exists between a mode of

understanding what is problem-solving and the spontaneous tendency.

Teacher's code\conception CM CMT

RC problem solving investigative

JR instrumentalist technological

CG platonist with substantial

instrumentalist features

between traditional and

technological

Al platonist with some

instrumentalist traits

traditional with some

technological characters

PG instrumentalist with platonist

features

traditional with some

technological characters

ID problem solving with platonist

features

spontaneous with substantial

investig. traits, some techn. i

very few traditional

Table 4

We have not looked for consistency in the relations between CM and CMT, although, as has been

seen before, we were aware of it. Our aim is to provide an analytical tool that can be used to

achieve a better characterization as much of the didactic tendencies as of the mathematics

conception models.

On the other hand, this research reflects the predominance of the traditional and technological

tendencies in the CMT, confirming, among others, Dougherty's work (1990). This predominance

could be explained by the teachers' tendency to remake, above all during the first period of their

professional life, the models which they have received (Ball, 1988).
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ON UNDERSTANDING: SOME REMARKS ABOUT A CALCULUS
OPTIMIZATION PROBLEM.

Jaime J. del Rio Castillo

Departamento de Matemciticas
Institute Tecnologico Autemomo de Mexico

The analysis of an opium:anon problem may give some insight into the discussion of the
hermeneutical nature of concept construction. The aim of this study is to include ideas and
frameworks proper of philosophy and center a discussion around the possibility of
mathematical concepts being objects that constitute a reality to the extent that they are
essential constitutive parts of schematas of thought and understanding. The question of
understanding in general and understanding advanced mathematics is addressed in light of
the hernieneuncal

Introduction

Reflective thinking happens to be provocative vis a vis situations where we can perceive

some uneasiness that occasionally would lead us to single out a problem. The conceptual

identification of a problem carries the recognition of a goal which in turn may provide

possibilities for a prototype to emerge Prototypes seen as mental representations (Presmeg

1992) that actualize a category could be hepful in an aim to develop strategies in advanced

mathematics problem setting Acknowledgment of a problem with its consequent series of

goals stated as objectives that need to be reached by means of a dynamic process brings us

to the mere act of understanding The process of going from initial primitive knowing to

inventing goes beyond acquisition or progressive linear development Optimizing a system

has been very often an objective and always a preoccupation The topic of optimization

becomes central in common courses of differential calculus in several variables for

sophomore business and economy majors Getting an optimal solution is quite often a

plausible objective When a situation is recongized as susceptible of being optimized it is

because there is necessarily a stated objective That could serve us in a classroom situation

as a very basic motivation to pursue constructivist environments where concepts like

function, continuous variation and derivative could be inserted as a constitutive part of some

of the schemes characteristic of calculus

The construction of mathematical concepts as well as learning mathematics are complex

phenomena in which discontinuities, jumps and abrupt qualitative changes play e central role

in the study of modes of understanding advanced mathematics A significant contribution in
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the study of discontinuities in science from a historical perspective is given by a generous

reading of Kuhn (1971) whose intention is to show the way to a more open, flexible, and

historically oriented understanding of scientific inquiry as a rational activity. Kuhn is

suggesting that we need to transform both: our understanding of scientific inquiry and our

concept of rationality. Piaget and Garcia (1987) give an extensive account of similar

discontinuities in mathematics Freudenthal (1983) deal with concepts as the main support

for cognitive structures Formal rigor and logical consistency by themselves are not

sufficient conditions for efficient teaching practices but technical byproducts of a very

elaborate dynamic process

All this needs to be closely connected with the development of mathematics as a

fundamental scientific tool and as an outstanding paradigm for learning and understanding

What is now required is to understand understanding itself in the context of mathematics and

to do this in a manner that permits us to make sense of the claim that understanding belongs

to the sphere of meaning. Dewey (1978) points out "All knowledge, all science, thus aims to

grasp the meaning of objects and events, and this process always consists in taking them out

of their apparent brute isolation as events, and finding them, which in turn, accounts for,

explains, interprets them; i e. renders them significant " p. 272.

Research Framework

A viable theoretical framework for my study is provided by Gadamer (1975) and Sierpinska

(1992). Three interrelated levels of knowledge have been established

i) beliefs, credences which are knowable and communicable in a discoursive form,

ii) schemes of thought, things that are learned by practice and imitation in the course of our

socialization and education which arc mostly unconscious and

iii) technical knowledge whose validity is affirmed by logical coherence and consistency

which calls in turn for rational or scientific justification.

In this sense, the mathematical technical knowledge that can be achieved is strongly

influenced and conditioned by beliefs and schemes of thought Gadamer includes, in a

prominent way, beliefs and preconceptions in an interpretative model that lighten the

understanding process In this context, understanding of mathematics in general and

understanding calculus in particular has to do with construction of concepts referred

necessarily to a series of complex imbrications that eventually lead to a explanatory stage

Imagery and visualization play a significant role in the development of concepts and

strategies in advanced mathematics not just as symbolic and diagramatic devices but also as

a mode that allows possibility conditions to manage concepts such as continuous variation
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It is possible to regard imagery as a form of enunciation (Foucault 1987) which it does not

have as necesary and sufficient conditions to exist the presence of a well defined
propositional structure

The theoretical position adopted in this paper stresses that strategy in calculus problem

solving situations is closely related with possibilities of arising prototypes or certain forms

of metaphores in the constituency of visual enunciations.

The Study of an Optimization Problem.

Many of the optimization problems provided in standard textbooks have an important

geometrical component usually comempted or seen suhyugated to the algorithms, rarely

considered as the kernel or locus of the germinal ideas that allows a more insightful use of

optimization methods and envisage new prespectives in concept developing

The following is the report of classroom experience It was carried out in three different

class groups of sophomore bussines and economy majors. What is reported is based on my

obiervations and getting notes from the students

I asked them to discuss in small groups of three or four students the problem of bending a

rectangular plate (fig 1) of given dimensions I and a, in such a way that once the transversal

sections were covered to shape a container (fig 2) would have a maximun volume.

a --- Figure I

This is a problem that often appears in standard calculus textbooks

Through this experience three stages can be distinguished that involve multiple and varied

actions of folding back to inner less formal understanding in order to use that understanding

as a springboard for the construction of more sophisticated outer level understanding.

Stage I

Some paper models were made and most of the students, with certain ease, reached the

point of determining that folding the plate was paramount to find where and how it must be
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bent, i e at what distance x from the sides and with which angle a with respect to the

horizontal (fig 3) In addition it was stated that the larger the area of the trapezoidal

transverse section, the larger the volume of the container and the length / of the plate was

irrelevant for the purpose of optimizing

1 I

I 1

I I

I

4
4-2x Figure 3

With the above, it was concluded that it was in fact a situation where there weir two

significant quantities .v and / that could vary continuously Furthermore, the meningful

range of values that x can have arc is within the interval of [0, a/2] and the pertinent range of

values of the angle a is within the interval of [0,90° ]

Stage 2

With some difficulty, and without a generalized agreement, some students said that the plate

shoud have been bent in three equal parts. Some arguments were presented along the line

that the rectangle with a fixed and given perimeter that encompasses the larger area was a

square The areas of triangles, a squares and a rectangles with identical perimeters were

compared At this point, there was the educated guess that it was plausible but still

conflicting that to bend in x = a/3 could be sensible Two daring proposals were made to

bend the plate forming a transvesal square section or to bend having an angle of 45° as

shown in figure 4

Ftgure 4

Stage 3

Most students were struggling with the problem of calculating simple areas in their drawing

The figure of the trapezoidal transversal section, which is essentially a static object, did not
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embody by itself dynamic qualities needed to model the processing of changing angle a
whereas the trapezoidal area was getting distorted and changing as well. Some
considerations were made in terms of how much area was lost and gained by angle a varying

continuously. What the students found disturbing was obvious based on the incompatibility

between the actual picture of the trapezoid drawn by them and the mental picture of the
actual continuous variation process involved in the problem.

Stage 4

There was the certainty that once x was fixed, while a varies there was something lost and

something gained marked The problem now lies in understanding this correspondence that

refers us to the funtional relation between area and angle. The following image (fig. 5)

embodies geometrical aspects in a very insightful way that can easily be incorporated in the

final understanding of the actual problem It is important to underline that this simple and
standard problem can be seeing from a totally different perspective. One may expect that

the "standard" approach will be to define the volume of the container as
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V(x,a)= [ (a - 2x) (x sena) + (x2 cosa) (sena)J and to calculate a/ / ax ,dv / oa to

obtain-°v- = sen a [a - 4x + 2x cosa] and = x[(a - 2x)cosa + xcos2 a xSen2
ax

and to solve the equation system

sena[a 4x + 2xcosa ] = 0

x[(a 2 x)cosa + xcos2 x] = 0

Once the cases a = 0 and x = 0 were eliminated and with the use of the identity

sent a + cos2 a =1 the final result is x=a/3 and ot=60°

Some remarks

Through this simple problem setting, one realizes that any interpretation of the problem

involves highlighting. Furthermore, it makes no sense to speak of the single or the correct

interpretation There are a variety of interpretations, and it is even possible to disciminate

distinctive interpretations We are dealing with the phenomenon of understanding. As

Gadamer points out "Understanding must be conceived as a part of the process of the

coming into being of meaning, in which the significance of all statements - those of art and

those of everything else that has been transmitted - is formed and complete " p 146.

The recognition that prejudices enable us to understand, and that understanding is

constitutive of what we are in the process of becoming, has some very strong consequences

in mathematical education A basic recurrent prejudice is the use of some mathematical

algorithms presented in the classroom without really understanding what is acctually being

modeled or interpreted

Gadamer does want to make the all important distinction between blind prejudices and

justified prejudices productive of knowledge or what may be called enabling prejudices But

this does not diminish the significance of the thesis that both types of prejudice are

constitutive of what we are But how do we make this crucial distinction/ How are we to

discriminate which of our prejudices are blind and which are enabling One answer is clearly

ruled out, we cannot do this by an act of pure self-reflection For Gadamer, it is in and

through the encounter with problem situations and more general what is handed down to us

through tradition that we discover which of our prejudices are blind and which are enabling

It is only through the dialogical encounter with what is at once alien to us, makes a claim

upon us, and has an affinity with what we are that can open us to risking and testing
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prejudices. This does not mean that we can ever finally complete such a project, that we can

ever achieve complete self-transparency, that we can attain perfect or absolute knowledge.

It make no sense to think that a human being can ever be devoid of prejudices. To risk and

test our prejudices is a constant task, not a final achievement.

Using as a starting point the optimization problem presented above, formulations of the

hermeneutical circle of understanding is object oriented, in the sense that it directs us to

practices or forms of life that we are seeking to understand It directs us to the sensitive

dialectical play between part and whole in the circle of understanding. Many standard

characterizations of the hermeneutical circle focus exclusively on the relation of part to

whole in the phenomena which we seek to understand. No essential reference is made to the

interpreter, to the individual who is engaged in the process of understanding optimization

and questioning, except insofar as he or she must have the insight, imagination, openness,

and patience to acquire this art -an art achieved through practice. There is no set method for

acquiring or pursuing this art, in the sense of explicit rules that are to be followed. Yet,we

might say that rules here function as heuristic guides that gain their concrete meaning by

appealing to exemplars of such hermeneutical interpretation But a full statement and
defense of the hermeneutical circle requires us to ask the Kantian question, How is such

understanding and interpretation possible'

There is a positive role that fore-having, fore-sight, fore-conception, and prejudgement play

in all advanced mathematical understanding The reference to the ontological character of

the circle indicates something basic about our very being-in-the world -that we are
essentially beings constituted by and engaged in interpretative understanding.

The reference to the things themselves is not to be misunderstood as suggesting that these

things exist and we must purify ourselves of all forestructures and prejudgments in order to

grasp or know them objectively. On the contrary, the meaning of the thingsthemselves can

only be grasped through the circle of understanding, a circle that presupposes the
forestructures that enable us to understand The most important consequence of the scheme

of hermeneutical circle clarifies the relation between the interpreter (student) and what he or
she...seeks to understand (optimization problem)

We must learn the art of being responsive to situations that we are trying to understand. We

must participate or share in them, listen to them, open ourselves to what they are saying and

to the claims to truth that they make upon us And we can accomplish this only because of

the forestructures and prejudgments that are constitutive of our being
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It is true, of course, that understanding requires effort and care, imagination and

perceptiveness, but this is directed to the opening of ourselves to what we seek to

understand And such receptiveness is possible only by virtue of those justified prejudices

that open us to experience.
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TEACHING PROBLEM SOLVING: A TEACHER'S PERSPECTIVE

Olive Chapman
The University of Calgary

This paper reports on a case study that investigated an experienced elementary teacher's perspective of
teaching problem solving in mathematics. Data was collected through interviews, discussions and
classroom observations. Naturalistic inquiry processes were used in the analysis. Findings indicate that
the teacher uses a 3-stage process, i.e. preparation, collaboration and presentation, to organize her
teaching. Embodied in this process is a non-traditional view of the teaching and meaning of problem
solving that reflects the teacher's belief of the nature of problems and problem solving and her personal
experience as a problem solver.

This paper focuses on an experienced elementary teacher's perspective of the teaching of

problem solving in mathematics and the meaning framing that perspective.

Research on problem solving has traditionally focused on learning in the context of what

students do or should do in solving problems, but has given no substantial consideration of the

teacher. Even when problem solving instruction was being investigated, the focus has been on the

students and the "experimental treatment", but not the teacher. Kilpatrick (1985), in reviewing two

and a half decades of problem solving research, found that the teacher was always ignored in such

studies. He contended that the lack of information on how teachers approach problem solving

could be one of the reasons there has not been much success in improving the teaching of problem

solving. Other prominent mathematics educators (Grouws, 1985; Lester, 1985; Silver, 1985;

Thompson. 1985) have expressed concern about the systematic control of the teacher and teacher-

related variables, either consciously for statistical reasons or unconsciously because of the

researchers bias towards empirical research perspectives, in research on problem solving instruction.

To change this pattern in problem solving research, a shift to more naturalistic research processes

has been promoted (Silver, 1985; Eisenhart, 1988). Although this shift may be happening with

respect to mathematics teaching in general (Hoyles, 1992, reviews studies on mathematics

teachers), there is still a major gap in published information on how teachers conceptualize

problem solving or how they attempt to teach it.

While studies on mathematics teachers thinking arc only now beginning to receive attention,

there exists a growing body of literature on teacher thinking and teacher personal knowledge in

the context of teaching in general (for eg. Clandinin, 1986; Elbaz, 1991; Leindhart, 1987; Russel

& Munhy, 1992; Solas, 1992; Thompson, 1985). This literature indicates that knowing how a

teacher makes sense of his/her teaching is critical in understanding teaching and how to create
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meaningful and effective teacher development programs. Given recent emphasis on problem solving

in mathematics education (eg. NCTM, 1989), such understandings are definitely needed to enhance

or transcend traditional boundaries in the teaching of problem solving.

This paper deals with one aspect of a larger study' in progress that focuses on the teaching

of word problems, in general, and non-routine problems, in particular, from the perspective of a

beginning teacher and two experienced teachers. The case of one experienced teacher will be

presented here. Because of constraint on space, the case will be discussed only in the context of

what happens from an instructional perspective when students are assigned a problem.

THE PARTICIPANT

The participant, who will be referred to as Lillian, has been an elementary teacher for 24

years, 3 of which she was also an elementary mathematics consultant for her school board. In the

last five years, as a classroom teacher, she has actively participated in mathematics projects

conducted by her school board, piloted mathematics text book materials for publishers and made

presentations (not on problem solving) at mathematics conferences. During the last 10 years, she

has attended problem solving workshops locally and at National Council of Teachers of

Mathematics conferences and read some materials on the teaching of problem solving. She is

considered to be a very good teacher by peers and students. For the duration of the study, she

taught grade 6. At the beginning of the study, she had been using non-routine problems to teach

problem solving for about five years. Prior to that, she associated problem solving with routine

word problems, not because she believed that, but she felt that that was what was required from

a mathematics perspective.

After learning about Polya's model to problem solving in the early 1980's, Lillian started

applying it in her teaching, but in a rote manner, drilling students on the various stages. By the late

1980's, she became convinced that this approach was meaningless, not only for her personally, but

more for the students. The turning point occurred when, one day, she questioned a group of her

grade 6 students on what they were doing as the worked on a problem. They replied, "Carrying out

the plan." She asked what was the plan. They replied that they didn't have one. Similar behaViour

was reflected by other groups of her students. Since then, Lillian has been trying to figure out and

create, based on her personal experience and practical knowledge, what works for her instead of

slavishly following what someone else has prescribed. The findings of the study reflects her current

perspective (which she believes she always held conceptually) of teaching problem solving.

'This research project is being funded by the "University Research Grants Committee",
The University of Calgary.

16 20



RESEARCH PROCESS

Data for the study was collected in the following ways: classroom observations of Lillian's

instructional strategies; discussion with Lillian following each observation; audio-taping of 7

problem solving classes; flexible interviews with Lillian to capture her past experiences with

problem solving, her belief about problem solving, her understanding of problem solving and her

thinking of how she taught problem solving; Lillian's ongoing feedback on the transcripts and the

researcher's interpretation of her teaching. All interviews and discussions were tape recorded and

transcribed. Copies of teaching documents (cg. text material, written plans, handouts) were also

collected.

The data was interpreted by drawing from naturalistic inquiry processes (Lester, 1985), in

general, and narrative inquiry processes (Connelly & Clandinin, 1990; Polkinghome, 1988), in

particular. The data was thoroughly examined to determine the nature of and the factors that guide

the participant's instructional decisions and behaviours. Meanings and interpretations of prominent

behaviours were determined through collaboration between participant and researcher.

LILLIAN'S TEACHING OF PROBLEM SOLVING

In discussing the findings of the study, the focus will be on situations when the students are

assigned non-routine problems. The most consistent pattern in Lillian's teaching follows three

stages. These I have labelled: the preparation stage, the collaboration stage and the presentation

stage. Embodied in these stages'are Lillian's perspective of problems, problem solving and herself

as a problem solver. The most prominent and consistent features of each stage will be presented

here with the apparent meaning that frames them.

STAGE 1: PREPARATION

The preparation stage is where the students try to understand the problem and make it their

own, but do not consider or attempt a solution. This stage unfolds in three sub-stages as follows:

(1) Teacher-led discussion

After students read the problem, Lillian acts as chair of a whole class discussion on any initial

concerns students may have about the problem. This generally involves dealing with surface

features of the problem, for example, meaning of words, ambiguitiei in the language.

(2) Student Reflection

Following the teacher-led discussion, the students get into their groups (size of 2, 3 or 4) and

further reflect on the situation presented in the problem. Lillian describes this as:

giving them time to rummage around with the problem] in their heads and in their groups. ...
to reflect on what they are thinking, what is this problem, what they don't understand about it,
what they understand about it.
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(3) Teacherled sharing

Lillian acts as chair of a whole class sharing during which the groups share their thinking about

the problem. Her goal here is not to get everyone to arrive at the same understanding of the

problem, but to have the students demonstrate that the problem makes sense to them and they are

ready to proceed with a solution. The sharing also allows the groups to get feedback from the class

on any misunderstanding reflected in their thinking and to inform the teacher of their starting

point.

The preparation stage seems to be intended to accomplish more than simply understanding the

problem, when viewed from Lillian's perspective of problems and problem solving. Lillian believes

that,

a problem has to have meaning for the participant, if it doesn't, then there is no problem.... If
you do not take ownership, then you do not care, then it is not a problem.

The preparation stage allows her students to establish their meaning of the problem, to make the

problem their own and to take some ownership for what they do with it. The "free play" aspect of

the preparation stage allows students to "play around" with the context of the problem to gain a

personal understanding and appreciation of the problem. Lillian, through her behaviour, constantly

conveys to her students that when she gives them a problem, it is also their problem and not just

hers. Thus she allows them to proceed to a solution only after they have indicated what they had

interpreted as their problem to solve.

STAGE 2: COLLABORATION

In the collaboration stage, students collaborate in their groups to solve the problem. The goal,

Lillian points out, is for them

to bring to the solution whatever ability, skills, ideas, thoughts they have to work toward a
solution ... to share and dump ideas towards solutions, ...to take that information into their
thinking to help them get to a solution, ... to come to an agreement about how they understand
the solution.

This open ended approach is discussed with the students in the first few weeks of the term when

problem solving strategies are considered in the context of the students' personal experiences, (eg

what they bring to the problem situation) and collaborative strategies considered in the context of

cooperative learning. Lillian explains,

At the beginning of the year I have to teach what is involved in the process and then they just
have to take it and do something with it and work through it.

There are brief reviews of those strategics throughout the year.

As the students work in their groups, Lillian circulates among them without becoming attached
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to their processes or controlling the direction of these processes. She describes her role:

I move about the classroom to overhear what the interaction is within the group and to move
into it to assist, to referee, to suggest, to encourage.... I am not the focus of the activity or the
deciding factor as to what happens.

She is able to accomplish not being the focus or deciding factor of the students' processes because

she generally selects and assigns problems she has not actually solved. She explains:

I am not holding secretly the solution and waiting for the students to get that solution. ...
Often times I do not have a clue what the problem is and how it operates.

This apparently unique situation Lillian creates for herself significantly shapes the social context

of her instructional approach. The teacher-student interaction that results is not one of bargaining

or negotiating, overtly or covertly, to arrive at the teacher's solution, since Lillian does not claim

ownership of or have students work towards a specific solution. Instead, it is one of open-dialogue.

Lillian describes this process as follows:

In the dialogue, what I'm doing is I'm hearing what they (the students) are saying, and I'm
putting that into my context and then I'm taking that (the way she understands it) and giving it
to them, so then they can hear it and put it in their context. So this is a continual back and forth
exchange.... Everybody (teacher and students) is free to join the dialogue, so what you need to
do is put into the pot (pool of ideas) what you think and take out what you can use. ... The
dialogue from my end is to get what the understanding of the student is so I can get a better
sense of how to work with them and what to do. I want them to give me what they have and
sometimes I can't give them what I have, because I do not have any. So what I might do is only
pick up something from a group and then depart.... The dialogue from their (the students) end
is to understand what it is I'm trying to give them, how they can use it and what they do with it.

There are 2 levels of questioning Lillian initiates in this dialogue. One is to get an

understanding of how the students are thinking. The other is to get the students to "throw ideas

into the pot", to reflect on their processes if stuck or off track, or to stimulate their thinking.

Regarding the latter case, she explains,

I'll just ask them questions. What I want the questions to do is to start them questioning what
they're doing. For example, "Are you sure that's what you want to do?" I don't want to give them
specific direction but I want them to re-check, I want them to re-think so that in part it could be
their own re-discovery rather than mine.

In general, Lillian's strategy is to make the students live through the consequences of their actions

and their thinking to learn from them.

The dialogue approach is what Lillian personally seeks out when she solves problems, generally,

both in and out of the classroom. In fact, this is why she stopped solving problems before using

them in class. Shc found it was more meaningful and easier for her to solve the problems if she

used her students as her collaborators inst.:ad a salving them by herself. So as she listens to her

students' ideas as students collaborate in their groups, she draws from them to establish or clarify

423



her understanding and solution of the problem. By the end of the collaboration stage, she may or

may not have her own solution and her solution may or may not be the same as any of the groups.

The dialogue, then, facilitates her own problem solving needs. But, more important, through it, she

is creating for her students a context she would want as a problem solver because she understands

the value of it from her personal experience.

STAGE 3: PRESENTATION

The presentation stage is when students get to present and defend their solution and reflect

on what they had learned. It is a coming together of the students and teacher to share knowledge

as the groups "bring what they see as theirs, both in the problem and in the solution" (Lillian) to

present.

I view this stage more like a conference with Lillian as the convenor and the students as the

presenters and audience. Lillian summons the students to this conference to present their problem,

their approach and their findings. She chairs the sessions by acknowledging speakers (presenters

and audience), but also poses questions, summarize discussions and sometimes becomes a presenter

herself. At the end of the conference the students should leave with some understanding of, for

example, what they brought to the situation, what they learned from others, what needs future

consideration, what was resolved.

During the conference, both presenters and audience are always actively involved. Lillian

describes the goal of the audience:

The audience follows along, so they can see the direction they (the presenter) came from,
how they got the solution and whether the solution in fact fits.

However, the audience's "following alone" is not passive. Students ask questions to help them make

sense. of the solution being presented, make comments on what they agree or disagree with

regarding the solution and make suggestions to the presenters.. Lillian becomes a presenter only

if she thinks her solution would add another perspective for the students. For her, closure to the

process does not have to be a final answer. Instead, as she explains,

It is a going away with the understanding of the process and what each of those students
brings into his or her own repertoire and how it connects to what he or she had before.

Thus, to end the conference, Lillian asks students to respond to:

what did you do in your group that made it work or did not work? What did you learn here?
What became meaningful? What helped you to understand and solve the problem?

The presentation stage legitimizes the students' processes and Lillian's instructional approach-

-- particularly giving the students ownership of the problem. In general, this stage contributes to

the experiential conception of problem and problem solving reflected in Lillian's teaching.
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CONCEPTUALIZING PROBLEMS AND PROBLEM SOLVING IN LILLIAN'S TEACHING

In the context of Lillian's teaching, problems and problem solving take on an experiential

meaning. Conceptually, Lillian makes no distinction between problems and problem solving. The

problem solving is the problem. The problem is in the solving and not the written text. One does

not have a problem until one starts to experience and deal with a barrier in a situation one is

curious about or has an interest in. Thus problem solving is the experience of trying to satisfy one's

curiosity or to fulfil one's interest in situations when one encounters barriers. In Lillian's teaching,

this experience becomes more significant than the final answer to a problem. Thus solutions arc

viewed as the experiencing of "the process of how to work through the problem" (Lillian). It is not

the final answer that will move the students to new levels in their problem solving, but the nature

of the experience leading to the final answer.

Lillian's teaching also reflects a different kind of problem teacher and students must face

compared to a more traditional classroom. Because students have to identify "their" problem, take

control and responsibility for it and deal with it, the "mathematics problem" Lillian assigns becomes

the nucleus of a larger problem the students perceive. This larger problem for the student includes,

how to work collaboratively, how to dialogue with the teacher, how to present and defend their

solutions, how to understand other perspective of the solution. Similarly, the teacher perceives a

larger problem that includes, as Lillian notes,

To know how to dialogue with them (the students), to know how to intervene and contribute
without interfering with their process but add enough to help them make sense so that they can
go ahead with this process. Also being able to recognize when something is working, not to
interfere to get that off track.

Finally, in Lillian's teaching, problem solving is reflected not only as a cognitive endeavour, but

also a social endeavour. The latter allows the same problem to be different in different groups of

students depending on how it "bounces off" the students in a particular group and the nature of

the group dynamics.

CONCLUSION

Lillian's case may not be representative of the way many teachers teach problem solving, but

it provides us with a perspective that is worth exploring in its own right. Investigations of this

perspective could also he undertaken to examine its actual effect on performance and the type of

learning it produces. The case also provides a situation teachers can resonate in to reflect on and

understand their own teaching. But, of more importance, it draws attention to the role of teacher's

belief and personal experiences in shaping problem solving instruction, a situation that deserves

much more attention for us to understand teacher thinking and to provide teachers with the kind

of support that will foster meaningful and effective problem solving teaching styles.
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SKETCHING GRAPHS OF AN INDEPENDENT AND A DEPENDENT QUANTITY:
DIFFICULTIES IN LEARNING TO MAKE STYLIZED, CONVENTIONAL "PICTURES"

Daniel auan Sandra Callis Bethel!
Michigan State University Holt High School

This paper presents a series of issues which lead students to sketch relationships between
quantities nonconventionally. Some issues seem to be associated with the quantities being
graphed and others lead to graphs which aren't useful "pictures" of the relationship. An
examination of these issues suggest a reinterpretation of the Iconic Translation phenomenon
(Monk, 1992)

Like many, we are impressed by the potential of technology to make visual
representations of mathematics widely available. At the same time, we are aware of the

student difficulties with graphs described in the mathematics education literature (For

surveys, see Eisenberg. 1991; Kerslake. 1981; Romberg, Fennema, & Carpenter. 1993.).

Rather than approach student difficulties as misconceptions to be uprooted, we have

approached them as ideas which can change in the normal course of learning and

instruction, and as indicators of conventions to which our training blinds us.

We have been teaching a low-tracked, high-school level Algebra One course

begin this course with the sketching of graphs of dependence relationships between

quantities. As we begin the year, we are concious of our own mathematical

enculturation (in the sense of Bishop, 1988). The graphs that students produce often

seem mathematically incorrect to us, or, at least, non-conventional. These graphs

challenge us, as teachers, to articulate. and discuss with our students, how graphs work

in mathematics and the reasons behind conventional approaches to creating "pictures"

of the relationships between quantities in situations.

In this paper, we present a selection of students' graphs and a structure for

understanding how their graphs contravene accepted mathematical practice. We

organize our presentation of students' graphs in two categories, by the type of teaching

intervention their graphs suggest to us. When students' graphs raise issues about their

understandings of "quantity," as teachers, we can help students clarify their options

and choose what they want to represent. By way of contrast, when students have

questions about how to proceed to create a graph of the relationship that they are

representing, we, as teachers enculturated in mathematics, find ourselves arguing for

standard ways of creating graphs by pointing out the benefits of the resulting

displays--the ways in which they create "good pictures."
COURSE CONTEXT

In the United States, Algebra is taught as a separate mathematical topic, usually

in two courses labeled Algebra One and Algebra Two. As teachers of low-track Algebra
One students, we are interested in understanding Algebra in a way that would allow us

to create a course which could be useful and challenging fnr a wide range of students- -
students who are headed to the world of work after high school and students who are
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headed to college and calculus. We have been exploring an approach based in the
mathematics of quantity.

In the beginning of the course, we look for quantities in the world around us. We
talk about quantities which can be measured and counted, as opposed to quantities
which are computed. After developing what we mean by quantities, we begin to look at

relationships between quantities. In the early part of the course, we learn to represent
these relationships In verbal descriptions, graphs, sketches of graphs, tables of values,
and algebraic expressions, each of which has its own conventions.

In introducing graphing, we walk a tight balance. We emphasize that, even
though graphs aren't pictures, this visual representation was created because it has

helped people "picture" relationships that frequently can't be seen In other ways. After
some introductory activities, we ask our students to write stories for a partner and then
to swap stories and make graphs to illustrate the other person's story.

WHAT ARE THE QUANTITIES WHOSE RELATIONSHIP YOU WANT TO "PICTURE?"

In any given situation, there are a plethora of quantities whose relationships might be
graphed. Yet, in order to choose to make an interesting "functional" graph on the
Cartesian plane, it is useful to choose two quantities which change, where one can be
said to depend on the other.
What are guantities9

There are subtle complexities in choosing quantities whose relationship students want
to graph. Below arc descriptions of a situation and a student's list of the quantities
presets in the description.

The QE2 was headed from Martha's Vineyard to NY on a fine night with clear
visibility and half .moon. Captin Woodall, with more than 40 years experience, was in
comand, but a local pilot was controling the navigation. Shortly after the QE2 left
Martha's Vineyard, Woodall said, he felt a very heavy vibration. He first asumed that
the ship hit something on the water or there was a mechanical failure. After crew
members ruled out those possibilities, the only one left was that the ship touched
bottom. Charts showed ocean depth of 39 ft and 2 ft due to the tide. The ships hull
goes 32 feet below the water line. After the grounding, the 1815 passangers were
evacuated from the ship.

Passengers were put on trains to complete their journey to NY. In his first
public statement, Captain Woodall indicated that on that day he didn't drink any
alchohol. (Berkshire Eagle on 8/14/92)
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Figure 1--The QE2 story and a student's list of quantities

In the QE2 example. "when you hit the object" and "time ship left and grounded" are
each listed by the student as different quantities. These are not seen as points along a
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single timeline. The student also views the number of years of experience of the

captain as a quantity. even though it doesn't vary during the described situation.

This example points out that there are different meanings for the word quantity.

The first two definitions of quantity in the American Heritage Dictionary indicate

important differences in usage:
I. a. A number or amount of anything, either specified or indefinite. b. A sufficient
or considerable amount or number. c. The exact amount of anything. 2. The
measureable, countable, or comparable property or aspect of a thing.

As enculturated mathematicians, when we look to graph a relationship between

quantities, we think about quantity with the second definition, certainly not with
definitions la or lc. We do not consider every number as a different quantity. Yet.

students may bring this other view of quanitity to their mathematics class.

What is the quantity for this unit?
In addition to students' understandings of "quantity." units add another set of

complications. Below are two graphs which differ in the labeling of units and

quantities on the axes. One student provides both quantities and units, while the other

puts a quantity on one axis and a unit on the other.

cce
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Figure 2 Two graphs and their units.

The first graph comes from a story which mentions the unit. feet, but not the quantity

which it measures. Students can then find it difficult to name the quantity separate

from its unit.

Using the unit. instead of the quantity. to label a graph can lead to complications.

In the following example, the axes are not labeled, but even an indication of units

would not help.
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Figure 3--A library story and its graph

The class discussed whether this graph and story indicated how the total number of

books checked out of the library varies, as opposed to how the number of books checked

out varies, over Intervals of time. In the discussion, students talked about whether the
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decreasing portions of the graph represent books being returned or a decrease in the

rate at which books were being checked out.
This example points out that the same unit can be used to indicate different

quantities. In particular, the unit for the dependent variable does not indicate whether

the value of the dependent variable should be accumulated or not. If the variable is

accumulated you have a different quantity than if it is not accumulated.

Where are the quantities?

In a further complication, important quantities may not be mentioned at all (neither

directly or by their unit) in a description of a situation. The following two examples

were recorded by a student from a software program (Dugdale & Kibbey, 1986) because

she did not understand. In each case, the independent quantity is not mentioned in the

description of the situation. Nonetheless, as cnculturated mathematicians, with the

travel description for example, we would not find it strange to be asked to sketch a

graph of the gasoline used as a function of the distance traveled, even though the

distance traveled isn't mentioned in the description.
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Figure 4 -Graphs a student didn't understand.

MAKING A GOOD PICTURE

When we introduce the sketching of graphs to our students, we encourage them to

think of their graphs as made up of intervals between known points. Modeled on the

approach taken in The Grapher's Sketchbook (Yerushalmy. Shternbcrg. & CET. 1992),

we present a set of icons and suggest that they patch these icons together to create a

graph which is a "good picture" of the relationship between quantities that they are

depicting.

1 V
Figure 5A set of icons.

A good picture captures information about the rate of change of a quantity as well as

about its value. This emphasis on the graph as a picture of a kind, one which conveys

information about the value of the dependent quantity and how that changes, allows

students, and us, their teachers, to argue for and against particular ways of making a

graph. In particular, thinking about the types of pictures produced by mathematical

approaches to graphing suggests reasons for having an equally spaced metric on the
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axes, reasons for accumulating the independent variable in a situation, and for
choosing one quantity to be an independent variable and another to be dependent.
Metrics for the axes?

When beginning to sketch graphs, some students take numerical information out of a
description of a situation and do not create a metric along each axis. Instead, they put
each value at an equal distance from the next one.
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Figure 6--Mysterious checks and their graph

With the notion of creating a "good picture." we can argue for the use of a standard,
constant difference metric along the axes, because such a picture allows a better sense
of the change in value of a quantity or of its rate of change. In this case, one can argue
that the provided graph is misleading, because it suggests that the difference between
15,000 dollars and 5,000 is not nearly as big as the difference between 0 dollars and 5000
dollars. though, a counterargument could be made based on a psychological metric.
Continuous lines or points?

The natural numbers are used in many situations in an ordinal sense. When asked to
write stories and make graphs of the variation in the relationships between quantities.
this raises the question of whether points on the coordinate plane should or shouldn't
be connected. In the example given below, the independent variable names the order
of the meets. Arrows are drawn to capture the variation, but the points aren't
connected, because there were no intermediate values between the different meets. In

other examples of this kind, students connected the oints.
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Figure 7.-Graphs of points for each meet.
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However, in some cases when the natural numbers are used as ordinals. they
name an interval rather than a specific moment in time. One student connects the
?oints and the other does not.

dew% iro Ow.n. Mame Airetat.
41....a W«% , 2t ItehasslIZ 4. CM

My 1.4.0, 0 4 &Fut JitaM of Vs
V.A. it ttUNIV$0 eaVi a111 *UV. 44

X 41.arrt.$00. tar Can iira

Viso '3. oeSa. amair/OF

"Met ta30.1 Amount *Tvand ih MOWN,
74+

b' 01410011%OW lortA Merit+ afiiofr
tviaMiqiiat altfleldM* gra, mews. -nu 2rvitmonth if affm, indor.7htZed (4 qrsto 3

^ikon 3,10 CSA4
Ands ow +at to

Ifrr I
On $ 4

Figure 8--Spending on gas and hair growth

In the gasoline example, one might use a continuous graph with points of
discontinuity, though such a graph requires a conjecture about the times of the fillups.
Though it looks similar, the hair growth example is complicated. If the dependent
quantity is amount of growth per week, then a even a continuous graph with points of
discontinuity suggests that it is possible to assign more than one value to this quantity
in a week.

As these examples illustrate, the use of lines or points is a complex issue for

students, but we must also admit that it is a difficult one even for members of the
mathematical community. In theory, the use of lines or points signals the types of
values which the variables can take on. A continuous line is used when both variables
can take on intermediate, real number values between any two values. In contrast.

when the variables represent categorical information, or more generally are

conceived of as not being able to take on intermediate real number values, points are
used. However, these conventions arc not universally observed. In most cases, with
variables over the rational numbers - -a dense set, a continuous line is used and

irrational values arc overlooked. Also, If the scale is sufficiently large, a continuous

line is sometimes used with variables over the natural numbers.
Accumulation of the independent variabIC

As noted in the discussion of metrics, when students are Just beginning to learn about
graphs, there is a tendency to take numbers directly out of a situation without relating
them to one another Students might include numbers with the same unit in a talk.
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even though these numbers represent different quantities. For example. students

created four different tables for the fanciful bungy-jumping story they created

collaboratively.
Chris bungee jumped from 200 ft. He jumped and at 100 ft. above ground the cord
snapped (after 4 seconds). He fell 15 more feet in 2 seconds and then grabbed a
bird. The bird carried him 100 ft. up in 7 seconds.

Figure 9-- A Bungie Jumping story

Notice that the 200 feet and 100 feet represent altitudes above ground while the 15 ft

and second 100 feet represent changes in altitude. All of the times. except the implicit

starting time, represent intervals.

A

time distance

B

time distance

C

time distance time

D

distance

0 200 0 200 0 200 0 200

4 100 4 100 4 100 4 100

2 15 6 15 2 85 6 85

7 100 13 100 7 185 13 185

Figure 10--Students Bungy Jumping Tables

In tables C and D. the "distance" (distance above ground) is accumulated; in tables B and

D, the time intervals are accumulated. As enculturated members of the mathematics
community, table D looks appropriate and table B might be fixed to record changes in
distance above ground over intervals of time. However, tables A and C are both

problematic. In seeking to explain why we felt these tables were problematic, we asked
students to graph their tables and see which gave them the "best picture" of the

relationshi between the 1 uantitles in the story.
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Figure 11--Students Dungy Jumping Graphs

Tables A and C then stood out as creating graphs that double back on themselves and,

unlike text in Romance languages, can not be read continuously from left to right. In

fact, in part C. the student whose work is above added arrows to indicate how the graph

should be read. This suggested that graphs B and D were "better pictures" of the

relationships described in the situation.

Choosing which Quantity is the independent one

Similarly, an appeal to the desire to read from left to right can suggest which quantity

is the dependent quantity and which is the independent one. Students were given a

table with age and weight measurements for a growing child. Many wanted the age to

be a function of the weight, rather than the other way around.

As soon as we started to think about circumstances in which the weight of the

person began to decrease, the desire to have a graph that doesn't double back suggested

that weight should be depicted as a function of age.
CONCLUSION

In closing, we would like to offer a reinterpretion of the phenomenon of Iconic

Translation (Monk, 1992) which has been identified in the literature. When we first

began to teach about sketching graphs, we wanted our students to understand that a

graph was not "merely" a picture of a situation; we did wanted our students to overcome

this "misconception." Yet, the more we thought about the task, we realized that we did

indeed want our students to think of graphs as pictures, but as pictures which must be

drawn in certain conventional ways.
This perspective on graphs suggests that the problem with Iconic Translation is

not to be found in its pictorial literalness, but elsewhere. We suggest that when students

create such graphs, they make correct graphs for a different relationship between

quantities than the ones they are being asked about. For example, in a speed/time

graph, students arc instead drawing a picture of the relationship between distance

above some reference height and time. In the example in figure 4. the student prefers a

picture of the constant rate of consumption of fuel over time to one of the amount of

fuel ssed as a function of distance traveled.

Our purpose in offering this reinterpretation is that it suggests alternative

pedagogical moves. Rather than suggest to students that graphs are not pictures, this

reinterpretation suggests that graphs are pictures, but that we must understand what it

is that they are indeed pictures of.
As one of our students said when helping a student who was new to the class

learn about sketching graphs from the program Interpreting Graphs: (Dugdale &

Kibbey, 1986)

New: "Oh Yeah. I don't took at those." (points at the quantities written on the axes)
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Experienced: You got to remember those (points to the quantities). You got to remember,

that's the most important thing on the graph."
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AN INQUIRY INTO THE CONCEPT IMAGES
OF THE CONTINUUM.TRYING A RESEARCH TOOL

Caries Romero i Chesa & Carmen Azcarate Gimenez
Department of Mathematics and Sciences Education

Universitat Autonoma de Barcelona

Abstract: In order to survey how students conceive the idea of continuum as they begin their training on

Calculus, we have established a questionnaire and an analytical approach to responses, fully rooted in

networks. The theoretical framework is based on the Dreyfus and Vinner idea of *concept image', where

we attune the expression "perception of a property". We have tested the questionnaire on 74 students in

the range of 16-17 years old, acquiring valuable informs Lion in return about their perception on non-

discrete order ing. On the other hand, we have established a draft ordered system for models of

geometric continuum, verifying the fact that, for non-integers, their written expression comes out to be

the most representative property of the various sets of numbers. At the end, we put forth some open

questions, hinting the need for a deeper re search on the notion of belonging (6), from a cognitive point of

view.

Introduction.
The mathematical modelling of nature, as it was undertaken in the Renaissance, has been, from the

very beginning, closely linked to the invention and development of Infinitesimal Calculus. Being this

still true nowadays, to attain an efficient teaching of Calculus is, consequently, one of the most
relevant issues we have to deal with today. But all the basic concepts of this specialty are, in two

ways, built on top of the idea of continuum, both numeric and geometric: i) the first way deals with

the logical and formal construction of continuum, soundly establish since Weierstrass, ii) the second

refers to the cognitive arena, related to the apprehension and construction mechanisms of concepts

and methods on the student side. This second aspect is the one we are interested in now.

The research we are presenting is part of a wider project which aims to at a complete knowledge of

how students develop their concepts of continuum while they follow the basic training on the

foundations of Calculus. Nevertheless, in this presentation, we are only concerned about two goals:

1.- Building a research means: that is, a questionnaire and it related annexes, to be submitted to a

testing process.

2.- Establishing a first approach to the conceptualisation the surveyed individuals make of the

continuum, in order to design further scrutinies.

II.- The Continuum as a Congnoscitive Problem.
Mathematicians enjoy today of a satisfactory formal characterisation of the continuum. As far as

numeric continuum is concerned, the task was accomplished by Weierstrass, Cantor, Wray and

Dedekind, while Hilbert [Hilbert, 19301, among others, did the work on the geometric continuum

area, as he enounced explicit continuity axioms for the straight line. Furthermore, a logical

equivalence between both views was established, in the satnc way Descartes and Fermat had

proposed three centuries earlier. But, each individual's knowledge of the continuum is not likely to be
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built on his logical and formal characterisation, through the way people learn, for instance, the Group

Theory. Let's see why: a group is defined as a system which conforms some given axioms, while as

we build a formal structure for real numbers, since the students already know more or less vaguely

about them, we only succeed to show the existence of a completely ranked body, but not the fact that

teal numbers make up one [Steiner, 1984].

lf, for any reason, it is advisable to avoid giving the students an axiomatic or constrilctive
introduction to the straight line, it is common use to bring up a soi-disant "intuitive view" of its

characteristics. Dedekind himself ex presses it in a paradigm form I Dedekind, 1901, pg. 1] which

supports this technique "if one does not wish to lose much time". But then we are implicitly admitting

two hypothesis: i) that the geometric continuum is a universal intuitive concept which is, additionally,

easily grasped by individuals; ii) that the numbers-geometry linkage is also intuitive, that is,
immediate and universally apprehensible without the need for any conceptual elements which belong

to the discursive mode of thought. Contrarily, the experiences we are about to present will show that,

at least from a didactic point of view, there are clear indications that those two hypothesis are false.

Consequently, the first approach to the problem would include the study the individual's intuition

about the continuum. But, for the targets established in our research, the philosophical concept of

"intuition", whatever version may it be, comes out to be obviously insufficient since, among other

reasons, it does not contain any reference to the linkage between the "intuitive object" and the

"intellect". On the side, some recent epistemologic works insist on the fact that the continuum, far

from being a simple intuitive determination, is the result of a deeply ontologic cogitation and of some

mathematic conceptualisation (see Caveing, 1982).

Keeping this in mind, in order to confine our research, we have borrowed from Vinner, 1983, Vinner

& Dreyfus, 1989, Dreyfus, 1990, Tall, 1991a and Vinner, 1991, the notion of "concept image". On

doing so, we have followed Azcarate, 1990, and the main reason for this option is based on the fact

that the concept image definition traces a clear shape of the concept and, furthermore, it fits perfectly

well inside the constructivist perspective of cognitive science. On adopting the hypothesis that,

beyond the concept's definition, the individuals deal with the "properties" in connection to the

concept's concept image itself, rather than because of their logical implications, we are convinced to

be coherently in line with the notion of concept image. Starting from different concept images, the

same verbal enuncia tion of a property may hint different individuals to differ em actions, frequently

without any mutual cohesion. We shall use the expression "perception of a property" to illustrate this

interaction between enunciation of a property and the concept image of the individual who uses it.

The concept of geometric continuum has been clearly estab ished by Eudox in his Elements, V, def.

5, but it is only a geometric concept within the Euclidean logic and deductive paradigm. Diversely,

the concept of numeric continuum comes as a result of a long lasting evolution, of which the first

signs can be retraced from Babylonian mathematics, vigorously penetrating the West by means of the

widespread calculus over decimal fractions, since Simon Stevin's La Disme, of 1855; we are in front

of an algorithmic mode of reasoning which eludes the logic foundation. In everyday "practical" use,
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real numbers make the mathematical entity created in order to fix the more or less vague and para.

mathematical (as Chevallard, 1991, states it), notion of magnitude. As far as the paradigm magnitude

is concerned, that is length, we require that the scaled straight line contain a sufficient amount of

points as for the previously defined unit to be able to measure any other length established by any

other means. The problem arouses if this "other means" is numeric. that is, the result of calculus

algorithms: we then face the so called "failure to link geometry with numbers" (Corms, 1991, pgs.

159-160, and it is in this context, before the cognitive issue, where our research breeds its own ra

ionale; we are persuaded that at non-university level, the teaching of mathematics emphasises the

algorithmic way of thinking, probably under the pressure of its own dynamics on the acquisition and

development of concepts (see lliebert & Wearne, 1986, and Sfard, 1991).

Ill.- The Questionnaire.
The present project is designed as a research on concept images and the perception of properties, and

consequently of qualitative data. Therefore, both the tool and the data analysis approach have been

designed to be able to deal with this kind of data.

In order to prepare the questionnaire, we have reviewed the experience described in Robinet, 1986,

and, on the other hand, we have previously tested the outcome of the questions which made up the

questionnaire. To do so. we have interviewed people of different ages for whom Mathematics is an

essential proffessional item. As a result of the testing and from the theoretical concerns already
mentioned, we have embraced the criteria the our research has to be focused on the mental models

and on the perception of the properties of continous magnitudes, avoiding more academic categories

of number sets. Our questionnaire includes the following questions:

1.- In order to dig into the perceptions of the properties and characteristics of each sort of numbers,

we suggest a taskwork which put into play those K and based on proposing the individuals to look

for and to establish different ranking criteria for numbers. Therefore, we ask each interviewed

individual to classify the following numbers:

9, 217

5.3 x 104

3
735 - 3

-

0.1919...

-7 0.75

2.9999...

6.325 3.1416

- 7.75

- 4.3333... f 1.101001000100 1.23456... a v1
s/he will find randomly distributed in a chart. We hint to avoid scholastic criteria and to clearly

highlight the actual criteria used. In order to further validate the responses, we require two more

sample numbers from outside the given list, for each ranking criteria. Let us point out that the given

set of numbers includes "hidden couples" (like: 3/4 & 0.75. or 3.1416 & rc, etc.), and that is not

encompassed by the "magnitudes" scope.

2.- The second question asks for a description of a continous object - a straight line. The question is

presented following the hypothesis that concept images for geometric objects are basically constructed

from visualisation experiences. The question is stated as follows:
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"Imagine you have a very powerful microscope. Even more, imagine this microscope can magnify as

much as you want and that you focus on a straight line. Give a description of what you see and

explain what happens as you increase the microscope's magnifying. Can you describe what you see

when the microscope reaches infinite magnification?"

This question is, in fact, a reshaped version of Robinet's, 1986 fourth of his questionnaire, suitably

modified to allow seising the dynamic aspect of the fictitious experience we propose and also to dig

into the notion the individuals have of infinity.

3.- Through our third question we put forward the task ofhandling a bound and complete object. We

propoSe to consider a piece of rope, one yard long (traditional representation of a segment), and to

use a "perfetc" cutting tool to submit the rope to the following recurrent process:

"Cut the rope with the "perfect" scissors in two pieces, identical or not. Discard one of the two pieces

and throw it to the waste bin. Cut the kept piece with the "perfect" scissors in two new pieces,

identical or not. Discard one of the two pieces and throw it to the waste bin. Cut the kept piece..."

We then ask .the individual to explain whether he believes the process can go on for ever and,

depending on his option, to describe the object he had in his hands before the last possible cut or else,

after performing the unlimited cuts. What we aim here is to enquire into the model used for the

straight line, keeping in mind three hypotetical ones: i) the atomistic straight line, ii) the "non-

discrete" straight line, and iii) the continous straight line.

IV.- Analysis of the Data.
In order to compile the responses we have fully used the "network analysis" technique [Bliss et al.,

19791. Each response in the network is considered as an option acquiring its significance from being

a particular configuration of the structured netting of independent options. Each possible option

configuration is a paradigm (if we use Bliss's own term), and each one of the significances matches

one of the possible paradigms. Therefore, tha analysis of the concept images is carried by dealing

them a set of options for representation models, within various semantic environments allowing

various option possibilities. The legitimacy of the approach lies on the hypothesis that, within each

environment, the rellevant significance of the available options does not depend on the relationship

between the representation model and the represented object but on the contrast against other different

options within the same environment. From the teacher point of view, the relevant significance of a

given mental representation for a concept is the action, the response an individual develops when

trying to solve a problematic situation related to ae concept. But, what the inquirer tries to analyse is

the rationale which brings the responder to this and not to any other, among a range of available

actions, corresponding to an option, and not to any other, within the set of possible representations.
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V.- About the Collected Data. Results.
The analysis of the responses to the first question in the questionnaire shows with an overwhelming

evidence that for the surveyed individuals, the most significant characteristic of non-integers is their

written expression: the number of times each non-integer in the list is classified following each

criteria, yields significant maximums to the their written expression, against other different criteria.

Consequently, numbers with different written expressions come to be numbers of different species: 9

and 735 were linked together 116 times, while 9 and 5.3 x 104 were linked only 49 times, and 9 and

2.9999... just 4 times. But, if those numbers were connected to a specific use (i.e. 3.1416 and rt)

they would be considered as "equal".

The analysis of the second question grants a first ranking for the concept images of the straight line.

In fact, apart from a 6.75% of the individuals whom we will characterise as "naive realistic", since

they did not manage to "play the fictitious game" they were faced to, the vast majority, even thouh

they showed various levels of tension, depicted the interaction between their perceptions of the

abstract properties of the straight line as a "pure mental construction" and the images of the straight

line as a "physical" object. The straight line is viewed as a sort of tape or as a set of points, frequently

conceived as discs or as little spheres. We have engaged a study about the stability of the images

during the three periods of the fictitious experience (looking at the straight line, increasing the

microscope magnifying and reaching the infinite magnifying): if from the very start, a 47.3% view

the straight line as a whole and a 29.7% already see elements in it, as they arrive to the infinite

magnifying, the corresponding share waves to 20.3% and 37.8%. By contrast against the "naive

realism", we have here the "naive abstraction". On the other hand, the "fine structure" views of the

straight line allow us to rank the individuals among "continuists" and "atomists". We must point out

that the non-discrete order stnicture does not appear in any of the continuists' descriptions, while, the

atomists, are equally divided in two groups, those who do not seem to be imbeding the non-discrete

order structure into their concept image, and those who struggle to offer an image coherent with this

property. Finally, the responses give us some hints to dissect the kind of infinity each individual

accepts. The following tree represents a summary of what we have so far stated:

Concept Images of

f Naive Realism.

1

Abstraction
Naive Abstraction

[ continuists

a Straight Line Structure I Discrete order not included

L

Atornists
Discrete order allowed

Potentialists
Infinity

Actualists
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As for the third question, a 21.6% of the individuals state that the subdivision process is necessarily

finite, while a 58.1% explicitly consider it to be necessarily unlimited, although this does not show

any significant correlation with the semantic scope of the response which comes out not to be a

discrimination trait for the responses. Furthermore: we have not found any significant correlation

with the models of the straight line obtained from the analysis of the second question, as displayed in

the previous tree, either. Contrarily, we have found a 95% significant correlation between the

response option and the need sensed by the individuals to offer some explanations about what causes

the outcome they obtain after the divison process of the rope: those who state that the process will be

unlimited do not give any explanation to it, while those who believe the process is always finite sense

this need to explain it. It is hard to justify this fact but we risk a hypothesis which would need to be

tested by different means and which denies "Dedekind hypothesis": generally speaking, the various

concept images of the continuum are no more than a very loose aggregate of mental images and

properties acquired by many different ways, among which the intimidation is included (see Lang,

1985).

VI.- About the Questionnaire. Results.
The first question has yielded a quite rich and complex collection of data: the inspection of the ranking

criteria used to group the numbers render significant information about the relevance imputed to the

properties and characteristics of the different sets of numbers. Consequently, it has come out to be a

useful tool towards the target we were aiming to. If we expect the data from the second question to be

significant it is necessary that the individuals accept (or manage) "to play the abstraction game" in the

semantic universe we are putting forward; but, even with this constraint, the "game" has worked out

for the great majority of the cases (83.8%) and we can take the question a perfectly valid. For the

atomist individuals, the question grants a sound scrutiny into the perception of the non-discrete order,

while the continuists can coherently respond bypassing it. Consequently, to further investigate this

point requires to submit some other kind of activity which would allow, on the one hand, to study the

relationship the individuals establish between the straight line and the numeric continuum, and, on the

other hand, to survey the perceptions of the properties of the numeric continuum in itself as a set with

a non-discrete order structure.

Most likely due to the level of mathematical knowledge of the surveyed individuals, the third questios

has not alloed us to scrutinise the perceptions of the completness property and, consequently, it

should be validated by means of a sample of higher level individuals. Contrarily, we positively

believe it yields significant results about the perceptions of the properties of the infinity; that is: the

description of the remaining piece of rope never corresponds to a finite objecte. It is always "very

small" or "infinitesimal" be cause as infinity actuates on a finite object it anihilates it. Therefore, tha

value of this question derives from the fact it allows to analyse the articulating level of the "mental

pictures" and the "properties characterising the concept" in the individuals' concept image.
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V11.- Conclusions.
We are persuaded that the analysis we have presented provides sound grounds to assert that, from a

didactic point of view, the "Dedekind hypothesis" about the.inunediate intuitiveness of the continuum

have no founding base: in fact: as proven by the research which led to the definition of the notion of

"concept image" (see cit. bibliography), "intuition ", taken here as an inductive process over previous

individuals' experiences, is no more than resorting to the concept image itself, which at the same time

is generated in part through experiences, as well. The global analysis has proven for the individuals

in our sample that the concept image of the continuum is a loose aggregate of images and enunciations

of properties which has caused an erratic behaviour when facing the questions we had submited to

them. Also, we have not discerned any kind of non-trivial link between geometry and numbers. This

circumstance is obviously connected to the already mentioned factor that the most relevant
characteristic of numbers has come to be, as a matter of fact, their written expression.

V111.- Some Open Questions.
While developing the present project, we have put forth the following issues:

i) We have found out that the surveyed concept images, mental images, "parts of the concept images

of the continuum", have properties logically incoherent with "the properties which characterise the

concept". Putting aside the fact that we have take a sample of non-expert individuals, we ask

ourselves if the concept images of "expert" individuals about a given mathematic concept can get to be

a set of mental representations free from any kind of logical incoherence. If the answer is no, then we

have to raise the issue of locating the difference between an "expert" individual and a non-expert

individual, difference which can no be exclusively nor mainly based on the coherence of their own

concept images.

ii) While surveying the perceptions of topological properties, we have been pushed to consider the

perceptions of the way to be of points and numbers inside the sets, the straight line or the real body to

which they belong. The "c relation, logically primitive, is a target for perceptions and we ask

ourselves whether there are diverse perceptions of the "x c A" relation, depending on the perception

of the structure of set A. Could the origin of the obstacle which impedes the articulation of the

property of non-discrete order with the mental representations of continous objects be the
generalisation of a certain mode of perception, suitable for a set, but not for the set in which it is

immersed (the case of Zt-.Q immersion)?
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THE METAPHORICAL MODELLING OF "COMING TO KNOW"
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ABSTRACT

Our theorizing in educational contexts, and in particular in relation to the process of
learning, labours under the burden of an inheritance of metaphors which may be both
inappropriate and inhibiting with respect to our continued theorizing about cognition.
In particular, the metaphors of: reflection and negotiation should be subjected to
immediate scrutiny. These metaphors have been employed as implicit models of
aspects of the process of "coming to know" in socially-located situations such as
classrooms. The unguarded use of each of these metaphors has enabled theorists to
gloss over the need to specify any mechanism whereby an interaction in the social
domain is translated into a corresponding perturbation in the cognitive domain. It is
the purpose of this paper to suggest how these and other metaphors might be
incorporated with legitimacy into a coherent model of the process of coming to know.

INTRODUCTION

The challenge in seeking to understand the process of "coming to know" is the challenge of

modelling the social-personal interface. The approach adopted in here is that of a critical

examination of the metaphors which are found within existing theories of learning.

Historically, the use of particular metaphors has committed the mathematics education

community to particular positions with regard to knowledge and the process of coming to

know, and our freedom to consider alternatives in our modelling of the social-personal

interface has been unnecessarily constrained by the limitations of this burden of inherited

methaphors.

In clarification: the use of the term "social-personal" is not intended to exclude the

"cultural" but, rather, conceives of culture as a key element of Social Context Social Context

is seen as a dynamic combination of elements, such as Cultural, Societal, Institutional

(Bishop, 1985), and Situational (Clarke & Helme, 1993), each of which is always present in

any social interaction. We now find a universal recognition of the significance of social

context in research on classroom learning: whether the classroom is situated in Australia,

Britain, Germany, New Zealand, or the USA.
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REFLECTION OR REFRACTION

The first point of discussion is the personal construction of sense. Two processes should be

distinguished, and we must question the validity with which the metaphor of reflection can be

applied to either. It is proposed that these two processes are:

the process of sense-making; and,

the process of constructing meaning.

This distinction is not an arbitrary one, and in many ways mirrors the Piagetian distinction

between assimilation and accommodation. The process of sense-making I associate with

"construal", and I take this to refer to the sense which an individual is able to associate with

experiential input such as "authority", "triangle", or "turn on the light". The term

"construal" is used in preference to the term "comprehension", which unlike "construal"

does not, from this writer's perspective, suggest a sufficiently active role for the individual's

cognitive framework.

In relation to the somewhat indiscriminant use of the metaphor of reflection, I

suggest that the first of the above two processes is better called refraction: the reconstruction

of an object's image in a form which reveals certain aspects of its structure in a

representation characteristic of both the refracting medium and the original object. To

elaborate the metaphor beyond all reasonable bounds: we refract our sensory impressions of

experience through the prism of our personal theories and conceptual frameworks, and the

resulting spectra, that is, the reconstructed cognitive representations of our experiences,

possess pattern and structure which are a consequence of both the originating experiences

and those personal theories by which we make sense of the experience.

An individual's actions together with subjectively-significant features of the social

situation in which those actions are undertaken must be cognitively represented by the

individual, that is, they must be subject to a process of construal or refraction, before they can

be considered accessible for the purposes of cognitive reflection. The resultant cognitive

representations, that is, the products of the refractive process, then provide the objects for the

reflective process.

Yackel C.cli. (1993) provide a useful endorsement of this distinction in their

discussion of the acceptability of student explanations and justifications within a particular

classroom microculture.

It was not sufficient fore student to merely describe personally-real mathematical
actions. Crucially, to be acceptable, other students had to be able to interpret the
explanation in terms of actions on mathematical objects that were experientially real to
them.

(Yackel & Cobb, 1993, p. 2)

Voigt (1993) has argued that the symbolic interactionist approach to social interaction is useful

when studying children's classroom learning because it emphasizes the individual's sense
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making processes as well as the social processes. This is precisely the issue which we must

now address. Equipped with one model of the individual's sense making processes, we can

now examine that aspect of the process of "coming to know" which most explicitly relates

social and cognitive phenomena, that is, the "Negotiation ofMeaning".

THE NEGOTIATION OF MEANING

Negotiation as a form of social behaviour is a process whose goal-state is the achievement

of consensus. The process is mediated by two overt response-types: agreement or

"elaborating statement". Simply, if I am trying to establish a state of shared meaning, that

is, consensus, with you, I can respond to an utterance of yours with one of two response

types: a nod of the head, or "But ..." followed by a statement of my meaning in a fonn

which distinguishes it from the meaning I have construed from your statement.

The process of negotiation of meaning can be modelled in the following fashion:

In order to sustain this process, I need to construe your statement. That is, I need to create an

internal representation of your statement in a form which employs elements already present in

my previously existing cognitive framework. I can then assess the degree of isomorphism of

this cognitive representation with any other cognitive representation of the same subject matter

which I might construct from pre-existing cognitive schema, or which I already possess and

can call to mind. If the two representations areof sufficient similarity for me to adjudge that

any discrepancy is insignificant with respect to the realization of my immediate social purpose

(which will be a consequence of our social interaction and situation), then I will nod my head

or display some equivalent social signal. If, however, the discrepancy between my construal

of your meaning and my "pre-existing" representation is too great for the realization of my

social purpose, then I will probably identify the most significant areaof discrepancy and say,

"But ...", followed by an articulation (typically a verbal representation) of my meaning. You

do likewise and the negotiation continues until one of us signifies agreement, that is, the

achievement of mutual consensus as to the form of the shared meaning and the closure of the

negotiation. The process of construal is crucial to this exchange and, as suggested in the

preceding section, one model of this process is that of refraction.

In institutionalized learning situations, the process of "coming to know" functions as the

process of "coming to agree". Consensus is the goal state of this process of "coming to agree".

Von Glasersfeld's use of the term "consensual domain" (Von Glasersfeld, 1991) usefully

identifies the standards of tolerance within which collegial agreementmight be meaningfully

conceived, and within which a community of discourse can be said to exist The process of

"coming to agree" is enacted within both the social and cognitive domains, but there is no

reason to suppose that the mechanisms operating in the two domains are at all similar; only that

their outcomes are mutually sustaining and mutually constraining.
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To reiterate: The individual's existing cognitive framework is doubly significant. First,

in the process of refraction, which has the virtue of suggesting the construction ofan image
which is simultaneously a consequence of characteristics of the incoming signal (your

statement, for instance) and the refracting medium (that is, my pre-existing cognitive

framework). Second. in the acknowledgement that negotiation involves the representation of

my pre-existing knowledge in a form that can be compared by me with my construal of your
statement.

In Voigt (1993), and in other discussions of negotiated meanings, "meaning" is

apparently used in the sense that the meaning of a word, for instance, is the conceptual

construct which the word is taken to denote. The centrality of this "negotiation of meaning" in

the constructivist view of classroom learning is generally acknowledged (Voigt, 1993; Yackel

& Cobb, 1993). The detail of this negotiation process is seldom discussed. To assert that the
negotiation takes place between learners behaving as self-organizing systems in interaction

with themselves and others (Steffe, 1993, p. 2 and pp. 16 - 17) is to associate the negotiation
simultaneously with the possible interpersonal classroom interactions and with some internal
dialogue within the learner. The simultaneous use of the same metaphorical process to
represent both a negotiative process located in social interaction and a related process
occurring within the conceptual framework of the individual constitutes a serious difficulty in
the use of negotiation as a metaphor for the process of coming to know. Since negotiation as
a process is social in origin, use of the metaphor retains some legitimacy when applied as a
description of phenomena in the social domain. It remains to be demonstrated that the

"internal" process is more appropriately modelled by the metaphor of negotiation rather than,
for instance, the metaphor of arbitration, where some executive metacognitive capability

functions in an evaluative capacity in judgement over competing cognitive representations.

The use of the same metaphor to represent both the social interactiveprocess and the
associated internal accommodative process has enabled constructivist theorists to gloss over the
nature of the interface between the social and the personal domains. Importantly, it isa
characteristic of the process of negotiation in social contexts that negotiationoccurs between
different individuals offering competing representations of some social situation. As a
consequence, the use of negotiation as a metaphor to describe the cognitive process whereby

the individual constructs knowledge from the interaction between the cognitiverepresentations
of sensory data and pre-existing knowledge embedded in the individual's conceptual
framework, necessarily requires that the individual speak with "multiple voices" within their
internal cognitive domain. By contrast, use of the metaphor of arbitration requiresonly that the
individual arbitrate through some metacognitive capability (reflection) between competing
cognitive representations. In this second case, there is no explicit requirement that the
individual operate cognitively with more than a single "voice". I am not proposing this second
view as a definitive one, but rather offering it as a tenable alternative, whichmust be explicitly
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rejected if we are to continue to use negotiation as a metaphor for some cognitive process. The

relevance of negotiation as an appropriate term for the socialinteraction whereby meanings are

exchanged is not challenged. It is from social contexts that the construct "negotiation" derives

its meaning, and in which it finds its most appropriate application.

In formulating a model of the process of "coming to know", wehave identified "coming

to know" with "coming to agree" in school-like situations. We have distinguished refraction

from reflection, and negotiation from arbitration, invoked articulation, and located all of these

metaphors within the emergent model. Any attempt to model learning must deal with

"intersubjectivity". It is intersubjectivity that has been invoked mostrecently by those arguing

for the irreconciliability of the Radical Constructivist and Vygotskian perspectives (Lerman,

1993). In the model being elaborated here, intersubjectivity is represented as those "taken-as-

shared" meanings which facilitate and arise from the process of "coming to agree". As such,

intersubjectivity constitutes a form of agreement. This representationof intersubjectivity is not

incompatible with existing representations (see, for example, Leiter, 1980, p. 162).

Central to this paper is the proposal that identifying intersubjectivity with agreement

locates social interaction within the process of learning, while the necessity to locate cognitive

representations within the negotiative process identifies the role of the individual's cognitive

framework as the basis for the construction of these cognitive representations, either for the

purposes of construal (input) or articulation (output).

So, how are we to relate "construal" and "coming to agree" to the practices of the

classroom and the actions of the social group in which the process of "coming to know" is

being enacted? For this we invoke the constructs "Corporate Meaning" and "Consensus".

Without proposing, in any form (including metaphorically), the existence of a corporate mind,

I would like to suggest that the object of classroom social negotiation is the construction of

"corporate meaning". This corporate meaning is the evolving consequenceof social

consensus, where consensus is the goal state ofthe process of "coming to agree". The

corporate meaning at any given point in an extended series of social interactions is the

combination of those statements or discourse elements which are common to the personal

meanings of all individuals participant in the social situation. Thatis, the corporate meaning at

any moment is the combination of those elements with which all participants agree: the

combination of mathematical and social meanings which are "taken-as-shared" within the

classroom community. This agreement may be tacit rather than explicitly stated, and it may be

that the corporate meaning is never articulated throughout the particularperiod of social

interaction. One aspect of the individual's construction of meaning is the personal construal

of the corporate meaning, and individuals contribute to the construction of the corporate

meaning through the communicative (eg verbal) enactment of their personally constructed

meanings. Inclusion of this dialectical relationship in our model of the process of coming to

know significantly elaborates the emergent character of the social-personal interface.



Classrooms, from this perspective, are the sites for the communicative enactment of

individuals' personal meanings (especially the teacher's personal meanings). A particular

individual, participant in the social situation, must construe the enactment of another's

personal meaning. This construal involves the representation of the other's meaning in a form

comprehensible within the conceptual framework of the recipient. The invocation of

"corporate meaning" within this process is a recognition that there are meanings which reside

in the social conglomerate, rather than in the statements of any single individual, and these

meanings also require construal. Corporate meaning is the matter for which the consensual

domain denotes the region, its boundaries and its tolerances. The form taken by the

consensual domain and the obligations imposed by subscription to the corporate meaning

constrain the individual's articulation; that is, their ability to participate in the social interaction

of negotiation, and to contribute to evolving corporate meaning. The outcome of this process

at the level of the individual may be the construction of knowledge (the outcome of the process

of coming to know) that is, accommodation, or it may not.

Agreement construed as consensus can act within classrooms, and other social

situations, to cue closure of social interactive episodes. Specifically, if time constraints do not

intervene, closure in classroom discussion commonly occurs when the corporate meaning is

adjudged by the teacher to have acquired a sufficient level of complexity to approximate the

teacher's model of appropriate knowledge of that topic for that class.

The centrality of language in the negotiation of meaning in classrooms is nowhere

more evident than in mathematics classrooms, where the possession of a mathematical

vocabulary privileges certain members of the community (most notably the teacher) and

disenfranchises others. Language is culturally-specific and constrains both construal and

articulation, as well as conception (that is, the construction of new (novel) cognitive

representations) while facilitating all three processes. Mathematical activity is engaged in

by individuals as members of intersecting communities of discourse and practice. It is

membership of a community of practice that defines the context and the purpose which an
individual associates with a task. It is as a member of a community of discourse that an

individual construes the meaning of a task and frames an appropriate response.
The recognition that we enact the constructive process of coming to know with

building blocks that are culturally-constrained and that our resultant constructions are, to

some extent, pre-determined, is one of the consequences of the social-cultural modelling

stimulated by the rediscovery of Vygotsky's work and the attention now being paidto the
role of language.

SUMMARY

This paper has examined the process of "coming to know" from the explicit perspective of the

metaphors by which the process has been modelled and those by which it might be modelled
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more effectively. In the course of this discussion, distinctions were drawn between refraction

as a model of the process of construal, and reflection as a process of evaluative comparison of

competing cognitive representations. Communication requiresthe articulation of individual

cognitive representations. Negotiation is relocated within the social situations from which the

metaphor derives its meaning, and arbitration is suggested as a possible metaphor for the

process whereby an individual discriminates between competing cognitive representations. I

have argued for a recognition of the metaphorical nature of the constructs employed in current

theories of learning, and for an explicit reconceptualization of the character of each, and of its

domain of valid application. In combination, these re-conceived metaphors must form the

basis of our attempts to model the social-cultural interface and thereby come to a coherent

theory of the process of "coming to know".
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A SUMMARY OF FOUR CASE STUDIES OF MATHEMATICAL LEARNING

AND SMALL-GROUP INTERACTION

Paul Cobb

Vanderbilt University

The longitudinal analysis summarized in this paper focuses on four pairs of second-grade students' small-group
activity over a ten-week period. Theoretically, the issue that motivated the case studies was that of clarifying the
relationship between students' situated conceptual capabilities and their small-group interactions. The view that
emerged in the course of the analysis was that of a reflexive relationship between individual students' mathematical
activity and the small-group relationships they established. Pragmatically, the case studies were conducted to relate the
various types of interactions in which the children engaged to the occurrence of learning opportunities. The findings
are summarized by discussing two aspects of students' social relationships that appear to be crucial for productive
small-group activity. The paper then concludes with a consideration of the instructional implications of the analysis.

Purpose

The longitudinal analysis reported in this paper focuses on four pairs of second-grade students' small-

group activity over a ten-week period. The theoretical reason for analyzing the four pairs of children's small-

group activity stems from perceived limitations of neo-Piagetian and Vygotskian perspectives. From the

neo-Piagetian perspective, social interaction is considered to stimulate individual cognitive development,

but is not viewed as integral to either this constructive process or to its products, increasingly sophisticated

mathematical conceptions. From the Vygotskian perspective, conceptual development occurs as the child

internalizes interpersonal, social processes. Here, the social dimension of consciousness is primary, and the

individual dimension is secondary (Vygotsky, 1979). Against the background of these competing

perspectives, I sought to develop an approach that acknowledges the importance of both cognitive and

social processes without subordinating one to the other.

The pragmatic reason for conducting the analysis was to investigate how And to what exent small-

group collaborative activity facilitates children's mathematical learning. The findings of several previous

investigations indicate that small-group interactions can give rise to learning opportunities that do not

typically arise In traditional classroom interactions (e. g., Good, Mulryan, & McCaslin, 1992; Shimizu, 1993;

Yackel, Cobb, & Wood, 1991). The case studies extend this line of inquiry by relating the occurrence of

Teaming opportunities to the different types of interaction in which the children engaged. Asa consequence,

they indicate the extent to which the various types of interaction were productive for mathematical learning.

Data

The data were collected in the course of a year-long teaching experiment in which instruction was

generally compatible with current American reform recommendations. Tile general instructional strategy

used was that of small-group problem solving followed by a teacher-orchestrated whole-class discussion of

children's interpretations and solutions. All mathematics lessons were video-recorded throughout the entire
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school year. One camera was used to record the whole-class discussions, and two were used to record the

children's small-group work. In the latter case, four pairs of children turned to face the cameras, and it was

possible to record approximately half of each group's mathematical activity on a daily basis.

The data analyzed for the case studies consisted of the video-recordings of the small-group portions of

the 27 lessons that involved arithmetical activities conducted between January 23 and March 13 of the school

year. Additional data consisted of video-recorded individual interviews conducted with all eight children

just prior to the first of these lessons. The decision to limit the analysis to activities involving arithmetic was

made so that established psychological models of children's place-value conceptions and their non-standard

computational algorithms could be used to account for their mathematical development (Cobb & Wheatley,

1988; Stef fe, Cobb, & von Glasersfeld, 1988). The data set was restricted to the second half of the school year

because the children had not previously been expected to collaborate to learn in school. Classroom

observations and prior analyses indicate that, by January, most of the children could resolve small-group

social conflicts and thus develop interpersonal relationships that satisfied the teacher's expectations without

assistance (Cobb, Yackel, & Wood, 1989).

Methodology

The methodology used to analyzed the data followed the constant comparison method of Glaser and

Strauss (1967) and involved coordinating cognitive accounts of the individual children's mathematical

activity with microsociological accounts of the small-group participation structures. A detailed description

of the methodology and a discussion of the viability of the case studies can be found in Cobb (in press).

For current puposes, it suffices to note that the task of identifying stable structures that might

characterize the children's social relationships initially proved difficult because their interactions frequently

varied markedly from one session to the next. However, an exploratory analysis of one pair of children's

activity across five consecutive sessions Indicated that the expectations the children had for each other's

activity and the obligations implicit in their own activity appeared to be consistent across situations

provided the relative sophistication of their individual mathematical interpretations was taken into account.

In other words, although there were dramatic differences in the nature of the children's interactions both

within and across sessions, their expectations and obligations appeared to be stable once their construals of

tasks and of each other's mathematical actions were considered. Further, these inferred obligations and

expectations suggested a way to characterize the social relationships they established for doing mathematics

in an empirically-grounded way. The viability of this approach was confirmed when conducting the four

case studies in that it was possible to Identify cognitively-situated expectations and obligations for each of

the four pairs of children that held across the ten week period covered by the video-recordings.

For each of the four case studies, the analysis was conducted in the following three phases:

1. The interview and classroom video-recordings were analyz ed in chronological order and, within each

small-group session, children's attempts to solve individual tasks were treated as distinct but related

episodes. The analysis of each of these episodes involved inferring:
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a. The children's expectations for and obligations to the small group partner.

b. The mathematical meaning the children gave to their own activity, the partner's activity, and

the task at hand.

c The learning opportunities that arose for each child.

d. The conceptual reorganizations that each child made (i.e., their mathematical learning).

2. The inferences and conjectures made while conducting the above episode-by-episode analysis

themselves became "data" and were (meta - )analyzed to develop interrelated chronologies of :

a. The children's obligations and expectations (i.e., the social relationships).

b. Each individual child's mathematical activity and learning.

3. In the final phase of the analysis, these chronologies were further synthesized to create outlines for the

written case studies.

Theoretical Constructs

Due to space limitations, I will outline only the sociological constructs used to account for the pairs of

children's collective activity. A discussion of the cognitive constructs used to account for individual

children a socially-situated activity can be found in Cobb (in press).

As has been noted, each group's social relationship was characterized in terms of regularities in

children's obligations and expectations. Additional constructs that emerged in the course of the analysis

deal with the types of interactions in which the children engaged, and the relations of power and authority

established in the groups.

Types of Interaction

Differences in the types of interactions in which the children engaged influenced the learning

opportunities that arose for them. This was the case both when a pair was still in the process of solving a

task and when one or both children had arrived at a solution. In the latter case, either one child attempted to

explain his or her thinking to the other, or the children attempted to resolve conflicts between their

interpretations, solutions, and answers. The relevant distinction in these situations where one or both

children have already developed a solution is that between interactions that involve univocal explanation, and

those that involve multivocal explanation. In the first of these types of interactions, one child judges that the

partner either does not understand or has made a mistake, and the partner accepts this judgment. The

interaction proceeds smoothly as the first child explains his or her solution and the partner attempts to make

sense of the explanation. The term "univocal" is used to emphasize that the perspective of one child

dominates. It should be noted that even in these interactions, explaining is a joint activity in that the partner

has to play his or her part by accepting the first child's judgment and attempting to understand the

explanation.

Interactions involving multivocal explanation often occurred when a conflict had become apparent

and both children insisted that their own reasoning is valid. One child might again assume that the partner

has made a mistake. However, in contrast to univocal interactions, the partner challenges this assumption by
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explicitly questioning the explanation. In general, multivocal interactions are constituted when both children

attempt to advance their perspectives by explicating their own thinking and challenging that of the partner.

With regard to the interactions that occurred while both children were still in the process of

developing solutions, the relevant distinction is that between direct and indirect collaboration. The children

engaged in direct collaboration when they explicitly coordinated their attempts to solve a task. For example,

to solve a multiplication task corresponding to 6 X 6 = (site child might count modules of six while the

partner puts up fingers to record how many modules have been counted. In general, interactions involving

direct collaboration only occurred when the children made taken-as-shared interpretations of a task and of

each other's mathematical activity. Interactions of this type can be contrasted with those that involve indirect

collaboration. Here, one or both children think aloud while apparently solving the task independently.

Although neither child is obliged to listen to the other, the way in which they frequently capitalize on the

other's comments indicates that they are monitoring what the partner is saying and doing to some extent.

Mathematical Authority and Social Authority

The discussion of interactions involving univocal explanation illustrate an instance in which one child

was the established mathematical authority of the group. There, one child judged that the partner either did

not understand or had made a mistake, and the partner accepted this judgment without question. It is

important to stress that the notion of mathematical authority refers to the relationship the children have

interactively constituted rather than to a single child's beliefs about his or her own role. For example, a child

might believe that he or shell the mathematically more advanced and routinely attempt to help the other

understand. However, regardless of what the child believes, he or she is not the mathematical authority of

the group unless the partner accepts the child's judgment. Thus, in this account, both children participate in

the interactive constitution of one child as the mathematical authority. In those instances in which such a

relationship was observed, there was a clear power imbalance between the children in that one child was

obliged to adapt to the other's mathematical activity in order to be effective in the group.

A second type of power imbalance can arise when one child regulates the way in which the children

interact as they do and talk about mathematics. Power, as the term is used here, refers to whose

interpretation of a situation wins out and becomes taken-as-shared. Thus, for example, it might be observed

that two children engage in multivocal interactions only when a discussion of conflicting solutions fits with

one child's personal agenda. The manner in which the child controls the emergence of interactions of this

type indicate that he or she is the social authority of the group.

Findings

Learning and Interaction

As was stated at the outset, a primary reason for conducting the case studies was to develop a

theoretical approach that acknowledges the importance of both the cognitive and social aspects of children's

small-group activity without subordinating one to the other. The view that emerged in the course of the

analysis was that of a reflexive relationship between individual children's mathematical activity and the
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social relationships they established. On the one hand, the children's situated cognitive capabilities, as

inferred from both the interviews and their activity in the classroom, appeared to constrain the possible

forms that their small-group relationships could take. Although it was possible to imagine that a particular

pair of children might have established a variety of alternative relationships in other circumstances, a wide

range of possibilities did not seem plausible. On the other hand, the relationships that the pairs actually

established constrained the types of learning opportunities that arose and thus profoundly influenced the

children's construction of increasingly sophisticated mathematical ways of knowing. These developing

mathematical capabilities in turn constrained the ways in which their small group relationships could

evolve, and so forth.

Learning Opportunities

The case studies indicate that the social relationships the four groups established were generally

consistent with the teacher's expectations and yet differed markedly from each other. Thefindings

concerning the relationship between the occurrence of learning opportunities and the four identified types of

interactions are summarized below. The names of the children in the four groups are: Holly and Michael,

Ryan and Katie, Andrea and Andy, and Jack and Jamie.

Univocal explanation. Michael and Holly's case study indicated that they routinely engagedin

interactions that involved univocal explanation both when their solutions were in conflict and when Holly

judged that Michael did not understand. In these interactions, Holly, as the mathematical authority, was

obliged to explain her solutions. Michael, for his part, was obliged to try to understand hermathematical

activity. Even though Holly attempted to fulfill her obligation of helping Michael understand, there was no

indication that these exchanges were productive for either child. This conclusion indicates that the mere act

of explaining does not necessarily give rise to learning opportunities. In this regard, Webb (1989)contends

that giving help facilitates a student's learning only if the helper clarifies and organizes his or her thinking

while explaining a solution in new and different ways. Further, Pine (personal communication) reports that

interactions involving univocal explanations can be productive when one student is an active, participatory

listener. However, Michael rarely asked clarifying questions or indicated which aspects of Holly's solutions

he did not understand. Consequently, Holly merely described how she had solved a task when she gave an

explanation. Although it was not possible to unequivocally explain why Michael did not play a more active

role, there was some indication that the differences in his and Holly's conceptual possibilities mayhave been

such that it was difficult for them to establish a viable basis for mathematical communication. In any event,

it seems premature to conclude from Michael and Holly's case study that small group relationships in which

one child is the established mathematical authority must inevitably be unproductive.

Multivocal explanation. The case study analyses indicate that Ryan and Katy, and Andrea and Andy

both engaged in multivocal explanations with some regularity. In Ryan and Katy's case, exchanges

characterized by argument and counter argument appeared to give rise to /earning opportunities for both

children. In addition, they sometimes developed novel joint solutions. Further, they both seemed to believe

that they had solved a task for themselves when they participated in these exchanges. This was not the case

when Ryan responded to a sequence of questions that Katy posed in an attempt to lead him through her
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solutions. The comparison of Katy and Ryan's and Michael and Holly's case studies indicates the need to

take account of the social situations that children establish when assessing the role that particular activities

such as explaining can play in their mathematical development.

In contrast to Ryan and Katy, interactions involving multivocal explanation did not appear to be

particularly productive for either Andrea or Andy. They had difficulty in establishing a taken-as-shared

basis for communication and, as a consequence, frequently talked past each other. The difficulties they

experienced appeared to reflect differences in both their beliefs about mathematical activity in school, and

their interpretations of particular tasks. For example, there was every indication that an explanation for

Andrea could involve stating the steps of a procedural instruction whereas, for Andy, it had to carry

numerical significance. As a consequence, there were occasions when Andrea felt that she had adequately

explained a solution and Andy persisted in asking her to explain what she was doing. Further, in

accounting for the persistence of Andrea's instrumental beliefs, it became apparent that her interpretations

of tasks were sometimes at odds with those of Andy, the teacher, and the other member of the class. As a

consequence, exchanges that might have given rise to learning opportunities for both children instead often

resulted in feelings of frustration.

Direct collaboration. Interactions that involved direct collaboration did not appear to be particularly

productive for any of the children. Consider, for example, a collaborative solution in which one child reads

the problem statement, the other counts to solve it on the hundreds board, and the first child records the

answer. This example is paradigmatic in that the children typically engaged in direct collaboration when a

task was routine for both of them and the intended solution was taken-asshared. As a consequence of this

compatibility in their interpretations, the possibility that learning opportunities might arise was relatively

remote.

Indirect collaboration. Jack and Jamie were the only group who engaged in indirect collaboration

with any regularity. In these situations, they thought aloud while apparently solving tasks independently.

However, the way in which they frequently capitalized on each other's comments indicates that they were in

fact monitoring each other's activity to some extent. Learning opportunities arose when what one child said

and did happened to be significant for the other at that particular moment within the context of his ongoing

activity. The frequent occurrence of such seemingly fortuitous opportunities of course requires a reasonably

well established basis for communication. In its absence, Jack and Jamie would merely have engaged in

independent activity.

Summary. A comparison of the learning opportunities that arose for the four pairs of children

Indicates that interactions involving both indirect collaboration and muldvocal explanation can be

productive. The former type of interaction occurs when both children are still attempting to arrive at a

solution, and the latter type occurs when they attempt to resolve conflicting interpretations, solutions, and

answers. In both cases, the establishment of a taken-as-shared basis for communication seems essential If

learning opportunities are to occur. Significantly, both types of Interaction involve a reciprocity in the

children's roles, with neither being the mathematical authority. In contrast, learning opportunities were

relatively infrequent for the one pair of children who routinely engaged in univocal explanation. As a
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caveat, it should be noted that situations of this type might be productive if one child is an active

participatory listener.

Implications

The two aspects of children's social relationships that seem critical for their mathematical learning in a

classroom where an inquiry mathematics microculture has been established are:

1) The development of a taken-as-shared basis for mathematical communication.

2) The routine engagement in interactions in which neither child is the mathematical authority, namely

those involving indirect collaboration and multivocal explanation.

In this regard, Steffe and Wiese' (1992) argue that cooperation among children

should involve give-and-take and a genuine exchange of ideas, information, and viewpoints. To
engage in such cooperation, a child must be able to assimilate the activity of the other, and in an
attempt to understand what the other is doing, modify the assimilated activity as a result of interactive
communication until there is an agreement about what the activity means (p. 459)

In other words, the children should have developed a taken-as-shared basis for communication. However,

this is not

enough to ensure genuine cooperation. Cooperative learning should not be reduced to one child
attempting to understand the activity of the other. Rather, each child also has the obligation to
become involved in his or her productive activity that might yield a result, and then be willing to
correlate the result with the result of the other. Cooperation is possible only if the involved children
are striving to reach a common goal. (pp. 459460)

Thus, neither child should be the mathematical authority in the group. The only caveat to add to this

argument is that it might be premature to dismiss as unproductive interactions involving univocal

explanation in which one child is an active participatory listener.

At first glance, the two criteria listed above seem to indicate that the differences in the children's

conceptual possibilities should be relatively small. Such a conclusion, of course, leads to difficulties in that

homogeneous grouping clashes with a variety of other agendas that many teachers rightly consider

important including those that pertain to issues of equity and diversity. Further, it can be noted that the

strongest predictor of children's eventual reading ability is the reading group to which they are assigned to

in first grade. At the very least, it should be clear that general rules or prescriptions for organizing small

group activity cannot be derived from the case studies. Lest this outcome seems unsatisfactory, it should be

noted that general principles of conduct are almost Invariably too extreme and must be balanced by

conflicting principles (lN Ilig, 1987). This is clearly the case in a complex activity such as teaching which is

fraught with dilemmas, tensions, and uncertainties (Clark, 1988). Within the context of such activity, the

proposed criteria suggest ways in which teachers might look at and interpret small group interactions when

making professional judgments. In this regard, it appears that neither harmonious, on-task activity nor the

mere occurrence of explanations are good indicators of interactions that are productive for mathematical

learning. Instead, the criteria indicate that teachers should monitor the extent to which children engage in

genuine argumentation when they solve tasks and discuss their solutions. Further, teachers should
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intervene as necessary to guide the development of small group norms that make genuine argumentation

possible.
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Abstract
We present here some results of a research aimed at obtaining descriptions and models of how the

ordinary didactic situations work in the classroom. Our study especially points out certain events
which could a priori appear as casual events in a class situation but reveal necessaryfor the process
of teaching and learning. After having described our theoretical framework and the questions our
research is concerned with and then presented and justified our methodology we detail the analysis of
a particular type of event which we analyse as a "milieu breakdown". For this, we take an example
related to the introduction of the notion of square root with 14 to 15 year oldsstudents.

Nous presentons ici quelques-sins des resultats d'une recherche ayant pour object if f general de

decrire et de modiliser le fonctionnement de situations didactiques "ordinaires". Notre travail met en
particulier en evidence comment certain evinements, qui pouvent apparaftre comme contingents
dans le deroulement de la classe, se revtlent , a l'analyse, necessaires pour l'apprentissage et
l'enseignement. Apr& avoir dEcrit noire cadre Meorique, les questions de notre recherche et presente
et justifie notre mEthodologie, nous detaillerons l'analyse d'un type d'evinement particulier, que
nous avons appele "panne du milieu", en prenant un example concernant l'introduction de la racine
carree en classe de Troisieme (dives de 14 a 15 arts).

Introduction
Our study places us alongside researchers who, far from thinking the

theoreticaVpractical link in the unilateral sense of applying theory to practice, use theory

in order to describe and interpret practices (COMITI, 1987; GRENIER, 1993; TOCHON, 1992).

From this point of view, the classroom is not simply a site of application but also

becomes a site of development for the researcher. But what forms and directions might

this development take ?
In this presentation, we will show that certain precautions of methodology should be

taken when analysing classroom practice scientifically ; we will present the theoretical

devices developed to conduct this analysis and the initial results obtained.

The research problem
The research presented here is the second part of several years'work, the first part of

which (1989.1991) was concentrated on mathematic's teachers' beliefs on their

discipline, their job, their students and the way in which the latter learn (BONNEVILLE et

al, 1991). These second part focuses on the study of "practices" in the classroom
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situation. An isolated classroom study carried out within this framework was briefly
presented at PME17 (COMiTi, 1993).

In their teaching plan, teachers define their forthcoming practice taking the
representations they have of their discipline into account, the mathematics to be taught,

the phenomena of the transfer of knowledge and their students' means of learning. In
practice, gaps appear between this plan and its realisation in the classroom situation,

gaps provoked by trigger events of different types, from those far removed from the
learning situation to those closely linked to the contents at stake.

in this context, our research proposes to develop theoretical and methodological
devices in order to create models in terms of didactic phenomena :

- un-foreseen events in the classroom situation identified as important for learning,
- the factors at the origin of these events,

- the process underlying decisions made by the mathematics teacher in the classroom
situation.

Theoretical framework
This work overlaps two fields of research :

- the study of the way the teacher functions, whether it be what he/she *thinks' and
his/her representations (CLARK-PETERSON,1987 ; ERNEST,1989 ; ROBERT,1989 ; THOMPSON,

1992) Or his/her practices and decision-making (ARSAC et al, 1992 ; CLARK-YINGER, 1987 ;

ROMBERG, 1988 ; SCHOENFELD, 1988 ; TOCHON, 1989) ;

- the study of the 'milieu' defined as the whole set of the objects (concepts, rules...)
which have achieved stability for the time being for the student (BRoussEAU. 1989 ;

CHEVALLARD, 1992 ; MARGOLINAS, 1993).

The research questions
We can resume them as follows :

- the existence of regular or variable elements concerning the events identified in the
practices analysed ;

- the identification of different types of factors at the origin of these events ;

- the links between the means of integrating these events into the teacher's original
plan and his/her beliefs about the mathematical notion at work, the learning situation,
the knowledge available and the way the students function.

Methodology
We are confronted with the problem of how to observe ordinary classes, a problem

which differs from that of observing situations set up for research purposes. How should

the problem of classroom observation be raised in terms compatible with scientific
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practice ? It is a problem which has concerned us for a long time (COMM, 1988). Let us

briefly resume our point of view on the subject.

The class being observed is a "system". Observing this system involves taking

information concerning its "state. The taking of information from the classroom taken as

a system depends on what we mean by observation and also, obviously, on the theory

available for identifying the "relevant" information.

The data collected by observing a system are not neutral, they are in fact construed. If

we do not construe them ourselves, we only collect what the institution itself presents to

us. But there is no reason why this institutional data be relevant to our research problem:

that is why one cannot reduce observation "of" the classroom to observation "in" the

classroom.

In order to overcome these problems as best as possible, we set up an experimental

protocol (coMITI, GRENIER, 1993) described below.

It involves on the one hand the contract agreed with the teachers concerned and on

the other hand the setting up of a means of gathering data which allows the taking of

"mixed" information.

The contract with the teachers :

1 - they are willing to participate in the research, which means that they agree with the

question, they participate in the setting up of the protocol defined from the transcription

of recordings and notes of the observers and contribute towards the analysis of the data

gathered on their lessons.
2 the choice of the mathematical content on which their practices are observed is

made in common but devising and managing the teaching sessions is their

responsibility entirely.

The collecting of data. The data collected is of several types :

1 - the scenario of the sequence of the different learning stages, written before the

beginning of the lesson by each of the teachers concerned ;

2 - interviews with each teacher :
an interview prior to the sequence, about the scenario of a planned lesson, on

the notion to be taught, the activities planned, the teaching methods envisaged, the

objectives,
an interview after the teaching sequence aimed at collecting what the teacher

has to say on what happened during the lessons as well as his/her analysis of any

differences with what had been planned ;

3 - the recording of discussions at the very end of the sequence ;

4 - observations and sound recording of sessions in the classroom.
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The study
The study presented here is on the sequence of about ten sessions of 55 minutes in

three classes of 14 to 15 year olds from different schools. The sequence is on the
teaching of the square root.

Some preliminary findings
We will leave aside, in what follows, the events which are not relevant to the

teaching/learning project, events which could occur in any teaching, not because they
are without interest (they would be to the psychologist of sociologist), but because they
are not relevant to our didactic research question.

Our study reveals different types of events, unplanned by the teacher but which take
place in the classroom situation which we will identify as didactic phenomena and that
we will classify as follows : the factors which trigger them, the role they play in the
students' learning and whether what happens in the classroom is casual or necessary.

Our study also enables us to analyse the different possible means for the teacher to
control this or that type of event.

In what follows we have chosen to analyse a type of didactic phenomenon which
seems essential as it corresponds to a type of event in our typology that we very often
observe in classrooms : the appearance of student production that seems to have no
connection with the question asked.

The "milieu breakdown" event
Our hypothesis is that the student placed in a problem-situation reacts by activating

old knowledge which will determine the objects (the 'milieu') which will enable him/her
to "read" the situation and the personal devices he/she can activate on ti ese objects in
order to understand the questions asked and to answer them. The teacher builds his/her
teaching around the hypotheses that the students function with the milieu appropriate to
the situation he/she proposes.

Numerous un-toreseen events might be explained by the gap between the 'milieu'
supposed by the teacher and that in which some students actually function. Here are
two examples.

ex.1 : a milieu of signs and writing rules versus a milieu
of positive or negative numbers equipped with multiplication

The aim of the problem situation is to be sure that the students know how to find the
square of positive or negative integers or of decimals, rationals and to institutionalize the
properties of squares, in order to Introduce afterwards the square root of a number
(condition of existence, definition and properties).
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The following questions are asked :

- Are there numbers whose square is - I?"

- "Can two different numbers have the same square?"

The M milieu on which students are supposed to be able to act is formed of sets of
numbers N, Z, D, Q, equipped with multiplication.

The devices presumed to be available are :

- the definition of the square of a number,

- the properties of multiplication (rule of signs) in Z

These devices functioning in the M milieu should allow the students to produce

couples (a,b) where b is positive and equal to a2.

In fact, the M' milieu on which several students will work is defined by the set N and

signs such as : ( ) ; - ; / ; , ; .2 .

The devices which function naturally in this "milieu" are the usual rules of writing

these signs, (knowledge of position) of the type a ; -a ; a/b ; a,b ; a2 ; -a2 ; (-a)2 ; the

productions are thus writings obtained by a combination of numbers and signs

available.
Therefore, to the question "Are there numbers whose square is -1?" Michael replies :

"yes, because -(1)2 = -1. " This answer leads to a discussion which confirms that other

students function like Michael : we see the sign minus ( - ) arise as a subtraction, or the

absolute value as writing having the same effect on (-1) as the square, the confusion

between the square of (-1) and the opposed to 12.

The teacher can only come back to his/her initial objective with the complicity of

"good" students, those who work with the M milieu.

This does not solve the problem as, on several occasions, we will see arguments

arise from M' and even, at the end of the session, whilst the teacher is writing on the

board the property to learn : "two opposite numbers have the same square, for example,

the square of -5 and 5 is 25", several students protest. For us the square of (-5) is 25

"because (-5)2 = 25" , but the square of -5 (without ( ) ) is -25 "because -52 = -25".

ex. 2 : a "drawing/measurement milieu" versus a
"construction/geometric object milieu"

The problem raised Is the geometric construction of V 8 (as in the length of a

segment). There are two objectives :
to show that this number exists as one can construct a segment of its size, even

though one cannot give Its value in the sets of numbers known to the students N, D+,

Q+;
- to show that one cannot write its exact value without introducing the symbol J.
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The following exercise is proposed :

'Construct a square with sides measuring 2cm. Let this square be ABCD.
What is its area ?
From this square construct a square whose area is double that of ABCD.
Let this new square be VOLE'

The M milieu on which the students are supposed to be able to act is the following :

- the square geometric object, its graphic representation whatever its position on the
sheet of paper, its sides, its diagonals, its area...,

- the instruments of construction and measurement

- the sets of numbers N, D+, Q+, equipped with multiplication

The devices supposedly available are essentially the construction of a square the
side of which is a given integer and Pythagoras' theorem.

The expected productions are the tracing of the diagonal of the ABCD square, the
square of the size of this diagonal recognised as double the area of the square, and the
construction of the VOLE square with this diagonal as its side.

In fact the M' milieu on which most students work consisted of drawings of squares
with sides parallel to the side of the sheet of paper, positive numbers as measurements

of size in centimetres and millimetres, the graduate ruler and the calculator.

The tools which function naturally in this milieu are measuring with the help of a ruler,
the relationship between side and area of a square.

The productions of the students are thus :

- the calculation of the area of the ABCD square (4cm2) and the double of this area
(8cm2),

- the calculation, with the 11 key on the calculator, of the measurement of the side of

the VOLE square of an area of 8cm2.

- the tracing of a square with sides of 2.82cm (rounded from the value given by the
calculator).

As in example 1, the teacher will rely on the 'good' student, who, although he gives a
wrong answer, is recognised by the teacher as functioning with the M milieu.

To sum up, the event that we call 'milieu breakdown' generally emerges, in the
classroom situation with, from the teacher's point of view, an unexpected and
inexplicable production from one or more students.

In the first example, the production of -(1)2 in -1 Is, for the teacher, not relevant
because, as far as he or she Is concerned there Is no connection for him/her with the
problem being treated.
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In the second case, the production by students of 2.82, a number from which they

construct a squat!, is unacceptable for. the teacher who, on the contrary, wants to justify

the existence of N8 based on a geometric construction.

These productions show the objects on which the students work effectively. The

analysis shows how these possibly chance interventions create a necessary event in

order for the students to accomplish the learning aimed at.

To manage this event, the teacher has no other possibility than relying on the 'good'

student, the one who functions with the milieu anticipated for the situation.

Discussion
The first analyses carried out show how connecting the 'a posteriori analysis' of

didactic situations with the study of the teaching project of the teacher

- enables one to step back from the situations observed,

- is a relevant and efficient way of interpreting events which perturb the teacher's

project in the classroom situation.
This connection appears to be a relevant model setting device as it allows one not

only to interpret but also to predict events likely to arise in a didactic situation.

Our analysis and in particular the study of the event developed above shows that the

work which really takes place in the classroom (sensitive objects) is often concentrated

on other knowledge than that which the teacher wishes to convey. It demonstrates that

the objects which, according to the teacher, are supposed to be known by the students

and thus considered previously grasped, will in fact be issues to be learnt by the latter.

This phenomenon is well known but our work provides a sharper analysis by showing

how the disturbance created by a students' intervention will show objects on which the

latter is actually working, creating an indispensable event for the teacher to carry out

his/her project (a casual answer which proves necessary for the process of
teachingneaming). If this event does not occur, there will be a loss of meaning of what is

happening of the students' side.

Other analyses, not developed here, show how, in managing the classroom, the

teacher seizes certain errors (and not others which may to an outside observer seem

just as important) because they reveal lack of knowledge which must be compensated

for In order to complete the learning programme.

We are now in a position to make hypotheses on the existence of consistencies which

are beyond the teacher concerned and beyond even the notion being taught.
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Six Approaches to Transformation of Functions Using
MultiRepresentational Software

Jere Confrey
Cornell University

This paper reports on six approaches to teaching transformations of functions. The approaches

are embedded in a framework for functions involving multi-representational software, contextual

problems and vertical and horizontal translations. stretches and reflections. The six approaches

include: substitution to a template, function building, a symmetric approach, visual matching,

horseshoe display and scaling.

This paper reports on the results of five years of teaching transformations in a variety of

experimental settings: I) a university precalculus course: 2) summer workshops for teachers: 3)

high school precalculus courses (grade 11); 4) teaching interviews. The teaching of

transformations was done within a framework for teaching functions which relied on the use of

contextual problems1, prototypic families of functions in multiple representations, and

transformations. The class of transformations that we used were limited to vertical and horizontal

translations, dilations (we called these stretches) and reflections in a Cartesian coordinate system.

For a more complete discussion of the framework, see Confrey and Smith (1991).

Transformations are an important part of the framework for they provide the tools to move

among functions of the same family In doing so, they arc useful in modeling activities. Typically,

students in our courses learn to examine a contextual problem and identify the characteristic family.

Transformations provide the means for tailoring the function to the particular data. Having a

unified set of approaches to transformations across families of functions also serves to provide the

"glue" to unite the functional families.

Function Probe

In all of these settings, the approach to functions involved the use of multiple representations:

graphs, tables, algebra and calculator keystroke notation. Students used a software called Function

Probe (Confrey, 1992) which allows the use of the four representations. and was designed to

highlight meanings of transformations in different settings. For instance, in the graph window,

students can stretch. translate and/or reflect a graph through mouse actions. They can also sample

points and send the points to the table. A history of the student s actions is also available for

examination. In the table window, a variety of tools are available for the students' use. They can

fill a column arithmetically or geometrically through a simple command; they can link columns

without an explicit algebraic dependency; and they can sort values, insert means, and display

differences and accumulations. The calculator window keeps a record of their keystroke procedures

and allows them to build buttons to generalize their procedures.

I The problems in the course are described in Learning aix,iit Functions through Problem Solving (Confrey,
1991).
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We have claimed that algebraic notation has repeatedly been used in modern times to dominate

other forms of representation, which has led to a loss in breadth of thinking. Historically, this was

not the case, in that curve-drawing devices and data tables provided equal contributions to symbolic

forms in the development of functions. Hence, we have argued for an "epistemology of multiple

representations" in which contrast between representations is recognized as significant as

convergence in establishing meaning (Confrey, 1991). By identifying multiple approaches to

transformations, we can encourage students to find multiple ways to make sense of their results and

to develop their sense of flexibility and elegance. Multiple approaches support the diversity in

students' preferences and provide alternative approaches to use when faced with cognitive obstacles.

Multiple approaches have also proven valuable in highlighting the differences among the behavior

of different families of functions and ar11011Z. different .contextual problems. As a result of

supporting the use of multiple representations. our students have given us many opportunities to

rethink our understanding of transformations in light of their approaches. In this paper, I seek to

share six of the most prevalent approaches.

Algebraically, the class of transformations we have confined ourselves to can be described one

way as y= A f(Bx + C) + D varying A, B, C, and D. or as a set of linear transformations on x and

on y. Graphically, one could describe this as a set of vertical and horizontal translations (VT, HT),

vertical and horizontal stretches (VS, HS), and reflections (R). Tabular descriptions of

transformations include the use of adding /subtracting a constant to all entries in a column,

multiplying/dividing the column entries by a constant, or multiplying by -1. Coordinating the

actions in the different representations is a major goal of our instructional program. It requires the

coordination of visual transformations, numerical operations and algebraic symbol manipulation.

All of the students we worked with had previously been introduced to algebraic manipulation

through introductory course work which focused on solving and simplifying equations, factoring,

working with trigonometric identities, and plotting graphs from equations. In this paper, I will

present the six approaches. A longer paper including examples of student data will be available at

the conference, and for further reading, project papers on the topics are available (Borba and

Confrey, 1992: Smith and Confrey. 1992: Borba. 1993. Borba. 1994).

Apotoach I: Substitution to a Template. In this approach to functions. one uses the algebraic

form as a template and learns to identify the actions associated with each parameter. Thus, in the

form, y= A f(Bx + C) + D. the student learns that:

A is the magnitude of the vertical stretch factor.

I/B is the magnitude of the horizontal stretch factor

-C/B is the magnitude of the horizontal translation

2Although reflections can be thought of as stretches by we chose to treat these generally as a separate
class. However, students often curtailed this into a single action using a negative value for stretch.
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D is the magnitude of the vertical translation.

Although this approach is arguably the most concise approach. students often experience

significant difficulties with it. They have little difficulty with the parameters A and D which act

visually in the same way as the parameters appear in the equation (Anigue and Dagher, 1993).

However, the fact that the coefficient 2 in the equation y = sin 2x acts as a horizontal shrink

confuses them for its apparent inconsistency with its effect on y= 2 sin x as vertical stretch.

Similarly. students have some difficulty understanding why y= sin x + 2 moves in the positive

direction vertically while y= sin (x+ 2) moves in the negative direction horizontally. Finally, they

are confused by the impact of the stretch factor on the translation factor, such as in y= sin(2x+ 3),

where the translation is 3/2 to the left, not the 3 units they expected. Thus, both of the horizontal

actions (HS and HT) confuse them using this approach.

One alternative approach within the substitution perspective is to alter the template to y= A' f(

(x - C')/B' ) + D'. In this case. the parameters become simply A'. B'. C. and D'. where

A' is the magnitude of the vertical stretch factor:

B' is the magnitude of the horizontal stretch factor.

C' is the magnitude of the horizontal translation;

D' is the magnitude of the vertical translation.

However, when this approach is used, the meanings of the parameters are simplified because the

complexity is shifted to the equation. In this case, students experience difficulties remembering

where the sets of parentheses lie. and when to add or subtract and when to multiply or divide.

In general, this strategy has only been repeatedly successful with stronger students. i:or these

students. the variations in symbolic form can be coordinated with their understanding of the

transformations: however, for less prepared students the use of the template often results in errors

they cannot easily correct.

Approach 2: Function Building. With to this approach, all functions begin from the identity

function y= x. Functions are then built through a series of actions. First, a vertical stretch is applied

to create y= mx. (note: one could either anticipate a final form by using A. B. C. and D consistently

to produce the form y = A f (Bx+C) + D or use notation that describes the series of moves in a

consistent way with one's actions. I have chosen the second approach.) The first action could

equally have been a horizontally shrink by l/m , but most students prefer to rely on vertical actions.

as this approach allows them to reduce all methods to vertical actions only. Secondly, a vertical

translation is applied to produce v= nix + b. Using this approach. students arc able to begin the

problem using the more familiar family of linear functions.

At this point, the function is applied to the line. This can be described as a composite action.

that of f(g(x)), where g(x) is linear and f(x) is the function one seeks to create. Applying a function

to a line is a relatively unfamiliar idea, and it is more easily imagined for some functions than

others. When "function building we apply the method at first to using the absolute value function.
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where the idea of "absolute valuing" a linear equation such as 2x+ 1 is discussed. The major point

of discussion concerns where to "bend" the line, to create the "significant points" (usually the two

intercepts). Most students explain this in terms of absolute value not producing any negative

outputs; hence, all y's must be greater than zero, and the bend is at the x axis.

Function building can also be applied to the greatest integer function with relative ease. Using

this approach to construct quadratic functions has also been relatively successful, and can be used to

emphasize how the rate of change of the quadratic differs from that of absolute value.

An advantage of this approach is that it anticipates the introduction of composing functions and

gives the student the sense of the function as an action. Function building highlights the order of

operations. Rather than experiencing a function such as y= 3 abs (2x - I) + 5 as a whole, students

learn to .ee it as a series of operational actions. Not only does such an approach work well in the

graph window, but also in the table window, where the movement from column to column is the

result of a binary operation (each column is changed from the previous set of x or y values by a

single operation of +,-, x or / except when the prototypic function is applied). Applying this

approach to trigonometric or exponential functions is considerably more difficult for students,

though some do find a consistent way to make the interpretation across functional families.

The pedagogical implications of function building are compelling. It provides a solid

conceptual base for the template approach, but depends on a careful choice of problems and

functional families. Prematurely giving students problems such as f(x) = abs (2(x-3)) can challenge

the approach. requiring students to algebraically transform the actions inside the parentheses to 2x -

6 or to apply horizontal rather than vertical arguments to 2(x-3). Polynomial functions such as f(x)

= x2 + 2x + I also present students with difficulties, but can provide strong motivation to learn to

complete the square.

Approach 3: Symmetric Actions. A major challenge in the substitution to a template approach

results from the lack of symmetry between the actions on x and those on f(x). That is, A and D do

not act in the same way as B and C. Students can learn why this is so as they examine the location

of the parameters in relation to the x and y variables, but f(x) notation in fact obscures this fact by

eliminating the y from view. An alternative approach to this is to allow the actions to be taken

directly on x and y, and to shift from functional form to relational form. Thus, an equation that

would be written as y= 3 sin (2x - I ) 4' 4 in conventional functional form would appear as (y-4)/3=

sin (2x - 1) or perhaps y/3 4/3 = sin (2x - 1) or even (y-4)/3 = sin (2 (x 1/2)). In this final form,

which we can write as A'( f(B'( x-C') where I/A' is the vertical stretch, D' is the vertical

translation. 1/B' is the horizontal stretch and C' is the horizontal translation.

The symmetric approach typically takes some getting used to, but its elegance lies in the

parallel structure between the vertical and horizontal transformations. In this representational form,

the actions on x can be tied to the parameters B and C in the same way that actions on y can be tied

to A and D. The unfamiliarity of such an approach makes it appear awkward, however, its fit with
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the table representation is notable. In the table, there is no clear rationale for numerically

transforming only the x variable until there is a functional action. The symmetric approach also

challenges the over reliance on f(x) notation, where the equation is solved for f(x). Such over

reliance on this form makes students have difficulty recognizing relations such as x2 + y = 1 as

functions. Historically, when curves were generated by curve-making devices, and algebra was

emerging as a means to describe those curves, input and output views of function did not exist. In

fact, using the tools of similarity and proportion and the Pythagorean theorem, descriptions for

curves were generated that would be very awkward to describe in f(x) form (See Smith, Dennis,

and Confrey, 1992 for a discussion of Descartes' approaches to functions).

Approach 4: Visual curve matching, In this approach, students learn to approach functions

visually, such as when one displays a data set and wants to fit a curve to it. Approaching functions

visually may be an unfamiliar task, yet is very compelling and satisfying for many students. And in

a scientific world in which super computing relies more and more on graphical display, the skills

needed for visual curve matching are arguably important for students' mathematical development.

Visual curve matching is less procedural than the other approaches. It depends heavily on the

graphs involved and it highlights the use of the stretch icon. For instance, when asked to match.two

absolute value graphs, most students use the translations to match the vertex. They then endeavor

to stretch the functions to match the slopes. In Function Probe, the line of invariance for a VS or

HS is movable and called "the anchor line"3. The students learn to move this anchor line to the

vertex and to stretch away from the line.

In general, this approach accomplishes some important goals in student learning. We find that

students typically understand translations intuitively; however, understanding stretching is more

complicated. As they learn to use stretching as a tool, they learn what it means to hold a line of the

plane invariant. And they puzzle on what the operational meaning of stretching is. By including a

Function Probe resource for sampling, we extend this approach by examining the numeric

implications of such actions. For an extensive discussion of this approach, see Borba (1993).

Approach five: Horseshoe Display. Extending the visual curve matching approach to allow one

to generate the algebraic equation for the transformed curve posed a new challenge to both the

students and us and led to a new approach. In an example in class, teachers were trying to find

equations to describe different configurations of parking garage rates. Consider the following case.

when the costs to park are:

less than .25 hours: 15e

.25 hr or more but less than .75 hr: 35e

.75 hr or more but less than 1.25 hr: 55e

35ome software restricts the anchor line to the axes for doing vi makes the algebraic notation easier. We WC
this as an example of pnvileging one representation over another. Furthermore, many contextual problems
are more directly solved with a movable anchor line.
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A data table is constructed and values are sent to the graph. The teachers were seeking to fit the

function y= floor(x) (the greatest integer function in Function Probe) onto the displayed data values.

They quickly recognized that the vertical transformations were a VS of .20 and a VT of .15. Thus,

they knew their equation would be some modification of y= .2 floor (x) + .15. They compressed the

function horizontally by .5 to get the steps to be a half-hour long. This gave them the equation y= .2

floor (x/.5) + .15. Then they translated horizontally by -.25. The equation was displayed as y= .2 .

floor ((x+.25)/.5) + .15. See Smith and Confrey (1992) for a more complete description of this

episode.

They were totally perplexed by the result. They had carried out the transformations on the

graph window in the order of a HS (by .5) followed by a HT (by -.25) but the algebraic display

seemed to record it as a translation followed by a stretch. And, it was clear that the two results were

not algebraically equivalent. The visual approach had successfully led them to a matched graph, but

the algebraic display did not seem to fit the order of the graphical actions. This led to a genuine

conflict for all of us in terms of our understanding of transformation. To explore the problem, we

worked further with the visual approach. We sampled points after each graph action and sent these

to the table. Each of the changes was recorded and described in words. Finally, we sought to

explain the algebraic changes in light of the series of table transformations.

Resolving the apparent contradiction led to a new horseshoe shaped display, a fifth approach to

functions. This approach drew on two sources: I) ways in which transformations are described in

topology; and 2) ways in which a student in a teaching experiment chose to describe changes in

tabular values (Borba, 1993). A student looking at the changes in each variable of the table wanted to

describe these as ynew = f (Yold) while xnew = f (xutd). Borba described these as covariational

equations consistent with the covariational approach to functions developed by our research group

(Confrey and Smith, in press). Drawing on these two sources, I developed the following horseshoe

display
f 1 mar( x) The question becomes how to relate x" to y". If this is

to be written in traditional f(x) = y form, then one must
*20 begin at the bottom left of the display with x" and work

one's way around to Thus one takes x and adds .25,
x Y divides by .5. floors the result. and then multiplies by .20

2
and adds .15. This gives the desired equation.

This approach to transformation possesses numerous

advantages. In it, one can "see' the visual approaches
,+

sequence of actions. The vertical ones proceed from y to y'

to y" and the horizontal ones proceed from x to x' to x".

However, one can also "see" the resulting equation in terms of movement around the horseshoe so

as to relate x" to y".

Ibrifth Displey
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A horseshoe display also supports a number of the other approaches. The display itself shows

the symmetry of the symmetric approach. It supports function building. And, it allows one to

move smoothly between the graph actions and the algebraic representations where the movement in

the display varies with the representation.
Also appealing in the horseshoe display is the way in which it builds upon the matrix display for

proportional reasoning in the work of Vergnaud (1988). This connection is more than analogical,

for if one considers the identity function to be the simplest display in this form (y = x), then direct

variation is algitably the second simplest (y = mx) . In our future work introducing functions

through design projects, we plan to investigate how to build functions from proportional reasoning.

However, as with any approach, transformational matrices possesses certain disadvantages.

They lack the compactness of "substitution into a template": they require more space to display the

notation; and they are more complex, in order to be able to accommodate both the directionality of

the operations and the multiplicity of desired forms. But horseshoe displays are very elegant

representations, for they make interesting use of space (a characteristic of algebraic notation often

not given enough attention): the movement in space down a column describes changes in one

variable, while the connection across the equation highlights the functional family.

Approach Six: Scaling the Axes. Not all treatments of transformations depend on carrying out a

series of graph actions. Some students prefer to leave the curve in place while transforming the

axes (scaling). Although we have not used such an approach extensively in our project, we have

witnessed episodes where students are inclined toward this method, and have considered design

initiatives that would make such an approach a more viable option.

However, we offer a simple twist to the scaling approach. In all treatment of scaling as a form

of transformation that we have seen, scaling is used to apply transformations on both x and y axes.

In contrast, we have begun to consider the use of scaling on either one or both actions, and as a

possible alternative to transformations of the curve. For instance, we ask students to describe a ride

on a Ferris wheel by giving the height off the ground as a function of time. If the wheel is 5 meters

in radius and its base is 1 foot off the ground, the students quickly find the equation y= 5 sin(x) + 1.

What is more difficult for them is to figure out how to adjust for the time parameters. We have

witnessed students who see themselves faced with an independent puzzle when trying to account for

the fact that the Ferris wheel completes one revolution every 24 seconds. How should they switch

from inputs of x in radians to inputs in seconds? These students express confusion in viewing this

as a transformation of the sin function, for they must really switch from radians to seconds. For

these students, it would be useful to be able to rescale the x axis as a scaling action, while still

carrying out the vertical transformations as graph actions.

This approach adds another piece to the transformational puzzle for it defines the shape of a

graph as a curve-scale interaction. It suggests that functions be considered as the juxtaposition of a

curve on a scale, and introduces a much deeper implication for how scaling is used in investigating
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functions. In future design work, we plan to consider how to implement scale changes as mappings

from a one-dimensional line to another, while keeping the graph intact, and then to consider how to

display these results symbolically while also maintaining the option for applying transformations to

the curve.

Conclusions. In this paper, I have outlined six approaches to functions within a multi-

representational and dynamic environment using contextual problems. These six approaches come

from extensive experimentation with students. Moreover, it is through the careful examination of

student method on transformations that we have gained significant new mathematical insights.

Furthermore, I have suggested that the different approaches should not be reduced to a single

approach for each offers its own advantages and disadvantages. And, it may the case, that a

particular approach is best for a particular functional family, context, or student preference.
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THEORETICAL AND PRACTICAL IMPLICATIONS'
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Abstract
In this examination of teacher education as a research and development activity, we consider the

historical precepts of teacher education as they relate to reform and present a means by which the

professional growth of teachers can be conceptualized. Our work is rooted in the notion of authority

as we consider the evolution of a teacher's notion of authority from that of being external to that of

being internal as an indicator of growth. If we believe reform is related to teachers becoming

adaptive and reflective agents in the classroom, then we must consider ways of pmmoting and

monitoring this development in our teacher education programs. We include implications of our

theoretical orientation for the case studies we have conducted with secondary preservice teachers and

for the practical dimension of designing activities that promote reflection.

Historically, teacher education has been treated as a practical field in which the primary

efforts of the teacher educator was to create activities that would promote a certain type of
teaching. This condition is still dominant today but because of research we have come to
realize that the enterprise of teacher education is far more complex than was at first

imagined. In fact, there is very little research on teacher education per se prior to the mid
1980s. Cooney's (1980) review of research on teaching and teacher education lays out a
perspective for research on teacher education but is rooted in the body of literature on
research on teaching. But research on teaching prior to the mid 1980s was limited

primarily to the perspective of the realist in which the goal of empirical work was to
establish significant generalizations that could guide the education of teachers. We could

argue that mathematics educators were quick to realize the fallacy of developing a general

empirical base for teacher education without taking into consideration the content being

taught.
Nevertheless, mathematics educators can hardly take the position that we were treating

teacher education as a field of inquiry. Indeed, in the 1960s and 1970s the modus operandi

of most teacher education programs was to train the teacher to be a reasonably competent
mathematician and introduce a little pedagogy on the side. We assumed that giving
teachers the mathematics we thought they needed and few pedagogical techniques would

suffice for effective teaching.
Part of the difficulty lay with our conception of what constituted science. Kuhn (1970)

was instrumental in warning us about the fallacies of thinking of science as devoid of

. human intention albeit the warning was largely unheeded by educational researchers for

This paper was developed as part of the NSF-funded teacher preparation project Integrating Mathematics
Pedagogy and Content in Pre-service Teacher Education, TPE-9050016,Thomas J. Cooney, Director.
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at least a decade. In their review of research on teacher education, Brown, Cooney, and
Jones (1990) contrasted research from an analytic perspective in which the researcher is
detached from the subject and the conception of mathematics is that of received
knowledge with that of the humanistic perspective in which the researcher is
fundamentally connected to the informant and the view of mathematics is as a subject
constructed by humans. The humanistic approach, consistent with the constructivist
epistemology, places an emphasis on how teachers, or whomever, come to make meaning
about the events in their lives.

Such a shift in orientation has led us to appreciate what it is that teachers believe and
how they come to ccnstruct those beliefs. Presently, we see much in the literature about
the importance of teachers' beliefs (see, e.g., Thompson, 1992). What we need to realize is
that this importance has to do with the substance of the beliefs (i.e., what is believed) and
the nature of the belief (i.e., how they are held and organized).

The Emerging Foci of Teachers' Beliefs
The studies by Thompson (1984) and (Cooney, 1985) marked the trail of coming to

understand how teachers construct their conceptions of mathematics and the teaching of
mathematics. It is row commonplace to encounter arguments that what a teacher believes
affects how and what mathematics gets taught. What is less common is the identification
of lenses through which we can conceptualize the dynamic process of constructing beliefs.
What theoretical constructs are there to support a conceptualization of the process by
which a teacher can become a reflective practitioner (Schon, 1983)?

We need to recognize that thP very notion of being reflective and its corollary of being
adaptive is based on the ability of a person to see themselves operating in a particular
context, that is, the ability to "step outside of themselves" in order to reorient themselves.
This ability stems from Bauersfeld's (1988) notion of fundamental relativism which

requires that an individual be able to "see events from a multitude of perspectives. (While
Bauersfeld was speaking about mathematics educators more generally, his notion applies
equally well to teachers.) But to develop such a perspective one must sense that they are
the experts from which perspectives develop. To say it another way, if a teacher's
orientation is entirely external, then the cues for what is considered important necessarily
comes from that external, authoritarian agent.

There are two works that address the issue or ones relationship to authority: Perry's
Forms of Intellectual and Ethical Development in the College Years (1970) and Belenky,

Clinchy, Goldberger, and Tarule's Women's 1w of Knowing (1986). While these two
works differ (e.g., Perry developed his scheme by workig only with men, Belenky et al,
only with women), they both describe the extent to which neople rely on external
authorities for a validation of what they believe. Perry talks r:botrZ :taps such as dualistic
(right versus wrong), multiplistic (there are multiple ways of thinking about situations),
relativistic (these different ways are not uniformly equal in their value), and commitment
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(a person commits themselves to one of the positions). Belenky, et al., use the metaphorof

voice to describe ways that women orient themselves toward authority. For example, the

position of "silence" represents a women who is totally submissive to another being- -
perhaps a spouse, for example. In contrast a women who is at the position of "constructed
knowledge" is capable of integrating her own voice with that of others, dealing with each
in a fundamental way. The preservice teachers whom we have studied fall between these

two extremes.
We could say much about these positions. What is important to this discussion is that

in each of these schemes there is a certain "transition" point at which a person moves from

viewing authority as an external entity to that of being internal. Perry (1970) puts it the
following way in describing the fifth of his nine positions.

Our scheme must now account for a drastic revolution. Up to this point the
students have been able to assimilate the new, in one way or another, to the
fundamental dualistic with which they began. (p. 109)

Perry goes on to describe the characteristics of this shift as one moves from thinking of

authority as an external agent to that of being an internal agent.
There is an analogous position in Belenky's scheme, viz., Subjective Knowledge: The

Inner Voice. This position describes a revolutionary step in that truth eventuates from a
personal perspective. It is here that a woman begins crossing the bridge from a submissive
orientation to one in which her voice is a significant determiner of what she believes. Once

a woman begins to accept herself as a legitimate authority, she begins to lay the

groundwork for the acceptance of contextuality and relativism which fosters a sense of self

and control-- expunging the notion that authority (a professor, a textbook, guidelines from

the school district, etc.) is omnipotent.
Why is considering such an orientation important? First, there is considerable evidence

that many teachers teach mathematics from a cut and dried, dualistic perspective. (See
Brown, Cooney, and Jones (1990) and Thompson (1992).) The orientation suggested here

can provide a way of conceptualizing how such teachers view mathematics and their roles

as teachers of mathematics. Further, recall that the current reforms in mathematics

education call for a reflective and adaptive teacher. But the ability to be reflective and
adaptive requires that an individual has the capacity to see the world as contextual, that is,

as a world
belieye as they do. Such a constructivist orientation can not be achieved when the world is

seen in absolute terms.
Green (1971) and Rokeach (1960), in their discussions of belief systems both point to the

fact that the extent to which beliefs are isolated and the individual fails to see the world as

a connected place is the extent to which the person relies on anexternal authority for

verif .zation of truth. Green differentiates between beliefs that are evidentially held from
those that are nonevidentially held. The former is based on rationality; the latter is based

1 .1 t e 1 1 .
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on the acceptance of what an authority dictates. Rokeach's notion of dogmatism is
similarly focused on one's relationship to authority. The dogmatic teacher teaches
mathematics from a cut and dried perspective thus indoctrinating kids with certain beliefs
about mathematics--which may account for the fact that many students in the United
States think of mathematics as a subject best learned through memorization. Belenky, et al,
point out that the woman who is a "received knower" cannot tolerate ambiguity. For
example, such a person believes that for every poem there is only one correct
interpretation; their interpretation is literal. While Belenky, et al, are addressing issues
related to poetry, it is not a long reach to think of the analogous problem of trying to help
students appreciate and use mathematical processes such as problem solving,
communicating, reasoning, and making connections--processes that are fundamental to the
NCTM Standards (1989).

The point of this brief analysis is not that women think one way and men think
another. Rather it has to do with providing an orientation toward thinking of teachers as
developing beings. We consider the implications of these theoretical orientations for our
research program in the next section.

Implications for Research: The ca:;e...; :,,reg. Henry. and Nancy
We have used various schemes that focus on authority, e.g., Perry (1970), Belenky, et al.

(1986), Green (1971), and Rokeach (1960) as ways of conceptualizing teacher development

as we see the issue of authority as central to what one considers mathematics to be and
how one conceives of their role as a teacher of mathematics. Our research is longitudinal
in nature as we study preservice teachers through the use of surveys, interviews, and
classroom observations. We have worked with 'he teachers over the past year and have
generated a number of case studies. Consider the cases of Greg, Henry and Nancy who we
began studying as they entered the formal part of their mathematics education program at
the beginning of their senior year at the University of Georgia. In their first mathematics
education course Greg and Henry were particularly negative toward the use of technology
as a means to teach mathematicsa focal point of the first course. Nancy was quiet
accepting. After four months of participating in the teacher education program, Greg
become excited about technology and open-ended activities; Henry became confused and
despondent and wondered if he should be a teacher. In student teaching, Greg
incorporated open-ended activities, particularly those involving technology, into his
teaching while realizing for the first time how difficult a job it was to be a teacher. Henry,
however, confirmed his beliefs during student teaching that teaching is the efficient telling
of a story. He was once again excited about being a teacher and thinks the university
mathematics education people have been out of the classroom too long.

Perry's (1971) scheme for describing a person's orientation to authority provides one
means of conceptualizing Greg and Henry's development. Both Greg and Henry professed
beliefs that reflected their successes as students. The Perry's stage of dualism fit both Greg
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and Henry. As Greg confronted new ideas, however, no matter how vehemently he
objected, he considered these ideas and incorporated them into his belief system through
accommodation. Henry, however, rejected and refused to consider alternative views.
Greg was more open to new ideas, recognized views other than his own, and evaluated
these views, thus reflecting Perry's relativistic stages. Henry remained steadfastly
dualistic. Another way to describe the difference in Henry and Greg's belief systems is
Kelly's (1955) idea of permeability. Greg's constructs were more open to accommodation
in the face of new experiences; that is, they were permeable. Henry, on the other hand,
continually ignored the potential of new experiences that did not fit his existing constructs;
his constructs were impermeable.

It is our intent not only to characterize their beliefs but also understand more deeply
why they are permeable or impermeable. Green's (1971) idea of evidentiality provides
additional insight. Henry justifies his beliefs in a circular way--what was good enough for
him as a student was good enough for his students. Greg's beliefs about teaching
mathematics arise from core or more central beliefs (Green, 1971; Rokeach, 1960) about
being prepared for life. His beliefs about the practice of teaching are based in his beliefs
about the aims of education. Thus, changing beliefs about practice for Greg involves
connecting the new practice to these more central beliefs or challenging the old practice in
terms of these beliefs. Greg's beliefs are evidentially-held while Henry's beliefs are non-
evidentially-held and thus "cannot be modified by introducing new evidence or reasons"
(Green, 1971, p. 48).

Nancy was a very conscientious student, committed to becoming a teacher. She eagerly
participated in every activity and admonished her classmates to "think like a teacher"
while participating in the activities. During the interviews, Nancy always referred to
others for her viewsher instructors, a past teacher, her mother. Nancy wanted to know
the right way to teach and was looking for that way from an external authority. We might
say that Nancy was, like Henry, in Perry's stage of dualism or Belenky's, et al., position of
received knowledge. On the surface Nancy and Henry were alike in that they have an
externally oriented view of authority. But a deeper analysis reveals that they are
fundamentally different. Nancy did not ignore or reject new ideas, but seemed to
assimilate ideas without accomm,Jdation. The perspective of Belenky et al. (1986) provides
what seems to be a better way of thinking about Beth's beliefs, however. As a "received
knower," Nancy looked to others as the source of truth. She found strength in having
shared beliefs with her friends and when disagreement occurred, she deferred to the
instructors or to the majority opinion of her friends. Henry was confident in his self as
aligned with authority. Nancy lacked that confidence. For example, Nancy believed it was
very important for students to "use their imagination" and "think up their own ways" in
mathematics, but she adds, "I'm not sure I have an imagination, I mean, a real strong
imagination that will think up new ways to answer problems."
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The theoretical frameworks described above are very important for understanding the
development of teachers' beliefs and the process of teacher education. The theoretical
orientations provide us with dimensions and characteristics to look for and hypotheses for
where to look. We can consider how they respond to new ideas and situations
(permeability), their basis for belief (evidentiality), connections among their beliefs (quasi-
logical system), clustering and isolation of beliefs, and where they go for truth and how

they see and respond to authority (Perry and Belenky). This understanding helps
elaborate and inform the teacher education process.

Implications for Practice: The Case of the Function Unit

As we develop and use sophisticated ways of understanding the professional
development of teachers, it is natural to translate this understanding into improving the
pra&ice of teacher education. Consider such a student as Henry who opposed the ideas
presented in his teacher education program and left feeling teacher education was a wa6te
of his time. Then, consider Nancy who absorbed all we had to give her but then struggled

miserably in her first year of teaching not wanting to let her parents, instructors, peers, and
administrators down and wanting her students to like and affirm her. How does a way of
understanding their beliefs and development help us provide experiences that will benefit
and prepare them for becoming reflective teachers? We have tried to address this question
over the past four years by designing and piloting teacher education materials based on

research on teachers' beliefs.
If a teacher's beliefs and the nature of those beliefs so affect the teacher's subsequent

development, it is important that the teacher educator and the teacher him or herself
elaborate those beliefs. If some teachers' beliefs are not open to the challenge of rational
argument, those teachers needs active involvement in contexts that will lead them to

reconsider their own beliefs. If some teachers lack confidence in themselves as authority,
experience with self-defined and open-ended problem-solving situations may help.

As one example of a possible approach we describe the materials developed in our
project. The materials are focused on the subject of mathematical function. To help the
teachers become more reflective, we begin by having them read and discuss a classroom

vignette. Then we have the teacher develop an informal, intuitive understanding by
considering dependent-independent variable and correlational relationships in the media
and everyday language, e.g., a doctor discusses the effect of a person's cholesterol level on

their risk of heart disease. As the teachers think about characteristics of functional
relationships, they participate in a classification activity based on Kelly's (1955) repertoire
grid technique (see following Figure). (The activity asks the students to classify the six
function representations into two piles of three functions each and to describe the basis for

their classification.)
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Fred is considering which size
pizza is the better buy. He
wonders what happens to the
area of the circular pizza as the
diameter of the pizza changes.

The 1990 census shows that
Central City has a population of
40,000 people. Recent studies
indicate that over the past 20
years the population has steadily
increased at an annurl rate of 2%.
Social scientists predict Central
City will experience this same
growth rate over the next 20
years. Ms. Callahan has been
asked to predict Central City's
population for each of the next 15
years

-2 -1 1 2 4

1 -2 -1 -1/4

X -2 -1 0 1 2

y t 0 1 4 9

The teachers build on this intuitive understanding of function characteristics through
modeling and data collection activities. We give the students an opportunity to challenge
preconceived notions about functions by investigating common school mathematics topics
(e.g., solving equations and inequalities and such geometric relationships as area and
similarity) from a functional approach. The teachers reflect on these experiences through
journal writing, and small group and class discussion. Student-conducted interviews is an
important activity in our project as we try to help eachers better understand another
persons' beliefs as well as reflect on their own understandings.

The open-ended and intuitive activities were particularly important for Greg. As he
began to see these activities as important contexts for developing reasoning skills he also
saw them as important to his emphasis on preparing people for life. Nancy developed a
view of the importance of "imagination" and having students develop "their own ways" of
solving problems, possibly indicating the beginnings of a shift from Belenky's stage of
received knowledge to subjective knowledge. After participating in the activities, Henry
became very uncomfortable with his beliefs, deciding that maybe he had no understanding

of how to become a teacher.
Conclusion

It is clear that the activities we developed were not uniformly effective. They enabled
Greg to reconceptualize his beliefs about mathematics and the teaching of mathematics.
For Henry, they caused considerable consternation as he was never really willing to
internalize the activities. Nancy demonstrated growth, albeit hampered by her willingness
to acquiesce to authority-a condition that impeded her development in her first year of
teaching. What we considered important is that we have an orientation that allows us to
conceptualize teacher development and provides us with a basis to reconsider and reshape
future teacher education activities. It is that orientation that elevates the art of conducting
teacher education to that of a disciplined field of inquiry.
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STUDENTS' REPORTS OF THEIR LEARNING ABOUT FUNCTIONS

Crawford. K., Gordon, S., Nicholas, J. and Prosser, M.

University of Sydney La Trobe University

Abstract

The concept of a function is fundamental to mathematics. This paper reports on a
study that explores the qualitatively different ways that over five hundred first year
mathematics students at the University of Sydney conceptualisedfunctions. An
exposition of the phenomersographic approach taken and the methods used to
categories the students' responses are reported. The range and distribution of their
expressions raises questions about the nature of students' mathematical
experiences.

Introduction

This paper reports on part of a larger interdisciplinary project which aims to investigate students'

conceptions of mathematics and their approaches to learning it on entering university. The study also

explores the relationships between these prior conceptions and approaches and students' experiences

of mathematics at university.

In stage one of the project it was found that students entering university held a range of conceptions

of mathematics and approaches to learning it (Crawford, Gordon, Nicholas & Prosser, 1993). The

students' conceptions of mathematics ranged from viewing it as a fragmented collection of formulae,

rules and procedures, to viewing mathematics as a cohesive theory which provides insights into the

physical world. The students' approaches to learning mathematics ranged from rote memorisation

with the intention of reproducing knowledge to seeking to understand the ideas of abstract

mathematics and the situations in which the theory could apply. An analysis of these responses

revealed that the vast majority of students viewed mathematics as a necessary set of rules and

procedures to be learned by rote. The survey results also indicated a relationship between students'

conceptions of mathematics and their approaches to studying mathematics at university level. There

was no evidence of gender differences in either conception of mathematics or approach to learning.

The second stage of the project, in addition to clarifying information about students' conceptions of

mathematics and their approaches to learning it on entering university, also collected data about their

mathematical experiences at university. In particular this paper reports on the data analysis and

investigations of that part of the project concerned with students' understandings of a fundamental

mathematical concept, namely that of a function.
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Theoretical background

Experiences with mathematics at school are widely believed to prepare students for later learning at

university level. Research, at school and university levels, indicates that learners' previous
experiences influence the quality of their approaches to learning, attitudes to and outcomes in learning

mathematics (Clarke, 1985; Crawford 1983, 1986, 1990; Resnick, 1987; Ramsden, 1991). There

sue also indications that students' conceptions of mathematics and their orientations to study affect the

quality of cognitive activity and of learning outcomes (Cobb, Yackel & Wood, 1992; Crawford,

1986, 1990; Solomon, 1989). It would be expected that students would enter university with a range

of conceptions of mathematics and general predispositions to mathematics learning derived from their

school activities.

The interest in the student's awareness, that is the focus of this paper, stems from an
acknowledgment that learning is a human activity that occurs in a cultural context. Thinking does not

occur in isolation. Phenomenographic research, pioneered by the Gothenburg School (Marton,

1988), describes the qualitatively different ways subjects relate to phenomena. This approach views

phenomena systemically and avoids the boundaries in traditional psychology between, thinking,

feeling and acting - between person and context. Like Vygotsky (1978), but unlike the constructivist

position, there is no assumption of a cartesian duality between self and context; between thinking and

acting. That is, sociocultural and cognitive processes are interdependent and interactive (Vygotsky,
1962).

This relational view of learning has formed the basis of much of the research into student learning in

higher education (Gordon, in press; Marton, Hounsell, & Entwistle, 1984; Prosser & Millar, 1989;

Trigwell & Prosser, 1991a, 1991b). In summary, that research indicates that learners' experiences

should be considered as involving their orientations in context, the ways they relate to the learning

environment, their goals or intentions, as well as their learning strategies.

The phenomenographic research approach developed by Marton (Marton and Saljo, 1984; Marton,

1988) has been used in this study to analyse students' conceptions of the notion of a function in their

responses to assessment tasks at university level.

Research Method and Results

Over five hundred of the students enrolled in the mainstream first year mathematics course were

surveyed. Students from this course are mainly enrolled in degrees in the Faculties of Arts,
Engineering and Science, and are majoring in mathematics or may be studying mathematics as a core
part of their degree. This course constitutes one quarter of their first year program.

These students were given the following question as part of a "take home" assignment in the second

week of the academic year
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Each of the following sets of pairs (x, y) may or may not represent a function from ( 1, 2, 3) to

(a, b, c, dj. Here x comes from the set ( 1, 2, 3jand y comes from the set (a, b, c, d}.

(i) ((1, d), (2, b), (3, d)) ((1, c), (2, a), (3, b)) (iii) ((1, a), (3, c)}

(iv) ((I, a), (1, c), (3, d)) (v) ((2, b), (3, c), (1, d)).

(a) identify the sets that represent functions and state which of these are one-to-one.

(b) Explain clearly why each of the five seta does or does not represent a function.

(c) Explain clearly why each of the five sets does or does not represent a one-to-one function.

The concept of 'function' was selected as this concept is familiar to students from their school studies

and is a core topic of the first year university mathematics course. A similar question was asked in

the examination at the end of the first semester. This was in an effort to find out if any changes in

thinking had occurred after some experience of mathematical activity at university level.

In accord with the phenomenographic approach, particular attention was paid to the ways in which

the phenomenon under investigation was categorised and interpreted. A particular concern for

qualitative researchers is to develop methods for reaching agreement on shared meanings while

recognising that all interpretations are subjective. For this reason considerable timeand effort was

expended in achieving the major result; the set of categories that describe the data.

An initial meeting was held to discuss preliminary ideas about how this analysis should proceed. The

analysis was developed during a number of further meetings. The analysis was done asfollows:

A sample of twenty papers was taken away by each of the five researchers, three of whom are

mathematicians, and two educators. Student responses were investigated independently by each of

the researchers in order to identify a provisional set of categories of description.

At each meeting the emerging categories were discussed and clarified and 'inter subjective' agreement

among the researchers reached. The researchers then independently recategotised the sample data

according to the agreed draft categories to test that the meanings of the categories were, in fact,

shared. In this way the categories were refined in a cyclical process.

One researcher then categorised all assignment and examination papers. Any paper that was found to

be difficult to categorise was discussed by the group and difficulties resolved.

The analysis of the students' written responses to the assessment tasks reported above resulted in the

development of a set of categories of description of students' understandings ofthe concept of a

function. Brief descriptions of the categories and illustrations of typical student responses are given

in Table 1. It should be emphasised that the categorisatiop was not affected bywhether the student's

answer was correct. This focus is fundamentally different from the usual judgements made about a

student's mathematical work.



Table I

Categories of Description of Student Responses to Assessment Tasks about Functions

Category Illustrative example of student response

A. Choosing and reproducing a

representation of a function

only

B. Choosing and reproducing a

representation of a function

but also showing an

awareness of the concept

C. Expresses the idea of the
concept of a function and
relates the representation to

the concept

b(i)

Is a function because all numbers in set A have arrows

c(i)

Each element of set x is a unique element of set B,

is a function. ie., f:x ) y, where x is a unique

element f(x) of y.

c(i) Let x e A and y e B. Therefore set (i) does not

represent a one-to-one function since when x = 1,
y = d and when x = 3 y is also equal to d.
Therefore each value of x doesn't have a different

corresponding value of y.

D. Expresses the idea of the c)

general concept of a
function in abstract
mathematical terms

For f to be a one-to-one function, it first must be a

function. So the only sets to consider are those that

represent functions: (i), (ii), and (v).

(i) This function is not 1:1 asf(1) =f(3)= d.

(ii) and (v) Both are 1:1 functions as they satisfy

f(I) *f(2) *f(3).

In other words, 'V x, y e A, x * y p f(x) * f(y).
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In categories A and B, the focus of the student's response was on a representation of the function, for

example, an arrow diagram. In categories C and D, the focus was on the general concept of the

function itself with possibly the use of a representation for clarification. Hence, the categories can be

regarded as inclusive in terms of a growing clarity of the students' expression of the concept and a

consequential distancing of the representation.

A quantitative analysis is currently in progress, which will specify the distribution of responses in the

categories, both for students at the beginnit.3 of their mathematics course and after one semester of

university mathematics. However, an initial quantitative analysis indicates that the vast majority of

students' responses were in categories A and B.

Discussion

This paper has focussed on both the process of developing categories for the students' responses and

on the categories themselves.

The phenomenographic method has provided insights into students' conceptions of a function. The

method used for developing categories of description from the data, rather than imposing categories

based on theories of learning, for example a SOLO taxonomy, has improved the ability of the
researchers to explore students' awarenesses. The use of students' explanations of a mathematical

concept, although limited to their awarenesses and abilities to express these in written form during the

assessment task, has provided a rich source of information beyond second order interpretation of

student behaviour. In addition, the method used to achieve agreement about the categories of
description of student explanations provided the interdisciplinary researchers with opportunities for

deep reflection and enhanced understanding about student learning or mathematical ideas.

The idea of a function in mathematics is fundamental to the study of mathematics at all levels at

university. Therefore, a deep conceptual understanding of a function is essential to the further

development of mathematical thinking. The above results indicate that students exhibit a wide range

of awarenesses of this concept. At one end of the spectrum, some students' notions of a function are

expressed only in terms of a single aspect of it, namely a representation. At the other end of the

spectrum, some students are able to abstract the essence of a function and are able to apply this

generality to a specific context by using appropriate representations. Further, the use of the language

of mathematics by thutentc isaLindication that their concept development is well underway.

This range of student awarenesses is not likely to be apparent if the assessment tasks given to

students only require the reproduction of mathematical techniques.

Furthermore, the results also indicate that the majority of the university students surveyed focus on

the representation of a function rather than the essential meaning. This raises concerns that students'

experiences of mathematics predispose them to a fragmented operational approach to mathematical



activities. That is, students focus on the immediate mathematical task rather than trying to make sense

of the mathematical idea underlying the task. Moreover, a concentration only on mathematical

techniques in assessment tasks may inhibit students from developing a meaningful understanding of

mathematical ideas. The challenge for university educators is to find ways of providing experiences

that encourage students to seek a cohesive and meaningful interpretation of mathematical ideas.
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Algebra, Symbols, :And Translation of Meaning
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In translating problems from a verbal description to algebraic notation, we
consider what children will do with statements that do not have the syntactic
constructions that may provoke the reversal errors of the "studentsprofessors
problem." MacGregor & Stacey (1993) show that children do not follow a
simple word-matching order and postulate the existence of mental models that
can be accessed in any order. We hypothesise that the children's responses are
a natural consequence of their previous development and show that, as the
verbal problems become more complex, children are more likely to revert to a
process-orientation with the arithmetic operation on the left. rather than an
assignment order with the variable on the left. We place this in a theory of
cognitive compression as the children grow in mathematical sophistication.

Introduction

The "students and professors" problem of Clement. Lochhead and Monk (1981) has
unleashed a profusion of articles formulating and testing theories about conceptualisation
of symbols in algebra (see Laborde 1990 for a summary). Given the problem of
translating "There are six times as many students as professors" into symbols using S for
the number of students and P for the number of professors, 37% of college students
sampled were in error and two thirds of these wrote 6S = P, rather than S = 6P. This
reversal error, has been identified by some as occurring because the letters are thought
to stand for the objects (students, professors) rather than the number of objects and
Kaput (1987) suggested that this was strongly influenced by the underlying language
syntax where the "6S" suggested an adjective-noun structure meaning "six students".
This leads to a word order matching error (or syntactic translation) which essentially
follows the word order of the original problem (e.g. Schoenfeld, 1985: Mestre, 1988).
Herscovics (1989) contrasted syntactic translation with semantic translation, which
attempts to interpret the underlying meaning.

MacGregor & Stacey (1993) asked students to translate more simple statements into
algebra and reported that there were responses, including errors which could not be
adequately described by syntactic translation. They concluded that the students must
have "cognitive models" including some easily described in natural language (such as "1
have $6 more than you") but less amenable to translation into mathematical code:

The variety and form of students' responses leads us to infer some properties of their
cognitive models and to postulate that information from these cognitive models can be
retrieved in any order. Such a retrieval process would expl Ain the apparently random choicc
of responses that match or do not match the word order. (h lacGregor & Stacey. 1993, p. 228.)
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The evidence that we have partly supports this view. However, we do not consider that

all children have cognitive models which can be retrieved in any order. Instead we
suggest that the models developed by children are a result of their previous experience
which requires several reconstructions to allow them to develop models with a flexible

use of order of access. This relates to their learning experiences in mathematics, their use
of symbols, and the natural process of compression of knowledge with growing maturity.

A theory of learning in arithmetic and algebra

We begin with the simple observation that the human brain has a huge long-term

memory, but a limited short-term working store. It can therefore store vast quantities of
information, but can only manipulate a small number of items consciously at any time.

To cope with this limitation in mathematics, two strategies are adopted, one to routinise
procedures so that they can be performed using little conscious memory. and a more
powerful one using symbols to label complex information allowing a small number of

symbols to be the cus of attention at any one time. These symbols are used by experts
in a particularly flexible way in arithmetic and algebra by labelling a process with a
symbol which then is also used for the concept produced by that process.

Perceiving a symbol as either process or concept gives great power to the individual, for

the process enables him or her to do mathematics, but the concept allows him or her to

think about. it and manipulate it mentally. A symbol standing for both process and the

output of that process is called a procept, with the additional factor that two different
symbols which represent the same object can be regarded as the same procept (Gray &

Tall, 1994). Mental manipulation of procepts gives the thinker great power. The

flexibility in thought grows over time as the individual compresses the process to allow

it to be thought of as an object. The proceptual child grows to regard different symbols

for the same thing as being essentially the same object, whilst the procedural child
persists longer in regarding them as different processes (Gray 1993).

Early arithmetic involves the process of counting which becomes compressed into the

concept of number with number symbols fulfilling the pivotal role. The expression "5+4"

can mean different things to different children at different stages, including:

(a) count-all (count 5 objects, then 4, then count them all),

(b) count-on (count on four starting after 5 ("six, seven, eight, nine"),

(c) known fact (the answer is 9),

(d) derived fact (e.g. "I know 5 and 5 is 10. so 5 and 4 is one less").

A child may have one or more of these interpretations at a given time. Those who only

count-all may know a few facts, but are unlikely to derive facts (Gray & Tall, 1994).
Some children remain procedural and prefer the security of counting-on to solve
numerical problems. More successful children leave count-all behind and compress
knowledge with great flexibility and fluency using a combination of (b), (c) and (d).
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Depending on the development of the child in this sequence of learning, the following
equations may have very different meanings:

(i) 5 + 4 = , (ii) 5 + 0 = 9, (iii) 0+ 4 = 9, (iv) 0= 5 + 4.
The first of these can be answered by any of the four named processes of addition, the
second is difficult with count-all, but straightforward with the other techniques (for
instance, count-on from 5. and count how many are required to reach 9.) The third is
difficult with count-on because the child does not know where to start the count (Foster
in prep.). The fourth may make little sense to any child who reads an equation as a left-
to-right process to given an answer (Kieran, 1981). For such children there is a
preference to express the equation 9=5+4 as an addition process 5+4=9 (5 and 4 makes
9). In practice, the difference between (ii) and (iii) is ephemeral, and children soon see it
to be equivalent to a subtraction, but (iv) continues to surface strongly later in algebra.

Many children have difficulty with a symbol such as "x+3" which they will not accept as
an answer because they expect a number (Kuchemann, 1981). From our viewpoint, such
children see the symbol x+3 as a process and not a mental object - a process they cannot
carry out because they do not know what .v is. To be able to cope with such a symbol
requires not only that it be given a meaning, but that the meaning should cope with it
both as a process (of evaluation when x is known) and also as an object which can be
manipulated as it stands. It requires the flexibility which views the symbol as a procept.

Such a view is not available to a child who regards number operations only as counting
procedures. Regrettably. in traditional teaching, faced with children in difficulty and
lacking in comprehension, the way out is often "fruit salad" algebra. The symbol
"3a+4b" is explained to stand for "three apples and four bananas". Some children who
play along with this delusion are able to sort out "3a+4b+2a" as "three apples and four
bananas and two apples", which is "five apples and four bananas", or "5a +4h ". So they
appear to be able to simplify expressions. But they now have an image of a letter as
representing an objec,. set up ready to fall foul of the student-professor problem. Other
children might simply conclude that "3a+4b+2a" is "nine apples and bananas" and -
since they have no mathematical symbol for "and" - they may write the letters one after
another, conjoining them as "9 a b". (see, for example, Booth. 1984).

Algebra teaching further exacerbates the differences between proceptual thinkers with
their flexible use of symbolism and procedural thinkers who try to give it a temporal,
process meaning. The equation symbolism is reversed to express v as a function of .r in
the form y=x+4. This assignmentorder causes no problems to the proceptual thinker but
violates the meaning of the "equals" sign for the procedural child who may prefer the
process-oriented order x+4=y. Aesthetic preferences arc introduced for instance, it is
"usual" to write y=3.r+4 rather than .v=4+3.r, although it is preferable to write y=4-3x
rather than y=-3x+4, to avoid starting an expression with a minus sign. Flexible thinkers
are more likely to take such things in their stride, coping with both the flexibility of
meaning of the symbols and arbitrary matters of taste.
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We hypothesise that proceptual thinkers will have cognitive models that show flexibility

in meaningful re-ordering of algebraic symbols, coloured by personal preferences based

on aesthetics and personal experiences. But procedural thinkers are more likely to prefer

a process-oriented order which we hypothesise will become more dominant as the
complexity of problems increases.

Empirical Data

The first problem of MacGregor and Stacey (1993) is:
r is equal to the sum of 3 and y. Write this information in mathematical symbols.

The responses from 255 Ycar 9 students (aged 13 to 14) of mixed ability in Australia and

their interpretation of the responses as (possibly) syntactic or not are as follows.

esponse (posstb y syntactic) requency

(a)z=3+y 70
0
37
27

(c)z =y+ 3
(e)z=3 y

(g) lunclassifiedl

Response (not syntactic)
(b) 3 + y= z
(d) y+ 3 = z

(0 3 y = z
(h) lno attempt)

Frequency
66
9
36
10

Tablet

Given that the problem is phrased in the same word order as a possible algebraic
solution, our viewpoint would interpret that response (a) is a natural direct translation but

(b) and (d) correspond either to flexible proceptual equivalents or to process orientation.

Given the total lack of responses in (c). which represents the aesthetic order of linear

equations, we infer that (b) and (d) are more likely process orientation rather than
random proceptual flexibility. We would conclude that items (e) and (f) are more likely

to involve primitive conjoining rather than mistaken multiplication. The number of

responses in the last four (43%) show a horrendously large number of children who seem

be seriously handicapped in learning algebra.

We designed an investigation in which three addition and three multiplication questions

increased in difficulty, with the first two in each case having syntax coinciding with

algebraic assignment order and the third was more complex so that the syntax did not

easily suggest a specific order. The problems were given to two groups whom we hoped

would be less likely to produce conjoining and non-responses. One was a group of 75

Year 9 students (age 13 to 14) in a highly selected school in Britain representing roughly

the top 35% of the total population. The other was a group of 128 second year university

students training to be teachers of children aged 4 to 12. representing the top 20% of the

population overall. (These teachers are not mathematics specialists and the vast majority

will not have studied mathematics for over three years.) The responseF of three questions

similar to those of McGregor and Stacey art given in Table 2, the codes s, a, p. r, V. X,

standing for syntactic, assignment-oriented, process-oriented. reversal, correct and

incorrect, respectively.
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Item Response School University 1
(1) y is equal to x plus four. v =x + 4 It*x+4)1 as 65 107

=4+x al 0 0_y

x+4=y Pi 9 15
4 +x=y 0 2_______p
v...x+ 4orx + 4 =y al 1 3
other X 0 0
no response X 0 I

(2) w is equal to the sum w = 3 + n 11,2.513-1) as 52 91
of 3 and n w=n+3 al 4 2

3 + n = w 1(3 + n) = wl PI I() 30
n+ 3= w 2 2_p
w = 3+n or 3+n = w al 0 1

other "erg. 3n=w, w,..31 X 7 2
no response X 0 0

(3) A school has v girls and v= r+10 Jv=1041, t=10vI a 41 33
t boys. There are ten more t+10 = v I 10+t=v, v I0 = :1 pi 24 44
girls than boys. Write an v+10 = t 110+t=v1 X 7 24
equation relating v and t.

_pr
t= y+10 1 v=t-101 arX 1 4
other le.g. 10 t=r, t=10 vl X 2 20Ino response X 0 3

Table 2 : Translations of verbal addition problems into algebra

Note that, in the first two questions the vast majority follow the given word order y=x+4
and w=3+n. None reverse the right hand side of (1) as y=4+.r, but a small number reverse
the word order in (2) to give w =n +3 (the aesthetic order). There are also no reversals of
the roles of the variables (the syntax does not encourage reversal). The majority of the
remainder in both questions keep the word order (x+4 or 3+n) of the sum, but follow the
procedural order. None of the students fail to answer question (1) correctly (it uses the
familiar x at d y in the correct order) but a small minority produce incorrect solutions to
question (2) including conjoining. Notice too that the number reverting to the procedural
solution increases as the problem becomes less familiar. The verbal problem (3) is more
complex. There is no clear equation syntax and the solver must relate several different
pieces of information in the mind at once the number of girls ( v), the number of boys
(t) and deduce that the second sentence means t is 10+v. This will place stress on short-
term working memory and there are more errors.

Tables 3 and 4 show the diminution in algebraic assignment and the increase in process-
orientation as the complexity increases. Using a x2 test with continuity correction, the
change in total process-oriented from (1) to (2) is statistically significant (p<0.05)
amongst the university students and from (2) to (3) is highly significant (p<0.01) in both
groups. When the first errors occur in (3), the process reversals exceed the assignment
reversals. The difference is significant (p<0.05) calculated as a subset of the total school
population, highly significant (p<0.01) of the corresponding university population. In
addition, the proportion of those using the algebraic assignment making an error is
smaller than the proportion of those using the process orientation. This difference is
highly significant in the school students and significant in the university students.
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Assignment
oriented

School (N=75) University (N=128)
All (as+a+ar) as+a arX All (as+a+ar) as +a ar%

(1) 65 (87%) 65 0 107 (84%) I 65 0
(2) 56 (75%) 56 0 94 (73%) 94 0

(3) 42 (56%) 41 37 (29%) I 33 4

Process
oriented

Table 3 : assignment oriented notation and reversals in (1), (2), (3)

All (p+pr) prX All (p+pr) pl/ prX
School (N=75) University (N=128)

(1) 9(12 %) 9 0 1 17(13 %r) 17

(21 12 (16%1 12 0 4_ 32 (25% ) 32 0

C./ 31 (41%) 24 7 i 68 (53%) 44 24

Table 4 process oriented notation and reversals in (1), (2), (3)

Table 5 has three multiplicative questions increasing in order of difficulty. The simple
multiplication problem (4) induces more errors than the addition problems (1) and (2) the
majority are process-oriented in the form 5m =n which multiplies the first two items in
the sentence (m and 5), but turns them into the accepted ordering 5m. Question (5),
though complex uses pop groups familiar to students and has the word order in the same
order as a possible syntactic solution. Question (6) does not have a simple syntactic
translation into algebra and causes even more errors.

Item Response School University
(4) m is 5 times n. m =5n 1m=tix51 as 49 89

Sn = m inx3=nd Pit 19 26

5m = n 5 13_j_mx3=n1 _ff_7(
li = 5m arX 1 0
other X 1 0
no response X 0 0

(5) A record by Take That is h minutes 1L.7:1,3 ,_ jlr=3x&1 uix31 as 33 45

long. A record by Kriss Kross is g = It L3 xi=11_ pee 31 50

minutes long. The Take That record is
__3_g

3/z =__11,._ hx31 prX 9 25

three times as long as the Kriss Kross.
____L3x/t=g,

2, = 3h Ig=inc31 arX 1 5

Write an equation relating li and g. other X 1 3

no response X 0 0
(6) A Band makes four times : = 4q 1:=0x4 :=041 a 20 13

as many singles as albums. 4q = z 14 xq= z. qx4= z1 p 23 59

It makes q albums and z singles 4z = 0 14 x:=0, zx4=q1 prX 2() 38

Write an equation relating q and :. q =4: td=4 xzl arX 12 13

other X 0 2

no response X 0 3

Table 5 : Translations of verbal multiplication problems into algebra

Tables 5 and 6 show the decrease in algebraic assignment and the increase in process-
orientation as the problems become more complex. Once again, as difficulty increases,
the numbers in all of these categories increase. The change in total process-oriented from
(3) to (4) is highly significant (p<0.01) in both groups and from (5) to (6) is highly
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Assignment
oriented

School (N=75) University (N=1213)
Ali (as+a+ar) as +a arX All (as+a+ar) as +a arX

(4) 50 (7%) 49 1 89 (70%) 89 0
(5) 34 (45%) 33 1 50 (39%) 45 5
(6) 25 (33%) 20 5 26 (20%) 13 13

Table 5 : Assignment oriented notation and reversals in (1). (2), (3)

oriented All (p+pr) NI X All (p+pr) p Pr X

Process School (N=75) University (N=128)

(4) 24 (32%) 19 5 39 (30%) 26 13
(5) 40 (53%) 31 9 75 (59%) 50 25
(6) 43 (57%) 23 20 I 97 (76%) 59 38

Table 6 . Process oriented notation and reversals in (1), (2), (3)

significant amongst the university students. The changes in the process-reversal numbers
is significant from (4) to (5) in the university students and from (5) to (6) in both. The
number of assignment reversals is always smaller than the number of process reversals,
at a level which is significant in school in (4) and highly significant in all other cases. As
proportions of those using the assignment order or process order, the errors on the latter
are highly significant in (4), significant in school in (5), highly significant in university
in (5), but not significant in either in (6). The last statistic simply states that, although the
figures look different, this difference could have occurred by chance in more than one
trial in twenty.

Discussion

As problem statements move from being syntactically equivalent to the algebraic
assignment formulation to more complex statements, the student responses increase in
their use of process-oriented statements with the operation on the left and the answer on
the right. in cases where the syntax becomes too complicated to support a straight
translation and the words are used in a way which does not encourage the use of letters
as objects, errors which reverse the roles of letters still occur. Such errors may occur
because of the cognitivecomplexity rather than a specific syntactic misconception.

A more detailed case analysis will be required to distinguish between those who think in
a flexible proceptual manner and those who are more procedural. Flexible thinkers may
respond in either the assignment form or a process-oriented equivalent, whilst the
procedural child is likely to learn the algebraic assignment mode as a given procedure
However, the regression to process-oriented representation with its higher level of failure
is consistent with the fact that the method corresponding to earlier experiences in
arithmetic is evoked in times of stress and proves to be more prone to failure. We see
children responding to the translation process not only in purely syntactic word order,
but also by attempting to make sense of the data using arithmetic and algebraic
constructs related to their stage of development in algebraic sophistication.
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CHILDREN'S USE OF ALTERNATIVE STRUCTURES

Alice Alston, Robert B. Davis Carolyn A. Maher, and Amy Martino
Rutgers University

New Brunswick, NJ, USA

Students simultaneously engage' in building up mental representations for pieces of
mathematics, extending these representations, selecting among them, mapping problem data
into a representation, and making mappings between one representation and another. Data
from task-based interviews with fourth and sixth grade children demonstrate the complexity of
this process, especially in the coexistence of alternative representations that are
simultaneously being constructed and may be preferentially selected for use in any specific
task situation. (The data collected includes videotapes, student written work, and observer
notes.)

It is widely recognized that students build up a sequence of different ways of thinking about

mathematical situations. Fractions, for example, are typically thought of as operators for an

extended period of time, often years, before they come to be thought of as numbers -- that is,

a fourth or fifth grader, asked to explain what "fractions" are, will typically answer in terms

of "one half d' something, or "one fourth gr something. Careful study of videotapes of

fourth, fifth, and sixth graders working on mathematical tasks show two modifications to

this traditional picture: first, there are many very small developments that represent a kind

of "fine structure", a set of smaller advances sandwiched in between the more familiar
stages; second, there is not a one-directional development, but on the contrary many
different kinds of representations are being developed (and used) at the same time.
Although the work reported here deals with fractions and combinatorics, we do not doubt

that similar developtitents could be found with younger students, if simpler mathematical

content were used.

"Counting" vs. "quantity". Our tapes show instances of fourth graders working with
Cuisenaire rods, who will say that a white rod (1 cm. long) is "one-fifth" if the yellow rod (5

cm. long) is called "one", and two white rods placed end to end are "two fifths", but they

refuse to call a red rod (two cm. long) "two fifths", on the grounds that "there aren't two,

there's only gm [thing]." We identify this as a counting stage, which quickly (often by the

next lesson) gives way to a quantity stage, where the child recognizes that a train of two

white rods has the same length as a train consisting of a single red rod; the.child changes

from the criterion of counting separate pieces, to the more abstract notion of focusing on the

quantity of over-all length. While we have not gone back to study a similar phenomenon

with younger children, there must surely be a stage where a young child will accept seven

pennies as "seven cents", based on actual counting, but will riot accept a nickel and 2
pennies as "seven cents", because there aren't seven observable separate entitics. This is not

an isolated case. Careful analysis of videotaped work by children continues to show us
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small "mini-stages" that are sandwiched in between any stages we had previously identified.

These "mini-stages" go by quickly, often by the next lesson, and sometimes within a minute

or two.

But the language of "stages" may be misleading, since it suggests a one-directional

monotonic development. In fact, many different ways of thinking about a situation are

being developed more or less simultaneously, although the development of some will

proceed more quickly than the development of others. In any specific task, there is

consequently a need for the student to select which representation he or she will use.

This simultaneity, and the need for choice, is illustrated in the work of M., a sixth-grade boy,

when (during a videotaped task-based interview) he was asked to explain what a "fraction"

is, and to mark some fractions on a number line.

M.: Fractions -- fractions are almost like dividing -- and if you have -- like one-fourth --

one fourth -- and the whole total is about 100 -- so you say like one-fourth of 100 ... one-

fourth of 100 is 25.

M. did all of this easily and confidently, and (as we shall see) his confidence was not
misplaced. He had a good command of many alternative ways of thinking about fractions.

In this part of the interview, however, we would classify this as thials,ing about fractions as

operators, because he explained "one-fourth" in terms of "one-fourth a 100".

Asked if he could use any of the available manipulatable materials to say more about
fractions, M. put down a yellow rod, and used white rods to mark off fifths [see Figure 1].

Ir.LJ 1 oil
Itixinyoomyi

%t 8LAcKz12#1

Figure 1. M.'s drawing to show fifths, including a red rod called "two fifths", and 12/5.

M. did not hesitate to label the red rod as "two-fifths", despite the fact that there was only a

single piece of wood; he was clearly thinking in terms of the quantity length, and not

counting actual pieces of wood. He also had no difficulty in deciding to name the black
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rod "one and two-fifthi". All of this seems to show the beginnings of another way of
thinking about fractions, as number-names for accumulations of the quantity length -- a step

toward being able to think about fractions as names for points on a number line, without

regard for any explicit inclusion of the operator meaning. (Of course, as we shall see

presently, the operator meaning is always present implicitly, as it is even for sophisticated

adults.)

Asked to mark some points on a number line, M. drew the picture shown in Figure 2,

explaining that the line went on forever, in the positive direction to the right, and in the
negative direction to the left. It was on his own initiative that M. chose to mark negative

numbers as well as positive ones.

Figure 2. M.'s first drawing of a number line. The inclusion of negatives came from his own initiative.

We interpret a student's ability to mark points on the number line with apparent ease as

evidence that the student is, to some extent at least, able to think of numbers rather than

merely operators. But what will happen next in this interview, when M. is asked to mark

some fractions on his number line?

Interviewer: Can you show me one-half on this number line [referring to Figure 2]?

At first M. declined to mark any fractions on his original number line, saying quietly:

Since it [the line] goes on [as he had previously pointed out], you can't find one-half.

Here we get two powerful clues that M. is thinking about fractions differently from integers;

first, he does not say "You can't mark one-half." Instead, he says "...you can't find one-

half", language that you might use in "finding one-half a something". But even more

important is his refusal to mark 1/2. In many tapes we see children think about "1/2" not as

a midi that can be marked on the line in the same way that integers can be, but as a
fractional part of the entire line segment itself. One might suspect that M. is following this

same line of thought -- witness his objection that you can't find half of an infinite line. But

even clearer clues are soon to follow.

Instead of marking fractions on his original number line, M. started a new number line, on

which he first marked a clear "beginning" - so that, in effect, he was drawing a lax - and on

this ray he marked a point labeled "I". He then proceeded to use these two points (the'
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unlabeled "beginning" and the point labeled "1") much as an experienced adult would - that

is to say, he made use of the operator meaning to locate 1/5, 2/5, etc., as fractional parts of
the unit segment defined by the "beginning" and the point labeled "1". The interviewer
asked about what M. was calling "the beginning [of the ray)", and M. said it should be

labeled "0", and marked it accordingly. (See Figure 3.)

11 I

Y5 /.11/311/s 124

Figure 3. In order to mark fractions, M. drew this new number line. Note the absence of arrows. M. refers to

the left-hand end of this ray as the "beginning", and later labeled it "0".

Is M. treating fractions any differently from integers? Thus far in the interview the

evidence might still be seen as inconclusive. The interviewer, however, was persistent:

Interviewer: That means you can't put fractions on ME one [referring back to the original

number line, shown in Figure 21? Why not? Or can you?

M. now draws a third number line, and labels it in a quite remarkable way -- see Figure 4.

1 I%

Figure 4. In this single diagram, M. treats integers in one way, and fractions entirely differently. He does not

relate one system to the other, nor (apparently) see any need to do so.
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M. explained this picture by saying: "This [indicating the point labeled zero] represents
zero. ... Between this [the point "0 "] and this [the point 2], this [the point labeled "1"]

would be one-half. " [M. draws an arc linking "0" and "2 ".]

But now M. goes on to extend this idea: "Between zero and three, this [the point labeled

"1") would be one-third. And between zero and four, it [that same point, labeled "1"]
would be one-fourth." [M. draws arcs corresponding to each pair of points that he
names.] "And 5 -- one-fifth. And 6 [drawing an arc from "0" to "6 "], one sixth. And
seven -- ... you keep on adding one ..."

So we see that, within a single picture, M. treats integers differently from the way he treats

fractions. The integers are true numbers, in the sense that he is comfortable using them as

labels for points on the line; fractions, by contrast, are still operators and he locates them in

reference to an assumed segment, not as marks on an infinite line.

The tape shows M. at first refusing to mark fractions at all on his original line. When

pushed by the interviewer, M. pauses to consider, then sees a new possibility: he can choose

"0" as the left-hand end of a segment, and choose a right-hand end as any positive integer.

With this segment as his unit, he can use the operator meaning of a fraction in order to mark

fractions on the number line. Of course, this gives him, on one and the same line, a
multiplicity of different labeling systems. The interview shows M.'s great resourcefulness

in creating a whole infinity of different answers to the request to mark fractions on the line,

but it also shows him not yet ready to consider tile relations between these different systems.

(The interviewer pursued this, which we report in a longer version of this paper, to appear
elsewhere.)

Children using -- simultaneously! -- many different representations is not uncommon.

Indeed, as one analyzes many instances, it seems clear that this multiplicity has to be the

rule, not the exception. The reader may ask themselves how they would locate, say, 2 1/3

on a number line - surely by making use of the operator meaning, applied to the interval
(2,3). Learning mathematics involves building up many different representational
capabilities, and using many of them more-or-less simultaneously, even while this act,
itself, needs to lead to extensions and modifications of the various representations.

Our taped interviews show even more elaborate instances of children using different

representations, and making mappings from one to another. Brandon, a 4th grader, had
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completed the task of finding all possible towers, 4 cubes tall, if cubes were available in 2

different colors. Five months later he was asked to find how many different pizzas could be

made, if 4 different toppings were available, and one could also order a "plain" pizza with no

topping at all. To solve the pizza problem, Brandon made a table, listing the toppings - "P"

for peppers, "M" for mushrooms, "S" for sausage, and "Pepperoni" for pepperoni - as

column headings. He then represented each possible pizza as a row in his table, using "0"

to indicate the absence of that topping, or "1" to indicate its presence (Figure 5).

Figure 5. Brandon's chart, showing every possible pizza. Each pizza appears as a row; columns show

toppings. In any row, a zero means that that topping is not present. a "1" means that it is.

The interviewer asked Brandon if this reminded him of anything; Brandon responded that it

seemed similar to the tower problem [that he had worked on months earlier). Brandon was

not, at first, able to say how the two problems were similar, because he had, indeed, solved

them by quite different methods (see Maher et al., 1993). The interviewer was persistent,

and Brat/don reworked the tower puzzle, using red and yellow cubes. After some

intermediate steps, Brandon saw that he could establish a correspondence, with red cubes in

towers corresponding to "Us" in the table, and with yellow cubes corresponding to "l's". As

Brandon said: "I finally found out what the red would be .., the red's the 'zero guy'."

Brandon had established a correct isomorphism between the set of possible pizzas,
represented as rows in his chart, and the set of possible towers that were 4 cubes tall - a feat

that was possible because of the "0, 1" notation that Brandon had invented to keep track of

all possible pizzas. In dealing with two different combinatorics tasks, Brandon had
invented two different representational structures, and was then able to show that they were,
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in fact, equivalent. As with M.'s attempts to mark fractions on a number line, Brandon's
correspondence was not achieved without effort; he went through many different selections

of possibly-suitable representations and correspondences between representations -- for
example, at one point seeming to invoke the notion of zero as "nothing", and arguing that, in

the case of the towers, (0, 0, 0, 0) would correspond to no tower whatsoever, before
changing the way he mapped the reality of towers into an abstract scheme, and concluding

that "the red's the 'zero guy'." Consequently, (0, 0, 0, 0) would mean a tower that contained

no yellow cubes -- i.e., a tower that consisted only of red cubes.

Brandon's ingenuity may be unusual, but the general shape of his work is not. Students

typically construct or retrieve many alternative representations, and make many trial
mappings between reality and representations, or between different representations, as they

work to develop better ways of thinking about mathematical situations. Careful readers

may have noted many more schemas than we have space to identify -- for example, the
"mid-point schema", relating "one-half" to a variety of different segments. Not only "large"

schemas are involved, but also a great many "smaller" ones. (The general theory of

selecting among alternative mental representations is presented in detail in Davis, 1984. For

relevant work on fractions (or rational numbers], see Freudenthal, 1983; Lesh & Landau,

1983; and Sweetland, 1991. For the study of the minute details of a student's thinking, see

Schoenfeld et al., 1993.)

Note,: 1. This work was supported in part by grant MDR 9053597 from the National

Science Foundation: The opinions expressed are not necessarily those of the sponsoring

agency, and no endorsement should be inferred. The authors wish to acknowledge, with

deep appreciation, the contribution of Anita Adamopoulus, M.'s teacher, who conducted the

interview with M.
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USING STUDENT-GENERATED WORD PROBLEMS TO FURTHER UNRAVEL
THE DIFFICULTY OF MLI-TIPLICATIVE STRUCTURES

Erik De coee & Lieven Verschaffel
Center for Instructional Psychology and Technology (CIP&T)

University of Leuven, Belgium

Abstract
There is substantial empirical evidence showing the impact of number type on the solution of
problems with a multiplicative structure. The theory of the intuitive models of arithmetic
operations is today the most plausible theoretical account for these findings. In an attempt to
contribute to a better understanding of the number type effects, a study was carried out in
which student-generated word problems were used as data to test systematically a series of
predictions derived from the theory of the intuitive models.

Introduction

Research has shown that the type of numbers in multiplicative word problems is an important

determinant of their difficulty level. More specifically, students of different ages have diffi-

culties with decimal multipliers and divisors, especially when the decimal is smaller than 1, and

with divisors that are larger than the dividend (see Greer, 1992). For example, De Corte,

Verschaffel, and Van Coillie (1988) have shown that with respect to multiplication problems

12-year-old students are better at choosing the correct operation from a series of six alternatives

when the multiplier is an integer than when it is a decimal larger than I; but problems with a

decimal multiplier smaller than I are still more difficult. The most frequently occurring error is

dividing instead of multiplying. Similar number type effects have been reported for division

problems. In a study with large groups of 10-, 12-, and 14- year-olds, Fischbein, Ded, Nello,

and Marino (1985) found that only a small percentage of pupils succeeded in selecting the

correct operation for problems with a decimal divisor smaller than 1; the most common error

consisted of multiplying both numbers. Problems with a divisor larger than the dividend caused

also many errors; most of the mistakes originated from dividing the larger number by the

smaller one.

The most plausible theoretical account today for these findings is provided by the concept of

intervening primitive intuitive models of arithmetic operations introduced by Fischbein et al.

(1985). Research relating to this concept is mostly based on multiple-choice tests in which the

subjects were asked to choose the correct operation. This work provides only partial support

for the theory of Fischbein (Greer, 1992). This article reports a study in which an alternative

technique was used, namely asking students to generate multiplicative verbal problems as a

window to their difficulties with this kind of tasks, and, consequently, as a contribution to the

further validation of this theory.
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The theory of primitive intuitive models of operations

According to Fischbein et al. (1985) pupils acquire a primitive intuitive model for every

arithmetic operation. The choice of an operation to solve a word problem is mediated by these

intuitive models, especially by their implied constraints. When the numbers in a word problem

are incongruent with one or more of the constraints of the underlying model, the probability

that a wrong arithmetic operation is chosen increases.

The primitive model associated with multiplication is repeated addition: a number of sets of the

same size are put together. Under the repeated addition interpretation, one number (i.e. the

number of equivalent sets) is taken as the multiplier, the other (i.e. the size of each set) as the

multiplicand. Two numerical constraints derive from this model: 1. the multiplier must be an

integer; 2. multiplication always produces a result that is bigger than the multiplicand.

In a similar way Fischbein et al. hypothesize the existence of two primitive models for division:

the partitive and the quotitive models. In the partitive model a given quantity is divided into a

specified number of equal subsets, and one has to determine the size of each subset. This model

implies three constraints: 1. the dividend must be larger than the divisor; 2. the divisor must be

an integer; 3. the quotient must be smaller than the dividend. In the quotitive model one has to

find how many times a certain quantity is contained in a larger quantity. This model involves

only one numerical constraint: the dividend must be larger than the divisor.

This theory of the primitive intuitive models accounts for a number of the empirical findings

reported in the literature. For instance, the robust multiplier effect mentioned above involves

that problems with a decimal multiplier larger than 1 are more difficult than those with an

integer as multiplier, and that problems with a decimal multiplier smaller than I are even

harder. This is in line with the theory: in the first case one numerical constraint of the repeated

addition model is violated, namely that the multiplier must be an integer; in the second case the

additional constraint - the outcome must be larger than the multiplicand is also violated.

But, some other observations with respect to multiplication problems are less consistent with

the theory. For example, the multiplier effect is much weaker when students are asked to solve

problems as compared to the choice of operation task (De Corte et al., 1988). And, with

respect to division the explanatory power of the constraints of the partitive and quotitive models

has so far remained rather limited (Greer, 1992). For instance, remarkably good results have

been reported on partitive problems with a decimal divisor larger than 1 when the dividend is

also a decimal larger than 1 (e.g., 11.44 : 4.51) (Bell, Greer, Grimison, & Mangan, 1989),

and problems with an integer dividend smaller than the divisor (e.g., 5 : 15) have been found

to be more difficult than those with a decimal dividend smaller than a whole divisor (e.g., 4.5 :
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6) (Fischbein et al., 1985). The theory of the intuitive models offers no sound explanation for

both results.

Referring to the latter finding as well as to their own work, Harel, Behr, Post, and Lesh (in

press) have put forward the idea that the "dividend larger than divisor" (D >d) constraint is not

as robust as the other two constraints of the partitive model. Fischbein et al. found that in the

case mentioned above of a decimal dividend smaller than a whole divisor, very few students

reversed the numbers in solving such problems, as they frequently did when both were

integers; an explanation for this observation is that they avoided the decimal divisor resulting

from such a reversal. In their own study Harel et al. observed that the majority of the pre-

service and in-service teachers who failed on a problem that had to be solved by the operation

II : 2.53 chose the inverse operation 2.53: I I. This supports the differential robustness idea:

while the correct operation violates the constraint that the divisor must be an integer, the ap-

plied inverse expression breaks the larger-dividend constraint.

!n an attempt to further unravel the number type effects on the solution processes of

multiplicative problems, we carried out a study in which we used student-generated verbal

problems to test systematically a series of hypotheses and predictions derived from the theory

of intuitive models.

Method

Subjects were 107 I2year-olds, 107 15-year-olds, and 99 elementary student teachers. They

were given a collective test consisting of 12 multiplicative number sentences, 6 multiplications

and 6 divisions (see Table 1). Two versions were developed differing with respect to the

sequence of the number sentences, and, for the multiplications, with regard to the order of the

numbers. The students were asked to write for each sentence a story problem that could be

solved with the given operation; however, they were warned that "pseudo word problems" like

"Mother had to divide 0.6 by 0.8. Can you help her?", were not allowed. To restrict the possi-

ble influence of computational skills, the outcome of each number sentence was mentioned in

brackets.



Table 1. Multiplicative number sentences used in the present study

Multiplication

a) 9 x 3 =27
b) 6 x 2.8 = 16.8

c) 8 x 0.9 = 7.2

d) 7.4 x 3.8 =28.12

e) 5.3 x 0.6 = 3.18

f) 0.7 x 0.2 =0.14

Division

g) 24 :3

h) 6.3 : 9

i) 5 : 25

j) 6 : 4.8

k) 4 : 0.8

I) 0.6 : 0.8

=8
= 0.7

= 0.2

= 1.25

=5
= 0.75

On the basis of a pilot study a schema in the format of a flow chart consisting of a series of

seven questions, was designed to separate appropriate story problems from statements that

cannot be accepted as appropriate problems, and to classify the latter into categories. Out of the

3756 collected statements, 2089 were considered as appropriate; only 61 inappropriate

statements did not fit in one of the designed categories. An interrater reliability of 95%

obtained on a random sample of 118 problem statements, showed the utility of the schema.

Hypotheses, predictions, and results

Because of space restrictions, the findings of the study can only be reported partially in this

article. First, the results concerning the influence of the type of number sentence on

performance are reviewed. Next, the congruence of the generated problems with the primitive

models is discussed.

Influence of the type of number sentence on performance

The general hypothesis was that the nature of the multiplicative number sentence would

strongly influence students' performance on the problem-generating task. More specifically, we

expected an increase in the level of difficulty of the task depending on the amount of

constraints of the underlying intuitive model that needed to be violated. From this hypothesis a

series of predictions were derived. To test these predictions chi-square values were calculated

for the subgroups of subjects separately as well as for the total group; to assess significance

alpha was set at the usual level of 0.5.
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Multiplication

1. A significantly higher number of appropriate problems was predicted for the sentences a, b,

and c (see Table 1) which are congruent with the repeated addition model, than for d, e, and f.

This prediction was confirmed in all groups.

2. The presence of an integer in b and c allowed to state a problem that conforms to the

repeated addition model. Therefore, no difference was expected between those sentences and a.

The results support this prediction in the groups of 15-year-olds and student teachers.

Apparently, the presence of a decimal in b and c raised problems for the 12-year-olds.

3. In line with the intuitive model and with the empirically robust multiplier effect, it was also

expected that the multiplications d and e would yield more appropriate story problems than f.

Indeed, whereas stating a good problem for d and e requires the violation of the first constraint

only (the multiplier must be an integer), with respect to f the second constraint has to be
violated also (multiplication makes always bigger). In none of the groups a significant
difference between e and f was observed. A significant better performance was found for d than

for f in the 12- and 15-year-olds only.

4. The presence of a decimal larger than 1 in sentence e makes it possible to formulate a word

problem that violates only the first constraint of the intuitive model (multiplier must be an
integer). Therefore, no difference between d and e was anticipated. In contrast to this

prediction e yielded significantly less good problems in all groups. Apparently, the presence of

a decimal smaller than 1 in e complicated the task seriously.

Division

1. Sentence g is the only one that satisfies the constraints of the quotitive and especially the

partitive division models. Therefore, a significantly higher number of appropriate problems was

predicted for g than for all other sentences. This prediction was confirmed in all groups,

however, with two exceptions. Indeed, in the 15-year-olds and in the student teachers groups

no difference occurred between the congruent division g and sentence h which contains a

decimal dividend larger than 1 and a whole divisor larger than this dividend. These observa-

tions are in line with the idea of Harel et al. (in press) that the D>d constraint of the partitive
model is less robust than the other two.

2. On the basis of this differential robustness hypothesis it was anticipated that h and i would

both yield significantly more good problems than j, k, and I. While h and i violate the D>d
constraint, j, k, and I break one or two of the other intuitive rules. The data provide support
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for this prediction in all cases but one; there was no difference between i and k in the group of

student teachers.

3. Again in line with the idea that the D>d constraint is less robust than the other intuitive

rules, a significantly higher number of appropriate problems was expected for h than for i. The

basis of this prediction is that the presence of a decimal dividend in h will reduce the number

of reversals of dividend and divisor as compared to i. The data confirm also this prediction,

and, thus, provide additional support for the differential robustness hypothesis.

4. Finally, it was anticipated that I which is most incongruent with the constraints of the

intuitive model, would yield significantly more inappropriate statements than j and k. The

results are in line with this prediction too.

Congruence of generated problems with the intuitive models

We hypothesized that students would try to generate as much as possible word problems that

are congruent with the intuitive models. This hypothesis was tested in two ways.

1. It was predicted that, when confronted with a multiplication sentence involving an integer

and a decimal number (the sentences b and c in Table 1), students would strongly avoid to use

the decimal number as multiplier of their word problem. The data strongly support this

prediction. For both number sentences there was an overwhelming and, thus, statistically

significant preference for the integer as multiplier. For instance, for sentence b (6 x 2.8) in 253

out of the 260 appropriate problems the integer was used as the multiplier. The results for

sentence c were analogous.

2. A second expectation was that a qualitative analysis of the inappropriate statements would

reveal a substantial amount of

unallowed modifications of the given numbers and calculations to conform the numerical data

to the constraints of the intuitive models. The following findings confirm this expectation.

To avoid violation of the constraint that the multiplier or divisor must be an integer, students

rather often changed a decimal into an integer. This error type was very typical for sentence f

(0.7 x 0.2): 10% of the inappropriate statements belong to this category (e.g., "One candy

weighs 0.2 gr. What is the weight of 7 candies?").

Another incorrect modification consists of reversing the role of the given dividend and divisor.

Of all inappropriate statements for sentences j (6 : 4.8) and e (4 : 0.8), 22% and 10% res-

pectively were of this type (e.g., "Four grandchildren are visiting grandma. They all like milk.

But grandma has only 0.8 litre of milk. How much does each child get?"). In both cases such a

reversal avoids violation of the constraint that the divisor must be an integer; and, for sentence
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e it allows to bypass the intuitive rule that the quotient should be smaller than the dividend.

This finding also supports the differential robustness hypothesis of Hare et al. (in press):

apparently, students prefer to state a problem with a divisor larger than the dividend rather than

one with a decimal divisor.

Reversing dividend and divisor was also observed in 10% of the inappropriate statements for
sentence i (5 : 25) (e.g., "Five friends have together 25 sandwiches. How many does each of

them have?"). This reversal avoids violation of the D>d constraint. Interestingly, not even one
such a reversal was found for sentence h (63 : 9) which would result in having a decimal

divisor. This finding involves additional evidence for the differential robustness hypothesis
concerning the constraints of the intuitive division model.

Finally, another representative error consisted of using decimals to refer to objects that can
only be denoted accurately by integers. By doing so, students used decimal numbers in a way
that is incongruent with the intuitive models. For instance, this error type accounted for 25% of
the inappropriate statements for sentence d (e.g., "A chicken lays 3.8 eggs a week. How many

eggs do 7.4 chickens lay?"), and for 28% of the incorrect problems for sentence j (e.g., "4.8

people measure together 6 m. How much for each of them?").

Conclusions

Several findings of this study support the basic hypothesis of the theory of Fischbein et al.
(1985), that the selection of an operation for solving multiplicative problems is mediated by

primitive intuitive models of the arithmetic operations. In the three age groups students gene-

rated significantly more appropriate story problems for number sentences that are congruent

with the intuitive models than for the incongruent ones. The impact of the models was also

manifested in students' tendency to generate problems that conform to their constraints.

But, the study also shows that the theory of the intuitive models cannot appropriately account

for all the available empirical data. Indeed, several findings with respect to multiplication were

not in line with the predictions derived from the theory. And, for division, the present results
largely support the idea put forward by Hard et al. (in press) that the D>d constraint is less
robust than the other intuitive rules of the partitive model. These findings even raise the
question whether this constraint is an essential feature of the primitive division model (see also
Greer, 1987).

In summary, while the results of this study are fairly consistent with the the theory of Fischbein

et al. (1985), they also suggest that in order to fully account for the available empirical data, it
is necessary to aim at the design of a more comprehensive theory which takes into account that
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solving problems with a multiplicative structure is influenced by a large variety of factors

interacting in multiple and complex ways. In view of the development of such a theory, an

attempt towards combining the different approaches in research on multiplicative structures

described by Nesher (1992), could possibly open new and productive research perspectives.
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A MODELING APPROACH TO UNDERSTANDING THE TRIGONOMETRY OF FORCES:
A CLASSROOM STUDY

Helen M. Doerr and Jere Confrey
Cornell University

We present an approach to mathematical modeling that integrates physical
experimentation, computer simulation, and multi-representational analytic tools. Using
this approach, a curriculum unit was designed to develop the relationship of a force
exerted at an angle to its vertical and horizontal components. In this paper, we report on
the models built by five groups of students in an integrated mathematics and science
classroom. Through their models, the students bridge the trigonometric relationships,
the Pythagorean Theorem and the notion of force components. The results of this
classroom study suggest that this modeling approach is both productive and empowering
for students and leads to the formation of robust and flexible concepts.
Introduction

Over the past decade, computer modeling for solving problems in science and engineering has

become a well-established practice in the academic research community and for industrial research

and development. Somewhat more recently, computer modeling has become of interest to mathematics

and science educators. The availability of greater computer power at lower costs and a growing

interest in constructivist models of teaching and learning have given impetus to the study of computer

modeling. Typical use of computer modeling in the secondary curriculum involves the manipulation of

a previously built model (an expert's model) within some set of parameters. What is less well

understood is the potential effectiveness of engaging students in the actual process of building their
own models.

Modeling, simulation and discrete mathematics have all been identified by the National

Council of Teachers of Mathematics (1989) and by the Mathematical Sciences Education Board

(1989,1990) and other professional mathematics education organizations as important areas for

secondary school study. As noted by the MSEB, the interplay between mathematics and computer

technology opens up new areas for investigation and study: "Mathematics provides abstract models for

natural phenomena as well as algorithms for Implementing these models in computer languages.

Applications, computers and mathematics form a tightly coupled system producing results never

before possible and ideas never before imagined" (1989, p.36). To reach this potential,we need to

gain a better understanding of the processes involved in the use of modeling and how these might be

most effectively used to improve students' problem-solving skills. This study explores students'

understanding of the concept of the relationships among the components of a force vector, using
trigonometric functions.

Theoretical Framework

We begin with a consideration of the conceptual framework for the modeling process and its

tools. We can differentiate between exploratory models and expressive models (Bliss & Ogborn,

1989). Exploratory models are those models that are constructed by experts to represent knowledge

In some content domain. Learners typically explore consequences of their actions within the

boundaries of these content domain models. Typical activities would Include varying input

51,5 264 --



parameters, observing changes in output, explaining the consequences of certain actions and

conditions. The microworlds developed by Papert (1980) and others are good examples of this type of

modeling activity. Exploratory models provide a way of asking "can you understand an expert's way of

thinking about a problem?" Saba( (1993) and others (Forrester, 1991; Mandinach, Thorpe, & Lahart,

1988) argue that exploratory models provide powerful entry points for novices to enter into expert

understandings. By providing students with realistic models of complex phenomena, they can explore

the knowledge domains of experts through the variation of parameters and testing of hypotheses.

Expressive models, on the other hand, provide learners with the opportunity to express their

own concepts and to learn through the process of representing their concepts, defining relationships

among components, and exploring the consequences of their conceptions. Tools such as spreadsheets,

Function Probe, Mat Lab, STELLA, and interactive Physics are examples of the kind of software that can

he used in expressing and developing student-conceived models ofphysical phenomena. Expressive

tools provide a way of asking "can you understand your own way of thinking about a problem?"

Clement (1993) argues that powerful models can be built by students by beginning with what he calls

"anchoring concepts." These anchors are correct concepts about which many students have strong

intuitions. For example, most students will agree that two hands pressed together exert equal and

opposite forces against each other and likewise when both hands pull on a spring. But most students

will incorrectly assert that a book resting on a table exerts a downward force on the table, but that the

table does not exert a corresponding upward force on the book. Clement goes on to argue that computer

modeling can provide a bridge between these anchor concepts and the concepts of Newtonian physics.

Others (Feurzig, 1988; Roberts & Barclay, 1988; Roth, 1992; Tinker, 1993; Webb & Hassell, 1988)

similarly argue that models are potentially powerful tools for students to act on and reflect on

contextual problems, thus building their own understanding and their own skills in problem-solving

and analysis. This study Is grounded in this second view, which suggests a focus on the tools for

modeling and on how students use the tools to construct their own understandings ofcontextual

problems in the specific content area of vectors and forces.

The modeling process is distinguished in three ways from the typical problem-solving activity

in the mathematics classroom today. First, the building of computer models by students forces them

to make explicit their own understandings and to explore the consequences of those understandings.

Second, the kinds of mathematical representations that are possible with computer-based tools extend

far beyond algebraic equations to include tables, graphs, calculator algorithms, flowand control

diagrams and animations. Third, the iterative nature of the modeling process provides the

opportunity for approximate solutions which are refined through analysis and evaluation by the

problem solver. This Iterative process includes both reflection on the part of the individual ("what do

I think") and the communication of that understanding among peers ("what do others think"). This

process of iteration Is not necessarily linear. But rather, as Bell (1993) argues, students as modelers

need to spend time in each of several activities or nodes: confronting anddefining the problem,

deciding on a model and operating, evaluating and Interpreting, and gathering dataand information.

Students develop their understanding as they move back and forth between thesenodes.
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Description of Study

In this study, we examine a modeling process which integrates three component activities: the

action of building a model from physical phenomena, the use of simulation and multiple

representations, and the analysis, refinement and validation of potential solutions. In particular, we

explore how and to what extent these components of the modeling process can lead to the improvement

of student skills in solving mathematical problems in the content area of forces and vectors. This

paper will address the first sub-unit, the resolution of a force vector into its horizontal and vertical

components, posed as part of the larger research project on an integrated modeling approach for

building student understanding of the concept of force and enhancing problem-solving skills.

Curricular Unit

The instructional approach to the unit is based on the notion of providing an essential, driving

question to motivate the Inquiry and guide the students. The essential question for this unit is:

"How will an object behave if It is traveling down a frictionless inclined plane? How can you predict

the behavior of such a object for any randomly chosen angle of incline?' This question in turn

generates four sub-units, each with its own essential question: the resolution of a vector into its

horizontal and vertical components; the effect of multiple vectors (e.g. forces) acting on an object; the

relationship between force, mass and acceleration, and the role of friction as it affects the motion of

an object. These four units are then integrated in a final problem which is the analysis of the

behavior of an object moving down an inclined plane. The essential question for the first unit Is:

"When a force is exerted at an angle, how much of it is horizontal and how much of it is vertical? How

are these forces related? What relationship can be used to make predictions and analyze

components?"

The overall curricular unit is designed around three activities: (1) the gathering of data from

a physical experiment, (2) the development and exploration of a computer simulation, and (3) the

mathematical (algebraic, graphical, and tabular) analysis of the data. The second and third

components of this unit are supported through Interactive Physics and Function Probe, respectively.

Critical to the overall philosophy of the researchers and the high schookteachers, this unit Is

designed to Include extensive student discussion and reflection, collaborative work, small and large

group tasks, and Individual assignments. This approach to the design of the unit builds on earlier

work of the research group (Noble, Flerlage, & Confrey, 1993).

Setting

The setting for this study was the Alternative Community School, part of the public school

system In Ithaca, New York. The school is a member of the Coalition of Essential Schools and has a

well-established relationship with the mathematics education research group at Cornell University.

The administration and teachers are actively engaged In curricular and instructional change In

mathematics and science. The classrooms within the school are an open, flexible environment where

small group work is common and the expression of student Ideas is encouraged and nurtured. This

study took place In an integrated algebra, trigonometry, and physics class with 17 students In grades

9 through 12, who had elected to take the course. Seven computers were available for student use. The
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class had used both Function Probe and Interactive Physics in an earlier unit, so that the effect of

learning to use the software was minimized in this portion of the study. The class met for a double

period of 1.5 hours for four days per week. The complete unit lasted approximately ten weeks,

including time for final assessment of both small groups and individuals by the classroom teachers.

The class was "team taught" by two experienced mathematics and physics teachers, who are

experienced and familiar with computer technology and the particular software. This was the third

year that they taught this course. One of the most important aspects of the classroom was the role

which the teachers took as guides and facilitators for student inquiry. Students were consistently

encouraged to explore their own ideas and to make sense of physical phenomena in a context of

interactions with their small group, the entire class and their teachers. There were no textbooks used

by the students nor did the teachers give lectures.

The class was divided into five small groups of 3-4 students. The small groups provided a

setting within which to analyze and observe how the students go about interpreting the posed essential

questions, generating and negotiating their conjectures, devising their strategies for analyzing the

data, confirming the sense of one or more conjectures, and using the tools and their empirical data.

Data Sources and Analysis

Each class session of this unit was video-taped, and during small group work, one selected

group was video-taped throughout. Written work and computer work done by the focus group was made

available to the researchers. In addition, copies of the computer models generated by the students

were collected for analysis. Extensive field notes were taken by the researcher during the class

sessions. The video-tapes of class sessions were reviewed and selected portions were transcribed for

more detailed analysis.

Description of Experimental Setups

The unit began with a simple physical experiment: an object of a given mass was hung from a

pulley suspended on a rope that was fixed at one end and attached to a spring scale at the other. The

students were asked to check the relationship between the two angles made by the rope with the

horizontal and between the pull forces on each side of the pulley. They were asked to look for a

relationship between the force in the rope and the weight of the mass and the pulley. The students

investigated these questions in small groups of 3 to 4 students. After some initial explorations, the

class then turned to an alternative setup for measuring a force exerted at an angle. This time three

ropes pulled at a single point, one rope at an angle, one vertical and one horizontal. After discussing

this setup and how it compared to the first experiment, two sets of measurements were taken.

Results

The students began by analyzing the pulley setup. They convinced themselves that the angles

formed by the rope and the horizontal are in fact always equal, that the length of the string doesn't

matter, that the forces are the same on both sides of the pulley, and that the force changes depending

on the angle. The students soon realized that as the angle with the horizontal decreased, the force in

the rope increased dramatically. Several groups of students moved to graph their data and they began

to hypothesize that the relationship between the weight and the force in the string could be tangential,
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parabolic, or exponential. The second experimental setup was demonstrated to the class and the

students began to offer some conjectures about the relationships among the forces: Mark suggested

that the sum of the two component forces might a constant. Art hypothesized that subtracting the

vertical force from the angular force should give the horizontal force. The students broke into small

groups to discuss the data and relationships of the forces involved, but came to no conclusions.

Through a whole class discussion, led by the teachers, the students realized that they did not

have convincing evidence about the horizontal forces that are present when the mass on the pulley is

being held in place. The class then addressed the question of how to proceed to gather sufficient

evidence. Kris argued that the key piece of evidence that they need is evidence for the existence and

magnitude of the horizontal force. Karen questioned how they would know that their answer was right.

Kris asserted that they can verify a claim about relationships by finding the same answers in

different ways.

spring
scale

Figure 1

The students suggested three possible ways to

spring scale proceed: (1) play with the numbers that they

already had on their calculators; (2) recr"ate

the experiment, taking new data, measuring the

horizontal force; and (3) use Interactive

Physics to set up an object and put a force on

it. Cal suggested an experimental setup

10 newton
(Figure 1) that would allow them to measure.

weight the horizontal force. Mary claimed that this

setup would convince them about the

horizontal force because the vertical and

horizontal forces need to balance the force at an angle. The class broke into small groups each of

which chose an approach. Surprisingly, all the groups elected to use the simulation environment.

This environment provided the students with the ability to assemble mass objects, ropes and forces,

along with a set of meters to measure time, position, tension and the magnitude of forces. The students

showed considerable diversity of approaches within the simulation environment. However, one

common element to all the simulations was that the students elected to set gravity to zero, thereby

having to create explicit forces to represent the weight of objects. Two groups set up models (Figure

2) by placing a vertical, horizontal and an angular force on a mass object.

Both groups verified that the vertical and horizontal componects

were equal in magnitude when the angle for the third force was at

45 degrees. For a given horizontal and vertical force, they were

able to find the magnitude of the third force by resetting its value

until the object remained motionless. The first group looked at one

othet setting for the angular force at 60 degrees, but did not
Figure 2 proceed oefond that to any type of generalization. The second

group, on the other hand, proceeded to talk:. several other readings as data and then turned to their

1 9
268

5



calculators to find that the vertical force equaled the diagonal force times the sin of the angle and that

the horizontal force equaled the vertical force divided by the tangent of the angle: Fv-Fe" sine and

Fh-Fv/tane.
The third group built a simulation similar to what was proposed by Cal in the class discussion.

Their model had a mass held by two ropes, one horizontal and one at an angle that could be varied.

They then hung a second mass from the first and applied a downward force of 10 newtons to that mass.

They measured the tension in each of the ropes and verified that the Pythagorean relationship held for

those three values. From this, the group concluded that the forces must be in a right triangle

relationship and therefore they can use trig relationships to find unknown forces. They went on to

vary the diagonal force and verify that the trig relationships hold. Thus, their simulation model,

along with trig relationships for right triangles, exactly answered the problematic posed in the

original pulley system: that the diagonal pull on the object must have a vertical component that is

equal to half the weight of the object. Now that they have verified that the trig ratios hold for this

situation, they can calculate the magnitude of the horizontal force which they couldn't directly

measure. This group had no generalized algebraic relationships for the force components, but was

quite satisfied with their ability to calculate any specific set of forces using right triangle

trigonometry.
The fourth group had a considerably more complex model (Figure 3) than any of the others and

their model most nearly fit the original pulley setup.
They were able to move their object up and down,

(masses with
black dots are Ll thus varying the angle of the force (or tension) in

anchored) the rope. The tension in the vertical and
force vertical

horizontal ropes at the upper right had to equal

the vertical and horizontal tension in the rope

force horizontal that holds the object on the pulley. The fact that

the tension in the vertical rope was always 5 was

consistent with the weight of the object. They

object on pulley
(like the other groups) verified that at an angle

Figure 3
of 45 degrees the vertical and horizontal forces

were equal. They then proceeded to set the object

at various positions along the y-axis and created a table recording the position ofthe object, the

horizontal tension and the diagonal force. They brought this data into Function Probe and correctly

computed the angle of the force, given the object's position, but did not formalize either a graphic

relationship or equations for this data. It was not clear if this was due to the lack of time or their

need for more specific guidance.
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The fifth group, with some guidance from the teacher, constructed yet another model.

This model (Figure 4) differed significantly from all

the others in that the diagonal force (not the

vertical) is kept constant while varying the angle.
constant

horizontal force applied Like the other groups, they verified that the vertical

CO angle
corn .. nent at a varying

and horizontal forces were equal for an angle of 45.

They kept their force at a constant 10 newtons, and

varied the angle from 0 to 90 degrees, recording the

vertical tension for each setting. They immediately

took this information into the table window of

Function Probe and created a graph. In the graph

window, they were able to establish the relationship

that the vertical force equaled 10 times the sin of the angle. From this, they became convinced of the

following general relationships: sing -Fv/F8, cose-Th /F0, and cane-Fv/Fh.

Discussion

The open-ended nature of the essential question provided the students with opportunities to

direct their own inquiry Into the nature of the relationship between and among the components of a

force exerted at an angle. Beginning with an initial physical setup, the students generated hypotheses

and possible procedures for gathering evidence to verify their hypotheses. It should be noted that in

using Interactive Physics, none of the students simply applied a force to an object at an angle and used

the built-in displays to measure the vertical and horizontal components in an information gathering

approach. But rather each group devised their own way of building an analog to a physical setup and

then directly measured the component forces. Further, each group carefully verified that their model

gave results that they were convinced were true in the physical world: that at a 45 degree angle, the

vertical and horizontal components must be equal. Finally, several of the groups ran into the limits of

the simulation environment when trying to hold the mass object at an angle of zero degrees. Most

students were convinced of the impossibility of holding an object up solely by applying horizontal

forces.

The students were able to move the data from their simulation experiments into the analytic

environment of Function Probe. There, the flexibility of tables and graphs enabled one group to

define both equations and related graphs that described the relationships between the force exerted at

an angle and its components. The use of a physical experiment, computer simulation, and analytic

tools enabled the students to convince themselves through multiple and varied approaches of the

validity of the relationship among the components of a force exerted at an angle. We believe that this

study provides evidence that an Integrated approach to modeling is both productive and empowering

for students and leads to the formation of robust and flexible concepts.

vertical
component

Figure 4
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PROSPECTIVE TEACHERS: SIGNIFICANT EVENTS IN THEIR
MATHEMATICAL LIVES

Brian Doig

The Australian Council for Educational Research

The research described here is part of a larger investigation of prospective primary
teachers attitudes and beliefs about mathematics, its teaching and learning. Whilst
the overall study investigates attitude via a questionnaire this paper relates to a single
question. This question was free response, and simply asked respondents to relate
specific events in their mathematical lives that they felt had contributed to their
attitude to mathematics. Responses were categorised using McLeod's affective
domain categories and the beginnings of a continuum describing these teacher
trainees' attitude-causes established. While the methodology is relatively :aide, the
results underscore the primal role played by teachers in the formatio:r of student
attitudes to mathematics.

Introduction

The evidence of research into the effects of learner beliefs in science shows that they
are indeed critical to the outcomes of instruction and have been well documented
(Adams, Doig and Rosier, 1991). Borasi's description of the effects of dysfunctional
beliefs in mathematics lends weight to any argument for research into the affective
domain.

Recently research into the affective domain with respect to mathematics has gained
more prominence with McLeod's 1992 review and Leder's keynote address to the 1993
PME meeting in Japan. While some PME papers have described the construction of
instruments for measuring affective variables (Relich and Way, 1993) few appear to
have heeded Schoenfeld's call for research into how affect is constructed (Schoenfeld,
1992).

Notable exceptions to this can be found in recent PME papers. For example Imai
(1993) found that the a good personal relationship between teachers and junior high
school students did influence positively the students' attitude towards mathematics.
Other causal links were found to exist between the teacher's methodology and
student enjoyment of mathematics. In a study exploring the link between
curriculum and student attitudes Ponte, Matos, Guimaraes, Leal and Canavarro
(1992) found that there is some relationship between the attitudes of teachers and that
of their students.
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In his review McLeod (1992) categorizes affective research into the following
categories: beliefs about mathematics; beliefs about self; beliets about mathematics
teaching and beliefs about the social context. With these as starting points it seemed
possible to investigate attitude causality and perhaps answer Schoenfeld's how?

Research questions

The investigation reported here forms a small part of a larger study. While the larger
study sought to create a validated, reliable attitude to mathematics inventory with a
user-friendly interpretative and reporting scheme, the focus selected for this report is
the final free-response question that asks for specific events that may have helped to
form the respondent's attitude to mathematics. Thus the main question investigated
was whether it is possible to 'map' those events that help to form attitude to
mathematics. A subsidiary question is whether such a 'map' can orient educators in
any fruitful directions.

Subjects

The subjects were from a Victoria (Australia) university that trains elementary school
teachers. The entire entry cohort for two sequential years were surveyed. The
cohorts were predominantly female, and most had just completed their secondary
schooling before entering the training course. Tables 1 and 2 give details of the
students surveyed.

Table 1: Details of students with Table 2 Details of students with
respect to cohort and sex.

Cohort 1 Cohort 2

Males Females Males Females

17 53 5 46

Total = 70 Total = 51

Total subjects = 121

Data collection

respect to a e.

Age group Number

Under 20 87

20 to 30 15

Over 30 19

The two groups of primary teacher-trainees were administered the Boyd-Doig
Mathematics Survey instrument (Boyd and Doig, 1990). The focus of this report
concerns the final question of the instrument, which simply asks: Can you describe
some experience(s) that could explain why you feel the way you do about maths?
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The respondents were provided with nearly an entire page in which to write their
response. It is these responses that form the data for this report.

The completed surveys were sorted and some thirtyfour scripts were discarded on the
basis that they either contained no response to the question, or the response did not
address the question. All remaining scripts were analysed as set out below.

Analysis

As outlined earlier, the methodology used was that of categorising written responses
to a leading question. The procedure used was that used by Adams and Doig (Adams
et al, 1992) in their study of science beliefs. All responses to the question were read to
give an overall 'feel' for the range of responses. Theoretically each response is
unique, but in practice responses tend to 'group' themselves in a qualitative sense.
From the basic foci provided by McLeod's analysis and a reading of student responses,
all responses were placed into one or more of the defined categories. Where
necessary, more categories were defined until all responses were accommodated. In
all 127 separate statements were categorised in this manner. The final set of nine
categories used to analyse the responses and typical responses were as follows:

Mathematics
Its content
Sample statement: 'Three years of logarithms'
Its complexity
Sample statement: 'I find problem-solving quite difficult and this turned me off

Self

Achievement in mathematics
Sample statement: 'I have positive feelings about maths ... I tended to do well'
Confidence in mathematics
Sample statement: '1 always believed that there had to be some magic formula that I

was too dumb to know'

Mathematics teaching
Methodology
Sample statement: 'He was prepared to sit down and explain things and slow down ...
not rush through because they wanted so much learnt before the exam'
Teachers' attitude to the subject
Sample statement: 'Teachers who used maths as a punishment especially times
tables'
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Social contexts

Usefulness of mathematics
Sample statement: 'If you were good at other subjects ... then it didn't matter if you

weren't too crash hot at maths'
Peer attitudes to mathematics
Sample statement: 'My dad says it's important'
Teachers' personal attributes.
Sample statement: 'Having a primary teacher who understood the difficulties her

class were having ... she met the needs of the children'

Analysis

Table 3 contains the number of responses in each of the four major categories. In

each case responses were divided into those which gave a response which fitted only

a single category (labelled below as 'single responses') of which there were 91, and

responses which contained multiply categorisable statements (labelled below as 'all

responses'). In all there were 127 responses.

Table 3: Number of responses in each of four major categories (percentages

rounded to one place)

Single responses (91) All responses (127)

Number Percentage Number Percentage

Mathematics 15 16.5 24 18.9

Self 26 28.6 26 20.5

Mathematics

teaching

33 36.3 41 32.3

Social 17 18.7 36 28.3

The first stage of the analysis was to look at responses in the four major ca egories

only, and to ignore whether the associated attitude was positive or negative. Those

respondents who gave a single category response claim that the most common cause
of their attitude (whether positive or negative) was to do with teaching methods

(36.3%), with self (28.6%) a clear second cause. Social reasons (18.7%)and

mathematics (16.5%) form the lesser groups of reasons. When responses containing

more than one reason are included, teaching methods remain the most common

cause claimed (32.3%), but social reasons exchange with self as the second most

claimed cause (28.3%). In both instances (single and multiple causes) over one third
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of responses point to teaching methodologies as critical in the formation of attitudes
towards mathematics. While self and social causes occupy a second ranking of causes
individually, together they represent about one half of all reasons given for forming
attitudes.

While these figures are interesting, they do not give a detailed picture of the causes
given by these respondents. In order to gain a clearer picture it is necessary to look
further. In this instance all 127 responses were examined and Table 4 details the
responses for all nine categories.

Table 4: Responses in all nine categories (percentages rounded to one place)

Number of
responses

Percentage
of responses

Maths content 14 11.0

Maths complexity 10 7.9

Self - achievement 12 9.4

Self - confidence 14 11.0

Teaching methodology 22 17.3

Teaching - teacher attitude 19 14.9

Social - usefulness 10 7.9

Social -peers 3 2.4

Social - teacher personal

qualities

23 18.1

It is clear from Table 4 that teaching methodo ogy is believed to play a major role in
attitude formation. Nearly as crucial are the teacher's personal qualities, which may
well be linked in some way with teaching methodology. In fact 5 responses from this
group combined teacher qualities with teaching methodology in the same response
(which represents 21.7% of the responses on teacher qualities). Interestingly, peers
appear to have little influence being mentioned in only 2.4% of all responses, and
represent only 8.3% of all social causes given.

In order to determine whether these believed causes lead to positive or negative
attitudes each category was divided on this basis. Tables 5 and 6 give the break-down
of percentage responses for this analysis, ordered by frequency.
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Table 5: Positive attitude responses Table 6: Negative attitude responses

ordered by frequency of occurrence ordered by frequency of occurrence

(percentages rounded to one place) (percentages rounded to one place)

Positive
attitude 1%).

Maths content 3.1

Maths complexity 3.1

Social - peers 3.1

Self - confidence 9.4

Social - usefulness 9.4

Teaching - teacher

attitude

125

Teaching methodology 15.6

Self - achievement 18.7

Social - teacher personal

qualities

25.0

Negative
attitude ( %)

Self - achievement 2.1

Social - peers 6.3

Teaching methodology 7.4

Maths complexity 9.5

Self- confidence 11.6

Maths content 13.7

Teaching - teacher

attitude

15.8

Social - teacher personal

qualities

15.8

Social - usefulness 17.9

Which causes are the most frequently cited as attitude forming, positive or negative,
can be readily seen in the above tables. With regard to causes of positive attitude the

most frequently claimed is teachers' personal qualities (25% of responses). Typical of

the responses that fall into this category are:
'I had teachers ...(whose]... enthusiasm shined through and rubbed off on me.'

'...haring helpful teachers always there to guide me ...'

Causes of negative attitude are not as clearly separated as those for positive attitude.
While usefulness is the most cited cause (17.9% of responses), teacher qualities
(15.8%), teacher attitude (15.8%), mathematics content (13.7%) and self-confidence
(11.6%) would all seem to be well supported causes. Typical responses in the
usefulness category are:
'...when we asked her how could we use these methods (to) help us in life she

. couldn't answer. ... it seems to me that I learnt a lot ... that I will never use again.'

'I got very frustrated when we learned meaningless formulas (sic) all the time.'

As a final analytical aid, two attitude-cause response continua were constructed to
give a visual perspective of causes which were believed by the respondents to have
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had effect on them. Figures 1 and 2 show each category of response on a continuum
representing the percentage of responses in that category for which the associated
attitude is either positive (Figure 1) or negative (Figure 2).

maths content maths usefulness
achievement

peers

18V 25%

maths complexity
confidence teaching methods

teacher attitude teacher qualities

Figure 1: Positive attitude-cause continuum (% of all positive responses)

teaching methods
achievement teacher qualities

0% it 6%/ 12%40, 8% 25%

maths content

I

+
It I I

peers t confidence 'IN\ maths usefulness
maths complexity teacher attitude

Figure 2: Negative attitude-cause continuum (% of all negative responses)
Discussion

It is clear that analysing people's replies to open questions about what they believe
influenced their attitude to mathematics is an informative exercise. Using
categorisations, such as those suggested by McLeod's review with suitable additions,
appears to satisfactorily deal with all responses and forms a useful basis for analysis.
To what extent one can generalise from this analysis is dependent on the sampling
and questions asked, rather than the analytic procedure. However bearing in mind
the limitations of sampling, the following points can be made. First, the question of
mapping causes of attitude seems to be answered in the affirmative. It appears
possible to establish a map of causation in the sense that those influences perceived as
important by respondents can be placed relative to one another in such a way as to
make clear priority foci for further investigation or classroom action. Whether all
causes have been canvassed is open to question; larger and more intensive studies
need to be conducted. Follow-up interviews to assist in validating written responses
would seem a possible next step. Secondly, in regard to priorities for classroom
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action, this study makes quite clear that any attempt to treat all students as

(attitudinally) similar is doomed to failure. Despite the similarity of causes given by

both positive and negative attitude respondents (namely teacher qualities and teacher

attitude) there exists at least one clear distinction between the two groups. Those

respondents with a positive attitude are supported by their success (achievements)

while those who hold negative attitudes focus not on achievement (or lack of it) but

on the perceived uselessness of mathematics. A further difference in the responses

concerns teachers themselves. Many of the negative attitude respondents cited

teachers who used mathematics as a punishment, who taught 'rote', and had few

positive personal relations with their students. By comparison, those with a positive

attitude cited warm, friendly teachers who taught using concrete approaches and

'understood the difficulties we were having'. Such cited differences indicate possible

actions for the improvement of student attitudes in the future.
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ENGINEERING CURRICULUM TASKS ON THE BASIS OF
THEORETICAL AND EMPIRICAL FINDINGS

Abraham Arcavi, Nurit Hadas and Tommy Dreyfus*
The Weizmann Institute of Science, Israel

In this paper we describe and illustrate theprocess of engineering a curriculum,
for a specific population, on the basis of students' cognitive characteristics and
learning styles.

Introduction
The purpose of this paper is to illustrate the process of engineering a curriculum,

taking into account theoretical views and empirical findings related to students'
learning and understanding. Broadly speaking, our theoretical inspiration is
constructivist. How do we envision constructivist design of curriculum tasks? We
attempt to design tasks and problems which can potentially engage students' sense
making, which build on what students know and which respect students' points of
view and transitional conceptions (Moschkovich, 1992). We view learning as a
long term, non-linear process, which is highly dependent on the context, and during
which students should have meaningful experiences seeking to engage both the
mathematical and common sense tools they have available. Taking into account that
view of learning, we design the curriculum as an environment with learning
opportunities which promote the creation of connections between pieces of
knowledge. These learning opportunities are afforded by tasks and problems,
engineered on the basis of research on learning and extensive experience in
classroom implementation within a long term curriculum development project
(Dreyfus, Hershkowitz and Bruckheimer, 1987). Detailed observations of students
and classrooms are the main source for the redesign of the tasks according to the
kinds of learning behaviors they promote.

The target population
We define our target population in two different ways: firstly, according to

external criteria (established by the school system), and secondly, according to
learning characteristics.

Our students are defined by the system as "low ability" 10th, 11th and 12th
graders. Under the Israeli system students are streamed at the beginning of 10th
grade into four main tracks: three of them leading to a national matriculation
examination (at different levels), and the fourth leading to a non-matriculation
certificate. Students streamed into the fourth option in grade 10 are deprived at a

Faculty member at the Center for Technological Education, Holon, Israel.
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young age (about 15) of a fair chance to achieve matriculation which is a necessary
condition for acceptance to any institution of higher education. The mathematics
these students learn in grades 10, 11 and 12 is minimal, mostly based on drill and
practice around algebraic manipulation, and is not highly regarded either by the
teachers or by the students themselves. Moreover, it is rare (and very difficult) for
a student streamed into the non-matriculation track to be able to return to the
matriculation track: the gap is too wide in terms of content and depth.

The student population streamed into the non-matriculation track is not
homogeneous in terms of their capabilities. Nevertheless, we can point to some
characteristics our students share (some of which are shared to a lesser extent by
the whole population). Even at the risk of oversimplifying a complex picture, we
briefly state these characteristics:
- Short lived memory. Students tend to forget very quickly both, procedural

techniques and conceptual links.
- Sensitivity and lack of sensitivity to contextual :hanges. In some tasks, students

tend to over-generalize ideas or procedures without examining whether the
generalization can be done. On other occasions, precisely the opposite happens: as
soon as a contextual feature is different, they are unable to recognize that their
khowledge can transfer to the new situation.

- Low frustration threshold. Students usually do not persist in the solution of
problems, they tend to give up as soon as they encounter minimal difficulties.
Often this abandonment is accompanied by anger and frustration.

- Length and scope of engagement with problems. Students have difficulties to deal
with problems in which the solution process involves several stages. For
example, they tend to get lost when they need to devise a global solution plan,
follow its subgoals in detail, and periodically return to the global plan in order to
pursue the next subgoal. They fail to distinguish the nature of global aspects from
that of technical details. This and the next point are linked to the students' short
lived memory and low frustration threshold mentioned above.

- Length and scope of engagement in discussions. Students are capable to work on
tasks adapted to their previous knowledge and capabilities for quite a long time,
but have a very short attention span for classroom discussions which can easily
disintegrate beyond an initial period of about ten minutes.

- Lack of confidence. Students are extremely unsure of what they do, know and
understand. A "poker face" teacher reaction towards students' suggestions may
induce instantaneous derailment from a promising track.

- Stereotypical views of mathematics and mathematical activity. Students usually
view mathematical activity as a technical task, and initially they tend to distrust
and dislike problems in which the answer is an "idea" rather than a "number".
They are not used to rely on common sense, observation, and visual skills;
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however in the long run they enjoy being relieved from the burden of techniques
they have difficulty to master, and the possibility to make sense of what they do.

- Fragmented knowledge. Students' focus and activities are very "local" in nature,
and they have difficulty to connect different pieces of knowledge.

- Difficulties with communication. Students have great difficulties to express
themselves, either orally or in writing.

The '2U' Curriculum Project'
The goal of our curriculum project is to offer non-matriculation students the

opportunity to learn the same meaningful mathematics their friends learn at the
lower matriculation level (3 units), but with an appropriate approach and by
building on what these students are strong at. The approach is based on teaching the
same topics but stressing their intuitive, qualitative, graphical, common sense
aspects while downplaying the technical and formal manipulations which are
difficult to the students and easily cause them to detach the activities from the
underlying meanings. The general objective is an "open door" policy to enable them
to return to a matriculation track with a reasonable effort if they decide so.

The principles upon which we base our approach feed on the characteristics of
our target population as described above. We depart from situations in which
common sense is engaged, basing learning experiences on qualitative, visual and
graphical reasoning, and integrating multiple representations as different ways to
envision the same ideas. An attempt is made to link students' thinking to their acting
(on sketches and physical devices such as graphs on transparencies which can be
easily moved around), in order to help them make sense out of what they do. The
use of any thinking tool they have available is stimulated, and they are explicitly
encouraged to build connections. Estimated results, visual and numerical
approximations, are legitimized and qualitative and informal reasoning is preferred
over technical and symbolical treatments. The problems are built in such a way that
students are encouraged to go back and forth between the "big picture" and the
"small details" (see Tall and Thomas, 1991, for a discussion of flexibility between
global and local processing); the solution to some problems is no more than the
design of a course of action or a plan. We try to keep our predisposition towards
being surprised regarding what these students can do and thus rarely dismiss a
problem a priori because it seems to us they will fail; instead, problems are
presented in a manner in which they might be able to deal with them. The purpose
is to convey the message that they can do mathematics and that we have high
expectations from them.

I The name '2U' is a shorthand for two units' which is the English translation of its Hebrew
name. The number of units is the identification of the level of mathematics students take in
the last years of their high school education: 3, 4 and 5 units are matriculation tracks.
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Engineering the curriculum - an example
The process of engineering the curriculum as we envision it, feeds on three main

components: our beliefs about what mathematics is and what mathematical activity
should be, our theoretical biases about learning and teaching issues, and our
knowledge of the population's characteristics. It is on that basis that we delineate the
scope of the mathematics our students should be exposed to and the internal
consistency and flow of each learning module (or as we like to ask: 'what is the
story line of the module?'). These inspire the actual design of the specific problem

situations.
The design process itself consists of two major phases: the in-vitro creation of a

problem (on the basis of the components listed above) followed by in-vivo (and in-
situ) classroom trials. These two phases are undertaken by us as developers and
teachers for every single module we develop. Since we can only guess what
students' performance in a particular problem situation will be, each module is pilot
tested in at least two classes, and the feedback is analyzed and used in the redesign
of the module. The second phase thus involves modifications and adjustments which
are then re-tried in yet another classroom. It is only after this that we embark in
large scale implementation. In this section we illustrate the process of engineering a
specific curriculum activity.

As mentioned above the first step is to "inspect" the mathematics. In our
example, we started by considering a central theme in algebra, analysis and analytic
geometry: the use of at least two main representations, the symbolic and the
graphical one (including basic geometrical facts) and the "Cartesian connection"
between them (Schoenfeld et al., 1993). In plain words, the Cartesian connection
sounds deceptively simple: "A point whose coordinates are (xo,yo) is on the graph
of the function y=f(x) if and only if the pair (xo,yo) satisfies the equation yo=f(xo)."
This statement may seem trivial to experts in the domain, but it is the source of a
host of learning difficulties for students.

The following is a rather traditional task which requires some understanding of
the Cartesian connection: "Determine an equation of the line that is parallel to
y=2x-5 and that goes through the point (1,4)." We would like students to be able to
solve this problem without major difficulties after studying algebra or analytic
geometry. Moschkovich et al. (1993) analyze extensively the kinds of difficulties
this task involves as an example of how, beyond the Cartesian connection, the
perspective under which one envisions the mathematical entities one deals with,
either as objects or as processes, intluences the solution process. The authors report
that the success rate with tasks of this nature, as reflected in US national surveys,
was extremely low.

The problem as is has an analytic-symbolic departure point and thus could be
very difficult to our students. At this point, our view of learning and our design
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principles come into play. If we want our students to achieve some understanding of
the translation between representations in general, and the Cartesian connection in
particular, we must build on their previous knowledge (including, of course, the
learning trajectory of previous sections in the module) and their particular ways of
knowing. Briefly stated, when we consider our students to be ready to meaningfully
face such tasks, they know:
- the graphical meaning of the slope of a linear function - rise over run - by

counting on the Cartesian grid;
- how to physically "put" a line (drawn on a transparency and which they carry

with them to almost all the problems) on a Cartesian grid in such a way that its
equation becomes, say, y=3x+4;

- to identify the b in y=ax+b as the translation (upwards or downwards) of a whole
line of the form y =ax; namely, on the basis of a table of values of, say, y=2x and
y=2x+3, they can "physically" slide the line representing y=2x three units
upwards, and identify "three" as the y-coordinate of the point which was
originally at (0,0);
to draw any line through a single given point, and to read its equation from the
graph (by looking for the slope - rise over run - and the y-intercept).

The following is the "in-vitro" version of the problem situation which emerged
as a consequence of all the above considerations: First, present students with the two
possible mutual positions of two lines in a plane, namely, parallel or intersecting.
Then request students to produce two pairs of equations, one for each situation.
Finally, and most importantly, request them to draw all the different possible
situations for three different lines in the plane, and write down corresponding
triples of equations for each situation.

When we went to the classroom, students had no problem with two lines: since
they knew from their manipulative experiences that parallel lines have the same
slope, they had no problem to write the equations for two lines which have the same
"m" but a different "b". Similarly, since they knew that the b represents the y-
intercept, they had no problem to produce two equations with the same b and
different m.

For the three lines situation, students collectively found that the four possible
situations are:

Finding triples of equations for the first three situations is in some sense an
extension of the previous activity with two lines, and thus there were no major
problems. However, the fourth case (three intersection points) was not as easy.
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Many students gave three equations with three different m's and three different b's
and thought they had solved the problem. The teacher then asked whether they are
sure that with different parameters they would always get that graphical situation,and they seemed to be sure. The teacher, who perceived that this was one of the
situations in which she could make a lot out of those "10 minutes at most" available
for collective discussions, requested to write the equation of a line through (2,3) - apoint not on the y-axis - and they were unable to do so right away. What they were
able to do is to "put" a line through that point, read its slope and y-intercept from
the graph, and then produce the equation. This way of producing an equation is
some kind of "surrogate" Cartesian connection which we believe is a step towards
building deeper connections. (In a similar way students can approach the initial
problem above of producing an equation of a line parallel to a given line through a
given point.) By repeating this procedure three times through the same point, they
were led to obtain the second situation, namely three lines through one point, and
realized that different m's and different b's may lead to the second as well as the
fourth situation.

The classroom trial made it clear that students could use what they knew
("putting" a line through a point) to revise the inaccurate hypothesis they suggested.
Moreover, in that class the teacher took advantage of this in order to deal with the
Cartesian connection. What she did was to request once more the equation of a line
through a given point, and then she asked to check whether the coordinates of the
point satisfy the equation, in order for the students to get a feeling what that means.
Then she requested to produce the equation of yet another line through the same
point, but this time without drawing it. Since she was aware of the contextual
dependence of the knowledge, she felt the need for asking at this point, whether the
two equations have a common solution. The question was not at all trivial for the
students (because it involved a switch of representation) and was used as
introduction to the meaning of the Cartesian connection in the context of two
intersecting lines.

The design idea, which began in-vitro was followed by the in-vivo trial. During
the trial the teacher felt the need to redesign the task and to adapt it to the students'
learning experience she was facing. This task, redesigned and adapted in the way
described, made its way into the textbook for large scale implementation.

We do not wish to give the impression that we believe the translation between
representations and the Cartesian connection will be easily understood by just
working on a few tasks of this nature. What we do claim is that sttidents who share
our students' characteristics and background can be exposed to problems in which
they encounter aspects of the connections which they are able to handle and
partially understand. We found that the way to produce tasks of that nature is to
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undergo the engineering process we described. The process has the following

characteristics:
One of our students' difficulties, as mentioned earlier, is to focus on global

issues. However, our design is not aimed at building general conclusions from

"atomic" logically organized small tasks, because such an approach does not

ensure that students will take the leap to a generalization and/or to knowledge

transfer. Instead tasks are designed to expose students to a global graphical

situation (e.g., the four possibilities for three lines to lie on a plane) from which

they are able to engage in finding tiict "atoms" (e.g., equations, intersection points

etc.) for themselves, which in this way are more meaningful and contextualized.

Instead of using the symbolic perspective as a point of departure, problems can

be presented qualitatively, graphically and geometrically. The graphs and the

geometry can become the springboard towards different levels of analytic

activity, some of it symbolic, according to the students' "breaking points".

- The engineering is not meant to produce tasks to help students to "achieve"

results. The end process should be an activity which engages students and

supports them in building the connections which are critical to understand the

issues.

- Once the solution is reached, the problems should always include some question

asking about aspects of the task from a slightly different perspective. Even

questions which may seem trivial to the teacher, may not be easy for the students

(see the example above, in which the teacher requested to find the intersection

point of two lines through a given point).

Conclusions
The design process exemplified above is used throughout the development of the

entire three year curriculum. The engineering of tasks for the curriculum is

characterized by four main aspects, three of which have been discussed in this

paper:
The constructivist-based principles on which all phases of the design process are

consciously built, including engaging students' intuition and common sense,

making them go back and forth between the "big picture" and the "small details",

linking their thinking to their acting in order to connect their actions to the

underlying meanings; generally, developing flexible thinking and explicitly

encouraging them to build connections.

- The direct influence of classroom trials on the design within a circular process

which includes the in-vitro design phase and at least two sequential classroom-

based revisions.
- The essential manner, in which the design takes into account the characteristics of

the target students including the context dependence and the fragmentation of
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their knowledge, their limited scope of engagement and their low frustration
threshold.

The fourth main aspect could not be discussed in this paper. It is the spiral
recurrence of basic themes such as the. Cartesian connection throughout the
curriculum. Different curricular topics are not only approached on the basis of the
same principles and engineered by the same methods, but they are carried by the .
same fundamental ideas; for example, the Cartesian connection in the situation of
intersecting graphs appears in a similar manner as it was presented above for linear
functions, also in the modules on quadratic functions, on trigonometric functions,
on analysis and on linear programming and repeatedly in the module on analytic
geometry. In this manner, we hope that the students are given the opportunity to
make these fundamental ideas their own in a meaningful and lasting manner.
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TOWARDS A THEORY OF LEARNING
Janet Duffin and Adrian Simpson

University of Hull, U.K.

We summarise some of the ideas behind a personal theory of learning we have built up over
the past three or four years. These came about in response to our individual needs to
account for the learning, and non-learning, observed in our students, as well as that
experienced directly ourselves. The development of the theory began when we tried to make
sense of just two or three incidents in our shared experience but has grown to become the
central core of our research and the framework on which we hang our understanding of
much of the teaching and learning we do. During its growth we have constantly reflected on
the implications of the theory for our own classroom practice in particular, and for
educational research in general. The development of the theory, as a learning experience of
each of us, is a prime example of the learning that the theory itself accounts for.

Our reasons for wanting to present this paper are twofold. We want to open our
theory up to outside scrutiny to help us to develop it further. In addition we hope that
the ideas of others will enable us to move towards its application to learning and
teaching at a variety of levels.

As is often the case in building a theory, much of the essence of the development will
no longer show through in any bald statement of the tenets which now form its basis,
rather in the way that a mathematics textbook cannot show what experiences the
writer went through in writing it and, for the student, cannot show the mathematical
thought that comes between the lines of the text.

The avenues we explored and got stuck in, the key breakthroughs (or cognitive shifts,
Mason and Davis, 1988), the emotional commitments and the failures are hidden from
view in the definitions of the fundamental concepts of the theory. Though we will not
retrace all the intermediate steps of the development, we will give the genesis of the
concepts and the purpose we had in exploring them and we will discuss some of the
major breakthroughs we have made as we have developed the theory.

We started working together on this theory as a result of having shared our reactions
to a piece of work done by an eight year old girl (Duffin and Simpson, 1990). We felt
that this girl's work was creative and this led us to seek a definition of creativity
which could include her work. From this experience we began to see the value of
sharing our reflections on our own experiences of learning. This in turn led us to feel
that there were a number of aspects of these experiences which our ways of thinking
about education at that time did not account for to our own satisfaction.

Conscious that we were drawing on basic ideas of constructivism in the way that we
had approached the girl's work and our shared experience of it, we began to think
about the kinds of experience that learners go through in order to build their own
knowledge. In doing so, we were taking as axiomatic the notion that all learners are
trying to make sense of their world of experience.
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Initially we came to a first perception of the concepts within our theory from our
attempts to analyse critical classroom incidents we had observed or been otherwise
involved with (Duffin and Simpson, 1993a). These first examples came from our own
recent experiences with, respectively, primary children and their teachers, and
mathematics undergraduates. We came to believe that, disparate as these incidents
appeared to be on the surface, they had common features which we wanted to explore.

Having formulated our first categorisation of a learner's experience from examining
these incidents, we then looked for other instances from our experience which
exhibited similar characteristics. It is from this initial exploration and analysis that
our theory has been developed and expanded.

The theory
We postulated that all learners, as they interact with their world, build up internal
structures to account for what they experience. We came to see three basic types of
experience that a learner meets, which we termed natural, conflicting and alien.
Which category a particular experience falls into depends on the extent to which the
experience fits, or fails to fit, the individual's internal mental structures at that time.

So a natural experience is one that fits a learner's current mental structures, it is not
surprising, and not unexpected, and is perceived as obvious and uncomplicated.

A conflicting experience, however, is one that the learner sees is inconsistent with
their mental structures. It jars with their expectations and highlights possible
contradictions or limitations in their current ways of thinking. It may bring two
previously disparate mental structures into play in one situation: one may contradict
the experience or may not cope with an experience it had been expected to be able to
deal with.

An alien experience is one that the learner finds has no connection with any of their
internal mental structures. It is seen as meaningless because of its lack of either fit or
perceived inconsistency with other ways of thinking. No mental structure can cope
with it, nor is there a mental structure that was expected to do so.

Distinction between conflicting and alien

The distinction between conflicting and alien was one of the main breakthroughs in
the development of the theory. We had previously restricted ourselves to just the
notions of natural (fitting) and conflicting (non-fitting and therefore a situation in
need of resolution) when we recalled instances of situations in which we observed
what we felt were obvious contradictions in something a learner had done. In some of
these situations, however, there was no evidence of an internal conflict: of the learner
having to rethink their current mental structures to cope with this contradiction.

The incident which first drew our attention to this was that of a six year old boy
(Duffin and Simpson, 1993a) who had written down a subtraction sum:
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and had written beside the answer, "But the real answer is 277"

Although initially we accepted this statement, later we felt that our theory, with only
natural and conflicting defined, did not account for it. He appeared to be oblivious to
the contradiction an observer could see in the two different answers he had produced.
His comment suggested that he had some reason for thinking that the original answer
he had produced was not correct but he did not feel the need to investigate it.

From this, and other similar incidents we were then able to identify as being in the
same category, we realised that it was important to make a distinction between a
contradiction that an observer may perceive and the learner's perception of the
experience. Thus each of our definitions concerns the learner's perception in terms of
the fit with their mental structures.

The consequent distinction between the two concepts serves to highlight the
experiences as belonging to the learners themselves and, for us, reinforced the
constructivist basis of our work. It also drew our first attention to what was later to
become an important element in what we were doing, namely the importance of the
learner's own perspective in a piece of learning, something which became manifest in
our work through our study of our own learning as well as that of others we came into

contact with.

Response to experience

We also began to realise that the internal mental structures that determined whether
particular experiences were natural, conflicting or alien were themselves formed, and
subsequently shaped, by the results of responding to previous natural, conflicting and
alien experiences. While the forms of these responses were implicit in our earlier
work, we have since come to separate them out in order to highlight the
complementary. but highly complex, two-way interaction between the learner's
internal structures and their world of experiences (Duffin and Simpson, 19936).

We saw the learner altering their internal mental structures by strengthening, merging,
limiting or destroying already formed ways of thinking, or forming new ones.

A response to a natural experience is to add that experience to the mental structure it
fits with. Thus the mental structure grows and becomes stronger as a result of this
extra experience, or class of experiences, it can now cope with.

There might be any of three types of response to a conflict which is perceived by the

learner. It might

effect the merger of the experience with old inconsistent mental structures
in such a way that a new mental structure, with some aspect of the old
ones, is formed which can account for both old and new experiences in a
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more consistent way. Thus the mental structures are changed to make the

experience fit, i.e. the experience becomes natural,

alter the mental structure so as to limit it, changing the structure so that,
while not accounting for the experience as such, recognises that there is a
class of experiences that the structure cannot cope with. In this way the
conflict is resolved by changing the structures so that the experience no
longer jars with any internal mental structure and hence becomes alien.

destroy a way of thinking. The structure may be destroyed if the conflict
highlights that all (or a fundamental part of) the class of experiences, that a
way of thinking was expected to cope with, cannot be accounted for.

Again, this resolves the conflict by ensuring that there is no structure with
which the experience can jar and that experience (together with some
previously natural ones) become alien.

In reflecting on the incidents we had observed and on aspects of our own learning, we

also found that alien experiences can cause a variety of responses. Having no

connection with the learner's current mental structures, the experience may essentially

go unnoticed and so be ignored. Alternatively, a learner may notice that there is an

experience which they have no way of coping with at that time and, having no way of

accounting for the incident, they may actively avoid it by resorting to a familiar

procedure or situation in which they expect more comfortable and easily handled

experiences may arise.

Instead it may be that, having noticed the experience, the learner stores it away - not

as an addition to an, already formed structure as in the case of a natural experience, but

as an isolated structure on its own. The learner constructs the seed of a new mental

structure, with no substantial connections to any others currently held. Such a new

structure, while weak, can subsequently be strengthened, merged, limited or destroyed

by further responses to new natural, conflicting and alien responses.

With the identification of the distinction between conflicting and alien experiences,

and our later development of the responses to them, we were thus able to account

more fully for the behaviour of the six year old boy described above. In getting an

answer which was not in accord with his knowledge of what it should be, he was

responding by ignoring what to the observer appears to be a contradiction but which,

for him, is alien.

Implications of the theory
Reflecting on the separation of the two interacting parts of thetheory came to be

another key breakthrough in its development. We began to see more clearly the nature

of the interaction between the individual and their experiences - onthe one hand, the

internal mental structures determine the way in which the learner responds to the

experiences (or the type of experience the learner perceives them to be). On the other

hand, the way in which the learner responds determines the way in which the internal

mental structures grow and are modified.
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This form of reflection also led us to another important realisation. We had come to
build the theory, initially, in order to account for incidents which we had observed in
classrooms and lecture rooms. We had become aware quite early that we were also
bringing in incidents from observing both trainee teachers and teachers on in-service
courses and, more significantly, we found that we were using incidents in which we
had been the learners, responding to natural, conflicting and alien experiences
ourselves. So we had an indistinct feeling that there were analogies between the ways
in which pupils, teachers and ourselves all learn.

Our reflection on the theory and on how it had developed, however, gave us a
significant insight into this. As it stands, the theory does not mention who the learner
is, what particular situations the learner's experiences arise from or what the learner is
learning. In the basic theory, all learners are the same - individuals who respond to
natural, conflicting and alien experiences (though, of course, the experiences and the
internal mental structures through which they are interpreted, and which are modified
as a result, can differ significantly from individual to individual).

So we saw that the fundamental processes that a pupil goes through in developing
their mathematics are the same as those which a teacher goes through in developing
their teaching. These, in turn are the same processes that education researchers go
through in developing their theories of education and are also precisely the processes
we have gone through (and are still going through) in developing this theory.

It has been suggested (Mason, 1987) that mathematics researchers are of two kinds:
"We are all trying to model or describe the inner world of experience. Some of us
proceed by contemplating and studying other people, or by studying ourselves as if
from outside; others proceed by contemplating and studying ourselves from inside."
As our work developed we realised more and more that we were using our own
learning, from the inside, to further our thinking, so that introspection was becoming a
research tool for us as we developed our theory. The breakthrough to seeing that,
within our theory, all learners are the same gave us a powerful way of justifying this
which the Mason reference reinforced.

If, at the level of responding to experiences, everyone is the same, it means that
examining any group of learners can provide insights into learning in general which
can then be applied to others. So in examining our own learning, we can try to
develop general insights into the learning of others.

We also realised that, in examining the learning of others, we are merely interpreting
the natural, conflicting and alien experiences'provided by our observations through
our internal mental structures, and building up an image of the way in which we think
those others are learning. Constructivist theories suggest that we have no direct access
to the learning of others. Our own learning, however, is open to as direct a view as
possible and, albeit with the benefit of hindsight, we can carefully examine the ways
in which our own mental structures are formed.
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The theory's future
When we began our work on this theory, we were looking for a way of accounting for
just three incidents from primary, secondary and university mathematics education.
While the number of such incidents on which the theory has been based has grown
considerably and the number we have used the theory to explain is tremendous and
growing all the time, it is valuable to take this opportunity to examine where we think

the theory is going and ask ourselves the question "Why are we still working on it?"

The theory has come to be a very powerful one for us, colouring much of our thinking

about our own teaching and learning. While it is still very personal to us, a number of

others have commented on the strong resonances it has for them. So the theory is

influencing our own practice, has long acted as a useful language for our own
discussions and we are beginning to see it as a way of communicating some of our

ideas to others. Our goal remains that of using and building the theory in order to give

ourselves a framework on which to place our thinking about teaching and learning,

but in looking to the future we are beginning to see just how much has yet to be done.

It is inevitable that, in writing about where we think we are going, we will find much

uncertainty and many conflicts to be resolved. Indeed, we find that, while we agree on

much of the substance of what needs to be done in the medium term and strongly

agree on our goals, we have not yet resolved a conflict between us about which

direction to go first. In any case, as we have found in the past, the avenues of our

interests change and (as we found with our discovery of the notion of alien

experiences) seemingly minor conflicts can be resolved into major new parts of the

theory which strongly influence the directions we are then able to take.

In the long term, however, we are hoping to develop new layers of the theory up to

the point where we can begin to account for as much ofwhat we see happening in our

classrooms and lecture rooms as possible. We do this with a view to seeking out the

implications of such a developed theory for our own teaching, as well as to encourage

others to do the same for their own teaching.

Much needs to be done before that. In the short term, we realise that the detail of the

theory will become unwieldy when we come to the stage of trying to examine the

long term effects of our teaching within a classroom of 30 pupils, or a lecture theatre

of 130. If we only have the language of individual response to individually

determined natural, conflicting and alien experiences, trying to account for the

simplest situation will become highly complex and perhaps also tedious,

Undoubtedly, within our theory, the situation where many learners arc involved is

complex, but we hope that some of this complexity can be absorbed by using broader

terms which, themselves, can be based on the fundamentals of the theory.

For us, there are many aspects of education that need to be well-defined in the theory

before we can move on. If we use words like 'knowledge', 'understanding' and

'communication', we need to be clear what we mean by them and, in our case, we need

to find our own definitions of these words in terms of our own theory: in terms of the
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learner's internal mental structures and the natural, conflicting and alien experiences
that influence them.

We have already begun a tentative exploration of the notion of understanding within
our theory. It seems to us that understanding may be defined as the awareness of
connections between internal mental structures. This appears to begin to fit some of
the criteria that other authors co nfer on understanding such as being able 'to make use
of in various ways', 'understanding as a continuum' etc. (See Byers, 1980, for a more
comprehensive account of some criteria of understanding). It also appears to echo
aspects of what has been said by Skemp (1976).

Such definitions, however, need to be explored more fully: we need to ask such
questions as "Does our definition fulfil the criteria that others expect of
understanding?", "What are the implications (for teaching and learning) of this
definition of understanding?" etc.

We also need to look at the large-scale particular mental structures. So far, the theory
deals with mental structures in general terms and, quite deliberately, does not refer to
the specific content of what is being learned and what particular experiences the
structures relate to.

Some particular structures, however, need to be examined. For example, we suggest
that the vast majority of people build up a structure that deals with interacting with
other people - a 'social structure' which determines what kind of experiences other
individuals provide for them and which contains their notions of what kind of
experiences they provide for other individuals. This particular structure, we feel, may
contain ways of dealing with the problem that others have raised concerning general
constructivist theories - the problem of intersubjectivity and an apparent shared
meaning between individuals.

There are other such structures that need to be explored - that which people build to
deal with their preferred mode of learning (do they like to learn in alien ways,
building many separate mental structures and, perhaps, connecting them through
conflicts later? Do they prefer to learn in natural ways, trying to make sense of each
new experience as it occurs, looking always for natural experiences or conflicts that
they can resolve before they move on?). What about the structure that deals with an
individual's 'world view' and what they believe knowledge is (views highlighted by
Perry, 1970)?

These and other large-scale particular structures need to be explored. We need to see
how they are built and what effect they have on an individual's learning and
understanding.

A further level is to explore 'topic structures'. We need to look at particular detailed
structures and how they are built up and what effect they have. For example, what
kind of structures are built up that deal with arithmetic?

There is no doubt that the scope of our theory has grown and our aims for it are
ambitious. We feel that we currently have a theory that can account for individual
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learning incidents and it is already beginning to influence our everyday teaching in a
variety of ways. Our medium term aim is to face up to some of the complexities, like
intersubjectivity, inherent in a theory that starts at as basic a level as the individual's
experience and, in the long term, to build a theory which can be the mainstay of our

own daily practice.
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MAKING SENSE OF A MATHEMATICAL MICROWORLD:

A PILOT STUDY FROM A LOGO PROJECT IN COSTA RICA I

Laurie D. Edwards

University of California at Santa Cruz

A pilot study of sixth grade students engaged in mathematical explorations
was carried out in the context of a national Logo project in Costa Rica.
Thirty-four students, approximately 12 years old, worked in pairs
investigating a mathematical microworld written in Logo. The investigation
had three phases: (1) Open exploration of the microworld, during which the
students recorded their observations and formulated hypotheses about how
the program worked; (2) Group discussion and sharing of hypotheses; and
(3) Additional guided discovery and problem-solving. The students were
successfld in discovering certain functions of the microworld during the first
phase, but their hypotheses were improved after discussion with their peers,
guided by the instructor. The students were successful in applying their
knowledge of the computer microworld in the problem-solving tasks during
the third phase.

Introduction
The purpose of this report is to describe work with Costa Rican students in the area of

computer-based mathematical explorations, setting this work in the context of recent research on

social and cognitive factors involved in the construction of mathematical knowledge, and on the role

that new interactive technologies can play in the learning process. The report will describe the results

of a pilot study in which a simple Logo microworld was introduced to upper-elementary students,

who worked together in pairs to make sense of the environment, discussing and writing hypotheses

and completing guided discovery worksheets. The students had never carried out mathematical

explorations within the kind of collaborative social setting used in the pilot study; however, they made

good progress overall in being able to tat the microworla to create or match patterns, and in

beginning to discriminate its distinctive features, both of which have been described as important

aspects in building a mathematical understanding of a microworld (Hoyles & Noss, 1987).

Related work and theoretical framework

The research reported here was carried out in the context of related work in two important

areas: the use of computer-based learning environments in mathematics instruction, and the role of

social interaction in the construction of mathematical knowledge. A wide range of computer

environments labeled "microworlds" have been created, and a body of research has accumulated on
their use in the learning of mathematics and science (e.g.. diSessa, 1990; Edwards. 1992a; Hoyles &

l The work described in this report was supported by the Fundacton Omar Dengo, San Joel, Costa Rica. Intomuition about
the Computers in Elementary Education Project cats be obtained by writing to the FOD, Apartado 1032-2050, San hisi,
Costa RI,A. I would (Ike to (blink my collaborators, Anny Gonzalez and Efrain' LAwvi for their help and support.
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Noss, 1987, 1992; Thompson, 1987) Pea defines a microworld as "a structured environment that

allows the learner to explore and manipulate a rule-governed universe, subject to specific assumptions

and constraints" (Pea, 1987, p. 137). Students learn from microworlds by interacting with the

mathematical or scientific concepts embodied in the computer programs, and by "debugging" tlitir

understanding of the rules which govern how objects behave in the environment (Edwards, 19926).

However, the learning which takes place depends not only on the design of the technological artifact

but also on the social context, on the way in which the computer environment is introduced and on the

activities structured around it.

The social nature of knowledge construction has been addressed both within the mathematics

education community and more broadly (cf, Resnick, Levine & Teasley, 1991). Cobb, Wood and

Yaekel (1992), for example, have investigated in great detail how young learners co- construct

understandings of mathematical ideas and operations while interacting in pairs and small groups.

These children are taught in classroom settings where they are encouraged to work together to solve

mathematical problems, and then to verbalize their solutions to the whole group. In such settings, the

children engage in processes which include:

...resolving obstacles or contradictions that arise when they use their current concepts and

procedures, accounting for a surprising outcome..., verbalizing their mathematical thinking,

explaining or justifying a solution, resolving conflicting points of view, and constructing a

consensual domain in which to talk about mathematics with others (Cobb, Wood & Yaekel,

1992, p. 158)

One goal of the pilot study reported here was to create a social setting for upper elementary Costa

Rican students in which they had the opportunity to engage in the learning processes described above,

but one in which the mathematical problem solving would take place while exploring computer

microworlds.

The context of the project
The Mathematical Explorations in Logo study was carried out as one part of the Omar Dengo

Foundation's Computers in Elementary Education Project. This project, ongoing since 1988, has

placed computer laboratories (a network of 20 IBM PS/2 computers plus printer) into more than 160

Costa Rican schools, primarily in rural and marginal urban settings. The study reported here thus

took place within the context of an established and successful Logo education project. The students

and teachers were comfortable with computers, and all students, from kindergarten through sixth

grade, were accustomed to spending at least 80 minutes a week on Logo activities. However,

although the students had an adequate level of programming knowledge for creating their Logo
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projects, there was no explicit attempt to relate mathematics to programming. Furthermore, as in

many places, Costa Rican students were often taught mathematics in a somewhat rote and

decontextualized fashion. Collaboration and discussion did not typically occur in their regular

mathematics classes. Thus, a new goal was set, that of extending the use of Logo into the teaching

and learning of mathematics through the creation of Logo-based microworlds, and of utilizing these

microworlds in a social setting which encouraged collaboration, discussion and verbalization of

mathematical discoveries.

The CUERDAS microworld
The microworld, called "CUERDAS" ( "Strings'2) is illustrated in Figure 1. (This

microworld is an adaptation of a Logo procedure which has been used within the Logo community for

some time). The procedure CUERDAS takes two inputs, and creates either polygons or "star" figures

by connecting equidistant points on the circumference of a circle. The first input gives the number of

evenly-spaced points around the perimeter of the circle, and the second input is used to "count off" the

distance between successively-connected points. The figure created depends on a fairly simple

mathematical pattern, specifically, whether the ratio of the first to the second input results in a whole

number or not. As seen in Figure 1, whole number ratios create simple polygons; ratios involving

fractions result in stars.

These and other mathematical regularities or "rules" are not immediatelyouvious, yet learners

can discover them through experimentation with the microworld. The first task set for the students in

the study was to find out the purpose of each input in the CUERDAS procedure. Further guided

explorations focused on which inputs create polygons and which create stars, and on the fact that

pairs of inputs having a common ratio result the same figure (for example, both CUERDAS 6 2 and

CUERDAS 3 1 make an equilateral triangle).

CUERDAS 4 1 CUERDAS 5 1 CUERDAS 5 2 CUERDAS 8 3

FIGURE]: The microworld CUERDAS with four sets of inputs

The microworld was called "CUERDAS" or "51rings- because a concrete version of this activity involves creating "string
Wines" by physically ,iiiinecting pins or nails tin the wcutalerrace ol a 1101) with lengths of string.
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Methodology
The study took place in an urban school in a poor neighborhood in San Jose, the capital city of

Costa Rica. A class of 34 sixth-grade students (approximate age, 12 years) participated in the

session, which was set up to pilot-test the software. Sixteen boys and 18 girls took part in the pilot

study during an 80 minute afternoon session in the school's computer lab. The students' regular

computer teacher was present, as well as the investigator and a specialist in computer education from

the Omar Dengo Foundation, who served as the instructor during the pilot session.

Data were collected through observations of the students as they worked in pairs and

participated in group discussion, and by collecting the written worksheets they completed during the

session. There were two kinds of worksheets: a "data sheet" and a follow-up set of questions and

problems to solve using the microworld. For the students, the "data sheets" were used as a way to

gather information so that they could write a hypothesis about the microworld functioned. For

the investigator, the data sheets and the problem sets served aswritten records of the students' work

during the session, and were used in conjunction with written notes toanalyze the students' learning

as they interacted with the microworld and with each other.

/tomb=
The session began with all students gathered in a circle, where the instructor spent about 10

minutes introducing the activity. She stated that the children would be working that day as scientists

or detectives, gathering data in order to come up with a hypothesis for how the computer program

worked. Data sheets were distributed to pairs of students; each data sheet had two columns, one

headed "What I Tried" and the other "What I Found Out." The students were instructed to record

each "experiment" as they entered various inputs into the computer, and to sketch or describe the

result. At the bottom of the sheet the students were asked to write out their hypothesis by answering

the question: "How does the program work? My hypothesis: ." The purpose of the data

sheet was both to help students rememberand record their explorations in a systematic way, and also

to allow them to reflect on the results of their experiments with the microworld.

The students then moved to the computers in self-selected pairs, and set to work, one pair per

computer. with the computers arranged side-by-side around the perimeter of the room. The students

were able to talk freely with their partners and neighboring pairs of students. They spent

approximately 30 minutes exploring the microworld and filling in their data sheets. Near the end of

this time period, they were asked to spend five more minutes working and then to write down their

final hypotheses. They were then gathered into a small group, and asked to describe or read out their

hypotheses. A discussion followed, during which the students were encouraged to question each

other and to clarify their hypotheses to the group (the instructor did not evaluate the hypotheses;



instead, the process of deciding on the best hypothesis was carried out by the group). Finally, the

students were given a second worksheet, which asked specific questions about the function of each

input to the procedure (offering, in essence, an opportunity to correct or refine their hypotheses) and

presented a set of problems and challenges to solve using the program (i.e., further applications and

explorations of the microworld). The students spent an additional 20 minutes filling out this

worksheet, working until the end of the 80 minute session.

Results
The students quickly understood the goal of the activity and worked actively during the

allotted time with their partners, experimenting with the microworld, recording their results,

discussing possible hypotheses about how the program worked, and calling over the instructors or

classmates to show them particularly interesting figures on the screen. During the last five minutes of

the initial period of exploration, the instructor reminded the students that they needed to come up with

a written hypothesis. This prompt resulted in a final burst of activity and conversation among the

students. After writing their hypotheses, the students were gathered into a circle again and asked to

read their hypotheses, one at a time. The group then discussed various hypotheses, some of which

they decided were incorrect or only partially-correct. The correct hypothesis was demonstrated by

one pair of students who had discovered it during their initial exploration of the microworld. The

students then returned in their pairs to the computers, and most of them confirmed the correct

hypothesis by entering additional examples, and then went on to complete the problems and

explorations on the second worksheet.

An analysis of the written worksheets revealed that almost all of the students (14 out of 17

pairs, or 82%) were able to correctly describe the function of the first input to the procedure in their

initial written hypothesis. However, only one pair of students (6%) was able to correctly determine

the precise function of the second input within the time allowed for this task. The other pairs gave a

variety of hypotheses. In general, these hypotheses stated that the second input had something to do

with the shape of the figure inside the circle, but were not specific about the precise mathematical

relationship. For example, two hypotheses taken from the written worksheets were: "El segundo #

sirve para !lacer la figura que esta inscrita" ("The second number serves to make the inscribed

figure"); and "El segundo es el numero de figura" ("The second is the number of the figure"). As can

be seen, the students' hypotheses were vague and difficult to interpret. For the most part, the

students were not able to discover the specific function of the second input, at least not within the

amount of time they were allowed for the initial exploration of the environment.

As noted above, after the students shared their hypotheses, the pair of students who had

discovered the correct functioning of both inputs demonstrated their solution on the computer. The

other students at this point watched and carefully questioned the successful pair. After this
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demonstration and discussion, the majority of the students (13 out of 17 pairs, or 76%5 were able to

accurately describe in writing the function of the second input. For example, one pair wrote, in

answer to the question "Que significa la segunda entrada ?" (What does the second input mean?), "El

espacio entre vertice y vertice pars set la figura dentro la circunferincia" ("The space between vertex

and vertex to make the figure inside the circumference").

Most of the children successfully completed the remainder of the second worksheet, which

consisted of challenges to create specific figures using the microworld, or to discover general "rules"

such as how to create stars rather than polygons. The students worked very productively during this

third phase. By the end of the session, the children were able to use the CUERDAS procedure with

confidence both to create shapes specified on the worksheet and to make new designs of their own.

This facility in using the microworld to solve problems is evidence of an understanding of the

program which apparently surpassed what the students could put into words. Although not all of the

students could initially state in precise language how the microworld functioned, all could correctly

select inputs in order to create specific figures, that is, they could successfully us the microworld in

solving problems and creating interesting patterns of their own.

Discussion

According to one model of mathematical understanding (Boyles & Noss, 1987), a learning

sequence which reflects increasing mathematical power includes the following "stages:" Using,

Discriminating, Generalizing and Synthesizing. "Using" indicates that the learner knows what to do

with a mathematical operation or procedure, while a child who is at the "discriminating" stage can

describe features of the procedure which make it distinct, and knows how it works. At the

"generalizing" stage, a learner can test for mathematical regularities, and when "synthesizing" can

make connections with other mathematical topics. The children working with the CUERDAS

microworld were able both to use the procedure and to igarzimingfe at certain aspects of its features,

writing hypotheses which reflected their understanding of how the procedure worked. They were

able to reach this level of understanding by experimenting with the microworld and talking about the

results with their partners, by sharing their hypotheses with the whole group, and then returning to

the computer for further exploration and problem-solving.

It is important to note that these children had never been asked to carry out an activity like the

one described above, either in their Logo class or as part of their regular mathematics instruction. The

initial description of the purpose of the project, the introduction of the idea of being a detective or

scientist, was very important in helping these students to understand the idea of a mathematical

exploration. Yet, aside from helping the children to start the program and answering a few

questions, the teacher and investigator did not intervene during the session. The students consulted

among themselves, argued, debated, questioned, looked at other screens and formulated their written
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answers together. This kind of activity, in which students engage in authentic debate and

conversation, contrasts sharply with the traditional "recitation script' in whichthe teacher provides

information to the whole class and then tests the students' recall through individual question and

answer (Tharp and Gallimore, 1988). In the work described here, the students focused on the

computer as a "conversation piece', one which embodied a mathematical puzzle that they worked

together to solve. The teacher's role became one of coaching and guiding the students tomake their

discoveries explicit and to express them in words.

This pilot study, although limited in scope, contributes to the growing body of research

showing that mathematically-rich computational environments can provide a basis forlearning which

goes beyond memorization and rote procedural knowledge. The students in this study acted, during

the pilot session, as members of a community of fellow explorers, sharing a common goal of making

sense of a new mathematical phenomenon, embodied in a computer microworld. In future work with

these students and others, it is hoped that this pedagogical context will become a familiar and accepted

way to support deep and significant learning through the exploration of computer environments.
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WHAT IS SOCIAL CONSTRUCTIVISM IN THE PSYCHOLOGY OF

MATHEMATICS EDUCATION?

Paul Ernest

University of Exeter, United Kingdom

Social constructivism is appearing in the work of some researchers in the psychology of
mathematics education as an alternative perspective to radical constructivism. However
there are widespread disparities in what is meant by social constructivism. To overcome
this ambiguity, the roots of social constructivism in sociology, symbolic interactionism,
philosophy and social psychology are traced, and two types of social constructivism are
distinguished. One is based on a radical constructivist (Piagetian) theory of mind, and either
bolts on aspects of the social, or adds it or. as an alternative complementary perspective.
The other type is based on Vygotskian theory of mind, and is more thoroughly social.

INTRODUCTION: THE PROBLEM
The central problem for the psychology of mathematics education is to provide a theory of learning

mathematics that facilitates interventions in the processes of its teaching and learning Thus, for
example, Piaget's Stage Theory inspired a substantial body of research on hierarchical theories of
conceptual development in the learning of mathematics in the 1970s and 1980s (e.g. Hart, 1981).
Piaget's constructivism also led to the currently fashionable radical constructivist theory of learning

mathematics, which accounts for the individual idiosyncratic construction of meaning, and thus for
systematic errors, misconceptions, and alternative conceptions in the learning of mathematics. It does

this in terms of individual cognitive schemas, which it describes as growing and developing to give

viable theories of experience by means of Piaget's twin processes of equilibration; assimilation and

accommodation.

Although a number of different forms of constructivism exist, the radical version most strongly

prioritises the individual aspects of learning. It thus regards other aspects, such as the social, to be

merely a part of, or reducible to, the individual. A number of authors have criticised this approach for

its neglect of the social (Ernest 1991b, 1993d; Goldin 1991; Lerman, 1992, 1994). Thus in claiming to

solve one of the problems of the psychology of mathematics education, radical constructivism has

raised another: how to account for the social aspects of learning mathematics? Tnis is not a trivial

problem, because the social domain includes linguistic factors, cultural factors, interpersonal

interactions such as peer interaction, and teaching and the role of the teacher. Thus another of the

fundamental problems faced by the psychology of mathematics educatic n is: how to reconcile the

private mathematical knowledge, skills, learning, and conceptual development of the individual with the

social nature of school mathematics and its context, influences and teaching? In other words: how to

reconcile the private and the public, the individual and the collective or social, the psychological and the

sociological aspects of the learning (and teaching) of mathematics?

One approach to this problem (and there are of come others not discussed here) is to propose

a social constructivist theory of learning mathematics. On the face of it, this is a theory which

acknowledges that both social processes and individual sense making have central and essential parts to

play in the learning of mathematics. Consequently, social constructivism is gaining in popularity.
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However a problem that needs to be addressed is that of specifying more precisely the nature of this

perspective. A number of authors attribute different characteristics to what they term social
constructivism. Others are developing theoretical perspectives under other names which might usefully

be characterised as social constructivist. Thus there is a lack of consensus about what is meant by the

term, and what are its underpinning theoretical bases and assumptions The aim of this paper is to begin

to clear up this confusion by clarifying the origins and nature of social constructivism, and indicating

some of the major differences underlying the use of the name.

BACKGROUND TRADITIONS
Although there are few explicit references to social construction in the work of symbolic interactionists

and ethnomethodologists such as Mead, Blumer, Wright Mills, Goffman and Garfinkel, their work is

centrally concerned with the social construction of persons and interpersonal relationships. They

emphasise conversation and the types of interpersonal negotiation that underpin everyday roles and

functionings, such as those of the teacher in the classroom. Indeed, Mead (1934) even offers a

conversation based social theory of mind. Following on from this tradition, a milestone was reached

when Berger and Luckmann (1966) published their seminal sociological text 'The social construction of

reality'. Drawing on the work of Schutz, Mead, Goffinan and others, this elaborated the theory that our

knowledge and perceptions of reality are socially constructed, and that we are socialised in our

upbringing to share aspects of that received view. They describe the socialisation of an individual as "an

ongoing dialectical process composed of the three moments of externalization, objectivation and

internalization... [and) the beginning point of this process is internalization." (Berger and Luckmann

1966: 149)

From the late 1960s or early 1970s, social constructivism became a term applied to the work of

sociologists of science and sociologists of knowledge including Barnes, Bloor, Knorr-Cetina, Latour,

Restivo, and others. This tradition drew upon the work of Durkheim, Mannheim, and others, and its

primary object is to account for the social construction of scientific knowledge, including mathematics

(Restivo 1988). Recently, there has been work in this tradition (e.g. by Restivo and Collins) in

developing a social theory of mind (drawing on the work of Mead and Vygotsky).

Not long after the development of these sociological traditions, in the 1970s. social

constructionism became a recognised movement in social psychology through the work of Coulter,

Gergen, Harr& Secord, Shotter, and others These authors have been concerned with a broad range of

social psychological issues such as the social construction of the self, personal identity, emotions,

gender, and so on (Gergen, 1985). A shared starting point, elaborated by different researchers in

different ways, is that of Vygotskian theory. Consequently, one of the special features of social

constructionism in social psychology is the explicit central use of the metaphor of conversation for

mind, as well as for interpersonal interaction.

Within psychology there are other inter-related traditions which build on the work of Vygotsky,

and which propose more less well developed social theories of mind. These include both Soviet Activity

Theorists (Vygotsky, Luria, Leont'ev, Gal'perin, Davydov), what might be termed 'dialogists', including

Volosinov, Bakhtin, Lotman, Wertsch, and sociocultural theorists such as Lave, Wenger, Rogoff, Cole

and Saxe.

305 -

556



The term 'social constructivism' was not applied in philosophy, to the best of my knowledge,

until the late 1980s, when the growing interdisciplinarity of sociological and social psychological

studies, and their terminology, spilled over into philosophy. However, a social constructivist tradition in

philosophy can be identified, with its basis in the late work of Wittgenstein, although some scholars,

such as Shorter, trace it back to Vico. There are strands in various branches of philosophy which might

be termed social constructivist. This includes the tradition of ordinary language and speech act

philosophy, following on from Wittgenstein and Ryle, including the work of Austin, Geach, Grice,

Searle and others In the philosophy of science, a mainstream social constructivist strand includes the

work of Hanson, Kuhn, Feyerabend, Hesse and others. In continental European philosophy there is a

older tradition including Enriques, Bache lard, Canguilhem, Foucault which has explored the formative

relations between knowledge, especially scientific knowledge, and social structure. In social

epistemology there is the work of Toulmin, Fuller and others. In the philosophy of mathematics there is

a tradition including Wittgenstein, Lakatos, Bloor, Davis, Hersh, and Kitcher. Ernest (1991a, In press)

surveys this tradition, and represents one of the few specifically philosophical approaches to

mathematics to adopt the title of social constructivism.

In the early 1970s the social construction (of knowledge) of reality thesis became widespread in

educational work based on sociological perspectives, such as Esland, Young, Bernstein, and others. By

the 1980s theories of learning based on Vygotsky were also sometimes termed social constructivist, and

although we might now wish to draw distinctions between their positions, researchers such as Andrew

Pollard (1987) identified Bruner, Vygotsky, Edwards and Mercer, and Walkerdine as contributing to a

social constructivist view of the child and learning .

To the best of my knowledge, the term 'social constructivism' appeared in mathematics

education from two sources. The first is the social constructivist sociology of mathematics of Restivo,

which he explicitly related to mathematics education in Restivo (1988). The second is the social

constructivist theory of learning mathematics of Weinberg and Gavelek (1987). The latter is based on

the theories of both Wittgenstein and Vygotsky, but also mentions the work of Saxe, Bauersfeld and

Bishop as important contributions to the area, even though they might not have explicitly drawn called

themselves social constructivist. Unfortunately Weinberg and Gavelek never developed their ideas in

print (to my knowledge). Bishop (1985) made a more powerful impact with his paper on the social

construction of meaning in mathematics education, but he did not develop an explicit theory of learning

mathematics, and focused more on its social and cultural contexts. Social constructivism became a

more widely recognised position following Ernest (1990, 1991a, 1991b), but a number of authors have

used and continue to use the word in different ways, such as Bauersfeld (1992) and Bartolini -Bussi

(1991). There are also a number of contributions to mathematics education which might be termed

social constructivist, in one sense or other, even though they do not use this title (e.g. the

socioconstructivism discussed below).

In summary, social constructivism originated in sociology and philosophy, with inputs also from

symbolic interactionism and Soviet psychology, and subsequently it influenced modern developments in

social psychology and educational studies, before filtering through to mathematics education. Because

of the diverse routes of entry, and doubtless because of the varying paradigms and perspectives into

which it was assimilated in mathematics education, social constructivism is used to refer to widely

divergent positions What they share is the notion that the social domain impacts on the developing
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individual in some crucially formative way, and that the individual constructs (or appropriates) her

meanings in response to her experiences in social contexts. This description is vague enough to

accommodate a range of positions from a slightly socialised version of radical constructivism, through

sociocultural and sociological perspectives, all the way to fully- fledged post-structuralist views of the

subject and of learning.

The problematic/me of social constructivism for mathematics education may be characterised as

twofold. It comprises, first, an attempt to answer the question: how to account for the nature of

mathematical knowledge as socially constructed? Second, how togive a social constructivist account of

the individual's learning and construction of mathematics? Answers to these questions need to

accommodate both the personal reconstruction of knowledge, and personal contributions to 'objective'

(i.e. socially accepted) mathematical knowledge. An important issue implicated in the second question

is that of the centrality of language to knowing and thought.

Elsewhere I have focused on the first more overtly epistemological question, concerning

mathematical knowledge (Ernest 1991a, 1993b, In-press). However, from the perspective of the

psychology of mathematics education, the second question is theall-important one. It is also the source

of a major controversy in the mathematics education community. In simplified terms, the key distinction

among social constructivist theories of learning mathematics is that between individualistic or

cognitively based theories (e.g. Piagetian or radical constructivist theories) and socially based theories

(e g. Vygotskian theories of learning mathematics).

Although this is a significant distinction, an important feature shared by radical constructivism

and the varieties of social constructivism discussed here is a commitment to a fallibilist view of

knowledge in general, and mathematical knowledge in particular. (This will not be discussed further

here, but see e.g. Ernest 1991o, In press.)

SOCIAL CONSTRUCTIVISM WITH A PIAGETIAN THEORY OF MIND

A number of authors have attempted to develop a form of social constructivism based on what might be

termed a Piagetian or neo-Piagetian constructivist theory of mind. Two main strategies have been

adopted. First, to start from a radical constructivist position and add on social aspects of classroom

interaction. That is, to prioritise the individual aspects of knowledge construction, but to acknowledge

the important if secondary place of social interaction. This is apparently the strategy of Yackel, Cobb

and Wood (In press), who claim to be radical constructivist, but also lay a special emphasis on the

social negotiation of classroom norms. Indeed these researchers adopted the term socioconstructivist

for their position, but have since reverted to the term 'constructivist'. However it is possible that these

researchers should be interpreted as having adopted a complernentarist position (the second strategy,

discussed below), for certainly in some publications (e.g. Cobb, 1989) they explicitly write of the

adoption of multiple theoretical perspectives and of their complementarity. Overall, a number of

developments in radical constructivism would seem to fall under this category, in all but name (e.g.

Richards 1991)

The second strategy is to adopt two complementary and interacting but disparate theoretical

frameworks. One framework is intra-individual and concerns the individual construction of meanings

and knowledge, following the radical constructivist model. The other is inter-personal, and concerns

social interaction and negotiation between persons. It can also extend farenough to account for cultural
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items, such as mathematical knowledge. A number of researchers have adopted this complementarist

version of social constructivism, including Driver (In press), who accommodates both personal and

interpersonal construction of knowledge in science education. Likewise Murray (1992) and her

colleagues argue that mathematical knowledge is both an individual and a social construction.
Bauersfeld (1992: 467) explicitly espouses a social constructivist position based on "radical
constructivist principles... and an integrated and compatible elaboration of the role of the social
dimension in individual processes of construction as well as the processes of social interaction in the

classroom". Most recently Bauersfeld (1994: 467) describes his social constructivist perspective as
interactionist, sitting between individualist perspectives, such as cognitive psychology and collectivist
perspectives, such as Activity Theory. Thus he explicitly relates it to the symbolic interactionist position
mentioned above, but he retains a cognitive (radical constructivist) theory of mind complementing his
interactionist theory of interpersonal relations.

In Ernest (1991a) I proposed a version of social constructivism, which although intended as a

philosophy of mathematics, also included a detailed account of subjective knowledge construction. This
combined a radical constructivist view of the construction of individual knowledge (with an added
special emphasis on the acquisition and use of language) with Conventionalism; a fallibilist social theory
of mathematics originating with Wittgenstein, Lakatos, Bloor and others.

The two key features of the account are as follows. First of all, there 'is the active
construction of knowledge, typically concepts and hypotheses, on the basis of experiences
and previous knowledge. These provide a basis for understanding and serve the purpose of
guiding future actions. Secondly, there is the. essential role played by experience and
interaction with the physical and social worlds, in both the physical action and speech
modes. This experience constitutes the intended use of the knowledge, but it provides the
conflicts between intended and perceived outcomes which lead to the restructuring of
knowledge, to improve its fit with experience. The shaping effect of experience, to use
Quine's metaphor, must not be underestimated. For this is where the full impact of human
culture occurs, and where the rules and conventions of language use are constructed by
individuals, with the extensive functional outcomes manifested around us in human society.

Ernest (1991a: 72)

However this conjunction [of social and radical constructivist theories] raises the question
as to their mutual consistency. In answer it can be said that they treat different domains,
and both involve social negotiation at their boundaries (as Figure 4.1 illustrates). Thus
inconsistency seems unlikely, for it could only come about from their straying over the
interface of social interaction, into each other's domains. ...there are unifying concepts (or
metaphors) which unite the private and social realms, namely construction and negotiation.

Ernest (1991a: 86-87)

In commenting on work that combines a (radical) constructivist perspective with an analysis of
classroom interaction and the wider social context, Bartolini-Bussi (1991: 3) remarks that
"Coordination between different theoretical frameworks might be considered as a form of
complementarity as described in Steiner's proposal for TME: the principle of complementarity requires

simultaneous use of descriptive models that are theoretically incompatible.". However, Lerman (1994)

argues that there is an inconsistency between the subsumed social theories of knowledge and
interaction, and radical constructivism, in this (or any) complementarist version of social
constructivism.
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I, too, now think that there are severe difficulties associated with the form of social

constructivism which builds on radical constructivism. There are first of all many of the problems

associated with the assumption of an isolated cognizing subject (Ernest, 199th). Radical constructivism

can be described as being based on the metaphor of an evolving and adapting, but isolated organism a

cognitive alien in hostile environment. Its world-model is that of the cognising subject's private domain

of experience (Ernest 1993c, I993d). Any form of social constructivism that retains radical

constructivism at its core retains these metaphors, at least in some part. Given the separation of the

social and individual domain that a complementarist approach assumes, there are also the linked

problems of language, semiotic mediation, and the relationship between private and public knowledge.

If these are ontologically disparate realms, how can transfer from one to the other take place?

Lerman (1992) made an interesting attempt to rescue (as he saw it) radical constructivism by

replacing its Piagetian .heory of mind and conceptual development by a Vygotskian theory of mind and

language, in what might be seen as a form of social constructivism. However, in taking leave of radical

constructivism Lerman (1994) has recently extended his critique, and now argues that any form of

social constructivism which retains a radical constructivism account of individual learning of

mathematics inevitably fails to account adequately for language and the social dimension. Bartolini-

Bussi (1994), however, remains committed to a complementarist approach, and although espousing a

Vygotskian position, argues for the value of the co-existence of a Piagetian form of social

constructivism, and the necessity for multiple perspectives.

SOCIAL CONSTRUCTIVISM WITH A VYGOTSKIAN THEORY OF MIND

In a survey of social constructivist research in the psychology of mathematics education Bartolini-Bussi

(1991) distinguishes complementarist work combining constructivist with social perspectives from what

she terms social constructionist work based on a fully integrated social perspective. Some of her

attributions of individual projects to these approaches might be questioned. For example, I would locate

the diagnostic teaching approach of Alan Bell in a cognitively-based post-Piagetian framework, not one

of social constructivism. Nevertheless, the distinction made is important. It supports the definition of a

second group of social constructivist perspectives based on a Vygotskian or social theory of mind, as

opposed to the constructivist and complementarist approaches described in the previous section.

Weinberg and Gavelek's (1987) proposal falls within this category, since it is a social

constructivist theory of learning mathematics explicitly based on Vygotsky's theory of mind. A more

fully developed form of social constructivism based on Vygotsky and Activity Theory is that of

Banolini-Bussi (1991, 1994), who emphasises mind, interaction, conversation, activity and social

context as forming an interrelated whole, and indicates a broad range of classroom and research

implications and applications.

In Ernest (1993a, 1993c, 1993d, 1994, In-press) I have been developing a form of social

constructivism differing from my earlier version (Ernest 1990, 1991a) because it similarly draws on

Vygotskian roots instead of Piagetian constructivism in accounting for the learning of mathematics.

This approach views individual subjects and the realm of the social as indissolubly interconnected, with

human subjects formed through their interactions with each other (as well as by their individual

processes) in social contexts. These contexts are shared forms-of-lift and located in them, shared

language-games (Wittgenstein). This version of social constructivism has no underlying metaphor for
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the wholly isolated individual mind, drawing instead upon the metaphor of conversation, comprising

persons in meaningful linguistic and extra-linguistic interaction. (This metaphor for mind is widespread

among 'dialogists e.g. Balditin, Wertsch and social constructionists e.g. Harre; Gergen, Shotter.)

Mind is viewed as social and conversational because of the following assumptions. First of all,

. individual thinking of any complexity originates with and is formed by internalised conversation,

second, all subsequent individual thinking is structured and natured by this origin; and third, some

mental functioning is collective (e.g: group problem solving). Adopting a Vygotskian perspective means

that language and semiotic mediation are accommodated. Through play the basic semiotic fraction of

signifier/signified begins to become a powerful factor in the social (and hence personal) construction of

meaning (Vygotsky, 1978).

Conversation also offers a powerful way of accounting for both mind and mathematics. Harre

(1979) has elaborated a cyclic Vygotskian theory of the development of mind, personal identity,

language acquisition, and the creation and testing of public knowledge, all in one cyclic pattern of

appropriation, transformation, publication, conventionalisation. This provides descriptions of both the

development of personal knowledge of mathematics in the context of mathematics education

(paralleling Berger and Luckmann's socialisation cycle), and describes the formative relation between

personal and 'objective mathematical knowledge in the context of academic research mathematics

(Ernest 1991a, 1993b, 1994, In press). Such a theory has the potential to overcome the problems of

complementarity discussed above.

CONCLUSION

It is important to distinguish Vygotskian from radical constructivist varieties of social constructivism,

for progress to be made in theoretical aspects of the psychology of mathematics education. However,

the adoption of a Vygotskian version is not a panacea. Undoubtedly Piagetian and post-Piagetian work

on the cognitive aspects of the psychology of mathematics education is at a far more advanced stage

and with a more complete theorisation, research methodology and set of practical applications.

Nevertheless, Vygotskian versions of social constructivism suggest the importance of a number of
fruitful avenues of research, including the following:

the acquisition of transformation skills in working with semiotic representations in school
mathematics;

the learning of the accepted rhetorical forms of school mathematical language, both spoken and
written;

the crucial role of the teacher in correcting learner knowledge productions and warranting learner
knowledge; and

the import of the overall social context of the mathematics classroom as a complex, organised form of
life including (a) persons, relationships and roles, (b) material resources, (c) the discourse of school
mathematics, both content and modes of communication (Ernest 1993a, In press).
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JUDGMENTS OF ASSOCIATION IN CONTINGENCY TABLES:

AN EMPIRICAL STUDY OF STUDENTS' STRATEGIES AND PRECONCEPTIONS

SUMMARY

A. Estepa, University of Jaen (Spain).

D. R. Green, Loughborough University of Technology (U. K.).
C. Batanero and J. D. Godino, University of Granada (Spain).

In this paper an experimental study of students' strategies in solving
a judgment of association in contingency tables is presented. The
classification of these strategies from a mathematical point of view
allows us to determine concepts and theorems In action and to identify
students' conceptions concerning statistical association in contingency
tables. Finally, correspondence analysis is used to show the effect of
task variables of the items on students' strategies.

PSYCHOLOGICAL RESEARCH ON CONTINGENCY TABLES

A contingency table or cross-tabulation is used to present, in a summarized

way, the frequencies in a population or sample, classified by two statistical

variables. In its simplest form, when the variables only Involve two different

categories, It takes the format presented in Table 1:

Table 1: Typical format for the 2x2 contingency table

A NOT A Total

B
NOT B

a b a+b
c d c+d

The study of reasoning about statistical association began with Inhelder and

Piaget (1955), who considered that the understanding of the Idea of association

has as prerequisites the concepts of proportionality, probability and the

combinatorial capacity. For this reason, they only studied reasoning about

association with pupils in their formal operati,n stage (111a) and (Mb),

proposing to the subjects the problem of the association between eye colour and

hair colour.

They found that, at stage (111a), some adolescents only analyze the

relationship between the favorable positive cases to the association (cell a In

Table 1) and the total number of data. In other cases adolescents only compare

the cells two by two. Once they admit that the cases in cell d

(absence-absence) are also related to the existence of association, they do not

understand that the cells a and d have the same meaning concerning the

association, comparing a with h or c with d instead. This fact is explained
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because, although (Ilia) subjects are able to compute single probabilities,

understanding association needs the consideration of the quantity (a+b) as

favourable to the association and of (c+d) as opposed to it, and also it is

necessary to consider the relation :

R
(a+d)- (b+c)

a+b+c+d

between the difference of cases confirming the association (a+d) and the other

cases (b+c) and all the possibilities. This is only produced at 15 years age

(stage ilib), according to Ihhelder and Piaget.

After Inhelder and Piaget, many psychologists have studied the judgment of

association in 2x2 contingency tables in adults, using various kinds of tasks

and, as a consequence, it has been noted that subjects have a poor capacity in

establishing a correct judgment about association. For example, Smedslund

(1963) and Shaklee and Mins (1982) noted that many adult students base their

judgment only using cell a or comparing a with b.

The difficulty of this type of task is shown by the fact that, as Jenkins

and Ward (1965) pointed out, even the strategy of comparing the diagonals In the

table, considered as correct by Piaget and Inhelder, is only valid in the case

of tables having equal marginal frequencies for the independent variable. For

the general case, Jenkins and Ward have proposed as the correct strategy the

comparison of the difference between the two conditional probabilities, P(A18)

and P(113):

6 = a/(a+c)-b/(b+d)

In addition to the difficulty of this topic, Chapman and Chapman (1967)

showed that there are common expectations and beliefs about the relationship

between the variables that cause the impression of empirical contingencies. This

phenomenon has been described as "illusory correlation" (Tversky and Kahneman,

1974), because people maintain their beliefs in spite of evidence of the

Independence of variables. As Nlsbett and Ross (1980) and Scholz (1991) have

described, posterior studies have shown that for the same association problem

structure, strategies not only vary Inter-personally, but even intra-personally.

People shift strategies depending on task characteristics.

EXPERIMENTAL STUDY

Alms cA the study 6'

Psychological research provides us with valuable information concerning

students' performance and strategies In judging association In 2x2 tables.

Nevertheless, as Vergnaud (1982) pointed out "competency is always related to
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conceptions, however weak these conceptions may be, or even wrong" (pg. 33) and,

from an educational point of view, the identification of students'

preconceptions (Artigue, 1990; Confrey, 1990) is needed in order to plan an

adequate instruction.

The aim of this research is to analyze students' strategies in 2x2, 2x3 and

3x3 contingency tables from a mathematical point of view, in order to identify

students' preconceptions concerning statistical association in contingency

tables. As an initial step we also have identified concepts and theorems in

action as described by Vergnaud (1982) who consider the essential purpose for a

cognitive analysis of tasks and behaviors is to identify such theorems In

action" (pg. 35).

Sample

The sample consisted of 213 students in the last year of secondary school

(18 year old students). It is in this level where the topic association is

introduced in the Spanish syllabus. The questionnaire was given to the students

before the instruction was started. About half of the students (113) were males

and half (110) females. This study has a quasi- experimental character, because

of the non-random character of the samples of students and problems.

Questionnaire

The whole questionnaire included 5 items concerning contingency tables. A

pilot study of the questionnaire was performed with a separate sample of 53

students, which served to check the reliability and the coding system of the

students' answers and to improve the final version. The items were similar to

item 1 presented in Fig. 1. The following task variables were considered:

ITEM 1. In a medical center 250 people have been observed In order to

determine whether the habit of smoking has some relationship with a bronchial

disease. The following results have been obtained

Bronchial Mo Bronchial

disease disease Total

Smoke 90 60 150

Doesn't smoke 60 40 100

Total 150 100 150

Using the information contained In this table, would you think that for

this sample of people bronchial disease depends on taking the drug? Explain your

answer.

Figure 1

Vl: Type of table: Because most research which has been done in psychology has
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used 2x2 tables, we have included 3 items of this kind. We ha..,e also included a

2x3 table and a 3x3 table, in order to assess the similarities in difficulty

and in student strategies between 2x2 tables and other types )f tables.

V2: Sign, of the association: Direct association, inverst association and

independence were used in 2x2 tables. In the 2x3 table the association was

direct. The sign of association was not applicable to the 3x3 table which refers

to nominal variables.

V3: Relationship between context and prior belief: the association suggested by

the context of the problem and the empirical association presented in the table

may coincide (theory agreeing with data) or not coincide (theory contradicting

data). The specific values assigned in each one of these variables in the

different items are shown in Table 2

Table 2: Values of task,variables in the different items

Item 1 Item 2 Item 3 Item 4 Item 5

VI 2x2 2x2 2x2 2x3 3x3

V2 Independent Inverse Direct Direct Independent

V3 Theory Unfamiliar Unfamiliar Theory Unfamiliar

contradicted context context contradicted context

DISCUSSION

Once the data were collected, the arguments expressed by the students were

categorized. Two dependent variables have been considered in each one of the

items: the type of association perceived by the student (direct association,

inverse association or no association) and the procedure employed by them to

solve the proposed task.

Table 3: Frequency and percent of type of association perceived by the students

Item Independence Direct Inverse No answer

1 84 (39.4) 118 (55.4) 1 (0.5) 10 (4.7)

2 65 (30.5) 25 (11.7) 108 (50.7) 15 (7.0)

3 9 (4.2) 194 (91.1) 3 (1.4) 7 (3.3)

4 19 (8.9) 186 (87.3) 8 (3.8)

(1 Correct answer

In Table 3 we present the frequencies and percentages of the type of

association perceived by the students in items I to 4. In item 5 in which the

sign of association was not applicable, because the two variables were nominal

and had three different categories, 129 students (60.6% of the total number of

students ) gave the correct answer (independence) ; 23 students (10.8%)

AP; W66



considered the existence of association and 61 students (28.6%) provided no

answer. The difficulty was very low in items 3 and 4, which correspond to

direct association and to problems in which the students' expectations about the

type of association coincides with the contingency presented in the data (item

4) or to problems in which the student has no previous theory, but the strength

of the association is high (item 3). Item 5 had a moderate difficulty, although

it is a 3x3 table and corresponds to independence; Nevertheless a high number of

students has provided no answer. Comparing with item 1 which also refers to

independence, the difference in difficulty is notable; in item 1 most students

have considered the association as direct, because this is the expected type :)f

association suggested by the context of the problem (smoke and cough). Finally,

we refer to item 2 which has a moderate difficulty. Nevertheless, a significant

number of students have considered as a case of independence the fact that the

presence of A implies no B, that is the inverse association.

The correct judgment of association by a student is not sufficient to

evaluate a student's primary conceptions concerning statistical association, due

to the fact that many authors have noticed that it is possible to get a correct

Judgment with an incorrect procedure. From the point of view of statistical

education both correct Judgment and correct strategy are needed for an adequate

understanding of this concept.

In order to evaluate this second aspect, the procedures employed by the

students were classified according the implicit mathematical concepts and

theorems in action (Vergnaud, 1982), in case of correct or partially correct

procedures and according to the types of errors in incorrect procedures. Taking

this analysis as a base for classification, we have identified the following

students' strategies:

Correct strategies

Sl: Comparison of all the conditional relative frequency distributions:

These students compare the relative frequency h(AilBj) of every value AI for the

different values of By As a consequence, they are implicitly using the idea

that the dependence of a variable A on another variable B implies the variation

of the relative conditional frequencies h(AilBj) when Bj varies. This involves

comparison of columns. The case of comparing rows is also included here.

S2: Comparison of one conditional relative frequency h(AllBj) I fixed, in

each possible value Bj with the marginal frequency hi. They implicitly use the

property of invariance of the distribution of A when conditioned with a value 13

(rows and columns could be interchanged).

S3: Comparing the frequencies of cases in favour and against A (or

comparing the ratio of these frequencies) in each value of B . In this procedure
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the correspondence between the probability of an event and the odds ratio, which

is valid when the table only has two rows or two columns, is implicit. It is

this idea which serves as a base for the definition of the odds ratio as a

measure of association.

Partially correct strategies

S4: This Is similar to strategy SI, but the students do not use relative

frequencies explicitly. Instead, they perform qualitative or additive

comparisons, and for this reason they do not quantify properly the difference of

probability of the values of one of the variables as a function of the other

one.

S5: This is similar to S2, but the students only use one of the frequencies

in each conditional distribution. This strategy is correct when the variable has

only two different values, but not in the general case,

S6: Comparison of the sum of the frequencies in the diagonal. That is,

comparing a+d with c+b in the 2x2 table. This is a comparison of the cases

confirming and disconfirming the association. This strategy is valid for a table

with equal marginal frequencies, but not for the general case.

Incorrect strategies:

S7: Using only one cell, often the cell whose frequency is maximal.

SB: Using only one conditional distribution: These students do not realize

that they have a problem in which a comparison of two probabilities is needed.

They base the judgment only in the ratio or on the difference of frequencies of

the different values of A for a fixed value of B.

S9: Comparing absolute frequencies with the total number of cases.The

students use one or several relative frequencies of different pairs of values

(A P
B ). They try to link the frequencies in different cells to the total number

of cases. They do not realize the necessity to compare the frequencies of a

value of A in the different values of B. The strategies S7, SB, S9 corresponds

to students who present a local conception of association, because in judging

the association they do not take into account the complete distribution but only

the most salient Information.

S10: Using marginal frequencies. Some students consider that is not

possible to solve the problem, because of the difference in marginal frequencies

in the different values of A or B.

S11: Other procedures. In this category we have included students who

express their previous theories about the nature of the association between the

variables; the students that give Incomplete arguments; and other procedures,

such as trying to solve a system of equations.

Finally, we have grouped the students who did not provide a judgment for
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the association and cases where the arguments were not sufficiently clear to be

interpreted. In general this group of students is not very large, except in item

5 (3x3 table) in which a great number of non-answers was obtained. In Table 4

the frequencies and percentages of strategies used by the students in the

different items are presented.

Table 4: Frequency and percent of procedures by implicit mathematical concept

Procedure Item 1 Item 2 Item 3 Item 4 Item 5

1:All h
lj

8( 3.8)

2:hij with h
1

33(15.5)

3:Odds comparison 13( 6.1)
4:two, three f

ij
3( 1.4)

5:fijfixediwithh.2( 0.9)

6:Sum of diagonals 5( 2.3)

16( 7.5)

27(12.6)

39(18.3)
19( 8.9)

19( 8.9)

11( 5.2)

2( 0.9)

35(16.4)

34(16.0)
21( 8.9)

17( 8,01

18( 8.4)

20( 9.4)

21 (9.9)

62(29.1)
15( 7.0)

7(.3.3)

18( 8.4)

5( 2.3)
76(35.6)

4( 1.9)
7:One cell 29(13.6) 26(12.2) 22(10.3) 6( 2.8)
8:fij or hu fixed 1 56(26.3) 28(13.2) 30(14.1) 47(22.1) 24(11.3)

9:f1j with n 1( 0.5) 6( 2.8) 7( 3.3) 2( 0.9)

10:f1 or fj 8( 3.8) 1(0.5) 6( 2.8)

11: Other 13( 6.1) 2( 0.9) 3( 1.4) 7( 3.3) 4( 1.9)
No or confused answer 42(19.7) 20( 9.8) 23(10.8) 20( 9.4) 82 (38.5)

Total 213(100) 213(100) 213(100) 213(100) 213(100)

Correspondence analysis:

A correspondence analysis (Greenacre, 1984) of this last table has been

performed, in order to synthesize the possible relationships between strategies

and items. Task variables of the Items have been used as supplementary

variables, in order to improve the interpretation. The analysis have shown a

quasi - unidimensional structure: the first eigenvalue explains 60.7 percent of

the total inertia of table 4 and the second eigenvalue only 21.9 percent: these

two factors together explain 82.K, percent of the total inertia.

In the first axis the items concerning 2x3 and 3x3 tables were opposed to

the items concerning 2x2 tables; in fact the following ordering of the items was

shown in the axis: 3x3; 2x3; 2x2(independence); 2x2(inverse association) and 2x2

(direct association). The strategies (S1) and (S4), which consist of using all

the conditional relative distributions or all the conditional absolute

frequencies distributions, are opposed to the rest of the strategies. So, we

could interpret this factor, which explains most of the variability in the

strategies, as the opposition in taking into account all the different

conditional distributions or using only part of the information contained in the

table. Although these last types of strategies may be used for solving some of
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the 2x2 contingency table problems, they seem inadequate for obtaining the

solution to more complex situations. Concerning the task variables, this factor

also opposes the independence to the existence of association, in particular to

the inverse association. So, In independence problems a more elaborate strategy

seems to be needed in order to provide a correct judgment.

The second factor opposes the incorrect strategies and the partially

correct strategies. Concerning the task variables, the most notable influence is

that of having theories against the data (in association with incorrect

strategies) as compared with theories In favour or no theory (in association

with partially correct strategies). As a consequence, we deduce that some of the

incorrect strategies have been used as a means to justify the previous theories

about association when there is not agreement between those theories and the

contingency given In the data.
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QUANTITATIVE AND QUALITATIVE RESEARCH METHODOLOGIES:

RIVALRY OR COOPERATION?

Jeff Evans

School of Mathematics and Statistics

Middlesex University, Enfield, UK

The terms quantitative and qualitative, often used to distinguish
research methodologies, are ambiguous. Here I discuss several
possible Meanings. Drawing on a study of cognition and affect in
the context of numerate activity among adult students, I show the
strengths of each of three strategies - quantitative, qualitative
cross-sectional, and qualitative case study - for critically
considering claims about gender differences in mathematical
performance.

Introduction

Perhaps the most obvious way to distinguish types of research is by
data type: quantitative research produces numerical data, analysed
statistically, and qualitative produces textual data, analysed non-
statistically. (Indeed this is one basis for classifying PME research
reports.) But almost immediately we find dilemmas: for example, how
should we classify data based on classification, analysed by counts
and cross-tabulations (e.g. Table 2 below)?

What about method type? Thus experiments, tests and surveys can be
seen as "structured" (by the researcher), and many types of interview
(e.g. life history), case studies and document use are seen as semi-
structured or "unstructured". But this breaks down too: case studies
may use test and questionnaire results, and experimental de-briefing
may often be semi-structured.

Can we distinguish research by its aims, or its epistemology? Cook
and Reichardt (1979) claim that quantitative research aims at the
testing of theory, whereas qualitative emphasises discovery. Many
would agree, arguing the need for research to be based on subjects'
perspectives, but the researcher's "avoidance of preconceptions" may
lead to a minimal acknowledgement of the role of theory.

The most promising basis, in my view, is the distinction between
types of explanation: research using causal or deductive-nomological
explanation an be distinguished from that using purposes or reasons.
Put roughly, the former tends towards determinism - based on forces
(e.g. socialization), instincts, characteristics and/or attitudes -
and aims for generality, whereas the latter emphasises subjects'
freedom and often celebrates particularity.
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NW,

Illustrative material comes from a study of thinking and affect in
the context of "practical" activity among adults (Evans, 1993; Evans,
1991; Evans and Tsatsaroni, 1993). The subjects were students on a
social science degree at a London Polytechnic in the mid-1980s. Most
were studying a compulsory maths (pre-calculus) / statistics course,
and most were familiar with a range of numerate practices outside of
school. Here I focus on methods and findings related to gender
differences in mathematical performance.

The Quantitative Research: Theory and Methods

At the start of the course, subjects (n > 900) were asked to complete
the questionnaire at one of their lectures. It included questions on
gender, age, qualifications in school maths, and (in later versions)
social class measured by occupation; performance; and maths anxiety.
Here performance was considered to be explained (causally) by the
above characteristics, by qualifications in maths, and by measures
of anxiety or affect.

The maths anxiety items were selected from the Mathematics Anxiety
Rating Scale (MARS) analysed by Rounds and Hendel (1980) into Maths
Course / Test Anxiety (MTA) and Numerical Anxiety (NA). MTA and NA
were considered to relate to school and everyday contexts
respectively, parallel to the distinction between school maths and
practical maths; the latter included questions used in the survey of
3000 adults done for the Cockcroft Report (ACACE, 1982).Thus, in the
quantitative phase of this resesarch, context was specified by the
wording of performance or anxiety questions.

Results iron the Quantitative Research

We can scrutinise the sometimes mythic claims about gender
differences in maths performance (Walkerdine et al., 1989), using the
quantitative data. First, the men's and women's average score on
School Maths performance (10 items) were compared, yielding an
uncontrolled difference of 3/4 of a question (statistically
significant; pc.001) in favour of the male students; see Table 1.

In order to control for qualification in maths (i.e. maths course-
taking), age (since more of the women were mature students), maths
test anxiety and confidence (self-rating) in maths, a multiple
regression model was constructed. Now the difference for younger
students (aged 18-20), about 1/6 of a question, was no longer
statistically significant, and that for mature students (21+), just
over half a question, was borderline; see Table 1.
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Table 1. Gender Differences in School Maths Performance:
Uncontrolled Group Means and Estimates Controlled for Qualification
in Maths, Age, etc.

Number of questions correct

Men's Average Women's Average Difference

Uncontrolled 8.78 8.07 0.71
(Std. Error 0.11)

Controlled
Young (1820) 0.17

(S.E. 0.17)
Mature (21+) 0.57

(S.E. 0.24)

Thus the gender differences in performance, which are fairly
substantial, become much less so after controlling not only for maths
qualification, but also for age, affective variables, and relevant
interactions, and the quantitative analysis allows us to do this.

'(Quantitative research with similar aims is presented in Chipman,
Brush and Wilson (1985)).

Qualitative Research: Theory and Methods

We can think of discourses as sets of ideas, goals, values and
techniques, "competing ways of giving meaning to the world and of
organis.:.ng social institutions and processes." (Weedon, 1987, p.35).
Since all our activities are based in discourses, we sometimes speak
of discursive practices.

Basing our analysis on discourses allows us to develop a much fuller
idea of the context of mathematical thinking or affect, to include:
the crucial role of language; the goals of the activity, (Newman
Griffin and Cole, 1989); the relations of power exercised (e.g.
Weedon, 1987) and the material and institutional resources (e.g.
training, equipment, professional associations) made available for
the activity.

In my approach, the context is understood as positioning in
practice(s). Each practice produces positions which subjects take up;
in some contexts / practices, the availability of a particular
position may depend on the subject's gender, age, etc. (cf. Hallway,
1989). For example, in the activity of feeding children, the child
is positioned as demanding ("more"); the parent is positioned as
having to regulate the child's consumption; the form of this
regulation is likely to depend on the parent's income and social
class. For a discussion of how positioning in such practices might
provide the context for children's thinking in one topic of primary
school mathematics, see Walkerdine and Girls and Mathematics Unit
(1989, pp.52-53).

In my project, I wanted to avoid the tendencies towards excessive
determinism that I found in the idea of subjects' being positioned
by practices. Thus I argue that, in a given setting, subjects in
general are positioned by the practices which are at play in the

--122--

573



setting, but that a particular subject will call up a specific
practice (or mix of practices) which may differ from those called up
by other subjects, and which will provide the context for that
subject's thinking and affect in that setting (Evans, 1993).

Semi-structured interviews were conducted in my office with a
randomly designed sample (n=25) of students at the end of their first
year. The interviews had "life history" and "problem solving" phases;
in the latter, subjects were presented with a number of "practical"
problems - e.g. deciding how much (if at all) they would tip after
a restaurant meal (see below), deciding which bottle of tomato sauce
they would buy, etc. (cf. Sewell, 1981). But this interview differed
in its use of contexting questions: when the student was first shown
the "props" for the problem - e.g. a facsimile of a restaurant menu
in Qu.4 - before being asked anything "mathematical" - s/he was
asked: "Does this remind you of anything you currently do?" And after

discussing the question: "Does this remind you of any earlier
experiences?" Subjects' responses to these questions were to help me
judge the context of their thinking about the problem, etc.

My analysis of positioning in the interview setting was that subjects
would tend to be positioned in two main practices:
academic maths (AM), with positions teacher / student; and
research interviewing (RI), with positions researcher / respondent.
To the extent that RI, rather than AM, was called up by the subject,
s/he would be able to call up ways of thinking, emotions, etc. from
further non-academic practices, with numerate aspects I called
"practical maths" (PM). For Qu.4, I expected these to be practices
of "eating out", with several configurations of related positions

possible: host / guest; friends each paying their own share; or
perhaps customer / wait(e)r(ess). Each position in practice will
support different ways of thinking and feeling, including different

kinds of numerate or mathematical thinking.

In order to judge which practice the subject called up, I drew on
various indicators (Walkerdine, 1988, Ch.3; Evans, 1993):
(i) the "script": e.g. how the interview, problems, etc. were
introduced - as "research", "views", "numbers", rather than "test",

"maths", etc.;
(ii) unscripted aspects of the researcher's performance;
(iii) the subject's talk, especially the responses to the contexting
questions; and
(iv) reflexive accounts: e.g. whether I had been in the position of

maths teacher to each student, before the interview.

Two "qualitative" approaches were used. First, a cross-subject
approach, based on that of Miles and Huberman (1984), aimed to

consider, in a comparative way, the results from all of the
interviews. Second, each interview was considered as a case study of

a particular subject's thinking and affect.

Results from the Qualitative Cross-sectional Research

Let us consider the results for ail interviewees for problem 4, which
presented a restaurant menu. For this analysis, I aimed to record the

practice that predominated in each subject's positioning. Indicators

for a predominant academic maths (AM) positioning were considered to

be:
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- the use of written calculations; or
- the giving of an answer which involved a fraction of 1p.
Indicators for a predominant positioning in "practical maths" (PM)
were: - the use of mental calculations; or
- the formulating of an answer in practical, i.e. money, units.

The results from the cross-subject analysis of the relationship
between gender, predominant positioning and performance judged as
correct for problem 4 ( a 10% tip when eating out) are in Table 2.

====================== ===================== ===== =
Table 2. Gender, Positioning and Performance: Cross-tabulation of
number of questions judged correct by gender and predominant
positioning for problem 4

Number (and Percentage) Correct

Predominant Women Men Total
Positioning

Practical Maths 6 / 7 10/11 16/18
(eating out) (84%) (91%) (89%)

Academic Maths 3 / 5 3 / 5
(601) (60%)

Total 9 /12 10/11 19/23
(75%) (91%) (83%)

We must first stress the small numbers involved - 23 students in
all. (Two students did not reach Qu.4, because other life history
material intervened.) Also, he level of performance, among both
women and men, was rather.higL. And the gender differences were very
small (especially remembering th' small numbers). However, there are
two findings, which - if they can be replicated - would be
interesting. First, a slightly lower level of performance among those
judged to have a predominant positioning in academic maths than among
those positioned in practical maths / eating out (60% - 3 out of 5 -
compared with 89%). Second, almost half of the women - but no men -
called up academic maths. Taken together, these very tentative
findings pose the question as to whether some of the gender
differences in performance could be explained by differences in
positioning. And whether this might be true in other settings, e.g.
in large scale testing?

Results from the Qualitative Case Study Research

One case study will illustrate the potential of this analysis. "Jean"
was aged 18 at entry, with CSEs (a "less academic" exam than 0-level,
taken at 16+.1. in both Mathematics and Arithmetic. I judged her to
be working class, on the basis of a noticeable regional accent, and
an often-voiced concern about never having enough money (see below).

A makw issue in considering her performance is: Why does she "always
get %'s the wrong way round"? In one of her attempts at Qu.2 (10%
of 6.65], she tries (10/6.65 x 100), realises that is incorrect,
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and then answers "0.65 ... just a guess". For Qu. 4, when asked about
a "10% tip on £3.75", she first tries {10/3.75 x 100 }, as for Qu.2,
and then she tries {3.75/10 x 100}. But she doesn't really know: "it
goes something like that".

How can we explain these errors? We might say she has a "conceptual
problem". Or we might refer to affect: she constantly expresses (or
exhibits) anxiety - about percentages; and also about the interview
("I sound horrible on tape.") But she expresses even more anxiety
about money; e.g. "I've never, ever got enough money" (for tips);
about the level of tipping required in the U.S. to which she is about
to depart, and about being able to afford 15% tips there. She is also
anxious about being able to afford the trip at all (see below). When
shopping, "I do always follow the prices,... for fear of being
ripped off". What appeared at first to be "maths anxiety" seems now
to relate to her constant worry about money and financial
constraint.

Thus we can read her errors as based in a complex of factors:
- a conceptual problem about percentages; along with
- beliefs about herself as a solver of maths problems;
- maths anxiety, especially about percentages;
- some anxiety about the interview; and
- anxiety about the relevant practice, viz. tipping in restaurants,
and/or tipping in the USA.

The latter anxiety also relates to an apparently chronic anxiety
about money. This may relate to a positioning in social class terms,
as a member of a family with money problems, possibly in poverty.
(Cf. Ellen, a middle class woman of about the same age, whose
anxiety about calculating a tip can be read as relating to anxiety
about the relationship which has provided the site for her
affectively charged experiences of "eating out" (Evans, 1991).) Thus
we might analyse Jean's interview in a second straightforward way,
by focussing on a determining factor, namely social class.

C.in we produce different readings? There is something else which
might attract our attention as meaningful. Listen to her talk: "it
goes something like that"; "I sound horrible on tape". Then
concerning her CSE Grade 3 in Maths: "I wasn't very good at all".
She also expresses much anxiety about percentages; e.g. "I always
get the formula wrong..."; "I always mix it up". We can hear these
as "confusion", "anxiety", but all we have are indices of something
other than the talk. We could quickly disregard them, as "self-
defeating self-talk" (Tobias, 1978).

Or we might attend to these signifiers marking her talk. This would
lead us to e.g. the discourse of norms (right / wrong), of aesthetics
(good / bad), of science (truth / falsity), all "mixed up" in her
talk. It is the following up of this thread of signifiers that blocks
our clear criteria of true / false that normally directs judgments

on the use of mathematics. This would take us into the discourse
of Kantian divisions. But her talk has confused our "clear"
conceptual categories.

So if we continue listening to her narrative about her trip to the
USA, and her anxiety about it: "I haven't had a holiday for three
years, so this will get us to America: it's the only way I can ever
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make it..." We could be led from a language of conceptual divisions

to a psychoanalytic language of desire. This cannot be discussed in

detail here, but see e.g. Evans and Tsatsaroni (1993); Walkerdine

(1988).

Conclusions

In this research, both
quantitative and (two types of) qualitative

methodology have been used. Rather than polarising the discussion by

asking which method is "best", we can note the relative strengths of

each, and attempt to combine the different approaches in a way that

is effective for the problem at hand.

The quantitative approach
is useful when we wish to make comparisons

across subjects, or groups of subjects, and we aim for some degree

of generality: we have seen the importance, and the power, of the

controls used above. For example, this approach is useful for

itudying gender differences in participation or performance, and

outcomes of policy interest more generally.

The qualitative case study approach is useful when we wish to explore

the richness, coherence (i.e. not being separated into variables) and

process of development of a limited number of cases. Thus we can

display episodes of problem solving, in order to understand the

process - for research purposes or to improve teaching and learning.

The sort of semi-structured
life-history / problem solving interview

with contexting questions used here allows the tracing of multiple

signification (as with "expense"), and the making of judgments about

the positioning of subjects (Evans and Tsatsaroni, 1993). In order

to produce different readings, it is advantageous that (some of) the

research method(s) should produce "semi-structured" talk which can

be reread in the manner illustrated above.

The qualitative cross-subject approach provides an intermediate

approach, for cases where it may be challenging to produce

comparability across subjects (as in judgments about "predominant

positioning"), but where some generality in findings is sought.
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Abstract

For two consecutive academic years the conceptions and practices of two young teachers were
investigated through a qualitative case study methodological approach. Study findings show
that, as students in a school of higher education, both participants revealed very similar
conceptions towards mathematics and problem solving. However, as beginning teachers, their
practices differed quite substantially. In one case, mathematical problem solving was integrated
in the curriculum and there was a consistency between the participant's discourse and her
practice. In the other case, contradictions emerged between what the participant claimed to be
his ideas and intentions and what actually happened in his classrooms. Several reflections are
made concerning the complex relationships that the participants seemed to establish with their
teacher education program, with the course syllabus aid with the schools' organization.

Introduction

It is generally accepted that problem solving is one of the most important goals of

mathematics teaching because it contributes to develop students' thinking capacities and
competencies (e.g., Charles, 1982; Fernandes, 1992; Lester, 1980a, 1980b, 1983, 1985).
However, there are several complex and interdependent factors (e.g., cognitive, metacognitive,

cultural, social, emotional) that affect the development of those capacities and competencies

(Lester & Charles, 1992).

Teachers' conceptions and attitudes towards mathematics and mathematical problem

solving seem to play a determinant role in the actions they undertake in the classrooms during

the teaching/learning process. Therefore, research efforts have been directed to understand the

nature of teachers' conceptions about mathematics and about problem solving and its teaching

and to analyse the .xtent to which teachers' practices are influenced by those conceptions and by

other related factors (Cooney, 1985; Thompson, 1989; Clark & Peterson, 1986; Grouws, Good &

Dougherty, 1991; Romberg & Carpenter, 1986; Vale, 1993).

For many years, as mathematics educators, we have been realising that in contrast with

the optimism that our senior students usually reveal concerning the teaching of mathematics and,

particularly, the teaching of problem solving, there is a somewhat discouraging situation in the

current state of Portuguese elementary schools (Grades 1-6). Our experience tells us that

mathematical problem solving is one of the most neglected subjects in these schools. Usually,

students are not asked or encouraged to solve problems. Therefore, we were interested in finding

out what happens to those optimistic and idealistic visions of our students about mathematics and

mathematical problem solving when they arrive in public schools. That is why we felt that we

needed to thoroughly understand how teachers' conceptions evolve and how they are related with

teacher's practices and with their teacher education program at a school of higher education.

This research was guided by the following questions: (1) What conceptions about

mathematical problem solving are revealed by the participants while they are senior students in a
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school of higher education? (2) What conceptions and practices about problem solving and its

teaching are revealed by the participants while they are in their first year as mathematics
teachers? (3) What relationships could be established between these teachers' conceptions and

other factors such as their preservice education?

Research Framework and Methodology

Goetz & LeCompte (1984), Merriam (1988) and Yin (1989, 1993) assert that
interpretative research is a process which allows one to analyse and to interpret meaning as

constructed by the participants instead of a process which aims at describing an objective reality.

The holistic case study is a methodology which helps one to intensively describe the
particularities of social and educational phenomena and to interpret them as well. Several

researchers who work in the problem-solving area and/or with students' and teachers'
conceptions have used this kind of methodological approach (e.g., Cooney, 1985; Matos, 1991;

Thompson, 1982). As stated by Yin (1989) case study methodology favours the analysis and

interpretation of phenomena in real-life contexts; it allows one to interpret meanings as

developed by the participants within the case.

Taking into account the nature and the overall purpose of this research we decided to

conduct two qualitative case studies which could provide the grounds for an understanding of

two young teachers' conceptions and practices and their relationships with other factors.

Participants
Two participants were involved in this study: Rui and Maria. They were both seen as

good informants because they were open enough to allow a collection of a rich set of data.

Besides, they were seen as being able to reflect upon their own practice and actions and seemed

quite involved and committed to their personal and professional development. Also they were

purposefully selected for this study because they were known among their colleagues as
enthusiastic about becoming mathematics teachers and as mature, responsible students.
According to their former teachers, Rui was considered an "average" student in mathematics and

Maria a "good" student.

Data Collection and Data Analysis
In the process of data collection several data sources were used: (a) Interviews; (b)

Observations; (c) Field Notes; and (d) Artefacts. As stated by several authors (Erickson, 1986;

Johnson, 1980, Yin, 1989), the idea was to diversify the utilization of instruments and sources of

information so that we could come up with a grounded and consistent set of descriptions,

interpretations and conclusions about the phenomena under study.

For almost two years each participant was interviewed in 11 different occasions and
contexts and systematically observed both as a senior student and as a teacher. The interviews

were of informal or semi-structured nature and were supported by a questionnaire (to help in the
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collection of biographical data), scripts, and a set of problem-solving related tasks. The tasks

were adapted from the ones developed by Thompson (1982) and Kloosterman & Stage (1989).

All interviews were transcribed from audiotape recordings. Instruments developed by Putt

(1978) and by Charles, Lester & O'Daffer (1987) were adapted to conduct observations of

problem-solving related activities in the classrooms.

Data collection was programmed to take place during an extended period of time to

augment the possibility for us to observe chains of similar situations which might occur in

different occasions throughout the two phases of the study.

Data analysis was performed inductively; that is, repeated analysis of data collected

through the interview transcripts, field notes, observations and artefacts enabled us to come up

with categories which were used to organize them. (Goetz & LeCompte,1984; Merriam, 1988;

Thompson, 1982; Yin, 1989). Also, as suggested by Erickson (1986), different data sources

were used to check the validity of assertions generated by the researchers.

Phases of the Study
This study was developed in two phases. The first ocurred in the 1990-1991 academic

year while the participants were senior students in a school of higher education. All the

observations were performed in the context of a methods course during which students were

exposed to a problem-solving module. The participants were interviewed in six different

occasions.
In the second phase, which ocurred in the 1991-1992 academic year, both participants

were teaching fifth grade mathematics for the first time in twodifferent "preparatory" schools

(Grades 5-6). Five interviews and twelve class-observations were conducted during that phase.

Main Findings and Discussion

Rui's Conceptions as a Senior Student
Rui's views and perspectives about problem solving and its teaching seemed very similar

to the ideas presented and discussed in the methods course that he was attending. He saw

problem solving as an important means to develop reasoning and higher order thinking and,

accordingly, asserted that problems must challenge and motivate students for learning. Besides,

Rui stated that it was desirable and possible to provide students with a set of "things" that they

can learn such as problem-solving strategies and types of problems.
Teaching mathematics, teaching reasoning and teaching problem solving were identified

as the same thing. Rui stated that problem solving can be naturally and easily integrated in the

development of the curriculum in mathematics classrooms. Furthermore, asserted that

mathematics content could be taught through a problem-solving approach. However, when

asked to explain how to put these ideas into practice Rui referred some constraints, like time and

the contents listed in the syllabus that needed to be taught, to justify the integration of problem

solving in extra-curricular activitities rather than in the daily classroom teaching.
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There is a contradiction in Rurs views. On one hand, he identifies mathematics with

problem solving but, on the other hand, he sees problem solving as something that can be
handled as an extra-curricular activity, out of the "normal" mathematics classroom. For him,

problem solving seems to have a lower status than the mathematics content listed in the syllabus.

Rui's Conceptions and Practices 'us a Beginning Teacher

In his very first year as a mathematics teacher Rui was assigned to teach in a school

located in a poor and rural in-land city attended by many "at risk" students whose parents
participated very little in school-related activities. In general, teachers in the school were quite

young, not certified, and living in other cities. There were four mathematics teachers and two of

them did not hold a certification. The group did not meet frequently and, according to an annual

plan presented by the teacher responsible for the group, the major concern had to do with

teaching all the contents listed in the syllabus. Rui's fifth grade class had several students who

tended to misbehave during class time.
Regardless this detrimental situation, Rui felt and adjusted well and soon became one of

the most active persons responsible for the computers' room where he initiated students to the

LOGO language and prepared materials that he needed for his classes. However, Rui did not

include problem solving in his teaching plans because, in his opinion:

"problems must be connected to the contents you arc teaching and it is not easy to find them
in these conditions. Having students solving problems which arc not contentrelated is a
waste of time and students might become unmotivated."

Rui didn't put into practice the pedagogic principles, ideas, and materials discussed in the

methods course he attended one year ago, with which he claimed to agree. He basically

followed the textbook and the course syllabus and seemed to make his decisions about what and

how to teach based upon these documents. This is quite different from Rui's "talk" which, for

example, referred to the active involvement of his students in their own learning process or to

small groups of students engaged in problem-solving experiences.
Several factors may explain this situation. One may have to do with the low expectations

that teachers, Rui included, in this school held about their students. Another may be related to

the fact that Rui could feel insecure if he used an approach which calls for more students'

participation and interaction. Still another reason can be linked to the functioning of the

mathematics group. In fact, teachers in the group did not discuss teaching issues, did not reflect

upon their own work and did not plan together.

Professional isolation, lack of stimuli, absence of a strong school's pedagogic culture,

absence of mechanisms to integrate beginning teachers into the school and the community, and

low participation of parents in school life, may be factors which did not help Rui to put into

practice the views and perspectives about teaching problem solving revealed in his discourse.
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Maria's Conceptions as a Senior Student

Maria saw problem solving as playing a major role in the development of students'
critical thinking which enables them to analyse, to select, and to interpret information. At the

same time she claimed that it was important and possible to teach problem solving based upon a

model which helped students to organise and systematise their thinking. Nevertheless, like Rui,

she also considered that it was difficult to teach mathematics through a problem-solving
approach. Maria seemed to hold a contradictory view of problem solving: on one hand she

seems to see it as essential for the development of mathematical ideas but, on the other, she

seems to identify it as a mathematical activity which has nothing to do with the integral
development of the curriculum.

Maria's Conceptions and Practices as a Beginning Teacher

Maria was assigned to teach Grade 5 mathematics in a "preparatory" school located in a

poor zone of a litoral urban area. Most of the students in the school came from poor economic

and social backgrounds and parents' participation in school-related activities was seen as very

low. The teachers were all certified and most of them lived in town. Maria mentioned that the

school, as a whole, was active and dynamic because it was involved in several projects (journal,

stamps club, computers' cclub, and the like) and hosted students from the local school of higher

education for their student-teaching activities. However, the math group was not used to meet on

a regular basis for planning, reflecting, or discussing teaching issues. Maria seemed to adjust to

this situation and she decided to put the essential of her opinions about problem solving and

about new mathematics education trends into practice. Although, like Rui, she felt that the
contents listed in the syllabus must be given priority, she managed to teach problem solving to

her students. She actually did it frequently and in a diversified way: during classes about topics

under study, as motivation and introduction to new topics listed in the syllabus, as homework
and still as extra-curricular activities.

Gradually, Maria became more confident in her own work because she started to realise

that she was integrating problem solving into the curriculum and that students were highly
motivated. She learned that problem solving was far from preventing students from learning

mathematics; in fact, in her clas, all students but one were successful.

Some Reflections

After the first year of this investigation we could say that the performances of the
participants as teachers would be quite similar. In fact, they were educated in the same
institution, received the same preparation on problem solving and had the same opportunity to

get acquainted with teaching methods more consistent with new trends on mathematics
education (e.g., using calculators, using manipulative materials, solving different kinds of

problems). On the other hand, their conceptions seemed also similar: both revealed a dual view

of mathematics (computation and reasoning), both saw problem solving as fundamental for the
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development of students' thinking capacities, and both claimed a willingness to teach problem

solving in their future classrooms.'

The second year of research demonstrated that the participants performed in very
different ways. In Rui's case a contradiction emerged between what he claimed as his ideas and

intentions and what happened in his classes. In Maria's case it was possible to perceive a
consistency or coherence between her claimed ideas and intentions and her practices as a teacher.

One can say that in this case it was possible to verify that, as time passed by, the relationship

between Maria's conceptions and practices became stronger and stronger.

Many factors, external and internal to the participants, could explain the differences in

their teaching styles. The following reflections are an attempt to understand the complex
relationships that the participants seemed to establish with some of those factors.

The Participants and Their Teacher Education Program
The preparation in mathematical problem solving was determinant in providing both

participants with a vocabulary, a "language", and a pedagogy of problem solving. They both

seemed to acknowledge, because they both experienced it, that solving problems contributes to

develop one's mathematical and critical thinking. However, there were different levels of

"assimilation" of that preparation. In Rui's case there was a reliable replication of the
"discourse" or the views expressed during his methods classes which, however, was not put into

practice. In Maria's case there was a strong relationship between the views discussed in her

methods classes and her practices.

The Participants and the Course Syllabus
Undoubtedly, for both participants the official syllabus is a framework that seems to

strongly interfere with their planning and teaching. Both participants tended to overemphasize

the contents listed that are supposed to be taught and, at the same time, seemed to "ignore" that

problem solving is the proposed central aspect of the mathematics curriculum. Problem solving

is seen as "something that we can do if we have the time". It was interesting to notice that both

participants "read" the syllabus ignoring that problem solving was there.

Regardless those similar views the participants "handled the syllabus" in very different

ways. Rui followed the lists of contents very closely. His "problem-solving classes" consisted

in practicing techniques and the use of concepts through exercises listed in the textbook. Mary

was also committed to the contents but she found and selected a variety of problems which
allowed her to meet the syllabus requirements. She managed to integrate problem solving into

the curriculum.

The Participants and the School Organization

The schools where this research took place did not possess a pedagogic culture which

facilitated a dynamic and innovative development of the curriculum. There was no systematic

group work among teachers, no reflection about teaching practices, and no motivation to do
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different things. In sum, there was no an appropriate atmosphere to support and help young

beginning teachers. However, once again, the participants reacted in quite different ways. Maria

invested most of her time, knowledge, and capacities in preparing and teaching her classes. She

created a relaxed atmosphere in her classroom and her students became enthusiastic about
problem solving. She even involved parents in problem-solving activities! Rui channelled his

willingness to do something different to the computer lab where, in a quite informal
environment, he could organize teaching and learning activities that he did not do in his
classroom. He invested little in his classes and in his teaching.

A Retrospective View of the Study

This study helped us to provide some explanations to some of our initial questions.
Today we are more confident that students need to be given opportunities to solve a wide range

of problems, to make use of problem-solving strategies, to think about the solutions they find,

and to monitor and control their knowledge and solution processes more effectively. Today we

are still more convinced that this can only happen if teachers hold a set of visions and
perspectives about mathematics, problem solving and their teaching which is consistent with the

development of students critical thinking, with a teaching style that facilitates the comunication

of mathematical ideas, with different teaching dynamics in the classrooms and with a curriculum

approach not dominated by lists of contents to be delivered.

But we also could identify contradictions, dilemmas, and questions that are still far from

being answered. What is the actual impact of the preservice education of teachers on the
development of their conceptions and practices? What teacher education experiences could be

more favourable of practices that are more consistent with the "discourse" that is generated

during the preservice years? What factors may help young teachers to develop a wider vision of

the curriculum? What are the factors that, ultimately, have more influence on the teaching

decisions made by young teachers? Their conceptions? Their knowledge of mathematics,
education and pedagogy? The context in which they operate? Their own experiences as
students?

We would like to have learned more to provide answers for those and other questions that

this study brought up. We think that one of the ways to gain a better understanding of all these

complex issues is through the development and implementation of research projects jointly

participated by researchers and teachers and positively valued by both communities.
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HENISPHERICITY AND THE LEARNING OF ARITHMETIC BY PRESCHOOLERS:

POSPECTS AND PROBLEMS
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ABSTRACT

The distinction between ordinal and cardinal numbers wr explained
to kindergarten children in the experiment of Fidelrnan (1992a). It
was found that young children can distinguish between ordinal and
cardinal numbers, when properly presented. It was also found that
the learning of ordinal and cardinal numbers are related to the
left- and right-hemispheres, respectively. Problems concerning the
application of this finding to education, which were riot discussed
in Fidelrnan (1992a), are presented, and solutions are suggested.

1. INTRODUCTION

According to Levy-Agresti & Sperry (1984) there are two data

processing mechanisms in the brain. One mechanism processes one

datum after another analytically, and is partially lateralized to

the left hemisphere. The other mechanism synthesizes a new whole

out of several data. and is partially lateralized to the right

hemisphere. Ordinal numbers are properties of individual elements

perceived one after another temporally, while cardinal numbers are

properties of whole sets s,.nthesized from individual elements.

Therefore we may expect a relation between ordinal- and cardinal-

numbers and the left- and right-hemisphere, respectiYelv. Such

relation was found in Fidelrnan (1984, 1990) in experiments with

adult students.

An experiment performed with preschooler during the last 3 months

in kindergarten before rnterig school is described in Fidelman

1992a,b). The experiment was financed by Israel s Ministry of

Education, which is not responsible for the results. The children
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of two kindergartens learned both ordinal and cardinal numbers lh

an inverse order. The children were tested on their 1,noWedge or

ordinal- and cardinal-numbers concepts before and after the

teaching. They were tested during the experiment three times in

tests for the efficiencies of their left- and right-hemispheric

mechanisms. The test for the left hemisphere in the counting of

signs presented very fast one after another temporally. The test

for the right hemisphere is subitizing, i.e., the enumeration of

several signs presented simultaneously for 180 milliseconds. The

relation of these tests to the hemispheres is shown in Fidelman

(1990). At the beginning of the experiment the children were tested

on counting, and it was found that all the children knew the fiYe

principles of how to count of Gelman & Gallistel (1978.. The

children were tested also three times in tests determining their .

Piaget stage regarding the principle of conservation of number. It

was found that part of the children were at the lower Piaget stage,

and other children were at the higher Piaget stage. Piaget stage of

some children changed during the experiment.

The difference between the standardized scores of the children on

their initial knowledge before the teaching) about cardinal and

ordinal numbers was correlated with the difference between the

standardized scores on the right- and left-hemispheric scores. This

correlation was significant at p<0.05 in a 1-tailed test. That is,

It is possible to predict the success of each child relatively to

kyr herself') in the two arithmetical approaches.

Hap vi three days atter the lesson on cardinal or ordinal numbers

the children were tested about this lesson. Few days after the test

the children received the second lesson, and two or three days
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later they were tested about this lesson. The correlations between

the scores on cardinal and ordinal numbers and the hemispheric

tests depend on the order of teaching. We expect that the scores on

ordinal numbers correlate positively with the left-hemispheric

score. This occured only when the lesson (and the test) on ordinal

numbers was gisen after the lesson on cardinal numbers. When the

lesson on ordinal numbers was area first, the correlations between

the scores on ordinal numbers and the left-hemispheric scores were

negative. This phenomenon was significant statistically. A simila'r

phenomenon, though non-significan statistically, was found

regarding the correlation ne scores on cardinal numbers

and the scores on the rigr.-hemian,.evic tests.

The explanation of this phenomenon is that there is a permanent

creation of new synapses. Only those synapses_ which are applied

become permanent. see Greenough '1985). Learning is related to the

creation of longer-term mentor.. is related to permanent

changes in synapses. These permanent changes are the result of the

application of the synapses. The lesson and test on ordinal numbers

included questions entirely new to the children, likes What is the

ordinal number of the second after the third? Therefore this lesson

created entirely new synapses, which at the first days after the

learling were not yet efficient. These new synapses were created in

the brains of the children having efficient left hemisphere, who

understood the ordinal concepts. However, the techniques of

enumerating ordinal and cardinal numbers are similar, i.e.,

counting one after another. The difference is only lingual and

conceptual. Therefore the children having a right-hemispheri brain

may solve the problems related to ordinal numbers applying the old

permanent and efficient synapses related to cardinal numbers. This
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explains the negative correlations
between the scores on the left-

hemispheric tests and on ordinal numbers when they are taugh first.

The lesson on cardinal numbers included an explanation of the

difference between ordinal and cardinal numbers. Therefore when

ordinal numbers were taught after cardinal numbers, the synapsesd

related to the learning of ordinal numbers were applied more before

the test on ordinal numbers. This, and the additional elapse of

time, caused a larger efficiency of the synapses related to ordinal

numbers in the brains of children who understood the lesson on

ordinal numbers. A left-hemispheric technique.is more suitable than

a right-hemispheric technique to solve problems about ordinal

numbers. Thus when cardinal numbera were taught first, positive

correlations were obtained between the left-hemispheric scores and

the scores on ordinal numbers.

The ordinal-numbers concepts veers entirelo new to the children,

while they were more acquainted with the cardinal number concepts.

This may explain why the similar phenomenon regarding the learning

of cardinal numbers was smaller, and not significant statistically.

2. POSSIBLE APPLICATIONS

The findings may be applied to classify children according to their

relati"e hemispheric efficiencies in order to teach each child

arithmetic in an approach more suiting the child s brain. However.

it may be argued that the correlations found in this experiment are

due to the fact that the hemispheric tests apply the perception of

ordinal and cardinal numbers, and therefore these tests may

indicate reliability and not validity.

There are two arguments cbntradicting this argument. The first
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argument is that all the children who participated in this

experiment knew all the five principles of how to count of Gelman &

Gallistel (1978). Therefore the hemispheric tests tested perception

rather than cognition. The second argument is that the negative

correlations described in the previous section contradict the

hypothesis that the correlations are related to reliability. These

negative correlations are explained by the hypothesis that the

enumeration tests are related to the hemispheric mechanisms.

3. PROBLEMS CONCERNING APPLICATIONS

There are two problems which
disturb the application of these

findings to education. The first is that the correlations

presented in Fidelmar, (1992a) are not large enough, and they vary

too much. This phenomenon may be explained by the observation that

only one lesson on each ordinal- and cardinal-numbers was given.

The changing of the negative correlations into positive and

sometimes significant correlations may indicate that if the number

of lessons would be increased, the correlations land the explained

variance) may be increased. However, partial reason for the

relatively small correlations may be related to the relatively

small reliabilities of the hemispheric tests, inferred from the

correlations presented in Table 1, which may indicate that these

tests are not accurate enough.

The hemispheric scores were computed by two modes. The first is by

true/false .T/F), i.e., a correct answer received the score 1 and

a wrong ans.,er received the score O. The second mode is by the

percentage of the mistake (%), the score was computed by the

formula: ma::{ 0 ; 1- In-mi/n )

where n is the correct answer, and m is the answer of the subject.
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Table 1: Pearson's Correlation Coefficients between Scores on

Identical Hemispheric tests on the Three Times (n=39)

Times Right-Hemispheric Tests Left Hemispheric Tests

Simultaneous

Counting of

Dots

T/F %

Simultaneous

Counting of

Forms

T/F %

Ordinal

Counting of

Dots in Space

T/F N

Ordinal

Counting of

Dots at A Point

T/F. %

1st &
.427 .574 .415 302 .702 .681 .338 .673

2nd

1st &
.309 .464 .306 .061 .657 .577 .245 .347

3rd

2nd &
.686 .829 .447 .233 .670 .741 .293 .291

3rd

5. SUGGESTED SOLUTIONS TO THE PPOBLEMS

The small reliabilities may be related to the fast development of

the brain of children, which may change the efficiencies of their

hemispheric mechanisms. We can see in Table 1 that the temporally

most remote tests, the first and the third, provide the smallest

correlations between identical tests. The change of Piaget stage is

related to the development of the brain. Piaget stage of part of

the children changed during the experiment (Fidelman 1992b). This

change was found to be related to the scores on the hemispheric

tests. The test of simultaneous counting of forms was found to be

the most sensitive to the change of Piaget stage. We can see in

Table 1 that correlation between the scores on this test in the

first and third times in the N mode is the only correlation which

is near zero. This may indicate that the change of Piaget stage is

a possible reason for the relatively small reliabilities.
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There is a possibility that the hemispheric scores after the change

of Piaget stage can be predicted by the hemispheric scores before

the change. Additional research is required in order to test this

hypothesis. If this hypothesis is correct, it may contribute to the

solution of the reliability problem. Otherwise, the children should

be classified twice, before and after the change of Piaget stage.

Klein & Armitage (1979) found 1 1/2 hour oscillations in the

efficiency of the hemispheric mechanisms. This cycle may influence

the hemispheric scores and reduce the reliabilities of hemispheric

tests. A research should be performed in order to find whether such

a cycle exists also in children. If a cycle exists, we should find

its lenght and whether this lengh depends on Piaget stage.

In the experiments of Fidelman (1984, 1990) the hemispheric batter*.

included 3 cycles, the duration of each 1. 2 hour. In each cycle

both hemispheres were tested. Thus a cycle of 1 1 2 hour in the

actiitv of the hemisphres does not bias the hemispheric scores.

Suppose that the lengh of the cycle in children is 1 1/2 hour. It

is impossible to test preschoolers during 1 1.2 hour. However, we

can test a child during 15 minutes, which was the duration of the

testing in Fidelman (1992), let the child rest 30 minutes, and then

test the child again during 15 minutes. The mean of these two

hemispheric tests will provide us with the exact mean of the

hemispheric test during the entire cycle. The second test will

always be during the antisimmetric position to that of the first.
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FIRST YEAR MATHEMATICS STUDENTS' NOTIONS OF THE ROLE

OF INFORMAL PROOF AND EXAMPLES

Keir Fin low-Bates

South Bank University, London.

This paper presents the result of a series of video-taped interviews held
to investigate first year mathematics students' notions of informal proof. In
the context of their usual classroom experience of working in small
discussion groups, students were asked to rank four solutions to a familiar,
problem on closure of a set under addition. The solution consisting of an
informal proof followed by some examples was ranked higher than any of
the other solutions by all the interviewees. Although failing to refer to the
informal proof as a "proof', or comment on its role in convincing the
reader of. the truth of the initial conjecture, students consistently used
relevant words such as 'explanation' and 'clarification' to describe some of
its functions.

Introduction
Although the criteria used by first year mathematics undergraduates in
evaluating proof mirror those of the practising mathematician as
described by Hanna (1989), in a previous study (Finlow-Bates et al.,
1993) it was found that students have difficulty applying these criteria in

distinguishing empirical arguments, fallacious mathematical arguments,

and proof. Schoenfeld (1988) argues that the reason for this inability to
distinguish between proof and non-proof may lie with the way proof is
taught, and the aims of the student within the learning environment.

In the right environment students can construct a reasoned justification

for a conjecture, or even an informal proof (Hanna, 1983), but may not

have the knowledge to assess, or the correct vocabulary to describe
what they have produced. This paper aims to investigate the value
attributed by first year mathematics undergraduates to proof and
examples, with particular reference to the roles they play in explaining a

mathematical statement to students, and convincing them of its truth.

In this paper I present an analysis of interviews conducted to investigate

the views held by first year undergraduate students at South Bank
University on the roles of informal proof and examples in the structure of

solutions to mathematical problems. This analysis is part of an ongoing
project, under the direction of Dr. Stephen Lerman, designed to develop
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and evaluate materials for teaching the notions of proof to sixth form and

first year undergraduate students .

Methodology
This study was of first year mathematics students on the Mathematical

Contexts and Strategies Unit, a one semester course intended to

"develop confident, flexible and self-aware approaches to mathematical

thinking and problem solving through the study of fundamental

mathematical topics" (South Bank University, 1993). During classes

students work in small groups using a variety of worksheets. A strong

emphasis is placed on the importance of working in groups rather than

as individuals. The course is assessed by a course work folder
containing work produced in class and at home.

During their very first class the students worked on problems concerning

the closure of a variety of sets under the operations of addition and

multiplication. The procedure adopted by the groups was to try a few

examples to obtain an initial conjecture as to the closure of the set under

the given operation. The students were then encouraged to confirm or

reject this . initial conjecture through the use of mathematical
generalisation and juAfication. Proof was not formally introduced.

After the start of the course, the six participants were selected on a

voluntary basis, and were interviewed separately. The interviews were

designed using an adapted form of the discourse-based interview

introduced by Odell & Goswami (1982) and used in an academic setting

by Herrington (1985). The key features adopted from the discourse-

based interview were: the interviews were based around a selection of

work familiar to the interviewees, the interview was conducted in a

context familiar to the interviewee, and the interviewee was assured that

he/she was considered the expert. By this last feature it was hoped that

the responses would be personal, rather than what the interviewee might

have thought the interviewer expected.

After piloting the initial interview design on one student it became evident

that the problem to be considered was too complicated. Although the few

results that were obtained from this initial interview corresponded with

the results of the final series of interviews they are not considered In this

paper, as the initial interview was conducted as a 'test -run'.
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The final interview design was as follows: the interviewee was given a
sheet with the following question printed on it:

Consider the following set:
M = (x such that x is an integer greater than 4).
Is the set closed under addition?

The interviewee was also presented with four solution sheets, A, B, C,
and D. Solution A consisted of an informal proof similar to ones
produced by some of the students in class (see fig. 1), followed by some

examples. Solution B consisted of the same examples followed by the
informal proof. Solution C consisted only of an expanded version of the

informal proof. Solution D consisted of examples only (see fig. 2).

Let y be in M. Let a and b be positive whole numbers such that

y=a +4 and z=b+4.
Then y z = (a + 4) + (b + 4)

=a+b+4+4
= a + b + 8 which is greater than 8 and therefore

greater than 4.

fig 1- The Informal Proof included in Solutions A and B

A
Proof

Examples
Examples

Proof
Proof

12

Examples

fig 2 The Structure of the Four Sample Solutions

The interviewee was told to imagine that he/she was working in a group
in class on the problem, and that the four solution sheets were answers

produced by different members of the group. The interviewee had the
task of ranking the solutions from best to worst, to select the best
solution to be included In the course work folder, explaining his/her
reasons for the order selected. Then the interviewee was questioned on

what he/she thought the purpose of the examples and the informal proof,

in the solutions given, was. Finally, a copy of a piece of work produced

by the interviewee in class was produced, and its structure was

346

597



discussed in comparison to the structure of the solution selected as the

best at the beginning of the interview.

All the course work produced in class on the topic of closure was

collected from the participants and photo-copied. Of the five students

involved in the final interview, two (R,T) had only used examples to

answer questions in their course work, in a similar style to solution D in

the interview. Two (S,U) had produced informal proofs followed by

examples, as in solution A. The final student (V) had answered all

questions in his course work using only informal proofs, as in solution C.

None of the participants had produced solutions similar to solution B.

Results
The participants all presented an initial ordering of the solutions from

best to worst, but when asked to justify their ordering during the interview

all except subject T re-evaluated their ranking. Tables 1 and 2 show

initial and final choices:

Subject Best 2nd best 3rd best Worst

R
S
T
U
V

C
A
A
C
C

A
C
B
A
A

B
B
D
B
B

D
D
C
D
D

able l- Initial Ranking of ut ons

Subject Best 2nd best 3rd best Worst

R
S
T
U
V

A
A
A
A
A

B
B
B
B
B

C
C
D
C
C

D
D
C
D
D

Ta Final Ranking of SoTutions

There are three points worth noting here:

- Solution A, the informal proof followed by the examples, was
consistently ranked higher than solution B, the examples followed by the

informal proof. Some of the reasons for this are discussed below.

- Solution D, consisting of examples only, was ranked worst by all

interviewees except T, whose course work contained no proofs or

justifications.

- The response to solution C, the informal proof with no examples,

varied the most during the interviews. Initially ranked quite highly,
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solution C was later down-graded due to its lack of examples. This
variation appears to reflect student confusion about the value of proof.

The interviewees all eventually ranked A as the best solution, followed
by B. The following reasons were given for preferring solution A to
solution B:

R: Because, they have, I mean, they clarify what they're doing first, and then
they give some examples, of ... of the ... the solution, I mean.
K: OK, and you think that's better than giving some examples and then
clarifying?
R: Yeah. Well, you need to understand it first, I mean, what they're doing and
then the examples.

T: So you know what you're on about, what you're on about for the examples.
I believe in explaining what you're gonna do. If, when you give examples. I
don't think it should be the other way around.

U: I just like to have a bit of writing beforehand 'cause its explaining to me...
It I look at examples before writing I wouldn't really take much notice. But if it
was the other way you've read it so you want to see if it's true so you'd read it,
then you take more notice of the examples.

V: Well, I'd say A is structured better, and you can follow through much more
easily what they are doing. B is basically saying the same thing, but it is not
as obvious.

The reason give by all the interviewees quoted above for preferring A to
B, was because A had the "explanation" before the examples, and this

was considered a preferred structure for the solution. None of the
interviewees referred to the initial part of A as a proof. Subjects T and U
did use the word proof later on during their interview, but applied it to the
examples:

U: Yeah, because I like the way it talks about It (points at first section of A)
and then proves it (points at second part of A), and that one (points at B) is
proving, then talking about it, where I think it should be the other way.
K: Right.
U: That one is, it's not proving it, you know, it's just got some writing
(indicating C).

K: And the examples, what are they there for?
7: Just to prove, prove the statement.
K: What does that mean, "they prove the statement "?
T: They prove, that means they make It true.
K: So the ...
T: (interrupting) under all conditions.

I found the use of the word "proof' to describe the examples surprising,
and asked subject U to explain what she meant:

K: What do you think the word "proof" means?
U: That's quite hard. Urn. (Pause) I found the condition and I thought, the
condition Isn't just, you can't just put it down, because you're not saying if it Is
right or wrong. See, my proof is, like, saying if it Is going to be right or wrong,
that's what I think proof ... when you're proving It, you're saying that the rule Is
right or wrong.
K: Right, OK. So why do the examples show that the rule is right or wrong?
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U: Because you're putting in, like numbers, numbers into this, and you can
prove that it's right, 'cause if the answer comes out right, you know, like, if it's
in the set.

U is aware that proof is connected with "saying if it is going to be right or

wrong", but seems to believe that the examples are better at this than the

initial "explanation".

The interviewees had no difficulty labelling the second section of A as

"examples". The first section posed more problems:
K: OK. You call the second section "examples". What would you call the first
section?
V: (Pause) Erm, I'd call it an explanation of what the set is.

K: So you called these 'examples'. What would you call this section?
(indicating second half of B)
R: The comment, you know. This? (indicating second half of B)
K: Yes.
R: What would I call this part?
K: Yes.
R: The summary of ... of ... of ... I don't know. It's just a summary.

K: What would you call this on its own? (covering the first part of B) Would
you still call it a summary, or comments?
R: No, urn, some notes.

The words "examples", "comments", "summary", and "notes" were all
used to describe the informal proof. Although the students named the
examples without hesitation, finding a phrase to label the informal proof

caused the students, particularly R, some difficulty.

Discussion and Conclusions
Although initially ranking informal proof on its own highly, when asked to

justify their choices, students re-evaluated their ordering and selected
informal proof followed by examples as the best structure for a solution

to the problem. The solution consisting of examples only was considered
overall to be the worst solution. Students believed the role of the informal

proof to be that of explanation and clarification of the mathematical
conjecture, whereas the examples were seen to fulfil the purpose of

convincing them of its truth. The students had difficulty in finding suitable

words to describe the section of the solution consisting of an informal
proof, and the words applied to this section varied depending on its

position in the overall solution.

More research needs to be carried out to determine on what basis the
students made their decisions. The question remains of how the
students' ideas developed, which could be determined by investigation of
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secondary school classrooms. Another possible influence is the structure

of school mathematics textbooks, which typically introduce a topic with a

piece of explanatory writing, followed by a set of exercises; this structure

has parallels with solution A. The following excerpt from the transcript of

subject Ts interview supports this:
T: Just to let you know how (pause), urn, just to let you know how, just to let
whoever's reading the book where, how the answer, how the examples make
this possible.

The student has changed the context of the solution here, from the
situation of working in a group in class to that of a 'book' aimed at an
unspecified reader.

What is clear is that the students interviewed do attribute value to an
informal proof as an explanation or clarification of a mathematical
problem, especially as an introduction to worked examples, to the extent

that this explanation is valued more highly than the examples. And yet,

ironically, they seem to be more convinced of the truth of a mathematical

statement by the examples than by the informal proof. The problem
remains to encourage them to recognise the importance of proof as "an

argument needed to validate a statement, an argument that may assume

several different forms as long as it is convincing" (Hanna, 1989) above

empirical evidence in the form of examples. This has important
implications for the teaching of reasoning, justification and proof.
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THE IRRATIONAL NUMBERS AND THE CORRESPONDING
EPISTEMOLOGICAL OBSTACLES

Efraim Fischbein, Ruth Jehiam and Doric Cohen
Tel Aviv University

School of Education, Tel Aviv

Abstract

It has been assumed, on historical and psychological grounds. that the concept of
irrational numbers faces two major intuitiVe obstacles: a) the difficulty to accept that two
magnitudes (two line segments) may be incommensurable (no common unit may he found); and
h) the difficulty to accept that the set of rational numbers. though everywhere dense, does not
cover all the points in an interval: one has to consider also the more "rich" infinity of irrational
points. In order to assess the presence and the effects of these obstacles, three groups of
subjects were investigated: students in grades 9 and 10 and prospective teachers.

The results did nbt confirm these hypotheses. Many students are ignorant when asked
to classify various numbers (rational, irrational. real) but only a small part of them (20 30%)
are really diswhed by the assumed obstacles. It has been concluded that such erroneous
intuitions (a common unit can always be found by indefinitely decreasing it" and "in an interval it
is impossible to have two different infinite sets of points lot- numbers/ ") have not a primitive
nature. They imply a certain intellectual development.

Little attention is paid to the irrational numbers in school mathematics. The main reason,
in our opinion, is that school mathematics is essentially conceived as an ensemble of solving
techniques. The idea of mathematics as a coherent, structurally organized body of knowledge. is
not systematically conveyed to the student. Certainly, this is didactically a difficult task, but
curricula should not avoid it. We would like our students to get the feeling of the grandeur, the
beauty of mathematics as a fundamental human achievement, not only its utility for practical
matters. Certainly, theorems and proofs are taught not only solving procedures but the image
of an organized whole, the image of the infinitely ingenious endeavors spent by the human mind
in thousands of rears, in order to create this dynamic. coherent and harmonious structure is
mainly lost in the day to day teaching process.

Not only school students seem to have deficiencies in this matter. The results of a
research project recently performed by us (together with Dr. Dina Tirosh) have shown how
vague, how incoherent and fragmentary are the students' (prospective teachers) mathematical
notions - especially those referring to the system of numbers (unpublished Research Report).

If one intends to convey to the students the feeling of the siructurality of mathematics,
one has to emphasize, first of all, the coherent picture of the number system with its strict
hierarchy. Let us confine our discussion to the system of real numbers. If we pass from the
natural numbers to the set of integers and from it to the set of rational numbers, the term "rational
number" itself imposes the opposite concept of irrational numbers. How would it be possible to
pass from the rational numbers to the set of real numbers without describing the set of irrational
numbers?
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The irrational numbers are a part of the system and without them the concept of real

numbers is incomplete. it suffices to neglect the irrational numbers and the whole system falls

apart. This is what happens today.
But the understanding of the irrational numbers raises a severe epistemological problem:

The irrational numbers seem to be essentially counter-intuitive. This has been the basic

assumption of the present research. The main aim of the investigation has been to prove that

assumption.
First, we assumed that the situation of incommensurability which, in fact, generates the

class of irrational numbers is, naturally, counter intuitive. Let us consider two segment lines,

AB and CD, of different lengths. If one assumes that one may decrease at wilt indefinitely the

unit measuring one segment, one may naturally assume that one may always find a unit which

will fit j2Diji segments (that is a segment unit which will cover an entire number of times both

segments). The idea that two line segments may be. a priori, incommensurable - that is, no

common unit is to be found - that idea seemed to us inacceptable intuitively. Consequently, we

assumed that, most of the individuals, with 110 appropriate mathematical training, will claim

spontaneously, that two magnitudes - two line segments are, in principle, always
commensurable. incommensurability will appear to them, intuitivly. surprising.

The second hypothesis which inspired the present research, was the following: We

assumed that individuals without appropriate training, will not be read, to accept that in an

interval, no matter how small, there is an infinity of rational points (number :t and nevertheless in

the same interval there is room for another infinity of a different kind of points (numbers),

namely the irrational ones (see Courant & Robbins. 1941/1978, p. 60).

Briefly speaking, we assumed that, because of these two intuitive obstacles, the teaching

and learning of irrational numbers constitute difficult tasks.
As a matter of fact, as one will see, the above hypotheses have not been confirmed. Only

about a quarter of the subjects questioned. hold the intuitive views assumed by us to he quasi

general.
The Method

Considering the psychological interest of incommensurability and irrational numbers, a

research has been conducted referring to two basic aspects: the formal knowledge and the

intuitive understanding. The main hypothesis of the research has been that the notions of

jncommens.urability and irrational numbers are counter-intuitive. it has been assumed that the

intuitive feelings of subjects, at various ages, concerning the concepts of measuring and infinity

constitute natural epistemological obstacles opposed to the acceptanceof incommensurability and

the existence of irrational numbers.
It has also been assumed that, as an effect, students of various ages will encounter

difficulties in identifying, manipulating, and defining the irrational numbers. It has been

assumed that age has little influence on the respective obstacles. while mathematical knowledge

and experience may have a positive effect.
The Subjects were pupils and preservice teachersenrolled in schools and colleges in the

Tel Aviv area. The following grade levels were considered: Thirty students in grade 9, 32

students in grade 10 and 29 college students.
The Instrument used was a questionnaire which considered:

a) the format knowledge of the students (definitions, hierarchy of the system of real

numbers, the location of various numbers in that hierarchy),

b) the reactions of the subjects to questions exploring the intuitive attitudes towards density

and continuity of sets, towards the nature of infinity, and the operation of measuring.
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Procedure. The questionnaire was administrated in the usual classroom conditions. The time
allowed was about one hour.

Results
The Formal Knowledge
A. The first question presented 15 numbers of various types and the students had to
determine their membership in diverse classes of numbers. We will refer only to the most
striking results. The symbol (*) indicates correct answers.

With regard to number the following results were obtained (see Table 1).

Table 1: The Nature of n (correct and incorrect answers in percentages)

It Is a Number* Rational Irrational* Real*
Grade 9 43 13 17 3
Grade 10 59 13 19 18
Preservice Teachers 90 7 79 76

It is absolutely surprising that in grades 9 and 10, iost of the students are not yet
aware of the irrational character of rt. Many did not even know that rr is a number. let alone that
it is a real number.

B. The nature of V(22,7). See Table 2.
Table 2: Percentages of Correct and Incorrect Answers

- V(22,71 Is a Number* Rational* Irrational Real* Negative*
Grade 9 70 13 20 7 73
Grade 10 9I 31 31 28 84
Preservice Teachers 1(X) 90 10 76 1(X)

Again, we see that the terms. rational, irrational, real numbers are unknown to most of the
students in grades 9 and 10. Most of the preservice teachers answered correctly, hut there were
still 24% who were not able to identify - V(22.7) as a real number!
C. The Nature of Number 0.121221...
Table 3: Percentages of Correct and Incorrect Answers

0.12122... Is a Number* Rational Irrational* Real*
Grade 9 27 13 57 17
Grade 10 81 9 66 44
Preservice Teachers 97 17 69 79

Many students, at all age levels, do not identify 0.12112... as an irrational number.
Even at the college level, more than thirty percent are in that situation. The notion of real
numbers is unknown to must of the high school students and to more than 20 percent of the
preservice teachers.
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The Nature of 34ii : (See Table 4)

Table 4: Percentages of Correct and Incorrect Answers

8 Is a Number* Is a Whole Rational Irrational* Real*

Number

Grade 9
Grade 10
Preservice Teachers

32
78
97

10 7

13

10

17

38

86

10

38
76

The irrational number 348 has been identified as such by a relatively few students in

grades 9 and 10. There were still 149 of preservice teachers who did not recognize the irrational

character of the number. The identification of 38 as a real number follows about the same

pattern (10% in grade 9 and 38% in grade 10). Among the preservice teachers, 24% do not

know that 3).78 is a real number!
The Nature of 0.0555... (See Table 5)
Table 5: Percentages of Correct and Incorrect Answer,

0.0555... Is a Number* Rational* Irrational Real*

Grade 9 83 50 23 13

Grade 10 97 53 25 41

Preservice Teachers 100 97 83

About half of the students in grades 9 and 10 recognize 0.0555... as a rational number.

Almost all the preservice teachers do so as well. A quarter of the ninth and tenth graders

consider 0.0555... as an irrational number. The notion of real number is not applied correctly to

the number 0.0555... !ly most of the 9th and 10th graders.

The Nature of N.I16 . See Table 6.
Table 6: Percentages of Correct and Incorrect Answers

NT) Is a Number* Is a Whole Rational* Irrational Real*

Number*

Grade 9
Grade 10
Preservice Teachers

60
84
97

57

56
76

30
44

69 3

32

59
90

Less than half of the 9th and 10th graders consider %.).6 to he a rational number.

According to the other students (except one in each grade) 4-16 is also not an irrational number.

This shows again, that for most of the high school students (9th and 10th graders) the terms

"rational" and "irrational" numbers are totally obscure.
The situation is certainly better in the preservice teachers, but there are still about 30%

who do not identify silo as a rational number (and not as an irrational one).

Let us consider a final example: the number 34.2727... (see Table 7). In the former

examples, we have seen that, for many students, a number can he neither rational nor irrational.

In the above example (34.2727...), we have a case in which a number may be considered both

rational and Irrational!
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Table 7: Percentages of Correct and Incorrect Answers

34.2727... Is a Number* Rational* Irrational Real*
Grade 9
Grade 10
Preservice Teachers

83

84

97

83

13

59

70

56

28

13

44

83

Firstly, one can see that for most of the 9th and 10th graders and for more of a quarter of
the preservice teachers. 34.2727... is an irrational number! Secondly. for most of the 9th
graders, 34.2727... is both rational and irrational. Again, we can see that for most of the 9th
and 10th graders. the term "real number" has no meaning.

The Infinity of Points in an Interval A B
The subjects were asked: "Given two points A and B on a straight line, how many

points corresponding to rational numbers are there in the interval? A similar question was put in
regard to irrational points.

With regard to the rational points the answer "an infinity of points" was given by 54% of
the students in grade 9. 50% in grade 10 and 90% college students. Very few indicated various
finite numbers, and 30% (grade 9), 34% (grade 10) and 7% (college students) did not answer at
all.

With regard to irrational points, the answer "an infinity" was given by 64% of the
subjects in grade 9.69% in grade 10 and 97% college students. Thirty percent in grade 9, 22%
in grade 10 and only 1 student among the college students did not answer at all.

Thus, more than half of the students in grades 9 and 10, and almost all the college
students affirm that, in an interval AB on a straight line. there are an infinity of rational points
and an infinity of irrational points.

The Intuitive Background: Rejection of our Hypotheses
a) With regard to one of our hypotheses (the intuitive difficulty to accept that in the same
interval, there are two infinite sets of elements of a different type) we have to emphasize that no
subject mentioned explicitly this difficulty. The hypothesis concerning this difficulty has not
been confirmed. As we have seen, most of the students, at all age levels, consider that in an
interval AB, on a straight line, there are an infinity of rational points and an infinity of irrational
points. The intuitive difficulty, assumed by us, did not manifest itself in the subjects' reactions.
b) A second hypothesis was that the concept of incommensurability is counter-intuitive. It
is this idea which we would like to discuss in continuation. There were two questions devoted
to this problem.

The first one asked whether it is always possible to find. for two line segments. AB and
CD, of different lengths, a common unit (that is, a segment which could cover by iteration,
exactly the two given segments). The second question asked whether it is possible to find a
common unit for the side of a square and its diagonal.

Let us start with the first question. The exact wording of it was the following:
"A line segment is called 'a common unit' of two given line segments. if it covers a whole
number of times the two line segments.
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For instance:

A 4 4 4 I4141111113
C4IIIIIIIID

S

RS is a common unit for the two line segments (since it covers eleven times the segment AB and

8 times the segment CD).
But:

P I I Q is not a common unit for both because it is not contained a whole number of times

in AB.

Question: Is it always possible to find, for every two line segments, a common unit?"

The data show that 37% in grade 9, 50% in grade 10 and 31% among the preservice teachers.

answered affirmatively, which is the wrong answer. The correct answer: "It is sometimes

possible" was given by 27% in grade 9: 28% in grade 10 and 38% by the college students. As

a matter of fact, only a few among those who chose the correct answer "Sometimes" - gave an

acceptable justification ("only if both segments have the measure expressed by a rational

number: (3% - one student - in grade 9; 6% - 2 students - in grade 10: and 17% college

students).
Some of those who gave the incorrect answer ("yes") justified it by claiming that one

may decrease the unit as much as one wants, until we find a common unit (24% in grade 9; 22%

in grade 10; and 28% in college students). This type of answer expresses clearly, the intuition

assumed by us. But as a matter of fact as we see only about a quarter of the subjects possess

this. mathematically incorrect, intuition.
The answer "No" is ambiguous, but from the respective justifications, one can learn that

it expresses, generally, an incorrect understanding. Let us quote some of these justifications:

"One cannot always find a common unit as one cannot always find a common divisor for two

numbers". The analogy is incorrect. The reasons are fundamentally different: "It is possible

that the length of the segments are not whole numbers". Forty-seven percent in grade 9; 31% in

grade 10, and 17% among the college students, gave such answers. Finally, many students

were simply perplexed by the question and did not answer at all (23% in grade 9: 41% in grade

10; and 28% of college students).
Briefly speaking, only one student in grade 9. only two students in grade 1(1 and only

three college students from about 30 in each group) were able to accept the idea that two

segments may be incommensurable! The justification given by these students was that it is

possible that when attempting to measure two line segments by the same unit, one may never

obtain a rational number for one of them.
One of our hypotheses has been that most of the subjects would not accept thepossibility

of incommensurability because they would believe, intuitively, that it is always possible to

decrease the magnitude of the unit until one would get one which would fit for both segments.
That hypothesis has. also, not been confirmed. As we have seen above, only a quarter

of the subjects at all three age/grade levels, expressed this claim. The incorrect answers were

based on various inadequate or irrelevant explanations.
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The intuitive attitude (a common unit can, always, be found by decreasing it indefinitely),
seems to be much more elaborate than assumed by us. initially. This is not a primitive, intuitive
cognition. As a matter of fact, we assume, it includes the formal, explicit understanding of the
concept of unit and its use in the operation of measuring. Because of the lack of a genuine
understanding of these concepts, many students encounter difficulties in dealing with the
quantitative expression of various types of empirical magnitudes (for instance, in physics, in
chemistry). On the other hand, as an effect of this lack of understanding, many students do not
see the connection between irrational numbers and incommensurability.

As a result of all these the wrong intuitive belief that "a common unit can always be
found", implies a certain level of intellectual development which. as we have seen, is not to be
found in most of the high school students who answered incorrectly.

This explanation leads us to a more general hypothesis: apparently primitive. wrong
intuitions, may sometimes be less primitive than one may assume. They may imply a certain
preliminary intellectual development.

The same problem related to the incommensurability of two segments has been put in
relation to the side and the diagonal of a square: "Is it possible to find a common unit for both
the side and the diagonal of a square?". The correct answer ("never") was given by 30% in
grade 9, 16% in grade 10 and 49% by the preservice teachers.

The correct answer was justified in an acceptable manner only by 3% (one student) in
grades 9 and 10 and by all the preservice teachers who answered correctly (that is, about half of
the students). This acceptable justification was: "The length of the side being 1 (a rational
number) the length of the diagonal is a which is an irrational number"..

Those who gave the incorrect answers "It is always possible", or "sometimes", justified
their solutions in the following manners: "It is possible to find a common measure at will" or
"we may decrease the length of the unit as much as we want in order to obtain a common unit".
Again, the number of those who offered such justifications was relatively small contrary to our
initial hypothesis: 3% (1 student) in grade 9.25% in grade 10 and 17 in preservice teachers.

As a matter of fact, most of the students were not able to find any justification for their
incorrect answers or gave irrelevant justifications (94% in grade 9, 65% in grade 10, and 28%
among the college students).

Briefly speaking, the idea of incommensurability, even when referring to the specific
question of the side and the diagonal of a square, remains unclear to most of the 9th and 10th
graders and to half of the preservice teachers. But only a few students. contrary to our
hypothesis. consider explicitly that a common unit can always be found. This corroborates what
has been said above concerning the two line segments of different lengths.

In order to check this finding, the same question (the possibility to find a common unit
for two line segments) was asked in a class of 60 students participating in a course of
psychology. Half of the students did not answer at all. Among those who answered (29
students) only six - contrary to our expectations - expressed the belief that a common unit can
always be found. Seven students answered correctly that "it depends". Two of them explained
that it depends whether one of the segments has a rational length. The rest of 5 students gave
adequate examples of pairs of segments for which one may find a common unit and pairs of
segments for which one cannot find a common unit. The rest of 17 students gave irrelevant
answers or did not answer at all. All the students who answered correctly held a BA degree in
mathematics or physics.
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Concluding Remarks
We have found that most of the students do not possess the assumed wrong intuition "it

is always possible to find a common unit". Our explanation is that such an intuition may exist in

a mathematically trained mind. It is not a natural belief.
al many cases, the difficulties are of a different origin: the confusion between infinity

and irrationality, between negative numbers and the term of irrationality, etc. ThePythagoreans

were astonished when discovering that two segments may be incommensurable, because they

were mathematicians. (For the historical difficulties in accepting the irrational numbers in

mathematics, see: Arcavi, Bruckheimer and Ben-Zwi, 1987.)
A second source of difficulty, not assumed initially by us, is that, generally speaking, the

students do not see the connection between irrational numbers and incommensurability. Very

few students would justify the possibility of two segments to be incommensurable by referring

to the notion of irrational numbers (or vice-versa).
Thirdly, many students know that in an interval, no matter how small, there is an infinity

of rational numbers and an infinity of irrational numbers as well. But they are not shocked by

the apparent difficulty of these two assertions. How is it possible to have, in the same interval,

Iwo different sets of points (the rationals and the irrationals) each ofthem infinite? This would

imply that the infinite set of rational numbers in an interval, do not exhaust that interval. This
seems to be intuitively unacceptable. Nevertheless, our subjects were not surprised by that

apparent contradiction. It is, again, a mathematically trained mind that feels the difficulty and

tries to overcome it.
In short: When initiating the present research, we assumed that the concept of irrational

numbers encounters natural intuitive obstacles which would render difficult their understanding

and acceptance as it happened in the history of mathematics.
Our findings show a different image. Such obstacles exist. We know it from the history

of mathematics and by introspection. But they are not as primitive and natural as we supposed.

They imply an intellectual development, they appear in a mathematically trained mind. These are

not secondary intuitions because they are not acquired directly. intentionally, through extensive

training. These intuitions appear as a natural by-product of a more general development of

intelligence.
Should we he satisfied with the fact that moat of the students. contrary to our initial

hypotheses, are not disturbed. intuitively, by the ideas of incommensurability and by the

distinction between density and continuity in an interval? Our answer is negative. We assume
that the teacher should find the means to awaken the student's feeling of difficulty, and thus
create the cognitive roots for accepting the solutions, which are necessarily formal.
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Counting on Success in Simple Addition Tasks
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The way in which children develop procedures for simple addition takes up a
vast time in schooling. How the conceptual ideas develop from initial
procedures is often related both to arithmetical development and algebra. This
study investigates the methods used by a sample of children in the age group
five to eight years. Written tasks were used to identify groups of children for
interview. It was found that children demonstrated a wide range of knowledge
to assist in the solution of apparently simple arithmetic tasks.

Introduction

The learning of arithmetic and algebra is known to involve compression of knowledge
from the early procedures such as of count-all and count-on through the use of known
facts and derived facts and on to the generalisation of arithmetic to algebra. An
interesting and crucial stage occurs when children meet what some regard as the first
step to algebra using addition sums with missing items, including:

1) Missing total, a +h =0,
2) Missing addend, a +0 = c,
3) Missing augend, + b = c.

Individuals competent at arithmetic see all three as being the same thing. But the child
who has yet to compress knowledge in this sophisticated way is likely to see these as
very different tasks. Counting is at the centre of many of the early solution methods
adopted (Gelman and Gallistel, 1982; Ginsburg, 1982), but the solution methods will
change as the child grows in sophistication. Fuson (1992) summarises the research on
the cognitive growth of whole number concepts. Children first learn to add two numbers
together by the procedure of count-all (counting one set, then the other, then counting
the combination of the two). They then compress this procedure so that they only count-
on the second number, starting from first. If the second number is larger than the first
some children introduce a further refinement. They change the order of the numbers and
count on from larger to get a more economical way of performing the addition task.
This is related to a more flexible count on from either procedure where the children
'turn around' the numbers whether or not one is larger than the other. Baroody and
Ginsburg (1986) term this protocommutativity. Beyond these procedures others will use
known facts to obtain a result. The known facts may be acquired by familiarity brought
about by frequent use, by extensive practice, or by exploiting relational knowledge about
number. A further modification occurs when known facts are used to obtain derived
facts.
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These various stages of compression, from count-all to known and derived facts are
likely to lead to different levels of success in coping with problems with missing
numbers. For instance, although any method may successfully lead to a solution of
a+ b =0, the problem a+0 = c becomes difficult for the child'who can only count-all
(how can the second set be counted when it is not known?), whilst the child who can
perform count-on can solve it by counting (starting at the first number, how many do I
count on to get the total?) The third problem 0+1)=c is difficult by this method, because
the child does not know where to start the counting process. Therefore, a link may be
hypothesised between the stage of compression achieved by the child and the level of
success in solving these problems as in figure 1.

Ia+b =I a+111 =c El+b =c

count all X X

count on X

count on from either

known/derived fact

Figure I : Hypothesised success related to arithmetical sophistication

The difficulties encountered by children with this adaptation are reported by several
researchers. Kamii (1985) concludes that missing addend problems are too difficult to
give to first-graders. This is consistent with the observation in Figure 1 that children at
this stage may cope only with count all. Level One of the English NationalCurriculum
(DES, 1991) can be interpreted as requiring children to be familiar with count all for
numbers up to ten.
Hughes (1986) working with very young children notes that the symbolism required in

school arithmetic is problematic, and children have problems with the presentation rather

than the basic ideas.
Gray and Tall (1991, 1994) see the flexibility of symbolism at the heart of mathematical
compression from process to concept. They introduce the term procept to help formulate
the manner in which a process is compressed to be conceived as a concept. They saw
count-all as a combination of three processes, but count-on conceives the first number as
a concept and the second number as a counting-on process. whilst a known fact would be
a combination of concepts. However, in their analysis, interviews were required to
distinguish between the various levels of compression. Figure 1 suggests a way in which
a measure of compression may be found which distinguishes between count-all, count-
on and count-on-from-either (and higher levels of compression) using only a written test.

The study described in this article analyses the written responses given to the three types
of missing number problems by children aged 5 to 8, and reports the relationship with
the nature of thinking processes observed in interviews with selected children.
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Method

Data for this study were gathered in three schools. Two schools were in the English
Midlands and the third was in the North West of England. One hundred and forty seven
children in Years One (age five to six years). Two (age six to seven years) and Three
(age seven to eight years) were given fifteen question to answer. Their responses to
different presentations of the tasks were analysed and investigated. To investigate the
qualitatively different performances of children of differing levels of attainment, the
children were divided into three equal groups on their written performance, the top third
(Higher Attainers), the middle third (Middle Attainers) and the rest (Lower Attainers).

In addition twenty four children were observed in video taped interviews. The subjects
for interview were selected by their responses to the written tasks. Two main groups
were selected: a more successful group characterised by getting all of the tasks correct
(who came from the Higher Attainers): and a less successful group (coming mainly from
upper portion of the Lower Mainers), characterised by those who got all of the missing
total tasks correct and a substantial number of the others incorrect.

The Written Task
The fifteen questions were administered to the children in normal classroom time. Class
teachers were requested to ask the children to perform the tasks with no assistance, but
with reference to counting aids if necessary.

Type of
presentation

Items Year One
n=47

Year Two
n=54

Year 3
n=47

(1) Missing
Total

2+3= 5+5=0 3+5=
82% 89% 97%

7+6= 4+8=

(2) Missing
Addend

5 +0=10 2 +0=5 7+1:113
3+0=8 4 +0=12

37% 70% 90%

(3) Missing
Augend

D-3=5 D-5=8 0+5=10
D-6=13 0+8=12 37% 65% 83%

Figure 2 Percentage of correct responses to items

The first impression from the results is the high degree of accuracy of each year on the
missing total items increasing over the years from 82% to 98%. These contrast markedly
with performances on the other two tasks, especially in the first year.

However, the table fails to distinguish the performances of the higher attainers from the
lower attainers who, according to our theory would be expected to perform very
differently on the three types of question. To see this we took the children and entered
their results on a spreadsheet. ordering them according to their totals (highest first) in
each year and where two totals were equal, the ordering was performed using random
numbers. Each year list was then divided into three (almost) equal parts in order to give
three groups: Higher Attainers, Middle Attainers and Lower Attainers. (Years I and 3
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had IS Higher. 16 Middle, 16 Lower: Year 2 had 18 in each group.) The results of the
three groups in each year are given in figure 3.

Year 1 (1) (2) (3) Year 2 (1) (2) (3) Year 3 (1) (2) (3)
Higher 99% 81% 83% Higher 100% 96% 96% Higher 100% 100% 100%
Middle 86% 29% 29% Middle 93% 76% 80% Middle 100% 98% 98%
Lower 59% 5% 1% Lower 74% 38% 20% Lower 93% 73% 53%

Figure 3 : Percentage of correct responses in each category by year at different levels of attainment

According to the theory, one would expect the totals to be greater in category (1)
(missing total) than category (2) (missing addend), which in turn will exceed category
(3) (missing augend). In fact there are small reversals in performance between categories
(2) and (3) in Year I Higher and Year 2 Middle (shown in italics). In interview such
children used a fair proportion of counting strategies and demonstrated willingness to
interchange addend and augend (protocommutativity),.hence little difference would be
expected. In addition it transpires that if count-on was to be used, the numbers to be
counted are slightly larger in category (3) (e. g. 44112 which requires a count of
eight) than category (2) (where U+-8=I2, turned around to 8+012 requires only a
count of 4).

Comparing category (1) and (2) in order of size of missing number gives:

(1) missing addend: 2 +© =5 3 +© =8 5 +© =10 7+ 6 =13 4+ 8 =12

(2) Missing augend: +3=5 RI +5=8 4 +8=12 El +5=10 El +6=13

showing smaller numbers in each case. Hence if the children can handle the change in
order, and proceed to count-on, counting is slightly more prone to error in (3) than (2).
In retrospect. therefore, the perturbations in the percentages due to executive errors may
reverse categories (2) and (3) when they are close.

The Higher Attainers in Year 1 show a small difference between category (1) and
categories (2) and (3). In the interviews the selected children in this group proved to use
a variety of strategies, involving counting, known facts and derived facts, showing that
they were flexible and proceptual in the sense of Tall & Gray (1994). Year 2 Higher
Attainers were almost completely successful, and Year 3 totally successful, responding
with more known facts..

The Middle Attainers in Year I show a marked difference between category (1) and
categories (2) and (3). The difference is far less in Year 2 and insignificant in Year (3).
As categories (2) and (3) differ little from Year 1 onwards, this suggests that
protocommutativity is available to Middle Attainers from an early stage but that
counting persists to a greater extent, for a longer period than the Higher Attainers.

Lower Attainers show a different pattern from Middle and Higher Attainers. In Year 1
they have almost no success with categories (2) and (3), although they average
approximately 3 questions correct out of the five in category (1) (straight addition).
According to the theory. this is consistent with a wide use of count-all by Lower



Attainers in year 1. Although the percentage success increases in every category in each
year, in years 2 and 3 there remains a clear difference between all three categories. Given
that the actual counting involved is easier in category (3) than category (2), this suggests
that the reversal of order causes some difficulty. As we shall see in the interviews, the
reasons behind this are quite subtle. For instance, Rebecca (Year 3) was able to 'turn
around' the numbers in some situations but did not do so in the missing augend
examples.

The Interview tasks

The twenty four children were interviewed in pairs. The problems of obtaining
information by requesting children to 'talk-aloud' have been addressed by Schoenfeld
(1985). He indicated that in one to one interviews, the results could be seen as unreliable.
For this study the pairing of children was introduced so as avoid such problems and to
allow children the opportunity to discuss with each other. Any prompting from the
interviewer would be minimised as they spoke to each other. At the same time these
exchanges could be subsequently analysed to discover aspects of the procedures they had
adopted to solve the problems. Twelve questions were prepared to give to the children.
They were written on individual cards so that they could be copied by the children on to
paper. In most cases all questions were given to the children, but in some instances
especially where it was obvious to me as the interviewer that they would present
difficulties alternative question were asked. Also in two interviews, where the children
were clearly succeeding additional more difficult question were asked. This did not
affect the data obtained, in these cases it confirmed what was being discovered. The
questions on the cards are as follows:

3 +4 =0 3+1:17 0+4=7
4+2=0 4 +0=6 0+2 =6

5 +6 =0 5 +0=11 0+6.11
6+8=0 6 +0=14 0+8=14

Ten of the children were from Year One (five were in the more successful group those
who got all l5 of the written questions correct and five were in the less successful group-
those who got the first five correct and appeared to have problems with the last ten
questions). Eight of the children were from Year Two (four in each category) and six
were from Year Three (four assigned to the more successful group and two to the less
successful group).

Results of the interviews

The overwhelming difference between the groups is the way in which the more
successful group were less dependent on counting as a basis for their ..olution methods.
Counting procedures were not totally absent from the children in the more successful
group. Several children who were successful in all the tasks used counting procedures
first before applyiflg other methods. The younger children in the successful group were
more likely to t.se counting methods to solve the missing total questions. Quite young
children (5 years) were kvItually using known facts (e.g. 'five and five is ten and one
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more is eleven' for 5+6=0). The older children in the more successful group were using
known facts with ease and did not seem to be using counting at all. The speed at which
they responded seemed to suggest that no counting was involved, although when
questioned two of them, Christopher B (7 years) and Sarah (8 years) said they were
counting and thinking in their head to obtain the results for all presentations of the tasks.
On deeper questioning they did appear to be using known facts and derived facts to
obtain solutions. Two others in this category James D (7 years) and Sally (7 years)
were in no doubt that they were 'using their heads' to obtain an answer. In fact they
appeared to see the tasks as being most trivial, James requested some harder ones and
answered very quickly to Dr-8=100, saying '92, because 100 subtract 8 is 92.'

Even quite young children in the more successful group were willing to work out
missing augend problems by turning them around. Christopher A (5 years) used a count-
all method with his fingers for the missing total questions, but had difficulty with
5+6=0 until Leon (5 years), his fellow interviewee said the answer quickly. An
interesting exchange took place.

Christopher How did you know that?
Leon Five and five makes ten, so five and six is eleven.

Christopher I can't use my fingers for that.

Later the role reversed when Christopher used a his fingers to represent the total in the
missing addend and missing augend examples and subtracting. Christopher was quite
happy to 'turn the numbers around' when necessary.
None of the younger children in the more successful group could really be described as
fully conceptual as they all at some point resorted to procedure, even though they
seemed to be giving general rules in specific cases. The children in the less successful
group of the sample used solution methods dominated by counting. Four of the children
(James C (5 years) Year 1; Claire (5 years) Year One; Jacquie (7 years) Year 2 and
James A (6 years) Year Two) were good at answering the missing totals but found the
others difficult and were less successful at them.

Some simply added the numbers in both the missing addend and missing augend
examples, This behaviour is regularly noted by teachers and researchers (see for example
Steffe, Thompson & Richards, 1982). The children add the numbers according to Kamii
(1985) because 'addition is natural for them and that cannot make the hierarchical
relationship necessary to read into the equation.'

The missing augend questions seemed to take longer for them to complete and were
often answered incorrectly as were the missing addend questions. One child Rebecca
(aged 7) in Year Three used counting procedures. She found the missing addend
uniquely difficult. She used count-on for 3+4=0 and 4+2=0. For 5+6=0 and 6+8=0
she 'turned them around.' For the missing addend types she said she, 'tried to remember
how many I counted between the first number and the answer.' She later said that she
could not do the last ones because she did not know where to start her counting.

James D, one of the oldest children in the less successful group was able to talk in clear
terms about how he was working. In the interview he demonstrated a relational
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understanding which was similar to many younger children in the more successful group,
but his inaccuracies seemed a result of unsureness on his part.

Discussion

The study has indicated for the given sample there is an increase in skill as the children
get older. This may be self evident, but within this there is the finding that for all three
presentations of the task there is an improvement in success which is greater for the two
presentation of the tasks in the form of missing addend and missing augend.

There appears to be no difference in success between the missing addend and missing
augend presentation. This is surprising and runs counter to the prediction in figure 1. It
would appear if asked the questions in this form, children seem quite naturally turn them
around. This might suggest that the procedural methods for missing augend are the same
as for missing addend. The interviews confirm this, but they also indicate that these
question took longer to perform. Once children were competent at all of the available
procedures they select one which best fits what they require. The turning around of a
statement does not imply a full understanding of commutativity, rather it seems to
confirm the observations of protocommutativity made by Baroody and Ginsburg (1986).

The behaviour demonstrated by Rebecca confirms that the procedure of count-on does
not by itself allow for solutions of missing augends even though she was able to turn
around the order to solve missing total problems. The compression of thought
represented by an ability to solve all of the types of presentation described in this study
is complex. When actually solving a particular example children resort to the whole
battery of skills and knowledge at their disposal. The left to right reading of a number
statement is quickly over-ridden by the convenience of counting on from larger or
counting on from either for the majority of children. As procedures these are probably
more important than count-on itself. This study demonstrates that the required versatility
is present in large measure in the successful group, and is not entirely absent from the
less successful group.

In terms of the performance on the written test alone, the top third of each year perform
increasingly well starting from a high standard in Year One which already shows
protocommutativity and a wide range of strategies, to total success in year three. The
middle third are far less successful in missing addend and missing augend tasks in Year
One, but by Year Three they perform almost as well as the top third in these paraticular
tasks. Although the bottom third of the class show increasingly better performances year
on year, there continues to be a marked difference between their average performance on
all three tasks, consistent with the "proceptual divide of Tall & Gray (1994) which shows
a qualitative difference in performance between flexible use of number concepts on the
one hand and counting procedures on the other.
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PARAMETERS, UNKNOWNS AND VARIABLES: A LITTLE DIFFERENCE?

Fulvia Furinghet and Domingo Paola
'Dipartimento di Matematica - Universita di Genova, Lice° Scientifico 'G. Bruno' - Albenga (Italy)

ABSTRACT. In this paper we report on a research concerning algebra learning in secondary school; the
focus is on parameters and their relation to unknowns and variables. In developing our study we at
first analysed the notion (in its manipulative and conceptual aspects) using a methodology we had
already tested in other studies on algebra learning which consists in singling out what lies behind to a
given notion and n constructing a tree of notions related to the initial one. We then prepared a
questionnaire to establish how students perceive the differences between parameters, unknowns and
variables and deal with algebraic situations where these notions intervene. The questionnaire was
handed out to 199 students aged 16-17 of 3 schools. The results offer us useful insights for the
analysis of fundamental aspects of algebraic thinking.

INTRODUCTION

One of the recommendations to teachers by Augustus de Morgar in his treatise On study and

difficulties of mathematics published in 1831 by the Society for the diffusion of useful knowledge is

that of avoiding 'purely metaphysical considerations' in teaching algebra. This idea of filtering the

knowledge to be transmitted to students is still present: in (Hanna. 1989) the author observes that in

school practice it may be convenient that some notions be left in shade.

Among the notions mentioned by Hanna we find that ofparameter, an elusive concept that carries

with it the difficulties of literal symbols and the ambiguities of its analogy-difference with the

concepts of variable and unknown. As it hap' ens with many algebraic notions the difficulties

encountered by students are of a dual nature: syntactic-manipulative and semantic-conceptual.

In school practice we have often noticed a prevalence of interest by teachers on the former aspect

(synthatic-manipulative* consider, for example the problems concerning the domain of a function in

which students have to use theorems, to deal with algebraic expressions, to discuss certain operations

and find solutions. These problems test logical failures and wrong strategies in problem solving, but,

in general, do not contribute significantly to clarify the nature of parameters and their role in

problems.

Also in educational research parameters are rather neglected: they are usually mentioned in

algebraic articles as a side feature in the discussion about variable. As far as we know in the journals

For the learning of mathematicsand Educational studies in mathematics the only article containing in

the title the word parameter is (Sedivy', 1976). The focus of this article is mainly on the difficulties

linked with manipulation and on the didactic remedies to be introduced in teaching; this is an

important feature considered also in (Wenger, 1988).

Since we have often observed that students, even if able to manage a satisfying 'syntactic
manipulation' of formulas containing parameters, do not grasp the 'underlying semantics', in our

research report we shall investigate this last point, paying attention in particular to the links with the

concepts of variable and unknown. The importance of these links is stressed by the history of
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mathematics: the use of letters allowing a generalization of problems is considered a fundamental step

in the passage from arithmetic to algebra, but letters representing quantities known or unknown were

already used by Euclid; what determined the onward leap was Viete's idea of a convention to

distinguish in a problem the numbers given (the parameters, for which he uses consonants) from

those to be found (the unknowns, for which he uses vocals).

In line with (Harper, 1987) it is reasonable to think that this fruitful convention has taken such a

long time to emerge because of epistemological obstacles. The problem we face in the present

research is to establish what happens to students, whether they have completely overcome the

obstacles and what degree of mastery they have in dealing with algebraic situations in which

parameters, unknowns and variables intervene.This research on parameters is also an occasion to

obtain significant insights on different aspects of algebraic thinking that we shall allude to in the

following.

METHODOLOGY

The study was carried out through a questionnaire distributed to 199 students aged 16 to 17 from

three schools (in a big town, in a little town, in a big village tvpectively); the number of boys and

girls was nearly the same. The teachers involved were 8. All the students studied algebra (including

functions) and basic elements of analytical geometry. The mathematics programs in the schools

considered are exacting and mathematics is one of the most important subjects taught.

In the questionnaire there are 11 questions with one or more correct answers. with the possibility

of adding a comment. Students are asked to grade their answers on a 3-step scale according to the

degree of confidence they have in their answer (1 = low, 2 = medium, 3 = high). The last question is

an open question concerning students' views on the differences among variables, unknowns,

parameters. The time allowed was 50 minutes. Students were not informed of the objective of the

questionnaire, in particular of the fact that is was focused on parameters.

In preparing the questions we considered the difficulties hidden behind parameters by following

our methodology applied for the first time in the research reported in (Chiarugi, Fracassina &

Furinghetti, 1990) which consists in investigating what lies 'behind the notion' under consideration.

This methodology enlarges the domain of the study to other mathematical notions linked with the

initial one and originates a tree of notions and related difficulties. In this way we can get to what we

can term 'atoms of notions' and 'atoms of difficulties', that is to say the primitive components of the

students' knowledge of a certain notion. At the end of this process it is further possible to single out

the pre-existing concept images present in students' mind when a certain notion is introduced for the

first time, as already discussed in (Furinghetti & Paola, 1988; Furinghetti, 1993). We point out that

for us the term 'notion' includes concepts, techniques and applications.

The significant notions we singled out behind the notion of parameter (apart from those of

variable and unknown) were: context, generalization, infinity, symbol, stereotypes, language. logic

(in particular use of quantifiers). The result of this preparatory work is the questionnaire which tests

the students' understanding on:
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concept of parameter as a variable independent from the other variables of the problem, namely

difference in the role of parameters and unknown, of parameters and variables (questions I. 6. 8. 9)

influence of the context in interpreting this role (questions 2, 3, 4, 10) and. in particular, the
parameter as a variable which determines the positions of geometrical entities (questions 2, 4)

use and interpretation of mathematical notations and language, with particular reference to the
language of logic (questions 5.7)

autonomous use of basic mathematical ideas such as generalization. infinity, quantifiers in the
explanations of the nature of parameters, variables, unknowns (question 11).

THE FINDINGS OF THE QUESTIONNAIRE

The results of the questionnaire with the added information of the degree of students' confidence

gives interesting insights into students' behavior in different directions since the students'
performance in algebra involves many factors. Here we shall confine ourselves to the features linked

to parameters and report only in a few cases data on students' confidence (indicated by A1, Bt and so
on). Our considerations rest on all these data and the comments written by students that orient and

reinforce the feeling arising from the data. The questions of the questionnaire are reported integrally

and the correct answers are underlined. The sums of the percentages may amount to less or more than
100 since there are multiple choices or no answers at all.

ROLE OF PARANMERS, UNKNOWNS AND VARIAEILES
1. Given the equation (x is the unknown)

(1 - k)x2 + 2rcv + 3 0,
is the proposition the equation has no solution if k = I. true or false?

(A11 2 3 the proposition is true since 8% (A3 56%)
11311 2 3 the proposition is false since 221(33 84%)

6. Given the exercise: .Find x solving the inequality k.r>0., is it correct the solution «if .r>-0 the inequality is solved
by k>0, if x = 0 solutions do not exist; if x<0 the solutions arc the negative values of k

(Al 1 2 3 yes 64 %(A3 55%)
11311 2 3 no, since 22(B3 76%)

8. In the expression y = x) = 2kx + 3x2
IA1 I 2 3 x is function of y 20%
[BI I 2 3 x and v are each function of the other
ICI 1 2 3 k and y are function of x 5%
1D1 1 2 3 only y is function of x
WI 1 2 3 the variation of k does not depend on the variation of x
IF] 1 2 3 4%

9. In a problem of the type Given the equation (9 (x is the unknown)
(9 3ax - 1 = 5x + 3(a + 1)

find a such that 2 is solution of the equation
IA1 1 2 3 a and x are unknowns of the problem 5%
(BI 1 2 3 a is parameter of the equation ( and x is unknown of the problem 54%
IC) 1 2 3 a is another unknown of the equation () 2%
;DI 1 2 1 a is unknown of the problem and x is unknown of the equation ( afalz
1E11 2 3 3%

The preceding questions concern situations in which parameters appear together with to unknowns or
variables. In question I the strategy of solution is prevalently based on manipulating symbols, while
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in the other questions it rests on the interpretation of symbols. The equation in question 1 is similar to

that solved by Sylvestre-Francois Lacroix (1765-1843), making the 'famous' mistake of remarking

that for k =1 the equation has no roots. In our questionnaire students are induced by the form of the

statement (see: «if k = 1*) to first substitute the given value 1 to k in the equation and then solve the

equation in which the role of unknown is well defined. This is what they did in the great majority

(92%) and with a high degree of confidence (B3 84%). The source of confidence lies in the

opportunity to develop a computational process which has a visible and concrete end in the solution of

the equation: all the solvers reach the solution even if not required. We point out that the wrong

solvers too show a good confidence in their answer (A3 56%). This featureof the question (i. e. the

presence of an terminating process), provides a kind of 'reference point' for students and we

conjecture that its absence is the cause of some of the failures we find in algebraic students'

performances. In other questions, indeed, where this reference point is missed, i. e. there is not

explicitly a terminating process to develop, the results are worse; in question 6, for example, students

showed difficulties (wrong answers are 64% and many of the correct answers have an unsatisfying

justification). In this question the two objects k and x are in a symmetrical situation: this make it

difficult to render explicit the difference (which we could ascribe to a `metalinguistic' level) between

them. If we formulate the answer according to the following schema in which the presence and the

role of quantifiers are made explicit
V ke IR+ 3 xe IR+ such that kx >0

we understand the students' difficulties over parameter: to introduce parameters in equations or

inequalities means to pass to more complex formulae in which a universal quantifier followed by an

existential quantifier appears. Moreover we observe that the concept of infinity is hidden behind

quantifiers.
In addition to this error we find a secondary error which is rather frequent in school prictice

concerning the discussion of the value k = 0): it may be ascribed to students' attitude of regarding

number 0 with suspicion (0 is a useless number since a + 0 = a, 0 is a dangerous number since it is

not possible to divide by 0). Looking back once again at the history of mathematics we see that 0 was

accepted with difficulty by the ancient and later authors of manuals were aware of the difficulties

hidden by 0: as a significant example we quote an excellent book (Agnesi, 1748) written with

declared educational purposes in which the cases of parameters equal zero seem tobe treated with a

certain caution.
We considered it particularly significant to point out the high rate of confidence students show in

answering these questions (both in the case of correct answers B of question 1 and the incorrect A of

question 6) which we ascribe to the computational side of the questions proposed. The data we have

on the other questions where focus shifts to more critical aspects show a greater level of doubt.

Questions 8 and 9 show the importance of the notations and symbols inmathematics; only 38%

fail question 8 while 64% do so in the case of question 9. Their schema is quite the same: in a given

expression the role of parameters, unknowns and variables has to be specified. But in question 8 the

notation y =f(x) is 'self-explaining' (k does not appear as argument off and the letter f suggests the

dependence) while in question 9 the interpretation of symbols suffers the ambiguity induced by the
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convention that usually (since Vitte) the first letters (here a) indicate parameters and the last ones (here
x) unknowns. Moreover, while in question 8 the context is well defined, in question 9 there is a
superposition of contexts and the role changes according to the context: the parameter a in the
equation (*) becomes the unknown in the problem, the unknown x becomes a given number i. 0. a
constant In this case the gap between the syntactic level (the manipulation of the algebraic formula,

such as in solving an equation) in which students showed little doubt (see question 1) and the
semantic level of the other questions in which students are uncertain, is evident

The scant interest of students in option [E] of question 8 stresses a problem of parameters that will

emerge in the tentative definitions given by students in question 11: the dependence or independence

of parameters, unknowns and variables.

USE AND1NTERPRErAtION OF MATEEMAIICAL NOTAIIONS AND LANGUAGE
S. Mel has to indicate to Kaliban that real values of k exist for which the equation (x is the unknown) C) hasnot real
solution

(*) x2 + 2kir +1 0.
Among the following expressions which seems to you the most suitable to indicate the values of k for which the

uation has not real solutions?
lAl 1 2 3 -1<k<1
[1:11 1 2 3 k exists between -1 and 1 such that x is not a real number 15%
ICI 1 2 3 fork between -1 and 1 the equation has not real solution 35%
[DI 1 2 3 kr k belonging to the interval (-1, 1) x real does not exist such that .r2 + 24 +1 = 0 37%

Briefly justify your answer
[El I 2 3 I 5%

7. In your opinion is the literal expression x2 + y2 + c2 + 2xy + 2yc + 21c
x is:

[ A 1 1 2 3 variable 27%
[El 1 2 3 constant 9%
[C11 2 3 parameter 7%
[DI 1 2 3 unknown 75%
[El 1 2 3 1%

v is:
[All 2 3 variable 30%
[B] 1 2 3 constant 9%
[C] 1 2 3 perarnefer 10%
[DI 1 2 3 unknown 67%
[E] 1 2 3 1%

c is:
[Al I 2 3 variable 30%
[11] 1 2 3 constant 18%
[CI 1 2 3 parameter 46%
[D] I 2 3 unknown 19%
[E] 1 2 3 3%

If we observe the results of question 5 we observe an increasing students' preference towards the a
form of the statement in which as much information as possible is made explicit, where in particular

quantifiers appear in option IDi. We also note student's 'reassuring' habit of repeating in theanswer
the same words of the question. In our paper on the understanding of mathematical statements
(Furinghetti & Paola, 1991) we found the same attitude of telling not the truth, bla all the truth, as
already stressed by Freudenthal. The explanations given by students for justifying their choice reveal

that they are not really aware of the importance of language in mathematics and, even more, they are
unable to interpret what is asked in the given statement: many of them check the correctness of the
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interval (-1. 1) through computations instead of justifying their preference. The irresistible impulse to

calculate that we pointed out in (Furinghetti & Paola. 1991) prevails on other critical reflections.

Concerning question 7 the data show the strong presence of stereotypes in notations: it seems that

students loose completely their control of the semanticsituation and put themselves at the mercy of the

syntactic aspect. We observe that x and y are classified by almost the same percentage of students as

unknown, for c there a balanced share of attributions with somepreference for the role of parameter.

We can say that these data confirm our initial observation about the two levels (the manipulative and

the conceptual) one; interpreting x and y as unknowns means to stress the algorithmic-solving aspect

rather than the formal aspect evoked by variable. As to this last term there is a quite constant

percentage (27%. 30%. 30%) of students ascribing to the three letters this meaning, maybe because

variable is perceived as a multipurpose object. In this question very few students observe that the role

to be given to the letters should not be stated a priori.

We observe that some students before answering perform computations to reduce the given

expression to (x +y + c)2: again the irresistible impulse to calculate emerges. But the stereotype on

notations is so strong that it prevails on the good cue given by the representation (x + y + c)2 which

has the advantage of stressing further the symmetry ofthe situation.

INFLUENCE Of THE CONTEXT IN DEALING WITH PARAMETERS

2. Which equation is associated with the following
right lines?

tAll 2 3 y = kx
17%

1B11 2 3 x+y=k 555z (B 1 10%; B2 16%; B3 75%)

1CI1 2 3 v=x+k 12%

1D11 2 3
12%

3. In a Cartesian plane the equation a(x - 1) + b(v - I) = 0 represents the pencil of right lines with center (I, 1) (set of

right lines pass rte through 1 1)). Which sets a b x belong to?

(Al 1 2 3 a and b belong to 1N( x and y belong to 112
14%

1E111 2 3 to R aye (B1 37%; B2 42%; B3 21%)

1C11 2 3 a and b are constants, x and y belong to Ilk 29%

ID) 1 2 3
4%

4. The following five right lines are represented by equations of the type

y = x + k. Which sets x, y and k belong to?

IC) 1

2 3 x and y belong R k belongs to 114
4%

2 3 sand y belong to It, k belongs to the set of teals between .2 and 2 36%

2 3 to 91
16%

2 x and y belong to IR, k assumes values in the set 1.2, -1, 0, 1, 2)1 12 1. (Di 15%; D2 41%; D3 45%)

2 3
3%

t77.
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»0 heard about parameters
lAI in algebra 68%
[RI in geometry 20%
ICI in informatics 15%
1111 1%

The first impression arising from the data is that if the parameter is `contextualized', i. e. has a

specific operative meaning, it is better managed by students. We have chosen analytical geometry as

the context in which to operate, but the teachers who have participated to the experiment think that

also physics is a good framework to give meaning to parameters.

The best results are achieved in question 2 where students have to understand the meaning of the

parameter as an element that determines the position of geometrical entities. Since the wrong answers

[Cl and [D] are due to errors relating to the slope of the right lines we may conclude that about 79%

grasp this meaning. The high degree of confidence in comparison to that of question 3 is remarkable.

In question 3 the mistakes do not depend on misunderstanding on geometrical features, but on the

meaning of parameters. In particular, the results of [C] and the comments in [D] show that students

come across difficulties in the duality between parameters that may vary in IR, as variables do, but are

fixed in a given problem. The problem of the domain of parameters emerges in question 4: students

who avoid considering a discrete set as domain of parameters are 63%. One cause of the numerous

choices for option [B] is also due to the ambiguity students experience in interpreting the graphical

representation we gave (they think about infinite right lines).

Question 10 shows that students recognize the word parameter as a specific term peculiar to

algebra; this does not occur in respect of geometry, where it is much used in practice, but introduced

implicitly. Almost all the students who have studied informatics (which is introduced only in classes

that experiment new mathematical programs) relate the term parameter to this domain, owing to the

fact that in this domain the term parameter is also introduced explicitly.

CONCLUSIONS

The answers to the last question

11. Do you think that there are significant differences between parameters, unknowns and variables? If «yes,. try to
explain the differences, if wno. state why. You can use examples to illustrate your point of view.

offer material for the summing up of the situation about parameters, since all the trends emerged in the

preceding questions are catalysed in the students' tentative explanations of differences.

The answers are only 73%, plus 2% of answers of the type «I do not know*, while almost all

students have answered the other questions. We can understand this behavior since students are not

used to write about mathematics nor to explain their mathematical opinions; among the answers,

indeed, some are simply «Yes*. The first feeling emerging is that the sentence by William
Shakespeare «What's in a name? That which we call a rose by any other name would smell as sweet*
(Romeo and Juliet, act II, scene II) does not always apply to algebra, as students perceive different

names as labels for different 'objects'. Only 2% of students states that there are no differences among
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parameters, unknowns and variables, 69% notices a difference. The following naive answer 4(Of

course there is a difference otherwise they would have the same name* suggests that this perception

rests more on the authority of owners of knowledge (teachers, books, ...) than on a real

understanding of the differences.
We observe that students accept hints at explaining by examples; their favourite context for

examples are equations and geometry (chiefly right lines); analysis (function) is not much used to

explain the nature of variables, only one student uses (and poorly) informatics. Of course equations

are used to explain unknowns: this occurs rather effectively in equations with only one unknown x,

but if the equation contains also y explanations become muddled. There is a trend to associate the

concepts of unknown and variable (even if without clear justifications). The first is acceptably

described by many students as qt value to be found to solve an equation*, its main difference with

variable lies in the fact that the unknown is single number (indicated by a letter) while variable is

rather a set of numbers. This set of number may be infinite, while in the case of parameters it is often

pointed out that there is an interval of variation, (this interval being a recollection of the exercises to

find the condition for the existence of the solution of an equation) or that parameter is a fixed number

or a fixed point.
Not more than 20 students are able to form sentences really explaining anything and those who do

so also omit the basic features we pointed out, such as generalization or the hidden presence of

quantifiers, not even in the 'approximate' form used for some other concepts. Only one student uses

quantifiers (in a naïve way). The basic idea that context has relevance in answering this question is

neglected, only one student points out that «the differences between parameters, unknown and

variables have to be stated by the problem*. Variable, for its less operative character, maintains the

elusive meaning pointed out in the paper (Schoenfeld & Arcavi, 1988), while the word unknown is

explained best and students also show to have an idea of parameters. In both cases they are helped by

the operative side of the concepts that offers a concrete context to construct meaning.

REFERENCES
Agnesi, M. G.: 1748, Institutioni analitiche. Milano.
Chiang', 1., Fracassina. G. & Fuxin:heal, F.: 1990, 'Learning difficulties behind the notion of absolute value'. in

Booker. G., Cobb, P. & De Mendicuti, T. N. (editors) Proceedings of the PME XIV, v.111, 231-238.
Furingbetti, F.: 1993, Insides of mathematics outside the community of mathematicians: evidence and explanations'.

For the learning of mathematics, v.X111, n.2, 33-38.
Furingbetti, F. & Paola. D.: 1912. 'Wrong beliefs and misunderstandings about basic concepts of calculus (age 16.19)',

in Goupille, C., 1736rien, L & others (editors) Proceedings of the 39th CIFAEM's meeting, 173-177.
Furinghetti, F. & Paola, D.: 1991 'On some obstacles in understanding mathematical texts', in Furingbetti, F. (editor)

Proceedings of the PME XV, v.11, 56-63.
Hanna, G.: 1989, 'More than formal proof, For the learning of mathematics, v.IX, na, 20-23.
Harper, E.: 19117, 'Gott of Diophantus'. Educational studies in mathematics, v.18. 75-90.
Schoenfeld, A. k Arcavi. A.: 1988, 'On the meaning of variable', Mathematics teacher, v.81, 420-427.
Sedivy', J.: 1976, 'A Dose on the role of perameten in mathematics teaching', Educational studies in mathematics, v.7,

121-126.
Wenger, R. H.: 1988, 'Cognitive science and algebra' in De Lange, 1. A Doorman, M. (editors) Seniors secondary

mathematics education, ICME 6, Budapest, A4, OW&OC, Utrecht, 69-103.

6 2 6



NEGATIVE NUMBERS IN ALGEBRA. THE USE OF A TEACHING MODEL

AURORA GALLARDO

CENTRO DE INVESTIGACION Y OE ESTUDIOS AVANZADOS DEL IPN

MEXICO.

Abstract
The extension of the numerical domain from natural to whole numbers, which occurs as
the secondary school student undergoes the process of acquiring algebraic language,
constitutes an element which is essential for achieving algebraic competence in the
solution of problems and equations. This article reports the results of a clinical study where
a concrete model of teaching was used. The main objective was that of exploring the
operative difficulties encountered by secondary school students in the domain of whole
numbers. The results reveal the existence of cognitive tendencies which exhibit the various
levels of acceptance of negative numbers by the subjects. The research is preceded by a
historical-epistemological study of negative numbers in the solution of algebraic equations
on which the present empirical analysis is based.

Resumen
La extension del dominio numeric° de los naturales a los enteros, durante el proceso de
adquisicion del lenguaje algebraico por el estudiante de secundaria, constituye un element°
esencial pars lograr la competencia algebraica en la resolucign de problemas y ecuaciones.
Este art(culo reports los resultados de un estudio clfnico donde se utiliz6 un modelo
concreto de ensenanza, cuya finalidad principal era indagar las dificultades operativas en el
dominio de los enteros presentadas por estudiantes de secundaria. Los resultados
obtenidos revelaron la existencia de tendencias cognitivas que a su vez, exhibieron los
diversos niveles de aceptacign del numero negativo por los sujetos. Esta investigacion
esti precedida por un estudio hist6rico epistemoligico de los ntimeros negativos en la
resolucion de ecuaciones algebraicas que fundaments el anilisis empirico.

Introduction

As the individual acquires algebraic language, the extension of the numerical
domain from natural to whole numbers becomes a crucial element for achieving
algebraic competence in the solution of problems and equations. Studies have been
carried out in the field of the teaching of mathematics, such as those of Freudenthal
(1973), Glaeser (1981), Bell (1982), Janvier (1985), Fischbein (1987),
Dreyfus/Thompson (1988), Resnik (1989), Vergnaud (1989), Gallardo/Rojano (1990,
1993), which support the thesis to be demonstrated: the acceptance of negative
numbers by secondary school students goes through various stages of
conceptualization, these are: subtraction, where the notion of number is subordinated
to the magnitude; signed number, when a plus or minus sign is associated with the
number; relative number (or directed number), where the idea of opposite quantities
in relation to a quality arises In the discrete domain and the idea of symmetry appears

in the continuous domain; isolated number where there are two levels, that of the
result of an operation or as the solution to a problem or equation. Finally, the formal
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mathematical concept of negative number is reached, where the same status as that

of positive number is acquired.

Questions such as the following arise from the above: in equations and

problems, which is the numerical domain the secondary school student confers on

the constitutive parts of the equation during the process of solution? Which numerical

domain is accepted for the solution? What is the relationship between the numerical

domain assigned to an equation and the type of language associated with the

equation? Which methods or strategies obstruct or facilitate evolution towards the

notion of number?

These questions point to the need for research such as that described here 1

whose central concern is the study of the interrelationships between the components:

processes of acquisition and use of algebraic language; methods for solving word

problems and linear equations; status of the negative number in word problems and

linear equations. The general methodology of the project contemplates the interaction

of these three components on two levels of analysis, the historical-epistemological

level (evolution of meaning) and the didactic level (teaching-learning- cognition). With

regard to the first of these, we found that the terms of subtraction, the laws of signs

as well as certain elements necessary for operativity with negative numbers appeared

in remote historical times in the context of the solution of algebraic equations. The

opposing concepts of gain and loss, property and debt, future and past, sale and

purchase, are adequate interpretations for positive and negative. A crucial step

towards the acceptance of the negative number was to admit negative solutions to

equations. The main difficulty facing medieval mathematicians in the solution of

concrete problems was precisely the interpretation of negative solutions. It is the

exploration of these facts which has allowed us to locate the historical component of

our work in the medieval period in Europe, between the XII and XV centuries. The

basic content of school algebra at a secondary school level today corresponds to this

historical period. One of the most important conclusions of this study at a historical

level is that the acceptance of the first negative solutions presupposed advanced

syncopated language, as well as complete operativity and evolved levels of

interpretation of negative numbers. Conclusions such as these provide a basis for the

formulation of hypotheses at an ontological level, concerning the conditions in which

is it feasible to pass from primitive stages of conceptualization to stages of

consolidation and formalization of the notion of negative number (see Gallardo,

Rojano, Carrion, 1993). This historical analysis provided guidelines for a later study

Research proiect in process. Oes3ortarnonto de Matemitice Educative, CINVESTAV, Mexico,

377
626



with subjects and allowed some of the conditions that propitiate the acceptance by
secondary school students of a negative solution to word problems to be established.
At an ontological level, we can thus say that ad hoc methods of solution have to be
used, as well as the construction of sources of meaning appropriate to the context of
the problem and a fluid operativity, in order that the student accept the negative
solution. In the case of some problems, the use of algebraic language becomes
indispensable for the possible arrival at such a solution (see Gallardo and Rojano,
1993).

The facts mentioned above justify the methodology used in the research.

The Teaching Model

This article describes and reports the results of the use of a concrete teaching
model whose main purpose is to explore the operative difficulties that secondary
school students have in the domain of whole numbers. The analysis is carried out in
the context of the project described in the introduction. The specific methodology of
this piece of research consisted of asking 25 second-year students from a secondary
school in Mexico City to answer a questionnaire; individual clinical interviews were
video-recorded and analyzed. The blocks of items in the interview dealt with the
following topics:

1) Operativity in the domain of whole numbers. Use of teaching models.

2) Processes of acquisition and use of languages. Resolution of linear equations.
3) Resolution of word problems.

In this article we report the results of the clinical interview regarding the first
topic. The student population selected was familiar with the model of the number line
and the syntactic rules of operativity of whole numbers. These students showed
conflict in the cases a - (-b) and -a - ( -b) with a and b as natural numbers. It was then
decided to use a model which would give concrete existence to negative numbers.
The historical analysis carried out in the first stage of the research suggested the use
of the so-called "Chinese model". In effect, Chinese mathematics operated with
negative numbers in the solution of problems. The eighth chapter of the
"Mathematical Treatise of Nine Chapters", 250 a.n.e., contains the oldest general
method for solving linear equations. Tabulating the coefficients and independent
terms in a rectangular arrangement, the calculation board, they could obtain the value

of the unknowns of the system. The application of this method to a multitude of
pfoblems led them to consider negative numbers. As a consequence, these numbers
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emerged from a language of calculation free from the meanings associated with them

in the context of specific word problems. They used sticks colored red to designate

positive numbers and black-colored sticks for negative ones. The operativity

employed in the teaching model corresponds to that of the Chinese mathematicians,

that is, positive numbers are opposite to negative ones. The central concept arises,

the sum of opposites is zero, which gives foundation to all the operations carried out

within the model. The Chinese model is based on: 1) the counting of positive

numbers is extended to negative numbers; 2) in the process of subtraction there are

cases in which an alternative representation of the minuend is required in order to

carry out the operation of taking away. Then, the adequate addition of zeros is

employed, according to each case. The students were presented with a

diagrammatical version of the model. In the world of paper and pencils, positive

numbers were white balls and negative numbers, black balls. Zero was represented

by the simultaneity of a white and a black ball. Operativity was carried out in the

additive domain. For example, the addition 3 + (-2) is presented; the numbers are

described in the model 000 0 They join together, provoking the formation of zeros

0 ° The result is a white ball which represents the number 1. Analogously, for
o

the subtraction 2 - 3. The numbers are described in the model. Three cannot be

subtracted from 2. A zero is added to the number 2. The representation of 2 + 0:

0 . out.is obtained. Then the subtraction can be carried out, crossing out )8( )8( A(
black ball is obtained, the representation of -1.

During the period of instruction in the model, the majority of the students

inferred the rules of the signs in the domain of multiplication. However, the model

becomes complicated for the case 1-a)(-b) and is a long way from being paradigmatic.

It should be said that the main interest in modeling in this analysis is not its

usefulness in teaching2 but as a resource which exhibits the peculiarities of the

phenomenon and shows the different cognitive tendencies of the subjects when

faced with new concepts and mathematical operations (see Filloy, 1991). These

tendencies, observed when the Chinese model is taught in a clinical interview

situation, also exhibit the level of acceptance of negative numbers by the student.

We will now describe some of the issues identified by our analysis and present some

examples taken from the interviews with the students3.

2 Since the 1970's, references to this model in ns different forme have boon mede in the literature on the subset; its redven199119

and disedventeges in the teaching of whole numbers has been analysed. Set, for example, Jetliner 119151, Rowland 1191121,

Kohn 119711, Itertohn (19761.

3 The concept of cognitive tendency is taken from the work of Eugenio Faloy, 'Cognitive Tendencies end Abstraction Processes

Ifl Algebra Learning', Rh* XV, 1991.
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Abbreviation of texts. Representation of the number with a minimum of zeros or else
a tendency to abbreviate the actions of taking away. Some students reduce the size
of the white balls and show the black balls as dots.

Endowment of intermediate meanings. Adding as subtracting, lack of differentiation
between the operations of adding and taking away. At the moment of carrying out
the actions, the minus sign predominates and they interpret a + (-b) as a - ( + b) or
else as a (-b); a, b natural4. Subtracting as adding, the representation of the number
gets in the way of subtraction. For example, 1 - 2 is written o oo and it is stated that
the result is 3. 2 (-3), it is represented as o

o and zeros are formed
Instead of executing the action of taking away, the addition of opposites is of acted.
Identification of the rule of signs at the level of results, when a - (-b), -a - (-b)
appears, the rule of signs is not brought into play, it is just stated that the results are
equal. Confusion of the domains of addition and multiplication, simultaneous use of
the binary operation and the rule of signs. It is stated that 3 - (-5) = 2. This result is
obtained by operating 3 - 5 = 2 and then using (- = +.

Operations the student was previously familiar with are not brought into play,
-a + (-b) as -a - ( +b) a - (b) as a - ( +b)

a + (-b) as a - (-b) a - (-b) as a - b
-a - (+ b) as -a - (-b)

Centering of readings, preference for some of the following readings:
Horizontal reading ° 1 + 0o
Vertical reading

o
0 + 2, - 1. No identified with + 1.

Diagonal reading o
o o + 3, -1. Not identified with 2.

Positional reading 0 + 10.o

Generalizations and erroneous processes. The use of too many signs.
"This sign Ta. (b)] is to subtract; the other [-a - I- ib)] is not necessary".

Rule of the minus sign.

"When the minus signs are separated by a number, [-a-bl, the result is negative"

Rule of brackets

When there is a brackeTia-)b)1 between two minuses it's multiplication"

In the intennetv schedule, opeeilie numbers always *ppm.
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Multiple rule of signs

"Minus crra - bl with minucl- bi is plus".
"Minus Ta (-b)) with minurFa\ (-b)) is plus, and plus with minura---itb)) is
minus". All signs are used and the numbers added like natural numbers.

Syntax-semantics interaction. The existence of a negative converts the result into a

negative. In the model -2-(-3) = 1. At the syntactic level -2-(-3) = -5. This result is

more common and the loss of the minus sign is not seen as possible.

Production of personal codes. Simultaneous use of two codes, that of the model and

that of arithmetic language: -2 + 1 is represented as + 0 = 1.

Alteration of the codes in the model. 4 - 2 is described as instead of
0 0

crossing out . Invention of new codes. The act of taking away represented
simultaneously by crossing out and filling in: 2 - 3 is expressed as X Xill

Conclusions

The following can be concluded from the analysis of the cognitive tendencies

exhibited by the students while they were taught the Chinese model: the competent

users of the model showed,
a clear idea that the sum of opposites is zero.
good use of the dual nature of zero, as a null element and formed by opposing

elements.

- non-use of the equivalent representation of the number (3 = 4 - 1 = - 2 = ...)
but the appropriate addition of zero (3 = 3 + 0 = 3 + 0 + 0 = ...).

- permanence in the additive domain and non-application of the multiplication rule

of signs.

- clear differentiation of the actions of adding and subtracting.

- distinction between the languages used (language of the model, arithmetic

language).

- recognition of negative numbers (nu separation of the sign from the number).

It is important to point out that even when he has a concrete model, the

student tends to decode expressions of the type a - (-b), a + 1-bl, a - ( +b), focussing

only on the syntactic form and ignoring the meanings associated with the symbols in

the model. There is a strong tendency on the part of the subjects to consider
negatives as "more powerful than positives" and they do not accept positive results
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when they operate with negatives. This teaching mode, is immersed in the realm of
arithmetic. It is hoped by the end of the project to demonstrate that negative
numbers "do not manage to be numbers in the full sense of the term". Their genesis
is found in the realm of algebra where they acquire meaning as solutions to problems
and equations. In effect, the consolidation of algebraic language is determined in a
fundamental way by evolution towards more advanced levels of conceptualization of
negative number las generalized number, unknown, variable).

Final Discussion

In the historical-epistemological and didactic areas of the research project
presented in the introduction, it can be seen that acceptance of negative numbers
passes through various levels of conceptualization before becoming the formal
mathematical notion of whole number. In this article, the use of a concrete model of
teaching revealed the existence of cognitive tendencies that exhibited these levels of
acceptance of negatives by the students. In other topics dealt with in the clinical
interview the same levels appeared. Thus, regarding topic 2, solution of linear
equations, inhibitory mechanisms come into play when the subject perceives a
"possible negative solution". On the other hand, methods of solution of equations
that the subject was familiar with before for positive solutions do not come into play:
method of inversion of operations, transposition of terms, approximation. In some
cases, the equation to be solved is re-formulated. For example, x + 1568 = 392
becomes x x 1568 = 392 which, by carrying out the erroneous division 1568 392,
leads to the solution x = 4 whole positive "more natural for the student" than the
correct negative solution. With respect to topic 3, regarding problems with a negative
solution, when the subject cannot find a positive solution, he resorts to his own
methods and language, assuming the different levels of acceptance of the negative
(see XV PME-NA, 1993). The above shows the need to consider the mutual
interrelationships between the processes of acquisition and use of algebraic language,
the methods of solving word problems and linear equations and, the status of the
negative number in teaching situations. As we have said before, the study of these
interrelations constitutes the central objective of the project as a whole.
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MATHEMATICAL MODELLING OF THE ELONGATION OF A SPRING:
GIVEN A DOUBLE LENGTH SPRING

Rossella Gatuti Paolo Boero

Institute for Applied Mathematics, CNR, Genoa Department of Mathematics, Genoa University

This report analyzes how, in facing a specific problem of mathematical modelling, the
students of two classes of grade VIII have used resources such as their conception of the
phenomenon, the mathematical tools available, their previous modelling experience as well
as some general "principles". This report also compares two different ways of managing
the operations of verification of the modelling hypotheses produced.

I . Introduction
A number of studies conducted in the last fifteen years (see Blum & Niss,1991) together with our

previous studies (Boero & al.,1993b), have shown that the problem of mathematical modelling of a

natural phenomenon requires that rather complex operations be performed by a student (hypothesis

formulation and verification, considering, on the one hand, the constraints and relation inherent in the

phenomenon, and, on the other hand, their own experience and the mathematical tools available). In

the modelling and the model verification process a student should therefore use various resources:

firstly, he must possess qualitative knowledge of the phenomenon (possibly including identification of

relationships among any relevant variables, awareness of the cause and effect relationships governing

the phenomenon, etc.). If this knowledge is lacking it is very difficult for a student to formulate a

reasonable hypothesis and to motivate it consistently with the phenomenon, especially if the modelling

problem in question appears as an actual "open problem". Generally, however, this knowledge of the

phenomenon is not by itself sufficient to come to the formulation of a mathematical model hypothesis.

Good mastery of the mathematical tools is also required in order to enable the translation of the

"qualitative idea" on the phenomenon into a coherent hypothesis of quantitative "law": if this is

lacking, the modelling hypothesis formulation process may be "stuck" on formal analogies with other

situations only superficially similar or not translate into a mathematical model coherent with the

phenomenon. Moreover, previous experience of mathematical modelling may suggest useful ways of

thinking and intellectual attitudes in the formulation and subsequently in the verification of the

modelling hypothesis. The modelling experience of phenomena which may show some analogy with

the proposed situation may also be useful for the student to detect possible common aspects and to

guide him in the choice of the mathematical tools to be used.

Finally, the modelling process may involve principles of various kinds. By "principle" we mean any

organizing criterion of the formulation operations of an hypotesis, existing before the analysis of the

specific problem examined, which is applied to the phenomenon based on some of its peculiar

features, recognized as relevant and sufficient to establish the relation among the variables, coming

from the organizing criterion itself. Instances of "principles" which are often applied (suitably or

unsuitably) in the modelling process are the principle of temporal continuity (enabling the
extrapolation in the future of the behaviours and trends observed in the past), the identity principle

(phenomena depending in the same way on the same set of variables, have the sante development),etc.
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As regards the verification Process, the two presumptive modes, the empirical verification (mainly

based on ad hoc experiment) and the argumentative
verification (mainly based on a line of reasoning)

appear more or less accessible according to the phenomenon and the preparation of the students to

perform and evaluate the two types of verification.

Generally, it is possible to observe that the empirical verification (on the educational ground) has tile

advantage of establishing a privileged as well as direct relationship with the experimental data, and

may also produce, in some cases, a clear answer on the validity of the formulated hypotheses. It is

however possible to observe how, in many cases (both in the classroom and in the work of scientists)

the empirical verification entails the analysis of data not easy to interpret, or impaired by big

experimental mistakes, or too partial, etc. It should also be noticed how, from the point of view of the

motivation to investigate a phenomenon thoroughly, the empirical verification process may block

(especially if its result is univocal) any further process ofinterpretation, since it satisfies the proposers

of a given hypothesis with a valid result, and frustrates the proposers of a given hypothesis disproved

by facts, even though a part of the reasoning proposed in support of the different hypotheses

(including those disproved), may be valid for a deeper interpretation of the phenomenon.

On the other hand, the argumentative verification process is generally more oriented towards the

interpretation of the phenomenon, but it may, in some cases, not lead to a sufficiently sure and

univocal conclusion, and therefore the empirical verification maystill be necessary. The argumentative

verification process is generally not easy to manage in the classroom if the aim is to get most of the

students involved, and to obtain a sufficiently deep and convincing interpretation of the phenomenon.

Still on the verification, previous studies (see Boer° & al.,1993a) suggest that the involvement in the

classroom in the verification process through the discussion directed by the teacher may enable the

class to produce an interpretation of the phenomenon which integrates and positively surpasses the

contributions of the individual students, and may help them to interiorize intellectual values and

attitudes practised in the classroom under the direction of the teacher.

This report aims at verifying the suitability of the previous analysis to provide guidelines for both

planning a teaching experiment and investigating thebehaviours of the students from grade VIII facing

a mathematical modelling problem, also by comparing two different ways of managing the process of

verification of the hypotheses produced.

2. Problem choice, educational context
The modelling process proposed concerns the mathematical model of the elongation of a spring to

which variable weights are applied, knowing that the spring is initially twice as long (and.

subsequently, triple ...) as a spring with the same physical features (material, section, diameter of the

coils, etc.) the elongation law of which is known (and expressed under the form y=Kx+ L, where x is

the weight, K is the coefficient of elongation, L is the unstretched length of the spring ). A student

should therefore detect the proportionality between K and the unstretched length of the spring. Indeed,

a preliminary experiment performed three years earlier (see Gatuti, 1992) had shown that the "double

length problem"enables the formulation of different hypotheses,so as to allow a productive discussion
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as well as motivate the verification process; it offers the students various possibilities of approach in

the formulation of hypotheses; it also allows a smooth experimental verification as well as an
argumentative verification to be performed in the classroom (cf. § I).

The teaching experiment was performed in two classes of grade VIII (of 15 and 21 students
respectively) under the guide of the same teacher who had taught mathematics and science in grade VI
and grade VII. The preparation of the students was deemed adequate to face it as regards the following
points:

- modelling experience: the work on approaching the mathematical model of direct proportionality

was particularly thorough and extensive in grade VI and grade VII (sec Garuti & Boer°, 1992 on the
first portion of this work). Almost all the students had mastered the mathematical model of direct
proportionality to solve various proportionality problems in different domains. As to the linear model,
modelling activities on springs had already been performed in grade VIII, considering springs with
different features, but an equal unstretched length, coming to the equation y=Kx+ L;

- necessary mathematical prerequisites: formulae of the type y=ax+b and relating graphics in the
Cartesian plane, with an awareness of the geometrical meaning of a and b, and of their physical
meaning for a given spring: mathematical relation of direct proportionality with different
representations (formula y=kx; graphic in the Cartesian plane; geometric representation through the
theorem of Thales); and

- the work method, particularly as regards the habit of individually formulating motivated hypotheses,

and subsequently classifying and discussing them in the classroom under the theacher's guide.

In this "ideal" situation the students could be considered free to use all the resources previously
described and both verification modes could be considered feasible.

As far as the monitoring of the students is concerned, a habit of individually expressing their
reasoning in writing has produced extensive documentation material. This has been integrated with the
recordings of the most important dicussions and with the teacher's notes on the class work.

3. The teaching experiment
(i) The following problem was posed in both classrooms (to be solved individually):
"Let us imagine we have two springs made of the same material, but one double the length of the other
(15 cm and 30 cm). If we attach the same number of nuts to both springs, what will the elongation of
the two springs be? Detect the possible hypotheses and choose the one you deem more convincing".
Subsequently, both classes were asked to classify and compare in a discussion, the hypotheses they
had produced.

From now on, the course of the experiment will take different directionsin the two classrooms.
The exploratory study made three years before on the same problem had supplied us with useful
indications about experimental verification: performed immediately after the formulation of the
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hypotheses, it proved useful only in the rough determination of which hypothesis was correct, but

caused the teacher trouble in directing the transition to the interpretation of the phenomenon. This is

why we chose to deepen the discussion of the hypotheses in the classroom as much as possible by

achieving an argumentative verification before passing on tothe experimental stage.

This was not possible in the first class (of 15 students) since the discussion had led to a deadlock: the

hypotheses formulated in the beginning had been repeated with no further investigation. Besides, the

brighter students were among the supporters ofhypothesis A thus preventing a real confrontation. In

this case, only the experimental verification appeared tobe suitable to solve the deadlock produced.

ii) In the other class (of 21 students) the discussion had engendered a lively confrontation between

the supporters of the different hypotheses as well as an effort of interpretation of the nature of the

phenomenon; but no substantial progress had been realized. In order to prevent a standstill situation in

the discussion, an individual work stage was then accomplished with the following request: 'Try and

produce a drawing relating to the problem posed so as to support your hypothesis with various

elements". This request produced a new stage in the discussionduring which useful elements for the

argumentative verification were brought up. Onlyafter this discussion was the experiment performed.

Subsequently, in both classes, each student was requested:

iii) to "give a physical explanation of the result o f the experiment" and finally:

(iv) to "foresee the characteristics of the elongationof a spring made of the same material as the

previous ones, but measuring 45 cm in length, and motivate the answer ". With this task a student

may confine himself to solving a specific problem (even at a qualitative level only) without involving

the model: it is thus possible to ascertain how many students prefer thinking In terms of "model".

4. Analysis of the students' behaviours (see Annexe, TABLE I and 11)

(i) The students consider all three possible modelling hypotheses:

- hypothesis A: both springs have the same elongation;

- hypothesis B: the 30 cm spring stretches more than the 15 cm one;

hypothesis C: the 30 cm spring stretches less than the 15 cm one.

The students tend to choose the first two hypotheses: particularly 10 students from the first class

chose hypothesis A and 5 chose hypothesis B, while in the second class 12 students chose hypothesis

A and 9 chose hypothesis B. An analysis of the students papers supplies interesting elements of

investigation as regards the resources used to make this choice. In this case the behaviours are

substantially similar in the two classes and will therefore be analysed together.

Hypothesis A (same elongation) is chosen with the following motivation: since the two springs are

made of the same material and their coils have the same diameter. also their elongation will be the

same 4181 Those students proceeding in this way resort to the previous modelling experience, where

the elongation of the spring depended ( given the same initial length ) on the material of the spring,
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and thus select some meaningful variables. Since in the new problem these variables are the same in
both springs, it will be evinced that the extension is also the same. These students therefore use an
identityprinciple to relate the previous experience to the forecast hypothesis to be formulated.
Hypothesis B (longer elongation) is mainly chosen based on a physical qualitative conception of our
phenomenon: the student tries to imagine what will happen, by keeping close to the physical aspects
of the phenomenon: it The 30 cm spring will stretchmore than the 15 cm one, because it is longer and
there is therefore more material to be stretched >, (2] These students apparently "see" the springs as
though these were formed by many coils, each one of them stretching; they show a potential "local"
vision of the phenomenon.

These two ways of approaching the formulation of hypotheses look different and a conflicting
dialectic between them is produced in the studentswho take both into account, as is clearly shown in
this case: 4. I think that hypothesis B is correct even though theoretically hypothesis A should be the
correct one simply because the two springs are of thesame material. It is however impossible for the
smaller spring to stretch as much as the 30cm one! » [231.

In the discussion and confrontation stage between the two hypotheses, further elements emerge:
particularly some supporters of hypothesis B resort to experience made outside the school a when
someone uses a catapult with a very short elastic band, shooting isharder work than if the elastic band
were longer. In this case the catapult is more supple.» [Q. This argument is obviously convincing
only for students with a direct experience in this field. As a matter of fact, only two students ([121 and
[141) pass to the hypothesis group B, after analysingit.
In this first stage of the discussion we can clearly notice how the positions of the two groups remain
very far away from one another: the argument basedon principle is very convincing and clear, while
the physical argument is often confused.

(ii) In the second class, the students' level was more or less the same in both groups supporting the
two hypotheses, and efforts were made to expand on their arguments to convince the others. The
request to produce drawings to illustrate their hypothesis allowed them to deepen their motivations and
to reflect on the others , thus paving the way for a substantial confrontation between the two groups.
New elements emerge among the arguments supporting hypothesis B:
- a number of students refer to the activities performed in the previous years by making the
proportionality relationship between the coefficient ofelongationand the initial length explicit: ,(In my
opinion they stretch proportionally, that is IC is in function of the initial length » [211;
- another student produces an image of springs "in series": 4r It is my opinion that in order to prove
that the 30 cm spring stretches more, it is possible to divide it in half to obtain two 15 cm springs, that
is of the same size as the other spring. We know for certain that the 15 cm spring stretches as much as
1.4 cm for each nut , therefore even the springs cut in halves should stretch up to 1.4 cm. By adding
the two increases of length, I obtain 2.8, that is theincrease of length of the 30 cm spring » [321 This
appears to be real proof, and much more convincing than the initial physical interpretations.
However, the most interesting aspects are to be found in the groups supporting hypothesis A.
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The drawings produced show that very often those who proceed based on the "identity principle" have

a static idea of the elongation phenomenon of the two springs, and almost cannot imagine that the

spring deforms: a student [161 draws the two springs (one double the other), "attaches" the nuts to

them and represents the stretched length by adding the same numberof coils (Fig. 1); another speaks

of o coils which must not stretch (!?) 127). In other cases, in the graphic representation elements of

dynamism are shown through a picture of the initial and the final aspects of the phenomenon . In these

cases we have a conflict between the identity principle on which the hypothesis is based and its

iconographic representation. A student, for instance, does not deform his springs, but in order to

represent the final aspect of the longer spring, he draws twice as many coils and so comments: o I

have made a mistake because I have increased the length ofethe spring twice, thus agreeing with the

others» (In Another student draws the two springs proportionally deformed according to the weight

applied to them; his representation is positively in contradiction with the principle: ,,at this moment

could not tell which is correct because in my drawing one extension is twice as long as the other. This

might be understood by argument, but I think I would need a different mode to prove it ».(301( Fig.2)

Fig.1 Fig 2

(iii) In the two classes, we can observe a different behaviour as regards the physical interpretation of

the phenomenon: in the first class we only find a "local" interpretationwhich emerged in the first part

of the discussion; in the other class the interpretation of the phenomenon is richer since there we also

have an interpretation of the "springs :n series" kind, which emerged in the second discussion and

appears to be rather convincing as regards the students reasoning according to the principle.

(iv) In the two classes, behaviours also differ as far as the transition to the mathematical modelling of

the phenomenon is concerned: in the first class, only 5 students (out of 14 ) foresee, for the 45 cm

spring, a coefficient K three times higher than that of the 15 cm spring; the other students confine

themselves to foreseeing a longer elongation with no references to the proportionality relationship.

In the other class, 14 students (out of 21) foresee, for the 45 cm spring, a coefficient K three times

higher than that of the 15 cm spring, and especially their reflections on the model arc more exhaustive.

Seven students make explicit the general proportionality relationship: o if the second spring is twice

as long as the first, K will double too. If it is three times as long K will treble and so on. 1...1 I< varies

in relation to the length of the spring.» j181.Somc of them express a more complex and appropriate

regularity than the initial one: Y 1 have noticed that with 20 nuts the two springs stretch as much as

their initial length. Generalizing, I can say there is a constant relationship between the initial length of

the spring and its increase of length ( with the same nuts ). lithe spring is 7 cm long, we will have a



7cm elongation, and if it is 45 cm long we will have a 45 cm elongation. In this case it is quite easy
since the relationship is 1:1, but this method is always valid A1301.

5. Discussion
The teaching experiment confirms the variety of the resources students may refer to (in various ways)
in producing the modelling hypotheses; it also confirms the productivity of the argumentative
verification which, in a case like the one examined,may lead a student to a direct interpretation of the
phenomenon. We have also seen how some argumentative verifications of the "springs in series" kind
have adopted the role of real mental experiments as well as of "proof' (see Kowa , 1966 about the
mental experiments described by Galileo in his works).

The teaching experiment emphasizes the role of drawings as particularly useful tools in hypothesis
discussion and in outdoing inadequate hypotheses. Drawings, as global representations of the
physical phenomenon, play a role of their own in bringing out the contradiction between "identity
principle" and phenomenon. Considering TABLE II, we can see that 5 drawings (out of a total of 8)
have been produced by students who had chosen hypothesis A, following the "identity principle". The
drawings produced enable some of these students to make their point of view explicit and render it
more accessible to other people's critical judgement, and others to develop a conflict with the physical
intuition, and others still to modify the hypothesis they initially formulated. We see also that 5 out of
8 students who had produced a drawing, succeed in making explicit the general proportionality
relationship between K and the unstretched length of the spnng (7 students were successful in it).
However, a problem is still unsolved: how to overcome a deadlock in the transition to the
argumentative verification such as the one occurred in the first class. On the one hand, it seems
necessary to thoroughly investigate the emotional dynamics within the discussion (role of the bright
students), on the other hand, the mediation work performed by the teacher. What would have
happened in the first class, if instead of passing immediately on to the "concrete" experiment, the
teacher had let the students into the mental experiment of the "springs in series" performed in the other
class, and asked them to take a position on this?
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CONCEPTIONS ABOUT MATHEMATICS TEACHING
OF PRESERVICE ELEMENTARY AND HIGH-SCHOOL TEACHERS

Linda Gattuso, Universite du Quebec a Montreal
Nicole Mailloux, Universite du Quebec a Hull

The goal of this research was to find out the declared
conceptions of two groups of preservice teachers, one in
Elementary school teaching and one in High-School teaching
and compare the outcomes. The results showed that the
preservice Elementary school teachers are mainly interested in
motivating their pupils while preservice High-School teachers
give more importance to the learning of the pupils.

Statement of the problem
Recent reviews of educational research (Kagan, 1992; Reynolds, 1992) come to

the conclusion that the student teacher's beliefs and conceptions about mathematics,
their learning and their teaching are extremely stable and inflexible. The different
studies show that "despite course work and field experiences, the candidate' beliefs
about teaching and themselves as teachers remained unchanged" (Kagan, 1992: 140)
and are transferred in their teaching practice. Therefore, the novice teachers are
quickly disillusioned and without sufficient procedural knowledge, they rapidly
reproduce a rigid teaching that leaves little place to the student and isn't favorable to
the development of conceptual knowledge.

As teacher trainers, it is essential for us to question the impact of the training
on the preservice teachers' conceptions and eventually on their instructional
practice so we can eventually consider it in their training.

On the one hand, in the mathematics teaching field, it is acknowledge that the
teacher's conceptions of mathematics and mathematics teaching play a significant
role in shaping their instructional practice (Gonzalez Thompson, 1982, 1984; Gattuso,
1992). On the other hand, the "pedagogical content knowledge"(Shulman, 1987),
(i.e., questions related to the teaching of the discipline: different teaching strategies,
learning difficulties connected to different concepts, links between concepts, various
interventions, means of diagnosis and evaluation, etc.) as an important influence on
teaching practice (Grossman, Wilson & Shulman, 1989; Midler, McLone, 1986;
Ernest, 1989). From there on, to explore a possible link between "pedagogical content
knowledge", as communicated in the preservice training courses, and the
conceptions about the teaching of mathematics, we decided to compare the

643 392



conceptions about teaching of preservice teachers having two different training.
This exploratory study is the first step of a longer study that wants to investigate the
preservice teachers' conceptions before, during, and after their three years of
training, looking parallely into their teaching practice during the years of trainings
and onto their first teaching experience.

The principal aims of this preliminary study are:
to find out the declared conceptions of the preservice teachers

to compare the conceptions of two groups relatively to their training
At the same time, a secondary aim is
to experiment with a tool allowing the investigation of the conceptions of

preservice teachers.

The Study
We wanted to see if students having intensive instruction in "pedagogical

content knowledge" have different conceptions from those of students having a
more generalist training. To do so, we looked at the declared conceptions about the
teaching of mathematics of a group of preservice Elementary school teachers (EST)
and of a group of preservice High-School teachers (HST). Traditionally, to enter a
preservice Elementary school teaching program, there is no prerequisite
mathematics courses. Most students entering the program followed only the basic
High-School courses in mathematics and no mathematics course during the two
years of junior college. In University', their training is mostly pedagogical and
general, although they follow two or three courses in the teaching of mathematics.
Students entering the high school teacher training program come from a scientific
path, so they have successfully completed at least three mathematics courses in
junior college. In University, their curriculum contains mathematics courses and
teaching of mathematics courses, their teaching training is mostly focused on
mathematics, their learning and their teaching.

The two groups selected for this preliminary study were one of each kind: one
group of Elementary preservice teachers (EST) and one group of secondary preservice
teachers (HST). Both groups were in their second year of training and were
experimenting their first teaching practice in school. The 51 students of the first
group (EST) had followed two courses in the teaching of mathematics amongst their

In Quebec, teacher training is supplied by Universities
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pedagogical studies. To be allowed to go for their first teaching experiment in school,

the 38 students of the second group (HST) had to complete, in the previous
semesters, at least three courses in mathematics teaching, the others being
mathematics, computer science and few education courses. Although we did not

consider the sex variable in our study, let us mention that there were only five male

students amongst the Elementary preservice teachers and 17, in the High-School

preservice teacher students.
One of the first problem encountered was to find a way to investigate the

declared conceptions. We left out interviews because we wanted a tool that could be

easily used in a larger survey. We also wanted a tool with a more open
configuration than (that of) a questionnaire. For these reasons, we have chosen an

inventory of conceptions about the teaching of mathematics that was elaborated in a

previous study (Gattuso, 1992).
The 50 conceptions proposed in the inventory were formulated as sentences

starting with: "A teacher of mathematics should... ". Many of the conceptions were

inspired by items presented in two questionnaires of previous studies (Ernest,

unpublished; Thompson, 1982). They were meant to reflect different philosophies

about the teaching of mathematics (Ernest, 1991). This tool prepared for experienced

teachers was tested for the first time with preservice students.
The students were asked to choose 5 to 10 conceptions in the inventory that

contained 50 statements. We wanted to restrict the choices so as to force the subject

to choose conceptions that were the most important to him/her. The compilation of

the results are presented in the next section.

Results
The data of each group were compiled separately. We will first present the

more important results for each group and we will compare them afterwards.

Discussion follows.
In table 1, we can see the conceptions that cover 52% of all the choices of the

Elementary student-teachers group (51). Table II shows the conceptions that
represent 53% of the choices of the High-School student-teachers group (38). In table

III, we can find the combination of the previous results for both groups.
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TABLE I: CONCEPTIONS MAINLY CHOSEN BY EST

Statements describing conceptions Nb/51 %

Present mathematics from real situations 30 58.8

Place thepupils in situations where they can explore and discover 24 47.1

Encourage pupils to find more than one way to solve a problem 23 45.1

I'resent mathematics in interesting ways so the pupils will be

motivated
22 43.1

Place the pupils in problem solving situations 21 41.2

Encourage the development of logical reasoning 19 37.3

Encourage the development of creativity 17 33.3

Integrate mathematics to other disciplines 15 29.4

Plan his teaching well 12 23.5

TABLE II: CONCEPTIONS MAINLY CHOSEN BY HST

Statements describing conceptions Nb/38 %

Question the pupils to check their understanding 21 55.3

Present mathematics in interesting ways so the pupils will be

motivated
20 52.6

Plan his teaching well 17 44.7

Encourage the development of logical reasoning 15 39.5

Diagnose the misunderstanding of the pupils 15 39.5

Place the pupils in situations where they can explore and discover 14 36.8

Encourage the pupils to find a meaning behind the procedure 14 36.8

Present mathematics from real situations 12 31.6

A priori, we did not expect such a concentration of the choices. In the first

group (EST) 52% of the choices involve only 9 conceptions. If we examine the

statements, we can 'see that for the Elementary school teacher-students, it is

important
to present mathematics - from real situations

- through exploring and discovering situations

- in interesting and motivating ways

to encourage - research of diverse solutions
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- problem solving
- logical reasoning
- creativity

to plan their teaching
and to integrate mathematics to other disciplines.

We can see that the focus is mostly put on motivating strategies of teaching
which could be a result of their training. In fact in many courses (micro-teaching
and teaching of mathematics) importance is given to developing strategies that
motivate pupils. Moreover the EST were in there first teaching practice and they
saw the importance given to problem-solving and the use of real situations.

For the Secondary School teacher-students, it is important
to question the pupils in order to verify their understanding,
to diagnose the lack of understanding,
to plan teaching,
to encourage the development of logical reasoning
to present mathematics - in interesting and motivating ways

- through exploring and discovering situations
- from real situations,

to encourage pupils to find a meaning behind the procedure.

The results of a chi-square test comparing the choice of both groups (Table III)
revealed a significant difference (a= 1.0 x 10-4) in the distribution of the choices. The
High-School student-teachers (HST) are mainly interested in how the pupils learn..
They question, diagnose and emphasize the meanings. In fact, this is the
characteristic that distinguishes the most the HST from the EST. The statements
concerning the questioning, the diagnosis and the importance of meaning are
chosen twice as often by the High-School student-teachers. For the Elementary
student-teachers (EST), we can see that the students believe in an open form of
teaching, they express their willingness to insure development of creativity and
divergent thinking almost twice as often as the HST. On the other hand they are
preoccupied with certain Quebec Elementary school practices such as the integration
of mathematics to other subjects and problem-solving.

We can also see that there is some overlapping of the choices of both groups.
One statement: "Encourage the development of logical reasoning" is chosen by
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almost the same proportion of students of EST and HST groups (37,3% for the first

group and 39,5% for the second group). For these students, logical reasoning seams

to be associated with mathematics. The use of everyday situations and exploring

situations is selected considerably by both groups but more by the EST group. On the

other hand, planning the lessons and giving interesting presentations are preferred

by the HST group although these statements have been picked out by a large

percentage of each group. Although it is not possible at this point to link every

difference to the students training, we can see that each group has some specific

characteristic. The HST conceptions seem oriented towards the results of their

teaching and the EST more towards the creation of motivating situations. Each

statement mentioned here separately implies at least 25% of the total choices. Other

statements reveal interesting information. For example, around 20% of the choices

of each group concerned the statement "maintain discipline in the classroom".

TABLE III: RESULTS OF THE TWO GROUPS

Statements describing conceptions Nb EST% EST Nb HST'!. HST

Diagnose the misunderstanding of the pupils 9 17.6 15 39.5

Encourage pupils to find more than one way to

solve a problem
23 45.1 10 26.3

Encourage the development of creativity 17 33.3 7 18.4

Encourage the development of logical reasoning 19 37.3 15 39.5

Encourage the pupils to find a meaning behind the

procedure
9 17.6 14 36.8

Integrate mathematics to other disciplines 15 29.4 3 7.9

Plan his teaching well 12 23.5 17 44.7

Present mathematics from real situations 30 58.8 12 31.6

Present mathematics in interesting ways so the
pupils will be motivated

22 43.1 20 52.6

Place the pupils in problem solving situations 21 41.2 8 21.1

Place the pupils in situations where they can explore

and discover
24 47.1 14 36.8

Question the pupils to check their understanding 8 15.7 21 55.3
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The following four statements were completely rejected by both groups:

TABLE IV: REJECTED CONCEPTIONS

Statements describing conceptions Nb
Be sure that each pupil rapidly knows if his answer is right 0
Have the pupils memorize the laws 0
Insist on the fact that there is only one way of solving a problem 0
Strictly follow a textbook.

0

We also found that the four statements completely rejected by both groups gave
an interesting information. They all concern a very restrictive way of seeing
mathematics, a way Ernest (1991) would call "authoritarian": rules, one answer, one
text book and only the right answer. However, these conceptions are still widely part
of today's reality in mathematics teaching in our Elementary and Secondary Schools
and it will be interesting to see if the novice teachers will still reject these
conceptions when they are confronted with real school situations.

Discussion
One of the aims of the study was to find out the declared conceptions of the

preservice teachers. Not wanting to impose any conceptions, we had chosen a long
list that included opposing views of teaching mathematics. It was surprising to see
that the choices of each group concentrated on a relatively small sample of these
statements. However, they are not exactly the same and the ones chosen Sy both
groups are almost never chosen in the same proportion. Differences between the
two groups cannot at this point be tied with any certainty to the difference in their
training but some characteristics are more specific to a teaching level than to the
other.

The tool chosen is easily implemented and can lead to an interesting analysis
but a deeper examination of the results in process (by hierarchical cluster analysis)
may lead to some improvement. This analysis will enable us to discover the
preservice teachers' conceptions but overall it is essential to see if these conceptions
are transfered in teaching practice. In the future, a longitudinal study will examine
the conceptions and the teaching practice of the preservice teacher trough their three
years of training
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CHILDREN'S REPRESENTATION OF THE COUNTING SEQUENCE 1-100:

STUDY AND THEORETICAL INTERPRETATION

Noel Thomas, Charles Sturt University, Bathurst, Australia,

Joanne Mulligan, Macquarie University, Sydney. Australia. and

Gerald A. Goldin, Rutgers University, New Brunswick, NJ, USA

In a cross-sectional exploratory study of 166 children in Grades K-6 and an additional 79
high ability 3rd-6th graders, we seek to infer children's internal imagistic representations
from their explanations and drawings of the numbers 1-100. Our observations are
interpreted with respect to developing theoretical models for mathematical learning and
problem solving based on characterisitics of representations.

Introduction and Theoretical Bases

In this paper we report part of a broad study designed to explore the relationship between children's

counting, grouping and place value knowledge, and their understanding of the structural development

of the number system. Our aim in the overall study is to describe in the greatest possible detail

children's internal representational capabilities evidenced in solving a wide range of tasks related to

counting and numeration. In this report, we consider one aspect of children's developing conceptual

knowledge: their spontaneous representations of the numbers from 1-100.

A body of related research (e.g. Bednarz and Janvier, 1988; Denvir and Brown. 1986 a,b;

Fuson. 1990; Hiebert and Weame, 1992; Kamii, 1989; Rubin and Russell, 1992; Steffe. Cobb and

Richards, 1988; Steffe, 1991; Wright, 1991 ) focuses on children's counting strategies and conceptual

development of numeration, and identifies counting, grouping, estimating and notating skills as

essential elements in developing numerical structure. Rubin and Russell consider additive and

multiplicative structure, the generation and analysis of mathematical patterns and mathematical

definitions. Hiebert and Wearne describe children's understanding of numeration as "building

connections between key ideas of place value, such as quantifying sets of objects by grouping by ten,

treating the groups as units... and using the structure of the written notation to capture the information

about grouping" (p.99). Other researchers (e.g. Davis, Maher and Noddings. 1990; Goldin and

Herscovics, 1991; Goldin. 1993; Thomas, 1992) consider children's physical, pictorial, or notational

representations of number in analyzing the development of their conceptual understanding. In a pilot

study of 40 children in Grades K-4, Thomas reported the wide variety of their "mental pictures" of the

number sequence 1-100.
The analysis described here is based on a model forchildren's problem-solving competency

structures proposed by Goldin (1987a,b; 1988; 1992). We draw also on studies of the role of imagery

in representation and in the construction of relational understanding in mathematics (Brown and

Presmeg, 1993; Brown and Wheatley, 1989; Mason, 1992: Presmeg, 1986). Goldin's model

distinguishes cognitive representational systems internal to problem solvers (a theoretical construct to

describe the child's inner cognitive processing) from (external) task variables and task structures (cf.
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Goldin and McClintock. 1984). We consider three of the five types of internal representational systems

discussed by Goldin: (a) verbal/syntactic systems (using mathematical vocabulary, developing
precision of language, self - reflective descriptions); (b) imagistic systems (non-verbal, non-notational

representations, e.g. visual or kinaesthetic); and (c) formal notational systems (using notation; relating

notation to conceptual understanding, creating new notations). These systems develop over time
through three stages of construction: (i) inventive/semiotic, in which characters in a new system are
first given meaning in relation to previously-constructed representations; (ii) structural development,

where the new system is "driven" in its development by a previously existing system; and (iii)
autonomous, where the new system of representation can function independently of its precursor.

In the structural development of the number system, the system of representing units (l's) must

serve to drive the representation of assemblages partitioned into groupings of ten. The "ter.", while still
remaining ten ones, becomes an iterable "unit of ten". Similarly a system of "hundreds" is later
constructed on the system on tens, and so forth (recursively). Children's conceptual structures for
number words are now "multiunit conceptual structures in which the meanings or referents of the
number words are collections of entities ....or a collection of collections of objects" (Fuson, 1990.

p.273). This process is not just a verbal or notational one; the role of imagery in it is essential.

Presmeg (1986) identifies five types of visual imagery used by students: (i) concrete, pictorial

imagery (pictures in the mind); (ii) pattern imagery depicting pure relationships; (iii) memory images

of formulae; (iv) kinaesthetic imagery involving muscular activity, and (v) dynamic (moving) imagery.

Mason (1992) distinguishes between images that are eidetic (fully formed from something presented),

and those that are constructed (i.e. built up from other images). He suggests that for students to access
images they must actively process them, "looking through" rather than "looking at" the "mental
screen", regardless of the mode of external representation.

With these theoretical bases, we next describe the study and some of its outcomes.

Method

Two samples of children were selected for comparative purposes, and administered task-based

problem-solving interviews. A cross sectional sample consisted of 166 children in Grades K-6,
randomly chosen from 8 State schools in the Western Region of New South Wales (NSW). This

sample represented a wide range of mathematical abilities. A high ability sample consisted of 79

children from Grades 3-6, assessed by teachers for participation in a Program for Gifted and Talented

students from 75 country and city schools in NSW, The children in the cross-sectional sample were
interviewed individually over two sessions to ascertain their understanding of numeration, using 25
tasks. The children in the high ability sample were interviewed individually once on selected
numeraton and visualization tasks. The numeration tasks for both samples were categorised into five

groups: counting; grouping/partitioning; place value; structure of numeration; and visualization. In one

of the visualization tasks children were asked to close their eyes and to imagine the numbers from one
to one hundred. Then they were asked to draw the pictures that they saw in their minds. They were
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also asked explain the image and their drawing. The visualization task was asked first, prior to other

numeration tasks, so that responses could not be influenced by representations used by the researcher in

other tasks.
In this way 245 interview transcripts, together with the external pictorial and notational

representations produced by the children, were obtained and analyzed. The external representations

were considered with respect to three dimensions, illustrated in greater detail below: (a) the type of

representation (pictorial, ikonic and notational), from which we sought to infer characteristics of each

child's internal imagistic representation; (b) the level of structural development of the number system

evidenced in the representation; and (c) evidence of the static or dynamic nature ofthe image.

Discussion and Analysis of Children's External Representations

Here we discuss features of selected examples of the children's representations, making reference to the

theoretical perspectives described above. Evidence of internal imagistic rcpesentations, structural

development of the number system, and dynamic imagery were found across both samples. Examples

discussed here are drawn from the cross-sectional sample, except for two examples of dynamic images

from the high ability group (see below).

(i) Types of external representations: Pictorial recordings were defined as pictures drawn, or oral

descriptions of objects given by a child, e.g. a drawing of a truck, a dinosaur labelled with the numeral

100, a description (with some drawings) of one hundred people each labelled with the numerals I

through 100, and a description of one hundred objects lying on the floor. ikonic recordings were

defined to include drawings of tally marks, squares, circles or dots that represented the counting

sequence. Notational recordings were distinguished by the predominant use of numerals drawn in

various formations such as a number line, array, 100 cm ruler or vertical column. From these

characteristics of externally produced representations, we infer the child's construction of internal

configurations in meaningful semantic relationships.

Figures 1-4 show the drawings of Anthony (Grade I), Andrew (Grade 1), Candice (Grade 3). and

Timothy (Grade 4) respectively.
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Figure 3 Candice (Grade 3) Figure 4 Timothy (Grade 4)

The truck drawn by Anthony (Figure 1) reflected the association of an image of his dad's truck with the

number 100. Anthony's reason for the image was verbalised as "cause my Dad's truck does a hundred".

This suggests we can infer an inventive semiotic internal representation relating the truck-image to

speed. This is highly idiosyncratic, but quite meaningful. Andrew saw a picture of 100 shells (Figure

2) and explained as he drew, "some were in rows, some were in diagonals and some across like that".

We inferred an ikonic internal representation of number with some evidence of structural development

of the number system. Analysis of Andrew's protocol showed some partial development of grouping,

with capability of dealing with three or ten as a unit, but without the recursive capability of keeping

track of how many units. Candice also drew an ikonic representation using squares, with some

evidence of developing structure. Her internal representation was evoked by her prior experience of
using square counters, and she attempted to draw these in groups representing the numbers four, five or

six. Candice explained that her drawing was "square counters to count with" and further evidence
showed that she was unable to treat numbers as iterable units. Candice used a highly imagistic
representation to explain how she saw numbers only "as squares" rather than notational symbols.

Timothy's representation (Figure 4) similarly displayed little structure but in this case was notational,
focusing on just the one numeral 9. This example alone gave insufficient evidence to interpret
Timothy's level of structural development. However, in other portions of this protocol Timothy

revealed his counting capabilities explaining that "his numbers stopped at 9 and this was the biggest

number". We inferred from this idiosyncratic example a relatively undeveloped understanding of
numeration.

(ii) The level of structural development of the number system was inferred from structural elements

(i.e. grouping, regrouping, partitioning and patterning) found in the recordings of the numbers 1 to I (X).

Evidence of emerging structural development of number was found across a range of recordings. There

were a number of cases where children showed no evidence of structure and these were typified by

drawings showing a single object, a random pattern of dots or a single numeral. Emerging structure

was typified by numerals organised in a counting sequence, recorded continuously in a horizontal,

vertical, curved or spiral formation. Children showing evidence of a more developed multiplicative

system recorded a multiple counting sequence, and marks or pictures in a partial or complete ten-by-ten
array structure.

6



Figures 5-8 show the drawings of Warren (Grade 2), Joshua (Grade 2), Cassie (Grade 4) and Kimberley

(Grade 2) respectively.
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Figure 5 Warren (Grade 2)
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Figure 7 Cassie (Grade 4)

I c)0 c/7 of cf 7 16 q

Figure 6 Joshua (Grade 2)

Figure 8 Kimberley (Grade 2)

Warren, and Joshua (Figures 5, 6) produced horizontal, linear structured representations of numbers.

Warren's picture of a line of marks was ikonic, whereas Joshua used conventional notation writing the

counting sequence of numerals counting-back from 100. Warren's ikonic representation was related to

his concentration on counting "by ones" with the marksrepresenting his internal process of counting on

by ones. Further evidence from Warren's protocol revealed his ability to count in threes, but his mental

image of this remained ikonic rather than seeing numerals. In contrast, Joshua was able to elaborate on

his drawing by counting forwards and backwards, grouping in tens and using multiple counting

efficiently. We inferred a high level of structural development from these examples. Cassie (Figure7)

wrote the numerals in counting sequence in a spiral configuration initially and then became random in

sequence and spatial setting. From this we inferred an internal representation with a non-conventional

structure of the number sequence. The structure in Kimberley's recording (Figure 8) was more explicit

as she saw numbers in groups of ten, but could not identify the general structure explaining her drawing

as "just circles".

Figures 9 and 10 show drawings made by Mellissa and Robert, both from Grade 2.

111 Jill)
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Figure 9 Mellissa (Grade 2) Figure 10 Robert (Grade 2)
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Mellissa (Figure 9) drew ten ten-rods to produce another ikonic representationof grouping in tens. This

gives evidence of a highly structural imagistic internal representation for the developing numeration

system. Robert (Figure 10) drew a square and subdivided rows of separate squares, each square not

being aligned to adjacent squares, and then recorded numerals for the numbers in squares, I to 17 being

in the first row. This partial array displays an emerging notational structure, but Robert showed further

evidence of difficulty with using ten as an iterable unit, saying "you just put the numbers in the boxes
as far as you can go... and you count in ones".

(iii) The static or dynamic nature of the image was defined according to whether the recordings and the

children's explanations of their representations described fixed or moving (or changing) entities. In the

cross-sectional sample 3% of the children displayed dynamic images of the number sequence and in the

sample of high achieving children 10% had dynamic images. Examples of dynamic images included

numerals flashing one at a time, groups of numerals moving around, and numerals rolling down.

Figures 11 and 12 show drawings produces by Jane (Grade I) from the cross-sectional sample, and
David (Grade 4) from the high ability sample.
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Figure 11 Jane (Grade 1)
55

Figure 12 David (Grade 4)

Nik (Grade 4) from the high ability sample explained that "big thick numbers were flashing and flying

past, each taking 2 seconds" and indicated that all the numbers would have come if he had closed his

eyes for long enough. Jane (Figure 11) recorded the number sequence using conventional notation but

explained that she saw the numbers moving in a spiral formation "going on fortveC. Some evidence of

a developing system of grouping by tens was revealed in her segments of number strings in tens (e.g.

71-80, 81-90). David's picture (Figure 12) showed numerals flashing one at a time, multiple counting

in fives, up to 100. This dynamic notational model gave evidence of an emerging structure for the

system of numeration. The formal notations of Jane, Nik and David were organised imagistically in a

non-conventional manner. Analysis of their protocols showed that these images were highly creative

and unrelated to these children's conventional experiences in the classroom.

6
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Conclusions and Limitations

We would ultimately like to be able to describe in detail children's internal representations of the

numeration system, and how these representations develop. From the external representations

produced by the children, we have attempted to infer aspects of their internal representation, and from

this in turn to infer some description of the structural development of the system that has taken place.

We found in general a wider diversity of representations of the counting sequence 1-100 than might
have been expected. This diversity occurred at each grade level, and across both samples. We found

evidence that the children's internal representations of numbers are highly imagistic, and that their

imagistic configurations embody structural development of the number system to widely varying

extents, and often in unconventional ways. We saw instances in which the formal notational symbols

are organized imagistically, as in Jane's spiral and David's flashing numerals.

It should be noted that we have described only the children's spontaneous responses to the
visualization task as presented to them. Other responses might have occurred if the children had been

prompted--for example, to write numbers in rows, to imagine moving numbers, or to group the

numbers in tens. Other representations may have been available to the children, with just one of

several possible internal image configurations having been selected for recording or elaboration. Thus

we are probably gaining but a partial description of each child's internal representational capabilities.

Many questions are raised but unanswered. Why do some children develop powerful systems

of numeration, while some develop misconceptions? Why do some have the capability of
spontaneously visualizing the counting sequence in a dynamic way? Can static external representations

represent ("carry the meaning") of dynamic internal representations? Further research is needed to

shed light on how children construct their personal -nmeration systems, and how they structure them

over time. We hypothesize that the further-developed is the structure of a child's internal

representational system for the counting numbers (e.g., kinaesthetic, auditory, or visual/spatial
representation of the counting sequence that embodies grouping-by-tens), the more coherent and well-

organized will be the child's externally-produced representations, and the wider will be its range of

numerical understandings.

References
Bednarz, N. and Janvier, B. (1988). A constructivist approach to numeration in primary school: results
of a three year intervention with the same group of children. Educational Studies in Mathematics. 19,

299-331.
Brown and Presmeg, N. (1993). Types of imagery used by elementary and secondary school students in
mathematical reasoning. In Hirabayashi, N. Nohda, K. Shigematsu and F.-L. Lin (Eds.), Proceedings
of the Seventeenth International Conference of PME, Tsukuba, Japan, Vol. II, 137-144.
Brown and Wheatley, G. (1989). Relationship between spatial ability and mathematical knowledge. In
C.A.Maher, G. A. Goldin , and R.B. Davis, Proceedings of the Eleventh Annual Meeting of PME: NA.
New Brunswick, NJ, Rutgers UM., Centre for Mathematics, Science and Computer Educ., 143-148.
Davis, R., Maher, C. and Noddings, N. (1990). Constructivist views on the teaching and learning of
mathematics. Monograph Number 4, Journal for Research in Mathematics Education. Reston, VA:
National Council of Teachers of Mathematics.

7663



Denvir, B. and Brown, M. (1986a). Understanding of number concepts in low attaining 7-9 year olds:
Part I. Development of descriptive framework and diagnostic intrument. Educational Studies in
Mathematics, 17, 15-36.
Denvir, B. and Brown, M. (1986b). Understanding of number concepts in low attaining 7-9 year olds:
Part U. The teaching studies. Educational Studies in Mathematics, 17, 143-164.
Fuson, K. (1990). Issues in place-value and multidigit addition and subtraction learning and teaching.
Journal for Research in Mathematics Education, 21, 4, 273-280.
Goldin, G. A. (1987a). Levels of language in mathematical problem solving. and (1987b). Cognitive
representational systems for mathematical problem solving. In C. Janvier (Ed.), Problems of
Representation in the Teaching and Learning of Mathematics. Hillsdale: NJ: Erlbaum59-65 and 125-
145.
Goldin, G. A. (1988). The Development of a model for competence in mathematical problem solving.
In A. Borbas, (Ed.), Proceedings of the Twelth International Conference of PME, Veszprem, Hungry:
OOK Printing House, Vol. 2, 358-368.
Goldin, G.A. (1992). On developing a unified model for the psychology of mathematical learning and
problem solving. In W.Geeslin and K.Graham (Eds.) Proceedings of the Sixteenth PME Conference,
Durham, New Hampshire, USA, Vol. 3, Durham, NH: Univ. of New Hampshire Dept. of Mathematics,
235-261.
Goldin, G. A. (1993). Observing mathematical problem solving: perspectives on structured, task-based
interviews. In Bill Atweh, C. Kanes, M. Carss and G. Booker (Eds.), Proceedings of the Sixteenth
Annual Conference of the Mathematics Education Research Group of Australasia, Brisbane:
Queensland University of Technology, 303-309.
Goldin, G.A. and Herscovics, N. (1991). The conceptual-representational analysis of children's early
arithmetic, In R.G.Underhill (Ed.) Proceedings of the Thirteenth Annual Meeting of the North
American Chapter of the International Group for the Psychology of Mathematics Education,
Blacksburg, Virginia, October, 1991, 118-125.
Goldin, G.A. and McClintock, C. E.(Eds., 1984), Task Variables in Mathematical Problem Solving.
Philadelphia: Franklin Institute Press (now Lawrence Erlbaum Associates, Hillsdale, NJ). ERIC
Clearinghouse for Science, Mathematics and Environmental Education, Columbus, Ohio (1979).
Hiebert, J. and Wearne, D. (1992). Links between teaching and learning place value with understading
in first grade. Journal for Research in Mathematics Education, 23 (2), 98-122.
Kamii, C. K. (1989). Young Children Continue to Reinvent Arithmetic. New York: Teachers College
Press.
Mason, J. (1992). Doing and construing mathematics in screen-space. In B.Southwell, B.Perry, and
K.Owens (Eds.), Proceedings of the Fifteenth Annual Conference of the Mathematics Education
Research Group .of Australasia,Nepean, Australia: University of Western Sydney,I-17.
Presmeg, N. C. (1986). Visualization in high school mathematics. For the Learning of Mathematics.
6(3), 42-46.
Rubin, A. and Russell, S. (1992). Children's developing concepts of landmarks in the number system.
In W.Geeslin and K.Graham (Eds.) Proceedings of the Sixteenth PME Conference, Durham, NH:
Univ. of New Hampshire Dept. of Mathematics, Vol. III, 136.
Steffe, L., Cobb, P and Richards, J. (1988). Construction of arithmetical meanings and strategies. New
York: Springer-Verlag.
Steffe, L. (1991). Epistemological foundations of mathematical experience. New York: Springer-
Verlag.
Thomas, N. (1992). An analysis of children's understanding of numeration. In In B.Southwell, B.Perry,
and K.Owens (Eds.), Proceedings of the Fifteenth Annual Conference of the Mathematics Education
Research Group of Australasia ,Nepean, Australia: University of Western Sydney, 521-540.
Wright, R. J. (1991). The role of counting in children's numerical development. The Australian Journal
of Early Childhood, 16(2), 43-48.

664 -8-



WORKING TOGETHER FOR CHANGE

Colleen Goldstein, Phillip Mnisi and Pam Rodwell
Maths Centre for Primary Teachers, Johannesburg, South Africa

South Africa. in its search for transformation to a more just society, stands at a critical crossroad
changes can be controlled by the existing power structures (albeit with a new face) or they can be
directed by the needs of those whose lives will be affected. This paper outlines a mathematics
research programme, which seeks to develop a participatory model for curriculum and
professional development that is feasible and sustainable within prevailing South African
conditions. The project supports junior primary teachers in moving from current ubiquitous
authoritarian and rote teaching methods to methods which enable teachers and pupils to
construct their own knowledge. Action research has guided all levels of the programme, ranging
from macro concerns regarding the direction of development of the project as a whole, to micro
concerns such as the nature of classroom interventions. Video excerpts will be shown.

INTRODUCTION
Current attitudes to curriculum policy in South Africa are dominated by rationalist,

linear approaches (Samuel & Naidoo, 1992) where policy emanates from elite experts

(government agencies or universities). They research, evaluate and develop curricula,
and expect unquestioned implementation. We believe that such approaches are not

appropriate or effective, particularly within the current South African situation. Our

concerns centre around three broad areas:
1. Socio-Political Concerns: Need for Redress

Top-down structures function to create and maintain hegemony for the dominant

group (Fasheh, 1990). This has been particularly evident in South Africa where apartheid

education was explicitly engineered to create minority group control and provide inferior

education for the majority in order to sustain their position of social, political and economic

subjugation. Different sections of the South African community have been to

vastly different educational experiences, particularly in terms of access to resourr..-
The debacle of Bantu Education has left a legacy of overcrowded under-equippe.-
classes; teachers whose education, training and confidence has been undermine: dnG
children who have been denied the opportunity to develop tieir full potential. These
conditions combine with rigid, authoritarian teaching methods to produce a double
depression of achievement levels in DET schools.

Goldstein, James & Rodwell, 1991.

One response has been to regard apartheid curricula as foreign constructs and an

integral part of the structure of oppression. This has resulted in rejection and alienation.

Many teachers and parents in disadvantaged groups see the solution in terms of redress.

They enshrine the authority of the dominant culture and attempt to appropriate it: they

believe that given the same facilities as white schools, all will be well. This leads to a call

for good transmission teaching in well resourced classrooms, meeting the demands of

existing authoritarian, top-down structures and syllabi. A symptom of this belief is that,

since the removal of restrictions on racial enrolments in schools, township children are
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flocking to white schools.

However, there is much evidence in Africa that merely increasing educational
budgets does not, in itself, improve the education of previously deprived groups (Putsoa.

Unpublished Address. S. A. Association for Research in Maths and Science Ed., 1993).
2. Educational Concerns

Even within the most advantaged sections of the community, there is a great deal
of dissatisfaction with the limited educational outcomes of present "expert designed"
curricula and teaching practices, particularly in science and mathematics. Within
marginalised communities failure in these subjects is endemic and they have been
"identified as clear markers of the elitist society and the province of the culturally and
academically advantaged" (Goldstein, Mnisi & Tshongwe, 1993).

A major concern has been that top-down curricula centre around the interests of
universities and, to some extent, industry. They do not address the circumstances and
needs of learners. The exact direction which future practices should take is under debate,

but various methodologies based on constructivist thought are gaining increasing support

because they hold promise for developing flexible, reflective learners better able to meet
the challenges of a changing society.

Since constructivist theory holds that individuals must construct their own
knowledge, it supports practices which locate responsibility for a great deal of what and
how children learn firmly within the classroom itself. This is not to suggest that outside
researchers should be excluded but rather that researchers and teachers should become

interdependent and link their expertise. Elmore and Sykes (pg. 202, 1992) point out.
. .policy is reasonably effective in determining the broad content of the school

curriculum. But as the aims of policy become more ambitious - to introduce new
conceptions of content, to jointly influence curriculum and instruction, to change what
teachers and students know, believe, and choose to work on together - then the limits of
policy emerge.

3. Teacher Development Concerns

We argue that bureaucratic curricula which dictate to teachers disempower them
since they generate a "culture of non-participation" (Samuel & Naidoo, 1992) in curriculum

development. This in turn strongly mitigates against the implementation of change. Once

again this is particularly evident in South Africa. Our discussions with local teachers have

highlighted pervasive beliefs which serve as strong barriers to implementation of
curriculum change. These include beliefs that within the constraints of their authoritarian

work structure, their under-resourced classrooms, and their poor educational background
they are ill-equipped to effect change.

Our classroom observations of local teachers indicate that these attitudinal barriers

lead them to filter the mandated curriculum through the sieve of their established
practices and attitudes: unless they understand and support proposed changes they,
consciously or unconsciously, remould them to fit established practices. For example,
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teachers expressed great enthusiasm when first introduced to mathematical games and

equipment. However, we observed that during their initial classroom implementation, they

rigidly structured children's interaction with the equipment, so that it had merely become a

medium for new rote practices.

MOVING TOWARDS CHANGE

1. Government
In 1978, of the 14 398 lower primary teachers working for the DET (Department of

Education and Training, responsible for so-called "black" education under the Apartheid

Government) only 207 had at least a matric plus a teaching qualification. As the world's

attention focused negatively on such statistics, a major government response was to

pressure teachers to upgrade their paper qualifications.
The feverish academic paper chase which resulted may have more negative than positive

outcomes. Courses remove teachers from their classrooms and deprive them of thinking

and preparation time. Teachers popularly choose 'soft option' subjects which bear no

relation to classroom practice.
Goldstein & Rodwell, 1993

Gordon, Goldstein & Rodwell (1989) point out that this strategy raises many

queries concerning the relationship between qualifications and competence, particularly

for experienced teachers who are now considered to be "unqualified" in terms of

promotion and wage increases. Hartshorne (1992) sums up present government

endeavours on in-service training as follows:
From a more fundamental viewpoint of the improvement of classroom practice... it is

doubtful whether the centralised, top-down, efficiency approach has contributed positively

to the regeneration of either the school or the teacher.

2. Other Agencies
The violent explosions of disaffection since 1976 have brought an increasing

number of players into the field. A groundswell of non-government education

organisations ( NGEOs) has sprung up. The challenge for these NGEOs has been to

counter the negative effects of the paper chase. They have sought ways to effect and

sustain meaningful change in classroom practice, in the face of limited resources as well

as "their lack of authority to institutionalise their work in recognised educational

frameworks" (Hofmeyr, 1991).

A further limitation has been that many agencies have come to schools with their

own agenda and usually with pre-packaged solutions. Teachers have been overwhelmed,

confused and frustrated by this myriad of conflicting interventions which, therefore, do not

have grass roots support. Meso (unpublished action research into effective school entry

points for NGEOs, 1993) describes how teachers' perceptions and belief systems impact

negatively on their identification with programmes. She reports that most teachers

participate under false pretences, and for wrong reasons: they take part on instruction
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from above, to gain access to the materials on offer, or out of courtesy. They identify the
projects with the existing power structures and perceive them as businesses which come
into schools either to make money or to conduct research for their own purposes.

Particularly relevant to the South African situation is Gordon's (1993) examination
and critique of the aims and practices of selected (international) mathematics programmes
working within the constructivist paradigm. She states:

...practices underwritten by certain of the programmes support narrowly defined
educational agendas. In the main political aims remain hidden as programmes are silent
on the success of their strategies to reduce class, race and gender inequities in access
and achievement. It therefore appears that few constructivist programmes have the
potential to radically transform classroom practice, at least in the domain of redressing
currant inequities regarding race and gender.

An alternative view to finding solutions calls for a total restructuring of society to
create an environment which will enable people to develop structures to meet their needs.
In a country whose economy has been ravaged by greed and self interest, the
implications of such restructuring are overwhelming. "A future democratic South Africa will
have fewer resources than necessary to advance all the development needs of the
country." (Naidoo & Golombik, 1993). The driving question, therefore, becomes how best
to utilise our available resources.

So, in order to find a way forward for mathematics education in South Africa, we
have to work on four fronts: firstly, find a new and enabling way of teaching maths;
secondly, make it work within the realities of the prevailing South African context; thirdly,
help teachers to make the cognitive and attitudinal shifts necessary to embrace new
practices, thereby assuming ownership; and fourthly, redress inequalities.

In the rest of this paper we will present, through a case study, attempts of the
Maths Centre for Primary Teachers (MCPT) to develop an alternative in-service model,
taking the above considerations into account, and linking practitioner and researcher in
curriculum development. We argue that for change in classroom practice to be meaningful
and sustained, programmes should be built up in an integrative and participatory manner
in order to locate ownership within the community of educators. Together with teachers,
we are attempting to develop a "home-grown" set of teaching practices, based on
constructivist thought, which will give broad access within current conditions.

THE CASE HISTORY

The MCPT seeks to help junior primary teachers from under-resourced
communities improve their own maths competence and teaching practice. During the eight
years of its existence the project has made three major changes in its intervention model
based on ongoing action research which is an integral aspect of the programme. The
progression from one model to the next has, therefore, not been arbitrary but has been
informed by observation, reflection and critical analysis on the part of both the MCPT staff
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and participating teachers. "Each new conceptualisation has added another dimension to

the approach" (Volmink, 1993).

Our initial computer-based tutorial model, intended to improve teachers'

mathematics, was soon abandoned when it became apparent that it could not deal with

their conceptual difficulties, with respect to both mathematics and teaching methods. On

the contrary, the drill-and-practice programmes fed into old didactic approaches.

We changed to using modelling strategies which mirrored targeted classroom

changes. During workshops, in small collaborative groups, teachers were encouraged to

grapple with mathematical problems and investigations, and devise and practise methods

of dealing with them in the classroom. MCPT staff modelled facilitation strategies which

helped teachers reconstruct their ideas about mathematics and how to teach it.

In terms of personal development this was effective. Teachers were excited about

their growing mathematical empowerment. They became progressively more able to

extract and reflect on teaching implications such as the need to replace "telling" practices

with "questioning" practices; to set up appropriate problem solving opportunities; use

concrete materials; value individual problem solving strategies; harness the power of

collaborative work and critical exchange of ideas; change classroom organisation; and

deal constructively with pupils' misconceptions.
However, we observed that these selfsame teachers regressed to established

patterns at the chalk front. They could not visualise how to bridge the gap between their

workshop insights and their classroom practices; they lacked the confidence to challenge

existing structures; they feared that the new methods were overly time consuming and

would prevent them from completing the overloaded syllabus. It became apparent that

more direct intervention was necessary to carry the changes through to the children. We

would have to take the approach into the classrooms to prove to ourselves and the

teachers that it could be effective in spite of prevailing conditions.
We needed to work alongside the teachers in their classroom, facethe problems together

and find local solutions. We used the investigative approach itself to surmount difficulties.

In this way, we, with the teachers, anived at solutions and ways ofworking investigatively.
Goldstein, James & Rodwell, 1991

From our reflections on our classroom experiences the MCPT is evolving a model

which involves participants simultaneously in personal development and in the growth of a

different culture and practice of teaching and learning. Presently the model is

conceptualised in four broad stages (which overlap considerably in practice):

MODEL FOR SCHOOLBASED APPROACH
Phase 1: Information Phase (usually about 2-4 weeks)

Aim:
1. To sensitise teachers to the need for change in learning and teaching Cyles
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2. To expose teachers to investigative methods as possible alternatives to current
methods.

3. To initiate the establishment of intra-school structures to sustain new practices once
the project has withdrawn.

Methods used:

1. Modelling, through demonstration lessons to groups of teachers: incorporates

alternative methods such as investigations: "questioning techniques"; group work;
uses simple, available equipment; supports individual problem solving strategies.

2. Initiating reflective practices, through introducing teachers to the concept of the action

cycle, collaborative reflection on class experiences, facilitating journalling.
3. Initiating collaboration between teachers, through sharing of experiences and

expertise during discussion and video workshops.

Phase 2: Classroom Practice Phase (about 3 months)

Aim: To provide teachers with specific, intensive, practical experiences of investigative
work in their own classes in order to:

1. Facilitate the creation of the necessary classroom ethos to enable children to construct
knowledge.

2. Facilitate teachers in evaluating how their own class explores and develops a single
mathematics concept/topic.

3. Enable teachers to take ownership of the changes.
Methods used:

This phase grows out of phase 1 and the methods are similar except that the initiative is
progressively shifted to the teacher who ultimately directs classroom activities.

Collaborative work among teachers is strongly supported.

Phase 3: Gradual Withdrawal Stage (varies)

Aim: To hand over the project to the school, which has access to the MCPT as required.
Methods used:

1. Gradual, negotiated withdrawal: joint decision between teacher and MCPT about
nature and extent of future support.

2. Strengthening of intra-school structures by continuing workshops but handing over
organisational responsibilities to the teachers.

Phase 4: Building a Local Educative Community
Aim:

1. To draw together local schools in an educative community which will independently
sustain and spread chenge in its area.

2. To offer the MCPT's expertise to the community as teachers feel the need to develop
their own maths and teaching skills further.

Methods used:
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1. Complete withdrawal from classrooms unless invited to deal with a particular issue.

2. MCPT initiates and supports continued contact between a cluster of local schools.

3. Joint organisation (MCPT and community) of local workshops dealing with

mathematical content, or pertinent issues such as evaluation.

4. MCPT available to assist with maths days, maths competitions etc.
This classroom based approach is ongoing and we are finding it to be a powerful

way of assisting individual teachers to become reflective practitioners. In her journal, a

staff member points out that, 'Teachers move from a fascination with keeping up to date

with the syllabus, to a realisation for the need for more time to be spent on concept

development" (Volmink, 1993). Speaking of change in one teacher, she comments, "She

moved from being bored and authoritarian to being capable of organising group work and

asking open questions". One teacher expressed the realisation that she and her children

were as capable as any of their more advantaged peers as follows: "I never knew my

children could be so clever. They don't need to go to white schools. We are better."

Referring to the progress of a group of first grade children previously identified as non-

achievers, arother ;--Nnber says:
Both teacher X and I have been amazed at how much the children have extracted from

the workcards, and how much independence they have developed. The fact that they are

coping with the task and understanding its demands seems to have given them a great

deal of confidence.

Phases 1 and 2 serve as a research base for developing principles of effective

implementation, but are very cost and labour intensive. We realise that if we are to

become an agent fe substantial change within the country, we must find ways to provide

broader access to ot..c work. The community building phase is embryonic, having been

conceived towards the end of 1993 and introduced in only two schools. However, it is

already showing promise of helping to meet the great challenge of sustaining and

spreading our work. One of the teachers in these schools informed his colleagues, 'This

(experience) has changed my way of teaching all sub'wts. I will never go back to my old

ways. I will try and help others to change."

Our other vehicles for replication have proved to be extremely effective, not only in

spreading our work but in giving teachers a vision of how they can become active

stakeholders and participants in curriculum tranformation. Teachers' and children's ideas

are depicted in a series of text booklets being developed by the MCPT. Classroom

experiences are also shared through our newsletter which is broadly disseminated.

Appropriate, cost effective equipment, devised and trialed in conjunction with teachers, is

also available from the MCPT.
Probably our most powerful tools are our videos. We have argued that for

strategies to be effective they should exemplify the constructivist message, both in the

way they are made and the way they are used. (Goldstein et al, 1993) Our videos (four
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are currently available) are, therefore, produced collaboratively by volunteer teachers and

small MCPT teams. Together they construct an approach to an aspect of the syllabus. No

script is written. Rather, the video sets out to capture the teachers genuine attempt to
implement the approach within the constraints of a large class. Since the videos emanate

from familiar and relevant contexts, teachers identify strongly with them and we are
gathering considerable ethnographic data which indicate that this identification is being
translated into action (see Goldstein et al, 1993).

Furthermore our video workshops are creating space for debate on critical
educational issues. Volmink (1993), in his evaluation of the MCPTs work, states, 'The
MCPT videos are amongst the best documentation on participatory curriculum

development available in the country".

CONCLUSION

Our experiences during the past eight years have led us to a participatory model of

professional and curriculum development which we believe to be pertinent, feasible and

sustainable in present South African conditions. We also believe that the model has
relevance for other countries, particularly developing countries. The challenge for 1994 is

to convince a new government that this, rather than old, familiar and seemingly more
simple top-down practices, will form an effective basis for educational upliftment in a
democratic society.
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SOCIAL NORM: THE KEY TO EFFECTIVENESS IN COOPERATIVE SMALL

GROUPS AND WHOLE CLASS DISCUSSIONS IN MATHEMATICS CLASSROOMS

Zahra Gooya, The University of Shahid Beheshty, Iran
Thomas Schroeder, State University of New York at Buffalo, USA

This study examines the social norm of the class in an introduction to mathematics course

taught by the first author. The approach to the instruction was teaching mathematics via

problem solving, using non-routine problems. The instruction was based on mewcognitive

strategies including cooperative small groups, whole-class discussions, and journal

writing. The study follows the authors' recommendations for more research on the nature

and effects of planned and documented interventions by teachers to engage students in

classroom discourse in small groups and whole class discussions. Evidence is presented

about efforts that were made to establish a suitable social norm or classroom culture to

make the cooperative work in small groups and the whole-class discussion effective, and

about effects of those efforts on learning outcomes.

In a previous PME research report (Schroeder, Gooya, & Lin, 1993) we argued that research

on processes in cooperative small groups should consider not only "naturally occurring" group

process but also the effects of planned interventions designed to make group workeffective. In this

paper we take up that challenge and examine the social norm of a mathematics class in which

teaching mathematics via problem solving and metacognition-based instruction were central

(Gooya, 1992). We believe that in order to establish a suitable social norm in their classes teachers

must make efforts to understand and appreciate their students and must adopt roles that are

conducive to and supportive of the classroom culture they wish to establish.

Theoretical Foundations and Previous Research
There is broad agreement that the most suitable environmentor "classroom culture," as

Davis (1989) calls itfor teaching and learning mathematics, is one which is natural, relaxed, and

friendly, but also business-like, engaging, and thought provoking. A number of mathematics

educators who have done classroom-based research on problem solving (e.g., Lester, Garofalo, &

Kroll, 1989a, 1989b; Raymond, Santos, & Masingila, 1991; Schoenfeld, 1985, 1987a, 1987b) have

concluded that appropriate settings can help students become more aware of their thinking

processes and develop positive beliefs about mathematics. For example, it may be beneficial for

students to analyze another student's behavior while solving problems, and to associate themselves

with that student's thinking when solving a problem. Schoenfeld (1985; 1987a) has argued for the

creation of a "microcosm of mathematical practice" in which students "do" mathematics in a way

similar to the way that mathematicians do mathematics. Lester, Garofalo and Kroll (1989a)

concluded that students' beliefs about mathematics are mainly shaped by classroom instruction and

the classroom environment.
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The literature is also overflowing with research findings regarding the role of small groups

in students' learning (e.g., Dees, 1985; Good, Grouws, & Mason, 1990; Maher, & Alston, 1985;

Noddings, 1985; Schoenfeld, 1989). Although there is a great deal of variation in the ways in which

different researchers and teachers have used small groups in their studies and their classrooms,

Vygotsky's (1976) ideas have given a strong rationale for the role of small groups in students'

development. He argued that working in collaboration with others helps students to reach their

"Zone of Proximal Development" (ZPD). Vygotsky (1962) explained that a student might be able to

function up to a certain level, but working cooperatively with others who are more capable might

help him or her to function at a higher level. The potential ability that a child (or person at any age)

has and that could be cultivated by some assistance but not in isolation, is the ZPD. (Also see

Schoenfeld, 1985, 1987a.)

These theoretical perspectives and research findings, in contrast with reports such as that of

Stacey (1992) who found that students working in groups did not necessarily perform better on

mathematical problem solving than students working individually, support our views (Schroeder,

Gooya, & Lin, 1993) about the need to create an appropriate social norm in order to increase the

chances that two heads will be better than one in a mathematics classroom. Whether students are

working in cooperative small groups or engaging in a whole-class discussions we believe that the

social norm of the classroom can have a crucial impact on its effectiveness for students, both in

regard to what they learn and the beliefs they develop. Our purpose in this paper is to examine the

efforts made by the instructor of a mathematics class to develop a suitable social norm in her class

and to seek evidence concerning the effects of those efforts on both the social norm of the class and

the outcomes for individual students.

Research Setting

Gooya (1992) taught an introduction to mathematics course for undergraduates at the

University of British Columbia. One thrust of her teaching, which was based on metacognitive

strategies and teaching mathematics via problem solving (Schroeder & Lester, 1989), was the

creation of a social norm for the class in which the students would be able to do and to enjoy

mathematics. Her purpose was to show the students that as the teacher she was not the authority in

the class who was always "right." On the contrary, she confronted them as a moderator, facilitator,

monitor, friend, and role model who is also fallible. She showed the students that she too

experiences the ecstasy of solving a problem after spending lots of time and effort, as well as the

agony of not knowing and being frustrated and confused. She talked to the students about the ways

in which mathematicians do mathematics to come up with world shaking ideas. She challenged the

myth that "some people have it and some people don't" concerning mathematics. Her goal was to

lead students to believe that everyone can do mathematics to some extent and that the best way of

doing it is to get involved and take responsibility for one's own learning.

To create such an environment required her as teacher to adopt a role very different from the

traditional one, but it was not easy for the students to change their expectations concerning the
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teacher's role in class. Many of them wanted to be told what to do all the time. In the beginning, a

majority of them preferred "spoon feeding" instruction since they were used to being taught that

way. However, work in small groups and whole-class discussions helped the students to see the

dialectical nature of mathematics; it helped them experiencemathematics as a social activity that is

learned through social interaction. The students were encouraged 'to create and to do mathematics

by and for themselves without relying on an outside authority, the teacher, to tell them what to do;

and to value the process of doing mathematics rather than being concerned only about the finished

product, the "correct answer." Gooya worked hard to ensure that the students were actively involved

in all the class activities and to convince them that their participation in the class discussions was

indeed beneficial to themselves and to other students. As in most typical classes, only a few

students were really engaged in the class discussions in the beginning. Sometimes the active

involvement of those students and the strength of their reasoning intimidated other students, and a

number of students reflected on this issue in their journals. They asked why, since those students

were better able to solve the problems and explain them to others, should they "waste" the class

time with their "wrong" solutions and "inadequate" explanations. Gooya responded that her aim

was to show them that there is not always a single correct way of solving a problem, and besides,

everyone would learn a great deal from each others' ideas and even their mistakes.

Classroom Interactloas
Instruction was based on the students' interactions with each other and the instructor in both

the whole-class setting and in small groups. It took a long time and a lot of effort to get the students

to accept that it would be worth their while if they actively took part in the discussions. Some of the

students expressed annoyance and frustration with the noise level in the classroom. In their journals,

some students asked for less interruption, which meant little or no questioning, and more direct

instruction and guidance on the teacher's part. However, Gooya believed if the students began to

see benefits, they would like the idea of interacting with each other in the class. Sometimes students

chose to work by themselves; in such cases, she asked them repeatedly to work in a group.

Eventually, working in small groups and participating in whole-classdiscussions became the norm,

and most students felt comfortable participating in these activities, although a few students resisted.

The study showed that bringing about changes in classroom processes requires a tremendous effort

on the part of both students and instructor.
To illustrate the social norm of the classroom and to portraythe interactive nature of the

course and a kind of environment that might be suitable for teaching and learning mathematics, we

have chosen one episode based on video-tapes of the class and Gooya's reflective journal. In the

following excerpts from the interaction in class (Gooya, 1992, pp. 86-89), the teacher/researcher is

identified as "Zahra" and various students are referred to using pseudonyms. On that day, in the

fifth week of the course, the class began with a problem designed to introduce the fundamental

principle of counting. The problem, "In how many ways can you answer a true/false test that has

three questions?" was posed, and the students were asked to spend 10 to 15 minutes discussing it in
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their groups. After the group discussions, every group presented its solution attempts to the class.

The instructor recorded all the ideas suggested while the students were presenting them. Then, the

class as a whole discussed each solution. The discussion helped the class to reject the solutions that

did not make sense to them and retain those which did.

Sandra: 26, because there are two ways of answering [each question].
Zahra: What do you think about it [asking the whole class]?

Nina: It sounds mathematical [every one laughs].

Jim: I don't want to create friction here. I only have an argument against it. I think that's the

number of possible answers that you can have when you consider [pause] like in each case
you are only allowed to have three answers out of the six possibilities. That's [referring to

26] suggesting that you are able to have six answers out of six possibilities. But you have
to eliminate three because of the fact that you can only have three answers in such an

exam. You can't have for example, ... the questions cannot be [both] True and False. They

either have to be True or False. Does that make any sense? I don't know if that's clear.

This excerpt shows that the students and instructor had by this time established a social

norm for the class in which everyone had a voice and they all respected each other's opinions. Jim's

response to Sandra, "I don't want to create friction here. I only have an argument against it," is

interesting because it expresses that respect while focusing on the meaning of the situation. After

further discussion about why 26 could not be the answer to the problem posed, Zahra continued.
Zahra: Now, is it okay to say that this one [26] is not correct? [interrupted by Jim]

Jim: Sandra! The way of looking at it would be to say that if you want to look at the number of

possibilities, then that would be appropriate ... because then you would have six T, F, T,

F, T, F. But when you look at the possible answers, then you have to do it with three.

Zahra: How different are they? You said the number of possibilities and [the] number ofanswers.
Jim: What? You mean the distinction that I made?

Zahra: Yes.

Jim: Well, the fact is that there are six; there are six possible responses: T, F, T, F, T, F

[pause] ... but you can have [only] one answer for each one. So that's ... yeah!
Nina: So two possibilities for each question.

Jim: Yeah! two possibilities for each question.

Nina: And three questions, so there are only eight possible ... [interrupted by Jim]
Jim: I'm only trying to make a distinction between possibilities and answers. You can only

have three answers, but there are six possibilities.

This interaction shows that Jim could relate to Sandra and hypothesize why she thought of

26 for the answer. Although it would have been possible simply to tell her that she was wrong and
let that be the end of it, the whole-class discussion gave Sandra a chance to explore her confusion,

rather than letting those ideas go underground (Cobb, 1991). Jim's contribution was intended to
help Sandra realize where she went wrong, and Nina's returned the focus to the reality of True/False

20

W7R



questions and the fact that they can only be answered either "True" or "False" and not both. Later

Kent extended the problem to an exam with three choices (rather than only two).

Kent: In other words, [if] you can say True, False, or True/False, you could! Then it logically

tells us that there are three possible choices and three questions, then it would be 33. Am I

right?

Class: Yeah!

Kent: Okay, then it seems we've got some principle here. ... You could have multiple choice

questions with five possible answers and three questions, then we have 5 x 5 x 5. Three

questions and five possible choices.

Lana: Are you saying that there are three choices?

Kew: No! That would be 3 x 3 x 3. [Kent proceeded to explain a problem with five questions

and five answer alternatives very clearly. After a good discussion about this problem he

continued.] ... Well, I'm just trying to find the underlying structure of the logic of this and

seeing if I plugged in other numbers from different questions and still it could be true.

Zahra: So 26 doesn't work for the True or False exam with three questions?

Kent: If it were 6 questions, it would!

Patrick: And with two possible responses for each question.

It was interesting to see how the class developed their understanding of the counting

principle. Kent tried to find "some principle here," "the underlying structure of the logic," a general

pattern that would apply to various situations involving different numbers.

Later in the discussion Patrick drew attention to a difference between the solutions to these

problems (involving the number of possible ways of responding to tests) and another problem

involving the number of choices that someone could make using five shirts and three pants. Patrick

argued that in the latter problem the number of choices was 5 x 3. Although both problems seemed

to involve the same principle, the solutions seemed different (because the one involved only

multiplication whereas the others used exponentiation). Many students got involved in the

discussion to find reasons for the difference. They knew there were two choir to make for each

one of the three questions, therefore the total number of choices was 2 x 2 x 2, and the same

argument for the number of choices relating to five shirts and three pants was 5 x 3. However, the

presentation of a solution for the first problem (23, that was also suggested by the students)

confused several students, including Patrick. Patrick expected to have the same form for the

problem involving shirts and pants since they both had the same underlying structure. The instructor

explained to the students that 23 was only a short cut for presenting the solution to the problem, and

that otherwise they did exactly the same thing in both problems, that was multiplying the number of

choices for each question, or for pants and for shirt, to find the total number of choices to be made:

23 = 2 x 2 x 2 ways of answering 3 questions with 2 choices for each, and 5 x 3 ways of combining

5 shirts and 3 pants.
Solving problems like these might not take more than five minutes in a traditional class.

However, if the class had not discussed the problem, the teacher/investigator would not have



realized the difficulties that students were facing in understanding the problem. Although it might

be easier to introduce the concept (in this case the counting principle), solve a few examples

showing the class how to apply certain rules and formulas, and then ask students to solve a list of

similar problems; in such situations Sandra's answer would simply be "wrong" and the "correct"

answer would be put on the board for display, and, of course, students would copy it down in their

notebooks.

Discussion
Although the metacognition-based instruction and the class environment provided an

opportunity for the students to express their ideas freely and discuss them both in small groups and

in class, only a few problems were solved in each class. However, many mathematical concepts

were developed through those few problems. In this teaching environment, the teacher had a special

role to play. She orchestrated the class discussions and monitored the students' work in small

groups. Creating an interactive environment in which students actively take part in their own

mathematics learning and preparing appropriate activities requires many hours of hard work and

continuous reflection about what is going on in the class. However, Gooya's study shows that there

are good reasons to believe that the hard work will pay off enormously, and that it can add much joy

to mathematics teaching and learning.

There is much evidence in the study leading us to believe that the students left the class

feeling more confidence in their mathematical understanding and believing that everyone was

capable of doing mathematics to some extent. Increasing self-confidence and self-reliance were

associated with increasing participation in the metacognition-based class activities. The students

also learned to be critical regarding mathematical problems, and as Ben wrote at the end of the final

exam: "I learned to never accept anything without asking why. ... That's the best thing I've learned

from this course. I learned to learn. I got my confidence back, and that's just great!"

The students also learned to assess and monitor their work, and to make appropriate

decisions, by working cooperatively and discussing the problems in small groups. They were

constantly asked the three questions that Schoenfeld (1985a, 1987) asked his students while they

were working in the groups: "What are you doing? Why are you doing it? How does it help?" The

teacher's role as an external monitor (cf. Lester et al., 1989) was to coach the students in a way

similar to that described by Schoenfeld (1987), helping them to become aware of their own

resources, to appreciate them, and to use them proficiently. Small groups also afforded opportunities

for the instructor to offer the students a variety of problem solving strategies (heuristics).

The students were asked to share their thoughts about given problems with the whole class

after spending between ten and twenty minutes discussing them in their groups. The teacher did not

try to lead the students to any particular solution. On the contrary, she constantly encouraged them

to come up with as many different ideas about solving the problems as they could. They were

expected to participate in the class discussions and be actively involved in the process of solving the

problems. The teacher's role at this stage was to coordinate the discussions, to help the students to
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utilize what they knew, and to help them become more reflective.The students' responsibility was

to try to make sense of the problems, to speculate, to make conjectures, and to justify them. In these

ways, the class discussions helped them a great deal to become more self-regulated and better

decision makers.
However, sometimes nothing seemed to work, and no approach yielded a solution. Since

this could lead to the students' frustration and disappointment, in such instances Gooya took control

of the class discussions by summing up what went on in those sessions. Her intention was to help

the students realize why they had gotten nowhere, what possibly had gone wrong, and what could

be done. This tactic helped them to see both the pitfalls and the light, through the awareness and the

knowledge that they gained by examining the different approaches to the pi oblem. Then they were

in a better position to put everything in perspective and decide what todo to solve the problems. All

these events served as a vehicle to promote self-regulation.

Concluding remarks
The teacher's role in creating a suitable social norm is crucial, especially in small-group

work. The instructor should ensure that every single student is engaged in mathematical activities in

the groups. We believe that working in small groups will be effective if and only if all the students

are negotiating the meaning of the material they are working on. The students have to take the

responsibility to make reasonable decisions after discussing the problems in their groups. Of course,

there is always a tendency in group work for some members to follow the otherspassively without

being involved in the meaning-making process. To avoid such situations, webelieve that teachers

should reserve the right to intervene and to make sure that everyone knows his orher own

responsibility. However, it takes even more effort to establish a social norm forwhole-class

discussions, since every student needs to feel comfortable getting actively involved in the meaning-

making processes, and eventually becoming more self-regulated and a better problem solver. Much

more research is needed to document the norms for discourse established in mathematics

classrooms, and to investigate the ways in which teachers interacting with students can create a

classroom culturea social normthat makes cooperative small group work and whole class

discussions productive, that facilitates students' understanding of mathematics, and that makes the

teaching and learning of mathematics more meaningful, fun, and enjoyable.
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Spectrums of Performance in Two Digit Addition and Subtraction.
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This paper presents some qualitative results obtained from a longitudinal study devised to

act as a pilot investigation into the relationship between quality of thinking and
achievement. It hypothesises that children who extensively use counting procedures for
basic number combinations tenuously use related procedures for horizontal two digit
addition and subtraction. It shows how children who display a rich interpretation of basic
combinations use their flexibility to achieve success with the horizontal combinations
through a large number of numerical rearrangements. We see how the former seem to
reproduce more naturally the procedural requirements of a standard paper and pencil
algorithms. However, the requirement that the latter follow an explicit set of directions for
the formal algorithms may force them to think in a way not in tune with flexibility.
Temporarily at least, we may see a reversal in levels of achievement.

Introduction
Two digit and other multidigit numbers use notation in a very powerful way. The two 3s

in the symbol 33 are used with entirely different meanings; the first being 3 tens, the

second 3 units. It requires the precept of number (Gray & Tall, 1991, 1994) (rather than
just the process of counting or the knowledge of the sequence of number words) to be

able to view place value as both a grouping procedure in which 33 is the procedure of
grouping "3 tens and 3 units", and the result of the procedure: the number 33.

Standard pencil and paper algorithms for two digit addition and subtraction may be
presented in a formal way which causes many children to cope by memorising a
sequence of procedures; adequate competence may be achieved without appreciating the
interrelationship between the numbers involved (see, for e:ample, Resnick, 1983;
Johnson, 1989). The children learn a procedure which is more reliant on the
interpretation of multidigit numbers as adjacent single digit numbers that are divorced

from the sense provided by a rationale giving multiunit meanings for digits in different

positions (Fuson, 1992). Concentrating instructional activity on the surface
characteristics of the numeration system may well foster a perspective of mathematics as

instrumental understanding (Oliver, Murray & Human, 1990).

Gray & Tall (1991, 1994) indicate that instrumental or procedural understanding and
understanding emanating from knowledge rich in relationships leads to very different
forms of thinking. Procedures form a basic part of mathematical development but their

importance lies in the cognitive shift from mathematical processes into manipulable
mental objects; for example, the concept of sum encapsulated from the compression of a

series of counting procedures. Gray & Tall hypothesise that compression provides the

potential for the emergence of styles of thinking triggered by different interpretations of
mathematical symbolism. On the one hand we see procedural thinking based on routine
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manipulation of procedures and, on the other, the flexibility of proceptual thinking;
procedural interpretations are tempered by the ability to view symbolism as tilt:
"representation of a mental object which may be decomposed, recomposed and
manipulated at a higher level" (Gray & Tall, 1994, p 124). Relating children's
approaches to simple arithmetic over a period of time to the interpretations they place on
two digit addition and subtraction provides some .further insight into the qualitative
difference between procedural and proceptual thinking.

Background

An analysis of children's responses to the context free numerical components of a series
of Standard Assessment Tasks (SAT), (SEAC, 1992), was presented in Gray (1993). The
SAT's were designed to measure level of achievement within a range of Mathematics
Attainment Target's (D.E.S., 1989) associated with the National Curriculum of England
and Wales. The analysis of the results identified children at three levels of achievement:

Level 1 (L1): children who could add and subtract objects where the numbers
involved were no greater than ten.
Level 2 (L2): children achieved Level 1 and were able to "recall the number
combinations to ten without calculation" (SEAC. 1992, pp 36-37)
Level 3 (L3): the children achieved Levels I and 2 and were able to "recall the
number combinations to twenty without calculation" (SEAC. 1992, pp 39-40).

The analysis concluded that though the SAT's took no account of how achievement was
obtained they achieved their purpose of differentiating between children over three
levels. It was concluded that levels of achievement were related to quality of thinking;
children who displayed flexible proceptual thinking were more successful than those
who relied extensively on counting procedures.

Method

This paper brings the earlier research up to date and reports on children's achievement
and quality of achievement on two subsequent occasions:

All children were again interviewed in March 1993. The format of the interview
was similar to the first interview. The children were now in Y3 and their ages
ranged from 7 years 6 months to 8 years 6 months (8 +)
A random sample of children within each achievement level, identified as a result
of the March 1993 interviews, were interviewed during November 1993. During a
two stage interview previously presented basic number combinations were
considered and then , on a separate occasion, two digit addition and subtraction
presented horizontally and vertically. The latter were mainly from the 1992 SAT
(SEAC 1992). Children were first presented with the combinations as a paper and
pencil exercise and then approaches discussed. All results were video recorded.

Standard algorithms for two digit addition and subtraction the latter focusing on the
decomposition method had formed an integral part of classroom teaching from March
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to July 1993. In the somewhat conventional school that the children attended, there had

been whole class introduction to these through demonstration with Stern apparatus.

Children were then given opportunities to practice and consolidate through the use of a

standard text. Little emphasis was placed upon horizontal addition and subtraction.

During the period September to December the main focus of interest had been
multiplication and division.

Results
1. Strategies used for basic number combinations.

A comparison of the overall strategies used by the three groups of children in the first

and second series of interviews. i.e. when the children were 7+ and 8+, bears out the

trends that are reported in snap shots of unrelated samples of children of the same ages

reported in Gray (1991).

Most strikingly only those who achieved L3 show the extensive use of derived facts over

both series of interviews (see Figure. I) and there was no evidence of the use of count-all

or take-away by this group.
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groups of children identified by their level at achievement at the ages of 7 +.
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We see that counting procedures, frequently very inefficient, totally dominated the
strategies used over the two interviews by the children who did not achieve L2. We see
too that counting procedures form a very high percentage of the strategies used by child
who achieved L2 but not L3. The use of derived facts by children within this group is
largely accounted for by 2 children who, as a result of this series of interviews, achieved
L3.

None of the group who failed to achieve L2 in 1992 satisfied criteria to achieve it in
1993. At both interviews counting procedures, although frequently very inefficient,
dominated their approach. In many instances their procedures were so covert that had
they completed these procedures within 5 seconds (the time limit for each combination).
During the formal assessment process of April 1992 the class teacher was unable to
distinguish between children who used covert counting actions and children who knew
or derived solutions.

Overall, children who achieved L2 but not L3 were more successful with the L3
combinations than they had been a year earlier. It is noticeable from Figure 1 that there
were no errors for addition and they were almost halved for subtraction. However,
though the percentage of combinations known by the group increased, in general there
was a remarkable consistency in the solution procedures used by the children during both
interviews though this consistency was generally marked by more highly developed
procedural competence.

By March 1993, a considerable proportion of this group of 17 children had improved
their procedural competence to the point where they were now almost attaining the same
level of achievement in the basic number combinations as those who had achieved L3
almost a year earlier. However, apart the two children who were now displaying the
same flexibility as these "more able" children, the quality of thinking the children
brought to the introduction to two digit addition and subtraction was different. The
distinction was manifest through either the extensive use of counting procedures or a the
limited use of counting procedures to support an otherwise rich interpretation of basic
number combinations.

2. Two Digit Addition and Subtraction

The qualitative analysis which is the focus of this section of the paper stems from
random samples drawn from within three groups constructed as a result of level of
achievement established in March 1993. Separate samples display the following
characteristics:

Group 1: (n=2 from 5): Did not achieve L2. Achievement characterised by very
limited number of facts known and limited procedural competence.
Group 2: (n=5 from 15): Achieved L2 but not L3. Achievement characterised by
extensive use of counting procedures to support of a limited range of known facts.
Group 3: (n=4 from 8): Achieved L2 and L3 through a spectrum of performance
characterised by its flexibility.
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The interesting feature of all of the children is that though they were free to use any
approach they used mental methods for horizontal combinations and a taught pencil and
paper algorithm for vertical combinations.

By the end of 1993 the counting procedures of the children within Group 1, now largely
count-on for addition and count-back for subtraction, were sufficiently robust to cope
with all of the L 2 combinations. However, although used competently enough to cope
with the L3 addition combinations they remained totally unreliable for the L3 subtraction
combinations. Neither child satisfied criteria to achieve Level 2. They attempted to
generalise their procedures to deal with the two digit horizontal combinations but they
proved to be too difficult to implement and led to an extensive number of errors,
signified by miscounting, an inability to keep a check on the amount counted-on or
counted-back and a continued need to revert back to the start of the problem.
Interviewing ceased during each child's attempts at the second problem in each category.
The children had considerable difficulty resolving combinations given in vertical form.
Tens and units components were treated as discrete quantities and each combined
through counting methods. Though relatively successful when there was no exchange
where it was required there was evidence of place value errors in addition and in 'smaller
from larger' errors or difficulties with zero emerged with subtraction.

Of the five Group 2 children, only one achieved L3 in November 1993. As with other
children who had previously reached this level of achievement this success was
characterised by the flexibility associated with proceptual thinking. Consequently, this
child will be discussed with Group 3. None of the other children made use of derived
facts over the three interviews and their procedural approaches remained very much as
previously identified, count-on for addition and some use of take away with either count-
back or count-up for subtraction. No one child used both of the latter.

The four children's approaches to the horizontal addition and subtraction combinations
showed a remarkable consistency. The addition combinations were usually solved by
sequencing in tens and then in ones in the following manner:

24 + 43: 4Q, 50, 60,...64...65, 66, 67
In some instances a less sophisticated approach was used:

39 + 26: 12, 40, 50...51: 52, 53, 54, 55, 56, 57, 58, 59...60, 61, 62, 63, 64, 65.
Such methods worked successfully for addition whether or not exchange was involved.
Their inverse caused procedural difficulty when subtraction was attempted. 80 30 was
answered successfully by counting back in tens and 74 4 and 84 10 by counting back
in ones. 29 6 and 26 19 both caused particular difficulties. All four children
attempted the former by decrementing in ones from 29 to 6. All obtained an incorrect
solution. One attempted to modify her approach by counting up but "couldn't keep a
check on how many were counted". Another, asked to attempt it using a vertical format,
dealt with the units relatively quickly but then became confused "because I thought it
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was times". After some difficulty one child completed 26 19 by counting hack to 19
and recording the difference. Other solutions were given as follows:

(i) 26 - 19 = 4 (ii) 26 - 19 = 13 (iii) 26 - 19 = 17

Because Because Because
2-1 = 1 2-1 = 1 2-1 =

9-6 = 3 9-6 = 3 9-2 = 7
one and three = 4 Ten and three = 13 Ten and seven = 17

These four children successfully carried out pencil and paper methods for the two digit
addition combinations even when exchange was involved. Individual digits were
combined through either a known fact or through count-on. A ten, carried as the result of
exchange, was always referred to as "one" and tens added as if they were ones. One
child gave some evidence of largest from smallest errors with subtraction and all of the
children were initially unsuccessful with the vertical subtraction 33 from 80 each child
providing the answer 53.

As the children who make up Group 2 displayed remarkably similar approaches to the
horizontal combinations so did those who achieved L3 the Group 3 children. Their
similarity was characterised by proceptual flexibility rather than procedural inflexibility.
There was evidence of counting on, for example, "18 count-on 5 is 23", but
combinations were more likely to be solve using knowledge of basic number
combinations, for example:"18 and 2 is 20 and 3 is 23" and "7 + 2 is 9 so 70 20 is 90".

Where required, all children possessed the flexibility to make transformations on both
operands in the original numbers, for example:

24 +43: 20+40=60; 3+4 =7; 60+7=67
39 +26: 30+ 20 =50; 9+6=15; 50+15 =65

or 30+20=50; 9+6=15; 50 +10 =60; 60+5 =65

This approach was not observed amongst the Group 2 children.

A major distinction between children within this group and children in the other groups
is their success with all of the horizontal subtraction combinations. Once again flexibility
was evident. Combinations that did not involve exchange were generally solved through
knowledge of basic addition and subtraction facts, tens usually computed first. Counting
was evident, for example one child solving 26 19 by counting up from 19 to 26
although the same child obtained the solution for 29 6 using the following approach:

29 6: 6 + 3 = 9 so 9 6 = 3 and 20 + 3 = 23
There was some evidence of transformations on both operands, for example:

26 19: 27 20 = 7
There was a surprise when this group of children attempted the vertical addition
combinations. Two of them, one of whom had easily achieved L3 in May 1992 and the
other who had achieved L3 in March 1993, gave original solutions to the addition
combinations which were in the following form.

(i) 1 9 (ii) 1 9 Represention of the 1 9
+ 7 6 + 7 6 written algorithm was + 7 6
8 (5 taught as: 9
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Children had been taught to record units as shown in the above representation.
Interestingly, none of the Group 2 children did this, three of the five GroLp 3 children
did; two successfully and one with the. modification seen in (i) above. Both children who
displayed the above errors very quickly corrected them and none of the children gave
incorrect solutions to the subtraction combinations.

Discussion
Gray (1993) suggested that the ways in which young children deal with simple
arithmetic illustrates a spectrum of performance that may reflect the limitations of
procedural thinking or the flexibility of proceptual thinking. This is not to suggest that
the spectrum is linear. It is hypothesised that there may be several dimensions and we
may see children moving between the dimensions when dealing with different aspects of
the arithmetic. However, it is hypothesised that the more the child moves in one
dimension the more that there may be consequences that lead to success or failure.

In the children's approaches to the horizontal combinations we see some of the
consequences of the hypothesised bifurcation caused by counting (Gray, 1993). It is
almost as if certain aptitudes dominate and place a child on one side of the scale and we
can see the effects that this has for some children.

Within the solutions to the two digit combinations we clearly see two kinds of
information processing: that based on rearrangements of numbers and that based on the

utilisation of explicit instructions.

Within the horizontal two digit combinations we see a form of pattern recognition; the
children visualise rearrangements of the individual numbers. Within the processing that
is related to these rearrangements we may see those that do not generalise and those
easily generalise. The Group 2 children relied extensively on counting procedures to
obtain solutions to the basic number combinations and utilise similar procedures to deal
with addition and subtraction. The manner in which they do this is at its most
sophisticated when they use "accumulation or iterative strategies...leading to a gradual
approach to the final answer by a series of increasingly better "approximations" "(Oliver
et al, 1990, p.301). Interestingly this approach was not in evidence amongst Group 3
children and neither did Group 2 children attempt to use it for subtraction, preferring
instead to use relied and trusted methods even when they proved to be too difficult. In

contrast, the more successful see a large number of rearrangements that may be applied
to the combinations. To solve these the children have not learned any rule-like behaviour
but bring together personal knowledge and experience to use a variety of approaches one
of which includes a "replacement strategy, transformations are made on both operands in
the original problem before any attempt at computation" ( Oliver et al 1990, p.301).

Within the vertical combinations we see the children attempting to follow explicit
directions. We may conjecture that they have been taught to learn algorithms as bits of
meaningless information in the hope that it makes things easier for them. In the short
term it may but, although the evidence points to the fact that given more practice
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children may demonstrate improvement , the flexibility may still not be there for longer
term success.

An interesting feature, worthy of further investigation is the evidence of a reversal in
achievement when children tackle vertical addition and subtraction. It is hypothesised
that this reversal stems from the greater difficulty that the more flexible thinkers may
have in slipping into a procedure. We see an example of the children meeting with a new
scheme of action which has to be adopted to fit the new situation. However, the
algorithm does not take account of their flexibility; the "more able" may have some
difficulty with a new idea if they are required to follow meaningless procedures a
course of events that the procedural thinkers may take to more naturally.
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THE EFFECT OF CALCULATOR USE ON

THIRD AND FOURTH GRADERS' COMPUTATION AND

CHOICE OF CALCULATING DEVICE

Susie Groves *
Deakin University - Burwood Campus

As part of a study of the long-term effects ofcalculator use, 110 grade 3 and 4
children from six schools were observed while carrying out a rangeof computation

tasks. Calculators and concrete materials were provided, as well as pencil and

paper. Children with long-term experience of calculators performed significantly
better overall on the 24 computation items, with an itemby item analysis revealing
significantly better performance on the five items requiring a knowledge of place

value for large numbers, subtraction with a negative answer, division with a
remainder, and multiplication and division of money. These children also made

more appropriate choices of calculatingdevice and were better able to interpret
their answers when using calculators, particularly where decimal answers were

involved.

Introduction
Despite research evidence to the contrary (Hembree & Dessart, 1986; 1992; Shuard, 1992) and

agreement amongst mathetiwtics educators that calculators should be used at all levels both as a

computational tool and as a teaching aid (National Council of Teachers of Mathematics, 1980; 1989;

Cockcroft, 1982; Curriculum Development Centre & Australian Association of Mathematics

Teachers, 1987; Australian Education Council, 1990). there is widespread fear that calculators will

undermine mathematics learning (see, for example, National Research Council, 1989, p. 61;

Wheatley & Shumway, 1992, p. 7; and Saxon, 1987 a publisher's two page advertisement "saying

no to calculators" in the February 1987Arithmetic Teacher focus issue on calculators).

The emergence of calculators and computers highlights the lack of congruence between school

mathematics and real mathematics in everyday life mental and calculator computations are the ones

typically used, while pencil and paper methods still receive the most emphasis in schools (Willis &

Kissane, 1989, p.58).

Data from the USA's Third National Assessment of Educational Progress (National

Assessment of Educational Progress, 1983; Rcys, 1985) and a more recent Canadian and USA study

cited in Rays, 1992) indicate that fifth to seventh grade children perform poorly on mental

computation tasks and make inappropriate choices ofcalculating device, with the majority preferring

pencil and paper or calculators to mental computation, even for straightforward questions such as

1000 x 945 .

This research was funded by the Australian Research Council, Deakin University and the University of

Melbourne. The Calculators in Primary Mathematics project team consists of Susie Groves, Jill Cheescman,

Terry Beeby, Graham Fcrres (Deakin University); Ron Welsh, Kaye Stacey (Melbourne University): and Paul

Carlin (Catholic Education Office).



Recently, powerful attempts have been made to change this situation in Australia. In line with

world-wide trends, the National Statement on Mathematics for Australian Schools (Australian

Education Council, 1990) has an increased emphasis on developing number sense and mental

computation, partly in recognition of the role of the calculator. In order to make intelligent use of

calculators, children need to make wise choices of calculating devices, have a strong intuitive

understanding of number and develop skills such as estimation and approximation (Reys, 1992;
Groves, 1992; Jones, 1988).

The Calculators in Primary Mathematics project is a tong -term investigation into the effects

of the introduction of calculators on the learning and teaching of primary mathematics. The project

commenced at kindergarten and grade 1 levels in six schools in 1990. Over 60 kindergarten to grade

4 teachers and approximately 1000 children participated in the project during the period 1990 to 1993,

with the 1990 kindergarten and grade 1 children participating for the full four years. All children were

given their own calculator to use whenever they wished, while teachers were provided with

systematic professional support to assist them in using calculators to create a rich mathematical
environment for children to explore.

Research has focused on the extent and purpose of calculator use; changes in teachers'
expectations of children's mathematical performance and consequent changes in the curriculum; long-

term learning outcomes for the children; and changes in teachers' beliefs and teaching practice.

Amongst a number of papers on various aspects of the project, Groves (1993a) reported that

children with long-term experience of calculators were better able to tackle "real world" problems,
which would normally be beyond their pencil and paper skills, than children without such experience.

While the project children did not make more use of calculators, they were more able to attach
meaning and interpret their answers.

This paper focuses on the long-term effect of calculator use on children's computation and
choice of calculating device.

Method
In 1991 and 1993, as part of the investigation of the long-term learning outcomes for children,

interviews were conducted with a stratified random sample of over 10% of all grade 3 and 4 children

at the six project schools. Three children were selected at random, subject to achieving gender

balance, from each grade 3 and grade 4 project class, while in mixed classes one boy and one girl
was selected at each grade level.

At the time of the interviews, the 1993 children had taken part in the project for 31/2 years - i.e.
since entering school for the grade 3 children and since grade 1 for the grade 4 children - while the
1991 children, who formed the control group, had not taken part in the project. For the purposes of
this analysis, data from all six grade 3 children at one of the schools was discarded, as grade 3
children at the school had extensive calculator experience in both 1991 and 1993, due to a different
pattern of participation in the project. This resulted in sample sizes of 52 in 1991 and 58 in 1993.
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The interview was designed to test children's understanding of the number system; their choice

of calculating device, for a wide range of computation tasks; and their ability to solve "real world"

problems amenable to multiplication and division, with or without calculators (see also Groves,

1993a). Throughout the interview, children were free to use whatever calculating devices they chose.

Uniftx cubes and multi-base arithmetic (MAB) blocks were provided, as well as pencil and paper and

calculators. Many of the questions were expected to beanswered mentally.

The 24 computation items referred to throughout this paper are listed in Table 2. As well

their answers, children's choices of calculating device wererecorded. For the purpose of this analysis,

these have been classified as mental (which may include the use of fingers), calculator, and other

(which includes drawing, the use of concrete materials, and the use of standard pencil and paper

algorithms). In order to minimise the need to memorise the numbers involved, each of the 24

computation hefts was presented to the children clearly displayed on a card.

In an attempt to limit the interview to less than 30 minutes, it had initially been the intention to

ask each child to nominate how they would attempt each item, but only ask children to actually carry

out the computations for the first four itemsand half of the remaining items, with each child being

pre-assigned either the remaining odd or even numbered items. While this had been a successful

strategy during fairly extensive trialing of the interview, it soon became apparent during the actual

interviews that most children would attempt most items, as they immediately carried out the

computation when asked how they would attempt the item. Consequently, in 1993 children were

generally encouraged to attempt most items, with 98% of the children attempting each item on

average, compared to 93% in 1991.
This presented difficulties in attempting to compare overall performance for the two groups of

children. However anecdotal evidence from the interviewers suggests that, in general, it was the more

difficult and time-consuming items which were not attempted in 1991. This is supported by an

analysis of the results of the interviews. It 1991, for the two items attempted by fewer than 80% of

the children, the average percentage of correct answers was 47%, compared to 62% for the five items

attempted by 80-89%, and 67% for the 17 items attempted by at least 90% of the children. In 1993,

all 24 items were attempted by at least 90% of the children, for an average of 75% correct.

In order to enable a comparison of overall performance to be made, each child's actual score

was factored up, if necessary, to give a (rounded) integer score out of 24. While this clearly distorts

the data, in view of the discussion above it would seem reasonable to assume that the effect would be

to over-estimate the scores of the 1991 children by a greater amount than those of the 1993 children,

and hence, in view of the direction of the results (see Table 1), bring the mean scores closer together.

These new scores were used to compare, at each grade level, the overall performance of the

1991 and 1993 children on all 24 items. For the item by item analysis, actual frequencies of correct

and incorrect answers were used. Similarly, actual frequencies were used for the item by item

analysis of the choice of calculating device. No attempt was made to make a comparison of overall

use of mental computation, calculators or other devices, as the desirability of making a particular

choice of device depends on the nature of the computation item.
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Results
Table 1 compares the scores out of 24 for the grade 3 and grade 4 children in 1991 and 1993. It

can be seen from the table that, as would be expected, in each of the years grade 4 children performed

better than grade 3 children (significant at the p 5 0.01 level). Furthermore, at each of the grade levels,
the 1993 project children performed significantly better than the 1991 control group (p 5 0.01 for
grade 3 and p 5 0.05 for grade 4).

Table 1: Comparison of scores
for grade 3 and 4 children in 1991 and 1993 on 24 computation items

Year 1991 1993
N Mean SD N Mean SD

Grade 3 25 t . 338 29 A ' 73.110 4.54
Grade 4 27 it , 3.29 29 r ; 2.73

significant difference between 1993 and 1991 at p 5 0.05 level

significant difference between 1993 and 1991 at p 5 atm level

significant difference between grade 3 and grade 4 at p 5 0.01 level

significant difference between grade 3 and grade 4 at p 5 0.01 level

(df = 52, t = 1.907)

(df = 54,1= 2.668)

(df = 50, t = 2.563)

(df = 56, t = 2.455)

Table 2 provides an item by item comparison of correct and incorrect answers and choice of
calculating device for the combined grade 3 and 4 children in 1991 and 1993.

The four Items 12, 16, 19 and 22 (15 + 4 , 62750 + 50 , $153 + 4 , 3 7) showed a
significant difference at the p 5 0.001 level using a x,2 test on the frequencies of correct and incorrect
answers, while Item 17 (7 x $3.53) showed a significant difference at the p 5 00 level. For all five

items the 1993 project children achieved better results than the 1991 control group. There were no
items for which the 1993 children performed significantly worse at the p 5 0.05 level.

Only two items showed a significantly different pattern of choice of calculating device,
Items 19 and 22 ($153 + 4 , 3 7), with p 0.05 in both cases. Both items were also amongst those

for which the 1993 children performed significantly better than the 1991 control group.
For Item 19 ($153 + 4), there was an increase in use of calculators in 1993at the expense of

both the mental and other categories. This item is one where calculators would appear to be the most
reasonable choice of device for many grade 3 and 4 children. It is also an item where the use of a
calculator is far from straightforward in order to obtain a correct answer it is necessary for children
to be able to interpret the calculator display correctly. It can be seen from the table that while 27
children attempted this item using a calculator in 1991, only 16 of these obtained a correct answer,
compared to 41 correct answers from the 44 children using a calculator in 1993. Closer examination
of the data confirms that it was not inability to accurately key in the numbers which caused the errors
in 1991, as every incorrect answer using calculators was due to inability to correctly read the display.
This result is similar to ones obtained from a comparison of 1991 and 1992 grade 3 children on the
"real world" problem solving items from the same interview (Groves, 1993a), where it was shown
that division items which resulted in a decimal answer showed a significantly better result for project
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children, as did other interview items which required children to read and interpret decimals. It should

also be noted that for the simpler question Item 12 (15 + 4), which also showed a significant

improvement for 1993 project children, there was an increase in the use of mental computation

which, although not statistically significant, suggests that the project children make choices based on

both the operations and the numbers involved.

Table 2: Frequencies of correct and incorrect answers given and calculating devices used by
grade 3 and 4 children in 1991 and 1993 on 24 computation items

Year 1991 (N=52) 1993 (N=58)

No Item ne 4" x" M1 C1 c0 g .w x" m
1. 7+ 5 52 48 4 49 0 3 58 54 4 57 0 1

2. 20 -'-. 30 52 48 4 50 1 1 58 56 2 57 0 1

3. 100 - 10 52 48 4 47 5 0 58 54 4 57 1 0

4. 3 x 5 52 2 0 49 2 1 58 56 2 54 3 1

5. 36 - 13 50 44 6 26 15 9 58 43 15 39 13 6

6. 12 + 3 49 47 2 34 12 3 57 50 7 45 5 7

7. 3 X 99 46 35 11 11 26 9 57 43 14 20 23 14

8. How many 3's in 30? 50 38 12 38 7 5 56 44 12 44 6 6

9. 1024 23 47 34 13 31 13 3 56 48 8 45 10 1

10. 30 + 10 52 48 4 47 2 3 55 52 3 52 2 1

11. 52 - 18 48 _25,..._ 23 29 12 7 56 37 19 33 15 8

12. 15 + 4 49 ,0114 24 15 10 57 alai 37 14 6

13. 225 + 76 45 31 14 23 9 13 56 37 19 33 12 11

14. 2000 - 1 51 30 21 48 2 1 58 33 25 56 2 0

15. 321 - 164 38 17 21 13 17 8 55 31 24 22 21 12

16. 62750 + 50 46 rA, , 32 10 4 55 Nosyq 44 9 2

17. 7 x $3.53 47 19 28 9 24 14 56 36 20 11 32 13

18. 14 x 20 44 33 11
e

27 14 3 57 46 11 35 19 3

54 DI,,.,.:. ,g-119. $153 + 4 46 i 5 27 14 1 44 9

20. 34 x 26 38 19 19 7 19 12 56 36 20 9 35 12

21. 20 + 40 51 7 44 30 11 10 57 15 42 41 13 3

22. 3 - 7 52 Elit ,,..491. 40 2 10 58 AS fil 46 11 1

23. $2.50 + $3.50 51 41 10 36 8 7 58 53 5 49 4 5

24. $12.38 + $2.52 50 28 22 26 13 11 56 33 23 38 11 7

0 n number of children who were asked to attempt item
si 4 number of children giving correct answer; X number of children giving incorrect answer
# M number of children using mental computation; C - number of children using calculators; 0 other

significant difference at p 5 0.05 level using a x2 test on frequencies

significant difference at p S 0.001 level using a x2 test on frequencies



For Item 22 (3 7), the only other item showing a significantly different pattern of choice of

device, neither of the two children who used a calculator obtained the correct answer in 1991, while

all 11 children using a calculator in 1993 were correct. However, it would appear unreasonable to

attribute the improved performance for 1993 children on this item to their better use of calculators.

Rather, it confirms considerable evidence from other sources that project children, having been

exposed to large numbers, negative numbers and decimals at a much earlier age through their use of

calculators, have developed more sophisticated conceptual understandings in these areas. It is
therefore also not surprising that the other item showing the most significant difference was Item 16
(62750 + 50), where again 1993 children were more inclined to use mental computation, although

not to a statistically significant extent.

Space does not permit a full report of the detailed item by item analysis for grade 3 and
grade 4. Results were similar to those for the combined grade levels. Again there were no items on

which the 1993 children performed significantly worse. For grade 3 children Item 22 (3 7) again
showed a significant improvement at the p 50.001 level, while results for Items 16 and 19 (62750 +

50, $153 ÷ 4) were again significantly better, but at the p 50.05 level. For grade 4 children, Items
12, 16 and 19 (15 + 4 , 62750 + 50 , $153 + 4) showed a significant improvement at the p 0.001

level, while Items 9 and 22 (1024 23, 3 7) were significantly better at the p 5 0.05 level.

For grnde 3 children, three items showed a different pattern of choice of calculating device.
Items 5, 6 and 12 (36 13 , 12 + 3 , 15 = 4) all showed a decrease in calculator use, together with a

corresponding increase in mental computation, all significant at least at the p 5 0.05 level. This

suggests that fears that children who regularly use calculators will come to rely on them even for the

simplest calculations are unfounded. For grade 4 children, only two items showed a significant
difference at the p 5 0.05 level for choice of calculating device. These were Items 21 and 22 (20 + 40,

3 7), where more children used both calculators and mental computation instead of other devices.

It should also be noted that in both years only about 2.5% of responses made use of standard

written algorithms, with somewhat over a half of these being correct. However, as in other studies

(Reys, Reys & Penafiel, 1991; Koyama, 1993), many children were observed mentally applying

pencil and paper algorithms, often pointing at imaginary numbers and mumbling statements such as
"put down 1 and carry 1". Unfortunately no consistent records were kept of this phenomenon.

Conclusion
Among the original hypotheses of the Calculators in Primary Mathematics project was the

expectation that children who had been involved in the project would successfully deal with larger

numbers and acquire certain concepts (such as place value, negative numbers and understanding of

decimal notation) at an earlier age than other children.

The results discussed in this paper show that the children with long-term experience of

calculators performed significantly better overall on 24 selected computation items, while the item by

item analysis revealed significantly better performance on the five items requiring a knowledge of
place value for large numbers, subtraction with a negative answer, division with a remainder, and
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multiplication and division of money. These children also made more appropriate choices of

calculating device and were better able tointerpret their answers when using a calculator, particularly

where decimal answers were involved.

Sowder (1988, p. 183) characterised number sense as referring to a well organised conceptual

network, which enables a person to relate number and operation properties and use flexible,creative

ways to solve number problems. She claims that the intuitive nature of number sense makes it

difficult to teach directly. Hope and Sherrill (1987) distinguished skilled mental calculators from the

unskilled partly by their ability to use specialised numerical information, which seemed to have been

memorised through the pursuit of interesting mathematical activity. As well as acting as a

computational device, the calculator is a highly versatile teaching aid which has the potential to

radically transform mathematics teaching by allowing children to experiment with numbers and

construct their own meanings (Corbitt, 1985; Wheatley & Shumway,1992). However, the UK based

Calculator-Aware Number project (CAN) found that the calculator's full potential could not be

realised without a change in teaching style (Duffin, 1989, p.15).

Evidence from the Calculators in Primary Mathematics project (Groves, 1993b) suggests that

teachers with long-term involvement in the project have adopted a more open-ended teaching style as

a result of the increased opportunities for exploration of number presented by the calculator. Teachers

speak of their mathematics teaching becoming more like their language teaching and of letting

children lead the learning process. The calculator is seen as facilitating more sharing and discussion in

the classroom, which in turn allows teachers to become more aware of children's thinking. From a

constructivist perspective, an important aspect of learning is communicating and constructing shared

understanding (Davis, Maher, & Noddings, 1990, pp. 2-3; Wheatley, 1991; Greeno, 1989, p. 45).

The presence of the calculator not only provides children with the opportunity to engage in

mathematical investigation, but also enables them to share their discoveries with teachers and other

children by providing an object which can become the focus for genuine mathematical discussion.
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Ade la Jaime and Angel Gutierrez
Universidad de Valencia (Valencia, Spain)

We propose a framework for designing tests to assess the Van Mete level of
reasoning. The framework is based on the consideration of the different key
processes involved in each thinking level and the use ofopen-ended questions. We
present a proposal of paper and pencil super-items with a structure approaching
that of the clinical interviews, in order to obtain as much information aspossible
from the students' written answers.

Introduction,

The Van Hide model describes the evolution of the kind of reasoning of a
student in geometry. It establishes a sequence of 5 levels of reasoning, labelled 1

to 5 in this paper. In this paper we do not try to summarize the general
characteristics of the Van Hick levels. Such description can be found, for
instance. in Crowley (1987), Hoffer (1983) and Jaime, Gutierrez (1990).

We can hardly meet any researcher on the Van Hide model who has not
needed to assess the students' Van Hide level; this implies the use of a test
(written or oral). The Usiskin's test (Usiskin, 1982) and the Burger and
Shaughnessy's test (Burger, Shaughnessy, 1986) are the most frequently used,

but both tests have some objections:
- The Usiskin's test is based on paper and pencil multi-choice Items, and

there are some doubts about the possibility of measuring reasoning by means of
this kind of items (Crowley, 1990 and Wilson, 1990). Nevertheless, this test has
as its main advantage that it can be administered to many individuals and it is
easy and quick to asses a level of reasoning to the students.

- The Burger and Shaughnessy's test has to be administered by an
interview, and it is very time consuming; this makes the test unsuitable for
assessing many people. However. the great advantage of this test is that the
information obtained from interviews results in a deeper knowledge of the way

students reason and, therefore, in a more reliable assessment of the Van Hide

level than that obtained by paper and pencil tests.
Aware of the necessity -stated by many researchers of having a Van Hide

test without the inconveniences mentioned above, we have been working for

several years in the design of such a test. Some previous results can be found in
Shaughnessy et al (1991), where different ways of assessing the Van Hide levels



were analyzed. Now, the objective of our ongoing research is twofold:

1- To offer a procedure enabling the design of reliable and valid tests to
measure the Van Hide levels of reasoning.

. 2- To implement a pool of items froth which one should be able to make
several of such tests.

We present here a theoretical model of design of items and tests (first
objective) and also some examples of such items (second objective).

A model for the design of Van Ilie le tests.

The core of our proposal is the consideration of each Van Hide level of
reasoning as integrated by several key thinking processes. Then, to evaluate a
student's thinking level means to evaluate the way this student uses each key
thinking process characteristic of that level. This interpretation of the
assessment of the Van Hide levels is implemented by means of paper and pencil
open-ended items, designed in a way that they provide an amount of
information that approaches the obtained by means of clinical Interviews.

1. Key processes of the Van Kiele levels,

As a thinking level is integrated by some thinking processes, quite different
one from the others, the items in a test should not be intended to assess a
whole level, but one or more of the key processes involved in this level. Then an
ideal test should contain at least an item able to assess each key process of
each Van Hide level. For instance, as we shall see below, for the assessment of
level 3, the items should allow to assess the way students' use the processes of
definition, proof, and classification.

The view of considering the kind of reasoning of a Van Hide level divided
into several components is not new. De Villiers (1987) makes this distinction.
Also Hoffer (1981) shows a characterization of 5 geometric skills to be
considered for the assessment of each Van Hide level.

In the following paragraphs, we describe the main key processes we have
identified for the Van Hiele levels 1 to 4. We does not consider level 5, as our
research is directed to primary and secondary school students. It would be
possible to make a more detailed list of key process, since some of the processes
stated below can be decomposed in sub-processes. For instance, in level 4, the
key process of formal proof could be divided into the processes corresponding to
the different ways of proving that students should know. However, this would
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conduct us to a position impossible to be put into practice because of the length
of the tests. These key processes characterizing the Van Hiele levels 1 to 4 are:

Identification of the family a geometric object belongs to.

Definition of a concept, understood from two different points of view: To
nag definitions, that is to use given definitions, and to it definitions, that is
to formulate a definition for a class of geometric objects.

Classification of geometrical objects into different families.

Proof of properties or statements, that is ways of convincing someone else
of the truth of a statement.

The table below summarizes the key processes characteristics of each Van
Hiele level. An X or the name of a process in a cell means that this process is a
part of the reasoning of the level, so it has to be assessed in this level. The "---"
means that this process is not a part of the reasoning of the level, so it has not
to be assessed in this level.

Identification Definition Classification Proof
Level 1 X State X ---
Level 2 X Read & State X X
Level $ --- Read & State X X
Level 4 --- Read & State --- X

When assessing the Van Hide level of reasoning of a student, it is
important to notice that, in some levels, some of the processes just mentioned
do not have their usual mathematical meaning. Then, when analyzing a
studenVs answer, we have to consider the processes from the perspective of the
level exhibited by the student. For this purpose, we specify in the following
paragraphs the meaning of each process integrating the levels 1 to 4.

Level 1:
Idenjaeatian: The students recognize figures on the basis of physical global

characteristics, like aspect. size of elements, position, etc.
Dzeniugn: Students take into consideration only attributes which refer to

physical objects in a global way, or non-mathematical properties like "round" for
circle. so they are not able to read a mathematical definition. When stating a
definition, the students refer to this same kind of attributes. Sometimes the
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name of the concept is the definition itself: for example, children quite often say

that "a square is a square".
Qiaaa Ificatjaw Students use the same kind of properties of the figures as in

the previous processes. They do not accept any relationship among two different
families nor, many times, among two elements of the same family having quite
different physical aspect (for instance, two isosceles triangles having angles of
50°, 50° and 80°. and 82°, sr, and 16°, respectively).

Level 2:
biraiticaugn: Students recognize geometrical figures on the basis of their

mathematical properties.
Dann= The students pay attention to mathematical properties but,

when reading or stating definitions, they may have problems with some logical

particles, such as "at least".
When stating a definition, sometimes the students omit a necessary

property, which they are using implicitly. Other times, they provide a list with
more properties than needed, even when the dependence among them is easy to
realize. For example, some students define a rectangle as "a parallelogram
having two pairs of equal sides, being two sides longer than the other two" (they

omit the reference to the right angles). Other students define a rectangle as "a
parallelogram having two pairs of equal parallel sides, being two sides longer

than the other two, four right angles and two equal diagonals (they include an

extra property).
Oaaagleatian: It is exclusive, that is, the students do not relate families

based on the attributes provided in the definitions. When they are given a new
definition of a concept, different from the one they already knew, the students
do not admit the new definition. This happens very often with quadrilaterals,
when the students are habituated to use the exclusive definitions and they are

given the inclusive definitions.
Bald A typical proof in this level consists on verifying the truth of the

property to be proved in one or a few examples.

Level 3:
=Mika: The students are able to interpret and state mathematical

definitions, being conscious that a necessary and sufficient set of properties is

needed and that adding more properties to the definition does not result in a
better one. Therefore, when providing a definition, the students try not to be
redundant, although some redundancies may appear when the relationships
among the properties do not consists on one-step implications.
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Diaasification: The students may do inclusive classifications, based on the
properties stated in the given definitions of the concepts. The students are able
to change their mind when a new definitions of a concept is given, even when
there is a change from exclusive to inclusive, or vice versa.

Moe The students may check the property to be proved in some examples,
but they look also for some informal explanation based on mathematical
properties, or the examples are selected.

Level 4:
Definition: The progress from the level 3 reasoning consists on a better

understanding of definitions and the ability to prove the equivalence of different
definitions of the same concept.

Emit Students in this level are able to do standard formal mathematical
proofs. Specific figures are used only sometimes to help to choose the adequate
properties for the proof, but the students are aware that a figure is only a case
and that to prove a statement it is necessary to make a sequence of implications
based on already proved properties.

Paper and pencil open-ended items, where the students can freely explain
the reason for their answer, are more reliable than multi-choice items for
assessing the Van Hide levels of reasoning. On the other side, what defines a
student's level of thinking are not the items administered but the student's
answer to such items, since most of the questions can be answered accordingto
several levels of thinking. Therefore, we defend the administration of tests based
on open-ended items that are not pre-assigned to a specific level, but to a range
of the levels in which answers can be given. In this way, an item contributes to
the assessment of each level in this range.

A useful characteristic of clinical interviews is the possibility for the
interviewer to modify the questions, to give some hint, etc., depending on the
previous student's answers and the reflected thinking level. This is what makes
interviews so useful for the assessment of the Van Hide levels and the reason
why they provide more information than any paper and pencil test. In order to
approach the amount of information obtained by written tests to that obtained
by interviews, we have designed super-items divided in several parts. Students
are provided with extra information in every new part of the item, in order to
help them if they have not been able to answer correctly before (Jaime, 1993).

This technique has proved to be useful, for instance, in items about proof,
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where it happens quite often that level 4 students cannot answer because they
do not find a suitable way to the result. In ordinary items, with only a statement
and a question, often these students do not write anything or they erase what
they have written, since they believe they are wrong. This behaviour results in
the assignation of the student to a Van Hide level lower than their real one.

The structure of the super-items we have designed is the following:

- The first part of the item Just state the problem and the question.
- When this part has been answered, students have to turn the page and

they answer the next part of the item, that provides them with some more
information and states again the same question. This may happen several times
in complex problems.

- When answering these super-items, students are not allowed to go
backwards after they have turned a page. That is, when they have answered a
part of the item, they are not allowed to answer again a previous part.

In the annex we show, as examples of the notions introduced above, some
items taken from the pool of items we have designed for this research. The table
below, that refers to those items, summarizes the characteristics of each item,
that is what levels and what key processes of each level are evaluated.

V.H. levels

Key proces.
Level 1 Level 2 Level 3 Level

4
Identification 1 2 1 2

Read
Definition

State

.

1 2 1

2

2 4

2

2

3

4

3

Classification 2 2 2
Proof 5 1 3 5 3

AnnsallmunalffluaLimanzitlms,

(The students are given several figures). For the following figures, write a T
inside of the triangles and a Q inside of the quadrilaterals.

Explain how do you know which shapes are Wangles and which are not.
(The same question for quadrilaterals).

Write the numbers of the figures which are not triangles and explain, for
each of them, why it is not a triangle. (The same question for quadrilaterals).
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Km/
2.1. (The students are given several figures). For each figure. write all the

names in the following list that are appropriate for the figure: Square. rectangle,
rhombus. parallelogram and rhomboid.

Explain the assignations that you have done for ... (the numbers of several
figures are given. among which there should be at least a rectangle or a
rhombuso and a square).

Z.Z. The students are given the inclusive definitions for rhombus and
rectangle, and they are requested to use these definitions for answering to the
same questions as in 2.1.

Item 3
Here are two definitions of certain polygons:
Definition A: It is a quadrilateral having two pairs of parallel sides.
Definition B: It is a quadrilateral in which the sum of any two consecutive

angles is 180°.
Do A and B define the same quadrilaterals? Why, or why not? Give a proof

for your answer.

Item 4
(The students are given a list of true properties for rhombi). Write a

definition of rhombus down taking properties from the list. Remember that you
are asked to write a definition down, so you have not to use more properties
than needed.

Is it possible to solve again the same task but using a different set of
properties from the list?

Mai
5.1. Recall that a diagonal of a polygon is a segment joining two non

adjacent vertices of the polygon. How many diagonals does an n-sided polygon
have? Give a proof for your answer.

5.2. Complete the following statements (you can draw if you want):
In a 5-sided polygon, the number of diagcnals which can be drawn from

each vertex is and the total number of diagonals of the polygon is
In a 6-sided polygon, the number of diagonals which can be drawn from

each vertex is and the total number of diagonals of the polygon is
In an n-sided polygon, the number of diagonals which can be drawn from

each vertex is Justify your answer to the last statement.
Using your answers above, tell how many diagonals an n-sided polygon
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has. Prove your answer.
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A STUDENTS' BELIEF ABOUT THE SOLUTIONS
OF THE EQUATION X=X1 IN A GROUP.

Orit Hazzan
Technion -- Israel Institute of Technology

Abstract

This report is a contribution to the ongoing international research on

learning Abstract Algebra. This study addresses students knowledge

and intuitions in considering the concepts of identity element and

inverse element in a group. More specifically, Enlacing the question: Is

it possible to have elements in a group, except the identity element, that

are their own inverses? Some students believe that the answer to this

question is negative. This phenomenon is demonstrated in a variety of

contexts and possible explanations to it are suggested.

j. Introduction

This paper is concerned with students' understanding of group theory concepts: the

concepts of the inverse element and the identity element. More specifically, the solutions

of the equation x=x-1, when x is an element in the group, are discussed. To be precise,

discuss the students' answers to the following questions: How many solutions may this

equation have?, What are they?. It turns out that students tend to presume that the above
equation has only one solution which is the identity element of the group, e. (I shall call

this "the belief' or "the phenomenon".)

The above phenomenon appeared during a well spread research which was conducted at

the Israel Institute of Technology, dealing with undergraduate students' understanding of

concepts in Abstract Algebra, more specifically, group theory. The data was collected

using questionnaires and interviews with students participating in the Abstract Algebra

course. These two tools were not aimed to check the discussed belief. It just "popped

out" in different contexts.

In this paper I would like to present some situations in which this phenomenon emerged.

Also, I suggest possible description of students' mental processes which may explain this

phenomenon. I also demonstrate how these mental processes might have influenced

students' responses in other contexts.



Z. Description of the phenomenon

In this section, five situations in which the above phenomenon emerged will be presented.

(A) One task in an interview was to build a "multiplication" table of four elements a, b, c
and d so that it will form a table for a group. Most of the students began by choosing a to
be the identity element. Next, they filled the first column and the first row. Then, the
students determined the pairs of inverses. They applied their knowledge that the identity

element is its own inverse and they chose another two elements, c and d for example, to be
the inverse to each other. At this point, the students had to discuss the question: "What will

be b's inverse?"

Ethan: It is clear that b*b should be different than e. (He marked a by e. Recall
that e is the identity element.)

Interviewer: Why?

Ethan: Because otherwise b is its own inverse and this is only permitted for one
element.

Later in the interview Ethan made a distinction between the following two situations:

b*b.1=e and b*b.e.

Ethan: So, b*b1=e [...1 This is by definition.

Interviewer: O.K.

Ethan: O.K. [] So, if b*b=e, what does it mean logically?

It implies that b is the identity. [He wrote: b*b=e --> b=e]

In the first situation Ethan looked at b-las a variable - an element of the group that is the
inverse of b. In the second situation, b must be its own inverse and "this is only true for the
identity element".

(B) A problem on one of the questionnaires designed for another purpose, was:
Let G be a commutative group. Prove that the set (a E G 1 a2.3e) is

a subgroup of G.

Some students "saw" in the set only one element. One of them explained:

a2= e =3.> a o a = e ==> a 3. a-1 and this is true for e . Hence every
element in the subset will be e. I.e., (a E GI a2. e) (e) and this is always a

subgroup.

(lids melon chow to use the symbol o to signify the group operation. This is equivalent to used by other 'Watts.)
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(C) In order to check what exactly leads the students to imply the above, I divided a group

of 19 Abstract Algebra students into three sub-groups and each of these sub-groups

received a different one-question questionnaire. Each sub-group discussed a different

description of an element in a group which satisfies the equation: x=x-1.

The three phrases were:
(i) Let G be a group and x be an element in G. Prove or refute:

If x is its own inverse then x is the identity element.

(ii) Let G be a group and x be an element inG. Prove or refute:

If x is of order 2 then x is the identity element.

(iii) Let G be a group, x be an element in G and a be the

identity element of G. Prove or refute:

If x *x=e then xis the identity element.

When the questions were so directed all the students except two refuted the phrases by a

counter-example. One of these students, in interpreting phrase (iii) revealed his way of

thinking as follows:

xexr--e
rl =rto e
eox=r1oe
x

This answer and the one illustrated in example (B) are almost the same: The "belief" is that

if an element is its own inverse then it is the identity element.

(D) The following comes to demonstrate that even when a student "feels" that an element

of a group, other than the identity element, can satisfy the equation x=x-1, he prefers not to

deal with this situation. Adam begins to fill the4x4 table by choosing a to be the identity

element. Then he continues, explaining:

Adam: O.K. now, we should try. So, let's begin and we will see if something

will go wrong. Let's say that Pt) equal c. I will not put here a [for b*b]

because it will definitely cause problems, since a is a special element. So let's

put here c. [..]

After several calculations he goes on:

Ads.: Let's see if it [b*b=a) causes problems. No. It only means that b

squared, b*b, O.K., b squared equals a. Meanwhile, I don't see that it

contradicts anything. So, O.K. [...j. First, I will put here c anyway [for b*b]

because I prefer not to deal with this problem. I have never seen it, ... I have

no... Because I haven't seen it, I have no intuition, I prefer to choose here an

element that will not cause problems, like c....



(E) Ron proves that the axiom: "For all a in G there exists an element b in G, so that
ab=ba=e" holds for 4. He feels that he should pay special attention to an element which is
its own inverse:

An inverse exists because for all a E Z C Z
there gists b E Z C Z so that: b=n-a.

Remark: It is possible that b=a.

3. Discussion

Here are some suggested explanations for the discussed phenomenon. For each explanation

another situation which demonstrates this way of looking at things, is described.

(A) Looking at the arbitrary multiplication of the group as multiplication of real numbers.

It is possible that students consider the "multiplication" of group elements as a sort of
multiplication of the real numbers. The term "multiplication" in the case of groups is used

metaphorically. Lecturers and books use to define a group in the following way:

"Let G be a nonempty set together with a binary operation

(usually called multiplication) ..." (Gallian, 1990, p. 34).

Because the group definition is axiomatic, the students need a model (a metaphor) to
connect it with. Since they are familiar with the multiplication of real numbers, the real

numbers seem to be the most available as a ready-made model. The first real number that

students give as a solution to the equation x=x1 is 1, sometimes forgetting -1. They
"generalize" the situation to a group: The equation x=x-1 has only one solution - e - the
identity element of the group.

This is not the only situation where students "borrow properties" from the multiplication of

real numbers. For example, some students use the term "to divide" instead of "to multiply

by the inverse element"; some students describe the inverse of an element x as "1 over x".

Therefore, it is possible that the limited view of "multiplication" is an outcome of the

metaphor used while the subject is taught. Tom and Sarah expressed this idea explicitly.

Sara: The concept of multiplication is in the air all the time .

Tom admitted that his intuition was determined by familiar examples, which had disturbed

him in the abstraction process:
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To*: Suddenly. everything [in Abstract Algebra) looks so strange. I mean,

why isn't a*b equal to b *a? [...] Or tads to cancel [the same expression on

both sides of an equation], it is the opposite to the basic rules of the

arithmetic.

In my opinion, this is the main explanation to the phenomenon. It deals with the

influence of familiar examples and metaphors on the understanding of mathematical

concepts. With this point of view, the phenomenon can be view as an example of the

nature of metaphors which "deny distinctions between things. Problems often arise

from taking structural metaphors too literally. Because unexamined metaphors lead us

to assume the identity of unidentical things, conflicts can arise which can be resolved

only by understanding the metaphor". (Pimm, 1987, p. 108)

Herstein (1986) refers to this problem and after defining the concept of group, he adds:

"The operation * in G is usually called the product, but keep in mind that this has nothing

to do with product as we know it for the integers, rationals, reals, or complexes [-A.

However, a general group need have no relation whatsoever to a set of :withers" (p. 47).

The influence of the real numbers multiplication demonstrates how a familiar system

influences the understanding of mathematical concepts. Another system which the students

freely relate to is that of the natural numbers. They relate to the latter system in a different

way. Some students prefer to use a counting argument or theorem which deals with the

natural numbers while solving a problem which does not have any connection to the natural

numbers. For example: One can not prove that a subset of a group is a subgroup using

Lagrange's Theorem (The order of a subgroup divides the order of the group). But, when

asked whether Z3 is a subgroup of Z6, twenty out of 113 students answered "yes",

supported by the following argument:
"Yes, the statement is true. 3 divides 6 and hence, according to Lagrange's

Theorem, Z3 is a subgroup of

(B) The influence of a language.

The discussed phenomenon can be a result of the communication between the lecturers and

their students. Some of the students give to the term "multiplication" a different meaning

than that of the lecturers.

The connection between language and mathematics has already been discussed by many

writers (For example: Austin and Howson, 1979; Rin, 1983; Mason and Pimm, 1984;

Pimm, 1987; Laborde, 1990). Here is an example from Abstract Algebra.
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The formal definition of group homomorphism is:

f: G--> 0' is a group hotnomesphism if for all a,b in G: flab) =f(a)f(b).

Writers and lecturers describe it as function "that preserves the group operation.."
(Gallian, 1990, p. 100).

Sharon was asked if the following statement is true or false: If A and B are isomorphic
groups and the operation of A is a function composition, then the operation in B is a
function composition.

Sharon: [...] It keeps this property... [pointing to the formula f(ab) = f(a)f(b)].

[...] My isomorphism leaves me with the operation that I performed in A,

and when I transformed, I transformed the elements with the operation...
The isomorphism does not change the operation.

Interviewer: Hmmm...

Sharon: I mean, if the operation in A is a function composition then my
operation in B will be a function composition.

Then, she returned to a previous example in the interview:

Sharon: If I take Z and 3Z, they are isomorphic... The elements are of the

same kind but they are not the same elements [...] The elements are of the

same type. If I had here remainder classes in Z, then this [3Z] would be
remainder classes, too, which I multiply by three.

Interviewer: Hmmm...

Sharon: [...] They are of the same kind, and the operation is preserved, but
they are not the same elements I...]

In Hebrew, the words preserve and keep sound very similar. Since Sharon did not know
what it means to preserve the operation, she adopted the meaning of keep, to which she
could attach more meaning.

(C) The influence of an axiom.
The axiom of the inverses in the definition of a group is: "For every a E G there exists an
element b E G such that a*b=bsa=e. (We write this element b as a1 and call it the inverse

of a in G)." (Herstein, 1986, p. 46). Two different letters appear in this axiom, a and b.
Therefore, some of the students may interpret the inverse of an element as different from
itself. The real's influence seems to be stronger, so the students permit e to be its own
inverse. The same phenomenon appears in checking the associativity (For all a,b,c E G:

a(b*c) (a*bc ). Many students check the associativity only for triples with different
letters. For example, when Ben checks whether a 3x3 table presented to him is a
multiplication table for a group of three elements, he explains:
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Ben: I already checked abc . Now, [I have to check] that a(cb) will be equal

to (ac)b, and (ca)b=c(ab).

In another context, students were asked to find subgroups of 4. Sharon decided that the

subset [0,11 of the elements of 4 was a subgroup of 4, explaining:

Sharon: 1...1 Let's assume 0 and 1. It can form a subgroup of 4, because

every operation that I will do with the two... with the two things here, It

[the result] will be included here.

Interviewer: How will you check?

Sharon: If I do 0+1 r 11 get 1 which belongs to the subset.

Sharon checked the closure only for two different elements, maybe because two different

letters usually appear in the closure axiom.

(D) A relation between two objects.

Another explanation for the students' belief that only the identity element can be its own

inverse, is that it is easier to think of two different objects which satisfy a relation between

them, than of one element which is in a relation with itself. It is easier to conceive that one

element is the inverse of another, different element, than that it is the inverse of itself. The

tendency to believe that it is more reasonable for two different objects to be in a relation

between them, appears also in another context.

Students were asked to prove that a function f: A--->A is invertable if and only if it is one-

to-one and onto. One student suggested:
f: A--> A (Let's write f: A--> B when A=B, for convenience).

In another example during a class discussion Dan tried to build a subgroup of S4 of order

two. In all his attempts he got (e, (1 2), (2 1)1. Here again he could not accept that (1 2) is

its own inverse and felt that he should add to the subgroup the permutation (2 1) - a

different notation for the same permutation.

(E) Confusing between a theorem and its converse.

The students know that if e is the identity element, then e2=e. It may be that they assume

that its converse is true: If x is an element which satisfies the equationx2=e then x=e.

This sort of confusion is also a common phenomenon. In the contextof Abstract Algebra,

it is demonstrated in Leron, Hazzan and Zazkis (in preparation): The students were asked to

determine whether two groups, given by their multiplication tables, are isomorphic. Some

of them began by calculating the order of each of the elements (a natural number

operation), and decided that the two groups were isomorphic when finding that the orders

of their elements were the same. It may be the case that some of the students assume that

the false converse of the true statement, "If groups are isomorphic, the orders of their

elements are equal respectively", is true.
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4. Swrunary

The relative simplicity of the material which involves in the discussed phenomenon
demonstrates very early in the Abstract Algebra course, some of the difficulties that
students are facing. There is no need to go as far as advanced algebraic concepts to observe
the difficulties. It is a difficult course for the students, and very abstract. One graduate

student described the abstract-level of the material by the following remark: "Working with

groups is similar in difficulty to learning relativity in physics. None of the normal modes of
thought seem to fit."
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RELATIVE AND ABSOLUTE THINKING IN VISUAL ESTIMATION.

Rina Hershkowitz
Weizmann Institute of science

Rehovot, Israel

Zvia Markovits
Oranim school of Education

Tivon, Israel

Abstract: Four strategies were expressed by third grade children in visual estimation
situations. After going through visual estimation activities, some changes in children
strategies were found. These changes were in agreement with theories of visual
information processing. Most of the children had difficulties in judging the quality of
the estimate. They showed "additive" behavior without any traces of relative thinking.
After a very directed intervention some of them moved towards relative thinking.

Visual estimation processes of discrete quantities combine both: Estimation processes and visual

information processing. They contribute not only to develop visual abilities as well as estimation

abilities, but they also helps to develop a basis for "feeling" quantities and numbers.

Visual estimation of discrete quantities occurs when one is presented with a large group of objects

(e.g. Figure 1) for a short period of time, and is asked to evaluate their number.

(I)

..... . .

(b) (c)

(e)

Figure 1

In our study we investigated the visual estimation processes of twelve nine yearold children; they

were presented with a relatively large number of objects. In such a situation the child is asked to give

an absolute information about the number of objects shown to him/her.

According to Bryant (1974), human beings are born with the ability of gathering visual information

by relative codes only, and not by absolute codes, meaning that children can saythat one object is

bigger (higher, etc.) than another object, but they cannot say how big it is. With experience, they

learn to use gxternal frames of reference and gradually they learn to deal with absolute

information. In this sense, any previous "chunk of information", that children have, can act as a

frame of reference.

.
.

.

(f)
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One of the units developed as part of the project deals with visual estimation. The unit includes a

set of 30 pictures in which the number of objects (mainly dots) varied from 10 to 40 and their
arrangement varied as well (Fig. 1). The children were presented with each picture for a short period

of time and then asked to writ e down how many objects they had seen. As immediate feedback, the

teacher showed them the exec:: number of objects, and the children wrote it down next to their
answers. After that, similar activities were performed with concrete objects, such as plastic circles,

plastic squares, pencils; with pictures in children books and with objects from the classroom and
outside the classroom environment.

The Research

The following questions were the basis to our study, but they can serve as a basis for a research
which deals with estimation processes of any kind:

a. How close is the estimate to the exact information?

b. What was the strategy or the process that led the subject to her/his estimate?

c. To what extent is the subject aware to the quality of the estimate; or in other words: How does

he or she judges if the estimate is good enough, or if one estimate is better than the other?
In each 'he above questions the effect of instruction (experience) was investigated.

The research was carried out by interviews, which were done before and after the learning unit and

included tasks similar to the tasks of the visual estimation unit. The second part of each interview
included tasks developed for the investigation of question c above.

Neither estimation strategies nor the awareness of the quality of the estimate (research questions b
and c) were discussed in the unit.

In the following we will inform briefly on research results concerning questions a and b (for
more detailed information see Markovits and Hershkowitz, 1993) and then focus more on research
results for question c.

Esimation abilities and estimation processes (research questions a and bl
As for the estimation abilities we found that:

* Most of the answers were underestimates.

* Children were closer to the exact number when the dots were arranged in some
geometrical pattern (Fig lb and le).

* Overall, children's estimation improved as a result of the learning experience.

* Children are not used to estimate, they prefer to give exact answers.

The following levels of visual estimation strategies were found:

Counting - children counted as many objects as they could in the short period of time available.
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Grouping - children mentally divided the objects into groups, most of the time with equal numbers

of objects in each, and then multiplied this number by thenumber of groups. The sizo of the group

is now used as an external frame of reference.

Comparison - children using this strategy compared the number of objects to something they were

familiar with. They used
familiarillsolutejnforrnatiplas an externalframe of reference.

Global perception - Childrenjust took a glance and gave their estimate.

In each of the first three strategies, frames of reference wereused: In the counting strategy, the

"counted quantity" was used as a frame of reference in estimating the remaining dots. In the grouping

strategy the size of the group was used as a frame of reference, and in the comparison strategy some

external but familiar information was used as a frame of reference.

The most dramatic change in strategy,as an impact of instruction (the unit), was a decrease in the

use of the counting strategy , and an increase in the use of the global perception strategy. It seems

that by gathering experience - going through the visual estimation unit - children can "educate their

eye", meaning that they either become free of using a frame of reference, or a frame of reference is

used subconsciously. This is in agreement with Bryant's theory.

It is worthwhile to note that in the explanation of their strategies, some cnilciren related to the

mental images of the dot pictures, that they had created in their minds,rather than to the real pictures.

This observation was found to be independent of the strategy used

The above findings fit Piaget's theory that "the representation of space is not a perceptual "reading

off' the spatial environment, but is the build-up from prior active manipulation of that environment"

(Clements and Battista, 1992 p. 422).

In order to investigate students' awareness of the quality of their estimates, a set of tasks was

developed. The tasks for the fi:st interview (before the learning experience), which are shown in

Table I, were developed according tothe following criteria:

1. Absolute Error Tasks - in which two different estimates of the same quantity were

presented. In this situation the errors need to be treated absolutely (tasks I and 2 , Table 1). Task 1

was included to make sure that the child understands what we mean by "better answer". Task 2 was

added in order to see if the child realizes that an estimate can be an underestimate as well as an

overestimate.
2. Relative Error Tasks - in which the two different estimates relate to different quantities. In

this situation the errors need to be treated relatively (tasks 3 and 4). Task 3 is the classic task in which

the absolute error is the same (for the two pictures), but the relative erroris different. Task 4 is more

difficult, since the smaller absolute error turns to be relatively bigger.

3. Visual Conflict Task - task 5 which was given in order to create visual conflict. In tasks 3

and 4 the difference between the number of dots in the two pictures, is not much in evidence - at least

not visually. After interviewing four children we noticed that children do not realize that the errors
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should be treated relatively to the number of dots. We added task 5 in order to create a visual
conflict. In this task we presented, the remaining eight children, two pictures in which the visual
difference between the number of dots is much more in evidence.

Table 1: Absolute and relative error tasks in the first interview

Absolute error tasks
I) Two children were shown this dot picturefor a

short period of time and asked how many dots
they saw. We know that there are 20 dots in
the picture but the children, of course, didn't
know it. Noa said that there are 24 dots, Amir
said 26 dots. Did one of the children give a
better answer than the other or were both
answers equally good?

2) A dot picture was shown to Noa andAmir.This
time there were 30 dots. Amir said that there are
34 dots, Noa said 26. Same question as I.

Relative error tasks
3) Two dot pictures were shown to Noa: 20 dots in

picture A and 50 dots in picture B. Noa saidthat
there are 25 dots in picture A and 55 in picture
B. Was one of Noa's answers better than theother one, or were both answers equally
good?

4) Two dot pictures were shown to Amir: 10 dots
in picture A and 30 dots in pictureB. Amir said
that there are 15 dots in picture A and 40 in B.
Same question as in 3.

Visual Conflict Tasks
5) Two dot pictures were shown to Noa. 10 dots

in picture A and 100 dots in picture B. Noa said
that there are 11 dots in picture A and 102 dots
in picture B. Same question as in 3.

) 26

A

A

0 II. co%

4:
. . .

0

.

B

/26

) 40 )
B

102

In the second interview (after the learning experience) we repeated tasks 1- 5 with slight changes
in numbers. The intended visual conflict in task 5 is meant to be aggravated in tasks 6 &7 (see Table
2). If the child answered task 5 correctly, the interview was stopped. If not, the child was presented
with tasks 6 & 7. If the child did not succeed in either 6 or 7, then the interviewer intervened with
task 9. Task 8 served as a check up task, and was presented to children that succeeded in one or both
tasks 6 &7 and to children who showed

some kind of relative thinking in task 9.
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Table 2 . Absolute and relative tasks in the second interview

1 - 5 Similar to those in Table 1. A

6) Same task as 5 except that Noa said 101 dots
for picture A and 11 dots for picture B.

7) Two dot pictures were shown to Amir: 10 dots
in picture A and 1000 dots in picture B. Amir
said that there are 11 dots in picture A and 1001
dots in picture B. Same question as in 3.

8) Two dot pictures were shown to Noa. S dots in
picture A and 100 dots in picture B. Noa said
that there are 6 dots in picture a and 101 dots in
picture B. Same question as in 3.

9) "There was a child in some other class who said
that it is true that in both pictures the error was
1, but in picture A there are 10 dots and in
picture B 1000 dots. It is much more difficult to
say 11 when there are 10, that's why Amir's
answer for picture B is better." That's what the
child said. What do you think?

A,

B

AI

6)

In both interviews each task was read to the child while the dot picture or both dot pictures were

located in front of himiher.. Then the estimates given by Noa or by Amir (see Tables 1 and 2) were

located next to the picture while this information was read by the investigator.

From the analysis of the absolute and relative error tasks, it appears that eleven out of the twelve

children showed mostly absolute thinking. Their answers were "additive", meaning that they related

only to the absolute error, in tasks in which the relative error should have been taken into account.

One girl, Dana, showed some traces of relative thinking, although this was not in evidence in all her

answers. Thus we will first present the answers given by the other eleven children and then the

answers that Dana gave.

eipswers given by the _eleven children in the first interview
Absolute error tasks: The children showed an additive behavior, which turned to be the correct

one in these tasks.
In task 1, all children said that Noa's answer was better because "she iscloser".

In task 2, nine of the children said that both answers are the samebecause "both were 4 dots

away". One child said that Noa's answer is better, "because the number is smaller, and the smaller

the number, the better the answer". Another child said that Amir's answer is better because "it is in
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the same number as 30", which we interpreted that he means that Arnir's answer and the exact
number, both have the same digit in the tens' place.

Relative error tasks: The children continued to think in terms of absolute differences, although

the situation had been changed. Nine of them showed an additive behavior in task 3 and said that
both answers are the same. Calculations like "25 -20 =5, 55-50=5", were done with the conclusion
that "in both it is 5 more". In task 4 all eleven children said that Amir's answer in picture A is better

"because the error is only 5, and in picture B the error is 10".

Visual conflict task: Since task 5 was added during the interview, only seven out of the eleven
children (and Dana) received it. All the seven children said something like: "Picture A is better

because it is closer to the exact number". In order to try and put them in a conflict situation, we
asked where it is more difficult to get closer to the exact number, in picture A or in picture B. A
typical answer was: "When you have more points". But the following sentence was added
immediately: "But it doesn't matter if you have more points or less points, what matters is the
difference."

It seems that the children were not in a conflict at all. They realized that it is much more difficult to
get closer to 100 dots, but it had nothing to do with the question they were asked. The mathematical

fact, that the difference is smaller, was probably an obstacle for the children. One child seemed at
first to change his answer, being influenced by the conflict situation, but then he "solved" the conflict

in the following way: "Maybe picture B is better because it is much more difficult. In principle,
picture A is better and picture B is more difficult".

Answers given by the eleven children in the second Interview
The second interview, which was conducted at the end of the visual estimation unit, did not show

evidence of a real change. The answers that the children gave to tasks 1 - 7 (see Table 2) were very
similar to those in the first interview. The children continued to be "additive" and looked at the
difference between the estimate and the exact number of dots. They didnot have any visual conflict
in task 5, thus all of them were presented with tasks 6 and 7 in order to sharpen the conflict situation.
We hoped that when the children will see two dot pictures, 10 dots in one and 1000 dots in the
second, while in both Amir missed by only. 1, something will happen. But the answers remained
additive as before: "They are both the same, because in both he missed by 1".

So we tried task 9 with all eleven children (see Table 2). For five out of the eleven, this didn't
have any impact. One even got angry and answered "It is the same, 1 already told you this a
thousand times". As to the other six, they agreed that "the child from the other class"was right. So
all of them received the check up task - task 8. Two of them adopted the following rule: "whenever
it is easier, the answer is better." As to the remaining four, it seemed that theybegan to think in
relative terms. One of them said: 'The child in the other class is right. It is a disgrace to be wrong
in picture A. In picture B, I could do the same mistake". Another did not let us finish the story with
"the child from the other class" (task 9), and immediately corrected his answer. All four, corrected
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their answers to task 7, answered correctly 8, and corrected their answers to the previous tasks as

well. It seems that although the aggravated visual conflict was not enough to cause any of them to

change their answers, four of them were affected by adding the "other child answer" (task 9).

Those four children not only changed their answer to task 7, but also answered correctly the check

up task (8), and went back to correct all their answers.

Dana Answers

Dana showed different thinking patterns. In task 1, in the first interview, Dana claimed that Noa's

and Amir's answers are the same, explaining that "Noa is more accurate, closer to 20, but Amir

goofed only by 2 more, which is not so terrible in situation like this." This answer, which is not

only different from the other children's answers but also unexpected, suggests that Dana means that

in estimation one does not have to be exact but has to be close enough. This answer is very

interesting if we keep in mind that it was a very tough job for us to convince the children, during the

visual estimation unit, that one doesn't have to be exact, and it is all right to give a close estimate.

Dana's answers for the relative tasks ( 3 and 4 - Table 1) were similar to those of the other. But

Dana surprised us in task 5 (Table 1) even in the first interview saying that: "One of the answers is

better. In picture B she is better, even though she missed by 2, and in picture A she only missed by

1. 102 is better, because in picture A it is easier". It seems that Dana's thinking was influenced by

the visual conflict situation and she realized that the absolute error is not suitable to be usel in this

situation.
We continued to probe Dana and asked what would be her answer if Noa would say 11 in picture

A, but 105 dots in picture B. Dana said that still she is better in picture B. We asked what if Nos

would say 11 in picture A, but 110 dots in picture B. Dana: "I am not sure, it is difficult because the

numbers are different. One number is around 10 and the other around 100. WhenNoa said 105, it

was still all right, but suddenly when she had 10 more dots it looked different, as if it was rais,sd by

20 dots. That's the way I decided".
Dana isn't explicitly using the idea of relative difference, but there is no doubtthat implicitly this

is what she is talking about. Moreover, she has a "feeling" for the numbers involved. She says that

102 and 105 are "all right" for 100, compared to 11 for 10, but she is not sure that 110 is still "all

right". It is not clear whether this has anything to do with her answer to the first task, in which she

showed understanding of the idea that in estimation one does not have to be exact, but has to be

reasonably close.
In the second interview Dana continued to stick to her idea that the answers in task I are the same,

because one doesn't have to be exact but has to be close. As others she claimed that Amir's answer is

better (task 2 ) because of the tens digit. This time she used the "relativeidea" in task 3, saying that

"55 is better, because it is more difficult when you have more dots". She came back to absolute

thinking in task 4 saying that "IS is better. A difference of 10 is a much more serious number, also

15 is OX., because the I is as in JO".
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In task 5 Dana said that the estimate for picture B was better because "it is so much more difficult

when you have more dots". We continued and presented her with tasks 6 and 7 and in both she
claimed that picture B is better for the same reason as in task 5.

It seems that Dana has difficulties when on one hand the difference between the exact number of

dots is not very much in evidence, and on the other hand the errors are different and large. She was

also distracted by the fact that 10 and 15 have the same digit in the tens' place, while 30 and 40 have

different digits. This answer suggests that Dana is not calculating the relative error, she understands

the idea intuitively and is successful in those situations, in which calculations are not critical, such as

in task 5.

Concluding Remarks
It seems very difficult to cause children to move toward relative thinking, unless something very

directed is done. The learning unit was helpful in changing children's strategies, although the
strategy was not discussed at all in the unit. But the learning experience did not help them with

relative thinking. The visual conflict which we thought will cause the change, did not help either.

Only when we "put the cards on the table" using "the child from the other class" some of the
children moved toward relative thinking.

We found similar difficulties with the idea of relative thinking, with older children, ages 12- 15,
given the same tasks.
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ON ONE PERSISTENT MISTAKE IN LINEAR ALGEBRA

Joel Hine( & Anna Sierpinska

Concordia University, Montreal

Abstract: The paper discusses one of the many difficulties that undergraduatestudents encounter in
the linear algebra courses, namely a difficulty related to representing linear operators by matrices in
different bases. Students fail to correctly read the values of the vectors of the basis from the matrix
representation. very often interpreting the columns of the matrix as, in a way. 'the images
themselves" rather than as representations of these images in the given basis. We see the source of
this persistent difficulty in a more general epistemological obstacle situated on the path from
viewing language as part of the world to viewing language as a representation of the world.

Both the teaching and learning of linear algebra at the university level is almost universally
regarded as a frustrating experience. Linear algebra is generally the first course that students
encounter which is a full-fledged mathematical theory, built systematically from the ground up,
with all its fuss about making all assumptions explicit, justifying statements by reference to
definitions and already proved facts. Therefore, on one level, students' difficulties with linear
algebra stem simply from their inexperience with proofs and proof-based theories. Indeed,
Rogalski [1990] asked nearly 380 students in Prance as to what they found difficult with the
subject and dealing with proofs was one of the five main responses.

The other important aspect of being a mathematical theory is its generality. Knowing linear
algebra at this level demands that the student starts thinking about the objects and operations of
algebra not in terms of relations between particular matrices, vectors and operators but in terms of
whole structures of such things: vector spaces over fields, algebras, classes of linear operators,
which can be transformed, represented in different ways, considered as isomorphic or not, etc.
Referring to Piaget & Garcia's (1989) notion of infra-, inter- and trans-level of knowing
something, we see that the level in which students need to operate is the trans-level. Most of our
students had already successfully completed a "baby* linear algebra course in their pm-university
studies but, as we have shown it elsewhere (Sicrpinska, 1992), knowing this elementary course
can be done at the inter -level of thinking about mathematical objects such as matrices and linear
operators. This is another explanation of the fact that students have such difficulties with the
university course and, indeed, in the Rogalski study cited above, statements that the subject is too
abstract and that the general notions such as vector spaces. endomorphisms, bases, dimension and
kernel are difficult, were also prominent responses.

Students' proof related difficulties, including not understanding the need for proofs nor the
various proof techniques, not being able to deal with the often implicit quantifiers, confusing
necessary and sufficient conditions, etc. arc not generic to linear algebra but surface in most
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undergraduate courses (see Selden & Selden, [1987D. Among the sources of conceptual

difficulties which are specific to linear algebra we would include:

1. The existence of several levels of description: there is a constant shuffling back and forth

between the language of the general theory (vector spaces, subspaces, dimension, operators,

kernels, etc.), the language of the more specific theory of Rn (n-tuples, matrices, rank, solutions

of systems of equations, etc.), and finally the geometric language of R2 and R3 orthogonality,

etc.). These three languages or levels of description co-exist, are often interchangeable but are

certainly not equivalent.

2. Problems of representation: vectors and linear operators have representations which are basis

dependent, To add to the potential confusion about representations, two representations of a vector

can both be n-tuples with no notational devices relativizing them to a basis. Since this topic will be

the main concern of our paper we will elaborate on this point in the next section.

3. Applicability of the general theory: many problems given students in a traditional linear algebra

course can often be solved by direct manipulation techniques that do not require the tools of the

general theory. This point was already discussed by Dorier [19911.

The problem of representation
In the paper we discuss one specific difficulty; namely the difficulty that students have in

understanding the notion of representing a linear operator in a basis, and moving from one such

representation to another. This notion becomes an elementary prerequisite for a subsequent topic of

the canonical forms of linear operators (e.g. the Jordan and the Rational Canonical Forms). When

one comes to study the canonical forms, a view of the language of linear algebra is needed which

can be compared to that of a philologist, a theoretician of language: the language of linear algebra

must be seen as a network of languages and rules of translation between them. However, the

understanding of the operation of representing a concrete linear operator in different bases does not

require such a high, "trans-"level of thinking. The inter-level is sufficient. Yet, as it appears, even

though students are able to think about objects at the inter-level, some have problems with thinking

of language at such a level.

The obstacle that stands between seeing the language at the intra-level and seeing it at the

inter-level can be compared to one experienced by a person who has never spoken or even known

any other language but his or her mother tongue and believes that the sounds, words and sentences

of it naturally depict what is out there in the world: language is part of the world as all other things

are. This person suddenly has to learn that there arc other languages, as well, that use different

sounds, words and sentences to speak about the same things, and that all languages are governed

by grammars which can be very different. The difference between these two views of language

evokes the one that has been described by Foucault (1973) as separating the 1pistime of the
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Renaissance from the epistime of the Classical Age. Words and things belonged to the same world

for the Renaissance man, nature had to be read through its "signs" in the same way as texts had to

be interpreted. The meaning of anything could be read from the mark of similitude it bore to some

other thing. The seventeenth century breaks with the resemblance as being the main source of

meaning, and moves on to order and analysis for which language is an instrument. What gives

signs their signifying function is knowledge; they are not anymore there, in the things, waiting to

be recognized and uncovered.

The specificity of the problem of understanding the language of linear algebra as a

representation rather than as being part of the world lies in the fact that the world of linear algebra

is indeed the world of simultaneously used systems of representation. How does one make sure

that two externally different representations indeed represent one and the same "thing"? isn't it then

often the case that one of the many possible representations is chosen as being the thing, or most

resembling the thing, and all other representations need to be reported to the chosen one, proved as

indeed representing the thing, equivalent, etc.? The choice is a matter of tradition, or of familiarity,

firt encounter, as in the case of decimal notation for representing numbers, or in the case of

representing vectors by strings of numbers, e.g. I0,1,20,0,-5].

As students encounter vectors for the first time mainly in the context of concrete Rn spaces,

strings of numbers become the primary representation or even the thing, and whatever is called a

vector must bear some resemblance to this representation. However, when it comes to representing

linear operators in different bases, the identification of vector with a string of numbers becomes

very much shaken. One string of numbers represents different vectors depending on the choice of

basis. One and the same vector can be represented by different strings of numbers. In someone,

for whom vectors are recognized by the strings of numbers which they are supposed to resemble,

this ambiguity may cause the whole conception of vector to fall into pieces. Can something that

takes on so many forms have any real existence? Strings of numbers, so familiar, so palpable,

suddenly feel like "ghosts of departed quantities".

If the old conception is not replaced by a new way of thinking about the language of linear

algebra, one that would be closer to viewing it as a representation, students will tend to fall into the

traps of "resemblance' and keep making always the same mistakes.

Identification of the problem
Over the past two years at Concordia University where we are teaching, we have been

exploring the possibilities of bringing students closer to the "trans-lever of thinking by using

various means like, on the one hand, a much closer follow-up of their individual understandings,

and, on the other, didactical situations targeted towards overcoming the most persistent of
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students' difficulties. Some of these situations were based on computer lab activities involving the
Computer Algebra System Maple.

In this section we shall be somewhat more explicit about the kind of mistakes that students

are making relative to the question of matrix representation of linear operators in different bass.

We shall provide some evidence that, for us, reveals the existence of a teaching and learning

problem. An initial recognition of the problem led to an attempt at remediation (about which only

very brief information will be given in this paper); however, students' achievement in this area did

not increase significantly in spite of all the attention given to it in teaching.

For us, this means that we have to do here with a conceptual problem that is of a very
fundamental type, indeed, with something that we have called an epistemological obstacle. Its

overcoming may require a discussion with students on a meta-level of the mathematical problem

they are dealing with: an open debate on the nature and status of the language in linear algebra.

Passing to meta -level discussions with students in order to deepen their understanding of linear

algebra has already been suggested by Dorier (1091).

Our data come from three groups of students: Group 1: Fall 1992 Linear Algebra I class;

Group II: Winter 1993 Linear Algebra 2 class, and Group III: Fall 1993 Linear Algebra 11 class.

Groups 1 and II were not disjoint; Group 111 was disjoint with groups I and II.

In the first of the two linear algebra undergraduate courses, students are taught how to
represent a linear mapping in a given basis, and the relation between two matrix representations of

a linear operator. They learn, in the process, to find the coordinates of a vector in a given basis.

However, some of them learn these procedures one way only: they are often unable to *undo"

what they have done. For example, having found a matrix representation of a linear operator T ina

basis, say, { v,u,w}, they have trouble reading, from this matrix, even the value of T(v). It is

tempting, at this point, to use the Piagetian language and say that the activity of representinga
linear mapping by a matrix in a basis has not been internalised as an operation. However, the

persistence, as we shall see later, of mistakes or failure with this kind of problems points to the
existence of an obstacle that is of a more conceptual nature and not just related to a difficulty in the

operationalisation of a procedure.

One remark is appropriate here: we did not plan a research into this particular problem

when we were embarking on our project related to linear algebra in September 1992. Thereforewe

were not setting tests or questionnaires geared towards collecting data on this subject. The first

piece of evidence comes from a regular final examination, given to all sections, in the first course
(December 1992). This test contained the following problem (for the sake of brevity we write
matrices by rows):
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Let L: R2 ---> R3 be a linear mapping defined by the matrix A = matrix(n-3),(2,1). [8, 0))) in the bases ((2,1).
(5,3)) for R2 and ((MD. (1,1,0), (1,1.1)) for R3 . (i) Show that L(2.0 = (17,10,15). What is L(5,3)? (ii)
Express (1.0) and (0.1) as linear combinations of (2,1) and (5,3). (iii) Find the matrix which represents L with
respect to the standard bases of R2 and R3.

We only have the data for Group I and not for the other students who wrote the test. Even

though the 18 students in Group I generally outperformed the other classes on the final test (having

been subject to special attention as part of the experimental teaching already), only 4 had correctly

solved the whole problem; 8 students gave correct solution to the first question (this includes the

four who got it all correct); 8 students solved only part (ii); 2 students did not answer this question.

Thus we have about 44% of students who were able to read information from the matrix

representation.
At the beginning of the following term (January 1993), in the second linear algebra course,

a class (Group II) of 29 students, including 12 from Group I was given an "Activity" to be done

in class, with possibility of consulting with neighbours. It included the following problem, quite

similar to part(i) of the previous problem:

Let T: R3 ---> R3 be a linear operator represented by the matrix A = matrix(1[1,2,3),(3,4,5),[6,7,811) relative to the

basis ((1,1,1), (2,1,0), (0,5,6)) for R3. Find T(1,1,1).

There were only 3 correct answers to this problem, all given by students coming from the

experimental first course. 17 students left the question unanswered. 3 students multiplied the

matrix A by (1,1,1). One student took the first column of A as an answer: "T(1,1,1) = (1,3,6)"

and another had the same approach though she hesitated between choosing the first column and the

first row and wrote: "T(1,1,1) = (1,3,6) or (1,2,3)". One student found the formula for a
coordinate vector in the given basis, obtained, by substitution, (1,0,0) as a coordinate vector for

(1,1,1)and claimed that this is T1,1,1). Another embarked on the calculation of the coordinate

vector in the given basis but did not finish. One performed the dot product on vectors (1,1,1) and

(1,3,6) obtaining 10 and claiming that this is the answer to the question. A last one obtained a

matrix as an answer.
The mistake of taking the first column of the matrix as the image of the first basis vector

under the operator seems to be a typical one: many students in ('coup Ill made the same kind of

error on their class test in a similar problem. It stems from thinking that the columns of the matrix

representation of an operator arc, so to speak, images of the basis vectors, not representations of

these images in this basis. The understanding of a vector here is based on its identification with a

string of numbers. The problem is compounded by the fact that in the case of thecanonical basis,

this is a standard and correct procedure.
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Attempts at Remediation
In the Fall 1993 term we conducted a second linear algebra course (Group III) accompanied

by lab activities with Maple. Particular attention in class and through assigned activities was

devoted to the question of matrix representations of linear operators. We again report on the results

of several tests.

Test 1. This was the first class test, administered in the 8th week of classes, covering the
eigenvaluc problems, diagonalization and canonical forms. This test contained the following
problem related to matrix representation:

Let T: k3 ---> 14.3 be a linear operator represented by the matrix A = inatsixt1[7,031.10,2.01,11,3,0))) relative to the
basis {(1,3,01, (0,1,3), (0,0,1)). Find the matrix of T in the standard basis.

29 students wrote this test. There were 15 correct answers (52%). 10 answers (34%)
contained a familiar lapsus: these students would find the coordinate vector formula in the given

basis, find the coordinates of each vector el=(1 ,0,0), c2=(0,1,0), e3=(0,0,1) in this basis, for

example: el=v1 - 3v2 + 9v3, and then they would go on to calculate the image of el: T(e1) =

T(v1) - 3T(v2) + 9T(v3). So far so good, but at this point they would make the mistake of

replacing T(v1), T(v2), and T(v3) by the corresponding columns of the matrix A. They thus

behave as if the columns were representing T(v1), T(v2), T(v3) in the standard basis, but they

probably do not think in terms of representation: rather, as we put it the columns are the images of
the basis vectors for them, not the representations of these images. The remaining 4 answers
(14%) appeared nonsensical.

Test 2. Three weeks after this first test, other tests covering the same material were given for those

who wished to improve their marks. During these three weeks, the last 10 minutes of each class

were devoted to revision, but problems related explicitly to problems of finding a matrix
representation in a different basis were not dealt with. Here is a sample from one such test:

Let T: R3 ---> R3 be a linear operator represented by the matrix A = matrix(1[1,-1,0],[0,1,-2),[7,0,311) in a basis
(el, e2, e3). Find the matrix of T in the basis (11,12,13), where f1=e1-e2,12=e2+e3,13=1.

Curiously enough, out of 22 students who wrote this test, 17 answered correctly (77%), 5

got their answers wrong. The correct answers followed the pattern - here we use the kind of
language that is often used in class to describe the various substitutions: e's were expressed in

terms offs by simple extraction from the given relations; T offs were calculated by using
linearity of 1, representations of T of c's in c's read from the matrix (no mistake this time!), and

expressing e's in terms of Ps; for example: T(f1) = T(el) - T(c2)= el + 7e3 = f3+7(f34142) =

711-712+813. Then I-7,-7,8] was written as the first column of the required matrix.
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The reason why the success rate at this problem which gave only a relation between the two

bases was so much higher than in the problems of this type which use concrete vectors of the

bases, is probably that in solving this one the student is alerted against committing the above

mentioned lapsus by the abstract ,"non-string" representation of the vectors of the bases.

The Final Test (2 weeks after the end of classes). The problem, whose solution required

representing a linear operator in a different basis, was the following:

Let T: Q4 ---> Q4 be a linear operator given by the fonnula:

Tax.y.zip = L-2s-y-2z-12t.x+2y+4v1-6t,-2z-3taktl. (a) Cheek that T has its Rational Canonical Forth in the basis

(10,1,0.0)4f1.2.1101,14.-2,1.0).1-8.4.-2,11)-(h)

Out of 30 students writing this test, 1.8 gave correct answers (60%); 1 (23%) still

committed the lapsus by calculating the values of the vectors in the given basis and writing these

values as such as columns (or rows - in one case) of a matrix without representing them as

combinations of the vectors of the given basis. Thus the mistake seems to be quite persistent.

The impact of Maple as perceived by students

Students using the Maple software were initially in a ..ituation of "forced" tollaboration

because of the restricted number of computers available but, in time, most of them chose to work

collaboratively. As has often been observed in other computer environments, this created a social

context for the students to discuss and try to make sense of the confusing notions of linear algebra,

particularly for those students who chose to work with Maple beyond what was minimally required

for the course. But while we have closely observed and taped the lab sessions of six students in

Group Ill, we are not yet in a position to ascertain the impact that Maple has had on students'

understanding in general and on the problem of representation in particular. However, we can

report about the students' own impressions and opinions about the usefulness of Maple in the

learning of linear algebra.

Out of 26 students who responded to our questionnaire, 14 considered work with Maple as

a factor enhancing their understanding, in that "Maple allowed to check if your understanding was

correct' and "it reinforced understanding". Four of these 14 students also mentioned that Maple

allowed to do more complex examples and do more examples. Sixteen respondents agreed with the

statement: "I don't think using any kind of software will make you understand linear algebra by

itself; you must understand something before you come to a computer". Eight mentioned that

Maple was helpful in that it "allowed for quickly looking at different versions of the same problem

(experimenting)". Only 13 students agreed with the statement: like computers'. Three openly

agreed with "I hate computers'. As many as eight people agreed with the statement 'doing those

lengthy assignments on Maple was confusing".
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Final remarks

The question of matrix representation of linear operators and translations from one
representation to another must be recognized as difficult for the students. Yet, this concept is the
most basic prerequisite to a good understanding of the problems ofdiagonalization and canonical
forms. This understanding must be on the *trans-level": it requires that the student be able not only
to find a matrix representation of a given linear operator in a given basis, but also to think about
matrix representations of linear operators as objects of inquiry themselves, and about the general
conditions under which a linear operator can have such and such particularly desirable
representation. However, it seems that while with respect to linear algebra "objects" such as linear
operators and matrices, students are at least on the inter-level of thinking about them, for quite a
few students, their understanding of the language of linear algebra still lags behind on the intra-
level: they, in a way, identify the world of linear algebra with its language and commit the lapsus
described above. Viewing language as a representations is still not part of their "nature" even if
they can rationally force their minds to work on that level.
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The social construction of classroom knowledge

Barbara Jaworski - University of Oxford, Dept of Educational Studies

This paper uses a case of classroom interaction between a teacher andstudents in a
mathematics lesson to address the social construction of individual and classroom
knowledge and issues this raises for the teaching of mathematics.

Background and rationale
This paper is based on a qualitative analysis of classroom transcript from one mathematics

lesson. I have extracted part of my analysis of this lesson to emphasise the relationship, as I

see it, between teacher and student views of the mathematics involved and the social

dimension of the classroom. My observations here were part of a widerstudy of this teacher

in which i judged him to operate from a radical constructivist perspective (Jaworski 1991).

From this perspective, teacher and students can be regarded as individual meaning makers,

and knowledge constructed as personal to each individual relative to their experience (cg von

Glasersfeld 1990). However, a social constructivist view of learning suggests that classroom

interaction leads to the development of some level of shared meanings (cg Ernest 1991).

Socio-cultural theorists view classroom learning as a form of enculturation into acommunity

)f practice (eg Lave and Wenger, 1991). For the mathematics classroom this suggests a

community embracing mathematical processes and topics, ways of working and ways of

in the classroom. Enculturation is then a process where novices are drawn into the

ways of the community. However, in parallel with viewing individuals as autonomous

meaning-makers, social constructivists see the classroom environment as being constructed

by its participants, rather than as perpetuating some pre-existing community of practice.

Here, I shall focus on the sharing of perceptions as individuals interact, and the modification

of individual knowledge and understanding as a result. I see classroom interactions

predicating a constructed learning environment in which there is a sense of 'common
knowledge' through taken-as-shared meanings (along with, for example, Yackel et al, 1990;

Voigt, 1992). Communication mainly takes place through language designed to articulate

meaning. Whatever sharing takes place, all meanings are individual, but assumptions
regarding common meanings are made and tested by participants. The teacher tries to create
shared meanings while recognising each student's individuality, and in this issues for teaching
arise. In the case described below, Jenny, Lesley and the teacher all have their own
understandings and perceptions both of the mathematics being discussed and the learning
environment in which the discussion takes place. My focus is on teaching issues arising from

a study of the interaction both in terms of participants' individual knowledge and
understanding, and of the development of the learning environment t.

A mathematics lesson
A class of 29 students, aged 15, were engaged in individual projects based on topics offered

by the teacher, Ben. as a basis for GCSEcoursework2. Students selected a topic and

l There are also important research issues to do with the involvement of the researcher and the validity of
analyses. These are dealt with in an extended version of this paper obtainable from the author.
2 General Certificate of Secondary Education. This is a national elimination, which all students can take at the
age of 16, in a range of curriculm meas. In many areas, coursework is completed and assessed over a two year
period prior to the final examination and contributes to the overall assessment.
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developed it individually, according 1.k., their own questions and interest. I sat at a table with
four girls, including Jenny and Lesley, observing their work and recording dialogue on audio
tape. Jenny had chosen to work on pictureframes, and was at the point of developing a
general formula for the length of a frame, of unit width, which would surround a given
rectangular picture of integer dimensions. She attracted the teacher's attention and he sat
down next to her. The other girls were not directly involved in the conversation, although
Lesley listened closely and made occasional remarks of some significance to my analysis. I
identified 5 phases in the seven-minute, transcribed, interaction from which excerpts are
quoted below.

Phase 1: The student's agenda

Jenny began by describing some of her thinking in finding a formula to express the length of
frame. Her purpose for calling on the teacher was not clear. She may have been seeking his
approval for the formula she had developed. She may have been seeking advice regarding
where to go or what to do next. Ben's interjections here were mainly supportive, such as
"OK", "Yes", "Yes", with occasional questions such as "What's your formulafor?"

The teacher seemed to be trying to understand the student's thinking. Ben mainlylistened,
which was common at the beginning of his interactions with students more generally. After
reading my transcript, he pointed out that Jenny's contributions were considerably longer than
his own. He said, with apparent satisfaction, "She's talking more than I am." He had told me
earlier that he wanted to encourage students to talk and to resist his own domination of the
conversation and, potentially, the thinking.

Phase 2: Transition from student's agenda to teacher's agenda

The words above, 'to encourage students to talk and to resist his own domination' imply a
detachment on the part of the teacher in which it is possible to observe and control one's
interaction while interacting (perhaps ' reflecting in action', SchOn 1983). This detachment
may also be considered a characteristic of Phase 2, beginning at line 18 of the transcript:

18 Ben ... I don't know where we're going - what happens if I have a 2 by 5?
Jen You add 2 and 2 and 5 and S. And then I've explained here that the formula..

20 Ben Hang on. slow down, have you got a bit of paper - let's write down what you've just
said - there's too many things going around for me to cope. /1 3
So if I say I've got a 2 by 5 -

Jen Then to try and find a formula for that I've put 2 + 2 + 5 + 5, and then I've as well -
Jen You see what I'm doing there is trying to find a formula for -
Ben How many should it be for 2 by 5?
Jen 2 by 5? That should be 18.

25 Ben What does that add up to?
Jen That's 4 and that's 10 and add another 4 for the comers - yes.
Ben So if I've got a 3 by 7, wb it -
Jen 24.

Ben Should be 24? How do you do it so quickly?
30 Jen [inaudible] a good brain!

3 Transcript convention: I pause of approx 2 secs; 11 2-5 secs; /11 5-10 secs.
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Ben Conte on, tell me how you did it quickly, because obviously you've got a method you're

not writing down.
Jen Oh, well, no this is what, it's explained here length of side plus length of side plus

length of side plus length of side ...

Ben Yes.

34 Jen Plus 4 for the amount of corners, and the total length.

Ben's interjections here seem more focused than in Phase 1. For example, he drew Jenny's

attention to a particular case, the 2 by 5 (line 18); then to 'how many' (line 23), and then to the

operation of adding up lengths of the components of the frame (line 25). Mathematically, he

seemed to be exploring whether she could apply her thinking to any particular case. The

questions seem both evaluative and directive. Here, Jenny would have had to be strongly

determined to pursue some other line of thought to resist going with the questions. To this

extent the teacher controlled what occurred. This is in contrast to the earlier period, where

Jenny led the discussion. It seems from Jenny's replies that she has a rule for the length of a

frame related to the sides of a rectangle, and possibly a formula which expresses this.

Of significance here is how the agendas of teacher and student are served in situations of

unequal control and the teacher's greater power. The teacher needs to evaluAte the student's

mathematical progression for various reasons, but in doing so he can influence or subvert her

thinking. On the other hand, if her focus is elsewhere and he appears not to address her

agenda, how much influence does the teacher have?

At two points in this phase he tried overtly to influence her by emphasising learning

strategies which he valued and wanted students to value. The first occurred when (at line 20)

he said, "Hang on. Slow down!". I thought, as I observed the event, that he genuinely

needed to jot down what she was saying in order to understand it, but this, apparently, was

not so. It was, as he told me later, a deliberate strategy to emphasise the value of stopping to

write things down when they were possibly too complex all to be held mentally. He wanted

to exemplify this to Jenny. Similarly (at lines 29 and 31) where he talked of doing the

calculation so quickly, he said that he wanted to emphasise to her the value of slowing down

sometimes to consider what you are actually doing, to express it in words in order to make

your methods clearer to yourself. Both of these remarks were about ways of working on a

mathematical problem. In asking her to explain particular cases of her formula, he placed

implicit emphasis on mathematical processes, and in rcfering to a method (line 31), he

indicated an expectation that she would have some generalrule in mind.

In this phase, there had been a move from the teacher's efforts to understand Jenny's thinking

to his own educational objectives: firstly, through testing out his understanding of, and

simulataneously evaluating, her mathematical thinking; and secondly in his use of strategies

to develop the mathematical teaming environment, and Jenny's understanding of it. Jenny

seemed mainly to be involved in her own thinking regarding her formula, and it is hard to

know what sense she made of the teacher's remarks.

,Phase 3t Differing focuses the complexity of the learning environment

In what happened next, Ben and Jenny seemed to be negotiate her mathematical formula and

her intentions for it. Lesley appeared to interpret the teacher's words as offering advice.

35 Ben Oh, you've now confused me, cause I thought you were trying to shorten that!

Jes N000l
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Ben 'cause I think there's an easier, shorter way.
Jen No, that's me trying to ...
Lea That just means there is a shorter way, doesn't it. ) 4

40 Ben Justify it. Yes there is a shorter way.
Les There's a shorter way to find it out.
Jen Yes the four square ...
Ben No.
Jen No.

45 Les [aside) Pythagoras comes into everything.
Ben So you're just trying to explain how you came to it.
Jen Yes.

48 Jen Is that all right?

I am struck by the complexity of the interaction here and the seemingly different focuses of
its participants. The teacher has seen 'a shorter way'. Jenny has not seen 'a shorter way' and
is still focused on her own way. Lesley hears the teacher's reference to a shorter way and
interprets this as advice from Ben to Jenny, which Jenny should follow. Lesley's aside about
'Pythagoras' was possibly made to another student as part of a separate conversation. The
teacher and Jenny negotiate their positions, and Jenny then seeks the teacher's approval,
perhaps sensing his change in focus from what she has done to what he thinks she could have
done. How are the teacher's remarks affecting Jenny? Is Jenny starting to doubt her
achievements so far? How does Lesley's articulation of her perceptions influence events?

The pace of events in the different phases of the interaction contributes strongly to my
analysis. This is where a transcript is unhelpful. As well as being unable to encompass voice
tones or emphasis on words, it is very difficult for it to hold a real sense of pausing, of people
talking at the same time, or of speed of diction. Brief words and phrases at lines 36 and 37
take up as much time as lines 38 to 47 which go past very quickly. This pacing is crucial to
the atmosphere prevailing, and so to the sense which an observer or participant makes of it.

Phase 4: A decision point for the teacher

It seems clear that the teacher had seen other possibilities in Jenny's work, but his first
response was to approve what she had done already. Then he seemed unsure of how to
proceed. I suggest that he was at a decision point in Line 51.5

49 Ben Yes, yes its OK.
50 Jenny Right.

Ben hm, /// I'm just wondering / I don't know, I just don't know whether it's worthwhile, to
be honest If you write it down, you won't lose any marks, but I'm not sure how many
I'd have given.

Jen So what would you think would be best? To go into 3D cubes find out, to put the
formula to that or do you think it would be best to investigate the formula more and
try to find a shorter way?

Lea I'd try to find a shorter way a shorter way Jenny.
Ben That's your choice. /

Now, er, I'm going to give you a bit of maths you don't know.
55 Jenny Go on then.

4 Transcript convention: brackets like this indicate people speaking M the same time.
5 See Cooney 1988 and lamosski 1991(page 290) for a discussion of decision points.
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The teacher's tone of voice seems important here. At line 51, he started to speak more slowly

and hesitantly as if no longer clear himself about how to proceed. He said, later, that he had

no recollection at all of what he had been thinking or intending here - which is in complete

contrast to the deliberate strategies mentioned above (recall lines 20, 29, 31). I believe he

was totally immersed in his own thoughts, to do with the stage that Jenny had reached, to do

with what help he might give her, and to do with what marks he would subsequently be able

to award for her project. This total immersion excluded the possibility of his being able to

account for and influence his own actions. I felt he was thinking aloud, recognizing

something of a dilemma, and in consequence his remarks were not totally coherent. He was

also unable to recall them later.

Some contextual information is necessary here. This was a lesson in which students were

given time to work on GCSE coursework which Ben would eventually mark himself and

submit for moderation. The regulations for marking and moderation require that what is

presented should be the student's own work. Directly before the lesson, Ben had talked to me

about the marking of such work, and of how any 'help' given to the student by the teacher

might influence this marking. He had to give less credit for thinking in which he had been

substantially involved. This created a dilemma for him. He felt that in talking and working

with students, he unavoidably influenced their thinking. However, he alsotelt that this need

not imply that the mathematics they ultimately presented was not their own. This dilemma

seemed to be part of the teacher's thinking at line 51.

He later elaborated his own position at that point. Inbecoming acquainted with Jenny's pork

he could see a possibility of enhancing the quality ofwhat she might ultimately present if he

were to point out to her some algebraic strategies that were at her disposal thus 'shortening'

her expression of generality and making it algebraically moresuccinct. To do this he had to

introduce her to the distributive law which she had not yetencountered. Should he do it?

Jenny's own thoughts during this time arc not clear. I tried to ask her about them after the

event but was unsuccessful in getting her to reflect on this period. However, Lesley's

interjections seem very revealing of her perceptions. She interpreted the teacher's words as

giving Jenny instructions which would be of value for Jenny's project (line 39, 41 and 53).

She saw the teacher to be saying "You should 'shorten' what you have written." None of

Ben's tentativity, and personal struggle with his dilemma seemed to be evident to her.

Phase 5: The teacher takes over

In response to Jenny's questions about possible alternatives Bcn said, quietly, and almost as

an aside 'That's your choice." (line 53), then almost immediately, his decision made, he said

I'm going to give you a bit of maths you don't know" (line 54). The next part of the

interaction involved Ben explaining to Jenny the distributive law. However, he mad* a

revealing aside to me first (line 56). This was a reference to the dilemma, which indicated hie

awareness of the issue and his. overt decision to involve himself in Jenny's mathematics.

56 Bea [To met This is what we were talking about isn't it? [laughs)
(To the students) We were talking about this, you know, how much help am 1 allowed

to give people who do coursework. Yes?
[To Jenny) Right, now, there's a thing called the Distributive Law yes? We've not

met the Distributive Law have we?
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With the decisively uttered word 'Rigid!' (to Jenny, above), it was as if having decided on a
come of action, he was in personal control again and ready to get on with it. He launched
into exposition. His tone now was almost avuncular, certainly more assertive than it had
been in earlier phases, which might be a feature of teacher exposition. However, even in this
expository phase he did not totally dominate the conversation. There were plenty of pauses
for the students to think and comment. He dominated the thinking, but Jenny (and Lesley
too) responded to what he offered and appeared to make sense of it. (Transcript of this
appears in the fuller version of this paper.)

This phase ended (at line 73, below) on a different note. Ben said, "So that might be useful to
you.", followed by a rather deprecating laugh. It is as if he was now saying - 'There you are!
Take it or leave it! Perhaps he did not wish Jenny to feel constrained to use what he had
offered. Without his contribution she could not have used it, hence his decision to offer, but
he seemed to say that there should be no imperative on her part to make use of it. However,
did she in practice have this option?

73 Ben So that might be useful to you. III [laugh]
Les That means you've got to do something with that in your answers [Ben laughs]

75 Jea But it doesn't have to be that does it? Hm, what about -
Les He's just telling you that you see, but I that's the answer.

Lesley again took part in this interaction. During the exposition she had participated in the
mathematical argument. However, at lines 74 and 76 her statements are again interpretive of
the teacher's intention in his talk with Jenny. She suggests this is advice which Jenny should
follow. She may have been playing a provocative role, and perhaps the teacher's laugh
indicates that he does not take it seriously.

The learning environment

In speaking of the learning environment in this classroom, it is important to remember that
my own knowledge and understanding derives not just from this lesson but from more than
six months of studying this teacher and class. During this time I observed Ben deliberately
fostering ways of working - for example, students were urged to listen when one person was
speaking, space was created for contributions from the quieter members of the class, all

tittibuttigGiVaieValita. 7iitkrii-71iikin7g-coictecturing were part of classroomuii

language, used by the students but denying originally from the teacher. Cooperative working
was openly encouraged. It is possible to view this learning environment's existence as k form
of classroom knowledge shared by classroom participants.

'this raises questions about the status of this knowledge and its relationship to individual
understanding, particularly from a radical constructivist perspective. The ways of working
fostered by the teaCher encouraged communication through articulation of individual
perceptions, including those of the teacher. It seems clear (a) that all understandings off these
ways of working were particular to individual participants; (b) that through discussion and
negotiation, individuals saw their understandings as similar to those of others in the group. It
is on this second point that any notions of common knowledge rest. As an observer, I
perceived aspects of the learning environment which seemed to be in common currency. The
teacher acted as if there were common understandings whilst himself recognizing the
individuality of knowledge. He said on one occasion, 'I can't share my mathematical model
because that's special to me ... because of my experiences. So, I suppose I'm not a giver of
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knowledge because I like to let people fit their knowledge into their model, because only then

does it make scnsc to them."

In Phase 2, I talked of the teacher's emphasis on his own particular learning objectives ways

of developing mathematichl understanding and use of mathematical processes, for example.

At this stage his communication of these objectives was indirect, or by example. In Phase 3,

he recognized the value of Jenny presenting her formula in a more concise algebraic form,

but was unsure how to communicate this. Here, there was an added complication due to the

rules of GCSE coursework, where a consequence of his help might have been to add to the

quality of what was presented, but to make it impossible to regard this as Jenny's unaided

work. However, his articulation of the possibility of Jenny's shortening her expression was

seized by Lesley as a cue from the teacher on which Jenny should act. Lesley's reaction to

this may have sprung from classroom culture in which the teacher is seen as a repository of

knowledge and advice. Jenny herself sought the teacher's advice, although she seemed quite

confident in her formula. Should she extend her current work to three dimensions, or would

it be better to take up the teacher's suggestion ofshortening her formula fortwo dimensions?

The teacher seemed so bound up in his own decisionhere that he possibly did not consider

how his choice, to offer the distributive rule, might be of supreme influence in Jenny's choice.

The teacher's language as he decided to offer the distributiverule is interesting, in contrast to

his statement quoted above, I'm not a giver of knowledge". He said, in Phase 4, "I'm going

to give you a bit of maths you don't know". Much has been written of utterances of this sort

(cg Kilpatrick (1987), Davis & Mason (1989), von Glasersfcld (1990)) We might argue that

such words rarely carefully designed to be consistent with a particular philosophical

position, so that, in this case, their utterance does not refute the speaker's position as a radical

constructivist. However, classroom discourse is built on such utterances, meanings are

construed, and ways of working developed. It is possible, as a result of thegiving of the

distributive rule that the girls saw this rule as some unnegotiable piece of mathematical

knowledge, in contrast to the formula which Jenny herself had developed. Was there any

possibility of Jenny reciprocally seeing herself as giving the teacherknowledge in offering

him her formula? Or did the respective power positions obviate this?

The differential power positions are clearly instrumental in classroom relationships. More

than most, I felt, this teacher went out of his way to encourage students to collaborate in

classroom mathematics rather than to be mere recipients of it. In the case here, Jenny's

responses to the teacher indicated her own participationin the mathematics, and in the

discourse, maybe not as an equal of the teacher, but certainly as a valued contributor. At line

52, although seeking his advice, she brings her own ideas into the discourse, and at line 55,

her "Go on then" is as if she gives the teacher permission toexpoutid.

We might argue that the unequal power relation is not only inevitable, but also a healthy part

of the classroom learning environment. A democratic classroom may be a sought-after ideal,

but an anarchic classroom something to avoid. The teacher as experienced practitioner in a

leadership role is necessary to classroom culture. It is in the interpretation of this role that

issues for teaching arise. If the interpretation is one of student enculturation into a

community of practice, teaching decisions may look different from those based on fostering

of individual, negotiated (or taken-as-shared) meanings. In the mathematics classroom,

classroom culture includes mathematical culture. If mathematics is seen as an accumulation
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of rules like the distributive rule, given by the teacher, the culture is likely to be perceived
differently than if students arrive at their own rules through exploration and discussion.

Just to talk of classroom culture is to suggest a belief in forms of knowledge beyond the
individual. In order to act in the classroom, and not be consumed in an "infinite regress of
constructions upon constructions for each pupil in the class* (Lerman, 1993) the teacher
needs to assume some level of intersubjectivity with pupils. However, teaching dilemmas
arise from the uncertainties inherent in such assumptions. I have talked elsewhere (eg
Jaworski, 1991) about the tensions which arise for a teacher in making decisions about
classroom approaches to mathematical concepts. In the case above, what sense is Jenny
going to make of the distributive law? How is she going to use it in relation to her project?
How might the teacher's offering of it interfere with her own mathematical development and
construal? What seems important is that none of this happens in a vacuum. Jenny is not a
'lone organism pitted against nature (Bruner, 1985), but a member of a discoursive
community in which her own meanings develop as a result of interactions and negotiation.

The study of such discourse seems fundamental to gaining insight into relationships between
mathematical learning and teaching. However, there are considerable research issues
involved, not least power relationships between researcher and researched, and the means
which researchers use to elicit knowledge. Where research is seen as an interpretive process,
the reflexive nature of such research seems fundamental to its validity. We need to explore
development of research methods alongside our reconciliation of philosophical positions in
seeking to understand the complexity of the classroom environment.
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Abstract
The purpose of this research is to investigate activities middle school stu-

dents who engaged in proof problems in geometric computer environment.
For this purpose, two classes are reported in this paper: the class had just

started to use the Cabri-Geometry') and the class had used the software for
one. month Students' activities were videotaped and their worksheets were
collected and some students were interviewed for analysis.

Students in the former class utilized the result of the measurement for
proving a statement. On the other hand, the students in the latter class
claimed, in interview, that measurement was not sufficient to prove a state-
ment even though they understand its validity from computer measurement .
These results showed that the measurement in computer environment played
an substantial role for student to understand the validity and that students
who were accustomed with geometric software considered the measurement
as an demonstration.

I Introduction
Environments where students can investigate properties of figures and

theories of geometry by'using softwares are emerging very rapidly in the field

of mathematics education. Analysis of students' activities and teaching pro-

cesses are necessary to develop teaching materials, because a tool: geometric

software such as Cabri-Geometry, could change the nature of learning of

geometry.
The constructions in Cabri-Geometry is consistent with the construction by

ruler, compasses and a protractor. Cabri-Geometry also provides the powerful

environment that students can move points, figure by holding its geometric

properties.

(" Cabri-Geometry was developed by Yves 8aulac, Franck Bellemain and Jean M. Laborde

at the LSD(IMAG), University Joseph Fourier, Grenoble, 1988. A Japanese version is avail-

able for NEC machine.
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Moving and measuring figures are effective when students are investigat-
ing and discovering properties of figures and relations between angles and
sides in figures by themselves (Kakihana,1991).

Using a geometric software helps to "overcome diagram-related learning
obstacles that traditionally beset students" (Yerushalmy, M & Chanzan,
1993, p53). Yerushalmy(1990) says there are three kinds of obstacles in static
diagrams on a paper/blackboard. By using Gabri-Geometry, students also
overcome these three obstacles as same as by using Supposer(Kakihana,1991).

Is it effective to use a software such as Gabri-Geometry when students
prove a statement in a proof problem? This question is very important for
Japanese mathematics curriculum. In Japanese mathematics curriculum,
"syomei (Japanese word corresponding to mathematical proof)" defined as
written statements which describes "ronsyo (Japanese word corresponding to
demonstration)". "Ronsyo" is defined as an logical sequences from proved
statement to a new statement (Hirabayashi,1991). But, from many Japanese
surveys, it was very difficult for junior high school students to write "syomei"
and to do "ronsyo". A computer geometric software is expected to provide an
effective environment to assist students' "syomei" and "ronsyo".

The purpose of this research is to investigate activities of middle school
students who engaged in proof problems in geometric computer environment
and from these results some advise will be obtained to teach geometrical class
by using a software such as Cabri-geometry.

II Method
Two classes are reported in this paper: the class had just started to use the

software and the class had used the Cabri-Geometry for one month. Students'
activities were videotaped and their worksheets were collected and some stu-
dents were interviewed for analysis.

First Case: Class A
Learning stage
Subjects

Problem
Figure
Environment
Activity

Just after learning about operations of Gabri-Geometry
2nd grade in a junior high school in Ibaraki prefecture
(32 students)
Problem 1 (to apply the midpoint theorem ) (Fig.1)
given
1 student/1 computer
50 minutes for writing a worksheet
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Second Case: Class
Learning stage
Subjects

Problem
Figure
Environment
Activity

B
after using Gabri-Geometry in several classes
2nd grade in a junior high school in Nagano prefecture(35
students)
Problem 2. (to apply congruence) (Fig.3)

given
2 students/1 computer
25 minutes for investigating cases of this problem
25 minutes for writing a worksheet

Two problems are taken. Both problems are very popular in the Japanese

geometrical course. Problem 1 is given to class A on a worksheet (Fig.1). It is

a problem to apply the midpoint theorem. Fig.2 is a typical figure of problem I

In the following figure points M,N,P,Q

are a midpoint of sides AB,AC,DB,DC respec-
tively. What kind of shape is quadrangular
OMNPQ?

Name of
Shomei

Fig. 1 : Worksheet of problem 1

Fig. 2 : One of the figures of problem 1

In the following figures, Both AABC and A
APQ are a equilateral triangles, line segments
PQQC are equal.

Please write down the reasons why they are
equal.

You can start from any figure.
You do not need to write a proof in detail

Fig. 3 : Worksheet for problem 2
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which is given in a textbook. Problem 2 is given to class B on a worksheet after
students investigate the various cases of figures in a problem depending on
the location of a point P(Fig.3). It is a problem to apply the basic properties of
congruence. Fig.4 is given on the screen at first. You can move a point P.
Usually each cases of problem 2 are treated separately in a textbook.

These problems were chosen by the classroom teacher to fit into usual
mathematics lesson. Both problems are to apply the theorem or property to
prove a statement in a problem.

III Result
At first all students in both classes measured sides/angles and moved

points. They observed the result of measurements to find if there were sides
or angles which held the same measurement in movement. In class A students
found the properties of quadrangular OMNPQ In Class B students found
which triangles are congruent.

Fig. 5 is one of the figures which students measured and moved point D in
Probleml and Fig. 6 is one of the figures which students measured and moved
point P in Problem 2.

Students in Class A thought that measurements always showed that
the quadrangular OMNPQ was a parallelogram even though a point was
moved in any ways. They wrote in their worksheet that they thought
'syomei' of the problem was validated and demonstrated by measurements.

Fig.S : Measuring and moving in problem I

Fig.6 : Measuring and moving In problem 2

84 ---

740



Fig. 7 shows the results of analysis of
worksheets of Class A. Seventeen students was
able to write some sort of "syomei". Sixteen stu-

dents wrote "syomei" by using the result of mea-
surement (Fig.8) and only one student wrote a
mathematical proof ( real "syomei" ) (Fig.9)
which is very similar to the proof in a textbook

(Fig.10).

MP=NQ.2.0, MN=PQ=3.2
Two sides are equal because of measurements

Fig.8 : Given by measuring

MN=1/2BC, MN//BC (from midpoint theorem)
PQ=1/2BC, PQ//BC ( from midpoint theorem)

Then MN=PQ MN//PQ

Fig.9 : Written by logical method

Fig. 7 : Result of worksheets of
Class A

M,N are midpoint of AB,AC
from midpoint theorem

MN=1/213C, MN//BC
P,Qare midpoint of BD,DC
from midpoint theorem

PQ=1/2BC, PQ//BC
Then MN=PQ MN//PQ
therefore the quadrangular
OMNPQis a parallelogram

Fig.10: proof in a textbook

Fig. 11 shows the results of analysis of worksheets of Class B. Thirty-one

students wrote some sort of "syomei".
Twenty-six students wrote "syomei"
like Fig. 12 for problem 2. In this class,
students measured PB and QC. And

they knew these were equal. But no
student says PB-CQ is true even though
the measurements of PB and CQ are al-

ways the same. They think the mea-
surements is not sufficient to do
"syomei" PQ-CQ Most of students wrote
that triangles were congruence because

Fig. 11 Results from the worksheets of Class B



AP =AQ AB=AC, LPAB=ZQAC. The reason why theywrote the congruence of
triangle was the result of measurement. They especially measured ZPAB ,

LQAC .

Five students wrote a proof like Fig.13 which is very similar to a proof in a
textbook (Fig.14)

AP=AQ
Al3=AC
LPAB =LQAC

two sides and the angle between them are equal P
therefore triangles are congruence
then PB=QC

Fig.12 : Measuring and checking the marks

AP=AQ
AB=AC
LPAB=L QAC

both angles are 60 - same angle
two sides and the angle between them are
equal
therefore triangles are congruence

then PB=QC

Fig.1 3 : Written by Logical method

In APB and Ala:
Both iABC and AAPQ are a equilat-
eral triangles
so AP=AQ

AB=AC
then ZPAB=60-LBAQ

ZQAC=60-Z BAQ
thereforeLPAB=L Q6C

two sides and the angle between them
are equal
therefore AAPB=.AAC

then PB=QC

Fig.14 : proof of In a text book

«Results of Interviews»
Results of interviews were as following.
Twelve students were interviewed about proof and measurement.

To measure many sides and angles 8
Not to measure so much 4

T: When you measure and move a point what do you know?
Nothing 2
the figures whose shapes are always the same or the side/angle which have
the same measurements
many cases are showed from the problem 2

T: Do you think you don't need to prove a statement when you see line segments are
the same by measurement?

Need proof 11
not need proof 1
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T: Why do you need a proof?.
to be sure 6

Teacher says 9
measurement is not sufficient to say a statement is true 4

Two cases of interview are listed as following.
Kigirll low level in geometry. She doesn't like proof problems.

She measures almost all sides and angles.
T: When you measure and move a figure what do you know?
S: The red segments has always the same measurement
T: Do you think you don't need to proof a statement when you see line segments

are the same by measurement?
S: I am thinking it is not needed. But,on a worksheet it is said you have to write

down a proof . And teacher says so . I wonder
T: Are there any merit to use CABRI in a problem?
S: It helps to understand the problem because points are moved and lines are

colored..

M(bov) High level in geometry . He likes proof problems.
He wrote a proof for four cases.
He doesn't use measurement so much.

T: When you measure and move a figure what do you know?
S: There are two triangles of the same shape.
T: Why don't you use measurement?
S: Triangles are equilateral triangles. Therefore I don't need to measure. And I

don't believe in measurement so much. (On his worksheet Fig. 9 is written. He
measured A NAB, A/ QAC on his screen)

T: Are there any merit to use CABRI in a problem?
S: It is more understandable than on a paper.

These interviews showes that most students think as following .

(1) "Shomei" is difficult
(2) The results of measurements are not sufficient to do "shomei' be-

cause the teacher says.
(3) A computer software helps for them to do "shomei" so much.

IV Conclusion
In this research. Students who used Cabri-Geometry several times thought

the results of measurement were not sufficient to do "shomei" a statement.

But, can I say the 'syomei(proof)' which was written in problem 2 is done by

not using measurements? Where is the different from the proof of problem 1

in which the measurements was used directly to say the quadrangular
'MNPQ is a parallelogram? They considered the measurement as a
demonstration.

This research showed the results of measurement were based on under-
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standing of doing "shomei" for students. By using a computer software stu-
dents are able to measure sides/angles easily and to check the validity of
many cases of the problem. It becomes more difficult for school teachers to
persuade students that a proof based on measurements is not correct.

Kunimune(1987) reported that 91% students in a second grade and 77% in
third grade on junior high school think 'ronsyo' is enough by empirical mea-
surements to be able to explain properties of figures even in the environment
without computer.

Hogan(1993) says that there are many mathematicians who think proof
has been dead because of computer's developement. Most teachers who at-
tend the seminar titled "Is 'proof old-fashioned in a high school geometry?"
say that most students who belong to a generation of Nintendo/joy stick/MTV
think 'proof is not needed and it is not important for them (Hogan, ibid) .

In these days when computers are emerging very rapidly in the field of
mathematic education, the teaching of "shomei" in geometric would be ex-
pected to change from the teaching of logical proof to the teaching of the
understanding of "shomei" based on measurements in geometric computer en-
vironment.
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ON THE SOCIAL PSYCHOLOGY OF MATHEMATICS INSTRUCTION: CRITICAL

FACTORS FOR AN EQUITY AGENDA

Lena Lic 6n IChisty, University of Illinois at Chicago

This paper presents the theoretical argument that there is a need to increase consideration of

social psychological factors which affect learning processes, particularly in order to advance

refomu which reach all students. Discussionfocuses on examples of factors which specifically

affect improved instruction for students of Mexican descent. These include the nature and role

of 1) preconceived notions about the source of student failure, 2) differential status among

students, and 3) cultural inclusion in classrooms. It is suggested that effective attention to these

constructs can produce instruction which is culturally and linguistically responsive and which

maximize opportunities for academic successfor underachieving students in mathematics.

INTRODUCTION

Within the last decade, there has been a radical shift in our definition of the nature of

teaching and learning mathematics and in how we expect the respective instructional activities

to occur (NCTM, 1989). As a result, questions and concerns regarding the learning of

mathematics no longer focus solely on the content. Instead, they now reflect a broader

perspective which incorporates questions related to such issues as the setting in which

mathematics is learned, the interactive nature of the learning process, and the discourse which

transpires in this same process (e.g. Khisty, in press).

The new goals for mathematics also emphasize the need to ensure that improved

mathematics instruction "reaches all students" (NCTM, 1989). In the United States, there are

particular groups of students who traditionally have been, and continue to be, underachievers

in mathematics and underrepresented in professional fields related to the subject. These students

are predominantly poor and/or ethnic or language minorities. In light of this, the general

questions concerning how to improve instruction in mathematics take on the added dimension

of how to accomplish this goal for those groups of students who are educationally at-risk. This

paper begins to answer this question by presenting the argument that the nature of the

overwhelmingly persistent underachievement among groups of children with unique

socioeconomic, ethnic, and/or language characteristics requires equally as much a new

perspective of understanding as mathematics itself, and that this new perspective incorporates

a broader base of social psychological constructs than previously adopted by mathematics

educators. The discussion includes a brief overview of some critical social psychological factors

and how they can affect the target students' learning. The discussion will focus on students of

Mexican descent who I will refer to as Chicanos and who, like other Latinos, have a strong

affiliation with Spanish regardless of their ability with the language. Also, Chicanos present the
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greatest dilemma to educators because they have the highest dropout rate in the country (e.g.,

National Council of La Raza, 1988). However, it should be noted that the arguments and

concepts put forth herein apply equally well to any minority group.

THEORETICAL FRAMEWORK

Instructional reform in mathematics has adopted ideas that puts learning in a social

context, for example, social constructivism (e.g., Steffe & Cobb, 1988), situated cognition (e.g.,

Rogoff & Lave, 1984), and neo-Vygotskiian theories (e.g., Khisty, McLeod, & Bertilson, 1990).

However, as Secada (1993) has pointed out, this still represents too narrow a view in its reliance

on psychological constructs and applications; moreover, such a framework does not adequately

serve an agenda for equity. Instead, Secada has called for a social psychology of mathematics

especially in order to advance the development of this agenda. What constructs would such a

perspective entail? How would mathematics educators use these constructs? How would this

perspective better inform our understanding of the teaching and learning processes particularly

as it concerns Chicanos and other underrepresented groups? The discussion which follows

addresses these questions by focusing on three critical factors which need to be considered for

more effective instruction with language. minority students: 1) how the problem is defined in the

first place; 2) status equalization among students; and 3) appropriate inclusion of culture.

Traditionally in order to understand why some children fail or succeed in mathematics,

research has pursued such questions as 1) what is it about mathematics as a subject that makes

it easy or difficult, or 2) what is it about students' thinking that produces errors. With this

perspective, it has been easy to overlook or take for granted that the classroom is more than a

social context where teachers and students interact; it is a social arena that mirrors social

conditions outside the school, where social-psychological dynamics are continuously at work,

and where cultural identities and lived realities are influenced by each other reciprocally.

Consequently, the most fundamental factor that should be addressed as we look at the

dynamics of the classroom social arena has to do with how we explain the disproportionate

failure of Chicanos in mathematics. The prevailing paradigm for the last thirty years has defined

the problem as residing with the student and/or the student's family or culture and has been

concerned with the remediation of problems and deficits that these students supposedly bring to

school (Moll, & Diaz, 1987). The result has been investigations which concentrate on

pinpointing and describing what students do not know, what experiences they presumably do not

have, or what language and behavior differences they possess that result in a mismatch with the

school. In essence, this model has placed a pathology within the student.
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Another result has been that teachers, policy makers, and researchers have accepted the

stereotypes and misconceptions that naturally develop from this line of reasoning. There is no

shortage of publications that suggests that ethnic and language minorities suffer from particular

learning styles, low self-esteem, non-supportive families, and an environment from which they

can't escape.
Indeed, socioeconomic and ethnic status matters; but, in what way? Lic On (1979) found

that preservice teachers (n=230), who had had no real experience in classrooms, were readily

willing to make instructional decisions for hypothetical students who only were identified by

class and ethnicity. In spite of the fact that there was insufficient information for making a

decision, the teachers overwhelmingly determined that poor and Chicano students should be

placed in remedial instructional programs. Because of the controlled limited information about

the hypothetical students, these novice teachers only could have made this decision if they

already had preconceived ideas of the likely abilities of poor andethnic students. More recently,

in a follow-up evaluation of a workshop for teachers and administrators on mathematical

instructional innovations for Chicano students, 88% of the attendants rated higher order inquiry

teaching as "not being relevant" to students in bilingual school programs since they "hardly

know their multiplication tables" (Khisty, 1992). Such thinking regarding the kind of instruction

Chicanos should receive is consistent with the assumption that students have some intellectual

limitation for one of a number of reasons and that the curriculum can not be too complex. As

several researchers have pointed out (e.g., Spring, 1989), the use of lower level curriculum for

minority students matches the way teachers define their students, and that this is a systemic

problem for it is the rule and not the exception.

What the foregoing suggests is that redefining the nature of the problem and challenging

teachers' assumptions about poor, ethnic, and language minority students should go hand-in-hand

with changing the nature and delivery of mathematics content. Furthermore, higher expectations

have to be more than rhetoric; they have to be specifically implemented in radically different

instructional programs and actions that accelerate Chicano students' learning and treats them as

gifted (Levin, 1987).

A second social-psychological factor which can affect instruction has to do with the

nature of status characteristics among students. Groupwork as an instructional strategy has

become an important part of reformed mathematics teaching becauseof its various intellectual

benefits for students. Students who work and talk together gain in conceptual learning and in

problem solving abilities among other things. However, as in any other situation when a small
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group is formed, hierarchies develop where some group members dominate and others are

passive (Cohen, 1986). In classrooms, status differential can develop based on a student's

perceived expertise in a subject, general academic ability, peer recognition, or simply on

membership in one or more of the social categories of gender, class, and ethnicity.

In groupwork, the hierarchies that emerge can reflect these differential statuses. Those

students with higher status will tend to dominate and those with lower status may be passive or

may not even participate. If these differential statuses go unchecked, then students will gain via

groupwork differentially also. As Cohen (1986, p. 31) points out:

"If you design a good groupwork task, learning emerges from the chance to talk,
interact, and contribute to the group discussion. Those who do not participate
because they are of low status will learn less than they might have if they had
interacted more."

Chicano students may actually be put at a severe disadvantage in groupwork. They

already enter the situation with lower status because of language affiliation, lower expectations,

and simply minority group membership. The instructional task for a teacher, then, becomes

twofold: 1) to design rich and appropriate groupwork problems, and 2) to develop and set norms

for equal participation. It is beyond the scope of this discussion to elaborate on the process and

activities that can be used to develop groupwork norms. However, it must be noted that setting

norms requires specific attention on the part of the teacher so that students understand clearly

what is now expected of them. It also requires long-term training since students need to

internalize a new way of relating to the teacher and to each other. They need to adopt as second

nature that everyone in the group ought to have a chance to talk, that everyone's contribution

should receive a fair hearing, and that not everyone has the same abilities but all are worthwhile.

The same norms, then, are used to evaluate students' work.

There are a number of other things a teacher should do to ensure equal participation by

Chicano students. One is to present problems in both Spanish and English so that mathematics

is equally accessible to a student even if s/he is limited or non-English proficiency. Also, the

use of Spanish establishes that the student's home language and culture have status in the

classroom. A second thing is to give written problems and directions. This allows a student to

check her/his comprehension of the problem as needed and minimizes having to learn via the

weakest skill, listening. A third and last consideration is that groups should be organized by the

teacher so that they are heterogenous in terms of both abilities and language. However, there

needs to be sensitivity that there should be a bilingual student who can mediate during the

discussion.
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Unfortunately, most teachers give little attention, or even recognition, to setting norms

for groupwork or to status equalization, and teacher training seldom addresses these issues

either. Nevertheless, if the sociology of groups and statuses is ignored, then teachers run the risk

of reinforcing educational inequalities and even becoming dissatisfied with the instructional

strategy as they see students doing other than what was expected or hoped for.

The last factor to be discussed centers around the concept of culture. In the last two

decades, there has been a rush by educators to create school environments that are seemingly

more open to diversity. Often this takes the form of "celebrating various cultures" by having

cultural books, pictures, and special celebrations in the classroom. Diversity or multiculturalism

in mathematics frequently takes the form of mathematical artifacts such as the Chinese abacus,

the Aztec calendar, or an African tribal game. There even have been attempts to identify a kind

of mathematics that is uniquely characteristic of a particular cultural group such as Latinos and

Native Americans. While acknowledging the contributions that minorities have made in

mathematics, either in the past or present, is very important, most of what is taken as promoting

cultural acceptance ends up trivializing those cultures and ignoring those factors which represent

and define the most meaningful aspect of students' culture.

In order to begin to effectively make classrooms places where diverse cultures are

accepted, it is first necessary to understand what culture is and what it is not. Culture,

specifically, may be defined differently by various scholars; nevertheless, we can easily discuss

the nature of surface culture and deep culture. Surface culture refers to superficial indicators

or artifacts of culture such as food, dress, music, special customs, or special holidays. Some of

these artifacts can have a "folk" quality, for example, as with a sombrero or a Mexican folk

dance. Such artifacts may have personal or historical significance for members of the cultural

group but may not have much relevance beyond this. Furthermore, because of the superficial

nature of this aspect of culture, these artifacts do not exclusively define the cultural group;

anyone can make Mexican food, wear Mexican folk dress, or play Mexican music and not be

Mexican.

Deep culture, on the other hand, refers to those things which are usually intangible and

elusive but that still define a person as being a member of a cultural group. These include values

and culturally shared experiences which create a "consciousness of kind". Deep culture can not

always be pinpointed because of its psychological, contextual, and multidimensional nature.

However, deep culture forms the core of identity, and thus, is what is most meaningful to

individual members and what binds the group together. Therefore, deep culture is most powerful
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when it is manifested through individual expression; however, it loses much of its power when

it is put into a generalized abstract characterization of the group. Furthermore, when students'

individual expressions of cultural identity is absent within classroom, then there exists a gap

between home and school that increases the chance of alienation and lack of engagement. This

suggests that meaningful culturally responsive instructional strategies are those that connect the

home and school through maximum opportunities for the individual expression of students'

cultural identity (e.g., Tharp & Gallimore, 1989). This individual expression can be

accomplished via instructional strategies that are interactive and that use student "talk" (in

whichever cultural language a student chooses) in meaningful tasks, that facilitate students'

"taking over" or appropriating ownership of learning activities, and that use students' own

experiences (but not as assumed by the teacher) or questions as the context for mathematical

problems.

Another way that Chicano students' cultural identity can be brought into the classroom

is by using the students' community, including households, as a "fund" of mathematical

knowledge. This, of course, first requires changing the perspective of the nature of working-

class and ethnic communities from socially and intellectually limiting to one full of resources.

Frequently, this latter perspective is interpreted as using community members and parents as

guest speakers in classes to supplement teacher determined learning activities; but, it is much

broader than this. Using the community/household as a fund of mathematical knowledge requires

that a teacher carefully study these environments to see actually how mathematics is used and

how mathematical knowledge is socially constructed within these specific contexts. This activity

provides ideas for themes and materials that better place mathematics in a meaningful

sociocultural context that more accurately reflects the identity of the student. Since each

community and household is intrinsically unique, there is no recipe or prescription for how the

community resources can be used. As Moll, Velez-lbailez, and Greenberg (1990, p.2), in

discussing how this approach has effectively been used in literacy instruction, point out:

"Ultimately, it is the teachers and students themselves that must create the classroom conditions

to understand and exploit these resources...." This mode of perceiving and utilizing community

resources capitalizes on the student's language and culture, and through this, empowers Chicano

students by giving them access to mathematical knowledge since the context of mathematics is

not external to them.

IMPLICATIONS AND SIGNIFICANCE

This paper has presented the argument that effective policy and instructional decisions
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that promote equity in mathematics involve much more than considerations based on subject

content or psychological learning factors. In fact, instructional policy making and implementation

that do not take into account the social psychology of teaching is highly suspect. Three social-

psycho-logical factors were discussed as brief examples of how critical is this perspective for

advancing equity.

For too long we have held to a mythology that the learning of mathematics is language,

culture, and politically free. One result of this thinking has been that we assume that "good

teaching" is simply good teaching; that we can ignore the unique social-psychological and

linguistic needs of Chicano and other minority students. However, if we accept this assumption,

then we do not alter the conditions that foster failure. Moreover, we run the risk of perpetuating

a "blame the victim" model since "good teaching" was used with the target students and they

still failed.

The significance of the argument presented is that in order to move forward an agenda

for change that benefits all students, we have to begin to ask the following types of questions

as we make policy, train teachers, and implement innovations. Do instructional decisions reflect

a challenge to the traditional paradigm for why certain groups of students continue to fail, or do

they reflect a model that continues to ascribe failure to factors outside the classroom and the

instructional act? In the implementation of innovations such as groupwork, are social-psycho-

logical dynamics given enough attention and are teachers adequately trained to deal positively

with them? Do our mathematical instructional reforms actively and fully capitalize on the

working-class and minority student's home, culture, and language, or are they excluded through

lack of thought? In essence, the challenge for mathematics education is to acknowledge and

carry out a second paradigm shift regarding the influence and nature of social-psychological

factors in classrooms that either promote or hinder equity.
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VISUALIZATION AND REASONING ABOUT LINES IN
SPACE:

SCHOOL AND BEYOND

EVGENY KOPELMAN and SHLOMO VINNER

HEBREW UNIVERSITY of JERUSALEM

Abstract
Several questions .from space geomeny were suggested to a wide group of subjects:
from high school students to teachers and university professors. Their answers were
analysed using a cognitive linguistics approach. The analysis revealed a common
"earth-biased" nature of spatial concepts mid explained the wide - spread failure with
certain questions. The study also showed that when the same question was asked using
a three dimensional mode; instead of a picture in most cases the answers were the
same. They were determoed by the conception of the subject rather than by the
amount of visual informatimi.

Introduction

The rising interest in geometry and its applications at university level is
accompanied by attempts to introduce more advanced geometry in school
(Malkevitch, 1992). At the same time learning three-dimensional geometry assumes
ability to visualize and interpret spatial relations expressed by diagams. Several
authors (Parzysz, 1988; Dreyfus & Hadas, 1991) had pointed on learning difficulties
related to that. The initial purpose of our study was to find out how analytical tools
learned by Israeli students in advanced high school geometry course are used by them
in solving spatial tasks given by means of diagrams.
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The test which is the essence of this study is the following:

Two line segments are drawn on two faces of each cube. Do the lines
intersect in space ? If not, are the lines parallel in space or not ?

A a

Fig. I

These questions were first presented to three groups of I 1th graders at the end of
their one-year "Vectors" course with elements of solid geometry and linear algebra.
The students were sampled from two schools in Jerusalem for gifted students. It was
quite instructive to observe the students while they were filling the questionnaires.
Some were trying to imagine lines in space while others were using fingers, pens and
different objects to model the situation. Some students added written explanations to
their answers, but no indication of analytical reasoning was found there. The results
are given in Table I below.

Surprised by the results we decided to examine high school mathematics teachers.
The same questionnaire was administered to two groups of high chool mathematics
teachers from two different educational systems (Israeli and Jordanian) uring an in-
service training. While answering the questions, the teachers, like the students,
worked hard trying to imagine or to model lines in space. Their results are also
presented in Table I .

Since these results were not better than the students', we made one step further
and presented these questions to a number of academics from two universities - one
in the United States and one in Israel. The respondents were either asked to answer
the questionnaires or were interviewed. Their results are in Table l .
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Table 1. The number (percent) of correct answers to tasks A - D in different

groups of respondents.

N Task A Task B Task C Task D

11-th graders 76 63 (77%) 47 (62%) 35 (46%) 41 (54%)

teachers (Is) 29 21 (72%) 13 (45%) 11 (38%) 4 (14%)

teachers (Jr) 25 20 (80%) 15 (60%) 15 (60%) 6 (24%)

chemists 6 6 1 1 0

physicists 8 8 7 4 3

mathematicians 7 7 7 5 4

From observations and interviews we got the impression that there are some

common cognitive strategies for solving these spatial problems. The aim of this study

is not the valuation or the comparison between the different groups. We are rather

interested in the following question:

How do students and mathematically educated people solve these problems?

Observations on mathematicians working on these tasks showed that they solved

problem A immediately, usually spent several seconds on task B, spent relatively

more time on task C and even more time on D. Being asked to explain their decisions
about pictures A and B, usually they answerd like this: "This line belongs to this face

and the other line to that face of the cube. So they could intersect only on the edge

common to the both faces, but the lines cross that edge in different points, so the lines

do not intersect". As to picture C, some respondents claimed that they could not see

there a well defined mathematical problem. Trying to solve it "visually", some had
failed considering the lines as intersecting but marking their point of intersection far

away from the only possible place on the continuation of the edge. Others continued
bravely the edge of the cube to show that the lines do not intersect (which is the

correct answer).

The problem in picture D was a real test for geometrical knowledge
mathematicians. Most of those who succeeded had used the results of classical
synthetic geometry. Only in one solution there was something resembling a vector

approach: one of the line segments was parallely displaced to the opposite edge of the

face and, because they did not occur at the same plane, the fact that the two lines

were not parallel became obvious. Leaving mathematicians aside, we could



characterize the prevailing approach among the rest of our respondents as intuituve,
based on direct perception. Some of them might try to help themselves by physical
objects in order to perceive the situation more clearly. Some would even try to justify
their conclusions by a certain geometrical argumentation. This was in contrast to the
mathematicians in our sample, who tried to avoid visual intuitive reactions.

The following is taken from an interview with a physicist R. specializing in
optical features of crystals. After the respondent had carefully analysed all the four
pictures and concluded that the lines there did not inersect and were parallel in case
D, he was asked to explain his answers.

R.: In case A it is obvious, because the first line is perpendicular to the upper face in
the certain point, so the intersection would be possible only if the second line passes
through that point. In case B, 1 see that the line on the right face passes above the
second line, so they will not intersect. In case C it seems to me that they will not
intersect, because the lines have different slopes. In case D I clearly see that the lines
are parallel. (He continued to stare at the picture and suddenly changed his mind.)
No, the lines will intersect in cases B and C.

Interviewer: Why?

R.: I make cross-sections of the cube through these line segments (he moved his
hand), so the lines will intersect in this cross-section (he marked an intersection point
on a picture).

I.: And what about case A?

R.: I think they would intersect... (he looked at the picture) though it is really hard to
imagine, how the cross-section goes.

We think that the case of R. examplifies some important features. First, the cited
interview demonstrates that solving a spatial problem includes a complex interplay
between percepts and concepts which could lead either to right or to wrong
conclusions. Second, the solution of R. for the problem A (his first version) strikes
with its immediacy and, in fact, laconism when compaired with that of a typical
mathematician.

Indeed, the model of the mathematician can be symbolically expressed by
LI n L2 = ((F1AF2)(1LI)(L2,

where L I, L2 are the relevant lines and F I , F2 - the relevant faces.

The model of a non-mathematician is symbolically expressed by
LI A L2 = (F2 /1 1.1)11 L2,
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where the index 2 corresponds to the top face.

If the last model is effective and used in problem A, then arises a legitimate
question: why this model is inactive in other cases? Or in other words:

What goes differently in the solution of problem A?

According to the data gathered in the interviews, many times the fact that the two

lines in problem A do not intersect was explained as follows:

(1) because the first line goes up through the face while thaecond line remains on

the (horizontal) face;

(2) the second line is behind the first one.

The underlined words express different image schemas (Lakoff, 1987) which
provide different models for solution. We may never know, why in different people
differnt models are evoked in order to solve a problem. However, we would like to

suggest an explanation to the fact that the same person does not use the same model

in order to solve a similar problem.

To evoke the above mentioned schemas in the case of picture B we just turned it

clockwise 120t! When respondents who formerly "saw" in picture B intersecting lines

were shown it's "rotated" version they began to see the lines as skew ones (not in the
same plane). In several cases the same rotation of picture D had also "cured" the
respondent from perceiving the lines as parallel. in these cases the evokation of
certain image schemas was clearly related to orientation of the picture. In the absence

of these schemas only what might be called "convergent-parallel" scheme remained

activated. This led to the wrong model for solution.

Since there are many people who even in the case of picture A conceive the two

lines as intersecting, it may be important to examine when people learn to read such

pictures correctly. We think that it is a cultural phenomenon and as such might be

related to the age of the students and to their educational environment. We were led

to this conjecture by testing students of different ages of the same school. The resuls

are given below:

Table 2. The number (percent) of correct answers to task A for grades 8- I I.

grade 8 (N=21) grade 9 (N=I8) grade 10 (N=33) grade 11 (25)

3 (14%) 6 (33%) 28 (85%) 21 (84%)
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Do 3-dimensional models help to solve spatial problems?

Another question we addressed in this study was how people solve the four
spatial problems shown in Fig.], provided they have a 3-dimensional model in their
disposal. For this purpose a 3 cm cube was made and line segments were drawn on
its faces as in pictures B and D of Fig. I . During an interview a person was handed
the cube and asked how many pairs of parallel or intersecting lines are among those
drawn on the cube. In the case of mathematically educated group this question was
asked after the respondent had finished to solve the same spatial problem using a
picture. Only two from the 17 respondents in this group managed to realize by means
of the model that their previous answers were incorrect. In the case of the school
students, the test with the cube was administered a month after they solved the same
problems using the pictures. The students who were tested studied in two classes in
one of the two schools for gifted students. Only students of the I I -th grade had
studied elements of solid geometry. The results of both tests are given in Table 3.

Table 3. The number (percent) of correct answers to tasks B & D for 10th and
11th grades. For each task the numbers (percent) in bold indicate the answers
based on the 3-dimentional model, the second numbers (percent) indicate the
answers based on the picture.

N Task B Task D
grade 10 33 13 (40%) 8 (24%) 8 (24%) 0 (0%)
grade I 1 35 14 (40"/o) 23 (66%) 15 (43%) 21 (60%)

As stated above, the same cube was used to model both pictures B and D, with
three line segments drawn on three different faces. As a result several respondents
(including mathematically educated ones) "perceived" additional pair of "intersecting"
lines which belonged to'parallel faces of the cube. In most cases after the respondent
had been given a cube, he or she turned it until! it seemed to them that the line
segments fited the vertical plane in front of them. After that they came to one of the
two folowing conclusions: (1) The lines were parallel. (2) The lines intersected. Only
in a few cases respondents continued to turn the cube until they realized that the lines
were skew. They explained it by noting that (1 ) the lines go in different directions; (2)
the first line passes above (under) the second one. Similarly to the above mentioned
situation with pictures, the evokation of the underlined image schemas leading to the
right conclusion was a result of of the model orientation. The conclusion that the two
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lines are skew could come at one glance to anyone had he or she deliberately directed

the line segments on the 3-dimensional model along their line of sight.

Conclusion
To understand spatial reasoning of high school students it was found useful to

examine another group of people whom we called mathematically educated.

The study of mathematical behaviour of both groups showzd that they use similar

cognitive strategies for solving spatial geometry tasks.

The analysis of the overall responses revealed an earth-biased nature of spatial
concepts which explained the failures in solving certain tasks.

The improvement of the perfomance on spatial tasks with the age supports the

view that there is the cultural basis of spatial concepts.

The study showes that the substitution of a picture by the 3-dimensional model in
spatial tasks is not necessarily helpful to most of the respondents. With some caution

it can be claimed that what guides the formation of the mental models (namely
visualization) used by the respondents to solve the spatial tasks is not necessary the
visual information. It rather the conception which is evoked in the respondents mind
as immediate association with a given task.
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PFL-MATHEMATICS: A Teacher In-Service Education Course as a Contribution
to the Improvement of Professional Practice in Mathematics Instruction

Konrad Krainer
Interuniversitary Institute for Interdisciplinary Research and Continuing Education

University of Klagenfurt, Austria

This article is about the two-year university course `PFL-mathematics" in Austria which
aims at special further education of mathematics teachers. Some remarks on the genesis
and the philosophy of the PFL programme are made and relating guiding principles are
outlined. Using four dimensions of teachers' professional practice, namely action,
reflection, autonomy and networking, the article highlights activities of participants and
team members within or after a PFL course.

A "mathematical curriculum vitae" as the starting point of an in-service education
course

As preparation for the PFL course, a teacher wrote:
always wanted to become a teacher - first in a primary school - then my parents made

it possible for me to study at the university. The choice of subjects was easy for me: my
favourite subjects were mathematics and descriptive geometry. At the university I early
realized that purely scientific work in mathematics did not fit my inclinations. What gave
me pleasure, was to work as a tutor and practical assistant. After five years of study I
looked forward to teaching at school. 1 had my own conceptions of teaching - derived
from my own school days, from the conversations between my parents (both teachers)
about their teaching practice, and from my private lessons. Above all I fought against
the following image of mathematics: 'Either you have it or you don't! That's fate!'
Therefore I tried to stimulate all pupils to cooperate, by proceeding in small steps, care-

fully preparing the subject matter, pointing to frequent sources of errors, leading sup-
port, answering questions etc. ...
[After concretizing some of her beliefs, methods and problems she finally reflected about
her re-entry into teaching at school after a four year-leave of absence]
... I realized that the further development of many abilities which I wanted for me and
my (own) children, was inhibited by traditional methods of instruction. To broaden and
to deepen my experiences I finally decided to participate in this university course. I am
looking forward to the first seminar. Kind regards!'
Most of the approximately 30 participants of the in-service education university course
'PM-mathematics 1988 -90" arrived with a similar 'mathematical curriculum vitae' at
the first one-week seminar. The seminar started in three "regional groups' (parallel
working groups, each consisting of about eight participants and two team members) in
which all available "personal histories" were discussed. This initial working unit was not
only a "get - acquainted session' but also gave a first impression of the broad spectrum of
opinons, ideas, beliefs and strengths of the teachers and of our philosophy of using the
practical experiences of the participants as a starting point for work within the PFL
course and of connecting individual and social learning experiences.
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1. Some remarks on the gem sis and philosophy of the PFL programme

In the 1970's more and more high school teachers in Austria felt that in addition to their
competence in two subjects (e.g. mathematics and geography) further development of
their pedagogical and didactic competence would be required for coping successfully
with the complexities of teaching and learning. In awareness of this need, an inter-
disciplinary team of researchers from the University of Klagenfurt began to plan the
teacher in-service courses "Pedagogy and Subject-Specific Methodology for Teachers"
(PFL abbreviation for the German "Padagogik and Fachdidaktik fur Lehrerinnen ") in the
subjects English, German, history and mathematics. After a trial run in 1982 - 84 three
PFL courses (for mathematics, English and three years later also for German) were
institutionalised as university courses. They are organized by the Institute for Interdisci-
plinary Research and Continuing Education (IFF) of the Austrian Universities of Inns-
bruck, Klagenfurt and Vienna, in cooperation with some departments of the University
of Klagenfurt and regional INSET institutes and are supported by the Ministry of Science
and Research (BMWF) and the Ministry for Education and Arts (BMUK).
Some organisational remarks: Each course lasts for four semesters and is attended by
about 30 teachers. Participants are expected to be present at all meetings (e.g. two one-
week seminars, two half-week seminars, four one and a half-day regional group mee-
tings) and are required to write case studies on innovations introduced in their schools.
After conclusion of the course participants receive a university certificate with a des-
cription of their achievements during thi course. Most PFL courses are led by a team of
5 - 6 members (educationalists, subject-matter specialists, practitioners) who are respon-
sible for the preparation and realization of the course and for follow-up activities (e.g.
evaluation), all in all three years of intensive theoretical and practical work. The activi-
ties of the team members are seen not only as a contribution to the further education of
teachers but also as an experience in interdisciplinary cooperation.

The guiding principles of the PFL programme can be described as follows:
One of the most important principles of PFL is stressing the importance and
connectedness of pedagogical and didactic aspects of teaching and learning. Ab,,vf
all, the complexity of the teacher's task cannot be reduced to content-related conside-
rations. In mathematics instruction, for example, even topics like "proof" imoive
student motivation, different heuristic strategies, reflections on the nOtre of proof,
discussions on students' understanding of proofs etc.
In most cases the starting point of work within the PFL courses is the practical
experiences of the participants in order to meet them "where they are", identifying
strengths rather than weaknesses.
Action research, understood as the systematic reflection of practitioners on action
(i.e. their professional activities in order to improve them), is used as a framework
to achieve a broader situative understanding and to improve the quality of teaching.
Within PFL courses the participants are required to do research work and to write -
on the average - two case studies on self selected issues in which they have profes-
sional developmental interests.
Communication among teachers often happens "in passing" and is often felt to be
unsatisfactory. An attempt is made to find useful ways towards a professional ex-
change of knowledge, thus promoting the culture of communication on educational
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issues. Communication and cooperation among teachers is seen as a more and more
demanding element of teacher's work. Countless good ideas of teachers exist only in
their minds and are therefore not accessible to others. It is an important intention of
the programme to make such private ideas public.
PFL aims at providing opportunities to connect individual and social learning expe-
riences. The open atmosphere in PFL courses is used as a basis for initiating and
organizing communication and cooperation with colleagues, something whist, is in
many cases difficult to achieve in a teacher's own school. The regional groups are
small "professional communities" in which mutual understanding and, constructive
criticism are conducive processes.
Promoting the further development of theory and practice implies a close cooperation
between team members and participants, the former involving themselves in concrete
and specific situations of the teachers' practical work, and the latter' involving them-
selves in theoretical and general considerations. For this purpose it is an advantage
if people come from different systems, namely "school" and "university", and are
able to overcome their restricted perspectives.
Promoting active learning processes and reflecting on them is a basic strategy in PFL
courses in a double sense: firstly with regard to an epistemological understanding of
learning, which sees the learner as a producer (and not consumer) of knowledge and
secondly with regard to the conviction that transfer from the course to the classroom
- where students also should be seen as producers - is more successful if the partici-
pants learn such processes through experience. "What can teachers learn from lear-
ners?" is a basic question within the courses.

- One aim of the programme. is to motivate and qualify the participants to organize'
further education for themselves and for other teachers after conclusion of the course.
Thus it is important that the participants be actively involved in planning and realiza-
tion of the course, and increasingly take charge of their own further education within
(and later outside) the course. Therefore the role of the teach members within PFL
develops - roughly speaking - from providing input and structure (to initiate teachers'
activities) to organizing communication among the teachers as experts.

Each PFL course aims at contributing to each of the dimensions sketched above. Its
strengths, however, lies in the whole composition of the course, decisively influenced by
the people working in it - the team members as well as the teachers. Within this paper
it is only possible to sketch some selected activities of teachers within or after a PFL
course. This will be done by using four dimensions of teachers' professional practice.

2. Promoting action and reflection, autonomy and networking within the PFL
course - dimensions of mathematics teachers' professional practice

Altrichter/Krainer (1993, 8-20) describe 4 dimensions of teachers' professional practice:
- Attitude towards and competence in experimental, constructive and goal-directed

work (Action)
- Attitude towards and competence in reflective, (self-)critical and systematically based

work (Reflection)
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- Attitude towards and competence in autonomous, self-initiative and self-determined

work (Autonomy)
- Attitude towards and competence in communicative and cooperative work with in-

creasing public relevance (Networking)

In the following, a) a teacher's case study of her students' errors in algebra will give an

impression of the importance of systematic reflection by teachers on their own practice

(interconnecting action and reflection), and b) a short view of a PFL follow-up activity

by a self-organized group of teachers will indicate that autonomy and networking are

essential dimensions in teacher in-service education programmes. A more detailed

description of activities within PFL-mathematics is given in Fischer et. al. 1985, Krai-

ner/Peschek 1993 or Krainer /Posch 1994.

a) Action and reflection - a teacher's efforts to improve her knowledge about her

students' understanding

The first PFL seminar usually contains an introduction to the aims, ideas and methods of

action research and provides the opportunity for practical experience with some of these

methods (e.g. analytic discourse, interviewtechniques; see e.g. Altrichter/Posch/Somekh

1993). After this seminar each participant selects an issue in which s/he has professional

developmental interest and begins to collect data for the first case study. In the regional

group meetings (partial) results of these case studies are discussed; some participants

present their research at the next seminar. Many participants of PFL begin a second case

study which in many cases shows visible progress with regard to e.g. conception, data

sampling and interpretation or readability.

In the following we look at a PFL participant's first case study (Mayer 1992) on her stu-

dents' errors in algebra. She aimed at learning more about her students' misconceptions

and errors in order to improve her teaching, for example through using new strategies to

avoid some errors or finding a constructive way of handling them. A quotation from her

case study shows that errors seem to have an essential influence on her actions and

reflections concerning mathematics instruction:
'After several years of work as a mathematics teacher one almost gets thefeeling that

most of the time, instead of explaining, one has to deal with errors."
The teacher studied articles about error analysis in mathematics education and finally

began to investigate misconceptions and errors of students from her own classes (15 to

18-year-old girls). She collected different kinds of data including diary notes, interviews

with students and 'error-books'.

Referring to "error books" she writes:
'The students had to keep a so-called 'error-book' which included an identical reproduc-

tion of the error, a verbal formulation, if possible a statement about the reasonfor the

error and an exact correction. ... Thus the students had, for the first time, to think

about their errors, which for many was a totally new and unusual experience (the verbal

formulation war especially problematic) and in this context also nu merou.s systematic

errors were discovered ('I have made the same error again').'
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One important aim of the teacher's analysis was to work out "error frames ". She finally
identified about fifty types. Here are two of them (the students' explanations are in
parentheses):

- 1/6 > 1/5 (6 is bigger than 5)

- x2 - 2x = x2 + 2x = = > x2 = x2 (+2x and -2x cancel each other out)

In the concluding chapter of her study she writes:
"Only during such investigations does the teacher realize again, how important it is to
scrutinize from time to time one's own teaching and to draw consequences. All too easily
one falls back into daily routines.'
The teacher sketches a range of general and concrete improvements in her own teaching,
for example:
'The students must be given enough time to understand mathematical strategies (the
student's learning pace should not be overestimated); as a result of teaching the same
subject matter frequently, the teacher tends to increase the working pace or to choose
trickier tasks each time.'
To quote also one of her more practical consequences:
... 'Side- calculations should not be 'hidden' (removed by an ink-eradicator) to enable
the teacher to recognize students' strategies - above all they should not be assessed
negatively ...'.

In her concluding remarks the teacher sums up:
'The appreciation of an achievement from the mathematical point of view - being true or

false - and the teacher's interest in investigating the thinking behind the work which
leads.to a right or wrong result, are important factors for student motivation in also
tackling difficult calculations."

This was the teacher's first confrontation with systematic reflection on her own teaching
which included writing down her experiences as a crucial element. Of course, many of
her results sketched above are well known, investigated and published - but this is not
the point! She constructed her knowledge herself; she started at a point which was of
real interest to her; she looked for - and partially found - answers with regard to her
individual situation; she produced meaningful "local knowledge' which cannot be
replaced by reading the research results of others.

Systematic reflection by teachers on their own practice - here with regard to student
understanding (see Krdner 1993b) - can contribute to an improvement of mathematics
instruction in many respects. This leads to the following suppositions which take for
granted that improvements take place in various ways and that they are often connected
with mutually stimulating processes:
- Interest of teachers in what and how students understand give the latter the feeling

that they - with all their questions, answers, interpretations, etc. - are really taken
seriously. This makes it easier for them to use the given scope of freedom for ex-
perimenting with ideas and actions, and thus improving the teacher's opportunity for
gaining further insights into students' understanding.
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Attempts by teachers to replace assessments like "the student does not understand"
with a search for meaningful explanations - even for so-called misconceptions and

errors - and appreciation by teachers of even the small achievements of students, can
be seen as part of a general attitude orienting teaching towards strengths and not
towards weaknesses. This makes it easier to regard situations of "not-understanding"
as opportunities to learn - for students andfor teachers. To realize that teachers can
learn from learners positively influences the relationship between teachers and
students and promotes the further development of strengths.
Efforts by teachers to analyze and to discuss so-called "errors", help them to get
insights which are normally not available to them - strangely enough, precisely
because of their expertise. Trying to take the student's point of view is an oppor-
tunity for teachers to partly overcome the constraints on their own way of thinking
and to become aware of "blind spots" caused by their specific involvement in the
system of "mathematics instruction". Having the flexibility to change one's point of
view promotes a better understanding of the ideas and thought processes of students.
Efforts by teachers to make the thought processes of students visible, and to reflect
on their understanding, increase the abilities of students to reflect on the learning
process and promote self-evaluation and self-organization. These abilities make it
easier to discuss consciously the different meanings of a mathematical concept and
differences in student intuitions, and therefore to increase student understanding.
Better understanding by teachers the ideas and thought processes of students increases
the teacher's awareness of new alternatives in teaching and thus also increases their
competence and flexibility, which in turn expand more opportunities for teachers to
promote and to assesss students' understanding.
Activities of teachers aimed at acquiring knowledge about student understanding and
systematic reflection on their own investigation, contribute to improve their scrutini-
zing of methods of assessing student understanding. This in turn stimulates the
improvement of the ability to evaluate investigation.
A teacher's own experiences in investigating student understanding increase their
interest in knowing more about the results of other research, for example large-scale
projects in mathematics education. Reading research reports in this connection
provides teachers with new ideas for their own small-scale investigations.
The efforts of teachers to increase their competence with regard to student understan-
ding promotes self-critical and profound discussion with colleagues and researchers,
thus improving the culture of communication about educational issues, perhaps moti-
vating other teachers to undertake self-critical inquiry themselves.

These issues show that the interplay between action and reflection is of great importance.
This interplay is an essential characteristic of action research and it is also regarded as
an important aspect in the teacher's decision-making processes (Cooney 1988), the stu-
dent's generalisation processes (DOrfler 1991), or the student's problem solving proces-
ses (see e.g. Krahter 1993a).
Teachers' systematic reflections on their own practice can not only improve their own
teaching but can also have consequences for the further development of discussion in
mathematics education, which is shown by e.g. the (German) book "Man and Mathema-
tics. An Introduction into Didactical Thinking and Acting" of Fischer/Malle (19851. this
book is strongly influenced by authors' work with team members and participants within
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the PFL programme and by other research activities undertaken in cooperation with
teachers and students.

b) Autonomy and networking - a group of teachers organizes further education for
themselves and others

Fostering autonomous and self-initiative work by teachers, and professional communica-
tion and cooperation among them, is an important aim of the PFL programme. The
participants are invited increasingly to take charge of their own learning process within
the course - as individuals and as a group. The statement of a participant after a PFL
course - slowly realized that this course cannot be not restricted to 'taking; but also
not to an oral 'giving' of a few personal ideas. The 'giving' should become very con-
crete, in form of two case studies. This was connected with a very painful process..." -
shows that the transition from viewing learning as consumption of knowledge to viewing
learning as production of knowledge is not an easy one. To be able to mediate, and to
*live" such an understanding in the classroom, it seems absolutely necessary to experien-
ce this transition directly. This holds true for individual learning processes and is even
more important for the learning of groups. In PFL this is regarded a crucial point
because the participants should be qualified and motivated to act as "agents of change"
for other teachers.
The following is feedback for the last seminar of the PFL-mathematics course 1988-90
in which groups of participants organized different workshops: formerly I was mostly
a consumer in various seminars, not trying to make my own suggestions - concerning
organization or content. In this respect I have become more self-confident. Above all I
have found it very good that the third seminar has been designed to a large extent by the
participants themselves ... One of the workshops, 'Elements of an Alternative School",
gave birth to a self-organized group of teachers. The workshop included a broad spec-
trum of activities - from general discussion of educational goals to concrete reflections
on possible changes in mathematics instruction, and motivated some participants to
continue to cooperate. One of them organized an excursion to Tuscany (Italy) where,
among other activities, two secondary schools were visited. Eight participants and two
team members of the - in the meantime completed - PFL course took part, observed
some Italian classroom instruction, held discussions with teachers and principals, and
reflected on their observations and impressions. Half a year later, the group met again
to discuss "project work" in mathematics. Finally they decided to initiate meetings twice
A year and after some time they felt that they - especially the loyal core of seven people
- were more than an ordinary group, of teachers. In a report about their work in our
jourtal for PFL participants they explained their intentions and the name 'AFL - Aktion
Forscilender Lehrerinnee they had given themselves:
'AFL ev an abbreviation for Researching Teachers' Initiative'. With this name we want
to express on the one hand our mutual interest in action research, for which we have
been inspired within the PFL course. On the other hand we want to express our interest
in actions, in activities in the field of teacher in-service education. Thereby we start from
the assumption that teachers have, or can acquire, enough competence to realize teacher
in-service education by themselves, that nobody knows as much about school and lear-
ning as they themselves, that nobody knows their needs as well as they themselves. And
we are not only interested in our own further education but also in putting the idea of
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'teachers train teachers' into practice ..."
One related activity was undertaking different interdisciplinary projects as joint research
projects of teachers and pupils whereby one member of the group played the role of the
project-manager (coming from the "outside"). At present the members of AFL among
others are at work on a book(let) with the title "Hands-on Mathematics". In their last
meeting in December 1993 they discussed ways of opening the group to other teachers.

Feedback from former PFL participants shows that they have involved themselves in a
number of individual and joint activities which contribute to pedagogical and didactic
innovation in classrooms and schools, e.g.: "1 have also become braver and more ini-
tiative concerning my relations with colleagues. Small contributions at staff meetings,
even organizing parrs of a staff meeting with colleagues, preparing and carrying out
projects together are activities I tackle because I have observed, seen and learned very
much ...." A lot of them act as "agents of change" in their region, are engaged in
teacher in-service-courses or in teacher education, and actively participate in conferences
in which innovative work by teachers is presented.
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Mathematical rationales for students in the mathematics
classroom

Koichi KUMAGAI
Joetsu University of Education, Japan

The purpose of this paper is to discuss about mathematical
rationales in the mathematical classroom from the view point of social
interactionism. Particularly we focus on what mathematical rationales
do students construct and how do they use in their mathematics
classroom. We observed, recorded and analyzed fifth graders'
mathematics classroom. There are thirty-six classes from the beginning
of the school year. We find various mathematical rationales in the
pattern of interaction. Some of them are accepted in the wider
mathematics society and others are unique to this classroom. And
students use some knowledge instead of mathematical rationales. These
knowledge and rationales help students to participate the pattern of
interaction. And the pattern of interaction help students to consider
them.

Students talk various ideas, explanations, thinking and so on in the
mathematics classroom. Some of them are accepted by a teacher and
other students, and others are not. Even if an explanation is accepted in
one situation, it is not accepted in other situations. For example, a
student often talks "The calculation method is correct because the
answer is correct." This explanation is accepted in the situation where a
teacher and students infer the validity of method. But when the validity
of the methods is discussed, this explanation is not accepted. Students
and a teacher share what is accepted or not in interaction. These norms
are established through interaction between a teacher and students and a
teacher and students use these norms in interaction. As described above,
some of these norms have mathematical properties that are accepted in
the wider mathematical society (Voigt,1985;1992).

Cobb et al. (1992) and Yackel et al. (1993a) discuss these norms
as social norms or sociomathematical norms. Some norms related to the
product of mathematics, for example, a different solution, a
sophisticated solution, and an efficient solution. Other norms related to
process of mathematics, for example explanation and argumentation.
We will discuss about norm that relate to process of mathematics and
focus on a situation where new problems are formulated.
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In this paper. we w ill discuss about what mathematical rationales
do students share and how do they students use them in problem

formulating interaction.

Data
We observed and recorded thirty-six mathematics lessons in fifth

grade with two video cameras from the beginning of the school year.
from 11 in April to 3 in July. And interviews are conducted with the
teacher (28 in June) and eight students (in May).

The teacher Mr. Yamagishi has experienced elementary school
teacher in 14 years. He is interested in teaching mathematics. There are
thirty-six students (15 boys and 21 girls) in a classroom.

We transcribed and analyzed the following data:
-transcription of verbal interaction between the teacher and students
-transcription of blackboards
-transcription of interview with the teacher and students

Problem formulating interaction and pattern
Construction of the pattern of interaction

In some situations, students and the teacher formulated problems
that had mathematical appropriateness. In other situations they can not.

At first we will show a typical situation which students and the
teacher formulates a problem through interaction. This situation is
observed on the 8 of May in 1991.

At the beginning of the lesson, the teacher. Yamagishi posed a
problem about multiplication of a decimal fraction. 2.7x1.8= ?. 5.2x3.4
= '?. Students have never experienced the multiplication of a decimal
fraction before, but they attempted to solve this problem. Students
presented two solutions. The solution and answer by Ya. G. is correct.
He did not mention about mathematical rationale for his solution. but
explained procedures of calculation. particularly treatments of deciding
the place of decimal point. At that moment. Furu.Y. said "My solution
is different from others ", and presented her solution. And the
teacher and students interact each other.
!Situation II
(Ya.G.) 2.7 (Furu.Y.) 5.2

x 1.8 x 3.4
2 1 6 208
2 7 156
4.8 6 176.8
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P : (Furu.Y: gN) My solution is different from others and wrong. A
decimal point, the decimal point, the process of calculation is the
same as others. When I decide the place of a decimal point, I did
nothing. I did not multiple by 100. I wrote a decimal point
simply.

: Is this a wrong?
P : (Furu.Y ;gN) I don't understand well. I wrote the decimal point

simply.
T : You wrote the decimal point simply.
N (Ya.G: gN) We can't decide easily whether your solution is correct

or not.
PP(D): (Yama.T.gR) We can not decide easily whether your solution is

correct or not.
(others) That solution is wrong.

: Now. Furu.Y confused. Is there any comment or so? Yoko.T. come
here (6 sec.) please.

P : (Yoko.T: gN) Now, before, every thing is
N : We can't sec.
P (Yoko.T; gN) I'm sorry. At first, we assume that there is a problem

of multiplication. The answer is 4.86. When I did this type of
calculation before, we could not decide the place of a decimal
point simply. But

PP(D) (Noisy)
P (Yoko.T: gN) Someone said that, now, a decimal point, we could not

write this simply
A teacher and students formulated a problem about deciding the

place of decimal point. When the teacher and students formulate
problems. we can find a pattern of interaction.

At first, the teacher poses a problem and expects students to
present various solutions that include wrong or naive solutions. Students
come up with the teacher's expectation and present various solutions of a
problem. For example. the teacher posed problems of multiplication of
decimal fraction, and one student Furu. Y. presented her wrong
solution. Second, the teacher and students clarify the differences of
solutions. In situation I, Furu. Y. clarified that her solution was different
from others in deciding the place of a decimal point. Third. the teacher
and students formulate a problem depending on the differences clarified
before. For example. two students, Ya. G. and Yama. G. mentioned the
necessity of discussion whether her solution was correct or not. And the
other student, Yoko. T. begun to solve a problem that related to decide
the place of a decimal point. Students formulated a problem about the
treatment of a decimal fraction.
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There is a pattern of interaction, presenting various solutions

(P.V.), clarifying differences (C.D.), and posing problems depending on

differences (P.P.). And the teacher and students formulate a problem.

This pattern has been established through the interaction between the

teacher and students from the beginning of school year (Kumagai,1992).
Breakdown of the pattern of interaction

In some situations students and the teacher could not formulate a

problem that is mathematically valid. This situation can be observed on

the 30 of April.
The teacher and students solved a problem, "32x1.1=." Students

approached this problem with various ways. Most of approaches were

not generalized easily, for example, 32/10=3.2 32+3.2=35.5. When

these approaches have been introduced and shared, one student, Sai. T.

posed a problem, "The case of 1.1 or 1.2 is easier than other cases. We

must consider other cases, for example, it is the case of 1.3. It is more

difficult for us." In this situation the teacher requested students to search

difficult cases as problems to discover sophisticated methods.

'Situation III
T Sai.T posed a problem. The case of 1.1 is easy. It's the same with

1.2. In the case of 1.1. it is related to 1/10. Therefore it is related
to 1/5. But in the case of 1.3 it is difficult to represent with a
fraction whose numerator is 1. This case is more difficult than
others. Sai.T pointed out this. Today, we are beginning to study.
What is a today's theme. 32 multiplied by (12 sec.) various
values. 3.2x1.3 We want to calculate such cases. For example the
case of 1.3. Sai.T said . this is a difficult case. How about you?
Are there any difficult cases? More difficult calculation.

PRI)) : (noisy) (8 sec.)
'I' ; Can you attempt to do every case?
N Yes.
T Are there any?
N (laughing)
T What do you say?
N (Toku.N. IgRI) 1.5
1' : 1.5?
PP(D) The case of 1.6 is more difficult.
T : The case of 1.6
N (::atsu.K. IgRI) 1.7

Katsu.K said 1.7.
N The case of 1.8.
I : Is the case of 1.8?
N (Ya.G. I) 1.8

: Are there any cases, more difficult cases?

115_

771



N : 9.99
T 9.99. This case is difficult. Any questions? Now, we try to solve

these with our methods. Please try various cases.
On the one hand most students posed values'. 1.5. 1.6. 1.8. and

they did not pose a mathematically important problem. We can not find
the pattern of interaction as described before in this interaction.

On the other hand, one student, Sai. T.. posed a mathematically
appropriate problem. We infer his thinking process as follows from his
explanations. Sai. T. examines the method that is available for the case
of 1.1. with various values. 1.2. 1.3, and so on. He calculates each
values like this way, 32x1.2=32/5+32=6.4+32=38.4. 32x1.3=32/3+32=?.
He can not solve the case of 1.3. It seems that he thinks this method has
the idea that numerator is one. He clarifies differences of the result of
calculations, 1.1, 1.2, 1.3. The method does not work in some cases. He
formulated a problem. "We must consider other cases, for example 1.3.
It is more difficult for us." We see the pattern of interaction in his
explanations, posing different values, clarifying differences, posing a
problem.

In this situation, the teacher inferred his thinking process as
described above and expected other each student to follow this process
themselves and to pose some values cause problem cases. The teacher
did not expect to establish pattern of interaction among them. Most
students could not come up with the teacher's expectation. They posed
various values, 1.3. 1.5. 1.6. 1.7, 8.9. and so on. It seems that students
expect to establish the pattern of interaction explicitly. They are going
to clarify differences depending on these various values and to pose
problems.

In problem formulating interaction, when we can find a pattern
of interaction, students and the teacher formulate a mathematically
appropriate problem. But the pattern of interaction is not established
explicitly, they can not formulate a problem. The explicit pattern of
interaction contributes to formulate mathematically appropriate
problem. We will discuss more details of the meaning of contributions.

Mathematical rationales in the pattern of interaction
In general when we formulate problems. we need to consider

mathematical rationales: mathematical validity, generality of methods or
conclusions, developments of problems or methods, values of problems
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and so on. In the pattern of interaction, whether do students consider

mathematical rationales or not. What mathematical rationales do they

consider in problem formulating interaction ?
Students seem to use different mathematical rationales in each

situations. The pattern of interaction consists of three parts, posing

various solutions, clarifying differences. and posing problems depend

on differences. We will discuss mathematical rationales in each part of

the pattern.
In the first part, the teacher has accepted all solutions by students

and does not pay attention for the sameness and differences from the

beginning of school year. But the teacher expects students to present

wrong and naive solution. The teacher does not expect to consider
mathematical rationales that are accepted to a wider mathematics

society, but the teacher's this expectation is a mathematical rationales in

this classroom. For example. in situation I, a student posed a wrong

solution herself and in situation II, students posed various values.

When we discuss the difference or the sameness of solutions, we

need to pay attentions for mathematical rationales. in the second part.

the teacher expects students to consider mathematical rationales. The

teacher expresses this in the situation observed on the 17 of April. He

explained mathematically meaningless differences with student's solution

and posed himself mathematically meaningful solution. But it was

difficult to understand for students in that situation. Sometime students

clarifying every differences that are visible for them. Those visible

differences do not always have mathematical rationales. Students seems

do not always consider mathematical rationales that are accepted the

wider mathematics society.
For example. in situation 1, it is possible for students to clarify

mathematical differences of solution without consider mathematical

rationales that are accepted the wider mathematics society. When

students focus on answers and remember the size of the result of

multiplication of integer, they find the difference of procedures of

deciding the place of decimal fractions. This difference is visible.

Students can clarifying differences of solutions without consider

mathenv.' .1 rationales as if they understand them. But students use

knowledge about multiplication of integer.
We see more closely this situation, a student, Fun,. Y.. assumes

that her solution is wrong. In other situation we can also see like this
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assumption by students. When students clarify the differences of
solution, they sometimes assume that one solution is correct and others
are wrong. This assumption has not been valid mathematically before.
Students use such assumption in clarifying differences of solutions.

In some situations students can clarify differences of solutions, as
if they consider mathematical rationales. And sometimes they use unique
rationales which are not shared in the wider mathematical society.

In general, we need to consider mathematical rationales in posing
problem.

Students consider mathematical rationales again. We can find this
in situation 1. Students considered mathematical rationales and pose a
problem. Two students, Ya. G. and Yama. G., insist to consider the
reason why the method (b) is incorrect. They mentioned mathematical
rationale, that was whether have they discussed and shared the validity
of method before or not. They feel that if they use a new method, they
need to examine the validity of a method. This mathematical rationale is
content-free.

Once mathematically important differences of solution are
clarified, students can pose mathematically important problems easily.
Because mathematically important differences has mathematical
rationale, we can directly see differences as mathematically important
problem.

When the pattern of interaction is established, students consider
different mathematical rationales in each part of the pattern of
interaction. Students use various mathematical rationales and
mathematical knowledge to participate problem formulating interaction.
Some of rationales are not accepted in the wider society.

Conclusions
For students what is mathematical rationale or validity in the

problem formulating interaction? How do they use these to construct
problem formulating interaction?

When the pattern of interaction is established explicitly, students
consider different mathematical rationales in each part of the pattern.

Students sometimes use mathematical rationale that is not accepted
in the wider society. but some of them contribute to maintain the pattern
of interaction, for example, posing wrong solution or Italy.; solution in
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the first part. This rationale is essential to establish pattern of
interaction. But this rationale is not accepted in other part of the pattern
of interaction.

Students use mathematical knowledge instead of mathematical
rationale. In clarifying differences, they use mathematical knowledge
that has been shared before. And sometimes they use common sense.
when they mention to visible differences. Students use mathematical
knowledge that are shared in the pattern of interaction. In posing
problem, students use knowledge shared in the interaction of clarifying
of differences. This practice of using knowledge depend on the pattern
of interaction.

Students use two types of mathematical rationale, one is content-
free and the other is content-fixed. Students use easily content -free
mathematics rationale.

When students participate in problem formulating interaction,
students use knowledge and mathematical rationales that are unique to
each part of the pattern. The pattern of interaction helps students to
consider mathematical rationales and to formulate mathematical
problems.
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COGNITIVE MAP ASSOCIATED TO TWO VARIABLE

INTEGRALS

Francisco Cordero Osorio Arturo Gonzalez Larios

Departamento de Matematica Educativa, CINVESTAV-IPN.

Universidad de Colima, Mexico

In the frame of compartamentalization, as a component of calculus problematic.

in the scholastic context. Ne studied the knowledge of the double integral We

identified two representations, one based on the concept of function and the

procedure of approximation and the other based on the concept of quantity and the

procedure of variation. This led to two situations: extention and globalization of

the integration concept, elements, which, articulate both the mathematical and

cognitive structure of the two variable integral.

INTRODUCTION

We are interested in the problems of teaching calculus, acknowledging that students who

efficiently solve problems are those who can easily pass between the different concepts

involved in a problem. In a pragmatic sense based upon the conception of the cognitive

system, where we intend to understand how the representation of knowledge determines

the behavior of the individual exposed to a problem. Pattern recognition and meaning

incorporation play no active role (occasionally completely absent) on the students

argumentation. The central aspects of these research are necessary related in the

epistemologic, cognitive and didactic planes. On the other hand, the flexibility of

representations is conceived as the type of difficulties the students have at characterizing

aspects among the representations.

776 120



In this paper we attend to the following

Considerations - in which the representation and study forms are identified.

Discussion frame - in which the role of frames are discussed

Mathematical structure - in which the objects and actions of each representation are

linked .

Cognitive considerations - in which the type of behavioral response of the students to

different problems is observed.

CONSIDERATIONS

a) The way in which we have been identifying the students representations of the two

variable integral is through problem solving. We use a case study with videotaped

interviews and clinical analysis. b) For the analysis we have established the references of

representations favored by the mathematical scholastic language through the review of the

textbooks most commonly used by our scholars. Besides, we considered the teachers

integral's concept,compiling a catalog of the representations most commonly used to

explain the integral concept.

Specifically, we explored in this context, two symbolic expressions:

II f (x,y)dxdy 114f (x.y)

the representations and meaning associated to each of them, and the type of problems they

are applied to
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DISCUSSION FRAME

The discussion is based fundamentally on their notion of "cognitive map" which refers to

the representational scheme the individuals have of their geographical environment, and

which permits them to have an orientation and trace the places they want to go to,

distinguishing in their representation some nodal points which they use as reference and

through which they can infer spacial relationship of less representative points. (De Vega,

1984).

A metaphor of the concept of "cognitive map" with implications on the problem we have

outlined is the one of a representational internal format, joined with processes that allow

the student to design a strategy to solve the problem situation, depending on the

knowledge of his environment, in our case calculus in two variables, or what for

Schoenfeld (1985) would be "resources". Therefore the situation is to determine the nodal

points and the paths between the concepts that arise in the prot.:ems of integration in two

variables. Being the nodal points, in this case, the representations of the concept of

integral in two variables and the paths being the possible relations between such

representations. We only analyzed two of those representations, one R1, that allows us to

view the integral in two variables as a function, the other, R2 as a quantity, with two

parameters, that may vary.

R, (x,y)dxdy R, 4 ff df (x,y)

Two variable function Quantity that varies
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These two representations are present in the scholastic context, the first one, R1, is

commonly found in Calculus books, and often used in the scholastic mathematical

discourse. The second one, R2, is often found in explanations of continuous variation

phenomena, attended by engineering in a scholastic concept. (Cordero, 1992).

MATHEMATICAL STRUCTURE ELEMENTS.

We have considered three elements of the mathematical structure that distinguish the two

representations, R1 and R2: Procedures, objects and attributes.

PROCEDURES

In the R1 representation the procedures are to "reach" because from the Rieinann integral

definition we understand the region and its value in a measurement connotation, then we

must only reach that value through a process to the limit, in this sense the understanding

of the concept, in the structure, relies on the nature of the twovariable function f(x,y).

Continuity, bounded, derivable, discontinuity types, f prototypes, function domain and

integration domain.

The existency theorems of the integral in terms of the function f have only sense under this

perspective. We must also consider the antecedent of the one variable integral. where we

define an operation to calculate primitives from recognizing the nature of the integrand

function, then again the main part relies on the integrand function and not in the primitive

of it. The limit is the main procedure in this representation we can note the local features

of the function, in this sense the R1 is located in the argumPr.tat;onal mathematical plane

of the approximation "PA 1: Approximation" ( Cordero I 993c)

For the R2 representation the procedure is to "compare" because we accept that it is a
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quantity that may vary, then we ask how does it vary in order to recognize its variation

(Cordero 1993b). In this case the main part falls in the primitive function and not in the

integrand function, and the integration will be a process of joining all the local

accumulations of the same nature with the global accumulation. The main part in the

process is on one hand the taking of the differential element, and on the other the

identification of the invariant. In this case R2 is located in the second argumentation

plane PA2 that Cordero calls the variation plane.

OBJECTS OF THE PROCEDURES.

The objects that characterize each of the representations are, for R 1 , component elements

and, for R2, constitutive elements, in the first case we are dealing with well distinguishable

elements, in the second case we are dealing with elements that conform features that in

turn compose the concept.

OBJECTS

R1 R2

NUMBERS QUANTITIES

DERIVATIVE DIFFERENTIAL

FLUX FLUID

SURFACE VOLUME

In respect to the integral features, both representations conform equivalent mathematical

structures, however, being composed and conformed by different objects and procedures
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(objects and procedures understood as Dubinsky) the actions that the subjects do, derive

in the acquisition of different argumentation planes. An element that allows us to identify

these differences, in the acquired knowledge, is the type of problems that give sense to

each model. In particular, the R2 representation through the accumulation notion allows

us to conform a model for the integral as well as a system of significances (Cordero

1993c) The quantities of two parameters related through a functional expression have the

particular feature to be able to vary in different forms: partial variation or total variation.

This difference in the case of one variable allows us to outline two alternatives to join the

integration of one and two variables to extend" or "to include The first alternative is

closer to the first representation, and the process of extension of the integration of one

variable to two variables is often found in the actual scholastic media

COGNITIVE ASPECTS

Cognitive aspects of the students facing the integral concept, that we have observed

through the study of cases. The students, whose ages vary from 19 to 20 years, took a

normal course of Calculus in various variables in an industrial Engineering School. They

were able to calculate integ.als in two variables through the process of iteration and have

learned to verbally express meanings associated to the symbol if f (x,y)rixdy, for
rr

example, they say that the integral calculates the volume under a surface, however when

giving meaning to "dx" or "dy" or even more to "dxdy" they identify them as elements of

the surface represented by the two variable function of the integral, that is the taking of

the diftbrential element is done on the surface. One of the students appealed to the

analogous case of one variable and located the "(Ix" on the curve and the integral would be

the sum of the elements that conform the length of the curve, which differs to their first

affirmation that the integral is the area under the curve.
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A significant aspect of the cognition of the double integral consist on, that the symbolic

expression lid! (x, y), accounts on the variation argumentational plane, that is, the

functionfix,y) does not play a main role, even if a surface meaning is assigned to it, there

is no recognition, in terms of the function definition, of the number of variables

(extension), but the main role consist of discussing the nature of the quantity that varies

(globalization), in the taking of the variation, in a specific situation as results in the

calculus of an area, length or volume. In this sense the expression J. cif (x ,y) represents a

structure composed of a set of notions, actions, and factual theorems, all of them

encapsulated by the taking of the differential element.

FINAL CONSIDERATIONS

The representations treated with the associated argumentation planes determine types of

problems, which a priori are not related to each other. A curricular restructure must be

guided to identify or construct a type of problems that joins the different representations,

that is in order for the student to solve one of these problems he has to appeal to the

different representations.

A third plane of argumentation, PA3: tendentious behavior, (Cordero 1993c), in which the

centre part are the relations between the graphs and the functions, with global and status

conceptions and features, may conform a new joining model.

From the cognitive point of view, the three argumentation planes and the representations

could constitute a disordered coaceptual field, understood as the transit between them,

with no prefered direction; but from the conceptual development of calculus perspective,

these planes can be recognized as stages of the didactical transposition process, where
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PA I conforms the most recent stage, the one with formal validation; in this sense it can be

said that the argumentation planes form an ordered conceptual field.

PA I

RI

ff .1 (x, y)(ixdy

Approximation problems

PA2

R2

JJ
df (x, y)

Variation problems

PA3

R3

Tendentious Behaviour problems
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Prospective Secondary Mathematics Teachers' Beliefs about "0.999...=1"

Brenda Lee

Wu Feng Institute of Technology and Commerce
Taiwan, Republic of China

Abstract

The purpose of this study is w describe pre-service mathematics teachers' understanding about
mathematical subject matter knowledge, pedagogical content knowledge, and beliefs about those
knowledge. Eight pre-service mathematics teachers answered questionnaire test item: "Is 0.999...
equal to 1 or less than I? Why?" with an affirmative response "Yes, equal to one"; six of them
even provided reasonable proofs or informal explanations. However, through a further probing
interview. all of then believed that "0.999...is less than I." The reasons for this conflict were
caused by the epistemological view of the concept of limit: finite view of the reality, intrusion of the
potential infinity, and confusion between the process and the product. The concept of limit is
central in calculus. Pre-service mathematics teachers' beliefs about mathematics knowledge might
pass to their future students, when they start classroom teaching. This transmission of
mathematical concepts is an issue worth further investigation.

Background

Teachers' subject-matter knowledge and its interrelations with pedagogical content knowledge and

curriculum knowledge are still very much unknown (Even, 1993; Lee, 1992). The focus of what

teachers need to know in order to teach has shifted from quantitatively examining teachers'

standardized tests scores to emphasizing knowledge and understanding of facts, concepts, and

principles and the ways in which they are organized, as well as knowledge about the disciplines

(Ball, 1991; Even, 1993; Lee,1992; Leinhardt & Smith, 1985; Shulman, 1986).

Teachers' subject matter knowledge and pedagogical content knowledge influence not only their

teaching but also their students' learning. Although teachers get their professional education from

both subject matter and education courses, but we do not know enough about what knowledge they

have, what they think about mathematics knowledge , and how they use that knowledge.

Teacher's conceptions of what mathematics is affects way of presenting mathematics subject

matter. Teacher's manner of presenting mathematics is an indication of what they believe to be

most essential in mathematics (Hersh, 1986). In this study, the focus is not on what is the best

knowledge to have, but on prospective secondary mathematics teachers thought what mathematics

is really all about. After all, teaching and learning mathematics is influenced by teachers'

conception of mathematics. To understand teaching from teachers' perspective we have to

understand the beliefs with which they define their knowledge.
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Methodology

Subjects : The subjects in this study were 8 prospective secondary mathematics teachers in the

last stage of their professional education. This group was selected because the description oftheir

knowledge would reflect the knowledge they have gained during their professional education, also

the knowledge they will bring into their teaching profession.

Procedures : The subjects were volunteered to participate a paper-pencil written questionnaire. The

questionnaire was divided into three sections. The first section was to explore the background of

the subjects, such as age, sex, GPA, courses taken in mathematics and in education. The second

section was a list of problems for testing procedural and computational skills for finding limits of

different representations of infinite sequences. The third section was designed to explore

prospective secondary mathematics teachers' ability of the conceptual understanding of the limit

concepts. After the thorough study of the returned information, the researcher found out that the

paper-pencil written questionnaire could not really explicitly express the subjects real thought.

Therefore a follow-up interviews were conducted. Unfortunately, there only four subjects were

able to participate.

Instrumentations: In this study, we discussed one of the conceptual test item in the questionnaire:

"Is 0.999...equal to 1 or less than 1 ? Why ?"

The two interview questions involved the pedagogical knowledge and beliefs about mathematics

were discussed here, hoping might shed light on the research of mathematics teaching and learning.

(1) Do you really think that 0.999...=1 ? Explain why ?

(2) If one of your students said that "my teacher told me that 0.999... = 1, but I don't buy

it." How are you going to explain that?

Results

Every one of this group of pre-service teachers answered :" Is 0.999...equal to 1 or less than 1?

Why? " with a positive "yes". The affirmative reactions was understandable, because just before

the questionnaire was passed out, the professor of the mathematics methods course asked the

whole class to read and reacted on the paper written by Lucien (1971). In Lucien' paper, there

were six different ways to show that 0.999 221. Although everyone of them gave a positive

answer "yes", but the reasons "why" were different. Table 1 showed the distribution of the

answers of why: " 0.999 equal to 1." The answers of "why" were categorized into six types.

They were as follow: (A) one subject was using the method of infinite series to show 0.999"
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=1;(B) three subjects were using the method of converting decimal to fraction; (C) and (D) using

the informal approach of explanation; (E) and (F) are two answers with noting much to say.

Table 1. The distribution of Is 0.999...equal to 1 or less than 1? Why?

A)Equal. (n=1)
9 9

0.999... = 0 + T 4.
o 19000

lira
n->.0

n 9
=Z 1

k=1

00

9

n=1 10n

B) Equal. (n=3)
Proof:

Let n =
So 10 n
So 9n=10n-n=9

9
So n==1

C) 0.999 = 1, because if we say that they have a difference n, then as the number of nines goes
to infinity it goes to zero. (n=1)

D)Exactly equal because there is no number we could add to 0.999 to get 1. (n=1)

E) Equal, by definition. (n=1)

F)EquaL (n=1)
0.999 is 1
1.999 35 2
.999. is 1

1.0 = 1

After analyzing the data from the written questionnaire. an interview was decided to be conducted.

The tesearcher was bueresied in finding out whether this pap of pre-service mathematics teachers

really Agreed with what they read and learned ftom Lucien's paper. Through the telephone contact.

only four subjects were able to participate in the interview survey. Their interview responses were

audio-taped and were transcribed. They were the subjects whose written questionnaire were

categorized as (B), (C), (D) and (F).

As suspected by the researcher, all the subjects disagmed with their previous written answers. Data

from interview question (1) showed the discrepancies between what the pm-service mathematics

teachers knowledge and believing about that knowledge. It also indicated pm-service teachers'
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cognitive views about their academic learned subject matter knowledge. Table 2 demonstrated their

responses of the interview question ( I): "Do you really think that 0.999...=1 ? Explain why ?"

Table 2 Answers of interview question (1): "Do you really think that 0.999...=1 ? Explain why

(B) pre-service teacher said :

OK, I've seen this proof before her class and I have to say that I would still thought that

not equals 1. It's infinitely close but not equal to.

(C) pre-service teacher said :

I've seen a lot of examples of proofs or so-called proofs you could use to show these two

are actually equal, but I don't know whether I will buy them.

(D) pre-service teacher said :

Just as we talked about like in class, I thought .999... is not equal to 1, because I thought

that one was the limit for 0.999, but then was like entirely a page and half of arguments

to show that they are exactly equal, but still you know part of me said "no, they're not."

(F) pre-service teacher said :

You know, I still don't really see how 0.999 equal to 1, I believe it does and everything,
but I just can't, I can't picture it, I guess just because that's what I learned with the

definition of a limit.

The researcher was hypothesized that this group of pre-service mathematics teachers is going to

transfer what they know to their future students. In order to test this hypothesis, interview

question (2): "If one of your students said that 'my teacher told me that 0.999... w I, but Idon't

buy it' How are you going to explain that?" was intended to find out what this group of pre-service

mathematics teachers will do, when provided a teaching situation. Their responses were listed in

Table 3..



Table 3. Answers of interview question (2): "If one of your studetns said that 'my teacher told me
that 0.999... = I but I don't buy it' How are you going to explain that?"

(B) pre-service teacher said G

Just to say this works (pause). You don't need this, one thing you can say, I mean, I guess
I just have to tell them that.

Algebraically it works out, You can show the kids, I don't know if they're convinced,
people in our class still don't convinced.

(C) pre-service teacher said :

Well, if they could see that I like to say that if there is a difference between the two, then
that difference, I can show you that the difference between the two is actually smaller, so if
I ask, if there is difference give me difference no matter what difference they give me, I can
sways make this (0.999...)to be less than this(I), this difference, we can play that for a little
while, they would see that, that must be true because they can't tell me what the difference
is,(laugh) so I don't know, it's going to be hard

(D) pm-service teacher said :

If it were repeating sequence, you can take that round it off and called that 1, so it seems
that what you are doing here rounding it up and called it 1, so actually it is its own number
which is just the 9 goes forever and, so it does.

There is always another 9 out there. So as long as you can add those 9's, it's not exactly
equal to one, but really it is, but I don't want to except it.,
It seems to me that there're always going to be a difference of something, so if took 1 and I
subtract this (0.999...), I will come out with a ever you know smaller little and it would
always keep moving out, but there is always something left over.

(F) pre-service teacher said :

I would say neither do I, but just live with it because thecrazy society that we live in that
they make us think of things like this.

I guess it would have to be outside the sequence because it'san 00 , you're dealing with 9
infinitely times, and you can't really have infinity actually in the sequence, it has to be just
out of reach. I guess., its just approaching it.

If this was just a limit of n to 00, and an equal to .999.... you know then there is no
variable in there to lu: in, so that would ual to .999..., so the are the same.

The findings indicated that if this group of pre-service mathematics teacherswere ask to teach, they

might transfer their beliefs about mathematic knowledge to their students. As given in Table 3, the

data exibited their misconceptions and their teaching pedagogy.
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Discussion and Conclusion

Responses from the above three tables showed the discrepancies between this group of pre-service

mathematics teachers' subject matter knowledge, pedagogical content knowledge, and their beliefs

about these knowledge. Based on researchers' finding (Davis & Vinner, 1986; Lee, 1992, 1993a;

Tall & Schwarzenberger, 1978; Tall & Vinner, 1981), pit-service mathematics teachers as well as

students had difficulty to accept "0.999...=1", part of the reasons were due to the following

epistemological view points of the concept of limit: (1) finite view of the reality, (2) interfering of

the potential infinity, and (3) confusing between the process and the product. We will discuss

these three view-points.

(1) Finite view of the reality: 0.999... <1, because everything this world we are living in and work

with is finite. Therefore, infinite process is impossible to occur in reality. The meanings of limit

are twofold: one is daily usage and the other is the mathematical meaning. It seems that ordinary

language strongly dominates the thinking of mathematical language. Especially the mathematical

limit is considered as a "bound". We could identified these in the following excerpts from the

interview transcripts.

(B) pit-service teacher said :

I always accepted like for all intents and purposes .999... would equal 1 just so that
you can use it.

(D) pre-service teacher said :

(1) you can take that (0.999...) round it off and called that 1

(2) I think, since we used to dealing with finite things, like if you were to give me 99 cents,
you know that 99 cents is not equal to one Dallas and so, you know, if you sell something
that they said with a lot of Vs people would buy it, if you sell me something for ninety-nine
Dallas and 99 cents, it's still not a hundred Dallas, so here're some tie with the finite world
I'm used to working with, so whatever this s, this repeating sequence doesn't get passed
with the barrier that I have from the practical world.

(F) pre-service teacher said :

I would say neither do I, but just live with it because the crazy society that we live in that
they make us think of things like this.

c21 The intrusion of the potential infinity: 0.999... <1 is because the actual infinity goes not exist.

Since it is an infinite processing, it has to go on forever and ever. The intrusion of infinity is a

severe factor causing learning conflict. In the historical literature review (Lee, 1993b), there are

two kinds of infinity, namely, potential infinity and actual infinity. Most people possessed the
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potential viewpoint of infinity. That is, potential infinity occurs in a situation in which no matter

where an individual is, he/she always can go another step; for example, given any positive integer

one can always think of a larger number. In this study, we could identified many of this type of

views in the following excerpts.

( B ) pre-service teacher said :

(1)It's getting very closer and closer and closer to 1.

(2) It's just you know, a continuing decimal going on to infinity, I just, I really can't
picture, picture it well enough.

(3)Obviously, when I told the students that 0.999... equals to 1, they already had
misconceptions. Because, you know, 0.999... is just approaching 1.

(D) pre-service teacher said : There is always another 9 out there. So as long as you can add
those 9's, it's not exactly equal to one, but really it is, but I don't want to except it.

( F ) pre-service teacher said : How do you put on that last 9 to make it all of a sudden urn it
into 1?

(3) Confusion between process and product: 0.999.. < 1 is because the confusion of the meaning

of this representation. "999..." is not only expressing an infinite process represented by "...", but

also indicating a product of that infinite processing represented by the whole thing "0.999...". The

three dots indicated an infinite processing, while the whole thing "0.999..." -- indicated a limiting

value which turned out to be 1. Therefore, 1 and "0.999..." are two sides of a coin. They are the

same ideas of two different Tepresentations (Lee, 1993b). Similarly, the other representation of
"0.999..." can be introduced 'by the limit of an infinite seqlonce {an), where an.10.99 (n 9's

lim lim
after the decimal point), i.e. n->.. an. Therefore, 0.999-- an -1. While viewing from

different representations, this group of subjects get different cognitions. As a consequence, they

were confused between the process of finding the limit and the actual limit. We could identified

these results from the following examples.

( B) pre - service teacher said : It's the value it approaches to but never reaches.

(C) pre-service teacher said : I can show you that the difference between the two is actually
smaller.

(D) pre-service teacher said : I thought .999... is not equal to 1, because I thought that
one was the limit for .999....

( F ) pre-service teacher said: If as just a limit of n to co, and a equal to .999, you know
then there is no variabk in them to plug in, so that would equal to .999, so they are the
same.
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Why the statement of "0.999.--=1" is so difficulty to accept by this group of pre-service
mathematics teachers? From the research literature on the notion of limit (Lee, 1993b), we knew

that most of the students had the same difficulty to accept it. Besides the difficulty of the multiple

representations of 0.999- there also exists the epistemological conflict implicitly involving the

notion of limit. This group of pre-service mathematics teachers were unable to truly understand the

mathematical subject matter knowledge. And their disbeliefs about mathematical subject matter

knowledge were prevailed . Therefore, we need further study on pre-service mathematics teachers

learned academic knowledge with their beliefs about these knowledge.
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This paper discusses the effects of learning mathematics in a particular
cooperative small-group setting on students' types of classroom activities.
One group of four students from a low level ninth grade class was selected for
close observations during sixteen lessons. Eight of these lessons were taught
in a whole-class setting and eight were taught in a cooperative small-group
setting. Observed classroom activities were first identified and then
classified according to the extent of students' active role. Analysis of
classroom observations indicated an increase in students' activeness in the
lessons taught in a cooperative setting. In particular, growth in students'
mathematical communication was exhibited.

Several studies stress the importance of students' active role in the learning process (Brown and

Campione, 1986. Fraser et al., 1988). Nevertheless, most mathematics lessons do not sufficiently

promote students' activeness (Good, Mulryan, & McCaslin, 1992; Mulryan (1992); Romberg

and Carpenter, 1986). In particular, Mulryan (1992) points to the strong effect that whole-class

settings have on low achieving students. According to Mulryan (ibid.), such students become

progressively more passive classroom participants in whole-class settings as they move through the

grades, and by the sixth grade they usually manifest passive classroom behavior.

The effect of cooperative small-group learning on students in general, has shown a positive

effect on students' activeness. Students' activeness, in turn, has shown to have an effect on

students' achievements, such as in the case of learning to read in the reciprocal-teaching procedure

(Brown and Campione, 1986). Thus, finding ways to promote students' activeness in learning

mathematics should be regarded as a worthwhile task.

Promoting high status students' activeness in learning mathematics through small-group

cooperative settings seems to be more feasible, since sometimes these students tend to dominate and

become relatively more active in small-group cooperative settings, than low status students do (Good

et al., 1992). Therefore, for the purpose of the study reported in this paper, a low level class was

selected in order to explore the effect of a specific method of small-group cooperative learning on the

types of classroom activities in which these particular students engage.

As mentioned above, small-group cooperative learning is a strategy that is often recommended

for making learners more active (Good et al., 1992). One reason for this is its potential for

facilitating students' interactions. According to the constructivist approach, students' interactions are

significant activities for effective learning. In particular, task-related verbal interactions are closely

related to learning outcomes. As Webb (1991, p. 367) points out: The content related help that

students give each other in small groups might be considered to lie on the continuum according
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to amount of elaboration. Detailed explanations would be at the high end of such an
elaboration scale, merely stating the answer to a problem or exercise would be at the low end.

and providing other kinds of information would fall in between the two extremes. Thus, in

exploring students' classroom activities in the different learning settings implemented in this study,

(cooperative small-group vs. conventional whole-class), special attention was given to activities

related to students interactions.

This paper is based on the findings of a larger study (Leikin, 1993; Zaslaysky and Leikin, in

preparation) which investigated the effects of a particular cooperative learning method in mathematics

on the extent of students' activeness, and on the types of students activities and interactions.

Students' attitudes towards this cooperative learning method in comparison to the customary whole-

class setting were also examined. In addition, students' achievements were compared in both

learning settings, to make sure that their achievements at least did not drop. In this paper we focus

on students' activeness in the cooperative learning setting.

Method

The Cooperative Classroom Setting
In the spirit of the NCTM standards (1989), a method of cooperative learning was developed,

based on exchange of knowledge between students in the course of solving mathematical problems.

This method is organized through students work with study cards. Each card consists of worked

examples and of new problems of the same type. The learning takes place as follows:

Most of the time, students study in pairs, within a larger group of four students.

After completing the work on a card, students change partners within the group.

Each student is required to explain to his new partner how to solve the worked

example in which s/he gained expertise in the previous card, and to listen to the

explanations given by this partner on how to deal with a worked example in a new

card.

Each student is required to solve a problem (similar to the last worked example which

his partner has explained to him), and is entitled, if needed, to ask his partner (who

already tackled the problem earlier) for help in solving it.

Design
The study was carried out in four low level ninth-grade classes, consisting of a total of 98

students. The four classes were divided into two pairs for comparison. In the first pair, students of

the first class learned all the material according to the experimental cooperative learning method and

students of the second class learned all the material in the conventional way. In the second pair of

classes, students experienced learning by both methods, changing from one to another by the end of

each learning unit. Altogether, the latter two classes engaged in solving problems during 24 lessons,

of which 12 lessons were conducted in the cooperative learning method.
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In order to investieate the effect of the experimental learning method on students' classroom

activities, one group of four students was chosen for close observation. The group was selected

from one of the two classes which encountered both learning methods. One of them was an average

achiever while the other three were low achievers. The group of four students were observed during

16 problem solving lessons, 8 in each learning method. During most of the cooperative classroom

settings, these four students formed one group.

Research Instruments

Two research instruments were designed for exploring students activities and interactions.

The first was an observation schedule which served for documenting classroom observations

and classifying classroom activities. This schedule consisted of eight classroom activities' categories

(see Table 1) which were identified at an earlier phase of the study, based on open, non-structured,

observations.

Table 1: Categories of students' classroom activities for observation

Active activities Passive activities

Giving an explanation Listening to an explanation

Asking a question or requesting help Reading the learning material

Solving a problem independently Other on-task passiveactivities

Copying written material into the notebook Off-task activities

On the observation schedule the observer was asked to fill every two minutes, for each of the

four members of the observed group, the category of the classroom activity in which s/he was

engaged. The reliability of this instrument was checked by Pearson's correlation coefficients. For all

categories, except for reading the learning materials and for other on-task passive activities, the

reliability was sufficiently high (the values obtained were .79 <r <.97 , p <.01). Thus, the latter

two categories were not included separately in the analysis of the results. However, they were taken

into account as components of the entire category of passive activities, because the reliability of this

category as a whole was r >.79, p <.01.

The second research instrument was a student self-report questionnaire. For each study card,

those who learned from it for the first time were supposed to answer the following questions:

1. Did you ask for any kind of help from your partner?

2. Did you receive any help from your partner?

If the answer to the last question is yes, answer the next three questions:

3. Did the help you received include disclosing the correct answer?

4. Did the help you received include detecting a mistake of yours?

5. Did rite help you received include verbal explanations?
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One questionnaire was given to every group of students at the beginning of each cooperative

learning session, and they were all requested to keep track and to report on the same questionnaire

the kinds of assistance, if any, received from their partners in the course of solving the problems on

the study cards. At the end of the session each group had to turn in its report.

Results
The research findings deal with two main issues: (i) Students' activeness; (ii) Students

interactions. On both issues the results indicate an increase in favor of the small-group cooperative

method (i.e., the experimental method).

Students' Activeness
Figures 1 and 2 depict the distribution of types of students' classroom activities for the entire

observed group of four students. The data is given (in percentage) by the average number of times

which a particular type of activity occurred throughout all observations of the group (eight learning

sessions for each method).

passive activities active activities

53.6 %
1 44.3%

31.6% 1 68.3
,

Figure 1: Distribution of active and passive activities

whole-class conventional

smallgroup cooperative

Cooperative

E3 Conventional

PASSIVE

35

13

17

50%
time

30

/6 16

7

offtask listening to
activities an

explanation

copying the solving the giving an asking,
problem problem explanation question

Figure 2: Distribution of different types of students' activities for each learning setting
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As presented in Figure 1, the amount of time which students spent engaged in active activities

increased by 22% (from 46.3% in whole-class setting to 68.3 in small-group setting). A Wilcoxon

test showed a significant level of p <.068, which is considered acceptable in such a case of only four

subjects. A further look into the specific categories (Figure 2), indicated that on most of them there

was an increase of activity level. The only active category in which students decreased their amount

of activity related to it was Copying written material into the notebook. However, this category

seems the least active among the four categories classified as active. It should be noted that in all the

specific categories, a meaningful difference was found (as done for the two categories: active and

passive ), except for the off-task activities. On the latter category no difference was noticeable,

which emid mean that students' slight tendency to off-task activities (around 12% of the time) is not

effected by the learning setting.

Students' Interactions
Two main aspects of students' interactions were analyzed. These aspects relate to: (i)

Mathematical communication; (ii) Help received.

Mathematical Communication. Webb (1991) discusses task-related students' verbal
interactions, and their contribution to learning outcomes. These kinds of interactions fall into two of

the categories of activities described in Table I: Giving an explanation, and Asking a question or

requesting help. We refer to these two categories which are considered very active and desirable as

mathematical communication. The importance of mathematical communication is also manifested

in the NCTM (1989) standards. In Table 2 the mean time (in percentage) which students engaged in

mathematical communication is presented for the entire group of four, as well as for each member

of the group separately.

Table 2: Time spent on mathematical communication

Method

Subjects

small-group
cooperative

mean time (%)
(SD)

whole-class
conventional

mean time (%)
(SD)

Sample group of 4 students 23.5 1.6
(6.5) (1.9)

Student A 18.7 0
(11.2)

Student B 22.9 3.1
(15.1) (3.0)

Student C 19.5 0
(17.1)

Student D 32.9 3.5
(21.9) (4.3)
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Table 2 indicates the meaningful difference in time spent on mathematical communication in

favor of the small-group (experimental) cooperative
learning, for the whole group as well as for each

of its members. The increase varied from about 19% to 29% of the learning sessions. Note, that

two of the four members of the observed group did not exhibit any mathematical communication

throughout all eight sessions of whole-class learning setting.

Help received. The data related to students' help consisted altogether of 231 students' self-

reports to which we refer as 231 cases. Note, that most student reported more than one case. These

self-reports were analyzed, and classified first into two types: (i) 166 (72%) cases in which help

was received; (ii) 65 (28%) cases in which help was not received. In all the latter 65 cases when

help was not received also no help was requested. Furthermore, of the 166 cases in which help was

received, in 113 (68%) cases help was also requested.

The first type of cases in which help was received was further analyzed according to the kinds

of help received. For each case there could be more than one kind of help received. The categories

of help presented in Table 3 correspond to those contained in the self-report questionnaires (see

above). Note, that the total number of cases is not the sum of the numbers of occurrences of each

kind of category of help.

Table 3: Distribution of the different types of help received by students in

the cooperative learning setting

Type of help received

No. of cases in which
help was asked for

No. of cases in which
help was not asked for

Total

Disclosure of the correct 13 4 17

answer (8 %) (2%) (10%)

Error detection 32 43 75

(19%) (26%) (45%)

Verbal explanations 107 8 115

(64 %) (5%) (69%)

Other types of help 3 8 11

(2%) (5%) (7%)

Total no. of cases 113 53 166

(68%) (32%) (1(10%)

Table 3 points to the high percentage (69%) of cases in which the help received included verbal

explanations. Most of the verbal explanations were provided in cases when help was requested (107

cases). These cases constitute 95% of the total amount of cases in which help was requested (113

cases). In addition, it is interesting to note that in 53 (32%) of the 116 cases help was received in

spite of the fact that it was not requested. In these cases error detection was the dominant kind of

help provided (in 43 (81%) of the 53 cases).



Discussion
The findings discussed above support the claim that it is pcNible to promote low level students'

activeness in the mathematics classroom by implementing a small-group cooperative learning setting

based on exchange of knowledge between students. From oiler studies (e.g., Brown & Campione,

1986), it can reasonably be inferred that an increase in students activeness has a positive effect on

learning outcomes in general, and students achievements in particular.

A close examination of the nature of the activities promoted by such cooperative learning

method indicated a major increase in students' mathematical communication. This kind of
communication is an essential component of the process of making sense in the course of learning

mathematics. Thus, it can be assumed that the influence of this change is profoundly related to the

quality of learning.

Investigation of the types of help students choose to offer each other in the experimental small-

group cooperative learning setting points to verbal explanations as a dominating type of help. This

type of help is considered by Webb (1991) to be on the high end of a continuum according to the

amount of elaboration, and has a critical impact on learning mathematics effectively.

The results of this study provide an answer to the serious question raised by Good et al. (1992,

p. 185): How can the teacher best organize and manage the classroom during cooperative work

so that discipline problems do not arise, interactions between students primarily involves
tasks, and pupils still have sufficient freedom to contribute to and participate in the group
discussion? The fact, that off-task activities did not increase during the cooperative work
implemented in this study, shows that discipline problems did not arise and that students'

interactions primarily involved tasks. Students freedom to choose when and what sort of help to

request or provide, the large amount of help received (in 72% of the self-reported cases), and the

increase in mathematics communication, support the claim that in the particular experimental

cooperative method students, indeed, had the freedom to actively participate in discussions with all

members of the group.

References

Brown, A.L., & Campione, J.C. (1986). Psychological theory and the study of learning disabilities.

American Psychologist, 14 (10), 1059-1068.

Fraser, R., Burkhardt, H., Coup land, J., Phillips, R., Pitnm, D., & Ridgway, J. (1988). Learning

activities and classroom roles with and without computers. Journal of Mathematical

Behavior, 6,. 305-338.

Good, Th., Mulryan, C., & McCaslin, M. (1992). Grouping for instruction in mathematics: A

call for programmatic research on small-group processes. In D.A. Grows (Ed.),
Handbook on research on teaching and learning, a project of the NCTM, (pp. 165-

196), New York, Mc.Millan Publishing Company.

Leikin, R. (1993). Implementation of a cooperative learning method in mathematics, unpublished

M.Sc. thesis, Haifa: Technion - Israel Institute of Technology.

798 142



Mulryan, C.M. (1992). Student passivity during cooperative small groups on mathematics. Journal

of Educational Research, 85 (5), 261-273.

National Council of Teachers of Mathematics (1989). Curriculum and Evaluation Standards for

School Mathematics, Reston, V.A.: The Council.

Romberg, T.A., & Carpenter, T.P. (1986). Research on teaching and learning mathematics: Two

discipline of scientific inquiry. In M.C. Wittrock (Ed.), Handbook of Research on

Teaching (pp. 850-873), New York, Mc.Millan Publishing Company.

Webb, N. M. (1991). Task-related verbal interactions and mathematics learning in small groups.

Journal for Research in Mathematics Education, 22, 390-408.

Zaslaysky, 0., & Leikin, R. (in preparation). Students interactions in small-group cooperative

learning of mathematics.

- i4yr9 9
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Abstract in this paper 1 address directly the issue of theories In psychology and theories of
learning and attempt to offer a meta-discourse In which alternative theories can be
compared. I examine theories of the self and of knowledge and the metaphors upon which
we draw to conceptualise the process of learning In general and mathematics learning in
particular. I argue that radical constructivlsm and what Gorgon terms social
constructionism are distinct theories of psychology and outline the theoretical frameworks
each offer. The paper draws on simplified caricatures in order to outline such a meta-
discourse and to attempt to provoke debate In the PME community. This paper argues for
the need to establish a theoretical rationale for links between theories and claimed
consequences in classrooms and rR interpretations of research in mathematics education.

As -the study of the mind (Induced from behaviour) and how It works' (Oxford Dictionary 1988)

psychology, and In particular learning theories, must elaborate notions of the mind upon which they

are based and attempt to establish a rationale for the links between that theory and the 'consequenr

interpretations of behaviour. In our case this concerns the influence of the teacher, of peers, of texts,

of the cultures in and of the classroom and of the semiotics of mathematics. One can slip easily from

seductive statements about knowledge and the learner to statements about classroom activities

without examining either the theoretical rationale for the links or that alternative theories will enable

alternative Interpretations. Any classroom transcript or video can be interpreted in different ways

depending on which theories are being used although rarely are connections between theories and

what constitute exemplars or evidence established In any theoretical way. The mathematics

education research community concerned with psychology, should, for Instance, examine claims that

particular classroom structures encourage nch mathematical constructions by children or that learning

takes place In or through a zone of proximal development, or that mathematical meanings are

contextualised. These studies must be of terms such as 'rich', 'construction', 'learning', 'context' and

how they signify in different perspectives, preceding empirical studies.

The mathematics education research community concerned with psychology must also take account

of developments In theory In recent decades, In particular how theories constitute discourses of

power, or regimes of truth.

However, comparisons of competing theories are notoriously difficult since proponents position

themselves within particular entrenched positions and continue to assert their own. In this paper,

which follows a growing criticism of the radical constructivist position In mathematics education

(Lerman 1992, 1993, In press, Brown (in press)), I will attempt to offer a framework In which different

theories can be elucidated and compared, and metaphors for interpreting classroom behaviours

examined. I do not claim more than that I offer a particular interpretation of theories in psychology in
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an endeavour to engage our community in a meta - discourse. Others are of course possible but if

discussion of them is at the level of the meta-discourse then this paper will have achieved its goal.

The framework I will offer Is a binary opposition of the possible sources of 'meaning-making' and

within that framework I will examine the contrasting metaphors used. 'Meaning' signifies, and what is

presented we Is an attempt to constitute claimant theoretical spaces through examining that

signification, spaces In which other significations may be Interpreted. The gloss I give to these

spews, through examining metaphors, Is a simplification or caricature along the lines of ideal types'.

Nevertheless it is intended as a first attempt at creating a practice in which our academic community

can engage in comparing theories.

Theories In Psychology

Humans are social animals and nature/nurture discussions are no longer of relevance as even to

argue the distinction is to engage in a social practice. The extent to which the individual mind is a

product of socialisation Is perhaps the fundamental Issue for psychology and the extreme positions

may be characterised as the individual as fully social, and the individual as fully autonomous. A focus

on 'meaning' may encapsulate this distinction. On the one hand meaning can be taken to be socio-

cultural; it is produced in discourse and discourse positions or regulates. Individuals are acculturated

Into those meanings; the intersubjectivi becomes the intrasubjective. Individual input into meaning

creation is not denied, but manifests in a dialectic of the participants in discourse being changed by,

and changing, that discourse. On the other hand meaning is constituted by the individual. Nothing

has any meaning until it is given such by the individual although there is an assumption of common

rationality. Interactions with others and with reality are not denied, but are seen as outside the

subject, with her or his personal construal of those interactions and experiences being the essence of

meaning for that individual. In fact to talk of 'outside' makes no sense are there is only the individual's

construal. Consequently the following figure may be taken as a first approximation of psychological

theories:

Mural

I

Meaning carried by culture/discourse Meaning made by the individual

In contrasting theories in psychology in terms of the binary opposition of cultural or individual It may

appear that I am excluding the possibility of both being part of the theory. On the contrary both

positions conceptualise both the 'socio-cutturid' and the 'individual', but how they do so is different in

each case. I am proposing that taking the sours of moaning as characterising the fundamental

argument of each may offer a framework through which to compare how liociar and the 'Individual'

are elaborated in each. Of course the binary opposition as presented frames the discussion in this

paper, as do other elements such as choices of quotes, and the reader's attention Is drawn to this.



The jefthand WI embeds the Indhidual in social practices. Consciousness is attributed to

communication; without sodsl intercourse human consciousness would be animal consciousness.

Consequently the individual is acculturated from infancy, If not before, and concepts are absorbed

from the specific cultures within which the individual develops. In different contexts, with different sets

of social relationships, individuals occupy different positionings :

In general, the subjects positioning will *end on the Interplay of a number of factors,
including:

language and the discursive features of the situation;
- social differences in, say, class or gender terms; and
the subject's Investments of desire' (Hollway, 1989).

(Evans & Tsatsaroni (in press))

There is a multiplicity of cultures which each individual inhabits and I draw on Evans and Tsatsaronrs

notion of 'positioning' rather than 'positioned' as being less determined and also as an entry for the

individual. Further, it carries a sense of always Incomplete and shifting. Situations, for an individual,

offer multiple potential meanings each carrying specific positlonings and different ones are called up

for different people. Evans uses the term 'particularities' here (Evans 1993). They argue that

meanings are displaced along chains of signifiers which might have parts of them in the unconscious.

The way that 'socio-culturar and 'individual' signify is demonstrated In the following:

Once it is grasped that the unity of the individual is borrowed from the unity of the exterior
discourse the true force of the adverb 'culturally', which qualifies any doing, can be
appreciated. The mathematics classroom is an exteriority which imprints the identity of
the subject just as really as a chicken imprints the object present at its hatching.
(Waywood 1993).

The term positioning is a central metaphor of the mind, emphasising how meaning is carried by social

practices through which the individual is regulated.

The tight -hand skit also acknowledges the centrality of social interactions. However the individual is

not positioned by those interactions but construes from them. Each individual has a unique private

conceptual framework through which all Interactions, social and sensorl- motor, and graphic

representations (von Glasersfeld 1992) are filtered or refracted. It may be the case that an Individual

is carried along by a particular social practice, but this happens because the Individual construes her

or his role or understanding In line with that practice. She or he can construe otherwise. Essentially

It makes no sense to talk of knowledge existing anywhere but in the Individual since every interaction

Is construed by the individual; there are potentially many worlds and each person constructs a

particular world for her or himself. The use of 'individuality' and 'social' are demonstrated in the

following:

. . . we come to see knowledge and competence as products of the individual's
conceptual organization of the individual's experience ... (von Glasersfeld 1963 p. 66)

In this sense it Is legitimate to Interpret Feast's work as a social-cultural approach In
which he explained the mathematical development of children as self-regulating,
autonomous organisms Interacting In their environments. He seemed to take the social-
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cultural milieu of the children as a given without attempting to alter their most general

experiences. (Stolle 1993 p. 3-4)

'Making sense', then can mean to construct ways and means of operating in a medium to
neutralise perturbation.; induced through social interaction. (bid p. 25)

In this case, conseual is a central metaphor, emphasising as it does the centrality of the Individual as

meming-maker. An issue for radical constructrvism, which I take to be at this end of figure 1 is how it

appears that a number of people construe the same thing at the same time, as in children creating

some mathematics together In the classroom.

Thus each position has a notion of the individual and each has a notion of the social but they are

different and distinct. At this juncture one may question the coherence of the social constructivist

position In that it ignores the distinctions in understandings of the words social and individual, wanting

to have the metaphor of constreal as the meaning-making process at some times and positioning as

the meaning-appropriatliv process at other times. HOWOVIll this is not the place to pursue the issue.

Psychology In Mathematics Education

I have suggested that radical constructivism is situated on the right offigure 1 and I would argue that

the cultural psychology of Vygotsky is situated on the left. Anotherelaboration of the left-hand side

would be Gergen's social constructionism. Hence below is an extension of the figure in the context of

mathematics education:

1

social constructionlarn
(Gergen's term)

cultural psychology
from Vygotsky
e.g. Walkerdine

sodal conottuctIvIstn radical constructivhsm
(von Glasersfeld's term)

both social and individual psychology Individual psychology
from Plage

Sauerstisid e.g. von Glasersfeld

There is an Inevitable clumsiness of terms here since all positions appear to want to draw on the

metaphor of 'construction' perhaps to avoid both Platonist and empiricist views of how knowledge is

acquired. These latter are both passive positions In the sense that knowledge is either Innate or is

transmitted by reality Itself through unencumbered observation. Both ends of the diagram above

contain notions of the activity of constructing concepts although from different perspectives. Gergen

chose the name 'social constructionism' in order to distinguish It from constructh4sm ( Gergen 1985).

The expression 'solo- cultural theories' has been used (e.g. Wertsch 1991) and I have used it

(Lerman 1994a) to draw together Vygotsky's work with post-structuralism. However, here it is argued

that 'gado-cultural' signifies in different ways In both views, and the labelsocial constructionism has

been applied to the left side of figure 2. Whilst Vygotsky's work and post-structuralism are by no

means synonymous, Vygotsky's choice of 'word', and in some Interpretations of the Russian,
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'meaning', as the unit of psychology opens the door to other later theories, such as post-structuralism,

which examine the ways In which knowledge as power is situated in discursive practices.

I do not view the two positions to be ends of a continuum and consequently the line between the two

ends is a broken one. I have set up the two psychological theories as being based in the choice of

site of meaning and I have argued that intermediate positions are incoherent. Thus social

constructivism is placed, in italics between the two positions but does not have a marker on the line.

In the next two sections I will offer metaphors for the teacher and for the learner and examine how

those terms carry and constitute the spaces in which the theories operate.

The Teacher

An appropriate choice of metaphor for the role of the teacher in constructivist language is perhaps

facilitator. This perpetuates the notion that all the teacher can do is to facilitate the learners

constructions. Then is no sense in which the teacher conveys, transmits or In any other way actively

and directly affects or determines the learners constructions. At the same time it is argued that the

teacher can choose activities, classroom relationships etc. to aid those constructions. Whilst there is

clearly a recognition of the teacher's special knowledge of what it is to communicate mathematics, to

organise possible mathematical environments and the more general pedagogical knowledge of

fostering reflection and abstraction, these skills or understandings do not manifest in terms of power

In the classroom, nor do they 'exist' anywhere, as this would Imply some pre-exlsting knowledge

which the student would need to acquire. It should also be noted that mathematical communication

does not carry any power or regulation of its own. This position on mathematical communication

maintains what Piaget says of the semiotic function in general, that it:

consists in the ability to represent something (a signified something: object, event,
conceptual scheme, etc.) by mean; of a signifier which is differentiated and which serves
only a representative purpose. (Pdget, quoted in Gruber and Voneche 1977 p.489)

i.e. it sees the signified as arising extra-discursively (Walkerdine 1988). The metaphor of facilitator

carries a function for the teacher, although not a necessary one. There Is a sense of the facilitator

making something easier, as though the process can take place without her or him. Stotts (1993)

talks in terms of 'provocations' by the teacher enducing the children to experience perturbations

"which the children must generate', although 'there is no necessary correspondence between the

two (p. 28). In what sense, then, can one understand that the teachers interventions are essential In

provoking learning? I would argue that it is In the sense that Rapt talks of interactions, social or

otherwise, as producing learning; they have no regulating function, but offer the possibility for the

Individual to experience perturbations. The sense of social as being distinct from the Individual, and

the work being done entirely by the individual 'because the children must generate the perturbations'

contributes to the constitution of the theoretical space at the right side of figure 2.
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On the other side of figure 2, an appropriate metaphor may be the teactisr as mediator. The term

acknowledges the position she or he occupies in apprenticing the learner r-4 particular discourse

which constitutes the context; In our case the mathematics classroom. It makes overt the Washers

membership of the community of mathematicians, her or his familiarity with mathematics as a

semiotic system, and admits to teaching as a task concerned with an knbalanoe of power *aborts by

virtue, at least, of that community and that semiotic system. tt engages with the notion of the teacher

as someone who plays an active part in the students' learning asmediator, as do texts and classroom

social relationships. It admits of something pre-existing the learner, or perhaps better expressed as in

the environment of the learner, that is the culture(s) in which the learner is placed. It emphasises the

necessary function of the teacher and/or other mediators; the mediation is essential for the process to

take place. Indeed it makes no sense to speak of autonomous individuals or actions:

The most central claim I wish to pursue is that human action typically employs
mediational means- such as tools and language, and that these mediations! means
shape the actions In essential ways .. . the relationship between action andmediational
means Is so fundamental that It Is more appropriate, when whirring to the agent involved,
to speak of individual(s)-acting with medlational means* than to speak simply of
Individual(s. (Wertsch 1991 p. 12)

If one thinks of language as such a mediational means the sense of Wertsch's claim becomes clear.

In criticism of Vygotsky's argument about tools, Stet% says the following:

Vygotsky's notion of Internalization is an observer's concept in that what the observer
regards as external to the child eventually becomes In some way part of the child's
knowledge. But Bickhard (in press) has pointed out that there is no explanatory model of
the process. (Strafe 1993 p. 30)

Articulated within the theoretical space that sets the individual as meaning-maker, Staffs's claim

appears to be right. However in the theoretical space on the left of figure 2 the individual is

constituted In the discourse and positioned by It. There is no separation of the Individual from social

interaction which connection is the process that needs to be explained in the radical constructivist

perspective.

Learning

The two metaphors I will choose to exemplify the process of learning within the two spaces are

constructing and appropriating. In the radical constructivist space individuals construct their own

knowledge. As quoted above, von Glasersfeld argues for the centrality of thecognizing individual in

articulating what Is knowledge within the space:

. . . we come to see knowledge and competence as products of the individual's
conceptual organization of the individual's experience (von Glasersteld 1983 p. 66)

Individuals must do their own constructing. It is an active process which of necessity builds on the

particular foundations, schemata, that exist. There are fundamental operations of the mind and, in

relation to mathematics, It Is these operations from which one conceptualises unit and plurality, the

former derived from the conceptual construction of 'objects' and the latter from an awareness of
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repetition of the recognition of objets. Neither are merely the result of sense impressions but the

result of reflective abstraction on those sense Impressions. A further notion is needed, that of

number, and von Glasersfeld argues (Staffs et at 1983) that it may arise from the activity of counting.

Thus mathematics is a matter of internal mental operations and meaning Is an association of mental

operations with mathematical symbols. This is a private process, which 'cannot be witnessed by

anyone else"; all one has to go on is the visible results of those mental operations, the writing,

speaking or other behaviour of students. Nevertheless, von Glasersfeld argues that the teachers

task Is to 'stimulate and prod the student's mind to operate mathematically', and that teaching 'has to

be concerned with understanding' (von Glasersfeld 1992). One does not live in someone else's

house, one has to construct one's own.

The notion of appropriation, on the other hand, carries a sense of making one's own something which

also, and already, belongs to other people. In this way, the metaphor emphasises the function of

communication and the cultural interpretation of consciousness. At the same time it indicates the

internalisation of, in some senses the positioning by, cultural life and experience. It also carries with it

a notion of t. ,,r need for tools through which appropriation takes place. Vygotsky offers the following:

. . . examples of psychological tools and their complex systems: language; various
systems for counting; mnemonic techniques; algebraic symbol systems; works of art;
writing; schemes; diagrams; maps and mechanical drawings; all kinds of conventional
signs" (Vygotsky 1981 p. 137)

Conclusion

Drawing the chosen metaphors together, they may be summarised as in the figure below:

Figure 3

I -1

social constructIonlem
(Gergen's term)
cultural psychology (from Vygotsky)
moaning as positioning,
teacher as mediator
learning as appropriation

radical constructiviam
(von Glasersfeld's term)

Individual psychology (from Piaget)
meaning as construe!
teacher as tecititalor

learning as construction

have argued that these two positions can be seen as two distinct theoretical spaces within which

notions such as individual, and sociocultural, teaching and learning are all conceptualised, but

differently. In an attempt to create a meta-discourse in which these distinctions and differences can

be identified I have drawn on the origins of meaningmaking. There are many other aspects that can

positions. Plagers psychology was developed Ina context of a search for individual freedom through

rationality and focused on natural, biological metaphor for development that would argue that the

human being can make appropriate autonomous choices In the correct environment, in our case the

correct construction of mathematical knowledge. It has been argued that 'natural' rationality has
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enabled a process of regulation of the child on the basis of what is normal (Walkerdine 1984).

Vygotsky's psychology was an attempt to develop a fia cultural psychology which would draw on

Marx's social theory: "The mode of production c4 material life conditions the general process of social,

political and intellectual life" (Marx (originally 1859) 1970 p. 21). Other aspects to be examined

would include the readings of research within the two spaces.

In particular, this paper is an attempt to engage with how learning theories and their metaphors carry

and create theoretical spaces within which research activity, Interpretation, theorisation and debate

are constituted and perpetuated and to provoke discussion amongst our community. Notions such as

'individual' and 'socio-cultural' signify differently In these spaces and to ignore the differences Is to

encourage incommensurability.
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STUDENTS' CONSTRUCTIONS OF GROUP ISOMORPHISM

Uri Leron, Orit Hazzan, Technion Israel Institute of Technology, Haifa, Israel

Rina Zazkis, Simon Fraser University, Vancouver, BC, Canada

Abstract
This article is concerned with how undergraduate students understand the concept of
group isomorphism. Our analysis is based on clinical interviews conducted with
students in their first Abstract Algebra course. Students' constructions, difficulties and
misconceptions are described and analyzed.

Introduction
This article is part of an ongoing international research on learning Abstract

Algebra. It is concerned with how students in their first Abstract Algebra course,

construct and discuss the concept of group isomorphism. In a number of recent studies,

various topics in the learning of Abstract Algebra were investigated ( Dubinsky, Leron,

Dautermann & Zazkis, preprint; Hart, in press; Selden & Selden, 1987), but none so far

had its main focus on isomorphism .

Informally, two groups are isomorphic if they are "the same except for

notation". Thus, if we take any group and rename its elements, we get an isomorphic

copy of the same group. The formal definition is quite far removed from this intuitive

notion. An isomorphism from a group [G,o] to a group [G',6] is a one-to-one function f

from G onto G', satisfying f(a o b) = f(a) o f(h) for all a,b in G. Two groups are called

isomorphic if there exists an isomorphism from one to the other.

The understanding of isomorphism is built on understanding other concepts in

group theory, like the concepts of group, order of element, the group's properties and

the relation between properties of a group and properties of an element. Therefore, the

way in which students construct the concept of isomorphism can reveal how they

perceive additional concepts in Abstract Algebra.

In addition, the concept of isomorphism is combined with other mathematical

concepts, like those of function and existential quantifier. These related topics, have

been treated in previous studies (Dubinsky, Elterman and Gong, 1989; Dubinsky, 1993;

Harel and Dubinsky, 1992; Leinhardt, Zaslaysky and Stein, 1990). Our analysis of

students' understanding of the concept of isomorphism may also provide additional

insight on these more general topics.
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Context - description of the research

The main body of the research consists of in-depth, semi-structured interviews

with 5 students, participating in the Abstract Algebra course taught by two of the

authors to computer science majors at the Israel Institute of Technology (IIT). The

interviews were taken 7 weeks after the final exam, and lasted 60-90 minutes each. All

interviews were audiotaped and transcribed. The interview questions were presented to

the students verbally, but were based on a pre-prepared questionnaire. The

questionnaire, as well as the data from the interviews were translated into English (from

the original Hebrew) for this report.

Some research results

In this paper we focus on three observations which deal with students'

constructions and discussions of isomorphism. For additional data and a fuller

description of the research results consult Leron, Hazzan and Zazkis (preprint). Our

first observation concerns students' craving for "canonical" procedures, the other two

deal with the concept of existential quantifier and the concept of function-from-G-to-G'.

The observations re-occurred in the interviews often enough to convince us that they

'represented more than just accidental negligence on the part of some students.

Observation a, Students get stuck in constructing an isomorphism between specific

groups, when there is more than one way to proceed.

This phenomenon may be explained as a misconception about existential

quantifiers: "there exists a function" is taken to mean "there exists a unique function"

or, alternatively (and more plausibly), "there is a canonical, algorithmic, way to

construct a function".

Attempting to build o correspondence between G and G° directly, some

students are stalled in their efforts because of the variety of possibilities to create such a

matching. Having followed the usual sequence of checks, they successfully match the

identity of G to the identity of Go and then turn to calculate the orders of the elements.

Upon encountering three elements of order 2 and two elements of order 3 in these

groups, they get lost. They can't decide which match to choose and therefore fail to

construct any.
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The following excerpt from an interview on the question in Figure 1

demonstrates our observation.

David: [...] It's not going to go like that. Must think of the exact

definition.

Int: What do you mean "it's not going to go like that"?

David: Start changing now... instead of each letter with circle, to find the

corresponding one in G.

Int: Why? Why shouldn't it go like that?

David: Because I don't know for example what to put instead of a.

Because a instead of a° is of order 2, but I can put it in three ways. So I

don't remember any more if it makes a difference. I think it should make

a difference what element of order 2 1 choose.

One explanation for this phenomenon can be found in their school experience,

where one is always -cemed with computational processes (to find a solution, a

GCD, etc.) rather than with existence of abstract objects. Proving existence is a more

abstract and mature process than performing some computational procedure. Another

conjecture of an affective nature may be added: There is much more feeling of security

in performing an algorithmic process, where each step is determined by the previous

ones, than in trying to construct something from scratch under conditions of vagueness

and uncertainty.

Before moving to the next two observations, we attend to some possible mental

constructions of the definition of group isomorphism. By its very definition, the

isomorphism concept deals with the existence of a certain function on groups. Thus in

analyzing students' interviews about isomorphism, we can distinguish levels of

understanding of the various concepts involved: group, function and existential

quantifier. The following statement, taken from one of our interviews, is a typical

example of partial understanding in which the three conceptions are intertwined:

'... these two groups are isomorphic because I can find a one-to-one function from each

element in G to each element in G' ".

Theoretically, it is possible to investigate separately the developmental stage of

the group, the function and the existential quantifier conceptions. The distinction that

turned out to be appropriate for analyzing 4311- data, has been between existential

quantifier on the one hand and the compound concept "function from G to G"' on the

other.
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Following are three group operation tables. Your task is to decide which are

isomorphic to each other and which are not.
[Answer: G and Go are isomorphic to S3, and a is isomorphic to Z6.]

a d y x a c b

b c d a b y x

c b x y c a d

d a b c d x y

x y c b x d a

y x a d y b c

a' b' c' y' x'

b' c' a' b' x' y' d'

c' b' e d' x' y'

d' y' x' b' a' c'

x' d' y' x' a' c' b'

x' d' y' c' b' a'

x ao b° co d° X° y°

0 y° c° b° x° d° a°

b° x° y° d° C° a° b°

C° d° a° x° b° y° C°

d° C° x° a° y° b° d°

X° b° d° y° a° C° x°

y° ao bo c° d° x° y°

Fi wre 1

G'

Go



Observation h. We have identified three main types of expressions used by students to

refer to the existential quantifier:

(i) "... I can find a function ...",

(ii) "... it is possible to find a function...",

(iii) "... there exists a function...".

These three phrases express different degrees of student's involvement with

the mathematics. The first one has a strong component of "me doing something"; it can

be characterized as "first person, procedural language". The second expression retains

the procedural character, but employs the neutral third person. The last expression

employs the fully detached, declarative style of formal mathematics. We conjecture that

these three expressions correspond to three levels of development of the existential

quantifier conception. Employing the terminology used by researchers who take a

developmental perspective on the mental constructions of mathematical concepts, we

may conjecture that these three stages correspond to a path from action or process

conception of the existential quantifier to its conception as an object. (Douady,1985;

Dubinsky, 1991; Sfard, 1987, 1991).

Observation c. This observation parallels the preceding one. Here also we have

identified three types of expressions used by students to refer to the compound concept

function-from-G-to-G'. The isomorphism function in these expressions maps

(I) "each element of 0 to each element of G' ",

(II) "the elements of G to the elements of G' ",

(III) "G to G' ".

We note that unlike school mathematics, where functions are often treated

without explicit mention of the sets on which they operate, in the context of

isomorphism the function cannot be separated from its domain and range: we must talk

about isomorphism from one group to another. Thus, the development of the function

part of the isomorphism concept must be coordinated with that of the group part, or at

least the set of the group.

As in the previous case, using a developmental terminology , these three stages

may correspond to the path from action or process conception of function to its

conception as a mathematical object.
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Observations b and c are usually intertwined in our interviews, and the data for

both is presented together. In fact, we show data in which students exhibit various

combinations of development for the two concepts involved. Using the numbering of

the three expressions in the two observations, we will refer to these combinations as

(i-II), (ii-I), etc. All the excerpts shown are taken from students' answers to the

question in Figure 2.

I. Suppose you are given two groups. How can you tell whether they are

isomorphic? How can you convince someone that they are isomorphic?

How can you prove it?

[In case the student doesn't give a full answer including functions, the

interviewer proceeds to ask the following question:]

2. What is isomorphism?

[Now question I is repeated to see if the answer to 2 has induced any

change.]

Figure 2

Ron (ii-Ill): Two groups are isomorphic if it is possible to find a

function which maps from one to the other so that the order of the

elements is preserved and the operation is preserved.

Dan (ii-I or ii-III): Two groups are isomorphic if [...] it is possible to

find a function between them which connects in a one-to-one way every

element to every element, every element in group A to every element in

group B.

Saul (ii-I or [To show that two groups are isomorphic] in principle

it is necessary to find some map between every element here to every

element there [...] If such a map exists and the two groups behave

similarly then 1...1

1

Dan (i-II) : [Two isomorphic groups are] a pair of groups which I can

match a full map, a one-to-one map between their elements [...]

1Ben (i -I): I take an element from one group and find its image in...

exactly as with function in mathematics.
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Conclusion

One interesting feature of research on learning a particular topic is the interplay

between the specific and the general. Indeed, the very concept of isomorphism is but a

formal expression of many general ideas about similarity and difference, most notably

the idea that two things which are different, may be viewed as similar under an

appropriate act of abstraction. Here are two more examples:

First, the phenomenon of students getting stuck in constructing a specific

isomorphism may be seen as a special case of the general phenomenon of students'

craving for canonical procedures and their fear of loose or uncertain procedures, in fact,

procedures with any degree of freedom.

Second, difficulties with formulating definitions related to isomorphism may be

mere special cases of difficulties with functions and quantifiers; more specifically,

difficulties with quantifying over functions. This in turn may be related to the even

more general developmental issues of the processes and objects involved in

constructing the mathematical conceptions involved.

Acknowledgment: The authors would like to express their gratitude to Ed Dubinsky and

to Anna Sfard for their helpful comments.
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CHARACTERISTICS OF EFFECTIVE MODEL-ELICITING PROBLEMS

Miriam Amit Eamonn Kelly Richard Lesh

Israel Ministry of Education Rutgers University Educational Testing Service

flow can we democratize access to powerful elementary-but-deep math constructs?
Flow can we recognize and reward a broader range of students' mathematical abilities?
A key to success is to focus on a small number of elementary-but-powerful constructs
(student-constructed conceptual models) and to focus on tasks which require deeper
and higher-order understandings of these constructs. Then, using principles which
will he described in this report, we create "model eliciting activities" in which students
construct one or more of the preceding "big ideas" (or models for making sense of
experiences within complex systems). - - The preceding principles were developed bu
expert teachers in a series of "three-tiered teaching experiments" (which is a powerful
new constructivist research methodology which will be described in the session.

Introduction: The essence of an age of information is that many of the most important
"things" that influence peoples' daily lives are systems: communication systems, social
systems, economic systems, education systems, and other systems which are created by

humans based on elementary-but-deep constructs (i.e., models, structural metaphors)

which students also must develop. structure the world at the same time they structure
the student's interpretations of their experiences. In technology-based societies, these

constructs tend to be embedded in powerful conceptual technologies which are used on

a daily basis in fields ranging from the sciences to the arts, in professions ranging from

agriculture to business and engineering, and in employment positions ranging from

entry-level to the highest levels of leadership. Consequently, these tools radically

expand: (i) the kinds of knowledge and abilities which are needed for success in a

technology-based society, and (ii) the kinds of problem-solving/decision-making
situations which are priorities to address in instruction and assessment. For example:

When business managers use graphing calculators (or spreadsheets) to make

predictions about maximizing cost-benefit trends, these tools not only amplify the

manager's conceptual and procedural capabilities when dealing with old decision-
making issues, they also enable the manager to create completely new types of

business systems which did not exist before the tools were available; and,

completely new types of problems and issues arise as priorities to address.

In a world where new conceptual and procedural tools are being used for new

purposes in new kinds of problem solving situations, past conceptions of mathe-

matical ability are often far too narrow, low-level, and restricted. Therefore, it is
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misleading to speak of treating students fairly on a given test (or textbook, or teaching
program) if the test as a whole reflects obsolete, superficial, and instructionally-un-
productive biases about the nature of mathematics, problem solving, teaching, and

learning. But, how can a broader range of mathematically capable students be
identified and encouraged? Our research suggests that one of the main keys to success
is to focus on a small number of "big ideas" which are based on constructs (i.e.,
student-constructed models, or structural metaphors) which have proven to have the
greatest power and usefulness for success in for describing, explaining, predicting,
manipulating, and controlling complex systems in "real life" problem solving
situations. Then, using principles which will be described in this section, we create
"model eliciting activities" in which students construct one or more of the preceding
models for making sense of experiences within complex systems).

Based on research with hundreds of students in the preceding kinds of "real life"
problem solving situations, the following results have emerged consistently: (1) Even
students whose prior experiences in school suggested that they are far "below
average" in mathematical ability, their performance on such activities routinely
shows that they are able to invent (or significantly extend or refine) mathematical
models which provide the foundations for the small number of "big ideas" that lie at
the heart of the mathematics courses in which they were enrolled, (2) the
mathematical models that they construct (which psychologists might refer to as
"cognitive structures) are often far more complex and sophisticated than those that
previous teaching and testing experiences suggested they were unable to be taught,
and (3) new students are not likely to emerge if modeling is treated as another attempt
to teach content-independent Polya-style heuristics, strategies, and processes, (POs:
process objectives), or if the applications are used mainly as devices to increase
motivation and interest (AOs: affective objectives), or if the applications are used only
as contexts for tedious chains of low-level facts and skills (BOs: behavioral objectives).

Theoretical Framework: The theoretical framework for our studies is based on a form
of constructivism in which attention is focused on the nature of the constructs that
students develop ... at least as much as it is focused on the processes that students use
to develop and refine these models. Like other constructivist approaches, however,
our theoretical perspectives are strongly influenced by the following shift from
mechanistic to organic/systemic assumptions about the nature of mathematics,
problem solving, learning, and teaching.
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Mechanistic Perspectives Organic/Systemic Perspectives

The Nature
of Mathe-
matics

The objectives of instruction are
stated in he form (Given ... the
student will ); and, knowledge is
described using a list of mechanistic
condition-action rules (definitions,
facts, skills) ... some of which may
include higher-order metacognitive
rules for making decisions about:
(i) which lower-level rules should
be used in a particular situation, and
(ii) how lower-level rules should be
stored and retrieved when needed.

Knowledge is likened, not to a
machine, but to a living organism.
Many of the most important cog-
nitive objectives of mathematics
instruction are descriptive or
explanatory systems (i.e., mathe-
matical models) which are used to
generate predictions, construc-
tions, or manipulations in real life
problem solving situations ... or
whose underlying patterns can be
explored for their own sakes.

The Nature
of Problem
Solving

Problem solving is described as
getting from givens to goals when
the path is not obvious. But, in
mathematics classrooms, problem
solving is generally restricted to
answering questions which are
posed by others, within situations
that are described by others, to get
from givens to goals which are
specified by others, using strings of
facts and rules which are restricted
in ways that are artificial and
unrealistic. In this way, students'
responses can be evaluated by
making simple comparisons to the
responses expected by the authority
(the teacher). - Problems in
textbooks and tests tend to
emphasize the ability to create
meanings to explain symbolic
descriptions.

Important aspects of real life prob-
lem solving involve developing
useful ways to interpret the nature
of givens, goals, possible solution
paths, and patterns and regular-
ities beneath the surface of things.
Solutions typically involve several
"modeling cycles" in which
descriptions, explanations, and
predictions are gradually refined
and elaborated. Therefore, several
levels and types of responses are
nearly always acceptable (depend-
ing on purposes & circumstances);
and, students themselves must be
able to judge the relative useful-
ness of alternative models. - - -
Real problems more often
emphasize the ability to create
symbolic descriptions to explain
(manipulate, predict, or control)
meaningful situations.
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The Nature Humans are characterized as infor- Humans are model builders,

of Experts mation processors; and, outstanding theory builders, and system

students (teachers, experts) are those builders; and experts are people

who flawlessly remember and who have developed powerful

execute factual and procedural rules
... and who are clever at assembling

models for constructing, manip-
ulating, and making sense of

these facts and rules in ritualized structurally interesting systems.

settings. Experts also are people who are
proficient at adapting, and
extending, or refining their
models to fit new situations.

The Nature Learning is viewed as a process of The models students construct

of Learning gradually adding, deleting, and de- develop along dimensions such as

bugging mechanistic condition- concrete-to-abstract, particular-to-

action rules (definitions, facts, or general, undifferentiated-to-

skills). If the precise state of know- refined, intuitive-to-analytic-to-

ledge is known for an expert (E) and axiomatic, situated-to-decontext-

for a given novice (N), then the ualized, and fragmented-to-inte-

difference between these two states grated. So, development often in-

is portrayed as the subtracted volves conceptual discontinuities

difference (E-N). and reorganizations ... such as
when students go beyond thinking
WITH a given model to also think
ABOUT it. - - Experts not only
know more than novices, they
also know differently.

The Nature Teaching is considered to involve The teaching is shifting from

of Teaching mainly: (i) demonstrating relevant authoritarian models based on

facts, rules, skills, and processes, (ii) "transmission of knowledge" to a

monitoring activities in which student-centered practice featur-

students repeat and practice the ing stimulation of learning.

preceding items, and (iii) correcting Teachers are catalysts who help

errors that occur. students learn to think for them-
selves. They should not act solely
as trainers whose role is to show
the "right way" to solve problems.
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Methodology: In the past, to investigate the nature of students' developing mathe-
matical knowledge and abilities, we have found it useful to focus on teaching experi-
ments which can be characterized as longitudinal studies of conceptual development
within mathematically rich environments in which it is possible to simultaneously
stimulate, facilitate, and investigate the evolution of particular knowledge and
abiltI es. Similarly, to investigate the development of teachers' mathematical-
psychological-instructional knowledge, teaching experiments with students often
provide excellent contexts for teaching experiments with teachers ... where, once
again, it is possible to create conditions which optimize the chances that development
will occur without dictating the dim non of development. We refer to such studies as
two-tiered teaching experiments; and, for both tiers, the goal of the researcher is to
orate a context in which the participants simultaneously learn and document what
they are learning. To accomplish this goal, the environments at both tiers must
stimulate the development, testing, and refinement of new constructs.

In the case of the studies that will be reported here, the activities for both students and
teachers centered around tasks that it is currently fashionable to refer to as involving
authentic performance.. That is, are authentic in the sense that they are not just
surrogates for activities that are meaningful in "real life" situations, they involve
actual work samples taken from a representative collection of activities which are
important in themselves; and they are performance activities in the sense that they
focus complex holistic performances rather than simply piecemeal chains of isolated
facts and skills. - - - But, what are the key characteristics of an effective authentic
mathematical problem solving activity for a middle school student? And, what is a
similarly authentic performance for their teachers?

Answering the first of the preceding questions was in fact the goal of the teacher-tier
of the project. That is, participating teachers worked together as co-researchers to
formulate a useful answer to the first of the preceding question. The result is the
principles that will described in the next section of this paper. Then, these evolving
conceptions of effective performance assessment activities were used to help teachers
clarify their own conceptions about the nature of: (i) real mathematics, (ii) "real life"
situations, (iii) realistic tasks, questions, or decision-making issues, and (iv) realistic
tools and resources. Therefore, in the case of the studies that will be reported here.
authentic performance activities for teachers involved developing the following
resources to be used in their classrooms.
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Examples of high quality performance assessment activities in which the chances

are high that students will construct mathematically significant conceptual models,

as well as revealing conceptual strengths and weaknesses related to this model.

Examples of students' alternative ways of thinking about the preceding activities,

and examples of various levels of quality for the performances that are required.

Classroom observation forms which teachers can use to observe: (i) roles that

various students play during solution attempts, (ii) conceptual strengths and

weaknesses that can be taken into account in follow-up instruction, and (iii)

strategies and procedures that are useful at various stages during solution attempts.

Quality assessment guidelines and procedures to help teachers recognize the most

important criteria for determining the strengths and weaknesses of alternative

approaches to the problems.

Result: Restilts of the preceding activities will provide the data tin the form of

videotapes, and written student portfolios) which will be presented at the PME

research reporting sessions on which this paper is based. This remainder of this

section briefly describes six principles which can be used to assess the quality of model-

eliciting activities which are intended to be used for purposes such as "performance

assessments" in curriculum reform efforts. These principles were developed by expert

teachers during a series of NSF-funded research projects in which teachers, parents,

administrators, and community leaders worked together for periods of fifteen weeks

to develop: (i) a small library of exemplary "real life" projects for children, and (ii)

principles for writing such projects, and for assessing their quality. - In each case,

we began with the assumption that the kind of model-eliciting activities we were

seeking to define would have at the following characteristics.

Solutions require approximately 15-60 minutes to construct, and they provide

powerful prototypes for dealing with issues that are important to the students or

others they would like to impress.
Issues fit the interests and experiences of targeted students, and they encourage

students to engage their personal knowledge, experience, and sense-making

abilities.
Solution procedures.encourage students to use realistic tools and resources,

including calculators, computers, consultants, colleagues, and "how to" manuals.

Evaluation procedures recognize more than a single type and level of correct

response.
Overall activities contribute to both In and assessment ... because student

simultaneously learn and document what they are learning.
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The principles that were identified included the following.

The Reality Principle: Beyond referring to real objects and events, would this
question really occur in a "real life" situation? Will the student know who is
asking for the result and why? (If not, how can appropriate decisions be made
about the relative importance of speed, accuracy, precision, risks, benefits?) Will
students be encouraged to make sense of the situation based on extensions of their
own personal knowledge and experiences? Or, as in the case of the example that is
given in Appendix C, must they "turn off" their real life knowledge and experience
in order to give the response that conforms to the teacher/textbook/test's (often
perverse) notion of the (only) "correct" solution process?

The Model Construction Principle: Does the task create the need for a model to be
constructed, or modified, or extended, or refined? Is the goal similar to those in
case studies in professional schools ... where the task is not simply to answer some
question, but also involves constructing a structurally significant system... or
constructing a description or explanation to manipulate, predict, or control a
structurally significant system? Is attention focused on underlying patterns and
regularities rather than on surface-level characteristics?

The Simple Prototype Principle: Is the situation as simple as possible, while still
creating the need for a significant model? Will the solution provide a useful proto-
type (or metaphor) for interpreting a variety of other structurally similar
situations? Will it be useful to refer back to these metaphors ... as students go on to
learn new things (or solve new problems) in school or in their everyday lives?

The Model-Documentation Principle: Will the response require students to
explicitly reveal how they are thinking about the situation (givens, goals, possible
solution paths)? If so, then it should be possible to look at the responses that they
generate and name what kind of system (mathematical objects, relations,
operations, patterns, regularities) they were using to think about the situation?

The Self-Evaluation Principle: Are the criteria clear for assessing the usefulness of
alternative responses? Will students be able to judge for themselves when their
responses are good enough (and for what purpose the results are needed, and by
whom, and when)? [note: One reason why self-assessment is so important is to
give students a sense of power; but, another reason is that, when responses are
constructed for model eliciting activities, students usually need to go through a

166

622



series of modeling cycles in which givens, goals, and possible solution steps tend to
be Interpreted in a variety of alternative ways. So, if students are unable to assess
the relative strengths and weaknesses of a given interpretation, then it will be

unlikely that they will ever go sense the need to go beyond their first interpretation

... which usually tends to be rather primitive, barren, distorted compared with later
interpretations which would have developed.)

The Model Generalization Principle: Does the solution involve more than simply

generating specific answers to isolated questions. Does the purpose involve

constructing a model which can be applied to a broader range of situations?

Throughout the preceding activities, our goals have been: (i) to democratize access to
wwertul elementary-but-deep "big ideas" in mathematics and science, (ii) to create

activities in which students will be able to (simultaneously) learn and document their

hievements, and (iii) to recognize and reward a broader range of "real life" mathe-

matical or scientific abilities ... and, in so doing, to recognize and reward a broader

range 01 students. To recognize and reward a broad9r range of students, it is important

to avoid problems where the notion of the (only) "correct" answers reqoire students

to "turn off" their real life knowledge and experiences. It is important to encourage

them to make sense of the problem situations based on extensions of their real life

knowledge and experiences; and, one effective way that we have found to do this is to

u.t. familiar "stories" to create the context for each problem.

Topics (daistussion: In addition to giving examples of cases where teachers used the

preceding principles to. develop, critique, and refine effective model-eliciting activities,
this session will examine samples of students work, and explain brief answers to the

following four discussion questions (which teachers commonly ask about using
model eliciting" activities in instruction and assessment.

I tow can I afford to spend whole class periods on single problem solving situations?
When it took professional mathematicians so many centuries to invent the ideas
that are addressed in modern textbooks, how can students be expected to construct

these ideas during a small, open-ended, unstructured problem-solving activities?
Why is it reasonable to expect my students to invent mathematics?
What role(s) should teachers play when "model eliciting" activities are used in
novel ways ... such as when they are used at the beginning of a unit of instruction,
when the main purpose is to identify conceptual strengths and weaknesses that exist

in a given group of students?
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ON ANALYZING PROBLEMPOSING PROCESSES: A STUDY OF PROSPECTIVE

ELEMENTARY TEACHERS DIFFERING IN MATHEMATICS KNOWLEDGE

Shukkwan S. Leung

National Chia Yi Teachers' College
Taiwan, R.O.C.

The purpose of this study was to extend the quantitative evaluation of problem-posing
products using the Test of Arithmetic Problem Posing (TAPP) by including a qualitative
evaluation of problem-posing processes. Process referred to the process of posing a
sequence of problems from a given situation described in a story form. Based on each
sequence of problems given by an individual the experimenter prepared GPS behavior
graphs to represent their solutions. Then the experimenter referred to the graphs and
evaluated process according to 'order and complexity and 'relatedness". The
evaluation method was then used in the comparative study of prospective elementary
teacher differing in mathematics knowledge.

Statement of the Problem

Until recently mathematical problem posing was identified as a critical important topic (NCTM, 1989) that

was underrepresented in mathematics education research (Kilpatrick, 1987; Silver, 1993). Nevertheless,

preliminary studies on various kinds of problem posing were conducted in countries all over the world (see

studies cited in Silver, 1993). Specifically, researchers analyzed the end-products of problem posing

(Leung, 1993; Mamona, 1993). In this study, the focus was on problem-posing processes. Leung (1993)

reported the development of the Test of Arithmetic Problem Posing (TAPP) to quantitatively measure

products. This report explained a further development of TAPP to qualitatively analyzed processes of

prospective elementary teachers differing in mathematics knowledge.

Theoretical/Conceptual Framework

As suggested In prior classification of research varlab4s in problem solving (Kilpatrick; 1978) process

variable was also important in problem posing. Researchers in problem solving already suggested ways to

study process. When only written solutions were available researchers have to make Inference about

process from the finished products. According to TAPP, sublects posed a sequence of problems and so

we defined process as the process of posing a sequence of problems.

To study problem-posing process the GPS behavior graphing technique (Newel I Simon, 1972) can be

adapted to display solutions of posed problems in fine grained Mat GPS graphs displayed solutions

obtained by using means-ends-analysis (MEA), a problem solving strategy w:uich solves problems by a

stepwise reduction of difference between the given state and the goal state. MEA is an effective

problem- solving strategy for solving arithmetic problems, products of TAPP and so GPS graphs can be

used in out study of process.

We also used literature on problem solving to suggest two ways to investigate the process of using a

sequence of problems. The fIret is to see if the order of the posed problem increases with its complexity.
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In a study on asking children to solve a problem again children who switched a strategy when they solved

the problem again tended to switch from simpler sophisticated strategies (Silver, Leung & Cal, 1991).

The second is to see it subjects look at a related problem" (Potya, 1954); or, if the posed problems of the

same sequence given by the same person are related to one another In problem structure.

If problem-posing process can be evaluated accordingly then we can revisit our data set of posed

problems given by prospective elementary teachers. Our prior analyses on products already indicated

quantitative differences in the production of products reiatine3 to a difference In mathematics knowledge

(Leung, 1993). Here, it seemed reasonable to include as well a comparative analyses of process of

subjects differing in mathematics knowledge. An Investigation of qualitative differences In process,

together with previous results on products, will add to our understanding of the rote of mathematics

knowledge In mathematical problem posing.

Methodology
The Instrument: Test of Arithmetic Problem Posing tTAPP1. TAPP consisted of two problem situations:

the House problem and, the Pool problem. The problem situations were modified tasks from the

Instrument on creativity used by Getzels and Jackson (1962). Each problem situation was presented In a

paragraph form. Figure 1 shows one item of TAPP. Again, the evaluation of process according to TAPP

includes two independent aspects: order and complexity, and. relatedness.

Figure 1

Examokilemilleadlithazikatiaraasiaa

The Park District Installs a swimming pool which holds a total capacity of 20,000 cubic feet. To fill the
pool, two inlets with lbw rates of 20 and 10 cubic feet per minute respeclIveN are available. A drain will
remove wafer at the rate o(25 cubic feel per minute. A circulating pump is provided which moves the
water In the pool through a titration system at the rate of 5 cubic feet per minute. When the pool is to
be cleaned, as It is done once every week, the water is drained and the sides of the pool are
scrubbed. The draining and scrubbing together require 15 hours.

TIME: 20 winless
INSTRUCTIONS: Consider possible ooftticledlOfts of the pieces of information given and pose
mittyungigg gowns involving the operation of the pool. Do not ask questions as 'Where is the
pool located?" because this is not a milheinetkal problem.

Set up as nay patient as you can think of.
Think of problems with avidity of dello* levels. Dam solve them.

Set up a yadexol problems rather then meta problems ate same kind.
include also maid problems that your peers might not be able to create.
You an item the given inlormetion wax mat more inionnetion.

When you do so, noel the changes in the box with the problem to watch they apply.
Write only gee problem in each box.

If you think of more problems than the number of boxes provided, write the others on the back of the

sheet.
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subject. The subjects were eight (4 top and 4 bottom scores out of 49) prospective elementary school

teachers. We chose to study them because they played a vital role in the implementation of problem

posing into the classroom as suggested by the Curriculum and Evaluation Standards (NCTM, 1989).

Procedure and Task Administration Two pilot studies were conducted to test the feasibility and

appropriateness of the evaluation method. In the actual study, subjects first took PPST, a pre-test on

mathematics developed especially for prospective elementary teachers (Educational Testing Service,

1986). The scores represented the subjects' mathematical knowledge. Subjects then took TAPP after

the mid-term examination of the course. The test required them to pose a sequence of problems that can

be attached to given problem situations in story forms. Each subject did both items of TAPP. In each item

there were eight answer spaces provided.

plaralingindpalalina14511. The experimenter first solved all problems in a sequence and drew the

GPS graphs of the solutions. Each GPS graph shows the objects and goals specified by the poser and

the operators and solutions supplied by the experimenter. The operators and solution paths indicate a

possible solution by the experimenter. For the problem solution in each case, in order to have a single

solution and to insure consistency across problems, the experimenter used the minimal path solution

given by the experimenter. The experimenter checked the degree of agreement was checked with a

second rater.

Since subjects generated the problems in sequence, ft is reasonable to assume that they did not always

repeat information they intended to be part of a later problem. When considering the objects requiring in

solving but not stated in the space that contained the problem the experimenter assumed that they a)

follow from the prior posed problems, or, b) come from the paragraph of information given in the task. II

there were more than two prior posed problems that contain the objects, then the experimenter used the

objects that appeared in the latest posed problems. In the accompanying figure that shows GPS graphs,

the given objects given in TAPP are represented by dark circles () whereas the supplied objects by

subjects and Implied objects are represented by hollow circles (0) and dark squares (It respectively.

Implied objects were information not given In TAPP nor provided by subjects but required to solve the

problem (e.g. 52 weeks in a year). Also, the subgoals and goals are represented by (ID) and (D)

respectively. The operators are clearly marked and the direction of subtraction and division is Indicated by

an arrow. Figure 2 shows an example of GPS mph.
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Figure 2.

faajnole of a GPS Graph of One Problem Posed by One Subieci

'How long does it take to fill the pool if both inlets are functional and if there is no drainage?'

By referring to the set of GPS graphs of a sequence of problems the experimenter evaluated the

complexity by counting the number of steps one required to solve the problem to see if the complexity

grew as the number in which it appeared in the sequence increased. Relatedness was evaluated

according to how the subjects used conditions or goals of prior posed problems to pose subsequent

problems. For example, if the second problem wrote'How long does if take to fill the pool of the 10 cubic

ft/min. drain [inlet is clogged ?' then the second problem is related to the first in that the other than

clogging one inlet, the rest of the Information followed.

Results and Discussions
In this section, there is a only a summary of the comparison of the high group to the low group, eachwith

one example of a subject's process with respect to one problem (we chose the Pool problem because it

was given in Figure 1); the full descriptions of each subject's process with respect to each item of TAPP

was not
mole Evaluation of One High Sublect tSubiect H, . Subject H worked on the Pool problem (refer to

Figure 1) and posed 12 problems given inFigure 3. The represented GPS graphs of their solutions can

be found in Figure 4.

Figure 3

516.01210012104224/LIZMAltatati

1 How bng does 4 take b fill Me pool I bah inlets are functional and tt there is 141 drainage?

2 How long *we It take 1, fla the pool rf the 10 cubic ftlniin. drain Riegle dogged?

3 k the pool loses water trough the drain at1 cubic ffirnin., how long wal it take to fa the pool.

4 How long does a take to move the H2O with the illtratbn system M the pool is hall fu4?

5 11 the pool I compfelely fur?
6 WV/ bap Wes it take to drain the poor?
7 How long does M take kl icub the poor?
8 How much time is spent per month draining and souttim the ma
a How Ruch time is spent per year?
10 11 the denying capacity of the pool was increased by x, how long would it take to fill the pod?

11 *drain the pool?
,12 to laub the pool?
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Referring to the above two figures we found that subject H might not posed a more complex problems

when the problem number increased. For example, the second problems was less complex than the first

problem. However, the sequence of problems were related in problem structure. As shown in the Figure

4 subject H made use of the given objects and systematically posed problems in four groups. The first

group asked about the time taken to till the pool (no. 1, 2, 3) under different Conditions of the inlets and

drain. The second group referred to the time used to move water out (no. 4, 5, 6). The third was about

the cleaning of the pool (no. 7, 8, 9). The last three questions (no. 10, 11, 12) were repetitions of

question number 1, 6 and 7 with the given pool capacity increased by x. Though numerical information

content was present in the Pool problem, she supplied more to pose two of the problems (no. 3: drain

rate-1; no. 4: pool is half full).

. II. 1 = , I Subject L did the Pool problem and posed 10

problems in three categories; 7 non-math; 2 zero-step problem and 1 with insufficient information for

solving. Four of the non-math problems asked for information about the amount of water being pumped

(no. 1); the depth of the pool to be drilled (no. 7); the pressure of the water (no. 8): and, if the earth below

and surrounding the pool have, the weight of the pool (no. 9). The other three non-math problems asked

opinions on: the favorable size of the enlarged pool (no. 2); the feasibility of moving the pool (no. 6); and

the methods to alleviate residents' fears that the pool may be washed away (no. 10). The second

category, zero-step problems, referred to the size of the pool, the answer was in the problem. Last of all,

the problem with insufficient information required in solving (no. 5) asked for the additional drainage in

holding tanks when water In pool was recycled. These ten problems posed by Subject L could not be

mathematically solved and represented by GPS graphs.

HIM and Low Group: A Comparison. First, for both high and low groups there were no pattern of

relationship between complexity of posed problems and the order in which they appeared. While the high

subjects were more likely to pose multi-step problems the low subjects produced problems that were

mostly irrelevant, non-math, and insufficien and so the complexity of each solution structure could not

determined. The different findings of this study from that of Silver at al (1990) suggested a difference of

requirement In solving and In posing. In posing =NOW problems the later posed problems might not be

more complex than the earlier posed problems. In solving a problem again after knowing the answer the

later solutions were more sophisticated.

Second. there was high relatedness of solutions of posed problems from the high subjects. They

manipulated the given objects systematically to pose new problems. There was cross-referencing of

information from one product to another. In several cases, the goal of prior posed problem was the given

object for subsequent posed cations. Other than just the relatedness of problems within one posing
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activity, there was also a connection of the first posing activity to the second posing activity. One high

subject used the idea of installing insulation to save heat from the House Problem she did during the first

posing activity, to pose the problem of installing a new pump to save energy in the Pool problem. In the

low mathematics knowledge group, however, the relatedness of solution structure of one problem with

each other was not so commonly seen. In fact, most of the problems were not solved and graphed it was

impossible to examine the relatedness of solution structure. Of all the posed problems (n.61), only eight

could be solved and graphed.

Conclusions and Implications
Dailabzinaugentataamen. The evaluation of problem-posing process was conducted with

the definition of problem-posing process being the process of posing a sequence of problems in each

problem-posing activity. The evaluation of each process Is made by making inferences to the sequence

of solutions to the problem-posing products. Thus, the collection paper-and-pencil data make the

evaluation or processes possible. However, the process of posing mut problem cannot be made. Maybe

the use of "think- aloud' and the collection of verbal data can help to unpack the process of posing one

problem. If that approach is used, however, we suggested the use of more complex theproblem-posing

tasks than the ones used in this study.

The Role Of Mathematics KnowlejOn. Our last report brought out ddterences found in the production of

mathematics problems, problems with sufficient data, and, problems that had plausible initial states for

subjects with high mathematics knowledge (Leung, 1993). The findings suggested an influence of

mathematics knowledge in problem posing. In this study, we found a qualitative difference in the proble-

posing process of prospective elementary school teachers. Subjects with high mathematics knowledge

systematically manipulated given conditions to make problems and used solutions to prior posed

problems as new pieces of information to pose subsequent problems. Subject with low mathematics

knowledge posed problems that might not be solved mathematically and the mathematics problems

posed were not necessary related in structure.

The study provides a cognitive evaluation of the problem-posing process of prospective elementary

school leachers on one kind of mathematical problem-posing task. It was a demonstration of the use of

infortnetion-proceesing approaches In the evaluation of problem posing. It also suggested a wallaby*

difference of pratem-posing process relating to mathematics knowledge.
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COGNITIVE OBSTACLES IN PRE-ALGEBRA

J 1 inehrycki Hebrew University
Nicolas Herscovics Concordia University

present paper stuck tnresngates the pre-algebratc flunking of a class of sixth
graders. It confirms the existence of a cognitive gap. uncovered previously rn

several' graders, namely, the inability of students to spontaneously operate with or
an the unknown. It further investigates the arithmetic skills that can he regarded as

being of a pre-algebratc nature and presents five of eight specific cognitive
ohcmcles, identified in the study: I) over-generalizatum of the order of operations,
2/ failure :o perceive cancellation in an arithmetic string, 3) a static view of the use
of brackets, 4) detachment of a term from the indicated operation, 5) Jumping off
from u term wall the posterior operation. lhe three additional cognitive obstacles
are (1) the lack of acceptance of the equal two as a symbol for dei.omparthon )
baci,liards reading of equations, )) uzubdis1 to select the 0pp-fp:wile operation for
partial VIM'S

Introduction
The past few sears have witnessed a grostine attention to a new topic in school curriculum.
that of pre-algebra This new topic is, in a way. an answer to teachers' and educators' concern
and frustration about the high failure rate in high school algebra. However, without a
systematic effort to specify demarcation line between the traditional first course in algebra and
pre- algebra. a line that could be specified in terms of the students cognition, this new topic
might either he treated as simply an earlier introduction of algebra or as spreading out over a
longer period of time of the standard material. It was in attempt to find some demarcation
between the two topics that we undertook an assessment studs of the pre-algebraic thinking of
seventh graders who were just going to start their first course in a!gebra alerscovics &
Linches ski. I994

In this studs. of the seventh graders. we base imbrued a preinninar assessment of some
arithmetic skills judged essential fix the solution of algebraic equations on one hand. and on
the other hand. a systemahe evaluation of the solution processes spontaneouslx used he them to
sole first degree equations in one unknoccn recoil,: indicated the existence of a cognitoe
gap between pie-algebra and algebra The sec enth graders did not seem able, exen undo
optimal conditions. to spontaneousl operate on or oith the unknown (Ilerscocics &
I.inche\ski. 1994. ;Witt) Moreover, both the prelimmar assessment and the part on equation
colcmg firm ided e% Orrice of some unexpected coemtpe obstacles. obstacles which were
pnibabix looted in arithmetic and the algebraic context has ma: nulled them and re\ ealed the.]
existence i f lerscm les & I.inchcc ski 1991 b I inches ski & I lersem 'es 1992)

the stud\ %cull sixth graders, cshieh will be reported in the present paper. ccas the next step in
out imestleation One of our objectives ccas to e aluate the pre-algebraic potential of even
xounger students and to see whether the results would confirm the existence of the cognitive
gap between pie algebra and algebra found among the seventh graders Another objci.tts e was
to expand our preliminary assessment of pre-algebraic arithmetic skills in order to check
whether ths. ,winitise obstacles discos ered mIght cyst in a parcl arithmetic cost:.:
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and to determine how widespread these obstacles were. In the first part of study we presented
the students with 35 questions of arithmetic nature. The second part was based on 28 algebraic
equations taken from our Grade 7 assessment study.

In order to include a wide range of abilities, we interviewed a class of 27 sixth graders in a
public school. The children were classified as strong (11 students), average (10 students) or
weak (6 students), on the basis of their school performance. Their average age was 11:6. We
verified that they were not exposed to any algebra in school. Each subject was interviewed
individually in two 45 minute sessions. The interviews were semi-standardized in the sense that
the interviewer could re-phrase the questions should the original wording seem unclear to the
student. An observer with a detailed outline recorded all students' responses.

In this article, due to space problems, we will only report on five out of the eight obstacles that
have been identified and will discuss the items which are directly relevant to them. However,
since the traces of the obstacles have been spotted not only in the questions aimed directly at
them, but sometimes indirectly, in responses to questions which have been prepared to
investigate other topics, we include in this paper some data from the other parts.

We will not report systematically on the second part of the assessment which investigates the
spontaneous processes used by the students for algebraic equations solving. However, the
results obtained in this part confirm the existence of the cognitive gap between pre-algebra and
algebra, which was first discovered in the seventh graders (Herscovics & l.inchevski, 1994,
1991a). In fact, the procedures used by the sixth graders were identical to those used by the
seventh graders beside some differences in the success rate.

Part 1: Arithmetic context
1. Over- generalization of the order of operations: Our students had learned in class the order
of operations prior to the interview They were asked to evaluate the following strings:
1)54-60(?, 2)7- 3x5= ?, 3)81(5+7)=?, 4)27-5÷3 =?. 5124:37,2=?. The results were somewhat
surprising and are shown in table I.

Table 1: Number of students and choice of first operation.
Choice of 1st operation)

2) 17-3x5-?
I

I) 5 6x10-?

multiplication first I 9(33.3 °0) 14 (51.9%)
addition: subt. first " 18 (66.7%) 13 (41.1%)

Choice of 1st operation' 4) 27-5-3-?
5) 24:3x2-? 1

I

subt. division first I 21 (77 8 °o) 18 (66 7%)
addition, mult. first j 6 (22 2%) 9 (33.3%)

For the first string, a majority of students performed the addition first, in spite of their prior
instruction on the order of operations. With the second string, this number was somewhat
reduced: the majority of the students performed the multiplication first. The reduction could he
related to possible detachment of the factor 3 from the preceding minus sigh. These results
indicate the same trend we have found in our previous study with seventh graders (Herscovics
& Linchcvski, 1994). When the order of operations involves subtraction, less students tend to
be linear, they mentally split the expression at the minus sign and focus on the obtained part.
Question 3 was solved correctly by all students I3ut. it is with the last two problems that we
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tested the possibility of over-generalization. The results indicate that a sizable number of
children seem to believe that addition takes precedence over subtraction and multiplication
over division. Five students over-generalized in both cases. I strong, 2 average, and 2 weak.

Impact of challenge. As soon as they were finished with the above evaluations, all the
students, whether they had given a correct or an incorrect answer, were challenged on problems
1. 4 and 5 by the question: Another student worked out the problem differently. He first
multiplied 6 by 10 and then added 5 (Or: He first added S and 6 and then multiplied 11 by
10). Do you think that he is right, or that you are right, or that you are both right? A
similar question was raised about problems 4 and 5

The responses to the challenge on Q I showed that the 9 students who had solved string I

correctly did not change their mind when challenged. HoweNer, 15 of those who had evaluated
it in the incorrect order, did indeed change their opinion while 3 students remained linear
claiming that: "you have to go from left to right". The responses to the challenge of the other
strings are remarkably different. Some students with the correct answer, now changed their
mind. For the string 27-5-3-,?, one changed his mind, but 2 pupils could no longer decide
which was correct. Of the 6 students who initially evaluated incorrectly, 3 changed their mind
and 3 did not. For the other string, 24:3x2-?, the changes were even stronger. Of the 1$
students who evaluated it correctly, only 12 remained immune Two students changed their
mind, 4 could no longer decide. Of the 9 students who were incorrect, only one changed his
mind.

2. Failure to perceive cancellation. The perception of terms that can be canceled in an
expression plays an important part in equation solv me. In gathering like terms and in
comparing like terms on either side of an equation, the students have to break away from the
tendency to operate sequentially from left to right and need to achieve a more global
apprehension of the equation. This is why we included some exercises on cancellation. We
presented the students with 6 numerical strings involving, only addition and subtraction, each
string was presented separately With each string we asked the students: Here is a string of
operations. Please read it... Without performing the operations, could you tell me what the
answer would be?... ('an you explain how you figured it out?. I able 2 shows the problems

and the success rate:

i ante h: Aumner 01 swamis wno canceiea =lime terms.
I String I Frequency String Frequency

1)329 +167 -167 =? 17(63 %) 5) 17, 59-59f 18-18=? both 16

I (59.3%)
2) 672-256+256=7 14 (51.9%) none I I I

(40.7%)
3) 98+214-98=7 15 (55.6%) 6) 237419-59-92+92.7 both 13

(48.2%)
4) 513 -124+100+124 3(11.1 %) on!), 89 1 (3.77.)

none I

13 (46.2%1
I

Similar questions were raised in the context of strings involving only multiplication and
div ision The number of students who canceled was almost the same Comparing the groups of
students who canceled in the additive and in the corresponding multiplicative strings, reveals
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an intersection of 14 students (82.3%).

A comparison between one of the multiplicative strings; 896:28x28 =? and 0. 5 on the order of

operations (24:3x2=?) provides a form ofcontinuous hypothesis testing. The figures show that

among the 13 students who have not perceived the multiplicative cancellation, 10 first

multiplied 3 by 2 and then divided 24 by 6. A possible explanation is that in both cases they

focused on the multiplication as the first operation to be performed. This represents an

intersection of 71.4%.

Another question related to cancellation was: Without using the calculator, just by looking at

the numbers and the operations, can you tell which expressions will give the same results?

a)926+167-167=?; 6)926-167-167=1; c)926-167+167=?; d)926-(167+167)=?.

If the student stopped after one match, the interviewer asked: What about the others?

Table 3: Number of students selecting pairs of strings

Helection of pairs Frequency

Spontaneous After inter ent ion Total

i (a) and (c)
1

14

0

I 1

2

i 15 (55.5%)

2(b) and (d)
(C) and (d) 1 7

i
11 1 I II (29.6%)

ata) and (b)
1

1
0 i 2

1

1 2

The number of students selecting (a) and lc I ahoy is consistent with the answers to questions 1

and 2 :n Table 2 The structure of the strings identical. floe look at the 10 students who did

not perceive the cancellation in I, six of them are among the students who have not connected

(a) and (c). Among the 14.who did not cancel in 2. nine did not connect (a) and (c).

Another 8 students selected fe) and (d) thereto inlicating a detachment of the minus sign from

the indicated term. The only way the could think that these strings would yield the same

answer is by ignoring the indicated subtraction in lc) and focusing on the addition sign. As one

of the students said "C and D are the .ame thes hake the same numbers the same operations

and the same order" He was then asked "But in I) there are brackets, don't they make any

difference" He said "You are supposed to do first what is in the brackets, and in C I judge

what to do to observation ". Another student said "It does not look the same hut, when sou

have to solve it . it is the same"

That so few students selected (b) and (d) indicates a cry restricted understanding of the use of

brackets (')n1 2 students shooed an awareness of the effect of brackets on the sign of the

operation It mein he attributed to the fact that when brackets are firstly introduced. the are

presented as simply "do this operation first"

3. A static vier+ of the use of brackets. As shown M their answer to Q. 3 on the order of

operations, (815-7)=?), all the students knew the meaning of brackets as "do it first"

operation. I lovvever. the results to questions which Involved brackets in other context indicated

a ery limited view In fact only 2 students thought that 926 - 167-l67-? and 9264167- Wit ?

sielded the same answer Surprisingly. 8 students thought that the string with brackets would

produce the same answer as 926-167. ' A third question regarding the use of brackets

required the replacement of the second term in 125-67 '' by the sum 39-28. and to soh e the
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obtained string. Two students rewrote it as 125-39-28=, while 12 students inserted brackets
Among the 13 who rewrote it as 125-39-'28= seven managed to handle it correctly by adding
virtual or mental brackets, but 5 students solved it as if it were a new equation. This limited
view of the relations between operations, confirms some observations by Booth (1988) and
Kieran (1979.

4. Detachment of a term from the indicated operation. In our pm ions assessment study of
seventh graders (Herscovics & Linchevski, 1994), we had found evidence of a detachment of a
term from the indicated subtraction. the student "enters" the expression at a certain number,
manipulates a part regardless the other parts of the expression and re-insert the partial result
into the original expression. They function as if there are invisible brackets around some parts
of the expression. In the present assessment, we found that the problem is more general and can
be viewed as a detachment of a term from the indicated operation. The issue here is more
complex than it may appear. In fact, some detachment is essential if one wishes to follow the
conventions regarding the order of operations. For instance, in es aluating 5- 6 10-", the
student must. temporarily, detach the 6 from the indicated addition. This might lead to some
over generalizations.

We haw found es idence of such detachments throughout this investigation. (27 -5-3 -, wasviewed as 2745- 3): 24-3x2-. as 24:(3x2): 926-167- 167 =. as 926 - (167 - 167). 4--n-
2 5-11-3- 5. as 4 n42 5)-11- 3 -5 ), we had, howeser, prepared three specific string
problems that were ven likely to induce a high rate of detachment We specifically asked the
students. Without using the calculator, just by looking at the numbers and the operations,
can you show me a quick way to find the answr to this problem? Can you think out loud
so that I can follow you? The lust string was 50- 10-10. 10-?. Nearl half of the students.
(13. 48 1°0. detached thelOs. they first added the three tens. got 50.30 and Base 20 as an
answer The second string was 167-20- 10-30 ?. 10 students, (37.0%), detached and got 167-
60 as an answer When asked to explain his procedure one of the students said "I am not sure.
but when ou first make the additions. it becomes much easier ." Another student said ". all
the operations are additions and subtractions. being performed at the same time. what's
consement is the basis for ms decisions If they were mixed with multiplication I have to be
careful"
Regarding the conststeno of the beim\ ior. 10 students detached in both cases. in .trine I and
in string 2. It we wish to find a relationship between those students who detached in string 1
and in the order of operations. (27-5- 3). or could no longer decide after being challenged, we
find that 7 of them. (77 8%). detached in both cases. From this we can infer that a sizable
number of students detach consistent) Iloweer. these results also show that one might detach
in one string but not in another

5. ,lumping off with the posterior operation. In our pies ious work (lierscin ics & 1 inches ski.
1041h. I inches ski & 1 lersco les, 1992). we have noticed that some of the students, while
grouping like terms in which a distance between the terms is ins ohed, (e g 11541-0 611, tend
to foci). on the operation following the term ,(e.g 115-), to ignore the operation preceding the
term that is being combined - 9), and to subtract the two terms (115.9) instead of adding them
(115.01 to further ins estigate this tendenc. we prepared four specific problems In the first
two. students. were asked In this lining of operations, without working it out, can you see
terms that could cancel each other?
I) 217-175-217+175.67=? 2)217-175 4-217-175-4-98=?
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Table 4: Perceived cancellations
No. of students who in string 1

Frequency

canceled 217 comedy
19 (70.3%)

canceled 175 incorrectly
13 (48.1%)

No. of students who in string 2 Frequency

canceled 217 incorrectly
IS (55.6%)

canceled 175 incorrectly
13 (48.1%)

fo cancel 175 in string I, the student had to focus on the minus sign following the second term,

and to ignore the plus sign preceding the fourth term. The same process had occurred with the

second string. It is also Interesting to note that two students did not succeed on string I because

they inserted "mental" brackets around the first two terms and around the third and fourth terms

and stated that the result was 67 because (217--175)-(217+ 175) will camel each other".

The last two exercises in this section were: Here is a string of operations. 1 would like you to

use your calculator, but I want you to work it out in a given order. First 1 want you to

work on the three-digit numbers, and then work on the two-digit numbers. The two strings

were
3) 195+67-117+39=? 4) 217+39-162-17=?

Table 5: Students handling of strings 3 and 4

No. of students who
added : 195+117
subtracted : 67-39
refused to perform 'straw
added 217+162
added : 39+17
refused to perform mrcisc

Frequency
10(37.0%)
4 (14.8%)

2 (7.4)
10 (37.0%)

4 (14.8%)
2 (7.4%)

When cotnbining the +-digit numbers in the strings. 10 students added them. When asked to

explain "Why did you decide to add those two (three digit) numbers?". one of the students

said
" after the 195 there is an addition. so I was not very sure, but after the 195 there is an

addition so I thought that I hale to add to 195." He then was taken back to the first question.

217.175-217-175-67 . in «hick he had canceled 217. he said "this exercise is completeh

different from the other one. in this exercise I do in my mind 217-175 to get something, then I

take away the 217 to get 175 In the other exercise you asked me to ienore the number in the

middle ( the two digit! so I base to add".

Two students refused to perform the task stating "But you have to go from left to right. I can't

just jump The same pattern was found in grouping like terms in the contest of equations.

Part 2: An overview
The first part of this article dealt with some specific cognitive obstacles in arithmetic The

succeeding part of the e. aluation has stressed the fact that these obstacles are of pre-algebraic

nature In the second part of the es aluation we presented the students with linear equations and

base tiled to trace the spontaneous
solution processes used by them prim to any formal
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instruction in algebra. In most of the cases the students were able to solve the equationssuccessfully using procedures based exclusively on numerical manipulations or numerical
substitution. However, when the students failed to handle an equation successfully, we wereable to relate it to some of the cognitive obstacles identified in the first part. For instance, theproblem of detachment occurred in several instances. For example in solving equation like:I 15-_ .9=61, some of the students inserted mental brackets and actually solved the equation

l5-(_ -9)=61. For equation like 39+ -12=74, 6 sixth graders jumped off with the additionfollowing 39 and obtained 39-12. The number of students that were not effected at all. in one
context or another, by some of these problems was very small.

The following data will clarify this situation and expose how generalized the following three(out of the eight) problems are: 1) the detachment of a term from the indicated operation; 2)misunderstanding of the order of operations; 3) jumping with the posterior operation.
Fie 1 Fie 2 Fie 3

45
4

I
4

42.3

2-
4.5

2

-

I 2

Number
, I 2 4 5

Number 01 mistakes due
to order o' ooe,.-tions

I I 4 5
Number 0' j 4-2S

Throughout the Grade 6 assessment there were 82 instances of detachment from the indicatedoperation . I rum Figure 1 we can see that only three students out of the 27 subjects did notface the problem of detachment. Among the I I students considered strong. the averagefrequency was 2 73 per student, among the 10 average students, the frequency was 2.50: amongthe 6 weaker students the frequency was 4.50.
In both parts of the assessment there

were 66 mistakes related to the order of operations. Again,from Figure 2 %ye can see that only three students who did not make even one mistakeregarding the order ofoperations. However, this phenomenon is clearly related to the students'classification in the group of students judged to be strong the average frequency was only 1.55per student. for the average students, the
frequency was 2.70: for the weaker students, thefrequency was 3 67

There were altogether 78 cases of jumps with the posterior operation, see Figure 3. Not asingle student in our class managed to avoid completely this problem. As far as students'abilities are concerned, the phenomenon did not follow the pattern that might have beenexpected The average frequency for the strong students was 3 18 per student: for the a% eragegroup. it %vas 2.20. and for the %seaker students it was 3.50.
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Discussion
Since pre-algebra deals with the interface between arithmetic and algebra, as such it concerns

itself not only with the initial construction, the genesis, of algebraic concepts but also with the
specific arithmetic skills required to handle them. In arithmetic, we can at times bypass the

properties and conventions and replace them with an operational approach, while in algebra
those properties and conventions prove to be essential. For instance, had we agreed to insert

every possible pairs of brackets in each arithmetic string, we could have avoided the
convention of the order of operations in most cases. In algebra, when it comes even to a simple

equation, like 61-9x_=-60 or we cannot handle it without the order of
operations. The 16 students who failed in solving this equation, in the second part of the
assessment, were using an incorrect order of operations.

Our prior studies had identified some cognitive obstacles of a pre-algebraic nature. The results

of the present Grade 6 assessment confirm their existence and increased their number to eieht.

The existence of so many cognitive obstacles together with the students' inability to operate
spontaneously with or on the unknown (Filloy & Rojano.I 98,1: Herscovics & Linchevski, 1994 ),

may explain why such a large number of students find it difficult to learn algebra. nor are we
likely to have exhausted the topic of cognitive obstacles. flow to cope with these pedagogically
is complicated by the fact that they are so interrelated. For topics presently taught in priman

school. such as the order of operations. alternative presentations may help. The rational behind

the conventions needs to be explained and discussed so that these rules are viewed as necessary

and do not appear arbitrary. The tendency of some students to over-generalize has to be

addressed explicitly and this may help to prevent some of these problems. Perhaps the context

of the order of operations will prove to be appropriate for a discussion of the detachment of a

number from the preceding operation. The introduction of brackets also needs a new 'type of

presentation. It is not enough for the students to know that they indicate the operation that has

to be performed first. The operational properties of brackets need to be discussed.

The other cognitive obstacles identified in this paper may be difficult to treat in arithmetic for

the lack of contextual motivation. In the context of pre-algebra, questions regarding the

cancellation of equal but opposite terms, backwards reading, jumping off with the posterior
operation, and partial sums are relevant problems. In any case all these obstacles constitute
topics that need to be covered in any course preparing the student for algebra.
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Eliciting the meanings for algebra produced by students:

knowledge. justification and Semantic Fields
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aimed at showing that it Is possible to develop a teaching approach which avoids difficulties

with the "manipulation of the unknown," by producing a working context where that activity

may become "senseful," and understood as one wayamong othersofproducing meaning for

equations and their manipulation.

Theoretical Background

The theoretical support for both the development of the activities and the analysis of the

results, is drawn from two sources: the Theoretical Model of the Semantic Fields ITMSFI, and

the ideas of Vygotsky, particularly In its influence on the work of V.V. Davydov.

At the heart of the THISF is a particular conception of knowledge: knowledge is a pair

formed by a statement-beliefthat is, a belief which is statedtogether with a Justykation for

it3; for instance. one might say that in relation to the equation 3x+10=100 "one may take 10

from each side" (statement-belief), with theJustykation that "it is as in a scale-balance." Such

juslykation does not, of course, apply in the case of the equation 3x+100=10, but this does not

imply that the satetement - beUef could not be held by the same subject in relation to tht second

equation; another justylcatlon would have to be available, in which case a different knowledge

would be produced.4 Such mechanism has been shown to be of great relevance in the study of

pupils' understanding of "algcloa problems" (Uns. 1992a, 1993).

A second key concept in the =sr. meaning is understood as the relationship between

the statement-belief and the jusilikatian in a given knowledge, the full "being together" of the

two elements in a knowledge. To say that a piece of mathematics is meaningful to a person. is

to say that the person possess some knowledge about that piece of mathematics. A lack of

understanding must, then, be seen as a lack of meaning. But If it is immediately possible to

relate positively meaning and knowledge, the mechanism which allows relating the lack of

meaning to the non-realisation of knowledge requires some further elaboration. The third key

concept of the 1118fir, that of Semantic Field, provides what is required.

A Semantic Field is a mode of producing meaning. We can speak, for example, of
producing meaning for the equation 3x+10.100 within a Semantic Field of a scale-balance, or

within the Semantic Field of algebraic thinking (see tins, 1992a), or within a Semantic Field of

whole and parts. But within the first or the last of those Semantic Fields, It is not possible to

produce meaning for the equation 3x+100.10. A Semantic Fleid corresponds to possibilities of

producing JustYication.s, and, thus, of enunciating statement-beliefs. The same statement-belief

may be justified within different Semantic Fields, but to each Justification corresponds different

knowiedges,

3Aldiough rot originally derived Item it. our conception barn a similarity with the dassical defuition of
knowledge, Kp=130. p ,Jp ("justified We taker; as Evasm, 1990); a detailed disamias of dui similarity is
food luting (1904). As to my objecam in Mafia' So the faiths inowiedge must have beat stskd milcasionct.
die raider is mimed to Ayer (1566).
4Explicidy swat the bowiedge coosituted by the pair (ow nay take the same from bath Wks, it wales like a
scale-tabooe) is different from the kriMedge contituied by the parlour may take the some Iran both sides, it is a
property of numairad equalities).
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A brief example might serve to show in what sense the concept of a Semantic Field

throws light in the process of knowledge production. In relation to the equation 3x+10=100, a

teacher and a student might agree on the statement-belief 'we can take 10 from each side."

although the teacher has klustylcation produced in terms of properties of the equality in

relation to the arithmetical operations, while the student has a justylcation produced in terms

of a scale- balance; there are distinct knowleclges. It should not come as surprise although so

many times similar situations do. and, interestingly enough, also for researchersthat when

presented with the equation 3x+100=10. and even being able to deal correctly with negative

numbers, the student will say "it doesn't make sense." (see, for example. chapter 4 of Lins,

1992a). The false paradox arises when we mistakenly assume that the student should

naturally 'apply" to the second equation the statement-bellef which had been enunciated in

relation to the first equation; but knowledge is an irreducible composition of a statement-belief

and aiusgication.
But what the concept of Semantic Field also indicates, is that while there is nothing in

the equations themselves which can be linked with the production of meaning, the same is true

of any environment or context, no matter how tempting it might be to say the opposite.5 In

fact. 'real objects' are in themselves as 'semantically empty' as any x's and y's can be. It is

true, however, that culturally one situation will probably be more strongly associated with some

Semantic Fields than with others, as is the case of situations involving money6.

Although central in the model, the brief discussion of those three conceptsknowledge,

meaning and Semantic Fieldprovides only the elements which are essential in the context of

this paper: for a full presentation and discussion of the Theoretical Model of the Semantic

Fields. the reader Is reffered to Lins (1994).

Theoretical support to this study also comes, as we have said, from the work of V.V.

Davydov, which is, on Its turn, based on ideas from Vygotsky. Davydov has done intensive

research on the teaching of mathematics for young children. In one of those experiments

(Davydov, 1962) he started from modelling simple situations with whole-part models, and from

there moved to exploring the manipulation of quantitative relationships. The use of literal

notation was introduced rapidly and without trouble, hecominga valuable and adequate tool in

that corded.

We understand that the importance ce of those studies it twofold. First, they point out to

the ways in which the use of symbols may produce a shift from the solution of problems to the

investigation of methods of solution. Second. by starting from the manipulation of whole-part

relationships, as a support, and then moving to the manipulation of the expressions
themselves, the work of Davydov suggests a fruitful but not fully explored vein. In many

respects It may be said that the passage from the "tanks" to the manipulation of expressions is

not really different from approaches using "concrete material' or "contextuabsed situations."

5For ingtanai. it i3 not the case dial when dealing with a scale-balance one will ism:manly operate within a
Serneintic Field °JO scale -bakince. some people will, instead, °permit within the Sera attic PIM ofolgebrak-

611 is 'mid to bditve that even Paul Folds would set and scfroai equatim So cakigate the change in the market.
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But there is a distinctive feature in Davydov's approach, namely that the wholepart model is

used to generate the expressions which axe to be manipulated, and not to illustrate the rules of .

manipulation; what is lacking. however, is the understanding that there are two modes of

producing meaning in play, and that this situation should be explicitly addressed by teaching.

The combined usein Davydov's workof symbols interpreted within a familiar
Semantic Field , within which the logic of the operations is sufficiently clear, together with the

intention of systematising that logic of the operations into principles which would guide the

manipulation of the expressions,. naturally leads away from the traditional approach of

achieving that objective through a generalisation of arithmetic. When Freudenthal (1974) says

that "...generality is not always achieved through generalisation," he Is in fact pointing out to

the need of introducing a kind of activity in which generality Is at the starting point. it is not

just a target. To those activities we will cal 1Justlfication-driven activities, and they will be

naturally opposed to solution-driven activities.

From Davydceis work, then, we borrow those two aspects: (1) operating within a familiar

Semantic Field as a way of generating meaningful quantitative relationships in the forni of

expressions: and. (Ill the implicit distinction between solution - driven and justification-driven

activities.

The conditions of' the study

The study was carried out In 1990, at the Escola de Aplicacao. a school set as part of

the School of Education of the University of Sao Paulo. The activities were discussed with the

class teacher, in order to guarantee that they would effectively contribute to the already

planned teaching, and that they would not be seen by the students as mere -extras." Solving

equations and using equations to solve problems were part of the program, and the only

required change was in the planned schedule for the lessons. Students were told. however, that

those lessons were part of an experimental teaching program. The researcher participated

regularly In the lessons, sometimes In the role of a teacher. Students' work has been preserved

in photocopies of their notebooks.

Chroroam activtty

The first activity proposed was based on a diagram given to the students:

With 9 more buckets, the tank on the left
will be full: with 5 more buckets, the
tank on the tight whi be full.

What can we say about this tank situation?
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Students were then encouraged to produce, in small groups, expressions which could

be shown to correspond to the situation, together with a.lustylcation in the adequacy of each

expression produced. The use of "arithmeticar notation (using the signs for the arithmetical

operations) was directly suggested by the teacher, and there was some negotiation as to the

letters to be used. The water on the left-hand tank was notated x, and the water on the right-

hand tank notated y. while a bucket was b.7

Some of the expressions generated. with their Justifications, were:

Mweemion.

x+9.b.y+5.1)

x+4.b=y

x+211=y-2.b

x+ab=y-b

JustVlootions for adequacy

'this phrase is correct because the two buckets
WO will be a whole

if I add 4 buckets to the tank on the left, they
will have the same amount'

+ 2 buckets will fill the tank, with 7 buckets
missing Isla And in y there are 5 buckets
missing. and if we do -2.becomes -7"

'6 buckets will be missing on x, and on y 5 are
missing If still another 1 is missing. also 6 will
be missing"

As those four examples Indicate, the validation of each expression. ie, the production of

Justylcations. was done by referring beck to a kernelthe "tank situation." The students were

operating within a mclealed Semiotic Field of a tanks situation.

x + 9.b y + 5.b

A7

1\

The next step was to propose another approach to theJustykellon of the adequacy of

new expressions. We asked the students to And a transliormation of the expression x+9b=y+5b

which woukl lead to the expression x +4b =y. The Importance of having passed through the first

phasegenerating the expressionsis that there were now, available to the new activity, a
large set of expressions to be manipulated, and those expressions were rneaningful.The

students had no difficulty In producing transformations such as "take 5 buckets from each

side."

For each new expression generated from then on, the students were required to produce

both a Justylcurion of Its adequacy In relation to the kernel, and anotherfustfficatbn of Its

7In Portuguese "budiets" is "bolds"
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adequacy from the application of a transformation rule to a previously established expression.

Within the new mode of producing meaning, expressions are directly linked:

AD

x+-t.b-y 10, x+9.b=y+5.b4

sg-
x + 3.b = y - b 4 x+2.b=y-2.b

The use of the transformation rules produced expressions which could not be easily

made sense of within the Semantic Field of the tanks, as. for instance. 2x+8b=2y. imposing the

discussion of the differences between the two modes of producing meaning. The distinction was

made even sharper when expressions were generated which the students could not be sure

whether they made sense at all within the Semantic Field of the tanks, as to the case of

x30b=y-34b. once one could not he sure of the possibility of taking 30 buckets of water

from x.

Having established some degree of independence of those specific expressions in

relation to the kernel, we could most to the manipulation of expressions which had not been

generated within some nucleated Semantic Field, as. for example, transforming the expression

3x--4a=2y. This part of the work was always carried out with a target In mind, for instance,

transforming that expression in a way to obtain another expression, of the form 4a= ... .8 The

fact that the students could correctly deal with this kind of task, suggests that the exit In the

previous part of the teaching was not due to the support offered by the 'context of the tanks.

Rather, once the direct manipulation of expressions had become a "sensefuf activity, not only

the technical difficulties did not occur, but, also, the students began to bring into play methods

produced in arithmetic (for example, simplifying simple rational expressions).

DiNCUS1013 and cone/usdon.

The aspect which will be discussed here, of the teaching experiment partly presented in

the previous section, is the role played by the theoretical framework In the design of the

activities and in the analysis of the results. Any lerighty examination of the teaming outcome of

the approach we propose has to be preceeded by that discussion: the presentation and
discussion of a teaching approach based on the 'IMF will be found somewhere else in the near

future.
The theoretical construct Semantic Reid was at the heart of the process of designing the

activities, pointing out to the need of having pupils to present JusUfication.s for the correctness

8In choosing this lomat for the activity. we hod in mind the introduction of a strongly analytical perception of the
expansion (Cf. lira. 1993) 189
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of the expressions (statement-beliefs) produced. The importance of those explicit Juslyicatbns is

twofold. First, they supported the introduction of the direct manipulation of expressions as one

wayamong othersof making sense of producing new expressions: in fact, the manipulation

of expressions is seen, in the context of the activities proposed, as the production of new,

adequate, expressions.9 Second. in order to focus sharply on the production ofJustilications,

we were led to design activities where the possibility of producing particular numerical

solutions was denied: instead of "find a solution" activities, we proposed "make sense"

activities. Bruner (1988) had already pointed out a possible, and very interesting, paralc11

between the notion of given and new tokens in speechintroduced by linguistsand the
behaviour of subjects prompted to "think aloud" while solving problems. Bruner observes that

those subjects produce a speech (which is likely to be a spoken version of the Inner speech)

from which the given is very much supressed. From the point of view of the ISILSEJustykations

certainly belong to the class of the given, as they must be accepted before being able to provide

an anchor to new statement-beliefs. The format adopted in our activities, led the students to

deal with both the new and with thegiven: as a consequence, they were not working only with

solving problems, but also working on producing and enrichingand internalisingnew
Semantic Fields. le. new modes of producing meaning. In Lins (1994) we present a full

discussion of the role of internal and external interlocutors in the process of developing Semantic

Fields (knowledge production).

The fact that our students did not have any substantial difficulties in dealing with

literal expressions suggests, in the light of the TMSF, that this process is directly linked to the

ways in which meaning is produced for those expressions. As we had already indicated (Lins.

1993), the "analytical behaviour," dealing with the unknown as if it were 'known." is
subordinated to particular characteristics of the Semantic Field within which the student is

operating.

The two key aspects of the dynamics of the teaching approach adopted, are what we call

vertical and horizontal developments. The former consists in the production of newstatement-

beliefs within a given Semantic Field. while the latter consists in the reinterpretation of "old"

statement-beliefs within another Semantic Field. Vertical development enriches modes of

producing meaning; horizontal development enriches the overall capacity ofa system of
knowledge to produce new knowtedge, but it also enriches the global meaning ofstatement-

beliefs.

Based on the theoretical framework, and on the overall results of the teaching
experiment, we suggest that the design, conduction and analysis of classroom activity should

be considered on a three-component system:

9In the proms of "properly" solving equatims, each transformation is soar as specialised. in the sane that it is
almost nexssary; although in may teaching approaches one finds the requiranan of adding "justifications" to each
"slop " cg, "do the same to both ides " lose transformations are rkall with from a very marrow perspective, and
as a comequaice, the idea of ming those transfonnabons to articulate expressions in a way toespress more than
initially availablefor instance, =arida/in an expression lo show thou the number of Writ files on a pattern is
always even is not devdoped, in the sane of it not being estimate strategy.

846



sauna-1.1mm

Semantic V
Fields Medtddriwn

6. Representation

This system should not be seen as a mere "change of basis" in relation to other systems.

Although the "concrete - abstract distinction can be formally interpreted in terms of the three

components of our system, such exercise is of no Interest. The TILSF aims at replacing such

traditional polarities with a more flexible and precise framework. We think that research

conducted within the framework of the TMSF should be concerned with producing a distinct

approach to teaching: what to teach. how to teach, rather than with solving learning difficulties

which aremore likely than notproduced precisely by the epistemological assumptions
underlying those teaching approaches--eg, that there is a 'path" from "concrete" to "abstract;

and even the assumption that those two categories correspond to qualitatively distinct kinds of

knowledge.
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INVESTIGATION OF A MODEL BASED ON THE NEUTRALIZATION OF OPPOSITES
TO TEACH INTEGER ADDITION AND SUBTRACTION

Patricia A. Lytle, UQAM, Montreal, Canada

Assessment studies from various countries have indicated student difficulties with integer
operations, in particular with that of integer subtraction. The most commonly used model
for integers and their operations, the number line (often used in combination with the
traditional subtraction rule) has been inadequate to produce understanding and
performance. An alternative model, one based on neutralization of positive and negative
quantities, was investigated in this study, and an individualized teaching experiment
using this model was conducted with four grade seven students. Results of this teaching
experiment were encouraging with respect to the construction of understanding, but not
all difficulties were overcome.

INTRODUCTION

Large-scale paper-and-pencil assessment studies are indicators of levels of students
performance on various types of tasks. A survey of the integer tasks in 11 such studies is

found in Lytle (1992), and the results show that although performance on integer addition

items varies from study to study, within each study performance on subtraction items lags

behind by about 20%. Two smaller studies involved interviews with students, and
findings indicated that success in addition tasks was dependent on reliance on a mental
or physical model, while success on subtraction items was related to how well a rule was

remembered. These findings were the motivation for investigation . into a model for
teaching integer operations that might give meaning to subtraction.

MODELS FOR TEACHING INTEGERS

Students develop number sense by constructing a mental model based on the concepts

that they know within a physical model, where objects in the mental model (in this case,

integers) correspond to objects they have become familiar with (Greeno, 1991). Within

this mental model, operations such as addition and subtraction are performed with the
mental objects in the same way in which combining and separating have been performed

on the physical objects. Models which are used to help students understand integers fall

into two main categories: the directed number (number line) model, and the discrete
opposites (which can be neutralized) model.

a) THE NUMBER LINE MODEL: When the number line is used for addition and
subtraction with natural numbers, the position of the first number is located, and the
direction of movement along the line is determined by the operation to be performed
(right for addition, left for subtraction). The distance moved is the magnitude of the
second number, and the result of the operation is the position reached. Thus this model's

embodiment of number is of both position and distance, while the operations on the
numbers are interpreted as directions of movement.
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With integers the number line takes on added complexity, especially when used for both
addition and subtraction, which may be why most authors advocate using the abstract

"change the sign and add" rule for subtraction. For addition, the direction of the operation

is now determined by the sign of the number to be added (right for positive, left for

negative). Since subtraction is the inverse of addition, the subtraction of an integer is in

an opposite direction to that of the addition of the same integer (e.g. Chilvers, 1985).

An American survey by Crosswhite et al (1986) revealed that 87% of approximately 500
teachers believed that "use of the number line helped in teaching integers", yet this model

has come under criticism by mathematics educators such as Ernest (1985). In addition, in

the NAEP 2 survey, Rathmell (1980) compared success for 9 and 13 year olds on
addition tasks using either the number line or joining of sets. He found that for both

groups of students approximately 40% fewer students correctly used the number line

compared to the success rate with combining sets. Kuchemann (1981) recommended

abandoning the number line in favor of an annihilation model for integer operations.

b) THE NEUTRALIZATION MODEL: The neutralization model uses physical objects,

such as different colored bingo chips, to represent quantities of opposite (positive and

negative) natures. Physical manipulation (If the objects (combining or removing)
corresponds to mathematical operations on in'egers (addition or subtraction). Many

educators have explained how this model works, but few have explored it to its full
potential. The most concise explanation is given b, Grady (1978), while the earliest

description of this model appears in Haner (1947).

The model's foundation is the neutralization of equal amounts of opposites, and the
concept of equivalence classes which allows any integer to have many physical

representations. For example, the integer -3 may be represented in its canonical form as

or in an equivalent form, such as , where the combination NM is

regarded as a "neutral element" with no value. Addition of integers is modeled by

combining the chips that represent the numbers. If the two integers have the same sign,

one adds up the total number of chips: thus for example -9 + -4 = -13. When the signs of

the integers are different and the chips are combined, neutralization occurs with equal
amounts of opposites. Thus for example -9 + +4 will have 4 sets of neutral elements,

leaving '5 as the result. Subtraction of integers is modeled by removal of a quantity of

chips representing the subtrahend. In subtractions such as "20 - '5, 5 chips are removed,

leaving -15 as the result. For the subtraction / - -12, there are not enough chips to take

away, so an equivalent representation of / must be made by adding enough neutral

elements so that there will be 12 negatives to remove. The following illustration shows

how this is done:
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Once the 12 negatives are removed, the result is 5 positives, so '7 - 1 2 = +5.
Mathematically, one asks "how many neutral elements have to be added so that all of the

negatives will be removed?", then one sees that while the negatives added are removed,
the positives added are what remain. When the signs of the integers are different, as in

+5 - -6, one needs to add 6 neutral elements in order to subtract 6 negatives. The chips
remaining will be the 5 positives that one started with, plus the 6 positives that came in as

part of the neutral element, thus +5 - -6 = +11.

Little research has been reported on the success or failure of the neutralization model,
but Rowland (1982) used a variation of this model (using a form of equivalency class
notation) with a group of four 11 year olds. He found that while additions were not difficult

for the students, the subtraction procedure was not as intuitive. He did not post-test or
interview the students. Liebeck (1990) taught two groups of ten grade 3 and 4 students,
using the number line for one group and a scores and forfeits representation of the
neutralization model with the other. The students were post-tested six weeks after
instruction, and the scores and forfeits group scored slightly better than the number line
group for additions, but both groups did not do as well on subtraction items, especially
when the signs were different.

USE OF THE NEUTRALIZATION MODEL FOR TEACHING INTEGERS:
AN EXPERIMENTAL STUDY

a) A PRIORI ANALYSIS: Peled (1991) has made an analysis of levels of procedural
knowledge of integers, based on the number line as well as on a quantity representation.

Since the focus of this present study was not only on performance, but also on
understanding, an a priori analysis was made concerning the concepts inherent in
understanding integers both from a mathematical point of view, and from the perspective

of the neutralization model, using the Herscovics - Bergeron (1988) model of
understanding. This analysis formed the foundation for the teaching experiment, and
details can be found in Lytle (1992).

b) THE POPULATION: Two grade 7 classes were given a preliminary pencil-and-paper

assessment in which items were designed not only to discover the level of pre-instruction

knowledge and performance with integers, but also to investigate knowledge of some of
the items inherent in the neutralization model, such as the concept of neutralization itself.

The survey revealed that negative number notation was used by 50% of the 53 students
on a task such as 2 - 8 = 0, and by 82% in a comparable temperature problem. In

addition, 50% of the students were successful with addition items involving a whole
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number and a negative number, and 44% could subtract a whole number from a negative
number, while only one student could subtract a negative number from a whole number.

Six students (two strong, two average, two weak) were chosen as possible candidates for

the teaching experiment, and were subsequently interviewed individually in a semi-
standardized way in order to probe more deeply into their thinking about integers. When
given integer operation tasks, none of the students used a consistent solution strategy

throughout, and all expressed uncertainty about their solutions. If anything was
consistent, it was their tendency to use whole number analogies. For example, one strong

student rearranged a task like 3 + -10 to -10 + 3 because he knew how to add a whole

number from any position on the number line. Three of the students expressly stated that

they did not know how to add or subtract a negative number since these numbers were

lower than zero, and in fact were "like zero" to them. In general, most of the six were

successful in operating on a negative number, but not with one. It seems that students

do bring number line notions to integer tasks, but only notions which are in agreement
with the natural numbers, and not in conflict with them. When asked to give a meaning for

a specific negative number, three of the students used a positional statement (under
zero), two mentioned that it represented "something missing", and one reported that it

was the result of a subtraction. In general, the students viewed the set of negative

numbers as "opposite to" the set of natural numbers.

c) THE TEACHING DESIGN: The teaching experiment consisted of five lessons of

approximately 40 minutes each, on consecutive days. Each of the students met
separately with the instructor, and all semi-standardized sessions were audiotaped for
later analysis. Four of the interviewed students were retained for the study, and they will

subsequently be referred to by the following code: S1 and S2 for the strong students, Al

for the average student, and W1 for the weak student.

LESSON ONE began with an exploration of the introductory notions of opposites,
neutrality and neutralization in a non-math context. Neutralization was also explored
within the context of cancellation of numbers and their operations in a string such as
647 + 299 - 299. The notion of equivalence was presented in a money (coin) context.
The students were then introduced to the concrete materials: the bingo chips, which were

of two different colors and marked with either a + or - sign. These were called

positive chips and negative chips, with respective values of "one positive" and "one
negative". These values were immediately represented by the integers +1 and -1, in
order to connect the concrete representation to their previous integer notation. The

students were then given several chips of the same type, and were asked to write an
integer to represent the value of the group. A similar worksheet activity included as the
last task a drawing containing 3 positive chips and one negative chip. S1 and S2
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spontaneously gave the correct value of +2, by using cancellation of opposites. Al
subtracted (3 - 1), while W1 was unable to give a value. Discussion with all 4 students
then dealt with opposites (II Nis the opposite of 0 El J), neutralization of opposites,
the existence of a "neutral element", and equivalence classes of integers. The students
were then asked to find the value of groups of chips which contained both types of signs,

and the procedure which they spontaneously used was formation of neutral elements by
neutralization. They were also asked to draw several equivalent representations of
specific integers.

In this first lesson, S1 and S2 had no difficulties with any of the concepts presented, and

spontaneously made connections within the model, and from the model to integers. Al
could often manipulate the concrete material, but was slower to make the connection with

the . abstract number. W1 could not make associations without intervention from the
instructor.

LESSON TWO's emphasis was addition, and began with a review of some of the notions

from the first day. Written addition tasks were then presented, first with integers of the
same sign, then with opposite numbers, and finally with integers of opposite sign. At all

times the students were asked to perform the one digit additions with the bingo chips, but

were not instructed how to use the chips. All students spontaneously constructed the
expected strategies for the first two types of additions, and carried these out mentally for
the tasks involving two and three digit integers. For the addition of integers of unlike
signs, both S1 and S2 immediately neutralized and did so mentally with the large number

tasks. Al had to be nudged to neutralize in the first task, and then used this procedure for

the one digit tasks. The first larger task (-4 + +18) fell into the category of ones he had

been able to solve before instruction (adding a whole number to a negative number using

the number line) and he found the answer quickly. However when given +9 + -15 he was

unsure of what to do, and when reminded that he could neutralize, he did so, then said:

"Would it always be the right answer if you did the bigger number subtract the smaller
one?", indicating his need to generalize. W1 also came up with this rule spontaneously,

based on the results of her neutralizations. At the end of the session, the students were

given 7 questions of mixed types, and were able to choose the correct solution strategies.

For addition, the physical neutralization moael appears to have provided a basis for the
students to construct a corresponding mental model for integers. It presented no conflict
with their whole number knowledge, but rather was substantiated by it.

LESSON THREE began with a review of equivalent representations of integers, Al
needing reminders of the infinite number of ways to represent an integer. Written

subtraction tasks such as -10 - -3 and -55 - -55 presented no difficulties for the students,
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and no one requested to use the chips. Next the students were given a task where the

signs were the same, but there were not enough to take away, and they were given the

initial amount of chips in order to force them to consider the neutralization model. This

produced conflict in all students, St stating (for - 4'8): "How am I supposed to subtract

positive 8? You need the other 5 chips. So this is the wrong way". All students had to be

taught to change the representation of the leading number to an equivalent one which
would have enough positives in it to allow the removal of the desired amount. Si and S2

immediately adopted this concept, but S2 often needed intervention to help him decide

how many neutrals to add, and St often added as many neutrals as the subtrahend. The

other two students had difficulty in the actual subtraction, in that after they had used an
equivalent representation for the integer, they still viewed the representation in two parts:

"neutrals plus the original group", and they needed the instructor's intervention of
physically mixing all of the chips to accept that the total amount of chips could be
considered to represent the integer. W1 could never decide how many neutrals to add,

but she knew that if she added too many the extras would just neutralize, so she often
added a random number of neutrals, even after intervention, and this carried over into the

tasks which were larger than one digit, and caused confusion for her. When asked to
give the result of the subtraction -4 - -6, S1 remarked "and you're left with positive 2. But

we're not doing that, cause these weren't positives", giving indication that although he
had learned a procedure for subtraction of chips, he was not able to intuitively be
convinced that the result was valid as the result of the written integer problem. On the

other hand, Al and WI trusted the results that they obtained with this method over the
results they would have obtained if left to their own reasoning. In fact, Al, who when

pretested had been able to use number line reasoning for starting from a negative
position and adding or subtracting a whole number, was able now to apply the concept

learned from the neutralization model to the number line: he commented (for -8 - -10)

"smaller negative, and you're subtracting the big negative, so it's gonna have to go above

zero, because there won't be place for the 2 left to be below zero".

The next type of subtraction (different signs) was an extension of the above type, and

presented the same type of difficulty. Included were tasks in which zero was the initial

number. These were followed by a set of a mixture of subtraction types, with which the
students still had difficulty deciding how many neutrals to add. The most consistently

successful student was the one who made sense of the neutralization model by reference

to the number line (A1), and who then seemed to move away again to abstract the
notions needed (for +100 - +145): "There's a hundred. Just forget the 45. There's a

hundred take off a hundred, is zero. There's 45 extra, so it's gonna be negative 45".

Non-trivial subtractions (ones in which there is not enough quantity to remove) did not

appear to be demystified by the neutralization model. This was the first instance where a

197 -
853



non-intuitive, demanding, task was required: to change the representation of the leading

integer to one appropriate for the subtraction, and to believe that the new representation
was just as legitimate as the canonical one. This procedure appeared to be a "rule
without a reason" for the students. The other obstacle was to find meaning for the result:
how can the subtraction of two negative numbers yield a positive number?

LESSON FOUR dealt with a subtraction review, and with ordering (using the number
line). S1 and Al were able to solve all subtractions correctly (10 two digit tasks). S2

initially needed intervention to get on track (although evaluated by his teacher as strong,

he seemed to be a student who could spontaneously handle the "intuitive" concepts, but

who tended to follow a pattern at other times, and here he had lost the memory of the
"pattern" of adding neutrals then subtracting). W1 could not handle the integer questions,

but when they were scaled down to comparable one digit tasks, was able to use the
concrete material to evaluate correctly, but each time needed to be pushed to use the
chips, as she constantly tried to make a rule based on one example.

LESSON FIVE began with a mixture of two digit addition and subtraction problems, and

here the complexity of looking not only at the signs of the numbers and their magnitude
but also at the sign of the operation became too great an obstacle, especially for the weak
student.

POSTTEST: In the week following the instruction, the students were given a post-test in

the form of a semi-standardized interview. The addition and subtraction tasks were all of

a two digit or three digit type. S2 and A2 were able to solve them, while S1 made
careless errors, and W1, although she still made errors, was more successful than she
had been the week before.

SUMMARY AND CONCLUSIONS

The neutralization model appears to be an intuitive model for the notions of integer
opposites and equivalence classes, as well as for integer addition and "trivial" integer
subtractions. The whole number notions of number as quantity, addition as combining,

and subtraction as removing are built upon rather than ignored. Difficulties emerged with

subtractions where there is not enough quantity to remove the subtrahend. It must be
noted that the same length of time was devoted to integer subtraction as had been
devoted to integer addition, and it is recommended that the more involved subtraction
may need to be introduced more slowly, with more time spent at the physical level before

larger numbers are encountered. This study, then, could be further refined with more
attention paid to the subtraction section. Despite this, there was some evidence that this

concrete model could provide students with a mental model which would help them with

integer subtractions, certainly for subtractions such as -82 - -27.

854 198



A feature of the model which may cause confusion emerged when students were given a

mixture of addition and subtraction tasks. They were sometimes hesitant about whether

to "neutralize", or to "add neutrals" and this may be due to the fact that the neutralization

procedure used for addition actually calls for removal of neutrals (a usual subtraction

technique), and that the process of forming an equivalent representation for subtraction

calls for the addition of neutrals.

Results of this study indicate that the neutralization model is at least a viable altornative

for the teaching of integers and of the operations of integer addition and subtraction,

since it provides intuitive meaning for all integer additions, and for some subtractions,

which the manipulations of the number line cannot do. However, it remains to be seen

whether or not all subtractions can be easily understood within the perspective of this

model.
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METAUNGUISTIC AWARENESS AND ALGEBRA LEARNING

Isla 'lie:dace:gm& Kaye Stacey
University of Melbourne, Australia

Despite general agreement that language proficiency and mathematics karning are related,
there is link knowledge of the specific language skills involved. In this paper we report a
study of the relationship between students' success in learning algebra and certain aspects
of metalinguistic awareness. Data was obtained from tests given to more than 1200
students aged 11 to 15. The results show that although most students could understand
and use verbal and numerical information in tables, labels and other familiar formats,
manj, of them made mistakes when consideration of syntactic structure was required and
when they had to use algebraic notation. We conclude that metalinguistic awareness of
symbols and syntax is an important factor controlling and limiting students' success in
learning to use algebraic notation.

The question of whether or how language proficiency is related to learning ability and academic

achievement has been debated for many years. There is general agreement that much learning and

thinking is possible only through the medium of language. However there have been very few

studies of relationships between specific components of linguistic competence (other than vocabulary

knowledge) and mathematics learning. In a study of 10-16 year olds who were underachieving in

mathematics, White (1985) found that they were less able than their "normal" peers to deal with

precise language and to process language normally, although on practical tasks that required deductive

reasoning their performance was not significantly different from that of the normal group. Mestre

(1988) found that poor performance in algebra by a group of ninth-graders was associated with low

scores on a test of verbal ability. According to Cuevas (1984) the learning of mathematics requires

particular linguistic skills that some learners, in particular second-language learners, may not have

mastered. Cummins (1984) has suggested that there is a certain level of "cognitive language

proficiency" that relates strongly to academic achievement. It enables language to be used as an

organiser of knowledge and a tool for reasoning. A study of the relationship between two aspects of

students' language proficiency and their success in learning the fundamentals of algebraic notation is

reported in this paper.

Evidence for assodation between language proficiency and algebra learning
As a precursor to the main study, data on language proficiency and algebra learning were

obtained from a school in a middle-class suburb of Melbourne. A mixed-ability Year 8 class of 25

boys who had not been taught algebra before was observed during three weeks of lessons on algebra

given by their mathematics teacher. The boys were then tested on the material taught (i.e.,
simplifying, expanding, and solving equations ) using a teacher-made test. Reading comprehension

measures (i.e., level of ability to understand ordinary non-mathematical English) for these boys were

obtained from the school records, and compared with the algebra test results. The scatterplot shows a

linear distribution, with a positive correlation (rs = 25, r = .57) between algebra scores and reading

comprehension measures. There are three conspicuous outliers to the general trend, and when these

are removed from the sample the correlation is high (it = 22, r = .81). This high correlation is
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surprising because the algebra test contained no verbal material except brief instructions such as

"expand" and "solve", and the teaching method had required no reading by the students, who had

merely watched demonstrations at the chalkboard and practised symbolic examples. Possibly the

teacher believed that by eliminating the reading component from his lessons he was making learning

accessible for all students including those with weak English comprehension skills. However almost

all the students who had received low scores on the comprehension test learned very little algebra.

There are likely to be many factors, both affective arid cognitive, that contributed to this outcome.

Our hypothesis was that one of these factors was meta inguistic awareness, described below.

Awareness of language structures
Some of the cognitive processes used for generating and interpreting language are automatic,

unconscious and spontaneous; others are deliberate, .:onscious and analytical. The term

metalinguistic awareness is currently used by re-se-archers in the field of literacy development (see, for

example, Hakes, 1980; Tunmer, Pratt & Herriman, 1984? to refer to the linguistic ability that enables

a language user to consciously reflect on and analyse spoken or written language. Metalinguistic

awareness is involved when the form of an expression is considered rather than its meaning. It

enables the language user to reflect on the structural features of language and make choices about how

to represent or how to interpret information.

One component of algebraic thinking, according to Lins (1992), is the ability to mentally

manipulate abstract objects in accordance with properties of the classes of objects to which they

belong. This ability in algebra operates at the same level of abstraction as metalinguistic awareness in

ordinary language when words and word strings are treated as instances of variables with general

properties (e.g., the word "simplify" could be considered as an instance of "transitive verb" or "word

of three syllables" or "word starting with s"). An example in an algebraic context is the classification

of x + 2 as (a) an instruction to add 2 to x, (b) the result of adding 2 to x, (c) a function of x, or (d) a

number greater than x. It is likely that students with low levels of metalinguistic awareness in

ordinary language would have difficulty in classifying mathematical objects and hence in interpreting

and using algebraic symbolism.

From a list of seven components of metalinguistic awareness in ordinary language (Herriman,

1991) we selected two - word awareness and syntax awareness - that have mathematical analogues.

Translated into the context of algebra, these two components are:

I. Symbol awareness (analogous to word awareness)

knowing that numerals, letters and other mathematical signs can be treated as symbols

detached from real-world referents. It follows that symbols can be manipulated in order to rearrange

or simplify an algebraic expression, regardless of their original referents.

knowing that groups of symbols can be used as basic meaning units. For example, (x+2)

can be considered as a single quantity for the purposes of algebraic manipulation.

2. Syntax awareness
recognition of well-formedness in algebraic expressions. For example, "2x = 10 x = 5"

is well-formed, whereas " = 2x =10 = 5" is not well-formed.
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the ability to make judgements about how syntactic structure controls meaning and the
making of inferences. For example, if a + b = x, then b + a = x, but if a - b = x, then it is not

generally true that b - a = x.

Development of test items
To test our hypothesis that an association exists between the two components (see above) of

students' metalinguistic competence and algebra learning, we prepared test items in three categories to

measure (i) symbol and syntax awareness in comprehending written English (ii) ability to select

numerical data, choose an operation and calculate; and (iii) interpretation and use of algebraic

notation. Examples of items are shown in Figure 1.

Category (i) item
Read the sentence in the box.

IThere are more than seven words in this sentence. I

(i) What is the fifth word? (ii) How many letters are in the third word?

Category (ii) item
The timetable shows airline flights from Melbourne to Townsville.

Plight Days Depart Arrive Stops Meals
60 wiwrrs- 6:30 11:05 1 B/fast
62 S 8:15 12:15 1 Snack
35 S- 8:30 12:30 1 Snack
38 s- 10:00 1:45 0 Lunch
66 MIWTFSS 11:40 3:35 1 Lunch
52 --WTF-- 3:00 8:25 2 Dinner
53 M 3:20 8:45 2 Dinner

(i) How many flights are there on Saturdays?

(ii) Which flight takes the least time? How long does it take?

Category (iii) items
1. Which of the following expressions can be written as n + n + n + n + n?

n + 5 n x 5 5n n5 55

2 Sue weighs 1 kg less than Chris. Chris weighs y kg.

Use algebra b write Sue's weight.

Easy reading item (See airline timetable above)

What is the arrival time of Flight 60?

Figure 1. Examples of test items
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We also included an easy reading item requiring no metalinguistic awareness or calculating, in order

to identify students who could not understand written English. To construct items in categories (i)

and (ii), we used general ideas from the work of Kirsch and Mosenthal (1990), Wickert (1989), and

Whimbey and Lochhead (1986). Algebra items (category iii),were based on diagnostic items used in

other studies (e.g., Assessment of Performance Unit, 1885; Avila, Garcia & Rojano, 1990; Booth,

1984; Kuchemann, 1981; MacGregor & Stacey, 1993). Students' total scoresfor the three categories

of items are referred to in this paper as (i) language scores, (ii) arithmetic scores and (iii) algebra

scores.

Procedure
The test was given to the whole cohort (n = 130) of Year-10 students in a boys' school in a

middle class suburb of Melbourne, the same school from which the preliminary data had been

obtained. The boys were in their third year of algebra learning. Responses were scored as either

right or wrong, and total scores for each student on the three categories shown above wererecorded.

A similar test was given to a representative sample (n = 1236) of students in 18schools in year levels

7 to 10.

Results
1. Sample of 130 boys in Year 10. All boys were correct on the easy reading item, indicating

basic reading competence. There were errors made on all other items. The arithmetic items were

easier than the algebra items, in spite of the fact that the arithmetic items required far more reading and

general literacy skills than the algebra items (discussed below). Fig. 2 shows the association between

language scores and arithmetic scores. Fig. 3 shows the association between language scores and

algebra scores. Note that clusters in the figures indicate that more than one individual obtained a

particular score. For example. the three-armed cluster at the top of Fig. 2 indicates that three boys

obtained a language score of 65% and an arithmetic score of 100%.

The figures show that none of the students with very low language scores performed well on

either the arithmetic items or the algebra items. Fig. 3 shows that only those students whoobtained a

language score of more than 90% succeeded on all the algebra items. In contrast, as shown in Fig. 2,

boys with language scores down to 65% were able to get top arithmetic scores. The different pattern

of scatter in the two distributions - Fig. 2 suggesting a general scatter and Fig. 3 showing a lower

triangular pattern - is currently being investigated.

The pattern of scatter in Fig. 3 suggests that metalinguistic competence is a limiting factorin

the development of algebraic competence, since there is no instance of a student with a low language

score achieving a high algebra score. However it is clear that algebra scores cannot be predicted from

language scores, because of the considerable number of students high on the language measure but

low on algebra.

2. Large sample across four year levels 7 to 10. At each of the four levels, the association

between language scores and algebra scores was similar to the pattern shown in Fig. 3. There was no
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Figure 2. Association between language scores and arithmetic scores for 130 boys in Year 10
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Figure 3 . Association between language scores and algebra scores for 130 boys in Year 10

instance of a student with a low language score and a high algebra score. However there were many

students at all year levels with high language scores and low algebra scores (see, for example, Fig.

4). The lower triangular pattern in all language/algebra scatterplots suggests that metalinguistic

awareness may operate as a factor that limits students' success in using algebraic notation but does
not limit their success on the arithmetic items.
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Figure 4. Association between language scores and algebra scores for Year 7 sample (n = 188)

Discussion and conclusion
In contrast up the results of a nationwide survey of adult literacy (Wickert, 1989), we found

that almost all students in our samples could select and use verbal and numerical information

presented in timetables, charts and labels (Category However in test items requiring awareness of

symbols, syntax and word order (Category i), many students made mistakes. Items requiring
awareness of syntax in an algebraic context and the ability to distinguish an algebraic symbol from its

referent (Category were harder still.

Success on the arithmetic items (Category required choosing an operation and using it for

simple calculating, in addition to comprehending the written English and format of the problems. For

example, in the Category (ii) item shown in Fig. 1, the time from 10:C0 am to 1:45 pm has to be

calculated, and there are many decisions to be made in the selection of appropriate information from

the rows and columns before the calculating can be done. According to Kirsch & Mosenthal's (1990)

investigations of adult literacy, an item such as this one should be relatively difficult because:

(a) the information given in the question does not correspond closely with the information

provided in the data, and therefore inferences have to be made about what to do;

(b) prior knowledge may be required (e.g., how to interpret a timetable);

(c) there are many categories of information in the data;

(d) there are many specific pieces of information in the data.

In spite of these potential sources of difficulty and thezpany opportunities for careless mistakes,

approximately 80% of students were correct for all parts of the item. In contrast, only 42% were

correct for the apparently very simple algebraic item

Sue weighs I kg less than Chris. Chris weighs y kg. Use algebra to write Sue's weight.
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Many of the incorrect answers given for this item reveal lack of one or both of the two metalinguistic

skills (i.e., symbol awareness and syntax awareness) that we have selected as necessary for dealing

with algebraic symbolism. Nineteen answers (15% of the sample) contained the letters S or C or

both, for example, S = C-1, S-1 = y, C+1 = 5, 1-C. As well as revealing syntax difficulties, these

expressions indicate the student's belief that algebraic letters are shorthand names (i.e., S stands for

Sue or for Sue's weight), reflecting poorly developed metalinguistic awareness of the distinction

between symbols and their referents. Other frequently occurring incorrect answers to this item

included 1-y and 1+y . Both these expressions reveal difficulties in interpreting either the syntax of

algebra or the syntax of the given problem. The answer 1-y indicates that the concept of "1 less"

was understood correctly from the given problem, but the student did not know how to write "1 less

than y" in algebraic symbols. The expression 1+y suggests that the student did not correctly

interpret the syntactic structure of the given problem, and decided that the answer (Sue's weight)

involved adding 1 instead of subtracting 1. Almost all incorrect answers to the other algebra items in

the test could similarly be attributed to lack of symbol and syntax awareness.

As reported earlier in this paper, we found a close correlation between students' English

comprehension scores and their scores on a teacher-made test of algebraic procedures. In contrast, in

our tests a large proportion of students with high scores on the metalinguistic items obtained low

scores on the algebra items. The reason for this discrepancy has not been investigated, but probably

reflects the different nature of the algebra items: the teacher-made test required remembering and

reproducing rote-learned procedures, whereas most of the items we prepared required students to

make choices about the selection and arrangement of algebraic letters, numerals and operation signs in

order to produce algebraic expressions.

It is not clear why some students with high language scores were wrong on many algebra

items in our tests although they been given the opportunity to learn. One explanation is that these

students are not sufficiently aware that the algebraic sign system has its oviii grammatical rules and

conventions that are not intuitively obvious and have to be learned; they continue to use automatic,

unconscious language-processing rules (Kaput, 1987; MacGregor, 1991). This in turn may be a

result of current approaches to the teaching of language arts and early numeracy, in which children are

encouraged to ixord ideas in unconventional ways that they invent themselves. Students with high

metalinguistic swa,'eness may succeed in learning algebra if they are helped to recognize that changes

in the order, position 1r grouping of symbols affect meaning and that the language of algebra has its

own set of grammatical rules that are not intuitive or "natural" and have to be learned and practised.

However for students with low metalinguistic competence, this approach is unlikely to be effective.

There are many factors that contribute to students' difficulties in learning algebra. Our study

shows that (ie of these factors, not previously reported in the literature, is the student's level of

metalinguistic awaitness.
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CHILDREN'S DIFFERENT WAYS OF THINKING ABOUT
FRACTIONS

Carolyn A. Maher, Amy M. Martino & Robert B. Davis

Rutgers University

New Brunswick, New Jersey USA

A constructivist teaching experiment was carried out with a heterogeneous
class of twenty-five 9-10 year old fourth-grade children in order to explore
and to study their development of fraction ideas. Problems were presented
based on ongoing analysis of children's thinking. All twenty sessions
were videotaped with three cameras. The videotapes, children's written
work and journals, as well as recorder notes comprise the data. This report
illustrates children's retrieval of competing representations of fraction ideas
as they discuss the placement of fractions between 0 and 1 on a segment of
the number line. It describes, also, the children's effort to reconcile the
different representations in an effort to place fractions on a number line.

Theoretical Framework
Freudenthal (1983), in Didactical Phenomenology of Mathematical Structures,offers a

phenomenological presentation of fractions. In light of the complexity of ideas, he expresses

concern with the assumption that "...pupils are supposed to be so advanced as to be satisfied

with one approach from reality" (p. 134) and suggests this as a reason why many people never

learn fractions. In Fractions in Realistic Mathematics Education, Streefland (1991) provides a

historical account of the difficulties presented by fractions in mathematics education and

demonstrates that the source and application of fractions has been removed from the theory of

fractions. Drawing on several years of direct experience working with primary school

children, Streefland proposes a theory on the teaching and learning of fractions to illustrate

realistic mathematics education. A goal, he suggests, is for "insightful (re)construction" of the

system to correspond to the historical learning process.

Behr, Lesh, Post, and Silver (1983) have spent several years studying children's

development of rational-number ideas. They indicate that their data have made them sensitive

to the issue of concept stability and instability as well as of concept development and suggest

that mathematical ideas are present at different levels of sophistication and do not move from

ideas that are "understood" to ideas that are "mastered". They indicate that with the

development of ideas comes periodic reconceptualization. When embedded in progressively

more complex systems, the ideas then may be significantly altered.

Davis, in his 1984 hook, Learning Mathematics, presents a general theory of selecting

among alternative mental representations. He documents many situations in which children

select from among alternative mental representations in building solutions to problems.
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Clearly, them is no sparcity of documentation of the complexity of fraction ideas and

the difficulties children have in building a meaningful understanding of them (See, for

example, Behr, Bright & Wachsmuth, 1982; Streefland, 1978; and Maher, Davis & Alston,

1991).

The purpose of this study is to uncover the ideas that children have about fractions

when they are encouraged to build their ideas further in an environment where it is easy to

express their thinking. The research takes the form of a classroom teaching experiment as

described by Cobb, Wood, Yackel, Nicholls, Wheatley, Trigatti, Perlwitz (1991). In this

mode researchers study students' construction of ideas as they attempt to resolve problem

situations. Classroom activity is guided by ongoing analysis of videotape data that provide

elaboration about student thinking.

Background
This research is a small segment of a longitudinal study of the development of

mathematical ideas in children between the ages of 8 and 12 years.' The fourth grade students

attend a suburban school district in New Jersey where the teachers have been part of a teacher

development project in mathematics with Rutgers University that is currently in its fifth year.

Mathematics instruction at this school district is intended to create classroom environments that

support the learning of mathematics through problem solving. Children are given opportunities

to do mathematics in an open environment in which they are encouraged to explore patterns and

relationships, make conjectures, and discuss their ideas with others. Students are observed

working individually, with a partner, or in a small group, at a personally determined pace and

then sharing solutions in whole-class discussions. The classroom environment is designed to

encourage thoughtfulness, communication, exploration, and reflection as children are

challenged to consider the reasonableness of proposed ideas.

Methods and Procedures
Classroom Setting. In studying the development of mathematical ideas, problematic

situations are posed and students are observed building solutions, developing arguments,

constructing models, comparing models, discussing their ideas and negotiating their conflicts.

The role of the teacher(s) is to facilitate discussion and probe students' thinking through

questioning that is related to the student's construction. The teaching style is guided by the

students' thinking. Thus, what the students explore is dictated by the questions that they raise.

Closure on a topic is deferred until students come to a resolution. New ideas that arise from

students trigger further questions which encourage exploration. For this reason, it is not

unusual for students to explore a question for an extended period of time that might span

weeks, months or in some cases, years (see Martino & Maher, 1991; Maher, Davis & Alston,

1991). Students arencouraged to use resources and tools in their exploration. On days when
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the teaching experiment is not in progress, the classroom teacher allows the children time to

reflect and write about ideas considered in previous sessions.

Data Source. Although this research is a continuous phenomenon building upon the prior

sessions, our intent in this report is to present a small segment of this teaching experiment.

Data for this study in the form of videotape transcripts of classroom lessons and children's

written work are from the November 1, 1993 class session involving the placement of

fractions on the interval from 0 to I on a segment of the number line.

Procedures for Data Collection, In collaboration with the classroom teacher, a 20-

session teaching experiment was conducted with a heterogeneous (average to high) class of 25

fourth graders? Each class met from 60 to 8(1 minutes, on average three times a week

beginning in September 1993. All lessons were videotaped with three cameras. Two cameras

were used for observing the students building their models and the classroom discussions and

interactions. The third camera captured the activity in the front of the room where students

presented and discussed their work at the overhead projector. Transcripts of videotapes, the

accompanying written work of the students, and researcher notes comprised a video portfolio

for each student.

The Problems. During the months of September through November of 1993, the students

worked on a series of problem tasks using available materials (such as Cuisenaire rods, string,

meter sticks, etc.) to explore some basic ideas related to fractions. Students used these

activities to explore the concepts of fractional part, equivalent fractions, comparison of

fractions, proportion, division of fractions and placement of fractions on a number line. The

inter-relationship between ideas evolved naturally. For example, some of the comparison of

fraction activities discussion resulted in the production of different models, which gave rise to

the discussion of ideas related to ratio and proportion. Thus, one activity frequently led to

further questions which were explored by the students.

The Evolution of the Number Line Activity. The placement of fractions on the
number line activity was triggered by a class discussion of a comparison problem that had

occurred a week earlier. The problem was to share three large candy bars, each containing 10

blocks of chocolate, among the class of 25 students. The regular classroom teacher partitioned

the class into three groups, two with eight students and one with nine. The students built three

solutions to the problem. For the first two solutions, each of the three groups were given one

candy bar. For the groups with eight students, it was determined that each student in that

group would get one and one-fourth blocks of chocolate while each student in the group with

nine students would receive one and one-ninth blocks of chocolate. Students realized that the
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people who got one and one-fourth blocks had received more chocolate. The students were

then challenged to determine how much larger one-fourth was than one-ninth and spent a few

days building models with Cuisenaire rods to compare one-ninthand one-fourth. The students

determined that one-fourth was larger than one-ninth by five-thirty sixths and justified their

argument using the models that they had built.

At the completion of this activity, another student, Andrew, offered a third solution.

He suggested that there be only one group of students, that is, the class of twenty five. Tie

then proposed that the thirty pieces of chocolate be distributed so that each student would

receive one and one-fifth blocks of chocolate. (He constructed his mental representation of this

solution without building a physical model or making a drawing.) The class became engaged

in this idea and this triggered a discussion about the comparison of the three fractions, one-

fourth, one-fifth, and one-ninth. An outgrowth of that discussion wasthe recognition that "the

larger the number of people the smaller the piece of chocolate. Students indicated that the

larger the number (denominator), the smaller the piece of chocolate. The lesson on

comparison had evolved into a discussion of ordering about which the students were both

interested and curious. The students' natural interest in ordering these fractions motivated us to

see whether the students could order fractions on a number line.

Results
Placing fractions on the number line (November 1. 1993)

The students were given the task of placing the unit fractions 1/2, 1/3, 1/4... 1/10

between the interval 0 and I on a number line. Students were also asked to place the number

3/4 on the same interval. After all students had an opportunity to construct a number line, one

student. Alan, shared his number line with his classmates (see Figure 1).

Figure 1. Alan's original number line.
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Alan states, "Between zero and one [on his number line] you can divide it into those fractions
[see Figure 1]... such as the 3/4 would go there [pointed to a position between 1/2 and 1 on his
number line] because you've got 1/3 there and then it would take... [He paused, then began his
justification for the placement of 3/4.] ... no... 1/4 there [pointed to the placement of 1/4 on his
number line] and you'd need three of those [referred to three segments of length 1/4] to get to
that mark [the position of 3/4 on his number line)". Thus, Alan had determined the position for
3/4 by finding the length of 1/4, placing it on his number line and tripling this length to locate
the position for 3/4.

In the course of this activity, some children placed the fraction 1/3 in both the 1/3 and
2/3 position on the interval between 0 and 1 (see Figure 2). The childrenwere encouraged by
the teacher to discuss this placement of 1/3. Alan, who was focusing on intervals of length
1/3, justified that the 1/3 could go on both 1/3 and 2/3 of the interval between 0 and 1. He
explains, "You could put... basically... the 1/3 in any place... in any three places of that
number line... because you could have the 1/3's going either way... I mean you could take a
third out from there, from there, from there... so you really could put it in three places".

A
Figure 2. Placement of the fraction 1/3 in both the 1/3 and 2/3 position on the interval

between 0 and 1.

Another student, Andrew, challenged Alan about the position we would call two-thirds.

In response, Alan built a model with Cuisenaire rods comparing the length of one dark green
rod to three red rods (see Figure 3). As Alan placed a mark next to each of the three positions
on the interval between zero and one that he would call 1/3 he said, "Here you have the thirds.

You could mark the 1/3 for hding here, 1/3 for being here, 1/3 for being here".

L RED r RED RED

DARK GREEN

Figure 3. A reproduction from the videotape of Alan's model built with Cuisenaire rods to
show that there ate three "1/3 segments" between 0 and I on the number line.
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Children were then challenged to place the numerals 1/3, 2/3, 3/3 and 013 on Alan's model.

Alan responded by placing the number 1/3 above his first 1/3 marking; classmates Mark,

Danielle and Andrew placed the numbers 2/3, 3/3and 0/3 on the number line as indicated in

Figure 4.

Figure 4. A reproduction from the videotape of students' placement of the fractions 0/3,
1/3, 2/3 and 3/3 on the interval of number line between 0 to 1.

In earlier discussions, students had agreed that there could be many names for the same

rational number. For this reason, the teacher again challenged the students to consider whether

they could put the numeral 1/3 on the number line in the same position that they had placed 2/3.

Alan again considered intervals of length 1/3 and responded, "This could he a third [He

referred to the length from 1/3 to 2/3.]... and between there and here [He referred to the length

from 2/3 to 3/3.] that would he a third". To justify his placement of the fraction name 1/3

above the interval from 1/3 to 2/3, Alan used the Cuisenaire rods to begin to make a distinction

between numbers which define intervals and numbers which define positions on the interval.

Alan: But basically what comes to mind... when you think of fractions... you always

think of the first one [He referred to the length from 0 to 1/3 then picks up a red

rod.] You could put it here [from 0 to 1/31, here[from 1/3 to 2/3] or here [from

2/3 to 3/3], but you could put 1/3, 2/3, 3/3 in any one of those places [He

placed one red rod then two red rods then three redrods along his number line

between 0 and 11_ but you can still go 1/3,2/3...1 mean 1/3, that would be

1/3 that would be 1/3 [referred to the three individual thirds between 0 and 1].

Thus, Alan had two different ways of looking at 1/3, the placement of numbers and the

length of the segment divided into three pieces, exhibiting a mapping between the two

concepts. Alan's explanation encouraged further classroom discussion and interaction.

During this session the class was attentive and contributed to the discussion. Andrew,

who was focused on the placement of numerals on the number line and was concerned about

preserving additivity of mimire, questioned Alan's labeling the middle interval 1/3. As a
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result of his concern. Andrew presented an accumulated distance argument. He indicated, "I
don't think it could really work cause if you just put red in the middle [from 1/3 to 2/3] and call
it 1/3, then if you put there on the left side of it 3/3...on the right side of it 2/3... then you'd be
reading it 2/3, 1/3, 3/3 [sic] so wherever you put it in your space you always have to start from
zero cause you can't go from 1 down to 0. Because that's getting bigger and ifyou start it like
that ... you're then just switching the 0 and 1".

Alan conceded, although still maintaining that one can still regard one-third as one of
three segments of equal length and indicated, "Right. But you can still put 1/3 in any of these
places, but basically what comes to mind once you think of fractions... you always think of the
first one [the length from 0 to 1/3] it could go in any of these". Thus, Alan restated his
understanding that since the three red rods (representing the three intervals between 0 and I)
had the same length they had the same fraction value of 1/3. Students continued to explore
these ideas about placement of fractions on the number line. Theywere asked to draw models

and write about their models which were shared in the next two sessions. The sharing
triggered further reconfiguration of these ideas as children worked to negotiate understanding

of alternative representations.

In the construction of his number line, Alan who had built his number line quickly,was
asked by the teacher to place unit fractions of 1/100 and 14000 on the interval between 0 and
I. In presenting his number line to the class, Alan produced an enlarged version of the small
segment of number line between 0 and 1/10 (see Figure 5). He then proceeded to talk about

his placement of the fractions 1/100 and 1/10(10 on this segment of the number line. He
explained, "The 1/2 [position halfway between 0 and 1] you could use as a guideline... now
the others... these are the 1/10, the 1/1(X) and the 1/1000 which I did...now I made a big
picture [see Figure 2 for Alan's enlarged view of a segment of his number line] cause you
couldn't really see it on that one [referred to the placement of 1/100 and 1/1000on his original

number line]... so that's where the 1/1000 would be [referred to its placement on his new
section of number line]. You can't make anything bigger than that cause it would be too small
to see".

en

rig 1/1000 is t
'Pen mZwed

litvesv
Figure 5. Alan's enlarged segment of his original number line.
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Conclusions and Implications
The complexity of building these ideas becomes apparent as we observe students

retrieving (or buituing) different representations and negotiating alternative meanings. Surely

these ideas must appear somewhat mysterious to students when each perspective seemsequally

reasonable. For example, there may he no apparent reason to a child at this point for

preserving additivity of measure. 130th Alan and Andrew present two different and correct

ways of mapping their ideas. Alan considers the segment as divided into three pieces, marking

one-third where two-thirds might he expected. In his labeling of the segment, he clearly

recognizes one-third of the segment and is not concerned with additivity. Andrew, on the other

hand, proposes a cumulative structure, starting at 0 and marking how far each third is from

zero.
Alan, interested in the placement of smaller fractions on the interval, extends his

understanding. He represents a portion of his line as magnified to indicate the placement of

one-hundredth and one-thousandth and indicates the placement of even smaller fractions. He

then engages some menthe's of the class in a lively discussion in an attempt to convince them

that as the fraction gets smaller and smaller, there still is a place for it on the number line. The

findings from this analysis are consistent with perspective provided by Freudenthal regarding

the complexity of fraction ideas and the multiplicity of approaches for building concepts. This

work also supports Street' land's view regarding the importance of insightful reconstruction.

Endnotes
1. This research is supported in part by National Science Foundation MDR-9053597 to Rutgers, the
State University of New Jersey and a grant funded by the New Jersey Department of Higher Education M 93-

992002.8001 to develop lesson units. Any opinions, findings, and conclusions or recommendations expressed
in this publication arc those of the authors and do not necessarily reflect the views of the above mentioned

organizations.
2. We would like to express our gratitude to fourth grade teacher, Joan Phillips. who has been our partner
in this long-term study.
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Problem Posing and Hypothetical Reasoning in Geometrical Realm (*)

Nicolina A. MALARA Department of Mathematics - University of Modena (Italy)
Loredana GHERPELLI Middle School "A. Ferrari" Maranello-Modena (Italy) .

We expose the guidelines and the main results ofa research, realized with small groups of 12113-year-
old pupils, aimed at leading pupils in posing problems on elementary geometrical plane figures,
through the construction of their texts. With the research we want to study the real possibilities of the
pupils of such age in posing geometrical problems and to obtain information on the effects of
cooperative work on this matter. From a general point of view we have realized that problem posing
promotes the ability to solve problems under hypotheses (through the individualization and resolution
of the possible problems linked to a particular geometrical figure) and metacognition (through the
control of the strategies underlying the different situations constructed, the awareness of the
fundamental relations among the elements of the geometrical figure studied and the full knowledge of
the range of the classical models of problems on them). From a methodological point of view we have
highlighted the effectiveness of working in small groups either for the production and solution of
problems or for the contribution in overcoming the difficulties of the weaker pupils.

Introduction
What we are going to state here concerns a didactic research aimed at leading the pupils to pose and pose
themselves problems through the construction of the texts. This is part of a wide project of educational
innovation on the problem started in 1987 and developed into different experimentations, some with
other specific aims, but in general with the intention of refining the skills in solving problems and
promoting hypothetical reasoning and metacognition (see Malara 1991, 1993 and Malara et alii
1992).

The importance of educating the pupils to formulate problems has been underlined by scholars such as
Polya (1962), Sawyer (1964), Freudenthal (1973) and in more recent times Brown & Walter (1983),
Kilpatrick (1987), Silver (1993). As the last mentioned has punctuated, the interest in this kind of activity
has gradually increased with time up to the point that in the US problem posing has been recommended
by NCTM as activity to strengthen for a few years already. Moreover, it is to consider that today this
topic appears in the Mathematics curriculum in culturally advanced countries such as Spain.
We do not intend to linger here on the different aspects of problem posing from a theoretical point of
view (problem posing seen as characteristic of a teaching oriented to inquiry, as means of improvement
of problem-resolutory skills, as window on mathematical comprehension, as strategy for spottingout or
rousing creativity or exceptional ability, etc.) for which we refer to Silver (1993).

Statement of motives
The idea of a research on problem posing is the result of several beliefs of ours which we shall
expose.
Above all we believe that many failures in solving problems may depend on the lack of intellectual and
emotional involvement of the pupils, whereas taking them into a personal project they may remarkably
increase the quality of their performance.
Secondly, we consider this kind of activity interesting because it subverts the usual role of the pupil in
front of a problem, allowing him to lead an underground autonomous operation of analysis and data
elaboration, as well as good control of his reasoning routes. So, as expressed by Kilpatrick (1987,
p. 123), "Problem formulating is an important companion to problem solving".
Moreover, we find it an important metacognitive objective to lead the pupils to get aware of the elements
cooperating in the construction of a text of a problem: the premises linked to mathematical contents

(*) Work supported by MURST and CNR (contract n. 93.00524.CT01)

872-216-



required, the familiarity with procedures of resolution, the specific codes ofmathematical language, thegeneral linguistic competence. In accordance with other scholars (see forinstance Moses et alii 1990), inorder to avoid scattering and to focus the pupils' attention on the constructionof problems, we considerfundamental that they operate in small mathematical contexts familiar to them, so as to relieve at mostany possible difficulty or stress. In particular, it was our intention to study through this research theeffective capability -in pupils of such age- of constructing significant problems within the fieldconsidered, as well as to investigate on the effects of working in cooperation on such activity.

Our choices
A good field for problem posing is in our opinion the one concerning the measure of classical figuresboth for its relative delimitation and for its specificity which, besides being an interesting field ofexperience in itself, allows to eliminate the influences typical of concrete contexts. In our research theattention was drawn onto the following categories of figures: rectangle, triangle (with particularreference to isosceles triangles), rhombus, rectangle trapezium.
The irMa on which the activity is based is the following: the teacher declares to the pupils the measuresof certain elements of a given figure, in the number strictly necessary for constructing a scale model,and asks them to produce with reference to it one or more texts ofproblems.
The reasons for making the pupils operate on a particular model of figure correspond to various needs.First of all we intend to stimulate in the pupils the individuation of more informationor data of relationalkind relative to the figure in question -and that's why we find it fruitful that they may rely on a faithfulgraphical representation; by giving convenient values, we then want to reduce to the minimum anydifficulty that the pupils may meet on dealing with the numerical values of the data given and we alsomean to limit the variability of the latter in order to focus the attention on the procedures (either thepupils' during the phase of analysis and comparison of the performances,or the teacher's for the assess-ment of the work produced).
The work continues then through the critical revision of what the different groups have worked out, so asto highlight the processes and/or the faults in the construction of the texts.
As in Ellerton (1986), a crucial element of the didactic contract we promote is to arrange with the pupilsthe construction of texts of problems to be presented as a challenge to the classmates. We actuallybelieve, together with Silver (1985), that this brings to a considerable emotional involvement of thepupils.

Aims and premises
The main specific didactic objectives of this research can be considered:

the aware acquisition of the main relations between the different elements of a figure;the fact of getting aware of the incidence of mathematical knowledgeon the amount of informationnecessary to solve a problem;
the critical analysis of texts of problems both from linguistic and mathematical point of view(systematic control of the data inserted, attention to number and compatibility, coherence with thestarting situation);
the recognition of identities of relation and/or analogies and the use of known procedures in morecomplex situations.

The preliminary activities, tackled right from the beginning of Middle School, concern on one handlinguistic aspects: comprehension ofthe text of a problem (explicitation of the meaning of terms andsentences, paraphrase) and relative critical analysis (linguistic correctness of the form, possibility ofdifferent interpretations, etc.), quite similarly to what Laborde (1990) wished;on the other hand activityof resolution of problems according to our general project. As to geometry specifically, wide attention isgiven to the definition of the different triangles and quadrilaterals and to their classification; furtherattention is paid to the pupils' conception of a dynamic vision of the figures by evidentiating, forinstance, the relativity of the baseand how the height depends on it. Preliminary, too, can be considered
the arithmetical activities of approach to the concept of rational number, which facilitate the pupils inexpressing the measure of certain segments as fraction of others.



Methodology and structure of the work
The methodology adopted indeveloping this work is that of small groups (usually 3 units). In accordance

to Kilpatrick (1987) we believe that work in groups offers a natural context for the formulation of

problems. About this Kilpatrick writes: "When students work together, theyoften identify problems that

would be missed if they were workingalone. A poorly formulated idea brought up by one student can be

tossed around the group and reformulated to yeald a fruitful problem. Students participate in a

dialogue withothers that mirrors thekind of internal dialogue that good problemformulators appear to

have with themselves."
In our experimentations the teacher takes great care in constituting the working groups. Each group

collects pupils with knowledge at different levels and with complementary personalities, making sure

that there is one pupil who can act as coordinator, too. Still, despite the intentions, not all the groups

formed have equal potentiality.
What we present concerns an experimentation carried out with 21 pupils of second grade in

approximately 20 hours, namely 2 hours .aweek, and enacted -in a deeper and morecareful way- after a

first "test"-experimentation realized
in an analogous class with the same teacher (see Gherpelli 1991 and

Malara 1993).
The experimentation starts with a preliminary activity concerning the construction of problems on

rectangles, in which the teacher, by discussing collectively and "reasoning aloud", highlights the

appropriate way of facing the situation, then organizes and coordinates the groups in the composition of

the first texts of problems. Already in this initial phase there are some interesting autonomous produc-

tions in which data of relational kind appear. The experimentation follows through the phases of:

- construction of texts of problems on isosceles triangle, rhombus, rectangle trapezium;

- critical analysis among the groups of a selection of textsproduced;

- recognition of analogies in texts of problems either produced by the groups or taken from

textbooks.
In such phases the pupils work without any help from the teacher, who simply observes the course of the

cooperative activity and collects their written productions. In order to asses the effect of the activity on

each pupil, individual tests are also realized.

In the first phase, in order to simplify the control of the numerical data to be inserted, the use of numerical

tables or of pocket calculators is allowed. In agreement to Galletti & alii (1990), in order to induce the

pupils to deeper reflection andsystematic control on the texts produced, for each problem formulated the

solution and its substanciation arerequested. The pupils do not receive any information in advance about

the category of figures on which they are asked to produce problems, nor arethey allowed to turn to the

teacher or check in books during the working sessions (about 2 hours without break for each kind of

figure). In the following paragraph we shall concentrate on tracing the characteristics of the texts

produced by the pupils.
After the phase of composition of texts on the three figures considered, the following step is that of

critical analysis of the productions. Inthis case the teacher hands out to the groups some texts she chooses

from among those collected because they offer interesting cues for discussion: the task consists now in

verifying their I inguistic and mathematical correctness. The pupils read, comment,change/correct them

and solve the problems. In this phasethe pupils show themselves more careful and rigourous than in the

previous one; it has also been remarked that some of the texts are commented and corrected by the

authors themselves. In the following paragraphs we shall concentrate in detail on this phase bringing

forward some papers produced by the groups which highlight interesting aspects in the pupils'

behaviour.
The third phase consists of two differentmoments of work. First of all the pupils are induced to refkct on

the various relations among the elements of the figures used in theconstruction of those texts which are

now patrimony of the class, and to observe the working style of the groups. Then it is asked them to

analyse the problems they find in their textbooks or in other books used in the school. This last activity

turns out to be easy and pleasant for the pupils. They see now the problem printed in the book asfamiliar;

thanks to the experience gained they realize what are the possible steps followed by the authors on

formulating the problems and recognize thecriterion through which these are arranged in the sequence
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second semester of the first year for 15 two-hour meetings. It was team-taught by one of the

researchers and another teacher.

Before the Course

Several weeks preceding the course, during the first semester of the program, two
questionnaires were administered to all participating teachers. Afterwards, interviews were conducted

with six of the teachers. These teachers were chosen according to characteristics such as: teaching

experience, experience as math coordinators in their schools, and their responses to the

questionnaires.

Ouestionnaire - Situations (I)

This questionnaire included open-ended questions based on vignettes describing hypothetical

classroom situations involving mathematics. Each of eight tasks described a situation in which the

teachers had to respond to a student's question or idea and was intended to elicit teacher knowledge.

No explanation was given to the teachers about the purpose of the questionnaire. Following arethree

examples of tasks:

Height
A student was asked the following question:
"The height of a 10 year old boy is 1.5 m. What do you think his height will be when he

is 20?"
The student answered: "In mathematics it will be 3 m. because 1.5x2 = 3, and in

everyday life it will be about 1.80 m."

How would you respond?

Division by 0

A student comes to you and says that s/he checked several division exercises using a
calculator. When s/he divided 72:0, 1459:0 or 8:0, the calculator showed "Error." But

when s/he divided 0:72, 0:1459 or 0:8, it showed 0. The student asks why it happens.

How would you respond?

Decimal Point
A student was told that 15.24x4.5 = 6858Ind was asked to locate the decimal point.

The student said that the answer is 6.858 because there are two places after the decimal

point in 15.24 and one place after the decimal point in 4.5. Together it mako three places

after the point in the answer.

How would you respond?
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TEACHING SITUATIONS:

ELEMENTARY TEACHERS' PEDAGOGICAL CONTENT KNOWLEDGE

Zvia Markovits
Oranim School of Education
of the Kibbutz Movement

Ruhama Even
Department of Science Teaching
The Weizmann Institute of Science

This study focuses on elementary school teachers' pedagogical content knowledge. The
teachers responded to questionnaires and were interviewed before and after a course that
aimed at improving this kind of knowledge. About half of the course meetings were
videotaped. This paper reports preliminary results concerning the issue of teacher- versus
student-centered responses, consistency of responses and teachers' ways of finding out
how students think. We also discuss differences and similarities between this study and a
previous study with junior-high teachers.

The recognition that pedagogical content knowledge is an important characteristic of teacher

knowledge is growing fast. Shulman (1986) describes this kind of knowledge as knowing the ways

of representing and formulating the subject-matter that make it comprehensible to others;
understanding what makes the learning of specific topics easy or difficult; and knowing the
conceptions and preconceptions that students of different ages and backgrounds bring with them to
the learning situation.

This study investigates elementary school teachers' pedagogical content knowledge of
mathematics and the development of this knowledge. The study has grown out of a previous study
which investigated junior-high school teachers' pedagogical content knowledge of mathematical

functions (Even & Markovits, 1991, 1993a, 1993b). As part of that study we designed, conducted,

and studied three-hour workshops which dealt with students' ways of thinking when they study the

function concept, and characteristics of teachers' responses to students' questions or ideas. These
short activities could not, of course, change drastically teachers' pedagogical knowledge, but they

raised teachers' awareness of these issues. In the present study we concentrate on elementary school

teachers' pedagogical content knowledge, this time also focusing on the development of this kind of

knowledge as a result of participation in a longer and more comprehensive course for teachers.

The Study

Twenty elementary school teachers participated in the study. These teachers participated in a

two-year program for preparing mentors for elementary school teachers. As mentors they are to help

teachers from their own school and from several neighboring schools in teaching mathematics. The

participants in the program were chosen from a large number of candidates, selection being based on

their reputation as successful teachers with the potential to become good mentors. During the two-

year program the teachers met every week for one full day in a teacher college. Based on what we

learned from the function study, we designed, as part of the program, a course that aimed at
improving pedagogical content knowledge. The course, "Classroom Situations", was held in the
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96 Gio: Parallelepipeds have ... are nearly the same as a cube, but they have one face
longer than the other.
97 Sol: I'd say that parallelepipeds have two by two parallel faces.
98 Teach: A parallelepiped has two by two parallel faces. Well, a cube, has it got two by
two parallel faces?
99 Sol: Yes, it has.
100 Teach: Then, the cube is a parallelepiped too, isn't it?
101 Sol: Yes. it is. Chorus: No. No, it is not
102 Sol: I mean, It may be a cube a parallelepiped too, but it is a little bit different.
103 Luc: In my opinion, it is not a parallelepiped, because it has square sides.
104 Teach: What do you mean 'square sides'?
105 Luc: I mean the walls.
106 Teach: You mean the faces.
107 Luc: All of the faces of a cube are equal, on the contrary for parallelepiped they are not.
108 Teach: You say that the faces of a parallelepiped are different.
109 Mat: Thus, all the same the faces are parallel, but a cube is not a parallelepiped. A
parallelepiped has the definition of six sides, two by two parallel, but not equal
110 Teach: Did you say "six sides"?
1 l I Mat: I mean, six faces.
112 Teach: Well, parallelepipeds have six faces, two by two parallel. Is that O.K., for
everybody?
113 Fab: I want to say that they are two by two equal (parallel], but it depends on the
figure, because that [he refers to the rectangular prism with a square base] has four equal
faces and two different, but equal to each other; and the other has two by two equal faces.
114 Teach: Well, here we have a nice collection, this figure has four equal faces and two
different, but equal to each other, here there are two by two equal faces, here all of the
faces are equal. Our problem is that of finding a good definition for the parallelepiped.
I ...1
122 Teach: If all of them are squares it is a cube. Well, you say that faces can be rectangles
or squares. two by two equal and two by two parallel. 123 Chorus: Yes. Yes.
124 Teach: Well, a parallelepiped is a solid bordered by six faces, which are two by two
parallel, two by two equal and of a rectangular shape.
125 Fab: or of a square shape.
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As far as geometry is concerned, from the point of view of figural concepts a new harmony
between the figural and the conceptual aspect must be achieved, which takes into account
the theoretical constraints of formal definitions and openly admits the possible discrepancy
between empirical and geometrical concepts. According to our hypothesis, the
contributions of different voices in the discussion allowed the conflict to appear and draw
towards harmony.
This goal is hard to achieved, but we can say that in approaching this goal a basic role is
played by the intervention of the teacher in guiding the discussion and mediating that part of
the defining process (from the general to the particular) necessary in order to transform an
indefinite description into a 'definition'.
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Appendix

Excerpt of a collective discussion in a 6th grade

91 Teach: [...]. Well, a cube is a solid limited by six square faces, equal to each other and
united. And this [she handles a rectangular prism], what is it? What is it called?
92 Alex: Parallelepiped.
93 Teach: Parallelepiped. And this figure, what is it called? [she handles a rectangular
prims, with a square base].
94 Chorus: It is a parallelepiped too.
95 Teach: You remember them from the primary school, don't you? These are
parallelepipeds. Can you say why? What are their characteristics? .
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(102) The class refuses to classify the cube as a parallelepiped, even Solange admits that a
cube is a little bit different.
(124 - 128) An agreement is negotiated on the choice of excluding the cube from the class
of parallelepiped, and giving it an articulated definition.

The mechanism of the discussion is basic in order to start the dialectic between the general
and the particular, it causes the exceptions to emerge, instead of remaining implicit in the
general tacit agreement.
A crucial role is played by the teacher, who does not approve any one of the definitions,
but focuses on the very process of defining: certain properties are stated, and all the
members of the class must have these properties, but also, all objects with these properties
must belong to the class. She mediates the mental process requested to verify whether an
object belongs to the class and in doing that, she provocatively selects the cube.

The discussion goes on: the teacher (129) proposes a new object, the hexagonal prism, and
again raises the problem of classification; this time, pupils start to describe how the solid is
'constructed', taking into account the number and the shape of its faces.
Mattia gives a characterisation which is very interesting from the point of view of
generalization, but also from the point of view of the interaction between the figural and the
conceptual aspect. His statements refer to the particular object that he is observing, but at
the same time they refer to a generic solid of a class. He uses general expressions, such as
the assertion (134) "then, on the side there are the faces that are always six", or such as the
doubtful utterances (136) "I'm not sure if they are always six, I have to think about it.",
and (138) "Yes they are rectangles, ... No, they aren't, I don't know, ... Yes they are, I
don't know whether they are rectangles". Mattia mentally moves back and forth from the
general and the particular, looking for a characterization without forgetting the particular
prism.
The discussion goes on, and it could be interesting to analyse it in detail, but it is not
possible here; what I want to stress is the difficulty in accepting the generality of a
definition, in which all the figural differences are absorbed. As a confirmation of this fact
let us consider one of the formulations given for the prims.
(236) Mattia : So, the top and the bottom are equal and parallel, for some of them they are
triangles, for some of them they are other figure.% and the lateral faces are rectangles.

6. Conclusions
A classifying task consists of stating an equivalence between similar but different

objects, towards a generalization. That means overcoming the particular case and
considering this particular Lase as an instance of a general class, in other terms identifying
specific pertinent properties, which determine a category.
In the case of geometry, theoretical classifications often resort to structural criteria which
are not immediately clear, and certainly are far from those perceptual criteria to which we
usually refer in our spontaneous activity of classification. The previous example clearly
shows this phenomenon and its consequences, in terms of definitions. Thus, very often
theoretical classifications conflict with spontaneous ones, and generalizing requires us to
overcome differences corresponding to meaningful perceptual properties. A process of
generalization, as it occurs in a theorization, states an equivalence (similarities),
overcoming differences; but, as Montaigne said: "It is not similarity that identifies, rather
differences", so classifications based on perceptual criteria lead to stress perceptual
differences.
The process of generalization requested by a theoretical definition conflicts with the need
for differentiating; difficulties arise when theoretical constraints cancel the variety and once
and for all, state the equivalence between 'different' things.
It is interesting to note the appearance of particular forms of definitions which state
characteristic properties, but accompany them with a collection of cases.
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5. Analysis of the excerpt
Let us analyse a short excerpt (see the appendix) of the collective discussion, the aim is to
focus on the process of interaction between the figural and the conceptual aspects, in
particular defining task.
The discussion achieves the 'definition' of a cube (91), at this point the teacher calls for a
characterization of the rectangular prism. Everybody knows the solid, and as they have
been thaught at primary school, pupils call it 'parallelepiped'. This is a more general term
but pupils use it with the restricted meaning of rectangular prism (in the transcript and in the
following we retained the original term parallelepiped).
The first reaction (96) is to refer to the cube and differentiate the new objects according to
it, then Solange gives, or maybe recalls, a 'definition' of the parallelepiped (97): "I'd say
that a parallelepiped has two by two parallel faces'. This is a very general characterisation
of a parallelepiped, according to which a cube is a parallelepiped too. But this fact would
remain implicit if at this point, the teacher did not intervene. Instead of accepting this
definition and stopping the process, she realizes the possibility of conflict between having a
certain characteristic and belonging to a certain class, thus she focuses on this conflict.
She makes the deduction, necessary to pass from the general to the particular case: the cube
has two by two parallel faces, so it is a parallelepiped. While Solange accepts both the
premise and the conclusion, the rest of the pupils agree with the premise, but refuse the
conclusion: a cube cannot be a parallelepiped. The evidence of this fact compels Solange to
admit that the cube is 'different' (102). This particular case cannot disappear in the general
class, and the following interventions aim to differentiate all the particular cases; so, the
possible definitions, as they are proposed, sound like a collection of cases respecting
figural differences.
The protocol clearly shows the difficulty and at fit glance, we have the impression that
there was a regression from the 'definition' of Solange (97) to the 'definition' accepted in
the following (122)
It is interesting to note the presence of this collection of cases, which conflicts with every
criterion of classification; it witnesses the difficulty in reconciling the attitude to
differentiating, which originate from observing objects (figural aspect) and the process of
generalization which makes differences disappear in the equivalence relationship stated
according to specific properties (conceptual aspect).
The harmony between figural and conceptual aspects is not achieved and the discussion
shows how the definition proposed by Solange, which the pupils accept "on principle", is
submitted to several exceptions.
Apparently, there is no conflict between a definition and the possibility of some exceptions.
As Fabio says (113) "I meant that they are parallel (equal) two by tvo, but it depends on
the figure. because this (he refers to a rectangular prism with a square base) has four equal
faces and two different, but equal to each other, while the other has two by two equal
faces".
As regards the process of defining, consisting of a double process from the particular to the
general and viceversa, only one direction is considered: from the particular case some
features are abstracted, a parallelepiped has two by two parallel faces; but the opposite
direction is neglected: the possession of a certain property does not warrant the cube to be
classified as a parallelepiped.
It is important to note that abstracting some features is consistent with maintaining the
differences; so, during the discussion all distinctions appear and give origin to a definition
with a 'case of cases'.
Let us summarize the evolution of the discussion.

(97) Solange gives a 'definition".
(98) The teacher launches the provocative argument about the cube.
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squares and rectangles must be distinguished at least as much as triangles and
quadrilaterals; and prisms and rectangles cannot be considered mathematically 'similar', but
certainly they can be said "to have the same shape" (Freudental, 1983, p. 228).
On the other hand, geometrical definitions correspond to specific theoretical demands and
give origin to the classifications of geometrical objects according to well defined (explicitly
stated) specific geometrical properties, which could be said to be conceptually pertinent.
For instance, the classification of triangles can be carried out in terms of angles'
congruence, of sides' congruence ... . Similarly, quadrilaterals can be classified according
to the number of axes of symmetry:
In the first case we have fuzzy classifications, often incomplete and characterized by
instability, whilst, in the second case, clear and unambiguous rules are stated according to
which a certain figure belongs to a category. In this way, geometrical figures participate of
a theoretical system
In fact, a definition relates the new object to all the others, in such a way that a chain

(system) of definitions is built up; this system is an organic and coherent whole. It is just
this structure of stated relationships, which constitutes a 'theory' and differentiates between
theoretical and spontaneous concepts. "But the absence of a sy.stem is the cardinal
psychological difference distinguishing spontaneous from scientific concepts ... all the
peculiarities of child thought stem from the absence of a system in the child'sspontaneOus

concepts - a consequence of undeveloped relations of generality (Vygotsky, 1962, pp.

116)".
Thus, defining holds an important position among school mathematical activities: pupils
must appropriate (Leont'ev, 1964/76) intellectual objects belonging to a culturally relevant
theory, but they need to share their meaning too.

4. The task-situation
Let us describe the situation in the classroom. Some cardboard models of polyhedra are

on a desk: a cuts,, some rectangular prisms, one of them with a square base, a hexagonal
prism, a pyramid with a square base ...
The teacher picks up the cube, shows it to the pupils and asks: "What is this?" Everybody
agrees that it is a cube and they characterize the cube as "a solid (three-dimensional object),
delimited by six equal faces, each face being a square". Then, the teacher reminds them of
the goal of the discussion: "Let us try to characterize these objects" (pointing to the
polyhedra standing on the desk). She picks up the rectangular prism, shows it to them and

asks "What is this?". The whole class answers: "A parallelepiped!" At this point the teacher
encourages the pupils to go on characterising the object.

As regards the task, the situation simultaneously requires the intervention of the figural
level (observing the object as it appears) and the conceptual level (relating the properties
which characterise the geometrical figure, embodied by the object). In otherwords, the task
requires an alternate movement from the figural to the conceptual level that is the core of the
interaction between the two aspects. Thus, a dialectic process may be expected: the main

steps may be summarized as follows:

- observing the object,
identifying the main features,

- stating the properties according to these characteristics,
- returning to observe the object, checking the definition, and so on.

Obviously, no one step can be considered either purely figural or purely conceptual: the
object is observed from the perspective of a specific conceptualization, yet any definition
has its origin in the figural features of the object itself. At the same time, the process of
defining consists of a double process from the particular to the general and viceversa, from
the general to the particular.
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interaction between figural and conceptual aspects of geometrical reasoning, particularly in
a defining task.

2. Reflections underlining the teaching experiments
A sequence of activities has been proposed: the teaching plan was designed and

discussed with the teacher who included the teaching unit in the regular program of her
class. The teaching unit consisted of twelve two-hour sessions, the schedule foresaw
different kinds of activities, among others, collective discussions. The teacher had already
experienced collective discussions with her classes, and this was not the first time for these
pupils either, even though they couldn't be considered 'experts'; at that moment, the school
year had just started and the teacher had introduced them to this new kind of activity.
Discussions were recorded and the transcripts of the tapes analysed.

As the dialectic of figural concepts is concerned, there seem to be two relevant moments in
the collective discussion:
- In the course of the argument pupils refer to both figural and conceptual aspects, when
they are confronted with a disagreement, the two aspects must interact and, when pupils
attempt to find an agreement, the two aspects can finally harmonize.
- In the attempt to convince classmates that their solutions are correct, pupils are compelled
to make their reasoning explicit, and to get a conceptual control of the situation. "Interactive
conditions enable discourse to be shared and potentially produce a higher inter-individual
functioning" (Pontecorvo, 1989).

As for mathematics, as a theoretical knowledge, a basic role is played by the process of
definition and that of validation. First of all the objects which we are dealing with, must be
stated and clearly defined, then properties about certain objects will be considered as true
only if they are derived from other true statements via argumentations on which there is the
agreement of the 'scientific' community.
In the field of elementary geometry, common mathematical activities such as defining and
validating constantly involve the interaction between the figural aspect and the conceptual
aspect, towards a good harmony.
According to this theoretical reference frame, the role of the teacher becomes relevant. The
teacher plays a basic role because she/he has a task of mediation between culture and
pupils, between mathematics, as a product of human activities and the new generation of
human beings. Therefore, teacher's interventions are planned according to the specific
activities, we are convinced that the teacher's main role is that of "guiding pupils' work"
(Bartolini Bussi, 1991), and introducing them to mathematics and mathematical activities.
The mere role of transfer of knowledge is to be overcome, and a role of mediation
promoted.

3. Discussing towards a definition
In the specific case of a conceptualization discussion (Bartolini Bussi, 1991, p. 10),

aimed to state a 'definition', the confrontation with different points of view leads pupils to
overcome the conception of definition as a 'description' of what is seen, towards the
conception of definition as a "condition" and to some extent, a "convention".
Certainly, geometrical definitions are not mere conventions in the field of pure arbitrary
acts. "La geometrie derive-t-elle de ('experience? Une discussion approfondie nous
montrera que non. Nous conclurons done que ses principes ne sont pas que de
conventions; mais ces conventions ne sont pas arbitraires, et transportes dans un autre
monde (que j'appelle le monde non-euclidien et que je cherche it imaginer), nous aurions
ice amene it en adopter d'autres.", (Poincare, 1968/1902), p. 26 ).
Geometrical definitions seem to originate from a two-fold process. On the one hand,
definitions must take into account 'spontaneous' classifications, according to similarities
and differences which are figurally pertinent. For instance, from the figural point of view
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Figural and conceptual aspects in a defining process

Maria Alessandra Mariotti
Department of Mathematics, University of Pisa, Italy

Abstract. In the reference frame of the theory of 'figural concepts" (Fischbein, 1993) a
research project on the theme of geometrical reasoning has been designed. Taking into
account the results of previous investigations (Mariotti, 1991, 1993), we planned a
sequence of classroom activities. that have been carried out in a 6th grade. The general aim
is that of observing the interaction between figural and conceptual aspects of geometrical
reasoning in a classroom situation. This paper discusses some aspects concerning a
defining process in a geometrical context, as it emerges from a collective discussion
(Bartolini Bussi, 1991).

1. Introduction
According to the general reference frame of the theory of 'figural concepts' (Fischbein,

1963. 1993). geometry (in elementary, Euclidean terms) deals with specific mental objects,
'figural concepts', which possess, at the same time both conceptual and figural aspects.
These aspects are usually in tension, so that geometrical reasoning is characterized by a

dialectic between them.
An experimental research project has been designed with the aim of observing and
describing modalities of this process. In order to do that, we decided to move along two
different, complementary directions, following two different methods of investigation: a
first phase was devoted to the obiervation of spontaneous performances of the children.
during individual interviews. Some results of this first phase have already been presented
(Mariotti, 1991, 1992, 1993).
A second part of the experimental design has been devoted to classroom observation, when
pupils are engaged in school geometrical activities. A teaching experiment has been carried
out with pupils of a 6th grade. According to the theory of figural concepts, the objective of
this investigation is to observe the process of interaction betweenfigural and conceptual
aspects in geometricaPreasoning, as it take place in a social environment (for instance
during a collective discussion) and compare the results with what we obsevred during the

interviews.
Particularly, we aim to test a general hypothesis about a positive influence of specific
education on the development of the dialectical process between figural and conceptual
aspects in geometrical reasoning.

The argument that social interaction plays an important role in cognitive development is
tong- standing in the psychological and educational research literatures. Indeed, several
different research studies have produced a sizable body of theoretical analysis and empirical
evidence regarding how social interactions may influence children's cognitive development.
According to the Vygotskian reference frame, social experience is considered as basic in
cognitive development. "Vygotsky argued that there is an inherent relationship between
external and internal activities, it is a genetic or developmental relationship in which the
main issue is how external processes are transformed to create internal processes ". (Wertsch

& Stone, 1985, p. 163).
As Vygotsky says in the famous quotation: "Every function in the child's cultural
development appears twice: first, on the social level, and later on the individual level; first
between people (interpsychological) , and then inside the child (intrapsychological)

(Vygotsky. 1978, p. 57)".
In this reference frame, we consider collective discussions (Bartolini Bussi, 1991)rthe core
of our teaching experiment, as they prove to be a good environment for the process of
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Greater communication between us and the teachers might eliminate some of the
organisational difficulties our students faced. We might also be able to work more closely with the

teachers in providing information for them about our students' findings and aims. We are likely still

to face some problems when the philosophy of participating teachers differs markedly from our own.

Despite the difficulties we have experienced in supervision and communication, we remain

enthusiastic about the project. We are confident that our teacher education students have made

important gains in their skills of diagnosis and design of appropriate teaching activities, along with

insight into the construction of mathematical understanding by a child.
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considered they were responsible for some breakthrough in their pupils' understanding of
mathematics. It is particularly pleasing that our students seemed to be conscious of the need to
provide activities that increased children's confidence as learners of mathematics and were able to
report the maintenance of or improvement in risk-taking and confidence.

It is also clear that the breakthroughs reported by our students were in a narrow range of
topics, concerned overwhelmingly with place value, basic number facts, and number algorithms.
Difficulties with these topics were likely to be quite evident in the pupils' work and readily
identified. Most of our students also considered that skills in these topics are essential to further
progress in mathematics. Given the brevity of the teaching program, these,difficulties could be
usefully addressed in ways that led to some obvious changes in the pupils' understanding. This
proved satisfying to our students. We are unable to say whether there were other conceptual or
procedural difficulties that the students did not identify or identified and did not choose to address in
their teaching program. In a future phase of the project, we will need to investigate how our students
make their choices.

While a pleasing number of students considered that they had developed useful diagnostic
skills, many felt that their diagnostic skills were inadequate, especially at the beginning of the
program. Our own view is that the students were generally able to devise appropriate activities and
games for use in teaching and that after the first few teaching sessions, most were confident in
talking with their pupils and observing the child's actions to determine strengths and weaknesses.
Some students experimented with different formats for the presentation of questions requiring
standard algorithms for calculation. Nevertheless, we need to provide more assistance to our
students in deciding how to start in a way that provides them with useful information but does not
overwhelm the child with formal testing.

The data we have available do not allow us to make any conjectures about the long-term
effects of the program on the skills and attitudes of participating pupils. In their questionnaire
responses, most students reported some improvement in either the understanding and skills or the
attitudes of their pupils, and these responses form one type of data. Again, the brevity of the
teaching program means that to beeffective, the teaching needs to be focused and not to attempt an
unrealistic number of objectives.

We have no information about the classroom teachers' views of the project. Some teachers
may welcome the presence ofour students and see them as providing extra individual help that they
are unable to provide to specific pupils in theirclass, given the demands of their normal program. On
the other hand, some teachersmay feel that the presence of our students is intrusive. Most teachers
would be well aware of the difficulties being experienced by their pupils and would not nebtrl our
students to identify those difficulties for them. For some teachers, the reports written by our students
may seem irrelevant. One of the key reasons for us to have our students write final reports is to have
them reflect on the reasons for the choices they have made, and to present a sound, clearly written
and concise summary of their diagnoses and teaching strategies. Most students find this a difficult
task.
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disappointed, but not surprised, by the heavy emphasis on the children's number concepts and skills,

given our students' initial attitudes towards mathematics and mathematics teaching.

Our attitude towards the learning of basic facts is that memorisation must only follow an

understanding of addition and multiplication attained through reflection by the child on the

manipulation of concrete materials then pictorial models, followed by the construction of strategies by

the child to relate new facts to known facts, and finally the repeated use of facts in games, activities

and challenges. We discourage an emphasis on speed of recall and our students are aware that in

Western Australia, automatic recall of basic multiplication facts is not expected of all children before

the end of year five. Comments made during the program and in the lesson evaluations written by

the students suggested that many of our students found lack of recall of basic facts hindered children

in calculations. Some students were advised to concentrate on basic facts by the classroom teachers

and felt an obligation to meet these requests. Some students also found it comparativly easy.to

identify weaknesses in basic fact recall and to address these through the development of strategies

and through simple games.
Throughout the program, we emphasised the importance of encouraging children to develop

autonomy and positive attitudes towards mathematics and themselves as learners ofmathematics. We

believe that this can be done best by providing activities in which children achieve success, and

which are set within a context of interest to the child. We are also aware that repeated interaction with

a single interested adult may in itself be of benefit to some children, regardless of the nature of that

interaction. In a question that asked the students to describe any changes in the child's attitudes that

occurred over the ten weeks of teaching, 18 students reported that the child had no problems to begin

with and maintained the same level of confidence. Another 28 students reported that the child's

attitudes improved. A typical comment was "To begin with the child was hesitant to take part/risks,

but by the end she was purposefully (sic) making herself do more maths." These responses were

gratifying.
A series of questions asked the students about relationships with the parents, the child, the

teacher, and the school. Our belief is that the involvement of parents may have a positive effect on

the learning of the child, although we acknowledge that sometimes parents are not well-informed

about the mathematics the child is learning in class orhow best to provide assistance. Some of our

students wrote letters to the parents introducing themselves and inviting contact during the program.

Twenty-seven students reported little or nocontact with the parents, while 22 reported that the family

played games provided by the student with the child at home and that this was helpful. Forty-two

students said that their relationship with the child was good, and a typical comment was "He has

become a real little friend telling me lots of stories and experiences." About half the students

described their relationship with the child's teacher as very good, while about half reported runited or

no contact.

Discussion
These preliminary data suggest that in some respects the project is achieving pleasing outcomes with

respect to our teacher education students. From the students' reports, it is clear that most of them
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confidence grew, they were able to identify difficulties that were sometimes quite profound and

complex. Students identified a feeling of remoteness from the classroom and the teacher. Some of

their pupils were tentative about their involvement in the project and this made communication at first

quite hard. Some students found it difficult to determine appropriate levels of language to use,

making communication with the children quite difficult.

Amongst the positive comments were that students saw the experience as a dose of reality,

giving them a rehearsal of the skills they will need to use in their first school appointment. They felt

that they were learning to make quick decisions to manage unexpected situations that arose. It was

also very gratifying when they could actually see a child "catching on" to something for the first time.

On a rather sombre note, the students felt that they had to please us by being able to report

that they had brought about real change in the pupils' mathematics understanding, even though we

had specifically said that we did not expect them to be able to make very significant changes over the

few weeks of the program. Nevertheless, some of these students reported that they had considered

faking their lesson evaluations in order to impress us.

Questionnaires

A simple questionnaire was administered to the students in the final week of semester. There were

51 responses. Questions 1 and 2 asked the students to list skills they had developed during the

project and skills they thought were inadequate. Thirty-one thought that they had constructed

adequate diagnostic skills but 18 considered that their diagnostic skills were inadequate. Specific

skills that were mentioned as developed during the project included the use of appropriate language in

explanations to the child (17 students); designing creative activities to cater for specific problems (28

students); planning an appropriate program that was flexible and sequential (18 students); and a

greater knowledge of the syllabus (10 students). While many students thought that they had

developed skills in designing creative and appropriate activities, 16 students considered that they

lacked this skill. A further 18 students said that they found it difficult to know where to start in

assessing the child's strengths and weaknesses.

Question 4 asked the students to describe their most exciting moment in working with the

child. The responses to this question referred principally to concepts associated with place value and

basic facts. A few responses referred to changes in the child's attitudes and confidence. Question 6

asked students to identify the specific areas of mathematics in which they felt they contributed to the

child's learning. Not surprisingly, the three most commonly mentioned areas were place value (23

students), basic number facts (25 students) and algorithms (18 students).

Throughout the program, we continually stressed the importance for children of a good

understanding of place value as required in calculations, in an understanding of larger numbers and

their relationships, and in the development of decimal ideas. We were therefore not surprised that

this topic was so frequently mentioned. However, our entire mathematics education program has a

heavy emphasis on children's understanding of all strands of our syllabus, space and measurement as

well as number, and the integration of these strands in planning activities with children. We were
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possible teaching techniques in a situation where the responsibility for choice rests with them and

where their choices are tested against the realities of the time constraints of the program and the needs

of the pupils with whom they are working.

In line with this view, our students are not directed in terms of the topics they should cover in

the mediation program. Once they have worked to understand the difficulties their pupils are
experiencing, the students choose which topics to work with. They also choose the activities to be

used and the contexts within which they will set these activities. The pupils' own classroom teachers

may suggest topics to be covered and such suggestions may act either as useful information about

where to focus in the program or as a constraint on the program.

Aims of the project

In order to enhance the skills and understandings of our teacher education students, we provide them

with in-depth discussion and reflection on issues related to teaching strategies, how children learn

mathematics, and the teaching of mathematics to pupils experiencing difficulties. We aim for the

students to develop skills of understanding children's understanding and teaching strategies through

working in an intensive one-to-one basis with a child in the school environment. We also aim to

assist the pupils through having our students help them to construct mathematical skills,
understandings and processes, developed increased autonomy, and enhanced beliefs and attitudes.

As the project has developed over the last three years, we have begun to explore whether the

project is making a contribution to the skills and understandings of each of the groups involved.

Two major research aims direct the collection of data that has begun this year.

I . To identify the factors influencing primary teacher education students' teaching strategies and

beliefs about mathematics, how children learn mathematics, and the teaching of mathematics

to pupils experiencing difficulties.

2. To identify the effect of participation in the mediation program on the construction of
mathematical skills and concepts of primary school pupils and on their attitudes towards

mathematics and themselves as learners of mathematics.

The systematic collection of data will continue to be undertaken in future years using various research

techniques. Because we are particularly interested in whether any effects are sustained beyond the

initial impact, we will seek data over a six month period following the end of the teaching program.

We report here some preliminary results concerning the teacher education students' beliefs about their

own development of understandings and skills.

Some preliminary results
To gather these data, we asked the students to complete a questionnaire. We also interviewed seven

students in depth.

Interviews with students

The students commented that the task of diagnosis was very daunting and they initially found it

difficult to identify the child's difficulties. The child was not able to articulate his or her own
difficulties. This made it difficult to provide a focus for their program in the early weeks. They

found it difficult to remain optimistic and see any prospect of helping the child. However, as their



topics in mathematics, teaching strategies, and classroom activities. Each student was allocated a

pupil selected by classroom teachers. The pupils were chosen on the basis of their need for extra

assistance in mathematics. Pupils experiencing severe clinical problems were not selected.

The students made at least ten visits to the school to work with their pupils. They were
required to prepare lesson plans for each session. An essential component of this process was the

evaluation of the sessions, which was done in terms of their own development of understanding of

the pupil's knowledge, skills and attitudes. This provided the basis for the next session. The
students were also required to write detailed reports of their work at the end of the program to

provide feedback to the classroom teachers.

The philosophy underlying the project

Within a constructivist philosophy of learning, children can be said not to understand an idea in

mathematics when they have not yet assimilated that idea into their existing cognitive schemes. This

may occur because their existing schemes are seen as plausible and correct and new information is

not seen as more fruitful or useful. New information may in such cases be rejected, or may exist

alongside existing ideas for use within school settings, while existing ideas are used in out-of-school

contexts. Where a child seems not to understand an important idea, this is seen to be a more complex

situation than just a deficit in the child's knowledge, which might be fixed by some simple direct

instruction. Rather, the teacher assisting the child needs to ascertain what the child's existing
schemes are then re-present the new information in ways that help the child to construct links
between new and existing knowledge, assimilating the new information and modifying the existing

knowledge.

In practical terms, this translates to some principles that guide our students work with their

pupils: (I) Find out what the child does understand and help the child build on that; (2) The

understanding the child already has can be determined best by observing the child as he or she

attempts activities, games and problems and talks about the strategies being used; (3) New

information must be presented in ways that help the child create links to existing understanding; (4)

Concepts and procedures must be presented in ways that will help the child decide they may be more

useful and more plausible than existing understanding and procedures; (5) The child must be

encouraged to develop his or her own strategies, and to articulate those strategies and share them with

others, in this case the student teacher, (6) Activities should be enjoyable, difficult enough to be

challenging but not so difficult that the child is unable to achieve some success; (7) Understanding

needs to precede attempts to memorise; (8) The construction of new understanding helps determine

and is determined by the child's views of the nature of mathematics and of him or herself as a learner

of mathematics. These principles are no different from principles that apply to any good program of

mathematics teaching.

We hold a similar constructivist view about the development of understanding and skills by

our teacher education students. That is, teacher education students must themselves construct skills

of understanding children's knowledge constructions and strategies of teaching. This can best be

done through involvement in and reflection on activities that require the students to experiment with
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majority of research into teachers' beliefs has focused on teachers with three or more years of
experience. It appears that the beliefs of preservice teachers may be more amenable to change given

appropriate experiences and instruction (Cronin-Jones & Shaw, 1992). If we are to help teacher

education students re-think their beliefs about mathematics, mathematics learning, and children as

learners of mathematics, we need to create situations where these beliefs are faced, tested against the

reality of a teaching situation, and reconsidered.

While there is now an extensive literature on how children construct ideas in various topics in

mathematics, there is very little reported on studies that aim to assist pupils with difficulties in

mathematics to re-construct their conceptual knowledge and skills in line with new constructivist

ways of viewing leaming. Diagnosis and instruction projects in primary school mathematics have

tended to focus more on mathematical content and on error patterns than on the conceptual
understandings of the learner. In their review of more than 300 diagnosis and instruction research

documents, Harrison, Schroeder and Bye (1987) claim that there are weaknesses inherent in such

approaches and contrast these with the strengths and practical value of programs built nn insights

from genetic epistemology.

Denvir and Brown (1986a, 1986b) report a series of studies into the development of number

concepts in seven to nine year old low-attaining pupils. These studies focused on a narrow range of

number concepts and identified a framework to describe the order of acquisition of those concepts.

Their studies devised, carried out and evaluated teaching activities to extend the children's
understanding of those number concepts. In Australia, Thornton, Jones and Toohey (1983) also

worked with primary school pupils in remedial mathematics programs. Their study again focused on

a very small range of number skills, but the instruction was carried out by teachers who had an

additional twelve months of training in diagnosis and remediation beyond their initial teacher

education qualification.

The project described in this paper is intended to help teacher education students construct

enhanced attitudes and beliefs and better skills in working with primary school pupils experiencing

difficulties in mathematics. It is also designed to assist primary school pupils to develop autonomy,

independent learning and critical thinking, construct enhanced attitudes and beliefs, and construct

new mathematical understanding. Because the word 'remediation' suggests a deficit model of
teaching, we use the word 'mediation' to describe our project, which is based within a constructivist

framework and sees the teacher's role as assisting the child to construct mathematical understanding

for him or herself.

Back ground
Our mediation project started in 1991 at the request of the local school district which was concerned

by the large number of primary pupils having difficulty with mathematics. In 1993, we had 76 final

year teacher education students participating in the project. All the students had completed two

semester units of mathematics education and were concurrently taking a third semester unit.
Throughout these units, there had been many class sessions devoted to discussions of different

philosophies of mathematics and views of learning, research on children's understanding of various

275

8



TEACHER EDUCATION STUDENTS HELPING PRIMARY PUPILS RE-CONSTRUCT
MATHEMATICS

Helen Mansfield, Joy Scott, Yvonne Burgess
Curtin University of Technology, Western Australia

The paper describes a project in which reacher education students work with primary school pupils
experiencing difficulties in mathematics. The students must themselves construct new beliefs,
attitudes, and understandings about the processes of teaching and learning mathematics as they help
the children to develop autonomy and enhanced attitudes, and construct new mathematical
understanding. The philosophy underlying the project is based on the belief that teachers can help
children with difficuties in mathematics by mediating in their construction of mathematics rather than
by remediating their weaknesses. The paper presents some preliminary data that have been obtained
about the value of the project as perceived by the teacher education students involved in its
implementation.

Introduction
Children's difficulties in mathematics may stem from many factors, including absence from school at

critical times, negative self esteem, lack of valuing of mathematics, the use of inappropriate teaching

strategies or materials by their teachers, inappropriate pacing of instruction and so on. Children who

experience early difficulties in constructing adequate mathematiTal ideas are unlikely to be able to re-

construct those ideas and skills for themselves when their daily schooling places them in a classroom

of about 30 pupils all with claims on the time and skills of the classroom teacher.

Karp (1991) found that the daily experiences of pupils in mathematics classes of teachers with

positive attitudes were found to be substantially different from those of pupils in classrooms of

teachers with negative attitudes. Her data suggested that teachers with similar professional

backgrounds and with pupils of comparable abilities engaged in quite dissimilar instructional
activities. Overall, teachers with negative attitudes towards mathematics employed methods that

fostered dependency whereas teachers with positive attitudes were found to encourage student

initiative and independence.
Our teacher education students generally have deeply rooted ideas about teaching and learning

mathematics. Despite lectures and workshop discussions promoting a constructivist philosophy of

learning mathematics, they think of mathematics as a fixed body of knowledge that is best learned by

memorising facts and rules, and procedures for applying them. They see the role of the teacher as

carrying out goals determineci by the syllabus, providing demonstrations and examples of tasks to be

completed, and checking written work for completeness and accuracy (Wilcox, Schram, Lappan &

Lanier, 1991) and conceive of teaching as a matter of technical competence rather than reflection and

decision-making based on the mathematical knowledge children are constructing and how they are

constructing it.
Researchers have acknowledged the impact of teachers beliefs on practically every aspect of

the teaching/learning process (Cronin, 1986; Peterson, Fennema, Carpenter, & Loef, 1987;

Thompson, 1992). Research points to the difficulty in overcoming ingrained notions developed

dining previous school experiences (Ball, 1988; Zeichner, Tabachnick & Densmore, 1987). The
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king. In the phase of critical analysis of the texts, the pupils show a strong critical attitude, since they find
out easily ambiguities, errors on data and on their compatibility. Several protocols, either of groups or of
individual tests, confirm our belief that ambiguous texts or texts with errors constitute the ideal situation
for inducing the pupils to discuss possible interpretations, formulate hypotheses and infer
implications.
To work on different situations with reference to the same figure shows to the pupils the possibility or
impossibility of connecting certain pieces of information and, if compatible brings them to assess the
"grade of closeness" (i.e. the number of steps needed for connecting them); which on one hand
encourages concatenation of data, essential for developing mathematical speech, and on the other hand
produces conceptualisation of the meaning of relation, important for starting abstract thinking.
Moreover, the activity favours metacognition in the pupils because it brings them to hold strong control
on the strategies underlying their (or the other's) productions, to be aware of the fundamental relations
among the elements of elementary geometrical figures and to master the whole range of classical models
of problems. The systematic analysis of the correct texts produced with reference to each figure allows
the pupils to sort out that for each figure there is a same minimum number of pieces of information to
assign in order to pose a problem on it and that such number is therefore a characteristic of such figure.
The inquiry on what happens for figures of a same category (e.g. triangle) but with different peculiar
features (e.g. scalene, isosceles, equilateral) carried out by examining simultaneously the data inserted
with reference to the figure given, allows the pupils to get aware of the role of the implicit data linked to
the quality of the figure itself. Furthermore, the comparison of problems analogous in structure
composed before and after the study of Pythagora's proposition, and the observation of the overall
number of data inserted in the first and second case bring them to be aware of the economy of information
involved in the knowledge of general mathematical facts.
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continuation of Table 2

hypotenuse measures less than the two catheti and it should be the contrary.
Critic: the text has too many data.
Correction of the text : "The measure of the height relative to the different side of an isosceles triangle ABC is

24 cm. Since you know that the area measures 240 cm2, find the measure of the perimeter.

Please note the improper reference to the Pythagorean proposition which however revealsthe pupils'
process of thinking in the discovery of the absurd and the imprecision of the expression "the hypot-
enuse measures ltss than the two catheti" probably due to the incapacity of formulating correctly into
negative the expression "in a rectangle triangle the measure of the hypotenuse is bigger than that of
(each of) the two catheti". The abseil' reference to triangle AKCwitnesses the pupils' acquired capacity
of seeing parts of figures and of autonomously operating on them.

Ambiguous text with redundant data which gives vent to more than one possible solution

in a rhumbus the area measures 600 cm2 whereas one diagonal differs from the other by 10 cm and it
is its 4/3. Calculate the perimeter and the height.

Protocol 4. The pupils assume that one diagonal is 4/3 of the other and give the solution tothe problem
ignoring the information on the area.Then comment as follows:
The data are coherent, even if too many. You could take the measure of the area and the problem would

become: "In a rhumbus the diagonal is 10 cm different from the other and it is 4/3 of thelatter. Calculate the

perimeter and the height.'
You could take off the difference of the diagonals(10 cm), the problem would be then: 'in arhumbus the area

measures 600 whereas the diagonal is 4/3 of the other. Calculate the perimeter and the height."
From the point of viewof grammar there is an imprecision when it says one diagonal is 10 cm differentfrom the

other and it is the A. This datum (underlined) has no reference.

Non-ambiguous text with redundant data respectively compatible

A rectangle trapezium has the major base of 39 cm, the minor of 32 cm, the height measures 24 cm
and the oblique side 25 cm. Find the measure of the diagonals, the area and the perimeter.

Protocol 5. The pupils solve the problem schematically using all the data and then write:
There are too many data in the problem. The height or the minor base or the oblique side or the majorbase can

betaken away from the text so that it comes out right. The correct problemwould be:"A rectangletrapezium has

the major base of 39cm, the minor base of 32cm and the oblique side of 25cm. Find out...". Or "A rectangle
trapezium has the major base of 39 cm, the minor base of 32cm and the height of 24 cm. Find out ....". Or

"rectangle trapezium has the minor base of 32cm, height of 24 cm and the oblique side 25 cm...".

Non-ambiguous text with incompatible and redundant data

The perimeter of the isosceles triangle ABC measures 72 cm and the different side (third side) is 13/10
of the isometric one; since you know that the unequal side is 113 of 60, find the measure of the two

sides.

Protocol 6. The pupils work schematically in two ways, neglecting in the first case the piece of
information "the different side is 13/10 of the isometric one" in the second case the piece of informa-

tion on the perimeter and write:
1°way 2°way
60 : 3.20 cm 3° side 60 : 3.20 cm 3° side
72.20 - 52 cm Isometric sides 20 : 13 - 1,5
52 : 2.26 cm isometric side 1,5 x 10 15 cm isometric side

The text is wrong because in the first the isometric side measures 26cm, in the second measures 15 cm. They

made a mistake in writing "the diffettent side 413/10 of the isometric one. They should have written the
different side 410/13 of the isometric one" or "the isometric side is 13/10 of the different one".
Actually:20 :10. 2cm 2 x 13. 26cm (isometric slde).11theywanted a single eoiution they had to puteitherthe

fraction and not the perimeter or the perimeter and not the fraction.
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Protocols of critical analTsis of the texts
Table 2

-1
Ambiguous text with equally acceptable interpretations

In a rectangle trapezium the sum of the bases is 71 cm, their difference 7 cm and the diagonal measu-
res 40 cm. Calculate the area.

Protocol I
(71 - 7) : 2
64:2 =32 =b
32 +7 =39 =B

8 -b -7
B+1).71
d =40
7,4=8520312,4

We don't know which diagonal it is.
If it were the minor If it were the major
(402 - 322) = 1600 - 1024 = 576 (402- 392) = 1600. 1571 = 79
4576-= 24 (h) 'I 8,8 (h)
A =(b +B)xh:2 71 x 8,8 : 2 624,8 : 2 312,4 (A)
71 x 24 : 2 = 852 (A)
This text is 'Wrong" because it doesn't specify which is the diagonal corresponding to the measure of 40 cm.

It is to be underlined that on facing this text some other groups choose the first solution declaring that
they eliminate the second result because "inconvenient".

Ambiguous text with two possible interpretations. one of which is to reject

The area of the isosceles triangle is 240 cm2. Since you know that the height corrispondent to the base
measures 24 cm, find the perimeter of the triangle.

Protocol 2. The pupils initially refer to the position of the isosceles triangle in the standard model and
directly execute the calculus of the perimeter,then examine the case of the same triangle lying on
another side and write:

OTHER WAY OF SOLVING IT

t 480 : 24 - 20 cm - base and other side

Critic
1 The preposition-of the"is not appropriate because the isosceles triangle is not unique, there are many, so we

shall change it into of an".
2 The text does not specify which of the 3 sides is the base. We have made two conjectures, but the second is

impossible because one of the catheti would measure more than the hypotenuse.

A 20 C

Ambiguous text with redundant data which gives vent to two interpretations. one of which is to
reject,
The measure of the two different heights of the isosceles triangle ABC are respectively 24 cm and
18,4 cm; since you know that the area is 240 cm2, find the measure of the perimeter.

Protocol 3

- (240 x 2) : 18,4 -480: 18,4 E 26 (cm)
(240 x 2) : 24 = 480 : 24 20 (cm)

- (26 x 2) + 20 52 + 20 = 72 (cm) perimeter

C

A

Solution: we have used all the data of the text, the text does not specify to what side the two heights are relative.
But we know that the smallest height is always relative to the bigger side, therefore18,4 Is the height relative to
the major side whereas 24 is the height relative to the minor side. Let's suppose that AC is 20:the side AC can-
not measure 20 cm because [considered triangle AKC) if we apply Pythagoras we see that in this case the

continue.
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document the different typologies of mistake on which they are asked to work, and toobserve how the

different situations are tackled by them. As it is possible to see, they analyse:
- ambiguous texts with equally acceptable interpretations;
- ambiguous texts with different possible interpretations among which some are to reject;

- ambiguous texts with redundant data which give vent to several interpretations among which some are

to reject;
- ambiguous texts with redundant data which give vent to several possible situations;
- non-ambiguous texts with redundant data respectively compatible;
- non-ambiguous texts with redundant data respectively not compatible.
Problems with ambiguity of interpretation always give vent to more than one reading and consequent
solution in the different cases (see table 2, protocols I &2); problems with redundant data give vent, on
cases of non-compatibility, to selection and rejection of data (see table 2, protocols 3&6) whereas on

cases of compatibility give vent to combination of data and, accordingly, to birth of more than one

problem as a reduction from the original problem (see table 2, protocols 4&5).
The protocols show how the pupils' attention concentrates on commenting the other'swork rather than

justifying their own way of operating; this makes us conclude that they don't 'eel this activity as one of
problem solving. Let's not forget that, because of didactic contract, to solve a problem means to these

pupils to explicit the reasoning enacted and the difficulties met.
From the metacognitive point of view, a further interesting aspect in this phase concerns thecontrol of

the correctness of the data inserted into a text as to those initially assigned with reference to a certain

figure. In particular, in some situations the pupils had to deal with the distorting effects deriving from the

approximation of the square root of some numerical values, which brought them to a reflection on the

limits of approximation and to the awareness of the distinction between a number and its approximate

decimal representations.
It is to be underlined that in this phase the pupils have made spare use of graphic representation; this
demonstrates their good interiorisation of the models of figures in the knowledge of general

mathematical facts.

General results
From a global point of view, on the base of our experience we are able to state that problem posing is a
difficult activity at individual level for 11/12-year-old pupils: on the other hand, as team activity -thanks
to the "mixture" of different personalities and abilities- not only is it suitable, but also effective, and it

turns out to be more fruitful the more all participants are willing to confront and to take each contribution
into consideration, whatever the cultural level of the classmate expressing it. Team activity involves all

the pupils in the work according to the characteristics of each: for instance, non-creative pupils often act

as supervisors.
The observation of the groups reveals how some aspects of the pupils individual personalities can affect

their productions, e.g. pupils who are not willing to share their knowledge with the othercompromise the

development of the right interaction stream within the group, whereas open pupils who are willing to
share their knowledge determine synergic effects in the group.
For brilliant pupils the activity is particularly profitable because having to communicate to the other
compells them to explicit intuitions, images, processes which would not arise during individual work.
As strong, if not superior, is the benefit to the weak or unconfident pupils, as revealed by the individual
tests. It is clear that the quantity of problems tackled, the open relation with classmates with a successful
working method, the experience as first actor of the construction of a problematic situation make them
aware of right attitude to have in front of a problem, of how to associate the different data in order to
evidentiate their relations, of the incidence of mathematical knowledge on the whole activity. However,
for some of these pupils the difficulty of linguistic formulation is confirmed.
It is cle,ar in our experimentations how team activity enhances in the pupils rigour in the use of language:
if an idea is expressed roughly or in an incomplete way, it is discussed, analysed, and precised. Clarity of
speech becomes to the pupils an essential element for a correct communication of their ideas.
Another strongly stimulating aspect is to work on mistakes, which become elements of intellectual
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of the contents exposed. In particular, if they don't find in books some "difficult" problem they have
constructed, they are mostly satisfied, which gives them a key to assess the skills they have reached. This
last activity gives the pupils a new way of approaching the textbook, which is particularly
meaningful.

The texts constructed by the pupils
The texts produced refer either todirect or indirect problems. Various groups suggest problems in which
the data inserted are expressed as fractions of other, or are anyway of relational kind. Initially, despite the
fact that the pupils must also solve the problems they create, there are texts which are ambiguous or with
redundant data -compatible or not; in some cases the presence of wrong relational data was noticed (e.g.
inverted fraction). As the activity goes forth, the problems composed by eachgroup are more and more
correct, and towards the conclusion of the activity, having the pupils acquired the right working manner
and a certain methodicalness, they produce a wide variety of problems, ranging from simpleto complex.
Globally, the problematic situations they suggest cover almost the whole range of problems present in
the Italian textbooks. The language in which these texts are composed reflects traditionally accepted
codings, even if sometimes it draws away from the standard under the influence of the discussions held
in class on definitions and of the work carried out for fostering a dynamic vision of the figures. As
appears in the protocols, many pupils can easily see isosceles triangles in non-typical positions and
recognize rhumbi as parallelograms. For reasons of space, we may not enclose all the texts produced, ho-
wever they will be available for the participants to the conference.
From a general point of view, the productions of each group (at least 4 for each kind of figure) show the
use of the simplest relations among the elements of a figure; other relations which are more hidden, such
as those involving sum and difference of measures of segments, or the expression of a measure as
fraction of another are used with awareness only by the groups with stronger potentiality. It is interesting
to notice how different groups organize their work by determining -starting from the elements of the
figure assigned by the teacher- the measures of all the other elements directly obtainable from them and
constituting what they call "the data base", from which they draw the data for contracting the various
problems on the figure. Some groups, then, adopt a working method based on shifts through analogy of a
series of relations from one kind of figure to another (see table 1),

Table 1
Group productions witnessing the use of analogy as a procedure

Problems in which the measure of a segment is given as fraction of that of another
- A rectangle has the area measuring 240 cm2. Since you know that the height is 5/12 of the base, find out the

perimeter of the rectangle.
- In anisosceles triangle ABC, the base AB is 516 of the height CH relative to it. Since you know that the area of

ABC is 240 cm2, find out the measure of its perimeter.
- Theareaofarombus is600 an2.Since you knowthatone diagonal Ls 314 of the other,wouldyoubc able tofind

out the measure of the perimeter?

Problems in which sum andaffetenc,e of measures of segments arc inserted as data
- Two sides of a rectangle differ by 14 cm and their sum is 34 cm. Find the area.
- In an isosceles triangle ABC the sum of the 3 sides is 72. Since you know that the two equal sides differ from

the different by 6 cm, find the measure of the 3 sides.
- The sum of the diagonals in a rhombus measures 70 cm. Since you know that between one diagonal and the

other there is a difference of 10 cm, find out their measure.

Pupils' critical analysis of ill-structured problems
As already mentioned, although a solution is requested, thereare in the first phase ambiguous texts, with
redundant data, either compatible or incompatible. Such texts are precious for the phase of critical
analysis since they stimulate hypothetical reasoning and other important activities such as analysis and
comparison of resolutory strategies or control of the coherence to the initial situation of the texts made.
We present in table 2 a series of pupils' protocols appeared in this phase of the activity in order to
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The tasks were based on student ways of thinking and misconceptions as known from research

and personal experience (e.g., Markovits, 1989).

Ouestionnaire - Beliefs about Teaching and Learning

This questionnaire probed teachers' thoughts about teaching strategies, questioning, skills

versus conceptual goals, the process of learning, etc. Following are examples of the items:

- Many times math teachers ask students to explain their answer when it is incorrect. Do you think

they should also ask for an explanation when the answer is correct? Explain.

- Do you think a math teacher should tell the studentwhether her/his answer is correct or should the

student make this decision by herself/himself? Explain.
The responses to these items were not analyzed on their face value only but a great deal of

attention was given to the teachers' explanations that were given to support their decisions.

Interview - Teacher Responses

The interviews centered on the three situations described above: "Height", "Decimal Point" and

"Division by 0". The subjects were presented with responses that were given by other teachers to the

same situations, and were asked to react to these responses. Each response highlighted certain

characteristics of teacher responses, such as ritual versus meaning orientation, student versus teacher

centered, or content knowledge. The following responses were presented for the Decimal Point

Situation:

1. I will tell the child: You located the decimal point correctly and also explained it

correctly.

2. I will ask the child to find two whole numbers that are close to the given numbers and

to multiply them. I will then ask him to look at his exercise and the given exercise and

to check what is going on.

3. I will tell the child that the multiplication of the whole numbers alone (15 x 4) is 60.

So we will have more than 60. That's why the answer should be 68.58. In addition, I

will write down the exercise, and ask the child to multiply. The answer will be 68.580

and I will explain that 68.580 equals 68.58.

4. The child does not understand how to multiply decimal numbers. I will give him

several exercises and ask him to solve them using the standard algorithm.

5. I will tell the child: You stated a correct rule but your answer is incorrect, because
when you multiply 4 and 5 the answer has a 0 at the end. 0 is not shown in your

answer, and that's why you made a mistake in locating the decimal point. The answer

is 68.580.
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The Course

At the beginning of the course the teachers talked about the ways they had responded to the

questionnaire tasks. They were also presented with the other teachers' responses and analyzed them

according to (i) awareness of students' misconceptions (ii) kinds of teacher responses, and (iii)

content knowledge. Then the instructors presented some other situations and discussed them as well.

The second part of the course concentrated on better understanding how students learn. Special

attention was given to the issue of a conception of learning as construction of knowledge by the

student as opposed to a conception of learning as transfer of knowledge from the teacher to the

student. Students' misconceptions and their possible sources were discussed, and various ways for

dealing with these misconceptions were suggested.

In the third part of the course the teachers looked for relevant situations in their own
classrooms, shared them with the other participants and analyzed them.

As part of the final assignment for the course the teachers were to explore students' ways of

thinking about mathematical situations and teachers' explanations. To do that, each teacher
interviewed a pair of sixth-grade students. They presented three situations to the students (the
"Height", "Decimal Point" and "Division by 0" situations) and asked the students to respond. Then

they presented the students with teachers' responses to these situations (the same responses that were

used in the teachers' interview before the course) and again asked the students to react.

Seven of the course meetings (out of fifteen) were videotaped. Four times during the course the

teachers submitted written reflections on their learning from and feelings about the course
experiences.

After the Course

A questionnaire was administered to all the teachers immediately after the course ended. After

they had responded to the questionnaire, the six teachers who had been interviewed before the course

were interviewed again.

Ouestionnaire - Situations (II)

A questionnaire that included three situations similar to the ones in the first questionnaire was

administered to the teachers.

Interview - Other Teacher Responses and Beliefs

The interview had two components. In the first part, the subjects were again presented with
responses that were given by other teachers to the situations from the second questionnaire, and were

asked to react to these responses. In the second part of the interview the subjects were probed on

their responses to the Belief Questionnaire that was administered to them before the course began.
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Preliminary Findings

In this paper we report on some preliminary findings concerning the pedagogical content

knowledge of the six interviewees. First we focus on their thinking about the "Decimal Point"

situation by examining their own responses to this situation as well as their reactions to the other

teachcrs' responses to the same situation. Then we analyze their ways of finding out how students

think, as expressed in the interviews which the teachers conducted.

Teacher Responses to the "Decimal Point" Situation

Teachers' Own Responses

The most common response to the "Decimal Point" situation on the first questionnaire was the

suggestion to use estimation as a response to the student. Four of the teachers suggested this. (One

suggested to use estimation together with the standard multiplication algorithm.) The extensive use of

estimation might be explained by the fact that the teachers had a course on estimation and number

sense during the first semester--the time when they were administered the questionnaire. Another

teacher based her response on the standard multiplication algorithm, showing that actually there are

five and not four digits in the final answer. Still another teacher said that the child was right and the

answer is correct.
Almost all teachers' responses included some positive statement about the child, something that

can make him feel good although his answer was incorrect. For example, "Basically he is right and

he remembers nicely how to multiply decimals. But..." This, behavior was not in evidence in our

previous study on junior-high school teachers (Even & Markovits, 1993b).

Reactions to the Other Teachers' Responses

When reacting to the other teachers' responses presented to them during the first interview,

none of the interviewees explicitly mentioned the difference between Responses 2 and 3. That is,

between putting the student in the center, suggesting to him activities that have potential for helping

him construct a solution by and for himself, and putting the teacher in the center, telling the student

how to reach the correct solution. This finding agrees with our findings in the previous study (Even

& Markovits, 1993b).
None of the interviewees chose Response 1 nor 4. They rejected Response 1 on the grounds

that the student's solution was wrong. They opposed Response 4 which states that the child does not

understand how to multiply decimal numbers. The teachers argued that "even though the child did

not locate the decimal point correctly, it does not mean that he does not know how to multiply

decimals" and, therefore, they claimed, there is no need to ask the student to solve several exercises

using the standard algorithm.

243

899



Interrelations Between Teachers' Responses and Their Reactions to the Other Teachers' Responses

The interviewees' preferences when asked to choose among the other teachers'responses had
similar characteristics to the responses they themselves gave when answering the questionnaire
several weeks before the interview took place. This consistency was apparent not only in the
mathematical approach they used but also in the way they chose to approach the child. Forexample,
two teachers chose Response 2, which is more student - centered, as the most appropriate among the
five responses presented to them. These teachers' responses were also more student-centered than
the others:

"I'll ask him how much is 15x4. Since he will get 60 by himself, it will be no problem to get the
right answer."

"Pay attention -- is the answer reasonable? Is it reasonable to get to 6 from 4x15?"

In contrast, the two teachers who chose Response 3, which is similar to Response 2 but is more
teacher-centered, also presented a more teacher-centered approach in their responses to the
questionnaire. For example:

"What is the whole number? 15x4. So, the answer has to be more than 60, because there is
more than 15 and more than 4."

One interviewee chose a combination of Responses 2, 3 and 5. The same combination
appeared in her own written response, where she started with estimation, then added the idea that ten
times hundreds should give thousands. She said she would ask the child to perform the
multiplication and locate the point. Finally she explained that 580 thousands and 58 hundreds are the
same.

The teacher who missed the whole thing in the written questionnaire and claimed that the
student's answer is correct, realized during the interview that she was wrong. She chose Response
5, the only response that can be interpreted as if the student's answer has a correct component in it:
The rule is correct but the answer is not.

TrachraaLWatszflinginaimliulraaThiak

When asked to interview pairs of students the teachers were told that the objective of this task is
to explore students' ways of thinking. To do that they needed to ask students to explain and clarify

their thinking. Probing was an important component of the interview procedure. Besides theirfree,
voluntary explanations, the students needed also to be probed to clarify ambiguities.

Some of the teachers used neutral probes such as "Why'?", "What do you mean by that?" This
kind of probing does not direct the student to any specific direction and at the same time helps the
teacher-interviewer to better understand the students' thinking. Even though it was tempting at times

to "teach" the students "the material" during the interview, some managed to avoid it. For example,

one teacher, whose students did not use estimation for the "Decimal Point" task, did not mention it to

them during the interview. In her report she wrote that she had realized that there was a need to teach
this to the children and therefore taught it in her class in subsequent lessons.
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Other teachers were more occupied either with directing the students tc ..nat the teachers

thought students ways of thinking are or with straightforward teaching of the material. The

following example illustrates the first approach. One teacher presented the students with the exercise

15.24x4.5=6858 and asked them to locate the decimal point. Then, instead of letting them decide,

she turned to one of the students and directed her to use a wrong method:

What do you say? Where would you locate the decimal point? Do you remember the rules for

decimal fractions? How do we locate the point? What do we do in order to locate the point

after we multiply /decimal) fractions?

The child, of course, replied: "We count the number of digits after the point." The teacher continued

in this direction: "So, where would you put it?" The child: "After the 6." Such interviewing does not

really help the teacher explore students' ways of thinking. Instead, it "helps" the students guess what

the teacher has in mind.
Some teachers felt that they had to "teach" the students the correct answer or the"correct" way

of thinking during the interview. For example, after the students had decided where to locate the

decimal point, the teacher comprehensively discussed with them the difference between the "rule

method" and the method of estimation. She discussed the issue from many angles and only then

asked the students to react to the teachers' responses. By doing that, the teacher directed the students

to what she considered to be the correct choice. This teacher kept correcting mistakes that the

students made. She also told the students at times whether she agreed with their answers. While

some of the teachers who "talked too much" during the interview referred to this issue in their report,

claiming that they had directed the students too often, this teacher wrote that there was a need to direct

the students so they would not get confused.

Conclusion

One major difference between this study and our previous study has to do with the attitudes

towards the student that the teachers presented. While most of the elementary teachers phrased their

responses in ways that would make the children feel good even when their answers were incorrect,

the junior-high school teachers never included such a component in their responses. They also never

showed any awareness of this issue. The junior-high teachers concentrated only on the correctness of

the children's solutions, not taking into consideration their feelings. .

The findings of this study agree with the findings of our previous study with regard to teachers'

awareness of the issue of teacher- versus student-centered responses of 'teachers. Before the

workshops and the course, both the junior-high and the elementary teachers did not seem to be aware

of the distinction between responses that are teacher-centered (i.e., the teacher tries to teach by telling

the student how to do things--to "transfer knowledge" whereas the student is expected to stay

relatively passive) and responses that are student-oriented (responses that emphasize the construction

of knowledge by an active student).
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The short activities conducted in the previous study raised teachers' awareness of this issue.

However, knowing that making a change in the ways teachers teach is not an easy task, we designed

and conducted a much longer and more comprehensive course in the present study. Some of the

findings of this study indicate that a one semester course is also not enough for changing teachers'

behavior, not even when they deal with two students only (as became apparent from the interviews

that some of the teachers conducted with pairs of students at the end of the course). This conclusion

is supported by observations made of these teachers' teaching during the second year of the program.

A detailed analysis of the data collected in this study should inform us mote about the nature and

extent of teachers' awareness of the issue.
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MATHEMATICAL IMAGES FOR FRACTIONS: HELP OR HINDRANCE?

Susan E.B. Pirie Lyndon Martin Thomas E. Kieren
University of Oxford University of Oxford University of Alberta

This paper is concerned with the images that learners and teachers have for fractions.
We introduce the notion of Cycles of Responsibility and from this perspective focus on the
images for rational numbers that teachers and pupils bring to the beginning of work on
algebraic fractions. The work of a class of 15 year-olds is observed and analysed andthe role of
the teacher in enabling the learners to fold back to, or form, appropriate images is considered.
Implications for others in the Cycle of Responsibility are tentatively suggested.

Introduction:
We bring together here two aspects of learning, namely the images held by the learner

and the images held by those who attempt to influence the learning, and examine their interaction

in the process of students coming to understand the concept of fractions. Our work is based

within the Pirie - Kieren model for the dynamical growth of mathematical understanding. The

model itself has been fully described at previous conferences (PME 15 ;PME 16), and many of

its features elaborated on, there and elsewhere (Pirie and Kieren, 1991; Pirie and Kieren, 1992;

Pirie and Kieren, 1994). In this paper it is with the stages labelled 'Image Making' and 'Image

Having' that we are concerned. Image Making means the performing of actions by the learner,

actual or mental, to get some idea of the concept under consideration. These actions may be

prompted by the teacher or another 'outsider', but can equally well be the result of the pupil's own

initiatives. Image Having is the level at which the learners actually have some imagesfor the

concept and thus they no longer need to rely on the actions that occasioned the understanding

and can carry and use the ideas they have constructed. This does not imply however, that their

images are complete, appropriate or even sufficient for the work in hand. Many learners develop

strong early attachments to particular dominant images and this can seriously hamper later

growth of understanding.

Learners' Images
The concept of division provides a vivid illustration of the encapsulation of two

completely different images within one mathematical notion. Although either image is

sufficiently powerful to allow an understanding in terms of integers, it is in fact essential that

students have both images if they are to move to a comprehension of division with fractions.

Consider the example: '12 + 3'. This can be interpreted as '12 pizza shared between 3 people' and

represented diagrammatically as:

0000 0000 0000

The answer lies in the number of pizza in each group, namely 'four'.

An alternative interpretation, based on a different image for division, is "How many groups of 3
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pizza can be made from 12 pizza?", represented diagrammatically as:

000 000 000 000

Here the answer lies in the number of groups.

Either image is powerful enough on its own to enable the learner to function adequately with the

concept of division related to whole numbers. Many pupils, therefore, rely on only one of these
images.

However problems arise if we consider 'a half divided by 3'. Translating this in terms of

the images suggested above we see that 'Half a pizza shared between 3 people' makes sense.

whereas 'How many groups of 3 pizza can be made from half a pizza?' leads to the answer 'none'

- one can make no groups of 3 pizza from only a half pizza. The second image is of no use here.

Now consider '12 divided by a half - translating this in terms of the above images we get

'12 pizza shared between half a person - meaningless - whereas 'how many half pizzas can be

made from 12 pizza?' is clearly a sensible question. To understand the process of division of

fractions, a student needs to have Isali images. Either image alone is not sufficient.

Work concerning fractions has focused predominantly on either the processes used by

pupils in working with fractions, or on the ways in which the pupils develop their conceptual

understandings or on pupils misconceptions of fractions (e.g. Kerslake, 1986; Hart et al, 1989;

Markovits and Sowder, 1991; Cramer and Bezuk, 1991; Peck and Jencks, 1981; Kieren, 1988;
Behr et al, 1992).

Kieren (1993) emphasised the importance of images and stated that 'fraction learning...is

seen in two kinds of growth: broadening one's image of fractions and hence one's fraction

conceptualising capability and deepening, making more formal, and more sophisticated ones

understanding actions' and that 'even within a particular fraction environment, building up of the

various mechanisms requires folding back to reconstruct one's image of fractions through action

in a fraction space.' It is on these personally held images, be they helpful, inadequate or even

inappropriate, that learners will base the further growth of their rational number understanding.

Fraction learning involves constructing an ever more elaborate, complex, broad and sophisticated

fraction world and developing the capacity to function in more complex and sophisticated ways

within it. Such an achievement will prove impossible if the foundations laid by the images the

learners hold are not adequate to the task. This is not to say that the whole spectrum of images

encapsulated in the concept of fractions needs to be created before any progress in working with

them can take place, but it is our contention that limited and inaccurate images will inhibit

learning and that there will be a constant need to fold back to the level of Image Making to

develop the necessary broad range of images.

Kerslake (1986) discussed the different models of fractions that children are familiar

with. She noted 'that the problems children have with fractions are due to their restricted view of

a fraction' and that this 'makes it difficult to make any sense of addition or of placing a fraction

on a number line.' She also highlighted the dominance of the 'part of a whole' model of a fraction
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in children's thinking and suggested that 'the use of the 'part of a whole' model can inhibit the

development of the more general idea of a fraction.' Other images that she suggests are those of

fractions as numbers and fractions representing a division process. Hiebert, Wearne & Taber

(1991) in looking at fourth graders' construction of decimal fractions talked of the 'partial

understandings' constructed by many learners and noted that 'many students did not construct full

and flexible internal representations' for decimal fractions and that this led to problems with

regard to the notion of fractions in terms of continuous rather than discrete environments. In the

classroom it is the teacher's responsibility to create an environment in which the learner can

construct an understanding of fractions based on appropriate images. Ball (1990) looked at the

subject matter knowledge of pre-service mathematics teachers but was more concerned with the

generation of representations for processes involving fractions than with the images underlying

the subject matter that form the core of any teaching of the subject. The images held by the

teacher, however, will have a significant impact on the images constructed by the pupils and on

their ability to understand these processes.

Cycles of Responsibility
This leads us to the second of the foci of this paper which we have termed the "Cycles of

Responsibility" and this looks at the chain of influences which impinge on the growth of

understanding. This chain can be represented by the following diagram:

Pupil
(Primary)

Teacher
(Secondary) w PGCE Student

(Secondary)

Teacher (Primary)

BEd Student
(Primary)

Teacher Educators

Educator

Circles of Responsibility

If we start with the primary pupils, then these pupils, with their own personal images,

constructed from the environment in which they have been learning mathematics and from other,

outside influences, become the cohort of secondary pupils. From the secondarypupils, with their
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potentially changed and enlarged itnzges, are drawn the students who will train to become either

primary or secondary teachers - students whose images of mathematics are further refined during

the courses they undergo. These in turn become the next generation of teachers - primary and

secondary school teachers, who complete the cycles by influencing the pupils in their classes.

We have been working on a project to look at the groups involved within these Cycles of

Responsibility as they are affected by and affect the images available, on which an understanding

of the concept of rational numbers can be built.

The process of initial data collection in our study involves the use of a six-item, written

questionnaire' . The questions here were deliberately chosen to be open-ended, to allow for the

possibility of a wide range of responses. The participants were not interviewed, as spoken

language immediately conveys a more restricted image than written symbolism (Pirie 1992) and

can itself conjure up inappropriate images. Take for example the verbalisation of "2 ". When
4

associated with the image of fraction as 'part of a whole' this could be rendered "3 divided into 4

(pieces)". With the image of fraction as 'division', on the other hand, "3 (divided) into 4" is a

frequent verbalisation of 4 + 3 or, written as a faction, .
3

Three groups have looked at so far :- students training to be secondary mathematics

teachers, students training to be primary teachers with mathematics as their specialist subject,

and a class of fairly able, 15 year-old pupils. Although at this early stage, from our pilot work,

we predict some striking differences between each of the groups involved in the cycle, we wish

to concentrate our discussion in this paper on the group of 15 year-olds who were subsequently

video recorded over a two week period as they worked on algebraic fractions.

Images for Rational Numbers

Four major images for fractions emerged from the pupils' written responses to the

questionnaire and we illustrate these with quotations from these responses:

1. Division - e.g. "A quantity - number or sometimes a letter - divided by another quantity."

2. Part of a whole - e.g. "A fraction is a section of a whole thing."

3. Number - e.g. "It is a number that has not been put into a decimal."

4. Way of writing - e.g. "A number over another number" - This image was not among those

suggested as necessary by Kerslake (1986), although she does 4Jote one pupil as saying "two

'The questions were:
i) What are fractions ?
ii) How would you explain 314 ?
iii) How would you explain 15/4
iv) When you want to add fractions, why do you find a common denominator ?
v) When you want to multiply fractions, why do you multiply the tops and bottoms and give

Product of tops as the answer ?
Product of bottoms

vi) When you want to divide fractions, why do you turn the second one upside down and
multiply ?
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numbers just put on top of each other. Yet in more sophisticated mathematics, along with the

image of a fraction as a quotient number, this image of a as simply a way of writing an ordered

pair is a powerful, necessary image.
The introduction for these students to the topic of algebraic fractions was made through a

deliberately invocative2 input by the teacher, in which she repeatedly referred them back to the

earlier images that she assumed they would have created in working with rational numbers "in

primary school". It is interesting to look at the images that she considered eseful for them to fold

hack to, the images that the students themselves verbalised and the images that they and the

teacher actually folded back to when working on the algebraic fractions.

The teacher started by reviewing basic rational number work. For eachoperation, she

grounded her explanations firmly in the 'part of a whole image while saying "...go back to nice
1 2

simple things first and apply them to algebra". For addition she wrote + , and said "if 1 add
5

the top two numbers together I get three and if I add the bottom two I get ten", then, while

drawing a cake, continued "It's pretty obvious that if you have one fifth of a cake andanother

two fifths of a cake then you have three fifths of a cake. So you mustn't be tempted to think
I

2

1

sweepingly 'add them all together' because it doesn't work". Writing +
4

she posed a new

problem, again in terms of cakes, and cautioned them "... difficult question, the numbers are

different" and when offered the answer "three quarters" she emphasised the point that "later on

when you get something like this with algebra and you think I'lljust add the top numbers

together and add the bottom numbers together ... but if you do that you'd end up with 2 which

isn't the same thing. You've got to go back to basics". She then asked the pupil ilow he had done

it. His response was "well I just know it, (pause) well with the cake" and theteacher drew an
1 1

8appropriate 'cake diagram' on the chalkboard. Once they were working with the problem of
6
+

however, both pupils and teacher switched to the image of fractions as a 'way of writing' while

they talked about "the denominators" (the teacher) and "whatever you times the bottom by, to get

whatever you're getting, you times the top by" (pupil). Writing
4

+
5

the teacher
(a + 1)(x + 2)

commented "this one looks a bit more difficult because you've got the algebra bit on the bottom

... but follow the principles of what we've done before". The pupils' suggestions for dealing with

this computation all centre on "multiplying the top and the bottom"and no reference is made by

anyone to the image of fractions as 'part of a whole'

When working on multiplication, the teacher again initially workedwithin the fractional
I I

3
image of 'part of a whole' and illustrated

2
x , (verbalised as "one half multiplied by one third")

with a drawing of a chocolate bar cut first into three pieces vertically then into two pieces

21nvocative is used in the specialised sense to imply an intervention that necessitates folding back by the learner. See
Pixie and Kitten, 1992.
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horizontally, saying "a third of a chocolate bar ... and you want a half of that third ... that will
mean you have that much, which if you split these bits into two, you'll have one bit out of six".

This teacher had done more than simply think about the basic images that she felt were necessary
to the understanding of the manipulation of algebraic fractions, however. She was also aware of
the fact that language could influence these images,. She continued at this point by saying "It is
important when you multiply, to realise that 'multiplied by' means 'of' ". Why is this apparent
digression appropriate? What images might the pupils have for multiplication that could hinder
their understanding of fraction multiplication? The most common and fundamental imagefor
multiplication is that of repeated addition, repeated accumulation of groups of objects, whereas
the teacher here seems to want to evoke an image tied to language.

Consider the problem: 5x3.

This could be thought of as '5 added 3 times: 5+5+5, - an action of addition repeated over time'
(one image) or as 'the result of getting 5 (groups) of 3 (things) - 000 000 000 000 000 - and
looking at the end result'- (a second image). Either image is sufficient for a functional
understanding of integers.

Now consider the problem: 1 x
2 3

From the first image one would verbalise this as 'a half added one third of a time' which makes

little sense, whereas saying 'the result of getting half (a group) of one third (of a thing)' allows for
the creation of an image that involves looking at the end result and is applicable to both integers
and fractions. It is the language here that conveys the image across the embodiments.

Having folded the pupils back to their basic understandings for fraction multiplication,

the teacher moved on to consider the process of division. At this point the image for fractionsas
'numbers' was spontaneously called upon by both teacher and pupils. They talked of "turning 'it'
upside-down and multiplying". The teacher suggested "If you think of easy fractions it perhaps

1makes it a little bit easier. If you had two multiplied by a half (writing 2x
2

on the board) you

know the answer to that is one, obviously, and that is the same as two divided by two (writing
2 +2), turning this one upside-down, it is the same thing, you get one. And four multiplied by a

half (writing 4x
2

) which is two, is exactly the same as four divided by two (writing 4 +2) which

is two". Here the 'half is being treated as a number that one can multiply by, in exactly the same
way as the 'two' is a number that one can divide by. Indeed this image of 'fraction as number' is

vital to the inference that she wants the pupils to make, which is that one can similarly equate
1 12+
2

with 2x2 and 4+ with 4x2. In other words, the teacher wishes the pupils to use the

notion of multiplication and division of numbers as inverses, together with the image of 'a half'

as a 'number' and infer that one can therefore divide by a half, the result being the same as
multiplication by two.
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The Influence of these Images on the Understanding
In all the groups so far investigated by the project looking at fraction images held by the

various participants in the Cycle of Responsibility, the 'part of a whole' notion emerged as a

strong image for a large number of people. For many of the students at the start of their training

to become primary teachers it appears to be their only image. For the pupils in the class discussed

above, the initial questionnaire revealed that they, too, held the 'part of a whole' as a common

image, and it was certainly seen as a dominant referent during the teacher's early, whole-class

work, yet analysis of the video recording of the pupils and teacher throughout the following

weeks spent working on the manipulation of algebraic fractions revealed no evidence that these

fractions were at any point seen in terms of the 'part of a whole' image. Indeed is it hard to

2
envisage how they could be; given 2x what might 'divide a whole one into (3y+4) parts and

3y+4
take 2x2 of them' mean? What is clear, however, is that the teacherconsidered the 'part of a

whole' image for "ordinary fractions" to be a useful image to fold back to, in order to enable the

pupils to access the images they had (or if necessary make new images) for manipulation of these

"ordinary fractions" as a precursor to the successful manipulation of algebraic fractions. She

knew the importance of the notion for addition of common denominator and she folded back to
I I

4
its recall through a 'cake' diagram for

2
+ . From this approach she moved them to viewing

fractions as a 'way of writing'. She had prompted folding back to 'part of a whole' imagery to

evoke a broader image for rational numbers which was crucial to more sophisticated, algebraic

working. What we cannot yet say is how or when the additional broader images are created as

we saw no evidence of the teaching of these other images. What is also unclear is why these

images are not accessible to the student primary teachers who ostensibly lie at a later stage in the

cycle.
One further deduction from the analysis of the questionnaires of the 15 year-old pupils

and their subsequent class-work appears to be that it is those with a multiplicity of images for

fractions and an ability to move flexibly between these images who are most easily able to grasp

an understanding of the new algebraic work. The image of fractions as 'a way of writing' would,

in addition, seem to be essential to the ability to cross the 'don't need' boundary into formalising

and working symbolically with algebraic fractions. We do not know how vital all these different

individual images are for a functional understanding of rational numbers but from the whole

collection of questionnaires so far analysed it seems likely that those with only the image of 'part

of a whole' find it virtually impossible to understand the processes of multiplication and division

of fractions.
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Abstract
The classification of problems in mathematics education research has taken into account only
the problem situation and disregarded the means of representation available during problem
solving. We wish to argue that systems of representation available in the situation play a
stmawing role in problem solving because they constitute resources for the subjects' actions
and operations. A series of investigations is reported that analyzes the impact of
measurement systems on children's reasoning about area. The use of bricks instead of rulers
was found not to result in additive misconceptions and significantly enhance children's
likelihood of discovering a multiplicative solution captured in the formula number of bricks
in a row times number of rows. Theoretical and educational implications are discussed.

The literature on the development of mathematical concepts showed considerable progress

through the analysis of the effects of situations on children's problem solving abilities. Problems that

have the same formal solution can differ significantly in terms of their difficulty for children. These

findings have been interpreted as indicating that problem solving activities are structured by

children's understanding of situations (or, in Piagetian terms, by the logic of actions and operations).

The theoretical contributions of this analysis are significant. It allows researchers to make more

specific hypotheses about the cognitive processing of problems. There are also contributions to

mathematics education because this analysis enables teachers to develop instruction plans that take

the level of difficulty of problems into account, ensuring that instruction starts from easier problems

and eventually covers the whole range of types.

However, it has now become clear that children's success in solving problems is not

determined only by the problem situation but also by the symbolic systems used in solving the

problem. Nunes (1993), for example, observed that 12-18 year old Brazilian students show

significantly different levels of success in solving tjte same problems with negative numbers when

they are asked to solve the problem through either written or oral procedures.

The significance of representations for thinking and reasoning was initially emphasized by

Vygotsky and Luria, who proposed that complex intellectual functioning often involves people in

activities that can only be carried out through the mediation of systems of representation. The

This project was supported by the ESRC grant 8000233961; we are
thankful for their support.



systems of representation, in turn. organize reasoning. For example, we use a numeration system

with a base ten to count and write numbers. The base ten, which is a characteristic of the system

and not of number itself, becomes a source of organization for the way we calculate and think about

numbers.

If representation systems become tools for thought, what happens when the same problem

situation can be represented in two ways? We report a series of studies that indicates that the

understanding of problems situations is not independent of the way in which the problem is

represented. We wish to suggest that systems of signs structure the subject's activity in a problem

solving situation and thereby influence the reasoning principles (or the logic of actions) that is

developed by the subject in the situation. The studies we will report refer to children's understanding

of area, we will first review briefly a difficulty children seem to face in their attempts to deal with

the concept of area of relevance to this research and then we will describe the empirical work.

Children's understanding of area.

Previous work has indicated that the concept of area is prone to misconceptions, is difficult

to teach, and remains unclear to many students even in the upper-middle school age range. The most

common misconception documented in the literature pertains to the relationship between area and

perimeter. Vinh Bang and Lunzer (1965) first documented this misconception in a task in which

children had to judge whether the area delimited by a perimeter remained the same when the

perimeter remained the same but the shape and delimited surface changed. This was accomplished

by limiting an area with a string fixed at the corners and gradually changing the surface by moving

the tacks which held three of the corners. Children tended to think that the area remained constant

despite the changes of surface. More recently, Douady and Perrin Glorian (1989) observed that

children treated perimeter and area as interchangeable "measures" of a surface and Hart (1981)

obtained further confirmation of these findings with British children.

Teaching children about area has proven rather difficult. Hart (1981) found that, despite

having been taught formulae for the area of simple geometrical figures, a large percentage of 12 to

14 year olds could not indicate the area of a figure covered by a grid with squares of 1 cm2 (26%

of 12 year olds, 20% of 13 year olds, and 11% of 14 year olds). She also noted that a significant

number of children in these age levels could only find the area by counting squares (percentages here

are 21%, 20% and 17%, respectively), making no use of multiplicative short-cuts. Dickson (1989),

Douady and Perrin Glorian (1989) and Rogalsky also reported only moderate success in their

teaching experiments.

It is clear that much more research is still needed on how children come to understand the

concept of area. Research has investigated children's misconceptions and the difficulties of teaching
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but there is little in terms of positive findings about how children succeed in understanding the

measurement of area. It would clearly be helpful to know whether the children who succeed in

understanding area (and we know that some do so before teaching) do so through diverse routes or

whether there is a more certain path to understanding.

The empirical studies

The present studies investigated the hypothesis that children's success in understanding area

is not independent of the resources they are given to represent area during problem solving. The

measurement tools are part of the situation to be mastered and thus constitute a source of structure

for children's actions and strategies.

We designed a series of studies with the aim of investigating: (a) the impact of the tools

(rulers vs. bricks) used in measurement on children's understanding of area; (b) the type of

conception of area developed by children in interaction with these varied resources; and (c) the

relative effectiveness of a teaching session as a function of the tool used in measuring and of the type

of conceptual schema (isomorphism vs. product of measures) used by the experimenter in explaining

how to calculate the area of a rectangle. The investigation was carried out in three phases described

below.

Phase 1

First we wanted to obtain experimental evidence for the impact of tool used in measurement

(square centimetre bricks vs ruler) on children's solutions to problems of comparison of areas. Three

questions were investigated: (1) do children have a better chance of discovering a multiplicative

description of area if they work with rulers or if they work with bricks? (2) do they conceive of area

in the same way regardless of the resource used or are the two types of resource related to two

different conceptions (isomorphism vs product of measures)? (3) can children transfer what they

learned for simple rectangles to solving problems involving other geometrical figures (such as a

parallelogram, where there is a need to distinguish between the side and the height of the figure?)?

!dram!
Subjects: Subjects were 48 pairs of children (16 in each age level from 8 to 11 years,

corresponding to Years 4, 5, and 6) randomly selected from three schools in London. The schools

cater to both working and middle class families. Ethnic background was varied: approximately 39%

of the children were white, 26% African/Afro-Caribbean, 31% Asian and the remaining 4% from

diverse backgrounds.

The age range was selected because few children are likely to know the solution to the

problems from the outset but it is still possible to anticipate positive effects of instruction. The

children's past experience with area as described by their class teachers in an interview was based



on the Cambridge Maths scheme. The method involves children in counting the number of squares

covered by regular and irregular shapes drawn onto a grid sheet. From this work, children are led

to the use of the height x width formula in Year 6.

Procedure: The children, working in same-gender pairs, were presented with a series of tasks

that involved the comparison of areas. The .task was posed in the context of attempting to decide

how to distribute the payment received for a painting job if each child in a pair had painted a wall

that resembled one of figures drawn on the paper.

All pairs of children solved two blocks of two problems. The first block involved the

comparison of two rectangles (10cm x 4cm and 8cm x 5cm in the first trial and 9cm x 3cm and 8cm

x 4cm in the second trial). The second block involved comparing one rectangle with a different

figure (a complex figure that can be decomposed into rectangles for one trial and a parallelogram for

the other trial). The areas could not be easily compared visually because the wider forms bad lower

values for their heights.

The pairs of children were randomly assigned to one of two experimental conditions--either

having access only to rulers or to 20 bricks, which did not suffice to tessellate any of the figures.

They were asked to give one mutually agreed upon answer to the comparison of area questions. At

the end of each trial, the children were given feedback by comparing the areas with the help of

coloured paper previously cut so as to exactly cover one of the figures (or both, if they were the

same) and the parts of which could be arranged over the other figure in order to show whether the

areas were the same or different.

A delayed post-test was given to all children individually approximately one month later in

order to evaluate the long-term effects of their initial learning experience. In this session, the

children were asked to figure out the area of four figures and had at their disposal a ruler and 20

bricks. Two simpler problems (a rectangle and a complex figure that could be analyzed into

rectangles) and two more difficult problems (a parallelogram and a triangle) were included. The

problems were given in order of difficulty. No feedback was given. All sessions were tape-recorded

and the tapes were transcribed for the analysis of problem solving strategies.

&sulk

An initial analysis of gender effects was carried out in order to test for the need to keep apart

the pairs of girls and boys in the subsequent analyses. No significant differences were found.

Subsequent analyses do not consider gender.

An one-way ANOVA indicated that the children who worked with bricks were significantly

more successful in solving the problem than those who worked with the rulers in the first session (F

= 29.84; p < 0.001).
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The results of the delayed post-test were analyzed once using the average for each pair as

their joint score in the individual post-test and a second time using each child's score. Similar results

were obtained in these two analyses. We report here the second analysis. An one-way ANOVA

revealed a significant effect of tool in this delayed post-test (F = 9.53; p < 0.003). The higher rates

of success of children who worked with bricks were observed both in the simpler items (identified

below as Block 1) and more complex ones (Block 2) in both sessions. Table 1 shows a summary

of these results.

Thus the facilitative effect of the use of bricks in contrast to rulers for reasoning about area

was obtained in this experiment. The effect persisted even after one month and could still be

observed when the children were solving the problems individually.

Table 1
Mean number of correct responses as a function of tool

Session 1 Individual post-test

Total Block 1 Block 2 Total Block 1 Block 2

Tool used

Bricks 2.6 1.6 1.0 1.5 1.1 0.4

Ruler 1.2 0.6 0.6 0.7 0.6 0.1

An analysis of children's strategies showed that 39% of the children using bricks solved the

problems of comparing rectangles by calculating each area through a multiplication whereas only

21% in the ruler condition did so. This difference in the use of multiplicative solutions persisted in

more difficult items. Approximately 30% of the children who had the bricks as measuring tool used

multiplicative strategies to solve the problems involving the complex shape and the parallelogram

whereas only 13% of the children who had rulers did so. The comparison involving the triangle was

very difficult for both groups and success rates were rather low.

An analysis of children's explanations of their reasoning when they multiplied clearly

indicated that they were using an isomorphism of measures model when they had the bricks at their

disposal. They often made references to number of rows and number of bricks that could be fit in

a row. Some of the children (23% of the pairs in the first two rectangles) who had rulers as their

tool attempted to use the ruler as if it were an area unit: instead of reading numbers from the rulers,

they tried to figure out how many times they could fit the ruler over the figures. This strategy

suggests that the ruler was a tool that did not fit well with the way they reasoned about area; they

would rather have had area units at their disposal.

In short, this study supports the idea that measurement tools have a structuring role on
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children's reasoning about area because they are resources in the situation with which children can
operate. In a more general way, the results strengthen the idea that systems of signs structure

reasoning by becoming part of the logic of actions in a situation.

Phase 2

The aim of this investigation was to probe further into the role of systems of signs by looking

at the results of instruction that relies on different tools. Three questions were addressed: (1) can

children successfully apply a procedure demonstrated to them for comparing one pair of rectangles

to a new pair? and (2) can children successfully adapt the same procedure to solve two transfer

tasks?; (3) does the success of adaptation of the learned procedures vary as a function of the
measurement tool used in teaching?

fritthod

Subjects: Subjects were 72 pairs of children randomly selected from the same three schools

and from the same year groups as in Experiment 1.

Procedure: The children worked in same gender pairs randomly distributed in equal numbers

to one of three instruction groups. The instruction procedures consisted in demonstrating how to

calculate the area of a rectangle in one of three ways: a) the experimenter measured the sides of a

rectangle with a ruler and told the children that the area was equal to the width times height (the

"Ruler Condition", identified below as Condition 1); b) the experimenter built a row of bricks along

the height and another one along the width of a rectangle and told the children that the area of the

rectangle would be given by multiplying the two values (the "Bricks - product of measures"

Condition, identified below as Condition 2); c) the experimenter formed three rows of bricks along

the width of the rectangle and showed the children that the number of bricks in the rows was always

the same; calculation of the area was demonstrated using the formula number of bricks in a row

times ,cumber of rows (the "Bricks - isomorphism of measures" Condition, identified below as

Condition 3). The first two conditions were similar in their use of the formula height times width

in the calculation of the area but differed with respect to tool used. Condition 3 was similar to

condition 2 in the use of bricks but differed in the explanation offered for the formula, being clearly

connected with an isomorphism of measures explanation.

After the initial instruction, all children solved the same problems as in Study 1. They were

interviewed once as a pair and a second time approximately one month later individually. Sessions

were tape-recorded and tapes were transcribed for analysis.

&S&L

The results are summarized in Table 2, which displays the average scores for each condition

by session and block of problems. There were no significant differences across groups in Block

9 1 6 260



where all three groups performed close to ceiling. In other words, children seemed to have little

difficulty in repeating the procedure they had been taught regardless of how it had been explained.

However, in Block 2, which involved the comparison of a rectangle with a complex shape in the first

trial and with a parallelogram in the second trial, a significant effect of teaching procedure was

observed (F = 6.60; p = 0.002). Post-hoc tests indicated a significant difference between Group

3 children, who received the demonstration through thericks-isomorphism of measures procedure,

and Group 1 children, who were instructed with the ruler; no other comparisons were significant.

Thus, although all children could repeat a procedure they were taught immediately after instruction,

children instructed through an isomorphism of measures procedure were more likely to devise

adequate solutions to new area problems.

Results of the individual post-test showed no significant differences across groups either for

the simpler or for the more complex problems.

Table 2
Mean number of correct responses by teaching approach

Session 1 Individual post-test

Condition
Total Block 1 Block 2 Total Block 1 Block 2

1 2.6 1.9 0.7 0.8 0.7 0.1

2 2.9 2.0 0.9 1.0 0.8 0.2

3 3.0 1.8 1.2 1.0 0.9 0.1

Phase 3.

In this third phase we compared the children from the previous experiments. Children taking

part in Experiment 1 were essentially engaged in a "discovery experiment" whereas those

participating in Experiment 2 received a demonstration before trying out the problems. We wanted

to know whether these differences in their experience significantly affected learning.

MAW
A factorial design with two factors--2 (type of tool used) by 2 (type of learning experience

in the first section)--was created by pooling the data in the delayed post-test from experiments 1 and

2 (and disregarding the Brick - product of measures conditions). An ANOVA was then carried out

with the results of the individual post-test as the dependent variable. In this analysis 190 children

were included.

Results

The only significant effect observed was that of the tool used (F = 7.96; p = 0.005); the
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comparison between the groups with/without demonstration and the demonstration x tool interaction

were not significant. Thus although some of the children had observed a demonstration in the first

session, they did not have an advantage over those who did not receive such a demonstration.

However, the type of tool used for thinking about area in the first session significantly affected

children's success in the delayed post-test.

General conclusions.

This series of studies demonstrates the need to take into account alternative ways of
representing the same problem both in theory and practice in mathematics education. From the
theoretical viewpoint, it is clear that one cannot analyze the cognitive demands of an area problem

without considering the resources available in terms of problem representationto the problem solver.

The studies also show that representation must be taken into account when instruction
programmes are designed. They indicate possible reasons for the lack of success of current

approaches to teaching children about area. Although children have the opportunity to tessellate

figures in order to find their area, they are as a rule only asked to count squares. They have no
problem to solve and no need to fmd a mathematical formula to accomplish this task (see Nunes,
Light. and Mason, 1993). After counting squares, a height times width formula is taught. This

formula, as we saw, does not fit well with the pattern pupils are likely to discover for themselves.

It is possible that by changing these two characteristics of instructionalprogrammes we could make

the teaching of area significantly more effective.
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COGNITIVE MODELS OF THE CONCEPT OF ANGLE

Jose Manuel Matos

Universidade Nova de Lisboa

Idealized cognitive models developed by Lakoff (1987) provide a theoretical framework
upon which several features of mathematics learning can be based. This paper describes
several cognitive models exhibited by 4th and 5th graders of an elementary school in the
United States about the concept of angle, showing the complexity of their mental
representations.

Lakoff contends that any situation is represented by a mental space. For example, our immediate

reality as we see it, fictional situations, past and future situations, as we see them, hypothetical
situations, abstract domains, and others. Mental spaces are structured by cognitive models each of

which is a complex whole that may have four structuring principles: a propositional structure(based

on a definition), an image-schematic structure (based on mental images), metaphoric applications

(based on analogies), and metonymic applications (based On metonymies) (Lakoff, 1987). To accoulit

for cognitive models in geometry it was suggested previously that a fifth structuring principle should

be added, namely a script structure (based on a typical sequence of events) (Matos, 1992, 1992).

This paper will classify and describe some cognitive models found when investigating tt ie concept of

angle exhibited by some 4th and 5th graders of an elementary school in the United States. These

models were inferred by the researcher on the basis of a qualitative analysis of semi-structured

interviews (Strauss, 1987) of 16 students and a test passed to 57 students. Elements of the model and

a set of relations among these elements will be specified for each model.

Images of angles

It is plausible to assume that almost all participant students used image-schematic models composed

of rich mental images (Johnson, 1987). It is possible to obtain a first grasp of these models by

analyzing both the interviews and the answers to the test. Table 1 shows the number of students that

identified angles in several configurations. Students did not recognize concave angles (angles on a

concave vertex of a configuration) as much as they did with convex angles. Also convex vertices of

configurations with curved sides (gl, g4) were recognized as angles, even by fifth graders.

These intagetic models are organized around central elements (cognitive reference points) which can

be observed in the interviews. For example, Beth says that to make different angles we could "turn it

around and make it like a L, or you can make it a different way... You can put it a different way and

then make a angle". Louise said that to make an obtuse angle a friend of her would have to "kind of

try to make an A, but not just like an A. (...) [It's an A] but further apart". And a right angle "is kind

of like half of a square". And Jessie said that "an angle is just (...) a sort of a V shape". Many times

these prototypical images are associated with a preferred orientation of the angles. Mostangles drawn

by students had one side horizontal. A non-horizontal side was considered "slanted"by Beth.
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Table 1. Number of students that identified angles in several configurations.

Configurations
Grades

G4
(n=33)

05
(s -24)

Total

Put an A at the point of each angle in the figures below: % % %

01111111.1111
al
a2

32

32

97

97
22

22
92
92

54
54

95
95

a3 29 88 23 96 52 91

bl 6 18 4 17 10 18

b2 6 18 4 17 10 18
b2 b3 32 97 21 88 53 93

to bl b4 9 27 13 54 22 39

55 b5 32 97 21 88 53 93

c cl 31 94 22 92 53 93e4 c2

c3

14

31

42

94

16

22

67

92

30

53

30

93

o4 16 48 20 83 36 63

c5 16 48 20 83 36 63

4, a dl S IS 3 13 8 14

d2 5 15 3 13 8 14

d3 32 97 24 100 56 98

el 32 97 21 88 53 93

e2 14 42 12 50 26 46
" e3 32 97 21 88 53 93

4 et 24 73 23 96 47 82

12
0 23 70 21 88 44 77

11 f2 16 48 16 67 32 56
13 13 27 82 23 96 50 88

of g1 30 91 17 71 47 82

92
g2 31 94 24 100 55 96

g3 23 70 19 79 42 74

93
g4 25 76 19 79 44 77

Angles as points

Many students thought that "[angles] must have a point" (Laurie), or "have (...) a point in their

end" (Rick). A similar statement is presented by Rick that considered that angles have a "sharp end".

James said that an angle is "kind of a point", but distinguished between triangles and angles. The
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former have three points, whereas the later are actually points. Turns non% have points because "they

are round". Alice says that "the corner point always has an angle".

This is a metaphoric model projected from an image-schematic model characterized by two elements: a

container, or part of a container, and a force. The force is a protruding movement to the exterior of the

container. In the expression angles have a point, an angle is a container that has a part that is projected

outwards. This model has an implicit "viewpoint" (Johnson, 1987, p. 36) because the movement is

observed from the outside, so we can watch the sharp ends of angles.

Force

If angles are thought as pointed objects, it makes sense to use with them language usually associated

with pointed objects. Some angles can be "sharper" than others (Laurie, Susan) and some angles

"doesn't really have a pointed end" (Melly).

Forces in models may be associated with movements as is instantiated by Rick using a mixture of

words and gestures. He says that angles "got pointing ends at the end, they got pointing ends when

they come up" and he places his hands vertically as an inverted V. or angles "come out as a point"

(Rick) or angles point "across "(Mike).

This model does not exclude angles with curved sides. Some students accepted them but rejected

drawings where the lines would not connect. The notion of sharpness helps to understand the

structure of this model further. Melly, Susan and Laurie, for example recognize obtuse angles in

several contexts. However they mostly refer to acute and right angles. Although they are aware that

there are other types of angles, right angles and acute angles seem to stand for the whole set of angles.

Their model of angles has a metonymical structure in which these types of angles can stand for all the

angles. This metonymical structure seems to be a source for prototype effects because an obtuse angle

"doesn't really have a pointed end" (Melly), or is not as sharp as an acute angle (Susan, Laurie). This

metaphoric model can also be the source of other metaphoric models. Laurie says that an angle is like

"the edge of a pencil, the point of a pencil", an angle "looks like... sort like a thorn on a rosebush"

(James), "like the tip of a triangle" (Susan), and like "the pointing top of a triangle" (Mike).

Angie as turning bodies

Students used several ways to refer to the relation between angles and turns: "angles turn", "angles

have turns", "angles are turns", "angles and turns are the same", and some of them explicitly

identified angles with a rotating line. Most of these usages of the notion of turn underline variations of

the model of an angle as a turning body. More specifically, an original image-schematic modelof a

turning body was projected on the model of angles as turning bodies.
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The original model is an image-schematic model composed of a body with an orientation, a trajectory,
which have a starting and a stopping point. This model is associated with our bodily experiences of
turning, as in turn around, turn left/right, and the act of turning so as to face a different direction.
These experiences are not associated with an endless movement, because our body rotates on a
trajectory which has a starting position and a stopping position.

Stop

There are certain kinds of turns that we perform more often than other, like turn around or turn
left /right or turn all the way around. Those turns are much more used and are good candidates to
constitute cognitive reference points. In fact it is difficult to find common words in English toexpress
what, in a mathematized language would be, for example, a 45° turn to your left.

Angles are thought by some students as metaphoric projections of turning bodies. Ten students said

that angles turn. Sometimes they identified angles with turns. Bob, for example, sees "no difference"

between angles and turns, Jessie says that "a turn is the same as [an] angle", and Angela states that

turns and angles "sort of are alike, because an angle it can turn". Louise said that angles can "turn
bigger or wider". James several times compared angles by saying that one turned more than the other.

Louise explained that "turn around" is an angle:

There is different kinds of angles and one of them is turn around. You can take it and [split it intol two

parts of a square. It is just one line and the other two connect it. And you can fit a corner of a paper into

it. That's how you turn around. (...) Turn wound is just the corner of a piece of paper.

Some students associated some gestures with this model. Marie, for example, when asked to show

points in the interior of an acute angle asked: "which way does it turn, this way or this way? [traces]":

The metonymic structure of the image-schematic model of a turning body endows the metaphoric

model of angles as a turning body with a metonymic structure. We have seen above how Louise

describes the special angle she called "turn around". In another example, Jessie, when referring to an

obtuse angle, says that "[the obtuse angle] is almost a finished turn". Previously she said that the

same obtuse angle "is almost half of a whole turn". The finished turn here seems to be a 180° turn,

and the obtuse angle is compared with it. Both the "finished turn" and the "whole turn" are used
here as cognitive reference points.

Some students associated angles and turns with a circle. They are usually using the turning body

'model. Alice, for example, was able to provide an extensive explanation of this association:
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A circle that's bigger 1han all of the angles because there is a full turn [traces a circle on the table, then

makes half a turn with the pencil]. (..,) A circle is really an angle because if it's like you started [ail one

point [points to the edge of the pencil]. This is the point you started [points to the other endpoint of the

pencil], (...) You started here [points to the edge of the pencil]. (...) You can turn the pencil all the way

around [rotates the pencil 1800 to the left] Then you can start there. There would be a angle. Then you

keep turning. That would be a angle, that would be a angle [indicates successive angles as she rotates the

pencil around an endpoint]. And that would be the end where you started at [ends the rotation of the

pencil by moving it to its initial position] And that would be a circle.

Alice goes one step further and actually uses the turning body model as a way to imagine the sphere

as an angle: "in a way it's a angle, because it starts and it turns around [traces a maximum circle of

the sphere]. It starts as an angle but then it goes around. So in a way I would say this is a angle". Hill

uses this model to reject the possibility of curved sides in an angle saying that the drawing is "not a

line that turns". In fact, in this model the sides of an angle are conserved by a rotation, and so they

cannot became curved. This model is not useful to interpret angles having curved sides, and no student

used this model to explain his/her acceptance of angles with curved sides.

Angle as a source
Angles are thought by some students as sources of trajectories. This is an image-schematic model that

comprises a landmark (LM) and two trajectories (TR). Both trajectories are straight, start at the

landmark, go on for an indefinite distance, and are indistinct from each other. In this model, the vertex

is associated with the landmark and its sides with the two trajectories. It is a dynamicmodel, because

angles are thought as a source of a dispersing movement of two lines.

When asked why she thought there was an angle in a triangle, Alice answered: "really it starts at a

point [points to the vertex of the angle] (...) and it has a certain way that it goes [traces the sides of the

angle]." Alice is identifying angles with a certain kind of path of which she indicates both the origin

and the trajectory. Hill expresses the same idea: "[angles] have a starting point like a ray [traces one

side of an angle], and then they go on and on. You can make the angle like a ray". Sometimes both

Alice and Hill referred only to some elements of the model. The idea that the vertex is the source of

something can be found in Alice. In several instances she mentions that angles "start at a point", or

"have a starting point". Hill describes the trajectory as the extension of two lines.

There are certain metaphors that students use that are related with this model. Hill, for example,

believes a ray is similar to an angle:
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Because if you have a ray [draws a ray] you have a point (points to the endpoint of the ray) that goes on
an on, but they might get it confused for an angle because it has a point like an angle, a vertex, not a
vertex because a vertex has... it's where two lines meet, but a point to wherea line goes on and on. never
stops does not go away, as a. awl like a flashlight.

Alice proposes a different metaphor. She zays that an angle "is like, if you're walking straight, if you
start from a point on the playground and now you can keep walking fora long time".

Angle as a path

Alice uses a model of angle as a path, which is a metaphoric model ofan image-schematic model of a
special kind of path. This image-schematic model is composed of two trajectoricz: and a landmark. The
landmark is the endpoint of one trajectory and the starting point of another. This is a dynamic model
and the switch from one trajectory to the other is performed instantly. It alsopresupposes that the two
trajectories do not have the same direction.

TRH

LM

A good example is provided by Alice:

[An angle] would always have a point [and she gestures].

TR2

You always... it would always have a point, and... A corner. it doesn't always... Sometimesit can curve
(and she gestures]

As Alice puts it the easiest way to draw an angle is "just look at how does the lines curve" at the same
time that she makes a gesture similar to the one above. She is talking here about a continuous path that
comes along a line, and at a certain point makes a sudden curve and continuous along another line.

This curve is so sudden that produces a point. At a later time she even stresses this instantaneous
change of direction by drawing a small curve around the vertex of an angle. Alice uses the path model
to explain why the sides of the angles are straight.

[It is not an angle] because this curves [traces one "curved" side back and forth] and angles mostly, don't

curve. It's like one line goes straight and then it curves like that [draws a semicircle]. But a angle doesn't

curve, when it goes [draws a line segment].

In this quotation we can see that the proposed angle is composed of a "line" that "goes straight" but

that "curves" at some point. Alice's problem with this is that angles don't "curve" as they go.

Alice's preference for angles as paths leads her to easily associate angles and circles:
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A circle is really an angle because if it's like you started (at] one point [places a pencil on the table and

points to the edge). (...) You started here [points to the other end of the pencil]. It is like you can turn

the pencil all the way around [rotates the pencil ISO* centered at the endpoint opposite to the edge).

Then you can start there, there would be a angle. Then you keep turning. That would be a angle, that

would be a angle [successively indicates several intermediate positions of the rotating pencil). And that

would be the end where you started at [ends the rotation of the pencil by moving it to its initial

position]. And that would be a circle.

Hill also uses this model as a basis to develop a metaphor for angles. An angle can be seen as a path

that people follow along a line. Then they stop at a corner (the vertex) and then they turn and continue

in another direction.

A right angle [traces one side of a right angle], when it comes as a vertex toward sort of like a stopping

point (...) it makes a turn go up. just like a sidewalk on a corner. People come this way. and then they

stop and come this way, and then they have sort of a stopping point [points to the vertex of a right angle)

before they turn, or they can come this way [traces the other side of the right angle away from the vertex].

Angles as two connecting lines

In this model angle is thought as two intersecting lines. It is an image-schematic model having three

components: two lines and a point. The lines themselves have one endpoint each, and these endpoints

coincide with the point of the model.

Jessie used this model extensively as a means to justify the existence of angles. From her statements

we can observe that this model is associated with a visual configuration of two intersectinglines and

the action of two lines that attempt to connect to each other. When asked why there were angles in a

triangle she replied: "right here is connecting the lines, is connecting right there, and they're having a

point right here, there and there [points to the vertices] ". Later when explaining why she did not

identify angles in other triangles she says that "I must have overlooked (...) the lines connecting this

and that [points to the vertices]".

In other instances she discussed about angles in terms of connecting lines and even seemed to endow

the connecting lines with a will to connect. For example, when explaining what was more difficult to

learn about angles she says

the most difficult thing, is when you try to have (...) parallel lines [draws two parallel lines with a

curved portion on one end so that the lines intersect) (...) and get them confused when, you know, the

lines that have a line, you know, the lines that keep going, and then the lines that connect when they keep

going so they arc curved, it connects. I think it's the most difficult thing about learning angles.

She latter repeats this same drawing:

[lam talking about) the ones that connects when they're still going [draws again two parallel lines with

a curved portion on one end so that the lines intersect] , like when they start going like that [emphasizes

the small curved piece she drew).
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This is a type of image schematic model that excludes configurations in which lines do not intersect

visibly or that do not contain two distinguishable lines. Jessie does not identify angles in the following

configurations:

but &et identify the following as angles:

Conclusion

Mathematical concepts were thought for a long time as abstract entities endowed with definitions that

would make them impervious to the real world. Moreover, any attempt to use real world entities to

interpret mathematical objects was thought as a dangerous contamination weakening the search for

abstraction. The models described above present a different picture. They reveal students making use

of their experiences, condensed as cognitive models, to interpret a new concept. These previous

experiences are very important as tools that we can use to reason mathematically. We have seen, for

example, how Alice uses the metaphor of angles as turning bodies to think creatively about the links

between angles, circles, and spheres. There are other models that were not presented here (angle as an

interior corner, another model of angle as a source, angle as a meeting point, and angle as an opening

object). All these models together compose a picture of the diversity and complexity of the mental

representations of a mathematical concept and the ways in which we use our imagination as a powerful

mathematical tool.
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ON THE UTILIZATION OF NON-STANDARD REPRESENTATIONS

IN GEOMETRICAL PROBLEMS

Ana L. MESQUITA

Universites de Lille and Universidade de Lisboa

This paper presents some results of a study on the utilization of non-standard
figures in geometrical problems. Two figures and two statements of problem were
used by 7th graders in a French junior high-school. Contrasting results of pupils's
answers from questionnaires, it concluded that this kind of representation can
foster pupils' high-level geometrical procedures, such as encoding, control and
correct utilization of figures and geometrical properties.

This paper is concerned with external representation in geometry and its purpose is to contribute to

the understanding of how pupils use representation in geometrical problems. Before presenting our

study, we will clarify some theoretical framework and assumptfons about representation in

geometry.

Theoretical framework

1. Double status of a representation. External representation doesn't have always the same status
in geometrical problems. In previous studies, we showed the importance of what we called the

double status of a representation (Mesquita, 1989, 1992a), which is related to the status of
geometrical objects introduced by Husserl (1936/62). In fact, in representing a concept or a

situation in geometry, the material trace, or drawing, of these ones can suggest two different

possibilities or status:

a) a "finiteness" in the sense of a finite and varied form in its spatio-temporality;

b) a geometrical form in its "ideal objectiveness", detached from the material constraints

linked to external representation.

To Husserl, a geometrical object has one of this status. But the status of a representedobject is less

clear. For instance, the trace of a piece of a straight line can be considered, depending on the

situation, the representation of a : a) straight line, b) c) segment of a given length, d)

This paper reports some results from an analytical study on the utilization of external representation in

geometry, developped in a cooperative project with C. Janvier, CIRADMIniversite du Quebec a Mooed&
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segment of an arbitrary length or e) vector. It means that a same figure' can represent either an
abstract geometrical object or concept, either a particular concretization of this one. Depending on
the problem, in some cases we are interested in the first situation, in some others, in the second one.
Besides, in some cases, one particular characteristics "stands for" all the situations, in others
doesn't. In the basis of this ambiguity, is the fact that the only figurative register doesn't enable to
distinguish between these two cases. To avoid this situation, conventionsare used; but even in this
case, in many situations status are not easy to distinguish; it's the case in the distinction ofa given
or an arbitrary length segment, for instance.

From a mathematical point of view, external representation is considered as a kind of ideal
objectiveness, in connexion with the properties underlying it. Mathematicians,as it's known, use a
representation as a network of geometrical relationships between elements. From a didactical point
of view, pupils may identify acessory relationships, depending on the constraints of the
concretization, and relationships induced by perceptive properties. In consequence, pupils tend to
see an external representation as a finiteness, while experts see it as an ideal objectiveness.
Therefore, the distinction between these two status may appear ambiguous to pupils (Mesquita,
1989, 1992a,1992b).

It's well-known that this phenomenon is not specific of geometry: the word "number" can suggest a
particular number or a generic one. But, contrarily to that happens with representation in geometry,
the contribution of symbolic language enable a clarification of the situation: we can use symbols
and notations to distinguish them; for instance, in algebra, a letter is in general used to represent an
unknown quantity (variable or parameter), whereas ciphers will represent a particular quantity.

2. Modes of representation. Depending on the properties considered, different modes of
representation are usually considered: topological, projective, affine, or metrical (Piaget et al.,
1947/72, Pallascio et al., 1992). But, in spite of the psychological genesis of the geometrical
notions, the universe of pupils in school remains metrical. Therefore, in this paper 'geometry' will
refer to metrical geometry, unless a mention in contrary will be made.

3. Nature of representation. Depending on the criteria utilized in the representation, different

properties can be considered in the representation. In this sense, the nature of an external
representation is not always the same; it determines the type of treatment allowed. Note that the
properties that can be extracted from the figure depends on the properties conserved on the
representation. In some cases, geometrical relationships utilized to the construction of the

In this piper. we use the term 'figure' as a synonym of extental (materialized on a support. paper or other, by

opposition to mental, or internal). and iconical (or figurative. centered on visual image. by opposition to other

possible semiotic systems) representation of a concept or a situation in geometry.
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represention can be reutilized: we say that the external represention has the nature of an object. It's

the case, for instance, in the problem: "The following figure is formed by three demi- cercles, each

pair of demi-cercles having in common two extremities of diameters. Compare the lengths of a) C,

b) CI followed by C2".

ck.

Figure I

The geometrical relationships used in the construction of the figure may be used in geometrical

reasoning. But in some other cases, it's not possible to extract directly geometrical relationships; in

these cases, the external represention appears as a kind of topological or projective diagram, from

which we can't extract directly geometrical properties. In this case we say the represention has the

nature of an illustration. For example, in the following situation (where under the assomptions

that 1 is an equilateral triangle, 2 is a rectangle, 3, 4 and the figure formed by 3,4, 5 are squares, we

wish to proof the equality of AC and LF), figure 2 is an illustration:

A

Figure 2

In the case of illustration, any metrical relationship can be extracted from the figure. These

differences between the nature - object or illustration- of the external representation are not

automatically understood by pupils, which use properties that figure is supposed to have, suggested

by its iconical appearance. By this reason, the nature of the external representation may be an

obstacle to young pupils' geometrical reasoning: it's possible that there are no coincidence between

the nature of the figure associated with the problem and its interpretation by pupils. By other side,

textbooks, using almost exclusively objects as external representation, reinforce this trend.

Therefore, pupils are used to deal with figures with a nature of "object" and they use easily the

properties given by perception.

The distinction between what is admissible or not is connected with the understanding of the nature

of the external representation and consequently helps pupils to use external representation as
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mathematicians do it, i.e., as a network of properties given by the statement. In thissense, working
with representations of different natures can help pupils to consider a representation as a translation
in another register of the properties given by statements. Encoding, for instance, can contribute to
the understanding of the nature and of the limitations of the external representation.

Definition of the problem and methodology

To analyse the utilization of an external representation of a geometrical problem, we proposed a

questionnaire to each of the ninety-nine seventh graders, 12-13 years-old, from a French junior

high-school. Two different contexts of problem statement and two different representations were

considered. In both cases, figures have the nature of an illustration, where projective properties

were used. Our main goal is to analyse the procedures of pupils' resolution; in particular, we were

interested in contrasting the effects of the different versions of external representations and of

statements on the pupils' answers. A second goal concerns the utilization of encoding and of its
effect in pupils' procedures: where was encoding more used? and more efective? is encoding
associated with correct answers? in which situations?

We have used a geometrical problem concerning properties of basic concepts in geometry -squares,

rectangles and triangles- and the transitive property. We used two external representations of a

figure - figures 3.a and 3.b, which were an adaptation of a situation studied in Mesquita (1989) -

called in the following the strongly (figure 3.a) and the slightly version (figure 3.b), and two

statements of the problem, a mathematical one, classroom type, and a "context" problem, where it's
supposed to resolve a daily situation.

A

a

Figure 3

In the four questionnaires resulting of the crossing of the two mentioned criteria, we use a hand-

made external representation of the problem. In all the cases, the representation was not congruent

with the text, in the sense of Duval (1989a), i.e., the information given by the statement was not
concordant with the one given by the figure.
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Results

1. On the diversity of treatments called by representation

Use of figural modifications. Fifteen pupils used modifications of the figure. Modifications used

are in general optical ones (Duval, 1989b), i.e., resulting from a change of point of view on the

figure. Four pupils used mereological transformations (ibid.), i.e., they drew complementary

strokes on the figure.These pupils drew another representation, by an optical transformation of the

. first one, transforming the given representation, non-congruent with the statement, in a new one,

congruent, by an alteration of the nature of the proposed figure, using an object instead an

illustration. An example of optical modification, done by pupils, is shown in figure 4.a, while

figure 4.b shows a mereological modification. These transformations are analogous to the dynamic

imagery considered by Brown and Presmeg (1993).

a

Figure 4

b

The procedure of transforming a figure seems associated with correct answers. Optical

transformations of the external representation are present in 23% ofthe correct answers.

Use of encoding procedures. Seventeen pupils use encoding during their treatments2. In general,

A

1..;t--rnC

VI '' 1

=i
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ti
e

3 1 -ri
4

a

Figure 5

2 Five pupils used encoding and transformations of the figure.
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answers associated with encoding procedures are correct ones; more precisely, encoding is present
in 30 % of the correct answers. Several types of codes indicating equality were used by pupils:
slashes, numbers, colours (figure 5).

Measure and proportionnality treatments. These treatments are present in 17 copies of pupils,
which means that 42% of the incorrect answers are due to these treatments. More precisely, to 2%
of the pupils, measures are the unique treatment observed; to 15% of the pupils, figure is used
exclusively as a support to proportionnality computations.

Utilization of the figure. Analysing the answers of the pupils, we constated that, to 78% of the
pupils, properties are used, in an articulation (more or less correct) with the figure; for 22% of the
pupils, figure appears to be the exclusive support of reasoning and the properties seem to be
ignored by them.

2. Comparison between versions of questionnaires

0 "math" vs. "context": correct answers are more frequent in "math" copies than in
"context" copies (correct answers in both cases represent 69% against 46% of the total answers,
resp.);

* encoding procedures : they were used with the same frequency in both cases:
* measure and proportionnality treatments : they were used with the same

frequency in both cases.

Note that 58% of the pupils gave correct answers, all modalities considered.

0 slightly deformed figure vs. strongly deformed figure: correct answers are almost
equally shared between these two modalities.

* encoding procedures they were used with the same frequency in both cases;
* measure and proportionnality treatments : they were used with the same

frequency in both cases;

* transformation: they were used more frequently in the strongly deformed
version: 9 of the fifteen pupils using transformations do it in a strongly deformed version, whereas
6 do it in the slightly deformed version;

* utilization of the properties: correct and systematic utilization of the properties

is much more frequent in the strongly deformed version than in the other: 19 pupils made correct
and systematic utilization of the properties in the strongly deformed version, while 4 pupils do the
same in the slightly deformed version.

We explain this fact as following: in the strongly deformed figure, the effort that is necessary to
interpret correctly the nature of illustration of the figure is bigger. In this case, to discover a

solution exigs a correct association between properties mentioned by the text and the ones given by
the figure. By this fact, the control procedures must be increased. In doing this, pupils discover the
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solution, understanding why they give that answer. For this reason, it is easier for them to explain

their reasoning. Whereas, in the slightly deformed figure, the resolution seems obvious and

implicit, control procedures are less important, so the explanation becomes poorer.

Conclusions and discussion

This study shows how pupils with same age treat the external representation in very different ways.

The external representation appears as a finiteness, to the two pupils, to which measures are the

unique treatment observed.To others, the external representation appears as a proportionnality

schema, where ratio is conserved, as a kind of equivalence class. It's the case of the 15 pupils to

which figure acts as a support to proportionnality computations. To others, to the 23 pupils to

which figure properties are used in a correct articulation with the figure, the external representation

appears as a kind of diagram from which only incidence properties can be issued, all the other

geometrical properties are issued from the statement. Only in this case it is possible to refer to an

ideal objectiveness.

The influence of the context seems to have a slight effect on the performance of pupils, rather than

on their utilization of external representations. "Context" copies seem to appear slightly more

difficult than "math" copies. However treatments (encoding, modifications, correct utilization of

properties) are equally present in both modalities. We explain this in the following way: pupi;s are

used to mathematical .problems rather then to context problems. Familiarity to this kind of

problems makes pupils aware of the implicite rules used in scholar problems; therefore, they

become more perfonnant on them.

This study makes appear the importance of the utilization ofexternal representations with different

natures. Figures have a central but hidden part on the learning of geometry and; however, they are

not studied by themselves. Also, they are used in a symbolic way, but the rules of this symbolism

remain implicit. An effective importance should be given to these subjects in the learning of

geometry.

Figures with a nature of illustration seem appropriate to minimize the bias introduced by

perception. Moreover, we have seen that the utilization of representation with a nature of

illustration can stimulate pupils to use high-level procedures such as control and encoding, which

appears to be a tool to understand an external representation as a network of properties. In this

situation, encoding and control procedures appear easily and in a natural way. These behaviours

can foster pupils to understand geometryand rules of its reasoning.
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Abstract Students encounter many cognitive difficulties with limit ideas: sequences
never end; functions do not attain their limits; series do not produce a final answer. Limit is
further both a process and an object and students usually focus on the process. Studies

investigating these dculties are noted before presenting some results from a newstudy that

examined the limit conceptions of students who learnt calculus concepts with the aidof a
computer algebra system. Differences with traditional approaches emerge in that process
problems are suppressed and the limit as an object appears clearer but this brings its own
problems, Limit is a deep notion and each approach highlights and suppresses different

facets of the concept.

Conceptual difficulties with limits
The limit concept is known to cause difficulty in learning. A number of research studies

reveal that students often conceive of the notion of lima.. af(x) or lino,__, a not as a

static concept but as a dynamic process of 'getting close to' a fixed value, often with the

implication of 'never reaching' the limit (see summaries in Comu (1991) and Tall (1992)).

Gray & Tall (1993) considered a wide variety of instances where a symbol can

ambiguously represent either a process or a concept. They call this a procept. For instance

3+2 might evoke a process of addition, perhaps by counting on two, or the concept of sum.

The symbols f (x) and lim,a, both represent either the process of getting close

to a specific value, or the value of the limit itself. The limit is therefore an example of a

procept. But unlike the procepts of elementary mathematics, which have a built-in algorithm

to calculate the specific value of the concept, the limit value does not have a specific

universal algorithm that works in all cases and, in some cases, such as lim,7_,. ELI yk2

there may be no simple algorithm. (In this instance, the theory of residues in complex

integration or a sequence of key strokes on a computer algebra system shows the limit to be

Jr2/6.) The circuitous routes by which limits are calculated in the early stages of the theory

exacerbate the difficulties students have with the concept. As Cornu (1981) observed:

"mathematics no longer reduces to calculations and simple algebraic properties; infinity

intervenes and it is shrouded in mystery".

Monaghan (1986) studied the growth of 16/17 year old students' conceptualisations of

real number, limit and infinity over one year as the experimental group studied traditional

calculus and a matched control group studied other subjects. The students' fundamental
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concepts of infinity and limits hardly changed in the period concerned. Their notion of real

number showed them happy to manipulate whole numbers, fractions and such numbers as
and a, but they became less secure when attempting to deal with infinite decimals. The

latter were regarded as being 'improper' and described as 'infinite numbers'. An expression

like Nri=1.414... does not say that ".5 can be computed exactly as (the limit of) a decimal
expansion", rather that can be described to any required accuracy by approximating to a

specific number of decimal places". Thus the number line is viewed as consisting of positive

and negative whole numbers and fractions and combinations of other expressions including
, n, etc., together with a more peculiar set of 'improper numbers'. In practice,

computations can be carried out with finite decimal approximations but this gives a
perception that such arithmetic is inherently inaccurate.

To build a precise theory of limits on such a foundation is bound to contain the seeds of

cognitive conflict and sow confusion in the students' minds. A traditional approach to the

limit in such circumstances is fraught with difficulty, so much so that Davis & Vinner (1986)

suggested that there are unavoidable obstacles which the student must confront when
beginning to study the topic.

Approaching the limit by functional programming
Prior to the arrival of the computer the introduction of the limit concept required the student

to have considerable experience of the limit as process, so that the latter is unavoidably
embedded deeply in the student's psyche. Computer software can now evaluate many limits,
so the possibility arises that it may allow the curriculum to give a more balanced view of

limit as concept and process by early focus on the limit as concept with the computer
carrying out the process internally.

Li & Tall (1993) investigated an approach using programming in structured BASIC

which allows definitions of named functions. This allowed a function to be considered either

as a procedure of computation, or as an object whose name could be used in building other

functions. The course was largely successful in giving a proceptual view of function as
process or object and, in defining a series as a function adding up the terms of a sequence, it

was able to help students discriminate between sequences and series. But it was not
successful in moving from a view of limit (of a sequence) as a process to a limit as a concept.

This failure to encapsulate limit as a concept in the majority of students was predictable

in hindsight. The numerical basis on which it was built was computer arithmetic with
numbers stored to approximately 8 significant figures. The experience was therefore built on

a foundation of limited numerical accuracy. This was built in to the experience by computing

numerical values of sequences s(n) for large values of n and looking for the values stabilising

to a given accuracy. The overt message was that, to this given accuracy, from some term s(N)

on, the terms stabilisd
qb

fixed value, thus for nzN, the terms s(n) became
47.
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indistinguishable. This was used in class to 'motivate' the idea that the greater accuracy

required, the greater the value of N beyond which stabilisation would occur, leading to the E-

N definition of limit. This approach should lead to the notion of Cauchy convergence, but

after two weeks the students had forgotten most of the discussion and mainly conceived of

the limit notion in a dynamic sense.

We conjecture that any computing experience intended to 'motivate' the limit notion by

computing limits using approximate arithmetic may be fraught with this underlying problem.

As the limit is found by a process of computing values of s(n) for larger and larger n, it will

implicitly confirm the students' belief that the limit is a process not a concept. Dubinsky

(1992, 1993) proposes a theory of encapsulation of process as object and uses the language

ISETL for programming functions as procedures which can then be conceived as objects and

used as inputs to other procedures. This computer language is better structured for
mathematical purposes than BASIC and is a good environment for conceptualising
mathematical thinking in a wide variety of ways. Although it includes rational arithmetic, its

fundamental numerical mode appropriate for the calculus is floating point arithmetic. It has

no facility for computing the limit as a precise value, so it too is flawed as an environment for

the limit concept.

Using a computer algebra system
Given the student's perception of 'proper' numbers, an environment which might prove

suitable for exploring the limit concept is a computer algebra system such as Maple,
Mathematica or Derive. These allow manipulation of 'proper' numbers such as rational

numbers and rational expressions in e, etc. and do not simplify these expressions to

approximate answers unless explicitly instructed to do so. All allow programming to a greater

or lesser degree .

Tall (1993) suggests that the computer relieves the learner of the tyranny of having to

encapsulate the process before obtaining a sense of the properties of the object. By using

software which carries out the process internally, it becomes possible for the learner to
explore the properties of the object produced by the process before, at the same time, or after

studying the process itself. This new flexibility in curriculum development which gives new

possibilities in the order in which the concepts are constructed is called the principle of

selective construction.
Sun (1993) and Monaghan researched the effects on the limit concept of using the

software Derive freely in the early stages. This computer algebra system was selected
because it is available on a hand-held computer and the facilities arc easily available through
the use of simple menus. For instance, the sequence of actions to find litn 3,214 is shown

x-1.0

below. By a routine sequence of key strokes the student can move from the original
expression to obtain the value of the limit in the form
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1:

2 x 5
2: lir

xvb 3 x 4

3:

3

CALCULUS LIMIT: Point: jNF From:Guth/Left Right

Enter linit point
User Free:188% Derive Algebra

This is analogous to a child carrying out an arithmetic operation by a sequence of key-
strokes. It therefore behaves in a manner familiar to the student and, in one sense, is less

"shrouded in mystery" than the traditional dynamic approach to limit. In another sense,
however, the internal process by which the computer carries out the process remains
mysterious. But, just as someone who knows what a square root is, but not how to calculate

one, may be satisfied that the square root key gives a satisfactory approximation to Nri, so

the student may give some meaning to the result by other means. For instance, by computing

values of the expression for large values of x, or dividing numerator and denominator by x

and noting that, as x gets large, so 1 /x gets small.

Selectively, therefore, the student may focus on the production of the limit object (using

the computer) or on the limit process (by a paper and pencil or computer calculation).
Therefore the student can see the two complementary facets of the limit procept as concept

and process, in whichever order is desired.

The Experiment

The students in the study were able 16/17 year olds at the end of their first year, of two,

Further Mathematics Advanced level course. Advanced level mathematics is open to the

highest attaining quartile of 16 year olds and covers most of the differential and integral
calculus of a single variable. Further Mathematics is taken by able and motivated students

within this population.

The experiment was motivated by the access of the first two authors to a group of nine

students in a college who had made extensive use of the computer algebra system Derive

throughout their studies: 50% of lessons in rooms where Derive was 'on call' at desktop
machines and for two months they were given palmtop computers fitted with Derive which

they could use at anytime. We shall call these the Derive group. The two authors were
intrigued as to the possible effects of this exposure on students' limit conceptions and a
comparison group was found. Three schools provided 19 students with similar backgrounds

who were following an identical curriculum but who had not met a computer algebra system.
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One of these schools, which we shall refer to as school A and which accounted for seven

students in the comparison group, had students who were very closely matched to the

students in the Derive group.

A questionnaire was designed to elicit students' conceptions of the limit of a sequence, a

function (graphically and algebraically) and of a numeric series. In addition discontinuity was

incorporated into one question and the definition of a derivative was examined. The questions

drew upon the work of Li (1992) and Monaghan (1986). The Derive group were free to use

Derive on their palmtop computers in the questionnaire. Within two weeks of students

completing the questionnaire they were interviewed. 25 of the 28 students were interviewed

including all those in the Derive group and school A. Interviews lasted for about 20 minutes

and were designed to probe reasons behind specific responses.

The Results We report on responses to three of the questions.

Q1 Please find the following limits if they exist. If there is no limit, then write 'no'.

Please explain your results.

x-4,0 + 2
lm lim2x + 3
i x1

f (x), where f (x)
3

x2 -1

, if x = 1

x

Eight of the nine Derive students used Derive to find the first limit and claimed they did not

know any other method. The exception was the one student who 'did not like' the computer

system. Of the 19 non-Derive students 12 divided and then used the concept that --I

approaches 0 as x approaches 00. Three substituted numbers and four left the question blank.

The second limit with the discontinuity is comparatively difficult and was novel to all

students. There was greater diversity in responses. Nevertheless six of the nine Derive

students simply used Derive to find the limit of the major part of the function and ignored the

discontinuity. Of the 19 non-Derive students, 11 gave diverse answers that considered the

discontinuity, six left it blank and only two ignored the discontinuity. Lack of space prevents

a full analysis but the point we focus on here is using Derive as a button-pushing process that

can obscure deeper consideration of the function.

,if x*1

Q2 a Can you add 0.1 + 0.01 + 0.001 + and get an answer? Why?

b Can you add 0.9 + 0.09 + 0.009 + and get an answer? Why?

Although these may appear to many as innocuous questions with easy answers, they cause

great conceptual problems to students and to those who have not pursued pure mathematics

to any depth. The reason, as documented at length in Monaghan (1986), is that they never

end and so you never get an answer they are always in a state of becoming.
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Only two of the 28 students distinguished between the cases, both stating 'no' to the first

and 'yes' to the second because 0.9 rounds up to 1. We shall thus illustrate differences
between the groups by using the first question. 7/9 of the Derive group indicated that there is

an answer, three using the formula for the sum of a geometric progression and 4 stating it as

0.1 . The general view in the non-Derive group was there may be an answer but there were

problems. For example school A students gave similar responses to the Derive group with 2/7

using the formula for the sum of a geometric progression and 5/7 stating it was 0.1 but all

with qualifications that this was only an approximation or that the answer tended to this.

Interviews, however, revealed some similar thought behind the Derive group's 'object'

answers. "First I though 'no' because it just goes on forever and ever. Then I checked it on

Derive. I did get an answer."

Q3 Please explain the meaning of lim
f h) f (x)

It was clear from the questionnaire results that only school A and the Derive group had

properly considered this notation in their mathematics lessons. We thus compare these two

groups. All the students in school A gave satisfactory theoretical explanations of the
expression but none gave any examples. However, none of the Derive group gave theoretical

explanations and only two students mentioned the words 'gradient' or 'differentiate'. Four of

the Derive group gave examples. They replaced f(x) with a polynomial and performed or

described the sequence of key strokes that calculated the limit.

Discussion
Different proceptual ideas permeate all three questions. The 'find the limit' questions reveal

that Derive generates a specific process for computing limits:

select [Author] and type in the expression

select [Calculus], then [Limit]

specify the variable (e.g. x)

specify the limiting value of the variable (e.g. inf)

[Simplify] the result

As mentioned, this is analogous to the processes younger children use in carrying out
arithmetic operations on a calculator. This has the advantage that it allows the students to

focus on the limit object by suppressing problematic notions of infinity and 'getting clo:.er'.

The other side of the coin is that we do not want students to ignore 'closeness' ideas and the

fact that seven of the nine Derive group students ignored the discontinuity in the second part

of the question suggests that this is happening.
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The series questions indicates that some students are beginning to see the limit sum as

an object. A possible explanation for this is that when summing the series using pencil and

paper or, indeed, programming in BASIC such as Li and Tall (1993) did, the mind

concentrates on the process of summing, this takes time and time becomes a factor in

students' conceptions. However, when a student uses Derive to perform the summation. the

mind is freed to concentrate on the outcome, the object.
The question concerning the definition of the derivative reveals an 'action schemata' in

some of the Derive group: to define the derivative from first principles is to produce a

sequence of key strokes as outlined above. Why are specific examples used? Is this a case of

students seeing generalities only via specific examples? We believe not, but that it is only in

the context of a specific example that the key strokes make sense for otherwise the key

strokes would merely replicate the notation in the question. Again there are dually positive

and negative aspects of this approach in that while an object is produced many of the finer

points (discontinuities, stabilization, etc.) arc ignored.

Comparing these focuses with those produced in a programming environment reveals

some marked differences. The focus on a sequence of key strokes was not apparent in the

work of Li and Tall (1993). The object of the process is stronger in the computer algebra

environment. In Li and Tall's work the stabilization of a sequence was a focus of student

thought but this was not the case in the computer algebra environment.

It appears that the programming approach, with its emphasis on the value of finite terms

and closeness, is more like the paper and pencil approach than the computer algebra

approach. This implies that the reality of approaches is much more complex than simply

computer approaches vs non-computer approaches. Li and Tall (1993) posited three limit

paradigms: a dynamic limit paradigm; a functional/numeric computer paradigm; the formal E-

N paradigm. To this we add a fourth: the key stroke computer algebra paradigm.

The different focuses of different paradigms has similarities to Schwarzenberger's (1980)

claim that calculus cannot be made easy because the real number line is simultaneously

complete, an ordered field, a metric space and a nonmed metric space. "Afertain viewpoint

may make certain calculations easy but in other directions it may make things more difficult."

Limit is a related deep notion. It is not possible to make it 'easy' but, by using the principle of

selective construction, however, it should be possible to design curriculum materials that

exploits the potential of all of these approaches and so gives an improved cognitive base for a

flexible proceptual understanding of limit. The curriculum designer, or the student exploring

the new ideas, can select which part of the new notion is to be constructed at a given time

the processes, or the resulting concepts and relationships between them.

For instance, a calculator allows the child to perform arithmetic without the process of

counting or the use of the standard algorithms. It is therefore possible for the child to

concentrate more on the properties of arithmetic than on the procedure of counting in the
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early years (Doig, 1993). Likewise it may be possible for the student to develop a more
balanced view of the limit dually as process and concept by using a computer algebra system
which produces a symbolic limit as a 'proper' numerical expression.
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Reflecting on prospective mathematics teachers'
experiences in reflecting about the nature of mathematics

Candida Moreira
Faculdade de Ciencias, Universidade do Porto, Portugal

A dawning awareness of the importance of discussing epistemological issues can be seen in the
writings of several authors in the recently published Handbook of Research on Mathematics
Teaching and Learning (Grows, 1992). What has motivated such an interest in the topic? On the
one hand, there is the idea that "we teach [mathematics] in a particular manner because we believe
something about the nature of mathematics" (Pateman, 1989, p. 12). Dossey (1992) describes the
importance of the topic on a larger scale: "perceptions of the nature and role of mathematics held by
our society have a major influence on the development of school mathematics curriculum,
instruction, and research" (p. 39).

In my view, "a discussion of the nature of mathematics must come to the foreground in
mathematics education" (Dossey, 1992, p. 42), because mathematics teachers must know what is
the subject they teach, and not only to have domain and pedagogical content knowledge.Moreover,
helping mathematics teachers to reflect on the nature of the subject with appropriate reference to the
foundations of mathematics and the social and cultural context in which it is elaborated may lead to
a context of long-term knowledge acquisition and change, a desirable attitude to be nurtured in
teachers.

This study questions whether there is a place for epistemological issues in the content of a
Mathematics Methods course for prospective secondary mathematics teachers and how should these
be implemented in such a course. In considering this question, 1 devised, in the previous academic
year, a Philosophy of Mathematics and Philosophy of Mathematics Education unit, which I piloted
and implemented with both student-teachers and practising teachers (Moreira, 1993). Here, a
refined version of that unit is posited' nd prospective mathematics teachers' interactions with it are

re-examined.
This paper addresses an additional issue on behalf of the teacher. As researchers and teacher

educators continue to seek ways to improve the process of becoming a mathematics teacher, more
attention ought to be paid to their own action and its effect on teachers. In this respect, I sharewith
Elliot (1993) the aspiration of wishing to enlarge the teacher as a researcher movement to teacher
educators themselves. Thus, I focus on the design and implementation of the Mathematics Methods
course, of which the Philosophy of Mathematics and Philosophy of Mathematics Education unit
was an important component, and I look back on my intervention as ateacher edtcator. Hopefully,
this will allow me to see things more clearly and look for ways to do them better in thefuture.

Background
The study setting
This study began in October 1993 at the "Faculdade de Ciencias da Universidade do Porto". In the
following two sections, a description is provided of both the course structure/theoretical
orientation, and the participants in the study. Here, I will focus on the broader context in which the
study was carried out.

In line with decades of tradition at the University, mathematics education has maintained a
tenuous position as contributory to the initial preparation of mathematics teachers. This consists of
a five years degree, four of which are spent at the University. The fifth and final year is school
based: teacher trainecs work in a school under the supervision of both a cooperative school
mathematics teacher and a University lecturer. The University curriculum is almost exclusively
mathematics-centred. Only in their third year, enroll the students in a non-mathematics course for
the first time. Fourth year courses should shift from mathematics-centred subjects towards
education studies, but that has not been the case. Apart from courses such as Psychology and
Curriculum Development, all the other courses emphasis has been on mathematics itself.Moreover,
traditional methodological choices stimulate neither students' learning processes based on
continuous reflection nor their autonomy. Accumulating and reproducing mathematicalknowledge
appears to be their typical way of learning.

The degree has achieved a considerable status in scientific terms, but a very low one in
pedagogical quality. It was the recognition of the necessity of introducing a stronger mathematics
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education dimension into teacher training that led the Department of Pure Mathematics to appoint
me in October 1993. I was the fast lecturer with a Ph.D. in mathematics education to join it.

Sources of data
In outline, the study methodology and the plan to gather data were simple. Following my
assignment to teach the Mathematics Methods course, the need was there to design and implement a
new programme. Clearly, evaluating such a programme was a must. By orienting my work on
action-research principles, I systematically submitted my own action and the actions of my students
to scrutiny. Data come from several sources. They included participant observation enriched by
field notes taking. In addition, there were the students' written answers to both the structured and
non-structured questionnaires administered throughout the course sessions. The students' written
assignments and informal conversations constituted other equally important sources of data.

The Course Structure and Theoretical Orientation
The two major goals of the programme were: (1) to develop a critical understanding of both
mathematics (from university to chool level) and mathematics pedagogy, and (2) to promote
professional development by ensuring that the students acquire disposition to question and solve
problems within their future careers as teachers. The procedures for this acquisition and
development were to include a variety of teaching strategies, from lecturing to discussion, from
individual-to group work, from work based at the University to a Preparation for Teaching Practice
component based on schools. Another important aspect of the programme was that it was Activity-
oriented (see below).

The course was to meet for three hours twice a week for one academic semester. Following
the conventional framework laid by the Mathematics Department policy, each session would fall
into two considerably distinct parts -- theoretical sessions and theoretical/practical ones. The timing
and tone of the two different kinds of sessions matched the established policy, but there was
enough room for pursuing my own agenda.

I was committed to "breaking the continuity" (Ball, 1990), by having the students to
participate actively in their own learning. Thus, in the theoretical sessions, the students would be
introduced to the various themes under scrutin, at the heart of which were the Philosophy of
Mathematics and the Philosophy of Mathematics Education, but lecturing was kept to a minimum.
The students were encouraged to express their own views, as well as to reflect in their own
learning. The spirit I tried to infuse in the theoretical/practical sessions, on the other hand, was
inspired in Christiansen and Walther's (1986) principle of activity. The focus of each of these
sessions was not on a particular topic, but on suggested activities which would serve to inform the
various topics dealt with in the theoretical sessions as a whole. The students would work on these
activities in small groups, mostly groups of four (which were formed in the first session on the
basis of familiarity), and engage in them between the sessions.

A second fundamental principle on which the course was based was that there are valid
different points of view that should be met and considered, and that coming to know means
integrating, as distinct from aggregating, knowledge. The different groups were expected to show
this 'new' kind of knowledge by writing a essay on one aspect of the philosophy of mathematics or
philosophy of mathematics education, as part of their formal assessment. The emphasis on
gathering information from a range of sources, reading, discussing and reflecting -- something I
suspected most of the students had never done -- led me to organise the theoretical/practical
sessions in a such a way that these activities could be surfaced and encouraged. For example,
during the early sessions, half of the groups were go to the department library (many of the
students did not even know that such a library existed). At a later stage, some of the sessions were
totally allocated to have the groups to work on their own essays. Moreover, the groups were also to
hold tutorials with me.

Half of the theoretical/practical sessions were devoted to activities of mathematical nature.
These intended to enable the students to become involved with as many aspects of mathematics as
possible, so that they would consider alternative ways of think about mathematics and more valid
experience of what it means to do, learn and teach mathematics. A premise on which these activities
were based was that the students held appropriate mathematical knowledge content to carry them
out. Another premise was that they would deviate from the kind of mathematical experiences the
students had had. These activities would constitute a basis for a second group project, another of
the students' marked assessments.
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The Participants in the Study
There were 48 participants in this study, 39 female and nine male. The great majority of the
students were in their early twenties, but some of the students were in their mid-thirties and early
forties. A couple of them had had previous experience as teachers of mathematics in schools. For
most of the students, it was their enjoyment and interest in mathematics that prompted them to want
to become teachers of mathematics. The liking of the teaching profession was their second driving
force.

Most of the students expressed the opinion that they were not completely satisfied with the
quality of their previous courses at the University. Concurrently, they werealso concerned with the
limited number of courses which would prepare them for the teaching profession. Another
consideration may help to understand the students' dispositions at the beginning of the course: in
evaluating their own involvement with previous courses, there was a noticeable contrast in their
answers depending on whether these concerned students' traditional roles (attending the sessions,
and paying enough attention to them) and less traditional ones (such as reading the suggested
literature and hold meeting with the lecturers in order to clarify any doubts).

Further, one may consider the students' expectations about the Mathematics Methods
course. Foremost among a set of twelve goals, was the students' desire "to know strategies to
motivate pupils to learn mathematics", with over 78% of the respondents strongly endorsing it. The
second most desired goal (with almost 60% of the respondents showing strong agreement) dealt
with the need for the students "to develop competence in planning and preparing mathematics
lessons". In line with existing literature, the students were showing that they were most concerned
with the practicalities of teaching. An interesting and unanticipated result arosewith the third most
endorsed goal -- willingness "to develop habits to reflect upon their own learning and
understanding of mathematical ideas". Given that these students were not familiar with the
fashionable 'self-reflective' orthodoxy, it is unlikely that they were trying to say the "right" thing.
The implicit message may be: "If I can reflect upon my own learning then I mayunderstand how
children learn". It may also be interpreted as a sign that the students felt ready to engage in such
kind of self-reflection.

The least popular goal (though with the majority of the respondents agreeing with it) was
that of reinforcing the treatment of one or two topics of mathematics. Naturally,,the students felt
that they had already had enough of mathematics. Moreover, the students also tended to perceive
relatively little need for knowing both some basic ideas about the nature of mathematics, and the
general trends and results of research in mathematics education. In this case, it was probably the
students' lack of familiarity with the two themes that was the constrain. One may feel a little
reluctant in plugging into something that one does not know at all.

The Students' Development
This section aims to provide a picture of what meant for the students theirexperience throughout it,

Emerging voices
An atmosphere in which the students' views and judgments were accepted and encouraged was
judged crucial and should therefore be nurtured from the very beginning of the course. At this
stage, however, it was rather difficult to have the students to take part in such kind of dialogue.
Obviously, the formality normally associated with mathematics teaching tended to produce a view
that there is no place for negotiation and discussion about the subject. As the course progressed, an
increasing number of students were becoming more and more keen in articulating their own ideas
and beliefs. Yet by the end of the course, there were still a few students who preferred not to risk

their voices.

The students' views about mathematics
Identifying the student-teachers perspectives about mathematics provided the starting point for
dealing with the question of the nature of mathematics. The questions 'If you have to explain to
somebody what mathematics is about what would you say?', and 'what is the number one' were
asked. I had no doubt, that these are complex questions, not given to simple answers. The aim,
however, was not so much seeking for an answer, but rather having the students to face an issue
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that I suspected they have never addressed before. In what follows, I only concentrate on their
responses to the first question.

Not unexpectedly, answers of the type "If I have to explain what mathematics is about, I
would have serious difficulties, because, until today, I have never been aware of the importance of
this question" were very frequent. One student, however, had already read a book on the topic:

Courant and Robbins wrote a book ('What is Mathematics?') in which they sought to
answer to this question. What they did was to describe the several branches of mathematics

Now, in. my opinion, mathematics is ... (after I wrote 'mathematics is, it took me
about five minutes to think what I should write next, and, I realise, nothing has to do with
what I was supposed to write, or may be, it has...

Although this student had examined the question before, there was still relatively little work
concerned with the reconstruction of the meaning of mathematics. One can also perceive in the
student's comments the tension he faced in trying to give an explicit answer to the question.

Another typical answer was that mathematics is a science. A couple of students, however,
spoke of mathematics as a language. Another one referred to mathematics as a game: "there is a set
of initial rules(axioms), from which different theories are elaborated". For a couple of them, still,
mathematics was essentially the mathematics of the school curriculum.

Some interesting considerations are suggested by these data. First, despite considerable
difference in the mathematical background of these student-teachers (and also by the teachers in the
pilot programme) and that of a group of primary teachers who I interviewed in a previous study
(Moreira, 1992), they share essentially the same sort of views of mathematics. Second, the student-
teachers' familiarity with a formalist perspective of mathematics, which is present in most of their
previous mathematics courses, does not appear to have had a significant impact on their views
about the subject. It has been often said that future teachers' teaching styles are most influenced by
what they bring with them into teacher training courses. These findings suggest that, similarly,
their inputs on teachers' views of mathematics tend also to be limited.

Developing new learning dispositions
A central issue was to assess how the students were coping with new teaching strategies. About
half-way throughout the course, I asked them to reflect upon their own learning. A few students
felt that they had learnt most from the background reading:

I learnt by reading and becoming interested in what I was reading. Moreover, I was
assessing what I had learnt from what I had read and what I already knew (which was not
too much), and the extent to which this knowledge was important.

My learning was essentially based upon the reading of the suggested texts. The sessions
serve mainly as an input to suggest and motivate topics for reading and bring to light why to
read those texts was important.

These comments show that some students were prepared and even eager to participate in non-
familiar teaching approaches.

For most students, however, reading was more problematic, not least because many of the
texts were in English. For some, the process merely led to a confirmation of their preference for a
traditional way of learning. This can be illustrated most vividly by one of the student's comments:
"I learnt form the information that was transmitted to me, mainly through what was dealt with in the
sessions. I learnt little from reading texts, because I am not accustomed to reading". And in writing
about her difficulties and how these difficulties might be overcome, this student remarked: "I mink
the texts are quite complex, it is quite hard reading them, and this does not stimulate m to
read.... It would be necessary to use books of easier access and easy to read, so that they could
help me to enjoy reading".

There is no doubt, that people are often happiest doing what they are used to doing. But this
student's arguments are compelling ones, and should be taken into account. The preceding
discussion also tindicates that not all the students benifited in the same way from the same
strategies. Problems of learning are complex, and needed is research to explore how relevant
variables interact with different teaching approaches. The need to accomodate the student-teachers'
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needs, abilities and learning styles may be as important as the urge to use new pedagogical
approaches with them.

Internalising perspectives about mathematics
I have argued for extending the 'conventional' content of a Mathematics Methods course by adding
a more emphasis to make explicit different perspectives of mathematical thought. In the event, five
conceptions of mathematics were presented to thes students: platonism, logicism, intuitionism and
fallibilism. Which of these perspectives did the students feel closer to their own views?

Arguably, to espouse a particular perspective of thought and commit to it is not an easy
task, and as I envisage, the students' conceptions would evolve and be progressively elaborated as
their knowledge and understanding of the five perspectives increase. The relationship between
choice and commitment is an important element, and the students had not quite worked it. As one
student, who expressed her choice of platonism, commented:

I have found it quite difficult to reflect on issues such as 'what is mathematics' and 'what is
mathematics for'... I was not accustomed to reflect on such themes... May be because of
that, I could not understand well some of the topics of me perspectives of mathematical
thought. But I think that I will be able to overcome this problem if I try hard and read more

about these issues.

This direction of further learning leaves, of course, room for modification and adaptation.
The importance of the students' answers to this question extends far beyond their personal

preferences. What is a significant is that the students' choices reflected something else than
uniformity. Six students (only 29 students were present in the session in which that question was
asked) considered that their views were closer to those of fallibilists. Fallibilism had provided them
with a vision of mathematics which was simultaneously "more human, funnier, and more in line
with today's world". At the other extreme, there were four students who agreed to a platonist view.
The adoption of such a view was based upon the conviction that "mathematics is to discover, not to
invent". In the words of one of the students, such an "activity of discovery embodies in itself
enough beauty to make one think of mathematics as an enjoyable and pleasant experience".
Formalism was the perspective that appealed to other two students, and intuitionism appeared to be
closer to the views of other two students. Only one student expressed a clear preference for the
ideas of the logicists. Of the remaining fourteen students, six did not answer the question, and
seven subscribed the view that all the five schools have both aspects which they supported and
features that they rejected. Finally, cite student preferred to answer in 'terms of stating the
perspectives that he would not endorse, namely formalism and logicism.

At a later stage, an attempt was made to assess the students' understandingof the different
perspectives by having them to analyse the discourses of five imaginary mathematicians. Very few
students were able to match the five discourses to the five mathematicians successfully, which
shows that the topic is not an easy one. An interesting result was that most students were able to
identify the fallibilist mathematician. This may be related to the fact throughout the course, and
specifically by means of the mathematical activities, much emphasis was placed on promoting a
view of mathematics as a tool to solve problems, to make conjectures and to create new
mathematics. Fallibilism became, thus, something that was experienced rather than just talked
about, and this facilitated internalisation.

The Character of the Students' Activities
The students' favourable response to the course was not so much due to the subject matter, but
rather to the opportunity it provided for peer exchange, writing essays and engaging in
mathematical activities. This section illuminates some successes, as well as some difficulties
experienced by the students in the process.

The essays
The students generally found the task of writing the essays quite demanding. Though some
clarification helped the students to sort out certain ambiguities, there were still some considerable
difficulties hovering around. "Lack of practice in engaging in such a kind of activity" proved to be

troubling for most of them.
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Difficulties were not only at the level of competence in writing. What was at stake, too, was
the students' views of knowledge. Accustomed to rely on the authority of a single text book or of
the notes from the University lecturer, knowledge was clearly seen as totally reliable, objective, and
learning was perceived as receiving knowledge. Now, learning was being shaped by their inquiries
and this was causing some insecurity. One student specifically noted that he was embarrassed by
getting different information from different reading sources.

Other students were unable (or unwilling) to face a variety of sources. One solution was to
stick to just one. The following anecdote is illuminating. In writing about various themes on
mathematics education, three different groups pursued the same issue -- relevance of mathematics.
In all these groups, the way in which they grappled and explored the issue was very similar.
Moreover, the examples they included to illustrate their ideas were exactly the same. Not only the
students had used the same reference book, a kind of textbook on the didactics of mathematics, but
the book had also informed their disposition to address the issue.

The majority of the essays showed that most students were able to recognise and order
important ideas, but unable to record them in own words or write some personal thoughts about
them. In other words, writing meant, in most cases, copying (or translating) verbatim relevant
information selected from one or various sources. I would like to offer two possible explanations
for this fact, in addition to the students' lack of familiarity with this kind of activity. First, it is a
fact that that most of the students were most concerned with showing factual knowledge about the
topic. (Some, however, were able to 'look inside' the activity to pull out a different kind of
knowledge acquisition. One comment illustrates this: "! think that the main objective of the activity
was to develop our ability to inquire, select information and critically analyse a specific topic").

A second explanation may reside in the fact that within the educational culture of these
students there had been little space for interpretation and communication. As Pimm (1987)
suggests, "mathematics is not commonly viewed as a discursive subject" (p. 47). Moreover, in
mathematics symbols are overwhelmingly confused with mathematics objects themselves, and
writing in mathematics classrooms is limited to using a very restricted language according to clear-
cut rules, in order to find the right solution of a specific problem. This can determine to a large
extent a low fluency in communicative and writing skills.

It was readily apparent that discussion within the groups enabled the students to clarify
their ideas and understanding of the theme addressed. Most of them recognised that working in a
group was a valuable experience. A few students, however, did mention some difficulties emerging
from the need to reconciling ideas of the different elements of a group. Finding the right time for
some of the groups to meet and work together between the sessions was not easy either. I detected
a further problem . In organizing their work, some groups distributed tasks among its different
elements. A bunching effect was the result. This, however, was overcome, at least in part, by
having the students revise their work a greater number of times.

Another novel aspect for the students was the tutorial mode of instruction. I had anticipated,
and it proved to be true, that without my support and help, and a close monitoring of their work,
the groups could have hardly produced any kind of essay. Curiously enough, the students did not
verbalise any appraisal to that kind of face-to-face instruction. I wonder how to interpret this. It is
possible that given the group situation, the students construed the meaning of their activity only in
terms of transactions among themselves. Perhaps, I should be satisfied with such an omission: I
was able to "graft" in a non-interfering way.

The mathematical activities
A full list of the titles is included in order to give a flavour of the kind of mathematical activities the
students were engaged in: Spirolaterals, Snooker, The MU-puzzle, The Ideal City, The Game of
Life, Pascal's Triangle, The Seals Island, The Sierpinsky Carpet, The Elections in the Green-
Yellow Land, The Square Pyramid, and Tessellations. For the reader, most of these activities may
sound rather familiar. For the students, however, they were almost totally unknown.

Initially, all the students were engaged in all these activities. Most of them felt that these
activities were particularly important to them:

The activities that most contributed to my learning were the mathematical activities. I think
they are very important since there were topics that I did not know and which deal with
mathematics in a way that I have never addressed before.
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I learned topics in a way that I never thought I could learn here at the University, such as,

the practical activities... The games with triangles, squares, among others, helped me to see

how I could teach mathematics to my pupils, in a new and funny way.

The unfamiliar, enigmatic and game-like aspects of the problems proposed captured the students

involvement and enthusiasm, and also promoted a lot of discussion.
Of particular significance for me, and for most of the students too, was their surprise at the

fact that their knowledge of mathematics was, most of the times, insufficient to help them to solve

the problems proposed. The following illustrates patterns in the students' approaches to the

activities. First of all, it is important to note that whether or not the students could relate the

task at hand with some familiar problem appeared to be determinant on how they approached the

different activities. For example, in The Ideal City activity, a set of related problems in Taxicab
Geometry, there was a tendency for the students to use an analytical approach based upon the

distance formula given. By way of contrast, the Tesselations activity was dealt with in a purely

visual manner. Taking a closer look at this activity is worthwhile. In fact, the students experienced

difficulties that were totally unexpected to me. For example, they had to struggle hard to find the
condition for regular polygons to tessellate. Perhaps even more surprising was to find out that

many of them did not know a definition of a regular polygon and/or were not able to retrieve the

formula for the sum of the internal angles of a polygon. Rediscovering this formula was not easy

either.
Second, the students' actions tended to be uncreative and rather inflexible. The use of

diagrams or other tools to organise information in a systematic manner was also absent. The MU-

puzzle Enigma, an activity adapted from Hofstadter (1980) to illuminate the idea of formal systems

and proof, highlights these aspects. In order to find out whether or not a particular theorem hold in

the system given, the students' only alternative was following the rules for ever. Years of

formalised mathematics, of following procedures, of focusing on answers have yielded inattention

to meaning making, creative thinking and solving problems.
Following the initial phase, each group wouldtackle a specific problem for a considerable

period of time (about three weeks). The aim was to encouragepersonal and inventive approaches,
emphasising processes of learning as well as learning products. It was also expected that the

students felt encouraged to use the problems given as a starting point for posing their own
problems. These may seem quite ambitious aims. What was achieved, however, was not
disappointing. Seven of the twelve groups clearly grasped what was intended. They were able to

pursue the potential avenues open by the initial problems and release creativity that surprised me

and the students themselves.
A few examples are worthwhile. The group engaged in the Snooker activity 'discovered' a

formula to determine the number of the times the ball hits the billiard walls. This group also

extended the original problem in two different directions -- a billiard with two balls and a three

dimension version of a billiard. Another group found in the computer a prerequisite to foster their

creativity. The activity in which they were engaged in, The Elections activity, was extended in

several ways by means of a computer program (an unexpected solution for me, given the course

context). The most noteable result was, perhaps, the creation of a Pascal Tetrahedron by the group

for whom The Pascal Triangle was the startingpoint.

Discussion
Before initiating this discussion, I should remind the reader that this study was not about "changing

the teacher". Based on my own (personal) experience, I have become increasingly aware of how

painful and complex change can be. Research studies, too, have shown that learning experiences
for changing teachers' conceptions and practices may enhance their capacity to grow, but may also

discourage them (Moreira, 1992). A statement by Pimm (1993) entails my position: "it is

dangerous to lose sight of how difficult personal change can be -- and wa should not talk lightly or

glibly about it, let alone expect or demand it" (p. 31). My intention was to claim that there is aplace

for an epistemological discussion about mathematics in the context of Mathematics Methods course

for prospective secondary mathematics teachers. I hoped that this paper has given support to my

claim. For the purpose of this final discussion I would like to extend Cobb's (1989) model

of the three contexts for the learning and teaching of mathematics -- cognitive, experiential and

anthropological -- to the learning and teaching of the nature of mathematics. The experiential,
cognitive and anthropological modes were informed by the various experiences the students had
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during the course. Though access to the topic of the nature of mathematics had not formally been
part of their experience thus far, the students held, conscious or unconsciously, beliefs about the
subject, as they formerly had not been deprived ofaccess to mathematics itself. Thus, not only did
the students heard, read and write about the nature of mathematics, theyalso reflected on their own
responses to dealing with the issue. This was the experiential perspective, contingent on the
students' current understandings of mathematics. From writing the essays (and associated
reading), and from engaging in the mathematical activities, the students came to understand the
nature of mathematics from different perspectives, and this is the realm of the cognitive context.
From an anthropological perspective, the social setting within which the students were learning
about the topic was most Important. It was locatable in both the interactions they had among
themselves in the small group work and in their interactions with myself. The emphasis on these
three aspects is the crucial aspect of the course.

Not unexpectedly, different students reacted differently to the course. These differences
notwithstanding, it seems clear that, for most of the students, the experience was a gratifying one.
For a few, the course even appeared to offer a whiff of fresh air that they were longing for. Their
investment in terms of time and energy was considerable, and the work they produced wasnotable. There is no question, too, that all the students had to overcome some hurdles. For
some, and I am remembering of one student in particular, the course might have represented a
daunting experience. This particular student hardly show any kind of enthusiasm for the course
activities, and her involvement and participation both in her group and in the whole class
discussions was practically nil. It is possible that in a more traditional kind of programme, her
apathy was less evident, but I wonder whether her involvement with and profit from such a
programme would be any bigger. There are still many unanswered questions in thearea of student-
teachers' reactions to "learning teaching".

This paper has identified issues that need attention, and it seems important now to begin to
develop ways to help prospective teachers overcome many of the hurdles in examining the question
of the nature of mathematics (and mathematics teachingileaming) that were pointed out. Clearly, the
topic can be an attractive one for them. All the participants in the study invested considerable time in
it, and most importantly, all of them stayed "in the ball game". In addition to come know better
what mathematics is about, they seem to have becomemore autonomous learners and more willing
to experience a realm of active and creative learning. In so doing, the students may also have felt
committed to a particular kind of mathematics teachers model that they want to become. What kind
of teachers they might become is, of course, a different matter.
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TEACHERS ASSESS NG INVESTIGATIONAL MATHEMATICS:

THE ROLE OF "ALGEBRA"

Candle Morgan

Institute of Education, University of London, U.K.

Recent cuniculum and assessment developments in the U.K have been introduced with the aim of
broadening students' mathematical experiences and making assessment procedures capable of
asasssing a wider range of types of achievement. This paper describes part of a studyof the ways in
which students and teachers have responded to the use of written reports ofinvestigational activity se an
assessment tool and discusses some of the implications of this innovation. Teachers were asked to
assess students' reports and to explain the basis on which they were making their assessments. One of
the themes arising from analysis of these interviews was the importance of 'algebra' for these teachers.
The reasons for this importance, however, are ambiguous, illustrating thepotential contradictions
between teachers' pedagogic role and their role as assessors. Questions are raised about the effects of

curriculum reform that was originally intended to allow students the posskility to be mathernatkally

creative.

When a curriculum reform is introduced, there is no guarantee that the same understanding of the

Intentions of the reform are shared by all those involved or that its implementation wit fulfil the

expectations of its initiators. It Is recognised in particular that teachers are likely to adapt new materials

and teaching methods to fit into their familiar ways of working (Olson, 1980). This paper reports part of s

study of the ways in which teachers and students have come to terms with the introduction of

examination at 16+ by coursework, in particular by written reports of investigative work in mathematics.1

Children's perceptions of what makes "good" written report (Morgan, 1992a) have raised issues about

the relationship between their understandings of the requirements of the investigation' genre and

those of the more traditional "school meths' and about the role that may be playedby teachers in the

construction of these perceptions (Morgan, 1992b). Interviews with teachers have explored the ways in

which they read and evaluate students' written reports. One of the themesarising from analysis of thee*

interviews that appears significant for all the teachers interviewed is the presence and natureof 'algebra'

within a student's work; the role of algebra for these teachers and its implications for their roles as

teachers and as examiners will be discussed here.

Background
The introduction in the UK of assessment by investigative work may be traced back to the Cockcroft

report (DES, 1982) with its recommendations that all mathematics teaching 'should Include opportunities

for ... Investigational work (pars. 243) and that examinations should include hatcher assessment of

aspects of mathematical achievement not amenable to timed written papers;this, it was claimed, would

'encourage good classroom practice' (para. 535). These recommendations were institutionalised in 1988

by the introduction of assessment by coursework in the new GCSE examinations at age 18+ (although it

was not compulsory in mathematics until 1991). The relationship between curriculum and assessment

practices was recognised and it was explicitly stated that methods of assessment 'should not conflict with

I These reports are expected to contain evidence of the investigative processes as well as
oomrnunication of the remits, e.g. planning, working systematically, hypothesising, evaluating as well u
using ellutive and appropriate means of mathensNrel communication.
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the provision and development of appropriate and worthwhile mathematics courses in achools' (DES,

1985). Indeed, coursework is said to be 'perhaps above all Ms., an instrument to facilitate and

encourage curriculum development in schools' (ILEAC, 1993: 3). It has widely been seen as an agent

of curriculum change to shift the emphasis from content towards process and to encourage students 'to

create their own mathematics: actively taking pert in mathematical thinking rather than passively receiving

mathematical thought' (PM*, 1988: 7). In recent years, similar widening of methods of assessment to

validate and encourage a broader mathematics curriculum has also occurred in other countries (e.g.

Stenmark, 1991; Stephens & Izard, 1992).

While the expressed aim of examination by coursework may be to value and validate creativity, this does

not guarantee that unusual or unexpected student responses will actually be valued (Haylocic, 1986;

Flew & Reedy, 1990). There is a tension for teachers (who both prepare students to undertake the.

cotssework and assess thok written reports) between the aim of encouraging creativity, thie need to

advise students and prepare them to perform successfully, and the desire to make the final grade appear

valid and 'objective". One of the ways in which this tension may be resolved is through the

transformation ct "investigational" or 'investigative work into Investigations which are perceived as a

separate part of the mathematics curriculum and are relatively clearly defined. Many such investigations

may be approached using a routine method, described disparagingly by Hewitt (1992) as 'train spotting':

generate numerical data, tabulate it, 'spot" a pattern in the numbers, describe the pattern. Such an

algorithmic approach provides clear guidelines for both teacher and students for doing and assessing the

work but does not allow much room for creativity.

The end point or solution of an investigation approached by this method is the description of the number

pattern, which may be in procedural or relational terms, in words or using algebraic notation. (Proving that

the pattern so described will necessarily continue is normally considered to be beyond any but the most

able student and is 'deemed as worthy of a very top A'. (LEAD, 1991: 77)) Both the process of

geneomising and the use of algebraic notation are clearly of importance in mathematics lid es well as

within the criteria for assessing such investigations. It is not surprising, therefore, that algebra emerged

as one of the significant themes in interviews with teachers in the current study. What follows will include

an examination of the pictures teachers present of their perceptions of the nature of algebra and of the

reasons for Its importance within the practices of doing and assetiskng investigational mathematics.

Methodology

The data discussed In this paper is taken from Interviews, each approximately one how long, with six

teachers from three different schools. All these teachers had experience with doing coursework with

students and assessing their reports, in some cases since the inception of GCSE In 1988. Two of them

(Andy and Din) had known the students whose work was assessed during the irderviews and were

familiar with the kwestigational task involved.
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Out of a set of students' coursework scripts, three complete reports of work on the investigational task

entitled Inner Mangles' (LEAG, 1991) were chosen to be assessed by teachers in the interviews. These

three texts were chosen to display a number of contrasting features on the basis of a textual analysis

using tools derived from Halliday's Systemic/Functional linguistics (Halliday, 1985). They had al originally

been awarded similar grades by their teacher and, although taking different routes through the

investigation and using different means of communication, had reached broadly comparable conclusions

including in all cases a generalisation for the number of 'unit triangles' contained within an isosceles

trapezium. It is not claimed that the texts used were typical orrepresentative of the set as a whole or even

of the subset of 'Inner Triangle' scripts, although none was remarkably unusual. In addition, extracts

containing expressions of generalised solutions to the Inner Triangles' problem were chosen in a similar

way from a further three scripts.

The aim of the interviews was to explore the ways in which the teachers read and evaluate such reports of

investigations and to identify features of the students' texts which Influence their judgements. The form

of the interviews was therefore 'discourse-based' (Odell, 1982): the teachers were given the three

complete texts and were asked, as experienced assessors, to read them, talking about their judgements

as they made them. The teachers were then asked to rank the pieces of work and to justify their rankings.

This was a familiar activity for the teachers as they had all been involved in group moderation within their

schools. Flyway they were similarly asked to read, talk about, and rank the three short extracts. This part

of the interview, while a loss familiar activity for the teachersinvolved, focused attention on different ways

of expressing generalisations and thus enriched the data on attitudes to the use of algebraic notation.

By basing the interviews around the assessment of students' work it was hoped that the teachers would

respond from a position within the discourses of coursework and assessment, thus providing a valid

picture of their practices. Some of their responses, however, particularly when talking about general

principles rather than about the work of individual students, may have been influenced by the

interviewee- Interviewer relationship and by their beliefs about theexpectations of a researcher known to

be involved in Higher Education and in-service education of teachers.

The analysis of these Interviews alms to identify and explore themes which are of significance to the

teachers involved, the features of the students' texts that they pick outfor comment and the picture of

the nature of ooursework that Is constructed through their discourse. It was anticipated that the use of

algebraic notation would be one of the themes present because of its significance not only within

mathematics Null but also in the assessment scheme. The discussion presented in this paper relates

primarily to this theme, which illustrates more general issue of the tensions between teachers' roles as

teacher and as examiner.

"Algebra* as a sign of high achievement

It has become an accepted 'fact" that, in order to achieve one of the top grades (A - C) for an investigation

in GCSE coursework, it is necessary to have used 'algebra" (Wolf, 1990) What actually counts as

"algebra' is, however, unclear. One examination board, for example, Includes in its grade description for
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a grade C: 'Devises simple formulae wren generalising' (ULEAC, 1993: 16), but does not make M explicit

whether the formulae should use algebraic notation or might be written in words. Andy appears to fest

his own conception of 'algebra' to be in conflict with that required by the examination board when

imitating a student's formula expressed in words as '(TOP LENGTH + BOTTOM LENGTH) x SLANT

LENGTH No. OF TRIANGLES':

A Hike the generalisation in words and it's quite clear from the use of brackets that they understand that.
addition has to be completed before the multiplication takes place. There's no ambiguity with
algebra. They could easily change that formula into a shorter algebraic statement. And again that
seams perfectly reasonable and straightforward

I Would they get extra marks for writing it as t plus b rather than top length plus bottom length?

A The exam board seems to think so. They often make the point that hasn't got algebraic - well I think
that's algebraically quite correct and I see no Teal difference between that and t plus h times s. Once
you start putting brackets in you start making it algebraically correct - I think that's right. And it's
quite °mdse.

Similarly, Dan sees little difference between this formula and one expressed using algebraic symbols and

suggests that he might interpret the examination board's criteria (perceived by him to demand such

notation) flexibly:

the person here obviously understands what they've generated and can do that, she's put the formula like
that nice and clear. It's a bit of a shame they didn't go on to the bottom line to use algebraic notation. If
every other criteria [was fulfilled] and the only thing that was stopping it being a particular grade was the
fact that it wasn't expressed algebraically I wouldn't mind. To me, the difference between that and sticking
letters in instead is so minimal that it doesn't really matter.

Of another student who did use algebraic notation, however, Dan shows that this does influence the

value he puts on a piece of work:

He got a formula for it. I think ht's into 'B' country, isn't be, immediately.

Using algebraic notation thus appears not only to be `officially.' necessary for the higher grades, but also

to be sufficient.

Clearly, however it is defined, algebra is highly valued by these teachers and by the assessment system.

Considering the importance within mathematics of algebraic thinking and of symbolic representation, this

vakie amid appear to be well Justified. A question arises, however, of the nature and purpose of algebra

within the context of the "investigation' genre. The primary, and in most cases only, use made of

symbolic notation in the set of coursework scripts examined Is to express a generalisation. This

generalisation is seen by both students and teachers as the end point or solution of the task and is in

many cases underlined, presented on a separate page under a heading FORMULA, or otherwise

aignposled as the 'answer*. While forming such symbolic generalisations is an important mathematical

process, outside the school context it would not normally be seen as an end in last Symbolisation is

not merely process of translation from one language into another but is the alerting point for developing

new ways of looldnp at problem and for enabling manipulations that may lead to new discoveries and

further generalisations. As Mason points out, 'Classification In for the purpose of formulating theorems,

not simply to achieve superficial classification' (1987: 77).
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In one of the pieces of work read by the teachers in the interview, the student (identified as 'Number 1')

had manipulated her formula:

We were able to put this into a formula:- ab ac = d

This simplified becomes:- a(b + = d.

This was commented on positively by several of the teachers:

I think number I is very good, is good the way, you know, they've simplified their algebra as well. (Fiona)

Number 1 has brought in algebra - factorisation, substitution - that's good. (Gismo)

The teachers' praise of the display of manipulative skill suggests that they are applying criteria from more

traditional assessment modes. The manipulation is an end in itself: the student is displaying her skit in

performing a routine procedure rather than using that skill to further the mathematical investigation. As an

assessment objective, routine manipulation may well be better achieved within more traditional

assessment contexts. It seoms likely that many of the other students could have successfully performed

the above manipulation if specifically asked to do so. They did not, however, choose to do so within the

investigative context. We might indeed ask whether it was necessary or appropriate in such a context,

particularly as, for this student, it was the end point rather than a tool.

Generalise In words first
An algebraic generalisation, however, is not considered to be adequate without some verbal elaboration.

One of the complete texts (by Richard) presented to the teachers consisted essentially of a table of

results, (correct) symbolically expressed formula and a diagram labelled with the variable names used in

the formula (see figure 1 below).

Figural (Riche rd's diagram and formula)

JAVA
4YAVAVA

AvitAYAVAvA

AWAYSIFA.

Most of the teachers took this to be a sign of

relatively high achievement or ability (set also

Morgan (1992b) for similar teacher evaluations of

non-verbal student texts). For example, Fiona

praised the algebraic notation as 'quite advanced',

while Don, who had at one time taught Ric hard,

described him as 'quite en intuitive nuhernstkion'. It

is Interesting to note that both Rona and ban

'hedged* their praise with the qualifier quNe se

y they, like all the teachers intenriewed, also criticised

7IX+Y)sT Richard for not including more 'writing .

The reasons given by the teachers for requiring words as well as algebraic notation are multiple and

suggest that teachers occupy a number of (potentially contradictory) positions while reading and

assessing coursework which lead them to construct various meanings from the same hod.
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All the teachers at some point in their interview appeared to be positioned as examiners in funnel, public

examination system. One of the public criticisms that the innovatbn of examination by coursework has

had to face is the concern that, because it is not done under controlled conditions. it may not represent

the student's own work but may have been copied from another student or even done by a parent.

Teachers. in their role as examiners and as professionals. are naturally concerned that their judgements

of students should be seen to be valid. They feel the need, therefore, to find evidence within a

student's script that the work 'belongs' to the student. For example, Den commented that:

the formula ... did son of appear out of nowhere as though he did have a sly look round somebody's atm
or something.

Andy, who actually taught Richard, acknowledged the lack of evidence in his script but was prepared to

act as teacher/advocate on his behalf:

I'm very confident that, although there's no evidence of it, what he's produced is right and be's done IL It
definitely wouldn't be a copy. . That's interesting, that can only be a teacher's inside knowledge.
Somebody marking that cold wouldn't be able to state that.

While satisfied that the formula was Richard's own, Andy nevertheless went on to give a number of other

reasons for wanting to see the generalisation expressed in words:

I would like to see that he can generalise in words first of all. It kind of gives the understanding, I think,
putting it into words the patterns which they see. Then I think it underpins the algebra which they
pod= Ister.

Initially, Andy dein* that he wants to see that Richard 'can generalise in words'; he is looking for evidence

of a skill. In the next breath he is suggesting that this would also provide evidence of 'understanding'.

The expression that he uses is, however, ambiguous. 'It kind of gives the understanding' to whom? Do

the words give evidence to an examiner who needs to know that the student understands, or is the

understanding given to the student himself by the process of expressing the generalisation in words.

This ambiguity mks a shift in Andy's reading between an examiner role, looking for evidence, and a

teacher /advisor role, suggesting ways in which students can be helped. In the final sentence of the

extract above, the role of generalisation in words has clearly shifted from being evidence towards

assessment of the student to being a pedagogic device for helping the student to gain understanding.

At the same time Andy has shifted from referring specifically to Richard to using a non-specific they; M is

now stating general pedagogic principles. He went on to describe the assessment methods used by the

teaches in his school:

When we moderate, we usually do it as a group in the same room usually working in different comers on
the scripts that we're moderating and frequently we ask across the room to the umber maned 'where did
this come from Is that alright?', and ... cm we go. But there's usually a check of that kind. We try very
hard to tell the children generalise in words first of all and we say if you know a patters, the you tell us
about IL sell your friend about it. When they can explain the pattern in words and they write those wonia
doss thee they're ready to produce the algebra.

Again, he moves from a description of the way the teachers behave as examiners looking for evidence to

a description of the pedagogical device they use to help the students to become 'ready to produce the

algebra'.
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Andy and the other teachers interviewed appear to be using a criterion (unwritten) that any algebraic

generalisation appearing in a piece of coursework should be preceded by a verbal statement of the same

generalisation. Stated like this, it is a simple matter to judge whether or not a student has fulfilled the

criterion. The justification for its use, however, is not so simple but takes a number of forms: it is

evidence that the student has the skill to write a verbal generalisation; it shows that the student

understands the algebra; it proves that the formula belongs' to the student; it helps the student to

understand the pattern; it prepares the student to 'produce the algebra'. The discourses of assessment

and of pedagogy are intertwined here - perhaps an inevitable consequence of the teacher's role.

Advising students to generalise in words as a step towards using algebraic symbols is a common

pedagogic strategy. The process is described by Mason as 'a necessary part of the struggle towards

meaning along the spiral (of symbolising). (1987: 80). It seems for these teachers, however, to have

been transformed into a prescriptive algorithm for "doing investigations . Regardless of the individual

student's actual facility with symbolising, she or he is expected to have gone through the entire 'struggle

towards meaning'. As Amy put it, criticising Richard's (correct) symbolic generalisation:

He needs to explore. There's something needed before be could generalise.

Although Richard is clearly able, at least in the context of this problem, to generalise symbolically without

such aids, because he has failed to comply with the conventions of the coursework genre he is judged

harshly; the 'need is a requirement of the examination, expressed in the language of pedagogy.

Conclusion and implications
Analysis of the teachers' discourse reveals both the high status accorded to what they identify as algebra

and some ambiguity about what it is and why it is important. One aspect that is completely missing from

the interviews is any perception al algebraic symbolisation ass tool for creating further mathematics or for

solving problems. For teachers as well as for the students, writing an algebraic formula ji the solution.

While this may be in pan a reflection of the limitations of the 'Inner Triangles' task itself, a picture is

presented of symbolising and manipulating symbols as discrete nonoontextualised skills which are being

tested by the coursework examination. The consequences of this picture for students' attitudes to and

further learning of algebra need to be considered.

Both the use of algebra as an indicator of high achievement and the insistence on the express onof

generalisations in words as well as in symbols may be seen as symptoms of the difficulty of separating

process from product. While one of the aims of the Introduction d coursework was to value and assess

rrwdhematical processes, the primary means of assessing the process is through examination cf the

product the written report. As teachers attempt to help their students to produce high value products,

the process of developing a generalisation is distorted, changed from a support for mathematical thinking

into ski to be learnt and assessed.

While reading the students' texts, teachers shifted their positions between reading and speaking as

exarrtkiers, as teacher/advocates, as teacher/advisors, and in some braes as Imaginer/ naive readers (for



further discussion of this, see Morgan, 1993). In desalting these multiple and sometimes contradictory

positions I am not suggesting that the teachers are confused or incompetent. It is a consequence of the

institutional context in which they are expected to fuMI ale these toles. The transformation of pedagogic

advice to use words as an aid to symbolising into an assessment criterion Is a product of this context The

need to justify teachers' assessments and give them an appearance of reliability has led to the

development of a standardised algorithmic approach to 'investigation'. This leads me to question the

possbNity of using such an assessment system to 'encourage good classroom practice' or to encourage

creativity and active mathematical thinking in students. Di$10100f11 of the original intentions of this

attempt at curriculum reform are the result, not of teacher resistance or adaptation, but of the means of

implementation, which create the very tensions and contradictions that defeat its purpose.
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Parental Involvement in mathematics : What teachers think is involved.

Ceri Morgan University of Warwick, UK
Ruth Merttens University of North London,UK.

Abstract Both in the USA and in Britain it has long been demonstrated that the socio-
economic background of the home the largest single factor in determining children's
educational attainment. However parents' active support and involvement in children's
education can make a major difference. This paper describes IMPACT, an educational
initiative in which parents are systematically involved in their children's learning of
mathematics through the use of weekly teacher selected take home tasks and how teachers
perceive the nature of parental involvement. Starting in 1985 with 12 elementary schools in
inner London, the project now runs in over 3000 schools across England, Scotland and
Wales. It is the largest project of its kind in Europe, Drawing upon some of the research
findings , this paper will describe how the programme works, the percentages of parents who
participate and the attitudes of some of the participating teachers.

The IMPACT Project was started in 1985 as an attempt to mirror the work of the shared
reading initiatives in the area of maths. The late 1970's and early 80's had seen the
establishment of a substantial body of evidence, gleaned from both research and practice, of
the efficacy of involving parents in their chiidr.rn's :cao.zi.,; to read through a programme of
regular reading at home are.: sustained dialogue between teacher and parent about the child's
progress (Topping & Wolfendale, 1985, Hamilton & Griffiths, 1984). The mechanisms by
which this dialogue was maintained usually included small 'reaang diaries' completed by
parents and children at home and, responsively, by the teacher in class.

IMPACT is an educational initiative in which parents arc systematically involved in their
children's learning of math through the use of weekly teacher-selected take-home tasks.
Started in 1985 with 12 elementary schools in inner London, the project now runs in over
2000 schools across England, Scotland and Wales. It is the largest project of its kind in
Europe, and, in addition to the intervention programme, IMPACT supports a flourishing
research centre. The IMPACT project is designedto foster greater integration between a
child's' mathematical knowledge from outside school and the learning within the school and
also to gain from the well documented benefits ( educationally ) of sharing activities between
pupils and parents ( Topping and Wolfendale, 1985, Hamilton and Griffiths, 1984 ).

Impact activities fall into two types. The first type are those that require the child to Loilect
some data. This can then be collated, analysed and represented back in the classroom. An
example of a data handling activity is 'Telephone calls'. The second type of impact activity
are those that practice or develop a skill. An example of this is the activity called 'Money
bags'. These two activities are detailed below :

Telephone Calls Count and record the telephone calls that arrive at your home
over a weekend. Who do you think will get most calls ? Design a tally sheet to keep by the
phone. Who got the most calls ? Who spent longest on the phone ?

Money bags. How much would you have if you had one of every note and coin that
is legal currency ? Ask as many people as you can. 10 seconds to give a guess. Work it
out. Who was closest ?

IMPACT is, in a sense, another name for homework in that children take a mathematical
task and share it at home. However, there are some important differences between IMPACT
and the ways in which homework is traditionally conceived and executed.IMPACT activities
are designed to be shared. They require that the child talks to someone, either to play a
game, or to collect some data, or to make or do something. Parents are not being required to
teach maths. All they are required to do is to support their child's learning, to talk through a
task or to act as a resource. Sometimes parents help by supplying skills children have not yet



developed. The results of the maths activity which is shared at home are brought back into
the classroom and are elaborated by the teacher in the course of the subsequent week's
classwork. This is of crucial importance in that it provides parents with a direct means of
influencing or commenting upon the classroom curriculum. Traditionally, homework was
perceived as very much an additional activity - the class lesson the next day proceeded
regardless if one had failed to complete one's homework, except, of course, for any
disciplinary action which might ensue. By contrast, the IMPACT task is embedded within
the classroom maths curriculum although its actual performance takes place in the context of
the home.

A crucial aspect of this process is represented by the IMPACT diary. This is a small
diary, divided into sections, in which parents and children comment upon the task undertaken
at home. This provides a mechanism whereby parents can and do make assessments of their
child in relation to clearly specified mathematical skills. The diaries also enable a sustained
parent-teacher dialogue to develop over an extended period of time.

IMPACT has been subject to detailed monitoring and research evaluation from its inception
in 1985:

1. A two-year period of intensive monitoring and research in 3 LEAs with 36 schools. This
included weekly visits to schools, a large quantity of interviews with teachers and parents,
observation of teacher practice, the completion of diaries by children, parents and teachers,
and video-taping in a sample of parents' homes.

2. As the scheme has spread to an increasing number of schools across the UK, we have
monitored annually the progress of IMPACT in a sample of schools through questionnaires
and teacher records.

Early results: We were able to present evidence that IMPACT works successfully over a
number of years and with schools in different regions and in widely differing socio economic
areas. There is evidence to suggest that children's performance in maths is improved - in
some cases quite substantially - and that their attitude to maths becomes more positive. The
response rates, in terms of the numbers of parents and children regularly taking part are
extremely encouraging with well over 80% of families in a typical infant (grade 1 -4) class
responding. Interestingly, the response rate does not appear to be related to the socio-
economic class of the parents in the catchment area of the school. However, the teacher
emerges as an influential factor here - an enthusiastic teacher can get nearly 100% of the
families involved.

Significance: The IMPACT project is the largest and certainly the fastest growing project of
its kind in Western Europe. The demand for traditional homework in primary schools within
the UK is increasing, due to the pressure on teachers to improve standards of numeracy, and
also to the desire on the part of many parents to support their child's learning in what is now
perceived as a competitive educational market place. IMPACT provides a radical alternative
to traditional homework. It succeeds in raising standards, encourages sustained
parent/teacher dialogue and, crucially, is not socially divisive in the fashion of traditional
homework.

Qualitative Research findings: In this paper we are concerned to illuminate what teachers
perceived as the problems and benefits of involving parents in maths. This automatically
raises the question of teacher's perceptions of parents and of parental attitudes to maths in
particular, and to young children's learning in general. We looked at why teachers had
wanted to start IMPACT in the first place, what they felt about it once it was used as a way
of working, and what their feelings were about the long term effects of this type of non-
traditional mathematics homework.

All of the teachers who took part in this particular piece of research said that they saw
IMPACT as a means of raising the standard of pupils' attainments in maths. They were also
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keen to improve home-school relations and to bring about a better dialogue between parents
and teachers. Most said that having some support had been a major factor in enabling them
to start this sustained programme of parental involvement in their school and that this support
could come from a variety of places. Colleagues in their own and other neighbouring
schools were mentioned as one important source, and the Local Education Authority was
mentioned as another. Surprisingly the head teacher ( principal ) was less important than
these two.

Once the IMPACT programme was in place the teachers very quickly saw the benefits. In
summary:

children talked a great deal more about their maths, and about mathematical
conversations and events which take place in the context of the home,
children developed a much more positive attitude to their maths, and appeared more
confident as a result.
children were experiencing more of particular (and important) areas of maths
particular data handling and representation, and practical activities, including games
and investigations,
children especially infants were almost all extremely keen to do their IMPACT
and, in most cases, it was them who cajcied their parents into doing it rather than the
other way round,
the shared maths at home stimulated work in other areas of the curriculum, especially
in science and language,
the parents became far more involved in the child's everyday routine mathematics
work. They also became much more aware of, and realistic about, what their child
could and could not yet do.

The problems of running IMPACT included a number of issues surrounding the question of
resources, and also a perception of some parental comments as extremely negative and
therefore very discouraging. This was a much discussed point, and one which we feel
justifies further research.

There is also a background to this initiative that helps to put a gloss on the context it
provides. In recent years there has been considerable political and educational pressure on
primary schools in the UK to increase the involvement of their parent group in the
implementation of the school curriculum in its widest sense. This is apparent in the
publications of the requirements on schools to increase the number of parent governors on
school governing bodies and in the various documents published by the Department for
Education but is especially enshrined in the Education Reform Act of 1988. ( HMSO 1988 ).
There had always been some level of involvement but the significant change was that parents
had a forma( right and role to play that may not have been exercised previously. As a result
many schools were seen to consider ways of increasing the part parents played in school life
in general. This phenomenon was also seen as relevant to what had previously been
considered by many teachers as 'their professional domain', i.e. the curriculum content and
implementation. Evidence from some commentators ( McLeod 1990 ) illustrate clearly the
well defined boundaries of responsibility that participants in the parent - teacher divide see
and act upon. Clearly the changing nature of the roles of parents and teachers in schools
challenges this boundary and thus challenges the socially constructed norms and behaviours
enacted at the interface. It is this change that provides for a tension and readjustment that is
only now being recognised as 'problematic'. ( Merttens and Vass 1990, Walkerdine 1989 ).

That all human interaction is a social construct has been well documented ( Berger
1968 ) and so far as the interface between schools and 'their parents' is concerned the process
of construction is seen as a dialogue between two interested parties. This can also be seen as
problematic and the nature of a dialogue is potentially misleading in this context. There is a
growing body of evidence to suggest that the concept of an equal partnership between school
and parents is fraught with difficulties. Some of this evidence comes from studies derived
from various home - school reading projects ( Wells 1986 ) that have been commonplace in a
great many schools in the UK and USA for some years now. Despite this, the rhetoric of
current educational orthodoxy is to present parental involvement as both desirable,
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unproblematic and affording equal status for both parties. Much of this reflects political
considerations and not simply educational concerns. For a detailed discussion of some
aspects of this see Merttens and Vass, 1990. Yet more evidence to show how schools
construct and deal with their parent group in ways designed to maintain the status quo and
the school as the powerful factor in any relationship is supported in the earlier work of Deal.
1983 and Mc Dill and Rigsby. 1973, when they discuss the influence of subcultures on the
culture and success of a school. However this work tends to accept the parent body as a
cohesive group and treats its' influence as unproblematic. There are, however, some more
current authors who are beginning to question some of the assumptions about parental
opinion and school attitudes towards them in a more systematic fashion. One such work is
by Rogoff and Lave who studied how knowledge gained from the home ( or any non
institutional environment ) is often discounted and ignored in school. ( Rogoff and Lave,
1984 ).

The size of the group selected for a structured discussion was 12 teachers and
advisors and 48 questionnaires were distributed. 37 of these were returned completed, leaving
11 that received no response. The teachers were invited to a group discussion about the
issues of increased parental involvement generally and their participation in a specific project
in particular.

Some questions and responses.

What factors made you think you could start involving parents ?

The responses could be grouped in the following way :
A commitment to home school links 33%
Other local schools already doing it 20%
Staff colleagues keen to try something new 40%
Parents seen as responsive 7%

Other reasons stated included :
Support of senior management team.
Good parent/school links already established.

This would suggest that less than 40% of those staff who gave their primary reason as
believing they are ready to involve parents in this way actually do so because they believe per
se that it would help improve relationships or learning. Several respondents were vague
about why they thought they had a commitment to home school links generally although
most indicated an awareness of some of the literature documenting the potential success of
such a scheme. Teachers were very aware of what other schools around them were doing and
what they felt their parent group wanted to see. This was often based, however, on anecdotal
evidence from colleagues in other schools who passed on positive comments from their own
experiences.

What are the most important factors in deciding to involve parents in this way ?
Indicate in order of importance with I as the most important and 9 as least important.

The respondents were asked to score the following categories. The total scores
allocated to each section were then averaged by dividing by 37. A no response or a negative
response was treated as a 9( least or not important ) and a opportunity was available for other
replies although only one person actually did this. This was a new headteacher who wanted
to develop a fresh initiative in the school that would be seen as her own idea.

The potential mathematical benefits for your pupils 2.3
Need to develop home/school links generally 3.5
Support from your headteacher 4.2
Your perceptions about your colleagues 5.6
Your perceptions about the parent group 5.8
Need to increase practical work in mathematics 6.6
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Need to develop homework initiatives
Need to develop maths curriculum
Other reason - please specify * see above

7.3
8.2
8.9

Once again the teachers perceptions about the needs of the parent group generally

only came 5th in order of importance. The perceived school needs were ranked as the first

via a need to enhance pupil learning ) and second most important factors. Interestingly the

mathematical element was not considered as important as the need for peer support. As most

of the sample were not head teachers ( only 2 were ) it was surprising to find that headteacher

support was ranked only third. This conflicts with some of the work of Nias who indicates

that the support of a powerful sponsor ( i.e. in a school this is usually the headteacher ) is

often the most important factor in initiating or preventing institutional change. ( Nias 1981 ).

It is also possible that ambiguous categories could mask different reasons. For example some

teachers could have started involving parents because their colleagues are receptive to the

process and others because they felt their colleagues ought to be but were not yet. Both of

these perceptions could be contained within one response and the categories contain a

potential weakness as a result. A further question about support reinforced this perspective.

Could you rank ,in order of importance ,the people whose support was most

important to you. I as must important.

The responses were scored by adding the totals and averaging by dividing by 37.

These were, in order :
The LEA ( Advisory teachers ) 2.8

Colleagues 3.3

Head teachers 3.8

Project office 4.2

Parent group 4.8

Specific colleague 7.0

Other 7.0

The findings from this question support the view expressed above that teachers do not

rate the support of parents as high or essential when considering ways of involving parents

more.

Could you detail the most important benefit twu hoped to gain from involving parents

in this way

Help pupils talk about their maths 32%

Explain maths to parents better 20%

Improve the image of maths with parents/pupils 42%

Develop home/school links 6%

Other responses included :
Share information about pupil progress better
Help to develop practical work in maths
Children to see maths outside of classroom
To develop a better understanding of maths generally.

These responses indicate that teachers feel parents 'need' to understand the

mathematics their children do in school more significantly. It emphasises the schools needs

rather than those of the parents or pupils. This could be evidence of power retention on the

part of schools as the teachers clearly define the needs of both pupils and parents. There is

also clear evidence, however, that teachers recognise the importance of language in the
development of mathematical thinking but also seek todefine the pupil needs in their own

terms. Various responses were categorised as wanting to improve the image of mathematics

generally with more responses emphasising the importance of this in respect of parents than

in respect of the pupils. It was surprising that this proved to be the most frequent response
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despite the well recognised problems that mathematics has in terms of subject image.
Teachers casual comments indicated that they felt this to be an important step in motivating
pupils and gaining parental support for what they are trying to do.

What potential problems concerned you most about involving parents in this way ?

Ensuring parents understood their role 42%
Schools losing interest eventually 8%
Resources. Do the school have enough ? 32%
Parental response may be a problem 8%
Extra burden on staff colleagues 6%

Other responses included
Schools seeing this as a solution to all of their problems
Parents seeing only number as important in maths
Long term problems for the school.
Raising parental expectations unrealistically

It is clear from these responses that once again teachers feel that their parent group
need educating about the process of learning mathematics. They appear to have little
confidence in the parent group as a whole to understand, approve or support any initiative
without subverting it to a formal, restricted and number based curriculum. The issue of
resourcing such an initiative is to be expected but 50% expect a 'problem' with the response
of parents. About a quarter expect the school to fail by not keeping the momentum going
having raised expectations generally. They anticipate this leading to problems with the
parents. These responses are consistent with a model of the school as expert and controlling
and the parents as recipients of a perceived wisdom but passive or problematic.

How important was it to have the support of others ?
Please specify who. On a scale of 1-3

I as the most important
5 as the least important.

86% said that to have some support was essential.
Those indicated as important included the following :

Colleagues 57%
LEA 26%
Advisory staff 14%

This score indicates that not one of the sample said that the support of the parent
group was required or important. The single most important group to provide support is seen
as colleagues. This is consistent with the work of Nias in her research into peergroup
support as essential ( Nias 1991 ibid. ). The next section concerns teachers' opinions about
what implications parental involvement has.

What would you describe as the two main benefits as faras the parents themselves
are concerned'

They can see what their children are doing 41%
They are more involved in their child's learning 25%
Informs them of their child's progress 18%
They can see the difficulty of certain concepts 9%

Other responses included
It structures the help they can give.
Gives parents a specific role
They can see their child's potential.
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What would you describe as the two main problems ?
Parents not listening to pupils 25%
Parental lack of confidence with maths 16%
Parents doing the work for the child 16%
Parents not understanding the tasks 12%
Parents not finding time to get involved 12%
Parents/Teachers disagreeing over tasks 12%
Establishing whole school approach 8%
Parents not understanding the maths involved 3%

Other responses included
Teachers coming to know the tasks too well
Parents not seeing the potential

This question attracted a mixture of responses. However it is possible to classify
them as teachers seeing parental weakness or inadequacy in 7 out of the 8 most common
replies. Only 8% of the replies indicated that one of the main problems could be to do with
the school role. 92% of these replies anticipated that the parental role would provide the
main problems and usually this reflected their 'perceived' inabilities in mathemati.- as a
subject in one form or another.

Could you say what makes a supportive parent ?
One who gives their child time and attention 68%
Encouraging parent 12%
Works with pupil not for the child 8%
Works with the school 4%
One who sees their role as a partnership 4%
Treats work as a pleasure 4%

No other responses although the most common response was expressed in several
differing ways.

Could you say what you think makes a parent who is not sup ,arrive ?
One who does not get involved 35%
Negative about child's work 21%
Don't recognise the value of the work 21%
Separates schoolwork from homework 7%
Some negative about school generally 7%
One that does work for the chili, 4%
Academic parents who over formalise work 4%

Other responses indicated that parents who don't talk with their children are not
supportive. Teachers generally felt that openly hostile parents are easier to cope with than
the disinterested or uninvolved. Some teachers felt that not getting involved was the same as
being negative about their child's work because of the implications carried by the opinion.

Does this kind of involvement alter parental opinions ?
No 76%
Yes 12%
Unsure/ Too early to say 12%

Do you feel that such greater involvement is valued by parents generally ? Detail if
possible.

Parents generally like the formal aspects of maths. 42%
Sometimes 36%
No 12%
Yes, they feel involved 12%
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There are certain inconsistencies in attitude implied by the responses offered. For
example, teachers say they like to see projects of this type as a partnership and that parents
welcome the initiatives. However, they do not generally welcome any change in their role in
response to parental pressure and do not credit parents with an expertise or knowledge that
could serve to balance any partnership. They negate or discount problems as being the
responsibility of the parents and yet claim to wish to see greater integration of parental views.
Thus teachers retain control over the educational and political agenda. This status quo is
illuminated by the overwhelming claim that teachers do not respond to parental pressure and
that they do rot feel parents change their opinions anyway as a result of enhanced
involvement. The attitude is summarised by the view that prcblems are caused by and thus
can only be solved by the parents-intervention. This releases the school from much of the
responsibility. Indeed many parents are seen as failing to understand the mathematics
involved and thus requiring training of some sort and those that do demonstrate an expertise

. are dismissed as "academic". This betrays a stereotypical view of parental opinions on the
part of teachers and confirms the view that teachers feel parents are over formal in their
approach to mathematics and generally uninformed about the process of educating children.
This view also confirms the perspective of school as expert and powerful and parents as
subordinate and passive. Despite claims to the contrary schools do not seek to challenge this
orthodoxy in the arena of parental involvement.

Some conclusions.
We have tried to voice some tentative conclusions in the text of this report but sonic

more general and summary conclusions are suggested here. Teachers say they are committed
to the principle of increased parental involvement but the reasons for this are mixed. Most of
them appear to see its importance from the perspective of the school and not pupil or parent.
They also have strong opinions about how far that 'involvement' should permeate what they
see as their professional area of expertise. The overwhelming view is of teachers and schools
'educating' parents into accepting what the school has deemed appropriate. This reinforces
the inequality of the power relationships within the school- parent divide. I feel there is now
evidence that, despite their expressed opinions, teachers have no real desire to see that
relationship fundamentally challenged. On the occasions that it is challenged by parental
activity the parental viewpoint is negated and then discounted.

Teachers feel the need for support in their work and peers and head teachers are
overwhelmingly the primary source of that support. The support of parents is expressed as
important but not treated as such. Teachers are also very aware of what they feel they must
'be seen to be doing' in this area and parental involvement schemes or projects are perceived
as what their task involves. One source articulated this as " what parents and government
expect these days". This view would be represented as being held by a teacher who thinks
parental involvement is important but for very different reasons. Teachers opinions underpin
their stereotypical view that all parents see maths as hard and thredening and need educating
to understand it. This is passed on to their children and thus makes the teachers task that
much more difficult. Parents who do not see it as difficult arc treated as not typical and thus
discounted when they intervene. Parental opinion has been effectively negated through this
stance.

Teachers do not have a clear view of what parental involvement is. Clearly it is
problematic and clearly teachers accept multiple levels of involvement. Some teachers sec
parental role within these constraints as supervising homework whilst others accept a higher
level of involvement. Very few, despite the claims, welcome any threat to the status quo in
which teachers transmit knowledge and expertise and parents receive. Schools have yet to
take on board any notion of true partnership, despite the rhetoric. 1 feel that despite the
increase in st ,nies of this sort, despite the political pressure and despite teachers' claims.
parental involvement in educational change is still seen as a threat by schools and is not
established or welcomed.

The whole question of 'What teachers think parents think about teaching and
learning' seems to us to he at the heart of much of this work in the area of parental
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involvement in particular in the field of mathematics. The questions of teachers
orientations to parents, and how they construct what is a 'good' parent are, we feel, crucial to
our understanding of how parental partnership programmes can act to improve children's
opportunities and attainment in education.
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MATHEMATICAL CONCEPT FORMATION

BY DEFINITIONS VERSUS EXAMPLES

IN ELEMENTARY SCHOOL STUDENTS

Malca Mountwitten The Israeli Curriculum Center. Ministry of Education

Shlomo Vinner The Hebrew University. Israel

Abstract
The study examines the cognitive effectiveness of two learning methods for mathematical concept

acquisition: a) learning hr examples h) learning by definition and descript;on of the concept's general
properties. The findings show that a) a certain percentage of students are able to master mathematical
concepts after learning them by either one of the methods used. b) There is an interaction between the
nature of the concept and the success in acquiring it by the specific learning methods. c) M most cases, there
were no significant differences in the performance of different cognitive tasks between the groups using the
different methods. di In all groups. for the 4 concepts examined. the older students' achievements were
better titan the younger ones. This age related achievement gap was most evident in the group that learned
by examples.

Introduction
Cognitive psychology and philosophy are preoccupied with the question: What is a concept? An

important aspect of the discussion pertains to the question of whether or not it is possible to characterize a

concept unequivocally by stating its attributes. This question is easily answered concerning mathematical

concepts: in mathematics, every concept, which is not primary, has a definition. which states the meaning of

the new expression in terms of previous ones. The definition determines the extension of the concept (the set

of all the examples which belong to it) and how it relates to other concepts.

From the point of view of the logical aspect of "concept," the situation in mathematics is clear; this is

not the case with psychological aspects, namely questions relating to concept acquisition.

Concept acquisition, which is one of the main components of learning. has different aspects: knowing

the extension of the concept, knowing the content of the concept (its defining attributes), understanding the

name of the concept and so on. According to Klausmeier (1976) there are 4 levels of concept acquisition:

the concrete level, the identity level, the classification level, and the formal level.

In this research, learning was tested by the completion of several cognitive tasks concerning the concept:

I. Identifying new examples and non-examples of the concept

2. Constructing new examples of the concept

3. Giving a concept definition

4. Identifying general properties as characteristic or noncharacteristic of the concept.

The research in concept acquisition has raised the following questions: What are the different methods

of learning concepts? (See, for example: Herron, Agbebi. Cattrell, Sills, 1976) How is the concept
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represented in the student's mind? (Bruner. Goodnow. Austin. 1956; Rosch 1977; Brooks, 1978. 1987) Is the

student's ability to learn a concept related to his present or future developmental level? (Vygotsky,
193411962; Mervis. Rosch, 1981; Hershkowitz, Bruckheimer, Vinner 1987) and so on.

Almost all research in mathematical concepts has dealt with geometric concepts. These concepts have a

visual aspect that might make learning them from examples much easier. In this study a variety of concepts

was examined in order to determine whether or not there is a connection between the nature of the concept

and the processes of acquiring it by the students. Unlike other studies whose aim was educational-practical.

this one is more basic-cognitive and its aim is to investigate the cognitive effectiveness of different learning

methods for the acquisition of different aspects of the concepts learned.

This study examines different aspects of the acquisition processes of mathematical concepts in
elementary school students. The students. fifth graders and eighth graders, were asked to learn a concept,

independently, in one of two ways:

1)by being presented with a definition of the concept and verbal description of its general properties

2) by being presented with a series of examples and non-examples of the concept

The acquisition processes were examined using the following concepts: stepnwn Onadreganr (stepnum

is a natural number whose digits are consecutive numerals, written in order from greatest to least or from

least to greatest), seveny (shcva'on)* (seveny is a natural number, whose digits add up to 7). rectagon
(metzushar)* (rectagon is a polygon with a right angle), arithmetic sequence.

The first two concepts are artificial-arithmetic concepts. rectagon is an artificial-geometric concept;
arithmetic sequence is a known arithmetic concept.

Methodology
In each one of the four concept experiments, for every learning method, there were 30 fifth graders,

(boys and girls) and 30 eighth graders, (boys and girls). All the participants of the same concept experiment

were taken from the same school, so that it is reasonable to assume that the differences between them in the

outcome of the study are a result of age difference or the specific treatment used and not due to population

differences.

Every student learned the concept using one of the methods mentioned above. Special working sheets
were developed for each learning method. (see appendices 1, 2.) After the presentation of the concept to the

student, an immediate test (see appendix 3) was given followed by a personal Interview, during which the

student explained the answers given in the test.

Results, Analysis and Discussion
The first research question was whether students arc able to acquire a mathematical concept. unknown

to them from previous experience, by one of the learning methods used. The number of students who
showed mastery in acquiring the above four concepts appears in table 1.

Other related questions were: Is a specific learning method suitable for acquiring some concepts mote

than others? Is a specific learning method suitable for acquiring some aspects of the concept more than
others? Is a specific learning method more adequate for younger students than for older ones?

The tames it brackeu ate the concepts' Hebrew names.
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Table 1: The number (percentage) of eighth graders and fifth graders who
mastered the concepts stepnum, seveny, rectagon arithmetic sequence, by

the two learning methods.*

learning
method

eighth graders fifth graders

concept examples definition and
general properties

examples definition and
general properties

Stepnum 20 (64%) 13 (42%) 9 (26%) 6 (20%)

Seveny 16 (53%) 17 (57%) 5 (16%) 17 (53%)

Rectagon 13 (43%) 20 (67%) 2 ( 7%) 7 (23%)

Arithmetic ** *4, 12 (40%) 12 (40%)
Series .

The results in the test (table 1) show the same tendency as the results in the different subtests: example
identification, example construction etc. These results point to the cognitive effectiveness of different
learning methods for concept acquisition.

a. The results suggest that a certain percentage of students will be able to master mathematical concepts, of

the same complexity as the concepts examined. after learning them by one of the methods used: by
example and by definition and general properties. The percentage of students who mastered the concepts

stepnum, seveny, rectagon. arithmetic sequence differs from one another but all of the concepts used

could be fully acquired by one of the learning methods.

It is especially interesting to note that even some of the younger students, the fifth graders. mastered the

concepts as a result of learning them by definition and general properties (the percentage ranges from

20% in the case of stepnum up to 60% in the case of arithmetic sequence). This finding is interesting

because it contradicts some teachers' intuition that it is impossible to teach mathematical concepts
relying on general definitions and statements alone. Also, some studies show that elementary school

students cannot learn a concept by definition alone, without added examples (Klausmcier. 1976;
Tennyson, 1973).

According to Vinner (1983). concept acquisition, as expressed by the ability to use a concept, depends on

the formation of a concept image (The concept image is a set of properties together with the images
related to the concept in the person's mind). The concept image might be identical to the concept
definition, be part of it or might even contradict it. The role of the definition in the student's concept
image formation is not clear: the definition given to the student might create in his mind a "complete"

concept image, a partial one or nothing at all. In this study, the definition, together with the statements

Mastery of the concept mealy sowing at least 40 out of 46 prombie pmts.
Eighth graders did sot partxmare tit the arithattie serwrice apeliTell becalm it waa candor to them from ache 1.
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about the concept's properties, formed a complete concept image in some of the students' mind, as

inferred from their tests.

b. The comparison of the learning methods shows that the fifth graders who learned the concepts by
definition and general properties succeeded better than those who learned them by examples. This was

particularly evident with the concepts seveny and rectagon. The same phenomenon appeared with the
eighth graders in the seveny and the rectagon experiments but not in the stepnum experiment. In the last

one, the eighth graders who learned by examples had an advantage over the others. The achievement
differences were statistically significant with the tasks of example identification and statements
evaluation. These findings lead to the conclusion that there is an interaction between the nature of the

concept and the success in acquiring it by one of the learning methods: concepts like rectagon are more

difficult to acquire by examples because their critical attributes are not prominent. Even though the
examples of rectagon are drawings which have a prominent visual aspect, the relevant component, the

right angle, was not noticed by most of the students. It turned out that finding the defining property of

rectagon, required an analytical examination of the examples and not merely visual scanning. Many
students realized that a rectangle is a rectagon but could not justify their answer, which was based only

on global perception. These students could not, of course, show mastery of rectagon.

On the other hand, from the examples of stepnum, especially from the multiple digit ones, it was much

easier to infer the defining attributes.

c. Another question, concerning the comparison of the learning methods was whether there is a difference

related to the learning methods mod. in performing different cognitive tasks.

In most cases, there were no significant differences in performing different cognitive tasks between the

groups using the different methods. Even though the students who learned the concept by definition had

a slight advantage in formulating a concept definition, the general picture was as follows: performing the

different tasks was influenced by the student's mathematical ability and by the task complexity and not
by the learning method, as could be seen, for example, from table 2. This table gives the number of
students who mastered the different tasks with the concept stepnum (questions 1,2,4,5 in the test
appendix 3).
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Table 2: The number (percentage) of eighth graders and fifth graders who mastered
the different tasks with the concept stepnunt by the two learning methods.

learning
method

task

eighth

examples
31 s.

graders

definition and
general properties

31 s.

fifth

examples
34 s.

graders

definition and
general properties

30 s.

example identification 27 (87%) 19 (61%) 11 (32%) 13 (43%)

example construction 25 (81%) 19 (61%) 15 (44%) 12 (40%)

definition formulation 5 (16%) 6 (19%) 1 ( 3%) 4 (13%)

statement evaluation 21 (68%) 12 (39%) 9 (26%) 7 (23%)

complete test 20 (64%) 13 (42%) 9 (26%) 6 (20%)

From this table, it is easy to see that the differences in achievements due to the learning methods. are

consistent over the tasks. Those who learned by examples did not have an advantage in example
identification; those who learned by definition and general properties did not succeed better in statement

evaluation even though they had previous experience with statements during the learning session. On the

contrary, among the eighth graders. 68% of those who learned by examples showed mastery in statement

evaluation as opposed to only 39% of those who learned by definition and general properties. In other

words. one learning method might be more effective than another for the acquisition of the concept as a

whole, but not for the acquisition of a specific aspect of the concept.

In Herron et al. (1976), the learning method had a greater effect on performing different tasks with the

concept. According to another finding of Herron, the working definition (the one which serves in
identification and construction of examples) was more coherent with the formulated definition in students

who learned by examples. lIns finding does have support in our study as well.

d. In all groups, for all concepts, in each subtest, the eighth graders' achievements were better than the fifth

graders'. This age related achievement gap was most evident in the group that learned by examples (with

significant level of .005). This finding is not surprising of course. and agrees with Piaget's developmental

theory. According to this theory, some cognitive skills, probably needed for performing the tasks of this

study, develop at the age of formal thinking (Sinclair. 1970). Another difference between the fifth

graders and the eighth graders demands explanation. In the stepnwn experiment, the eighth graders who

learned the concept by examples did better than those who learned it by definition and general
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properties. Amongst the fifth graders the picture was reversed, namely there was an advantage In
learning by definition and general properties. This finding is surprising: learning by definition and

general properties can be considered to be a formal operation task. The above finding is. somehow.

inconsistent with Piaget's theory. One possible explanation is that the younger students are not
intellectually ready for learning by examples because it requires the ability to analyze, abstract,
generalize and draw conclusions. On the other hand, learning by definition and general properties is

more direct, although superficial and therefore it is easier for the younger students. In many cases it is

difficult to distinguish unequivocally between a correct answer, based on real understanding, and one

which is based on partial understanding. Some of the students learned how to "play with words" and give

correct answers without real understanding. This behavior, which is pseudo-conceptual (see Vinner.

1993) was found both among the fifth graders and the eighth graders, (The tendency to "play with

words" does not decrease with age; on the contrary, it increases slightly.) But, the ability to learn by

examples develops significantly with age. The great progress with age In learning by examples makes

this method superior for the eighth graders.

As was mentioned earlier, the age related achievement gap was most evident in the group that learned by

examples. In other words, the progress with age in learning by examples was greater than in the other

learning methods.

This finding can be explained as follows: the fifth graders reach a reasonable verbal understanding which

does not improve a lot with age. On the other hand, the thinking ability, involved in analysis,
generalization and abstraction develops more significantly with age.

Another remark is needed here: It turns out that learning by examples proved to be more meaningful than

learning by definition and general properties. (The details can not be given here because of space

problems.) Even though learning by definition and general properties proved to be successful, caution

must be exercised so as not to fall Into the trap which this method could lead to: empty verbalization

without understanding (Nesher. Grossman-Mountwitten, 1975).



Appendix 1

Working sheets by examples

Stepnum

1. 12.345 is a stepnum
2. 23,456 is a stepnum
3. 43,210 is a stepnum
4. 76,543 is a stepnum

5. Is 2,468 a stepnum?
6. No. Is 7.531 a stepnum?
7. No. Is 1,234 a stepnum?
8. Yes. Is 4,321 a stepnum?

32. No. Is 24,315 a stepnum?
33. No

Appendix 2

Working sheets by definition and properties

Stepnum

Stepnum is a natural number whose digits are
consecutive numerals, written in order from
greatest to least or from least to greatest.

1. Are all the digits of a stepnum unequal?
2. Yes. In a stepnum may two of the digits

be equal to each other?
3. No. Can a stepnum have 3 digits?

36. Yes. Can a stepnum end with 0?
37. Yes.

Appendix 3

Test-Stepnum

1. Are these numbers Stepnums? Write "yes" or "no"
and explain your answer.

a. 8,641

h. 798

j. 456.789
2. Give 3 examples of stepnum.
3. Give 3 examples of a number which is not a stepnum.
4. Describe what is meant by the word stepnum.
5. Write "correct" or "incorrect" and explain.
a. The units digit of every stepnum is smaller than its tens digit.

j. There is a three digit stepnum whose tens digit is greater than
both its units digit and its hundreds digit.
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CONSTRUCTING A LANGUAGE FOR TEACHING
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A survey of views 132 teachers and teacher educators, on the elements of quality mathematics
teaching, was conducted. Some of the results seem contradictory, pointing to the need for closer
examination of terms commonly used in describing mathematics pedagogy. The results of an attempt to
explore the use of just one term used frequently by the survey's respondents demonstrated disparate
interpretations amongst 180 conference participants. It is concluded that lust as teachers need to
provide opportunities in mathematics classes for explicit negotiation of meaning, teacher educators
need to organise opportunities for active exploration of the language of teaching, in order to establish
situated contexts as sources of personal and intersubjective meaning.

Introduction
Cobb, Yackel and Wood (1992) argue convincingly for opportunities for students to

elaborate and negotiate different understandings of mathematical processes and terms;
and there is evidence that such advice is becoming more widely accepted and practised

within the mathematics education community. For instance, the theme of developirig
meaningful experience-based language was taken up in the Curriculum and Evaluation

Standards for School Mathematics (National Council of Teachers of Mathematics, 1989).
Similarly, the Australian Education Council (1990) describes a process of developing
and building up mathematical knowledge through describing, questioning, arguing,
predicting, justifying, recording, clarifying and "productive sharing of ideas" (p. 13).

Students should learn to use language as a tool for rellActing on their mathematical experiences and

hence for their own mathematical learning. Explaining to oneself and others ... can be a powerful means

of working through and clarifying ideas. (pp. 19-20)

However, there does not seem to be the same emphasis on learning about teaching

mathematics through exploring its language. In the pre-service and in-service education

of mathematics teachers, opportunities for explicit negotiation of meaning for
pedagogical terms and phrases are rare. Teachers take on "constructivist" approaches,
students engage In "problem solving", learning is "student centred", activities are "non-
threatening" and content is "real world". The language bandwagons roll on; but with
little elaburation of individual interpretations of such terms, or explication of the
assumptions being made about taken-as-shared understandings (Bauersfeld,
Krummheuer & Voight, 1988).

Becoming a member of any community involves orientation towards an established

but developing set of linguistic behaviours (Steedman, 1991). For the community of
mathematics educators, phrases and terms used in describing pedagogy invoke
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meanings that are usually taken to be shared between teachers, educators, and authors

of instructional or theoretical writings. However, as von Glasersfeid (1991) points out,

Language frequently creates the illusion that ideas. concepts and even whole chunks of knowledge are

transported from a speaker to a listener. This illusion is extraordinarily powerful because it springs from

the belief that meaning of words and phrases is fixed somewhere outside the users of words and

phrases. ( p. xiv)

This paper focuses on aspects of the language that teachers and teacher educators

used when describing quality mathematics teaching.

Researching quality teaching
Our interest in exploring the ways that people describe mathematics pedagogy has

developed further during our current research project. Earlier studies by Mousley and
Clements (1990) and Mousley, Sullivan and Clements (1991) had demonstrated that
what student teachers reported that they had observed in classrooms seemed to be the

antithesis of current theory and of the behaviours espoused in their pre-service teacher

education courses. While teachers believed that they were demonstrating quality
teaching, features of constructivist approaches, student-centred learning and real world
content seemed to be absent from the lessons observed. It was thought possible that the

undergraduate students surveyed may have been seeing some high quality teaching,
but may not have identified such teaching because of the subtle, sophisticated and
fleeting nature of some features of classroom interaction. Alternatively, teachers may be
using these terms to describe their teaching, with little evidence in terms of classroom
practice.

This led to further discussions on how to structure opportunities for guided
observation of quality mathematics teaching in a variety of settings; and of how to make

the observation processes analytical, interactive and research-based. it seemed that the

first stage of such a project should be to identify the features that quality teaching might

include, in order to capture these for use in a multi-media resource base.

Summary of methods

A survey was prepared, seeking the views of mathematics eductors and experienced

teachers on the elements of quality teaching. it was thought that a questionnaire would

allow collection of the opinions of a sample of experienced teachers and teacher
educators in Australia and the USA. After initial trailing in a number of situations, and
consequent refinement, the survey was completed by 132 respondents.

Two different sets of survey items were used. The first section consisted of an open-

response item:
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... We want you to imagine a mathematics lesson, at any year level, where the students are learning, for

example, to estimate the mass of various objects, or to add fractions, or to record given information as a

graph. ... Please write down the most important characteristics which a quality mathematics lesson on

any of these concepts/skil% would usually have.

The second, more structured, part of the instrument used fixed format items. There

were 78 pairs of descriptors, clustered under headings arising from the original research:
Teaching environment, Lesson aims, Lesson content, Presentation, Class activities,
Questions, Aids, Assessment and Closure. Descriptors were presented as bipolars. For
instance, one pair of descriptors (the one we wish to focus on for this paper) was listed in
the Content cluster. The item read:

In a (quality) lesson, content

is negotiated ------ ------- ---- -> is imposed

For each set of bipolars, participants were asked to mark on the line where a teacher
ought to aim in order to facilitate quality mathematics lessons. These marks were later
converted using a scale from 1 to 7 so that means and standard deviations could be
calculated and so the distribution of responses between categories of participants could
be described.

For each cluster of such items, participants were also asked to add any of their own
descriptors, and then to indicate which of the descriptors in each cluster they considered
to be the most important feature/s of quality lessons. Later, they were asked to choose,

in order, the 5-10 most important of all of the survey's pairs of descriptors.

Summary of results: Open-response items

Analysis of the results of the open-response section of the survey was undertaken
using the qualitative data analysis package Nudist. Descriptors used by participants
were categorised according to what seemed to be their major function. In summary, six
groups of factors emerged as components of the replies. Their general descriptions are:

Building understanding: This is about a recognition of a content to be covered, and of strategies

to achieve this end by building on existing knowledge, using materials to explain and clarify concepts,

choosing appropriate sequences, helping students to make connections and to form relationships, and

knowing the meaning of terms.

Communication: Under this heading were Included statements related to opportunities for talking,

explaining, describing, listening, asking, clarifying, sharing, writing, reporting, and recording. The emphasis

within this category was on expressing and communicating mathematics.

Engagement: This group was about facilitating student involvement in their own learning. It included

actively involving the students in their learning, and motivating students to learn, by actions such as using

personally relevant material or real world situations, and by seeking to make learning enjoyable.
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Problem solving: This category includes activities references to problem-solving activity but also

descriptors such as risk taking, challenging, exploring, investigating, thinking, asking, and posing. In

general, it was about students using their own conceptions to interpret unfamiliar situations and becoming

comfortable with their own ability to do this.

Task orientation (Later re-named "Organisation for Teaming'): This included a focus by the teacher

on specific goals which are made explicit, clear instructions, efficient organisation and some assessment of

the achievement of the lessons' aims.

Teacher concern: This is about treating the students as Individuals, the creation of environments

which support opportunities for success by all students, the development of mutually positive relationships

between teacher and students, and about shared goal setting.

While these categories represent a summary of the responses, the groups are
different in both the focus and the locus of responsibility. For example, the category
Building understanding was outstanding in terms of the number of times respondents

referred to its features (112 times). In this category, strong inferences of teacher
decision, teacher direction, teacher explanations and teacher control were evident.
Upon reflection, it seemed that each of the other categories could be considered as a
subcategory of Building understanding, for each was a vehicle for building mathematical

understanding. While other groups, such as Communication, Organisation for learning
and Use of materials may be significant in themselves, the main purpose of the
comments included within each group seemed to be aimed primarily at building

students' mathematical understandings.

Summary of results: Structured items
Data from the second, structured part of the survey also emphasised the building of

mathematical understanding by students. Space does not allow full results to be
reported, but the composite picture for a quality lesson developed as a teacher-led
facilitation of learning, where the students are engaged in meaningful and interesting
activities which encourage them to think for themselves. (More detailed results and

discussion are presented in Mousley & Sullivan, 1992; Mousley, Sullivan & Waywood,
1993; Sullivan & Mousley, 1992; Sullivan & Mousley, 1993a, 1993b.)

The following tables present quantitative results for a few of the descriptors from the

Lesson aims and Lesson content clusters.

Table 1:

Some Descriptors Related to Lesson aims

The stem for this cluster was "In the lesson ...".

lanalces Mean S.D

there Is no clear purpose

pupils are aware of the aims

there Is a clear purpose 6.6 0.8

pupils are not aware of aims 2.1 1.3
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the aims are negotiated the aims are imposed 3.2 1.7

(Scale = 1 to 7. Note that there were other pairs included, not listed above.)

Table 4:

Some descriptors related to Lesson content

The stem for this cluster was `The content of the lesson ...".

Desotiors Mean S D

not linked to pupils' experience linked to pupils' experience 6.2 1.2

socially relevant not socially relevant 2.8 1.4

included all st's backgrounds excluded some st's backgrounds 2.2 1.3

clearly sequenced not clearly sequenced 2.2 1.2

With regard to the Lessons aims, 92 of the respondents chose "there is a clear
purpose" as the most important descriptor of this cluster. In contrast, 19 respondents
chose "the pupils were aware of the aims" and only 5 chose "the aims were negotiated".

Likewise, while 56 respondents rated "there is a clear purpose" in the 5-10 most
important descriptors over the whole survey, descriptors suggesting involvement of
students in setting aims gained very little support. In the Lesson content section, the
descriptor "was linked to real life", was rated within the within the 5-10 most important
descriptors overall by only 27 people.

There were some interesting contradictions apparent in this section of the data, and

these echoed the way terms and phrases had been used by respondents in the
unstructured section of the survey. For instance, both the teachers "having a clear
purpose" and the students "negotiating the aims of the lesson" were rated, frequently by

the same respondents, as features of quality teaching. One would think that it is not
possible to achieve a clear purpose while allowing disparate aims to be negotiated,
because a teacher's having a clear purpose for the lesson is somewhat indicative of
decisions on its direction being made by the teacher. This apparent contradiction was

reinforced by the majority of respondents not thinking it important for students to be
aware of a lesson's aims. Central to the view of the development of personal constructs

is the belief that knowledge is a product of choice (Gergen, 1985), but it is clear that the

majority of respondents did not believe that students should decide what they need to
learn. Similarly, thinking of mathematics content as pre-planned and clearly sequenced

seems to prevent us acknowledging the constructivist claim that mathematics is actually

individual learners activity (Wheatley, 1991).

In general, the weighting of opinions in both the Lesson aims and Lesson content
clusters implied that mathematics teaching should remain a process of initiating learners

by progressing through a series of defined mathematical relationships not necessarily

324 -960



linked overtly to the out-of-school experiences of the children. These responses were

somewhat surprising in the light of current rhetoric about mathematics education. The

concept of negotiation of lesson aims, content and understandings seems consistent

with current theory of mathematical pedagogy, becaute it allows for different

backgrounds of experience and understanding as well as individually meaningful activity

in classrooms. However, acceptance of this theoretical stance alongside the expectation

of the teachers having clear purposes for lessons provides an interesting challenge for

teacher educators. The two positions are not necessarily incompatible, but it is clear that

we need to explore how teachers may open up opportunities for more meaningful

dialogues with students about teaching and learning. The findings suggest that we also

need to examine the ways that words such as "negotiate" are used by teachers and

teacher educators, in order to build some common ground for communication about

locus of control over mathematics learning.

Further exploration of beliefs about negotiating aims and content
It was decided to use workshops in the 1992 conference of the Mathematical

Association of Victoria to investigate further teachers' and educators' beliefs about

"negotiation" of lesson aims and content.

About 180 teachers and educators attended the two sessions offered. In order to

provided a common basis for discussion, each group was shown the same five-minute

classroom episode on videotape (Lovitt & Clarke, 1988). The snippet showed a teacher

working with a group of five-year-old children, classifying shapes cut from carpet. We

had chosen this video because we believed that it demonstrated a teacher drawing out

children's ideas and language, allowing the lesson to flow from the ideas raised by the

children, linking teaching points with the experiences and language of the pupils, and

engaging herself and the children in a process of negotiating starting points for

discussions as well as differing interpretations of mathematical aspects of the shapes

used and created. In short, the snippet seemed to illustrate "pedagogical constructivism"

(Noddings, 1990, p.15) in action. Our intention was to open up a discussion about the

language used to describe such teaching - and in particular the words and phrases
used commonly by respondents to the survey outlined above.

After the video snippet had been shown, the following continuum was displayed:

was negotiated el 2 3- -4 5- 6 was imposed

People were asked to use the scale of 1 to 7 to name the extent to which they thought the

teaching demonstrated "negotiation" of aims and content. After participants had made

individual decisions, they were asked to discuss their Ideas in groups of 3-4, and to

come to some consensus within each group. Groups then reported their decisions, and

the major reasons for these, as well as any interesting discussion points arising.
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It was amazing to have groups of participants categorise the snippet from 1
(completely negotiated) through to 7 (completely imposed). Given our impression of the
snippet, we were surprised when there was a fairly even spread of responses along the
negotiated <I.> imposed continuum and that this happened in both conference
sessions. Time did not allow similar testing of other terms commonly used in describing

teaching and learning, but the incident brought home to us the need to focus further on
language used to describe pedagogy.

Conclusion
We can communicate about the teaching of learning only by assuming that in what

we say or write there will be enough compatible meaning for our communications to be

intelligible, useful in terms of conveying our understandings, and able to be used as a
basis for further reflexive interaction. However, it is clear that it is necessary for people

discussing the teaching and learning of mathematics to work at establishing such a
basis.

The incident described above certainly suggests that there is a need for:
(a) the creation of time and opportunities for both implicit and explicit negotiation of

meaning for the many words and phrases used when any group of professionals or
mathematics education students is discussing teaching and learning ;

(b) active exploration of pedagogical situations by groups of education students
and educators, aimed at establishing situated contexts as sources of personal and
intersubjective meaning, which can then used as a basis for meaningful communication
about mathematics pedagogy;

(c) a recognition, in lectures, academic writing and instructional materials that the

understandings constructed and knowledge gained by listeners and readers will be a
product not of the words used but of their subjective interpretation by individuals;

(d) detailed investigation and explication of current key words, by mathematics
education students, teachers and teacher educators; with the intention of examining
potentially conflicting aspects of different terms used in conjunction with each other; and

(e) the use of contextual, highly situated examples to elaborate terms commonly
used in theoretical communications.
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YOUNG STUDENTS' FREE COMMENTS AS SOURCES OF
INFORMATION ON THEIR LEARNING ENVIRONMENT

Han lie Murray, Alwyn Olivier and Piet Human
Research Unit for Mathematics Education
University of Stellenbosch, South Africa

The NCTM Professional Standards For naching Mathematics stresses the influ-
ence the learning environment has on what students learn, as well as the importance
of assessing the quality and nature of the learning environment. Present assessment
tools such as the analysis of videorecordings of classroom events give incomplete in-
formation on this complex issue or may be impossible to use on a wide scale. This
study explores the extent to which third grade students' observations of classroom
events can reveal their learning environment, and the extent to which these young
students can become explicitly aware of the existing social contract.

INTRODUCTION

The NCTM document Professional Standards For Thaching Mathematics (1989) expresses
the assumption that what students learn is fundamentally connected with how they learn it.
The document describes the nature of the learning environment which is considered desir-
able for encouraging serious mathematical thinking. In this type of environment, students'
ideas and ways of thinking are respected, time is provided for students to become involved
with mathematical ideas and problems, and students are expected to function as members
of a learning community through discussion and argument. It is stressed that the purpose
of such an environment is not simply to make students feel good but to foster mathematical
thinking. The teacher's ability to create such a learning environment should be assessed,
but the Standards emphasizes that the aim of such assessment is teacher improvement and
professional development.

The document recommends that in general, evaluation of the quality and nature of the
learning environment should be based on multiple sources of information. For this we need
easily-administered and safe evaluation instruments. For example, although video-docu-
mentation of classroom activities make available a wealth of information, this facility is not
accessible to most schools. Some research has been done on the development of instruments
to assess students' beliefs, ranging from open-ended questions (e.g. Spangler, 1992) to Li kert-
type scales for particular beliefs (e.g. Meyer & Fennema, 1988; Kloosterinan & Stage, 1992).
but any questionnaire and semi-structured interview implies that the researcher has already
made decisions about possible variables and their relative effects, thereby both eliminating
as-yet-unidentified variables, and making it difficult to assign relative importances to the
variables affecting the learning environment.

The learning environment involves much more than students' beliefs. The learning en-
vironment can also be called the classroom mathematical culture, "... in which as in all
cultural microcosms-- there are (most often tacit) sets of beliefs and values that are per-
petuated by the day to day practices and rituals of the cultures". (Schoenfeld, 1988:82). The
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classroom culture is such a complex, multi-faceted phenomenon that it is quite difficult to
describe fully, especially since it is doubtful whether all its variables have yet been identified.

We at the Research Unit for Mathematics Education at this University are confronted
with a major challenge: A problem-centered approach to mathematics education is being
officially implemented in more than a thousand South African elementary schools on our
initiative, and to support this initiative, we need ongoing classroom research and ongoing
teacher support and development actions especially as regards the improvement of learning
environments.

Some salient characteristics of our problem-centered learning classrooms include:

1. Students are presented with problems that are meaningful and interesting to them, but
which they cannot solve with ease using routinized procedures or drilled responses.

2. The teacher does not demonstrate a solution method, nor does she steer any activity
(e.g. questions or discussion) in a direction that she has previously conceived as desir-
able, yet she expects every student to become involved with the problem and to attempt
to solve it. Students' own invented methods are expected and encouraged.

3. It is expected of students to discuss, critique, explain, and when necessary, justify their
interpretations and solutions.

The unavoidable paradox in such a situation is that confronting students with difficult
problems that they are expected to solvi without help from the teacher must necessarily
create tension, and tension is not conducive to optimal cognitive functioning. Establishing
alternative support systems in these classrooms is therefore essential for the learning pro-
cess, and takes the form of peer interaction. In a previous paper (Murray, Olivier & Human,
1993), we highlighted two main aspects of peer interaction: firstly, that the type of interac-
tion heavily influences learning outcomes and secondly, that the less teacher direction there
is in setting up peer interaction groups or in the questions to be discussed, the higher the
quality of the discourse among these young students.

For our previous studies, we visited and videotaped the classrooms on a regular basis
and conducted interviews with selected students. It was decided to explore the possibility of
using students' written free comments as a source of information for the following reasons:

Students' free comments might illuminate the interplay between the different variables
which determine the learning environment and supply the researcher with informa-
tion above and beyond that which can be gleaned from videotapes, scholastic tests and
questionnaires. ... we will need to develop theories and methodologies that encom-
pass cultural and cognitive phenomena, and the dialectic between them." (our italics)

(Shoenfeld, 1988:83).

In a very large-scale implementation, there is a great need for cheap, easily-administered
data-capturing tools which go beyond scholastic tests and questionnaires.

We believe that the main thrust in teacher development in the elementary school should
be focussed on helping teachers to learn about their students. Students' free comments
might make available valuable data for the teacher to reflect on.
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THE PRESENT STUDY

Three schools (giving a total of seven third grade classes, average class size: 35, average
student age: eight years) were selected. On two occasions during the past school year, the
first after about three months, the second at the end of the school year, the third grade
students in all the classrooms were presented with a blank sheet of paper and were requested
to write whatever they wanted to about their school mathematics. They could use as much
time as they wanted to: Some students wrote two lines, others two pages. Most students
wrote about half a page, mentioning between three and five aspects. Many added drawings
of group situations and/or examples of problems they were currently solving.

The students' comments were classified into the following 13 different categories. Some
of these categories deal with the same aspect of the learning environment, e.g. categories 1
and 2 address feelings towards mathematics, yet they have been kept separate because it
was found that what students do not comment on may also be revealing (cf. Winograd, 1991).

1. Positive feelings abc,xt mathematics and/or problem solving (I like math/our math pe-
riod/problems).

2. Negative feelings about mathematics and/or problem solving, superficially anxiety-free
(The problems are too difficult/I don't like problems).

3. Different types of non-problem-solving classroom activities (We play games, measure,
) and apparatus used in the classroom.

4. Outside influences (My mother Yelps me with mathematics; mathematics is important
for my future).

5. Peer support structures (I like to work with Avril; we talk about our problems).

6. The rules governing social interaction (We help each other; you must not say somebody
is wrong, you must discuss it).

7. The reasons for interaction (If we discuss the problem, it becomes easy).

8. Positive teachers' beliefs about students' abilities (She says we can all solve problems).

9. Neutral descriptions of an ability group structure used in classroom organization (There
are four groups; I am in the Blue group).

10. Comments on teacher activities that do not suggest her helping with problem solving
(She teaches us about time/kilograms).

11. The teacher as the source of knowledge and support during problem-solving sessions
(She helps me if I can't do the problem; she explains the method).

12. Competition/comparisons between students (Jack and I always finish first; I wish I was
as clever as Benedine).

13. Discomfort and/or anxiety (I feel a bit frightened).
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We briefly describe and illustrate the comments from three classrooms. These class-
rooms are not necessarily representative of a problem-centered implementation; although
classroom A is considered to have established a successful inquiry learning environment,
classrooms B and C were deliberately chosen to illustrate how much these young students'
comments reveal about their teachers' beliefs.

Some of the issues mentioned are of course incompatible with a problem-centered ap-
proach (e.g. numbers 11, 12 and 13) and it is therefore valuable to know that students' com-
ments will reveal such practices. In all but one classroom, there weresignificant differences
between the profiles that emerged from the first and from the second sets of comments. There
were major differences between the different classrooms' profiles. For example, in some
classrooms there was a quite dramatic swing from a negotiation classroom practice towards
a transmission practice in the course of the school year, whereas in other classrooms where
a culture of negotiation was maintained, students' awareness of the rules and reasons for in-
teraction sharpened and became more explicit. In general, these comments not onlyprovide
profiles of the different classrooms, but also help to identify issues for further research.

Classroom A. The first set of comments dealt exclusively with

Peer support structures (A frequency of 21)

"I work with Xin Xin" (Bryan)

Positive feelings about mathematics (8)

"I like sums and I like mathematics" (Michael)

The comments at the end of the year dealt with:

Peer support structures (11)

The rules governing social interaction (21)

"You must be kind" (Ntaoleng)

"We don't say its rong we say i dont agree" (Ntsasa)

"Dont laugh at someone if the sum is wrong" (Simon)

"We talk about other people's answers" (Ashley)

The reasons for interaction (11)

"We are not afraid of difficult work because we work with a friend" (Yannick)

"We talk about the sums so we learn what to do" (Tsebo)

"You learn a lot from each other" (Kgalalelo)

Positive teachers' beliefs (4)

"Mrs Smith says we can all do the sums" (Andiswa)

"She leaves us alon and when we have finished the problem we call her" (Carla)
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The absence of comments about activities other than problem-solving leads one to expect
that the main focus point in this classroom was students working at problems in environ-
ments of their choice. Videotapes taken of this classroom reveal that students did in fact en-
gage in normal third grade activities like weighing, measuring, counting in multiples, play-
ing games, etc., but that their problem-solving sessions were periods of intense involvement
with the posed problem and with their peers, with the teacher completely in the background
or not even present. There are no signs of anxiety or competition evident on the videotapes.
It therefore seems safe to assume that the students' comments revealed what struck them
as the essential elements of their learning environment.

Classroom B. The first set of comments dealt with

Positive feelings about mathematics. (27)

Negative feelings about mathematics and/or problem-solving. (11)

The different (non-problem solving) activities offered. (37)

Peer support structures. (11)

Neutral descriptions of an ability group structure. (18)

By the end of the year, the comments dealt with:

Positive feelings about mathematics. (8)

Negative feelings about mathematics. (5)

The different activities offered. (27)

Peer support structures. (32)

Neutral descriptions of ability group structure. (21)

Competition/comparison between students. (13)

"Peter, Neal and John are the cleverest" (Francis)

"Our group is the second best group in the class"(Magdel)

The teacher as the source of knowledge and support during problem-solving sessions.
(11)

"If we cannot finish in time our teacher helps us" (Nick)

"When we have finished a problem, we go to our teacher and she says if it is right"
(Peter)

These comments leave the impression that early in the school year students were aware of
doing mathematics, although eleven disliked mathematics. By the end of the year, however,
the focus had shifted away from involvement in mathematics towards competition and com-
parison with peers and dependence upon the teacher. Some aspects of the latter classroom
profile are interesting.



Firstly, there is a high level of explicit awareness of ability differences, which by itself
could be taken as an indicator of hidden anxiety, yet there are no overt comments about
anxiety. Secondly, the comments clearly indicate that simply having students discuss and
help each other does not at all guarantee the paradigm shift from transmission teaching to
negotiation, since in this classroom the teacher clearly functions as source of knowledge and
as arbiter. We regard this as a timely reminder (and warning) that changing the superficial
interaction patterns away from teacher-student interaction and towards peer interaction
does not necessarily imply a change in the classroom culture.

Classroom C. The following issues were raised early in the school year:

Positive feelings about mathematics. (31)

Negative feelings about mathematics. (3)

The different activities offered. (27)

Peer support structures. (7)

lbacher activities like helping students to measure or tell the time. (11)

The comments at the end of the year dealt with:

Positive feelings about mathematics. (30)

The different activities offered. (18)

Peer support structures. (5)

Competition/comparisons between students. (25)

"I always hope I finish first in my group" (Marinus)

"If you get your answer right first time you are the winner" (Nina)

"I wish I could be in the Blue group" (Danita)

The teacher as a source of knowledge. (4)

Discomfort and anxiety. (6)

"I am nervous if I have to explain" (Danita)

"If you make a mistake they laugh at you" (Marnelle)

In this classroom, although there was definitely social interaction between peers, it must
have been of such a nature that it never made any impact on the students. There seems to
have been a small swing towards the teacher as source of knowledge, and a slightly bigger
swing towards anxiety and discomfort. The major change was in the dramatic growth of
competition and comparisons between students, and students' very explicit awareness of
this feature of their learning environment.
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DISCUSSION

The information contained in students' free comments are of two types: overt and covert.
Overt information is offered when students make direct statements about certain aspects

of the classroom culture; for example, explicit descriptions of the rules governing interaction
(classroom A) or of the role assumed by the teacher.

Covert information is obtained by studying the aspects which are mentioned and those
which are not, thereby deducing the main features of the particular learning environment
(those which make the greatest impact on the students).

Certain anomalies which invite further investigation appear when the issues addressed
by a particular class are juxtaposed. For example, 30 students out of a class of approxi-
mately 35 state that they like mathematics, yet there is a significant count of comments on
competition, envy and anxiety from the same class (classroom C). But in a classroom where
students have developed a truly effective peer support system (classroom A), in the early part
of the year only eight students mentioned that they like mathematics, and nobody bothered
to mention it at the end of the year.

There is also an interesting difference between the profiles of classrooms B and C which
should be investigated: In classroom B the teacher features strongly as a source of knowledge
and support during problem-solving sessions and much less so in classroom C; the anxiety
count is absent in classroom B but strongly present in classroom C. Since both these class-
rooms seem more transmission-type classrooms and not really inquiry-based, does that mean
that in a transmission-type classroom a strong teacher presence lessens discomfort and anx-
iety, or should the link with anxiety rather be sought with the very much higher incidence
of competition between students in classroom C?

Although the teacher cannot reflect on the types of questions that arise from the differ-
ences between different classrooms, there is, however, sufficient overt information available
in students' free comments that can be very useful to the teacher, especially if she has invited
students' comments on more than one occasion and notes any changes in the comments that
may indicate changes in the classroom mathematical culture.

For ongoing teacher support and development actions by ourselves and by education su-
pervisors, the type of information made available by students' free comments is essential for
planning support workshops and for developing reading and teaching materials. Clear indi-
cations of how teachers misinterpret and/or disbelieve the message about problem-centered
learning they had received in their pre-service or in-service training enable us to concentrate
on particular aspects and/or to include sensitization activities with particular aims.

SUMMARY

We find students' free comments a particularly rich source of information on classroom cul-
ture and the way in which students experience their learning environment. It is especially
difficult when dealing with young children to obtain valid information on how they inter-
pret classroom events: Interviews and videotaping are time-consuming, and questionnaires
reflect only the designer's preconceptions. Free comments, on the other hand, capture only
what the student is motivated to impart.
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The three classrooms chosen for this report were not representative of problem-centered
classrooms. Classroom A is a successful implementation, and the students' free comments
illustrate the development of students' awareness of the social contract under which they
operate when they do mathematics as opposed to learn about mathematics, and illustrate
the issues on which these students do not bother to comment, or which do not exist to be com-
mented on. Classrooms B and C illustrate to what extent a class of third graders' innocent
comments, taken as a whole, reveal the effects of a classroom mathematics culture where
the focus has shifted from students doing mathematics towards students trying to please
the teacher.

We close with some remarks from a class not reported above, leaving it to the reader to
identify the needs in this classroom:

"I like problems but we don't do enough. I would like to do it every day."
'The problems are so easy I wish we could do more difficult stuff."
"Can't we do problems every day but not Saturdays and Sundays."
"Please Teacher in the first and second terms we did problems every day. Why not
now?"

It is an open question whether the above type of information could have been obtained
more easily or more quickly in any other way than from the students' own free comments.
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PATHOLOGICAL CASES OF MATHEMATICAL UNDERSTANDING

Elena Nardi
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ABSTRACT
This paper is based on results from the pilot to an ongoing doctoral study of the novice
mathematician's undeatonding of ao'vanceci mathematical concepts In Spring 1993 eight first year
mathematics students were observed during tutorials given to pairs of them on Analysis. Topology and
Unear Algebra. Ordering the data via coding and categorising followed. Here I present a sample of
Instances *ushering a few student difficulties regarding some mathematical concepts and
mathematical reasoning. The examples concern the concept of function. the process of integration
(topical difficulties) and the student's logically deficient use of theorems (logical difficulties). The
ongoing study aims at identifying patterns In the pathology of the novice mathematician's
constructing of mathematical knowledge.

In order to gain access to the mechanisms of the novice mathematician's personal construction of

mathematical knowledge, I had to enter the habitat where It takes place. Opportunity for this Is
provided by the 'Oxford Way' of doing undergraduate mathematics In the form of Individual or pair
tutorials given by college tutors. Most of these tutorials are weekly, half to one hour long and cover
the full range of topics Included in the syllabus. Given a high degree of permissiveness on the part
of the tutor - regarding mostly her willingness to replace the traditional monologue with a more
conversational teaching style - and of openness on the part of the student - as to how exposed she
allows herself to be regarding her mathematical understanding - observing tutorials can prove to
be very productive of Incidents on mathematical thinking.

On the Focus of This Paper

The study on which this paper Is based is the fruit of experience derived from a two-level Journey: at
one level, It features the evolutionary process of what started as a general research skill exercise on
minimally-participant unsystematic observation (2) and now grows into still minimally-participant
and relatively tightly focused observation. At another level it Illustrates my progressive focusing (7)
from a general research Interest In mathematical understanding to the study of mathematics
undergraduates cognitive structures. In short what now constitutes the main study is the product of
a methodological and a thematic gradual selective process that took place during the pilot study
on which this paper Is based.

The two processes took place in parallel but not independently. Quite early in the observation
sessions the affective aspects of mathematical learning were put aside to allow emphasis on the
cognitive aspects. Of course It Is Impossible to discuss issues on mathematical thinking without
considering, for Instance, the awe or fear with which certain mathematical topics are confronted
by the learners. In the term 'cognitive' here two streams of thought converge; the epistemological
-concerning the mathematics discussed in the tutorial- and the psychological -concerning the
strictly personal ways in which tutor and students construct mathematical knowledge.

While the tutorials and the observation were still going on. preliminary analysis of the data started.
Data consisted of written notes produced during the tutorials. Early in the analysis it became
evident that the data could be categorised roughly In two ways: Tutor Items (sIgnposted T-themo:
teaching style, philosophy of mathematics and of mathematics teaching) and Student Items
(signposted 5-theme: difficulties, intuition, metamathematical worries, originality etc.). Until the end
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of the sessions no particular emphasis was given to any of these items. This resulted In the
aggregation of material which could be analysed either from a T or an S-perspective. In the
meantime another network of items, which I clustered under the name X-theme, emerged: the
study of the impact that certain observed mathematical, linguistic or other conventions hove on
the students' mathematical behaviour especially In an exam context.

The trar.sformation of the material Into manageable units for analysis took place In the form of the
categorisation and coding that followed (8 ch3) : the emergent T. S and X themes were
synthesised Into three narrative texts from which the clusters (categories) of analytical units
emerged. I shall provide examples from one of the themes and some of the categories later. At
that point I made the decision to concentrate on the S-theme and In particular on Items featuring
the students' difficulties (code: S.DIFF.) or in other words on the Instances of pathological
understanding. The use of the term 'pathological' is I believe philosophically correct cing

compatible with espousing the strong conviction that constructing mathematical knowledge is a
distinctly personal mental process (5).

The approach adopted here - that Is the study of a commonly-recognised-as-flawed
mathematical behaviour of the learner (3)- aspires to establishing associations with the theory of
epistemological obstacles (I and 4) and is not necessarily negatively judgmental. Other terms
which also apply here but are disquietingly strong - since they stir up the tension between

constructivlst and absolutist views on learning - are errors, misconceptions etc..

At the next level of analysis further refinement led to a triplet of categories concerning S.DIFF. :
- topical difficulties (S.DIFF.TOP.), that Is the caseswith reference to particular topics or concepts,

e.g. the concept of function,
- logical diffieuNies (S.DIFF.LOG.), that is the cases with reference to the students' use of the tools for

mathematical reasoning, e.g. the use of mathematical Induction and,
symbolic difficulties (S.DIFF.SYM.). that is the cases with reference to the student's Interpretation

and manipulation of symbols and language, e.g. the use of absolute value notation I I .

Apart from the S.DIFF. category other clusters of Instances regarding the students' perceptions and
knowledge construction were Identified, such as Instances of the students' remarkable use of
Intuition, their occasional mathematical originality or even these rare but striking Instances of

expressing metamathemotical worries (S.ORIG.MATH., S.11411.1MON, S.METAMATH).

The above triplet (S.DIFF.TOP/LOG/SYM) Is riot free of methodological constraints. It must be noted

that by allocating an Instance to one of these categories one attaches a preliminary Interpretation
to It. That Is why, so far, categorising has not gone further than that. The possibility of clustering
together, e.g. all the Instances concerning function was dismissed as Imposing many restricting
labels on the data (8 ch2). From that point onwards each Instance was analysed separately. One
might react to that by pointing out the danger of failing in Identifying possible underlying patterns.
The search for such patterns is of course one of the components of this study but at this stage
categorising aimed primarily at an ordering of the data.

To Illustrate the form taken by the analysis that followed. I present a small sample of Instances and
my analytical approach to them. All were selected from S.DIFF.TOP and S.DIFF.LOG. In most cases

my analysis Is associated with results in the field of Advanced Mathematical Thinking In terms both



of the mathematical topics and of the psychological processes examined. One of the reasons
these particular Instances were chosen was that they are characterised by a balance between

- revealing elements of the strictly personal way a learner constructs mathematical
knowledge (which Is a benefit from choosing to do case studies) and

- recognising some previously identified by other researchers 'holds' (or obstacles) In
mathematical understanding.'46

A Small Samole of Data and Some Analysis
Instance k/on the constant functicyttfrom S.DIFF.TOP)

The Setting. Today's tutorial to students L and J Is about finding the matrix of a map between two
vector spaces. The tutor gives a description of the two vector spaces and then the map. They now
have to Identify the matrix. The particular example on which they are working now, the second for
today, Is the map Tf(x)=df/dx (x), where f is a differentiable real function on a given interval. Once
they have found the matrix for that map...

Extract I
...the tutor asks them a kind of 'reverse' question.
TUTOR What would The if its matn'x were the 0-matrix?
Silence. They look confused
STUDENT L: (with hes/totion)...maps everything to 0.

(Now they try to find the map for Tf(x)-,f(x+1). They discuss briefly what it means to apply
0+1).
STUDENTS[ and ../: (they have both written down the same) f(x+1)=1(x)+1.
TUTOR: No, no. Put x+1 where you see x.

They then ifnd the matrix.)

Again in the end the Mor asks a 'reverse' question.
TUTOR: What lf matrix A were the I? (she means Identity)

STUDENT L: ...evoryNyIng would gob, I.

TUTOR: (calmly) What?
STUDENT: Oh, sorry... to itself.

The tutor asks the 'reverse' question probably In order to check out how far the relational
understanding, in the R.Skemp sense of the term (11), of maps/matrices and vector spaces has
gone, that Is whether the students have perceived the 'transformation' role that a map plays when
applied to a vector space. The smartness of her question Iles In the way she chooses to check that
out, that Is In reverse order. She then chooses not a general form but the particular cases of A=0
and AA. Mathematically speaking these matrices are redundantly used and ore considered
almost trivial but one student remains silent throughout the episode and the other hesitatingly gives
the answer expected by the tutor only to the first one. The second answer ('everything goes to 1')
can be seen as a consequence of the syllogism 'since A=0 sends everything to 0, then A=1 sends
everything to 1' which Is the case when f:R ->R, f=constant=1, but is not when f stands for the
Identity function which for f:R->R Is f(x)=x. I summarise the above In the following list of points of
Interest:

- The learner confuses f as a function of one variable and f (or A In this case) as a mapping
between two vector spaces. She transfers her reasoning from one to the other with the detrimental

338_
994



result that In the case of I. Identity element of a groupof functions. Is confused with the constant 1.

The coincidental correctness of 0 as 0 led to an inappropriate generalisation for I as 1.

Another interpretation might be that the Incident reported here is an instance of a more general

confusion about the meaning of 1:12°->R. In other occurrences of this kind during these tutorials the

tutor tries to resolve the confusion by simply saying that f(x)4(xl .x2......x).a Is a real number. The

students' usual response Is silence.
-Underlying this confusion might also be the attitude ofsuspicion that students have towards the

constant function. As a result of their 'expectation of change' they often do not see constants as

functions (12) and therefore they have no cognitive structures readily available to confront

constants In mathematical problems. The following extract Illustrates this thought:

(It might be worth pointing out at the above as a case of exemplary significance for my research

focus: in the episode 1 can recognise themes from the study of epistemological obstacles

regarding the concept of function - for example as In (12)- but seen In the relatively little explored

context of vector spaces. This element of enrichmentof already existing theories is a substantial

component of the ongoing main study.)

Extract II
The sane pair of students as in Extract L and J, In anAnalysis futork2/ five weeks later. As

usualStudent lemons slant. In the course of solving a problem sheet question they have

deduced that f, the function they study, Is a constant
TUTOR And how do you find which constant It is?
STUDENT& ...lers try a couple of values for x.

TUTOR: And which value It obvioca to try?

STUDENT I: ...zero.

They try it.
TUTOR. It Is a constant so you only need to evaluate of one point.

Probably by bringing In the strategy she is accustomed to use with linear functions (when looking

for f(x)=ax+b, one has to Identify a and b. that Is by trying twovalues for x one gets a pair of

simultaneous equations with a unique solution (a.b)). student L suggests 'trying out a coupleof

values for x'. Interestingly the Incident is repeated In another tutorial the same afternoon.

On f and a change of variable. In between the sub-episodes of the two 'reverse' questions (see in

Extract I the piece in square brackets), comes thediscussion of the problem of finding the matrix of

the mapping T: V ->V, where T f(x)=f(x+1) and V consists of continuous functions on an Interval.

Now f(x+a).f(x)+a is true for all f with f(x)i.x+b,that is for all linear functions with x-coefficient equal

to 1 (or In visual terms the change of variable x->x+a means simply that we 'move' the line y..x+b

la I units parallel to Its initial position). One approach could be that again the student has

inappropriately generalised from the linear case. In these tutorials quite often the students have

displayed a tendency to 'genericity' (6). By that I refer to a particular thinking habit of the students

according to which they reflect on certain conceptsnot In their general, abstract form as seen In

the definition but in a concrete, exemplary form.

Another approach could be that the student hos attributed to t a series of properties according to

a strongly personal Interpretation (in a similar vein her answer could have been f(x+1)=f(x)0(1).

which Is true for f(x) =ax. One can imagine several 'distorted' properties of that kInd).Considering

my limited exploration of the case -the above is only a speculative analysis of the observations
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made during the tutorials - I can carry my interpretation of the instance no further. Nevertheless,
besides Its revealing content regarding obstacles inherent in the understanding of the concept of
function, the episode is suggestive about the methodological constraints of observe_.on as a
method to access the learner's thinking mechanisms. The plethora of instances of a similar nature
prompted me to consider substantiating the data produced in the observation sTssions of the main
study with interviews in which clarification and further discussion of the observations could be
attained. This is the sense in which observing these tutorials paved the way for the form and
content of the ongoing main study.

instance II: A 'fresh' look on the definition of the finite Integral (From S.DIFF.TOP)

The setting. In today's tutorials the tutor attempti a general, light Introduction to the Lebesgue
Integral. For all pairs of students she starts by asking them how they were introduced to integrals at
their A-levels. The responses from all of them are exclusively: either (A) 'area under a graph' or (B)
'the reverse of differentiation' . The former is pictorial, the latter procedural. Both constitute aspects
of a concept the understanding of which as the limit of a sum Is in Orton's words (10) a 'stumbling
block'. Here however the episode is about the students' perception of the pictorial aspect of the
definition. The tutor then refers to the Fundamental Theorem of Calculus and says that 'we will use
(A) to prove (B)'. She then explains the Idea of approximating the area under the graph of f with
calculating the area of 'simpler' figures. In one of the tutorials Greek Student T suggests using
triangles: maybe this Is her perception of 'simpler figures'. Actually In Greek Secondary Education,
where the syllabus strongly emphasises Euclidean Geometry, calculating the area of a triangle
('base times height over 2' (C)) is a routine task. When the tutor asks her to give the formula for the
area of a triangle, Student T stops to think, attempts (C) but soon regrets and withdraws. The tutor
then brings the simplicity of rectangles to their attention and goes on to define the Integral. In
exactly the same fashion, In the tutorial given to Students JN and B later that afternoon, Student JN
suggests...

Extract III
STUDENT J: ...trapezia.

The tutor and Student Slough. Then..
STUDENT a. maybe.
TUTOR. Yes, what about the top then?

STUDENT J. ... well Ignore It., and make it a rectangle.

One Interpretation Is that the student's image of the situation was similar to the one illiustrated in the
figures below:

e

s
1

.
It

A

That Is Student JN approximates the area under the graph as the sum of the areas of the trapezia
such as ABCD, where C Is (ak+1.Kak+1)) and D Is (ok. f(ak)). To the others' laughing reaction,

Student 8 changes to strips -and It might be hard to Imagine how these 'strips' areas are easier to
calculate (see the figure above). So the tutor comes back with what could be credited as a very
constructive comment: 'what about the top then' which points at the underlying difficulty in
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calculating the arr,ar -A these 'strips'. Then Student JN, possibly seeing the 'tops' as dispensable'
quantities, suggests 'ignore It then...and make It a rectangle' which completeswhat I saw as an
instance of successful mathematical dialectics among three keen interlocutors.That being said
probably disqualifies the episode from being classified under S.DIFF.TOP. , since the S.DIFF.
category, as mentioned before. Is of a 'pathological' nature. Initially the Instance had been
classified as a S.MATH.ORIG. case which included Instances of ti io students'occasional
mathematical originality and intuition. However a closer look at the episode allowed me to Identify
a few elements of the students' mathematical behaviour which justified classifying the episodeas a
'student difficulty. Such an element Is:

- the whole route from trapezia to strips and finally to rectangles seems to reflect a struggle
in the students' minds to recall a figure associated In the past with the definition of thl finite
Integral. One might leap to the conclusion here that theirs Is an effort to reconstructthe memory of
o deffnItion , not the definition Itself. The tutor seems to expect the latter from them because she
believes that they possess the mathematical tools for the reconstruction. One couldalso argue
here that this play with memory is orchestrated by the tutor whose Intentionsare to elicit the
definition from the students' previously established knowledge.

Another possible explanation Is that the word 'approximation' evoked In the students mindthe
Trapezium Rule for the approximation to an Integral as the limit of a sum of trapezia, exact only for
linear functions, used In the first years' course on Analytical and Numerical Methods. Howeveras in
the other Instances, due to the limitations of exoloring knowledge constructs merely through
observation, my analysis was tied down to the level of hypothetical speculation. In themain study It
is aimed that such occurrences are further explored in the Interviews that follow observation.

IndoorailLIImanttnutilgattattbektgaditlem (from S.DIFF.LOG.)

Theorems In mathematics are of the form lf...then', that Is we can infer the truth ofa premise on
the condition that certain other premises are true (Princlp/a MathemattcaB.Russell: what Is Implied
by a true premise is true. -my Italics). The mechanics of this Implication are illustrated in the proof of
the theorem. Apparently If one wishes to use the Implied premise. one has to assure that In the
given context the preliminary premises hold. The above didactically bring In the crucial Issue
concerning the majority of students' typical mathematical behaviour: I can report rather
extensively on how students use the implied premises of theorems without securing the validity of
the prerequisite conditions or neglecting some of them. This behaviour could be linked with the
more general phenomena of inconsistency regarding students' logical thinking (9) The examples
from the observed tutorials Include:
- a form of the Mean Value theorem (Differential Calculus).
- the test for the convergence of alternating series (Sequences and Series),
- the ratio test for the convergence of positive series (Sequences and Series) and
- theorems on the existence of an Integral of a function (Integral Calculus).
It Is worth noting that all the theorems in question have as the implied premise not a worded
statement, but a formula (e.g. In the Mean Value theorem: the formula for the value of the
derivative of f on a particular point). Thus generalising about the students' behaviour regarding the
use of theorems is In this case a perilous business. A preliminary explanation might be the following:

a formula Is a condensed, succinct-hence-handy mathematical expression which has a strong
appeal for most students, Figuratively speaking, It is like the 'flying sticks' of a magician. When on
stage the audience Is so fascinated by the ostensible flying of the sticks that the presence of the
almost transparent 'Invisible' strings that actually hold the sticks and make them move remains
unnoticed. Of course the audience know of the strings' existence but the spectacle is so pleasant
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to the eyes that they prefer to forget about it. Following the path of this metaphor the students

have most frequently a good grasp and memory of formulas. They see them as Immediate

solutions to problems -and often they are. Thus at the sight of a promising formula, they operate in

a state of 'cognitive excitement' and Ignore the conditions. Let us now take acloser look at the

particular examples on which the aboVe theorising is grounded.

In the case of the Mean Value theorem, the occasion was the discussion of an exam question.

Typical form of these exam questions is to start with what I call the 'recognition theme', that is a

question that implies that the student has to recognise, then fully state a well-known theorem and

occasionally prove it. The subsequent parts of the question are usually tasks in which the

application of the theorem proved In part (I) Is needed:

TUTOR: Y, you usually apply the formula of thetheorem without looking at the conditions...

STUDENT Y: No, this time I did (shows her draft papersand they laugh).

The reason I Include this example Is because it is suggestive of this students problematic handling

of theorems In the past. Another thing which I find noteworthy is the relative lightness with which

the situation Is treated. The reason for the tutor's lnalertness might be that these exam questions

are 'designed to fit' theundergraduates' up-to-date knowledge. It Is thus more likely than not that a

mathematical problem, being part (II) of an exam question with the Mean Value theorem as part

(I), is this theorem's application. Therefore In the tutor's perspective very little Is at stake when the

student neglects the conditions. It Ishighly unlikely that the student will hit upon contradictions and

so the checking out of theconditions Is reduced to a sheer formality. What In this case seems to be

totally forgotten Is the 'power of habit'. A student who cultivates this attitude may escape without

any harm this particular or similar situations but soon will find herself Inmathematically more open,

exploratory situations which call for a scrutiny of the slightest detail and the student will be hardly

prepared for that. So what looks now as Just one more weary detail necessary to complete the

answer In an exam question, might turn out to be a carrier of potential epistemological 'bugs' for

the near future.

In the case of the Alt mating Series Yost, 'I know I am missing the conditions', admits one student In

her effort to retrieve everything from memory. Despite the almost obvious conditions that would

make the Test work, the students do not seethem. What escapes them Is simply fho nocossity of

filo conditions. They are merely concerned with (and thus remember) only the 'useful' part of the

theorem. Its conditions are sheer paraphernalia.Later on another couple displays a similar attitude

with the Ratio Tod for posilivo series. They do not seem to know what the role ofthe ratio Is. which

features of the series in question It measures and how these features link up with the definition of

convergence. Integral calculus appears to be particularly conducive to negligence of the

conditions of theorems. With Its self-contained
integral formulas, students are 'tempted' In a

cognitive sense to neglect the conditions under which the formulas hold. The Issue brought up here

Is of a more general appeal. Conditions In theorems play the role of progressive restrictions to the

generality of a statement. They are the outcome of an exclusion process during which

mathematicians verify for which family ofmathematical objects this formula holds. One might

wonder whether students' behaviour regarding the handling of theorems partly reflects this

developmental order, that Is whether they behave In such a way because they are somehow at

an earlier stage of this exclusion process, that Is at the stage of deceptively believing In the

generality of the formula. Again the evidencefrom these instances provided me with an Interesting

dimension of the students' thinking the further scrutiny of which seems to be worth pursuing In the

main study.
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finstead of) An Epilogue

The pilot study was carried out In the Spring of 1993. The following academic year I started the data
collection for the main study which is currently going on. The main characteristics of this study
which can also be seen as 'aftermath' of the pilot study could be outlined as follows:
- Quantitatively Increased material: a wider sample of students is currently being observed. This Is

expected to add richness and diversity to the data.
-Most students are being Interviewed on what appears to be the 'common denominator of
trouble' during the tutorials or the core of problematic features In the students mathematical
understanding. For instance. the notion of limit (via delta-epsilon definition), the handling of V'
statements In Calculus or the concept of a Spanning Set from Vector Analysis emerged as some of
the particularly interesting areas to be explored - mainly in terms of the remarkable consistency of
the students' difficulties In these topics which Implied the existence of underlying patterns - in the
first weeks of observation In Autumn 1993. The interviews carried out to December 1993 were
designed to Illuminate students perceptions on these topics. I thus attempt to go beyond the
degree of Interpretation to which I was tied down during the pilot study because of lack of
sufficient evidence emanating from observation. The tutorials, observed during the main study are

also being tape-recorded.
-The diversity of topics handled Is still high despite my tentative gradual concentration on some of
them. The reasons for that are: first, the sometimes unpredictable nature of the mathematics
tutorial and second, my openness to the exploration of new unsuspected territories.
-Finally, the main study aspires to Investigate students' thinking processes with the dual intention of
verifying models of these processes created by other researchers and of modifying (enriching)
these models or even creating a new model emerging from the Identified patterns of the students'
pathology of mathematical understanding. Depending on the nature of the collected material this

model can turn out to be either mathematical -topic or psychological-process focused.
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Slope, Steepness, and School Math
Ricardo Nemirovskyl

TERC, Cambridge MA, USA.

We are conducting research and designing tools for the learning of the
mathematics involved in the shape of real objects. This paper focuses on a
case study of a high school student using a computer-based device, with
which one can produce functional graphs of contours and their slope, by
tracing real objects. The selected episodes describe her explorations of the
slope of a flat board. The analysis details how she used the tool to
visualize slope, to enrich ideas and techniques that she had learned in
school, and to develop relationships with the everyday experience with tilt
and steepness.

I. Introduction
The notion of slope is a meeting point of ideas from a wide range of sources:

graph interpretation, the experience. of steepness, sense-making of equations, rate of
change, and so forth. In American schools slope is introduced in the context of
linear equations and graphs. It is commonly identified with the coefficient "m" of
linear equations of the form y=mx+b, and with a ratio technique to quantify the tilt of
a straight line on a grid, which is known to students as "rise over run."

There are two main strands of research literature on the learning of slope.
One focuses on students' understanding of linear behavior and the representation of
straight lines. Studies include investigations of students' difficulties with the
visual interpretation of linear graphs displayed by computer graphers (Goldenberg,
1988), the complexity .inherent in students' learning the correspondence between
linear equations and Cartesian graphs (Moschkovich et al., 1993, Confrey, 1993), the
reinterpretation of common terms, such as "steepness," that students have to
negotiate as they begin to make sense of linear equations (Moschkovich, 1993), and
students' use of linear devices, such as winches and springs, in which slope is
produced by a mechanism (Greeno, 1988; Meira, in press). Another strand of
research (Clement, 1989; Janvier, 1978; McDermott et al., 1987) focuses on students'
interpretation of linear and non-linear graphs representing situations, such as the
motion of cars or the population of animals. Within this strand, researchers have
often emphasized students mistakes like "slope as height" or "graph as a picture."

This paper is a partial report of our research exploring alternative approaches
to learning about slope. This work is part of our interest in the use and design of
computer-based tools to measure and represent geometrical properties of real

tThe work reported in this paper has been supported by NSF Grant MDR-8855644. All opinions and
analysis expressed herein are those of the author and do not necessarily reflect the views of the
funding agency. The author wishes to thank Judah Schwartz for his contribution to the project, and
Cliff Konold, Tracy Noble, and Cornelia Tierney for their editorial feedback.
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physical objects. The core of the paper is a case study based on a teaching
experiment with a high school student, Karen, using a device, the Contour
Analyzer. The software can be used to create functional graphs of height vs.
distance (horizontal distance) and slope vs. distance on a computer screen, by
tracing the surface of an object. Although this paper is based on episodes with
Karen, the issues that emerge are relevant to the analysis of all the teaching
experiments. Throughout the analysis I highlight three aspects: (1) The
relationship between Karen's learning to visualize slope in an object and her
inquiries into how the tool can "see" slope, (2) the junctions and disjunctions
between her experience in this teaching experiment and what she had learned in
school, and (3) the role of a qualitative understanding encompassing the common
experience with steepness and the shape of objects.

2. Methodology
This exploratory study involved individual teaching experiments (Cobb & Steffe,

1983) with three high school students. I interviewed the students over three or four
sessions during which I posed to them a sequence of problems that incorporated
ideas from the students themselves. Between sessions, the videotapes mere
analyzed to design the subsequent activities. The students used a tool to trace the
surface of any object along a certain plane. Figure 1 shows it, the Contour
Analyzer, with a flat board resting on a turning table. The bearings of the board can
be varied independently of the turning of the table. To create a graph of height vs.
distance on the computer screen one moves the cursor by hand over the surface. A
software option allows one to generate the graph of slope vs. distance. Two different
sets of graphs can be displayed simultaneously.

To the Cursor
iv computer I moved by

hand

Distance

Front view

Turning
Table

Figure 1

3. Karen
Karen was in the 11th grade. She had taken algebra I, geometry, biology,

chemistry and, at the time of the teaching experiment, was taking algebra H and
physics. She planned to pursue a career in science, possibly in biology. Karen
commented that she was not very good "at theory" and that she did better in science

Cursor
Plane

Right side view
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than in math. Her parents were very supportive of her interest in science. She
disliked that in math "little mistakes ruin the whole thing." Karen characterized
mathematics using the words: "perfect," "rules," "repetition," "nothing ever
changes"; in science, on the other hand, there is always something new and
unexpected. In science, she said, one needs intuition. "I'm usually interests '. in
what I'm doing," said Karen emphasizing that she had a 1?t of initiative for science
projects. About her teachers Karen said "they think that I'm a very good student, I
have a close relationship with them." She liked the school labs because "something
unexpected may always happen." During the teaching experiment Karen was
active and talkative. She wanted to be useful for the research project, and her
engagement never seemed to decline.

4. Commented Excerpts
The selected excerpts took place during the first two sessions and reflect her

work with the flat board, before she started to investigate curved surfaces. At the
beginning of the teaching experiment I asked Karen to think of the cross sections of
a paper cup. Karen cut paper cups with scissors to think about the transformation
of the cross sections when an imaginary cutting plane turned. Then I introduced
her to the Counter Analyzer using a tilted flat board. As I moved the cursor on the
board, Karen commented: "Oh, so you're kind of getting coordinates." Karen easily
predicted that the contour graph would be a straight line showing the tilt of the
board. This is how she described the contour graph produced by the Contour
Analyzer:
Karen: So it's [the computer graph] measuring exactly where it [the cursor] is as if

that [the cursor plane] was like a sheet of paper (. . . ), and we just pulled it [the
sheet of paper] off and put it up here [on the computer screen].

Karen copied the computer graph on a paper sheet (see Graph 1). Then:
Ricardo.. So if you would like to ina:cate somehow the steepness of this contour

[Graph 1], how would you talk about the steepness?
Karen: Steep, you mean as in slope?
Ric .rdo: Or slope, yes.
Karen: The only steepness I know about is slope from math class. Well, I'd

probably set it up on a graph that I can see. And either count it out or I could use,
if I could remember the formula, I believe it's rise over run, to figure out slope for
a lint on a graph. And in that way I guess you could figure out its steepness. 1

don't know any other methods.
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Height Slope

distance distance
Graph 1, by Karen Graph 2, by Ricardo

Ricardo: Let's think of a graph of slope versus distance. What do you think? How
would the graph look like?

Karen: OK, well, it's (Graph 11 a straight line so the slope isn't going to change. So
if it's slope versus distance it again would be a straight line and it would probably
be straight across (gesturing a horizontal line], like, what's the word I'm looking
for, slope 0, where it's straight horizontal? 1 believe that's right.

Karen's drew a graph of slope vs. distance with a line on the horizontal axis.
To further justify her prediction she drew the little triangles shown in Graph 1 and

said:
Karen: If you took a reading here [gestures the upper triangle on Graph 1] it would

be the same thing as down here fawner triangle]. The slope hasn't changed a bit

because it's nice and straight.
Karen thought of the slope function as indicating degree of straightness. She

merged this notion with her school-learned definition of "rise over run" that
included the visual construction of the small triangles. Then we looked at the slope

graph on the computer screen. It displayed a horizontal line but below the axis.
Karen was puzzled '1r the non-zero slope graph:
Ricardo: Then your intuition is that no matter how the plane is
Karen: Tilted, it should have been zero, because the board is not bending that much

that I can see. Of course I don't have that. You know. You don't see very, very
fine details on the board such as a computer might.

Note how she dealt with the counter evidence by invoking above-human
computer capabilities to "see" details. I asked Karen about the meaning of a positive

slope graph:
Ricardo: Let's say that there's something that has Nye slope like this [drawing

Graph 2], that is horizontal but not zero, can you intagine what that could be? Do

you understand what I mean?
Karen: Kind of. rue run into this before in class, but it's been a while. It was back

at the beginning of the year so I'm a little rusty. Mt I know is when something is

a slope of 2, it's like 2 over 1. So it's like up two for every one over. But I'd have to

count frat out on a grid. Well, I just thought of something now. One of the

reasons it slope graph] might be below the zero is because it's going down, and it
might be a negative slope. Where if it was going from the bottom off to the upper

right, it might be above the zero.
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After a failed attempt to use the "rise over run" idea ("I'm a little rusty," she
said), Karen experienced an insight regarding the interpretation of the slope sign
based on the dichotomy going down/going up. Then Karen recalled her school
experience using a motion detector to create graphs of velocity vs. time and feeling
perplexed by the sign of the velocity, because
Karen: even if you were still increasing speed it would go the other way. And it's

like counting negatives, the numbers go up, and it gives you the illusion of it
getting bigger really when it isn't. . . )

Ricardo: Do you see a connection between velocity and slope?
Karen: Only the way that it's read on a graph. I don't know if velocity has anything

to do with the slope, because if I rolled that [the cursor] very slowly and then I
rolled it very quickly it should still give you the same reading. I was just thinking
of how you read a graph like that.

Karen recognized a resemblance between velocity and slope in how one has to
read their graphs. The connecting experience was that for both of them going
"down" to the negative meant "less," even though the moving object may move faster
or the board bearing may be steeper. To test her idea about slope sign we tilted the
board the "other way" and measured with the Contour Analyzer. As Karen was
preparing the experiment she articulated another issue that would reappear several
times in our conversation: an observer standing on "the other side" of the board
would "see" the opposite sign for its slope because going up from left to right
becomes going down:
Karen: Of course if we stand on any other side that would mess up everything. If

you think about it we' could be reading it from the wrong side. So it depends on, as
I said, this [the computer) is probably all calibrated just to that screen [to seeing
the board from her angle). So we have to have that in mind.

Often Karen reflected on how one has to look at the object in order to be
consistent with the computer. For example, after noticing that if one turns the
computer monitor 180 degrees it does not show the correct tilt of the board, she said:
Karen: You have to be looking straight at the computer on the same side as you're

reading. Otherwise you get totally thrown off. That's one of the set backs of a
computer. It doesn't understand that.

The device embodied for her a particular way of "seeing" the board; learning to
adopt the instrument's perspective (among all the possible ones that were available
to her) was for Karen a key aspect in making sense of the computer graphs.
Karen's new interpretation of slope sign reopened the question of zero slope. I asked
her: "What would that mean? The slope of zero. How to get that one?" Karen
envisioned two possibilities for the zero slope: a horizontal or vertical board. She felt
more inclined to the latter and tried to use the "rise over run" idea:
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Ricardo: Something like this [putting the board vertical] would have a slope of zero?

Karen: I'm trying to remember. I can't remember at the moment. Because the
height changes but the distance doesn't. So it would be one over zero. Actually I

shouldn't say that. I would be maybe 10 over 0. And whenever you divide a
number by zero, I believe it's either zero or the null set. I can't remember which

way. I think it's zero divided by something is zero. And a number divided by. A
non-zero number divided by zero would be a null set, because I don't believe that

one exists or it might be imaginative and I wouldn't know about it, because I
haven't learned anything about that yet. But that very well might be what I had in
mind earlier. And the closer and closer and closer you get to zero [vertical board]

the closer (. . .) they [the slope graphs] should reach toward the zero line.
Reacting to the difficulty of inferring the "rise over run" ratio for the vertical

board, Karen developed a limit approach. She avoided the intractable vertical case
by postulating a trend in the variation of slope as the board turned. We then
measured twice with the Contour Analyzer setting two different tilts for the board.

Karen expected that the steeper one would produce a slope graph closer to zero. But

the experimental graphs varied in the opposite direction:
Karen: All right. So it's not what I thought. It's just the opposite. It moved further

away. Hmmm. So if the plane was more horizontal maybe that would bring it

closer to zero.
After Karen measured the slope of a horizontal board, I asked her to describe

what happens to the slope as the board turns from the horizontal to the vertical

position:
Karen: Urn, it increases until you get to the point where it's perfectly straight

[vertical] and then maybe it. I don't know how. I want to say jump, but it changes
to negative once it's gone past so there must be an explanation for what straight up

and down is. I just don't know what it's called. (. . . ) When it [the board] hits
there [the vertical], it [the slope] suddenly drops and starts the other way.

Note how she characterized the vertical slope not as being infinitely large, but

as an abrupt "jump" from positive to negative. Her analysis shows that Karen
visualized the vertical and horizontal bearings not as isolated cases, but as
landmarks within a continuum along which slope changes.

During the next session we had the board tilted with a positive slope, and I
asked -Karen what would change if we traced the board moving the cursor left to
right or right to left. Karen reasoned that the elope would change sign because it
would be equivalent to turning the board 180 degrees or seeing it from "the other

side." So we traced the board twice, once from left to right and once from right to
left. The slope graphs on the computer screen were identical.
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Karen: Actually, it looks the same. This is a smart computer. Good trick. Exactly
the same ( . . .) The point is they're both positive. So that changes my idea now.
The thing is how does it [the computer] know that we just simply moved it [the
cursor] the other way? It must have been something that we did.

Striving to figure out how the computer might "ignore" the direction on which
the cursor is moved determining the slope, Karen elaborated an alternative scheme:
Karen: Unless this [the computer] somehow knows it always has to move in a

certain direction [right to left] to get a negative slope when moving upward. (. . . )
Say you have an x y axis, negative direction [right to left], upward [bottom to top]
and that would be a negative slope.

Throughout the ensuing conversation Karen recalled the school idea of the
quadrant of signs and commented:
Karen: Because as far as math goes, multiplication and division which would be

involved with the slope -- when it's two different signs it will always be negative.
When it's the same sign for both it will always be positive. So maybe that's what
it's [the computer] reading.

Note how Karen felt compelled to rethink slope sign as she strived to
understand how the computer could figure it out.

Turning the round table holding the board, I asked Karen : "Now let's imagine
what happens as you rotate this plane." Karen's initial reaction was drastic: "Oh,
that throws things. Everything's off." She thought that the slope graph may become
curved. She started to imagine the movements of the cursor on the board for the
different bearings of the round table:
Karen: So, just a second [observing the board]. ( . . ) Just thinking about how I said

I think the slope might change [as the board turns]. That's what I'm kind of
seeing. I'm now trying to imagine that [the cursor) running across as I'm doing
it, because really I'm thinking about it as I'm moving it [the cursor]

By simply moving the cursor of the Contour Analyzer on the board, Karen
achieved a sense of what to look at as the round table turned, without measuring.
She predicted the following changes for the height and slope graphs:

(0 degrees) (4i degrees) .40 degrees') (136 degrees) (160 ~see)

& Conclusion
The former episodes illustrate how the Contour Analyzer may become a means

to experiment on how to visualize the slope of a flat board. Karen sought to figure
out what is that the tool was "seeing" and how it differed from other ways of seeing



that were available to her. As Karen learned to visualize the slope of the board she
adopted certain pointof view (e.g.: looking at the board from a given side), identified
conventions (e.g.: going up from left to right is negative), and imagined how the
cursor would move on the surface (e.g.: her prediction of the changes due to the
rotation of the turning table). Karen's struggle to incorporate what she had learned
in school, such as the rule "rise over run," shows the limitations of a reductionist
view of mathematical concepts, that is, of their ultimate reduction to formal
definitions and algorithms; it also indicates the potential richness of learning
mathematics as an exploration of the common experience with objects and events.
Qualitative analysis was a key aspect of Karen's learning, such as when she reacted
to the difficulties on applying the ratio technique to the vertical board by resorting to
a limit process ("and the closer, and closer, and closer you get . . . ") and when later
she thought of the vertical limit as a sudden jump from positive to negative slope.
We expect that future research and tool design along these lines, will create new
means for the learning of the mathematics involved in the shape of common
objects.
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FIVE FINGERS ON ONE HAND
AND TEN ON THE OTHER

A case study in learning through interaction

Dagmar Neuman
The University of Goteborg, Department of Education and Educational Research

In a phenomenographic cross-sectional study, 105 7-year-old school starters were interviewed
with the goal of understanding how they experienced part-whole relations of numbers within the
range 1-10. This study was the starting-point of a two-year teaching experiment with two classes.
One child, who had been seen to have hardly any understanding of number in the interview study,
took part in interactive, problem-oriented, individual interview lessons twice a week during the two
years. The topic of this presentation is the kind of interaction between pupil and teacher through
which she began to understand the part-whole relations of number by distinguishing the ordinal and
the cardinal meaning of the counting words and by experiencing structural isomorphism between
numbers, and how the pupil-teacher interaction was influenced by the earlier cross-sectional study.

Background
In two earlier PME-presentations (1989, 1992), I have described parts of a phenomenographic

study (Neuman, 1987), in which 105 children, starting school at the age of 7 in Sweden, were

interviewed immediately after school started. The motive for the study was to identify how children

experience number and counting before they have received formal instruction in mathematics. It

became the starting-point for a two year teaching experiment with two classes from which all pupils

had been interviewed (Neuman, 1987). The study showed that certain ways of understanding the

part-whole relations within the 'basic numbers' within the range 1-10 seemed to result in

knowledge of the kind which is usually referred to as 'retrieved number facts'. The teaching experi-

ment aimed to examine the possibility of bringing about such understanding by giving all pupils

experiences of these part-whole relationships, through interactive and laborative teaching. This

understanding seemed to be formed in a concrete sense when children represented numbers with their

fingers in different ways.

About 15% of the school beginners, however, had not yet understood that it is possible to repre-

sent numbers concretely. Three pupils did not even seem to understand counting as relating one

counting word to each counted object (see Neuman, 1989). One of these pupils was Jenny (I), and

she came to me for individual interview lessons twice a week, on average, during the years of the

teaching experiment. Our lessons mirrored those going on in the class mom but were also directed to

more specific problems experienced by J and a few other pupils. One goal of these interview lessons

was to acquire a more detailed understanding of the character of interactive learning, taking the
preceding phenomenographic cross section study as its starting-point. The interview lessons were

tape recorded and transcribed, and their analysis provides the base of this study.

I was the only one of the 105 pupils interviewed who could not answer any question correctly.

She knew the counting word sequence up to and including 13, after that came 18 and there the

sequence stopped. During one of her first interview lessons she revealed that she actually did not

know the sequence after 8. She could not say, for instance, how old her half-sister, Marion, was. .I

knew that she herself was seven, and that she would be eight next birthday, and also that she would

then be as old as Marion now was. But she could not say that Marion was nine without counting
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from one. J was an 'under stimulated' child. She had a very poor command of Swedish. She did not

like to talk, she did not recognise colours, she did not learn the names of her class mates during the

whole of the first term, and so on. Even though J's poor language made the interview lessons mea-

gre, of all those who were interviewed she was the most interesting pupil to follow individually

because of her almost total lack of understanding of number when she started school.

The teaching experiment

To understand the background for certain elements in the individual lessons with J, something

needs to be said about the way in which J was taught in the class MOM. The teaching experiment her

class was involved in set out from knowledge acquired in the earlier interview study, which showed

that many school beginners experience numbers as 'continuities', not divided up into units, and that

these pupils mix the ordinal and the cardinal meaning of the counting words. Therefore, during the

first months, the children played a game related to a story of 'the Long Ago land'. In this land there

were no counting words, no digits, no measures, no coins, no schools with a subject called 'maths'

on the time table. There was no maths at all. But from time to time problems popped up, demanding

different kinds of 'maths'. Then the people in the Long Ago land the pupils and the teacher

together created the knowledge they needed for the moment.

The game began with problems arising in a series of situations where two servants thought they

had not been fairly treated. They had got continuous quantities 'golden sand', 'oil for their lamps',

'golden bars', 'beautiful silk brocade' and so on as payment for work they had done for the King

and Queen. Since the two quantities always appeared in different forms they could not decide by eye

if the King's cashier had been fair or not. 'We'll have to measure', some children suggested. There

were no measures, but the children always invented some, and in this way they began to experience

that continuous quantities must be divided up into units to be compared. A concept of measuring an

important starting point for development of a conception of number began to be formed. On one

occasion water oil for the lamps had to be measured. A plastic glass was chosen as a measure and

was emptied over and over again into a bucket. But then the units disappeared and it was impossible

to observe whether or not there had been the same number of units in the two vessels. At this point in

the story the children felt strongly that they needed number symbols. Some proposed they put up one

finger for each unit, others that they should draw one stroke each time a glass was emptied.

Later, when discrete quantities were being measured, it was often impossible for the children to

perceive the large number of strokes the cashier had drawn, for instance, one for each sheep paid as

tax to the King. Then the number became perceptible by using 'V' as the symbol for the left hand

with four fingers 'glued' together, and 'X' as a symbol for two hands with the thumbs crossed.

The reason for introducing Roman numerals which had been used in their ancient form, once

pictures of our hands, where 4 was IIII and 9 was VIIII was not only that they were part of the

story, but also that several children in the earlier study had shown how they used their fingers as if

they were Roman numerals: they avoided splitting up the first hand. It was seen that this idea of an

'undivided 5' was responsible for creating the powerful part-whole structure of the 'basic numbers'

which would eventually enable answers to word problems to be given spontaneously, without
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counting. When the fingers were used in this way in a 'building up subtraction', e.g. 2 + = 9, or in

a 'take away subtraction', e.g. 9 - 7 = these subtractions were solved in the same way: the last

four of the nine fingers put up initially were split into 2 + 2. Then the answer could easily be read off

as 'Seven' or Two' respectively, as in VII 11. The fingers used in this way lent a structural isomor-

phism (Freudenthal, 1983) to all part-whole relations of the 'basic numbers' larger than five: the

larger part became the first. Some children 'thought with their hands' in this way, illustrating their

thoughts with their fingers. Others did not refer to fingers at all, but still illustrated a similar 'biggest

first' structure in the more abstract number experiences they expressed.

In the teaching experiment, the Roman numerals were later translated to our modem digits, and the

counting words were introduced. The ordinal Plunting numbers were introduced as well, since sev-

eral children had used the cardinal words sometimes with an ordinal and sometimes with a cardinal

meaning in the interview study; to begin with, the children might say 'number four', 'number five',

and so on, if they found the ordinal words difficult.

Jenny's problem: Which counting word denotes the last part of a number?
The first interview lesson with I began at this point, about two months after school started. In this

presentation a brief summary will be given of what happened in the seven first lessons, held during

the period 28/10 22/11. An important theme during the first year of the experiment was to help all

children develop the structural isomorphism of the part-whole relations within the basic numbers

which some school starters illustrated that they had constructed with the help of their fingers. This

theme was also taken up with I from her first individual lesson. I took the experience of 5 plus 5

fingers making 10 fmgers altogether as being a suitable starting-point for introducing this theme.

In the first interview lesson (28/10) I therefore ask 1 how many fingers she has, and she answers:

'Five.' - 'But on both hands?' I add. 1 has to count her fingers Wort she can answer this question.

I then point to one of I's hands, saying: 'On that one you had ... ?' and I answers directly: 'Five.'

After that I point to her other hand asking: 'And there?' 1 sits quietly, moving her lips as if she is

counting. Then she answers: Ten.' 1 ask how she has counted, and she says: 'I took six, then it's

seven 'n' eight ... ... nine, ten' - 'Yes, then you got how many there are on both hands, see?' I say.

Then I ask 1 to sit on the hand to which I pointed when she said 'five,' and add: 'Now let's just

count here', pointing to the hand she is not sitting on. But 1 makes no attempt to count. Finally 1

prompt her to count with me: 'one, two, three, four, five.'

I began to understand that it might be hard to teach 1 that 5 + 5 fingers make 10 fingers. Partly she

could not say 'nine' or 'ten' without counting from one, and partly she did not understand how to

denote the 'last part' of a number - the one where the first object was not related to the word one.

There were fourteen pupils in the interview study who several times used the counting words in

the way I was now using then', for denoting the last part of a number; but, they did not do so when

they talked about their fingers. For instance, in a guessing game, where they had already counted 9

buttons which were then hidden in two boxes, they might repeatedly guess that there were some

number of buttons in one box but still nine in the other one. I had not made guesses like that in the

guessing game in the earliertumiew study; she had guessed, for instance, that there could be eleven4U:0
.
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buttons in one box and nine in the other. Of course, I asked her if she remembered that there were

nine buttons hidden in the boxes altogether, and when she answered 'Yes I went on asking if she
thought it was possible that eleven buttons could be hidden in one of them. Again she answered:

'Yes: Her next guess was twelve plus thirteen and the last one thirteen plus eighteen. I asked her

again if she remembered how many buttons there were together in the two boxes, and she said

Nine,' yet made no attempt to change her guesses (Neuman, 1987, pp 97-98). My interpretation of

these guesses was that J had not experienced counting as relating each counted object to one counting

word, when she thought of the buttons she had counted earlier. If she had done so, no buttons

would have been related to the words eleven, twelve, thirteen and eighteen in herguesses.

Now, two months later, however, J seems to experience numbers in the same way as those chil-

dren who made guesses of the kind 'two in that box and nine in that', which seems to be a more ad-

vanced knowledge than that J demonstrated in the interview study. First, it indicated an under-

standing of counting as relating one counting word to each counted object, since no words outside

the number range 1 9 appeared in guesses in the guessing game. Second, contrary to Piaget's

(1969) interpretation of those answers that children cannot separate part from whole to me they

seemed to illustrate an early understanding of the whole number as being constituted of its parts,

even if the children could not yet communicate this knowledge in a mathematically correct way.'

The way in which J used the number words to denote the last part of numbers was of a general
kind. It did not only concern the fingers and not only the number combination 515110.

When J compares a rod made up of five cubes to one made up of six cubes, for instance, through

putting one orr the top of the other, and I ask: 'How many more units are there in this rod?' pointing

to the single cube that is jutting out in the rod with six cubes, she says: 'Six.' In spite of the fact that
I take away this single cube and J then understands that it is only one cube she later, when asked

about how many more units there are in a rod made of seven cubes than in one made of five,says:

'Six' (under her breath) ... 'Seven!' pointing to the two cubes that are jutting out below the '5-rod.

'Yes, it's the sixth and seventh, is that what you mean?' I say, pointing to the two cubes 'Mmm,' J

mumbles. 'And they're together? ... If you count them ... ? How many are there then?' J looks at me

uncomprehendingly, and suddenly I become aware of how peculiar my question must seem to her.

According to her idea of counting, she has already counted these cubes, when she said: 'Six, seven'.

I find no words to convey what I want to say to J. Finally / count: 'One, two' adding 'the six and the

seven, there are two of them.' 'Mmmm ?' J mumbles, just as mystified as before.

We had a 'maths train' in which there were ten dolls, placed in five pairs, five dolls in each of two
rows. J talked about these dolls in the same way as she talked about her fingers: there were five dolls

in one row, ten dolls in the other and 'ten' dolls also in the two rows together.

The same thing happened when I put out two piles of plastic glasses five in each pile or when

we divided up a 'rod', which J herself had made of ten unifix cubes, into two similar parts. Every

lesson I hid five of the glasses (cubes, dolls, fingers), while I asked J to count those not hidden. And

I This interpretation
was grounded in the fact that for 'take away' subtractions these children answered with a word

related to the last unit thought of backwards, a word different from the last word of the whole (see Neuman, 1989).
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every lesson she counted 'One, two, ti.ree, four, five,' finally establishing that there were five

objects. Yet, as soon as these five objects were included again among the ten constituting the whole,

.1 generally thought that there were five in the first part, ten in the second and ten in the whole.

On two occasions, however, when J had made two rods of five unifix cubes and put them togeth-

er, I began to hope that she had finally understood how to use the counting words to denote the last

part. She said, without hesitation, that there were five in each rod, even when they had been put

together. Yet, suddenly I remembered that I should also ask how many cubes there were in the new

rod. My hopes were dashed. Without counting J said that there were five cubes in this rod as well.

Thus, when ten was divided up into two parts 5 + 10 made 10, since then J first had counted to ten,

and related the last cube to the word 'ten'. But when ten was constructed of two fives 5 + 5 made 5,

since then the last cube in the last part had been related to the word five, when it had been counted.

Several times I put the palms of J's hands together, illustrating to her that for each finger on one

hand there is also one finger on the other hand: five fingers on each hand. This, however, was of no

help. J surely knew that her first hand had exactly as manyfingers as the second one. What she did

not understand was how to. use the counting words to communicate this knowledge.

The five-structure constituted by the hands was emphasized in all kinds of number representations

larger than five. When, for instance, unifix cubes were used to represent numbers the first five cubes

got the same colour, and another colour was used for the cubes from the sixth one and on. When J

had constructed such a 'rod' of six cubes, for example, I often asked her first to give me six cubes

and the sixth cube, and then to represent six cubes and the sixth cube with her fingers. She was also

asked to write the number of cubes and fingers, using the Roman numerals. To begin with she wrote

11111 for five cubes or fingers, but rather soon she began to use the sign for the hand, 'V', for five,

and the one for the two hands with the thumbs crossed, 'X', for ten. There was structural isomorph-

ism between the six 'rods', the six fingers and six written in Roman numerals, something

Freudenthal (1983) believed to be of importance for an early intuitive perception of number.

I observed, however, that J always chose the first fingers, dolls, cubes and so on in a row when

asked to show a number. To help her understand that three can be any three objects, I asked her to

take three dolls, and then three other dolls, to put up three fingers, and then another three fingers,

also pointing to the difference between the finger number 3' the 3 first fingers and '3 fingers'.

Yet, only after prompts did J sometimes hesitantly showobjects other than the first ones.2

In the classroom lessons the children had learned to write the ordinal and cardinal numbers in dif-

ferent ways, the ordinal ones as la, 2a, 3e and so on (equivalent to I st, 2nd, 3rd in English). Once J

and I gave the dolls paper labels with such ordinal numbers onand put them into a queue, pretending

that they were going to enter a skiing competition. This numbering of the dolls was a great comple-

ment to the ordinal counting words, which J was still unable to use, not even in the simple form

'number five, number six'. While .1 looks away I take two dolls, and ask 'How many are there

2 Freudenthal (1983) underlines that children's use of forgers might be impeding rather than favouring the

constitution of number' (p 56), since it is always the same triple or quadruple of fingers that is lifted, for instance to

show the age. This, however, often concerns concrete representations other than fingers, as well, something illustrated

even by other pupils than I in the experiment. Therefore the kind of exercises described here seem to be important

10 2 356



here?' 'Two,' J says. 'Can you write Roman numerals under the dolls to say how many there arc?'

I go on, putting the dolls on the paper in front of J. She writes II, one stroke for each doll. Then I

ask her to translate the Roman numerals to 'our own numerals' and she writes '2' below 'II'. After

that I show J the numbers on the dolls' labels, asking: 'Which numbers are they wearing ?' A seven

and a two' J answers. 'But two and seven the second and the seventh they're two dolls aren't

they?' I go on, pointing first to the dolls and then to the II and the 2 that is written below.

'Yees.' J has taken away the dolls while I am talking and is now making

a drawing of them. She writes 7e above the first and 2aabove the second doll

(fig 1). That gives us an excellent opportunity to talk about 'number two' and

'number seven' being two dolls one, two, if you count them in spite of the Fig I

fact that they are called the second and the seventh when they are in the queue. This is just like J and

I being two 'girls' in spite of the fact that we are called Jenny and Dagmar. Wetake two other dolls

several times, and discuss them and write in the same way. J writes the ordinal numbers, but she still

goes on to use the words 'two' and 'three', instead of 'number two' and 'number three' or 'the

second' and 'the third' when she talks about single dolls with certain positions in the queue.

On Nov 18th the first question of the lesson again concerns how many dolls there are in the 'maths

train'. After a pause, when J counts under her breath, she answers: Ten,' and I go on as usual: 'And

how many are there in that row?' 'Five' (at once). 'How many in this row, then, I?' After an

endlessly long pause J finally says: There are five here and, then ... nearly the same.' Only

nearly?' 'Yes.' J seems to begin to waver between her two conceptions. Sometimes it seems right

to think of the last doll as 'five', sometimes as 'ten', in spite of the fact that there are exactly the same

number of dolls in the two rows. 'Maybe,' she seems to think, 'I can say there are almost the same

as five in the second row.' However, my astonished exclamation: 'Aren't there exactly the same?!'

convinces J that this is not a good idea, and she hesitantly answe4.:: 'Mm?' to my question. 'Yes,

exactly five! Exactly the same as there!' I add-decidedly. J says nothing. She just looks confused.

Some minutes later I ask 'How many fingers have you got on this hand then?' pointing to one of J's

hands. 'Five!' the answar comes immediately, as usual. 'How many on the other one then?' Now

there is once more an endless pause, before I gives her usual answer to thisquestion: 'Ten'.

In the last lesson to be described (22/11) I put all the dolls pell-mell on the table, and put apiece of

paper in front of I on which I write en equals sign. The children have used the equals sign in the

classroom from the very first lesson, meaning at first that the two servants have been fairly treated,

and J knows that there must always be a similar number of 'units' on each side of this sign. The

word 'unit' has also been used in many contexts in the class from the outset. 'I, do you remember

how many dolls there were altogether?' I ask, but J can still not remember that. It was the same

number as you have fingers' I add. 'Five', J says. 'Yes, you've got five fingers on that hand, yes'. I

point to one of her hands. 'But there's a lot more than five here ... as many as all your fingers ...

How many fingers have you got?' I show her all my fingers. .1 quietly counts her own fingers and

answers: 'Ten.' 'Mmm, and there're ten dolls as well ... There were five there, as many as on one

hand, and five here!' I put five fingers into the empty holes where the first row of dolls had sat, and
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five in the holes of the second row . :Now let's share out these dolls, you and me, ... so we get just

as many each. ... Do you think you can do that?... Share them between Ls?' J does not seem to

understand what 'share them between us' means. She just sits quietly, looking at the dolls. 'We can

take it in turns to take one I say. 'First I'll take one ... J just says 'Mmm' uncomprehendingly.
'How many have I got now?' - 'One.' 'Now you can take one!' J takes my doll. 'Are you going to

take that one?!' I cry, astonished, but I understand when I see 'la' written on its label. I tell J that

this is the doll I have chosen, and that I want to keep it. She has to take another doll. J begins to grub

aimlessly in the pile of nine dolls that are left. I tell her that she can take any doll, but in the end 1

have to turn all the dolls over, so that their numbers cannot be seen, before J will take a doll from the

pile. It happens to be the one with '2a' written on it. We establish that we both have the same number

of dolls: one doll - one unit on each side of the equals sign. J writes 'I' below each doll.

After that we both take another doll, and I ask: 'How many have you got now?' - - 'And
me ...?' - 'Two.' - 'I took the first and the third - one and three ... And which did you get?', I go
on. 'One ...', .1 hesitates. 'No, you got ... ?' - 'Uhh,' J wriggles. 'Which is this ... it's ... ?' J
counts quietly and says: 'Number ten.' Now, for the first time, she uses the early ordinal expression

'number ten' instead of the cardinal word 'ten' that she has used earlier. 'So you got ...?' I go on.

'Number two' .1 says at once 'You got number ten and number two ... and I got number three and
number one ... And there are two of them!' I point first to my dolls and then to hers. We each take

one doll more, and 'III' is now written on both sides of the equal sign. Then I say: 'I've got number
three and number one and ... ', prompting J to go on. 'A number four', J says. Now she is partly
trying to say that there is one doll, and partly that this doll is the fourth, or, as she says 'number

four. 'And you've got ...?' I say. 'Number nine and number two and (J counts) number ten'.

We go on until we have five dolls each. When I then ask which dolls J has, she says 'A number

seven, and a number eight, and then a ... ... (counts) ten and two and nine'. 'Ten' is so hard that she

forgets to use the ordinal number words when she has arrived at the doll with '10e' on its slip of
paper. 'Which have I taken?' - 'A number six ... number five, number three, number one, number

four'. Now she is using the ordinal counting words again. - 'Have we got as many dolls each?' I
ask, and J answers: 'Yes.' I ask J to write five in another way, pointing to '11111', saying: This is

five as well, isn't it', showing my hand. J writes 'V' below '1011' on both sides of the equal sign,

and I prompt her to put an equal sign between the two V-symbols as well. She ,,, --= '1

does so (fig 2). 'Can you write how many there are with another numeral as \
well, like those we have on telephones?' I say, and .1 writes '5' below each 5 5
'V'. 'Now you've told me how many we've got in two different kinds of

r5C)numeral', I add. 'Now how many have we got all together?' J counts quietly Fig 2
and says 'Ten'. Then she writes 'X' on her own initiative. 'Yes, there're ten dolls ... five dolls and
five dolls make ten dolls. Can you write ten here with the other numerals?' I ask, and J writes '10'.

After that I ask the usual question: 'How many fingers have you got on this hand? - 'Five (at
once). - 'And on this hand?' Now something unforeseen happens. Almost before I have posed the

question .1 shouts 'Five!' - 'You know it!!' I exclaim, astonished and very happy. The lesson then
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goes on with some other themes, but before it is finished I has to put thedolls back into their train.

Then I say, just to see J's reaction: 'How many are five plus five, then?' To my surprise J immedi-

ately begins to count under her breath and answers 'ten', in spite of the fact that I have used the

abstract and general expression 'five plus five'. To test if my growing hope is to be dashed once

more, I pose the same question in a new context: I ask how many toes J has. She takes the shoe and

sock off one foot and begins to count: '(mumbling)... four five ... I know they, that they're ...

(mumbling).' 'How many toes in your other sock, then?' I ask. Once again, J immediately shouts

'Five!!' happily and with great confidence. Now, however, comes the critical question: 'And how

many are there on both feet?' J seems to have expected this question, beginning her counting even

before I have posed it, since again happily and almost immediately she exclaims: 'Ten!!'

Conclusion
The goal of the teaching experiment and the interview lessons was to find out if it was possible,

through interactive and laborative teaching, to deliberately form a consciousness of the pan-whole

relations within the basic numbers which several school starters seemed to have formed already in the

school starter study. J had actually acquired one 'number fact', namely 5 + 5 = 10, by the last lesson

of the period described here. That, however, was not acquired through drill in number facts. It was

anchored in understanding of the counting words and of how pan-whole relations of numbers can be

communicated through them. And it was a knowledge generalized from experiences of 'structural

isomorphism' between fingers, toes, Roman numerals, dolls, cubes, glasses, and also between

different numbers of forgers.

My starting point for designing the teaching experiment, and also for communicating with I, was

my knowledge of the early conception of number expressed by those children in the school starter

study who denoted the last part of the number (experienced by them as a kind of continuity) by the

number word related to its last unit. The goal was to change this experience to an experienceof the

part-whole relations of all the 'basic numbers' as similarly structured and related to correct denota-

tions. The way in which J had learned that 5 + 5 = 10 helped her to understand quite quickly that 5 +

3 = 8, 5 + 4 = 9, 6 + 3 = 9, 6 + 4 = 10 and so on,. The result of the teaching experiment was that in

the interviews carried out at the end of grade 2 all pupils in the experiment classes even J could

use this knowledge for addition and subtraction over the 10-border within the number range 1-100,

without the help of fingers or any other kind of concrete aid. This result was very different from that

of a control group, where there were children in the grade 2 evaluation who, when the guessing

game was played, still guessed that there were 9 buttons in one box and3 in the other.
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Constructing Meanings for Constructing:
An exploratory study with Cabri Geometre

gichard Nett, Celia Hoy les, Lulu Healy and Reinhardt Hoe171
Institute of Education, University of London

We further develop our work on the ways in which computational media structure
children's mathematical expression and understandings. In this paper, our focus is on
dynamic geometry environments. We describe the problem - solving strategies developed
by a group of twelve-year-old students during their interactions with Cabri Giomitre.
By presenting two case studies, we focus on how and when interactions with the
computational objects of Cabri enabled students to make links between their informal
intuitions and more formal geometrical representations.

Throughout our investigations of mathematics learning within computational settings, we have been

interested in the dialectical relationship between the medium and the mathematics (see Noss and

Hoyles 1992). We have described how students frequently construct and articulate mathematical

relationships which are general within a microworld, yet are interpretable and meaningful only by
reference to the tools available: students can construct situated abstractions. Additionally, we have

described how a computational setting can be exploited by the student to provide computational
scaffolding onto which they may hang their developing ideas. We have provided examples of both

these theoretical notions by reference to students' work in a variety of software settings, and
recently we have turned our attention to Dynamical Geometry Environments such as Cabri

Giometre (see Hoyles and Noss 1993). Laborde similarly (1992) recognises that the features

provided within different kinds of geometry software (Cabri, Geometric Supposer, Logo) may

affect the solution process. Thus, despite the fact that Cabri simulates ruler and compass
constructions, it creates a different situation: for example, while paper-and-pencil geometry needs

only one type of point, Cabri geometry needs to distinguish three; on a sheet of paper an
intersection point is simply marked with a pencil where two geometrical objects intersect, whereas

on the Cabri screen it has to be explicitly constructed. In fact, some construction procedures which

are totally correct in a paper-and-pencil setting become inadequate in a Cabri environment (see

Capponi do Summer (1992).

In our research, part of which is reported here, we took as our focus geometry-with-Cabri

rather than geometry-with-pencil. The aims of the research were three-fold: to explore issues

concerning the learning of geometry which are brought to our attention by looking through the

window of Cabri; to investigate the problem solving strategies students develop while interacting

with Cabri; and probing the ways students constructively generate mathematical ideas within the

Cabri seeing.

Since Cabri Geometre was introduced at ICME 1988 in Budapest, a wealth of examples has

been developed that illustrates the impressive range of school geometry which is amenable to its use

(Schumann, 1991). Cabri is often regarded as a microworid for 'guided discovery learning'
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(Laborde & Straesser, 1990) in which tl..) concepts associated with geometrical relationships are

brought Tito focus. Other similar software such as Geometer's Sketchpad and The Geometry

Inventor have also caught the imagination of mathematics educators, particularly in the US.

In contrast to the abundant illustrations of Cabri's potential, there appears to less published

reports which investigate if and how students exploit Cabri to assist them in solving geometry

problems or into the nature of students' conceptions of Cabri geometry. There is a need to
understand the potentials and the pitfalls of using DGE's, and to examine what students believe

they are doing and why. To take one example, one of Cabri's main features, the so-called 'drag

mode', allows a drawing to be moved around the screen while preserving the underlying
construction. It is this feature which highlights the importance of making an explicit distinction

between 'drawing' and 'figure' (Parzysz, 1988; Laborde, 1991; Straesaer, 1991). Laborde (1991)

points to the fact that it is not yet at all clear how students interpret the drag mode, while Straesser

(1992), who analysed students' construction and proofs in the setting of a Cabri square, concludes

that although dragging provided a means to mediate between the concepts of drawing and figure,

this 'mediation can only be used at the cost of an explicit introduction and analysis, a continuous

use of this feature and an at least implicit distinction between empirical and theoretical

concepts in a construction task' (p 16).
One of the issues we explore in this paper is how students use Cabri to scaffold the move

from an empirical to a more theoretical approach.

The setting for the study
We have been conducting case studies of eight 12-year-old students working with Cabri over a

period of five sessions. each lasting one and a half hours. The students worked in pairs with us

during their mathematics lessons in a room set aside in their school. These students had not been

introduced in any formal way to Euclidean Geometry indeed the newly-imposed 'National

Curriculum' in the UK is more or less unencumbered with Geometry altogether. We therefore had
both a pedagogical problem and a tr.seruch opportunity. On the one hand, we could take nothingfor

granted: while words like 'perpendicular' might be vaguely familiar to some of the students, the

notion of pencil-and-ruler construction would be totally alien to all. On the other hand, this lack of

background knowledge gave us the chance to study first-hand how students make sense of
geometrical ideas with Cabri without bringing to their work a variety of notions derived from

experience with the traditional technologies of pencil, ruler and compass.

Introducing Cab& We decided against giving a quick course in paper and pencil
constructions prior to the Cabri work in order that we could probe how students' spontaneous

approaches to constructions when they were equipped with Cabri tools. As a way into the Cabri

work which would connect with prior experiences, we encouraged the students to constructtheir

own designs Cabri as a drawing tool?

But how to introduce the notion of dragging in the context of drawing to students who had

no idea of geometrical construction? After considerable discussion among ourselves, we hit upon
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the idea of messing up after a figure was drawn it could be dragged (by anybody, including us)

to see if the relationships between the objects within it moved together in a sensible way. For

example if a 'face' had been drawn, the eyes and nose would be expected to stay inside the outline

of the head! In this way, we hoped that students would begin to conceptualise the distinction

between drawing and figure. Although not completely unproblematic, we found messing-up to be a

powerful idea. It has given us a language in common with our students, provided a rationale for

constructing rather than 'drawing' and afforded us all a mutually acceptable mode of validation for

constructions. To our surprise we found that the idea of messing up has spread to other classes and

become part of the Cabri culture in the school and beyond (see Healy, Hoelzl, Hoyles and Noss,

1994).

After this introductory phase we offered tasks which increased the opportunities to
introduce the main features of Cabri. We now outline two vignettes which illustrate some insights

which emerged from our case studies.

Vignette 1: Circle as length carrier
It is fundamental to Euclidean constructions that a circle is seen as a tool for 'carrying' length. Yet it

is not at all obvious how to introduce this idea, with or without a computational tool such as Cabri.

Our rust attempt was to devise some tasks in which students would see length-carrying circles as

useful to them in the solution of the task.

However, this was not as straightforward as we had hoped. Our first task involved
doubling the length of a line segment. Most of the students created a line segment AB and then

simply placed a basic point by eye which was approximately in the right place, and joined B and C.

Students could readily see how this could be messed up, but it was far less obvious what to do

about it. In fact, we had to nudge all of them fairly vigorously to consider that circles might be

useful, and even then we found that most reverted to eyeballing the solution. A typical response

was to draw the circle centre B and radius AB, and then to use 'point on object' to place a point C

on the circle at about the correct place and join CB (see Figure 1).

EigamliasitioaimasaiatICatmc.

How can we explain this behaviour? We suggest three possibilities:

1018 362



The students could only cope with one constraint at a time they could fix CB to be

the same length as BA, but had lost sight of the second constraint that A, B and C

should he on a straight line;

The students did not appreciate the need to construct a point we might call this the

WYSPArYS phenomenon: what you see is what you seek;

The students had only constructed the circle to please us and had not appropriated the

idea of the circle as a measure of length.

It is most likely that the complete explanation is some mixture of all three, but we decided to pursue

the final possibility in more detail. We devised a further task, in which theidea was to use a circle

to maintain a relationship between two lengths in a dynamic ratherthan static way. The students

were asked to construct two intersecting lines and a point P on one line (see Figure 2). We then

asked them to construct a point Q on the other line so that however we moved P, the distance OQ

was always equal to OP.

Figure 2: The =yin: points task

We will consider how one pair Billie and Nora set about solving the task. Billie and

Nora set up the two basic lines and proceeded to 'solve' the problem by eye first by simply

placing a basic point on the second line (WYSIWYS) and then by restricting it to the line by using

'point on object' (attending to one constraint). In both cases when we asked "Does it move with

the other point?" they knew that it didn't The pair became stuck and simply started guessing,

adopting a strategy we have frequently observed random opening of menus and trying out

various items in desperation! Eventually they bit on the idea of srvnetrical point a construction

they had used before and an idea which is at least intuitively familiar to all students of this age.

They constructed the reflection of P in the second line, Z (see Figure 3), and discovered that

dragging P did cause Z to move in unison one constraint satisfied but that Z did not (of

course) satisfy the second condition, it didn't lie on the second line. Unfortunately they could not

see how to exploit the symmetrical point idea as scaffolding towards solution and the pair decided

to start again.



z

FisurclilsingAXylUOICIEiCassini
Once again Billie and Nora used basic lines for their line pair, but this time set them up at

right angles (surprisingly easy to do by eye by judging pixels). This time we posed the question in

a slightly different way: "Where do you want the point to be?". Both students knew for sure,

confidently pointing to the correct place on the second line. What they were less sure of was how

to fix its position. They tried a variety of tools from the menus, including parallel lines, basic

points, points on objects anything they could find! Finally, we tried again: "Could you think of a

way of making something cross at a point exactly the same distance from the intersection point as

the point on object?" And suddenly (somehow) they said "Would it be a circle?" they tried it,

and much to their delight, it worked. They were successful but only as a result of very pointed

interventions and it is unclear as to how far they had made sense of the situation for themselves.

We have given considerable thought to try to explain why the students seemed to find it so

difficult to entertain the idea that a construction could be used as a means so anend. The first and

most straightforward possibility and one supported by our observations is that students have

a natural aversion to constructing objects that they do not envisage in their 'final' construction. This

behaviour seems similar to the Logo situation where students 'see' Logo constructions as

'drawings' rather than as, say, compositions of the effects of procedures. Perhaps we have

identified the same phenomenon in Cabri? After all, we only have ourselves to blame if we

encouraged a 'drawing' perspective in our introductory activities.

Nevertheless, pointing out that it is straightforward to hide unwanted objects did not
immediately alter the situations, so this explanation cannot tell the whole story. A second and

deeper possibility necessitates bearing in mind that the students knew exactly where the object was.

They could point to its (approximate) position: that is, for all practical purposes, they had fixed its

location. The problem is, of course, that practical and mathematical purposes are not the same an

empiricaYtheoretical distinction. Yet how are the students to know this? How can they be helped to

appreciate that a circle (or any other object) needs to be used as a tool? The students are faced with

subtle series of meanings, many or most of which are new. First, they need to shift from seeing a

circle as an object to a circle as a tool especially difficult sloe the medium to which they had just

been introduced focuses their attention on the construction of objects. Second, they need to abstract

at least tacitly just what role the circle plays in a construction, and we have seen that this is

lk dkl sot lr.lp dot diffe was as WWI (ad (Mums) cattalos between bidiai aad Wu* (Mesa.
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not at all obvious. Last, and by no means least, a crucial way of developing meaning for the notion

of construction (perhaps the only way?) is to see geometrical construction as a part of a much

bigger picture, in which construction becomes itself an object of study, and a tool for
understanding geometrical relationships, theorems and abstractions.

Vignette 2: Cabri-Scaffolding
We now turn to events in a later session, in which the students were asked to reflect a flag in a

mirror (see Figure 4). Their task was to do this without using synunarical pointrin order that they

were faced with a more complex construction which invited them to formalise their intuitions of

reflection.

Figure 4: The Flag -in- the -mirror tag

Helen and Katie first set the mirror line to look vertical, and then drew a line segment

through one of the points on the flag, P. They then created a basic point, Q, on the other side of the

mirror, joined it to P then making PQ look horizontal. Q was dragged so it looked the same

distance from the mirror line as P (see Figure 5). The pair had 'found' the solution by eye' and

they were perfectly clear that it could be 'messed up'. It was a temporary measure so that they could

obtain some feel for what they were looking for: they had something on the screen to guide them;

they had exploited the medium to achieve this result (albeit not in the way its designers intended);

or put another way they had used Cabri as scaffolding in their search for a solution.

a

Figiusil.Sazifxinglicantliza
Although they were aware that this would not do, it took some exploration with their

pseudo-construction before Katie suddenly announced: "We can use circles!". At this, they

constructed a circle with centre the mirror intersection 'point, 0, and radius OP, and found the image

of P by the intersection of this circle with their line (see Figure 6). They did not bother to measure

to check this: they were completely convinced of the correctneu of their strategy andimmediately

started repeating the process for different points on the flag.



Figure 6: Dealing with one constraint

Helen and Katie had solved the problem with a constraint removed: that is, their strategy relied on

the mirror being made to look vertical and line from P being drawn as horizontal by eye. So their

strategy solved the problem for the distance but did not address, in general, the relationship of a

point to the mirror line.

We decided to intervene and asked what would happen if the first line going through the

mirror was moved. They both seemed to know that this would "mess tip" . Once they had noticed

this. and because they had in front of them what they wanted to produce they soon came up

with the idea of a perpendicular line. Perhaps they were still using the support structure offered by

the horizontal/vertical orientation of their initial 'axes' as a way to generalise the relationship that

must hold between the lines?

Conclusions
We propose that an important facet which distinguishes the second vignette from the first is the way

in which the medium was employed by the students as a form of computational scaffolding (Noss

& Hoyles, 1992); how each pair used the medium as a support system for exploration and problem

solution. In the second vignette, the WYSIWYS strategy provided a sense of the solution, a feeling

that it existed, that it was attainable and above all, how it would look when found. All these aspects

served as clues to the construction process. Secondly, Helen and Katie used the idea of 'fixing one

constraint', as a way to solve a simpler problem this time one which they were unaware was less

general than the original posed by us.

The fact that neither of these strategies were (as far as we can tell) explicit or conscious,

underlines an important aspect of the scaffolding idea. It seems that what is important is that

scaffolding describes the ;cocas by which the informal is linked with the formal, the intuitive with

the proceduraWaymbolic. As in any serious microworld, the core of the Cabri idea is that students

are able to interact with computational objects (in this case, points, lines and circles), in order to

play with formal objects in an informal way. The crucial element is that students can articulate

descriptions and connections for themselves, the form and nature of these being mediated by the

medium available: this is what distinguishes them from standard tools:
'Such programs [Cabri, Logo etc.] differ from drawing tools like MacPaint in
which the process of construction of the drawing involves only action and does not
require a description. In this kind of software, construction tasks are no longer to
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produce a drawing but to produce a description resulting in a drawing'.(our
emphasis).

Laborde C. (in press).

But the construction process and how geometrical objects, particularly the circle, play a part in this

process is by no means straightforward, as our first vignette illustrates. Despite using similar

strategies, this pair were not able to shift from either WYSIWYS or the fixing of one constraint to

solve the problem. To do so required the use of an object as a construction tool as a means to an

end rather than the end itself. The evident difficulties that students had with this notion has made us

wonder about geometrical constructions using more traditional tools. Do students constructing

equal lengths by arcs of a circle using compasses 'know' they are drawing (parts of) circles? We

venture to hypothesise that many would not and simply apply a routine set of procedures (put

compass point on A, draw arcs to cut lines AB and AC).

Following from these vignettes, it might be easy to jump to the conclusion that strategies

such as WYSIWYS should be discouraged by giving more explicit instruction on the grounds that

they obscure the essence of the software and the mathematics to be constructed with it. Our

conclusion is the opposite. We need to find ways in which we can exploit software such as Cabri to

negotiate a problem solution, to fmd ways to help students build on what seems to them to be a

'natural' approach. That is, after all, the essence of the scaffolding ides: to construct a support
mechanism which enables other, more permanent, robust constructions to be built. The findings

from this research suggest this is a feasible goal.
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SUBDIVISION AND SMALL INFINITIES: ZENO, PARADOXES AND COGNITION

Rafael NJ-Inez E.

Department of Psychology. University of Fribourg, Switzerland*
Institute of Cognitive Studies. University of California at Berkeley

Abstract
From a cognitive viewpoint, the study of subdivision offers an interesting subject
matter to address the question of how the mind builds the idea of infinity in the small.
32 students, aged 8, 10, 12 and 14 (high and low intellectual-academic performers),
participated in this study, in which a version of one of Zeno's paradoxes was analyzed
by means of individual interviews. Results suggest that between ages 10 and 12, a
certain intuition of the entailments of subdivision emerges, remaining very labile
afterwards such that is very influenced by the context. 66% of the 12- and 14-year-old
children said that the process involved in the paradox comes to an end. Less than 25%
considered (with deep hesitations) the possibility that the process might continue
endlessly. Some epistemological consequences are discussed.

About 2500 years ago in Elea, now southern Italy, a disciple of the philosopher
Parmenides, known as Zeno the Eleatic, conceived some paradoxes presumably in
order to prove the inconsistency in the Pythagorean ideas of multiplicity and change
and to argue in favor of the unity and the permanence of being, which were
fundamental principles of his school of thought. Different versions of these paradoxes
have come to us, but amazingly, their paradoxical features have always puzzled
philosophers and mathematicians, and even today still intrigue us. A shortened
version of one of these paradoxes could be stated as follows. Imagine that we are asked
to go from a point A to a point B, but we are told to do so by following a rule which
says: first go half of the way, then half of what remains, then half of what remains, and
so on. Do we ever reach point B? Since each step only covers half of the remaining
distance at the previous step, there will always be a short distance to be covered.
Therefore we never reach point B. Of course, this is not what our experience tells us
when we go from one place to another, whence the paradox rises.

History of mathematics, and studies in mathematical thinking and
developmental psychology show that infinity in the small -involved in iterated
subdivision- has been much more controversial and elusive than infinity in the large
(Nunez, 1993a), and that children begin to understand the idea of infinity in the small
much later than infinity in the large (Piaget do lnhelder, 1948; Langford, 1974; Taback,
1975; Nunez, 1993b). Thus, while 8-year-old children easily recognize the endless
nature of the counting process, it is not until about the age of 11-12 that they start to
consider the indefinite subdivision as a legitimate problem (Nunez, 1993a).

On leave, supported by the Swiss National Science Foundation (fellowship No 8210-033279).
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From a cognitive point of view, the study of paradoxes such as Zeno's offers an
interesting subject matter to approach the question of how the mind builds the idea of
infinity in the small, contributing thus to the poorly studied domain of infinity
(Nunez, 1990). As has been suggested elsewhere (Nunez, 1991), the paradoxical aspects
of the arguments propounded by Zeno, as opposed to other situations in which
infinity is involved but that don't give rise to paradoxical considerations, could be
partially explained in terms of a particularly complex coordination of attributes being
iterated indefinitely. in the example given above, if one follows the rule of the
problem, there are two attributes that one has to iterate simultaneously, namely, the
number of steps one has to make and the distance that each of these steps covers. On
the one hand, observe that the type of iteration is different for each attribute, because
the number of steps increases whereas the distance covered by the steps decreases. Let's
call these two types of iteration, divergent and convergent, respectively. On the other
hand, the nature of the content being iterated is also different for both attributes: the
number of steps refers to cardinality (number of steps) whereas the distance covered by
the steps refers to space. Unlike situations in which two attributes of either same type
or same nature are indefinitely iterated in a coordinated situation, the coordination
that takes place in Zeno's paradox must incorporate heterogeneous components. That
is, different type of iterations (divergent and convergent) and different nature of the
content (cardinality and space), that makes it qualitatively more complex.

In general, any situation involving subdivision, that might lead to conceive the
idea of infinity in the small', presents this structure: a simultaneous coordination of
an increasing number of steps (number of iterations) and a decreasing partial result (in
absolute value) to be operated in the next iteration. From a cognitive viewpoint it is
interesting then, to study how this complex coordination emerges in mental activity
and what forms it takes across different conceptual contexts.

The following presents some qualitative aspects of an invetigation that was
inserted in a broader project which intended to study developmental and psycho-
cognitive aspects underlying the idea of infinity in a much larger sense.

Method
Procedure: Two variables related to intellectual and academic performance were
studied: The former was measured by the Raven test and the latter measured by the
marks obtained both in mathematics and French (official language at school). The
Raven test was administrated in the classroom during school time. The study was
performed by means of individual interviews (50 minutes) and was introduced to the

1 Of course, this is not the only way that might lead to conceive infinity in the small. In non-standard
analysis, for example, infinitesimals are seen as the reciprocals of infinitely big numbers. Nevertheless,
from a developmental viewpoint, the idea of subdivision seems to be a more basic one.

-11r2 5

7



students as a study of psychology (mathematics was not mentioned at all). The
interviews took place in a room located in the school and were videotaped. The
question about Zeno's paradox was included.
Subjects: Thirty-two students from two schools in the city of Fribourg, aged 8, 10, 12
and 14 years old, were interviewed. Each age group (8 subjects) was formed by half low

and half high intellectual-academic performers (percentiles 0-33 and 66-100 in each age

group respectively, taken from a larger population; N=172). Boys and girls were equally

represented.

Material: The problem was presented orally and the question was: "Imagine that we
want to go from this side of the table to the other side. First we are told to go half of the

way, then we continue with half of what remains, then half of what remains, and so
on. Do we ever reach the other side of the table?" Sometimes the subject performing
the action was a small insect. The students were allowed to use a variety of materials
such as paper, pencils, rulers, etc., which were on the table.

Results

In general, the children's answers could be classified in three main categories,
namely, those saying that one reaches the destination, those saying that one does not

arrive (either because the process gets stuck, or because it only approaches the
destination), and those coming from a hesitating subject defending two different
answers. Subjects of all four age groups gave answers of the first two categories. The

last category was only observed in the older groups. The following presents the
rationale behind these views. No gender differences were found.

8-year-old group:
In this age group, there was a difference between the arguments given by the

high and low intellectual-academic performance subgroups, the former showing a
more analytical attitude towards the problem. Low performers tended to consider the
question as a very trivial one and easily responded with an obvious "we arrive, as if
the iteration were to be performed just a couple of times in order to cover the distance.

Based on the idea that in the end one gets stuck due to the smallness of the steps,

two children considered the possibility that one might not arrive, and one said that
one never arrives. All three were high performers. They vaguely perceived that one
might potentially continue for a while making small steps, but in the end they solved
this unstable situation by altering the conditions of the problem, either by altering the
conditions of the setting (new destination), the of action (i.e., stopping the iteration), or

both. An example of the former is the following2:
Ban +(7;9): If we always go half way we arrive very close, but we are forced to always do halves,
always the half. So? ... (thinks) ... there is always a small half. We get closer but we can not

2 Text in italics corresponds to subjects' utterances. The symbols + and - indicate high or low intellectual-
academic performance ripriiyairytjhe age is also indicated (years; months).
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arrive? We get closer ... but if we go half of the way there is just a step left, and if we go the

(other) half, there is just one half left, ... and we go that half and we arrive (not so convinced): You
doubt? ... (thinks and reanalyzes with his fingers near the edgeof the table), ... or maybe there is

a small piece left before the arrival and we decide that that's the place where we have to stop.
How is that? We put the arrival before the place where we want to go, so then we are sure that we

arrive.

10-year-old group:
Like in the previous group, there was a difference between the high and low

performers, similar to that described above. 10-year-old children presented more
hesitations than the 8-year-old ones and some of them had two different positions, but

like the youngest group, sometimes the conflict was solved by altering the conditions

of the setting for the last iterations (i.e., new destination).
As it was mentioned in the Procedure, other contents were also covered in the

interview. Among others, it included a problem described elsewhere (Nunez, 1993b),

in which plane geometrical figures were transformed following an iterative process

with similar construction (different type of iteration and nature of the content). It is

worth noticing that some 10-year-old high performers presented an infinitist position

(i.e., acceptance of an endless iteration) in Zeno's paradox but a finitist position in the

geometrical problem, and vice-versa. Thus, Euo +(10:1) who was clearly convinced by

his arguments in favor of the endless iteration involved in the geometrical problem,

did not even hesitate to say that the.iteration in the paradox comes to an end:
Euo +(10;1): So do we arrive to the other side? Yes, certainly, ... if we make the half, the half, the
half, the hallf, the half, the half, the half, the half, ... afterwards, we arrive, for sure. I have a

friend that says that we can not arrive because there is always a half that you have to make (the

Exp. shows the steps on the table and the Subject responds immediately with the following step,

as if he wanted to complete the "other half"). ... and once again, the half, once again, the half, ...

we will arrive. And if we only make it in our imagination? in our imagination and in physics also

(we arrive).

Ode, +(9,9), on the contrary, maintained a finitist position in the geometrical problem

but suggested the endless nature of the iteration in the paradox:
Ode +(9;9): Does it arrive? ... (examines the "last" steps) ... always the half? (the Subject asks).

It's really, ... if it is there it makes the half (follow the steps on the table) it will take a long time
because afterwards it makes just one step, ... and then the half, and Men always the half. ... no, it

doesn't arrive. There, for example (shows the edge of the table) it is there, and after makes the
half, arrives there, and then there, ... no 1 don't think that 1 will arrive by always going a half

12- and 14-year-old groups:
Unlike the 8-and 10-year-old groups, we didn't find relevant differences between

the arguments of high and low intellectualacademic performers in the older groups.

The patterns of answers in the 12- and 14-year-old groups were quite similar to each

other, so we are going to analyze them as one.
Nearly 2/3 of the 12- and 14-year-old children (high and low performers

together) gave answers of the forms "It will take a long time, but we will arrive" or

"One will arrive because in the end one will not be able to make the half, it will be too

close" (altering the conditions of action). Among these subjects some showed deep

hesitations holding antagonic positions, often opposing ideas based on immediate
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physical considerations (although not necessarily concrete) and ideas based on the fact
that the iteration leads to approach the destination (although not necessarily abstract):

Mal -(14;8): Does it arrive? (thinks, whispers) ... I'm not going to measure the lable, but I think we
don't arrive exactly, maybe about a millimeter away. 1 think that we will arrive, but that we are
not going to arrive immediately, ... if we have every time, ... well, I don't know, I flunk that it
will arrive exactly at the point, and I think that it will not arrive exactly. I have two opinions. I
don't know whether it will be exactly or at about a millimeter away.

Others changed their mind when the scale of the problem was amplified:
Frc -(14;7): Do we arrive? Oh yes, you're almost there, ... (thinks), but it is always smaller and
smaller, ... I think that it must arrive. And if the distance is the one between Switzerland and
Sweden? Oh no, then 1 don't think so, ... It always remains a short way, ... it is shorter and shorter,
afterwards there is a half (check with the fingers at the edge of the table), one must make it, but
you almost don't advance anymore, it is too tight. ... 1.1f1 It is hard. So do we arrive? I don't know. I
think that for short distances we arrive, out for long distances 1 don't think so, ... I'm not so sure, but
I don't think so. And what about distances in between? ... (thinks), ... Yes, we arrive I think,
because afterwards there will be short distances.

Augmenting the distance into a qualitatively much bigger one, seems to put the
"last" steps of the iteration further apart, leaving room for further iterations, such that
the arrival is not attainable anymore. Qualitatively, this view sees middle distances as
belonging to a similar family as the short ones, that is sharing the same features at the
end of the process.

Finally, less than 25% of the 12- and 14-year-old children presented arguments in
favor of the idea that one will only approach the destination, but never reach it,
although only one subject was truly sure about it. In general, these arguments were
characterized: by being loaded with doubts and hesitations; by respecting the conditions
of setting and action; and sometimes by the emergence of the idea of infinity, explicitly:

Joe +(14;4): ... (thinks) ..., at infinity we will never arrive, it goes beyond Imagination, but ifwe see
(show the table) we will arrive but in fact we don't arrive, ... I don't know, it surpasses the
imagination. If we always make a half of the way that we have to do, it will be difficult to
arnve, ... then it will be microscopic, infinitely small.

The only subject who was sure about the impossibility of reaching the
destination, despite of the fact that the iteration continues endlessly, showed a
pragmatic approach throughout the whole interview. He never engaged himself in
extremely abstract and speculative reasoning, although he conceived the objects of the
problem as theoretical ones in which the physical constraints were not relevant for the
analysis:

Stn -(14;1): No, we will never arrive. Even if we always advance? Even, because we make only the
half We will get close, we will be very close to the edge (table) but we will never arrive there. ...
there will always be a short way to he done. Even if we get always closer? Even.

He follows the conditions of the problem avoiding any speculative consideration,
focusing on the fact that there is always something left no matter how many steps one
makes. The position obtained by any iteration is never the final destination and
therefore the iteration continues endlessly.
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Discussion
Among the variables studied, only age evinced clearcut differences in the

arguments (except for ages 12 and 14). No gender differences were found. The role of
intellectual-academic performance seems to have only been significant for the 8-and
10-year-old groups. At these ages the arguments given by the high performers were
more analytical and tended to consider the problem as such, whereas those given by

low performers tended to consider the problem as a trivial one (reaching the

destination after a couple of steps was evident, so that, no further considerations were
necessary). The observation that no major intellectual-academic differences were
found in the older groups could be partially explained by the fact that, on the one hand,

the validity of the Raven test (Intelligence) decreases as age increases due to a ceiling

effect, and on the other hand, in higher grades academic performance becomes a more
complex phenomenon such that non-cognitive factors other than cognitive play an

important role (e.g., early adolescence's changes such as self-esteem, motivation, etc).

In mathematical terms, the version of Zeno's paradox presented here deals with

a series of the form d/2 + d/4 + d/8 + (d=distance). Using this language to describe

children's views (which, of course, is not theirs), we could say that we have observed

approaches of the following forms:
a) Altering the conditions of action very early: d/2 + d /4 + + d/ 2k + d/ 2k = d. In

general k has a value between 3 and 5. The last two steps are unnoticely considered as

equal, leading to an exact arrival. This approach was observed among the low

performers aged 8 and 10. The problem then becomes trivial.
b) Altering the conditions of the settitgl : d/2 + d/4 + d/8 + ...+d12k = e. Suddenly a

new destination which defines a new distance e = d/ 2k (where p is a large finite
sc.1

integer) is considered, allowing the arrival at the new destination (in general e<c1).

This approach was observed among some high performers aged 8 and 10, and seems

to emerge as a solution to reconcile early intuitions about long lasting convergent

iterations (subdivision).
c) Altering the conditions of action: d/2 + d/4 + d/8 + + d/2k <d, where k is a large

finite integer. The process gets stuck due to the smallness of the steps and cannot

continue. This approach was observed among all four age groups, but k tended to be

larger at age 12 and 14 than at age 10.
d) Respecting the conditions of setting and actin...: d/2 + d/4 + (118 + ... <d. The process

only approaches the destination and continues endlessly. It was observed in only one

subject (14 years old). Nevertheless, nearly 25% of the 12- and 14-yearold subjects

also referred to it, although with deep hesitations involving also approach c).

An approach of the form d/2 + d/4 + d/8 + = d, which is "mathematically correct"

was never observed.
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In order to conceive the paradoxical situation raised by Zeno's problem, one
must be able to make the distinction of the elements involved and respect the
conditions of the problem (i.e., setting: keeping the original distance to be covered;
action: continuing the endless iteration). Approaches a), b), and c) refer to alterations of
the conditions of the problem such that they don't give rise to paradoxical situations:
Our paradox then, is not children's paradox.

The traditional views in philosophy of mathematics (platonism, formalism,
constructivism) consider the existence of mathematical objects (or formulas), in
various degrees and forms, as being independent of human beings. My epistemological
position is totally different in the sense that mathematics is conceived as totally
dependent on human beings: Conceived as emerging in the interaction of biological
beings that evolve in their medium, and therefore depending on the very nature of
the interwoven process of embodied concepts and social interactions. In other words:
No human beings, hence no mathematics. Different biological beings, different
mathematics. Mathematics, thus, is a language shaped historically and based on
consensus. In Zeno's paradox, respecting the conditions of the problem takes place in
this consensus. The consensus in turn, depends, among others, on the biological
structure of the subjects (e.g., developing neurobiological structure) participating in the
ongoing process of the definition of what the consensus is. In developmental cognitive
psychology this issue is essential because the conceptual world that emerges from the
cognitive activity of the young children is based on a consensus which is different
from ours (because their neurobiology, their language, their embodied cognition is
different). Thus, what we call rigor in nowadays mathematics3 gives rise to different
meanings at these ages, and so does the respect of the conditions of Zeno's paradox.

From this point of view, the unnoticed alterations of the conditions of Zeno's
paradox by the children (setting and action) takes place in a different domain of
consensus which we happens to not share. This becomes evident when the youngest
subjects, as determined in their developing neurobiological structure, enact a
consensual world clearly different from ours when the meaning of the convergent
type of iteration is concerned. In fact, before the age of 12 there is a profound and
striking ontological difference between infinity in the large (divergent type) and
infinity in the small (convergent type). As a 10yearold clearly stated,

Yak +(10;1): If that is the "bigger" infinity, as you say, when you say "smaller" infinity, is it the
same thing but in the other sense? Yes, and there is only one difference. At a certain moment it
becomes so small that we can not even know where it is. So what is the difference then, between
the "bigger" infinity and the "smaller" infinity? At a certain moment, when we are in the smaller
infinity, it stops, whereas in the bigger infinity it could continue until, ... infinity.

there are endless infinities and stopped up infinities, both being infinities! Notice that
the latter contradicts our very notion of "Infinity". At 8 yearsold, although the idea

3 Rigor is consensual. History of Calculus shows that rigor had different meaning for the Greeks
(Archimedes), the mathematicians of the 17th century (Newton) and 19th century (Weierstrass).
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of endless (related to divergent type and infinity in the large) is already present in their
consensual world, the distinction "infinity in the small" (related to convergent type
iterations) simply does not exist. It seems that between the ages of 10 and 12, a certain
intuition of the iterations of convergent type and their entailments emerges,
remaining very labile afterwards such that it is very much influenced by the figural
and conceptual context. Thus, 10-yearold high performers, and 12- and 14-yearold
students gave different answers with different arguments to isomorphic situations in
which the context had been changed (e.g., distance to be covered). Contrary to what
Piaget has said (1948) and according to our observations, subdivision is not mastered at

the age of formal operations.
Finally, I would like to mention that these observations are based in a specific

adaptation of Zeno's paradox and the coordination of heterogeneous components
(different type and nature). It would be interesting to study similar situations
controlling certain contextual factors that might play a role in the cognitive activity
due to the labile intuitions of the subjects regarding infinity in the small: (a)
Considering qualitatively different distances d (e.g., between the sides of the table,
between two places in a building, in a city, in a country, etc); (b) Considering different

values for p and q in the series E Ip(q -0-1/ qkid, such that the iteration is not only

done by halving (e.g., also 1/10 or 3/4); (c) Presenting the problem in a regressive
manner as well (like Zeno's paradox of movement), and not only as a progressive one

CO

as it was studied here; (d) Focusing the question not only on the series 2 d 12k =-4 ("Do

we arrive?") but also on limn_ (d/ 2k)=0 (the elements of the sequence: "What

happens with the steps?"). The study of the role played by these factors might reveal
more about how our minds build the idea of subdivision and infinity in the small.
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NATURALLY GENERATED ELEMENTS AND GIVING THEM SENSES:
A USAGE OF DIAGRAMS IN PROBLEM SOLVING

Kazuhiko Nunokawa
Joetsu University of Education, Japan

In this paper, we analyze the usefulness of diagrams in mathematical
problem solving from the standpoint that diagrams can be changing
gradually during solving processes. The aim of this paper is to present one
function of diagrams, i.e. generating new elements by integrating
information at hand. After considering examples from the previous
research, students' solutions will be analyzed in order to find an empirical
evidence for this function. The analysis will also suggest that, even if
diagrams can show new elements to a solver, the decision about what
sense should be given to those elements is left to the solver.

1. Introduction

It is widely believed that drawing diagrams is useful for solving
mathematical problems(e.g. Charles et al., 1985; Hembree, 1992). Drawing
diagrams appropriate for the solutions is, however, not always easy(Bodner
& Goldin,1991; Lopez-Real & Veloo,1993). This suggests that it may not be
trivial that diagrams can help the solver who are really stuck in solving
challenging problems.

Nunokawa(in press) presents one viewpoint concerning this issue.
Taking that viewpoint, a solver gives his/her own structures to the problem
situation, and those structures can change during solving processes. We call
these structures solver's structures of the problem situation
(Nunokawa,1993). If we consider diagrams to be outer representations of
solvers' structures of the problem situation, we can expect that diagrams
can gradually change according to the changes of solvers' structures. In this
case, diagrams appearing halfway are not necessarily the exact diagrams
needed for the solutions. Such view can be compatible with Davis & Maher's
(1993) attention paid to gradual changes in the ways children orgnized or
represented the given problem situation.

The purpose of this paper is to show that diagrams can tell new
information to the solvers in this changing process. Diagrams can tell some
aspects of that information, but other aspects may be left to the solvers.
This point will be also presented.
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2. Naturally Generated Elements

Larkin & Simon(1 987) mention the following point concerning the
usefulness of diagrams; Diagrams automatically support a large number of
perceptual inferences, which are extremely easy for humans(p.98). They
call the data including perceptually obtained information " perceptually
enhanced data."

Here we would check this perceptually enhanced data frgrn the point
of view mentioned above, from which diagrams can gradually change during
solving processes. That is, we would ask how the perceptually enhanced
data can emerge. Then we find that, when we put pieces of the information
at hand into one diagram one by one, new elements appear naturally and they
constitute the perceptually enhanced data. For example, suppose that two
lines are intersecting. According to Larkin & Simon(1 987), the information
that the point of intersection lies on each of the two lines belongs to the
perceptually enhanced data. As soon as we draw the second line in the
diagram including the first line, we can find that the point of intersection
appears naturally in that diagram. In other words, the diagram integrates
the elements (i.e. the two lines) and generates new elements (i.e. the point
of intersection which lies on each of the two lines).

Diagrams are also used in solving arithmetic or algebraic problems.
Take Simon & Stimpson's (1988) example like the following;

Barbara is 8 years old and Ms. Brown is 38 years old. Their birthdays are
on the same day. When will Ms. Brown be three times as old as Barbara?
(p.137)
Suppose we have a number line for representing ages and (i) put a

mark for Barbara's age on it; (ii) put a mark for Ms.Brown's age; (iii) put a
mark for Barbara's final age; (iv) put a mark for Ms.Brown's final age. These
actions may correspond to first some steps of drawing a diagram for
solving this problem.
0 8 0 8 38

I
Barbara

8
Barbara's

0

I I fini

I

tio .1 Barbara

38 0 8
Barbara's

I
Ms.Brown Barbara

141.1.3
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Ms.Brown's
38 final

Ms.BIrown
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We should note that, in this example, new elements naturally appear
as each element gets represented in one diagram. At the moment when
Ms.Brown's age was represented (fig.1.2), a new element, i.e. the difference
between Barbara's age and Ms.Brown's age, appeared in that diagram. When
Barbara's final age was marked (fig.1.3), a new element, i.e. the difference
between Barbara's present age and final one, appeared. When Ms. Brown's
final age was marked(fig.1.4), a new element, i.e. the difference between
Barbara's final age and Ms.Brown's final age, appeared in addition to the
difference between Ms.Brown's present age and final one. In short, when
some elements of the problem get represented in one diagram one by one,
new elements naturally appear through the diagram's integrating function,
as the process of drawing this diagram proceeds.

From the above analysis of two examples, we can assume that
diagrams may have a function to integrate some elements in problmes and
generate new elements naturally. This implies the possibility that diagrams
can tell a solver new information which he/she has not yet known, and can
really help the solver. We will check this possibility in the next section.

Diagrams' Function of Generating New Elements

In this section, we would analyze students' solutions to one
mathematical problem, in order to find an empirical evidence that diagrams'
function mentioned in the previous section can affect solvers' performance.

We take the following "telephone-line problem" ;
We connect a house to another house by a direct telephone line. We

put just one telephone line between each pair of houses. How many
phone lines would be there when there are 20 houses?
(Miwa, 1991,p.82)

It is helpful for finding the total number of lines to attend to a group
of lines which are drawn from one house. This way of thinking, however,
requires a solver to treat a subtle idea. For example, a line between the
first house and the second house belongs to a group of lines drawn from the
first house and to a group of lines drawn froin the second house. This fact
introduces the redundancies of lines when a solver tries to find out the
total number of the lines by using the number of lines drawn from one
house, e.g. by multiplying this number by the number of houses. Thus, the
sovler must treat these redundacies in some ways.

These redundancies can naturally appear when more than two groups
of lines from each of several starting points are drawn in one diagram(Here,
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a starting point means a house from which a certain group of lines are
drawn). Fig.2 illustrates the case of 5 houses. Imposing a group of lines
from one starting point(fig.2.1) on another group(fig.2.2) generates' an
overlapping of lines, which can suggest a redundancy of lines(fig.2.3). When
only one starting point is taken, this overlapping or redundancy cannot
appear in the diagram.

119.21 flg.2.2 fIg.2.3

Therefore, we can assume that the children who took more than two
starting points in their diagrams can recognize the redundancies more often
than the children who took only one starting point. Analyzing the children's
solutions, we will test this hypothesis.

The data analyzed here are the solutions made by the students during
the lessons reported in Miwa(1990) and the solutions gathered by two
elementary school teachers in Tokyo. The total number of childrens is 372,
including 37 fifth-graders, 227 sixth-graders, 41 seventh-graders, and 67
eighth-graders.

Each of the solutions was checked whether it can belong to one of the
following four categories;

(a) Solutions having a diagram with only one starting point and showing the idea about
the redundancies;

(b) Solutions having a diagram with only one starting point and not showing the idea
about the redundancies;

(c) Solutions having a diagram with more than two starting points and showing the idea
about the redundancies;

(d) Solutions having a diagram with more than two starting points and not showing the
idea about the redundancies.
The criteria concerning the starting points are like the following;

(1) We decide that a solution has a diagram with more than two starting points if those
starting points are taken in one diagram. If those starting points are taken in
different diagrams, an overlapping cannot occur. Thus, such solutions were excluded
taking account of the aim of our analysis.

(2) There are some students who drew a tree diagram. In a tree diagram, a starting
point is placed at a very special position, and it might be hard to considerother
houses as starting points. Thus, solutions based on a tree diagram were excluded.

A solution was determined as one showing the idea about the
redundancies when it satisfied one of the following criteria;



(1) Number expressions include the operations which seem to handle the redundanceis
(e.g. dividing by 2, subtracting 20 etc.).

(2) Numbers of lines from one starting point vary depending on which starting point is
taken. For example, when drawing lines from one starting point, some students did
not draw the lines between this starting point and the previous starting points. In
this case, the numbers of lines are decreasing depending on the order of the starting
points.

(3) Explanations included in a solution mention the existence of the redundancies.

According to these criteria, the solutions were categorized. Of the
372 solutions, the solutions by 141 students could be identified as one of
the four categories mentioned above. Table 1 shows the result of this
categorization.

only one more than two
starting point starting points total

showing the idea 38 56 94
of redundancies
not showing the 29 18 47

idea
total 67 74 141

Table 1 The result of the categorization
The computed chi-square value for this table is 5.688 (df=1), which

indicates the significant differences (p< .02). Table 2 shows the result of
the residual analysis for Table 1.

only one starting more than two
Ipoint starting points

showing the idea of -2.387* 2.387*
redundancies

not showing the idea 2.387* -2.387*
of redundancies

Table 2 The result of the residual analysis (* p< .05)

These results show that the students who took more than two
starting points in their diagrams could show the idea about the
redundancies of the lines more often than the students who took only one
starting point. This fact suggests that diagrams' function of generating new
elements can affect the students' problem solving processes.

4. Solvers' Function of Giving Senses to Elements

Even when solvers recognize the redundancies of the lines, the ways
solvers treat those redundancies seem not to be determined fully. In fact,
there were several kinds of ways of treatment implemented by the students
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who took more than two starting points in their diagrams and showed the
idea about the redundancies.

Treatment a. Decreasing the numbers of lines from a starting point one by one
depending on the order of the starting points(46.6%);

Treatment b. Dividing a tentative total number, which is obtained by multiplying the
number of lines from one house by the number of houses, by 2 (26%);

Treatment c. Subtracting 20 from a tentative total number (13.8%);
Treatment d. Finding out the total number by the number expression 18x19+18 (6.9%);
Treatment e. Subtracting 19 from a tentative total number (1.7%);
Treatment f. Finding out the total number by the number expression 19x19+18 (1.7%);
Treatment g. Subtracting 100 from a tentative total number (1.7%).

In one of the lessons reported in Miwa(1990), most students agreed
the merit of the idea like the following; after multiplying the number of
lines from one starting point by the number of houses, deviding its result by
2 in order to treat the redundancies. One student was opposed to this, and
insisted the idea like the following; decreasing the numbers of lines one by
one depending on the order of the starting points and finding out the total
number by calculating 19+18+...+2+1. She said " I can understand the idea of
19+18+.... easily. I cannot follow the idea of dividing it by 2 in her solution."
However, when she tackled the problem by herself at the beginning of this
lesson, first she used the number expression 19x20+2, and wrote under this
+2 "dividing because of the redundancies of the lines." Furthermore, in that
lesson there was a student who said " I divided it by 2 because one line gets
redundant at each house." (Miwa, 1990, p.128, my italic) This student seems
to relate the redundancies of the lines to each house, instead of relating
them to each line.

These students' behaviors seem to suggest that there were students
who were not sure about the following points and felt uneasy in treating the
redundancies; To what element these redundancies should be related, what
sense should be given to the redundancies, i.e. how generated elements can
be taken into his/her structures of the problem situation. This unstableness
in turn implies that scuh determination may be left to the solvers.

In the following, we will check whether the various ways of
treatment mentioned above can be explained by senses which could be given
to the redundancies.
Treatment a. If a sense "Redundancies occuring to at each line" is given to

the redundancies, this treatment can be derived. Each line belongs to two
distinct groups of lines. In order to count each line only once, lines
belonging to the previous groups must be excluded. This leads to
decreasing the numbers of lines depending on the order of the starting
points.
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Treatment b. This treatment can be also derived if a sense "Redundancies
occuring at each line" is given. Each line will be counted just twice, so a
tentative total number must be divided by 2.

Treatment c. This treatment can be derived if a sense "Redundancies
occuring at each house" is given to the redundancies. Since there are 20
houses, then 20 must be subtracted from a tentative total number.

Treatment d. This treatment can be derived if a sense "Redundancies
occuring at each of the 19 houses except the first one" is given. A student
taking this treatment wrote "But there are 19 houses having
redundancies." If we remenber that the redundancy appears for the first
time when the second starting point is taken, this student's
determination is somewhat reasonable.

Treatment e. The student taking this treatment wrote the expression 19x19-
19. We should note that in this expression the number of starting points
is considered 19. There was a student writing " All lines can be drawn
before I take the 20th house as starting point." Taking account of this, we
can assume that the students taking this treatment also attended to the
19 starting points except the last one. This treatment can be derived if a
sense "Redundancies occuring at each of the houses except the last one" is
given.

Treatment f. This treatment can be derived if a sense "Redundancy occuring
at the first house" is given. Subtracting 1 from the number of lines drawn
from the first house leads to 18.

Treatment g. There was a student writing "10 lines become redundant at
each house." He thought that 20 lines could be drawn from each house, so
10 lines seems a half of them. If we take account of this and remenber
that there was a student who thought that all tines could be drawn before
the last house would be taken as a starting point, we can assume that the
student taking this treatment thought that a half of the lines, i.e. 10
lines, would be redundant at each of the last half of houses, i.e. 10 houses.
In other words, a sense "Redundancies occuring to the half of the lines
drawn from the half of the houses" is given to the redundanceis.

From the above discussion, each of the ways of treating the
redundacies can be explained by senses which could be given to such
redundancies. The existence of the various ways of treating the
redundancies implies solvers' function of giving them senses.

5. Concluding Remarks

If we analyze diagrams from the standpoint that diagrams can
change gradually during solving processes, we can expect diagrams to have a
function of generating new elements by intergrating the elements at hand.
Indeed, the redundancies can appear as the groups of lines from each of

1038 -382-



more than two starting points are drawn in one diagram one by one.
However, what senses should be given and how new elements should be
taken into solver's structures cannot be determined uniquely. This
determination may be left to solvers.

The discussion in this paper suggests the possibility that diagrams
can help a solver by showing the solver new information which he/she has
not yet known. It also direct our attention not to the exact diagrams useful

for getting the answers, but to the process of diagrams' changes and the
interactions between solvers and diagrams.
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SOCIOCULTURAL MEDIATENESS OF MATHEMATICAL ACTIVITY:
ANALYSIS OF "VOICES" IN SEVENTH-GRADE MATHEMATICS CLASSROOM

MINORU OHTANI
Institute of Education, University of Tsukuba, JAPAN

The purpose of this study is to investigate how mathematical activity in a seventh
grade classroom is socioculturally mediated. A theoretical framework which is
grounded on Vygotskian-Bakhtinian perspectives is taken to the study of
sociocultural mediateness in which the concept of "voice" plays a significant role.

Transcripts of audio-video recordings, written works as well as field notes during
participant observation are analyzed in the light of the framework. Results from the
interpretation of the data reveal that the classroom mathematical activity is mediated
by monologic voice that ventriloquizes institutional constraints for fationality and
homogeneity of formal schooling.

INTRODUCTION

Resent research (Cobb,Wood,Yackel, & McNeal,1992; Lainpert,1988; Nickson,1992) have a

common and persuasive vision of mathematics classroom as socioculturally mediated milieu.
Different classroom cultures mediate different beliefs, attitudes, and values with respect to
classroom interaction, and with respect to mathematical activity. In everyday classroom practice,

teacher and students coordinate the extent to which they participate in a particular mathematical
activity, their role in accomplishing it, and the extent to which they take direct responsibility for

accomplishing it.

This article investigates how mathematical activity in a seventh-grade classroom is socioculturally

mediated. The investigation focuses on the ways that teacher and students coordinate their
purposes and maintain a predictable sense of the ongoing classroom interaction. The following
discussion consists of two parts. First part involves an indication of the theoretical framework and

the justification for the methodology used. Theoretical framework which is grounded on the
Vygotskian-Bakhtinian perspectives is taken to the study of the sociocultural mediateness in which

the concept of "voice" plays a significant role. The second part involves description and
interpretation of an episode that occurred in the classroom during participant observation. The
analysis pays particular attention to the voices depicting teacher's and students' motives before,

during and after the lesson.

THEORETICAL FRAMEWORK

VYGOTSKIAN PERSPECTIVES

The investigation has been influenced by the writings of Soviet psychologists associated with the

cultural-historical or sociocultural school of Vygotskii (Luria, 1974; Vygotskii, 1982a, I982b,
1983) and neo-Vygotskian works (Cole, 1986, 1992; van der Veer & Valsiner, 1991; Wettsch,
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1985. 1991). Central to their formulations is the notion that human beings live in a sociocultural
environment transformed by the historically accumulated systems of artifacts (both conceptual and

material) of prior generations. The basic goal of a socio-historical approach to mind is to create an

account of human mental process that recognize the essential relationship between these processes

and their cultural, historical, and institutional settings. Epistemological assumptions inherent in
sociocultural school involve "mediation","intemalization", and "appropriation."

MEDIATION

A sociocultural approach to mind begins with the assumption that human action typically
employs "mediational means" such as tools and language, and that these mediational means shape

the action in essential ways (Vygotikii, 1982b). "Individual- acting- with- mediational- means"

(Wertsch, 1991:12) in particular sociocultural settings is the unit of analysis of the sociocultural

approach. Mediateness is represented as a triangle (Cole,1992:11; Vygotskii, 1982a: 104), in
which the vertex is a mediating artifact 'M' and remaining points are subject 'S' and object 'O'(see

Fig. 1).
M

O
(Fig. 1)

In the representation, subject and object are seen indirectly connected by the mediator which is

constructed by its participation in the patterned forms of activity embodied in historical, cultural,

and institutional settings. Mediators enter into the organization of behavior and act as mental tools

and constraints.

INTERNALIZATION

Vygotskii (1983:145) claimed that social dimension of mental functioning is primary in time and

in fact and individual dimension is derivative and secondary. For Vygotskii, humans psychological

nature represents the aggregate of internalized social relations that have become functions for the

individual.

APPROPRIATION

Even though the generic precursor on the intramental functioning can be found in intemiental
plane, people become to use socioculturally mediated means without recognizing the precursor and

history of its ownership. People appropriate socioculturally mediated means and use them as wide

reaching scheme of interpretation in order to create and sustain factual character of their
environment.

According to Wertsch (1985, 1991), Vygotskii did not examine about the ways in which
mediated-mental functioning is shaped by sociocultural contexts. Bakhtin (1981,1986, and

disputed work by Volsinov, 1930), however, provide some account of the organization of
mediational means in a particular sociocultural setting.

BA KHTINIAN PERSPECTIVE
Bakhtin, contemporary with Vygotskii, sheared basic idea that human communicative practices



give rise to mental functioning in the individual. Bakhtin's basic theoretical constructs involve

"utterance, "voice, and "dialogism."
UTTERANCE AND VOICE(S)
Unlike many linguists who concern themselves primarily with linguistic form and meaning

abstracted from the actual conditions of use, Bakhtin focused on the utterance, "the real unit of

communication" (Bakhtin,1986:71).
Speech can exist in reality only in the form of concrete utterance of individual speaking subject.

The speaking subject is called "voice" (Bakhtin,1981). Voice refers to more than vocal-auditory

signal. It involves much more general phenomenon of "the speaking personality "(ibid:434). An

utterance can exist only by being produced by a voice, speaking personality with certain point of

view. Bakhtin stressed the idea that utterance is an activity that enacts different values,
perspectives, conceptual horizons, intentions, and world views. Thus, voice involves someone

who belongs to particular cultural, social, and institutional categories.
Any utterance entails the idea of addressivity. Thus, utterances are inherently associated with

many voices. An utterance reflects not only the voice producing it but also the voices to which it is

addressed. In the formulation of an utterance a voice address or respond in some way to previous
utterances and anticipates the responses of other voices. "[Speaker] expects response, agreement,

sympathy, objection, and so forth" (Bakhtin, 1986: 69). Furthermore, Bakhtin did not limit the
notion of addressee to only those speakers in the immediate speech situation. Instead, the voice or

voices to which an utterance is addressed may be temporally, spatially, and socially distant.

DIALOGISM

Dialogism, the most significant principle that Bakhtin celebrated, is founded on the idea that
nothing is ever completed, and there are no ultimate explanations that everyone will accept as

exhausting all the possibilities. Bakhtin attempted liberate monologic, oppressive belief system

which said that absolute truth is possible.

VYGOTSKII AND BAKHTIN COMPARED
MEDIATIONAL MEANS: SPEECH GENRES
In Bakhtin's view, the production of any utterance entails the innovation of a speech genre,

"relatively stable types of utterances" (Bakhtin,1986:60) which is a conventional utterance type

characterized primarily in terms of the typical situations of speech communication. Speech genre is
a mediational means which is used and privileged by the speaker for the realization of specific

social ends.
INTERNALIZATION: INNER DIALOGUE

As Clark and Holquist put it: "V,,gotsky's model [of speech acquisition] parallels Bakhtin's
model, particularly in its insistence that the self comes from the other" (Clark & Holquist, 1984:
229). The process of mastering patterns of privileging rely heavily on the guidance of others in

intermental plane. What begins as external interference on the intermental plane is gradually

transformed to a kind of inner-dialogue in an intrarnental plane.

APPROPRIATION: VENTRILOQUATION

Bakhtin termed the process of producing unique utterances as "ventriloquation" (Bakhtin,1981)
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whereby one voice speaks through another voice in a speech genre. Even though people have rich

repertoire of speech genres, they have no idea that what they are doing. "We speak in divers

genres without suspecting that they exists" (Bakhtin,1986:78). Through a process of

ventriloquation, a specific type of socioculturally situated voice can be heard alongside the

individual voice.
For Vygotskii, socialization or mental development can be profitably viewed in terms of

appropriation of mediation( means. For Bakhtin, it can be viewed in terms of ventriloquizing

through a speech genre appropriate for that particular sociocultural settings. They have come to

privilege particular speech genres and registers of these languages and coming to understand the

specific contexts in which variants should and should not be used.

AN ILLUSTRATION
To illustrate the Bakhtinian specific constructs of speech genre and ventriloquation, I shall draw

on Lampert (1988) and Lakatos (1976).
Lampert (1988) illustrates peculiar form of discourse in the traditional classroom context of

mathematical activity. She puts it (ibid; 13):

In the classroom, words like "know," "think," "revise," "explain," and "answer" come
to have meaning by being associated with particular kinds of activities. Who is
responsible for doing the activities associated with these words gets determined in
interaction between the teacher and students. ...land) to be asked by the teacher to revise
means "you've done it wrong" and "you've got to do it over" until more of the answers
am correct. When the teacher asks a student to think it is often an admonition to be quiet;
thinking is not considered to be a process that students--or teacher and students --engage
in together.

The quotation suggests that there is specific speech genre and its registers deemed appropriate for

mathematics class.

Lakatos (1976) portrays historical debates within mathematics about aproofs of Euler-Descartes

conjecture by constructing a classroom dialogue among a teacher and students. In the dialogue,

Lakatos often let the teacher and students, both are fictional characters, ventriloquizes through the

voices of mathematicians' own voices, thereby demonstrated how new knowledge develops in the

discipline. In the midst of the argument an utterance than, belong to a single speaker (either teacher

or student), but that actually contains mixed within it many voices, many axiological belief system,

conceptual horizon among mathematicians through the last several centuries.

DESCRIPTION OF AN EPISODE

DATA COLLECTION
The episode I shall examine here comes from a seventh-grade classroom (with thirty two

students) in a junior high school located at Tsukuba city, Japan.

A yearlong participant observation started April 1993, when the author entered the class as

assistant who is preparing for teaching profession. In each lesson, I delivered and gathered

worksheet materials, provided audio-visual equipments and had a discussion with students on their
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requests during individual work sessions.

Every lesson (three times aweek) was audio-video taped for later analysis. Utterances which
the classroom teacher and students addressed to me are recorded by small audio-recorder put in my
inside pocket. These utterances involve their motives, beliefs, situations of definitions, and
opinions before, during, and after the lessons. These utterances give the participant observer an
opportunity to have access the underrepresented voices in ordinary classroom practice which
consists of specific interactional sequences: teacher initiation - student reply - teacher evaluation.

Transcripts of audio-video recordings, written works as well as field notes during participant
observation are analyzed in the light of the framework to generate a description of how classroom
mathematical activity is socioculturally mediated.

RESULTS

I shall outline an episode that occurred on May 20. The episode is representative of a much
larger corps of data. On that day, the teacher planed to introduce multiplication of positive and

negative integers. In the teaching staff room, the teacher gave me a worksheet [I] and said that [2]:

(In the following excerpt of protocol, the teacher and participant observer are designated by T and
PO respectively, and students are designated by their initials.)

[I]

[2]

MULTIPLICATION OF POSITIVE AND NEGATIVE NUMBERS
PROBLEM

Mr. T travels at a speed of 4 km an hour from the west to the east. He has just
passed point O.

(1) Where he will be traveling two hours later?
(2) Where ha was traveling two hours before?

0
-5 -Li -3 -2 -1 0 I 2 3' 4 5

T : I made a plan to teach multiplication for today.
PO : I expected.
T : In the introduction, however, student would notice that the worksheet has much to do

with multiplication by the title on it. I don't mind even if they notice.
PO : Some days before, when presented a worksheet titled "subtraction of positive and

negative numbers", I found that most students formulated the problem using
subtraction.

T : Well, ... a worksheet without title would allow them to formulate the task in different
ways. I think it would be indeed more interesting.

In the beginning of the lesson, the teacher wrote on the blackboard today's task: "Think about
how to do multiplication with positive and negative numbers." Every students received the
worksheet and were asked to engage individually. The students engaged the task for fifteen
minutes, I observed that fifteen students formulate the problem with multiplication and five
students formulate it using addition. The teacher nominated five students to write down their
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formulation on the blackboard. One of them, students HK formulated the problem (+4)+(+4)=+8
for the question (1), and (-4)+(-4)=-8 for (2) respectively. No sooner had HK returned to his seat,

he hesitatingly call my attention to his formulation and said that [3]:

[3)
HK : Ah, Mr. Ohtani, that is my...
PO : Which one is yours?
HK : This one (pointing to his notebook). That white one (pointing to the blackboard).
PO : Which one? Middle one?
HK : Middle? ... No, next one, next to it. Look this (pointing to the title of the

worksheet), ..., multiplication. Instead of doing multiplication, I did it by addition.

PO : Is it inappropriate to use addition?
HK : Inappropriate
PO : What?
HK : Yes, inappropriate.
PO : Then, do you get different solution?
HK : No. I think that the answers are the same.
PO : Then, why do you think it inappropriate? You say it is...
HK : Yes. ... 'Cause ...
PO : Can't you solve it by addition?
HK : I can. ... in this case (pointing to the title), however, I should do multiplication. ...

Ah (throwing up his hands on his head)... Okay, I don't mind.

At the end of the lesson, the teacher reviewed todays activity and gave sununativeevaluation [4]:

[4]
T : Today, many of you solved the problem by using multiplication. As I wrote here on

this board (pointing to the task), multiplication of positive and negative numbers, ....,
what do you mean by multiplication?

S : "joho "[Japanese children use the term "joho" for multiplication in elementary school.]

T : Good to you. The objective of the lesson was to learn "joho". Therefore, I would

appreciate if you would forMulate the problem using multiplication.

After the lesson, on the way back to teaching staff room, the teacher seemed to be unsatisfactory,

saying that [5]:

[5)

T : There were only fourteen [students who used multiplication method]. Together with

those who employed another formulations, the total number is less than twenty.

PO : There were indeed variety of solutions among students.
T : Nevertheless, they tend to be mechanically. If students are asked to formalize rules [of

multiplication], they would formulate something like "plus and plus make plus"

whether they really understood or not.
PO : You say, they tend to do so...
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T : Yes. It is the very difficult problem to cope with.

DISCUSS ION

Many voices depicting socioculturally mediated means (speech genre) seem to be detected in the
present episode. Analysis of the episode shows that classroom mathematical activity is
characterized by a monologic suppression by authoritarian voice, rather by a dialogicality of voices.

Teacher's utterances [4] and [5] suggests that he send a strong message that the homogeneity
among students activity should be attained, even if another formulation could be used to describe an

objects or event more appropriately and usefully in their activity settings. Teacher appeared to be
ventriloquizing through speech genres characteristic of the formal schooling. One of its
characteristics is a tendency toward certain kind of rationality. This derives in part from the
institutional constraints within which formal instruction take place. The formal instruction has to

perform a degree of rationalization of what it transmits. A tendency of homogenization created by

such rationality reflects the assumption that one must not introduce alternative formulation unless

specifically invited to do so. Thus, in place of diversity or heterogeneity, it puts explicit,
standardized formulations which are expressly inculcated and conserved so as to be reproduced in

virtually identical form by all the students in the succeeding lessons. In order to attain such
homogeneity, teacher often use authoritarian directives.

HK's utterances [3] suggest that he was ventriloquizing through voices of the teacher speech
genre of formal schooling. The title ot the worksheet becomes directive of imperative which he is
expected to follow. The title functioned to regulate his mathematical activity in ways that are
appropriate for the classroom setting. By responding to the directive, the student engages in a
process sanctioned and regulated by the teacher. The voice of HK can be seen as internalized voice
of authorized teacher.

Through months of classroom practice, students would gain adequate facility and flexibility in the

patterns of privileging of particular speech genre deemed appropriate in mathematics lessons. In

the episode, fifteen students wrote down multiplication such as (+4) + (+4 ) =+8 for the question

(1), (- 4)+ (-4)= -8 for the question (2) respectively. It seems to me that these students appropriate

the voices of the previous lessons on addition and subtraction of integers. These voices reflected in

the assumption that there is only one true formulation of mathematical task.

The mastery of this privileging pattern of the monologic speech genre of formal schooling was
clearly revealed on June 22. On that day the teacher introduce special topic of finding pattern of

numerical sequences. In the end of the lesson, the teacher ask students to write their impression of

today's lesson?". A student KC wrote that [6]:

[6]
Unlike ordinal lessons, today's lesson was interesting. Because, I could formulate my
answer by myself.

Voice that is temporally and spatially distant become apparent in KC's reply. The voice involves

not only positive attitude toward the lesson, but also negative opinion ("unlike ordinal lessons")

associated with the way the teacher organize preceding lessons on positive and negative numbers.
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CONCLUDING REMARKS

The view I have been outlining in this article suggests that the tnediational means of individual

mental functioning can be better understood if one goes beyond the individual involved. By

focusing on speech genres as mediational means, the author is constantly remind that mediated

action is inextricably linked to historical, cultural, and institutional settings.

The investigation itself raised several additional questions. It remains to explore the ways in

which such a monologic organization of activity on the intemiental plane is mastered, thereby

shaping the intrarnental plane of functioning. Vygotskii- Bakhtin's perspective suggests that what

comes to be incorporated into an unefance are voices that were formerly represented explicitly in

intermental functioning. Therefore, microgenetic analysis of transition of mental functioning from

intermental to intramental plane that would occur over the course of classroom interaction is

needed. In addition to exploring the qt.estion, it is necessary to show the possibility to create and

sustain mathematically appropriate culture in whichdialogical organization of activity can occur.
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RATIONAL NUMBERS: STRATEGIES AND MISCONCEPTIONS IN SIXTH GRADE
STUDENTS

Isolina Oliveira, Institute de Inovagio Educational, Lisboa

Gloria Ramaiho, Institute Superior de Psicologia Aplicada, Lisboa

Abstract

In this study sixth grade children were introduced to some problematic situations in
which the rational number concept was involved and presented in different contexts.
Individual interviews were carried out in order to undestand children's ways of
thinking about rational numbers. Results show the use of different types of strategies
and point to specific kinds of misconceptions, which were both found to be different
depending on the task that was presented and on its context of presentation. The
comparison between "high" and "law" achievers' outcomes leads to the conclusion that
much more success is obtained when a task is depicted in a concrete context than when
it is introduced within an abstract context, and that this finding is more prominent in
the case of "low" achievers.

Introduction

Vergnaud sustains the importance of studying children's conceptions in order to achieve two major
objectives: on the one hand, to identify the difficulties and discontinuitites in students reasoning

processes while approaching some mathematical concepts; and on the other hand, to determine in
which way children's previous conceptions can be used to generate new conceptions.

According to him, a given problematic situation does not, in general, implicate all the properties of a

specific concept, and its solution will most likely require a number of distinct constructs. Learning some

concept is an enduring process which goes through several phases of interactions and discontinuities.

Only amid a vast domain of interwined concepts would it make sense to look for affiliations and
ruptures in knowledge (Vergnaud,1990).

The possible different sorts of interpretations of rational numbers and the consequent degree of
complexity that they entail is most likely at the origin of the statement, frequently heard among teachers,

that this topic, included in sixth grade math portuguesc curriculum, is the most difficult of all for

children. It is, unfortunately, still common to find some teachers, usually the ones who emphasize the

main importance of algorithmic procedures, who, contrary to Vergnaud's perspective, advocate that the

best way to overpass such difficulties is to persistently exercise on the resolution of many problems of
the same sort.
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The interest in studying the rational numbers learning process in children can be seen from three

different perspectives: I) from a practical point of view, as the capacity to deal with this concept

facilitates the comprehension, and makes it easier to deal with many practical situations; 2) from a
psychological perspective, in the sense that such a vast domain propitiates children's mental
organization and , thus, enhances their general cognitive development; 3) from a mathematics
education point of view as the full comprehension of this concept underlies the further laming of

algebraic operations integrated later on in the secondary school curriculum (Behr, Lesh, Post & Silver,

1983).

Children's understanding of the rational number construct has been at the origin of numerous
investigations (e.g., Behr et al., 1983; Kiercn, 1980). Our intention in this study was to apprehend how

children, at this age and in a specific curricular context, think about rational numbers. More

specifically, our option was to study the disparities between "high" and "low" achievers, with respect to

the strategies employed and to the possible misconceptions involved in the solution of problematic

tasks addressing different interpretations of rational numbers.

This presentation will address six of those tasks, whose choice was determined by the revealed degree

of difficulty.

The Study

This investigation was organized in two distinct phases. During the first phase, 68 children, attending

sixth grade in three different schools in Lisbon, were asked to answer a pencil and paper test whose

items regarded the part-whole interpretation of rational numbers. .. subjects for thz second phase of

the study were then selected according to both their performance on '' 's test, and to the math teacher

evaluation of these students' degree of achievement in the subject. The ramp', .hus gathered consisted

on 15 "high" achievers and 15 "low" achievers.

In the second phase of the study the subjects were individually interviewed and presented with six tasks

bearing on the interpretations "quotient", "equivalence" and "addition", in either a concrete or an

abstract context.

All the situations were orally presented and the students encouraged to verbalize their strategics during,

and after, the solution of each task, to utilize different materials that were available, to draw any sort of

diagrams and/or register their thoughts in a separate sheet of paper.

The six chosen tasks were the following.

1. You have a pima that you want to divide evenly among three boys. flow much will each boy get to

cat?
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2. Do you like chocolate? Which one of these would you rather have: 2/3 or 8/12 of a chocolate?

3. In this task, two circular cards were shown, one of them divided into four equal parts, three of which

were darkened, and the other one divided into three equal portions with just one marked in the same

way.

This (and the first card was pointed out) represents a mushroom pizza and the shaded zone the part that

John got to eat yesterday.

This (and the second card was, then, shown) represents a chicken pizza and the shaded zone the part

that John got to eat today.

All together, how much did John cat?

4. If you have 1 divided by 3, how can you represent the result?

5. Place one of the symbols (>, =) on the dotted line so that a true statement will result:

6. Calculate

3 1

4 + 3

2 8
3

The order of task presentation was not exactly the one just displayed since there were more situations
whose results are not considered in this presentation.

Results

The strategies put into practice by students were organized by task, by context of the task (concrete,
abstract) and by student performance soup ('high" achievers = A, low" achievers = B).

The three following tables display the distribution of students's answers with respect to their
correctedneu ("C" = Correct, "W" = wrong) and regarding the solution strategics put into practice
while solving them, always discriminating "high" from "low" achievers. Table 1 illustrates the answers
relative to "quotient" type of tasks, Table 2 refers "addition" and Table 3 "equivalence".
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Table 1 - Distribution of strategies put into practice by group of performers, connectedness of the
answers and context of task - "Quotient" type of tasks

Concrete Abstract
Strategies A

CM
B

CM
A

CM
B

CM
. Procedure algorithmic (1:3). 3/0 2/2

. Symbolic representation (1/3) 8/0 3/0 5/0 1/0

. Symbolic representation and procedure algori-
thmic.

4/1 6/3

. Symbolic and graphical representation. 5/0 8/1 2/0 0/1

. Symbolic representation, graphical representati-
on and procedure algorithmic (1:3)

2/0 2/1

Total 15/0 13/2 14/1 9/6

Table 2 - Distribution of strategies put into practice by group of performers, correctednesi of the
answers and context of task - "Addition" type of tasks

Concrete Abstract
Strategies A

CM
B

CM
A

CM
B

CM
. Graphical representation and estimation.
. Estimation.

0/1
2/0

. Procedure algorithmic (LCD and manipula-
ted materials.

2/0 6/0

. Manipulated materials and estimation. 5/0 1/0 -

. Procedure algorithmic (LCD). 7/1 3/2 12/0 7/2

. Rule invention/tule transposition. 0/1 0/5

. Rule invention/rule transposition and procedu-
or algorithmic.

2/0 0/1

Total 14/1 12/3 14/1 7/8

'Least-common-denominator
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Table 3 - Distribution of strategies put into practice by group of performers, corrcctcdncss of the
answers and context of task - "Equivalence" type of tasks

Concrete Abstract
Strategies A

C/W
13

CAV
A

C/W C/W

. Procedure algorithmic
- LCD* 5/0 1/0 3/0 1/0

- decimal form 2/0 4/0
- equivalent form 1/0 2/0

. Rule invention/rule transposition 0/2 0/5 0/1 0.'4

. Manipulated materials and rule invention/rule
transposition

0/1 0/3

. Graphical representation and rule inventi-
on/rule transposition

2/0 1/4 1/2 3'3

. Procedure algorithmic (LCD) and rule inven-
lion/rule transposition

4/0 2/0 2/0 1/0

Total 13/2 5/10 12/3 5/10
* Least-common-denominator

The classification of misconceptions was done in the context of the solution strategy.

Difficulties were found at the level of graphical representation, mainly when the student would not
consider an even division, which may have to do with the absence of a full understanding of the part-
whole concept, as can be seen in the figures that follow.

Task 1 (Luis)
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Task 2 (Susana)

Task 2 (Marco)
croov Sue z

tz 3

Another kind of difficulty has its origin in the incomprehension of the position value of decimal
numbers, which happens whenever the child makes use of this sort of representation. Task number four
was frequently solved, on the first trial, as "three point three" and sometimes "thirty three", with the
student persisting with the answer even when the researcher called his attention.
Finally, another kind of misconception that consistently shows up proceeds from presuming as a rule
that applies to rational numbers, one that is true only about integers, as well as some other rules that are
just created as the student explain his process of task solving. The examples that follow refer to task
number two:

"two thirds is less because the numbers arc smaller"
"I prefer eight twelfths because twelve is larger than three and eight larger than two"
"I prefer two thirds because it has less divisions"
"I prefer two thirds because it divides in less parts".

In task number six the imcdiate answer is, sometimes, four sevenths: the student adds both numerators
and both denominators.
We identified other sorts of misconceptions although they seem to us as less interesting from a
psychological point of icw.

Discussion

In this section we intend to simply elaborate the most salient aspects of the study that was just
summarized.

When the answers to the tasks implicating "quotient", "addition" and "equivalence" arc considered in
this order we can find progressive difficulties, particularly evident in the "low" achievers, which suggests
the possibility of a conceptual hierarchy in then understanding.

1053
397



One other aspect that should be emphasized is that the strategy selection done by students while solving
tasks that are mathematically identical is not the same whether the context is either concrete or abstract,

this being true for both low" and "high" achievers. In particular, when tasks arcpresented in a concrete

way a better performance is found in the "low" achievers which seems to indicate that a realistic

approach in the teaching of fractions allows for a better understanding.
Nevertheless, it is interesting to point out that, for "low" achievers, the kind of context did not have any

influence in the success of the tasks implicating "equivalence". In the analysis of their answers the

strategy that stands out is the utilization of a rule which they know to be true for integers: apparently,
2/3 and 8/12 are not taken to be numbers, this finding being in agreement with the results of previous

investigations (Harrison & Greer, 1993). As a matter of fact, this understanding of fractions as
numbers seems to be a real "episthemological obstacle" as defined by Vergnaud (1989, p.38) in the

sense that it contradicts the child's previous functional conceptions, it is of an enduring nature, and it
facilitates the appearance of earlier notions whenever circumstances arc favorable.
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FIFTH GRADERS' MULTI-DIGIT MULTIPLICATION AND DIVISION
STRATEGIES AFTER FIVE YEARS' PROBLEM-CENTERED LEARNING

Hanlie Murray, Alwyn Olivier and Net Human
Research Unit for Mathematics Education
University of Stellenbosch, South Africa

This paper describes the multiplication and division strategies used by fifth-graders
in three schools which have been following a problem-centered approach to mathe-
matics learning for five years. The quality of mathematical thinking and the com-
putational skills exhibited by these students are very encouraging.

INTRODUCTION

The National Research Council document Everybody Counts states "More than most school

subjects, mathematics offers special opportunities for children to learn the power of thought

as distinct from the power of authority" (1989:4). Sadly, these opportunities are seldom re-
We believe that when young students are exposed to transmission-type teaching of

mathematics, it encourages the idea that mathematics should be associated with the power
of authority rather than with the power of thought, and that the "personal intellectual en-
gagement that creates new understanding" (NRC, 1989:6) does not happen simply because
students do not realize that it is expected of them.

A problem-centered learning approach to mathematics teaching (e.g. Cobb, Wood, Yackel,

Nicholls, Wheatley, Trigatti & Perlwitz, 1991; Olivier, Murray & Human, 1990) expectsstu-

dents to construct their own knowledge and also attempts to establish individual and social
procedures to monitor and improve the nature and quality of those constructions.

Young students enter school with the "power of thought" attitude; to prevent the change

to a "power of authority" attitude towards mathematics, teachers in our problem-centered
classrooms do not demonstrate solution methods for problems, but expect students to con-
struct their own strategies, and they depend on social procedures, developed during peer
collaboration, for error identifier .ion and the development of more powerful strategies.

This is possible because young students enter school with a rich repertoireof problem-

solving strategies based on sound conceptual knowledge, and the; invent their own compu-
tational strategies independently of what they are taught. Our approach simply builds on
and deliberately encourages these strategies (Murray & Olivier, 1989). This implies that the
four standard vertical algorithms for the four basic operations are no longer taught explicitly.

The nature of written algorithms. The essential nature of any non-counting computa-

tional algorithm is that it is a set of rules for brpking down or transforming a calculation into

a set of easier calculations the answers of which are already known. This process of chang-

ing the task to an equivalent but easier task involves three distinguishable sub-processes,
illustrated here with reference to a procedure to calculate 17 x 28:

Transformation of the numbers to more convenient numbers e.g.

28 = 30 -- 2
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The ability to transform numbers in this way depends on the student's number concept
development.

Transformation of the given computational task to a series of easier tasks, e.g.

17 x 28 = 17 x 30 17 x 2

The ability to transform the task to an equivalent task depends on the student's aware-
ness of certain properties of operations or theorems-in-action (Vergna-A, 1989) (here the
distributive property of multiplication over subtraction).

Calculation of the parts, e.g.
17 x 28 = 17 x 30 17 x 2

= 510 34
= 476

These final calculations are performed at the "automatic" level, i.e. without much think-
ing, and requires knowledge of some basic number facts.

The process of calculation does not necessarily follow this sequence. The way you initially
decompose the numbers depends on your anticipation, "looking ahead" to the transformation
you intend in phase 2 and the basic facts you are going to use in the final step of the calcu-
lation.

Strategies such as these that children in problem-centered learning classrooms use in
solving word problems generally indicate that they have a sound intuitive grasp of the prop-
erties of operations that underlie their strategies.
Objectives for computation. In our problem-centered learning approach the objectives
for computation do not include speed or economy of presentation. Rather, we use computation
as a vehicle to achieve other objectives, namely

understanding of number, operations and properties of operations

understanding of algorithmic thinking as a process, including executing and explain-
ing given algorithms, comparing and evaluating the efficiency of different algorithms,
designing and modifying algorithms for specific tools, using flexible computational pro-
cedures (mental computation and estimation)

using computation as tool for solving problems

maintaining a positive attitude to mathematics, positive beliefs about mathematics and
about learning mathematics, and especially intellectual autonomy.

Our first PME report on division described the different strategies used by first to third
grade students in our classrooms (Murray, Olivier & Human, 1991); the second report on di-
vision traced the development of division strategies in a third grade class during the course
of a school year (Murray, Olivier & Human, 1992). In this report we describe the different
strategies that fifth-graders in different schools use for multi-digit multiplication and divi-
sion. The objectives of the present study were to trace the effect of two further years' practice
on students' "power of thought" attitude, to gain insight into the quality and promise their
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computational strategies hold for further mathematics, and to document the frequencies of
the different strategies.

STUDENTS' STRATEGIES

All the fifth-graders in three schools were required to solve the following two problems in
written test situations (i.e. individually) at the end of their fifth grade:

Miss Schreuder makes tote-bags for students. She uses 27 cm of trimming for each
tote-bag. She receives an order for 35 tote-bags. How many centimeters of trimming
does she use for this order?

There are 784 children at a holiday camp. They are grouped into teams of 16 child-
ren each. How many teams are there at this camp?

The student populations of all three schools are fairly stable, and most of the students
have been together for some years, making possible the decided differences in preferred
strategies among the three schools. We list below the different strategies used by students
to solve these problems and give examples of each strategy.

Strategies for the multiplication-type word problem.

1. Decimal decomposition of each number, leading to the addition of four subproducts.

Helen 20 x 30 = 600
20 x 5 = 100
7 x 30 = 210
7 x 5 = 35

600+100+210+35=945

2. Only one of the numbers is decomposed additively into two or more parts. A number of
subproducts are calculated and the results added.

Chris 27 h 30 = 810
27 x 5 = 135 810 + 135 = 945

Gay 35 x 10 = 350

35 x 10 = 350

35 N 4 = 140

35 x 3 = 105

945

3. One number is kept whole for multiplication with the tens-part of the other number,
but decomposed decimally for multiplication with the units-part of the other number.

Liza 20 x 35 = 700

7 x 30 = 210
7 x 5 = 35 35 + 210 + 700 = 945

4. Repeated doubling of one number, adding the appropriate multiple of the number at the
end.

Jon 105 + 105 210 + 210 420 + 420 840 + 105 945

3 3 6 12 24 3 27
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5. Changing some of the numbers so that a completely different but more convenient task
is executed, and then compensating for the change.

Andy 35 x 10 350 x 3 1050

35 x 3 = 105
1050 105 = 945

6. The standard vertical algorithm for multiplication.

7. Indecipherable strategies.

We have identified only one type of logical error, namely a partial implementation of strategy
no. 1, in analogy with a common addition strategy.

Naomi 20 x 30 = 600
7 x 5 = 35 600 + 35 = 635

Table 1 shows the frequency of use of each strategy for each of the three schools.

Table 1: Multiplication-type problem frequency distribution (%)

Strategies 1 2 3 4 5 6 7 Logical error

School A (n=34) 29 53 9 0 1 2 2 4
School B (n=79) 43 33 8 0 0 1 1 14

School C (n=53) 47 34 6 2 0 11 0

Strategies for the divisiontype word problem.

1. Partitioning of the dividend into known multiples of the divisor, leading to the addition
of a number of subquotients.

Alan 640 + 16 = 40
144 + 16 = 9 40 + 9 = 49

Stefan 320 + 16 = 20
320 + 16 = 20
128 + 16 = 8
16 +16 = 1 20 +20 +8 +1 =49

2. A number of separate multiplications of the divisor until the sum of these results is
equal to the dividend.

Willem 16 x 20 = 320
16 x 20 = 320

16 x 5 = 80
16 x 3 = 48
16 x 1 = 16 20 20 + 5 + 3 + 1

Gustav (16 x 20) x 2 = 640
640 + (16 " 6) = 720
720 + (16 x 4) = 784 40 + 5 + 4 = 49
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3. Counting in the divisor, with an occasional doubling.

Suzanne 16; 32; 48; ... 784 49

4. Accumulating multiples of the divisor.
20

Tina 160 + 160 -+ 320 + 320 - 640 + 32 672 + 32

704 + 32 736 + 32 768 + 16 784 49

Mary 160 + 160 320 + 160 480 + 160 640 + 144 = 784

10 10 10 10 9 49

Lynda 320 + 320 640 + 64 704 + 64 768 + 16

20 20 40 4 44 4 48 1 49

5. Repeated multiplication or division, adding or subtracting a multiple of the divisor at

the end.
Regardt 16 x 10 160 x 10 1600 ÷ 2 800 -16 784

10 100 50 49

Susan 16 x 20 320 x 2 640 + 160 -+ 800 -16 = 784

20 40 50 -1 49

6. Repeated doubling of the divisor, adding a multiple of the divisor at the end.

Helga 16 32 64 128 256 512
1 2 4 8 16 32

768 + 16 = 784
48 -1 49

7. The dividend is changed to a more convenient number (e.g. a known multiple of the

divisor) awl the answer is adjusted.

Judy
Michael

800+16=50,50-1=49
16 x 50 = 800, 50 - 1 = 49

8. The standard long division algorithm.

9. Indecipherable strategies.

We have identified only one type of logical error, namely decimal decomposition of the divisor

and sometimes the dividend as well, assuming that division is left distributive over addition

or subtraction.
Ch ristel le 700 ÷. 10 = 70

84 ÷ 6 = 14 14 + 70 = 84

Table 2 shows the frequency of use of each strategy for each of the three schools.
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Table 2: Division-type problem frequency distribution (%)

Strategies 1 2 3 4 5 6 7 8 9 Logical error
School A (n=94) 59 12 6 1 1 1 6 6 6 2
School B (n=79) 21 47 2 0 1 0 2 3 7 17
School C (n=53) 10 32 0 12 8 6 24 8 0

DISCUSSION

Students' intellectual autonomy. The fact that these fifth grade students are still usingtheir own invented strategies and not the standard vertical algorithms is an indication that
they have maintained the "power of thought" attitude with which they started school over aperiod of five years, i.e. that the problem-centered classroom culture for mathematics is stillreasonably intact.

The presence of the standard algorithms can be traced to new entrants from schools where
the algorithms had still been taught, and to parental influence. The seemingly high incidence
of the standard algorithms in school C was traced back to an intake of four competent stu-dents which i 3 this small school counts for 8%. What we find significant is that the use ofthese algorithms has not spread to any particular degree in any of the schools. Students
therefore seem to prefer their own strategies which they use with understanding and with
sufficient speed to satisfy the requirements imposed by tests and examinations.
The nature of students' strategies. In the course of a few years, most of these stu-
dents have developed sophisticated and powerful strategies. In general, the level ofnumber
concept of the students as well as their knowledge of multiplication facts is not only quite
extensive (note their knowledge of the larger multiples of 16) but also particularly flexible.
Their flexibility is shown by the ease with which they construct alternative routes for par-ticular calculations.

The decided differences in preferredstrategies among the three schools can be attributed
to the effect the problem-centered classroom as a community of mathematics practitioners
and talkers has on the thinking of its individual members.

In our previous research reports on the division strategies of students in the first three
grades, the different strategies differed widely from one another in their economy and the
level of abstract thinking employed. This distinction is much less evident among the strate-
gies used by the fifth-graders. With the exception of the quite primitive division strategy
of counting in multiples (strategy no. 3), all the strategies are at approximately the same
level with respect to use of the properties ofnumbers and operations. For example, the most
useful theorem in action seems to be the distributive property, which pervades all strategies;
even the strategies that are based on repeated multiplication or doubling are finally adjusted
by applying the distributive property. Even the transformations that the weaker students
(or the students with a less well developed numberconcept or smaller repertoire of known
number facts) make in order to simplify matters for themselves are based on an intuitive
understanding of the distributive property.

There are, however, great differences within each strategy, i.e. with the way in which
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individual students implement the basic strategy. These differences can be ascribed firstly

to an individual student's level of number concept and secondly to the known number facts
the student has at his disposal. For example, for division strategy no. 1 (partitioning the
dividend), Alan partitioned 784 into 640 and 144, whereas Stefan used 320, 320, 128 and 16.

This is one of the central issues in a successful problem-centered classroom: that students
operate at the levels at which they feel comfortable. When a student transforms the given
task into other equivalent tasks, these equivalent tasks are chosen because the particular
student finds these tasks more convenient to execute.

It therefore seems that students in problem-centered learning classrooms are aware of the
transformations they make and why they make them, and that they therefore understand
the nature of computational algorithms at a metacognitive level. One can safely say that in
a transmission-type teaching environment students do not have this metacognitive perspec-
tive on the computational algorithms they are taught, even though some may understand

how these taught algorithms work.
Viewed from the high school perspective, the strategies indicate a high degree of struc-

tural similarity with algebraic multiplication and division.
Logical errors. In a very large-scale implementation of any teaching approach (more
than 1000 elementary schools in Southern Africa are implementing this approach) there
will not only be found different interpretations of the basic principles of the approach, but
also compromises indicating that the basic principles have not been completely accepted or
understood. One of the most common compromises in this implementation arises from some
teachers' lack of confidence in their (weaker) students' ability to construct adequate algo-

rithms, resulting in their guiding students towards particular solution strategies. This may
pressurize students into trying to use logical structures and/or attempting to deal with num-
ber sizes for which they are not conceptually ready.

The occurrence of logical errors among a group of students is a strong indication that
the problem-centered learning culture has been compromised, and that students are not
transforming the given task into tasks that really suit their own level of development.

For example, multiplication strategy no. 1 is the only -t rategy apart from the standard
vertical algorithm which does not allow for differentiation wi thin the equivalent tasks chosen

(i.e. there is no choice, the tasks are fixed). Strategy no. 2, on the other hand, allows for very

considerable differentiation, both towards much shortened execution (Chris's example) and

towards using a number of quite small calculations (Gay does not even multiply by seven,
but by four and three). Strategy no. 2, therefore, caters for a wide range of number concept

abilities.
The only type of logical error we have identified for multiplication can be described as a

partial implementation of strategy no. 1. The high incidence (14%) ofthis error among school

B students, .coupled with the high frequency associated with the related strategy no. 1 for
the same school, leads one to speculate whether these two phenomena are not related: If

some teacher had at some stage guided students towards strategy no. 1, it is possible that

a number of students who would have fared much better with strategies of their own choice
which allow for more differentiation, are now unwisely attempting to implement strategy

no. 1.
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The logical error for division also has a high incidence in school B. It therefore seems very
likely that the classroom cultures in school B do not allow weaker students complete freedom
of choice and make insufficient provision for those social procedures (discussion, support and
justification) which identify and clarify errors at an early stage.

Notation. We are very much aware that a classification of strategies which is based solely
on students' written expositions may differentiate between strategies which are conceptu-
ally identical but which are simply recorded differently. For example, although Alan writes
640 ÷ 16, etc. (strategy no. 1), it is quite possible that he is in fact thinking of 16 x 40, etc.,
which would be classified as strategy no. 2.

It is not only conceptual and procedural structures that are subject to the influence of
the classroom culture; notation is also very much moulded by classroom conventions which
dictate acceptable forms of communicating about strategies.

Also, written work serves a number of different purposes: It can function as a compu-
tational aid and it aids communication. It can also take the form of reasoned exposition,
where the written format no longer matches the original sequence of problem-solving steps,
but rather provides a logically coherent justification for the method. For example:

Louis 784 160 = 4 and 144 is left
144 + 16 = 9 because 10 x 16= 160

and 160 - 16 = 144
4 x 10 = 40 40 + 9 = 49

This format of written mathematics could therefore be a quite logical and natural devel-
opment in a community where mathematics is actively engaged in and where decisions haw,
to be justified.
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STUDENTS' PERCEPTION AND USE OF PATTERN AND GENERALIZATION

Anthony Orton and Jean Orton
University of Leeds

Four studies in students' perception and use of pattern and generalization are described

One study involved adults and the other three involved pupils aged 9-13 years. Two

studies were based on group t'sting and the others were conducted by means of individual

interviews. Analysis of the data has revealed not only different levels of generalizing

activity, but also some of the obstacles to successful generalization.

Introduction
Mathematical study involving recognizing, exploring, explaining, continuing, devising and

using patterns and attempting to generalize from them has become a significant element of the

mathematics curriculum in England. According to the DES (1988), "Work in the primary school on

number pattern and the relationships between numbers lays the foundation for the subsequent

development of algebra". Yet there is still only a limited amount of published evidence as to how

successful pupils might be in taking the step which results in them deducing what we can accept as

an appropriate algebraic formula from a number pattern. One particularly significant report by

Stacey (1989) concerns a collection of studiei relating to linear generalizing problems. More

recently the use of computers, particularly through spreadsheets, has been suggested as a hopeful

approach (Sutherland, 1990; Healy and Sutherland, 1991). Our studies have set out to provide

additional evidence concerning patterning abilities and competences, and likely obstacles, in children

from nursery school to upper secondary and in adults. Here, we report briefly on four such studies,

one concerning adults, one involving a group test with 11-12 year old children, and two involving

individual interviews with pupils in the 9-13 age range.

Experiment 1: Patterning competences in adults
Mature adults wishing to train as teachers in England may obtain an acceptable qualification

in mathematics via an examination provided specifically for them. One legitimate and regular form

of question in this examination at the University of Leeds has been concerned with patterning leading

to generalization. The format of these questions is limited by the constraints of a written

examination, so the amount of data available is less than ideal. Nevertheless, valuable insights have

been gained from the data collected over the three years 1991 - 1993. The standard idea in each of

the relevant questions from the three years was to provide a sequence of configurations of dots (see

Figure I), and the candidates were asked to predict the numbers of dots (M(r)) for r..5, 10, 50 and n.

In each year the nth term involved a term in n2. There were no cases of candidates successfully

answering a particular question without succeeding on all the previous questions, so candidates who

provided the answer only for the fifth configuration were classified at Stage 1, candidates who
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successfully answered both the fifth and the tenth were classified at Stage 2, and so on up to Stage 4
when the nth term was obtained, and this simplified the analysis. There were no major discrepancies
between the numbers of candidates who passed the examinations in the three different years.

1991

1992

1993

Figure 1

The data indicate (i) that success with the fifth, tenth and fiftieth numbers in the pattern by no
means automatically guarantees success on the nth, (ii) that no candidates found the nth term in 1991
yet considerable numbers did in the other two years, and (iii) that the pattern of numbers for 1993
was the easiest. Looking beyond this simple classification, however, other important issues emerge.
The use of differencing was ubiquitous as a first attempt to solve these problems, and many
candidates persevered with differencing even when attempting to find the fiftieth term. Differencing,
of course, normally indicates that the pattern has at least to some extent been understood recursively,
but this alone is inadequate for finding the universal rule, in fact it could be said that it sets the
candidates off on the wrong track. It was those candidates who were prepared to reject
differencing and look for alternative approaches who made progress beyond the tenth'terrn. Thus,
success on the fiftieth term was most likely to be achieved by those who had already identified the
universal rule. It was particularly obvious in 1991 that, despite the familiarity of triangle numbers,
candidates were fixated on differences, and made little progress. In 1992, the numbers and
configurations both hinted strongly at square numbers, which perhaps helped, but even greater
success was achieved by the 1993 candidates. In this last year, candidates generally began with
differencing but, having seemingly failed to identify a meaningful pattern, many ultimately successful
candidates then switched to listing squares of r. Most of those who found the formula for the nth
term had it available from an early stage and used it to calculate both the 10th and 50th terms.
Thus, it appears that not only may such "non-linear" pattern questions not be all equally difficult, but
also the most difficult of these three appears to be the one involving the triangle numbers.
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In summary, it was clear that mature students, like many children, (i) are first likely to

investigate differences, (ii) usually handle the recursive pattern based on differences competently, but

(iii) have difficulty in finding an alternative approach which leads them to the universal rule. In a

sense, there is a natural obstacle here, in that until students are prepared to discard the recursive

pattern, which is often fairly obvious, they are not able to express the universal rule algebraically.

Experiment 2: Large-scale testing with pupils aged 11-12 years

A Group Test was devised as part of a MSc study which was aimed at investigating the

appropriateness or otherwise of certain requirements of our National Curriculum and involved a

wide range of pattern questions. Subsequently, it was decided to use the test more widely with

some 350 pupils aged 11-12 years, partly in order to evaluate the test itself. Space only allows

discussion of the results obtained from one particular coherent collection of tasks based on the

configuration shown in Figure 2, which it was believed would be unfamiliar to the pupils, and tasks

were based on the number sequences contained in the loops. Pupils were first asked to state what

they could about the numbers in the loops, and this produced a fascinating variety of responses.

1 32 33 34

39 4 41 2 43 44 45 46 47 4

Figure 2

Subsequently, they were asked for algebraic expressions, and they found this very difficult, though

about hklf of the pupils made some attempt. The majority of pupils were able to explain the

sequences only in terms of differences between successive terms. Weaker pupils (as judged by their

performance on other questions) noticed evens (and sometimes odds), or numbers in the "two times

table", and little more. Some of the very weakest had difficulty even with odds and evens. It was

expected that Loop A would turn out to be the easiest for pupils. In terms of writing a formula, this

was certainly the case but still only four per cent of the pupils wrote n2 or similar, with a further

fifteen per cent writing "square numbers", or "numbers timesed by themselves". In fact, forty-four

per cent did not respond.
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Taking Loop B as an example for more detailed analysis, 35% of the pupils pointed out that

"it goes up 4, 6, 8, 10, 12" and 21% mentioned either "multiples .of 2" or "divisible by 2" or "all in

the 2 times table". "Even numbers" were mentioned by 34%, of whom nearly half wrc"e, "Goes up

by even numbers", and a further 20% wrote, "Goes up by 2". As regards recognizing the number

pattern, very few children recorded a connection with triangle numbers, and hardly any wrote down

an appropriate formula. In fact, only four pupils wrote "triangle numbers", and one other wrote

"triangle numbers x 2". Four pupils wrote "rectangle numbers", one pupil explaining that it was

"one number times a number less, e.g. 4x3=12, 5x4=20", and another explaining "each is a product

of consecutive whole numbers". Half of the pupils did not. attempt the algebraic formula.

The Group Test was accepted. verbatim from its use within the initial MSc study and has

turned out to be less than ideal. For example, it was clear that some of the words adopted in the

questions were perhaps not appropriate for such young pupils. A further experiment is currently

being conducted with a new Group Test which does not use any of the words, 'algebra', 'formula',

'equation', or .ven 'pattern', and which, because of the nature of the questions, will more readily

allow comparison with the data from our other experiments.

Experiment 3 : Interviews with low attainers
Individual interviews were used to explore the understanding of number patterns, based on

arrangements of matchsticks, with 24 low attainers aged 11-12 years (Root, 1993). The pupils were

shown the diagrams of squares and rectangles in Figure 3. For each pattern the pupils were asked

how 'many matches were required for 1 square (or rectangle), for 2, and for 3 and were then asked to

predict the number for 5 and for 10.

Pattern

0 OD COD

Pattern 2 Pattern 3

i
CJ

Figure 3

1 1 1 I 1 1 I I I

Most pupils used repeated addition, or even counting, and were reluctant to use any
multiplication apart from doubling. Further questioning of pupils often led to correct answers for

the string of squares but it was rare for this to be carried forward to either of the rectangle patterns.

In other words very few pupils came to any appreciation of the linear relationship between the shape

number and the number of matches. Just one pupil, consistently and unaided, used an appropriate

"formula" (e.g. "timesed 10 by 3 and added one from behind") suggesting she did possess some

mathematical insight. Many of the pupils were able to provide correct answers for 1, 2, 3 and 5

shapes, but not 10, through a mixture of stick counting, repeated addition and finger counting.
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Over half of the pupils then proceeded to double their answer for S to give the answer for 10. When

this phenomenon first occurred with Pattern 1, pupils were shown a picture of two lots of five

squares put together and questioned about the number of sticks in the middle. In this way, many

were persuaded to think again and with further questions were led to a correct answer. However,

this amended approach usually did not carry forward to subsequent questions, when the same errors

were committed again. Only 5 pupils were able with guidance to generalize the method and achieve

correct answers for the rectangles. Other pupils were more easily led to consider a formula. For

example, in response to a pupil who was having difficulty repeatedly adding 3 in Pattern 1:

Interviewer: Look at this diagram (3 squares). How many matches...?

Pupil: Ten.

Interviewer: But 3 times 3 is not ten so how did we get it?

Pupil: It's add 1 as well.

The interviewer was here using pupils' appreciation of the recursive rule (add 3) and leading them to

the universal rule (times 3, add 1). In this way, 6 pupils eventually adopted a systematic approach.

Weaknesses in handling large numbers and with number bonds greater than 10 were

common, and many pupils were able to do very little mentally. There were also some instances of

reversion to 'counting all' instead of 'counting on'. It seemed that the majority of these pupils were a

long way from being able to generalize in the extension of number sequences, certainly without

considerable further questioning to prompt their thinking. This study raises the whole question of

the nature of effective teacher intervention. Further research is clearly needed.

Experiment 4 : Interviews across the ability range
A further study is ongoing and involves pupils having a wider range of age and ability.

Individual interviews are being conducted with pupils aged 9 to 13 using the matchstick patterns in

Figure 4:

STEPS

1-1

1 1

1:1 1_ __I

SHEEP-PENS

1:-.1 co rio

CONTAINERS

1 1

1111
1_1 1_1 1_1

Figure 4

For each pattern, the shapes in Figure 4 are built in front of the children by the interviewer

and the first task for the children is to build the next (4th) shape. Pupils are then asked to state how

many matches have been used to build each shape and these numbers are recorded within the shape.
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The shape number (No.1, No.2, No.3, No.4) is also displayed below each shape. Pupils are then
asked to predict, without guidance or hints from the interviewer, the number of matches needed to

build the 5th, 20th, 100th and nth shapes and to explain how they have arrived at their answers. A
calculator is available for those pupils who want to use it.

From the data collected so far (18 pupils) only one pupil (who suffers from the effects of

cerebral palsy) has had any difficulty building the 4th shape and all pupils have successfully given the

correct number of matches for the 5th shape. The STEPS pattern provided a simple relationship
which many pupils have noticed ("It's the 4 times table"). Nearly 70% have given the correct
answer for the 20th shape though less than half have managed the 100th shape. Two pupils have
given a wrong relationship, i.e. "Double it". A few of the younger pupils have used repeated
addition, sometimes with the help of a calculator, for all the patterns, and there is also evidence of
short-cut methods being attempted. Using r as the shape number and M(r) as the number of
matches, the most common methods which have yielded wrong answers with the SHEEP-PENS and

CONTAINERS are:

(a) using the short-cuts M(20)=M(5)x4 and M(100)=M(20)x5;

(b) using difference products

M(20)=3x20 and M(100)=3x100 for SHEEP-PENS
and M(20)=2x20 and M(100)=2x100 for CONTAINERS.

Method (b) is the equivalent of the doubling method, M(10)=2xM(5), employed in the previous
study. Stacey (1989) refers to (a) and (b) as the Whole-object Method and the Difference Method,

respectively. Of course, both of these methods give correct answers for the STEPS pattern, where
there is a relationship of direct proportion. It could be argued that the STEPS pattern might draw

pupils into adopting either (a) or (b) for the other two patterns. However, both methods were

found by Stacey (1989) whose examples of tinear patterns did not include direct proportions.
Moreover, pupils often mixed the methods:

e.g. "10 pens would be 30 matches" (difference product) ..."so the 20th shape will have 60"
(short-cut),

or switched from one method to another:

e.g. "You have to get the answer for 20 steps first and then times it" (short-cut for M(100)),

and then later "Times the number by 3 so 100 (pens) is 300' (difference product).

There seemed to be too much information for a few pupils to work with and they revealed confusion

between the shape number and the number of matches:

e.g. "20 pens is 60 matches" (difference product) "so 100 pens will be ... you have to add on 40
to 60 to make 100 ".

There were also several examples of pupils' own unique reasoning like the answer that the 20th

container would need 23 matches because "Add 1 for all the bases .... that was 20 ... and add 3 for
the first". The reluctance of pupils to check their patterns or rules has been noted before (Lee and
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Wheeler, 1987; Stacey, 1989). In this study, some pupils noticed that their rules for working out

M(20) or M(100) did not fit with the first few shapes but were totally unconcerned.

It was not expected that younger pupils would be able to use the letter n, but one 9 year old

managed the explanation "You'd have to times the number of steps by two and then add it again" to

describe her generalization, and a 10 year old boy offered "Take the number (shape number for

CONTAINERS) times 2 and add 1". Less than 20% of pupils successfully used n (where n4 for

STEPS and nx3+1 for SHEEP-PENS were accepted as successful, as well as 2n+1 for

CONTAINERS). There was little evidence that finding the 20th and 100th terms had helped in the

process of generalization. In fact, 2 pupils gave the correct generalization in terms of n after

restudying the first few patterns, having previously given erroneous answers for the 20th and 100th

terms.

The number of pupils who actually used the matches to help with the process of

generalization was disappointing. A few pupils pointed to the 3 matches added on to make a new

SHEEP-PEN or the 2 additional matches for CONTAINERS but did not use the end or base match

in any attempt at calculation or at devising a formula. The youngest pupil, however, used matches

to explain: "You've already got this one (4 matches) so add on 3x19 ", for M(20), and "3x99+4" for

M(100), and this method was generalized using the matches to 2x19+3 and 2x99+3 for

CONTAINERS. It had been hoped that the experience of actually handling the matches and

building the next shape would help pupils to focus on the matches and make use of the structure of

the shapes but, once the numbers had been made explicit, it often appeared that the matches were set

aside. Certainly the task of coping with large numbers seemed to prompt a search for a quick

method of obtaining an answer and to take the thinking away from the matches.

Conclusions
The individual interviewing, in particular, has revealed generalizing taking place at more than

one level. Some pupils were able to use a generalized method for finding the terms of a particular

sequence, but their generalizing ability did not enable extension to subsequent sequences. Other

pupils revealed a level of generalizing ability which allowed them to proceed beyond the one

sequence. M regards the reiationship between r and M(r), some pupils had achieved a level of

generalization which only allowed them to provide numerical answers, others were able to sum up

the relationship using words, and just a few were able to convert this into recognizable algebraic

form.

The four studies have also revealed that there are a number of potential obstacles along the

road to successful generalization. First, it is clear that arithmetical incompetence prevents progress

for some. Secondly, a kind of fixation with a recursive approach can seriously obstruct progress
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towards the universal rule. Thirdly, a considerable number of students are tempted to use
inappropriate methods such as those described above as short-cut and difference product. Finally,

we cannot ignore the fact that idiosyncratic methods are adopted by individual students in
unpredictable ways.
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GENDER FACTORS IN AN ADULT SMALL C2OUP MATHEMATICAL PROBLEM SOLVING ENVIRONMENT

Vic Parsons and Stephen Lerman
Greenwich University, South Bank University,

London, U.K. Loudon, U.K.

Abstract

In this paper we discuss research aimed at identifying gender factors that may
affect problem solving, through a study of a group of twenty seven Open
University undergraduate mathematics students. They were undertaking small
group mathematical problem-solving activities in the academic year 1993 as

part of their first year Foundation Course. The evidence suggests that gender
linked preferences are directly relevant to mathematical problem-solving in
small groups for the mature students involved in the research study.

1 Introduction

The rationale for using cooperative mathematical problem-solving groups

to enhance mathematical learning has been described by Yackel Cobb and

Wood (1991) and Dees (1991). The issue of concern here is whether and

how, for such adult students, gender issues could influence their mathematical

learning. Scott-Hodgetts (1986, 1987) suggested that one important variable

involved in mathematical problem-solving strategies was a possible preference

by women for a sequential problem solving style, as opposed to a holistic

problem solving style. The concept of sequential and holistic problem-

solving strategies had initially been:suggested by Pask (1976). Given

the powerful nature of social conformity to norms within British society

such a hypothesis would appear to be theoretically plausible. Evidence

of the influence of gender factors within mathematics education are to

be found in the work of Fresko and Ben Chaim (1986), Crawford (1986), Joffe

and Foxman (1986), Burton (1992) and Hammersley and Wood (1993). The research

methodology used in this investigation of preferred problem-solving strategies,

and other variables with possible gender links, was primarily ethnographic

in nature and based on a pilot study conducted with four students in 1992.

An ethnographic research methodology was selected because of the desire

to obtain in-depth insights into men and women's reflections on how gender

might have affected their mathematical problem-solving investigations.

The twenty seven students in the first part of the main study reported

here, were requested to work together in small cooperative groups of three

or four on a range of numerical, geometric, abstract and applied mathematical

problems, that had been selected on a continuum from closed to open in

terms of the types of solutions suggested. The key instruction given to all

the students involved in the mathematical investigations was to work cooperatively,

-i-
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explaining to other members of the group the reason for their conjectures, in

a manner similar to that outlined by Yackel Cobb and Wood (1991), in order to

pool the ideas of all the members working in the group. Members were

encouraged to convince the others in the group that their conjectures were

valid, and requested to value other members' contributions. A mathematical

problem-solving protocol using clarification of the problem, specialising,

generalising, conjecturing and convincing was suggested as a problem-solving

strategy (Mason 1984).

In addition to the ethnographic data quantitative data was collected by means

of questionnaires administered after the ethnographic interviews. Initial

conclusions from these data will be presented here. This research study is

part of a larger research project aimed at investigating the influence of

possible gender effects in such a mathematical problem-solving group context.

2 Analysis Of The Quantitative Data

The quantitiative data collected by means of a questionnaire containing forty

questions derived from the pilot study was used to try to substantiate

inferences deduced from the ethnographic interviews. The questionnaire was

administered immediately after the ethnographic interviews.

2.1 Problem-Solving Style

Table 1 below summarises the perceptions of the students of the problem-solving

style they used when tackling the mathematical investigations.

Table 1 Problem-Solving Style

Men Women

Sequential 7 11

Neither Sequential or Holistic 1 1

Holistic 7 o

The results seem to bear out Scott-Hodgett's (1986,1987) claim that the

men could use both holistic and sequential problem-solving strategies whereas

the women exclusively used a sequential mathematical problem-solving style.

2.2 Interactions Between The Students In The Mathematical Problem

Solving Groups

Table 2 below summarised the students' perceptions of group dynamics, as

measured by who was perceived to dominate group discussions in the mathematical

problem-solving investigations.

1 0 0 2



Table 2 Opinions On Group Domination

IMen Tend To
Dominate

Women Tend To

1 Dominate

Men Women J
Total

Agree Neutralbisagree AareelNeutrallDisagreeiAgree:Neutral

4 I 5 ! 3 12 9 I

i

Disagree

6
8 4 I 3

0 4 11 2 5 j 5 °_ 9 j 16

The results suggest that overall the men were perceived as much more likely than

women to dominate the group discussions. Further, this was noted to be the case

more by the men than by the.women students. This suggests that men were more

likely to perceive the women as cooperative, than the women themselves. The

case study provides some support for the concept that within mathematical

problem solving groups women are more likely to be cooperative and men more

likely to be competitive. Such a cooperative stance may be a psychological

characteristic developed by the desire of women in British society to conform

to social norms of cooperative behaviour (Boswell, 1985, Isaacson, 1987).

2.3 Preferred Type'Of Mathematical Investigation

Tables 3(a) and 3(b) below indicate the mathematical
problems preferred by the

students in terms of the nature of the problem and its mathematical content

respectively.

The definitions open and closed mathematical problems refers to those mathema

tical problems which are not well defined and whose solution will depend upon

assumptions made (open), or to those Aohematical problems which are well

defined with convergent solutions (closed).

Table 3(a): Preferred Type Of Mathematical Problem

IOpen Types Of Problem

No Particular Preference For Open

i Or Closed Types Of Problem

Closed Types Of Problem

Men 1 Women

5 I 2

12

8 IL 9

Table 3(b): Preferred Mathematical Content

Abstract Mathematics

Men 1 Women

2 I 2

No Particular Preference For Abstract

Or Applied Mathematics

4 3

Applied Mathematics
9 1 7

Table 3(a) suggests that women in particular in the problem solving groups
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did not like tackling the open-ended mathematical problems. Overall, both men

and women preferred closed problems to open-ended ones. As adult mature

students none of the mathematical problem solvers had experienced mathematical

investigations prior to their Open University undergraduate mathematical

studies and consequently had not experienced open-ended types of problems

before.

Previous research (Parsons, 1990), had indicated that men are more likely to

prefer applied mathematics to pure mathematics problems because of their

perceived utilitarian value for gaining jobs in the physical sciences and

technology where job opportunities for men were likely to arise. Such sex

role stereotyping of men into physical sciences and technology occupations

and women into the 'caring' professions is well documented. (Gilligan, 1982,

Grant, 1983). However, table 3(b) above suggests that women also preferred

applied mathematics rather than abstract mathematics problems, with the notable

exception of mechanics which was revealed in the ethnographic interviews and is

noted in section four.

2.4 Reasons Ascribed For Difficulties Encountered In Mathematical Problem -

Solving

Attribution theory which is the causal Perception for ascribing difficulties

experienced in mathematical problem-solving to internal or external factors

(Child, 1986), has significance with regard to mathematical problem solving

because of the gender bias (Eisenberg, 1991) and its effect on building self-

confidence in mathematical problem-solving.

Table 4 below shows the students' responses when asked whether they perceived

internal or external facors as being to blame for difficulties experienced

in mathematical problem-solving.

Table 4: Reasons For Difficulties Encountered In Mathematical Problem-Solving

IMen Women

Blames External Factors 1 2 1

Don't Know The Reasons 7 3

Blames Their Own Ability' 6 8

Both the men and women mathematical problem solvers in the sample were more

likely to blame internal rather than external factors for encountering problems

when conducting mathematical problem-solving investigations. The women, however,

were more certain that this was so, because only twenty five per cent of the

women compared to forty seven per cent of the men were uncertain about where

to attribute blame, which is significant.
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3 Analysis Of Interview Data

The powerful nature of gender affects in small mathematical problem-solving

groups can be seen from the following lengthy extracts from interviews

with two students, called here Mandy and Peter, as they demonstrate many

of the affective issues identified in the literature.

MANDY:-

"Peter seems to whizz ahead of us, he goes off and solves it, and sometimes

I feel I'm not getting anywhere. He's done it, and he says to me,'that

is how you should do it and I haven't even worked it out for myself.

As I said the problem is that Peter is more intelligent than me, he seems

to take the lead, and he's whizzing off because he can see something straight

away, whereas I have to work through a problem bit by bit.

I'm not happy about Peter. Peter decided the problems we would do. I

know he doesn't do it intentionally, but he'll butt in and say,'oh, the

answer's that: and I can't see how he gets that answer. I like to do things

in little bit by bit stages, and when I've come to terms with the first

bit, then I cart move on to the next bit, then the next bit, I couldn't

just look at something as a whole. When we're in the group I feel left

behind, and left out of it, and when I do say things I don't think they

listen to me, or don't believe what I say. Maybe they think I'm thick

or something. We were trying to put our ideas in, but Peter seemed to

dominate the group as far as the maths was concerned. The rest of us did

give our ideas, but we didn't see the formulas involved until he explained

them to us. Peter would either take over, or he'd go off with Gary, and

I'd end up doing something with Stephen.

When I'm doing problem-solving by myself, I feel a bit more confident because

I know what's going on, but in the group it's more worrying, I feel less

confident, I feel intelligence-wise I'm inferior to them. I just don't

know enough maths. Maybe it's because I just did arty subjects with my

maths at school for 'A' levels. The thing that let me down with my mathe-

matics at school was the mechanics. I just couldn't do applied maths at

all, I just had a mental block.
Gary's the opposite to ma, his favourite

subject is applied maths, it's his speciality. All the girls in my school

had trouble with the applied maths compared to the pure. Gary says he

doesn't like pure because he's accepting rules and things; but with applied

he can visualise what's going on. It's true, with pure you're given the

rules and you just use them, whereas applied is like physics. Maybe I

have problems with applied because as a girl I wasn't encouraged to do

practical things."



PETER:

"I've done electrical engineering and I've covered all this maths before,

completely. I was always good at maths at school, but when I went into

my degree, I didn't want to do mathematics purely as a sole subject. I

went for something applied, that took as much maths as possible namely
.

electrical engineering, where I knew I could get a job.

It's hard for all four of us in the group to work together, because we

are at different levels basically. See, Gary and me both did electrical

engineering, and we've definitely got a kindred spirit. Steve's got more

of an economic background, but Mandy hasn't even done maths to degree level,

only to 'A' level. It usually ends up with me and Gary working on the

problem, and Mandy and Steve having to do another one. When Steve and

Mandy go through a problem together I gave them advice when they got stuck

on a problem I'd chosen for them, because I knew I could do it.

I always find it difficult working in groups. I prefer to do it on my

own, because I can work out my own structure. If a problem's numerical

then I use a sequential approach and work my way through it from the base

upwards. If it's an open problem I use a holistic approach; I'll look

at the whole problem. I tend to be slower if I work in a group, it usually

slows up my train of thought. I've got my own way of thinking, and if

I try and work through their logic it usually throws me out of what I'm

thinking. I know what I'm doing; I don't build up in stages, but just

look for a solution using trial and error for the whole problem. I'm

competitive when solving mathematical problems, the mathematics involved

in the mathematical investigations is easy, I'm far beyond that in my

mathematical knowledge."

Discussion

The analysis of the interview data suggests that organising mathematical

problem - solving on the basis of small group working where students are

encouraged to work cooperatively does not eliminate power relations within

such groups, in particular with a gender bias.

The continuing gender bias within such mathematics problem-solving groups

appeared to persistently influence the group of students involved, and

it is the intention of this research critically to examine these effects.

Two important gender related variables, namely, problem-solving style and

group dynamics appear to influence mathematical problem-solving investigations

within such small mathematical problem-solving groups. The extent to which
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they influence and interact with one another in the student's perceptions

of their performance in solving such mathematical investigations will be

the aim of further stages in the research. Students' work will also be analyzed

for the problem-solving style used in mathematical investigations. Consid-

eration will also be given to the effect of possible tutor intervention.

However at this stage some tentative claims may be made. A first interpre-

tation from the data is that women because of their preferred problem-solving

style may not gain the benefits from small group problem-solving sessions

that Yackel Cobb and Wood (1991) suggest. It must be noted however that

in Yackel Cobb and Wood's research they work with small children and not

adults. It would appear in adult groups power relationships in terms of

group domination also appear to influence the working within such groups

and does not necessarily disappear with tutor intervention. To our knowledge

there is no research which shows either that small group problem-solving

influences preferred problem-solving styles or that they have any effect

on gender-based power relations in the mathematics classroom.

Further interview extracts will be presented at the Eighteenth International

Conference of the Psychology of Mathematics Education.
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ON aTUDENTS' CONCEPTIONS OF AXIOMS IN SCHOOL GEOMETRY

Tacos Patronis, University of Petrels, Greece

A research on students' epistemology was carried out

with a class of 16-years old students. in which

the students produced "pragmatic" or "utilitarian"

arguments for the justification of axioms used in

school geometry.

INTRODUCTION AND THEORETICAL. FRAMEWORK

What do students think of mathematical axioms (or postulates)

which they learn at school? How do they use them? And how would

they Justify an axiom if they were going to do so? The present

research is an attempt to answer these questions in the context of

school geometry.

Euclid's ELEMENTS have remained for a long time a unique

paradigm in mathematical thought, in general, and a unique

theorization of experience with space and forms. in particular. For

these (and possibly other) reasons, Euclid's Geometry has been

considered particularly in school tradition as an example of a

piece of certain knowledge, a logical system which lies on a- iriori

intuition. But even for Kant. this knowledge was by no means

"formal". Euclid's theorems do not follow, according to Kant, by

merely logical arguments from the axioms alone, but by a

construction or "generation" of geometrical figures, which takes

place in "pure intuition" (Friedman, 1985).

Adopting or rejecting a mathematical axiom does not depend on

logic and syntax only, but also and sometimes mainly on

arguments about "reality" and the "uses" of mathematical theory,

i.e. on pragmatic arguments. Axioms are assertions (affirmations)

that cannot be proved or disproved within the theory; they can only

be justified (or not). Habermas (1972, 1976) discusses such

assertions among other subjects, of course in a more general

9
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perspective. We shall take Habermas' setting as a framework for

students' 'epistemology. Since the justification of axioms usually

does not depend on formal proofs but rather on informal arguments,

it should be better studied by means of a "dialogical epistemology"

such as that developed by Habermas (see Shovsmose, 1990, P. 126).

Habermas refers to Toulmin (1964) for an analysis of the structure

and use of arguments. By an "argument" (in general) we understand a

justification that intends to make someone recognize the validity

of an assertion. As stated in the French edition (1987) of Habermas

work (p. 309):

"L'argument est la justification qui dolt nous motiver a

reconnaltre la pretention a la validity d'une assertion, d'un

commandement ou d'une evaluation".

By a "pragmatic argument" we mean an argument depending on

experience in a particular context. Such arguments cannot be

limited into experience only, because they necessarily interpret

experience, during the discussion (op. cit. p. 283). As an example

of pragmatic argument one can mention any of the arguments,

encountered among mathematicians, educators e.t.c., about

"usefulness" of mathematical theories; these arguments interpret

mathematical activity and in some way predetermine curricula as

social constructs.

THE METHOD. THE SUBJECTS AND THE THEME

In agreement with Habermas' epistemological framework on

"arguments", we have used participant observation and informal

discussion for studying the students' own thinking, conceptions and

justifications of mathematical axioms. as developed in an ordinary

classroom environment. More specifically our method is the

following.

A passage of particular importance is selected from the

textbook and analysed epistemologically and didactically. The

corresponding lesson is delivered as usually by the teacher in the
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classroom, while it is observed and recorded. Then a phase of

"open" interview follows (in the form of discussion) in two sub-

phases: the researcher addresses a number of questions first to the

whole class and then. in more depth, to a small group of Students.

The questions refer to particular points of the preceding teaching-

learning process: they do not refer to the mathematical content

formally only, but mainly to the meaning and use of definitions,

axioms and theorems, to justifications and proofs produced by the

teacher or by the students.

The research was carried out with a class of thirty 16 years-

old secondary school students at the central part of Athens. The

students had been taught some deductive geometry and had heard

About Euclid and the possibility of building a Non-Euclidean

geometry as well. They had formally covered only the first chapter

of the textbook in which the axioms of incidence, order and measure

for line segments and angles are introduced, following Pogorelov's

axiom system for school geometry.

THE PROCESS

The lesson of the day was to prove that the bisectors of two

adjacent angles 1.:hose sum is a straight angle are perpendicular to

each-other. Pie teacher told the students to draw two adjacent

angles whose sum is a straight angle, and asked them what do they .

notice about the bisectors of these angles and if they could prove

their observation. The students produced a proof as follows: If XOZ

and ZOX' are the given

bisectors then we have.

which implies

on again from Fig. 1,

angles, and

from Fig. 1,

XOZ + ZOX'

)32 ZOX'

OM, ON are correspondingly their

180°

180°

2 2

MON

2

900
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X
fig. 1

In this proof there is a confusion between angles themselves

and their measures, and this was noticed by a student. Ne

reference. however, to the axiom relating angles with real numbers

as their measures, was made by any of the students during the

lesson. nor during the phase of interview, when the researcher

asked the students which axioms did they use in their proof.

The next question of the researcher to the class then was:

What does an axiom mean for you, and how do we accept an axiom

in geometry, according to your opinion?

The main answers were the following:

(An axiom is)

- A definition which looks very simple... it is very simple, by

logic, to say it, but very hard to prove it. (Haris)

- A proposition which we consider as true without having a proof

for it. We accept it but we cannot justify it by calculations as

in algebra. (Viky)

- Something logical, self-evident, obviously true. (Maria)

- A basic proposition which helps us in the solution of problems

and exercises. (Two other students)

RESEARCHER (adressing to the last two students:)

Can you give an example?

STUDENTS. In the proof that we gave previously, we have used as an

axiom that we can multiply both members of an equality

1090
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with the same positive number.

There follows a discussion of the researcher with a group of

students around Haris:

R. Do axioms and definitions mean the same for you?

HARIS. (Hesitates) Well... not exactly but...

R. Let us take an example. What lines do not call

"parallels"?

STUDENTS. Those which never meet, no matter how much they are

Prolonged. (They clearly mean coplanar lines).

R. So, is this statement an axiom?

STUDENT. Yes.

ANOTHER. No. this can be proved!

HARIS. The proof can be practical only, by measurements; it can

never be theoretical, by using, formulas and such

things... But an argument questioning the axiom can be

not only practical, but also theoretical.

R. What do you mean?

HARIS. Our teacher told us that there exist other geometries,

in which there can be more that one parallels to a given

line from a given point.

R. Do you consider this possible?

STUDENTS Not at all, we cannot accept this, it is illogical.

HARIS. It depends on what you define as parallel lines. I could

call for example these lines "parallels" (he draws two

intersecting lines on the table), but then what would it

happen?

R. Can we do mathematics like that, with arbitrary rules,

like in chess for example?

ANOTHER STUDENT: Then mathematics is not like chess, because the

rules of chess are not arbitrary, while this is (he

means Haris' example of definition of parallels).

1091-13-



ANALYSIS AND DISCUSSION

In Pogorelov's axiomatic exposition of school geometry the

system R of real numbers is supposed to be known in advance, and

axioms are introduced for the measure of straight line segments and

the measure of angles, which are considered as mappings into P

(Pogorelov. 1987). The Greek textbook does not always follow the

abstract form of proofs in this axiomatic system and sometimes it

uses figural representations in the proof arguments. Thus the

students often come to confuse an angle with its measure in

degrees, as it was the case in the preceding students' proof about

the bisectors of two adjacent angles whose sum is a straight angle.

The textbook writers and the teachers are aware of the concept of

angle measure and of the dependence of proofs on the axioms even

when they identify (by abuse of language) an angle with its

measure, while the students may not be aware of these things. This

was particularly evident in the preceding classroom discussion.

Looking closer at the conceptions of students about axioms,

there seems to be a confusion between axioms and definitions (Haris

and some of the students around him). Haris and some of his

colleagues also speak of the possibility of proving a definition.

This probably sounds strange to a mathematics teacher or even a

"working mathematician" of our epoch. but it could have a meaning

in a semantics for a mathematical theory. In the discussion of

logical and methodological problems of science, indeed, such an

enterprise does not seem senseless at all. For example, Gorsky

(1974) devotes one chapter (Ch. 7, pp. 229-252) to "the

applicability of truth-value assessments to definitions", where he

discusses Aristotle's view in "Analytica Posteriora" (Book II).

For Haris, Maria and probably some other students, an axiom is

"logical" and "simple to say (it) by logic", "self-evident",

"obviously true". but "very hard to prove (it)". The same guanines

are ascribed to some definitions. Can we prove that those lines

which are called "parallels" are parallels in reality? This
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question has a meaning in the pragmatics of geometrical theories -

for example the students would rather have a big problem in

accepting Lobachevski's definition of parallels. For many students

of the observed classroom the only axioms and definitions that

share the above qualities in geometry are those of Euclidean

Geometry - the other possibilities seem to them as illogical and

arbitrary (more even that the rules of chess!). .

While the other students are not very "dialogical" in their

assertions about the validity of the definitions and axioms of

Euclidean Geometry. Haris offers also an argument. He says that the

adoption of a Non-Euclidean axiom about parallels depends on what

we define as parallel lines. If we define as "parallels" two

straight lines which in reality intersect one-another, then we may

adopt an axiom that creates a new geometry. This argument is an

indirect pragmatic argument against Non-Euclidean Geometry.

Firstly, it clearly depends on the particular field of everyday

experience with space and of planar drawings (e.g. on the surface

of a table). Secondly, it is not limited into this particular field

of experience, but it "projects" this into the heart of the

discussion. It seems to say: "It depends on how contrary to common

experience you want to be: if you want me to call these lines

"parallel", I may call them so. but this is another language game,

here we talk of real parallels." This argument is also intended as

an indirect justification for Euclidean axioms.

Concerning direct verification (or "proof") of axioms the

students' responses indicate the belief that verifying an axiom

does not involve algebraic calculations (Viky) or formulas (Haris),

but perhaps only measurements (Haris). Thus verification of axioms

can only be "practical" , which excludes verification in terms of a

theoretical model although, according to Haris, there can be a

"theoretical argument" (perhaps some new theory) "questioning" the

validity of an axiom.

The interview has revealed also another conception of what an

axiom in school mathematics is, which at the same time offers a

criterion of justification in the eyes of some students. According
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to this view an axiom is "a basic proposition which helps in the

solution of problems and exercises". This is rather a "utilitarian"

criterion. and the example offered by the students shows that this

conception is closely related to "procedural" understanding of the

system of real numbers at school.

REFERENCES

Friedman M., 1985. "Kant's thory of geometry", Philosophical Review

Vol. 94: also published (1992) in C.J. Posy (ed) Kant's

Philosophy of Mathematics,Kluwer publications.

Gorsky D.P.. 1974, Definition: Logico Methodological Problems,

Progress Publishers, Moscow.

Habermas J., 1972, "Theories Relatives A Is Verit6", published

(1987) in JUrgen Habermas Logique des Sciences Sociales et

autres essais, Ed. P.U.F.

Habermas J.. 1976. "Signification de la Pragmatique Universelle".

published (1987) in J. Habermas liogique des Sciences

Sociales et autres essais Ed. P.U.F.

Pogorelov A.. 1987. Geometry Mir Publishers, Moscow.

Skovsmose 0., 1990. "Mathematical Education and Democracy", Educ.

Studies in Mathematics 21, 109-128.

Toulmin S., 1964, The Use of Arguments, Cambridge.

1094
16 --



TEACHERS PERCEPTIONS OF ALGEBRA

Barbara Pence
San Jose State University

Throughout a 15 week algebra course, K-8 teachers were asked to describe their
views of algebra. The course was a study of functions derived from modelling of
real-world situations and investigated through multiple representations in a
technology rich environment. Based upon weekly journal questions, exam
questions, and student interviews, teacher reflections about concepts of algebra
were traced. Student interviews organized and conducted by the teachers enriched
the case study of changes in meanings attached to what is algebra and the objects
with which one thinks about algebra. Perceptions change across time but the rate
and path of these changes vary across teachers. Teachers relate different views
of algebra and the objects of algebra.

Introduction
On a recent episode of a television game show, a contestant's correct response to the

statement "The high school subject you have had the least use for" was "Algebra." This response

seems simple and direct but it may indeed mean different things to different people. What is school

algebra? What are the "big ideas" in school algebra? When we think and talk about algebra, what

is meant? Is there a common understanding, a shared language? In a recent conference, sixty eight

educators representing all phases of mathematics education were asked to think about algebra for

the twenty-first century and address several questions including what is school algebra and what

are the "big ideas" of algebra. One of the most revealing fact about the conference is that it failed to

produce any answers to the questions. The diversity among the participants brought a multitude of

perspectives and visions about the fundamental ideas in algebra.

This paper examines the beliefs of six elementary and middle school teachers as they study

a semester of algebra. in addition to the questions of what is school algebra and the key ideas of

aigebra, questions such as how stable are beliefs about algebra and what modification can be

realized as teachers work through a prototype reform curriculum are examined through case studies

carried out across 15 weeks. The paper examines the thoughts of the teachers as learners of

algebra and also their thoughts as teacher researchers when they interview their own students.

Background Descriptions
The 15 week, 45 hour algebra course was not a traditional symbolic manipulation course.

Rather, the focas was on functions and the investigation of families of functions. Each function

was introduced thiough air applied situation and the family of functions were studied as needed in

17_
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developing the model of the applied situation. The text for the course was Computer Intensive

Algebra by Fey and I-kid. Throughout the course technology was assumed and used as an
exploratory tool. Due to the use of graphing calculators and computers, explorations moved across

a variety of representational forms including manipulatives, pictures, tables, graphs, and symbols.

The format of the class was also different. Students worked in groups, presented the results of
their explorations in written papers and oral reports, and even worked on exams together. Thus

both the content and the classroom environment violated each of these experienced teachers

perception of what was and should be "Algebra" or even what should be a "Mathematics Class".

Before beginning on a discussion of qualitative data collected from the teachers during the

class, it is important to say a bit about these teachers. Each of the teachers was thoughtful,
articulate, and dedicated. All of them had college degrees which meant that they had taken 3 to 4

years of high school mathematics, and had completed at least two college mathematics courses. Of

the six teachers who finished the class, three were actually teaching algebra at the middle school

level, one was teaching 4th grade, one was a long term substitute for 1st grade and one was a

student in the teacher education program. Each teacher was working toward a credential entitled

The Elementary Mathematics Specialists Credential designed for teachers who enjoy teaching

mathematics and who want to gain more knowledge about mathematics in order to become

resource teachers in their schools. The program consists of 7 mathematics courses and 3 education

courses including two problem solving courses, courses in algebra and geometry, and
introductions to discrete mathematics and calculus.

Data Collection
In order to maintain an ongoing log of the reactions of each of the teachers in the class, a

journal was required weekly. Specific questions were posed each week, a total of 30 questions

across the course, which elicited responses about content, feelings towards algebra, perceptions of

their students reactions to questions, and reactions to the unique structure of the class. Teachers

were always invited to add to or delete any questions which they were not ready to respond to.

Each teacher kept their own journal and was able to review previous responses at any time.

Teacher perceptions were also elicited through in-class discussion questions and exam question.

For a final course project, each teacher was asked to interview at least one of their own students.

The focus of this paper will be the teachers perception of what is algebra and what ideas are

central to learning algebra? Ideas about variables, functions, and modelling will be included in the

discussion along with general views of what is mathematics.

What is algebra?
Usiskin's model of conceptions of school algebra and uses of variable is used to provide a

framework for analyzing teacher responses. In summary his 4 conceptions of algebra and
corresponding uses of variable include: generalized arithmetic - pattern generalizer, means to so'.ve

certain problems - unknowns, study of relationships - arguments and parameters, structure -
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arbitrary marks on paper. These four categories will beused to structure teacher perceptions and

changes in teacher perception of what is algebra. The issue of what is a variable will draw as well

on Kuchemann's hierarchy in which he describes the six levels of understanding of variable as

letter evaluated, letter not used, letter used as an object, letter used as a specific unknown, letter

used as a generalized number, letter used as a variable for a range of values.

To begin with, the teachers were asked to identify 3 - 5 key idea which make up the course

of algebra. Their collective list included symbolic reasoning, equations and inequalities, variables,

functions, factoring, exponents, probability. Using a subset of this list combined with ideas of

modelling and multiple representations, a set of the eight key words: equation, expression,

function, graph, modelling, operations, table, and variables wascompiled. Each teacher was asked

to develop a concept map for these eight ideas, that is to arrange these eight ideas into a picture so

that those ideas which were related were close to each other and the nodes of the network were

connected through arcs, directed if possible.
These concept maps will be the springboard for case study analyses for three teachers.

Responses to other questions will be examined as the perception of algebra is developed.

Summary of the other work will also be provided.

The following is the map given by Joan.

In this concept map, equations, operations and expressions go together while functions,

representations and modelling form a second cluster. Both groups are connected through the

central idea of variables. Additional discussions by Joan reflected a perception of algebra as that of

solving equations to determine the value of the unknown. The object of algebra then for Joan was

a letter which she regarded as a specific but unknown number. Midway through5the 15 week

class, Joan was asked to react to a Family Circus cartoon statement that "Reading is easier than

math. There are only 26 letters, bur millions of numbers." Even though she had been working

with functions for 6 weeks in a technologically rich environment, she stated that" actually, there are

only 10 numerals compared to 26 letters. All it takes is to get the hang of putting them together.

There are both hard to spell and pronounce words and hard problems to solve." Here, her

original description of algebra is generalized to her view of mathematics. Shc sees not only algebra

but all of math as working with strings of numbers (numbers, operations, and relations). The
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digits from 0 to 9 form the objects for her perception of algebra. In no way is she moving to the
level of working with variables which assume multiple values.

During the 15 weeks of class, Joan struggled with the idea of function but was constantly
in a state of uneasiness. Although she worked with functions and represented them in various

forms, her conceptual framework changed little. For Joan, a function was a relationship between

variables and numbers. That is, for each representation of the function, she parsed it into
individual numbers and unknowns (f(x) meant f times x). In working with tables, she focused on
each entry and her graphs were developed as a finite collection of points. When pushed to say
more about functions, little was accomplished since she would quote statements from the book.

For the final class project, Joan interviewed an eight grade student. She was given only the
general outline that the interview should examine the student's view of algebra. Although she

could use any of the questions or probes used during the class, development of the interview

protocol was her responsibility. She asked the student what is algebra, what is it used for, and
how will it be used after the class of algebra. In the report, Joan described the student's responses
to the questions and also related her evaluation of the student responses. Thus, the interview

illuminated both what Joan wanted to explore and what she believed was an appropriate answer to
the question.

For the question of what is algebra, Joan relates that" Megan had a fairly good
understanding of algebra. She basically thinks algebra is math and it helps people figure out
things. It involves using numbers and letters in different operations to solve equations, word
problem, polynomials, and fractions." In this interview she failed to probe the student's first
response due to the match with her own definition of algebra. In fact, it agrees with the statement
Joan wrote in her final that "Algebra is the branch of mathematics that uses the operation of

arithmetic in dealing with the relations and properties of quantities by the use of symbols and

letters, negative numbers as well as ordinary numbers, and equations to solve problems involving

a finite number of operations and that a variable is a symbol that represents an unknown. It has the

property of being a placeholder."

In contrast, another teacher Elisha, whose original responses were very similar to those
described by Joan, reflects significant growth. In the beginning, she described variables and in
some sense algebra as letters that are used to represent an unknown number. In language, letters

are put together to form wards, but in algebra the letters aren't put together to form numbers. I

have always found using variables to be very intimidating. I can solve a problem, but when I am
given a problem where I have to solve for x, it seems so much harder to do."

One of her favorite stories in class discussions was when her teacher the previous semester
used the letter n as a variable. She was shocked and her anxiety level increased when she
discovered that there was more than one letter which could be used for a variable. This view of
variable was also reflected in her reaction to the cartoon caption. Here she said that it was true for
her, Although letters can be arranged millions of ways, I must have better reading strategies,
Reading is consistent, but math isn't. .
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By the end of the semester, Elisha's early conceptual conflicts were moving to a resolution.

In her student interview, she asked the high school student what she thought about algebra and

then probed the student's thoughts regarding variables. Instead of moving to another question

when her initial questions about variables yielded variables by examples, that is, a variable is x in

the equation 2x = 8, she continued to probe. She asked about functions and when this question

produced no reaction, she asked the student to talk about expressions as compared with equations.

Her investigation continued by asking the student about graphing expressions and equations, and

describing them in tables. She even took the expression 4x and asked the student to make a table

with different input values and corresponding output value and describe how the table entries

related to the expression. Pursuing this line of inquiry, she encouraged the student to describe what

was meant by a linear relationship and even a quadratic relationship. Elisha's final reflection in the

interview report was "1 focused on these questions because 1 was embarrassed that I didn't know

the definitions of these at the beginning of class."
Elisha modified her perception of algebra from that of a means to solve certain problems to

that of a study of relationships. She was able to operate with functions asobjects but was unable

to move to functions of functions or to explore the structure of the. objects she was using. In her

final journal entry she stated that "1 have learned more than thought 1 would about algebra . . . I

understand so much more than I thought I ever would about algebra. At the end of two pages she

was concerned, however, that she was unable to build matrices and understand their meaning.

Two of the teachers began with a concept of algebra which at least included functions.

Judith for example gave the following as her concept map:

FUNCTION EXPRESSION
CONSTANTS VARIABLES

<EOUATIO
OPERATIOPI>--
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From the map, it can be seen that functions are not an add-on but a component in her conceptual

overview. Several elements, such as the separation of the multiple representations and the
restricted interaction between modelling and equations, indicate that functions are not a central

object. Rather, equations seem to be the core of her framework. Although this diagram indicates

that Judith has some fairly coherent perceptions of algebra, her initial description of algebra
included the statement that "algebra as a pulsating glob that eluded all definition and/or
boundaries."

Even though the material was difficult, Judith made significant progress in understanding

the content. In addition to understanding functions,mJudith struggled with the structural view of

algebra. This concentration on structure can be seen in her response to the Family Circus cartoon.

In reaction to the statement that reading is easier than math because there are only 26 letters, she

stated that"Actually, reading is much more difficult than math because math has a more dependable

structure that adheres to predictable rules. However language contains structures that contradict

themselves under irregular circtunstances. Also reading requires us to read between the lines and

interpret text with contextual considerations."

For the student interview she selected a student from another teacher's prealgebra class.

She asked about the meaning of algebra and then probed by asking how algebra was different than

arithmetic. She also asked what a variable was, whether a variable could have different values and

hat was meant by a function. One question of special interest to Judith was does your teach ever

talk about the structure of mathematics. Although this line of questions produced little, she was

happy with the student's comment that he likes structure because it helps to clear up a messy

equation. In the final'journal entry, Judith described her interest in structure and stated that she

was "both fascinated and relieved to learn that algebra can be reduced to a structure. It dispelled the

notion I held that algebra was a pulsating glob that eluded all definition and/or boundaries. It gave

me some hope that I'd master it some day."

In her final, Judith described variables as"a letter that represents a changing value, i.e. it

can represent more than one numeral depending upon the situation. In other words, letters can

vary in meaning depending upon the context, so they are not as discrete and exclusive as numerals"

and Algebra as"higher-order thinking that demands an ability to think abstractly about conditional

values. It is imperative that the variables we manipulate are clearly defined so that our solutions

make "real-world" sense." In describing function she stated that" I began to understand that

algebra is not really concerned with integers, equations, variables, constants, etc. Rather, it
attempts to model real We and the inherent relationships of life."

Profiles for each of the teachers' perceptions of algebra could be constructed but due to

space restrictions, a summary of the number of teachers in each category both at the beginning and

end of the class is given below:
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Conceptions of Algebra Beginning of Class End of Class

Generalized Arithmetic 2

Means to solve problems 4 2

Study of Relationships 2

Structure 1

Thus, across the semester, even though these teachers had taken 4 years of secondary school math,

several college math courses and taught algebra themselves, the beliefs about what is algebra

changed. These changes were seen in the written responses of the teachers and in addition, the

changes were reflected in both the questions which the teachers asked their students and the way

they listened to and interpreted the student's responses.

Language of Algebra
A continuing theme which occurred throughout class discussions and teacher reflections

was the barriers developed due to both the verbal and written communication. Words and symbols

meant different things to each individual.
This paper has examined the concept of algebra for teachers and established, across

teachers, the existence of differences in meanings attached to what is algebra and the objects with

which one thinks about algebra. Within each individual, these meanings were shown to be

consistent across pictures, written reflections, and interactions with students. Changes did occur

across time for most but the rate and path of these changes varied from one teacher to another.

Consistencies within individuals and the differences across teachers affected the classroom

interactions. Each teacher had to deal with not only the mismatch between their concepts and the

concepts of the instructor, but they also had to try to understand the other teachers in the class. In

this final quote. Judith talks about this issue as she reflects on her collaboration with Joan on a

project. Following the submission of a major project, each teacher was asked to describe where

he/she felt comfortable or uncomfortable in talking about mathematics. Judith said"Often my

partner had a very different way of looking at the problem. She was satisfied with isolating single

bits of information, finding a rule that fit that situation, then generalizing slowly, testing the rule at

different points along the way. 1, on the other hand, tended to look at the whole problem or topic.

I attempted to generalize first, then isolate a single situation to see if my general idea worked. We

seemed to use semantics quite differently. I always needed to reword what my partner said so that

it made sense to me. My partner wasn't comfortable with my rewording."

The conversations between Judith and Joan used the same words to impart different

conceptual meanings. Both used the basic terms of algebra: variable, functions and modelling. The

overlap of shared meanings was, as shown in this paper, small. Maybe, indeed, it was too small

to allow for productive collaboration. How can these diverse meanings attached to the same words

be communicated through a common language? As long as the language camouflages these

differences, there is no explicit conflict or need for conflict resolution.



References

Beg le, E. G. (1979). Critical variables in jnathematics tlucation. Washington, D.C.:
Mathematics Association of America.

Fey, J and Heid, M. K. (1991). Computer-Intensive Algebra. College Park, MD: The
University of Maryland.

Kuchemann, D. (1981). Algebra. In Hart, K.M. (ed). Childrens Understand of
MATHEMATICS: 11- 16. London, UK, John Murray.

National Council of Teachers of Mathematics (1993). Algebra for the twenty-first century:
Proceedings of the August 1992 conference, Reston, VA: author.

Usiskin, Z. (1988). Conceptions of school algebra and uses of variables. In Coxford, A. and
Shulte, A. (eds.). The Ideas of Algebra. K-12. Reston, VA: National Council of Teachers
of Mathematics.

1102
24



TREE GRAPHS: VISUAL AIDS IN CASUAL COMPOUND EVENTS

Angela Pesci, Department of Mathematics, University of Pavia

In this study an analysis of tree graphs as graphical representations which can work as visual aids in the

understanding and in the solution of casual compound events is proposed.
It is reported how tree graphs can describe, in figural terms the conceptual relationships involved and stimulate the
use of an adequate calculation procedure.
It is then examined how tree graphs are used by 13-14 year old students to solve two problems with different
characteristics.
After a prior study of the two problems mentioned above and a description of the "theoretical background' in the
classes where the investigation was carried out, an analysis of the results achieved is proposed and the most
significant errors are examined.

1. INTRODUCTION

The idea that knowledge, for each of us, passes necessarily through sensorial experience is certainly not new.
The belief that anything which is in our intellect must have also passed through our senses was typical of

scholastic philosophy but it can be traced Arif*Ale.
In modern thought this idea has been resumed, starting from 1. Locke, and developed in a markedly cmpiristic

sense opening up the perspective in which the current experimeotal researches can be set.
At present. the sensorial dimension is universally thought to be fundamental in the process of knowledge
building.
Also research in mathematics didactics is increasingly highlighting the involvement of perception in the
personal building of knowledge. It must be noted that the sensorial component of our knowledge is not
recognised as transitory (something which leaves its place to "rational thought") but rather as a stable

component of adult knowledge.
This is what can be deducted, for example. from Dtlrfler's theory of meaning and from his recourse to
"concrete carriers" for the image schemata corresponding to concepts (Darfler 1991. p. 21) or also from

Goldin's theory about the five types of internal representations of concepts and strategies, one of which, called

"imagistic", is strictly connected with the interpretation of sensorial experience (Goldin 1992, p. 248).

Within the sensorial perception, the visual perception has undoubtedly got a central place: it is sufficient to
browse through the latest volumes of the acts of PME or C1EAEM, or through the acts of 1CME 6 to realise

how the themes connected to visualisation in mathematical knowledge building have been given increasing

space.
In relation to this research area the directions arc manifold, and they differentiate, for instance, according to
the type of mathematical content examined - i.e. geometrical or not - or to the type of visual image production

- i.e. by means of a computer or not -.
This study deals with the representation of casual compound events by means of tree graphs as graphical

tools. It aims at providing possible answers to the following questions:
"Which graphical representations are particularly effective? In which conceptual context? Which could be the

reasons of their effectiveness?" (Mariotti, Pesci, 1992).
These questions, together with others, arise spontaneously when the role of graphical representations in

problem solving and in concept building is explored in detail.
In particular, the analysis which is proposed here has the two following objectives:
- a prior study of tree graphs as visual mediators, making explicit the connection between graphical
representation and theory;
- an analysis of the use of this graphical tool in two problems with different characteristics and an examination

of the most meaningful errors.

2. TREE GRAPH MATHEMATICS

The tree graph as a graphical representation and as a definition, was born from the studies which developed

from the 30s onwards and which arc usually known as *the graph theory ". In the field of probability the tree
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graph is not used in theoretical classical texts (like Feller, 1968 and Gnedenko, 1979) but it appears when
probability is introduced to "non-insiders" (see for instance Kemeny et al., 1968 and Pintacuda, 1983) or in
pre-university school (see for instance Bowie, 1968, Cundy, 1968, Engel, 1972 and Varga, 1976). Today, it is
one of the most familiar graphical representations, starting in compulsory school, to visualise both
combinatorial and probabilistic situations.
Tree graphs, in Fischbein terminology, belong to "diagrammatic models". They are " graphical
representations of phenomena and relationships amongst them" ... "In the case of diagrams one system, the
original, exists in its 0%%11 right while the other. the diagram. is an artificial construct. intentionally created to
model the first" (Fischbein, 1987, p.154).
This type of representation presents important intuitive characteristics. Quoting Fischbein again, "Firstly it
offers a synoptic, global representation of a structure or a process and this contributes to the globality and the
Immediacy of understanding. Secondly, a diagram is an ideal tool for bridging between a conceptual
interpretation and the practical expression of a certain reality" (ibidem).
The use of a diagram though is not automatic. A perfect awareness of the "conversion" principles from one
system to another is needed in order to exploit the diagram's potentialities to the full.
In the case of casual compound events with tree graphs as visual aids, in order to fully understand how
graphical representations may describe, in figural terms, the conceptual relationships connected to an original
reality, it is important to remember some definitions. They are essential for interpreting the calculation
procedure which, as will be seen, is stimulated by the graphical scheme involved.

We say conditional probability of the event A given the event B. with P(B)>0. and it is indicated with P(A/B),
the ratio:

P(A/B)
P(AnB)

P(B)

which is obtained measuring A assuming that B is verified and therefore, limiting the examination from fl
(total set which is interpreted as the certain event) to B as environment set of the eventualities.
Two events A and B are said to be independent if P(AnB) = P(A) P(B). If A and B are independent we
obtain that: P(A/B) = P(A) .
From the definition of conditional probability we obtain:

P(AnB) = P(AB) P(B)
which allows us to calculate more easily the first member, namely the probability that A and B both occur.
If the certain event is divided into disconnected parts E 1. E2. .... En. representing the n possible alternatives.
each set A can be seen as the separate union of AnEl. AnE2. AnEn, therefore for the additive property
of probability and for the identity seen above we obtain:

P(A) = P(AnE ) + P(AnE2) +...+ P(AnEn) = P(A/E1).P(E1) + P(A/E2)P(E2)+...+ P(A/En)P(En)

Therefore the probability of A is the addition of the products of the probabilities of the single alternatives for
the corresponding conditional probabilities of A assuming that the given alternative is realised.
This "rule" is effectively illustrated by a tree graph: from a first vertex we draw as many branches as the
possible alternatives, from each vertex branches arc then drawn which represent the following possible
alternatives. Next to each branch the probability of that alternative is marked namely its conditional
probability given the event described at the vertex from which the branch originates.
In order to calculate the probability of an event, the paths on the graph which arc relative to the event have to
be considered, from the initial vertex down to the end, for each path the product of the various probabilities
met has to be calculated and, finally, the contributions obtained have to be added (see the solutions to the
problems presented in 4.).
Once more, it has to be underlined that the branches descending from each vertex must represent events which
le a partition of the "total" event relative to that vertex. Therefore for each vertex, the possible events being

indicated with El, E2, ...En as done before (in relation to the vertex considered) and the "total" event with 0,
applying the usual set notation, the former request is translated into the verification of the two conditions:

I) Ely E2k.) ...uEn
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It is, therefore, clear that at each vertex the sum of the probabilities marked on the branches descending from

that vertex must be 1.

3. THEORETICAL BACKGROUND IN THE EIGHT INVESTIGATED CLASSES

In this paragraph the essential lines of the didactic proposal on probability presented to all the students from

the eight 3rd year Junior Middle School classes (13-14 years old) are dcscnbed. The students were given two

probability problems which will be examined in detail in the following paragraphs. The description will help to

outline the students competence and the strategies they used to solve the problems mentioned.

In the eight classes considered, probability had been introduced by the teachers since the first year; the text

"Statistics and Probability in the Junior Middle School: a didactic proposal" (Pesci, Reggiani, 1987) had been

used.
Due to the students' age (11-14 years), neither axioms nor theorems were given, but everything had to be

drawn from examples. In the finite case the definition of probability as the ratio between the number of

favourable cases and the number of possible cases comes forth from the analysis of some examples in which

one tries to evaluate, the composition of two or morecontainers being known, if it is more convenient (for a

given result) to extract from one container rather then from another.

The book includes many work-cards to be completed by the students who can, in this way, discover the

properties by themselves starting from suitable examples and through discussions guided by the teacher.

The propositions relative to the properties introduced in the work-cards are the following (obviously, this is

not the form in which they were introduced to the students):

P(AL,13) = P(A) + P(B) if AnB = 0
P(A.iB) = P(A) + P(B) - P(AnB)
P(0 ) = 0
P(S2) = I
P(CA) = 1 - P(A)
where A,B indicate events, 0 indicates the certain event, 0 the impossible event and CA the event opposite to

A. The connection with logic is foreseen for the use of the connectives "and", "not". "or".

As far as the study of casual compound events is concerned, neither independent events nor conditional

probabilities are dealt with in this didactic proposal, but conditional probabilities are tacitly used with the

graphs. More precisely, the situations the students were introduced to (as well as the problems in 4.) can

always be regarded as successive extractions from a container with or without putting the balls back to the

container. Once an adequate tree graph has been built, the (conditional) probabilities can be associated to the

various branches and the rule of "multiplying along the branches" (described in 2.) comes forth spontaneously,

in the students, from the concept of "fraction of fraction". For further theoretical details and for the underlying

didactic choices sec Pesci, Reggiani (1987) mentioned above, which also contains the collection of work-cards

presented to the students.

4. THE PROBLEMS AND THE PRIOR ANALYSIS

The text of the two problems is the following:

1. In a sack there are 12 balls: 2 red, 3 white and 7 black. If I draw one ball:

a) What is the probability that it will be black?
b) What is the probability that it will be white or red?
c) Can you find an event with the probability 15/12?
If I draw two balls, without putting the first back in the sack:

d) What is the probability that they are both black?
e) What is the probability that they are of different colours?

2. In a restaurant the probability that the cook will burn the roast is 0.02, the probability that he will forget to

sal the water for the pasta is 0.1, and that he will salt it too much is also 0.I.

What is the probability that the lunch prepared by the cook will turn out well (supposing that he does not

make other errors)?

211
BUY COPY AVAILABLE

05



The first problem is fairly easy as far as points a), b), and c), are concerned, whereas points d) and e) are
more complicated as they foresee a second extraction.
With the following scheme, the five points for the problem can be immediately answered:

7
12

Rif B AwB RW B
The solutions arc the following ( the meaning of the symbols being obvious):
a) P(B) = 7/12 b) P(R or W) = 2/12 + 7.'12
c) none of the events has probability 15/12 d) P(BB) = 7/12 . 6/11
e) P(different colour) = P(RW) + P(RB) + P(WR) + P(WB) + P(BR) + P(BW) =

= 2 / 1 2 3 / 1 1+ 2 / 1 2 7 / 1 1+ 3 / 1 2. 2 / 1 1+ 3 / 1 2 . 7 / 1 1+ 7 / 1 2 . 2 / 1 1 + 7/12 3/11 = 41/66 or
P(different colour) = I- (P(RR) + P(WW) + P(BB)) = 1- (2/12 1/11 + 3/l2 2/11 + 7/12 6/11) = 41/66

In order to best point out the connection with what was illustrated in 2., it has to be noted that at the second
level of the graph (corresponding to the second extraction), for instance, the event marked R with probability
I/11 is, actually, the event "R given R" and using the symbols introduced in 2.. it is P(R/R) = 1/11.
Multiplying 2/12 for 1/11 we have P(R) P(R/R) that is P(RnR) which we indicate with P(RR).
Even the second problem can be schematized with a tree graph as the following:

We have P(mcat will turn out well) = 0.98 .0.8 = 0.784.

0.02 0.96

burnt roast roast not burnt

0.1

too salted
pasta

unsalted
pasts

0.6

ggtd.

There is no need to complete the graph beyond the event "burnt roast" because what concerns us is "meal will
turn out well", therefore we will read the result starting from the event "roast not burnt".
It is also possible to build a graph considering the three possible events concerning the cooking of the pasta
exchanging the two levels of the previous graph.
It is to be noted that when attributing the probabilities to the various branches, the "level" of the branches is
not taken into consideration: in our situation the events regarding the roast are supposed not to be influenced
at all by those regarding the pasta and vice versa (they are independent events). Therefore the situation is
different from the one proposed in the first problem in which, on the contraty. the first level events (first
extraction) must be taken into account when attributing the probabilities to the second level branches (second
extraction).

From the prior analysis of the two problems, with reference to their solution by means of a tree graph, the
following substantial differences emerge:
a) In the first problem, the scheme in the two successive spatial levels reflects the temporal sequence of the
events (first and second extraction). This does not happen with the second problem in which the graphical
scheme is only a "theoretical" combination of the events involved (those regarding the pasta and those
regarding the roast) so much so that the two levels, as noted above, can be exchanged.
In the second problem there is no natural analogy between the tree graph and the problematic situation
proposed. The graphical representation (and it happens in other cases, for instance with Venn's diagrams) can
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be said to be the description, "in figural terms", of "conceptual relationships which, in turn, are the symbolic
processed expression of an original reality" (Fischbein, p.158). Such description reflects the reality
represented in a more or less direct way. In the case of the two problems involved, we can say that the
representation with the tree graph is more "analogical" than "propositional" in the first problem whereas in the
second problem it is the opposite (the terms "analogical" and "propositional" are used in the sense which is
peculiar to mental images, sec for instance Palmer, 1978).

b) In the tree graph of the first problem, three branches originate from each vertex, namely each time the
partitions have the same number of elementary events, and the elementary events are the same at each level
(extraction of black, white and red ball) while in the second problem there is a different number of branches
from vertexes (the partition events given in the text are two for the roast and three for the pasta) and also the
elementary events are different at the different graph levels. Therefore, in the second problem the task is made
more complex by a global "difference" between the two levels.

5. SOLUTION AND ERROR ANALYSIS

The test was proposed to 151 students. While correcting the problems, calculation errors were not taken into
account if the tree graph had been correctly done and if the probabilities requested had been expressed in the
right way.

5.1 First problem

Ninety-eight students (65%) answered correctly to all of the three questions a), b) and c), whereas only 46
students (30%) did the whole exercise exactly.
For the sake of brevity, only the most salient observations, and those strictly connected to the use of tree
graphs, are reported here. The solutions relative to questions d) and e), concerning a double extraction without
putting the ball back to the container, will be examined.
As to point d), among the 80 correct solutions (53%), there arc 78 solutions which, in conformity with the
preparation received, used a tree graph. The non-given solutions are 31 (21%) and the wrong ones are 40
(26%).
Among the 40 incorrect solutions, 20 present a tree graph, the other 20 do not
Among the 20 students who make a mistake and do not use a graph, 13 write only P(BB) = 6/11 without any
explanation, the other 7 provide other incorrect fractions without any explanations.

As to the 20 incorrect solutions which use a graph, it must be pointed out that they all have a correct graph
(three branches at the first level, nine at the second) but the answers are wrong for the following reasons:

- in 15 solutions, wrong values attributed to the branches arc multiplied. The most frequent error is due to a
reasoning based on the mistaken assumption that before the second extraction the ball had been put back in the
container (6 students answer P(BB) = 7/12 . 7/12); moreover, some others consider the total number of balls
to still be 12 in the second extraction (4 students answer P(BB) = 7/12 6/12). On the other hand, two other
students maintain the number of black balls in the second extraction constant (they answer P(BB)=7/127/11).
The last three students answer with incorrect fractions. difficult to interpret (respectively P(BB) = 7/24 6/23,
P(BB) = 6/12 . 6/11, P(BB) = 7/12 8/11);

- in 3 solutions the probability of the two branches involved are added instead of being multiplied;

- in 2 solutions only the second branch of the BB path is considered and thesolution is then P(BB) = 6/11: it is
probably the same type of "skipping of steps" seen in the 13 solutions already examined which do not use a
graph and provide the same answer.

As to point e) all the 61 correct solutions (40%) point out a proper use of the tree graph. The non -given
solutions are 48 (32%) and the incorrect ones are 42 (28%): among the incorrect solutions, the tree graph is
not used in 5 whereas it is used in 37.
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For the purpose of our study it is interesting to examine in detail the errors made by the 37 students (24%)
who use the tree graph:
- the attribution of incorrect probabilities to second level branches is the most frequent mistake, after the graph
with the nine resulting events has been correctly constructed (14 solutions). This implies that the overall
probability, though correctly set out, results incorrect: the errors in the attribution of incorrect probabilities
are those already considered for point d):

- in 9 solutions there is a tree graph with only two events "black ball" and "non-black ball" in both extractions:
obviously with such a partition, if it is possible to answer question d), it is still impossible to determine the
event in point e):

- in 7 solutions there is a correct graph and the various branches are attributed correct probabilities but then
only some probabilities of the six events concerned arc summed:

- in 3 solutions the probabilities of the six events considered are calculated separately, but then they are not
summed:

- in 3 solutions the tree graph referring to the first extraction is correct but at the second level there are only
two events instead of three:

- finally, in I solution, although the graph and the probabilities on the branches arc correct. there is only the
answer P(different colour) = 22111 without any further details to interpret the error.

5.2 Second problem

The problem was correctly solved by 19 students (13%). it was not solved by 31 students (20%) and it was
incorrectly solved by .101 students (67%): we conclude that the problem resulted very difficult.
Among the 19 correct solutions, 2 are obtained without using the tree graph: both students write P = (I -
2/100) . (1 - (1/10 + 1/10)). the other 17 are obtained using the tree graph. It must be pointed out that, among
these. 8 present the tree graph of the solution described in 4. whereas the other 9 present the following
"contracted graph ":

in which the two branches referring to "too salted pasta" and "unsalted pasta" are effectively represented by
one branch only.

Among the 101 incorrect solutions. 61 do not use a tree graph and 40 use it.
In reference to the 61 solutions aforementioned:
- the most common error (39) is the following.. the probabilities given in the text arc summed, that is 0.1 + 0.1
+ 0.02 = 0.22, the next operation is 1 - 0.22 = 0 78 and then the students conclude that the probability for
"meal will turn out well" is 0.78. This is incorrect because probabilities of events which are not disconnected
are summed together;
- the same procedure is adopted by another 8 students but they only write 0.1 + 0.02 = 0.12 and they obtain
0.88;
- the remaining 14 incorrect solutions, in which the tree graph is not used, often present apparently "sensible"
verbal explanations. Errors are sometimes difficult to interpret: in some solutions not all the events arc
considered, or probabilities of non-disconnected events arc summed, or probabilities of independent events are
summed instead of being multiplied.

Now the incorrect solution typologies adopted by the 40 students who use a tree graph will be examined.
- The most frequent error, found in 12 solutions, is the construction of a three floor graph like the following:
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roost

too saltedpest 0.1 0.9

unsalted
pasts

The solution provided by the students in this case is 0.98 0.9 0.9. They did not understand that the events
"too salted pasta" or "unsalted pasta" belong to the same partition therefore they must be at the same level.

- Another example of an incorrect graph, made by 7 students is: roast

0.02 0.99

with the solution P = 0.98 0.1 = 0.098: in this case the partitions at the second level are not complete, in both
cases the branch referring to "good pasta" is missing.

- Eight students write on three branches at a first level the probabilities given in the text and then 3 students do
not continue with the graph and answer P = 1 - (0.02 + 0.1 + OA); other 3 students repeat the same branches
at the second level and then "combine" the probabilities in a strange way, the last 2 students simulate, at the

second level, a sort of extraction decreasing by 1 the denominators and varying the numerators in an
inexplicable way.

- Four students draw two separate graphs. one for the pasta (three branches for each vertex) and another one
for the roast (two branches for each vertex). with two levels for each graph and with the same probabilities of
the first level on the second level branches. These students probably think of a second extraction and
"combine" inexplicably the various probabilities.

- Three students draw a tree graph which presents, at each level, both the events referring to the pasta and the
events referring to the roast and they combine (with + c ) the various probabilities unjustifiedly.

- It has to be noted that 2 students draw a correct graph, they attribute the various branches the light
probabilities but in one case the exercise remains unfinished, whereas in the second case the student selects an
incorrect path.

-The last 4 students present incorrect graphs with different errors from the ones described so far. It does not
seem useful to give further details regarding these errors but instead to make more general observations.

If we read the data reported here we can observe that among the 120 students who solved 'the problem, 63 did
not use a tree graph and only by two of them the problem was correctly solved, 57 students used a tree graph

and 17 of them gave the correct solution.
Notwithstanding the difficulty of translating the problem into a tree graph (already highlighted in the prior
analysis in 4. and confirmed by the list of errors) this strategy was shown to be the most effective. It must be
observed that, in theory, (see 3.) the students had all the elements needed to give an "abstract" solution, so
much so that there are 2 solutions of this kind.

6. CONCLUSION

From our analysis it emerges that the students immediately use tree graphs for solving problems like the first
in which the various graph levels represent the event's temporal sequence. As a matter of fact, the larger
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number of correct solutions were obtained in the first exercise. Errors were mainly due to incorrect probability
attribution to the various branches or to the lack of consideration of the whole paths for the events requested
rather than to the drawing of the graph.
The second problem resulted more difficult to the students because the schernatization of the given situation
in a tree graph does not come as naturally as it does in the first problem (see 4.)
Understanding "the functioning" of tree graphs is not difficult for students, it is more difficult to draw them
correctly in order to represent situations which, as in the second problem, cannot be "spontaneously"
translated into tree graphs.
In this case the same graph drawing was the cause of many errors and the tree graph did not properly
represent the given situation. When the conceptual situation is not thoroughly understood and an inadequate
graphical model is built, the student is misled by the automatism induced by the model - i.e. "multiplication
along the branches" - and he obtains an incorrect result.
From the analysis presented here we can infer that the tree graph was, in any case, an effective aid even in the
solution of the second difficult problem: it can be useful to introduce students to the study of casual compound
events. It is clear, though, that the "rules of the game" (properties 1) and 2) in 2.) underlying the drawing of
the graph and which make it a very functional aid must be skilfully mastered. Only in this way the graphical
aid can become a suitable representation of a problematic situation and it can provide an immediate visual
solution.
It is certain that the dialectics between the understanding of the problematic situation and its graphical
representation should be played at its best, with mutual advantage of the two moments.
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PROSPECTIVE ELEMENTARY TEACHERS' CONCEPTUAL AND
PROCEDURAL KNOWLEDGE OF FRACTIONS

George Philippou & Constantinos Christou
University of Cyprus, Department of Education

One at the most widely offered explanations at why students do not
learn mathematics is the inadequacy of their teachers' knowledge of
mathematics (Penne= & Franke, 1992. p.147).

Prospective elementary teachers' procedural and conceptual knowledge of fractions
was investigated through a written instrument. Results indicated that these
preservice teachers had a narrow understanding of the ideas underlying the conceptual
knowledge of fractions. The findings suggest that prospective teachers need
programs for their mathematical preparation that emphasize the connections
between procedural and conceptual knowledge of fractions.

In recent years much research has been reported on students' procedural and

conceptual understanding of fractions and decimals (Harrison & Greer, 1993;

Vergnaud, 1983). Though the basic concepts of fractions are generally introduced from

the primary grades, there is convincing evidence that most middle school students do

not create appropriate meanings of fractions (Bezak & Bieck, 1993; Kieren, 1988;

Ohlsson, 1988). Among the reasons for this insufficient learning, the mathematical

nature of fractions and poor instruction seem to be the most widely mentioned. There

exist fundamental differences between "whole numbers" and fractions regarding both

the symbolic representation and their interpretations, which produce long-term
difficulties (Hiebert & Behr, 1988). The one-to-one correspondence between a whole

number and its symbol, in fractions becomes one-to-many, whereas the limited number

of interpretations of "whole number" is in rational numbers expanded to include at least:

the part-whole, the ratio, the quotient, and the operator interpretations (Kieren, 1988).

Despite the complicated nature of the rational number concept and related terms which

constitute a distinct semantic field ( Ohlsson, 1988), they usually receive little attention

and are often taught in a meaningless manner. Most teachers proceed to instruct

procedural rules before strengthening students' conceptual understanding.

Fennema and Franke (1992) claimed that "the evidence is beginning to

accumulate to support the idea that when a teacher has a conceptual understanding of

mathematics, it influences classroom instruction in a positive way" (p.I51). It is

evident that if teachers themselves have difficulties they are not likely to facilitate the

construction of meanings for fractions by their students or to recognize related errors

the students make (Graeber, Tirosh & Glover, 1989). The insecurity felt by teachers

with limited knowledge in this area was expressed by one of them as follows "I had to

teach mathematics to the 4th Grade and I didn't know how to multiply fractions"

(Frcdcricou & Folcrou, 1991, p.66).
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Despite the concern expressed about "proper" instruction in fractions it seems

that preservice elementary teachers' knowledge in this area has not been studied
enough. The purpose of our research program was to explore in depth preservice
elementary teachers' knowledge, mathematical power and attitudes at the point when

they enter teacher education, as a means to design mathematical courses suitable to their

needs. This particular study focuses on preservice teachers' procedural and conceptual

understanding of fractions.

Conceptual Background of the Study
The underpinning of this work is the conceptual and procedural knowledge as it

was defined by Hiebert and Wearne (1986). Conceptual knowledge involves building

relationships between existing bits of knowledge and it grows through the creation of

relationships between existing knowledge and new information that is just entering the

system. Procedural knowledge is composed of the formal language of mathematics and

the rules, algorithms and procedures needed to solve mathematical tasks. A host of

research studies agree that conceptual knowledge is more significant than procedural

knowledge (Silver, 1986). However, teachers should be competent in both the
conceptual and procedural knowledge in order to teach effectively mathematical ideas.

Mathematical knowledge includes significant, fundamental relationships
between conceptual and procedural knowledge. Critical links between conceptual and

procedural knowledge would contribute in many ways to the development of a sound

knowledge base. According to Hiebert and Wearne (1986), there are three phases

where links between conceptual and procedural knowledge take on special importance.

In phase 1, a person gives meaning to the numerical and procedural symbols of a

mathematical task. The meanings assigned to the symbols may come from the syntax or

they may come from connecting symbols with their conceptual referent. Phase 2
involves the procedures selected to solve a problem and emphasizes the links between

procedures and their conceptual rationales. Phase 3 involves the solution evaluation and

emphasizes the reasonabless of solutions. The three phases of symbol interpretation

and algorithms, procedural execution, and solution evaluation provide a scheme that

allows the analysis of the existence of relationships between conceptual and procedural

knowledge. In this study, we used the basic ideas of the three phases to describe

prospectives teachers' conceptual knowledge of fractions.

Purpose of the Study
The work reviewed to this point led to the study's first research question

regarding the present state of preservice teachers' conceptual and procedural knowledge

of fractions and the degree to which preservicc teachers connected their procedural and

conceptual knowledge of fractions. Furthermore, the study purported to determine if
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there were differences between preservice teachers coming from different types of

secondary education with or without additional emphasis on mathematics and science.

Specifically, the following questions guided this study:

1. What is the present state of preservice teachers' knowledge of fractions?

2. Do preservice teachers differ as regards their procedural and conceptual

knowledge of fractions?

3. Do precollege mathematics explain the differences among preset-vice

teachers on their procedural and conceptual understanding of fractions?

Method

Subjects
The subjects were 83 preservice elementary school teachers enrolled in the first

semester of their studies at the University of Cyprus. Eighteen of them were graduates

from lyceum types where mathematics was not among the subjects of specialization.

Twenty one of them took, during their studies in lyceum, both mathematics and physics

as their major subjects, while the rest (44)took mathematics and economics.

Instrumentation
A test of 30 questions was constructed to assess preservice teachers' knowledge

of fractions as well as their ability to connect procedural and conceptual knowledge.

Twelve items were designed to assess preservice teachers' procedural knowledge and

18 items to assess their conceptual knowledge of fractions. The items for conceptual

knowledge were designed to measure the connection between real-world situations and

symbolic computation, the connection between whole number and fraction operations

and the solution evaluation. Specifically, five items were designed to assess preservice

teachers' ability to connect the symbolic computation with real-world situations (Phase

I ). These items provided the numerical expression and asked for posing word

problems (Simon, 1993). Seven items were designed to assess preservice teachers'

ability to select and apply the appropriate procedures to solve mathematical tasks (Phase

2). These items also involved questions designed to assess the ability to connect whole

number operations with fraction operations. Finally, six items were designed to assess

the ability of preservice teachers' to evaluate the reasonableness of a solution or art

answer given to a problem task. Table I provides examples of selected items that clarify

the above mentioned categories.

Results
To answer the first question of the study about the present state of preservice

teachers' knowledge of fractions, subjects' success rates are summarized in Table 2.

The subjects had the greater success on addition and division and the least success on

multiplication. Although multiplication is considered as prerequsite to division, the
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subjects in this study demonstated quite a different behavior. The written work of the

subjects provided some hints that they considered multiplication and division as
different operations and could not see the connection between them. Evidence for this

result is provided by the subjects' strategy of solving division problems. Most of the

subjects (70%) used the mnemonic rule of complex fractions to provide an answer to
division exercises and thus tried to remember a different method from that used in
solving the exercises on multiplication.

Table 1
gxamples of Items Used in the Study

Problems Knowledge assessed
1.

(a) 1/5 + 7/5, (b) 16 - 3/5,
(c) 1/2 X 41/2, (d) 1/3 + 1/6

.(e) In fraction multiplication the answer is
always greater than the factors. Yes No

Procedural

2.
Write three different story problems that Connection between real-world situations
would be solved by dividing 51 by 4 and
for which the answers would be
respectively:,
(a) 121/4 (b) 13 (c) 12 (Simon, 1993).

and symbolic computation

3.
(a) Find the remainder of the division: Connection between whole number

28 + 31/2,
(b) How far to the left should the picture

operations and fraction operations.
Selection of the appropriate procedure to

be moved so that it is centered on the
wall? (Cooney, Badger, Wilson, 1993).

solve the problem.

H4--=4-54-.1
4.
The product of the multiplication Solution Evaluation
63/4 X 43/7 is between: (a) 33 and 40, (b)
29 and 32, (c) lb and 24, (d) 25 and 28.

The least success of preservice teachers was on the items measuring their ability

to connect real-world situations and symbolic computation (25% of success). The

majority of the subjects (75%) failed to construct problems that could be represented by
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a given number expression, indicatiag that preservice teachers did not possess a broad

concept of the operation of fractions to make sense of fractions. Although numbers

were kept simple, preservice teachers were not able to connect the symbolic

computation with real world situation. This is in agreement with Ball's (cited by

Fennema & Franke, 1992) finding that the majority of the preservice elementary

teachers were unable to develop an appropriate representation of the operation 13/4

divided by 1/2.

Table 2
Summary of Procedural Knowledge Data (expressed as rounded percentagesl.

Types of Problems Correct Answer (%)

Interpretation of Symbols 88

Algorithms: Addition 90
Subtraction 88

Multiplication 74

Division 90

Connection Between:
*real-world and computations 25

(C1)
*whole number and fraction

operations (C2)

39

Solution Evaluation 56

A large proportion (61%) of preservice teachers could not recognize the features

of whole numbers that are similar to fractions and those that are unique to whole

numbers. They did not easily extend concepts that applied to fractions, and they

overextended features that did not apply to fractions. For example, 96% of preservice

teachers failed to give the correct answer to the problem "Niki has 35 cups of sugar.

She makes cakes that require 3/8 of a cup each. If she makes as many cakes as she has

sugar for, how much sugar will be left over?"

Fifty six per cent of the subjects answered correctly the items on solution

evaluation. However, a large again, number of the subjects (44%) were not able to

evaluate the reasonableness of the answer. For instance, 44% of preservice teachers

failed to answer correctly the problem " The product of the multiplication 63/4 X 43/7 is

between: (a) 33 and 40, (b) 29 and 32, (c) 18 and 24, (d) 25 and 28", indicating that

these subjects may have weak understanding of the size of fractions.

To answer the second question of the study whether the preservice teachers

exhibit the same performance on procedural and conceptual knowledge of fractions, a

multivariate analysis of variance (MANOVA) was conducted with procedural and
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Conceptual knowledge as dependent variables. It showed that the preservice teachers'
procedural knowledge perfromance (M=0.887, g=.00) was significantly better than
their conceptual knowledge (,b1398,12=.00). This result may indicate that for these
preservice teachers the procedural and conceptual understanding of fractions remain as
separate entities.

Finally, to answer the third question of the study, a multivariate analysis of
variance was conducted with procedural knowledge, and connectness as dependent
variables and the type of lyceum from which they graduated as independent variable.
Table 3 shows the means and standard deviations of the performance of preservice
teachers, grouped according to the type of lyceum from which they graduated, on
procedural and conceptual knowledge.

Table 3
The comparison of Performance by Type of Secondary School,

Knowledge Major M S.D. Signif
icance
(p)

Greek Literature and Latin 0.88 0.15
Procedural Maths and Physics 0.90 0.12 .81

Maths and Economics 0.89 0.12

Greek Literature and Latin 0.30 0.15Cl Maths and Physics 0.33 0.22 .06
Maths and Economics 0.31 0.18

Greek Literature and Latin 0.39 0.15
C2 Maths and Physics 0.44 0.15 .07

Maths and Economics 0.42 0.16

Greek Literature and Latin 0.51 0.20
Solution Evaluation Maths and Physics 0.57 0.29 .74

Maths and Economics 0.57 0.28

As can be seen from Table 3, there were no statistically significant differences

among preservice teachers regarding the type of lyceum of graduation. This indicates

that precollege mathematics, as taught in Cyprus, may not be a critical variable for
explaining the difficulties the preservice teachers encounter in grasping the meaning of
fractional concepts. Specifically, it seems that the mathematics taught in lyceums may
not help students to conceptually develop fractions

Discussion
This study extends the information available on prospective teachers'

knowledge of fractions. It offers evidence as to the usefulness focusing on conceptual
and procedural knowledge. The prospective elementary teachers in this study exhibited
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serious short-comings in their understanding of fractions. They seemed to have

appropriate knowledge of the symbols and algorithms associated with fractions, but

many important connections seemed to be missing. These findings are consistent with

those of Ball (cited by Fennema & Franke, 1992; 1990) and Simon (1993) on

prospective teachers' inability to develop problem representation of fractions and

insufficient knowledge of division.

Although most of the preservice teachers could calculate correctly, they had

significant difficulty with the meaning of operations of fractions indicating a narrow

understanding of the concepts underlying the procedural knowledge. The prospective

teachers' understanding appeared to comprise remembering the rules for specific cases.

Evidence for this conclusion is especially clear in the division and multiplication of

fractions. Division and multiplication with fractions is rarely taught conceptually in

schools (Ball, 1990); most of the prospective teachers probably learned to divide or

multiply with fractions without necessarily thinking about what the problems meant.

Indeed, most of them could carry out the procedure to produce the correct answer. Yet

when they tried to pose word problems that would be solved by a provided numerical

expression most of them failed. They also seemed to be unable to connect the symbolic

computations with real world contexts (Simon, 1993). This was explicit by the low

percentage of the subjects who answered correctly the relevant items of the test. For

example, data indicated that subjects did not readily see how the answerto the division

51 divided by 4 would be constrained by different real world situations and that it is

possible in some cases to give 123/4 as an answer and in someother cases 13 or 12. It

is likely that their previous experience had led them to believe that the answer was

determined by the directions given by the teacher or the textbook.

A further demonstration of the lack of connection between procedural and

conceptual knowledge is found in the data for problems purported to measurethe ability

of subjects to connect knowledge of whole numbers with fractions. Subjects were

unable to interpret or misinterpreted the remainder of the fractional part of the quotient.

This was explicit by their answers to problems requesting the remainder of division of

fractions. According to Simon (1993) this is probably an indication that the subjects did

not know how to identify the appropriate units. It seems likely that the handling of

remainders and fractional quotients in school was a procedural matter which did not

help the generalization of the appropriate whole number concepts.

The conceptual weakness demonstrated provides an assessment of precollege

mathematics. It seems that lyceums provide students with procedural knowledge which

is sparsely connected. It is likely that students in lyceums lack not only certain

understandings but also a vision of the kind of understanding that is possible and

appropriate in the study of fractions and perhaps inmathematics in general. The present

study highligths that relying on what prospective teachers have learned in their
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precollege mathematics classess is unlikely to provide a sound teacher preparation.

Mathematics courses must be refocussed in order to facilitate the making of connections

much more than the imparting of additional information.
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ATTENDING TO UNCONSCIOUS ELEMENTS
David Pimm

The Open University

Psychoanalysis is part of psychology. It is not medical psychology in its traditional sense,

nor the psychology of pathological processes. It is psychology proper; certainly not all of

psychology, but its substratum, possibly its very foundation.

(Sigmund Freud)

Mathematical science ... is the language of unseen relations between things. But to use and

apply that language, we must be able fully to appreciate, to feel, to seize. the unseen, the

unconscious.

(Ada Lovelace)

Mathematics is a disembodied version of the human personality.

(Donald Wirmicon)

This paper is about exploring some of the implications of these quotations.

For much of this century (from at least the time of Piaget and Thomdike), the development of

mathematical concepts, particularly early mathematical concepts, has apparently held a fascination

for psychologists. Increasingly, this preoccupation has grown to the point where some

psychologists seem to consider this to be their natural domain. Moreover, it is on occasion

rationality itself that is apparently to be studied by means of an examination of thinking and the use

of mathematical concepts (see, for example, Sutherland, 1992). Walkerdine (1988, 1990), a

psychologist herself by training, has in some sense both continued this tradition while sharply

criticising its presumptions.

Relatively recent developments in social aspects of cognition, in particular following the

rehabilitation in the West of the work of Vygotsky, have led outwards, into the social world, into

the learning community (see, for instance, Lave, 1988). In philosophy of mathematics too,

discussion of the isolated, supremely rational, individual, idealised mathematician has given way

to a consideration of communities of mathematicians (see, for instance, Kitcher (1983) or

Rotman's (1988) fascinating analysis of the language of proof), as well as to wider, cultural

embodiments of patterned thought (see, for example, D'Ambrosio, 1991), often unhelpfully1

termed 'ethnomathematics'.

My intention here is relatively straightforward. I choose to turn my attention in the opposite

direction inwards, not outwards not because I think the social to be misplaced as a locus of

exploration, but because I firmly believe it is not the only one of interest. An indication of this

change of direction has been given in Blanchard-Laville (1991, 1992). In an enticing passage,
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George Spencer Brown (1977, p. xix) writes of his sense of congruence between mathematical

and psychoanalytical activity.

In arriving at proofs, I have often been struck by the apparent alignment of mathematics

with psycho-analytic theory. In each discipline we attempt to find out, by a mixture of

contemplation, symbolic representation, communion, and communication, what it is we

already know. In mathematics, as in other forms of self-analysis, we do not have to go

exploring the physical world to find what we are looking for.

So, for now, I turn away from both the social and rationality and towards a brief exploration of

individual 'irrationality' in the context of mathematics - and I use that term deliberately, with both

its mathematical and illogical connotations resonating. My focus for this topic for discussion will

be language. Paul Ricoeur (1970, p. 4) reminds us: "I contend that the psychoanalyst is a leading

participant in any general discussion about language". In particular, psychoanalysis may prove

insightfully relevant in that important subset of language. the interplay of symbols and meanings.

This is probably the richest arena we have for particular discussion about the teaching and learning

of mathematics.

One of the most often cited but seldom explored quotations in mathematics education is the

following from the mathematician Rene Thom (1973, p. 202), offered at ICME 2.

The real problem which confronts mathematics is not that of rigour, but the problem of the

development of 'meaning', of the 'existence' of mathematical objects.

His belief that meaning and existence comprise mathematics education's central problem is

reflected in the fact that this is the only one of two italicised sentences in his entire talk.2 What is

seldom pointed out is that the central part of his talk, the one which culminates in the above

summary sentence, concerns the role of 'unconscious activity'3 in mathematics, while the

etymology of the word 'existence' invokes something standing (or being placed?) outside.

Meaning is, on occasion, primarily about reference alone: but can also be about much more.

Meaning is often also be about associations of all sorts (including verbal similarities). Young

children seem particularly open to the playful aspects of the sound similarities of language, and the

surprising connections that can sometimes be made through this version of 'moving along the

metonymic chain'. In particular, I believe meaning is partly about unaware associations, about

subterranean roots than are no longer visible even to oneself, but are nonetheless active and

functioning.

Michel Serres (1982, p. 97), writing of the origins of mathematics, claims:

The history of mathematical sciences, in its global continuity or its sudden fits and starts,

slowly resolves the question of origin without ever exhausting it. It is constantly providing

an answer to and frcei.-; itself from this question. The tale of inauguration is that
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interminable discourse that we have untiringly repeated since our own dawn. What is, in

fact, an interminable discourse? That which speaks of an absent object, of an object that

absents itself, inaccessibly.

How are we implicated in making ourselves (and others) unaware of certain connections? Are our

referential meanings in mathematics absenting themselves, with or without our express

permission? What processes may be at work?

What is on the list of 'windows into the unconscious' that Freud came up with? It includes: slips

of the tongue, dreams (see Early, 1992 in relation to mathematics), things you know well but

forget or are unable to recall (e.g. names of people), and 'faulty achievements' (where I achieve

something faultlessly, but it wasn't 'really' what I intended to do). Are there any particularly

mathematical ones? Sherry Turk le (1981, p. 247), at the end of her book on psychoanalyst

Jacques Lacan ('The French Freud'), writes:

For Lacan, mathematics is not disembodied knowledge. It is constantly in touch with its

roots in the unconscious. This contact has two consequences: first, that mathematical

creativity draws on the unconscious, and second, that mathematics repays its debt by

giving us a window back to the unconscious. E...] so that doing mathematics, like

dreaming, can, if properly understood, give us access to what is normally hidden from us.

One possibility fOr such direct access may be through working with geometric forms themselves,

those strange self-referentialities for which the symbol and the referent are one: 'the symbol for a

circle is a circle'. In a book with the evocative title 'The presence of the past', Rupert She !drake

(1989) talks of 'morphic resonance', an expression which captures exactly what I am concerned

with. The power of forms to evoke has been long exploited by sculptors. For instance, sculptor

Barbara Hepworth has recalled "All my early memories are of forms and shapes and textures" and

her sometime fellow art-school student Henry Moore observed: "There are universal shapes to

which everyone is subconsciously conditioned and to which they can respond".

Mathematical analysis: fidelity

And how reliable can any truth be that is got

By observing oneself and then just inserting a Not?

(W. H. Auden)

One general difficulty I have encountered in writing this article is offeringconvincing descriptions

of (let alone accounts for) purportedly unconsciously-influenced phenomena: another is the

intensely personal nature of much of this material. However, having acknowledged such

reservations, I offer an attempted description and attendant discussion arising from videotaped

classroom discourse from a lesson which I witnessed.
43
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A secondary teacher (T) started a lesson with a class of thirteen-year-olds on addition and

subtraction of negative numbers by invoking the assistance of an image of 'The Linesman'.

T: I want to remind you of a little cartoon character that we've been looking at over the last

few weeks the Linesman our little stick man. And he's been helping us do some

calculations using positive numbers and the new ones we've been looking at the negative

numbers. Let me show you a picture of the Linesman here he is.

[He puts up an overhead projector slide.]

There, right, remember him? And we've drawn various pictures of him. I want to remind

you of how he was able to help us do some calculations about positive and negative

numbers.

Can anyone remember where his number line came from? Where did he get his number

line?

P: His suitcase.

T: In his suitcase, yes. How long was it? How long was his suitcase? Loma?

L: Fidel [stumbles], fidelity.

T: Fidelity? Fidelity?

[He speaks with rising tones of surprise and disbelief ]

L: No

[She laughs, very embarrassedly, completely hiding her face.]

T: How long was the Linesman's number line? David?

D: As long as you want it to be.

T: As long as you want it to be. OK. We do decide just to take a piece of it, don't we. But

if we wanted to take all of his number line, how long would it be. Gary?

0: Infinity.

T: Infinity. [To Lorna] Is that the word you're looking for? What does that mean,

'infinity'?

Pupil: It never ends.

T: It never ends, it never ends. Right, let's have a look ...

For me, this brief classroom excerpt offers a plausible example of unconscious processes

interfering with conscious language. The sexualdouble entendres of the whole dialogue are

rampant, as is the wishful thinking: the 'going on forever', the 'being as long as you wane .4

Although the words 'infinity' and 'fidelity' both have four syllables and the last two of both are

the same, why did Lorna did not say 'infidelity', surely a far more direct metonymic association

with 'infinity'?

Freud writes:

The subject matter of a repressed image or thought can make its way into consciousness on

condition that it is denied. Negation is a way of taking account of what is repressed; indeed
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it is actually a removal of the repression, though not, of course, an acceptance of what is

repressed. It is to be seen how the intellectual function is here distinct from the affective

process. The result is a kind of intellectual acceptance of what is repressed, though in all

essentials the repression persists. (1955, p. 235)

Lemaire (1986, p. 75) glosses this as: "The repressed signifier is always present in the negation,

but, in another sense, it retains the repression though the 'noe."5

My account for this incident must obviously remain highly speculative, partly because so little is

above ground. I remain struck by the fact that she did not offer 'infidelity'. Assuming part of her

attention (unawarely I expect) was taken by the sexual interpretation of the above dialogue, and

also perhaps that the charged term 'infidelity' was playing a role in her home life (even suitcases,

perhaps), then the above described process of negation could have turned 'infidelity' into the more

acceptable 'fidelity' (two negatives making a positive here at least), even though I doubt she has

ever heard the parallel neologism 'fruity'. Her stumbling over the first uttering of 'fidelity' could

indicate either the emotional force of what was at work, or some half-aware realisation that this

was not quite right.

Dick Tahta has offered me an alternative account. It concerns the fact that there are strong

resonances and connections between a meaning invested in 'infinity' and that of 'fidelity', through

the notion of 'going on forever'. He offers the thought that there is a strong adolescent investment

in fidelity and a corresponding unease about infidelity. Teenage magazines are filled with storied

discussions and explorations of this idea.

It is clearly impossible to ascertain what was the case here. But the two accounts given illustrate

two general routes for accounting for such occurrences. The first posits a preoccupation that is

being kept down, but a connection is made between this concern and the mathematical topic at

hand. The preoccupation finds a way to return to consciousness, but is only allowed to do so in a

negated form. The links are primarily metonymic: from 'infinity' to 'infidelity' to 'fidelity', which

is what finally surfaces. In the second account, the links are primarily semantic, metaphoric. She

cannot produce the word 'infinity' for some reason, but the closest word with astrongly related

meaning she can get is 'fidelity'.

But unlike with mathematics' excluding, exclusive use of 'or', the one account need not exclude

the other. Metaphor and metonymy are offered as axes rather than categories by linguist Roman

lakobson, and hence elements of both can be present at the same time.

The resonance of words

There seems to be no mathematical idea of any importance or profundity that is not

mirrored, with an almost uncanny accuracy, in the common use of words.

(George Spencer Brown)
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Mathematicians 'borrow' many everyday words to describe mathematical phenomena of interest.

They also use the same words over and over in order to reflect perceived structural or functional

similarities, resulting in condensations of experience around terms such as 'normal', 'similar'.

'multiplication', 'number'. Curiously, they seem to expect a conscious, overt denial of links to be

sufficient so that such connections are no longer heard. (I recall asking in a graduate theoretical

course on tensor analysis what the curvature tensor has to do with curvature and receiving the

answer "Nothing".)

But such words can and do evoke connections and links, particularly I believe in cases where the

mathematical content does not generate powerful images and feelings of its own. The looseness

and gap between symbol and referent, regularly exploited fo! mathematical ends, also permits such

slippage to a far greater extent than in other disciplines. 'Circumscribed' is very 'close' to

'circumcised' and the connection is not arbitrary. Teenage girls working on the period of a

function can and do make overt connections with menstrual periods. Adolescents can become

preoccupied with freedom and constraints upon themselves, and geometry can offer them the

possibility of working with the same material as well as the same terms.

Tahta (1993, p. 48) comments:

Mathematics teachers do not normally expect to make connections between the relations of

mathematics and the relationships of family life. Indeed, many emphatically deny that there

is any connection at all; for them, equality of algebraic expressions would be something

quite different from, say, equality of esteem.

What do these allusive stories have in common? The first is the resonant quality of language, both

in the forms of words and in the topology of those forms, reflected in the belief that nearby

symbols have nearby meanings. Thus, metonymic links or 'slips' have semantic consequences by

presumed association.

The second commonality raises for me the whole question of 'meaning' in mathematics, in

particular some of its unaware contributory components. One reason for teaching mathematics may

be so that our students can develop this n ...:ans of finding out about themselves, in addition to our

offering them access to a shared inheritance of mathematical images and ideas, language and

symbolism, and the uses for mathematics which humans have so far developed. To the extent that

students are enabled to think like mathematicians, this possibility is made available for them. I

would like to express this possibility in terms of mathematics deriving from both inner and outer

experiences, and meaning as being generated in the overlapping, transitional space between these

two powerful and sometimes competing arenas.
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'culture' in mathematics education, and in particular his distinction between 'ethnomathematics' and

'protomathematics', the latter offering fertile sources for mathematisation without itself being mathematics.

2 In the other, he criticises the assumption (of mathematical 'modernists') that:

By making the implicit mechanisms, or techniques, of thought conscious and explicit, one makes these

techniques easier (p. 197).

This is the complete reverse of my belief that automation of functioning and the liberation that this can bring

results from the making unconscious of conscious control mechanisms. Thom adds (p. 199):

Certainly, this detachment [of the thinker from his thought] is a necessary step in the process of

mathematical advancement: but the inverse operation, which is the reabsorption of the explicit into the

implicit, is no less important, no less necessary.

3 Hadamard (1954) too devotes two chapters to general issues of the unconscious in the context of mathematical
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structure holds. The assertion is made that not-P is true, but the underlying reading that is required is that P is to be

believed.
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MATHEMATICAL UNDERSTANDING:
ALWAYS UNDER CONSTRUCTION

Thomas Kieren Susan Pine

David Reid Oxford University

University of Alberta

In this paper we trace one of the consequences of observing a person'smathematical

understanding as a growing, enfolding phenomenon rather than an as an achieved state. Using the

dynamical model for the growth of mathematics understanding developed by Pineand Kieren over the

last 6 years, we contrast the patterns of growth in understanding of two university students as they

work in two number pattern situations, illustrating the need fora way to observe such growth in

process terms. In one situation their growing understanding can be characterised as growing broadly

in a connected way out of actions in the situation, while in the second situation, although they had

adequate mathematical knowledge, their pattern of growth in understanding was disjoint and

sporadic. The patterns and consequences for research and teaching of such differences in

understanding growth are discussed.

Background
"Charlene really has a very good understanding of mathematics!" "I want my class

to reach an understanding of decimals." Statements like these, which might be made by

teachers, are indicative of a view of mathematical understanding as a state or as a particular

attainment. Such a view is well supported in the theoretical and research literature (e.g.

Skemp, 1987) as well as the professional literature (e.g. van der Waite, 1990) which discuss

categories of states and traits of understanding such as instrumental, procedural,

conceptual and relational; or even complexes of such states (e.g. Herscovics ,1992; Miller,

Malone and Kandl, 1992). Such a view of understanding as a state orcomplex of states is

useful in that it allows us to think of curriculum materials as providing opportunities for

students to attain such states or of such states as providing criteria against which to assess

students' mathematical understanding.
While realising the value of thinking of understanding as a state, it is the purpose of

this paper to demonstrate the value of an alternative way of looking at mathematical

understanding. Rather than thinking of understanding in terms of possibly achievable

states, we obsente mathematical understanding for a person as always being under

construction,
Both Sierpinska(1990) and Wittgenstein(1956) see mathematics and its

understanding in an active sense. Mathematical understanding for them is a multileveled

activity in which a person perceives and overcomes epistemological obstacles and moves on

to a higher level. In a series of papers, including several presented at PME meetings (Pine
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and Kieren, 1989; Kieren and Pirie, 1992 etc.), we have tried to consider mathematical

understanding as an on-going, growing, process by which one responds to the problem of

re-organising one's knowledge structures, possibly in the face of epistemological obstacles,

by a process of revisiting ones existing understanding. We have termed this process 'folding

back' (Kieren and Pixie, 1994). We have developed an evolving dynamical theory for the

growth of mathematical understanding of a person with respect to a topic. Our theory

entails talking about understanding in terms of a set of embedded modes of knowledge-

building activity, both informal and formal. These modes include primitive knowing, image

making, image having, property noticing, formalising, observing, structuring and

inventising. Modes relevant to this paper will be described as needed and a representation

of the embedding model for them is seen in use in Fig. 3 and Fig. 4 below.

It is not, however, the modes alone which define and detail the growth of

mathematical understanding. Rather it is the non-linear pathways of students' behaviours,

which can be tracked through the modes, which illustrates such dynamical growth most

clearly seen in our concept of 'folding back'. At any point in one's knowledge building

process one can fold back to a less formal way of understanding a particular topic to gain

more experience or to elaborate previous images in order to broaden one's basis of

understanding for a topic. We have observed that such folding back occurs not rarely but

frequently in the process of understanding and gives the pathways of the growth of

understanding, for a person, their non-linear forth and back characteristic. In folding back

we argue that one is not experiencing such returned-to actions or images for a topic as if for

the 'first time'. On the contrary, more sophisticated language, and concepts that have

already developed with respect to the topic, (demonstrated by the previous outward-

moving direction of the pathway) are brought to work in the less formal, less sophisticated,

more local contexts, in order to broaden the understanding of the topic and create a coherent

way of knowing. This revisiting or folding back to inner levels is thus not to be considered

as a regression to an earlier state, but as part of the constantly growing understanding which

can be represented by the connected pathway drawn on the model diagram as a continuous
line.

Of course not all mathematical understanding of all topics grows for a person in this

connected manner. In other work we have shown that a person's understanding of a topic

can be disjoint ( e.g. Pirie and Kieren, 1992; Pirie and Kieren, 1994)and we pursue this theme

later in this paper.

Setting the scene

It is the purpose of the rest of this brief paper to show why we think it is useful to

think of mathematical understanding not as an achieved state but as a dynamic, changing
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process. To do this we will consider the work of two university students as they worked on

two situations which involved the development of number patterns in a given setting. By

using concepts from our model, in particular the ideas of imaie having, property noticing,

folding back and disjoint understanding, we will highlight the pattern of growth of

understanding in each situation and demonstrate the ways in which mathematical

understanding is always under construction.
The pair of students, Stacey and Kerry, worked together on the following two

situations in the given order with a week between, spending between an hour and one and a

half hours of class time on each :

1. Arithmagons (from Mason, Burton and Stacey,

1984):
A secret number has been assigned to each corner of 11 18

this triangle.

On each side is written the sum of the secret

numbers at its ends. Find the secret numbers. 27

Generalise the problem and its solution.
Figure 1

2. The fibonacci sequence begins:

1,1,2,3,5,8,13,21,34,55,89

If you are familiar with the recursive rule defining the sequence write it down. If not,

try to discover the rule.
Use the notation Fr, to stand for the nth Fibonacci number. For example, F7 is 13 and F10

is 55.
Look for patterns which relate the index n to the Fibonacci number Fn For example, is

there anything special about F0 when n is a multiple of 3, or a multiple of 4, orprime?

Understanding Arithmagons
Like the other pairs in the study Stacey and Kerry used a "guess and test" strategy to

find the three corner numbers in the original problem (Fig. 1). The followingdialogue

occurred during their exploring:

Stacey: Ijiist want to by something. If you take 27,18 and 11...1 56. Right?...And you halve... So youadd

each of those (corner numbers( twice, right?. ...Yeah, you do. ...You add A,B,C. Then you multiply them by

2. You get this answer (56j... Do you know what I mean?

Kerry: Sorry. So you add this and multiply by 2; so like the sum of this is 28 ...times 2. And it's 56. Good one!

What's it mean? Is that true for them all?

Stacey: Yeah.

I The convention used here is that "..." represents a pause in the speech
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Kerry: I guess so. It must be. It can't just a fluke. ...DK I guess we could solve it as a matrix also- ...

These students were using knowledge that they already had to explore and get an
idea or image of this problem space. After they had confirmed their "guess and test"

solution, they turned to the question of generalising in a novel way (Fig 2)

a

7

-3 4 -6

13

b

13

Figure 2

10

d

15 - 16
35 - 16
14 - 16

Notice that in going from 2a to 2b these students were developing a related triangle, one
which now had the previous solution "vertices" as the given side values. Their solution of

2b included a discussion of whether one could have negative vertex values. After finding

the solution set for 2b (-3, 4, 13) using processes which they had used for solving the original

problem, they noticed a relationship between the values in the embedded triangle, namely

that the vertices were the related side number less 14 (i.e. 27-14=13, 18-14=4, 11-14=-3).

Stacey: (redrawing the -3,4,13 triangle from 2b in a smaller version and omitting the centre, see 2c)

Ooh -... let's keep going.

Kerry: Do you want a prediction? This [each of 1, 10 and 171 is decreased by 14.

This prediction failed, but it lead the pair to revisit 2b and see 14 as (11+18+27)/4

and they made a more general prediction about 4 as a key divisor. This led them to try
unsuccessfully to use letters to see if they could "derive a formula" which would show the

pattern even more generally. As part of this activity the pair made some conjectures about

what happened to the sums of the sides of the triangles that

Stacey: They get smaller and you can have fractions

as the pattern was continued "outward". They were unable to see why, however.
Stacey: The sum goes down by half because 7

At this point Stacey suggested they try a new problem triangle like the original but

with different numbers. After feverishly working on several new triangles they concluded

they had a method [see Fig. 2d] which worked for all such problems and were very excited
Kerry: We've figured out the system! .. now, why the system?

While their work on the latter question was never successfully resolved, the

understanding process did not end there. One week later the students were interviewed.
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Interviewer : Did you Happen to work on arithmagons any more?

Kerry: Yeah! We bugged any one we knew in the library for hours!

Not only had they continued to work on triangles, they had also worked

productively for several hours on finding "the magic numbers'. (like the 4 for triangles) for

arithmagons with from four to seven sides and indeed thought that sue l numbers must

exist for any arithmagon.
Figure 3 is a plotting of the pathway of

growth of understanding for Stacey and Kerry.

They were seen to move repeatedly between

working with specific numerical examples -

guessing, testing, predicting and recording

(image making and image having) (1) - and

noticing properties (2) related to the 'side' and

'vertex' number sums of particular problems.

They constantly folded back to work

numerically on particular triangles to give

themselves insights and a broad foundation of

understanding. This eventually led them to

what we call the formalising activity of applying

a method which they conjectured worked for

any triangular arithmagon (3 ). (We'veliguredout the system.) Interviews revealed that this

pattern of growth in understanding of arithmagons continued long after the observed

problem solving session. They continued to fold back and added to their experience with

numerical examples that were designed for a specific purpose. Previous experience

provided a template for new experiences; results from previous experiences served to

generate attempts to notice patterns or formal (even if not algebraically expressed) methods.

Less formal understandings seemed to unfold into more general or more formal

understanding actions; more formal understandings appeared to enfold and indeed access

less formal ones. Their personal commitment to the problem was certainly in evidence!

Figure 3

Understanding Fibonacci Sequences
One week after working on arithmagons, Stacey and Kerry worked on the Fibonacci

problem given above. At the start of their work Stacey said:

Stacey: Oh. Iknow this one. You add the last two to get the next one. 55+89=144.

Notice that this 'definition' makes no reference to the first terms in the sequence, although

the problem states "The Fibonacci sequence begins...". AlmOst immediately Kerry wrote

down Stacey's 'definition' using the suggested notation:
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Kerry: F + F,,,, = Fn.2 F = Fn.2 tn., Neat eh!

When Kerry used this to derive that Fo= 1-1=0, one of the observers questioned whether

there could be an Fo. Because Stacey's original definition had not taken into account the role

of initial terms, the pair saw no problems with extending the Fibonacci sequence in either

'direction': ...-8,5,-3,2,-1,1,0,1,1,2,3,5,... Here Stacey and Kerry develop and use a

formalised definition (given above) with interesting consequences. They do not try, even

when challenged, to test the assumptions underlying their definition.

Following this formal work the pair seemed stuck as to what to do next. They spent

the rest of the hour considering the suggestions in the last question posed on the problem

sheet and then requested suggestions from one of the observers. In each case they very

briefly considered the given set of numbers and made one observation such as:

Kerry: Prime numbers [terms with such subscripts] are all odd.

and then looked at another question. The one exception to this was Stacey observing that

Stacey: The multiples of 3 [terms with such subscripts] arc even

and Kerry formalising this as

Kerry: F.3k is even

and offering a convincing argument for it. They did not try to consider the challenges in the

light of the extent of the Fibonacci sequence nor did they 'play' with the sequence or its

elements in the way that they had played with examples of the arithmagons.

The pathway of growth of understanding (Fig. 4) for Kerry and Stacey in this second

problem session is strikingly different. We no

longer see the same enfolded pattern of

understanding growth. Instead the

understanding activities and episodes for the

most part seemed almost divorced from one

another. Stacey opened the problem by saying

that she knew this sequence (1) and Kerry

immediately stated it in formal terms(2).

This led to them folding back(3) to numerical

work on the sequence to illustrate the

consequence of their formalising. The rest of the

understanding activities engaged in by this pair

in this setting can be characterised as a series of

disjoint lines (4) where the pair would look at the

sequence in the light of some query (brief image

making and image having activities) and then make some observation about the sequence

(property noticing) but make no attempt to link this observation with previous images. One

Figure 4
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exception in this pattern (5) is when the pair stated and justified a generalisation relating to

the terms whose subscripts were multiples of three. Even here the work and the argument

were not related to other previous activities but had an isolated character.

Concluding Comments
If mathematical understanding is not thought of as a state or an achievement but as a

dynamic process, it is still tempting to assume that the mathematical understanding process

would show a pattern of growth that will be roughly the same in all situations. As the

foregoing examples show, such an assumption would be problematic. In the arithmagon

setting the understanding activity could at any moment be observed as related to previous

activity in the domain. Although there were 'dead ends' and although not all previously

noticed images or properties were accessed in later work, our dynamical theory alloWs us to

characterise the growing understanding of the pair in this setting as not outwardlyuni-

directional, but as a continually broadening connected phenomenon always grounded on

specific numerical activity (image making). Any property or formal method was seen in

relationship both to numerical image making activity and to other previously constructed

images or properties. The pair also sensed this connected growth and attempted to keep it

going in an unprompted manner.

Such a sense of connected understanding did not carry over into the Fibonacci

setting. l'erhaps because the pair had a formalised definition for the sequence from the start

and the problem sheet suggested areas of exploration, they appeared not to connect each

new set of image making activities with previous understanding or work on the problem.

Thus they did not generate the numerical experience which might have better allowed them

to see their activities as inter-related. There was little drive to elaborate or extend any

observation they made. The growth (or lack of it) in understanding could be observed as

disjoint. They saw their task as simply to observe the setting in particular suggested areas

or directions and did not build up their own image for the setting as they clearly had for

arithmagons.

We do not, at this stage, wish to make a value judgement on their two ways of

working at the problems, merely to draw attention to the ability of the model to highlight

the different pathways in a fashion that would not be possible if one were simply to

consider understanding as an acquired state. Although the pair made many mathematically

correct, and some incorrect, statements in the face of both settings, such results or

achievements do not well characterise their understanding or its growth in either setting.

The findings discussed here suggest the necessity of teachers and researchers listening

carefully to the on-going mathematical activity of students as a key source of knowledge of

student understanding. These findings also illustrate the power of the Pirie-Kieren theory of
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the growth of mathematical understanding as a tool for observing the phenomenon of

personal understanding as always under construction.
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ACTIVE GRAPHING IN A COMPUTER-RICH ENVIRONMENT
Dave Pratt

Mathematics Education Research Centre

University of Warwick

Abstract

This paper reports on recent results from the Primary Laptop Project in the UK. This

project is studying the effects on young children's mathematical learning when they

have constant and immediate access to portable computers. The children, aged 8 and

9, have been using graphs and charts to support their classroom experiments. The

paper suggests that the computer can support children's active graphing , a process in

which children use graphs interactively during (rather than at the completion of) an

activity and that active graphing can develop children's interpretative skills.

However, the paper also acknowledges the important part played by other factors in

the environment.

Introduction

The Primary Laptop Project

This paper reports on some recent results from The Primary Laptop Project in the UK. This project is

studying the effects on young children's mathematical learning when they have constant and immediate

access to portable computers. The first two preparatory phases introduced the project teachers to the

technology and served as a pilot study, allowing the researchers to gain a clearer focus on specific

issues.

Pseudo-mathematical use of graphs

VALUE

WIXCLAT0

MEADOW

PLOUGHS

HIDES

MANORS

DORD ARS

VILLEINS

10 20 30 40 50 60

Fig I : Sharon's bar chart

The children's use of graphs became

one focus during Phase 2. We soon saw

children of age 11 working on an

historical theme related to a local ruined

castle. One group of children were

collecting data from Domesday records.

Sharon had decided to put the data into a

spreadsheet. She included, for example.

the area of woodland, the value of the

land and the number of ploughs. Sharon

decided to used the computer to generate
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a bar-chart. The bars, being of various units, were not comparable. However, Sharon was pleased

with her graph and used it to illustrate her subsequent work.

Children were generating graphs very quickly and reacting to them excitedly. Their reactions seemed

to be based on the visual impact that the picture made rather than its relevance to the data on which they

were working. It was clear to us, even at this early stage of the project, that the facility to draw graphs

and charts easily on the computer carried certain pedagogical difficulties. It was proving problematical

for the non-specialist teachers to distinguish between genuine mathematical use of this graphing facility

and the sorts of examples above, which we now term pseudo-mathematical .

Real use of graphing
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Fig 2 : Rory's scatter graph

The classroom environment (Phase 3)

Later in this phase we observed younger children

having some success with graphs. The Y5 (age 9)

children were working on a topic called Wheels .

As part of this topic, they were investigating how

far cars of varying weights would roll. Rory was a

boy with considerable interest in the computer but

who also had a lot of language difficulties. Rory

was encouraged to draw scatter-graphs as his

experiment progressed. Finally, he wrote a report

by cutting and pasting his graph onto a word-

processing document. His brief conclusion shows

his understanding of both the graph and his

experiment in general.

Thus, we now recognised that children's use of graphs would be one important aspect of our research.

The project. now one term into its third phase. has been making a detailed study of two primary school

classes of age 8 (Y4) and 9 (Y5).

The effect on the children's learning during this phase is, we believe, greatly influenced by the

environment within which these children are working. The children were being encouraged by their

normal class teachers to work in an increasingly independent way. Two researchers worked as a

teacher/ researcher pair for the mathematics and science work, with one taking a teaching role whilst
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the other observed and took field notes. Both the teachers and the researchers encouraged the children

to see the computers as one resource amongst many and the children quickly developed a healthy

disrespect for the computers. They were encouraged to use the machine.. for all of their curriculum

work. The children have maintained their eagerness to use the comp ,ri both in class and at home

over the whole term. In most cases two children share one compu:e though a few children work in

groups of three.

The researchers have worked alongside the teachers to develop teaching plans which were based on a

topic approach. During this stage of the Primary Laptop Project. the Y5 children studied a topic on

Outer Space whilst the Y4 children worked on a topic called Growing and Shrinking . in both classes,

the mathematical ideas were developed alongside the rest of the curriculum within the framework of

the general topic. For example. the Y4 children studied their own growth using their baby records and

artefacts; they used Logo to draw families of pedple of varying heights: they planted and observed the

growth of bean plants; they grew mathematical objects such as squares and sequences and they studied

the growth of numbers in multiplication tables. Meanwhile the Y5 children developed their own

projects on outer space; they used Logo to write computer-based space adventure games: they studied

the phases of the moon; they used orreries to observe the motion of the planets and they carried out

gravity experiments.

For their Logo work, the children in both classes used LogoWriter. For much of their other work they

used ClarisWorks, an integrated package which allowed the children to use graphical, word-

processing and data handling facilities.

Children's Difficulties In The Interpretation Of Graphs

We had observed in Phase 2 children using the computer to generate graphs and charts which, though

nonsensical in meaning, had been accepted by the children as having value. In Phase 3. we gained

more evidence which led to a greater insight into this phenomenon.

Emma (Y5) had been experimenting with the length of a pendulum to find out how the time of one

swing was affected. She had collected the data into a spreadsheet and was quickly generating various

graphs before choosing a pie chart.

When interviewed she stated that she had chosen this picture because it looked nice.
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A 1

1 weight lenght cm seconds

2 same weight 39.5 14.41

3 47 14.37

4 6 7.84

5 48 14.69

6 27 11.28

7 21 10.63

8 38 14.31

Fig 3 : Emma's data and pie chart

The tendency for children to interpret given graphs as a picture is a phenomenon which is recognised

as a common misconception and has been reported elsewhere (see, for example, Kerslake (1981),

Swatton (1994)). However, on many occasions we were led tobelieve that our children were

choosing a graph for its pictorial value rather than for its quality as an interpretative instrument. It

would appear that these children were using different criteria from ours in judging the relevance of

these graphs. Such examples seemed to suggest that these children had not yet gained access to the

criteria which mathematicians would use to assess the value of a graph. The pedagogic question

becomes one of how to introduce these children to such criteria.

This is slightly different from the more conventional viewpoint. For example, Bell (1985) has

proposed that children need to be made aware of their misconceptions about graphs through a range of

teaching strategies which bring the children into conflict with their own ideas. It may be that, for some

of our children, it was not yet an issue of misconception but one of perspective or purpose. The

teacher's purpose for encouraging the children to use graphs was at variance with that of the children.

Nevertheless, some of the children were experiencing success and we were led to ask whether there

were aspects of these children's work which was allowing them to assimilate criteria similar to those

of the teacher.

Children's Successes - Active Graphing

Rory's surprisingly successful interpretation described earlier gave us hope that we would observe

some children giving proper meaning to their graphs. One aslect of Rory's work was the way in

which he had been encouraged to draw scatter graphs during his experiment. Rory examined his

emerging graph for patterns which might give him useful information. He was able to pick out

dubious results and check on their validity. He as able to look for gaps in his data and make

predictions. Rory's graphing was imbued with a sense of purpose, which went beyond the illustrative,

in contrast to that of the children earlier whose graphs we termed pseudo-mathematical .
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Indeed Rory's understanding had proved to be long term. Six months after Rory had done his work

with the toy cars during which time he had very little exposure to the use of computers, we decided to

carry out a thought experiment with Rory and some of his colleagues. We explained that we wanted to

carry out an investigation with another class into how the size of craters on planets such as the moon

was affected by the speed and size of the asteroids which hit the planet's surface. There was some

discussion about how an experiment could be carried out until the group agreed that heavy balls could

be dropped from various heights into a bucket of sand. The group were able to describe how to set up

a spreadsheet and get a scattergraph (Rory's fingers could be seen to be moving as he imagined going

through this process). The group were then

asked to draw out with pencil what the graph

would look like.

Fig 4 : Rory's hand drawing

Our conjecture was that by using graphing in

an interactive way as part of an experiment (a

process we now term active graphing), the

graphing was given a sense of purpose,

which was II:Aping some children to gain

access to a more sophisticated understanding

of graphs. We now have more evidence to

support this conjecture.

James and his friends had been collecting data on how the distance travelled by a toy car was affected

by the height of the ramp down which it rolled. The

researcher encouraged him to draw a scatter-graph of

his five results so far and recorded the following field

notes:

60
58 -
56 -
54 -
52 -

h so .
i 49 - X
g 46 -
h 44 -

42 -
40

X

X

X

36
34

400 500
lonsth cm

600

Fig 5 : James's first graph

I got them to try to identify a few points with their

experiments, which they all seemed to be able to do.

James seemed to have an idea that there was a clear

relationship "the higher it is the further it goes ", but

then said 'Oh no' when he saw that one point didn't fit.

They agreed to do it again, though James was

concerned that they should do it back in the old place

down the corridor to make the test fair.
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Fig 6 : James's second graph
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Fig 7 : Joanna's scatter graph

James seemed to be moving towards a fuller

interpretation of the graph. His group went on to

collect more data and another graph. James was able

to explain that, when the ramp was very steep, the car

had hit the ground and slowed up. He was happy that

the other results in his scatter graph formed a

consistent pattern. It is quite possible that James was

basing his conclusions on his first hand experience

with the toy cars rather than on the graph. For him,

the two experiences were not separate but

coincidental, an approach which may help James gain

access to a more analytical appreciation of such

graphs in the future.

Joanna and her friends had been working on a

pendulum experiment looking at how the weight of

the bob might affect the time for one swing. She

generated the following scatter graph. Joanna was

able to observe that some of the crosses did not fit

into the general pattern. She went on to explain that

her first few results had been measured wrongly -

they had timed only half the swing. Indeed the

dubious data occupied the first few rows of her

spreadsheet. She went on to express very succinctly

how the graph showed that the time was the same

whatever the weight of the pendulum. This full

interpretation seemed to be all the more sophisticated

given how difficult it would have been to make this

observation directly from the experiment without the

aid of the graph.

The success of these children was in direct contrast to other research on children's ability to interpret

graphs. Padilla, McKenzie & Shaw (1986) observed that, when children of grades 7 to 12 were given

graphs to interpret in pencil and paper tests, only 49% were able to describe the relationship and 26%

use a best line of fit. Swatton and Taylor (1994) provided even more depressing results:

The description of a relationship proved to be by far the most difficult demand. Not

only could very fewpupils give a full 'pattern' statement, but almost all pupils stated in

response to a short questionnaire attached to each package that they found this aspect to
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be the most difficult The difficulties which pupils encounter appear to stem from

the fact that variable relationships presented symbolically in this way are too abstract

for the vast majority of pupils at both I I and 13.

Indeed, they conclude that a mere 6% of children at age II were able to make a statement which gave a

proper link between the two variables in question. We might expect our younger children to perform

even worse than these figures if the environment's had been similar. It is important therefore to draw

together the argument by considering how this environment might have led to some of the children

having unexpected levels of success in their efforts to interpret graphs.

Conclusions

We have been struck by two conflicting general observations:

O children will use the facility available on the computer to generate graphs but many of these

will be nonsensical. Nevertheless this can be of benefit if children are brought into conflict

with their own criteria for judging these graphs.

O some very young children have been able to make accurate and complete interpretations of

their graphs. Such events might not have been predicted from previous research except that

these children were working in a very different environment.

There are perhaps three main features in the environment which have enabled some children to be

successful:

o These children were working in a classroom where the teacher was a mathematics specialist.

This had considerable influence on the curriculum planning but also on recognising instances

of pseudo-mathematim a first step towards forming a pedagogic strategy which wouldenable

those children to be brought into conflict with their own understanding when appropriate.

Swatton (1994) found that analysis of different questions. though designed to test the same

aspect of graphical understanding, yielded no correlation in their results and concluded:

Such findings indicate that in order to make an accurate assessment of process skill

performance' on the strength of just one assessment item or one context is impossible.

since each item brings with it its own unique set of 'demands' which are inherent in

the very nature of the question itself and the way in which it is presented.
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Tall (1989) has argued that leamecs have a concept image which develops as the result of a

whole range of experiences and that every individual brings to bear a unique way of

understanding a concept. Our children were encouraged to develop strong concept images by

studying related concepts in a variety of contexts and from different angles. We would contend

that the nature of the curriculum planning and the encouragement to explore independently

were crucial factors in their success. Similarly, when the children were interpreting the graphs,

they were doing so in a context where they themselves had carried out the experiment. They

had observed first hand the phenomenon on which they were reporting; they had entered the

data into a spreadsheet and seen the phenomenon represented numerically. It is our conjecture

that such experiences were influential in helping them to interpret their graphs.

The computer itself was an important part of the environment. We would conjecture that the

process of active graphing was instrumental in enabling some children to come to a fuller

understanding of their experiment, their data and their graph. The graphs that the children

generated were judged according to new criteria. Instead of being aesthetically pleasing

drawings or pictures, they were imbued with a sense of purpose; the graph could tell them

how to proceed with their experiment. Children could discover points which did not seem to

make sense according to the trend in the rest of their data. They could see gaps in their data

which ought perhaps to be filled by further experimentation and they could predict results from

outside their current range of data in preparation for the next experiment. This meaningful

interaction with the graph and the data seemed to enable some children to develop a better

understanding of their graphs and so eventually be able to give a fuller interpretation of its

meaning.
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7

CULTURAL MATHEMATICS EDUCATION RESOURCES

IN A GRADUATE COURSE

Norma C. Presmeg

The Florida State University

This paper describes the positive psychological implications

for multicultural education of an experimental graduate

course, Mathematics Education and Culture, in which the

position was taken that multiculture in a mathematics class-

room is not a liability but a rich resource to be celebrated

and shared. 21 students of diverse cultural backgrounds

showed how this can be done, in projects that included the

mathematics of the South Korean flag, stick charts of

Micronesia, mathematics of American marching bands,

baseball, German folk songs, counting in sign language, and

diverse cultural games.

With an increasing concern in several countries that educa-

tion should be fair and equitable for all children (Mathematical

Sciences Education Board, 1990), the position has sometimes been

adopted by teachers that they are "color blind" in the classroom,

i.e., that their teaching is not influenced by the racial or

cultural backgrounds of their students. Often this position is

held in good conscience, even by whole school districts, as the

one most likely to result in equity for learners. But as Nieto

(1992, p. 109) points out eloquently, "Equal is not the same". A

far more equitable position is to affirm the diversity of stu-

dents in multicultural classrooms, and to look on this diversity

as a potential resource for learning. Otherwise, what happens is

that the dominant culture is looked on as the only culture - and

hence all others are disadvantaged. For several years I have

believed that diversity is an assett rather than a liability in

the classroom, but I recently had the opportunity to explore some

of the implications of this philosophy for educational practice.
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The Course

The 3 semester-hour graduate course, Mathematics Education

and Culture, which I taught in Fall, 1993, was an experiment. I

did not know in advance which students would be taking the

course, but I intended to give these students autonomy to build

the course for themselves using the resources of their own cul-

tural backgrounds, based on the premise that every student has

rich cultural resources to draw upon. 21 students 'enrolled in the

course. Cultures were diverse; "foreign" students came from

Tenerife (Spain) and South Korea, but even among American stu-

dents, cultures ranged from "a Minnesota Jew who is trying to

become a Southerner" (as Jenny categorized herself), to Dierdre

who wrote,

"My cultural background is a mixture of ethnicities, a

'masala'. I think it makes me unique. I have African,

French, Spanish and Indian in my ethnic background. Not only

am I a mix, but the customs and traditions that my family

practises is a mixture of the four. When I look in the

mirror I see the characteristics that are an amalgamation of

the four. I hear in my talk, I see it in my beliefs. New

Orleans is where I am from the city of mixed up people.

My family comes in all shades of brown. My race is African

American, but my culture is Creole."

A strong theoretical framework for the course was provided

by Bishop (1988), which was the only required book, although many

other relevant readings were brought in by individual students as

well as the instructor. The theme of the course was, 'Mathematics

is a cultural product'. The course had theoretical and practical

goals, as well as the potential for research in classrooms.

Theoretical component: this included exploration of the meanings

of terms such as culture, ethnomathematics, enculturation, accul-

turation and related constructs as these have been developed in

the literature; mathematics of 'exotic' cultures as well as local

ones; levels of scale; environmental activities; values.
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Practical component: each session the class participated in at

least one 'cultural' activity and explored the mathematics of

that activity as well as its poteLtial for developing mathemati-

cal understanding in schoolchildren.

Research component: participants were required to investigate a

theoretical or pedagogical aspect of their choice, which relates

to mathematics as a cultural product, to write a paper on their

topic, and to organize classroom discussion or an activity relat-

ing to this topic. Those students who had the opportunity to try

out their activities with schoolchildren were encouraged to do

so, and to report on the results.

Assessment, was based on two aspects of original research

(theoretical paper and an activity or presentation), a journal

which students kept each week, and a take-home final which in-

cluded an analysis of the individual student's research paper and

presentation in terms of Bishop's (1988) theoretical framework.

Issues and questions for discussion arose naturally in our

reading and activities. For instance, after we read Gerdes (1988)

paper and practised some of the sand drawings of the Tchokwe,

their was lively discussion of the question, "Whose mathematics

is this?" After being introduced to Wendy Millroy's 'ape Town

carpenters and their mathematics, we found it natural vs debate,

"If you don't know you're doing mathematics and you don't cal it

mathematics, is it still mathematics?" We agreed that a broadened

definition of mathematics is necessary: Steen's definition of

mathematics as "the science of pattern and order" was considered

to be broad enough (National Research Council, 1989).

Theoretical Papers and Activities or Presentations

The students who experienced the most difficulty in deciding

on a topic for their individual research were the three African

Americans in the class. All three of them manifested "race con-
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sciousness" (Hall and Allen, 1989) in the sense that they wanted
to choose topics that related to and would help African Ameri-
cans. But the mistaken but still prevalent belief that they lost
their culture when they left Africa (Holloway, 1990) caused them
some agonizing in their choice of topics. Compromises were made.

For instance, Vanessa wrote her theoretical paper on the mathe-
matics of a sharecropper in the United States, but her practical

activity was "Egyptian mathematics: multiplication by doubling" -

reflecting an African interest. Dierdre reversed the order,

writing her theoretical paper on Africa but leading an activity

in which students arranged furniture in an (American) entertain-
ment center. For most students, the theoretical paper and the

activity were not separated but were different facets of the same
(chosen) topic.

What was striking in the projects was the degree of owner-
ship and involvement manifested by the students. The papers and

activities were as diverse

the four doctoral students

Gee) all

projects

topics.

as their creative authors. Three of

in the

became so involved that

in dissertation research.

course

they

What

wanted

follows

to
is

Jenny and In-

continue their

a sampling of

Jenny's theoretical paper and activity both involved mathe-
matics education and the various cultures of deaf learners. Her

ability to sign fluently at the same time as she spoke gave force
to her presentation of the history of signing in France and

America. Later, we were asked to work in groups to find a way to
represent all the numbers from 1 to 999 using only one hand.

After whole-class sharing Jenny showed us the "official" way

using American Sign Language. A valuable aspect of the group work
was that it stimulated discussion of the properties of our system
of numeration, in addition to highlighting the manifold ways in

which it was possible to accomplish the task.

Nancy, an experienced Middle School Teacher, investigated
gender bias in various mathematics programs in her school, on the
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basis of the position that stereotyping girls and boys in this

way is a cultural phenomenon. Her research revealed several

inequities. She presented her findings, and also gave us a bonus

activity. Nancy's cultural heritage is German, and after she

taught us to sing "0 Tannenbaum", we worked in groups to try to

represent the song mathematically. This was accomplished in

various ways spatially or numerically or both including an

ingenious likeness of a fir tree in which the branches were lines

of the song interspersed with a contrasting theme represented by

decorations which twined up the tree to start again at the top.

Denise, who taught English in Micronesia during two years

with the Peace Corps, wrote a fascinating paper on the mathemat-

ics inherent in traditional navigation between those islands. She

had sent away to Pohnpei for a Stick Chart made of bamboo and

depicting swells and interference patterns of swells in the

Pacific around the Marshall Islands. Her Stick Chart arrived, to

her delight, Just the day before

how island .navigators use their

in the swells, star constellations

boat is stationary and everything

her presentation. After learning

own bodies to determine 'no.t'es'

(taking the viewpoint that the

else moves), birds and phospho-

rescence, to determine their location and route,

a course for ourselves, using these principles,

given island to another.

we tried to plot

to get from one

A mathematical basis was interwoven with cultural elements

and their histories, in numerous other activities including

Halloween cats made with the tangram puzzle, the quipu of the

Incas, the Stomachian puzzle which is more that 2000 years old

(attributed to Archimedes), the Chinese abacus, architecture of

various cultures, gambling and games of chance and numerous other

games. In addition to these the instructor introduced activities

relating to mathematics in Scandinavian Yule-baskets, Hdebele

house decorations, and various Japanese origami projects.



Outcomes and Implications

In retrospect, the class was successful beyond my expecta-

tions. It nevertheless seemed that we had barely got started,

merely scraped the surface of something much larger. It is not

that 'multicultural mathematics' can be introduced in a Middle

School classroom once a week, for instance. It is rather a state

of mind, a pedagogical world-view which constantly looks to the

students for ways to celebrate their cultural uniqueness as

Dierdre felt unique with her four cultures in the context of

learning mathematics. It needs to be done with empathy and sensi-

tivity (Nieto, 1992), and only to the extent that students feel

comfortable in sharing, since there is an aspect of vulnerability

in opening up what might be misunderstood or misrepresented by

outsiders. For instance, in his discussion of the mathematics of

the South Korean flag, In-Gee introduced a swastika, describing

it as an ancient Buddhist emblem. He became very upset, in fact

spent a sleepless night, when it was brought to his attention

that this emblem may have very negative connotations for people

like his good friend Jenny, who is Jewish. His fears proved to be

unfounded, and Jenny and In-Gee are still good friends. But the

point is that teachers need to be sensitive to the use of cultur-

al artifacts which may be on the one hand anathema, or on the

other, holy objects, to insiders. For instance, mandalas are not

Just fascinating circular mathematical drawings, they are holy

objects of meditation with deep layers of significance, and

teachers need to be aware of these connotations. Thus it is the

people who belong to a culture who should do the sharing.

The theoretical readings, discussions and analyses were

essential elements in our forging of a common classroom culture

which was hospitable to multicultural elements. Our constructs

changed as we went through the course, since we were not looking

for 'final' definitions. For instance, in the beginning Peter was

of the opinion that it is possible to have a culture of one,

since each person is unique. (Other students did not agree.) By

the end of the course there was a consensus that the sharing
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aspects

(1967,

of

13

culture are paramount, resonating with Stenhouse's

16) definition, "a complex of shared

understandings

Perhaps influenced by Jenny's work on deaf cultures, a different

change was expressed by Dierdre in her final journal entry, as

follows.

"As a student of this class, my definition of culture has

been broadened, from being ethnic based to being a way of

living and being. I have played many cultural games and

have discussed the relevancy of games in math class. Games

are universal to every social group. Many times the rules

are simple and the games are fun. I have learned about

different number systems, and today, about Egyptian mult./

div. I think that it is amazing how they used doubling/

halving instead of multiplication tables. This could be an

alternative way of teaching multiplication and division. In

fact, it shows the relationship of addition/subtraction to

multiplication and division. Besides that, I feel that many

African American students would feel some sense of pride

knowing that this is an African way of calculation."

Peter, of Hispanic background, concluded as follows.

"The class has made me aware of how much students can bring

in from their community, environment and way of living.

Classrooms need to make more connections with the student's

life and make it part of their real world."

In the sense expressed by Peter, using the cultures of students

in the mathematics classroom is a very natural thing to do, in

fact it is just one aspect of good pedagogy, practised intuitive-

ly and spontaneously by many teachers. However, for this use to

be practisee more widely and deliberately, the research started

in this course rweds to be extended to case studies of implemen-

tation in schools. I hope to start such research in 1994.

_11-4 9
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unknown to algebra with two unknowns,
Luis Radford

Laurentian University
Canada

In the following text, we will concentrate on the didactical problem of going from algebra with a
single unknown to algebra with two unknowns. Inspired from epistemology and in genetic
psychology, we will develop the concept of system of mathematical knowledge which serves as a
tool of analysis for the experiential data collected from students in the process of learning algebra.
Our data is preceded by an historical analysis which sheds some light on the understanding ofthe
noted difficulties experienced by our students.

§ I Introduction: the system of mathematical knowledge
The difficulties of students learning algebra have produced quite a number of studies. Kieran (1991)
and Arzarello (1991) approached the problem in terms of a dialectic between procedural and relational
thought. Fischbein and Barash (1993), Clement (1982), centered their attention on the significance of
the errors made by the students learning algebra. Some other studies approached the problem in terms
of the emergence and development of algebraic thought and its relationship with arithmetical thought
(Filloy and Rojano 1894; Herscovics and Linchevski, 1992; Bedharz et al., 1992). Herscovics and
Linchevski gave special 'attention to the students' procedures of solving equations prior to a formal
instruction in algebra. Filloy and Rojano emphasized the importance of the acquisition of algebraic
language and symbolism. Bednarz et al. centered their attention on the type of representation that
students use when solvitv- .-.-hrd problem and on the processing of the relationships contained in the
word problem. Siding with the research on the development of algebraic thought, we intend to
examine certain difficulties experienced by students when going from algebra with a single unknown
to algebra with two k 's.nowns in solving word problems. In order to do so, we will introduce, first
of all, what we mean by a mathematical knowledge system.
General genetic psychology considers that when an individual is placed in a problem-solving
situation, s/he will use some concepts and procedures (or methods of resolution) previously acquired,
which, through assimilation and adaption become refined, modified, and enriched. These concepts
and procedures can further lead to the emergence of newly structured understandings in more
complex networks. The construction of a set of procedures, which we will call E, depends upon the

set of concepts, which u e will call 12. In the same way, the individual's construction of the set II

dependi upon the set E. However, the construction of the concepts and the procedures depends upon
the set of problems, which we will call TI, that one poses and tries to solve (Bednarz et al. 1992). In

turn, the set of problems ri that provoked the construction of knowledge sees itself enriched by the
possibilities offered by the enlargement of the concepts and ,::ocedures: it is thus, that new problems
can be envisioned.
From a didactical perspective centered in the cognitive phenomena, the learning of a certain content or

mathematical theory T, can be seen through the cognitive construction (of a trialectic nature) of the

X and fl sets' . Those sets could be considered as the elemental components of the knowledge

associated to the mathematical theory T. We will refer to them as a mathematical knowledge system,

and we will represent them by St.
Lett! be the part of algebra that we teach in our schools today (based on concepts and methods of
solving word problems using a single unknown), and let 12 be the algebra of n unknowns (112), the

1 An example of this interaction can be seen when Lagrange faces the problem it e H of the solution of the equation of
the fifth degree, using the methods E of the 18th century (based essentially on the elementary operations of algebra). tic
is obliged to introduce some new concepts, like the one of similar functions or the one of reduced equation (cf Radford,
1990). These concepts open up a whole reflection that runs into the theory of substitutions (cf.vg. Cauchy (1815))



problem that interests us here is that of moving through the knowledge system St, to the knowledge

system St2.

§2 Some historical remarks
Historically, the emergence of concepts and methods using two unknowns in the calculations came
about very slowly!. For a very long time, problem statements of the p(q 1, q2, qk) type, with
15.k4, were solved with the help of the simple or double false position (cf. Spiesser, 1982) or
algebra with one unknown. The difficulty to conceive two algebraic unknowns on the same level in
the calculations can also be detected in certain problem statements of the p(qi, q2) type: facing
problems of this type, View solves the problem by taking, as an unknown, one of the sought after
quantities qi, and once the problem is solved, solves it again. This time taking as the unknown the
other sought after quantity (cf. Viete: Les cinq livres des Zetetiques. Livre 1, Zetetique VII, for
example). One work (probably the first) which gives a treatment of problems using two unknowns is
that of the Italian mathematician, Antonio de'Mazzinghi, born circa 1353 (Frani, 1988), where the
unknowns are represented by la cosa (the thing) and In quantity (the quantity). The historical
analysis suggests that the emergence of algebra with two unknowns is related to the resolution of
certain problem statements of the p(qi, q2) type, where one of the givens is the product or the sum of
the squares of the sought after quantities (one will find examples in Franci, 1988). However, the
introduction of two unknowns did not have as its goal the translation of the problem statement in a
new symbolic system, as in present day elementary algebra; the two unknowns were introduced as an
heuristic artifice facilitating the resolution of the problem. (In fact, Mazzinghi chose to express the
sought after quantities, qi, as one cosa (thing) plus or minus some quantita (quantity), i.e., qi = x ±
y, or again qi = x ± 4y). Therefore, the emergence of algebra of two unknowns seems connected to
the necessity of solving problems for which the calculations of a single unknown would prove too
difficult.
These comments suggest that, from a didactical point of view, the study of the transition between
single unknown algebra, si, to two-unknowns algebra, t2, could be done through the study of certain

problems of the p(q), q2) type of which the resolution could prove more "appropriate" in 12. Of the
more simple problems, those of the p(qi, q2) type that our actual notation allows us to write under the
form of the linear equations system: x + y = d, ax + by = c, seem to be the most appropriate for this
study. This type of problem has been historically solved with the help of the simple false position
method2, but also with the help of a single unknown and two unknowns algebraic methods (one will
find a "modern" treatment in t1 and in t2 in Euler's Elements of Algebra ).
In his Trattato d'Abaco, the XV century italian painter and mathematician, Piero Della Francesca,
presents a type of problem which interests us, in the following terms:

"There are two types of cloth, one costs 15 pounds per rod, the other costs 12 pounds per rod. One
wants to spend 100 pounds in all and have 7 rods of cloth in all. I ask how many there will be of
each type." (Arrighi (Ed.), 1970, p. 63; the english translation is our own.)

The problem is solved by a false position method (called the double false position) and which consists
of giving two values xo and x1 to one of the quantities that one's looking for. Then, one calculates the
differences eo and el between the answer that one's expecting and the answer that's derived from the
value produced by xo and x1, respectively, according to the given conditions in the problem

I In what follows, we will distinguish between unknowns of the problem statement and the unknowns in the algebraic
sense. Thus, the first three refer to the quantities or sizes al, a2, ale that one asks to find in the problem statements,

the others refer to the quantities x, y, z, ... upon which the algebraic reasoning and calculation are constructed. If p is a
problem where it is a question of finding a certain number k of quantities, we will represent the problem by p(a1. a2,

ak). The term unknown will be used throughout this work for the algebraic unknowns and the term quantities for the

unknowns of the problem statement. In this work we will not deal with the concept of variable.

2 There is a problem of this type in the Babylonian tablet VAT 8391, a tablet that goes back to the first Babylonian
dynasty (c. 1900 A.D.); the problem is solved by the simple false position method (cf. Radford, 1993).
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statement. A simple calculation on the four numerical values obtained allows us to find the value of

the first quantity being sought, and to deduce the value of the second quantity. In later pages, the

problem is approached in an algebraic fashion. Let us first look at the double false position method:

"Suppose that one has 4 rods which cost 15 pounds, these 4 are worth 60 pounds; and 3 rods that

cost 12 worth 36 pounds. Add this to 60, that comes out to 96, but you are missing 4 to equal 1W. Say:

for 4 that I write down , I am missing 4. Do the problem once again and say that you had 5 rods of

15, which 5 by 15 equals 75; therefore there are 2 rods which cost 12, so that 2 by 12 equals 24; all

together it equals 99 but you want 100 so you are still missing 1. Say: for 5 that I write down, 1 am

missing I. Now multiply crosswise, 5 by 4 equals 20 and 1 by 4 equals 4; subtract the latter from 20

and you have 16. Subtract I from 4, you have 3, which is the divisor. Divide 16 by 3, you get 5 1/3;5

1/3rods is the cloth of 15 pounds per rod and 1 2/3 rods is the cloth of 12 pounds per rod." (Arrighi,

pp. 63-64)
Even though the problem is stated with two unknowns, as we can see in Della Francesca's solution,

the reasoning is essentially derived from one of the unknowns: the choice of the numerical value for

the first unknown enables us to deduce the value of the other unknown.
Now let's look at the algebraic solution of Della Francesca.
The unknown is called "the thing" (la cosa); the number of things is represented by placing a bar

above the numbers of things: thus, 1 or 1 5, for example, represents 1 thing or 15 things,

respectively. In our english translation, we have respected this symbolic code._
"Say this: let The one part of the 7 rods and the other is 7 minus T. Multiply 1 by 15 pounds, the

cost of the rod, which equals 15 and that is one part; multiply 7 minus 1 by 12, the cost of the other

rod, that equals 84 minus n. Restore the parts, because you want 100, add r2 to 84 minus 12, that

equals 84; subtract 13 from rs. and remain. You have3 and 84 is equal to 100, subtract 84 from 100,

16 remain, divide 16 by the things which are 3, you get 5 1/3: there is the value of the thing and

we have put one part 1, therefore it was 5 1/3. Thus, there were 5 1/3 rods of the 15 pounds per rod

type. Up to 7 there is 1 2/3 rods of which the price is 12 pounds per rod." (p. 98)

In Della Francesca's algebraic solution, the second quantity sought is expressed in the terms of the

first quantity through the given relationship: "7 rods of cloths in all", so here again the reasoning is

essentially based on one unknown.

§ 3 The Experimentation
Our goal is to identify and understand some of the difficulties that students encounter in moving

through the systems of mathematical knowledge St1 to St2 when solving problems algebraically.

Here, we will examine the results of a test that was given to 38 students, 15-16 yrs. old, in the 3rd

yr. of a public secondary school in Guatemala City. These students had learned algebra according to

the formal arithmetic approach, i.e., the approach in which one introduces symbols as representations
of numbers, but which quickly stops on the aspectof formal manipulation of algebraic expressions.

These students had seen algebra with one unknown in the 8th grade, and with two unknowns in the

9th grade.
The test was comprised of five problems. There was an "easy" introductory problem which was to

give them self-confidence during the test. There were three problems (of which one problem number

3- was of the same type as the one we analyzed in §2) which could have been solved, a priori, in Sta

(which, here, designates the system of elementaryarithmetic knowledge), St1 or St2.

These are the problems:
Problem 1 (P11:
Maria is five years older than Juan and the sum of their ages equals 25. What arc their ages?

Problem 2 (P21:
Pedro is three times older than Juan and the difference of their ages is 20. What are their ages?

Erobleml 0)31:
Julio has $3.40 made up of nickels and dimes. If he has a total of 47 coins, how many of each denomination

does he have?

The three problems (P1), (P2), and (P3) were preceded by an "arithmetic" or a "connected problem"
(13ednarz and Janvicr, 1993) that we designated as problem Pia, which is, in a way, the arithmetic

version of problem (P3). Here's its statement:

x153



Arithmetic Problem 3 (P3a):
Rosa purchased S stamps of 4t each and 12 stamps of 7r each. How much did she spend?

Before going further, it's best to recall that Bednaz et al (1992) suggested thata given problem p(a1,
a2, ak), can be seen as a composition of relations p p2, pn. For example, in problem P1,
there are two relations: one relation called the "sum relation" (which corresponds to "the sum of the
ages is 25") and one relation called the "generative relation" ("Maria is five yrs. older than Juan"). In
problem P3 (this applies also to Della Francesca's problem), there are 4 relations: two "sum relations"
(which correspond to "the number of coins" and "amount of money", which we will designate as p1
and p4, respectively) and two relations called "ratio relations" (the first relation being one that
calculates the total money from the number of nickels and the value of the nickels, a relation that we
will designate as p2. The second relation being the one that calculates the total money from the
number of dimes and the value of the dimes, a relation that we will designate as p3). One can
associate a graph with the relations pi called the semantic or relational structure diagram (Bednarz et
al., 1992). In the case of the preceeding problems, we have the following graphs:

m +5 x3

47

PI P2 P3

In presenting these problems, we want to see in particular if the students who succeeded (P1) and
(P2) in ST] perceived problem (P3) as a problem arising from St/ or St2.

For a student who succeeds (P1) and (P2), what could the difficulties be in solving (P3) in Ss!? The
last question addresses the fact that many secondary school mathematics manualsconcentrate most of
their introductory chapter algebra problems with the same type of (P1) and (P2) problems (cf.
Bednarz and Janvier, 1993; problems that they identified as problems of the "I sum relation + 1
generative relation" type, according to their relational structure), so that, often, the success of these
problems becomes, in practice, the minimal condition for which an individual has developed ST1 to a
satisfactory degree.

§4 The Results
4.1 The Outcome of the given problems:
The students had an hour at their disposal to complete the test but the requiredaverage duration was
40 minutes.The following table represents the outcome of the questions:

Problem P3a PI P2 P3
Correct Answers 32 (84%) 26 (68%) 23 (61%) 11 (29%)

The problems P1, P2 and P3 are of the p(q1, q2) type, in keeping with the notations introduced in §2.
However, problem P3 is much more difficult than the others. Themare several reasons for this: on
one hand, we can see in the relational structure diagram that this problem calls upon the concept of
ratio or unit cost (the price of each stamp); furthermore, it consists of more relations than the other
problems, so that the organization of the data and of the relations is harder to establish. Among the 11
correct responses of this problem, 7 of the students used two unknowns, 3 of the students used one
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unknown and 1 student solved the problem via an arithmetic procedure. It seems, therefore, that

problem P3 is a difficult problem in Sty as the hypothesis we established in §2 suggests.
4.2 The Distribution of the Sample in Algebraic Tendencies
Let E(S21) be the set of students that succeeded on questions PI and P2 using algebra with one

unknown (21), and that did not try problem P3, or did, but not using t2 procedures. Let E(St2) be the
set of students that succeeded P1 and P2 using algebraic procedures, and who tried P3 (without
necessarily succeeding) using algebraic procedures with two unknowns (22). Let E(S20) be the set of

students that correctly answered Pia and at least one of the questions P1, P2. Finally, let E(S2*1) be

the subset of students of E(St1) that correctly answered P1, P2 and P3, and let E(S22) be the subset

of students of E(S22) who correctly answered P1, P2 and P3. [The set E(S20) can be considered the

"frontier" of E(St1); in this way, E(S2*1) can be considered the "kernel" of E(St1) and E(S2*2) the

"kernel" of E(S22)]. Here is the breakdown:
Group E(Sto) E(5.:1) E(St. ) E(St2) E(Sr*2) Other

Size 12(32%) 15(39%) 3 7 (18%) 6 4(11%)

We see then, that the group of students tend to place themselves in the St1 system, even if the student
often realizes that his/her procedure of solving problem P3 has failed (cf. examples No. 1, 2 and 3
below).
To better understand this "resistance" to change over to S22 and to better understand the difficulties in

the transition from the system of mathematical knowledge St1 to S22, we will present, within the
limitations of this article, an analysis of the resolution procedures of problem P3, focusing special
attention on the students of E(S21) and E(St2) that failed P3:
4.3 Analysis of the Procedures
Example No. 1: (student belonging to the E(S21) group):
"0.05x = 3.40; 0.10x = 3.40
0.05x + 0.10x = 3.40, 0.15x = 3.40, x = 3.40/0.15, x ="

F.xample No. 2: (student belonging to the E(St1) group)':
"x nickels (//) 2x = dimes (//) 0.05x + 0.10x = 3.40 (//) 0.15x = 3.40 (//) 2x + x = 47 (II) 3x = 47 (//)
x = 47/3 (//) x=
Example No. 3: (student belonging to the E(St1) group):
"x nickels (//) 2x dimes (//) 100 (x/47 + 2x/47) = 340
100 (x + 2x) = 343(//) 100 (3) = 340 (//) 100 (3x) = 340 * 47

47 47 3
100(x)=-53.26 (//) x4).53 (//) x=53 nickels (//) 2x = 53*2 = 106.
(Afterwards, the student calculates the value of 53 nickels and the value of 106 dimes; he finds $2.65
and $1.06 respectively. He calculates the total: he finds $3.65).
Example No. 4: (student belonging to the E(St1) group):
"x=number of nickels, 47-x=number of dimes
total of nickels + total of dimes = 3.40 (//)0.05x + 0.1(47-x)= 3.40 (//) 0.05x + (0.1)(47)-0.1x =
340 [...J" (The student answers the problem correctly.)
Example No. 5: (student belonging to the E(S22) group): "nickels=x. dimes=z. 5x+10z=47"

ExamplelaLb: (student belonging to the E(S22) group)
nickels = x
dimes = y 3A0/x + 3.40/y = 47

3.40/x = 47 - 3.40/y

iWe will use the symbol "(//)" to indicate a change of line in the student's manuscript.
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(Afterwards, the students replaces y by 0.10 and making correct calculations, arrives at x = 3.40/13,
an answer which he recognizes as being incorrect; he then crosses out the calculations made starting
from the substitution of y by 0.10.)
Example No. 7: (student belonging to the E(St2) group):
"x = nickels, y = dimes
x + y = 47 -5x - 5y = -235
5x + lOy = 340 5x + lOy = 340

5y = 105 1...1"
(The student has correctly answered the problem.)
Example No. 8: (student belonging to the E(St2) group):
"x = nickels, y = dimes (//) (I) x(0.05) + y(0.10) = 3.40

(II) x + y = 47
From (II) one has y = 47 - x. One substitutes it into (I) and then one has: x(0.05) + (47-x)(0.1()) =
3.40
(The student continues the calculations and finds the value of x, then, working from (II) he obtains
the value of y.)
Comments:
Our results suggest that the students who work from within the mathematical knowledge system St

(ie. the E(St1) group students) will concentrate their attention particularly on the sum p4 relation
«amount of money» (that's the case of the students in examples 1 and 2), and often they will be
incapable to take into account all the pi relations. On the other hand, those that work in St2 seem to

have a more global view, and in turn often take into consideration all the pi relations (even if the
procedure does not end up solving the problem).
Another difference between the groups E(Sti) and E(St2), is the way in which the quantities of qi

(number of nickels) and q2 (number of dimes) are associated. In fact, as far as the group E(St /) is
concerned, the association of the quantities is made by expressing one of the quantities in terms of the
other quantity, by a reasoning that keeps track of the significance of the quantities, be it through the pi
relations or other relations. Thus, in the examples 2 and 3, the association of the qi quantities is made
on the basis of the values of the coins, that which allows the construction of the symbolic expressions
qi and q2 in St 1, ie. the construction of the terms «x» and «2x»: because 10 is 5 doubled, and x is the

number of nickels, ilita 2x must be the number of dimes. In example 4, solved also in St', he
expresses one of the quantities in terms of the other, but, contrary to the case in examples 2 and 3, the
association between the qi is done in terms of the PI sum relation «number of coins», which permits
to deduce the expression «47 - x» starting from the expression «x». The student from example 1
(who belongs to the E(Sti) group), shows a less complicated process than the students of the fore-
mentioned examples in that he does not try to establish a semantic link between the qi quantities: the
use of the same symbolic representation for the two quantities q1 and q2, suffices to come across the
equation 0.05x + 0.10x = 3.40.
On the other hand, in the E(St2) group, the two sought-after quantities of qi and q2 arc introduced by
semantically independent symbolic representations (one is represented by x, the other by y or z): they
no longer have to be deduced one from the other, by a reasoning on the pi relations given in the
problem statement or eventually from another relation (see examples 5, 6, 7 and 8), as is the case in
Stt.
In St2, it is the translation of the pi relations given in the problem that prevails. The pi relation

allows to arrive at the symbolic expression «x + y = 47». The p2, p3 and p4 relations allow us to
arrive at the symbolic expression x(0.05) + y(0.10) = 3.40. The attention therefore, is not centered on
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the way that one will expresi q2 in terms of q1, as in the case of St1, but rather on the translation of

the problem statement into a system of equations.
We can see then, that in St2, the processing of the relations is not the same as in St The expression

.y = 47 - x» deduced in St2, starting from the symbolic representation ox + y = 47» of the pi

relation, is not usually made by semantic deduction (ie. by a reasoning of the significance of the pi
relations within the context of the problem) but by a symbolic deduction (this being, rightly so, one of
the strengths of the symbol!). One E(St2) student, for example, expresses y in terms of x, in writing
the equation: y = (3.40 - 0.05x)/0.10; this equation would be difficult to justify in a semantic light. It
could also happen that in ST, one would do without expressing y in terms of x throughout the
problem, as example 7 shows!
However, to better define the difference between the knowledge systems St1 and St2, it is necessary

to reflect a moment on this semantic deduction that ensues from a reasoning on the pi relations

connecting the qk quantities and that, in St1, allowing the expression of q2 in terms of qi. In taking a

closer look, we notice that in Sti the student must transform the p1 relation. He must change this
«sum relation>, into a relation of a completely different nature, that is, a «generativerelation» (fig. 1
below) so that the semantic or relational structure of the problem is itself also completely transformed
(fig. 2 below). It's exactly this impossibility to realize the transformation of relations that often leads
certain students (cf. examples 2 and 3) to look for other relations that render it possible to symbolize
qi and 92.

relation somme

4.7

151

412

relation geare

411

Transformation de relations

47

ql

protOille initial problem transfomie

Fig. I Fig. 2

We see then, that there exists a fundamental difference between St1 and St2 at the level of
transformation to which the p1 relation must be submitted. This ansformation allows the sum

relation «nutnber of coins», to change into a generative type relation. In St2, on the other hand, we
do not transform the relation, in such a way that problem P3 stays the same.
If we come back to our historic analysis now, we realize that the transformation of the «sum relation»
into a «generative relation» is used in the algebraic process of Piero Della Francesca; but what is even
more remarkable is that this transformation is already present, on the arithmetical level, in the double
false position method. In fact, in giving an arbitrary value to one of the quantities, say q1, the sum
relation is transformed into a generative relation. (In fact, in giving the value 4 to q1, Della Francesca
deduces that q2 is equal to 7 - 4 = 3: the «sum relation» becomes the «generative relation»).
§5 Final Remarks:
We have tried to raise certain difficulties experienced by the students in the transition from the
mathematical knowledge system St1 to the St2 system. We have seen that there is, in our group of

students, a certain "resistance to change over to St2. Our experimental data suggest that working

efficiently within St1 could require some specific skills in the processing of relations in problems
such as problem P3, that is, in problems where a semantical transformation of relations is required in
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order to be able to express one of the quantities in terms of the other quantity. The problems P1 and
P2 did not require any transformation of relations, which explains their rate of success in St1. The
history of mathematics, in turn, enables us to see that the emergence of the algebraic concepts and
methods of problem solving using two unknown.; in the calculations came about very slowly. A
closer look at the history of algebra allows us to see that the possibility of transforming relations made
possible the solving of a wide family of problems of p(q1, q2) type. On the other hand, we saw that

in St2, the nature of the semantically independent representations for the qi quargities avoids the
transformation of relations, but requires, in return, a conceptualization of the second quantity q2, as
an autonomous algebraic unknown vis-h-vis the first unknown. (Example 5 suggests that this
conceptualization has its problems: in fact, it seems that in this student's eyes, x and z have to
consolidate their identity while remaining attached to 50 and 101t).
In short, the scope of the concepts in III and the methods in Ei of St1 requires, in order to succeed a
wide range of problems, some transformation of relations given in the text of the problem. This can
be avoided in St2, by extending 01 into f22 by_ including the second-unknown algebraic concept,

which will modify the set Ei into a new set E2. This transition between systems of mathematical

knowledge creates new difficulties: in St2, a second equation becomes necessary. Example 6 shows
the case of a student who has difficulties obtaining a second equation: so he replaces y by 0.10,
which brings the problem from St2 back into St1.
Our results raise some questions: Is there didactical work to be done in arithmetic, to facilitate the
success of problems like our problem P3 when students will work in St'? What is the didactical work

to be done within St' to prepare the transition to St2? Specifically, what are the problems that will

demand the student to place him/herself in St2? How can the emergence of the modern second-
unknown algebraic concept be provoked?
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RESULTS FROM PORTUGUESE PARTICIPATION IN THE "SECOND INTERNATIONAL

ASSESSMENT OF EDUCATIONAL PROGRESS" - MATHEMATICS

Gloria Ramalho, Institute Superior de Psicologia Aplicada, Lisboa

Abstract
IAEP international study took place between 1989 and 1992. During 1990/1991 a total
of 20 countries surveyed Mathematics and Science performance of 13-year-old students
and 14 of them also assessed nine-year-olds in the same areas. This presentation
addresses the results in mathematics of portuguese students in the context of this study.
Results show a low performance of both populations, although there are differences
between them, favorable to 13-year-old students. Disparities in achievement are also
found in schools in different administrative regions and types of community. Public and
private schools show distinct outcomes favorable to private ones in both populations.
Children's attitudes toward math appear to be related to their achievement.

Introduction
International comparisons about students' performance in any subject must be cautiously achieved,

since there are distinct sorts of differences among countries which may contribute to explain

differential outcomes. There are, most likely, dissimilarities on educational systems, on implemented

curricula, on emphasis given to specific topics, on student habituation to the testing format, and,

generally speaking, there are important cultural differences. In this study, one other source of disparity

among participants had to do with the way target populations were defined in each case. For cultural

reasons and due to differences in educational systems there were restrictions to the language spoken

and to the grades included. And the very fact that all participants had limited their assessment to

children who were in school, had differentia! effects on the characteristics of the collected samples,

since in some countries this meant a low participation of many age-eligible children. (IAEP, 1992).

It is, however, worth saying that one major concern during this survey's preparation, elaboration and

application was to ensure the best uniformity and quality to the project, given the complex

characteristics of the international context. Nonetheless, the results have to be interpreted taking into

consideration the educational and cultural background in each country.

The purpose of the analysis done over the students' outcomes was threefold: 1) to disclose therelative

position of both portuguese populations (nine- and 13-year-old students) in this general assessment

process, in spite of all its limitations; 2) to scrutinize some of the possible relationships between

students' performance and some characteristics of their personal background, their home and school

environment; and lastly 3) to examine possible disparities in the achievement of nine- and 13-year-old

portuguese children. This presentation will have to be confined to what we thought were the most

relevant aspects of the scrutiny that was completed.
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The Survey

The survey was constructed by Educational Testing Service (ETS) with the cooperation of specialists

from participating countries, translated and adjusted by technical teams from those countries, and

finally administered in selected schools during the school year of 1990/1991. In Portugal the project

was sponsered by the Ministry of Education (G.E.P.) and coordinated by a national representative,

who was assisted by a national scientific commitee.

This assessment comprised three kinds of instruments: I) a four-section paper and pencil test
addressing five topics (Numbers and operations, Measurement, Geometry, Data analysis, statistics and

probability, and Algebra and functions) and implicating three categories of cognitive processing

(Conceptual understanding, Procedural knowledge, and Problem solving); 2) a student questionnaire

inquiring about both their background, home environment and classroom experiences; 3) a school

questionnaire to be answered by school administrators delving on the characteristics of the sampled

schools.

The structure of the analysis performed on the results obtained by the portuguese sample relied on a

set of research questions which were grounded on the objectives that were listed above. Student

achievement is represented, here, by the percentage of correct answers, either in the test all together,

or by topic, or by cognitive process assumedly involved. In the computation of mean scores weights

were used in order to adjust the sample to the target population. The results of students who omitted

questions at the end part of each section, presumably because they did not reach them, were excluded

from the calculations for those questions.

Portuguese students' achievement in Mathematics in the context of 1AEP international survey

The mean percentage of correct answers across all countries was 63, with a range of 20 points.

Portuguese nine-year-old children's average was 55%, lower than the international mean and the

lowest among the 14 participating countries (IAEP, 1992)

With regard to thirteen-year-old students the overall average score was 58%, and the total range

among countries 52 percentual points. Portuguese students at this age answered correctly to a mean of

49% of the questions, being fifth from the bottom in terms of relative placement among participating

countries.

When students' performance is discriminated by cognitive process and by topic we can detect some

discrepancies. Figure 1 and Figure 2 illustrate these performances for both nine- and 13-year-old

children.
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Figure 1 - Average percent correct scores in the Figure 2 - Average percent correct scores in the

test all together and by cognitive process - 9- test all together and by topic - 9- and 13 year-old

and 13-year-old students students
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Figure 1 shows us that portuguese children performance depended on the cognitive process involved,

although in a different way for each population. Nevertheless, problem solving appeared to present

more difficulties in both cases.

As can be seen in Figure 2, there is also a differential achievement according to the topic addressed.

Younger children seem to display some homogeneity in their results, contrary to the eldest whose

average scores vary from 33% (measurement) to 696/6 (data analysis).

In order to scrutinize the disparities in the performance of "high" and "low" achievers, two groups of

students were devised: the ones between the 1st and the 10th percentile ("low achievers") and the

students above the 90th percentile ("high achievers"). Figures 3 and 4 illustrate these groups' outcomes

in both age populations.

Figure 3 - Average percent correct scores in the test all together and by cogkive process - "high" and

"low" achievers - 9- and 13-year-old students
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One striking finding is the range between "high" and "low" achievers' average outcomes in the oldest
population. Nine-year-old "low" achievers seem to be less distant from "high" achievers group of the
same age. One other aspect refers to the difficulties found in the first group of c' .Idren, in both
populations, more apparent in questions that implicate either procedural knowledge or problem solving
kind of processes. On the contrary, 9-year-old "high" achievers appear to be stronger in procedural
knowledge and his older peers perform also well in this sort of questions.

Figure 4 - Average percent correct scores in the test all together and by topic - "high" and "low"
achievers - 9- and 13-year-old students
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With respect to the topics addressed in the study we can identify some difficulties in "numbers and
operations" in the less successful nine-year-olds, although they may be partially due to the
predominance of questions relative to this content in the test. "Measurement" appears to be a
problematic area for both "high" and "low" group within the oldest population; "algebra and functions"
is one other area of concern for the weaker 13-year-old group.

Portugal being a small country, we considered to examine whether or not there were dissimilarities

among distinct geographical/administrative regions, and also among different types of community
(urban, semi-urban, rural). Results arc sketched in Figure 5 and 6.
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Figure 5- Average percent correct scores in the

test all together by administrr ive region - 9- and

13 year-old students
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The administrative region where the school is located is found to be related to the students'

performance in both age groups. The pattern of this relationship is also pretty much the same across

cognitive processes and content areas. We can, therefore, speak about some heterogeneity within the

country in terms of the average performance in math.

The country's partition in terms of kinds of community (rural, semi-urban and urban) also exhibits

some disparities in the outcomes. Considering either the test all together, or by cognitive processes, or

even by content areas, the pattern just repeats itself in both populations: semi-urban schools appear to

have better average results, shortly followed by urban schools' and lastly, by rural ones.

The contrast between public and private schools is displayed in Figure 7.

Figure 7 - Average percent correct scores in the test all together in public and private schools - 9- and

13- year-old students
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Although the number of children attending private schools is much smaller than the number of

youngsters in public ones, the results illustrate a somewhat better achievement of the students in the

first kind of schools.

One of the research questions that was thought to be very important had to do with the repetition of
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grade that was allowed within the portuguese school system at the time of the study. Therefore, the
performance of both populations was studied once they were discriminated by grade. The outcomes of
this scrutiny are shown in Figure 8.

Figure 8 - Average percent correct scores in the test all together by grade - 9- and 13- year -old
students
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One interesting finding that results from the observation of the previous figure is that the lower are the
grades, (and the age is constant within each population), the worse the outcomes become. And this
rule is also true across cognitive processes and topics, and for both age groups, though the differences
seem to be magnified in the older students. In summary, students who are kept at lower grades have
results far apart from their more advanced peers and, more importantly, reach, in average, vety low
levels of achievement. It must be noted, however, that the effect of repeating the grade is here,
confounded with the fact that the students were exposed to less advanced curriculum, and the test

included issues demanding a deeper and wider elaboration, which is not available for children held in
the same grade for multiple years.

Figure 9 - Aveiage percent correct scores in the test according to the attitude towards the statement
"My parents want me to be good in math" - 9- 13- year-old students
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The observation of Figure 9 above indicates that nine-year-olds, as well as 13-year-olds seem to

correspond to the perceived expectations of their parents with respect to their achievement in

mathematics.

Figure 10 - Average percent correct scores in the test according to the attitude towards the statement

"I am good at math" - 9- 13- year-old students
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Figure 10 illustrates a strong relationship between students' perceived competence in mathematics and

actual achievement in this domain. This relationship apears to be present both in the youngest and in

the oldest population.

Two home activities were selected to be examined in this presentation, with respect to their potential

relationship with student performance in math: Time spent daily watching TV and time in a week spent

doing math homework.

Figure 11 - Average percent correct scores in the test and time spent daiiy watching TV - 9- 13- year-

old students
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Figure 12 - Average percent correct scores in the test and time spent during a week doing math
homework - 9- 13- year-old students
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For both age groups there seems to be very uneven distributions of answers regar ling these types of
activities, and a nonlinear relationship between the regular duration of these activities and the
youngsters' outcomes.

Conclusions
Portuguese students displayed a low achievement in average when compared to the students in most
of the other participating countries.

Although the country occupies a small area, there appears to be a somewhart large heterogeneity
among regions and kinds of community.

Private schools show results that are better than public shools', though the propor ion in students
attendance to them is very unbalanced.

The fact that a student can repeat a grade does not seem to bring much improvement to his/her degree
of success: in both populations, the average scores are worse as the number of (presumed) repetitions
increases.

Student attitudes and expectations towards math appear to be related to their performance in this area.
With respect to time watching TV and time spent doing math homework, there seems to exist a non-
linear type of relationship between each of these children's home activities and their performance in
mathematics.
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Alternative Pathways in the Transition from
Arithmetic Thinking to Algebraic Thinking

Ted Redden
University of New England, Armidale. Australia.

Abstract

Some recent discussion at PME and elsewhere has focused on the transition from arithmetic

thinking to algebraic thinking among school children. This paper uses data from children's
descriptions of number patterns, together with the theoretical framework of the SOLO taxonomy

to suggest that there is possibly a number of pathways for children's thinking to take as they

make the transition. A model is described that may assist in the mapping of these pathways.

Introduction

In recent years there has been considerable focus on the developmental patterns that
represent the transition from arithmetic thinking to algebraic thinking. (Lins, 1992;
Redden, 1993; Sutherland, 1992; Mason, 1992; Wagner and Kieran, 1989). In her report to

the PME Working Group on Algebraic Processes and Structures, Sutherland posed the

questions:

What shifts in the structure and focus of attention characterise movement
from arithmetical to algebraic thinking? What mathematical situations are
likely to lead students to encounter the possibility and desirabilities of these

shifts?
(Sutherland, 1993)

Mason (1985, 1992) popularised an approach to developing algebraic thinking through the
expression of generality in contexts that involve some form of number pattern. This
approach has been adopted and developed by others (Pegg and Redden, 1990a; Pegg and
Redden, 1990b; NSW Syllabus, 1989; Romburg, 1989; Australian Education Council, 1991).

While the approach has had considerable support, the research evidence (Pegg and
Redden, 1990; Arzarello, 1991; Redden, 1993; MacGregor and Stacey, 1993) that has been
reported on this approach has focused on classification of children's responses rather than
the dynamics of child development. This paper asks can a developmental hierarchy be
postulated from an analysis of children's responses to questions involving interpretation

of number patterns?

Method

To investigate this question 1435 children aged 10 to 13 were presented with 4 number
pattern stimulus items and were asked four questions about each item. The questions

were:
(a) What is the next term in the pattern?
(b) Describe a general rule for the pattern in natural language.
(c) Calculate the value of an uncountable term (eg. n"80).
(d) Write their rule in the symbolic notation of mathematics.

The discussion in this paper focuses on the children's natural language description of
question .(b). Responses to the other questions were at times used to clarify children's



intended meaning in question (b). The four stimulus items varied in the complexity of
their data and in the context of the number pattern. In figure 1 it can be seen that stimulus
item 1 has a simple data structure that involves only one arithmetic operation in the
function. The other items involve two arithmetic operations. The data for stimulus item
1,2 and 4 are presented in a "real world" context while stimulus item 3 provides the data
in the context of a function table.

Stimulus Item 1
A tricycle manufacturer
how many wheels he needs
sized orders.

0:6)

needs to know
for different

order for
1 tricycle

Stimulus Item 3
I have a computer that turns
the top row into the number
row.

the number in
in the bottom

I 12 13 I 41 1pi 2 15 18 1111 1

kb h order for
2 tricycles

kr/6 tr6 order for
3 tricycles

Stimulus Item 2
The same tricycle manufacturer
make trailers for his tricycles
could make bike trains
people.

hr.

decided to
so that ru

to carry lots of

1 person
bike train

Stimulus Item 4
Here are some chains of squares built using
matches.

0
ED
MOhtEcp

2 person
bike train

tilytkpAkP 3
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Figure B.1
Stimulus Items

The SOLO taxonomy (Biggs and Collis, 1991) was used as theoretical framework for
interpreting the data, since it provided a method of looking across item types and a
method of hypothesising hierarchies of development. The taxonomy suggests there are
five modes of representation each consisting of three levels of development. The mode of
relevance here is the concrete symbolic mode since the children are being asked to use a
symbol system to describe a pattern that has a concrete referent. The child may be using
the imagery of the ikonic mode as support in the formulation of their responses, however
the target mode, in the terms of Biggs and Collis (1991), is the concrete symbolic mode.
The three levels in the target mode are unistructural, multistructural and relational. A
unistructural response (U) involves the child focusing on one relevant aspect or one piece
of data of the stimulus item. Multistructural responses (M) focuses on more than one
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relevant aspect or data element but fails to integrate then. The sequential nature of these
responses differentiate them from a relational response (R) in which an integrated
understanding of the relationships between the data is evident.

Results

In interpreting the results in terms of the SOLO taxonomy, there appear to be two
hierarchies of growth. One concerns the use of data from the question, and the other
concerns the sense of an overview of the data that can be provided in the form of an
expression of generality in their pattern description. It would appear that these two
concepts are not necessarily developed in parallel. But a child may in fact develop in one

or the other independently.

Consider the two dimensions alluded to above. The first dimension has been called the
data processing dimension (D). It refers to the number of data elements from the stimulus
item that the child can hold in short term memory and successfully process. The second
has been called the generality dimension (G) and refers to the child's ability to describe a
general relationship that provides an overview of the information that is provided in the
stimulus item. In the following, a developmental hierarchy is postulated for each
dimension and then their possible interaction is discussed.

1. Data processing dimension.
Children exhibited the ability to deal with differing number of data elements. By data
elements it is meant the number facts provided by the stimulus item. For example in the
first stimulus item, there is one element of data and it is that each tricycle has three
wheels. In the second and subsequent stimulus items, there are two data elements. The
data elements are similar in structure for stimulus items 2 and 4 and consist of the value of
the first term of the sequence and the incrementing value. It is argued that a
multistructural response is adequate to present the data. In contrast, the data for stimulus
item 3 requires two arithmetic operations to be identified for one ordered pair and then
tested across the other ordered pairs. This is viewed as requiring a relational
understanding of the data.

Some children showed that they can respond to stimulus items that have only one piece of
data, but were unable to provide accurate descriptions when more than one piece of data
needed to be processed. Other children seized on one piece of data from situations when
more than one piece of data was supplied and attempted to generalise from this restricted
data set. eg

A chain of 80squares needs 320 matches.

This group of responses could be described, in SOLO terms, as lying in the concrete
symbolic mode at the unistructural level (Up). They have been classified as unistructural
responses since they use only one piece of data at a time.

The second group are classified at a higher level than Up since they were able to process
more than one piece of data successfully. Hence they should be classified at concrete
symbolic multistructural (MD) or concrete symbolic relational (RD). The nature of the
stimulus items placed an upper limit on the quality of the response that the children could
produce. In stimulus items 2 and 4 the data was presented in such a way as to allow an
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adequate data set to be able to be produced by a multistructural analysis of the items. just
what these elements of data were depended on the child's perception of the question. In
stimulus item 2 some children saw that three wheels were needed for the first person and
then two wheels were needed for each mmaining person. Others perceived the data as
two wheels are needed for each person with one extra wheel needed for the tricycle. As
with stimulus item 2, the squares constructed from match sticks in stimulus item 4 were
perceived in two different ways.. Some children see the pattern as one match stick with
successive additions of three match sticks.

Others see the pattern as four match sticks with successive additions of three match sticks.

oln
These views of the data are analogous with Biggs and Collis' description of
multistructural responses as a set of unrelated elements. Children who can adequately
describe this data are capable of responding at a multistructural level, of higher, in the
concrete symbolic mode. The child is not forced to describe relationships between parts of
the data to identify an adequate data set.

On the other hand, in stimulus item 3, such a multistructural view of the data does not
lead to an adequate data set. The children who described the data as the top line goes up
by one and the bottom line goes up by three" do not have the necessary overview of the
data to describe the relationship between the top line and the bottom line. The data that
has to be identified is a set of arithmetical operations that has to be performed on the top
line (independent variable) to give the values in the bottom line (dependent variable).
Because a common set of elements to describe the relationship has to be found, the
identification of an adequate data set for stimulus item three is classified as concrete
symbolic relational (RD).

2. Expressing Generality Dimension.
On coding responses to component (b) of the stimulus items four categories were
identified. The first was called Pre-structural and reflect the child's
inability/unwillingness to successfully engage the stimulus items. The term pre-structural
is borrowed from the first version of the SOLO taxonomy (Biggs and Collis, 1982). It is
possible that these children are operating in the ikonic mode and are relying on imagery
and intuition but are unable to express their thoughts in the concrete symbolic mode as
required by the question. This group have not been included in this analysis.

The first group that experienced some success in responding to component B of the
stimulus items were those students who were able to give a specific example rather than a
general pattern description. Some examples of these response are:

Five tricycles need 15 wheels
Eight squares need 25 matches.
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Since they focus on one example these responses are classified as concrete symbolic
unistructural (Us).

The next group identified were described as successive. The tendency in this group is to
focus on outcomes only and to describe how to move from one term in a sequence to the

next term. Some examples are:

You start with four and ust keep on adding three.
You add one to the top line and three to the bottom.

This group has been classified as concrete symbolic multistructural (Me). Under some
circumstances there is a tendency to see successive descriptions as a relatively
sophisticated iterative function. Such a function, however, implies the existence of a
feedback loop to enable the calculation of the next terra as.in;

Yn+1=Yn+3

Such strategies have relevance in many mathematical situations such as Newton's Method
for approximating the roots of a function. In many computer settings similar strategies are
used for incrementing variable values. Some example are the For-To-Next loop in BASIC

programming, recursion in the LOGO environment and spreadsheets. However, these
iterative functions are not the focus of the successive category found in this study. The
predominant feature of the successive description was the "keep on adding" focus. No
description that implied a sophisticated iterative process was identified.

The final group are classified as concrete symbolic relational (Re) since they have
presented an overview of the data by describing a functional relationship between a
dependent variable and an independent variable. Some of responses in this category were:

You times the number of tricycles by three to get the number of wheels.

The number of squares is multiplied by three and then add one.

Three categories in each if the data processing dimension and the expressing generality
dimension have been identified. The following section synthesises these dimensions into a

developmental model.

Towards a Model of Development

Using the above classification of the children's responses into SOLO levels we are in a
position to hypothesise a hierarchical model of development for pattern descriptions.
Figure 2 is a diagrammatic representation of the model. The model represents children
who are capable of responding in the concrete symbolic mode and their earliest entry
point to the model is in the top left hand cell (UDUG) which represents the unistructural

level of both the data processing dimension (UD) and the expressing generality dimension

(UG).
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Figure 2
Hypothesised Development Model

In general the desired development path would be represented by the diagonal line in
figure 2 This line represents a transition from being unistructural in both dimensions
(UDUG) to being able to respond at the relational level in both dimensions (RDRG).
However it is clear from the survey data that the progress exhibited by children is
probably not linear, nor restricted to the diagonal cells. It can be seen that there is a
possibility of a large number of paths from UDUG to RDRG. Let us consider some of the
development paths that are evident in the survey data. It is not the researchers intension
to quantify the likelihood of a student following any of these paths, but rather to provide
evidence for their existence. A little later in the discussion some possible reasons for the
variability in the paths will be discussed.

1. The path from UDUG to RDUG. These children demonstrated an ability to identify the
appropriate data elements. While their pattern description was low on the generality
dimension they were able to provide the correct answer to an uncountable example in
component C. Thus they had correctly identified the necessary data set to provide a
general description but their response to component B indicated that the concept of
expressing generality had not yet developed.
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2. Path from UDUG to UDRG. These children demonstrated an ability to express
generality foi patterns that had one data element such as stimulus item I. They were able
to write succinct sentences that relate the number of wheels (dependent variable) to the
number of triangles (independent variable), but were unable to write such relationships
for the more complex data sets of stimulus items two, three and four.

Another set of responses that provided evidence for the existence of this path were those
that chose one piece of data from a more complex data set and based all the answers to the
components of that stimulus item on this restricted view of the data. An example of this
type of response is the group of students who focus on the fact that a square has four sides
in stimulus item 4 and then went on to describe the rule as:

Multiply the number of squares by four to get the number of matches.

and then answered component C with:

80x4=320

thus ignoring the fact that only three matches were required for each additional square.

3. Interaction Paths. Thus far in the discussion the two dimensions of growth have been
treated as independent of each other. However, there was some evidence of an interaction
effect between the two dimensions. This interaction effect was made evident by the
variability in response structure across different stimulus items. One common difference
was for children to provide a relational description (RG) to stimulus item 1 and a
successive response (MG) to the more complex data sets of stimulus items 2, 3 and 4. In
terms of the model in figure 2 this represents a shift from UDRG to MDMG. Of course this
is not a movement over time since both responses were collected on the same day. A
plausible explanation is that the reduction in the level of expression of generality is a
consequence of the additional cognitive load brought about by the need to process a more
complex data set.

Conclusion

This paper has provided a description of a cognitive map of changes in students responses
to number pattern stimulus items. It provides a methodology for explaining the variability
in these responses, both between students and between item type.

The SOLO taxonomy has been used as a framework to order the set of responses on both
dimensions of the model. The model has been used to predict item difficulty among a
number of number pattern questions. These predictions correlated well (rho>0.9) with the
hierarchy of actual responses produced by a Rasch analysis of the data. While this support
for the model was encouraging, further confirmatory investigation has taken place.

Data from a two year longitudinal study of student responses has been collected. This
data will be used to further investigate the validity of the model.
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GENERALIZATION AS A BASIS FOR ALGEBRAIC THINKING:
'OBSERVATIONS WITH 11-12 YEAR OLD PUPILS

Maria Reggiani
Department of Mathematics - University of Pavia (Italy)

Generalization. intended as the ability to pass from the particular to the general or also the
ability to see the general in the particular, represents a fundamental element ofalgebraic thinking
that would otherwise be simply working with symbols. Moreover it is a common experience that

often the pure technical aspect prevails in didactic practice and the operative ability sometimes
hides the not understanding of the general significance of that which is being done. The bases of

algebraic thinking are laid when the properties of the operations between numbers are learnt and

one starts to work with symbols in various contexts (arithmetical, geometrical, data processing).

but the acquisitions in this field must be considered as a gradual achievement and must be
continually consolidated. Our research study proposes to determine the moments of origin of
some of the difficulties that consequently cause errors and misunderstandings in working

algebraically. This report refers to the level of generalization in 11-12 year old pupils, showing

how the ability to grasp the generality of the result may be apparent and trying to understand

when it corresponds to real awareness ofgeneral relationships.

INTRODUCTION

As is well known, it is customary with the term algebra to indicate a partof mathematics in which

various components cohabit: from the theories on the solvability of equations to which the name is
historically connected, to the manipulation of the symbols in literal expressions, to the study of

relations and of structures.
Generalization, intended here in the current sense of the term used in the field of mathematics, that

is being able to pass from the particular to the general or being able to see the general in the
particular, represents in every case the preliminary and constituent aspectsof algebraic thinking that

would otherwise be reduced to a set of rules or to a series of formal steps that are carried out

mechanically.
Numerous studies, as is well known, both theoretical and empirical have examined the different

components of algebraic thinking, they have determined the obstacles in relation to the different age

groups and to the contexts in which the algebraic thinking is proposed. In this report we will limit

ourselves to quoting those that we intend to refer to.
In recent years there have been several very interesting research studies that have studied the

relations between the algebraical language and programming languages, underlining some

contributions that the use of particular programming environments can lead to the correct use of the

variable and more generally to the training of working algebraically (Capponi-Balacheff 89,
Chiappini-Lemut 91, Rojano-Sutherla, i 93, Ursini 91,...). Sonic of our research studies on the
learning of a programming language with 11-14 year old pupils have highlighted the coexistence of

specific difficulties connected to the programming environment with the difficulty connected to the
requirement of formalization, that could be revealed in the use of any formal language (therefore

also the algebraical language), and with more profound difficulties connected to the
conceptualization of the structures involved. These last difficulties could be connected with that of

generalization. We refer in particular to the difficulties in the use of the variable (Reggiani 92) and

to those in the use of the conditional structure, where it has been noted that the pupils did not know
how to detach themselves from the real case in which the alternatives arc obviously given one at a
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time: therefore they did not manage to consider the alternatives abstractly and therefore as coexistent
(Reggiani 91).
Following these observations the attention of our research group moved towards the determination
of similar difficulties in the arithmetical-algebraical area. A particular objective was to try and
determine some of the stages of awareness of algebraic thinking, considering among the various
aspects in particular that of "thinking in general". It has been noted that in didactic practice it is
often observed that the acquisition of mechanical procedures is prevalent on the awareness of the
formal rules to which they correspond and that the ability to solve a problem translating it into a
formula or the mastery of the syntactical rules not always corresponds to the awareness of the
generality of what is being done.
In this report we intend to propose some observations made in the scholastic environment regarding
11-12 year old pupils, we tried to make them take the first step towards the gradual achievement of
generalization with an activity that takes into consideration, as a particular example of the problem,
only the search for a regularity and its motivation. The observations were made by means of
analysis of the protocols and class discussions.

THEORETICAL OUTLINE

It is known that the term generalization is used in Psycology and in Philosophy with various
meanings.
They can be connected to two fundamental activities of the knowing subject:
a) to express regularities or general properties that are considered included in the "particular",
b) to recognise and to carry out the possibility to pass from a particular to another new object, said
to be "general", able to represent the particulars.
In experimental Psycology the question is studied as an "ability" of the subject or also as the
development of such ability: sensory elements or mental processes with which the generalization
activity is performed arc determined.

A brief glance at the history of thought shows us that the problem has been posed since ancient
times. Simplifying, one can say that there seems to be the following alternative: is that which
generalization attains something which must be discovered or something that must be produced, or
even invented? Does it have its own preconstituted objectivity, or is it a construction given by us.
in which case it is receiving objectivity from us?
In the first case (Plato, and to a lesser extent Aristotle in ancient times, Frege in the contemporary
age) it must be recognised by us, in the second case (the Stoics and recently ).Stuart Mill, B.
Russell) it will be elaborated as an image corresponding to particular or "individual" objects.
The point of view of this research study does not exclude the validity of any of the above mentioned
meanings, but somehow sets them aside: if one of them were chosen it would arbitrarily impoverish
the teaching-learning of algebra, which can not be identified with the possible philosophical or
psycological interpretations of its objects.

Ilse term generalization in algebra has a very specific meaning. It coincides with the construction of
"variables" that have two complementary aspects: a) expression of a cognitive activity of the
subject, b) part of the objective knowledge (Dorfler 91, p.84).
In the context of algebra, generalization reveals itself with the introduction of a symbJlie term
(algebraical symbol) able to take on numerical expressions or other symbolic expressions of an
inferior level.
There arc present in literature different possible models to describe such process (let us remember
for example those of Dorfier, concerning not only algebra, and Mason).
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A phase that is recognised as central is the construction of schematizations of various types
(schirnas) that can be interpreted as a point of support for the construction of "schtmes" in the

Vergnaud sense.
The research study described in this report is limited to studying in an experimental way the
"spontaneous" abilities to pass from "particular" to "general" in 11-12 year old pupils, stimulated by

a guided procedure, step by step on single concrete examples. It is believed that the possibility to

generalize, in this learning phase and at this age, can for many pupils be placed in the "proximal

development zone" (Vigotskij), that requires stimulation from an external intervention to be
activated. Let us make clear that with the term "spontaneous" here we intend to refer exclusively to

the fact that the pupils have not been taught algebra, but we could say that they are in a

"prealgebraicar phase.
It is thought that generalization is a gradual process, a non continuous acquisition, connected to the

knowledge of algebra but not coinciding with it. Also when the pupil shows good mastery of the use

of the letters the process can not be considered concluded. In effect it could be a mechanical

acquisition as is often shown by class observations also with 14-16 year old pupils, an age in which

the Italian scholastic system gives most space to algebra. It is not said that being able to solve a

problem by setting out an equation indicates sufficient awareness of algebraic thinking. In the same

way indicating confidently an even number with 2n or an uneven one with 2n+1, does not guarantee

that it does not mean a repetition of formulae thathave nothing to do with a real generality.

The pupils that were taken into consideration, as we will see, are only partially able to see the

problem in general, even though they certainly have good mastery of the formulae of the areas of

geometrical figure planes, formulae that represent one of the pupils' first contacts with

generalization but are not acknowledged as such. Also the correct use of the variable in a
programming area is not, in our opinion, a guarantee of acquisition of its meaning in as much as it

can simply be seen as the assigning of a name to a memory space to be used and therefore present

itself as a concrete and particular element, not abstract and general.

The algebraic game is instead a continual interaction between syntax, that operates at the level of

general expression, internal semantics, intended as the comprehension of the meaning of the rules

independently from the context and external semantics, that is reference to a specific context and

therefore "reparticularization". These aspects of algebraic thinking and of its learning have been

studied in great depth by Arzarello et alii, in which the semantics of Fregc is integrated with the

contribution of linguistics.

RESEARCH METHODOLOGY

The research study is part of a vaster one concerning the formation of the bases for algebraic

thinking carried out in some first year classes of lower secondary school (11-12 year old pupils),

which aims at focusing on the fundamental points of the introduction to algebra, that have been

determined in the mastery of conventions and in the ability to distinguish them from the formal

properties of the operations, in the ability to pass from verbal writing to symbolic writing and vice

versa and in the ability to generalize. In the frame of this research study a simple problem was

given to the pupils the solution of which did not depend on the data introduced and we tried to guide

the pupils to a point where they could free themselves of particular cases and try and find a

general explanation. The text of the problem was taken from unpublished material produced by the

didactic research group of Genova, with which in that period we exchanged material and compared

results. In that work the problem was presented with the same text but with different questions and

in a completely different context. This text was chosen and it was decided not to modify it in as

much as it appeared significant for reasons that will be listed in the a priori analysis. The original

aspect of our work consists of, in our opinion, the subdivision of the questions and the consequent

analysis of the results.
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Therefore it was not believed import nt to carry out a comparison with protocols relative to the
exercise which inspired us.
The exercise was a written exercise and done individually. The class discussion was conducted by
the teacher after having examined the protocols, which provided useful information.
The analysis of the protocols was carried out in part collectively ( discussion within the group
concerning the significant protocols or the difficulty of attributing them to the established
typologies).

After analysing the results guided activities were done in the classes aimed at widening the number
of pupils able to grasp the generality in situations of this type and to code in a symbolic way or
verbally their acquisitions. The verbalization-symbolization aspect assumed a fundamental role in
the research study, as did the use of representations, arrow schemes, tables. It must be remembered
that some of the pupils had carried out specific activities on representation proposed by a work
group coordinated by A. Pesci (Pesci 93).

THE PROPOSED TEST

Consider the following game:

Think of a number, double it, add 5, subtract the number you thought of, add 2, now subtract the
number you thought of again and then multiply the total by 3.

Your friend says that whatever number you think of, the result will always be 21.
Try and sec if he is right:

a) Start with number 7 and do the necessary calculations. Write the calculations.

b) Now start with number 20 and then, 100 and do the same thing. Write the calculations.

c) Try to understand why you have always got 21 and write your observations (you can use
schemes, letters or other symbols to help you).

d) Was your friend right? Why?

A PRIORI ANALYSIS

The simple game that was given to the pupils as an exercise is one ofa typology of problem games
often used by the pupils spontaneously. The first problem in activities of this type is that of
decoding the verbal language that at this age can be done in various ways. The simplest and most
spontaneous is the subdivision in steps and then performing the operations one by one as they are
requested. If this is done orally or mentally and on concrete cases, there is no trace of the operations
performed and therefore it is very difficult to give an explanation of the result obtained even if it is
or is not dependent on the initial value. This is why it was suggested the pupils start with single
examples and that they write the calculations.
In the specific case the result is independent from the initial number in as much as at first it is
doubled and then the initial number is subtracted twice without any other multiplications or
divisions being carried out in the meantime. The explanation is not easy and requires adequate
formalization or however good ability to generalize.
Points a) and b) were aimed at making the pupils carry out what is required in particular cases.
Point c) wanted to make the pupil reflect on the result obtained and then to try and give an
explanation. The use of schemes was suggested thinking of the work previously done in this field in
some classes (see research methodology), or that of letters or symbols in order to help the pupils
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leave aside the particular cases, for example
by means of the writing of an expression or an arrow

scheme or a sequence in the form of a flow chart (some pupils were learning a programming

language).
Point d) was inserted after a long discussion within the group. Some group members feared that it

could hinder, in as much as, in their opinions, it did not add anything new compared to the previous

questions and could therefore upset those pupils that having already answered in general terms point

c) would think that further explanations should be given. .

Nevertheless it was inserted with the aim oftaking the pupils back to the original question "Your

friend says that WHATEVER number you think of, the result will always be 21. Try and see if he

is right" It is in the "whatever" that the generality of the statement lies and therefore, after the

fragmentation that is typical of this type of activity, it is our opinion that it is necessary to bring the

pupils back to reflecting on the "whatever", so as to discover first of all, if someone does not believe

in the generality of the result, but is anchored to the concreteness of his particular cases and then, to

lead who is satisfied with a general observation (we will see that most behave in this way) to find the

causes.

ANALYSIS OF THE ANSWERS

The exercise was given to 105 pupils belonging to five first year group classes of lower secondary

school. One of these classes at that time had experience of working with a computer and three had

carried out work on the use of arrow schemes in problem solving, particularly in multiplicative

inverse problems. From the analysis of the protocols and taking into consideration the theoretical

outline and the a priori analysis, the following typologies were determined for the answers to points

c) and d) that were considered collectively:

I) correct answer with complete and general reasoning explanation of the type "1 always obtain the

same result because I multiply the initial number by 2 and then I subtract it twice"

H) Correct answer with a justification that did not exactly grasp the reason why the result was

always the same but tried to generalize. Often it involved a form of verbalization that was a little

different from that proposed by the text, even if it probably was significantly for the pupil who

te it, in as much as it was, at least in part, an interpretation.

example:
always obtain 21 because 1 multiply by 2, then I add 5, then I subtract the number, 1 add 2, then I

subtract the number again and get 7 that I then multiply by 3."

Another type of justification can be represented by the following:

"I always obtain the same number because if I multiply, add, subtract and add again to different

numbers always the same numbers the result does not change."

This explanation seems weaker than the previous one in as much as it is incorrect, it is true only in

the sense that the same relation with the initial number is maintained but not that you always obtain

the same number, but from the point of view that interests us, it does not seem inferior, in as much

as the pupil has tried to say what he did attempting to detach himself from the example.

III) Correct answer with a justification that is not a real explanation but only expressing explicitly

an observation: "You always get 7 which multiplied by 3 is 21"

IV) Correct answer with an incorrect justification and often confused as follows procedures seen in

other contexts. We found for example attempts to resort to even and uneven numbers or

distinguishing between the behaviour of numbers that "finish with zero" from others or phrases such

as "at a certain point you get a number similar to the initial number."

V) Correct answer without any justification.
VI) Doubted or did not believe the statement, "I always got 21 but I do not know if I will always get

it", " I always get it with whole numbers but I do not know if I will with decimal numbers"

VII) No answer to points c) and d).
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The classification proposed here dues not intend to list the answers according to merit, also becausein our opinion a list in order of merit would be restrictive compared to the complexity of elements
involved in an activity of this type. Moreover the answer typologies mentioned above do not take
into consideration the use of representations or of symbols that also have an important role in
constructing the answer. Nevertheless at least at certain points (for example among types I, H. III)
it is believed that they correspond to levels of awareness that can be posed in the same order.
It appears more difficult to us, to.5ompare for example the answers of type VI with the others, that
could be due to an inability to detach oneself from the example or, on the contrary, to an awareness
of the caution necessary with generalization. The same applies for the pupils who did not answer.
In these cases the class discussion is fundamental, although the results of the discussion can not
alter this analysis in as much as the situation in which the pupil is placed in the discussion is
different.
Points c) and d) have been considered here as a whole.
With a more detailed analysis it can be observed that in most cases the answer is given in point c).
At point d) about half of the pupils say that they have already replied, a part repeat what has
already been said generally more completely, some, who previously only used symbols, take
advantage of the occasion to verbalize, a small part (about 10 pupils in all) pass from an answer
that could be classified as type II or III toone of type 1.
Our investigation is of a qualitative type, nevertheless it is interesting the quantitative subdivision of
the answer typologies:
I II III IV V VI VII
23 15 33 15 7 9 3

The numeric data show that the majority of pupils tried to supply a reason which in most cases is
apparently correct (1- II - III).
In reality though, the case indicated with III was not an explanation but only , as previously
mentioned, a statement and did not necessarily indicate awareness of generalization.
It can be thought that some pupils placed in II understood that there must be a connection, of a
general type, between the initial number, the operations and the result even if they did not know how
to use the instruments that they possessed (from symbols, to graphs, to properties of operations, to
language) to try to identify this connection by means of common language signs or formalized
language. They were, however, in a phase very close to phase I.
For what regards points a) and b) the correctness of the sequence of the operations, that is a correct
decoding of the text, was obtained in more than 90% of cases. At least 40% of the pupils used
"equal" in a procedural way (about the pupils' difficulties in the correct use of equal sign, see for
example Sfard 91,92 ), as follows:
7.2=14+5=19-7=12+2=
This obviously being incorrect, it was also obseived that a good number of pupils that used the
equal sign in this way managed to supply correct explanations. This can be interpreted observing
that this use allows the sequence of operations to be visualized and to grasp therefore such sequence
or procedure as a general fact, that is utilizable in any case not yet considered.

Finally we examined and classified the possible symbolic and representative aids used in the answer
at point c). In particular we studied the use of arrow schemes, the use of representations
comparable to algorithm codings (flow charts or other), the use of numerical expressions.
It was noted, as expected, the wide use of schematizations in the classes where this had already been
used in other contexts. Flow charts favoured the production of the correct answer. In some cases,
though, they were given as an explanation without being decoded and this highlighted that their
meaning, for the students, was purely instrumental.
As clarified in the discussion after, they thought that the scheme, communicable with the computer
and that always supplies the same result, was a sufficient explanation. Not always then, does
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mastery of a programming language mean having understood the prevalence, from the point of new
of the concepts of construction of algorithms in comparison with their calculation.
The students that worked with arrow schemes used them in as much as they had been indirectly
invited to do so by point c).
Instruments in general favoured the visualization of the procedure; in some cases though, this did
not help with generalization, in as much as here it was not asked for example to use ascheme as an
instrument to set out correctly an inverse problem, but to observe it and study it so as to discover
the regularities in its construction.

THE SUBSEQUENT STEPS OF THE RESEARCH STUDY

The analysis of the protocols and the clarifications obtained during the class discussion regarding

certain points, led us to continue the work with the same pupils trying to act in the margin that
separated them from generalization and that seemed very limited in many pupils.
Analysing some of the difficulties that emerged from the analysis of the protocols and in particular
starting from the advantage many had from the previously mentioned use of the "equal" sign, we
thought of supplying them with the "table" instrument to visualize the sequence of operations done

and so to favour the passage to general.
One of the exercises proposed is the following:

Consider the following game:
Think of a number, multiply it by 3, add 7, subtract the number you thought of, add 4, subtract 11.

a) Show in a table the single orders and find the results for at least three different numbers of your

choice.
b) Examine the final results obtained.

What did you notice?
c) Is it right to say that by knowing the final result it is always possible to discover the initial

number ? Why?

The construction of the table can be done in various steps passing through a phase where the verbal

form of the text is subdivided into stages before its symbolization.
The problem here is more difficult in as much as it involves establishing a relation between the final

result and the initial value. We will not examine this test in detail here but we will limit ourselves to

making some observations regarding the comparison between the results obtained in this test and
that which is the object of this report both done by the same pupils.
Almost all the pupils that supplied an explanation of type 1 in the test examined in the previous

paragraphs, confirmed the result, while the others did not know how to establish the relation or they

explained it incorrectly or only partially. Some of those who had supplied explanations of type 11 or

III passed to level I, while the others did not know how to establish the relation or how to explain it.

Classification variations were noted for all the other typologies even if an overall improvement was

observed.
Some considerations can be made regarding these results:
- the table instrument, as observed in other research studies regarding for example the spread sheet,

for reasons already mentioned, aids in passing from the particular case tothe general.

- the achievement of generalization can not be considered a stable acquisition. It is possible to

hypothesize that for some pupils generalization comes and goes alternately.
- it can be difficult to find the relations required by exercises of this type if the formal rules have

not been mastered, and on the other hand, mastery of these does not guarantee awareness.
Therefore the roles of written verbalization and class discussion are of fundamental importance.
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CONCLUSIONS

From the work examined in our opinion the following observations emerge:

- 11-12 year old pupils not educated to think algebraically, nor trained to use formal properties,
are able to "sense the general" starting from particular cases.

- some are able to attempt an explanation by means of above all naive verbalization and
symbolization and not always, as has been seen, formally correct.

- a part of this latter group are able to reach a spontaneous awareness of the generality discovered
even if the level of generalization reached can not be considered a stable achievement.

Moreover it is known that the complicating of requirements and the mechanization of procedures
often casts a shadow on the achievements concerning meanings previously acquired. A possible
development for this research study is that of studying the obstacles found on the path towards
mastering algebraic thinking in the moments in which the use of formalism is most massive and
therefore the risk of fractures on the syntax-semantics axis is strongest.
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MEASURING PRE-SERVICE TEACHERS ATTITUDES TO
MATHEMATICS: FURTHER DEVELOMENTS OF A

QUESTIONNAIRE

Jag Relict and Jenni Way
University of Western Sydney, Nepean

This paper reports on the further development of an instrument designed to measureself-concept in

mathematics and the attitude of pre-service teachers toward the teaching of mathematics which was

presented at PME 17. It presents the results of the questionnaire's application to teacher education

students across various programs at the University of Western Sydney, Nepean. The findings of the

study revealed that the students' attitude towards teaching mathematics improved as they progressed

through the programs, but that their self-concept in mathematics remained unchanged by the

experience. In addition there were clear and significant differences in attitude to teaching

mathematics and self- concept in mathematics based on gender and program of study. Males

compared to females were found to display consistently higher levels of self-concept and more

positive attitudes. Secondary students also displayed significantly higher scores onboth constructs

than did primary students who in turn scored consistently higher than early childhood students.

Attitudes and Pre-service Teachers
"An important aim of mathematics education is to develop in students positive

attitudes towards mathematics and their involvement in it The notion of having a

positive attitude towards mathematics encompasses both liking mathematics and feeling

good about one's own capacity to deal with situations in which mathematics is involved."

(Australian Education Council, 1991, p.31)

This extract from A National Statement on Mathematics for AustralianSchools reflects the

widespread belief among educators in the importance of the development of positive attitudes in the

teaching and learning of mathematics.
Although definitions of attitude vary, they generally include the ideas thatattitudes are learnt,

manifest themselves in one's response to the object or situation concerned, and can be evaluated as

being either positive or negative (Letter, 1992). One such definition states...." Attitude is a mental

and neural state of readiness, organised through experience, exerting a directive or dynamic influence

upon the individual's response to all objects and situations with which it is related " (Allport in

Kulm, 19130, p.356). When exploring the attitudes of pre-service teachers toward mathematics it is

necessary to not only to consider their attitude towards the subject itself, but also their attitude

regarding the teaching of mathematics.
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The attitudes of pre-service teachers are of particular importance because of their potential

influence on pupils. Although the research evidence is certainly not conclusive it has been sufficient

to suggest that positive teacher attitudes contribute to the formation of positive pupil attitudes

(Aiken, 1976; Sullivan, 1987). There is an additional concern that female teachers, who constitute

the majority of primary school teachers, may be perpetuating negative attitudes with the girls in their

classes (Kelly & Tomhave, 1985; Relich, Conroy, & Webber, 1991). Some studies have indicated

that teacher attitudes towards a subject and the teaching of that subject influence the instructional

techniques they employ and that these, in turn, may have an effect on pupil attitudes (Carpenter &

Lubinski, 1990).

One argument presented in support of the need for positive attitudes is that such attitudes can

enhance achievement in mathematics at primary, secondary and tertiary level (Dungan & Thurlow,

1989). Most studies on the relationship between attitude and achievement have revealed a low but

significant correlation (Aiken, 1976; Ku Im, 1980). However, the nature and direction of this

relationship is yet to be unravelled (Ku Im, 1980; Suydam, 1984).

Unfortunately large proportions of pre-service teachers have been found to hold negative

attitudes towards mathematics and mathematics teaching (Becker, 1986; Sullivan, 1987). Some

studies have revealed links between attitude to mathematics, the choice or avoidance of mathematical

studies, self concept and attitudes towards the teaching of mathematics. It appears that students

(both male and female) with low self-concepts in mathematics are less likely to pursue mathematical

studies. Not surprisingly then, research has shown that most pm-service teachers who exhibit

negative attitude towards mathematics have not chosen to study mathematics in their final years of

high school (Aiken, 1976; Relich, Conroy, & Webber, 1991; Sullivan, 1987).

The potential of teacher training courses to change the negative attitudes of pm-service teachers

towards mathematics must also be considered. Sullivan (1987) found that almost half of the students

entering a teacher training course possessed negative attitudes towards mathematics. He

states...'The course improved their attitudes overall, but those who started with negative attitudes

still had the most negative attitudes at the end." (Sullivan, 1987, p.1). He concluded that if these

initial attitudes are so significant, teacher education courses may need to establish entry criteria based

on the mathematics background of the applicants.

Several studies suggest that beginning teachers are especially concerned about methodology as

well as content and therefore training courses should cater for this (Aiken, 1976; Blunden & De La

Rue, 1990; Mansfield, 1981; Sovchik et al., 1981; Watson, 1987). Relatively high correlations have

been found between mathematical achievement, the enjoyment of mathematics and the perception of

mathematics being useful, which also carries implications for the design of teacher education courses

(Watson, 1987). If the attitudes of pre-service teachers are to be improved, there first needs to be a

reliable instrument with which to measure levels of attitudes and perhaps to identify groups of

students with special needs (Aiken, 1976; Nisbet, 1991; Watson, 1987).
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Measuring Attitudes

In recent years, researchers of 'attitude' have acknowledged that attitude appears to be a multi

dimensional construct and therefore requires a multi dimensional measure (Leder, 1992). However,

there is some dispute as to which components ofattitude, such as anxiety, enjoyment, self-concept

and belief in the usefulness or value of mathematics, provide the best indicators of attitude.

One component that has received much attention is that of 'mathematics anxiety'. There is little

doubt as to the existence of 'mathematics anxiety' and a number of instruments for measuring levels

of anxiety have been developed and implemented (Richard & Suinn, 1972). However, Sovchik,

Meconi and Steiner (1981) suggest that the construct 'mathematics anxiety' is not as well defined

and measurable as assumed by some mathematics researchers. There is some doubt as to whether

anxiety is in fact a separate construct. It may just be a reflection of some deeper attitude (Wood,

1988). For example, Bandura (1982) points out a person may judge that a particular action will

result in a particular outcome (expectancy judgement), but may doubt his/her ability to successfully

perform the action (efficacy judgement), which in turn may be related to existing anxiety or the

production of anxiety. Anxiety's relationships to factors such as enjoyment, general attitude towards

mathematics and performance are unclear. Wigfield and Meece (1988) concluded that mathematics

anxiety and perception of mathematics ability are conceptually distinct, though related, constructs.

Others argue that self-concept is a better measure of how people feel about themselves as

mathematicians and as teachers of mathematics, and that self-concept has an influence on the

formation of attitudes (Reich, Conroy, & Webber, 1991; Relich & Way. 1992). Studies have also

found a consistently high positive relationship between self-concept and mathematics achievement

(Hackett & Benz, 1989).
Instruments designed for determining the attitudes of pre-service teachers towards mathematics

and the teaching of mathematics have been scarce. Nisbet's (1991) instrument consisted of the

Fennema and Sherman (1976) 'Mathematics Attitude Scales' plus his own parallel scalesconstructed

to cover the 'Attitudes to Teaching Mathematics' aspect. Neither of these scales included items

regarding self-concept. Relich and Way (1992) supplemented Nisbet's instrument with self-concept

items developed by Marsh (1988) to form a largecomposite questionnaire, referred to as the

'Teaching Mathematics Questionnaire". The results of this study (Relich & Way, 1992) supported

the contention that attitude towards mathematicsand the teaching of mathematics can best be defined

through feelings about the teaching of mathematics and through self-concept of one's abilities to cope

with mathematical tasks. Anxiety did not emerge as a separate variable, but was highly correlated

with attitude and therefore subsumed into the attitudinal profiles.

The major purpose of this research was to further validate the relevance of this questionnaire in

accurately gauging attitude towards mathematics among pre-service teachers, and to determine how

attitude differs based on characteristics such as program of study, year of study, level of previous

study of mathematics in high school and tertiary institutions, age and gender. The questionnaire

focuses on "attitude to teaching mathematics" as measured by a composite scale (see Relich & Way,

1992) and "self-concept in mathematics". Through a cross-sectional analysis of student data at
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various levels of study, we can determine whether attitude and self-concept change as pre-service

teachers progress through their course and whether changes in attitude are concomitant with changes
in self-concept.

METHOD

Subjects

The questionnaire "Teaching Mathematics" developed by Relich and Way (1992) was used to
gather information from all students in Education at a NSW university. A total of 564 students

participated across a variety of programs with a substantial majority (85%) being female. The

subjects represented all the years of study within the programs and were asked to participate on a
voluntary basis in completing the forms. They represent approximately 70.5% of the population of

students within the Faculty enrolled in these programs. Over 81% studied mathematics in high

school at the 2 unit level or less. Those who undertook study at the three or four unit level were

represented in all the programs but constituted the majority (67%) of secondary students.

Instrumentation

The "Teaching Mathematics Questionnaire" consists of 20 items, 11 related to specific attitudes

on the teaching of mathematics and nine mathematical self-concept items. The former scale is more a

measure of "feelings" about the act of teaching and or performing mathematical tasks whereas the

latter relates to personal perspective of oneself as a mathematician. The development of this

instrument, an adaptation and amalgamation of various currently available instruments, is discussed

in detail in Relich and Way (1992, 1993). The 20 items required Liken scale responses on an eight
point continuum from definitely false to definitely true. For those statements which referred to
practice teaching experiences, participants had an option of indicating that the questionwas not
applicable. The purpose of this category was twofold. First to cater for students in their first year
who may not have had such an experience and second to gauge what proportion of studentsmay not
view themselves as teachers of mathematics.

A test of reliability using Cronbach alpha suggests that the two sub-scalesare highly reliable
with coefficients of .92 for the attitude scale and .88 for the self-concept scale.

Procedure

The administration of the questionnaire took place during normal lecture periods when a majority
of students within a particular year and program were all expected to attend at the same time.
Students were briefly instructed about the purpose of the questionnaire and given information about
how to complete it on a voluntary basis. They were however encouraged to participate because the

researchers wish to conduct a longitudinal study. While no student can be directly identified in order
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to ensure anonymity, each student was able to provide an identification number known only to the

participant. No more than ten to fifteen minutes of class time were required to complete the task.

Regression analysis was used to examine the results and to determine what set of independent

variables were the best predictors of attitude to the teaching of mathematics and self-concept in

mathematics. We also used t-tests and oneway analysis of variance to determine if there were

significant differences in response patterns based on gender, program and year of study variables.

These techniques were used in preference to factorial analysis of variance because the "not applicable

to me" response reduced much of the available data from the early childhood and first year students

across all programs resulting in either empty cells or cells with very small numbers.

RESULTS

An initial correlation analysis indicates that there are somesignificant relationships among

attitude, self-concept and the set of independent variables. In particular attitude and self-concept are

significantly (r=.62, p<.001) correlated and share over 36% variance. Attitude (r=.12, p<.005) and

self-concept (r=.10, p<.05) are significantly related to gender, indicating that males are significantly

more likely to display positive attitudes to teaching mathematics and register higher self-concept in

mathematics than females. There is a similar positive and significantrelationship between level of

study of high school mathematics and attitude (r=.15, p<.001) and self-concept (r=.32, p<.001)

suggesting that higher levels of study at this level are associated with more positive attitudes and

higher self-concepts. Interestingly, it is significantly more likely that males study high school

mathematics at a higher level than females (r=.09, p<.05). There is also an interesting relationship

between age and the two dependent variables. While older students are significantly (r=.15, p<

.001) more likely to have positive attitudes, younger students display significantly (r=-.10, p<.05)

higher levels of self-concept. On an encouraging note, there is a positive and significant (r=.35,

p<.001) relationship between the year of study and attitude, withthose in the latter years of study

exhibiting more positive attitudes. For self-concept, however, no such relationship exists suggesting

little change on this construct as students progress through their programs of study.

Stepwise regression analysis was used to determine which setof independent variables were the

best predictors of attitude and self-concept. Gender, level of study of high school mathematics and

year of study all contributed significantly (multiple R=.30, p<.001) to the prediction of attitude to

teaching mathematics. For self-concept, however, level ofstudy of high school mathematics

provided the most significant (r=.34, p<.001) relationship which was not significantly improved by

the inclusion of any other variable.
Significant gender differences in attitude (t 4.94. p<.001) and self-concept (t =3.68, p<.001)

were verified through the use of Hems. In addition significantly (p<.05) more positive attitudesand

higher self-concepts were found among secondary (m=77.8, s.d.1813.5; m=43.5, s.d.=8.2) students

when compared to primary (m69.2, s.d.=13.0., m=36.7, s.d.=9.8) students who in turn had

significantly (p<.05) more positive attitudes than early childhood (m=59.1, s.d.=10.3; nr=33.4,
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s.d.=8.2) students. A further oneway analysis based on the year of study confirmed the significant
(p<.05) attitudinal changes from the second (m57.0, s.d.=13.9) year of study to the third (m=70.4,
s.d.=11.3) year of study. No similar changes occurred for self-concept profiles.

These results strongly suggest that while attitude to the teaching of mathematics may be
ameliorated through participation in a teacher training programs which focuson the affective state of
the student, self-concept seems far more resistant to change. Those who enrol in teacher training
programs with high levels of study in mathematics at the high school level, generally tend to have

more positive attitudes and better self-concepts. This type of student profile is also muchmore likely
to be exhibited by the males compared to females.

DISCUSSION

The application of this questionnaire to such a large sample and the consequent findings further
validates its relevance for teacher trainers in mathematics. It was clear from the results that attitude
and self-concept while highly related are separate constructs. Although there were clear attitudinal
changes towards the teaching of mathematics occurring in the latter years of study, it is clear that
self-concept is stable and not easily malleable. The evidence suggests that pre-service teachers do
change their attitudes about their ability to teach mathematics but unfortunately do not perceive
themselves as better mathematicians as a consequence. This raises the question as to whether such
changes are enduring and even whether such changes are superficial and inconsequential to their
overall ability to deal effectively with mathematics lessons. Perhaps the other side of the argument is
that as educators we should be grateful for any positive changes that we can engender and that
expecting to change self-concept is not a realistic goal. Nevertheless, there is something inherently
attractive to a teacher in attempting to change deeply entrenched views about personal ability and the
possible consequent positive effect that this may have on the enthusiasm of a future teacher for
mathematics.

All the evidence continues to point to differences in attitude and self-perceptions in mathematical
ability between males and females. Our evidence is clear that these differences are the baggage that
students bring with them from their study at the high school level. Those who studied mathematics
at higher levels are more likely to be advantaged and invariably such studentsare more likely to be
male than female. Given the high proportion of females to males, especially at the primary and early
childhood levels, we need to continue to seek ways in which to encourage girls to attempt higher
levels of study in mathematics. This of courseassumes that the level of study has an effect on

subsequent levels of self-concept but this is not entirely clear. It is also possible that those with
greater self-concept seek out the more challenging mathematics subjects. Whatever the explanation

may be, these are issues which we need to continue to study and address ifwe hope to deliver
quality programs which will result in teachers at all levels who are positive not only about their
ability teach mathematics but also about their own levels of skill and ability as mathematicians.
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CHILDREN'S SYMBOLIZING OF THEIR MATHEMATICAL CONSTRUCTIONS

Anne Reynolds Grayson H. Wheatley

University of Oklahoma Florida State University

Abstract
This paper reports on fourth/fifth grade students use of paper, pencils and other

materials as they constructed mathematical relationships and solved various non-routine

tasks. Participants in the study used these materials to aid them in symbolizing their

mathematical constructions and in reformulating their schemes through reflection. It is
suggested that students benefit from the opportunity to externalize and elaborate their own

meaningful constructions in this way, rather than have the symbolization ofothers

imposed on them.

Background

Reynolds (1993) found that students made rich use of imaging in constructing meaning for

mathematical tasks (see also Reynolds and Wheatley, 1992). In contrast to what frequently happens in

mathematics classrooms, where students are routinely required to symbolize mathematical relationships in

a teacher prescribed manner, these students developed and elaborated their own meaningful ways of

symbolizing their mathematical constructions. Dorfler (1991) suggests that an important component of

mathematics education is for the learner to be encouraged to make external her/his internal images.

Wheatley (1992) argues that learning occurs when the action is accompanied by reflection and suggests

that reflection is encouraged when the learner is confronted with the need to take her/his own

mathematical actions as an object of thought.

This paper reports on children's use of paper, pencils and other materials, in symbolizing their

thoughts and in reformulating their schemes through reflection. It will be argued that these materials

helped students to symbolize their mathematical constructions. Further, as these children used their

symbolization reflexively they elaborated their schemes.

Research setting

The research investigated children's mathematical activity in solving various tasks. Four

fourth/fifth grade students, Kristin. Elaine, Tracy and Neal, participated in this one year study. Bi-
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weekly individual problem solving sessions lasting approximately one hour (which were video-recorded

for further analysis) together with field notes taken in the participants' classrooms constituted the data.

Tasks which were potentially problematic (Wheatley, 1991) were presented in these sessions.

Participants ',ere encouragicl to describe the ways in which they were constructing meaning for the

various tasks. Because it often happened that when a participant was struggling to make sense of a task

s/he was in the action" and not necessarily able to reflect on her/his actions (Schon, 1983). each

participant also watched the videotape of the problem solving session immediately afterwards so that s/he

could further explain and clarify her/his thinking. This segment was also video-recorded for further

analysis by the researchers.

Analysis of participants' use of materials

During the sessions paper, pencils, rulers, a calculator and other materials as appropriate were

available. Participants were encouraged to use pencil and paper in particular only if they needed them.

This was somewhat different from the classroom setting where pencil and paper are the normal tools by

which a student records her/his work with a task. Because the researchers wanted to focus on the

participants' mental activity, the interviewer made it clear from the beginning that the camcorder was

recording their words and so we did not need to have a written record of how they had dealt with a task.

This was further demonstrated as participants sat and watched the tape of the various problem solving

episodes during the session.

It must be remembered that a participant's 'normal' (classroom) way of doing mathematics was

with pencil and paper. Thus there may have been times when they used them in this research setting

simply because that was something to which they had grown accustomed. However there were numerous

occasions when a participant did not use these materials to record their activity or did indicate their

deliberate choice of them. It appeared that each participant constructed this research setting as one

where their use was by choiq rather than because that was what was expected of them. Thus, it is

important to examine the ways in which such materials were used by a participant. They seemed to
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serve a particular purpose.

In analyzing participants' use of paper, pencils and other materials we formulated two assertions.

participants used paper, pencils and other materials to symbolize and explain die patterns

and relationships they had constructed;

as they used these symbolizatimis reflexively titer elaborated their schemes.

Each of these assertions will be discussed in the following sections. Tasks referred to arc shown in the

Appendix.

Participants used paper, pencils and Other materials to symbolize and explain the patterns and

relanonchips the) had constructed Kristin expressed this idea many times during the sessions. She

frequently reached for pencil and paper in order to record her thoughts. explaining It helps The

figure she drew was, as she said on several occasions, what was in her mind It was not always possible

for Kristin to focus on all the various aspects of her thinking without the aid of pencil and paper, they

were like tools, an extension of her mind. On several occasions she expressed frustration at how her

thoughts were "crowding up" in her mind saying: "It's too much again." She described a process of

attempting to keep various activities going on simultaneously as she sought a solution to the task. This

was most poignantly explained when Kristin reflected on her imaging of a 6x6xo cube.

I tried very hard but it wouldn't fit in. It's six by six! 1 had so many. well, I don't know. I

couldn't fit it, 'cause I had to look at the insides too. I had to have one picture of the whole

thing here (indicating the right side of her head), and there, um, the inside of it (indicating the

left side of her head), and there the face of it (indicating the base of her head), and I couldn't fit

it all in. I couldn't think about all of it at the same time.

Thus it was that she described an activity in which she had developed three somewhat independent

though related components, each expressing an idea that was important in her construction of a solution

The problem for Kristin was that all these components needed to be kept in her mind at the same time so

that she could somehow integrate them into one image and devise a solution. Pencil and paper were thus

useful tools by which she could record her mental activity and thus have room in her mind.

These symbolizations flowed from Kristin's mental activity as she indicated on many occasions in
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words such as: "h helps, because it is what I was thinking about in my head." She expressed her

frustration with being unable to mentally "see" the bottom of the Rubik's cube in the following way: "I

can't sec them very well, that was the problem and I can't draw them any better than I could see them!"

Kristin expressed clearly the idea that what counted was her mental activity. She must mentally

construct meaning for a task; only then could she express those constructions using diagrams.

In the session involving the Tigers and Cages task Tracy explained her pencil and paper activity

in the following way: "Sometimes when I'm thinking in my head I get mixed up so I just have to write

it on paper." She was expressing a need to record her thoughts. She drew rectangles for the four cages

and placed the various numbers in these rectangles as she attempted to find a solution. This was a

particularly difficult task for Tracy. At the end of a considerable period of time she had just one

solution. Her drawing enabled her to hold first the number 5 and then the number 1 constant in the first

two cages so that she could concentrate on constructing combinations of other numbers that together with

5 and 1 would add to 15.

In the next session Tracy Icri more at case with the given task. She had several metonymies

(Lakoff, 1987) to draw on in devising a solution. Initially she decided: "I don't have to write anything

down," indicative of the broader imaging base she felt comfortable about manipulating mentally.

However, she began to construct greater complexity in the task as she elaborated her solution for she

subsequently said: "I can draw it." She decided she needed to augment her mental activity in this way.

An actual Rubik's cube was available on a number of occasions as participants solved the various

cubes tasks. When the Rubik's cube task was first introduced to each participant this Rubik's cube was

not in view. Each participant was encouraged to construct a solution based on their prior experiences

with a Rubik's cube and, whet. .-essary, the interviewer's descriptions of it as being made from smaller

cubes with three such cubes on an edge. Each participant did this with the aid of drawings. However

each participant's drawing was quite different from the others.

Neal attempted to draw each small cube in 3-D. Tracy drew three columns of three squares, one
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beside the other. Both Elaine and Kristin constructed an image of the cube without drawing anything.

They began to use pencil and paper when they attempted to identify the number of cubes with just two

sides showing. Both had identified the relevant cubes to be counted as the middle cube on an edge.

Kristin drew a 3x3 grid to symbolize her construction. She had decided that all she needed to do was to

determine the relevant number of cubes on gLe face of the Rubik's cube and multiply that number by six

(because a cube had six faces). Her drawing clearly symbolized her construction at that stage. Elaine on

the other hand drew six squares connected end to end, a different symbolization.

Something interesting happened when the Rubik's cube was given to Tracy, Kristin and Elaine to

aid them in thinking about the task. Tracy was given the cube early on because it became apparent that

she was giving little meaning to the question about the cubes with just two sides showing. When given

the cube she struggled for a short time but soon identified the appropriate cubes to count by focusing on

the "colors" of the small cubes. Thus she determined that she needed to coup. the middle cube on each

edge: "You'd get them from this part right here (touching the middle cute on an edge)." She

anticipated that there might be a problem in organizing her counting scheme to account for all these

cubes: "It's going to be hard for I may overcount," Though she tried several different ways of

organizing this counting activity, she was not able to .'rage the cube in a viable way that allowed her to

syitematically count the relevant cubes. The Rubik's cube had helped to organize her thinking such that

she could identify the appropriate cubes to count. However, even with the cube in front of her she was

unable to devise ni effective system for counting the cubes.

Kristin was given the Rubik's cube after she had determined the solution to be 24 cubes (4x6).

She was not able, even when given the Rubik's cube, to.solve the problem of coordinating her counting

activity to allow for the problem of the middle cube on an edge being shared with an adjacent face. Her

imaging of the cube did not aid her in sectioning the actual Rubik's cube in some way such that she

could develop a viable system.

Elaine did not see the problem of double counting of cubes shared by adjacent faces when she
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drew her symbolization of six squares. She calculated 24 small cubes with two faces showing (4 on each

face and 6 faces in all). When she was given the Rubik's cube she immediately identified her difficulty

and very quickly sectioned the cube into three layers, thus organizing her count of these cubes tr,th two

sides showing. She counted four such cubes in each layer of nine cubes (twelve cubes). She re-

examined her initial drawing and immediately identified how it had been used inappropri2,:iy: she was

able to reconceptualize her drawing to sec the way faces were being shared.

Elaine quickly and efficiently developed a procedure for counting the cubes with two sides

showing because she imaged the Rubik's cube as being in layers. Kristin and Tracy were not able to do

;o, even though they had the Ruhik's cube there to aid them. What counted were their mental

constructions. Without a method for counting the cubes both their pencil and paper activity and the

availability of the cube itself were not helpful. Cobb, Yackel and Wood (1992) have stressed that there

is no mathematics in the materials as such; mathematics is a human activity. They have underscored the

need for students to build their own mental models as means of constructing meaning for mathematical

ideas. This was an idea that was expressed by Kristin on several occasions when referring to her

drawings: "It helps, because it was what I was thinking about in my mind." These materials did not

help when participants had not constructed the relationships mentally. They were meaningful only when

participants had clearly elaborated their constructions of the various relationships. Imagery is personal to

the learner as s/he attempts to make sense of her/his world in mathematical terms (Bishop, 1989).

As they used these symbolizations reflexively they elaborated their schemes: On occasion Neal

explained that he did not have a well developed image in his mind. His images were often constructed

as he reflected on his activity. Pencil and paper were tools that he used to help him record and refine

his thoughts. One powerful example of this was in his solution of the Fence Posts task. Initially he

drew a square with two fence posts on each corner (one for each side). Upon reflection, he realized that

he would only need one post in each corner ("One will do for both"). Thus he erased one fence post

from each corner. His diagrams helped hint elaborate his constructions.
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On many occasions Tracy initially constructed little meaning for a task. Meaning was elaborated

as she recorded her ideas on paper and then reflected on them ("Sometimes when I'm thinking in my

head I get mixed up so I just have to write it on paper"). In the Mapping task she initially used

seventeen sheets of paper to draw the route from home to school. At the end of the session she

examined her work: "It's long!" and decided: "I'll just have to make the roads shorter." In the

following session she did just that and reduced her map to three sheets of paper. A month later she

indicated "I'm going to see if I can get it on one sheet," which she did. By first drawing and then

reflecting on her drawing Tracy was able to identify the more salient features of her image and modify

that image. She did not just make the routes shorter. Tracy needed to express her constructions through

her drawings so that she could reflect on those constructions and further elaborate them.

Elaine frequently drew sketchy diagrams that expressed relationships as she was thinking of

them. When she began the 3 by 5 Card task, she initially drew a rectangle of no particular size saying:

"This isn't exactly twelve by thirty, but this is the twelve side, this is the thirty side." Upon reflection

she decided: "Oh, I'd better make it exact," and she proceeded to use a ruler to help her draw a

rectangle 12 cm by 30 cm. She adjusted her drawings as necessary to reflect her interpretation of the

task. In our final session together Elaine expressed what each participant had alluded to on many

occasions:

Well, instead of like having a picture in your head because, you know, it's not like you can turn
around and look at your brain or something; turn your eyes around or something; but I mean,
you gm picture things in your head and, but it's easier to look at things when they're on paper.

Participants' diagrams were symbolization that aided them in reflecting on their constructions and

elaborating their schemes.

Conclusion

It has been argued in this paper that participants found pencil and paper and other materials

useful as they attempted to construct meaning for mathematical tasks. They used these materials in a

twofold manner: to symbolize their constructions and as they reflexively elaborated their schemes.
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These symbolizations were different for each participant. The data suggests that it is important that

students be encouraged to express mathematical relationships in their own meaningful ways rather than

have particular symbolizations imposed on them.
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Appendix
I. There are 15 tigers and 4 cages. How many ways can the tigers be put in the cages so that no

two cages have the same number of tigers? (Tigers and Cages task)
2. I want to fence in a square. How many fence posts will I need? (Fence Posts task)
3. In a Rubik's Cube, how many small cubes have just two sides showing? (Rubik's Cube task)
4. There are 216 small cubes arranged in a 6 by 6 by 6 large cube. One layer of small cubes is

removed from each face of the large cube. How many cubes are removed? (6X6X6 Cube task)
5. How many 3 by 5 cards are needed to cover a sheet of paper 12 by 15? (3 by 5 Card task)
6. Draw a map that could be used by someone to get from your house to the school. (Mapping

task)
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ABSTRACT: This paper reports on a study made of 540 schoolchildren

between 9 and 1I rears old, engaged in twe,-stage addition problem solving

tasks. Of the 64 different types of two-stage addition problems which can be

identified by raking all possible pairs from semantic categories and crossing

them with pairs of arithmetical operations. 16 problems were chosen for this

study: those in which the semantic structure is the same in both stages of the

solution. A multivariant analysis with repeated measurements (MANOVA) was

used in two intersubject factors and the interactions shown were analysed.

Furthermore, the indices of difficulty and discrimination for each of the problems

were determined.

1. INTRODUCTION.
At the end of the 70s and beginning of the 80s, researchers working on simple

arithmetic word problems with addition structures obtained similar semantic categories, among

them Vergnaud. Greeno and Heller, Carpenter and Moser. and Nesher. It is at this time when

research into arithmetic problems divided into t wo large fields: addition structure problems and

multiplication structure problems.
The semantic categories for addition prJbletns, which represent alternative structures of

quantitative information, were initially established by Heller and Greeno (1979) and, with

successive improvements, are still with us today.

Fuson (1992-b) lists 22 structurally different addition problems. for which she bears in mind

the four alternative semantic structures: Combine. Change. Compare and Equalize: two types

of relation - increase or decrease - for the last three categories. or static and dynamic for the

first category: and three possibilities for the unknown element in the structure of relations

which the problem's statement establishes lonly two in the Change structure).

A considerable number of research projects have tried to establish the level of difficulty

of the addition structure problems in terms of the semantic categories and of the position of the

unknown clement in the framework of implied relations. The establishing of the knowledge

structures employed to solve different types of problems according to the aforementioned

classification still leaves a number of unanswered questions today (Fuson. 1991 and 1992).
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Our project is placed within the general framework described previously: we study
arithmetic problems of addition, classified according to the semantic structure four categories
mentioned above. The studies into addition problems have centered on problems whose
solution requires a single operation; these problems arc called one-step problems and constitute
the simplest category of addition problems.

Interest in the study of two-step arithmetic problems, which are those whose solution
requires two consecutive arithmetic operations. has appeared recently (Shallin, 1985; Nesher.
1991). Two-step arithmetic problems of addition are those problems whose solutions involve
only addition and subtraction and, in all cases, two of these operations are necessary. The
study of arithmetic problems of addition is the aim of this research project.

We are going to consider problems in which two elements appear first and with which
we must operate to obtain another number. This new number must be used in an operation with
the third element to achieve the solution:

ordered elements of the problem: a, b, c

order of operations to reach the solution:
a*b > d

c*d > solution

This study concentrates on those problems in which the semantic structure of the two
operations is the same, thus obtaining 16 possible cases that we name two-step problems
with duplicated semantic structure

I.I. Research Goals.
The following goals were proposed:

1. To compare the performance of schoolchildren in the 4th, 5th and 6th year of primary
education (9-11 year olds) in relation to two-stage addition problems of arithmetic.

2. To determine if there are any differences of difficulty between the pairs of semantic
structures and the operation sequences, as well as to study the interactions between these
two factors.

1.2. Hypotheses to be Verified.
H01. There are no significant differences due to the "course" factor..

H02. There are no significant differences due to the "semantic structure" factor.

H03. There are no significant differences due to the "operation we" factor.

H04. There is no significant interactive effect between the variables "course" .v

"semantic structure".

HOS. There is no significant interactive effect between the variables "course" x
"operation type".
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H06. There is no significant interactive effect between the variables "semantic structure"

.1 "operation twe".
1107. There is no triple interaction effect between the variables "course" t "operation

type" .1 "semantic structure".

II. METHOD.

11.1. Characteristics of the Sample.
The sample consists of a total of 540 pupils from six primary schools in the Province of

Granada (Spain). five of which lie in the city itself and its surrounding districts, while the other

is in a rural area. Three of the schools are state-run, while the other three are state-approved

private institutions.
In each school three groups were chosen, from the 4th. 5th and 6th year respectively.

The number of pupils in each group was as follows:

164. 4th year pupils.

175, 5th year pupils.

201, 6th year pupils.

Teachers were not previously made aware of the contents of the tests, nor did the

children receive any type of specific instruction beforehand regarding the tasks proposed for

the research project.

11.2. Instruments Used.
The 16 possible cases were classified into two groups of eight problems each.

The characteristics of these two tests were as follows:

Test A. This test included those problems in which the semantic structure of the two
operations is the same, that is. the pairs (Ch, Ch); (Co, Co): (Cp. Cp): (Ey. Ey). and the two

operations are also identical: ( +, +) and (-. -). The resulting 8 problems were determined as

being of duplicated structure.

Test B. As with the previous group, the problems in this test also have the same semantic

structure in the two operations, but here the second operation is different from the first: (+, -)

and (-, +). 8 solutions also result from this group, forming symmetrical pairs with respect to

the operations.

Since the items are dichotomyc, the reliability as internal consistency of the test was

calculated with the Kuder-Richardson's Kr-20 coefficient. The resultant reliability index was

0.86.
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11.3. Application Procedures.
The tests were given to the children by members of the research team in two sessions.

with a maximum interval of one week between sessions, approximately half -was through the

first term of the 1993-94 academic year. The tests were all given on different days, leaving at

least one day between tests, and also avoiding a weekend break falling between tests.

The tasks were carried out in the children's usual classrooms, using existing
groups/classes. The tests were applied in a large group format, the pupils having a maximum

time of 30 minutes per session in which to solve their problems in silence.

Before the tests began each of the groups was given a series of verbal instructions to
orient the problem-solving tasks. These included:

* Solve the problems in the order they are on the question paper. When you finish

one problem go on to the next, and so one until you finish.

* Make all your notes and calculations in the space underneath each question. Don't

just write in the answers.

* Don't look at anyone eAe's work and keep silent so that everybody has a chance to

do their best and solve the problems properly.

The tests were marked by members of the research team, once agreement had been

reached over the marking criteria to be followed. The missing subjets of the sample was under

1% of the total number of pupils. this corresponding to those pupils who only completed one

of the tests as a result of their absence for one of the two sessions. Each of the answers to the

problems was given a value of I or 0, according to whether its solution was correct or
incorrect. Solutions were considered correct when ttv.y showed that the pupil had opted for the

appropriate operations in order to arrive at a successful solution to the task. Calculation errors

were ignored. In this paper only the correct solutions arc analysed: research currently
underway concentrates on an in-depth study of of the typology of errors according to
empirically defined category frameworks.
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A statistical design of repeated measurements has been applied to the matrix of data

obtained from the 540 pupils' scores, with the year factor as an intersubject factor, considered

as an independent variable with three levels of definition: 4th, 5th and 6th; and two intersubject

factors. i.e. the operation type factor and the duplicated semantic structure factor, with four

levels of definition, respectively: (+, +), (-, -), (+, -). (-,+) and Ca-Ca, Cp-Cp, lg-I g, Co-Co.

The statistical technique used for analysis of the data was a maultivariant analysis with

repeated measurements in the two intrasubject factors (MANOVA).

The performance of each course, and the indices of difficulty for each problem

according to the operation type and semantic structure variables appear in the following tables:

Structure
Operations

Ch-Ch Eq-Eq Co-Co Cp-Cp Total

(+.+1 .890 .726 .927 .750 .82

(-,-) .524 .598 .591 .732 .61

(+,-) .811 .659 .610 .707 .70

( -, +) .805 .634 .524 .659 .66

Total .76 .65 .66 .71

Table 1. Mean by course 4th

Structure
Operations

Ch-Ch Eq-Eq Co-Co Cp-Cp Total

(+,+) .965 .915 .990 .945 .95

(-4 .826 .920 .881 .965 .90

(+4 .955 .886 .896 .910 .91

(-.+) .955 .896 .876 .945 .92

Total .93 .91 .91 .94

Table 3. Mean punctuation by course 6th

Structure
01:crawls

Ch-Ch Eq-Eq Co-Co Cp-Cp Total

(+.+) .937 .880 .977 .863 .91

(-.-) .69) .789 .789 .886 .79

( + :) .903 .834 .789 .834 .84

(-.+1 .920 .840 .771 .851 .85

Total .86 .84 .83 .86

Table 2. Mean punctuation by course 5th

Structure
Opentnons

Ch-Ch Eq-Eq Co-Co Cp-Cp Total

(+,+) .993 .846 .967 .859 .90

(-.-) .691 .781) .763 .869 .78

(+4 .894 .800 .774 .824 .82

(-,+) .898 .798 .735 .828 .81

Total .87 .81 .81 .85

Table 4-Global Mean punctuation by 4th. 5th &

Results of the contrast of hypotheses according to the variables considered arc given in

the following table:
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F p (a).01) Level of signification

He 1 55.96 p<0.01 Differences by course

H02 14.49 p<0.01 Differences by semantic structure

He 3 53.95 p<0.01 Differences by operations

He4 3.26 p-0.01 Differences by course x semantic structure

Ha s 7.42 pc0.01 Differences by course x operacion

Has 31.17 p<0.01 Differences by operatios x semantic structure

HO? 2.14 p<0.01 Differences by course x operations x structure

Table S. Hypothesis & Levels of signification by course, semantic structure and operations

The global interaction between operation type and semantic structure variables appear in the
following figure:

Interaction of Semantic Structure x Operation Type

1,0 -/

0 9 -

I
0 3

0.7

0.6

.. .. .. .. .. .

Operation Type

0

Eq -Eq Ce -Co Cp-Cp

Semantic Structure

Figure 1. Percentages of appropiate solution for different

operations types for de four semantics structures.

IV. CONCLUSIONS.

Globally, following analysis of the variance of the total mark for the 16 items of the
two two-stage, duplicated semantic structure addition tests, significant differences between

school years were found (F=57.813; p410). Subsequently multiple comparisons between year

pairs were carried out according to Scheffe's method at 5% significance level, and significant

differences between the school years were found: between 4th and 5th, 4th and 6th, and 5th
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and 6th.
Analysis of the variance in the two intrasubject factors (semantic structure and operation

type) showed significant differences in the following cases: due to the "semantic structure"
factor (F=14.49, p.000), due to the "operation type" fcator (F=53.95, pd3.000) and due to
the mutual interaction between both factors (F=3.26, p-41000). Finally, significant differences
were also found due to the triple interaction of the factors "year" x "semantic structure" x

"operation type" (F=2.14, 0.003).
Global compari, )ns math for the variable "semantic structure" showed the existence of

significant differneces c 'y between the following pairs: Ch-Ch with Eq-Eq, and Ch-Ch with

Co-Co.
For the variable "operation type", significant differences were obtained for with the

following pairs, by year:

4th year: (+,+) with (-,-); (+,+) with (+,-) and (+,+) with (-,+).
5th year: (+,+) with (-,-) and (+,+) with (+,-).

6th year: (+,+) with (-,-).
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HOW TEACHERS DEAL WITH THEIR STUDENTS' CONCEPTION OF
ALGEBRAIC EXPRESSIONS AS INCOMPLETE

Naomi Robinson
Department of Science Teaching
Weizmann Institute of Science

Ruhama Even
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Dina Tirosh
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Tel Aviv University

This study investigates seventh-grade teachers' awareness of, and teaching approaches
to, a well-documented cognitive obstacle in learning algebra, namely, the incomplete
nature of algebraic expressions. Two novice and two experienced teachers participated
in this study. Three types of data were collected: 1) lesson plans, 2) observations, and 3)
post-lesson interviews. The analysis showed that while experienced teachers were aware
of the existence of the difficulty and its possible sources, novice teachers attributed
difficulties to other sources, such as notations. The teachers differed in their approach to
this difficulty. One experienced teacher used a metacognitive approach and suggested
using various ways, while the others used technical methods. In conclusion we raise
issues for further research, including the stability of the incompleteness difficulty across
various approaches to teaching algebra.

Every teacher encounters situations in which s/he has to decide about the presentation of the

subject matter to his/her students either through his/her initiative or as a response to a student's

comment. In making such decisions, obviously the teacher's own knowledge of the subject matter

plays a major part. Not less important is his/her acquaintance and understanding of students' ways of

thinking.
This last component of teachers' knowledge necessitates a body of knowledge of common

student conceptions. In addition to teachers' own experiences, such knowledge has been generated

mainly in the last two decades of extensive cognitive research on student learning, which has yielded

much useful data on student conceptions and thinking in mathematics. It has been shown, especially

with reference to algebra, that students often make sense of the subject matter in their own way which

is not always isomorphic with the structure of the subject matter or the instruction.

One of the well documented cognitive obstacles in learning algebra has to do with the
"incomplete nature" of algebraic expressions. It was found that many students tend to "simplify"

expressions such as 3m+4 to 7m or 7. Researchers have suggested several possible sources for this

behavior, most of which are related to the fact that while the result of any real numerical expression

can be a number without any operational signs (e.g., 15+4-2 is 17), a possible "result" of simplifying

an algebraic expression could still include operational signs (e.g., 15+4-2a is 19-2a). Booth (1988),

Kieran (1992), KUchemann (1981) and Matz (1980) suggest that the tendency to over-simplify

algebraic expressions has to do with students expectations that the "behavior" of algebraic

expressions be similar to that of arithmetic expressions (e.g., 15+4-2a=19-2a=17a). That is, they

somehow believe, that the final answer should be "well formed single-termed". Similarly,Collis

(1975) suggests that students face cognitive difficulty in "accepting lack of closure." Davis (1975)

and Kieran (1991) illuminate another possible source for this difficulty. These researchers noted that

in arithmetic, symbols such as + and = are typically interpreted only in terms of actions to be

performed, so that + means to actually perform the addition operation and = means to writedown the
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answer. Thus, an expression such as 3n +2m is often interpreted as an instructional (or procedural)

statement, which states that 3n is to be added to 2m. Students often tend to "add" such expressions

getting answers such as 5nm.

In this paper we examine teachers' awareness of the possibility that their students hold a
conception of algebraic expressions as incomplete. We also analyze their teaching from this point of

view and hypothesize about their students' learning.

Method

Participants

This study is part of a larger project that examines various differences between experienced and

novice teachers with respect to teaching equivalent algebraic expressions. In this paper we refer to

four seventh-grade teachers who participated in this study, two were novices with one or two years

experience, and the other two had more than 10 years of experience, and a reputation of being
excellent teachers. All four subjects used a traditional approach to the teaching of algebra with an

emphasis on formal language, procedures and algorithms. Their lessons were teacher-centered with

no emphasis on students' investigations.

Data Collectioa

The collected data are related to the three or four initial lessons on the same teaching segment:

equivalent algebraic expressions (open-phrases). Three types of data were collected: 1) lesson plans-

-each teacher was asked to submit a lesson plan before each lesson, either in writing or in audio-

recording; 2) observations- -all lessons were observed by one of the researchers; field notes were

taken during observations and were supplemented by audio-taped records, and 3) post-lesson

interviews -- semi - structured interviews after each lesson. All interviews were audio-taped and

transcribed.

The Incomplete Nature of Algebraic Expressions:
Teacher Awareness and Approaches

In this section we analyze excerpts taken from the four teachers' lessons that illustrate these

teachers' awareness of possible student conceptions of algebraic expressions as incomplete. These

episodes illuminate different approaches to dealing with this topic. Also included are hypothesized

views of students who tend to "complete" algebraic expressions, about the experiences they
encountered during the lessons.

Etta

Batia is an experienced teacher. In the ways she plans and teaches her lessons and from her

interviews it is obvious that she is aware of the common difficulty students have regarding the
incomplete nature of algebraic expressions. For example, in her written lesson plan she wrote: "I
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expect difficulties in problematic cases [such as] 2x+3=5x." Also, in an interview, when asked about

difficulties that students commonly encounter when studying algebraic expressions, she mentioned.

among others, the tendency to add 2a+3 and get 5a. When the interviewer probed her for the reasons

for this difficulty, she stated: "They need to get an answer, it does not seem finished to them."

Being aware of this student difficulty, sheincludes in her lessons various activities and several

strategies to expose students' thinking about this issue, to help them reflect on their solutions, and

develop a view of an algebraic expression as a possible complete answer. The following episodes

illustrate her approach.

Episodes

Episode 1. The teacher writes 3+4x on the board and asks the class what can be done with this

expression. One student says: "It should remain as it is". Although this was a correct answer,

probably the one that most teachers would expect at this point, the teacher continues to probe for other

reactions that students may come up with. Another student says: "No, this is not true, 3+4x is equal

to (3+4)x." The teacher then suggests one way to check this by substituting x=5, i.e.,

3+4*5*(3+4)*5. She continues to present similar expressions for students to work with.

Episode Z. In another lesson, the expression 3+4x was mentioned again. The teacher asks:

"What is 3+4x?" One student claims: "7x". The teacher, aware of the problematic incomplete nature

of algebraic expressions, purposely asks: "How about 7?"

Student: Maybe?!
Teacher: Well, let's see again. 3+4x. What is the operation between 4 and x.

Student: Multiplication.
Teacher: So, first we have to determine what 4*x could be. Can we know that?

Student: No!
Teacher: So, cant first add the numbers?

Student: No! OK, I got it.

In this episode, the teacher tackles this issue differently. This time she does not use substitution but

builds on students' knowledge of the order of operations.

Episode 3. In another lesson the class discusses the expression x2 + 3x. One student asks if

this could be 4x2. The teacher repeats the question: "Could it be 4x2?" in a neutral tone, not implying

the correct answer. Another student correctly replies: "No". The teacher then asks a "reverse"

question: "In order to get 4x2, what should be there?" One student answers: "There should have been

3x2 and not 3x". The first student further insists: "Why can't I add them? I still don't understand."

The teacher repeats the question. The second student continues to explain: "We don't know what 3x2

and 3x are. Therefore, one cannot add them. We should first multiply." The first student seems

ritisfied with the explanation.
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A student's view

A student in Batia's class who believes that an expression such as 3x+4 is incomplete, can by
said to experience the following:

- The teacher understands what the student's difficulty is and in her response to the student focuses
on his/her way of thinking.

- The teacher offers the student opportunities to express his/her ways of thinking about the issue even
when it's wrong, and discusses them respectfully.

- The teacher provides various presentations of the subject matter that highlight different aspects of
and angles on the issue (e.g., substitution, order of operation, reversibility).
- The teacher frequently returns to this issue on different occasions, with relation to different types of
expressions (e.g., linear, quadratic).

Gilah is also an experienced teacher. She is aware of students' tendency to "simplify"
expressions such as 3x+4 to 7x as a result of their conception of the "incomplete nature" of algebraic
expressions. She explains: "Students tend to do it as simple as possible. They tend to 'finish' it [the
expression]." In her opinion, the incomplete nature of algebraic expressions is the main obstacle in
teaching how to simplify algebraic expressions. Therefore, she planned a comprehensive
introductory activity, devoted to getting the students acquainted with the notions of like and unlike
terms. She keeps referring to these notions during instruction. The followingepisode is a typical
example of her approach. It took place after the students had worked for an extensive period on like
and unlike terms.

Episode

During a lesson the class arrives at the expression 4x+6. One student suggests that this equals
10x. Another student objects: "4x and 6 are unlike terms because 4x is a number with an x and 6 is
only a number." The teacher pushes further: "So what?" The student replies confidently: "The
answer stays 4x+6."

A student's view

A student in Gilah's class, who believes that an expression such as 3x+4 is incomplete
experiences the following:

- The teacher understands what the student's difficulty is and considers it important and worth taking
care of.

- The teacher offers the student opportunities to express his/her way of thinking about the issue even
when it's wrong, and to discuss them with respect.

- The teacher spends time and effort on teaching and directing the student towards the use of one
specific method: like terms.
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- The teacher frequently returns to this issue on different occasions, with relation to different types of

expressions (e.g., linear, quadratic).

Lb=

Drora is a novice teacher in her second year of teaching. From the ways she plans and teaches

her lessons and from her interviews it seems that she is aware of various difficulties related to

working with algebraic expressions such as lx=x, x*5=5x, -1x=-x. Yet she does not mention the

difficulty of the incomplete nature of algebraic expressions. Drora, like Gilah, uses the notion of like

terms. However, she uses this notion without helping the students in getting the feeling of what it

means. Therefore, when she mentions "like terms", the students do not seem to have the same

understanding of the meaning of this as she does. The following episodes demonstrate her way of

teaching.

Episodes

Episode 1. The class discusses the simplification of the expression 7x-5-x+12. The teacher

asks: "What are the like terms that we can add?" One student answers: "7x and 5." (Apparently, the

student's conception of like terms is different from that of the teacher.) The teacher replies by stating

that: "lx and -x, isn't it? 5 does not have an x nor does 12." She immediately writes the expression

7x-x-5+12 on the board and continues with the idea oflike terms, even though this notion was shown

to be unclear and problematic for the students. She asks: "What are the like terms? What can I use

here'?" and immediately answers her own question: "I have 7x and -x." Later, when a student asks

why do we add 7x and -x, meaning, why did we leave 5 out (although the teacher keeps using the

notion of like terms, several students do not seem to understand it), Drora explains: "Because I add

only numbers that have an x, don't I? I add only like terms, terms that have an x, and 5 doesn't have

one." (Notice that 7x and 5x2, for example, are "numbers that have an x" and, therefore, are like

terms according to Drora's explanations.)

Episode 2. While simplifying the expression 16m-9m+2m+3-11 the class reaches the

expression: m8-8. The teacher, attempting to get to the conventional way of writing expressions:

8m-8, asks: "And what is this?" A student, apparently feeling that the expression is incomplete,

answers: "Zero." The teacher, probably thinking that the problem is rooted in not remembering the

order of operations, asks: "Can we do m times 8 minus 8?" The student replies: "Yes". The teacher

goes back to the idea of like terms and states: "No, because one has a variable and one does not."

(again, not covering cases such as x and x2, or a and ab).

Episode 3. A student, while working at the board, writes: 5t-3t+t+2 =I It. The teacher,

ignoring his answer, uses the distributive property to get 3t from 5t-3t+t. 'Then asks: "Can we add 3t

and 2? Can we add a numeral with an algebraic expression?" She immediately answers her own

question: "No! 3t+2 is the final expression." She continues, attempting to use everyday life

situations to demonstrate the idea of like terms:



What is 3t? 3 times I. Is it a member? No! It's an algebraic expression. And what is 2? 2 is a
constant number. We can add 3t only to the same thing. if I have 3 pears and 2 apples, can
one say that I have 5 pears? We are left with 3 pears and 2 apples. 3t is an expression and 2 is

a number. So we cannot add them.

In this episode the teacher makes an inappropriate analogy between 3t and 3 pears, using letters as
objects. For further discussion on the problematics of this approach see Kiichamann (1981) and
Pimm (1987).

A student's view

A student in Drora's class, who believes that an expression such as 3x+4 is incomplete, is thus
likely to experience the following:

- The teacher attributes the student's difficulty to reasons such as not understanding the meaning of

coefficients of variables, difficulties in the correct order of operations, and obstacles related to the use
of the distributive property. As a result the teacher does not focus in her response on the student's
way of thinking.

- The teacher does not give students opportunities to express and explain their ways of thinking,
When an incorrect response is given, the teacher often states that this is wrong, and provides the
correct answer .

- Most of the teacher's presentations of the subject matter concentrates on showing the "correct way

of doing things" by using only one method of like terms. Although she keeps using the notion of like
terms, the teacher neither defines nor practices what is meant by that

Dunx

Benny is a novice teacher in his first year of teaching. In his lesson plans and during his
interviews he did not explicitly mention the difficulty associated with the incomplete nature of
algebraic expressions. Yet, he mentioned that adding numbers and algebraic expressions needs to be
addressed in teaching and stated the need to provide students with a rule of "adding numbers
separately and adding letters separately". This rule is problematic because according to it 5m+2 can
be equal to 7+m or 7m or another variation. The following episode shows what happens in his class
when he tries to apply his plan.

Episode

Benny writes the expression 3m+2+2m on the board and asks: "To what is this equal?". He

immediately states the previously mentioned rule: "Add the numbers separately and add the letters

separately". Then he suggests to color the "numbers": 3m+2+2m, and writes 5m+2. A student
asks: "And what now?" Another student suggests: "7m". The teacher (a bit surprised by this
answer) states: "Nol 5m+2*7m." And he repeats the rule again: "The rule is: add the numbers

separately and add the letters separately." Then he gives the students another example and colors the

[free] numbers: 4a +5 -2a +7. The teacher emphasizes the rule by dictating it to the students and
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asking them to repeat it loudly. The rest of the lesson is devoted to further work on similar exercises.

The students continue to experience difficulties. For example, towards the end of the lesson, a

student asks: "Why does not 10+2b equal 12b?" The teacher realizes at this point of the lesson that

even though he gave the students a seemingly clear rule, they still don't know how to work with it.

He chooses not to address the question.
In his reflection on the lesson Benny expresses his dissatisfaction and frustration from his way

of teaching this material. He explains that he felt that there is a difficulty but he does not understand

its sources. He adds that giving a rule without explanation was problematic and starts to construct

alternative explanations.

A student's view

A student in Benny's class, who believes that an expression such as 3x+4 is incomplete, may

well experience the following:

- The teacher feels that the student experiences difficulties but does not understand their sources and

therefore does not focus on the student's ways of thinking.

- The teacher keeps repeating a rule which fits the student's way of thinking about the incomplete

nature of algebraic expressions, but the use of this rule leads to inappropriate answers.

- The teacher is attentive to students' difficulties and is looking for alternative ways of presenting the

material. It seems likely that the teacher will come up with more helpful ways of teaching.

- The teacher provides opportunities for the students to express their ways of thinking even when they

are wrong. Yet, when an incorrect response is given, the teacheroften states that this is wrong, and

provides the correct answer.

Conclusion

The incomplete nature of algebraic expressions is considered one of the main cognitive

obstacles in learning to simplify algebraic expressions. Initial investigations show that thii difficulty

is not limited to the first stages of learning algebra only. At higher grade levels students show a

similar tendency, e.g., they feel reluctant to accept 3+2i as a "complete" number. Therefore, it is

important for teachers to be aware of this cognitive obstacle and to address it throughout the years of

teaching algebra.
Our study shows differences between novice and experienced teachers in terms of awareness

and approaches to dealing with the "incomplete nature" of algebraic expressions. The experienced

teachers were aware of both the existence of the difficulty and its possible sources. The novice

teachers, however, felt that there are difficulties associated with work with numbers and variables but

attributed them to other sources, such as notations.
The teachers largely differed in their ways of approaching this difficulty. Bade, one of the

experienced teachers, used a meta-cognitive approach and suggested the use of various ways. The

other experienced teacher, Gilah, based her teaching on one, rather technical method, which proved to

eliminate a great deal of the students' difficulty. Drora, a novice teacher, used the same approach but



without preparing a common ground for communication with her students. Benny, who used a rule-

based approach, had the same problem of communication with his students.

These initial findings raise several issues for further research.

- Is awareness of students' difficulties related to the incomplete nature of algebraic expressions a

natural consequence of teaching algebraic expressions?

- Can we make shortcuts to this "practical wisdom" by teaching preservice teachers about the
existence and sources of students' tendency to "complete" algebraic expressions?

- To what extent is the incompleteness difficulty embedded in the traditional approach to teaching

algebra? Will other approaches, such as the function-based approach, eliminate this obstacle?
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THE TEACHING OF LINEAR ALGEBRA IN FIRST YEAR
OF FRENCH SCIENCE UNIVERSITY :
EPISTEMOLOGICAL DIFFICULTIES,

USE OF THE "META LEVER", LONG-TERM ORGANIZATION.

Jean-Luc Dorier (DidaTech, Grenoble), Mine Robert, Jacqueline Robinet (Didirem,
Paris), Marc Rnyalski (Didirem, Paris - Lille)

Abstract : We present an epistemological and didactical analysis of students' difficulties rat linear
algebra as taught in first year of French science university. We deduce from it hypotheses for
research work. We present an engineering for this teaching based on these hypotheses. This
engineering takes the form of a long-term project (over one year) and uses, to a great extent, the
"meta lever" and the changes of setting and points of view. The evaluation currently in progress of
the project draws out certain methodological difficulties encountered in the validation of the type of

hypotheses which have been made.
!Osumi. Nous faisons une analyse epistemologique et didactique des difficult& des etudiants avec
l'algebre lineaire enseignee en premiere annee d'universite. Nous en dfduisons des hypotheses de
recherche. Nous presentons une ingenierie pour cet enseignement, qui prend en compte ces
hypotheses. Cette ingenierie se presente sous la forme d'un projet long (une annee), et utilise de
facon importante le levier du "meta" et la pratique des changements de cadres et de points de vue.
L'Evaluation en cours du projet met en Evidence certaines des difficult& mithodologiques pour
valider le type d'hypotheses que nous avons faites.

A worrying state of affairs
It is quite a well-established fact that the teaching of linear algebra in first year of French science

university does not work well. Students' learning of concepts and methods of linear algebra are poor.

Yet the results of final exams may very well hide this fact, as students are often only asked to use

techniques, and do not really have to bring the concepts themselves into play (Dorier 1990). Thus

traditional teaching remains mainly "bourbakist".

However, a number of attempts to transform the teaching of linear algebra have takenplace in the

past ten years or more recently, at the CNAM' or at Lille university, as well as in other countries

(Hare! 1986, 1989).

It is only since 1985 that a more profound reflection or a didactical analysis has started on the

teaching and learning of linear algebra (Robinet1986, Robert & Robinet 1989, Rogalski 1990, Dorier

1990,1991,1992, Dorier & al. 1993).

A didactical analysis : locating the central question
This state of affairs gives rise to didactical interrogations: where do these difficulties originate in:

the teaching, the concepts themselves, the students ? In which way can the teaching of the concepts of

linear algebra improve ? We have drawn out several hypotheses on the causes of these difficulties,

and presented some proposals for modification of the teaching. Some of these hypotheses are
admitted (and already partially supported), others are, on the contrary, objects of our research work,

and may be of a more general type.
First hypothesis (admitted): one of the reason for students' difficulties comes from the

specific epistemological nature of the concepts of linear algebra, this should be taken into account in

the teaching.

I University -type establishment specializing in adult education.
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The analyses of J. Robinet and then of .1-L Dorier underline the specific nature of the elementary

concepts of linear algebra (vector-space, linear operators, image, kernel, basis, dependence.
dimension, rank, etc.). The historical study shows that these concepts took their formal shape only

after numerous uses of linear methods in specific contexts without much unification. These concepts,

in their present form, arc the cause and results of unification and generalization. Their relevance only

appears a posteriori, as they first renewed in an economical manner the solving of old problems and

only afterwards allowed new approaches.

We think that this epistemological dimension plays a part in the difficulties encountered by
students, mainly because they only have access to the final phase of the historical process : definition

of the concept and systematic use in the solving of problems. Yet the problems they are asked to

solve may often be solved with specific tools and methods, more familiar, which do not necessarily

imply the use of the new concepts. In this case, the simplification and improvement induced, in the

solving of the problems, by a change of point of view (for what we will call the algebraist point of

view) cannot be foreseen by the students. They may only do this because they are asked to; this is an

effect of the teaching contract.

On a more theoretical basis, this implies that these problems, which can be solved in various

settings, cannot yet be chosen as "good" problems in the perspective of the tool/object dialectic as

defined by Douady (1986), as the concepts to be taught are not indispensable for the solving. The

only problems which would necessitate an absolute use of the formal concepts of linear algebra are all

too complicated for our students (they involve non countable infinite dimension vector-space)...

In other words, for the students, the concepts of linear algebra are above all objects before they

can be used as tools; students are therefore deprived of the long progression, which brought

mathematicians to express these concepts, step by step. Consequently, as a first hypothesis, we state

the necessity of the awareness of this epistemological specificity and the difficulties it implies as well

its explicit taking into account in the building of teaching sequences.

*Second hypothesis (admitted, supported by several, even quite old, works): the lack of too
many previous elements of knowledge may be an insuperable handicap.

More precisely, in Dorier (1990), following Robert (1985), the authors have pointed out the
difficulties in the learning of algebra, of students having elements of knowledge which initially are

not well enough distributed in different settings (geometrical, analytical, logical, formal settings

mainly). These analyses of students' practice also revealed the lack of ability to change settings and
points of view.

One of the consequences we drew from this, is that a preliminary work to the introduction of the

concepts of linear algebra is necessary, to give the students sufficient previous knowledge in various

settings.

*Third hypothesis: considering the two first hypotheses, the teaching of linear algebra needs

to be built on several interwoven and long-term strategies, using the "meta lever" as well as the
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change of settings (including within mathematics) and of points of view, in order to obtain substantial

modifications for a sufficient number of students.

By long-term strategy (Robert 1992), we mean a type of teaching which cannot be divided up. The

long-term is vital because the mathematical preparation and the changes in the didactical contracts

have to operate over a long enough period to be efficient for the students, in particular regarding the

evaluation. Finally the long-term is necessary to take into account the non linearity of the teaching due

to the use of change of points of view, which implies working on a subject more than once.

By "meta lever" (Robert 1993), we mean that the teacher will use information on: the knowledge

of the students about their own knowledge in mathematics or about their way of learning; or about

mathematics (organization, different uses in other fields, differentiation between general and

particular fields. etc.); or about mathematics as they are taught (for instance the use of methods, the

different types of questioning in mathematics, how to organize a reflection on concepts, etc.).

Moreover, we claim that this type of information given by the teacher must be followed or

accompanied by activities involving its pertinent use by the students.

By change of settings or points of view (Douady 1986), we mean that the teaching is organized in

such a way that the course and the exercises use translations of the same concept or question from

one setting into another (from formal to numerical, from numerical to geometrical, etc.) or lead the

students to a change of point of view on a notion (for instance seeing the linear equation at Ix' +

ai2x2 + + ainxn = 0 as the n-tuple (at 1. a12, ain), in order to go from the use of linear

combinations of equations to the notion of rank of a set of n-tuples, etc.).

This hypothesis is the ruin goal of our work: it led M. Rogalski to the building of a complete

teaching project (Rogalski 1991), which has been tested in Lille with several colleagues, and the

evaluation of which is being carried out by us. This is completed by more general research we are

working on: the use of the "meta lever" in the teaching, the long-term projects and the role of

tnetacognitive representations of the students concerning their own learning.

A teaching project on which we want to try this hypothesis

1) Choices of strategy as they result from our didactical analysis

(a) One way of taking into account the specific epistemological nature of the concepts is to

introduce, at a favorable and precise time of the teaching, some activities which induce a reflection on

a "meta" level. This should clarify the specificity of the epistemological nature of these concepts

(what is, in general, a linear equation ? What is the relation between the rank of vectors and the rank

of equations ? etc.). On the other hand, it should create activities in which the students reflect Q11

certain mathematical concepts (role of the axioms of vector-space, the two points of view used to

represent a subspace of Rn : equations and parameters, etc.). Finally, it should give them Wig=

or methods which can help to solve problems (which methods can I use to show the identity between

two subspaces ? to determine the image and the kernel of an operator ? etc.).



(b) As a complement, it would be useful to set up a fairly long preliminary phase preceding the

actual teaching of elementary concepts of linear algebra, which would prepare the students in order to

understand, through "meta" activities and presentations, the unifying role of these concepts. This
means that various problems should be solved at a preliminary stage and then unified with use of

vector-space theory, in a way that points out the simplification provided by the above solving.

(c) As far as possible, the changes of settings and points of view are put forward, even if it is not
along with a tool/object dialectic. This is especially the case in the beginning with geometrical and

algebraical settings which allow the extension of the double point of view equation/parameters to Rn,

and also with algebraic and other settings to put forward the "intra-mathematical modeling", when
formal linear algebra is introduced.

(d) Finally, we chose to give the concept of rank a central position in our teaching. Indeed
historical and epistemological works showed the importance of this concept as well as the difficulties

encountered by students with this concept. This led us to give the theory of linear equations a
privileged situation in the preliminary phase, as rank can be introduced quite naturally in this field.

It is important to see that our project does not induce a "smooth progression" R2, R3, Rn,

general linear algebra. Even if the didactical difficulty increases, certainly, with the dimension and the

abstraction, we think that the main difficulty is qualitative rather than quantitative. Therefore,
although the organization we chose aims at putting forward similarities and changes of settings and
points of view, it also aims at provoking a reflection on what is at stake in the new theories and at
giving access to methodological processes which allow a better understanding of the concepts. Thus a
paradox might arise : to obtain better understanding, we develop more demanding strategies, which is

likely to induce, at least temporarily and apparently, worse scores during the evaluation.

2) the overall organization of the teaching
(a) First step. The development of preliminary phases along with the beginning of the teaching

of linear algebra, and organization of the changes of settings in order to make different points of view
converge.

At the beginning of the course, we set up the "circuit electrique" activity (Legrand 1990), which

aims at the understanding by the students of the rules of mathematical reasoning. We also givethe
basic language of set-theory, and some complements about space geometry.

Concerning linear algebra, we introduce during the first course Gauss' method for elimination in

the solving of systems of m linear equations with n unknowns, by using Rn and its linear structure,
as the set of reference in which the solutions must be found. This straight away gives a powerful tool

for solving problems in algebra as well as in plane or space geometry. Moreover, this introduces
what will be, for us, one of the central questions in linear algebra: the solving of systems of linear
equations, from which the concepts of subspaces of Rn, of rank, of double point of view
equations/parameters will be drawn. The basic questions, which we try to induce in the reflection of
our students and which will justify the introduction of the concepts of linear algebra are:
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* do I have too many, just the right number, not enough equations ?

* How many parameters do I need to describe the set of solutions of a system of linear equations ?

We continue the teaching with Cartesian geometry in R3, with this double aspect

equations/parameters as a central question.

(b) Second step. This starts by an explicit presentation to the students of all the common

questions that can be asked about the preceding phase. This also implies the change of point of view

consisting in seeing an equation as a n-tuple. Then we define linear independence and rank and we

show the invariance of rank using the reversibility of certain linear combinations (as done in the

exchange theorem). This is followed by the description, with parameters, of subspaces of Rn,

initially defined by their equations, and vice versa. Then, we explore the notions of dimension and

bases of subspaces. In this phase, some results on the systems of linear equations, which were only

conjectures in the first phase, are proved. The fact that the ranks of the lines and the columns of an

array are the same is also proved.
The proofs of fundamental results are made with use of abstract formulation, avoiding the use of

coordinates. This is justified to the students by a systematic use ofalgebraic thinking (on which we

make our students reflect during preliminary activities involving elements of group theory illustrated

on some concrete finite groups). Anotherjustification we use is the search for generality in order to

make the transition with further developments in abstract linearalgebra easier.

Finally, we give some elements of methodology concerning the solving of problems about

subspaces in Rn : inclusion, equality, intersection, parameters and equations of subspaces.

During this phase we also apply linear methods in other fields : polynomials, linear recurrent

series, linear differential equations.

(c) Third step. Here we teach abstract linear algebra (axiomatic theory of finite dimensional

vector-spaces, linear operators) and its application as a modeling setting within mathematics. At the

same time, we draw out several methods and point out types of problems as references. These

problems were solved during the previous phases, but they are now solved again in the setting of

formal algebra. These problems have to be rich enough so that theirgeneralization make the use of the

formal concepts almost compulsory (one can give 15 conditions for an interpolation, instead of the

usual 3 or 4, for instance), the contract is to model the problem in linear algebra terms. One of our

most favored problem is the search of a modeling by the general linear equation "T(u) = v". The

interaction with the rest of the course of mathematics is quite important in this phase. This creates a

constraint which specific to long-term projects.

(4) Fourth step. This phase is more technical and also shorter. It presents the matrices, the

techniques associated with the change of bases and the inversion of square matrices. Of course, the

tool "matrix", introduced in relation to linear operator, is then used in several problems in relation to

various other fields of mathematics. But matrix calculus is not an important goal for us.
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How can we use this experimental teaching in order to validate our
hypothesis ?

What must be validated can be listed as follows :

1) Evaluations of the results
Essentially, we have to know whether the engineering is viable, in other words if the fact that we

demand more from the students does not induce an unbearable number of failures.
2) Our specific hypothesis
(a) The role of the "meta lever"

We have to find some indicators that students use "meta" themselves: What is the students'
understanding of the nature of the concepts introduced.? What kind of questioning can they have
about a given mathematical situation ? More precisely, do they use geometrical representations, or do
they check the coherence between the number of parameters and the number of equations, or between
the dimension and the maximum number of independent vectors, etc. ? This led us to give the
students situations in which the first goal is a form of questioning or checking.

(b) The changes of settings and points of view.

We must know if the notion itself of "change of setting" has been understood, in which way it is
available or even just summonable? Is it used in problems involving a modeling in terms of linear
algebra, and how ? Are the changes of points of view helpful to obtain better understanding ? Do they
not induce complications, at least for a certain time ?

(c) The teaching of methods

We must evaluate its impact, especially by giving problems which have to be preceded by a
reflection on the different types of methods than can be used. We also have to find ways of making
students write or speak about this preliminary reflection.

Difficulties encountered in this type of evaluation, temporary results

For a precise report of the difficulties, we refer to Dorier and al. (1993), her, we will just give a
short overview, listed in three 'points:

1) For an engineering concerning long-term teaching, it is difficult to choose the time suitable for
its evaluation, as many interferences may occur due to students' own organization of their time and
work, in a way that cannot be kept under control. Thus, phenomena of maturing, depending on
students' level of implication (variable along the year) are difficult to take into account in the
evaluation of the engineering.

2) It is quite difficult to trace indicatorsof students' reflection at a "meta" level, especially in their
writing: indeed in the usual teaching, the contract is to give the answer, never the means which led to
it.

3) Several background disturbances often hide the phenomena we want to study. These
disturbances are mainly:
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* the fact that students have or not already worked on a problem of the type used in the evaluation;

* the variability in what is done during the tutoring;

* the sudden change in the type of students in France, due to a recent democratization of university

teaching and changes in secondary teaching; these two phenomena make the sociological implications

sometimes more relevant than any didactical explanation.

Therefore, our next goal is to find a better means of access to the didactical variables we want to

study, as it is difficult in the present state to come to entirely reliable conclusions.

Let us give a few partial results anyhow:

- the overall experiment is satisfactory: the engineering does not induce massive failures at the final

exam: but although this result reassure us, it is of little didactical significance.

- it seems that there is an appropriation by a majority of students of the double point of view

equations/parameters on the subspaces of Rn;

- the notion of rank of a set of vectors and the methods of finding it also seem to have been

understood;

- for the moment, the chances of autonomous questioning from the students are poor;

- the capacity for spontaneous modeling of a problem in the setting of linear algebra also seems

adequate only for a minority;

- as anticipated, some confusions between equations and vectors occur for a while for about half

of the students;

- finally, it also seems that it is possible to make the students involve themselves in situations on a

"meta" level, in which the main goal is epistemological as much as mathematical (Dorier 1992).

Perhaps the key to a better engineering is in a more extensive use of this type of activity.
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In the course of this presentation we will examine some of the
difficulties that arise through the relationships between teaching
and learning mathematics. There is a fundamental tension
between these two poles, each of them should be, in a certain
sense , antagonistic of the other. Difficulties from the pupil's point of
view, difficulties from the teacher's point of view. Extending the
scope of analysis should be made through two complementary
theoretical approaches, the classical theory of situations form one
part, the anthropological approach form the other to focus on the
main process, institutionalization.

It is not necessary to insist about the "reality" of the fundamental tension between

teaching and learning in the field of mathematical thinking, knowlegde and practice.
From the "naive" point of view of the teacher : "I teached them this point and the didn't

understand, they didn't learn at all i" to more organised analysis that underline the basic

fact of no-symetrical position of the teacher and the learner. The first has to teach and
don't have significative means to be sure about what "they" are learning. The second
has to learn and try to look for what is asked through various indices that are not
completely in the terms of knowledge. For instance some of these indices can be related

with the didactical contract. Our purpose in this paper is to develop a theoretical model

of the relations between the two faces of teaching, the cognitive one for one side which

is deeply related to mathematic as a knowledge, the social one for the other for which

this knowlegde exist and is "knowable" through special social configurations,
institutions. In the first two parts we will present briefly the two main theories in this field,

before developing our proper approach about facts and phenomenas linked with

institutionalization in mathematical teaching.
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1- .institutionalization. in .the_,scope_of. the.theary .oLsituations:

The first elements of the theory of didactical situations were proposed by G.
Brousseau in the middle of the sixties through various oral interventions and
conferences. It is up to this moment the more profound attempt to grasp and describe an

intellectual system of analysis and setting up the inscription in action of the teaching
intentionality with all its consequences. Farther on the idea of process of abstraction
proposed by Dienes, it is the totality of the interactions with an organized environment

(including or not effective human partnership) to product (to give rise to) mathematical
knowledge. Dimensions of action, formulation and validation are identified and their
specific models described in terms of systems. The production of mathematical
knowledge is not posible out of particular conditions, cultural and institution nal ones as
we will see later. Is is not posible out of situational conditions in terms of mathematics
(problems) and in terms of interactions (personal and social) with the other actors of
the teaching system. It is well known that these interactions are to be taken as a whole

between three sub-systems that cannot be taken into account each of them for itself:
teacher, student and knowledge. The variety of situations in which the student has to
take by himself the responsibilty of developing the specific knowledge required without
any direct help from the teacher are of great theoretical and practical interest, they are
called a-didactical situations. Through paradigmatics exemples extremely fruitful for
research and significative for teaching a very rich know-how of contruction and analysis

of such situations was developed in the course of the late twenty years. The
mathematical game "Qui dire vingt ?" (Brousseau, 19781 is one of them, other ones,
among a great number, are presented and analysed in Arsac, Balacheff, Mante (1992).

The dimension of effective teaching which is a process fundamentaly intentional,

purposeful and goal-directed cannot be reached without a modification of the relations
with the knowlegde, tying together the utilitarist face of mathematical knowlegde and the

social and cultural one. Knowing involve two aspects, knowing for oneself from one part,

a-didactical through a direct confrontation to the problem, knowing in the same way
other people do. The institutional dimension of mathematical knowledge which is in the
scope of the curriculum, the program and the classroom prescriptions is to be
introduced in the model at this level as another moment in the process of
mathematization: institutionalization.

The theory of situations was at the beginning of the main stream of the french
research during the late twenty years as it was expressed in Laborde (1989). We quoted

yet the setting up of situations as a fundamental tool for research under the term of
didactical engineering. At the same time, the study of the conditions by which a student
enters in a situation and the problem it carries on (devolution of the problem) gave rise

to the identification of the didactical contract (Brousseau, 1980), "funnel effect" in the
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terms of Bauersfeld (1980) when he worked on "the hidden dimension of th so-called

reality of the class-room". The difference between the constraints of working on a

theorisation of didactical phenomenas and a naturalistic point of view can be

particularly underlined in the case of these two concepts.

2- Anthropological models of didactical systems:

This kind of model was particularly developed by Yves Chevallard (Chevallard

Yves. 1992). As for the other models and theories, the purpose was to give elements for

description and analysis of facts and phenomenas related to didactical events. As a

such, a project of this kind is not completely new. A great part of our work, in the field of

research is devoted to identify, describe and analyse phenomenas. Nevertheless the

setting up of good models or fruitful theories is not a trivial task. We had previously to

deal with another theory, theory of situations, which not so elementary.

The point of view of anthropological approach tries to be at the same time broader

and more formal. When I want to propose a model, I have, as a first stage, to consider

and define primitive terms and relations in which what I want to explain has to be

projected. in the case of anthropological theory, we dispose of three bricks: objects,

persons, institutions. Objects are the very basic material, in the sense that persons and

institutions can also be considered as objects, they can be in position of being objects.

In fact an object cannot exist "per se", by itself, separately of the fundamental relation

that constitute it as an object: the relation "to be known as an object (0)" by a person or

by an institution. This is the fundamental and very fruitful point. It corresponds to an

enlargement of the classical theoretical schemas about cognitive facts, especially in

mathematical education. Mathematical objects, that are in the very core of our interest,

are objects among other objects such as "teacher, "school", "knowledge', etc.. with

which we be obliged to deal with in an unified approach. As the same time this

approach offers the opportunity of specifying, in the sense that we should have the

need, inside the model, to clear the relations between different categories of objects (in

the naive sense of the terme,l mean, out of the theory itself) that intervene in the

definition and the structuration of didactical systems. In fact the frame is more general in

the sense that it permits to work with systems in which the basic relation is of the kind: X

knows 0, 0 is an object of knowledge for X (X being a person or an institution). So the

power of the theory ties in two main facts. The first one is the following. Considering a

given institution X, we can distinguish the objects that exist for X, these are objects for

which exist an institutionnal relation RI(0). Briefly speaking,mathematical objects

appear in various institutions in which can be defined institutional relations (institutional

ways of knowing these objects), mainly three families of institutions: institutions In which

mathematics are produced, institutions in which they are used and institutions in which
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they are teached. So mathemetical objects don't exist "per se" independently of the
various institutionnal relations by which they are tied. The second important fact is
connected to the relations between persons and institutions. Institutions being the
places of knowledge about subject one have to be a "subject of the institution" to be in
relation with the object i.e. to know 0 from the point of view of R1(0). Al least the person,

to become such a subject has to modify his relation R(x,O), has to learn. Amongst the

institutions through which 0 can be known some of them have the special property of
carrying an intention of modification of R(x,O). With this purpose they define (it can be
define) a generic position, the position of being a student in I for 0, and a relation
Rt(s.0). institutionnal relation to 0 for a student. These institutions are didactial
institutions with respect to 0.

This short "aperctf is too brief to have a deep insight into this theory and I
suggest for those who are interested in to consult Chevallard (1992) for further reading.

Nevertheless from the point of view which is ours in this communication it permits to
justify the interest to the process of institutionalization as a such. The passage from
R(x.0) (eventualy void) to Rj(s,0) for aperson x or the emergence of a R(x,0) conform to
the former is governed by the institution in which it takes place. Functionaly to know 0 in
the way is has to be in I is the product of an institutionalization process.

3:institutionalization.. Cognition. and . Knowledge Transposition:

Entering institutionnalisation in the scope of research on mathematics education
and didactics of mathematics seems to be a subject of great interest. we are going to
see that institutionalization has a crucial role in teaching ans learning being at the same

time an "invisible" function, naturalised and incorporated in the everyday school
activities. This particular invisibility is an obstacle in the study of the kind of phenomenas

that seem to be in the scope of institutionalization. During a long time, in spite of early

questionings coming from some sociologists, the student was the only "character" in
charge of learning.

One can use two modalities in the analysis of the didactical system. Following the

first one consist in examining and defining "a priori" its functions to traduce them in
terms of constraints and necessity. The second one should be a naturalist one, looking
for, by observation of class-loom situations, categories of events that can be linked to
institutionalization. We don't adopt this approach for the moment.

Two basic facts are to be at the principle of an "a priori" questioning:
accomodation of the subject to the situations and the knowledge necessary to treat
them, accommodation of the subject to the forms of knowledge required by the
institution, the one that define the knowledge to be teached and to be learnt. These two
components will be permanently interrelated through complex mechanisms in which
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what is directed by the situation and the subject (a-didactical) and what is directed by

the knwoledge and the teacher (didactical) intersect. For the student, the passage from

the a-didactical side where he is in charge of his relation with the proposed knowledge

to the didactical side where he is under the control of the teacher, is the central part of

what we name institutionalization. In its plain generality this function consists in allowing

the student to establish with the knowledge a quasi-direct relation, out of the mediation

of another person, namely the teacher. It seems necessary to study systems and

didactical organisations through which this function is realised. In the realization of this

function, cognitive aspects are involved but they are not only purely cognitive. In fact,

effects of social constraints are to be taken into account. Labelling some of them

didactical contract or funnel effect underlines the deep relation they have with the

intentionality to teach and to learn, at least to satisfy certain aspects of the teacher's

demand.
The first research on this domain was done on the basis of the theory of situation.

This choice had two main consequences. The first one was put the emphasis on the a-

didactical, didactical axis. It was also, with the help of a new material for analysis, the

didactical biography, the way followed by Mercier (1992). The second one was to foCus

our attention on the realisation of situations for institutionalization. In other terms: What

should be the caracteristics of these situations? Are there environments for
institutionalization ? What are the roles that have to be taken by the student and the

teacher along the process? These questions are very complex. The fact is that

institutionalization can take place in varions general settings. Puting apart, for the

moment, that setting in which the knowlegde-aim is directly communicated to the

student, we are going to try to develop another model;
In this model we need to take into account the interplay between two situations.

We don't forget anyway that these situations have at the same time two caracteristics:

mathematical problem are under study and there are social exchanges. The first

situation is the basic a-didactical situation, SA, in which a certain variety of problem was

to be solved. Solving this problem a new kind of knowledge or new properties of a

previously learned one. The second situation is an instituting situation, Si. Its purpose is

to act upon the previous one to let the "actors" identify the elements of the cognitive

experience in SA that are fundamental to constitute the knowledge-aim. What is done in

Si has to give a signification, related to the knowledge, to the events in SA. In this later

situation, the students and the teacher have to take into account two kinds of

necessities: an intrinsic necessity which lies in the (mathematical) situation in the sense

that it does fit the aim, in terms of knowledge, an intentionnal necessity which is tied to

the didactical purpose. The first is the epistemological caracteristic of the situation. The

second prepares the cultural side of the knowledge. In tact SA presents some

caracteristics of an a-didactical situation but, in general, is not completely a-didactical. In
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particular students know, from their previous experience that they are working to learn
something so that they try to identify what is asked in the didactical contract and not
through their propoer activity.

In terms of institutions, that can be seen in our pragmatic model, as a group of
persons involved in the resolution of a certain variety of problems and the use of certain
kinds of solutions (social practices! ), the two situations SA and Si refer to institutions of

two levels. The first level is more or less connected with action and with pragmatic
knowledge; knowing how to do without having the obligation to know how it works. The

second level is connected with other kind of practices, concerned in the reasons of the

success of the methods of the preceding level. Let us quote there an historical example:

the difference of practices between the egyptian architect to measure right angles and
the theorem of Pythagore and its demonstration; they refer to our two levels.
Institutionalization is a change of institution (problems. methods or set of practices,
knowledge) and the inscription of one's practice in a new kind of relation, defined by
the practices shared by the members of the institution. Si is a place for social practices

of the second level and it appears at least for the observer as a kind of institution. In fact
Si is a place in which the teacher and the student have to negociate about SA and the

knowledge-aim. The student had a special relation to SA, a certain kind of knowledge

which is not well known by the teacher. On the contrary, the later has a clear relation to
the knowledge-aim but a relatively poor information about the student experience of SA.

Their common problem is a problem of coincidence in their relation to the knowledge.
This model, in spite of being relatively abstract, is supported by some

considerations among which we can identify the following ones. The classical socratic
method is an extreme form of institutionalization, directly connected with a theory of
knowledge, already inscribed in the world of ideas, already present in each of us so that
its actualization is possible through the way of reminiscence. With the perspective of
transformation of one's experience, the general process is reflexivity, directly if it is
asked to the student as a product, indirectly if the student is invited to compare his
solution to others solutions. With a more active teacher's participation which is the case
in most of the didactical situations, he can be involved in a reformulation of the student's

past, in the translation of a social practice to another social practice, in the disclosure of
elements of his didactical intentionnality.

I Let us name practice(namely mathematical practice) every actualization made b)
somebody in the course of the tesolution of a mathematical problem or a problem the
solution of which requires some manifestation of a mathematical knowledge. This kind
of practices arc concerned by algorithms, methods, formulations, validations. In other
words. a mathematical practice is certified by behaviors that arc socialy certified to be
those of the practice in refering to a cultural universe of conformity.
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Concluding _remarks:

We cannot pretend that it is completely original to consider "mathematical

learning ... as both a process of individual construction and as a process of acculturation
into the mathematical meanings and practices of wider society" (Cobb P. and all, 1992;
Eisenhart, 1988). Nevertheless our main problem now, from a theoretical point of view

as well as from a practical one, is to describe operational approaches of this problem

from the point of view of teaching and teaching devices. Our general problematics try to

ccodinate the two major settings in which the mathematical activity of the student takes
place as well as its mathematical practice takes its meaning. From one side, each
mathematical situation and problem requires understanding, previous knowledge and a

recourse to other kinds of knowlegde which are not exactly inscribed in what he know.
In general cases these late requirements are not very important. On the contrary
learning new mathematical objects involve new ways of knowing and new mathematical

contents. On the other side, mathematical object are complex and are to be known
through a rather long process, didactical process, goal oriented, that can be analysed in

the way the general process of entering in an institution is analysed. This kind of
analysis is not on the student's side but more on the teacher's side and the special,
setting of knowledge which is required to make this knowlegde teachable.
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THE ROLE OF GRAPHIC AND ALGEBRAIC REPRESENTATIONS IN THE RECOGNITION OF

FUNCTIONS BY SECONDARY SCHOOL PUPILS.

L.Ruiz Higueras; J.L. Rodriguez Fernandez (University of Jaen)

C. Batancro and J.D. Godino (University of Granada).

SUMMARY.

The concept of function is one of the most important mathematical concepts, due to its unifying and
modelizing nature and since it appears on all school curricula from the Primary school years up till the Secon-

dary school. However, it is a complex concept since it contains a multiplicity of representative registers and it
generates very different levels of abstraction. Due to these characteristics, in our research work, we have con-
centrated on differentiating between the different conceptions that the pupils may associate with it. This paper
is part of further research into the concept of function, in which we present an analysis of the answers to 14

questions regarding the discrimination offundions based on algebraic expressions and graphic representations.
Using a multivariate analysis of the group of answers, we deduce factors which indicate the influence of the

task variables in the items regarding the pupils' arguments. Consequently we characterize different local con-

ceptions about the concept of functions

INTRODUCTION.

Over the last few years research in the field of Didactics of Mathematics has been marked by the

efforts matte to identify pupils' conceptions, through the regularity to be found in their different work, to dis-

tinguish those that may constitute obstacles for acquiring other knowledge and to clarify the conditions in

which these conceptions, which are sometimes highly resilient, may be modified. In a great number of recent

papers, such as those by Confrey (1990), Bednarz and Gamier (1989), Brousseau (1983), Vergnaud (1990),

Artigue (1990), Viennot, Joshua, eti there is one fundames tal idea: analyzing the development of the pupils'

conceptions and the factors is hicl. determine that development.

"The term conception is used in Didactics of mathematics for the purpose of establishing a distinction

between the mathematical object which is unique and the varied meanings which may be associated

therewith by our pupils The uniformity of the definitions and exercises proposed in mathematics

text books hides the wealth and complexity of the conceptions which may be associated therewith"

( Artigue, 1984, p.77).

In reference to the notion of function the first papers to be found are those by Nagel, Grin, Sze-

minks (1968) in the framework of genetic epistemology. Later we find those by Thomas (1975) and Mar-

yaaskii (1979) which, although they do not deal directly with pupils' conceptions, they Implicitly refer to

some aspects relating thereto. Following these, various papers have been written, amongst which we would

highlight those by Janvier (1981), Dreyfus and Blomberg (1982), Vinner. Tall and Dreyfus (1983, 1919),

Markovits, tylow and Bruckeinser (1916), Stand (1919, 1991, 1992), Sierpinska (1919, 1992), Dubinsky,

Hawks and Nichols (1989), Dubinsky and Harel (1992), Tall and Dakar (1992). This diversity of research
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into the notion of function is described in the survey made by Leinhardt and coils. (1991); amongst the con-

clusions which he gives us we highlight those which characterize the learning stated by the pupils: a wish for

regularity in the function's behaviour (a strong tendency towards linearity), an excessively precise vision of

the function (as against the problem as a whole) and an incorrect interpretation of the properties which may

be abstracted from the graphic displays of functions.

In this paper we study the arguments that the secondary school pupils use (aged between 16 and 18)

when discriminating functions based on algebraic expressions or graphic displays. Starting from a multiva-

riate analysis of the group of answers to the different items, we deduce factors which indicate the influence

of the task variables in the items on the pupils' arguments. Consequently we characterize local conceptions

about the concept of function.

EXPERIMENTAL STUDY.

The cork iihich we present is part of a larger study regarding the concept of function, nhich inclu-

des an epistemological study, an analysis of the teaching and a study about conceptions, using a questionnaire

made up of 25 items which was given to 323 pupils (Ruiz Higueras, 1993). The full questionnaire included

three sections: a) study of the definitions which, about the concept of function, the pupils supply and of the

examples they propose; b) discrimination of functions based on their graphic and algebraic displays; and c)

use of functions in solving problems about modelling.

The results which we present in this paper correspond to the analysis of the answers to the 14 ques-

tions about the discrimination of functions, which appear as an Annex. When drawing them up we chose to

use open questions instead of multiple choice questions, so as to study the range of possible arguments that

the pupils are capable of expressing when justifying their answers. By means of these arguments the pupils

will reveal different conceptions about the notion of function.

Tie task variables included in then questions were as follows:

-VI: Presentation setting for the item; which could be graphic or algebraic.

- V2: Type of correspondence presented: applicatiors/oon-application.

- V3: Continuity: Continuous/discontinuous in the whole domain.

- V4: Derivability: Derivable/non-derivable in the whole domain.

- VS: Unique algebraic expression or different in parts of the domain.

In each one of the questions we have considered two dependent variables: the answer to the item

(correct or incorrect) and the argument used as a justification. We have used the following categories for
these arguments:

(a) Application (coded as APLIC in Table 2): There are pupils who justify whether a given graph represents

or not a function by considering the latter as a single valued correspondence. ("It does not involve a function

since at one given moment it is in several places at the same time" (graph GA in the Annex). When trying to

justify whether an algebraic expression Is a function or not, some pupils also use the criterion of It being
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univocal ("If it is a function, for each value we give for x, it would correspond to a value of y" (expression

AE).

(b) Iconic- ideogram elements (ICON): we have assigned this category when the pupil bases his recognition of

the function, not on an analysis of its characteristics, but because it is a prototype example, used frequently

in the teaching he has received. Lacasta (1992) states that "on numerous occasions, both the school books

and the teachers in their classes treat graphs of functions as ideograms: a conventional symbol for recogni-

zing shapes in an ostensive manner" (p.8). One example would be thefollowing: "If it is a function, it is a cir-

cumference" - graph GF). For the algebraic expressions the pupils also base their arguments solely on the

"shape" they have, i.e., they recognize or do not recognize it as a model familiar to them ("If it is a function

by parts" (expression AA).

(c) Algebraic expression (EALG): In this section we include those arguments which justify that a given graph

represents or not a function, based exclusively on the fact that it is possible to give an algebraic expression

for it. ("If it is a function, it is the function y = 8" (graph GA).
In the case of algebraic expression, solely the fact of its existence may be enough to justify it in order

to determine whether or not it is a function ("If it is a function, there is a mathematical formula" (expression

AC).

(d) Domain-Image (DOMINIO): There arc some pupils who consider the graph of a function as a kind of

abacus, they can give values to the x and, therefore, by means of the graph, they canobtain the correspon-

ding value of y. ("Yes, it is a function, because we can take points from the x and find others for the y, and so

we would achieve this graph" (graph GC).
In this category we also classify those answers that, when referring to thealgebraic expressions, the pupils

justify the existence of a function by the possibility of giving values to the x and obtaining values of the y; i.e.,

they see in the algebraic expression a certain algorithmic procedure. ("It is not afunction, because I don't

know where I'm going to give the values to the x" (expression AB).

(e) Continuity-Discontinuity (CONT): Justifications based on the characteristics of continuity or disconti-

nuity. ("It is not a function, a function cannot have sudden jerks" (graph GE).

(I) Increase-decrease (CREC): Arguments based on the increase or decrease in the curve shown. ("It is not a

function because it increase and decreases in an irregular manner, it looks more like an earthquake rea-

ding" (graph GG).

(g) Others (OTROS): We include in this section those sporadic and strange answers which it is not possible

to classify in any of the previous sections.
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RESULTS AND DISCUSSION.

Answers to the items.

Table 1: Percentages of correct answers, according to the pupil's age.

ITEMS

AGE, AA AB AC AD AE AF AG GA GB GC GD GE GF GG

16

17

18

87.1 47.5 41.7 51.1 54.7 71.2 66.9 20.1 87.8 40.3 67.6 86.3 18.7 25.2

88.4 44.2 29.1 34.9 53.5 72.1 73.3 15.1 90.7 37.2 52.3 89.5 48.8 39.5

92.9 60.2 62.2 53.1 46.9 79.6 72.4 18.4 98.0 43.9 84.7 100 52.0 38.8

As may be seen on the Table, generally speaking, age does not influence the pupils' answers. We

may say that the education received by the pupils does not determine significant changes as regards the iden-

tification of functions.

Analysis of the arguments.

Once the arguments were classified, we carried out an analysis of correspondence (Greenacre, 1984)

in table 2, which crosses the different arguments used by the pupils in each of the 14 questions presented in

order to recognize whether or not they arc functions.

Table 2: Frequencies of arguments in the different questions.

ARGUMENTS AA AS AC I.0 AE AF AG GA GB GC GD GE GF GG TOTAL

APL IC 11 5 4 4 6 5 7 30 4 3 1 0 9 5 94
ICON 138 163 161 141 45 77 38 98 112 86 90 130 118 64 1461
EALG 0 0 0 0 0 0 0 4 91 15 26 36 15 8 195
DOMINIO 33 S 16 13 39 45 66 13 15 8 13 8 7 8 289
CONT 8 3 0 0 3 0 1 0 9 2 5 32 3 6 72
CRLC I 0 0 0 0 0 0 0 2 7 16 9 9 3 14 60
GRAF ICO 36 35 17 22 14 20 10 0 0 0 0 0 0 0 154
OTROS 6 25 3 4 9 9 7 0 5 1 2 0 0 6 77

TOTAL 232 236 201 184 116 156 129 147 243 131 146 215 155 111 2402

A highly significant Chi-square value was achieved (1413.722; 91 d.f. (degree of freedom) and three

main factors were observed, amongst which they explain 00.40% of the inertia. All the arguments and items

used presented a good quality of representation on the ales of prole Mon obtained. We shall Interpret these
factors below.
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FIRST FACTOR (47.25% of the inertia): "Presentation chart for the item".
On this first axis clear opposition was shown as regards the coordinates on the axis between the

items expressed in algebraic form and those in a graphic form, due to the fact that the arguments, used by
the pupils to determine in each one of them whether it involves or not a mathematical function, are clearly
opposed. So the "graph" argument ("it is a function because we can display it on a graph") is used exclusi-
vely when algebraic expressions are referred to; the "domain" argument ("it is a function because we can gi-
ve values to the x and we obtain the value of the y" or "it is not a function because since we don't have x we

cannot give it any values") is used much more abundantly to refer to algebraic expressions. On the contrary,
the "algebraic expression" argument is used by the pupils exclusively when referring to the functions expres-

sed graphically ("it is a function because its equation is y = lit "); the same may be said about the arguments

of "increase" and "continuity", they are only used if there are graphs.
Consequently, we interpret that the importance of this factor is indicative of the existence, amongst

a large part of the pupils of a pre-conceived conception due to the strong association between formula and
graph: "Every formula may be displayed on a graph", reciprocally, "Every graph comes from the values gi-
ven to a formula". Evidently this conception would have a very limited field of validity, even in this same

test, since in expression; like AE or GG it would not work.

The arguments about "increasing" (CRECI) or "continuity" (CONT) are only included in argu-
ments which involve trying to justify the existence of a function by means of describing its graph, however,

they are not used for algebraic expressions such as AA, AD, AE or AF. This would indicate that these pro-
perties arc considered to be graphic characteristics and not analytical ones. We interpret that the origin of

this could be due to the fact that the pupils' education reflects the influence of the "ostensive" nature whe-
reby the teachers use graphs in their teaching to present highly formalized concepts such as lateral limits,
continuity, growth, derivability, etc. The pupils do not respond to the question of whether or not a function Is

involved, but rather they limit themselves to "classifying" the graph.

SECOND FACTOR: (21.1% of the inertia) "Comparison of arguments relating to the domain and ideogra-

phic arguments on the algebraic chart".
This factor separates the algebraic items into two groups and it hardly has any influence from the graphic

items: on the one hand, items AG and AR appear; on the other hand items AD, AC and AB do so. The first
group of items appears to be associated to the domain argument and the second one to the ideographic argu-

ment, which are opposed to each other. In fact, items AG and AE present a percentage of items relating to
the domain which is quite higher than the average and a percentage of ideographic arguments quite lower
than the average; the opposite happens with items AD, AC and AB. This explains to us that there are alge-

braic expressions which the pupils identify or not as a function simply bearing in mind the "shape" they ha-

ve: they are prototype examples that are easily recognized by the pupils.

This kind of ideographic argument is for us indicative of another highly restricted conception of the

function, since an algebraic expression shall be considered u a function only under certain "syntactic" con-

ditions and a graph only under strict limitations regarding its configuration. Its domain of validity is also
very limited since functions such as AR, AD, AR, CC, GD or CC would be excluded. We believe that its ori-

gin is also in the teaching habits, due to the until repertoire of graphs and functions that appear in mathe-
matics teaching, The presentation that both the maths books and the teachers make of the notion of function
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in all their generality contrasts with the limitations of the field in which the examples and exercises are nor-

mally chosen.

As we described above, the arguments which we have called DOMAIN indicate that only the alge-

braic expressions which make it possible to give values to the x and to obtain the corresponding values for y

may be considered to be functions. For us, they indicate a conception of the function as a certain procedure

of algorithmic calculus (input-output). Its domain of validity is also very limited since it excludes functions li-

ke AB or AE. The pupils show this when referring to the functions expressed algebraically. We may say that

they arc induced by a deeply rooted practice in teaching, as is the drawing of "tables" based on algebraic
expressions.

THIRD FACTOR: (12.1% of the inertia) "Idea of application"

This factor is marked almost exclusively by the idea of application and it opposes item GA to the

rest. In this item, the argument of application was used very frequently, which, in general, was not used In

the others. The lesser weight of the third factor shows that the pupils first looked for other arguments
(ideographs, algebraic expression, graphs, etc..) before checking whether or not it insulted an application.

For them, the function had to meet other prior requisites before this one in order to be considered as such.

We may also point out that the GA graph is very peculiar and strange, due to its shape (it does not usually

appear in text books) and for the pupils it was very effective and economical to use the "application" argu-

ment. Nevertheless, item GF would also be included in these very same circumstances, but because it invol-

ved a circumference, a very familiar curve for them, they do not use this argument, but rather the ideograph

argument ("it is a circumference, therefore it is a function") and this is sufficient for them to consider it to
be a function, they do not need to prove whether or not it is an application.

This application argument is also indicative of a conception of the function as an application, al-

though generally this.ssas observed very little in our sample, in spite of the fact that this is the definition of a
function which appears in the text books which these pupils used.

Although the variable of the academic year involved has been included as a supplementary variable,

no influence therefrom was obtained in any of the ales. Consequently we observe a permanence of the argu-

ments used throughout the different academic years, which might be s sign of the permanence of concep-
tions, independently of the teaching received.
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PUPILS' VIEWS OF CALCULATORS AND CALCULATION

Kenneth Ruthven
University of Cambridge

Abstract: This questionnaire study examines pupils' representations of
number work, calculators and calculation, and their dispositions towards
them, as they transfer from primary to secondary education. Two distinct
dimensions of attitude and belief emerge, associated with pupils' preference
for not using or using a calculator: first, their degree of enjoyment of number
work and of confidence in alternative modes of calculation: second, their
degree of scepticism about the legitimacy and beneficence of the calculator
and of confidence in the calculator mode of calculation. Marked gender and
school differences are found on the second dimension.

Introduction
The focus of this paper is on pupils' attitudes to. and beliefs about, number

work, calculators and calculation at an important transition point in their
education: between primary and secondary school. The concepts of attitude
and belief are diffuse, and this has provoked some criticism of them as
theoretical constructs. Nonetheless, their persistence reflects their resonance
with our commonsense construction of human thought and behaviour: in
particular, the way in which representation of experience and disposition
towards it appear to combine in our mental activity.

Equally, attitude and belief can be said to have both individual and social
facets: in particular, individuation of attitude and belief within a community
can be thought of as differential positioning within some shared template. The
particular focus of this study was on developing a simple model of such a
template. For this purpose, a standard questionnaire methodology was
adopted. involving a substantial pupil cohort.

The design and implementation of the study
The pupils taking part in the study had just entered their first year of
secondary education in two 11-16 comprehensive schools serving village
communities in the Cambridge area. In most cases, the pupils had previously
attended local primary schools from which the normal pattern of transfer was
to these secondary schools.

The questionnaire consisted of items in Likert format presenting pupils
with a sequence of statements to which they were asked to respond on the
following five-point scale: e, described as meaning -yes1": you strongly agree'
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(and scored as 2); I, descrioed as '"yes..ish": you agree but not strongly'
(scored 1); -. described as "er..um.. ?": you are undecided or neutral' (scored
0); x. described as -no..ish": you disagree. but not strongly' (scored -I): and x x.
described as 'not ": you strongly disagree' (scored -2). The items fell into two
groups. The first focused on comparative judgements of three modes of
calculation: mental, written and calculator. The second was concerned with
more general Judgements about working with numbers and calculators. Items
from the two groups were alternated in the questionnaire; within each group.
similar items were distanced to avoid sequencing effects: and two potentially
emotive items were placed at the end of the questionnaire.

Pupils completed the questionnaire in September 1993. within the first
fortnight of Joining their secondary school. They did so in class under the
supervision of their mathematics teachers. Some teachers reported instances
of pupils requiring help in identifying which response to choose when they
disagreed with a statement that could be construed as a negative. Of the 340
pupils on roll in the two schools, questionnaires were received from 327. a
response rate in excess of 96%.

Comparison of calculation modes
The first group of items was designed to elicit comparative ratings of the

modes of calculation in terms of three criteria: difficulty, incidence of
mistakes, and time taken. The items and the patterns of response to them are
shown in Table 1. There is a consistent pattern in which pupils rate the
calculator mode relatively favourably on each criterion and the mental mode
relatively unfavourably. with the written mode rated intermediate on difficulty
and unreliability. Statistically, all these comparisons are highly significant
(beyond the .000 level on a one-tailed Wilcoxon test). In the only exception to

Table 1: Items comparing modes of calculation

Item Response percentages/1 I x X X

It is more difficult to do number problems with a calculator 4 10 19 30 37
It is more difficult to do number problems by a written method 6 19 30 29 16
It is more difficult to do number problems in your head 23 34 20 18 6

When you do number problems with a calculator, you make more mistakes 5 12 25 30 29
When you do number problems by a written method, you make more mistakes 4 16 34 27 19
When you do number problems in your head, you make more mistakes 11 37 22 23 7

Doing number problems with a calculator takes more time 6 12 14 35 34
Doing number problems by a written method takes more time 23 38 23 13 4
Doing number problems in your head takes more time 23 39 20 11 7
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this pattern. the written mode was rated close to the mental mode in terms of

time demand.
Equally. the patterns of response to a particular mode are similar across

different criteria, suggesting that relatively undifferentiated judgements are

being made. For each mode. the statistical association between ratings on

different criteria is sufficiently high (correlation typically around 0.3,
significant beyond the .000 level on a one-tailed Spearman test) to make it
reasonable to aggregate ratings for further analysis by averaging scores for
difficulty, unreliability and time demands to form the compound constructs
CalculatorHasDrawbacks, WrittenHasDrawbacks and MenictlHasDrciwbacks.

Views of number work and number problems
The second group of items was intended to elicit judgements about more
general aspects of working with numbers and calculators. The majority were

designed as paired items of opposite polarity. The items and the patterns of
response to them are shown in Table 2. Analysis suggests a degree of
acquiescence, although some pupils may reasonably have interpreted
statements as not wholly opposed, or encountered the difficulties mentioned
earlier over disagreement with negative statements. Nonetheless, with the

exception of one pair which has been excluded from this analysis, statistical
association is sufficiently high (correlation typically around -0.25. significant

beyond the .000 level on a one-tailed Spearman test) to justify the formation of

compound constructs by averaging scores over the pair, after reversing those

Table 2: Items on number work and calculators

Item
se

Response percentages
1 41

1 en}oy experimenting with numbers 38 36 13 -, 7

I dislike working with numbers 7 9 13 30 4,

There are several different ways of doing every number problem :1 51 12 5 1

There is one proper way of doing every number problem 15 14 29 22 20

I prefer number problems when I have to think them out 19 34 24 14 10

I prefer number problems when I have already been shownwhat to do 36 31 14 11 9

You have to understand a number problem to do it with a calculator 22 34 22 14 9

You can do a number problem using a calculator without understanding it 22 33 13 19 14

You can learn new things about numbers from using a calculator 16 26 28 17 13

If you use a calculator you learn less about numbers 29 32 16 15 9

I prefer not to use a calculator to do number problems 16 16 30 22 17

Using a calculator to do number problems is a kind of cheating 19 24 25 17 16
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on the negative item. Indeed, interpretation of the tabulated data will be
supported in the text by reporting of the proportion of pupils responding
consistently positively or negatively over a pair of items.

For the first pair of items, corresponding to the compound construct
LikeNumberWork. such information confirms the indication of the tabulated
responses that the majority of pupils have a positive attitude to number work:
60% agreed with the positive statement and disagreed with the negative;
whereas only 5% showed the reverse pattern.

The results from the next two pairs of items suggest some qualifications to
Schoenfeld's (1992, p.359) general characterisation of pupils' beliefs about
mathematics: that there is only one correct way to solve any problem, usually
the rule that the teacher has most recently demonstrated; that pupils cannot
expect to understand mathematics, but must memorise it and apply what they
have learned mechanically. Responses to the pair of items corresponding to
the construct SeveralWaysToDo suggest that many pupils take a flexible view of
method. The strongly supported positive statement that, there are several
different ways of doing every number problem was the first on the
questionnaire, appearing prior to any mention of different modes of
calculation. Even on the more pointed negative statement that there is one
proper way to do every number 'problem. disagreement outstrips agreement.
Combined, 38% of pupils agreed with the positive statement and disagreed
with the negative; only 3% showed the reverse pattern. On the pair of items
corresponding to the construct LikeToThinicOut the evidence is less clear
cut: 29% of pupils agreed that they prefer problems both when they have to
think them out and when they have already been shown how to do them. The
combination of these two positions is not necessarily inconsistent; it could be
interpreted as expressing approval for structured intellectual challenge.
Overall. 15% took the rather stronger position of agreeing with the first item
and disagreeing with the second, with 19% showing the reverse pattern.
Nonetheless, even these findings should serve to qualify the stereotype of the
intellectually passive pupil.

Views of the calculator
The last two item pairs focus more specifically on use of the calculator. A study
by the APU (Foxman et al., 1991, p. 3-17) found that nearly 30% of 11-year -

olds considered that use of calculators was harmful because "they stop you
using your brains" or "prevent you learning all sorts of sums". The present
study distinguished between the constructs UnderstandWithCalculator and
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LearnFromCalculator (and this differentiation is vindicated by the relatively
weak correlations observed between their respective items). Overall, there is

more scepticism about the position that use of the calculator promotes
learning about numbers (with only 14% taking a consistently positive position,

22% consistently negative) compared to the view that using a calculator to do

a number problem requires understanding (where 24% took a consistently
positive position, 15% consistently negative). In effect. this indicates greater
acceptance of the calculator as a procedural tool than as a learning aid. In this

respect, pupils' views coincide with the practice of teachers as observed by
HMI (1991, p.18: 1992. p.15) who found little recognition of the role of
calculators in promoting the development of number concepts and skills.

The final single entries in Table 2 are the two potentially emotive items

already referred to. The more neutral statement, expressing a preference for

not using a calculator, was supported by one third of pupils. This is similar to

the proportion of 11-year-olds reported in the APU study as disapproving the

use of calculators or preferring not to use them. The more impassioned
statement (concluding the questionnaire) which labelled use of the calculator

as a kind of cheating was supported by over 40% of the pupils, whereas such a

view was expressed more spontaneously by less than 10% in the APU study.
This can be interpreted either as an expression of simple disapproval or as

one of intellectual fastidiousness: a valuation of mental competence and mental
activity. Hedren (1985, p. 176) has noted that many mathematically confident

pupils enjoy mastering calculations themselves instead of being dependent on

a machine; similarly. Ruthven (1992, pp. 92-93) found pupils reluctant to use

a calculator on the grounds that by doing so they 'lost control' of their

mathematics. In view of the broad and even spread of responses to these two

items, they were retained as separate constructs for further analysis as
PreferNoCalculator and Calculator's Cheating.

The influence of gender and primary school
Gender differences in attitude to both mathematics and technology have been
widely reported. Consequently, this is an area which merits particular
examination. School differences also need to be considered as they may be

acting as an otherwise hidden influence on gender differences. Although
school differences are also of interest in their own right, in this study there is

no way of distinguishing between an effect which is due to differences in the

communities from which schools draw their pupils, and one due to pupils'
experience within the school. School effects, then, must be interpreted with
corresponding caution, as indicating plausible conjectures about the influence
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of schools rather than find conclusions. Possible gender and school
differences were explored through a two-way analysis of variance on each of
the constructs (with small primary schools transferring low numbers of pupils
being consolidated into a single category). In fact, no gender-school
interactions approaching significance were found in the analysis. The findings
are summarised in Table 3.

Although the APU (Foxman et al.. 1991. p.5.2) reports that, at age 11. boys
as a group are more favourably disposed towards mathematics than girls, such
an effect was not found here. The focus of LikeNumberWork is. of course. more
narrowly specific. and the same APU study (p.2.3) reports number as an area
in which there are minimal gender differences in attainment at age 11. On the
two constructs relating to views of number problems, the stronger and mildly
significant gender difference is on the construct LikeToThinkOut although
the trend on SeveralWaysToDo is in the same direction. These differences are
consistent with those suggested by other work on gender differences in
attitudes to autonomy and independence (McLeod. 1992. p.586).

On the constructs relating to modes of calculation, the only evidence of a
gender effect is in relation to use of the calculator. Boys' and girls' ratings of
both the written and mental modes are extremely close. But while boys and
girls both rate the drawbacks of the calculator mode as markedly lower than
either of the other modes, the boys' rating is significantly more favourable. On
the four remaining constructs relating to the calculator, there are no
significant gender differences, although the trends are all towards more
positive ratings of the calculator by boys. Here. however, there is strong
evidence of a school effect, with three of the four items revealing some degree
of significance in the differences by primary school.

Table 3: Construct ratings: overall, and by gender and school

Construct Overall
statistics

mean at-day

by Gender
Female Male
mean mean

by School
Lowest Highest
mean mean

Significance
Gender School
effect effect

CalculatorHasDrawbacks -0.78 0.85 -0.66 -0.86 -1.14 -0.40 .055
WrittenHasDrawbacks -0.01 0.79 -0.02 -0.01 -0.44 0.18
MentalHasDrawbacks 0.47 0.83 0.45 0.48 0.20 0.86
LikeNumberWork 0.91 1.00 0.92 0.90 0.54 1.26
SeveralWaysToDo 0.62 0.83 0.58 0.66 0.38 0.75
LikeToThinkOut -0.17 1.00 -0.28 -0.07 -0.57 0.15 .085 .048
UnderstandVAthCalcu lator 0.09 1.03 0.08 0.10 -0.32 0.41
LeamFromCalculator -0.22 1.02 -0.29 -0.15 -0.70 0.21 .048
PreferNoCalculator -0.09 1.30 -0.05 -0.12 -0.75 0.50 .088
CalculatorlsCheating 0.13 1.33 0.17 0.09 -0.57 0.83 .031
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A structural analysis of views
The goal of this study was to model a simple framework within which
individual differentiation of attitude and belief can be understood as taking
place. This was pursued through a factor analysis of the constructs with the
results reported in Table 4. This two-factor model captures a good proportion
of variation; beyond this point, the increased explanatory power of adding
further factors drops markedly. One way of making sense of the structure is to
see it as offering two independent dimensions relating to pupils' preference
for using a calculator or not doing so.

The first dimension links preference for not using a calculator to a liking for

number work and thinking out number problems, to relative confidence in the
alternative written and mental modes of calculation, and to a view that number
problems can be tackled in different ways. Correspondingly. preference for
using a calculator is linked to a lack of enjoyment of number work and
thinking number problems out. to lack of confidence in alternative modes of

calculation, and to a view that there is one proper way to tackle each number
problem. At heart, then, this dimension relates to pupils' general enjoyment
and confidence in the different elements of number work: the more so, the
stronger the preference to dispense with the calculator (thus increasing the
challenge of the work); the less so, the stronger the preference for using the
calculator (thus making the work achievable). This suggests how decisions
about use of the calculator enable pupils to control the challenge posed by
number work, and match it to their degree of enjoyment and confidence in
such work. This is consistent with the report by Shuard et al. (1991, p. 24)

that most children decide for themselves that they do not need or want to be

dependent on their calculators for all calculation.

Table 4: Factorial structure of views
Loadings accounting for more than 10% of construct variance

Construct Factor I II

LikeToThinkOut .66

Like NumberWork .66

MentalHasDrawbacks -.63

WrittenHasDrawbacks -.47

SeveralWaysToDo .45

Calculator!, Cheating .72

LeamFromCalculator -.69

PreferNoCalculator .49 .53

CalculatorHasDrawbacks .42

UnderstandWithCalculator -.33

Percentage of total variance explained 20.6 15.7

167-
1245



The second dimension links preference for not using a calculator to doubts
about its legitimacy and about the facility, reliability and speed of the calculator
mode of calculation, and to beliefs about the negative influence of the
calculator on understanding and learning number. Correspondingly. preference
for using the calculator is linked to acceptance of its legitimacy and of its
facility, reliability and speed. This dimension, then, is one of general attitude
to the calculator: the more positive the score, the greater the degree of
scepticism about the the calculator and the preference against use; the more
negative the score, the greater the acceptance and preference for use.

No gender or school difference emerges on the first factor: in particular, the
means for boys and girls are extremely close. On the second factor, however,
both gender and school effects are significant (at the .051 and .023 levels
respectively). In particular, the male mean is markedly lower (0.23 of a
standard deviation) than the female. This seems to be a consolidation of the
consistent trends for boys to be more favourably disposed towards the
calculator on individual constructs. In sum, then; important gender and school
differences arise in attitudes and beliefs about the calculator.
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LEARNING ABOUT TEACHING AND LEARNING: A DIALOGUE WITH

TEACHERS

Ada lira Saenz-Ludlow, Marcela Perlwitz
Purdue University

Abstract: This paper describes our collaborative efforts with five teachers to rethink
mathematics instruction in elementary schools during a summer math camp. Our activities
included the analysis of videotaped mathematics lessons, working in the solution of
arithmetical tasks, and reflecting on our role as teachers. Throughout the camp, teachers
changed the focus of their attention and reflection from the teaching-learning activities
documented in the videotapes to a restrospeclive analysis of their own teaching practice.

CONCEPTUAL FRAMEWORK
Calls to reform mathematics education in the United States (Mathematics Framework for

California Public Schorls ' qy'i; Everybody Counts, 1989; NCTM Standards, 1991; MAA

Call for Change, 1991) have brought increasing attention to the issue of teacher preparation

and professional development. On the one hand, teachers are seen as key elements in

transforming mathematics education. On the other hand, it is recognized that teachers are the

product of the very system they are expected to change (Schifter, 1993; Bauersfeld, 1980;

Ball, 1989; Lampert, 1991; Simon, 1993). The NCTM Standards for Teaching Mathematics

(1991) certainly acknowledges the complexity of the task ahead:

The kind of teaching envisioned in these standards is significantly different from
what many teachers themselves have experienced as students in mathematics
classes. Because teachers need to develop this kin of teaching practice,
appropriate and ongoing professional development is crucial. Good instructional
and assessment materials and the latitude to use them flexibly are also keys to
the process of change. (p. 3)

This suggests the need for teacher professional development programs that take a holistic

approach to the teaching and learning of mathematics within the classroom (Bauersfeld,

1980).

The process of teaching and learning mathematics can be viewed most aptly as a
highly complex human interaction in an institutionalized setting (Bauersfeld,
1980; p. 35).
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Thus, among other things teachers need opportunities to

- become actively involved in doing mathematics individually and in cooperation

with others while reflecting on their knowledge;

- reflect on pedagogical and cognitive implications of mathematical tasks posed to

children;

- reflect on children's interpretation of mathematical tasks and their mathematical

activity;

- develop instructional materials that facilitate children's formation of mathematical

concepts while developing their thinking strategies;

- develop adequate forms of assessing children's understanding and progress;

- reflect on their own teaching practices as interactively related to students' learning.

Few opportunities, however, arise for teachers to distance themselves from their own

teaching practice in order to engage in the solution of mathematical tasks, the observation of

children's mathematical activity, and the reflection on their own practice.

The work here described was an exploratory approach to teacher professional

development in which we attempted to incorporate as many elements of classroom life as

possible so we could come a little bit closer to the teachers' world. Our basic assumption is

that teachers and researchers view classroom life through the lenses of their experiences that

are ultimately shaped by their domain of activity. Thus, as Bauerifeld (1988) puts it, "in

comparison with teachers, perhaps researchers do have 'other' knowledge about classroom

realities, rather than 'better' knowledge." Hence, our common desire to improve children's

mathematical learning can constitute the basis for our collaboration and team work. In this

paper we describe our joint activity with teachers during a summer math camp in which we

shared pedagogical concerns regarding elementary school mathematics, explored

instructional tasks intended for elementary school children, analyzed unedited videotaped

lessons, reflected on children's and teachers' solutions, participated in small-group and whole-

group discussion, and reflected on the importance of social interaction and the role of

mathematical argumentation in the development of mathematical concepts. We also

experienced, first hand, classroom life as a community of discourse, and discussed the need

to reflect on our own teaching practice, individually and in collaboration with our colleagues.

PURPOSES, METHODS, AND PROCEDURES

The intent of the study was two-fold. On the one hand, we wanted to investigate how

children's solutions of mathematical tasks could influence teachers' awareness of their own

1248 170



mathematical activity and that of the children. On the other hand, it was intended to share and

analyze a teaching practice that supported children's inquiry. To this effect, a math camp was

designed and conducted during the Summer 1993. The main feature of this camp was that it

provided the participant teachers and students the opportunity to solve non-standard

mathematical tasks individually and in collaboration with others. These tasks had the

potential to support strategic thinking, mental calculations, counting, conceptualization of

units, place value, and number sense as some of the interwoven strands essential in the

development of quantitative reasoning.

The camp was conducted with 6 children and 5 teachers who participated on a voluntary

basis. Neither the children nor the teachers, up to this point, had been exposed to a

constructivist approach to teaching and learning. The teachers had between eighteen and

twenty-three years of teaching experience each and were searching for alternative ways of

teaching mathematics to their students.

The camp included two consecutive sessions: the first one was conducted with students

and the second with teachers. The children's camp lasted 4 weeks, and we met 2 hours a day.

Teachers' camp lasted 12 days over a 4-week period. We met with teachers 4 hours per day.

We were the instructors and gave both groups the same set of tasks to provide teachers with

opportunities to compare and reflect on their own solutions and mathematical activity as well

as those of the children. Children were divided into two small groups and emphasis was

placed on justification and explanation of solutions to mathematical tasks. With teachers, we

used two instructional strategies: small-group interaction followed by instructor-led whole-

group discussion. Each of the teachers' sessions was broken into two 2-hour periods. After

teachers' solutions were discussed, a videotape of the children's solutions to corresponding

tasks were discussed and analyzed. Teachers were requested to keep journals of their

reflections on students and their own solutions; on children's collaborative efforts to

communicate their solutions; on children's mathematical thinking and reasoning power; and

on other issues the teachers deemed important.

Children's sessions were videotaped and we kept field-notes of teachers' solutions and the

issues discussed with them.

ANALYSIS
In the course of the summer camp, the participating teachers changed the object of their

reflections At first, they focused their attention on the teaching and learning activities

presented in the videotapes. Then, they reflected on their own mathematical activity and
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their interactive participation with other members of the group. Finally, they made their own

practice the focus of their reflections. In what follows we present excerpts from teachers'

journals to illustrate their reactions to the videotaped lessons.

Throughout the first week, the group conversation evolved from issues concerning the

teacher's actions to children's thinking strategies to the nature of the instructional tasks. That

week, the teachers decided to write about the interaction and mathematical activity of the

observed group of children.

While viewing the video I noticed the teacher's role as being a facilitator rather
than instructor. The teacher did not "teach" a lesson so that the group could
restate answers as in traditional lessons. The teacher posed a problem for the
group to work on, then encouraged different ways to solve it....Children shared
their solutions and the teacher encouraged discussion by asking questions or
restating their explanations to make sure that they were communicated (Lynn,
Jul. t 7).

In the video, a problem was selected which could challenge the students to think
about numbers in a variety of ways....You did not take on the "tr itional role"
as the lecturer, leader, or instructor. Instead, you helped th udents generate
number relationships. I noticed that your role included ph sical, emotional, and
cognitive ways (Megan, July 7).

The value of the activity in the video was that it presented a problem (not an
exercise) for the students to solve using the understanding that they currently
had about numbers. It also provided the opportunity for the students to verbalize
their thinking. In doing so, the students helped each other because they used
language that made sense to them....The students referred to other students'
strategies and used them later in solving problems. The verbalization brought
the students a sense of accomplishment (Mary, July 8).

While teachers centered their reflections and discussions on the changes they perceived in
the children's activity, we observed the teachers' interaction and noticed gradual changes. For
instance, at first, teachers did not feel comfortable, sharing their thinking and solutions with
others in small-group or whole-group discussions. By the end of that week the teachers
seemed more relaxed and willing to share their ideas. At that point we suggested that they
reflect on their interaction. The following is a sample of their views.

This class has been changing ever since the first meeting....We have a variety of
experiences that we bring to the classroom. This helps to enrich all of us....The
more we interact the easier it is to interact. This is facilitated by the instructor
who allows free interaction. Each of us feel that we can contribute something
valuable to the class. No one feels like they arc being judged when expressing
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concerns or ideas....The mathematical activities have been stimulating and eye

opening (Helen, July 14).

On the first day of our class, you had us do some mental calculations to get us
started. I can remember feeling very nervous and reluctant to share because I
only knew one person in our group. After four days of working together as a
group, I can see changes in our group. I feel more comfortable sharing answers
and methods. I even feel that I can risk making mistakes....All of the members
seem to be sharing, verbalizing, and asking questions freely (Megan, July 14).

The social interaction of our group has become more relaxed and questioning of
others' solutions. These changes may he a result of a mutual respect of each
learner's thoughts and explanations, combined with a safety factor that no one
will be negative about somebody else's explanations or thoughts (Lynn, July
14).

These excerpts reveal how the teachers themselves experienced the constitution of a new

set of expectations for classroom participation. As instructors we supported a risk-free

environment where the participating teachers could interact with others and collaborate in the

solution of problems. Our interventions and interaction with them were similar to those with

the children. As we pointed out earlier neither the teacher nor the students had previously

experienced solving problems in collaboration with others. As we observed the videotaped

lessons and the teachers' interaction, we noticed a parallel between the evolution of the

interaction within each of the groups. In both cases there was a need to establish an

atmosphere of mutual respect and trust in order to have a productive activity. The videotaped

episodes provided the context for a discussion of some of the difficulties one might encounter

while attempting to establish an inquiry approach to mathematics instruction.

With regard to the teachers' mathematical activity it should be noted that, from the

beginning, the teachers did not hesitate to use materials, make graphic representations, or use

what they thought to be more elementary solutions. However, they were at first unaware of

the variety of solutions and strategies that one could use to solve simple arithmetic tasks. By

the second week, we incorporated ourselves to the small groups and actively participated in

the solutions and discussions. As our interaction evolved, teachers began looking for

alternative solutions and attempted to make sense and use of each other's strategies.

As we strive to understand each other's thoughts while sharing, we attempt to
see how and when we can try the processes to see if they will work for us
(Lynn, July 14).
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[Today] each of us had one (occasionally more than one) process we used to
solve the problems. More solution ideas were learned as we shared our
processes in our small group, and even more in our large group discussion.
Some processes by others made sense and could be used to solve problems in
the future, however, other processes did not make sense (yet) and could not be
used. During our large group discussion I also found comparisons between
problems (Mary, July 8).

Another interesting thing is happening in our group, and that is, one of the
instructors takes on the role of one of the students in the video. This creates a
"problem situation" for our group and the instructor. This is very valuable
because the instructor can model for us how to handle those situations. This is a
better way to learn about class management rather than discussing fictional
situations. (Helen, July 14)

So far, we have illustrated the evolution of our dialogue with teachers with regard to

children's activity and interaction, and those of the teachers themselves. We must point out

that although we wanted to provide teachers with an opportunity to reflect on their own

practice, we did not expect them to do it overtly. However, during our conversations they

began sharing with the group what they considered to be limitations in their teaching

approach.

The summer camp has been interesting. I have found many "gaps" in my
teaching method. Although I provided a lot of hands-on experiences in my
classes, I did not provide students enough time to think on their own and to
discuss their strategies for solving problems. I had the children verbalize my
[emphasis added] strategies for addition and subtraction and did not provide
opportunity for the students to construct their own. I also underestimated what
children can do when given challenging problems (Megan, July 22).

This camp has helped to encourage me in what I have half-heartedly begun in
my classroom. We are doing a lot more of the concrete experiences and hands
on activities but I see that one of the key elements that has been missing in my
class has been taking the time to listen. Listening to their explanations and
allowing them to actually teach others their own methods will enhance what I
am trying to do (Helen, July 22).

Solving, explaining, and discussing arithr-etical tasks was a type of activity that teachers

had not experienced either as students or teachers. Generating, individually or collee_ively,
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different solutions for arithmetical tasks provided teachers with a context to reflect on their

own mathematical activity and, with it, that of theirstudents. Likewise, reflecting on the

interaction between the instructor and the children seems to have facilitated the emergence of

teachers' introspective analysis of their teaching.

CONCLUSIONS
The analysis of the teachers' reflections suggests that they became aware of the dynamic

and evolving nature of classroom social interaction and its influence on the development of

arithmetical concepts. As children anticipated solutions, verbalized explanations, interpreted

and acknowledged the solution of others, teachers realized the generative and constructive

power of their intelligence.

In a way, the children's sessions modeled an interaction that served us well to initiate our

interaction with the teachers. This interaction evolved as we established a new set of

expectations based on mutual respect for our different kinds of knowledge of classroom

realities. Teachers brought with them a wealth of practical knowledge, the product of their

years of classroom experience. We brought insights into ways of approaching teaching from

a socio-constructivist perspective. From thisviewpoint, social interaction supports

communication that enhances reflection on one's own activity to facilitate abstraction and

thus cognition. The consensual interaction between teachers and researchers generated an

environment where non-traditional tasks were solved, argued and defended; children's

videotaped sessions analyzed; and reflection encouraged and expected.

The summer camp provided researchers and teachers with an opportunity to work in

collaboration and to experience the initial of a socio-cognitive approach to teacher

professional development. This is not to say that the summer camp experiences were enough

for teachers to transform their practice. We arc fully aware that, at most, the camp

represented the beginning of a long-term process of cooperation with teachers to support the

evolution of their classroom practice. We concur with Gattegno (1970) that "it is not the duty

of the teachers to convince themselves of the particular advantagesof any given new

approach" but that of the advocates of new proposals and researchers tobridge the gap

"between themselves and an audience that in fact come to exist because teachers seek

progress and are prepared to look for anything the promises improvement" (p. 51).
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STUDENTS' UNDERSTANDING THE IDEA
OF CONDITIONAL PROBABILITY

Ana Maria Ojeda Salazar
Departamento de Matematica Educativa

CINVESTAV del IPN, PNFAPM

Mexico

In this work the answers of students aged 16-22 years given
to questions concerning the idea of conditional probability are
analysed. The general performance they showed to support their
answers depended on the instructional environment to which they
were exposed. It was confirmed also that it is more difficult to
answer questions in which the conditioning event is supposed to
happen later than the conditioned event, than when the
conditioning event happens either simultaneously or before the
conditioned event. Additionally, there was a confusion between
conjunction of events and conditioned events.

This paper is concerned with a part of a wider research on

pupils and students' understanding of fundamental ideas of

probability before the university level (see Ojeda, 1990). One of

the ideas the study dealt with was conditional probability, which

was investigated with Mexican preparatory students aged 16-22 who

underwent two instructional conditions.

Prior research about understanding of conditional probability

has emphasized the difficulty subjects have to assess conditional

probabilities for which Bayes' theorem is required for a formal

approach. That is, when for the expression of conditional

probability

P(A n B)
P(AIB) (P(B) * 0),

P(B)

at least the term P(B) and often also P(A n B) cannot be computed

directly, but they have to be expressed by means of the

probabilities of other events, and the property of the addition of

probabilities and the multiplication rule (i.e. P(A n B) =

P(A)P(BIA)) have to be used.

To make explicit what follows, we will refer to B in the

expression above as the conditioning event and to A as the

conditioned event.

Kahneman & Tversky's work (1982) highlighted the issue of the

bigger difficulty subjects have to assess conditional probability

when the conditioning event is perceived as a possible effect of
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the conditioned event (perceived as a possible cause), than when

the conditioning event is perceived as a possible cause of the

conditioned event (perceived as a possible effect). Using these

authors terminology, diagnostic reasoning is required in the first

case, and causal reasoning is needed in the second.

The difficulty that Bayes' theorem entails has been

investigated by Shafer (1982). He has pointed out that whereas in

traditional instruction distinction is not made between

simultaneous events and timed events when applying the expression

of conditional probability, Bayes used his nowadays well known

theorem for subsequent events (see Proposition 5, p. 1077, in

Shafer's paper). That is, the main idea in Bayes' theorem is that

of using information to assess the likelihood of past events, i.e.

the idea of inverse probability.

For the case of subsequent events, an explanation of failure

when subjects have to assess conditional probabilities when the

conditioning event is posterior to the conditioned event was given

by Bentz & Borovcnick (1985). According to these authors, when the

conditioned event is supposed to have occurred before the

conditioning event, the former is not considered as a possible

cause of the latter and the condition is not recognized. As a

consequence, the most frequent answer given corresponds to

unconditional probabilities instead of conditional probabilities.

Falk, in her works on insights, difficulties, uncertainty and

conditional probability (1986, 1989), points out that one's

understanding of a situation depends on how one considers that the

information has been obtained, and calls attention to what one

considers as relevant in the information given. In particular, Falk

highlights the ambiguity often present in real life problems, where

the randomness is not clearly stated and the conditioning event can

be either considered as irrelevant or difficult to identify.

Parzysz (1990) has highlighted the richness that tree diagrams

offer to the instruction on conditional probability. According to

his proposition, the mathematical entities involved in the

situation to be modelled (sample space, events, probabilities and

conditional probabilities, partitions, the total probability

theorem, the multiplication rule) are linked to the notational

system through the tree diagram.

These kinds of representations' could play the role of the
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"material forms" needed to generate mathematical knowledge, as

Kaput (1991) claims. Moreover, according to this author, to the

extent to which the operant features of two particular notations

are perceptual and cognitively available to a subject, their

physical representation is also available to him or her (in the

present case, the identification of events, their probabilities and

their relations among them on the tree diagram).

Most of the instructional environments to which students are

exposed, what is called here traditional environments, work as if

knowledge could be transmitted by the teacher (who exposes the

theory and solves problems in front of the class) to the students

(who take notes of what the teacher says or writes on the

blackboard). Students' beliefs and representations, are among the

elements often neglected in this kind of environment, the same as

some aspects which were important in the emergence of the concepts

that they have to learn.

This work was interested in knowing if a traditional

instructional environment enable preparatory students to overcome

the bigger difficulty to answer questions which require diagnostic

reasoning than to answer questions for which causal reasoning is

needed, as reported by prior research. In addition, we were

interested in investigating students' understanding of conditional

probability after they were exposed to another instructional

environment where their activity and opinions were important, and a

specially designed didactical guide was used. Among other elements,

in that guide Parzysz' proposition was used and the information

about errors and strategies that students in a traditional

instructional environment make when answering questions about

conditional probability was taken into account..

The auestions. Four problems were posed to the students: two

involving asymmetrically distributed populations, and two involving

symmetrically distributed populations. In the last case, one of the

problems was posed through a random variable.

For each problem, four questions were asked, each

corresponding to the items specified in the former section: for

item a) diagnostic reasoning was needed; for item b) causal

reasoning was required; item c) asked about the intersection of the

events involved in items a) and b); item d) concerned with the

conditioning event in item a). As an example, we quote next the
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first problem (referred to an asymmetrical distributed population)

and the fourth problem (symmetrical population, random variable).

1. A cloth bag holds two equally sized counters. One of the

counters has its two faces red and the other has one red face

and the other is blue. Without looking, a man draws one counter

and shows only one of its faces.

a) The face shown is red. Which of the two counters is more
probable to have been the one drawn?

b) If the different coloured faces counter was drawn, which colour

do you think is more probable to be the one shown?

c) What is more probable, drawing the different coloured faces
counter and that the red face be shown, or drawing the different

coloured faces counter and that the blue face be shown?

d) What is more probable, having a red face shown or having a blue

face shown?

4. After a raffle, the winner has the chance of getting a reward as

follows: he/she randomly chooses two cards, one after the other,

from four numbered cards, 1, 2, 3, 4. The number of the chosen
cards are added and, if the sum is even, the winner is given
that sum in million of pesos.

a) If the second card chosen is even, what is more probable, that a

reward is given or that it is not?

b) If the first card chosen is odd, what is more probable, that the

sum is given or that it is not?

c) What is more probable, that one even card is chosen and the sum

be given to the winner, or that one even card is chosen and the

sum be not given?

d) What is more probable, the winner being given the sum or being

not?

The population and the methodology used. A questionnaire was

designed (in four forms) to gather the information. As shown above,

open questions were posed and a mathematical justification was

required for each answer. To answer the questionnaire, only pencil

and paper work was required, and a maximum of 11 hours was allowed
2

for the answering.

The information was obtained from two samples of preparatory

students aged 16-22 years from two standard Mexican schools at this

level. These subjects were introduced to Probability (which was
compulsory for them according to the usual mathematics programme of
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study) for the first time. The programme of study used for this

instruction is also the usual standard programme at this level

(e.g., see Garfield & Ahigren, 1988). The instructors of the

students were three experienced mathematics lecturers at this level

who voluntarily accepted to participate in this study.

The first sample of students, with 149 subjects, were

presented the idea of conditional probability in a traditional

instructional environment. For this part of the research, the

lecturers were just asked to give the questionnaires to their

students once the instruction on this idea had finished.

The lecturers were asked to use the didactical guide with a

second sample which had 106 students, who were introduced to the

idea of conditional probability in an activity based instructional

environment. At the end of the instruction, the students were given

the questionnaire. As quoted above, the tree diagram played an

important role in the guide.

Results. Table 1 below shows the percentages of correct

answers given by each sample of students.

Table 1.

Percentages of success

Sample 1st 2nd 1st 2nd 1st 2nd 1st 2nd

Item a b c d

Problem

1 26 31 48 50 13 10 44 41

2 26 25 36 42 13 25 11 17

3 46 35 59 56 15 13 54 60

4 38 39 46 42 10 5 26 28

1st sample: 149 students; 2nd sample: 106 students

In general, the scores from the students in the second sample

were similar to the scores from the first sample students. The

difference between the numbers of students who answered correctly

all items a) (diagnostic reasoning) and of subjects who gave a

correct answ.t to all items b) (causal reasoning), obtained from

each sample, was significant (x2. 3.03 for the first sample, X2

5.99 for the second, a . .05, one-tailed test). That is, questions

requiring diagnostic reasoning were more difficult to answer for
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the two samples than the questions requiring causal reasoning. This

means that the bigger difficulty students had in answering the
questions requiring diagnostic reasoning than the questions
requiring causal reasoning could not be overcome with the use of
the didactical guide in the circumstances described. Nor could the

difficulty of answering the questions concerning intersection of

events be overcome. In particular, these questions had the lowest

scores of success in the two samples.

Generally, problem 3 (asymmetrical population) was the one for

which the best results were obtained. Problem 2, which concerned a

symmetrical population, was the most difficult. It should be noted

that, although problem 4 was problem 2 posed using random variable

(which could be thought of to involve an additional difficulty for

students), the former had better scores of success than problem 2.

An important difference between the two samples of students

arose in the form of the justifications they gave. Most of the

students in the traditional instructional environment (73.8%, 110

learners) gave justifications for the answers they advanced using

daily language, without applying the formulae which describe the
concept of conditional probability or Bayes' theorem. On the
contrary, in the second sample, about 70% (76 learners) of the
students did mathematize the problems (in the sense that
mathematization is explained by Lange (1987, p. 43); that is,

students interpreted the problems into mathematical terms.

The difference between the numbers of the students exhibiting

mathematizations in each sample is highly significant:

The value of x2

Mathematization

Yes

1st sample 39

No

110, 149

2nd sample 76 30 106

115 140 1-27;

obtained is 50.02 (e < .001). The second sample

students used the formulae and the methods taught in instruction.

Even six students explicitly applied Bayes' theorem. Tree diagrams

and Venn diagrams were among the representations that the second
sample students more used. That is, since the lecturers for the two

samples were the same, giving the same course in the same schools,
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to students of the same ages regularly registered in the

preparatory third year, that difference in performance is

attributed to the different instructional environment, in which

the guide had a part. Therefore, the use of the didactical guide in

the second environment seems to have resulted in the difference in

performance with regard to the students' performance in the first

sample (with traditional instruction).

There was a decrease in the recurrence of arguments appealing

just to chance in the second sample with respect to the first

sample students: 18.8% and 6.6%, respectively.

Among the students in both samples who used daily language in

their justifications for their answers to items a) (diagnostic

reasoning), changing the sense of the conditioning was a common

procedure to justify a correct answer to item a). That is, the

order of the two events in the expression for conditional

probability above is inverted: B is considered as the conditioned

event and A as the conditioning event and students argued about the

conditional probability for this case (that is, using causal

reasoning).

Problem 4 (which involved a random variable) promoted the most

the listing'of the sample space.

The major drawback the students of the two samples had was

item c), as the Table 1 above shows. This question asked about

intersection of events. Most of the subjects interpreted the

question as referred to conditioned events.

The difference in the performances shown by the two groups of

preparatory students in this study points to the need for further

research on the role that the representation of mathematical

entities plays in students' understanding of the concepts

represented.

The provision of some means

filling the gap between having a

ideas, and mastering those ideas.

linguistics representations, would

of organization would lead to

first approach to fundamental

This kind of means, as extra

be the agents allowing students

the "transition" to higher levels in mathematics. Those

representations would provide them with the opportunity to use

mathematical notation, and to relate it to the mathematical

entities involved in problems. Later on, teaching success will

imply the detachment of intermediate resources, such as tree
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diagrams. However, time is needed to attain this aim.
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Abstract

This paper deals with sonic aspects of the acquisition of t he tuition of similarity of

plane figures by students between 11 and 16 years of age from three schools local efi in Sao

Paulo. The paper uses enlist ruct ivist assumptions and emphasizes the teaching /learning

relations, the development of cognitive structures and the learning of specific contents.

The results describe the following construction processes : a. operations with numbers,

from mulliplication to ratios; b. special relations front the sy newt ic view to t he dist i nct ion

of variables and their interdependence; c. the logic of t he classification vis-a-vis the

classificatory criteria; d. the logic of the propositions from acknowledgment. of the true

values to the implicational rotations and determination of the necessary and sufficient

conditions. Oven the psychopedagogical implications. the paper discusses applications

aimed at optimizing the function school plays in promoting learning and developing

cognitive structures.

This study is about bow students of ages 11 to 16 use their knowledge of numbers, geometry

and propt)sitions in solving problems related to enlarging and reducing geometric figures and

how they use t heir logical structure in solving such problems. More specifically, our objective

was to investigate the ftilhming questions: a) What numerical operation do they use? When

and how do the notions of multiplicative compensation and of proportion evolve? b) How do

they use geometric knowledge and properties within the conceptionnel field of similarity and

how do they relate spatial variables? c) How do they use the logical operations of classifica-

tion as well as the logic of prop( wit ions and implications?

The theoretical baSiti of this paper derives from researches of Piaget and the School of Geneva

relating to classifittions, multiplicative structures, proportionality and logical implications.

The choice of this study is due to: a) the confluence of the numerical, geometrical and logical
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knowledge: b) the theoretical and practical complexity; c) the pedagogical implications and

psychop.41agutical applications.

We decided to conduct a classical type of interactive clinical interview with 26 selected s-

tudents from 5th to 9th grade coming from three different schools iu Sao Paulo. including

public and private, as well as experimental and traditional schools. The research material

consisted of a set of eleven signboards, each SIN ming a different drawing on graph paper made

of an isosceles triangle and a rectangle fiming the familiar picture of "a little house" (see

dimension of each one in the table below).

C

classes CS x AB x MN NP x MN x CS

A :i x 6 x 1.5 3 x 1.5 x 3

6 x 12 x 3 6 x 3 x 6

4 x 8 x 2 4 x 2 x 4

2x4x 1 2 x 1 x 2

B 8 x 1 2 x 4 6 x 4 x 8

4 x ti x 2 :1 x 2 x 4

12 x 18 x 6 9 x 6 x 12

C 7.5 x 10 x 3 6 x 3 x 7.5

5 x 6.5 x 2 4 x 2 x 5

2.5x3.5x1 2x1x2.5
10 x 13.5 x 4 8 x 4 x 10

The interviews were focused on three major tasks: 1.To identify similar "houses". 2.To clas-

sify "houses" putting together those that are equivalent. 3.To draw new "houses" belonging

to those categories.

Analysis and categorization of the student's answers
The following factors were considered in analysing the answers: 1.The notion of similarity;

2. The use of the scale factor or equality of ratio between homologous sides (internal ratio) ;

3. The use of the ratio between distances (external ratio); 4. Dissociation, combination and

interdependence of spatial variables; 5. Formation and characterization of the equivalence

classes.

Factor 1 - The notion of similarity
The first question asked in the interview was: What do you mean by enlargement or reduc-

tion? The answers were eatagorized as follows:

A - The student says that to enlarge is to increase all sides, all distances, the length, the

width, etc.

P - The student uses the word "proportion", "proportional" or "proportionality".

1264 186



R - The student uses the word "reproduction".

F - The student makes an association with the idea of the shape being maintained.

M - The student uses a scale multiplying factor to characterize the enlargement or reduct ion.

L - The student uses the expressions "equal" or "the same"

Table 1

students[ grade A! P II I F 1 AI li.

I 4 5th 1 1 1 i 0 I 1 0
1

2

i 7 6th 0 . 1 ' 0 I

4 2 1

ii 4 7th 12 , 1 I 1 ' 1
I I

0 0

8 8th 0 I 2 I 0 I 6 1
iI

2 II

1 3 9th 1 1 1 0 1
l____

1 111

11 2f; S 4 6 1 2 12 4 6

Factor 2 - The use of the scale factor (internal ratio)
Most of the students interviewed used the scale factor K to identify similar figures. Those

who did not use the scale factor correctly gave two types of replies:

Ad - Additive Compensation: the student adds (or subtracts) the same measure to (or front)

all dimensions to enlarge (or reduce).

Oc - Other Compensations: noticing that the figure heroines deformed ,!tat is, it be-

coms "shorter" or "taller") after adding (or subtracting) the same measure to (or front) all

or some dimensions, the student concludes that to larger (or smaller) distances, larger (or

lesser) distances should be added (or subtracted). yet does not know which operation must

be performed, and consequently makes approximate calculations and notices the resulting

deformation.
Those who used the internal ratio correctly are of five types:

MI - When K is a whole number.

MF - When K is a fraction and the multiplication appears in the form of a fraction of a

fract ion.

Af - When K is a fractional number and the student does what we call an addition or a

subtraction of the fractional part, For example, if y = z.r, the student concludes: y = Ix;

or if y the student concludes: y X.

S The student makes ratios with equal sides of the figures and uses simplification to ascer-

tain the equality of the ratios.

P - The student uses n = 5 and cross multiplication u.d = b e for calculating one of tlx

elements of the proportion.
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Table 2

students grade Ad Oc Ml MF Af S P

4 5th 0 0 2 1 1 0 0

7 6th 0 3 5 2 2 0 0

4 7th 1 1 3 0 1 0 0

8 8th 1 0 6 3 3 1 1

3 9th 0 0 2 0 1 1 0

26 E 2 4 18 6 8 2 1

Factor 3 - The use of the ratio between distances in the same figure (external
ratio)
Each class of "little houses" can he characterized by two ratios: class A by ratios = 2 and

= 1, class B by ratios ig = and n = I and class C by ratios 6 = 2 and a
We found five types of replies among students who made use of the external ratio:

N - The student just begins to perceive that an external ratio has to be maintained.

Rdl The student uses the external ratio as a support.

Rd2 - The student uses the external ratio in addition to the scale factor.

Rd3 - The student uses the external ratio as a fundamental factor (sometimes with the
addition of a scale coefficient).

RA - The student relates the angle with the ratio between sides of the right-angle triangle
(trigonometric ratios).

Table 3

students grade N Rdl Rd2 Rd3 RA

4 5th 1 2 0 0 0

7 6th 1 0 0 0 0

4 7th 1 0 1 0 0

8 8th 0 0 0 2 1

3 9th 0 ll 1 1 1

26 E 3 2 2 I

Factor 4 - Dissociation,combination and interdependence of spatial variables
To solve the problem of identifying similar figures, the students need to dissociate the dis-

tances and angles, and establish an interdependence among them. We identified three stages
in this process.

Stage I - Use of intuition to maintain the form
This stage is characterized by syncretism. Here the students use insufficient variables and
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complement. the lacking data by intuiting the shape.

Substage la - The student uses intuition to maintain the shape of the triangle: "more
tilted", "more bent", "more upright" and the shape of the rectangle: "taller", "wider", etc.

Substage Ib - The student uses only the angle ACB and sometimes by also maintaining

intuitively the shape of the rectangle: "higher", "narrower", "longer", etc.

Substage Ic - The student uses the internal or the external ratio between the base and the

height of the rectangle and supplements the solution with the shape of the triangle: "higher",

"more tilted ", etc.

Stage II - Use of the necessary data
This stage is characterized by analysis. Here the students randomly take into account two,

three and sometimes four variables needed to identify similar figures and do it through direct

observation. We found students who established causal relations through correspondence

rather than by implication. They neither introduced necessary relations nor inferred any new

relations.

Substage Ila - Whenever the variables chosen were NP, MN and a, some students replaced

the opening of n by the height CS or by the distance AN, thus recognizing, in practice, the

interdependence between the angle n and the measurements of CS or AN.

Substage IIb - The variables chosen were NP, MN and AC (or CS or even AN), with no

apparent relation among them. Whenever the variable used was AC, the student resorted to

CR or CS, recognizing, in practice. a correspondence between these variables.

Substage IIc - The variables chosen were NP, MN and AN (or CS or AB), establishing

some interdependence among them.

Stage III - Establishing necessary and sufficient conditions
The caracteristics of students in stage III is their ability to combine variables and make con-

nections between them using implications and identifying necessary and sufficient conditions.

Substage Ma - The student deals with the possibilities of combining variables and

establishes implicational relations among them.

Substage Illb - The student uses the range of possibilities for choosing variables, and es-

tablishes some necessary and sufficient conditions. Therefore the student selects variables,

establishes equivalences and implications, and excludes the variables in excess. it is neces-

sary to make a distinction between those who establish necessary conditions taken from their

immediate experience and those who do it by deductive hypothetical reasoning, although in

relation with a practical nfortnation.
Substage ills - The student selects the necessary and sufficient variables, justifies that

choice and explains why other variables were excluded, foregoing the confirmation of the

findings based on practice. Such a student develops a deductive hypothetical reasoning.
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Table 4
T T

11-

d students. grade I la 1-1;TiTIlaTiii, Ih Illa Illb MT

CitL 0 2. 171. 1 11 0 T 0 1
tall 2 I o 2 ' 2 2 1 0 '

f
0

7th I 1 0 2 2! 2 1 I 0 ' 1- 0
I

4 I 3 2 I

4

3

Nth ' 1t 0 0 1 1

0th
i

U 111.0[(i 11,1'111
1.1 3 2 5t 6 K14 T3T11

The lesults sl ow that the apparent simplicity Of the definitions based (m necessary mid suffi-

cient misfit io as should not &wive us. The line of ream fling used. starting fret u the students

undorstandita, of the concept of correspondence and tilt it establishing of an inlynkpentlence

amt mg variables to their 001'401'6,1g the necessary and sufficient conditions is a long

continuous and complex route.

Factor 5 - Formation and characterization of the equivalence classes
A very important aspect examined was what criteria were used for classifying the "houses"

and how these criteria evolved to lOgical and concrete structures.

In our research we found 11 and 12 year tall students who could not classify the figures be-

cause t hey did not recognise similarity as an equivalence relation. In this case we identified

three stages:

Stage SI - The student establishes relationships by successive approximations. with no

operational criteria.

Stage S2 - Ely means of successive approximations. the student progresses towards forming

classes, however. with no notion of grouping. He succeeds, by means of surcesive and

retroactive corrections, in rmaganizing previous ix atitions and using t he entire classification.

However, he is not really making a class extensitnl, since lie advances from one element to the

next without taking the whole into lumina. Driven by yet crude anticipations and retractimis.

the student at this stage follows three paths: a) he forms pairs of three - element groupings,

and using yet other means, such as transitivity, combines small groupings into larger sets.

b) he On H WI'S a representat iye and adds elements to it by successive approximations. c) hr

starts with large gnaws using anticipatory and generic criteria without characterizing the

classes and then improves and subdivides the groups.

Stage S3 - The operational classification is typical of this stage. T1. subject only starts

ailing based on anticipatory frameworks and shows eagerness to modify his criteria or add his

initial groupinp to broader ones. The simplest. forms of generalization consist in associating

190

126k



the old with the new. The higher forms of generalization consist of a retroactive pron.,. by

which new elements lead to a reorganisation of the whole. modifying even previous concepts

and knowledge. The most balanced type of reorganization consists in not destroying the

previous structure but adding as much of it as possible to the new structure.

We identified seven criteria used in flaming the pairs and the classes.

Discoursive Criteria:
F - The student maintains the shape to approximate elements or characterize classes.

P - The student uses proportionality to integrate new elements or characterize classes.

T - The student applies transitivity after making successive approximations between pairs

using the scale factor or maintaining the angle.

R - The student choeuses one of the figures as representative and t hen adds others by succes-

sive approximations.

Operational Criteria:
A - The student uses the angle ACB of the roof"' or o of the inclination.

K - The student uses the scale factor K to approximate similar figures. The scale factor

does not characterize the class, it only makes it possible to approximate two figures. By

using successive approximations and other logical recourses such as transitivity, the student

manages to make the classification.

Rd - The student elects to maintain the ratio between distances to recognise, similar figures,

and succeeds in finding general characterization for each class.

Table 5

students
d-

grade S1 S2 53 F P T R A K Rd

4 5th 1 3 2 0 3 1 2 2 2

7 6th 2 5 0 4 2 2 3 5 4 0

4 7th 1 3 0 :I 1 2 0 4 3 0

ti

3

St h

9th

0

0

7 1 2 1 4 3 4 5 2

2 1 0 2 1 1 0 3 1r
1

- -
26

--
L 4 1-20 i i (, I2 58115 1-17 7

Conclusion and discussion
We were able to see how local SI dutions precede general and canonical solutions. This

finding indicates that it is possible to work with students in this age bracket in exploring

specific properties related to the study of similarity. This, however, implies a new theoretical-

methodological concept based on constructivist presuppositions.

We would like to stress two types of learning: cultural (or spontaneous) and scientific (or

monitored) which result in the developtnent of cognitive structures.
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The first one is based on concrete experiences. The second one is necessary when the stu-

dent lacks experience-based knowledge. The two typos are not contradictory. Quite to the

contrary, they are complementary.

A careful look into the solution-generating processes is required in examining the teaching

methodology further, concentrated on:.

a) the relations between learning and development, contents and structures, as well their

discontinuity and apparent contradictions;

b) the dynamics of the pedagogical interferences which involve the relation between sponta-

neous and scientific contents;

c) the formalization and their complex construction process:

d) the necessity of integrating the learning of geometry to the learning of other subjects.
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STUDENTS' APPROACHES TO SOLVE THREE PROBLEMS THAT
INVOLVE VARIOUS METHODS OF SOLUTION

Manuel Santos T
CINVESTAV, Mexico

Students deal with different types of mathematical problems during
instruction. Although getting the solutions of problems could be seen
as the ultimate goal while interacting with problems, it is also
important to examine the quality of the diverse strategies or methods
that students use when they are asked to work on some problems. This
paper analyses the work shown by some secondary school students who
worked on task-based interviews that included three problems with
various forms of solutions. Results show that students experience
difficulties in thinking of more than one way to solve the problems. As
a consequence, teachers should encourage their students to deal with
this type of problems during the learning of mathematics.

Introduction
Problem solving plays an important role in the learning of mathematics.
Indeed, the interest in problem solving has made significant contributions to
the understanding of how people solve problems. For example, Schoenfeld
(1988) pointed out that mathematical resources, cognitive and metacognitive
strategies, and beliefs are aspects that characterize the problem solving
process. Schoenfeld indicated that in order to engage the students in problem
solving activities, they should be encouraged to think mathematically. That
is, problem solving is a way of thinking in which students have the
opportunity to behave as an actual mathematician while dealing with
mathematical tasks or problems. For example, students could make
conjectures, design their own problems, discuss and defend their ideas or
solutions. An important issue here is the type of tasks or problems that could
help students develop this way of thinking. Schoenfeld uses, what he calls,
nonroutine problems to explore and categorize the students mathematical
process. Here, it is important to study to what extent the students are able to
use different metnods to solve problems. Therefore, the purpose of this study
is to examine the work shown by students of grade 10 when they were asked
to work on problems that involve various methods of solution.
Conceptual Framework
If one accepts that the process of developing mathematics is related to the
process of learning this discipline, then it becomes important to examine
what mathematical aspects are present in the students interaction with some
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mathematical tasks. Lampert (1990) indicated that "Choosing and using 'good
problems' and instituing appropriate means of classroom communication
can be thought of as two of the tasks that teachers need to do to teach
mathematics" (p. 125). That is, the problems should have the potential to
lead the students to make connections with other mathematical ideas and to
evaluate or discuss the quality of the strategies that appear during the
solution process. In this context, it was important to select problems in which
the students have the opportunity to deal with various methods of solution.
The problems were analysed in detail before that they were given to the
students. Here, there was interest to identify some anticipated solutions to
each problem and the content involved to solve them. This work provided
grounds to suggest a frame of analysis of the students work. The components
of the frame include aspects related to the understanding of the problem, and
the presence of both cognitive and metacognitive strategies. Here
metacognition involves information about the students own process, that is
to what extent they are able to express their own thinking; the students
monitoring or self-regulation process; and the students ideas about
mathematics that influence their problem solving process.
Methods and Procedures

Thirty-five grade ten students from two secondary schools were
interviewed. All the students were volunteers. The interviews lasted from
20 to 45 minutes. The students were asked to think aloud while solving the
problems. The interviews were audiotaped. The interviewer occasionally
asked the students some clarification questions or provided some hints that
could be useful in solving the problems. Using a record sheet, the
interviewer also took notes on main steps that the students followed during
the interviews. The problems used for the interviews were:

1. A farmer has some pigs and some chickens. He finds that together these
animals have 19 heads and 60 legs. How many pigs and how many chickens
does he have? (farmer problem).

2. Could you find two whole numbers a and b whose product is one million
and neither a nor b includes a zero in its representation? Are there any other
such pairs? Why or why not? (one million problem).

3 A textbook is opened at random. The product of the numbers of the facing
pages is 3,192. To what pages is the book opened? (pages problem).
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Working with the Problems
The analysis of particular solutions was very important when

categorizing the work done by the students. Ideas associated with the

different qualities of the solutions were identified while discussing the

possible solutions. These ideas were contrasted with the work shown by the

students. That is, the work done to the problems before the interviews

helped clarify the potential of the problems and organize the process used by

the students.
Problems Methods of

possible Solution
Strategies Content

The farmer
problem

'Pictorial
"Guess and Test
'Correspondence
'Algebraic

Use of diagrams
or actual pictures,
trial and error,
organized list or
table, comparing,
and equations

Basic operation
with integers.
Equation of first
degree or system
of two equations.

The one million
problem

Trial divisors
*Prime factor
'Simpler
problem

use of a list or
table, thinking of
a simpler
problem (10, 100,
or 1000).

multiplication
and division of
integers,
factoring,
exponents, and
prime numbers

The page problem
Guess and test
'Factorisation
`Square root
*Algebraic

Estimation, trial
and error,
symbolic
representation,
and equation.

Consecutive
numbers,
multiplication of
integers,
factorisation,
meaning of
square root,
quadratic
equation

Results from the Interviews
For the farmer problem the most common approach used by the

students was to represent the problem algebraically. It was observed that the

students spent almost no time attempting to make sense of the information

given in the problem and immediately began to write down the data. Some

students introduced different variables for representing the chickens, pigs,

heads, and legs. This type of representation was confusing for the students,

but after they reexamined the problem, in general, they were able to solve it.

The interviewer then asked the students whether or not there was another

way to solve this problem. They recognized that there was another way, "the
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long way" in which they could use guessing and testing. When the students
were asked to try this method, it was observed that they were not systematic,
and often they even tried extreme cases, such as 19 chickens or 10 pigs. Not
one of the students used a table or a diagram for solving this problem and
they relied on the use of a calculator to check even small numbers. One
student added 19 and 60 and divided the result by 2 and 4 obtaining 34.5 and
17.2, respectively; then the student claimed that there were 34.5 chickens and
17 pigs.

It was observed that the students did not spend time trying to
understand the problem. They read the problem and immediately started to
work on some calculations without identifying the main data of the problem
and their relationships. The difficulties that they experienced while trying to
use the information often pushed them to re-read the problem and to think
of a more organized strategy. It was clear that the students associated the
information of the problems with some operations but they lacked the basis
to select a plan. The metacognitive aspect related to the use of the operations
was not present at the students work. That is, the students were fluently
while operating with the numbers but they did not relate the meaning of the
operation to the information naturally. It was also observed that it was
difficult for the students to realize that some of their work did not match the
information or conditions of the problem. That is, they have not developed
some sort of strategies that could help them to challenge their own work.
An example of the students' work on the farmer problem is presented next:

She started to read it. She immediately
divided 60 by 4 and 19 by 2 and wrote 15
and 9

She mentioned that there were 15 pigs and
9 chickens
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explain the answer.

Here, the interviewer
suggested that she could check
the information of the
problem and the results.



The student then realized that she was not At this time she felt confident
taking into account the information. She and started to work very
then said that there were only 19 animals quickly.
and perhaps she could have 10 chickens
and 9 pigs. However, when she counted
the number of legs she found that this
answer did not fit the conditions. Here she
then worked using trial and error by
subtracting and adding a unit but she took
19 as fixed number.

For the one million problem, the students experienced difficulty accepting the

existence of such fictors. They represented the problem algebraically as a x b =

1,000,000 and then they isolated a = 1,000,000/ b . They assigned several values

to b and with the use of a calculator they found values for a. After several

trials, some mentioned that such factors did not exist. None of the students

was able to make progress in this problem alone. When the interviewer

suggested trying smaller numbers than 1,000,000, then some of the students

were able to find the pattern by trying 10 = 2 x 5, 100 = 4 x 25 and so on. Only

one student decided to factor 1,000,000 and found that there were sequences of

twos and fives; however, he was not able to see on his own that he had found

the desired factors. For the second part of the problem, no one (on his or her

own) was able to explain why there were no other pairs. Two students

mentioned that because for 10 and 100 it was not possible to find other such

representations, then the same could be applied to 1,000,000. When the

interviewer asked them how they were sure that for 100 there were no other

pairs, they listed all the pairs whose products give 100 instead of checking the

prime factors. It was observed that the students tried to solve this problem by

selecting some concrete numbers. These numbers did not work and they

thought that the problem did not have a solution. This showed that the

students experienced serious difficulty for recognizing the consistency of

plausibility of the information of the problem. That is, it was not clear for the

students that checking for three or four examples does not mean that the

numbers could not exist.
Some samples of the students' work with comments is presented next:



Rob read the one million problem and
started to try some numbers with the use of
the calculator. He try 963 x 56 = 53928; 99987
x 89 = 9799804; 9999 x 89 = 889911; and 99999
x 89 = 899911.
Rob then suggested to work with 10 and he
wrote: 10 = 5 x 2; Although he hesitated to
continue he then wrote 100 = 25 x 4; 1000 =
125 x 8; 10000 = 625 x 16. Rob at this point
mentioned that the number of zeros was
the exponent of 5 and 2. Hence, he wrote 1,
000, 000 = 56 26.

Rob using a hand calculator found the two
numbers. He mentioned that the problem
was not easy until he found the pattern.

Rob mentioned that he was sure that there
was not other pair because other
representation involves zeros.

Rob mentioned that it was
going to be difficult to get the
number by this method but
that at that moment he could
not think of something else.
The interviewer then
suggested to consider smaller
number than one million.

The interviewer then asked to
explain why those numbers
did not involve zeros in their
representations.
Rob was asked about the next
part of the problem
His response to this part was
based on observing that the
numbers 10, 100, ...,had only 2
and 5 as factors.

For the pages problem, the students represented the problem
algebraically; however, they experienced difficulty solving the quadratic
equation2 involved in the representation. It was interesting to observe that
some students wanted to isolate the variable by dividing the two sides of the
equation by the variable, that is, from x2 + x = 3,192 to x + 1 = 3,192/x without
realizing that they were dealing with a quadratic equation. When the
interviewer asked the students it they could use other methods, they
responded "probably by using the long way" (guess and test). When they were
trying this guess and test approach, some of the students were using guesses
in which the numbers were not consecutive even when originally they had
represented the problem correctly. None of the students used the square root
of 3 192 as the approximation of the page numbers. In general, they found
products of consecutive numbers larger and smaller than 3 192 and explored
all the possibilities between these numbers. It seemed that it was difficult for
the students to think of another method of solution even when they had not
shown much progress. They stuck to one approach for some time and gave

2 Although the students were familiar with quadratic equation, the grade ten curriculum
only includes particular ways of finding the roots such as factoring.
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up easily. Santos-Trigo (1990) showed that students often expect to be told

what method to use to solve problems
Discussion of the Results and Recommendations

There was indication that some students experienced difficulties in
identifying the key information of the problems and they were not organized
in presenting the information that could be used to solve the problem. They
believed that the most efficient way for solving the problems was the
algebraic approach even when they often struggled in representing the
information. They used guess and test as the last resort and failed to use
simpler problems as a means to solve the problems.

The students failed to monitor their processes while working on the
problems; they often used information that was not consistent with ideas that
they had used previously. For example, for the pages problem they
recognized that the numbers had to be consecutive, but when they were
searching for the numbers, they often tried any number.

The results showed that the use of these type of problems could
provide information about the difficulties that students experience while
trying to solve the problems. It may be suggested that asking these problems
to the students could be an important activity to implement regularly in the
classroom. The students must engage in open discussion with their
classmates (small groups, pairs) and have the opportunity to explain what
they do while solving the problems. Schoenfeld (1988) suggested that a
microcosm of mathematical practice in which the students have the
opportunity to express and defend their ideas, to speculate, to guess, and to
reflect on possible approaches for understanding mathematical ideas or
solving mathematical problems could be the initial point for attaining this
goal. The students engaged in such practice will be exposed to an
intellectually demanding environment that should eventually improve their
ways of understanding mathematics.
Conclusions

The results of the present study may have direct implications for
mathematical instruction. For example, the difficulties shown by the
students while trying to understand the statement of the problems suggest
that teachers should encourage their students to discuss the main ideas of the
problem. That is, class activities should include examples in which students
realize the importance of understanding the sense of the problem before

199-
1277



going further. Another aspect that teachers should pay attention during
instruction is to emphasize the need to explore various ways to solve
problems. As well, the need to characterize the qualities of different methods
of solution. For example, it is important that students recognize that a
problem often could be solved using trial and error (for example) in a better
way than using algebra. In addition, teachers should discuss during their
instruction problems which can be solve by different methods (geometrical,
algebraic, or numerical ones). The idea here is that teachers use these
problems to explore the processes used by the students while trying to solve
them. As Easly (1977) stated "teachers would have to understand rather well
the process of cognitive development and listen to and observe children
carefully so to grasp with reasonable accuracy what kind of mental operations
they are bringing to bear on a given task" (p. 21).

Students were consistent in trying to find a rule of formula that they
could use to solve the problem. This suggest that teachers should discuss
regularly examples in which these means could not be useful to get the
solution of the problem. That is, to show the students that applying a
formula or algorithm is not the only way to find the solution of a problem.

Finally, this study illustrates the importance of discussing the problems
among colleagues. As a result, diverse methods or strategies could be
identified. This discussion should also be promoted among students as a part
of instruction. As well, students should select or design their own problems
to be discussed during the development of the class. They may contribute to
develop a view of mathematics that reflects the proper activities of the
discipline.
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AN ANALYSIS OF TEACHER CANDIDATES' REFLECTIONS ABOUT THEIR

UNDERSTANDING OF RATIONAL NUMBERS
Valli* Maria Pereira dos Santos

Universidade Federal do Rio de Janeiro

Abstract
This paper addresses the insights of observing and interviewing teacher candidates enrolled in a newly
developed mathematics content course at Indiana University. The display of some excerptsof the
narratives of two respondents show the contrasting views of mathematics and rationalnumbers that
these studentacquired throughout the semester of the course. Some implications for mathematics
teacher education arc discussed.

The goal of this paper is to discuss the insights of examining two teacher candidates' reasoning

and arguments about mathematics and rational numbers. Two reasons motivated this work First, the

fact that elementary school teachers arc responsible lor introducing and exploring fractionideas with

children. Secondly, the awareness that mathematics educators can learn about teacher candidates'

thinking processes when analyzing their reasoning in both written and verbal form. There is evidence

that school children have difficulty in understanding the basic ideas of fraction, and that many times

they are able to perform computations with fractions without real meaning (Behr, Lesh, Post &

1983; Hart, 1981; Hasemann, 1981). Studies have shown that many misconceptions about fractions

held by students are also prevalent among intermediate school teachers (Post, Hard, Behr & Lesh,

1988). Related studies with prospective teachers (Ball, 1988; Bezuk, 1989; Civil, 1989; Santos, 1991)

confirmed the need of further investigation.

This study is part of a research project which was designed to investigate teacher candidates'

metacogriitive awareness of their knowledge of mathematics (in particular fractions), their implicit

theories of learning and teaching of mathematics, and their beliefs about mathematics and its pedagogy

in the context of a newly mathematics course specially designed for them. Information from studies of

the learning of mathematics and research on teaching as well as documents arguing for changes in

mathematics education which are consonant with constructivist principles helped to develop this

innovative course for preservice teachers (Connolly & Vilardi, 1989; Davis, Maher & Noddings, 1990;

Lester, 1988; National Research Council 1NRCI, 1989; National Council of Teachers of Mathematics

[NCTM1, 1989, 1991; Novak & Gowin, 1984; Santos, 1991 ; Schroeder & Lester, 1989). This

course is entitled Mathematics For Elementary Teachers Via Problem Solving (T104) and has as its

main emphases: a) the use of a problem-solving approach to learn mathematics; b) the frequent use of

small group work; c) the use of written activities; d) the use of concept mapping; and c) the use of

alternative methods of assessment (For a complete discussion about the conceptual framework that

guided the course development and its emphases see Santos & Kroll, 1992; Santos, 1993).

Data Source

The research project involved class observations of 26 preservice teachers (PSTs) (24 females and

2 males) during the Spring semester of 1991 while exploring mathematics in a context of group
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problem solving. The bulk of artifacts examined in this study was classroom observations, interviews

with 16 PSTs (14 females and 2 males), and document analysis. From January to May 1991, this

T104 class was observed for fifteen weeks (three days a week for two hours each day). Only eight

respondents from the 16 PSTs who were interviewed completed four interviews (semi-structured

interviews of one hour). Document analysis of students' work, written reflections, questionnaires,

interviews and member checking with respondents were used to compose respondents' narratives about

mathematics, teaching and rational numbers. In this research project, I followed the principles to

establish and maintain trustworthiness outlined by qualitative studies (Lincoln & Guba, 1985) as well

as engaged in a simultaneous process of collecting and analyzing data through coding and categorizing.

In this paper, I examine some excerpts from the narrative of two PSTs concerning their views of

mathematics and their understanding of rational numbers. The information to weave the stones was

provided from the questionnaires, interviews, written reflections and member checking with the

respondents. t

Investigating Teacher Candidates' View of Mathematics
and Rational Numbers

In an attempt to capture the nchness of data, the respondents' stories were told in multiple voices

(i.e., respondents tell what they shared with me during the study. See Van Maanen, 1988).

Mary Anne's Thoughts About Mathematics
I think my reflections were "more reflective toward the end of the semester. At that point, I was

really writing about how I felt regarding math, and I was doing this more than I did at the beginning. I

think that written reflections helped a little bit because they can give you a chance to sit and think about

what you've been doing in mathematics. Often, I'll start writing about something and then I'll discover

something while I'm writing. I'll discover that I've been doing something wrong or that there is a

better way of doing it. Tome math is just a subject in school. I feel like a lot of the basics arc used in

everyday life, but not too much beyond that. I guess I don't look at things in a very mathematical way.

I feel like am able to learn mat, but it might take me a little bit longer than others. 1 think it's important

for me as an elementary teacher to has c knowledge of basic mathematics but beyond that it doesn't

matter to me. I have no interest in complex and complicated mathematics beyond 10th grade.

In all of my previous math classes,1 had to work individually. The group work is something new

that I'm experiencing in T104. The type of problems we do in T104 arc also different from my

previous math classes. In my other math classes, we got problems after problems and the goal was to

tThc first questionnaire addressed questions about students' family and school backgrounds, and previous experience with
mathematics. At the end of the semester. SIIRICIIIS filled as second questionnaire that focused on their reactions to the Tt04
instmetional approach and my dissertation study. The first two interviews concentrated on students' school background,
decision to become an elementary teacher, previous teaching experience. good and bad school memories, good and bad
mathematics memories, reactions to the TI44 instructional approach, self-image as mathematics learners, and self.
confidence as mathematics learners. The third interview addressed fraction ideas slid' as fraction estimation sense and
mental computation with fractions, fraction concepts while solving mathematics problems that dealt with the four basic
operations (4.. , x, +), and explanation of problem solutions via concept maps. Respondents checked rough drafts of their
stories with me.
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find the answer. In T104 its more important how do you go about to get an answer, than just getting

the answer. The assessment is also different. In other math classes I had only to mark an answer in a

multiple choice test and all by myself. Here in T104, the instructor also looks at the work and not only

at the answer. And in T104 we have tests with individual and group parts. T104 is very different from

my other math classes. Before the teacher would stand in front of the class and give definitions and

then we would work. Here in T104, it's more hands on the entire time, we are the ones who have to

figure things out. My ability to do mathematics is improving afterT104. I would say that along a

continuum line that my ability is close to neutral coming toward strong, almost 60% of the way. In

T104, I feel more confident that I can solve problems and do math activities.

MaryAnne's Understanding of Rational Numbers
I think I can understand rational numbers better now. We have to do a lot of things ourselves,

like finding out the fractions with Cuisenaire rods, solving the Condominium Problem (married men

and women), comparing fractions without using the rules of finding common denominator, etc.2

Before T104, fractions were always portions of a whole. I'm learning more now. I think I'm well

prepared for the final exam, I feel very confident that I'll do well. Now, I can solve different problems

with fractions, and I learned how to think in different ways to solve aproblem. When you asked me to

prove that the sum of the angles of a right triangle was l800, I didn't prove it for you, but I think I can

handle these problems about fraction you are asking me to do. Let's see, I have 3 pizzas to share

among 5 people, and you want to know how much of the pizzas each person will receive. I can divide

each pizza in five equal pieces and I can give 1/5 from each pizza to each person. Then each person

will receive 3/5 of a whole pizza at the end of this sharing (see figure 1).

Figure I. MaryAnne's solution.

Well, you want that I think if there are other ways of solving the same problem. I guess I can

think about giving half of a pizza to each person like this. Now, I still have this half of a pizza that I

can divide again in fifths. But 1/5 of 1/2 is 1/10 (see figure 2 with this solution).
0 C.,3 p I z la' t 1 1 T
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-5 ). / t.) 64.' "3.Figure 2. MaryAnne's second solution.

2Elnd all the fractions: Prove using Cuisenaire Rods, that the yellow rod is half as long as the orange. This
relationship can be written as I/2o = y. Find other pairs of halves and record them. Then do the sane for thirds. fourths.
fifths. and so on, up to tenths. Record your findings. Then write the expressions in the other way, for instance 2y = to.

Find at least 4 pairs for each fractional relationship.
Condominium Problem In an adult condominium complex, 213 of the men arc married to 315 of the women. What

pad of the residents are married?
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Thus, each person receives at the end 112 of a pizza and 1/10 of a pizza.

And 1/2 + 1/10 = 5/10 + 1/10= 6/10. That's the same 6/10 = 375. Of course, but I'm surprised that I

could do it. Speaking with you has made me more confident in my math abilities. I also have

discovered many things that I wasn't aware of while talking. I think I've gotten many ideas for

teaching from this experience with the T104 class and the interviews.

Alexis Helga's Thoughts About Mathematics
As long as I can remember, I have always wanted to be a teacher. I love kids and really enjoy

giving students something to better their education. I see myself teaching in the future with a lot of

hands on work and using manipulativcs to help kids figure out what they are doing. I like to use the

idea of group work. But I will instruct my students, because I don't like the idea of having to figure

out everything on my own. I think the teacher is in the class to instruct us, to show us ways to solve

problems. This current semester, I'm enrolled in T104, in E343, the math methods class, and in

M201, the corresponding field experience class. Two weeks ago, I taught fractions to 4th grade kids

as part of my early field experience M201. I was surprised that students did not understand the work

with fractions, and they were still working on some problems when I left after the 45 minutes that I

was there guiding their work. For me, we have just to know what are the procedures to operate with

fractions and to use the procedures.

In my previous math classes, students had to work periodically after the instructor presented a

lecture. Here in T104, I have to figure things out my own, there is no guidance before we start the

work. I don't know what to do most of the time, and I think it's a waste of time to have students

struggling to learn alone. Why doesn't the instructor instruct and explain things first? I'd much rather

have lectures. The only thing I enjoy from T104 is the group work. Maybe in my future teaching, I

would use small groups in my class but after I instruct kids.

I think that the best way for me to learn is applying the knowledge I am taught. I need someone to

discover the knowledge and show it to me first. if I understood what the teacher showed and if I can
check why it works then I can move on to applying this knowledge in exercises. But first, I need to

understand what I have to do. The best thing for me is to have the teacher really instructing us. I think
T104 does not fit with my personal learning style. I feel lost in this class. 1 need more lectures first,

and maybe someday I can discover something on my own. I really don't think that writing reflections

or doing concept maps help much. These things did not help me. They are just more work. I don't
like all these new things we're doing here. I only enjoy the group effort. This was really a plus.
Alexis Helga's Understanding of Rational Numbers

This last unit in T104 was more like a review to me. Operations with fractions are more clear, and
I discover that when you multiply some fractions you get smaller numbers. Our conversation about the
concept of fraction is interesting , but I have to keep track of so many details when working with

fractions. It's kind of hard. If I had to share 3 chocolate bars between 5 persons, I guess I'll divide

the chocolate bars in fifths, and each person would receive 3/15 or 1/5 of the total 15 pieces of
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chocolate (She was confused here with the meaning of 3/15 and 3/5, and I had to kccp probing her to

explain her ideas.)
When I think in chocolate bars or pizzas, after I divide each pica in fifths, I discover that I have

15 pieces of pizza, so to share these pieces among 5 persons, I would give 1/5 of 15 pieces to each

ono. And this means that each person receives 3 pieces of pizza. It's hard for me to sec that 1 can say

3/5 of a pizza and that this is the same as these 3 pieces of pizza out of fifteen pieces of pizza. I don't

know if I can think about other ways to share 3 pizzas among 5 persons. I'm so used to think in

dividing the whole by the number that I think is the denominator (i.e., in this problem I think about

dividing in five pieces each pizza) that I don't know other ways (sec figure 3).
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Figure 3. Alexis Helga's solution to the problem ()I 3 pizzas.

Oh, maybe this can be an idea to start dividing each pizza in half and ace how I can share the pizzas

among the five persons probed her asking to justify if it's possible or not to divide each pizza io

halves to solve this problem.l. Your idea works at the beginning but now I had to figure out how to

share this last half of the pizza among the five.persons. I guess I'll have to divide this last hall in live

pieces again. And this is 1/5 of 1/2, it's 2/7. No, it's not, wait a minute, I have to do 1/5 x 2/1 = 2/5.

No, it's wrong. 1 don't know, its too confusing (see figure 4).
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Figure 4. Alexis Helga's second solution to the pr cm of 3 pizzas.

From the time I began offering her ideas of different ways to share the 3 pizzas among the 5

persons, the interview really stopped and I began trying all possible ways to help Alexis Helga reach

some conclusions. I had already perceived that she was not knowledgeable in fractions and other

mathematics topics, but she was reluctant to admit her lack of knowledge. At least in this interview

context, she began asking for help because she could finally realize that she didn't know how to

compute 1/5 of 1/2.

Alexis Helga tried to add numerators and denominators, she tried to work out as if it was a

division of fractions, and after a long discussion, while modeling with paper folding she could see that
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1/5 of 1/2 was 1/10. We discussed again the pizza problem, and when she tried to discover the final

amount of pizza that each of the 5 persons would receive, she said "Bach person receives 112 of a pizza

plus 1/10. Oh, this is 1/2 + 1/10 = 2/12 = 1/6 of a pizza." She perceived she was wrong because in

her first solution she discovered (after our conversation) that the answer was 3/5 of a pizza or 3/15 of

15 pieces of pizza or 1/5 of 15 pieces of pizza. Then, I probed her last answer

(1/2 + 1/10 = 2/12 = 1/6 of a pizza), and she said "I forgot that I had to find equivalent fractions to add.

Well, 1/2 is thc same as 5:10, so 1/2 + 1/10 = 5/10 + 1/10 = 6/10, and 6/10 = 3/5." (Sec her

computations on figure 5.)

t 56
t

10 rc
1_ .t 6

Figuie 5. Alexis Helga's computations.

Discussion and Implications for Mathematics Education

These two respondents had contrasting attitudes toward the novelties implemented in T104. It

seemed to me that their motivation, interest, and willingness to do well in mathematics classes had a lot

to do with how their expectations of teaching and learning matched with their instructor's conceptions

of teaching and learning. Mar Anne experienced situations of change in her attitudes toward the class

throughout the semester, but she was more open to the pedagogical innovations of TI04. Alexis

Helga's expectations about mathematics teaching and learning did not match with the instructor's

conceptions of teaching and learning and since the beginning she had a hard time in the class.

Even though not all of the T104 students ended the course with a complete understanding of why

certain principles work or were able to explain what is behind the rule (as it happens in the case of

dividing fractions, that you repeat the first fraction and multiply by the inverse of the second fraction),

many acquired a more mature vision and were aware of what they understood and knew in

mathematics. This new vision of themselves and the development of this meiacognittve knowledge as

learners of mathematics is very important for their future teaching practices.

Teachers need to become aware of what they are teaching, what they know, what they do not

know, and become aware that there are places to search for explanations. The real benefit of T104 for

MaryAnne and many others in the class was to expose them to basic mathematics concepts in a

problem-solving context in which they were allowed to question their understanding and started to

think more critically about pnweduies used in mathematics and the reasons why certain procedures

work. Before. this T 104 class, MaryAnne and others could not articulate their uncertainty or discover if

they really knew or not the mathematics concepts. This was because they learned these concepts in

traditional mathematics courses whew students only have to solve problems, use procedures, and find a
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final answer to show they can perform. Very rarely are students asked to think about or discuss their

ideas or verbalize their mathematics understanding or lack of it in verbal, written or pictorial forms

(e.g., concept maps).

From our first interview and our other interactions. Alexis Helga always commented about how

unhappy she was with this class..1 met her again during the Fall 1991 (August to December 1991) as a

math tutor. I had offered to tutor all of the 16 PSTs who have participated in the research project in a

few interviews or during the entire study. When Alexis Helga was enrolled in M118- Finite

Mathematics during the Fall 1991, she asked if would tutor her because she was having a lot of trouble

in that class. We met a couple of times to go over homework assignments and to help her des clop

study habits so that she could work on her own later. It was only in the middle of our tutoring

sessions, that Alexis Helga realized that she would need to understand the concepts behind addition,

multiplication, and division of fractions. One day, she told me "OK, I think you've convinced me that

I have to understand how to operate with fractions because I'm always getting confused on what rule I

should usc. Let's make a deal, you help me do these homework assignments with matrices involving

all these strange numbers, and I'll let you discuss with me the ideas behind these operations."

It seems to cm that teacher candidates like Alexis Helga, who do not possess a strong mathematics

background and who are not willing to engage in the challenges and novelties proposed by a course

such as T104 need to be considered when we propose changes in teacher education. Unfortunately, the

only thing I can ascertain is that we still let many Alexis Helgas go out with a teaching license without

the minimum mathematical knowledge they need to teach and this is a huge and complex problem for all

of us interested in mathematics teacher education. I learned from Alexis Helga that our innovations in

T104 work only if the student is willing to change. Students need more time to rethink their views

about learning and teaching before changes can take place. 1 believe that students similar to Alexis

Helga need to bring their weaknesses at a conscious level. They need to experience classroom

environments that model this kind of strengths and weaknesses in mathematics. They need to become

aware of what they do not know and they need to receive help to overcome their difficulties. In

conclusion, we (mathematics educators) need to conduct other studies and analyze in more depth how

and when change takes place in preservice teachers' conceptions and understanding of mathematics.
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SCHOOL CHILDREN VERSUS STREET SELLERS' USE OF THE COMMUTATIVE LAW

FOR SOLVING MULTIPLICATION PROBLEMS

Malkin Schliemann, Claudia Araujo, Maria Angela Cassundi, Suzann Macedo & Lenice Niciasi

Universidade Federal de Pernambuco, Recife, Brazil

We analyze whether or not use of the commutative law for solving multiplication problems of the
isomorphism of measures type requires school instruction or if this mathematical property can
also be understood by children with little schooling who use repeated additions instead of
multiplication when they solve problems as street sellers. Subjects were first- to third-grade
school children and street vendors with irregular school attendance who had received none or
very little school instruction on multiplication. Results of the two studies described suggest that
understanding of the commutative law seems to be closely related to school instruction on
multiplication, while use of repeated additions to solve isomorphism of measures problems seems
to postpone this understanding.

There is nowadays agreement upon the fact that mathematical knowledge can be developed outside of school
classrooms and independently of school .instruction. The prevalent view is that mathematical knowledge may
develop in social contexts, through cultural practices. This does not mean that nothing is left for school to
teach. Schools, as an important cultural setting in children's lives, play an important role in developing sound
mathematical knowledge through the variety of situations that can be set up to provide opportunity of learning
new and more powerful procedures and of understanding new aspects of mathematical contents which does
not easily appear in other contexts. Understanding of properties and principles involved in multiplication,
such as commutativity, may be one of the areas where school instruction may play an important role while out
of school experience tends o postpone its appearance.

We have documented in our previous studies (T. Carraher, D. Carraher & Schliemann, 1982, 1985, 1987;
Nunes, Schliemann & D. Carraher, 1993; Schliemann & Acioly, 1989; Schliemann & D. Carraher, 1992;
Schlicmann & Magalhaes, 1990) that children and adults with low levels of schooling usually solve
multiplication problems through repeated additions, instead of using multiplication. A common mathematical
problem young street sellers solve at work consists in, given the price of one item, calculate the price of a
certain amount of the items. Street sellers with little school experience work out solutions to this type of
problem through the successive addition of the price of one item, as many times as the number of items to be
sold. This strategy preserves throughout the necessary computations clear reference to physical quantities, a
typical feature of computation procedures in real life situations where number is rarely conceived without
referents. In this case, when computing the price of many items, given the price of one item, what makes
sense is to add the number that refer to price as many times as the number denoting how many items are to be
sold. It may seem inappropriate for a child to consider such operation on quantities as commutative and to add
the number of items as many times as the price of each one to find the total price.

As pointed out by Vergnaud (1988), even when multiplication is used, it may he not obvious for young
children that problems of the isomorphism of measures type such as "John wants to buy 5 balls; each ball costs
3 dollars; how much he will have to pay?" can be solved either by multiplying 3 times 5 or by multiplying 5
times 3. At a purely numerical level, multiplicand and multiplier can be inversed without consequences on the
results. At the level of the measures being dealt with by the subject who solves a problem, commutativity may
not seem obvious and "certain pedagogical precautions are needed to make the child accept this
commutativity" (Vergnattd, 1981, p. 122). Empirical work by Nunes & Bryant (1992) shows that 9 to 10 year
old schooled children do not easily accept commutativity when they try to solve multiplication problems of

I his study ts as sponsored by grants to the lirst author from CNIN (Consclho Nacional de Desenvolvimento Ciotti fico c
ecnolti;oco). ltraiil
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this type. One of the few studies focusing on use of commutativity among non-schooled subjects (Petitto &
Ginsburg, 1982) demonstrates that illiterate adults do not use the commutative law to solve multiplication
problems: After solving through repeated additions a problem like 100 times 6, their illiterate African subjects
did not use the previous result for solving the problem 6 times 100. Instead they tried to work out an answer
by successively adding 6 one hundred of times.

It is mainly in schools that children learn to operate on numbers devoid of referents. In schools, when
multiplication tables are taught children have many opportunities to realize that the sante result is obtained if
you multiply 5 times 3 or 3 times 5.* Moreover, they are explicitly taught that commutativity is one of the
properties of the multiplication operation and receive intensive training on algorithms entailing multiplicative
relationships. This training is often decontextualized, with emphasis on numerical computation rather than on
quantities, with numbers being used without any reference to physical quantities. Despite the well
documented lack of sense of many procedures learned by students in schools, this type of training may help
school children to deal with a broader range of principles than street vendors with low levels of schooling arc
accustomed to. This may accelerate understanding of commutativity among school subjects while street
vendors with less school experience would not discover and use commutativity even when this property would
provide easier solutions for some problems, specially when they are using repeated additions.

How and when an understanding of commutativity in multiplication emerges? Is it the result of school
instruction on multiplication? Would procedures such as use of repeated additions to solve multiplication
problems postpone children's understanding of commutativity in multiplication? Or do they recognize
commutativity between the number that is repeatedly added and the number of times an addend is taken to
solve a problem? In the two studies reported below we analyze the emergence of use of the commutative law
to solve multiplication problems among school children and among street. sellers in Brazil. Our analysis aims
at determining whether or not understanding of the commutative law for multiplication requires school
instruction or if this mathematical property can also be understood by children with little schooling who use
repeated additions instead of multiplication to solve problems as street sellers.

STUDY 1

Subjects were 72 first- to third-grade Brazilian children, in the age range from 6 to 9, and 44 Brazilian street
vendors, aged 9 to 13, with irregular school attendance and who had received none or very little school
instruction on multiplication. We had to opt for two samples with wide differences in their age range because,
while middle class children in Brazil start receiving school instruction on how to solve multiplication
problems when they are eight years old, street sellers, who belong to the poorest sectors of the population.
enter school much later and are usually not working before the age of nine. Despite the fact that street sellers

in the sample had attended school for one to four years, they did not receive regular instruction on
multiplication due to the poor level of instruction in most Brazilian public schools.

Subjects were individually interviewed and asked to solve, talking aloud, the following series of verbal
problems where, given the price of one chocolate, in terms of number of 'cruzeiros', the Brazilian monetary
currency, they have to compute the price of a certain amount of chocolates stated in the problem as follows:

(a) A boy wants to buy chocolates. Each chocolate costs 5 cruzeiros. He wants to buy 3. How much
money does he need to buy 3 chocolates?

(b) Another boy wants to buy a type of chocolate that costs 3 cruzeiros each. He wants to buy 5
chocolates. How much money does he need to buy 5 chocolates?

(c) Still another boy wanted to buy 4 chocolates. The chocolates he wanted costs 6 cruzeiros each. How
much he will have to pay?

(d) And another boy wanted 6 chocolates. Each chocolate costs 4 cruzeiros. How much he will have to

Pay?
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After attempting to solve each one of the four problems subjects were asked to explain their procedures if
these were not made clear during solution. Before solving problems b and d subjects were asked to try to
answer these without doing any computation. If failure to provide a response based on the previous answer
occurred, they were asked to proceed with computations to find out an answer.

In problems a and c, the numbers denoting the price of each item is larger than the one denoting the quantity
of items to be bought. For problems b and d the inverse occurs. In order to control for effects due to the order
numbers appear in the problems, for the pair of problems a and b, in problem a the larger number is the first
number given while in problem b the opposite occurs; for the pair c and d, it is in problem d that the larger
number is stated first, while in problem c the reverse occurs. Because problems were given in the above fixed
order, a direct way of demonstrating understanding of commutativity would be to find the result for problems
b and d by mere repetition of the results of problems a and c, respectively, without any further computation.
since the answers for the two problems in a pair is the product of the same two numbers. On the basis of
results obtained by Nunes & Bryant (1992), among schooled subjects, we did not expect such an explicit use
of commutativity to occur very often. There is, however, an indirect way to access understanding of the
commutativity law as. in Vergnaud's (1981) terms, a theorem in action: A child who considers multiplication
problems of this sort as non-commutative or asymmetrical should always chose the number denoting the price
of items as multiplicand or, if repeated additions is the procedure chosen, as the addend to be repeated. A
child who conceives multiplication as commutative, should always choose the larger number as multiplicand
or as the addend in the repeated addition procedure, since this order represents a more economical procedure.

Results

Table I shows the percentage of correct answers for each group in each problem. Problem a was the easiest of
all for all groups and only first graders in the school children group had some difficult in finding the correct
answer for it. Problem e presented the same trend for schooled children but proved to be fairly difficult for
street vendors. Problems b and d were solved by nearly all schooled subjects in third grade, presented some
difficulties for second graders, and were very difficult for first graders. The majority of younger street sellers
failed to solve problem b while the majority of the older ones could solve it. In problem d, however, even
older street sellers failed in most cases in finding a solution for it.

Table I: Percentage of correct answers for each problem in Study I

Group Problem a I Problem h I Problem c I Problem d
School subjects:

First graders (N=24) .58 .33 25 37
Second graders (N=24) .96 .79 .96 .67
Third graders (N=24) .96 .88 .96 .88

Street vendors:
First and second graders (N=22) .91 .32 .50 .27
Third and fourth graders (N=22) .95 .68 .59 .36

The procedures or justifications for solving each problem were classified in terms of type of arithmetical
operation used to achieve or to explain a result. For problems b and d, a fifth category was added to include
cases in which the subject did not computed an answer but, instead, explicitly appealed to the commutative
law stating that results for problems b or d must be the same as the result obtained for the corresponding
previous problems. Correct or wrong answers given through non-identified operations or procedures were
included the "others" category. Tables 2 and 3 show the distribution of subjects in each grade group,
according to type of answers given for problems a and c (where price is the referent for the larger number) and
for problems b and d (where price is the referent for the smaller number).



Table 2: Frequency of each type of procedure for school subjects in each type of problem

Grade Problem

Explicit
use of

commu-
tativity

Operation performed to solve problems Non-
identifi-

ed &
others

Multiplication of Additions of

larger x
smaller

smaller
x larger

larger
number

smaller
number

1st Larger number denotes
price (a and c)

- 0 0 20 0 28

Smaller number denotes
price (b and d)

I 0 0 0 24 23

2nd Larger number denotes
price (a and c)

- I I II 20 4 2

Smaller number denotes
price (b and d)

7 9 7 5 15 5

3rd Larger number denotes
price (a and c)

- 19 20 7 0 2

Smaller number denotes
price (b and a')

16 6 20 2 2 2

Table 3: Frequency of each type of procedure for street vendors in each type of problem

Grade Problem

Explicit
use of

commu-
tativity

Operation performed to solve problems Non-
identifi-

cd &
. others

Multiplication of Additions of

larger x
smaller

smaller
x larger

larger smaller
number number

1st &
2nd

Larger number denotes
price (a and c)
Smaller number denotes
price (b and d)

-

0

0 I

0 0

30 I

1 32

12

11

3rd &

4th
Larger number denotes
price (a and c)
Smaller number denotes
price (b and (1)

-

6

3 8

5 2

24 I

2 17

8

12

Explicit reference to commutativity, or use of the results for one problem as the answer for the following

problem, on the basis of the commutative law ocet" -ed for nine school children and three street sellers in

problem h, and for 15 school children and three street sellers inproblem d. For children who did not explicitly

refer to commutativity, understanding of this property was inferred through use, for each pair of problems OOP

and c/c0, of either number as multiplicand, when multiplication was used, or as addend, when addition was the

operation chosen by the subject.

Three Interesting clear developmental trends appear in the results for school children. Firstly number of

errors, "don't know" answers, or unidentified strategies decreases and nearly disappears for all problems when

children reach third grade. Second, successive addition, which is the exclusive computational procedure used

by first graders gives place to multiplication procedures among the older children. Finally, while children who

use successive addition to solve the problems clearly prefer to take as addend the number denoting the amount

of cruzeiros, those using multiplication use either number in the problem as multiplicand, denoting an implicit

understanding of commutativity in multiplication. Data for street sellers also show a developmental trend,

switching from the exclusive use of successive additions to the use of multiplication to solve the problems.

This trend however occurs at a later age and is less accentuated, with a majority of older street sellers still

exclusively using repeated additions. The general tendency concerning an implicit understanding of
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commutativity when multiplication is used is also observed while, when successive addition was performed,

street sellers, as was the case for school children, only accepted to use as an addend the number denoting the

quantity of 'cruzeiros' stated in the problem.

The association between type of arithmeticaloperation used to solve the problems and presence or absence of

understanding of the commutativity law, either explicit or implicit, can be better appreciated by relating the

strategies used for each pair of problems. When
multiplication was used to solve problems a or c, in 59 % of

the cases for schooled subjects and in 67 % of the cases for street sellers, the answer to problem b or d was

achieved though explicit or implicit use of the commutative law. The same occurred in only 25% and 7 % of

the cases, respectively, when addition was the operation used to solve the problems.

Discussion

The above results suggest that when children learn about multiplication in schools they also learn about the

commutative law. Street seller's experience on solving problems about prices of various items through

repeated additions does not seem to be enough to promote the emergence of understanding of the commutative

law. it is possible, however, that street vendors did not demonstrate an understanding of commutativity in the

solution of the problems they were given in this study, choosing to perform successive additions in the least

economical way, because the difference between the two numbers in the problem was not large enough to

really matter. Therefore, the choice of the largest number as the successive addend did not represent a great

economy in the steps towards solution. With larger differences, such as that between the numbers in the study

by Petitto & Ginsburg (1982), different results may appear. Another aspect that remains to be analyzed

concerns school children use of the commutative law: 0o these children use of commutativity as the result of

understanding a logical rule, or is it just an emp'xical finding for specific number pairs they have been

practicing well at school? Memorization of Multiplication tables provide them with a wide range of

opportunities to match the results of the multiplication of the same pair of numbers in different orders. If this

is the case, even school children who use multiplication to solve the problems may refuse to profit from the

commutative law when they have to solve problems involving pairs of larger numbers, for which they have

not memorized the results of multiplication. In order to better analyze these issues, a second study, where

numbers in the problems differ by a larger margin was designed and run with similar groups of school children

and street sellers.

STUDY 2

A total of 72 first- to third-grade children, aged from 6 to 9, and 43 street vendors, aged 9 to 13, with irregular

school attendance, who had received none or very little school instruction on multiplication participated in

study 2.

As in study I. each subject was asked to solve, talking aloud, four verbal problems where, given the price of

one chocolate, in terms of number of 'cruzeiros', they have to compute the price of a certain amount of

chocolates. Each one of the problems now included one large number, as follows:

(c) A boy wants to buy chocolates. Each chocolate costs 50 cruzeiros. He wants to buy 3. How much

money does he need to buy 3 chocolates?

(f) Another boy wants to buy a type of chocolate that costs 3 cruzeiros each. Ile wants to buy 50

chocolates. How much money does he need to buy 50 chocolates?

(g) Still another boy wanted to buy 4 chocolates. The chocolates he wanted costs 60 cruzeiros each.

I low much he will have to pay?
(h) And another boy wanted 60 chocolates. Each chocolate costs 4 cruzeiros. How much he will have to

Pay?

Problems were given in the above fixed order and subjects were asked to explain their procedures. As in study

1, before solving problems f and h, they were asked to try to answer these without doing any computation.
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Results

Percentage of correct responses for each problem, in each group is shown in table 4. For problem e the results
closely follow the pattern obtained for problem a in study I. The other problems however,were more difficult
than the corresponding problems used before, especially for the younger children.

Table 4: Percentage of correct answers in S udy 2

Group Problem Problem Problem

g
Problem

S-.:Itool subjects:
First graders (N=24) .58 0 .08 0

Second graders (N=24) .92 .46 .33 .17
Third graders (N=24) .96 .79 .63 .58

Street vendors:
First and second graders (N=23) .96 0 .52 .04
Third and fourth graders (N=20) .85 .60 .65 .50

Tables 5 and 6 show the procedures used by school children and by street sellers, respectivclly.

Table 5: Frequency of each type of procedure for school subjects in each type of problem

Grade Problem
Explicit
use of .

commu-
tativity

Operation performed to solve problems Non-
identili-

ed &
others

Multiplication of Additions of
larger x
smaller

smaller
x larger

larger
number

smaller
number

1st Larger number denotes
price (e and g)

- 0 0 30 0 18

Smaller number denotes
price (f and h)

0 0 I I 15 31

2nd Larger number denotes
price (e and g)

- 6 9 28 0 5

Smaller number denotes
price (land h)

4 II 7 4 7 15

3rd Larger number denotes
price (e and g)

- 20 21 6 0 1

Smaller number denotes
price (fand h)

7 15 23 0 I 2

Table 6: Frequency of each type of procedure for street sellers in each type of problem

Grade Problem
Explicit
use of

commu-
tativity

Operation performed to solve problems Non-
identifi-

ed &
others

Multiplication of Additions of
larger x
smaller

smaller
x larger

larger
number

smaller
number

1st &
2nd

Larger number denotes
price (e and g)
Smaller number denotes
price (fand h)

-

0

0 I

I 2

32 0

3 4

13

36

3rd &

4th
Larger number denotes
price (e and g)
Smaller number denotes
price (fand h)

-

3

7 7

II 8

18 3

4 5

6

9

214

1292



Explicit reference to the commutative law was even rarer in this second study than in the first: three school

children and two street sellers explicitly referred to the commutative law or used the result obtained for the
previous problem as the result for problem f and eight school children and one street seller did the same %%hen

solving problem h.

As before, the number of errors, "don't know" answers, or unidentified strategies decreases with age among
schooled subjects and nearly disappears for all problems when they reach third grade. Successive addition
was, with one exception, the only computational procedure used by first graders. As before, successive
additions gives place to multiplication among the older children. Again, children who use successive addition
to solve the problems prefer to take as addend the number denoting the amount of cruzeiros while those

solving the problems through multiplication use either number as multiplicand.

Data for street sellers also show a developmental trend, switching from the nearly exclusive use of successive
additions to use of multiplication. A large proportion of older street sellers, however, still prefer to use
repeated additions. When the larger number denoted the amount of cruzeiros the preferred strategy among
street sellers was the repeated addition of this amount. When the amount of cruzeiros was represented by the
smaller number, a sharp increase in non-identified strategies occurred among younger street sellers in this
second study. Only a few subjects tried to reach a result via successive additions of the smaller number (in all
cases, giving up after a few steps). Most subjects seemed completely lost when faced with such problems and

tried, instead, to reach solutions through non -sense computations.

The association between arithmetical operation used to solve a problem and explicit or implicit use of the
commutativity law can also be seen in the following data: For schooled subjects, when multiplication was
used for solving the first problem in a pair (e or g), explicit or implicit use of the commutative law was present
in 71% of the solutions to the second problem for h). This percentage dropped to 17% when addition was the
operation used to solve the problems. For street sellers the corresponding percentages were 60% and 26 %.

Discussion

In this second study, for both samples, there was a slight increase in the number of responses denoting, either
implicitly or explicitly, an understanding of the commutative law. However, in the case of street sellers,
problems/and h pose real difficulty for the children who only use repeated additions. Instead of using the

commutative law, these children seemed to be at a complete loss when faced with problems where, according
to their usual strategy, they should add the amount of cruzeiros stated in the problem for an unusual large

number of times. A similar phenomenon has been documented before by Schliemann & Carraher (1992) in
their analysis of street sellers strategies for solving proportionality problems with unusual quantities. School
children use the commutative law to solve the problems, even when the numbers they deal with arc not part of
the multiplication table; they so often rehearse at school. It seems therefore that, when they use
commutativity they are r.t:t just repeating memorized facts but they are demonstrating a real understanding of

a mathematical property.

CONCLUSIONS

Do failure to use commutativity for solving problems about price of items indicates a general lack of
understanding of the commutative law or can children who refuse to use commutativity in this context apply it
to other contexts? Vergnaud (1988) suggests that failure to accept commutativity would not apply for product

of measures problems and Nunes & Bryant (1992) show for schooled subjects that product of measures
problems are more easily seen as commutative than are isomorphism of measures problems. Whether or not
this would also hold for street sellers or school children who have not yet learned about multiplication and
work with repeated additions remains a question to be answered by further research.

As suggested by the data described above, understanding of the commutative law for solving isomorphism of
measures problems seems to be closely related to school instruction on multiplication while use of repeated
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additions to solve multiplication problems tends to postpone this understanding. The everyday practice as
street seller where numbers most often are used to refer to physical quantities has the advantage of preserving
the meaning of the operations performed throughout the series of computational steps until a final answer is
reached. This, as stressed by Nunes, Schliemann & Carraher (1993), is one of the strengths of mathematical
procedures used to solve real life problems. And in the street sellers practice a clear reference to physical
quantities really matters in order to ensure correct computations of prices to be paid. However, if we want
children to further advance in exploring the properties of the number system and operations, explicit
instruction and carefully designed situations seems to be necessary if schools want to play their role in
widening children's understanding of mathematics.
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A TASK-BASED INTERVIEW ASSESSMENT OF PROBLEM SOLVING,
MATHEMATICAL REASONING, COMMUNICATION, AND CONNECTIONS

Thomas L. Schroeder, State University of New York at Buffalo, USA

The original purpose of this study was to provide a qualitative assessment of students'

problem solving focusing on the nature of their thinking, their problem-solving

strategies and heuristics, the mathematical approaches they selected, and the ways they

monitored their progress. However, the interview task discussed here also has

potential for the assessment of students' communication, reasoning, and connections,

themes from the NCTM Standards. Data include interviewers' field notes and

students' written responses to a non-routine problem presented orally in 15 interviews

with Grade 10 students . The problem can be and was solved using several different

strategies. The students' selection and use of strategies is related to the notion of

mathematical connections; their successes and difficulties explaining why the solution

they had found is unique is related to mathematical communication and reasoning.

In the NCTM Curriculum Standards (1989) four themes, mathematics as problem solving,

mathematics as communication, mathematics as reasoning, and mathematical connections, are

highlighted, appearing as the first four standards in each grade level section of the document. The

work presented and discussed here is part of a small-scale qualitative evaluation of students'

mathematical problem solving (Schroeder, 1992). However, mathematical communication,

mathematical reasoning, and mathematical connections were quite prominent in the students'

performances, and they are the focus of the analysis in this paper. The two main goals of the study

were ( I ) to develop a series of non-routine problems that would be challenging yet accessible, that

would demand planning and reflection, that would permit a number of different methods of solution,

and that would embody a variety of familiar mathematical processes and operations, but not in

obvious, routine ways; and (2) to use those problems in interviews with individuals and pairs of

students to describe and assess the mathematical processes and operations they apply and the problem

solving plans and strategies they adopt.

Interview Task
One of the study's seven problems developed for Grade 10 students was the following: "Can

you find two whole numbers a and b whose product is one million and neither a nor b includes a zero

in its representation?" To students who found the required pair of numbers, a follow-up task was

posed: "Are there any other such pairs? Why or why not?" Although it does not say so in the

statement of the problem, this problem is essentially about factorization and about the roles of prime

numbers in a factorization. A fact that can be applied to advantage in this problem is the fact that every

number that is a multiple of 10 ends with a zero, as well as the converse of this principle, that every

whole number that ends with a zero is a multiple of 10. For students in Grade 10, these mathematical

ideas should be quite familiar, even though the problem as stated is an unfamiliar, non-routine one.
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In preparing to use this problem in interviews with students, consideration was given to the

variety of ways in which students might approach and solve the problem. Indeed, an important reason

for selecting the problem was that it could be solved in a number of different ways. One way of

beginning to work on this problem is with a trial divisors approach. To find two whole numbers

whose product is 1 000 000, one might try dividing 1 000 000 by various numbers hoping that the

divisor and the quotient would both be whole numbers not containing a zero. The table below shows

some possibilities. Notice that even though the guesses have been made systematically with the

factors of 1 000 000 in order of increasing size, it does not look as if a solution is on the horizon.

Divisor 2 4 5 8 10 20 25 ...

Quotient 500 000 250 000 200 000 125 000 100 000 50 000 40 000 ...

Zeros? Yes Yes Yes Yes Yes Yes Yes ...

Another systematic way of looking for the two whole numbers is with prime factorization. If

instead of taking each factor in order, the problem solver takes out prime factors, each prime being

divided out as many times as possible before moving on to the next prime, a solution is reached in just

six steps. The figure below shows two ways of presenting prime factorization, one using repeated

division, the other a factor tree. In both cases, twos have been divided out as many times as possible,

but the on the right hand side 15 625 remains to be decomposed. Both show that six factors of two

can be divided out, giving 64 x 15 625 as the two required numbers.

2 110114CM

2)_50)000

21250000

2) 125000

2 ) 62509

2 ) 31250

5) 15625

5 ) 3125

5 ) 625

5 1121

5 L2,1

5

1 000 000

2 500 000

2 250 000

2 125 000/ \
2 62 500

2 31 250
2 x2 x2 x2x2x2 =64
64 x 15 625 = 1 000 000 2 15 625

Another variation on the prime factorization theme would be to factor 1 000 000 into tens,

and then try to rearrange and collect factors to make two factors each containing no zeros. This might
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look like the work shown below. The numbers within brackets in the top line all end in zero, and any

product formed with them will also end in at least one zero. This means that twos and fives cannot be

in the same factor, so the twos have to be put into one factor and the fives into the other,.as the bottom

line shows. This reasoning also answers the second question of the problem by showing that any

rearrangement of the prime factors that puts both a two and a five into the same factor will not work,

since that factor will end with a zero.

1000000=(2x 5)x(2x 5)x(2x 5)x(2x 5)x(2x5)x(2x 5)

1
1000000=(2 x 2 x 2 x 2 x2 x2)x(5 x 5 x5x5x 5 x 5)

1000000=(64) x ( 15 625 )

A different approach to the problem, and one that seems appropriate in view of the very large

number involved, is to solve a simpler problem. To avoid the difficult4es of working with a number

composed of so many zeros, the student may take a simpler case, say 100, and try to see if there are

two numbers neither containing a zero that have a product of 100. It is not too difficult to find the two

numbers in this case; 4 and 25. To see how this solution might help in finding the solution to the

original problem, the problem solver can solve a series of simpler cases, such as the ones given in the

table below, and try to detect a pattern in the solutions.

Product 10 100 1000 10 000 ...
Factors

containing no
zeros

2 x 5 4 x 25 8 x 125 16 x 625 ...

In each case, one of the two numbers is a power of two (which is fairly obvious), and the

other is a power of 5 (which is somewhat less obvious). Extending the pattern suggests that the way

to get one million as the product of two whole numbers containing no zeros is to use 26 x 56, or

64 x 15 625.
Earlier, when we discussed factoring 1 000000 into powers of 10 and rearranging the twos

and fives in those factors, we showed why the solution 64 x 15 625 is the only one possible. That

reasoning, using the fact that having both a two and a five in either one of the factors would cause that

factor to end in at least one zero, gives a reason why this can be the only answer. Of course, some

students may want to or attempt to use brute force to show that all other pairs of numbers whose

product is one million have a zero somewhere in their representation. Unfortunately, there are 49

different factors of one million (25 pairs having a product of one million) and 13 of the 49 individual

219

1297



factors do not contain a zero. However, only in the case of 64 x 15 625 do both factors contain no

zero. These facts suggest that a student will not be able to be sure that all possibilities have been

accounted for, unless the logic involving prime factorization and rearrangement of the prime factors is

used.

Procedures
Sixteen volunteers (8 females and 8 males) took part in interviews based on this problem; 14 were

interviewed individually, the other two (both males) were interviewed together. The students were

provided with calculators (scientific or 5-function) to use if they wished. In the introduction to the

interviews students were informed that the activity was not a test and that their performance would not

affect their standing in their school mathematics course. They were told that the interviewer was more

interested in how they went about solving the uolem than in whether they got the correct answer,

and that they could ask questions of the interviewer at any time. Students were urged to think aloud as

they solved the problem so that the interviewer could understand how they worked on the problem,

and they were told that the interviewer might ask them questions for clarification or give them hints or

help if they wished.

As the students worked on the problem, the interviewer observed them closely and made field

notes. At the conclusion of each interview the interviewer completed a record sheet designed to be a

con venient and standardized way of summarizing and reporting students' work on the problem. The

sections of the record sheet headed "Understanding," "Strategy Selection," and "Monitoring" reflect

Polya's (1945) d "scription of the phases of problem solving and the importance of metacognitive

activity in problem solving; they list a number of anticipated features of students' work which can be

checked off as appropriate, and they provide spaces in which to describe students' work. In the final

section headed "Overview" the interviewer is to indicate whether student(s) solved the problem

essentially on their own, or solved the problem with needed help from the interviewer, or did not

solve the problem even with help from the interviewer. The amounts of time spent reaching a solution

to each part of the problem, finding different methods of solving the problem, extending it or looking

back, and are also to be noted.

Results
In the discussion which follows, the unit of analysis is the interview, of which there were 15.

Because of the small numbers, results are not reported separately for males and females nor for

students interviewed individually or in pairs. The overall results showed that in five interviews (33%)

the students solved the problem on their own, and that in nine interviews (60%) the students solved

the problem with help from the interviewer; in only one interview did the student fail to solve the

problem, because of lack of time to complete the interview. The total length of time spent in each

completed interview varied from 8 to 40 minutes with a median of 23 and a mean of 24, and the time

taken to reach a solution for the first part of the problem ranged from 8 to 34 minutes with a median of

17 and a mean of 19. Interviews in which the students solved the problem on their own averaged

about the same in overall length as interviews in which students solved the problem with help, but the

students who solved the problem on their own tended to spend less time reaching a solution than
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those who received help. The additional ti,e spent by thestudents who solved the first part of the

problem on their own was spent mainly on the second part of the problem and on discussing other

methods of solving the first part. The median time spentfinding a solution to the first part of the

problem for students who solved it on their own was 16 minutes, asopposed to 21 minutes for

students who received help; the means were 14 minutes and 21 minutes respectively. All these time

measures include about three minutes spentexchanging introductions, recording facts such as names

and birthdates, summarizing interview procedures, and obtaining students' consent to participate.

Although these gross measures give a sense of the extent of the interviews and an idea of how well

the students performed, they were not the focus of the analysis; qualities of the students' work were

the main concerns.
In most of the interviews the students seemed to comprehend the problem readily, but in four

cases (27%) the students initially confused the term "product" with "sum." In one of these cases the

student almost immediately caught his error; having written a + b = 1 000 000, he quickly said "No,

product ... ," and changed it to a x b = 1 000 000. In the other three cases the students also wrote

a + b = 1 000 000, and the interviewer intervened only after allowing them to work for some time

with that equation (up to three minutes). The questions "What is the problem asking you to find?" and

"Why are you adding?" were sufficient to cause the students to recognize that multiplication is

required.
In the majority of the interviews the students' initial approach to the problem involved some

sort of trial and error behavior. Most often a calculator was used, and in only a few cases were some

of the guesses recorded on paper. In some instances students guessed both factors and tested to see

whether their product was the desired number, one million. In other cases the students guessed only

one factor and divided one million by that number to see whether the other factor was also a whole

number containing no zeros. In most cases the students realized that guessing was unlikely to lead

them to a solution, and they abandoned it after a short while, but a handful of students persisted with

guessing for several minutes, up to 8 minutes in the longest case. Not all of the guessing was "wild

guessing." One student made a 9 x 9 table showing the last digit (i.e. the ones' digit) of the product

for all the possible choices of last digit for the factors (excluding 0). Noticing in the table that numbers

ending in 5 multiplied by numbers ending in 8 yield products ending in 0, the student guessed

numbers such as 898 x 565 and found their products using a calculator. This student recorded only a

few of his guesses on paper; none of them involved factors ending in 2, 4, or 6, which also give

products ending in 0. Another student tried to use other patterns she had recalled from prior

experiences playing with numbers. Her guesses (e.g., 99 998 x 89, 99 999 x 89, etc.) are reminiscent

of other interesting patterns containing products with repeated digits such as 12 345 679 x 9 = III

111 111. Other students were noticed making guesses using multi-digit numbers containing repeated

fives (e.g., 1 000 000 + 555, etc.).
In the five interviews (33%) where the students solved the first part of the problem without

help from the interviewer, the students used either factorization to primes or solving a simpler

problem. All three students who used factorization to primes carried out repeated division by twos
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then by fives in a format similar to the rme shown at the left in the earlier diagram, and all three

completed the factorization as shown on the left, rather than stopping when the quotient no longer

contained a zero, as shown on the right. In two of these three interviews the students reviewed their

work and noticed that 15 625 was the first quotient that did not contain a zero. Taking the product of

the divisors used up to that point led them quite easily to the other factor, 64, which also did not

contain a zero. In the third interview, which incidentally involved the pair of students working

together, the students took the six twos and six fives they had found in the prime factorization and

explored various ways of rearranging these 12 numbers to form two factors of one million. They used

a calculator, but they were not systematic and made no written records, trying many combinations and

seeming not to realize that if they put a two and a five together in the same factor that factor would end

in zero. Eventually, almost 20 minutes into the interview, they found the correct way to group the 12

prime factors; one might say they stumbled upon the answer which was there all the time.

The other two students who solved the problem on their own did so using the heuristic of

solving a simpler problem, in fact a series of simpler problems. The problems they solved were to

find pairs factors containing no zeros for 10, for 100, and for 1000, but they did not necessarily

tackle them in that order. However, when they did consider their solutions in order, they noticed that

one of the factors kept on doubling while the other was repeatedly multiplied by five. Extending that

pattern led them with little difficulty to 64 and 15 625.

The students who solved the problem with help from the interviewer were given hints in the

form of questions. In one case the interviewer asked, "Would the idea of prime numbers be helpful in

this problem?" Interestingly, in this instance the student was not able to make use of the suggestion,

even though it can be considered to be a very broad hint, almost a "giveaway." In the other interviews

the interviewer asked, "Why don't you try using [or working with] some smaller numbers?" This

hint, although somewhat directive, is much less specific. It was given with the expectation that

students might think of factors of one million, perhaps even prime factors, as the "smaller numbers."

Alternatively, they might think of products like one million but smaller than it, since one million was

the number given in the problem. If this were the case, the question might serve as a hint to use the

heuristic of solving a simpler problem. In actuality, the students who were given the hint to try

smaller numbers all interpreted it to mean that they should try to solve the problem for numbers

smaller than one million, and they all did so using 10 or 100 at first. A few of the students had

relatively little difficulty taking this hint and running with it, but the majority of them were guided or

prompted with further questions, such as "Do you see any relationships between the problems you

have solved?"

Detecting and applying patterns seemed to be a source of difficulty for several of the nine

students (60% of the interviews) who used the heuristic of solving a simpler problem with help from

the interviewer. In two interviews the students had solved the problem for 10 and for 100, and then

tried to extend the pattern on the basis that 10 squared was 100, and likewise for each factor of 10 and

100. This led from 2 x 5 and 4 x 25 to 16 x 625, and from there to 256 x 390625, which has a

product greater than a million and a factor containing a zero. Thus, the strategy of solving a simpler
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problem did not lead these students to a suiution for the given problem, because the pattern they saw

in the two problems they had solved, when extended, did not include the given problem. A few other

students were tempted to see additive patterns in the series of problems, rather than multiplicative

ones, and this, too, led to difficulties.

The second part of the problem asked whether or not there exist any other pairs of factors

containing no zeros, and also for a reason why or why not. None of the students seemed interested in

tackling this part, and almost half of them (40%) responded "I don't know" when the interviewer

asked these questions directly. In another 33% of the interviews the students replied that they didn't

think there were any other solutions. All of these students had found their solution to the first part of

the problem by solving simpler problems and looking for patterns in those solutions, so they tended

to look for additional solutions among their solutions to the simpler problems. as well. Typical of the

responses of these students was the statement "1 can't find any [others] of those numbers that would

make 100, ... so I'm guessing that [because] for 10 you can't and [for] 100 you can't and you can't

(have another pair] for a million." The pair of students who were interviewed together and who in the

first part of the problem used prime factorization and extensive trial and error to allocate the prime

factors to form two factors of one million, were more successful than any other students in explaining

why there is only one solution to the problem. Although they had not previously recognized or used

the fact that a two and a five cannot be found in the same factor because that factor would then end in

a zero, when they addressed the second part of the problem they explained that if you put a two and a

five together you would have 10, and when you multiply by 10 you get a zero on the end. Two other

students who thought that there were no additional solutions but could not explain why there were

not, asked the interviewer to tell them why. In these interviews the interviewer conducted a Socratic

dialogue leading the students to produce the prime factorization of one million, pointing out that the

solution was essentially (26) x (56), and asking what would happen if one of the twos was moved

over to the factor containing all the fives. Although these students could not produce the reasoning

needed for the second part of the problem, they did not seem to have any difficulty following the

argument that they were contributing to by their tnswers to the interviewer's questions. To see how

well these students had appropriated the reasoning for the second part, it would have been useful to

ask them to explain it orally or in writing to another student. Unfortunately, this additional procedure

had not been planned in advance, and there might not be enough time available in the interviews for it.

Discussion
One important finding of this study is the amount of time that the students spent working on

the problem. By comparison with multiple-choice test items, which students are expected to answer at

the rate of about one (or more) per minute, or constructed-response items, which take on the order of

about five minutes, this task was quite time consuming, and there is a question whether the time

required is justified by the information obtained. The amount of time that the students spent reflects

not only the fact that the problem was a difficult and unfamiliar one for them: it is also a measure of

their perseverance with the task and their willingness to try different approaches and reflect on their

work and monitor their progress.
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Students solved the first part of this problem without help from the interviewer in only 33% of

the interviews. One way of interpreting this result is to say that the problem was rather difficult for

them, but an analysis of the students' performance, including their reactions to the hints and questions

provided by the interviewers, suggests that for the most part they were not lacking in the conceptual

or procedural mathematics background required by the problem, for example understanding of

relationships between multiplication, division, and factorization and skills needed to carry out these

processes; knowledge of the fact that multiples of 10 end in zero; etc. The obstacles they encountered

had to do with difficulties marshaling these resources and failing to monitor their progress. Moreover,

most of the students seemed unfamiliar with the problem-solving strategy of solving a simpler

problem, although when this was suggested to them by a quite indirect hint they were able to identify

and solve at least two relevant and useful simpler problems (i.e. finding pairs of factors containing no

zeros for 10 and for 100). Some of the students experienced difficulties detecting and exploiting

patterns in the simpler problems that they solved.

The students' performance on this problem illustrates once again the point that mathematical

connections are relatively difficult for students. "It seems safe to say that many mathematical

connections arc not obvious to most students. Substantial amounts of time arc required for students to

ponder about them. Even when fairly broad hints are given, students may not catch on quickly"

(Schroeder, 1993, p. I I). The general idea of mathematical connections is probably valued by most

mathematics teachers and researchers, but it often seems to be taken for granted. This research shows

that the notion of mathematical connects should remain problematic for both researchers and teachers.

The results of the interviews with students suggest that this problem is a very appropriate one

for students in Grade 10, and probably also for younger students since its mathematics content

demands are typically met several grades earlier. Either as an assessment tool or as a learning activity

this problem provides rich opportunities for students to demonstrate and/or develop their abilities to

reason mathematically and communicate mathematically using arguments concerning mathematical

necessity and the consequences of various hypothetical choices. For these reasons, this problem

should be considered a worthwhile mathematical task. However, as I have argued elsewhere,

"Further work to develop additional appropriate tasks for assessment and for instruction [concerning

mathematical connections and reasoning] would [still!] be warranted" (Schroeder, 1993, p. 11).
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REPRESENTATIONS IN A DYNAMIC INTERACTIVE MEDIUM.

Zipporah Resnick

Science Teaching Department

Weizmann Institute

Rehovot, Israel

Baruch B. Schwarz Rina Hershlcowitz

School of Education Science Teaching Department

Hebrew University Weizmann Institute

Jerusalem, Israel Rehovot, Israel

This paper describes some cognitive development of students exposed to dynamic
interactive media about functions. After a few sessions, ninth grade students worked
in groups of four on a problem (the Fence Problem Situation). One week later,
individuals were asked to reflect upon their problem solving process by answering
questions pertaining to the Fence Problem Situation (in a worksheet format). We
analyze the actions undertaken by the groups especially the conditions under which
students decided to turn to another representation, and to keep on working within a
particular representation. The answers produced by the individuals served to analyze
the mental representations formed through the problem solving sessions. Finally we
attempt to study links between those mental representations and the particular actions
undertaken during the problem solving session.

1. Introduction
In the following we describe some cognitive aspects of the process of learning the function

topic in a dynamic interactive medium. This work is part of a project whose main goal is to develop

and implement a multi -media based mathematics curriculum. The project has three components:

i) the development of a set of activities in different mathematical topics; ii) research on learning

processes and on the role of the teacher and students within a dynamic media environment;

iii) implementation at different levels.

At present, three pilot schools participate in the project; the members of the research team, someof

whom are teachers, negotiate and redefine the curriculum and implement it in the classroom.

One of the main topics is functions. Various kinds of activities are integrated and embodied

in different media: work with graphical calculators, with software about functions, worksheets, and

verbal interactions (between teacher and students, and in small groups). Most of theactivities arc

open-ended problem situations in which the student is encouraged to make his/her own decision

about which representation/s to use, when and how to link them together and in which medium (e.g.

paper and pencil, graphical calculator, combinations of both of them, discussion in teams, etc....).

The computer tools enable dynamic linkage between the three representations (algebraic,

graphical, and numerical), and actions within each of them (e.g., drawing, scaling, plotting,

numerical and algebraic computing). The linkage between the different representation systems is

asymetric, in the sense that in order to draw a graph, one must pass through the algebraic

representation whereas an algebraic rule cannot be defined by a graph (except for linear functions).
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The general approach in the design of the activities is to reduce to a minimum the formal

introduction of new topics. Students are exposed to problem situations, and encouraged to use their

own intuition. Most teacher interventions are aimed to foster their function sense through the
integration of information from different media.

In the following we describe several kinds of reasoning around a problem situation (called

the Fence Problem described below) given to ninth grade girls (n=36) in one of the pilot schools.

2. Methodology
The Fence Problem was given after four sessions of activities about functions with graphical

calculators (TI.81). The girls worked in nine groups of four, with the graphical calculators available.

We observed the work in the classroom and then collected written group reports and analyzed them,

taking into consideration the group's computer actions. In the second stage, the girls worked
individually at home without graphical calculators on a worksheet also based on the Fence Problem.

Its design was subsequent to the analysis of the group reports and invited each individual to reflect

upon her own mental model constructed during the first stage. We collected these individual report

and they were also analyzed. In the following we analyze samples of cognitive activity from both

the team and the individual reports.

This methodology is a variant of the recall technique used to evaluate comprehension in
discourse processing (Kintsch, 1986) and in arithmetical word-problems (e.g., Mayer, 1982;

Cummins, Kintsch, Reusser, & Weimer, 1988; Schwarz & Nathan, 1993). It is based on the
assumption that when solving a problem (or reading a text), the solver constructs a representation of

all the events, objects, or components of the problem (or of the text). Kintsch calls this mental

construction the problem model.. When recalling a text or a problem long enough after reading or

solving it, text based representations (in reading) and computations (in problem solving) are
generally erased from the memory and readers or solvers tend to recall or reconstruct the problem

model (see Kintsch, 1983). Consequently, researchers can analyze the problem model by using a

recall technique, and infer the understanding of the problem (or of the text).

The homework we gave one week after the problem-solving session required the students to reflect

upon the whole solution process and to continue this process.

The Fence Problem Situation
Oranim School bought a 30 m. long wire fence with
which to enclose a rectangular garden vegetable lot.
The lot is bounded on one side by the school wall, so
that the fence is required for three sides only .

a. Find four possible dimensions for the lot, and the corresponding areas.
b. What are the dimensions of the lot with the biggest area?
c. One of the dimensions is I I m. What is the area of the lot? Can you find another lot

with the same area? If yes find its dimensions; if not, explain.
d. Now many lots are there with the following areas: 80m2, 150m2?
e. What is the domain appropriate to the problem situation?

1304 -226-



3. The Problem-Solving Session
The justifications in the group reports included evidence of actions undertaken within

representations and about decisions which led to linkages between representations, as illustrated by

the following three examples.
A. From past experience with the activities, it was clear to all groups that:

i) In order to find the dimensions of the lot with the biggest area(question b above), they needed to

draw the graph of the area function.

ii) In order to draw the graph with their graphical calculators, they had first to enter an algebraic

formula.
Many groups organized their numerical examples in response toquestion a as a table with

three entries: one side, second side, area. Then, they generalized the numerical values in algebraic

form: X, 30-2X, X(30-2X). In a few groups they explained very carefully how they

proceeded from numbers to algebra, step by step.
Three groups were "in a hurry" to find a formula (the key for drawing a graph), and inserted

30-2X or (30-X)/2 (the formula for the second side) whichever was the first to "appear", and were

surprised by the result. For example:

We drew the graph on the graphical calculator, using the
formula 30-2x, with a range of 0-15 for x, and a range of
0-150 for y. It did not seem OK because we had to find the
area and the formula fitted the second side.

So we understood that the formula was wrong and we
decided to replace it by (30-2x)x [there were two arrows
pointing to x and to 30-2x and labeled fast side and second
side) because this is the area formula. We are looking for
the "highest" [the girls meant the highest on the graph]
area.

We got graph that seems to us a more correct one.
Note: we did not change the range only the formula.

150

150

Is

Is

The first graph the girls got did not make sense because it did not fit the model they had

constructed in the numerical representation (question a). So they went back to the algebraic

representation, corrected it and got what they called later "the correct graph".

B. The area graph in the graphic calculator seems to have a "flat top". So in order to find the

largest area, girls did some actions on the graphical presentation - they changed the scales in

order to magnify the relevant part of the graph, and/or moved between the representations in order to

attune the information between them. For example:
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When we drew the right graph, we got a straight line on its
top, so we "reduced" [zoom on the neighborhood of the
maximum] the graph (the space of the y-values) in order to
find the maximal area of the lot.
We went up on the graph, and we reached the highest point
on it. We read 7.49 on the x-axis and we substituted this
value for x, in the equation, so we got:
(30-2*7.49)*7.49 = 112.49.
We tried this also on the graph and we reduced the x-axis,
and then the y-axis, so we reached the highest point, and it
yielded exactly the same as with the formula.

C. In question d, some groups gave global reports lacking accuracy, within the graphical
representation:

Because the graph goes up and then down it is
obvious that there are lots with the same area. [and they drew

Some were more specific, and tried to tackle this problem with algebraic tools:

We tried to solve (30-2x)*x=80, but we couldn't do it,
so we turned to the graph. When the area is 80m2,
then the side can be 11 526 and can be also 3.4736.
There are two lots whose area is 80m2. [and they drew

In order to avoid an impasse (their inability to solve the equation), the girls moved from one
representation to the other.

We can conclude that the passage from one representation to another was induced by three
needs: i) to make sense of the problem to be solved (first example); ii) to attune the information

between representations (second example); iii) to avoid an impasse within a particular
representation (third example).

4. Reconstruction of the problem model with the homework activities
In this second stage the girls were given a worksheet to be solved individually at home, and

were asked to justify their answers. Their justifications were based on their problem model, which

could be characterized by the mental representations students evoked to answer the questions in the

worksheet. We found some properties of those representations by analyzing their written
justifications, as illustrated by the discussion of their responses to the following two questions:

Question 1. Some students drew the straight line as
the area graph. Most of these students said that this
graph does not fit the area . Explain why. Give as
many reasons as you can.

As mentioned above three groups drew this graph on their way to the right graph. In this question

we wanted to learn more about "the place" of this graph in the individual problem model.



Question 2. Some students chose x as the length
of the side perpendicular to the wall.The formula
for the area is then (30-2x)*x and the graph looks
like this:

Other students chose x for the length of the side
parallel to the wall. The formula for the area is
then (30-x)12.x and the graph looks like this:

If we draw the two graphs in the same coordinate
system, do they overlap? Give as many reasons as

possible.

One of the justifications given by girls was discrete in nature. For example:

In the area graph when x=0, then the area is 0 and
in the linear graph, when x=0 the area is not 0.

Such an approach is natural and simple. However, only few students used it, and among those

that did, more often than else, it was intended as a check that an assumption was correct, rather than

to construct a justification on it. For example, in response to the first question:

From the graph ,the largest area can be 30m2 and
this we can show to be nonsense. For example: we
found that when one side is 7, the area is 112,

meaning that there is an area bigger than 30 m2

In general, students almost always relied on the work they did one week before to articulate their

answers (a phenomenon which justified our methodology).

The second kind of justification was very global. It uncovered a constraints and

affordance aspect'. It was diagnosed on the graphical representation, because the two questions

we asked were graph-centered. In such justifications, the graph is obtained as a series ofconstraints

dictated by the problem data . These constraints limit the general form of the graph, delineate (or

attune) through which points the graph must pass, or where it increases. For example,

for the first question:

We know that if a side is zero, there is no area
(that is, it's not included in the domain); also if the
side is 15, there is no area (it's not included in the
domain). So I know that between 0 and 15, there
must be an arc 0/115. Because for 1 the area
increases, and so on 2, it increases until it must go
down in order to get to 15 (where there is no
area). And on this graph, it always goes down.

'This component was recognized by Greeno, Engle, Kerr, and Moore (1993).
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down in order to get to 15 (where there is no
area). And on this graph, it always goes down.

In another kind of justification, the dynamic-variational aspect of functions was present.
Here, a function is grasped as describing a continuous phenomenon whose change for each value is
considered relatively to the change obtained for contiguous values. The student compares these
changes using various tools, such as rate of change, or infinitesimal modification of the pre-image in
the algebraic or "real world" representation. An example of this kind of explanation for the first
question is:

According to the table, the formula and previous
examples, we can tell that this is not the correct
graph because the y-axis is used to represent the
area and 1 already know that it is not reasonable
that a straight line goes down, 1 mean, that the
differences between the areas go down at a
constant rate.

Another more sophisticated example is:
The graph does not seem to me very reasonable,
because the results do not seem reasonable. The
graph cannot be a diagonal line but a curved one
because there is one side and another one, and as a
result the area increases and drops: for example, 1
28, 5 20-here the jumps are substantial- 145 t-
here the decrease is very slow.
[Here, the student notices that the rate of change itself is not constant]

The following justification for the second question shows the same dynamic-variational aspect.

Yes. The graph is the same. The second side is
with jumps of two, whereas the jumps for the first
side are of one. So the graph of the side 1 is like
that,

The graph for the second side is in fact the same,
the jumps on the x-axis being of two

7.5 15

15 30

[the student shows a table with the values of the first and the second side].

....side 1

715 15 ucle 2

15 30

In another kind of justification (very common in the problem solving), students made up
their mind about the problem by integrating information from different representations. The
following excerpt shows this integration aspect for the answer to the first problem.
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According to the given graph, the longer the length of the side, the
smaller the area, and that can't be. According to the table, first the area
increases, until one reaches the maximal area, when the one side is 7.5
and the other is 15 and this is half the total length of the fence; from
there, the second side decreases as the first side increases and then the
area begins to go down until it reaches zero

Of course, more then one of the aspects reviewed above is often present in a student's explanation.

For example, in the second discrete example there is also a constraint and affordance aspect (when

the student asserts that there is an area greater than 30m2) in addition to the discrete aspect.

Again, a student might use global considerations to decide that the two graphs havethe same general

form (constraint-affordance aspect), and discrete considerations to decide that the (same) maximum

is obtained for different x-values. Thus for example:

No. The graphs will not fall one on the other because for each set, the
position of the x is different. For example, when we use the formula
(30-x)12 and we put 15, we obtain 75, but because the second formula
is 30-2x, the pre-image x is in a different place.

Students' justifications reveal different global aspects of functions which were used during the

problem-solving sessions and made visible by the homework reports. These aspects indicate that the

students developed rich mental representations for solving problems about functions.

5. Conclusion: some considerations about learning processes with dynamic
interactive media

Dynamic interactive media for the learning the function concept differ from other
environments in the new status they confer to their external representations. Graphical and tabular
representations are traditionally display representations in which it is possible to discover properties

by solely interpreting them. In dynamic interactive media, they become action representations,
similar to the algebraic representation (Kaput, 1992). The fact that it is possible to make links

between representations, and to follow up the parallelism of actions within representations is at the

root of student learning (Kaput, 1992; Schwarz & Drcyfus, in press). Our research indicates that

students acquire rich and varied kinds of mental representations of functions in a very short period

of time.
A very general aspect of functions which students evidenced when solving the Fenceproblem

and during their homework, is that information collected from several representations signify the

same entity - the function. For this reason passage to another representation is often intended to

refine (attune) information which is not accurate enough or available in a particular representation. It

addition it is clear to them that in this passage the entity properties will remain, because propertiesof

functions are invariant across representations. For example, when they can't solve (30-2x)x =80

they turned to the graphical representation to look for the unknown x value.
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Another aspect students used in their work is that functions are quickly grasped as dynamic-
variational processes. As seen in one of the examples above, students considered rate of change in a

global way, in contrast to the "en bloc" static view of graphs or formulae.

Functions were also perceived as entities which satisfy global constraints according to the problem to

which they refer. The student's problem model of a problem-situation is partly built as a system of

constraints (for example, the fact that the dimensions of the lot are between 0 and 15), and
affordance (for example, the fact that the area function will first increase from zero, then decrease,

until it reaches zero for y=15).

The analysis of the problem solving session gives some clues about the origins of the
formation of such rich mental representations. We saw that moving from one representation to

another is triggered by several causes: the learner seeks to make sense of the problem, to attune the

information, and to circumvent impasses. We believe that, for example, "moving to another
representation to make sense of a problem" causes, in turn, students to integrate representational

information. Similarly, it seems reasonable that grasping the dynamic-variational aspect of function

may stem in part from the fact that "searching for a maximum by algebraic computation often leads to

an impasse". The program of the current research is to better characterize the links between the
acquisition of these mental representations and the decisions of the learner during problem solving.

From the preliminary results reported here, it is clear that the learner constructs very rich
representations by interacting with dynamic media, and that their use is highly flexible in problem-

solving activities.
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MATHEMATICAL PROOF AS A NEW DISCOURSE:

AN ETHNOGRAPHIC INQUIRY IN A JAPANESE MATHEMATICS CLASSROOM

Yasuhiro Sekiguchi

University of Yamaguchi. Japan

The study investigated the practices of teaching and learning of mathematical proof in a mathematics

classroom. The data was collected in geometry lessons of an eighth grade mathematics class in Japan.
using ethnographic methods. Preliminary analysis of the data indicates that basic processes underlying the
instruction of mathematical proof is an introduction of a whole new mathematical discourse. As pedagogical
device, "fill-in-the-blanks' proof was frequently used by the teacher. It functioned as "scaffolding" tool to

guide leaning of writing proof, as well as instructional management device. Social nature of learning of
proof, and problematic aspects of 'scaffolding" practice in the classroom arediscussed.

Mathematical proof has taken important part in mathematics curriculum, and many efforts have

been done on its teaching and (earning. Though the concepts ofproof underlying those efforts were often

that of formal proof, students need more experience in which they reason in less formal mathematical

systems as recent van Hiele theory indicates (van Hiele, 1986). .Furthermore, a stress on formal proof may

distort the dynamic processes of mathematical inquiry (Hanna, 1983). Recent studies in the philosophy and

history of mathematics have proposed a sociological approach to mathematics (Bloat.. 1976: Lakatos. 1976:

Tymoczko, 1985; Wittgenstein, 1978). They stress the importance of informal mathematics in mathematical

inquiry in socially interactive situations.

In addition, though many studies on learning of proof were conducted in the past, they were not

necessarily sensitive to the actual classroom contexts. Only few studies (e.g.. Balacheff, 1991; Lampert,

1988; Moore, 1991; Schoenfeld, 1988; Tinto, 1990) have been conducted in the actual classroom. The

present study was an exploratory attempt to understand the practice of teaching and learning of proof in the

actual classroom, focusing on As informal and social nature.

The author conducted an ethnographic study on mathematical proof in1969-1990 in the United

States and reported in Sekiguchi (1991, 1992). The present paper is based on a new study that tock place

in a culturally different setting, in Japanese junior high school classroom, during 1992-1993, in order to

further understanding of the processes underlying the instruction of proof.

Description of Study

The study used an ethnographic approach. it enabled the investigator to access data on the actual

practice of proof in the classroom, the context where the proof wassituated, and the participants'

perspectives. Because proof is first introduced to the students in the eighth grade (the second year of junior

high school) in Japan, I selected one eighth-grade mathemafica class at a junior high school in southwest of

lbaraki prefecture in Japan. The participants were the teacher and the students (36 students) in the class.

The class was observed throughout the second half of the school year (October 1992-March 1993).

Interviews of the participants and ccfloction of their writings were often conducted to supplement the

observational data. The lessons were audio- and video-recorded. TheInterviews were usually audio-

recorded. During the period of data collection those records were used to write field notes, perform informal
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analyses of the data, and choose a focus for the next data collection. The records of lessons were also

occasionally used in an interview to help an interviewee recall an incident that had occurred in class. After

the data collection ended, the records were partially transcribed and used for qualitative analysis (LeCompte

& Preissle. 1993). The analysis has not yet been fully completed. The present paper is written based on

the preliminary analysis of the data taken mainly from introductory lessons on proof.

Results

The concept of proof is first introduced to the students in the geometry lessons of second year

mathematics of junior high school in Japan. Though the students did certain kinds of justification and

explanation in previous mathematics lessons, proof is not discussed there.

Explainktg_Why?

After finishing the chapter on application of linear functions in 12 October 1992. the teacher began

to deal with geometry. The class discussed the basic properties of vertical angles, parallel lines, angles of

polygons, the conditions for congruence of triangles nearly two months. During that period, the terms

"proof," "definition." *theorem" were not used (the terms ''axiom" or "postulate" were never used throughout

the year). The basic properties of figures were introduced to the class after working on examples. The

teacher encouraged the students' discovery of those properties. At the same time. he encouraged them to

"explain" properties of figures using what the students had already learned. Inductive and empirical

reasoning using ruler and protractor came to be discouraged in explaining. He frequently asked the

students "why?" and requested to give "a reason."

For example, the fist topic was vertical angle. The teacher drew two intersecting lines on the board,

and asked the students how many angles there were around the intersection (Figure 1).

a

EigUrei .

Students pointed out the 13 angles: a, b, c, d, a+b, b+c, c+d. d+a, a+b+c, b+c+d, c+d+a, d+a+b, a+b+c+d.

The teacher asked them which angles were equal each other. A student suggested that angles a and c, and

angles b and d are equal respectively. Another student pointed out that a+b and b+c were equal. After

noting a+b and b+c both were equal to 180 degrees, the teacher asked the students to work on a problem:

Using La+ Lb=Lb+ Lc, let's explain why La= La

Students found that by subtracting L b from both sides they got L a = L c. The teacher then concluded

that "when two lines klersect, the angles Wing each other at the intersection are equal.' He told that those

angles were called vertical angles, and refamuteted the above conclusion, "Vertical angles are equal.-
inuacksiorage

In 9 December 1992, the term rod' was introduced to the class. The topic of the lesson was how

to use the conditions for congruence of triangles. The teacher first presented the problem (see Figure 2):
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"In the figure, when AM = CM and BM = DM, explain that AB = CD" (the point M is atthe intersection of

segments AD and BC). He asked the students to solve it using conditions for congruence of triangles.

A iC

Figure 2.

After the teacher connected AB and CD by segments, students noted that LAMB and L CMD were equal

because they were vertical angles. The class then found that A ABM and A CDM were congruentbecause

"Iwo pairs of sides and their included angles are respectively equal," concluding that AB = CD.

After that discussion the teacher wrote an explanation on the board and asked the students to copy

it and RI in the blank by themselves:

In A ABM and A CDM

AM = CM ... (1)

BM = DM . . (2)

Since vertical angles are equal,

LAMB = LCMD . (3)

From (1), (2), and (3). because are respectively equal,

A ABM II A COM

Since corresponding sides of congruent triangles are equal, AB = CD.

T (the teacher): 'Later, we're going to study 'proof.' I want you to remember the writing style like this."

He then presented another problem that asked to explain using conditions for congruence of triangles

(Figure 3): In the figure, when AB = DB and AC = DC, explain that L ABC = L DI3C ."

A

D

Euuce_3.

Students were stuck after writing down "AB = DB . (1)" and 'AC = DC . . . (2)." The teacher went to the

board and Wed the class what other parts are equal in the figure.

S1: "LA= C.D.'
T: "This and this are equal. Well, they appear to be equal. Uh, what would you do if you're asked why so?

They are equal, equal, but, k you're Wed why they're equal, aim. S2. what do you think?'

S2: "BC."

T: "Okay? BC and BC we equal, aren't they? Obvious, isn't It? Because they are common. They are

sticking together. Uh, we write it lace this."
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Since they are common, BC = BC.

Using "three pais of sides are respectively equal," the class finished the problem.

The teacher then introduced to the class the term *proof as arguing orderly the reasons why a statement is

true by relying on what have akeady been accepted as true, pointing out that the explanations they got in

the above problems were proofs (Note: Proof in 8th grade mathematics is written in paragraph form in

Japan). The teacher further introduced the terms 'Assumption (or Hypothesis)" and 'Conclusion," and

reformulated proof as deducing a conclusion from assumptions.

The above lesson indicates several important themes of learning proof, which were recurring in later

lessons. Fist, proof * considered "explanation." Second, statements mentioned in proof must be backed

by "reasons" even if the statements are actually true. Appearance is not enough to support astatement.

Third, writing style is infx-irtant. The statements used in a proof should be written down (and numbered)

whether they are "obvious" or not.

The class began to work on more proof problems. The students experienced serious difficukies in

identifying Assumptions and Conclusion from a given statement. The teacher often stressed in class the

impotence of correct understanding of Assumptions and Conclusion in proof: "Being able to solve a proof

problem depends on whether you have solid understanding of the Assumptions and Conclusion. Basing on

what. and what to prove? If you're confusing thorn, the proof will make no sense to you at all." When a

statement is written in "if-then" font, the students did not have much troubles. But, when it is not in "if-then"

form, they became uncertain. Viewing a mathematical statement as conditional seemed not to be trivial for

the students. For example, consider a statement 'the areas of two congruent triangles are equal." Students

tended to identify the Assumptions with the subject (e.g.. 'the areas of two congruent triangles"). and the

Conclusion with the predicate (e.g., 'tare) equal"). (They conceived that Assumptions should be phrased

using words contained in the statement. and the assumptions and the conclusion should be taken from

different parts of the statement.) Also, they sometimes took Assumptions as 'reason' for Conclusion. For

instance. when asked to write Assumptions and Conclusion of a statement 'an angle of equilateral triangle t

60°," some students wrote 'the sum of the angies of equilateral triangles 180°- as Assumption, and 'one of

the angles is 80'. as Conclusion. They added to Assumptions new information ("the sun of the angles of

triangle is 180°1 used to prove the statement.

In addition, when proof was involved in. finding of Assumptions and Conclusion got another

complication. When proving a general statement Wm "the base angles of isosceles triangle are equal' it

needed to be reformulated in terms of the symbol* Libeling the given figure. To make the reformulation,

definitions of main terms used in the statement nestled to be recalled. For example, in the above statement,

the definition of isosceles triangle was needed In order to stale "AB = AC" (in the given isosceles triangle

ABC) in Assumptions. But some students did not memorize definitions well. Also. when a proof was using

an auxiliary line. students tended to put a property of the line into Asumptions because it was used as

reason in proof.
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Using and Writing Reasons

The problems the students had worked this year before geometry were mostly of algebraic nature

They were "problems to find" (Poly& 1973) and involved computation mostly. In algebraic problems the

students just needed to show their calculations. In geometry. they suddenly faced "problems to explain" and

"problems to wove," and required to tell and write "reasons" with words. When they could not find

appropriate "reasons" for a statement. the teacher told them, "We can't say that," and did not accept it into a

proof. The students had to learn a new way of discussing and writing mathematics, a new discourse of

mathematics.

They needed to know the kinds of "reasons" and ways to phase them that were allowed in proof

The students came to learn that the appearance of figures and the measuring results were not acceptable in

explanation, and get accustomed to using "properties of figures" in explanation. When proof was

introduced, the students first learned to use Assumptions and then the conditions for congruence of triangles

as reasons. Later, some proof required to draw an auxiliary line. The students had to learn where to write

about the auxiliary line and how to phrase a property of the line as reason in proof. As they learned several

theorems, they had often troubles not only on how to apply them but also how to write them in proof. They

also seem not to be accustomed to remembering precise wordings of theorems, rather different from

remembering algebraic formulas.

Finesaw ancllititing.Posif

There were two major goals when dealing with a proof problem: Finding and writing a proof. When

presenting a proof problem, the teacher usually explained it drawing figures at the beginning. If the problem

had been assigned as homework, he sometimes asked one student to put his or her proof on the board and

the teacher explained it. In other cases, the teacher had discussion with the students about how to prove

the problem, using figures and jotting down informal memos on the board. The discussion may stop when

they got strategies to find a proof, or may continue until finding an outline of proof. Then, the teacher asked

the students to write a proof by themselves on their notebooks, and helping them individually. After a while,

he put lill-in-the-blanks proof" (see Figure 4) on the board as a hint or guide of writing a proof, saying often

your proof doesn't have to be exactly like this." After seeing many students finishing, the teacher filed in

the blanks together with the students, and ended the problem.

"Fill-in-the-blanks proof (let me abbreviate it as FBP), a well-known pedagogical device, is a form

constructed based on a complete proof, simply by replacing several parts of the proof with blanks. It was

used frequently in teaching of proof, appearing in the textbook, lessons, "miniteste (5-minute review test

before lesson), and term exams. The teachers uses of FBP in lesson seemed to be contingent on his

perception of students' difficulties. In the beginning of teaching proof, the teacher pia FBP on the board

soon after the class finished discussing how to find a woof, and asked the students to fill ft In by themselves.

But, later lessons, he tended not to put FBP until students made substantial efforts to write proofs by

themselves. Then, sometimes the teacher asked the students to write a whole proof by themselves: "You

should be able to do now without fill-in-the-blanks proof."
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In the figure. when 111 m and NB - WB, prove NA WC.

N AgpI
Abb..

C

<Assumptions>
<Conclusion>
<Proof> In A NBA and _
From the assumptions. . (1)

From the assumptions. Ill m, and because of of parallel lines.
LBNA- . . . (2)
And, because are equal. L NBA = . . . (3)
From (1), (2), and (3), since are respectively equal.
A NBA
Since the corresponding sides of congruent triangles are equal. NA = WC.
(11 December 1992)

Egure 4. Fill-in-the-blanks proof

However, students' difficulty was not the only factor tot the use of FBP. Time constraint of lesson

was also important one. Aber explaining a problem and discussing Assumptions and Conclusion, the

teacher sometimes told the class: "Since we don't have much time, we've got to use 'fill-in-the-blanks'."

Then he put a FBP on the board, and asked the students to write a proof using it. The teacher seemed to

feel a tension between giving the students ample opportunity of writing a proof by themselves and "getting

through' the lesson.

In proof problems in minitests and term exams, FBP were pervasively used. The teacher believed

that writing a complete proof by themselves would be too difficult for the students, especiaNy, in limited time

like in test. Actually, filling out FBP was much easier for the students. They told me in interviews,

the-blanks is easy, . . because it helps me to go to a (right] direction." In addition, the use of FBP in proof

problems reduced a great burden of grading from the teacher because it limited proof writing uniquely and

the teacher needed to check only the answers in the blanks.

Discussion

This study is an attempt to analyze the current practices of teaching and learning mathematical

proof and identity its underlying processes. The data was collected in geometry lessons of an eighth grade

mathematics class in Japan, using ethnographic methods. Analysis indicated that basic processes

underlying the instruction of mathematical proof is an introduction of a whole new mathematical discourse.

As pedagogical device, 1111-111-the-blanks" proof was found to be frequently used by the teacher. ft seemed

to be functioning as a supporting tool to guide leaning of writing proof, as wed as instructional management

device.

The metaphor 'mathematics as language has come to be recelly used in mathematics education

community. Viewing learning mathematics as acquisition of language or developing communication ability
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seems to provide useful implications to mathematics education (NCTM, 1989; Pimm, 1987). The present

study indicated that learning of proof involves an introduction of a new mathematical language system,

qualitatively different from previous systems: It required for the students to follow and internalize new ways

of interpreting, arguing, and writing mathematics. The difficulties that the students taperienced seemed to

be not only of cognitive nature but also of social nature because the students had to accept values of the

new system and follow new rules of communicating mathematics in the classroom. Further classroom

research is necessary to understand these social processes in learning of proof.

The FBP found in this study seemed to be used as "scaffolding" device by the teacher to aid the

students' learning of writing proof. The "scaffold" is a metaphor, first used by Bruner and his colleagues, in

order to capture the adult's (or teacher's) supporting role in child's learning. In that model, the teacher

"provides a supportive tool for the learner, which extends his or her skills, thereby allowing the learner

successfully to accomplish a task not otherwise possible" (Greenfield, 1984, p. 118). And, as the learner

masters the task, the teacher gradually withdraws the intervention, and release the full responsibility to the

learner (Wood, 1980, p. 282).

But, the teacher's use of FBP seemed to indicate problematic aspects of "scaffold" in the classroom

instruction also. Ideally speaking, the scaffold should be constructed and used contingent on INIlyklual

student. However, the teacher in this study had to handle 36 students, with varying abilities, at the same

time in limited period (This situation is normal in Japan). Though he tried to help the students individually

when circling among them, some of them often had difficulties in filling out FBP. Also, the teacher appeared

to have overused FBP because of instructional management purposes. This seemed to have led some

students to rely on FBP too much, and fail to develop the ability of writing a full proof. We ns'id to further

explore effective ways of "scaffolding" of learning of proof in the classroom (cf. Cazden, 1988, pp. 107-110).
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RESPONSES TO VIDEO IN INITIAL TEACHER EDUCATION

Michelle Se linger, The Open University, UK

The different reactions to video of two lesson extracts illustrating the practice of two
experienced mathematics teachers was collected from three distinct groups, tutors
from initial teacher education institutions, students in initial training and recently
qualified practising teachers. There were substantive differences in the responses
from the practising teachers compared to the other two groups The implications
this has for the current movement in the UK towards a greater emphasis on school-
based teacher training reinfbrce many of the current concerns held by those

involved in teacher education.

BACKGROUND
There is currently a strong government-initiated push to school-based teacher

training in the UK in which practising teachers will take a lead role in training

students to teach their specialist subject (CATE 1992). Although moves towards

more direct involvement of schools in initial training are welcomed by many

involved in teacher education, there is concern that students' experience will he

limited by the localised experience they will receive from working closely with one

teacher. The advantages of a higher education-based traditional teacher education

course in which 'students spend more time reviewing a wide range of practice and

discussing the relative merits of different ways of working will be lost (e.g. NAHT

1993, SCETT 1992). There is also concern that experienced teachers will be drawn

away from teaching pupils to teaching students. However many mentors in school

are often teachers with limited teaching experience although they are often

supported by more senior members of staff. It is this use of recently qualified

teachers in initial teacher education to which this discussion is addressed. The

comparative responses to video of the classroom practice of two expei.ienced

mathematics teachers between representative groups of recently qualified teachers,

tutors in initial teacher education and a group of students in initial training was

analysed.

VIDEO IN THE OPEN UNIVERSITY PGCE
Within the framework of increased emphasis on school-based work, the Open

University has launched a part-time, distance taught Postgraduate Certificate of

Education (PGCE) funded by the Department for Education (DFE). The first 1300

students started this )8 month course in February 1994; of these approximately 180

are secondary mathematics students and 450 are primary students. In line with

new teacher training criteria (DFE 1992) students spend a total of 18 weeks in

school. This is less than is required at present for students on full-time one-year
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courses in which the minimum requirement of 24 weeks in school represents two-
thirds of the PGCE course.

The Open University course is multimedia using print based material, audio and
video tape, computer disk based materials and computer conferencing. In addition
students attend tutorials and day schools at regular intervals throughout the
course. The video element comprises three video cassettes each linked to the three
stages of the course and they contain some generic as well as subject specific
materials. The subject specific element was filmed according to broad criteria so
that students from different curriculum areas would be working on similar aspects
of teaching. In the second stage video each subject domain looks at the development
of one or two lessons. Each video extract is accompanied by print-based tasks which
invite the reader to analyse some part of the lesson they are viewing and perhaps to
look at related material like the teacher's lesson plan, examples of pupils' work or
extracts from the departmental schemes of work. Viglietta (1992) highlights the
importance of written material to support the video extracts and found that 'where
teachers were exposed only to the video this had little effect on teacher's attitudes
and behaviour'.

In the second stage video for the secondary mathematics students two lessons are
shown each giving extracts from the beginning, middle and end of each lesson.
Students have access to a lesson plan for each extract. The first teacher is working
on the 'function game' (see Hewitt, 1990) with a year 8 class (12-13 year old pupils) in
a top set. The pupils and teacher are working in silence and all the action is
indicated by the teacher or a child passing a pen to another and encouraging them
to write the answer that fits the function as shown below.

2 4

3 - 9
4 16

10 100

n -.

Pupils then work in fours making up their own functions, each pair in a four is
setting enough mappings for the other pair to find the function. The teacher walks
around the class and we see her talking to two different pairs of pupils about their
work.

In the second video a mixed ability class in year 8 are describing to their teacher
what they know about angle. This lesson is very unusual in style, employing a
strong constructivist approach and working from the pupils and what they can say
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about what they know and understand by the word 'angle'. The teacher is trying to

find out if these pupils perceive angle as static or as a measureof turn and he does

this by prolonged questioning of one individual, then another avoiding any verbal or

facial clues as to their correctness. He asks each pupil, "What does the word 'angle'

mean to you?"

In making the selection of teachers and lessons to film, consideration was taken of

the limited amount of video time available. I wanted to show what I considered to be

good practice even though many aspects of the lessons could possibly appear

unattainable to students or newly qualified teachers; in both extracts the teachers

required their pupils to be very quiet in order to teach to their plan. Yet at the same

time I wanted to show what they might aspire to, and to illustrate several aspects of

teaching I considered to be important. I was showing teachers attempting to gain

the best possible idea about what pupils know rather than making assumptions

about their knowledge, as well as highlighting questioning techniques that
displayed an understanding of the time necessary for pupils to construct
verbalisations of their thoughts.

THE RESPONSE OF PGCE STUDENTS
In order to test out the extent to which I had achieved this I showed the video to a

group of students in their first term of a conventional one year PGCE course. They

were asked to discuss what they thought video ought to show if it was going to be

useful to them and then, secondly, to respond to the two video extracts described

above. One of their responses to what they wanted video to show was:

I'd be quite interested to see their lesson plan. It would make it easier to
have a framework from which we can judge what they are trying to
achieve and if they're achieving it.

This confirmed the view that related print materials were important. Other

responses indicated concerns about general teacher/pupil relationships rather than

teaching of content:

It would be useful to see how the same class reacted to different teachers.

I'd like to see a teacher follow a class to see what happens. Do they have
different styles when they get to know a class?

That first lesson with children when they come in, perhaps in year 7 or
the first encounter with a teacher, how does the teacher carry out the
lesson?
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The Centre for Mathematics Education at the Open University have developed a
style for working with video (Jaworski, undated) Observers are asked to watch an
extract ; at the end of the viewing they are asked to replay the video in their minds
for a minute or so without speaking. They are then invited to reconstruct what they
saw with another person and to come to some shared agreement of the scenario.
The emphasis is placed on an 'account of the action rather than 'accounting for it.
It has been found that by giving an account of the extract, the temptation to judge
the teacher's actions is reduced and attention is focused on other aspects of the
sequence. In the 'accounting for' judgements are made but with a shared picture of
the sequence which can provide additional insights into why the teacher might have
responded in a particular way.

After following this rubric, the students' reactions to the the first sequence revealed
much of their experience of schools as well as giving them some new approaches to
teaching. Many of their responses also moved focus, from general areas of
teacher/pupils relationships to concerns about the way in which the teacher worked
with individual pupils on their learning:

She didn't really give her much time you know, one question after
another. It takes time to remember.

She didn't say, "Does everyone understand?", so you didn't know if there
were any pupils who didn't understand.

Although general issues still concerned some:

You just see this thing where you see the children sitting in their seats
and quiet. How did she initiate that?

When asked to describe one aspect of teaching that had emerged from the video that
the students might use in their own teaching, they showed the hoped for concern
about questioning techniques!

Don't ask a question if you aren't prepared to wait for an answer.

Not to ask totally leading questions but give the pupil a chance to think
things through for themselves.

They also focused on certain teaching points:

I picked up the idea of letting the class set each other's homework.

Getting children to explain concepts and patterns in words instead of
going straight to symbols.



A maths lesson can be very practical, it doesn't have to be based on a text
hook.

Others noticed aspects of classroom organisation:

A good reminder of how effective group work can he in motivating pupils
and making lessons more interesting.

The second video extract produced more diverse and fierce reaction:

I felt so uncomfortable watching that lesson. If I'd been there I would
have thought, "Please don't pick on me ". - not that I didn't know about the
angles.

I did think that it as a good technique and it was really successful
because it gets all the pupils thinking all the time.

Some were also concerned about the lack of reassurance the teacher gave pupils and

asked questions like:

I would like to see the same teacher deal with a pupil who obviously didn't
have anything to add. What does he do?

As in the previous extracts there were comments about pupil learning:

I think the lesson provoked more thought outside the lesson as well.

It's good that he didn't get them to draw on the board They actually
articulated. He kept pushing until they had a firmer understanding.

When asked for one thing they had learnt from the second extract some focused on

the way pupils learnt concepts:

Rather than just have a definition of what angle is, have a real concept of
what it is. This concept is personal because they come to it themselves
rather than just being given it by the teacher.

Finding out pupils understanding of something before they start looking at
a topic on it.

Others focused on aspects of teaching:

Pupils can be given opportunity to express their own understanding of the
subject and to clarify their explanation.

Effective teaching is thoughtful and probing questions - allowing the
children to dictate and shape the lesson.

I've learned how it can be necessary to give no feedback in order to allow
pupils to be totally honest about what they know.
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RESPONSE TO VIDEO OF TUTORS AND TEACHERS
In order to test the findings againstthe responses of those who are most closely
involved with teacher education, tutors in higher education institutions and
teacher-mentors in schools, the same video extracts were shown and the same
questions were asked of two representative groups. The tutors taught a range of
initial training courses, not just PGCE and not all taught predominantly secondary
students. The teacher group, with the exception of one, were in the first two years of
teaching but they were all expecting to work with students in initial training.

The tutors wanted to use video to show what they considered to be excellent teaching
and also practice that they were keen to promote but which they rarely saw in
schools. They wanted video to illustrate a range of practice since students often
gained experience of only two schools during their training. Their responses to the
video extracts appeared to identify the same issues as the students, the very short
time the teacher in the first video gave for pupils to answer questions, the style of the
lesson, and the attempt to develop an open questioning style. In the second video
extract, the tutors also reacted strongly. They emphasised the role of questioning to
elicit what children knew and understood through articulation. One tutor saw the
sequence as 'highlighting the difference between teaching mathematics and
children learning mathematics'. As expected, their responses were more
analytical but the issues were mainly the same issues identified by the students
themselves.

The teachers' responses however were more varied. The most experienced teacher
being the only one to respond in a similar way as the tutors. The other teachers
wanted video to highlight the complexity of teaching and to show the end of the day,
starts of lessons as well as 'good teaching'. The video extracts were rejected because
they 'appeared too sanitised'. They were concerned about the context of the lesson in
terms of the school and the catchment area and whether their own year 8 pupils
were able to respond in the same ways as illustrated in the video extracts. They also
felt the classes were 'unreal' because the pupils were very well behaved and they
considered this might put off students who were unlikely to be able to teach in this
way immediately and who might set their expectations too high as a result of
watching the video. They thought it was very difficult for pupils to 'deconstruct
their ideas' although some agreed that working on thought processes was 'a really
good idea'. The main concerns of this group of teachers were rooted firmly in their
current practice and they were unable to see the merits of the video in illustrating
practice one might aspire to or practice in which they might find an alternative
approach they could use in their own teaching. They appeared to see the extracts
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as an entirety and were unable to unpick some of the teaching points that both

students and tutors picked up on.

DISCUSSION
Berliner (1994) identified 5 stages of teacher expertise moving from novice to expert.
Tutors in higher education institutions are often experienced teachers who have
moved into initial training and can therefore be classed as expert. However in
Berliner's classification experts are arational in that they have an intuitive grasp of
the situation and a nonanalytic and nondeliberative sense of the appropriate
response to be made' (p110). However they are able to bring 'deliberate analytic
processes to bear when things do not seemingly work as planned. In observing
other teachers or students working with pupils, these analytical frameworks can be
brought into play; they are able to analyse and reflect on the practice they observe.
However teachers in the early stages of their careers are developing through the
stages and according to Berliner's classification are most likely at the stage of

advanced beginner in which they are unable to accept 'personal responsibility for
classroom instruction' since they are still unable to wilfully make the results of
their actions take place. This explains their responses to the video as 'unrealistic'
and 'unattainable'. Hoyle's distinction of restricted and extended professionals also
supports this view (Protherough and Atkinson, 1991):

Restricted professionals are those who see their task as bounded by the
classroom walls; they describe themselves as working at the sharp end of
the chalk face and make a hard distinction between practice and theory.
Extended professionals, without devaluing the work of the classroom,
realize that it cannot be separated from wider ideological issues (p. 48)

Tutors and experienced teachers acting as extended professionals will point to the
view that training to teach should involve a combination of theory and practice,
whereas recently qualified teachers are still in need of ideas that will 'work' in their
particular situation and are not yet in a position to be ready to consider the more
theoretical aspects of teaching.

The students in this study did not respond as novice teachers as they had not yet had
an opportunity to teach and were still unaware of the complexity of the task; they

were still open to a range of views of teaching and the basis of their experience was

mainly from the viewpoint of a pupil remembering lessons that ran smoothly.
Weinstein (1989) reports on students' unrealistic optimism' or 'idealism' at the
start of their training course. Their reaction to the video therefore could be based on
their own experience as pupils as well as their early perceptions of themselves as
teachers.
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The implications of the evidence presented Lere for moving to a greater emphasis on
school-based teacher training confirm some of the concerns, particularly where
inexperienced teachers are used as mentors. Experienced teachers have mastered
many of the concerns of their recently qualified colleagues and are able to work on
aspects of their practice which rely on an understanding of the way pupils respond
in various situations. They have absorbed the ethos of the school and know what to
expect from different groups of pupils and they have attained a higher stage of
teacher expertise than recently qualified staff. They are more able to reflect on their
own practice and the practice of students and are better placed to advise them on
developing practice. The use of video between students and tutors or students and
experienced teacher mentors can possibly enhance student understanding of
aspects of teaching, and, because it is detached from any shared experience of all
parties involved, it can view the teaching process critically and analytically without
the fear of personal criticism.
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A PERSPECTIVE ON FRACTALS FOR THE CLASSROOM

Fernando Screw

Polytechnic Institute of Oporto
School of Education

ABSTRACT This paper refers to a fractal geometry Logo microworld tested la two case-studies
8nvolving seventeen year-old students in a London comprehensive school. Data ark::vsis has provided

insight into the ways in which the interdependence between srnbolic and visual modes created by the
logo mteromarld and the strategic planned mediation of the teacher eon generate a context that

stimulates understanding how randomness creates deterministic shapes (.Sierpinski gaskets).

AlLS7RAKT: Dieser Essay spncht von etner "Fractal" Geometric Logo Mikrowelt, die in zwei Studien

als Ileispiele gestet wurden, mit siebzehnjahrigen Studenten in einem London Gymnasium. Data

Analyse hat eine Anschauung fiber die wechselseitige Abluingigkeit zwi.schen Symbolischen und

sichtbaren Arten von der Logo Microwelt und von der Strategischen, geplanten Verminlung des

Lehrers uns gegeben. Die beiden Arten kfinnen einem Zusammenshang schaffen. um :u verstehen, wte

Zufalligkeit kann be.stimmte Gestalte erschaffen (,ierpinsiki Gent, Bel

A New i.anguagc
Fractal geometry is considered "first and foremost as a new 'language' used to describe the

complex forms found in nature (Peitgen Jurgens 11.. Saupe D., Maletsky li, Perciante

T., Yunker 1_1992)". These authors argue that the elements of this language, instead of the

basic visible terms such as lines, circles and spheres of the 'traditional language that is used

in the Euclidean and non-Euclidean geometries, are "primitive transtimnations, and its

words arc primitive algorithms (Peitgcn &als,1992,vol.1-p.256)". Moreover, Mandclbrot

(1992) strongly advocates that whenever computer graphics are available we should make

them, "not a tool to be called only if needed, but a constant and integral part of (the,

process of thinking". And this process of thinking started around the mid-seventies, with

the beginnings of the computer era, although a number of shapes now counted as fractals,

as the Sierpinski gasket for example, have been known ihr a long time.

It was around the mid-eighties that appeared increasing claims that programming

should be seen as a mathematical activity like other branches of applied mathematics in

physics and engineering. One of them came from C.A.R. Hoare, from the Oxford

University Computing Laboratory, who argued that as a general philosophical and moral

principle computer programs should be seen "as mathematical expressions, describing with

unprecedented precision and in the most minute detail, the behaviour, intended or

unintended, of the computer on which they are executed". Furthermore, programming

would require "the determined and meticulous application of traditional methods of

mathematical understanding, calculation and proof, (and( . not recognising the absolute
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need to use mathematics as the basis fiir a programming discipline could have a number of

notorious consequences (I loare CA12,1986)".

About the same time Donald E. Knuth, from the University of California at Stanford,

presented a different perspective. I le claimed that computer programs should be "fun to
write", well-written computer programs should be fun to read, and they could also do a

useful work, one of the life's greatest sources of satisfaction. Moreover, it will be also
relishing to know that a program will be a pleasure for other people to read, as for oneself .

Programming, argues Professor Knuth, is best regarded as a proce-,:s of creating 'works of

literature', which are meant to be read. Additionally, all major problems associated with

computer programming, issues of reliability, portability, leamability, maintainability. and

efficiency could be ameliorated when programs and their dialogues with users become

more literate (Knuth DE, I984,1992,p.ix).

The issue of programming in the school mathematics curriculum began to be raised

in the beginnings of the eighties as the constructivist perspective to mathematical learning

was gaining more acceptance as "a reorganising activity, where activity is interpreted
broadly to include conceptual activity or thought, or when children arc given the
opportunity to interact with each other and the teacher, or they can verbalize their thinking.

explain or justify their solutions, and ask for clarifications (Koehler MS, Grouws
DA,1992,p.118,119)". These researchers share a belief that (1) "new mathematics is
brought about through "a process of 'conscious guessing about relationships among
quantities and shapes, with proof following a 'zig-zag' path starting from conjectures and

moving to the examination of premises through the use of counter examples or
'refutations"', (2) "mathematics knowledge is constructed as a joint venture from teacher to

student ( Koehler MS, Grouws DA,1992, p 122; Lampert M.,1990)".

Seymour Papert, who proposed the word 'mathencs' to mean the 'art of learning', is

proposing more recently the word 'construcnonism. for a concept of education that he
claims must be built on the assumption that (1) "children will do best by finding ("fishine)

for themselves the specific knowledge they need", (2) "organized or informal education can

help most by making sure [children' arc supported morally, psychologically, materially and

intellectually in their efforts". !Jricolage, another neologism he proposes in the educational

field, comes from his criticism to the tendency of our intellectual culture being traditionally

"so dominated by the identification of good thinking with abstract thinking", by the belief

that "the achievement of balance requires constantly being on the lookout for ways to re-

evaluate the concrete", by the warning that 'the right way' of programming, for example,

"may express and insidious form of abstractness that may not be recognized as such by

those who use it". Our traditional epistemology, according to Papert, is based on the
chaining of propositions therefore closed linked to the medium of 'text', and he suggests

that this linking may change and become more closely bound to bricolage and concrete
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thinking, which always have existed hot were more marginalized until the emergence of

more dynamic media as we moved into the computer age (Papert, 1992,p.139,146,156)"

The following is my attempt to summarise these perspectives. To the new Yracial's

language' view programs and the computer can enable students to achieve 'general

representations' in a subject mater that Cantor, Peano and Poincarc were sometimes

reluctant. In the perspective of some applied mathematicians, e.g. I bare and Knuth, who

for the first time recognized how problems raised by programming could lead to a so great

complexity, there was a need to devise structured approaches and computer-aided-

software-engineering environments, and they claimed either for more mathematical or

more literary methods for the software job. The construnvists, and/or the consructionists,

(and/or the sociological or the epistemological) adepts suggested either that the teacher

should adjust activities to the student, or that the student style of organizing his work

should be hricolage. 'negotial' rather than planned in advance, heterarchiar, as McCulloch

called, rather than hierarchial.
In the next section I revisit part of a LOGO microworld tier fractal geometry that I

developed in 1991, at the London Institute of Education, as a part of a MSc thesis under the

supervision of Richard Noss, and suggest a role I see for computer technology that is in

connection with all these perspectives outlined above .

An Episode Taken from The Chaos Game' Case-Study

The design process of the 'chaos game' activity has benefited from the extensive research

on Logo mathematics conducted by Celia Hoyles and Richard Noss (1 loyles C& Noss

R,I992). Others alternative approaches using the programmable graphing calculator,

instead of the computer, were at the same time being published in IISA by Evan Maletsky

& als., and I leinz-Otto Peitgen & als (Peitgen&als., 1991).

The 'chaos game' activity was tested in.a London comprehensive school that followed

the SMILE (School Mathematics Independent LearningExperience) curriculum, where the

students were used to work at their own individual level and to perthrm tasks arranged in

topics and levels of difficulty. Two A-level students, 17 years-of-age, strongly motivated to

computing, were participants in an experiment involving magnetic record of the student-

teacher-computer interactions, and data analysis. This activity was the last one of a package

of a total of seven activities designed for the fractal geometry microworld. Its pedagogical

components comprised also the teacher's agenda and a semi-structured inquiry to guide

how to facilitate students extending the range ofthe abstractions situated in the randomness

of the process and the creation of a deterministic Sierpinski shape. The technical

components of this microworld comprised an Apple Macintosh computer, the Paradigm

Object Logo programming language, a set of pre-built tools, and a graphical user interface

composed of three object-windows, for graphics, data/listener and editing (Sereno
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In this activity the student was asked to discover what would happen to the space
between three points A and B and C supposing that: (1) a turtle (starting equidistantly from

these points), chooses to look at one point, A, B or C, according to the result of tossing a
die, (2) the turtle goes forward one half of the distance between the present position and the

chosen point, and it plots a big dot (3) this process continues over and over.

The way a student may think about randomness, experiment with three pre-built

tools, which constitute a very simple translation to Object-Logo of the Barnsley's chaos

game algorithm (Barnsley M.F,1988,BartonR,1990,Peitgen&als,1992), change and write
procedures can be illustrated by the following excerpt.

(C1) recorded dialogue; r, - typing; KA - displayed at the computer screen)

JAMES: I wonder if it will fill up the all triangle?
FERNANIX): ...Do you think it will?

J: we can still never reach the point B. Yeah, in a triangle I can't
reach the point B from going half way from there to there. I can
never reach B. So... you can't reach the point B, and you can't reach
the point A, and you can't reach the point C.

F: (pointing to the vertices A, B and CI Don't think in these points
but about the space inside.

J: Yes, 1 will imagine then ... How would you get the edge of the line
(the side of the triangle I. So you can do all the edges of the line,
that's no problem. I would imagine you could probably fill up. Yes,
I would imagine you could probably fill up the triangle with points .

You could fill up the edges in the triangle upon the points A, B, C. I
would imagine.

F: Why don't you do some trials ?
J: Ityping]

? ThreePoints
LookAtThreePoints random 3

(... James wanted to use the output orrandom 3' instead of the built-in inputa,
b or c The procedure was edited in the computer

(Sec figure I a)

To LookAtThreePomis :input
if Or :input "A :input "a flookatiOnellalf -70 1001
if Or :input "B :input "1) llookAtOnellalf 103 01
if Or :input "C' :input "c llooiAtOnelialf -70 -1001
end
I and changed to this

LookAlThreePornts : input
of :input 0 IlookAtOnellalf -70 1001
if :input 1 llookAtOnelIalf 103 01
if :input 2 llookAtOnellalf -70 -1001
end
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2 LOOKATTIfREEPOINTS redefined.
0)

F: ! think you understand this procedure...
J: It's fine.... Is it possible to run this program many times ?
F: If you can write a procedure to do it.
J: Ila, probably yes. This one here. Yeah, it's good. [typing]

and

To Three :times /:count 01
if :count> :times [slop/
lookAtThreePoints random 3
(three :times :count 1)

end
? 'MEE defined.
? three 20
7 three 10

I wish to point out three observations about this excerpt taken from my dissertation

(Soren li,1991). Firstly, my mathematical agenda had not an explicit purpose to evaluate if

the student could alone change the procedure LookAtThreePoints to allow the input

Random 3, but I was only interested in observing if he would raise this issue, as he really

did, and if he was able to understand the effect of each change that was introduced.

Secondly, my view of the role of the microworld was one of expecting that the student

would be able to construct by himself either the procedure LookAtOnellalf, that allows the

turtle to do displacements of one half the distance between two points, or the procedure

LookAtThreePoints, that allows random displacements toward points A, B or C.
Nevertheless, in the time available I could not observe conveniently this issue. Coming now

to the last observation, the criteria I used to design the microworld tools were: (1) they

should allow the student to do the task without a need to be guided in every step, (2) the

student-user should feel encouragement in developing his own paths towards the

construction of orbits of a single point under iteration, (3) the student-user should be

stimulated to play the role of an apprentice of the art of microworlds designing and, at the

same time, being its user. Put another way, the microworld should act as an attractor for

fostering programming and induce a formalisation of mathematical constructs and logico-

mathematical reasoning.
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Concluding Remarks
From the analysis of the data in two case studies it can be said that the 'microworld for

fractal geometry' can help mathematics teachers:

To pose problems and "ask for clarification in order to engage students in mathematical

discourse (Koehler M S, Grouws 0 A,1992;Lampert M,1990)"; For example, why the

orbit s(t) of the 'turtle' under the iteration of a collection of three different
displacements, in a random order, has an attractor ?

To illustrate "the unity and integrity of the discipline (MSEB & NCR,1990,p.48)", or to

provide topics for reasoning which can interest some students, or "to encourage them to

pursue a study more in-depth (DES,1989,p.6)"; This seems to be of potential value in

the terms of the development of technological interests, software engineering at the first

Owe, as for example, if we want to know ways of achieving programs better explained

and therefore better programs.

Additionally, the feedback received at the Oporto School of Education from students of an

Initial Teachers Training course who used a MS-DOS Logowrzter version of. the
'microworld for fractal geometry' to illustrate an algebra and geometry course, in 1993,

makes me believe that it had an important role in order "to find the language and symbols

that students and teachers can use to enable them to talk about the same mathematics
content (Koehler M S, Grouws 0 A,1992; Lampert M,1990)". For example, it could make

sense to some motivated students statements like the following that were taken from
(Barnsley M,1988, Edgar,1990): "The geometric distribution of the points s(t) in the plane

is a proper subset S of R2 such that every point of s(t) is close to some point of S for t large

enough"; or questions like: "How can be proved that "End S < dim S" (the small inductive

dimension of S is smaller than the Hausdorff dimension of S), and therefore the set S is a

fractal?".

The interest to learn geometry in a computer environment and do research by
stressing the computer-student interaction to create learning situations that facilitate the

acquisition of visual skills, specific geometrical concepts, and other thinking processes, has

improved in the last few years. Despite this common interest there remain two very
important and complex questions. The first one, raised by Hershkowitz It (1990), is the

problem of knowing "what the effect of programming in a "geometrical language", like

Logo, has on concept formation and vice versa", has illuminating clues in the Efraim
Fischbain (1993) 'Theory of Figural Concepts', as he points out to understand how images

and concepts cooperate or sometimes conflict in the cognitive activity of the student. The

second one, raised by Philip J. Davis (1993), is the question of knowing if the visual
aspects of mathematical intuition and reasoning, 'visual theorems, can "be considered as

really mathematics", which seems to be an open question to me

The aim of this paper is to present a perspective about the connections that can be

gcreated between the discover w randomness can generate textures that students can
1 .. 2 -254



organize coherently in a certain way to convey high information content, and the activity of

programming, by doing literary 'bricolage', or producing mathematical theorems in
computers' environments that, as diSessa (1993) pointed out, satisfy the criteria of good

learnability, comprehensibility, general expressiveness, usefulness and collaboration.
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THE TALE OF TWO STUDENTS: THE INTERPRETER AND THE DOER

Anna Sfard and Liora Linchevski

The Hebrew University

While carryirg 0,,t an experimental study ,n which several sixth graders were sntroo.;:ed to

algebra. we rCt,ced a quite striving oiversity not only in ire students' urderstar.aing of the

subject. b.t also In their attitydes toward the issue of understanding We decided tC ctiserve

closely Lye children, Snir and Dana, who obviously differed in their alms and e.pectat,Ons.

This diferen.:e had a distinct impact on the way their knowledge developed The two students

displayed disparate learning be.avors and different approaches to the issue of explo-ot,on.

and trey progressed at a afferent pace Snir's example has shown that a constant attempt to

understand has its price. a struggle tOr MCOO,Ig may mean postponement of an 'aatomallic mode'

of dealing Itr algebra and a slo.-Cdnr ,n the accluition of skills

The story we are going to ten in this paper is a story with a moral. The

lesson to be learned concerns the impact of students' attitudes toward the

issue of understanding mathematics on the outcomes of instruction. This moral

was a serendipitous finding of an experiment in teaching beginning algebra. At

the following pages we will focus on this special by-product of our algebra

study rather than on its principal aims.

Let us begin with just a few indispensable details about the teaching

experiment. Teachers and researchers often complain that student's

understanding of algebra is purely instrumental: the children can "go through

the motions" but they cannot explain the things they are doing. The findings of

our previous studies forcefully confirmed these complaints (see [4], [5]) and

brought some insight into the nature and the sources of the problem. In keeping

with the implications of our analysis, we designed an experimental teaching

sequence which was expected to bring the beginners at a deeper, more flexible

understanding of algebra. It was an introductory material on linear equations

aimed at seventh-grade children (age 12-13) who, by the time we met them for

the first time, were already acquainted with the notion of algebraic expression

but not with the concept of equation. Each of the six children who participated

in the experiment had five individual one-hour long teaching sessions devoted

to the basics of equations solving. After a month another meeting took place

during which the participant of the experiment was 'asked to help in explaining

the subject to ar "uninitiated" peer.

To shed some light on the way in which we tried to foster student's

understanding of algebra we must first say a few words on the meaning of the

term "understanding" in this particular context. The simplest, most obvious way

to define the word is to say that to understand algebra means to be able to

justify algebraic procedures. At the school level, the only method to provide
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the reasons for the operations performed on equations is to ground the formal

transformations in the numerical computations which they symbolize and

generalize. For instance, the transition from, say, 3x+7 = 2x-5 to 3x = 2x-12

can only be explained by saying that whatever number is substituted instead of

x, the first equality holds if and only if the other holds, and this means that

subtracting 7 from both sides of the equation does not alter its solution. In

other words, in order to apply algebraic processes in a meaningful way, one

must be able to relate them to the properties of numbers.

The teaching sequence we designed and used in our experiment aimed at raising

student's awareness of the connections between algebraic procedures and

numerical calculations. All along the way we kept interpreting algebraic

expressions as prescriptions for computational processes which may have

infinitely many inputs and outputs. In the semi-structured dialogue between the

teacher and the learner, requests for explanations and justifications

accompanied every step and every utterance made by the student. In this way we

tired to prevent the children from becoming addicts of an automatic algebraic

mode from slipping into the habit of performing symbol manipulations without

ever thinking about their meaning or justification. We wanted the children to

always keep their eyes on the links with the underlying arithmetical rules, or

at least to be able to make an appropriate reference whenever necessary.

The heroes of this paper are a boy and a girl whose names are Snir (S) and Dana

(0). In what follows, we present a number of snapshots from their interactions

with the teacher (T). It is not our aim in this paper to give a full account of

the teaching experiment or of its results. We shall only report on the special

phenomena that attracted observers' attention and stirred their curiosity. Some

telling differences in the behavior of the two children have been spotted.

These differences indicated a disparity between Snir's and Dana's attitudes

toward the issue of understanding. Obviously, the students differed in their

aims and expectations, and this fact had a considerable impact on the way their

knowledge developed.

Stage 1: Grappling in the dark

During the first session of our experiment, an interview was conducted the aim

of which was to examine student's knowledge of equations prior to instruction.

The difference between Snir and Dana started to show up already at this early

stage. It was a subtle disparity between the types of explanations provided by

the children rather than a difference in their knowledge of the subject that

attracted our attention.
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Both Snir and Dana said they did not learn equations before. So far, they have

never seen anything like 7+x=23, even though they did deal in the past with

such expressions as 7+?=23. In spite of this, and in full accordance with

findings by other researchers ([IL (2)) the children could deal with

'arithmetical'equations (equations of the form ax+b=c) in an intuitive manner.

They solved these simple problems by 'undoing' the computational process,

namely by reversing the operations in the formula on the left and by applying

them in the reverse order to the number on the right. This is the way Snir

tackled the equation 7x+157=248:

Here. I have to find a number so that 7 times this number plus 157 is 248. First, 248 minus 151 is Si.

Now, the number times seven... 91 divided by 7 is 13. The number is 13.

The difference between Dana and Snir began to show for the first time when the

children were asked to justify their solutions. Snir, when requested by the

teacher to 'convince' her that his solution of the equation 7x+157=248 was

correct, exclaimed "Can't you see? 7 multiplied by 13 is 91. 91 plus 157 equals

2481". This response was clearly based on a spontaneous interpretation of the

expression 7x+157 as a computational process that, if applied in reverse to the

number on the right (248) would produce the value of the unknown number x.

In contrast, Dana's first answer to the question why she acted the way she did

was "1 don't know". Her next responses were tautological: she claimed that she

did the only thing that could be done ("I think this is the way and there is no

other") or she simply repeated the procedure. Sometimes, when pressed for a

more informative answer, she would recite the rules: "It says that 3 times x

equals 141... when we have a multiplication, we h; - to divide". These rules of

reversal were obviously taught to her in the past. 'len the class dealt with

problems of the type 7+?=23.

Quite predictably, none of the children got through the 'didactic cut' (see

[1]): neither Snir, nor Dana could cope with non-arithmetical equation in which

the unknown appeared in both component formulae (ax+b=cx+d) and where the

technique of undoing did not work anymore. There was much to learn about the

children's thinking from the ways they handled the problem they could not

solve.

When Dana was faced with the equation I5x+12.8x+47, she seemed baffled and did

not know what to do. And their, after a few moments of silence, she said:

There are two exercises here and they are equal one to the other 1
do 15.12.21, and then 47.8455. We

can see here that they are not equal I don't know what to do
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Dana, who just a moment ago successfully coped with an arithmetical equation,

was now confused and could not interpret the new equation or even to grasp the

purpose of the task. A strong urge to do something forced her into the only

type of calculation she could perform here: adding the numbers that appeared in

the formulae while ignoring the x. In fact, we had doubts whether Dana felt a

real need to interpret or explain, and we could sense that her principal aim

was to do something.

Snir's behavior was quite different. Here is a sample from the dialogue between

him and the teacher:

5. One most find something . that when 1 multiply 15 by a number and I add 12 to it. it will be equal

to eight times a number. and 1 and 47 to it. let's start with something simple. Mere, times 3 and

times 1 [writes 3 over x on the left-hand side and 1 over x on the right-hand side). No. it's not

that. 1 don't know

T: What are you looking for when you ore solving the equation)

5- We must find two things. Somettung that when I multiply it or divide it doesn't matter... will

be equal to the other thing. One must find the way of making tnem equal.

Obviously, Snir had his understanding of the problem: he looked for the inputs

for which the outputs of the procedures represented by the two sides of the

equation would be equal. His interpretation was not entirely correct since he

did not require the 'equalizing inputs' to be the same. In addition, he had no

knowledge of solving techniques, the fact of which he was aware ("The only way

I know is trying the numbers... Its a mess and takes time") but which

nevertheless did not stop him from the attempts tc find the solution. In spite

of all these shortcomings, Snir did act in a meaningful and consistent way. The

main point to be made here is that, unlike in Dana's case, Snir's actions were

guided by his interpretation of the problem, and were not just a mere

implementation of a randomly chosen algorithm.

Stage 2: Finding the wav

During the following three sessions the students learned the concept of

equation. In an attempt to make the learning as meaningful as possible, we

decided to use student's spontaneous knowledge of arithmetical equations as a

point of departure and to gradually generalize it-in such a way that it would

become applicable to all kinds of linear equations. Thus, we had to translate

the technique of undoing used by the students in the case of arithmetical

equations into the algebraic idea of 'the same operation on both sides of an

equation'.

At the first stage, only arithmetical equations were tackled. The students had

to look carefully into the procedures they performed. Gradually, they
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were encouraged to translate their verbal description of the solution (like

the one by Snir, quoted above) into the algebraical representation. The next

step was to discuss the relationship between the different equations

appearing in the solution sequence and to justify in a new structural way

the operations that led from one of them to another. Our last move was an

application of the 'permissible operations' to non-arithmetical equations.

To sustain student's awareness of symbol-numbers connections, the concepts

of equivalence of equations and of permissible operations was recalled and

discussed all along the way.

We were surprised to find out that of our two students, Dana was much

swifter in making the transition to the algebraic mode. Indeed, she adopted

the new method without hesitation: after just one experience with algebraic

solution like the one presented above, she was ready to apply the technique

to all the problems with which she was presented later. She never went back

to the technique of undoing. In contrast, Snir clearly gravitated toward the

old procedure. During the first session he had to be constantly prompted to

use the algebraic method, and at the beginning of the next session the whole

idea had to be re-discussed before he agreed to use it (compare our findings

with those in [3]).

As far, however, as student's explanations were concerned, Snir was still

the one who had more to say. Like in the opening interview, he had no

difficulty with justifying his solutions. In contrast, Dana had to be given

much hints in order to say, eventually, that the correctness of the result

she has found so easily could be proved by substitution into the original

equation.

The concept of the equivalence of equations seemed to be quite clear to Snir

from the very beginning. For example, when asked whether two equations that

just have been solved, are equivalent he said "Yes, they have the same

solution". To Dana, all this did not seem so obvious. She had no answers to

our questions. When asked by the teacher whether the equations 2x+1.-11 and

3x-2-19 were equivalent, her responsse was correct, but when requested to

give an explanation, she had a difficulty: "They are not equivalent bemuse

we did not add,...we did not multiply...". We guessed she was trying to say

that there was no operation which could transform one equation into the

other.

It seemed to us that Snir's temporary resistance to the new technique
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stemmed from his inability to fully justify it. As long as the undoing was

more meaningful to him than the algebraic method, he would rather choose the

former. By the same token, the relative easiness with which Dana 'switched

allegiance' from the technique of undoing to the algebraic method stemmed

from her strong wish to actually do something on one hand, and from her

relative indifference to the issue of meaning on the other hand. Or, in a

slightly different language: since she did not expect her understanding to

become much different from what it was already at this early stage, she

could see no reason why the use of the efficient algorithm should be

postponed.

Stage 3: Being there and guiding the others

The fifth session was devoted to a review of the whole subject of solving

equations. This time, neither Snir nor Dana had any difficulties with the

algebraic technique. Both were also able to verify their solutions. However,

when asked why 7x+157=248 and 7x=91 were equivalent, they did not give the

same type of answer: while Snir stressed the fact that the two equations had

the same solution ("There is the same solution... the operation that was

done on both sides did not change it"), Dana concentrated on the operation

itself: "They are equivalent because when we subtract 157 from both sides we

get an equivalent equation." When asked what it meant, she responded: "The

equations are equal".

The children were then requested to justify the permissible operations.

This question left Dana speechless. She could produce no answer in spite of

the teacher's insistence and encouragement. Snir, as usual, was prepared to

give an exhaustive explanation:

These operations do not change the solution I no the same operation on both sines, and I substitute

the same number on both sides . If I substitute and compute the saes of the [new] equation, 1 get a

different results (than in the old equation], but It is still the same structure. the same.. how

shall I put it? so the solution is the same solution (Snir had Obviously some difficulty with

finding the right words, but what he seemed to be saying was that the permissible operation did not

change the equality relation between the sides of the equation )

Obviously, Snir's first need was to have a consistent vision of the

situation, whereas Dana was mainly interested in doing things. This message

about Dana's attitude was brought with particular force in an exchange she

had with her "uninitiated" friend Zohar during the sixth meeting. The later

had a difficulty with the equation 112.12x+28 and was told by the teacher to

try to subtract 28 from both sides.
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Z: how would I know that I
should subtract t., and not IZzl

0: [cannot find the explanation. remains silent
for a few seconds) You can't subtract

12x. How would you

do it? You don't have any x here
[points to the the formula on the left). how would you subtract? You

can subtract 28.

1: Is the subtraction of 12x forbidden? Is it against the rules?

D: It is forbidden: we wouldn't get the result.

These utterances by Dana came to us as a surprise since by that time she was

already in a slightly more thoughtful mode and was able to give more

satisfactory answers to the questions on permissible operations ("We are

permitted to add, subtract, multiply both sides of an equation... because

this doesn't change the solution").
Dana's urge to do things and obtain a

result was evidently strong enough to
make her oblivious to all the previous

explanations. The permissible operation was one thing when discussed

theoretically, and something quite different when put into practice. In the

latter case, the only criterion that counted was the criterion of

effectiveness: permissible operation was an
operation which would result in a

simpler formula.

Discussion and the morals

From our brief report it seems quite
clear that Dana and Snir came to our

experiment with quite different aims and expectations as far as their

learning and understanding of mathematics was concerned. For Dana, the

activity of equations solving had initially only one dimension: that of

doing. In her eyes, the means were also the ends and the actions she

performed were undertaken for their own sake. Often, Dana seemed unable to

understand the meaning of the request
'explain' the same way the teacher did.

Her single-minded preoccupation with doing and manipulating persisted in

spite of the instructor's constant effort to entice her into a more

reflective mode. It was only toward the end of the experiment that Dana's

attitude showed first signs of a change.

For Snir, in contrast, there were always two dimensions in the problems he

tackled: the dimension of means, namely of procedures to be performed, and

the dimension of ends -- of the purpose for which the procedure was employed.

The purpose was something that had to be defined with no reference to the

procedure. Snir recognized the independent existence of a universe of

mathematical entities, such as numbers and algebraic expressions, and

whatever he did was a derivative of his knowledge of these entities. From the

first moment he seemed to be in a pursuit of links between the manipulations
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and the properties of the objects on which these manipulations have been
performed. Thus, unlike Dana who, having nothing to lose, switched to
mechanical manipulations without qualms the moment she saw the algorithm,
Snir rejected the automatic mode as long as the reasons for the 'rules of the

game' did not seem sufficiently clear to him. We decided to call Snir an
interpreter, while Dana was named a doer.

Teachers and researchers are often bitterly disappointed to find out that
even most reasonable and carefully implemented didactic ideas would not bring
much change. In particular, they are frustrated by their inability to
significantly improve students' understanding of mathematics. It seems,

however, that the meaningfulness (or should we say meaninglessness?) of the
learning is, to great extent, a function of student's expectations and aims:

true interpreters will struggle for meaning whether we help them or not,
whereas the doers will always rush to do things rather than to think about

them. The problem with the doers stems not so much from the fact that they

are not able to find meaning, as from their lack of the urge to look for it.
In a sense, they do not even bother about what it means to understand

mathematics. All this may be not entirely new to an experienced teacher, but

in our study we had a rare opportunity to look at the phenomenon through the

magnifying glass of a fully videotaped individual exchange between the
student and the teacher.

To sum up, the main moral of Snir and Dana's story seems to be this: whatever
route we choose while teaching a certain subject, we must be prepared for the

possibility that some students will not be able to benefit from our efforts.
Our success will depend, among others, on our ability to turn doers into
interpreters.

(I] Filloy.E. & Rojano.T. (1989) Solving equations the transition from arithmetic to algebra
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and informal solutions used by seventh graders prior to any instruction', in F Furinghetti (Ed.).
Proceedings of PIS vol. 2, 173.180, Assist. Italy

[3] Herscovics, N. and Linchevski, L.. 1993,
'The cognitive gap between arithmetics and

algebra' To appear in Educational Studies in Vathematics

[4] Ltnchevski, L., I, Sfard, A. (1991). Rules
without reasons as processes without objects - The case

of equations and inequalities
In F. Furinghetti (Ed ). Proceedings of PRE 15 (pp 317-324), Assisi,

Italy.

(51 Steed, A. IL Linchevski. L (1993) The gains and the pitfalls of reification the case of algebra. To
appear in Educational Studies in mathematics (special issue in theories of learning and teaching
mathematics)
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IS INFINITY A WHOLE NUMBER?
Gun sham & Nitsa Hovshovitz-Hadar

Technion - Israel Institute of Technology

Haifa, ISRAEL 32000

abstract
This paper presents preliminary results from a naturalistic

study of the way people perceive periodicity. Periodic

phenomena are infinite but they are presented by finite means.

The results point that there is a close tie between the

infinite extendibility of periodic phenomena and its

presentation by a whole number of periods. This may indicate

that many perceive infinity as a whole number.

The Problem.

series and periodic functions, like any periodic phenomenon', are

defined on an unbounded domain. Consequently, their values occur periodically,

each an infinite number of times. However, finite and bounded means, such as

time and space available, limit the actual presentation of periodic phenomenon.

Obviously, this finite nature of the presentation does not imply necessarily a

presentation by a whole number of periods. Is it indeed that obvious? In other

words:

Is not mental representation of periodicity also limited to a whole

number of periods?

Do many perceive infinity as a whole number?

This paper describes a stu.ly that seeks answers for these two questions.

It is a part of an on-going research focusing on the concept of periodicity.

1A series (ail is periodic it there exists an integer k such that an=an+k for
all n. We will use the term period to describe any set of k consecutive elements

in the series.
? real function f is periodic on a domain D it f isn't constant on D and there
exists a real number t such that for each x in D x+t is also in D and
f(x)ef(x +t). For a complete definition of a complex periodic function see Van
Nostrand Comp. 1977, p. 654. We will use the term pealed to describe a half open

segment with length t in the domain. t is the length of the period.
Examples for periodic phenomena can be found in Berry, Norcliffe, and Humble

(1989).
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Dackaround
The literature includes many studies, empirical and theoretical, about

teaching the concept of periodicity (Dreyfus & Eisenberg, 1980, 1982, 1983;

Eylon & Rosenfeld, 1990; Fraser, 1968; Hersberg & Talsma, 1990; Hirsch & Novak.

1987; Hornsby, 1990; Hughes & Freier, 1991; Jacobs, 1975; Lichtenberg, 1978;

Lovell, 1982; McGinty & Hutch, 1982; Olson & Olson, 1988; Sconyers, 1986;

seybel, 1979; Sherard, 1982; Wagner, 1982). However, a thorough literature

survey did not yield any report on research about how people perceive the

concept of periodicity. Related studies about the way people perceive the

concept of infinity are described by Tirosh (1991).

Method
The lack of background, as described above, yielded a need for an

exploratory approach to the problem. This need lead quite naturally to the

selection of qualitative methods (Glaser & Strauss, 1967; Romberg, 19921. We

employed unobtrusive classroom observations, personal interviews with students

of various ages and with their teachers, as well as an analysis of existing

teaching materials. This paper presents protocol analysis of personal interviews

with seven 11-graders (4 females, 3 males), all taking mathematics as an

advanced topic. They were each interviewed right after their class started

learning Trigonometry.

The interview was semi-structured. To set-up a cooperative and orientated

atmosphere, the interviewer started all interviews by introducing herself and

explaining 'softly' the goal of the interview. The main tasks were pre-planned,

but their specific order and the exact wording varied. Here is a sample of the

pre-planned tasks:

(1) Give me a few examples of periodic phenomena or periodic functions

that you are familiar with;

(2) Among your examples, is there any that you can extend as much as you

desire? Extend it;
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(3) Look at Figure 1. Which parts of Figure 1 represent a periodic series?

Is there any part of Figure 1 that you can extend as much as you

desire? Extend it;

IlliA111111141111
11111141111
ollA*41Ao11A.

Figure 1: Periodic series presented by the interviewer.

(4) Can you find a periodic example which cannot be extended?

(5) Count the number of periods presented in each of the examples we

looked at;

(6) Give me an example that you fill might be difficult for other students

to determine whether it is periodic or not;

(7) Here is an example that a former student gave. Determine whether it is

periodic or 'lot.

Each interview lasted between one and two hours, according to the needs that

evolved. Following the interviews transcribed protocols were segmented into

units by task performance. Units were then classified into. categories by type of

task. Then various conceptions about periodicity were identified. Finally,

further classification of the same units, was carried out, this time by type of

conception about periodicity that the unit may point at.

preliminary Results

Two of the conceptions resulted by the process described above, have

special relevance to the problem addressed by this paper. These are:

1. Periodical phenomenon has a whole number cf periods;

2. Periodical phenomenon extends without limit by a whole number of periods.

In the rest of this section we show evidences for these two conceptions.

;. Periodical phenomenon has a whole number ot-122./.10;15A

The total number of examples for periodic phenomena given by students was

86. Counting of periods was impossible in examples like: The months of the year

repeat themselves. In 54 of the examples counting the number of periods was

possible. The students presented 42 (78%) of those examples by a whole number of

periods. For example, two periods appeared in: 'One, two, three, one, two,

three.
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In 12 (22%) examples the number of periods was not a whole number. Five of

those were answers to task 6, namely examples that might cause difficulty for

'other students if asked to determine whether they are periodical or not. Two of

these example.) appear in Figure 2. Their originators stated that they actually

were not periodical since the number of periods was not a whole number (The

quotation appears below each example in Figure 2).

a. Anna's example:

Anna's argument:

'There is a periodicity
here, but truly there is

not. The period at the end
is incomplete. I don't know
if it is periodic.'

b. Jane's example:

1111A0 OA:

Jane's argument:

'In my opinion it is not a
periodic phenomena because a
triangle and a dot are
missing.'

Figure 2: Wrong identification of periodic phenomena as non
periodic, since the number of presented periods isn't
whole.

The students did not hesitate, nor gave any wrong answer in counting the

number of periods in each example wherever the number of periods presented was

actually a whole number. However, in cases where the number of periods presented

was not an integer, only three students (Anna, Rick and Tammy) used fractions.

This behavior was not consistent nor exhibited in a confident way. For example,

in Figure lb Tammy counte...,, "Three and a quarter', and in Figure lc, 'Three and

a half.'

Then she said: "it sounds very foolish, these numbers, a half, a

quarter.'

Interviewer: 'Why?'

[Pause of several seconds).

Interviewer: 'Why does it sounds foolish?'

Tammy: 'I don't know. It just doesn't fit.'

In other examples Tammy, like all other students except Anna, truncated the

number of periods to the nearest lower integer, as shown in Figure 3.
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a. Tammy counted, 'Three,* in: b. Bob counted, 'Five periods,' in:

c. Ben counted, "Three,' in:
d. Rick: 'But here it is

incomplete. So, with
or without it?'-----

Interviewer:

Rick:

'What ever you
choose.'
'Then without. It is
six.'

Figure 3: Students truncated the number of periods to the
nearest lower integer.

Ben and Rick went even further and changed the examples so as to have a

whole number of periods in them, as shown in Figure 4.

a. Ben erased the right h. Ben erased the left c. Rick crossed the
end, and counted, end, added the right end, and
'Four, without, right end, and remarked, 'Four,

this.'
- .

counted, 'Five.' this is
crossed.

----r---

-).- Gs 1 1 I V

-- --

Figure : students changed the examples so as to have a whole
number of periods in them.

2. Periodical phenomenon extends without limit by a whole number of periods.

When asked whether an ..xample was extendible (tasks 2, 3), all students

approved that every given periodic example was extendible and they were able to

actually extend it. However, many students mentioned the possibility of

constrains to the extendibility. E.g., 'Till death'; 'Till the end of the

world'; 'And so on, till I get tired'. Those were the only reasons for non

extendibility of examples given by students (as a reply to task 4). An

interesting constrain (held by Shira, Anna and Jane) had to do with completing

the presented example so as to have a whole number of periods, before extending

it further. Figure 5 presents this constrain.



Interviewer: 'Is this examen le extendible?"4o. 111
Anna: 'That single one... (She indicates the last element in the

series) 'Is it here on purpose?"
Interviewer: "What do you think?"
Anna: 'If there were two more circles here" [pointing at the right

end) 'I could continue it, but as it is, I'm not sure.'

Figure 5: Anna completed the presented example to have a whole
number of periods, prior to the extension.

In the actual continuation (Tasks 2, 3) all students showed a demand for

whole number of periods, by stopping their constructions at the end of a

complete period (see Figure 6).

a.

b.

111101114114140
e 111A oImo *IA I A

Figure 6: Tammy, Anna and Ben completed the presented examples
to have a whole number of periods.

One student even added a whole period to the examples on Figure 1 b and c,

so that the extended series was not periodic (see Figure 7).

11111111111111911111
Figure 7: Rick extended the example by a whole number of

periods.
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Bummer? and conclusions

The observations obtained through the interviews of seven 11-th graders in

this study were very consistent. They indicate that a whole number of periods is

typical for one's mental representation of periodic phenomena. This may be

either well acknowledged or go unnoticed by the beholder. It may be expressed

explicitly (stating that if the number of periods is not an integer, the

phenomena cannot be periodic) or it may be exhibited implicitly (counting the

number of periods using integers only).

The results of the study also show that all interviewees maintain that

infinity and whole numbers go together. It may also be either expressed

explicitly (stating that if the number of periods is not an integer the

phenomena cannot be infinite) or exhibited implicitly (extending examples to or

by a whole number of periods).

These results suggest that many perceive infinity as a whole number. A

possible way to explain it is by the gap between the physical, actual

presentation of periodic phenomena, which often uses (finite) integers for the

number of periods, and the abstract notion of periodicity, which is infinite.

The mental representation one develops, draws from both: It combines the integer

from the former, and the infinity from the latter. Thus an intuition that

infinity is an integer' evolves. Such a process of the development ut an

intuition is in line with Fischbein's theory (Fischbein 1987). What can be done

about it through teaching, is remained to be invest)g,ced.

Further study.

While writing this paper we are analyzing similar interviews with students of

three other age groups: gird, sixth, and ninth grades. Among the younger

students the misconception that periodic phenomena have a whole number of

periods seems to be even stronger. We are also working on a further study, using

a pen and paper test to establish the generality of this misconception.
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Stimulating Student Elaboration of

Mathematical Ideas Through Writing

Mal Shield and Kevan Swinson, Centre for Mathematics and Science Education,
Queensland University of Technology.

In this study, students wrote about the mathematics they had learnt recently in class. The

protocols were analysed to identify the language and elaborations used. Classroom
activities were introduced in an attempt to stimulate elaboration in later writing
episodes. These aimed at relating the mathematics to everyday contents. Students
continued to write mostly about the procedures of mathematics with little elaboration.

Introduction

Understanding in mathematics learning involves knowing the concepts and principles

related to the procedures being used and making meaningful connections between prior

knowledge and the knowledge units being learned (Baroody & Ginsburg, 1986). Swing and

Peterson (1988) described mathematical knowledge as "characterised by logical connections

among knowledge units" (p.54) and stated that "making these connections is an integral part of

learning and understanding mathematical knowledge" (p.54).

The term elaboration has been used, particularly in the study of reading processes. to

describe the linking and integration of information being learned. For example. Hamilton

(1989) described elaboration as follows.

Elaboration can be defined as any enhancement of information that clarifies the
relationship between information to be learned and related information, e.g., a learner's

prior knowledge and experience, contiguously presented information. (p.205)

Investigations into the effects of ;ea: ner generated elaborations (Reder, 1980; Anderson, 1990)

have demonstrated improved comprehension and retention in a variety of contexts. Elaborative

processing by learners appears to make new material more meaningful and allows for more

effective integration of the ideas with existing knowledge structures. Of interest to mathematics

educators is the finding in a number of studies (e.g., Mayer, 1980; Hamilton, 1989, 1990) that

elaborative processing enhances the ability of learners to apply the new knowledge to novel

problem situations. Hamilton (1990) suggested that improved problem solving performance

may be "due to the nature of the generative activity and its similarity to problem solving

activity" (p.8).



Writing in mathematics

One method of stimulating elaboration in learning mathematics is the use of writing.

Abel and Abel (1988) indicated that writing activities involve a way of thinking that requires

students to organise their thoughts. When suitable writing activities are used in mathematics

lessons. Burns (1988) found that cognitive development was enhanced as these activities helped

students to reflect on their reasoning. Furthermore, she found that writing in mathematics

enabled students to explore, clarify and extend their thinking. While student writing tasks have

been used to identify misconceptions (e.g., Keith, 1988; Miller, 1990) and to ascertain attitudes

(e.g.. Borasi & Rose, 1989), there appears to have been little attempt to describe the qualities

of student writing in a systematic way.

Describing the writing

The description of the qualities of student writing used in this study is in two parts.

Firstly, the various parts of the student "texts" are described using textual analysis categories

developed by van Dormolen (1985). In his work, van Dormolen was describing the

presentations in school mathematics textbooks. The following categories have been adapted for

this work.

kernels generalisations, rules and definitions which have to be learned
aspects of mathematics ways in which mathematical ideas and procedures may be
presented - theoretical, algorithmic, logical, methodological, communicative
levels of language styles of language exemplary (demonstrative), relative
(generalised), and within each, procedural, descriptive

Secondly, the nature of the elaborations present are described by the following categories

developed for this study by surveying the representations and embellishments used in

mathematics textbooks to support the kernels. Some of the terminology matches that used by

Kaput (1989) in his discussion of algebraic representations.

verbal words of explanation used to add meaning
graphical any type of mathematical graph (line, bar, etc.)
pictorial picture (drawing or photograph) of a real object
diagrammatic line figure showing features of a concept
worked example demonstration of a procedure or algorithm
exercise practice of a procedure for students to attempt
data set set of data, a table, related to the concept

Each of these elaborations are further characterised as being:

everyday set in a recognisable real life context, or
theoretical symbolic mathematics not related to a context

Any given text unit receives a number of codes. For example, a verbal elaboration may
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express an algorithmic aspect of mathematics and be in exemplary language.

The experiment

The aim of this experiment was to use writing activities to help students to elaborate and

integrate their mathematical knowledge. This project concerned firstly seeing if there was any

evidence of this type of thinking in student writing in mathematics and secondly, if there were

ways of stimulating such thinking through Writing.

A year 8 class of 25 girls at a private girls school participated in the experiment. The

teacher was already making regular use of writing activities with the class. The four activities

described below took place at approximately monthly intervals when the two researchers

attended the class with the regular teacher.

Individual writing without pre-writing activity

The students were asked to write a letter to a classmate who wa' absent from school.

The letter was to provide sufficient information for the absentee to enable her to understand and

apply the concepts of highest common factor and lowest common multiple. These '.;ad recently

been covered in class time and familiarity with the concepts was expected. The students were

given about 20 minutes to complete the writing task. No prompting or discussion took place.

The letters were collected at the end of the writing session.

This set of protocols showed a high degree of similarity across the class, consisting of a

numerical worked example for one or both of the ideas with varying amounts of verbal

elaboration. This verbal elaboration, when present, consisted of exemplary procedural language

describing the steps needed to find the HCF or LCM. The mathematics being expressed was

algorithmic in nature with no justification of why any of the steps were necessary. The

following is a typical example of the style of writing.

4 - 1, 2. 4
16- I, 2, 4, 8, 16

4 would be the highest common factor. You have to start by putting down 4 and you
write its factors then you put down 16 and you write its factors. You have to match up

the two highest factors and that's how you get the highest common factor.

Only four of the students attempted to write a kernel in the form of a definition of the

terms HCF and LCM. Five students made links with prior knowledge by discussing the

meanings of terms such as factor and multiple.

The elaborations present consisted of one or more worked examples with varying

amounts of verbal support. These were theoretical in all cases. Kernels were inferred rather
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than stated in most cases. In summary, the writing in these protocols was categorised as

exemplary procedural discussion of an algorithmic aspect of mathematics.

Group elaborative discussion and writing activi-.,

A second set of protocols was generated using the same letter format, the topic this time

being the addition and subtraction of directed numbers. This occurred shortly after class work

on the topic and immediately followed a group discussion activity. Students, in groups of three,

discussed the following questions with the assistance of the teacher.

1. You have probably heard of the range of temperatures that James Scott had to endure
while lost in the Himalayas. What temperatures was he subjected to? Write down three
examples where special numbers which are like negative numbers are used in everyday
life.
2. Make up two examples from everyday life in which subtraction of a quantity leads to
an answer like a negative number.
3. Do you think that negative numbers are important in everyday life? Why?

Each group wrote answers to the questions and generated examples involving temperature,

money transactions and lifts. The aim of the exercise was to provide students with experience of

elaborations linked to everyday contexts. The teacher had used money examples in her

expositions and had also made use of a model involving walking on a number line.

This set of protocols was again consistent across the class and very similar in style to the

previous set. All but one of the students used a diagrammatic elaboration of a number line as

used by the teacher and the textbook, as well as at least one numerical worked example for

addition and, where they were able, one for subtraction. The descriptions again expressed

algorithmic aspects of mathematics in exemplary descriptive language, for example:

Say if you were at +7 and the sum said +7 - -3 = ? you would hop back three spaces
which brings us to +4. You don't have to put the positive sign in front of a positive
number.

Many of the students were incorrect in their working of the subtraction operation, as in the case

above. Notice that the second sentence expresses a communicative aspect of mathematics in

relative language. Fifteen of the students produced statements in relative language expressing

aspects of mathematics as in the following examples.

theoretical A negative number is below zero.
methodological When doing directed number, you must always start at zero on the

number line.

Twelve of the students attempted to link with prior knowledge by providing a definition

or explanation of negative numbers in relative language as in the following examples.

A negative number is one that is less than zero. eg, -I, -2, -3 etc.
The negative numbers (-?) go to the left and the positive numbers go to the right (+ ?).
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The pre-writing discussion had a limited impact on the writing of these students. Three

made mention of money in their explanations. One student mentioned a time-line which had not

been discussed by the teacher and is not mentioned in the textbook. Another discussed the

operations on a calculator.- However, no one made any mention of temperature which figured

strongly in the pre-writing discussion. This was surprising because of the proximity of the

writing exercise to the discussion. Six of the students made use of words such as "walk",

"steps" and "turn around" in reference to the model used by the teacher in developing the ideas.

Of these, only two actually invited the reader to "think of a person on a number line", the

others simply using the analogy without introduction.

With this particular topic, elaborations other than those used in the first protocols were

possible. Numerical examples could be related to the everyday contexts of money and

temperature. However, few of the students chose to include such elaborations in their

explanations. Seven students provided from one to six practice exercises for the reader. In

general, the letters were similar to the previous set with their emphasis on algorithmic

mathematics.

Comparison of two written presentations of a mathematical idea

For this activity, students were provided with two written presentations of an

introduction to the topic matrices and the addition of matrices. This topic was chosen as it was

something unfamiliar. The "Method 1" presentation was based around an example using the

deliveries of three types of milk to four houses. The terminology and operation of addition were

developed using this example. The "Method 2" presentation had no everyday context, merely a

series of definitions of terms and a statement of the method of addition using letter symbols.

Each student was provided with a copy of both methods and asked to read them. They

then had to select which one they preferred and to state their likes and dislikes of each.

Following this, the students compared and discussed their responses in groups. Twenty-two

stated that they preferred Method 1. The most prevalent comments about what they liked

mentioned the real-life example, fuller explanations, easier, the diagram, and easier wording.

The reasons given for not liking Method 2 included complicated, boring, confusing letters, and

hard to follow. Three students indicated that they preferred Method 2. The reasons given were

that it went straight to the point, it was more precise and factual, it showed with letters what

you have to do and it was quicker to write down. Reasons given for not liking Method 1

included confusing the issue, providing unnecessary information, and not explaining the correct

terms.
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Small group aid large group discussion of written mathematics followed by a writing activity

In this session, students were formed into groups of 3 or 4 and presented with the

question:

When you are presented with something that's written in mathematics, what do you like
to see to make it more meaningful to you?

Each group discussed the question for several minutes before reporting their conclusions to the

whole class. A discussion of the suggestions then took place with all students and the

researchers involved. In this discussion, the two sample pages used in the previous activity were

again presented to the students. At the conclusion of the discussion, students were asked to .

individually write down their answer to the question about what they like in written mathematics

presentations.

Student responses. without exception. stated that a worked example with each step

clearly explained was the feature that made the written mathematics meaningful. More than half

also suggested that the use of real life examples was helpful. A few suggested the use of a

diagram or "change the words to numbers and symbols" would help in making it meaningful.
Here are two typical answers.

1 like to see an example set out so that 1 can understand the work.
When I look at a maths question I really like to see examples which use familiar things
such as eggs, lollies, clothes, books, etc. By something that you know you can look at
the question and make a picture in your head.

The students were then asked to write in the same letter format explaining the

multiplication of common fractions, making the letter meaningful. The letters and the written

answers to the previous question were collected at the end of the session. The letters were

without exception presented in the same format, namely, a numerical worked example. In this.

the letters were similar to those written in the previous activities. However, these letters did

have more verbal elaboration in exemplary procedural language accompanying each step of the

worked example. Half the students wrote a general rule or kernel in relative language, mostly

very similar to the example that follows.

It is very simple you just multiply the numerator by the numerator and the denominator
by the denominator.

No real life examples or other elaborations such as diagrams were used.

Discussion

In this experiment, attempts were made to stimulate students to elaborate and integrate

their mathematical knowledge through writing activities. The first writing showed that in this
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medium the students expressed their mathematical knowledge as algorithms illustrated with

theoretical examples. In spite of a pre-writing discussion session with an emphasis on

elaborating the ideas just learned, the second writing produced similar responses. In the third

session, students were asked to compare two presentations. There was general agreement that

the presentation elaborated with a real-life example was more meaningful although a few

students preferred the more "to the point", unelaborated version. These materials were again

viewed and discussed in the fourth session as a pre-writing activity. For the final writing,

students were asked to attempt to make their presentations as meaningful as possible for the

reader, after discussion of ideas about what makes writing meaningful. The resulting protocols,

while displaying a wider use of language in some cases, were limited in the range of

elaborations presented.

It should be noted that the students involved in this project used writing in mathematics

classes with their teacher on a regular basis. The teacher's aim was to improve the students'

reflection on their mathematics knowledge and consequently their understanding of it. Thus,

writing in mathematics was not unfamiliar to the students.

It is difficult to know from these writing activities whether students are using elaborative

thought processes while learning their mathematics. Even if such processing took place during

learning and in the pre-writing activities, when asked to provide a written explanation for

another learner, it is clear that these thoughts are not expressed. Other published examples of

expository writing by students in mathematics (e.g. Miller, 1990: McIntosh, 1991) appear to be

mainly procedural as well. Either students find it difficult to elaborate their expression of

mathematical ideas or they don't see any value in such processes. They appear to value the

essential "how to do it" information, in line with the findings of Quitter and Harper (1988).

Conclusion

The case for writing as a method of developing students' understanding of mathematics

has been advanced strongly in recent years.

Creating an original piece of writing requires students to analyse and synthesize

information, focus their thoughts, and discover new relationships between bits of
information. (Pearce & Davison, 1988, p. 6)

However, the examples of writing generated in this and other studies do not appear to

demonstrate deep processing of information by students. While expository writing may provide

a vehicle for some reflection by the students about what they know and a window for the

teacher on errant procedures used by students, it appears that this type of writing is not
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providing the intended result. Even with the deliberate pre-writing activities used in this study,

the writing remained largely procedural. It could be concluded that it is the students' view of

mathematics and what it means to learn and know mathematics that is having an over-riding

effect. This is the result of seven years' exposure to school mathematics instruction through

teaching and textbooks. Further research. needs to be carried out to examine the relationship

between teaching style and students' mathematical writing.
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THE CONSTRUCTS OF A NON-STANDARD TRAINEE TEACHER OF WHAT IT

IS TO BE A SECONDARY MATHEMATICS TEACHER.

pinder Singh

University of North London

This paper focusses on the early stages of a study of non-standard-entry

trainee teachers. The research is concerned with the shifts in their

construction of a what it is to be a teacher in an inner city secondary school.

In future the study also intends to explore the factors that cause these shifts.

INTRODUCTION:
Research in the past has identified a definite correlation between teachers'

perceptions and belief systems and in the learning and teaching oof mathematics

(Silver(1985), Thompson(1982)) . An attempt has been made by several

researchers to explain the contributory factors of teachers' existing attitudes and

belief systems. The perspective of the teacher's whole life is recommended by

Woods, P.(1984) since 'self" in his opinion, is derived from several elements in

personal history. The influence of wider society has been emphasized by Stigler

and Perry(1987). Moreira(1991) claims that thebelief profiles of teachers from

different countries would be different. She attributes these differences to their

different educational and social situations.

Hoyles(1992) reported on the extensive research highlighting inconsistencies to be

found in the belief systems of an individual. Woods(1984) believes that apparent

inconsistencies are acts of survival whereby teachers' behaviour changes

constantly. In his opinion the constant change is like a pendulum moving between

bi-modal features such as tolerance and intolerance; it is a result of interaction with

different situations.

Hoyles(1992) expressed a concern that due to an inconsistency in methodologies

and theories related to research in teachers' belief systems, it was often difficult to

make comparisons. Qualitative research methods had been shown to to be used

extensively. Chapman(1992) uses the method of autobiography which enables

teachers to explore and understand their belief systems. She has found this

method effective as it allows the teachers to make relevant changes themselves.
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BACKGROUND:

The trainee teachers on a two year B.Ed course in Secondary Mathematics(11-16

years) come from a wide variety of backgrounds - social, cultural and educational.

They are non-standard mature students, many of whom have followed other

careers in the past and have not studied for some time. The entry requirement to

the course specifies equivalent to one year undergraduate study in mathematics

resulting in a wide range of mathematical experience in the group. The trainee

teachers on the course learn mathematics through an investigative approach which

is unfamiliar to most of them. They are being trained to teach in inner city schools

which have a culture quite different from the one they are familiar with. They are

required to be effective mathematics classroom practitioners by the end of the

course, they need to be able to survive afterwards, and to keep developing.

Before they start the course, each trainee teacher is operating with a(not

necessarily explicit or articulated) construct of what it is to be 'maths teacher'. It is
important to recognise that these constructs will be contigent, and not necessarily

stable over time. Neither consistency nor coherence need be assumed. Over the
two years of an intensive period of training - both at Higher Education Institution
and in schools - these constructions may undergo significant shifts. This study

illuminates these constructs and any changes they undergo over this period.

The theoretical framing for this study draws upon the work of psychologists such

as Potter and Wetherall(1987) and Billig(1988 ) who have suggested that the

traditional notion of an 'attitude' may not do justice to either the complexity of the

belief systems of individuals or the social nature of the constuctions themselves.

METHODOLOGY:

The concern of this work is with teachers' constructions of the "teacher' and

"mathematics teaching" as I have already stated. These constructions are not
neasarily stable over time, nor are they always well-articulated, explicit or even
conscious. They may also be joint constructs, held for a time by more than one
trainee teacher. Therefore I have utilized several strategies including: semi-

structured Interviews, trainee teachers' autobiographies, structured observations,

documentation e.g. their block practice files, intervention instruments e.g. game
and questionnaire and narratives written by trainee teachers during each of the two
block practices.
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The changes in the teachers' constructions are monitored and linked to factors

such as schooVcollege experiences, personal crises, political events, professional

demands etc.

COLLECTION OF DATA:
A) Each trainee teacher was interviewed before the course started. Two questions

were asked at semi-structured interviews which were audio-taped and later

transcribed. The two questions asked are as follows:

(i) You have recently visited two secondary schools and had the chance to

observe mathematics teachers. How do these differfrom your teachers

when you were at school?
(ii) What do you currently believe the role of a mathematics teacher to be?

What skills/characteristics are important?

Most of the trainee teachers had not been able to visit a secondary school due to

unavoidable reasons. Hence they discussed about their own teachers.

B) During the second week of the course each trainee teacher was asked to write a

mathematical autobiography.

Data from the semi-structured interviews and from their mathematical

autobiographies was sorted into three main categories. These are as follows:

(i) Reasons why they enjoyed mathematics.

(ii) Reasons why they wanted to do well at mathematics.

(iii) Reasons why they felt negative feelings about learning

mathematics.

A profile of the whole group emerged from this data.

C) An Intervention Instrument was devised in the form of a Questionnaire

consisting of twenty statements. A sample of the responses from each of the three

above-mentioned broad categories constituted statements relating to what a good

teacher does. Each trainee teacher had to tick only one of the four options

numbered 1-4.
1 represented 'not needed'

4 represented 'essential'

Data from this questionnaire was collected and a total score for each possible

answer was tabulated. This was then represented graphically.
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D) The trainee teachers wrote a narrative about their first experience in an Inner

city school during a serial day placement visit. This took place seven weeks into

their course.

RESULTS AND DISCUSSION:

At this early stage in the three year research study, any comparisons and findings

have inevitably a tentative flavour. However, I am able to offer a snapshot of the
teachers' initial constructions. I shall start by providing the responses made by
two trainee teachers.

To lay is a male student from a different cultural and educational background to that

of an inner city English School. Kay is a female student from UK but not familiar
with inner city schools. (Names changed ).

Snap shot one: To lay
Mathematical biography- summary:

He enjoyed the subject-

Mathematics - challenging, interesting, right answers.

Teacher - gave different examples, involved us, made
things clear.

Teacher's enthusiasm and interest in the subject.
Negative feelings:

Although To lay suggested rote learning, reciting tables and

the fact there was no visual representation, he did not view

this as negative. He was not excited about it either.
He wanted to do well:

praised - 'a clever boy'

rewarded - right answers.

The construction of )3 good mathematics teacher:

Essential that a good teacher:

- encourages and rewards those that get right answers
- makes maths visual

- makes the subject interesting.

Relevant that a good teacher:

- explains a concept in more than one way

- creates a disciplined environment.
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Sometimes a good teacher may

- instruct the children in particular procedures.

A good teacher does not need

- to encourage a competetive atmosphere.

His account of the first day in a school-,

Initial shock
Some difficulty in relating to pupils

Discipline - authority of teacher, non-existent
Difficult to understand the attitude of pupils towards learning

Shock and confusion - in relating to things

to find his orientation.

All the above data is given using the trainee teacher's own words.

Snapshot two: Kay
Mathematical biography- summary:.

She enjoyed the subject:
Teacher - enthusiastic, stimulated the pupils

Atmosphere - relaxed

Mathematics - right answers.

She had negative feelings:

Teacher - sarcastic

Mathematics - traditional approach

did not understand.

She wanted to do well:
Competetiveness - challenge.

Her construction of a good mathematics teacher,

Essential that a good teacher

- creates a relaxing environment

- creates a disciplined environment

makes the subject interesting.

Relevant that a good teacher
- recognises the emotive nature of the subject

- encourages play in class.

Sometimes a good teacher may

- need to encourage competetive atmosphere

- encourage and reward those that get the right answers.
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A good teacher never considers

- taking children outside the classroom for doing maths.

Her account of the first day in school.

Experience likened to 'Alien'

No blackboard in some of the rooms

Teacher did not teach the class as a whole

His(teacher) presence should be stronger

Not used to movement in the class.(trainee teacher)

Multicultural nature of the class - alien.

e.g. clusters of young moslem girls with their heads covered

Noisy - paid little attention to teacher

Pupils not as timid as in my time

SMILE - Individualised scheme, fragmented with no continuity

felt frustrated and confused.

CONCLUSION:

Both of the trainee teachers have been shocked by their initial visit to schools. Two

specific points can be made.

(1) For both students the exposure of their first day in school contrasts sharply with

their expectations and with their beliefs about what good maths teaching involves.

(2) Kay has an idea of *presence in the classroom*. This appears to be absent

from To lay's construction. This idea in Kay's construction of the teacher may help

to formulate what strategies she will need to employ. Also, it provides a point of

contact between her own expectations and those of the tutor's( Singh, 1993).

General points:

Overall the research supports the tutor's initial experience that non-standard entry

trainee teachers find great difficulty in matching their own experience of

mathematical teaching and their expectations of what a teacher does and how s/he

behaves with the "reality* of the 1990's classroom in an inner city school. As one

of the college tutors put it , 'After their first visit to school, they suffer from shell-

shockr A majority view at this point in time would be that very little learning takes
place and the children have very low ability. It appears to these trainee teachers

that not much mathematical work is going on at all. A fair summary of this data

confirms the impression that the conflict between these teachers' own educational

experiences and their classroom visits results in a low opinion of current

mathematical teaching styles and pupils' behaviour.
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After varying periods of time, the trainee teachers start to re-evaluate these

classrooms which they visit. Kay commented that she had sat down to help a

pupil and that she began to see all the small things happening which, I had failed

to see the first time I visited the classroom." The trainee teachers often remark on

the teachers casual approach and their acceptanceof 'stroppy behaviour from

the pupils'. They strongly suggest that the teacher does not convey the right

impression to the pupils, that this attitude - less authoritarian and clear cut than

that which they expect - is not conducive to learning. However, as they progress

they begin to pin-point the skills and strategies which underlie this supposedly

"laidback" approach . "I find it very difficult to relate to the pupils - but the teachers

have found a way of relating to the pupils that works.'

Another factor which has arisen in majority of interviews concerns the "low ability"

of the pupils in these inner city schools as contrasted by the trainee teachers with

"how things used to be for them". 'The level of maths is very poor. I am shocked if

I compare it to what I knew at this age." The implication here is strongly that this

is the fault of the teacher. However, as the trainee teachers continue to work in

the classroom, they speak of the possibility of other factors affecting pupils'

apparent low achievement. The materials and resources, in particular SMILE,

came in for more sustained criticism and the teacher's approach is likely to be

more appreciated. Sometimes the fact that the classes contain pupils working at

such a variety of levels within the maths curriculum is commented upon. 'I liked

the mixed-ablity classes but I find it easier to help the pupils in a streamed class

where all the pupils are at a similar level".

SUMMARY
It is as if, over a period of time, these trainee teachers come to "see* the

classroom in which they are located through different spectacles. The distance

between their own personal educational experiences as articulated in their

biographies, and their views of what a good mathematicsclassroom should look

like, gets appreciably greater as time progresses. Other factors have become

much more important such as the presence of investigations is recognised and the

extent to which teachers are 'on the children's wave length'. The question which

remains to be answered is whether the narrowing of this gap between their Initial

impressions of the 'messiness" or even "ineffectiveness" of the 1993 mathematics

classroom and their beliefs about what good teachers should look like and
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achieve, is actually a reflection of a clearer perception of what is going on, or if it

is rather a measure of the extent to which, as one of the tutors put it, 'we(the

college) have corrupted them to see things like us'.
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ALGEBRAIC SUMS AND PRODUCTS: STUDENTS' CONCEPTS AND SYMBOLISM

Kaye Stacey & Mollie MacGregor'

University of Melbourne, Australia

This paper presents evidence on the difficulties that students have in symbolising sums
and products algebraically. A cluster of obstacles related to the conjoining error have been
identified in the literature and are seen by many to be the principal causes of students'
notational difficulties in elementary algebra. This paper reports on the incidence of the
conjoining error in a variety of new situations. The incidence of the error was found tobe
very variable. It was low in solving linear equations and did not arise at all in formulating
an equation. Many of the incorrect responses are explained not by the published
obstacles, but by examining the non-mathematical parallels which students draw on to
write algebraic expressions. At all levels there were students who did not make clear
distinctions between addition, repeated addition, multiplication and exponentiation.

It is well known that the algebraic symbolism for algebraic sums and products ispuzzling for

beginners, who must learn that the sum of x and y can only be written as x+y or y+x whereas the

product can be written as something other than x x y. A textbook popular in the 1950's, for example,

warns students that the notation for algebraic sums is their "first difficulty". This paper explores how

students represent and interpret algebraic sums and products in a variety of situationsand examines

the adequacy of current explanations for students' errors.

Writing conjoined terms for sums
Many research studies have documented the tendency for students to use the notation for

algebraic product for the algebraic sum, i.e., to use the conjoined expression ab where a+b is

appropriate. Kuchemann (1981), working with the CSMS project, found that the error was
extremely prevalent, and Booth (1984), after investigating the underlying causes of the errors that the

project had exposed, concluded that conjoining in algebraic addition was a serious problem. The

prevalence of the error in British students was confirmed by the monitoring of the Assessment of

Performance Unit (1985). Examples of the items used in these British studies, showing the very high

rates of conjoining errors on some items, are given in Table 1. These authors see the conjoining error

as a significant error which is hard to remediate and with an important cause, as discussed below.

As with other common errors and interpretations in mathematics, there are several different

reasons why students may believe that a+b should be written as ab. Kuchemann (1981) noted that

students who made errors derived from this misunderstanding (e.g., writing Bab as a simplification of

24+5.:.a) were generally at the lowest level of understanding on the CSMS test. He saw this error as

an important indicator of "acceptance of lack of closure", a characteristic which Collis had identified

as developing through the stages of cognitive growth. For Collis, an individual requires different

levels of closure during the progression from concrete to formal thinking. In the early stages,

1This research was funded by a grant from the Australian Research Council to
Kaye Stacey for the project 'The Cognitive and Linguistic Aspects of Learning to

Use Algebra. We wish to thank the teachers and students who participated in the

testing for their valuable assistance.
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children can only work on tasks where each expression can be evaluated. In Collis' later work

(Collis & Biggs, 1979) acceptance of lack of closure is used in a wider sense, noting a mature

student's tendency not to restrict an answer, but to generalise from the given, making links with new

data. In the psychology literature, "closure" refers to the completion of a Gestalt when parts of the

stimulus are missing, in order to make sense of it.

Kuchemann (1981) and Booth (1986) also. observed that many students may write 7n as the

answer to the question "Add 4 onto 3n" because they believe the expression 4n+3 is not acceptable as

an answer. In the terms of Sfard (1991), students see the expression as representing the process of

adding, not the object that results from the adding. Tall and Thomas (1991) have summarised these

observations by identifying a cluster of obstacles involved with the conjoining error: those related to

parsing, process/product confusion, lack of closure and the nature of the expected answer.

From a constructivist perspective, it is noted that students will draw on previous and
concurrent learning from other areas to work with algebraic symbols. They will make parallels with
other notation systems, such as in writing fractions where conjoining represents addition (e.g.,

4. 3+ in chemistry where CO2 is produced by adding oxygen to carbon, and in music where

J or lasts for one and a half beats. Chalouh and Herscovics (1988) observed Grade 6 and 7 students

interpreting algebraic expressions in terms of other frames of reference (e.g., place value 53 =
50+3).

Booth (1984) and others use the words "closed" and " unclosed" to distinguish answers such

as in and 3n+4. However, in this paper we refer instead to "conjoined terms" (for 7n, etc.) because

"closed" does not distinguish between observed responses and proposed causes.

The review above shows that many researchers believe that errors based on conjoining are

particularly significant indicators of cognitive growth. There is, however, some disagreement.

Sutherland (1991) has found that children working with Logo and spreadsheets accept "unclosed"

expressions such as x+7 without difficulty and she questions the claim that the need for closure is a

major obstacle in learning algebra. Tall and Thomas (1991), also working in a computer
environment, noted that there needs to be "a reassessment of fondly held beliefs of what is hard and

what is easy" (p. 145).

In this paper we present data which extends information on the prevalence of conjoining

errors. Previous studies used only items requiring simplifying or formulating algebraic expressions.

We present further data on similar items but we also look for evidence of the conjoirrng error in

students' attempts to formulate and solve equations. We examine the data to see to what extent

students use conjoining only for addition and we examine the adequacy of the published cognitive

obstacles as causes of students' responses.

Method

This paper brings together data from a number of separate studies. Tests which included the

items used in this paper were constructed and marked by the authors and administered by volunteer
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teachers in 24 Australian secondary schools in 1991-93. Although the participating schools were not

randomly selected, the sample includes schools from two states, from all socioeconomic areas and a

mix of government and private schools. Almost all of the participating schools take students of all

abilities from the local area and teach them in mixed-ability mathematics classes. In order to expose

important difficulties that are widespread, the results have been analysed by class and by school as

well as by individual as is reported in this paper and were found to be reasonably consistent across

classes. In this way we hope to reduce the limitations of this form of sampling to be confident that

the results are not confined to any particular school, category of school or textbook. The tests

contained items testing ordinary reading competence, the results of which established that literacy in

English was a limiting factor for no more than 3% of the students involved.

Table 1: The prevalence of the conjoining error in published studies

Source Item Percentage
correct

who
conjoined for

e
addition

and used exponents
for multiplying

Kuchemann 1981
Item 13(N)

Sirrp4 2a+5b+a 60% (14 yr olds) 20% (8ab)

Kocher/wan 1981
hem 4ftit

Add 4 onto 3n 36% (14 yr olds) 31% (7n)

APU 1985
Item A4

Peter's age is represented by x. Alan is 2
years older than Peter. How can we
represent Alan's age?

49% (15 of* 10% (2x)

ABU MI5
Item A5b

How do we represent the hunter 6.41i66 is
three less than n?

45% (15 yr olds) 3% (-3n)

APU 1995
Item A5c

How do we represent the number which Is
twice n?

44% (15 yr olds) 23% (n2)

APU 1985
hem Al

I have x pence and you have y pence.
How many ponce do we have Illtegotholl 48% (15 yr olds) 34% (xy)

APU 1985
Item A7

I have x ponce and you have Spence.
How many pence do we have ahogether? 46% 15

9% (51y, 2x3y)
APU 1985
Item A8

A bar of chocolate costs x pence and a
packet of crisps costs y pence. What is
the cost of 2 bars of chocolate and 3
Packets of crisps?

66% (15 yr olds)

Results and Discussion
The items used are shown in Figure 1. The number of students for each item and the number

of schools from which they came is given in Table 2 along with the percentage correct and making

conjoining errors. The final column also records the percentage of students who used exponential

notation to represent multiplication. Because of space limitations, the table gives results for students

in Years 7 and 10 only. The students in this sample have performed similarly to students in the APU

samples on some items. but the overall rates ofconjoining are markedly lower.
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Item MS1. Write in mathematical symbols:
( i) Add twelve to x.
(ii) Multiply x by three.

Item MS2. Write the following in mathematical symbols:
"Add 5 to an unknown number n, then multiply the result by 3".

Item MS3.
(i) David is 10 cm taller than Con. Con is h cm tall. What can you write for David's height?
(ii) Sue weighs 1 kg less than Chris. Chris weighs y kg. What can you write for Sue's
weight?
(iii) Tina has twice as much money as Dino. Dino has Sn. What can you write for the amount
of money Tina has?

Item MS4. Which of the following expressions can be written as x + x t x + x ?
(Circle one or more of the answers below)

x+ 4 x x 4 4x x4

Item MSS. [Presented following table in vertical format, asked students to calculate three values,
describe the rule in words and then asked them to "Use algebra to write a rule connecting x and y."

x 1 2 3 4 5 6 7 8
y 5 6 7 8 9 10 11 12

Item MS6. Solve the following equations [sample only]:
4x - 7 = 3, 16.4x - 7.9 = 0.3, 34 - 8x = 10, 2 + 0.6x = 2x

Item MS7. Given H=3j2g, find fin terms of the other letters. [Then similarly find g]

Figure I: Items used in testing

1. Conjoining in translating into algebraic expressions
Item MS1 in Figure 1 requires students to translate stater .ents in words directly into algebraic

expressions. Table 2 shows that these items were correctly answered by a high percentage of
students. A popular response for part(i), which was counted as correct in the table, was "x+ 12 = ".
Explicit use of the multiplication sign (3 x x or 3 x x = ) was the most common correct response for
part (ii). The use of the "equals" sign suggests that students regard the expressionsas incomplete and
needing to be evaluated.

The very low incidence of conjoining in this item is surprising given the APU and CSMS
results for Items A6 and 4(ii) shown in Table 1. Possibly Item MS1 asked more directly than did the
British items that the procedure "add twelve", rather than the answer, be symbolised, .

The conjoined term was written for addition by only 24 individuals (3.5% of the total
sample), but it was not confined only to younger students and it occurred in 17 of the 21 classes.
Three of these students used conjoining again (now correctly) for the multiplication in part(ii) and
four used division. However, fourteen used the multiplication sign explicitly and three used
exponents. Thus about 3% (i.e., 14+3) of the total sample showed that they used conjoining for
addition but not for multiplication.
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Table 2: Success rates on items and incidence of con oinin
Item Semple % correct

Yr 7 - Yr tO
% who conjoined

for + or
Yr 7 - Yr 10

% who used
exponents for x

Yr 7 - Yr 10

Item MS1(i) 678 students 68% - 93% 2% - 2%
Add 12 to x (9 schools) (12x)

Rem MS1(i) 678 73% - 91% 2% - 2%
Multiply x by 3 (9 schools) (x3)

Item MS2 1806 14% - 47% 14% - 12% about 1%
(n+5) x 3 (18 schools) (15x, 5xx3)

Item MS3(i) 1463 39% - 74% 14% 5%
David h+10 (16 schools) (10h)

Item MS3(i) 1463 36% - 64% 8% - 3%
Sue y -1 (16 schools) (ly)

1% - 1%
(-ly)

Item MS3(ii)
Tina 2n

1463
(16 schools)

38% - 65% 2% - 1%
(nn)

17% - 14%
(n2)

Rem MS4 1034 47% - 60% 40% - 34%
x+x+x+x (12 schools) (x4 or 4x)

Item MS5
v=x+4

951 students
(11 schools)

29% 58% 0% - 0%

Rem MS6 97 3%
Solving one variable
equations

(3 schools,
Yr 10 only)

(2+0.6x = 2x
0.6x = x )

Item MS7 48 16%
Transposing equation
H = 312g

(3 schools,
Yr 10 only)

(H-g = 3f2)

2. Conjoining in a multiple step expression
Item MS2 had the same stem as Item MS1 but required students to use two operations. The

most common error was the omission of brackets (11% at Year 10, 22% at Year 8). Conjoining was

very prevalent, although still not as prevalent as in several of the APU or Kuchemann items in Table

1. Common conjoined answers were 15n (about 8%) and 5nx3 (about 4%), and another 4% were

responses such as 3(5n). 5n3, 15n3, 8n, 18n. In another test this item had been replaced by an item

identical to MS2 except that 5 was replaced by 14. Although there was a sirn.ar amount of

conjoining overall, the relative frequency of responses was very different. Only 3 of the 517

responses were 42n (down from 8%) but 14nx3 was more common. Many features of an item

determine students' responses, one being the size of the numbers and the ease of automatic response.

The incidence of conjoining for "add 5 to n" here was markedly higher than occurred in Item

MS1(i), which was identical except for the second stage of multiplication by 3. Presumably many

students felt the need to work out an answer before proceeding to multiply by 3. The higher

incidence of conjoining in this item is in marked contrast to the conclusion reported in the APU

survey. On the basis of comparison of the incidence of conjoining in Items A6, A7 and AS (see Table

1), the APU report concluded that "when two operations am involved (multiplicationand addition),

fewer pupils represent addition by juxtaposition and more such items right." (p 331). We did not

find this.
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3. Conjoining in formulating expressions
In Item MS3, students had to deduce which operation was required and write the answers

algebraically. In the three parts of this item, results for our sample (especially the 15 year old Year 10

students) were similar to the results for the parallel APU items A4, A5b and A5c (including the

number of omissions), although a little better. The incidences of conjoining for addition and

subtraction were similar, and in both cases many students used exponents for multiplication.

However, less than 3% overall used conjoining only for addition. We consider that if
students had clear concepts for the three operations involved and believed that conjoining is the

convention for addition, then they would write 10h or h10 or IOC for DAVID, 1-y, y-1, ly or

similar for SUE and 2 x n or n2 for TINA. There were 28 students (2%) who did this. An additional

8 students gave the answers 10h, ly and n2 indicating that they wished to symbolise multiplication

differently to addition. This percentage is similar to the estimate of consistent students from MS1.

Forty students (3%) wrote down the numbers and the letters without concern for the
operations linking them. They all wrote 10h, ly and 2n. Although their response to DAVID

suggests that they have used conjoining for addition, the other two responses indicate that they have

used it for subtraction and multiplication as well.

The variety of incorrect responses to this item indicates that students draw on different ideas

about letters and abbreviations to construct their algebraic expressions. Year 10 students in the

sample used in their algebraic expressions letters as abbreviations for words (Dh = h+10, where Dh

stands for David's height. h = D-10, or C+10 = D); letters standing for procedures (h = +10 or
h = -10); letters as objects and objects as letters (h = David-10, h = Con-10). As these examples

from Year 10 show, many of the wrong answers were expressed as equations rather than
expressions. The students who wrote x-10 = h, h-10 = x, and h = h+10 show the need students

felt to have a second variable.

Item MS4 is included to investigate further the confusion between addition, repeated addition

and multiplication and exponential notation, which was evident in MS3(iii)-TINA. Adding like terms

is one of the first skills taught in school algebra, so the low success rate (see Table 2) is
disappointing. However, the choice by 40% of Year 7 students and 32-34% of Year 8, 9 and 10

students of an exponential form supports the result of MS3(iii) and the APU Item A5c. The
improvement from Year 7 to Year 10 was minimal.

4. Conjoining in formulating equations
Item MS5(iv) required students to write the equation y = x+4 (or equivalent) to describe a

relationship evident in the table of two variables (see Figure 1). Although the success rate (see Table

2) was very low, and there was great variety in the answers, there was no conjoining. No student

wrote y = 4x, y=x4, or simply 4x. One wrote 4x+ and another wrote x=4y. The absence of the

conjoining error is surprising given the variety of answers that were produced. Examples included

lx=5y, x=y, xy, x+y, x+4y, x=y+4, xy+4, x=ly, x+5, (x=1,y=4), x=1+4y. In some of these
examples, students are simply "connecting" x and y as instructed in the Item (e.g. xy, z+y). Some
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tell a story in abbreviated form (e.g., x=1+4y may say that "you start with x equal to 1 and add 4 to

get y", and x+4y may say that "you take x and add 4 to get y"). Many of these responses constructed

by students themselves are far from the syntactically well-formed expressions and equations that

could demonstrate a conjoining error.

S. Conjoining in solving equations
A sample of 97 Year 10 students were given a total of 251 equation solving questions (Item

MS6 in Figure 1) as part of another study and its pilot (Bell, MacGregor & Stacey, 1993). Their

solutions were examined for evidence of interpreting conjoined terms as sums. Only seven such

errors were made (e.g., deducing 0.6x = x from 2+0.6x = 2x, or x = 160 from I3x = 173),

each by only one student and each in only one equation. Some of these errors are what Carry, Lewis

& Bernard (1980) classify as the very common deletion errors. We conclude that conjoining errors

are not common in familiar numerical equation solving (by Year lOstudents ), a "microworld" where

addition signs are common and routine procedures are often practised. However, in transposing the

literal equation H = 3f2g (Item MS7), the conjoining error rate was high (see Table 2). This item

was less familiar (indicated by a relatively high omission rate) and more abstract. Presumably these

characteristics prompted the conjoining error.

Conclusions
Where parallel items were used, the results of this testing are similar to but a little better than

the APU testing reported in Table 1. However, noneof the items provoked conjoining to the same

extent as the items reported there. There was substantial variability in the incidence of conjoining

from item to item. The greatest incidence of conjoining came from the two step item (MS2) and the

difficult transposing of an equation (Item MS7). In formulating an equation, there were no instances

of conjoining errors at all. The students who were not correctvery often wrote ill-formed equations

(discussed further below).

For items MS1 and MS3, it was estimated that about 3% of the sample used conjoining to

represent addition and only addition. About half of the students who used conjoining for addition

used it for subtraction and multiplication as well. These students are simply putting together the

numbers and symbols in the question to make an answer that looks like algebra. They are not

applying consistent laws of logic to well distinguished concepts, but are probably achieving closure

only in the sense of completion of a Gestalt.
Items MS3(iii) and MS4 revealed a substantial percentage of students using exponential

notation for ordinary multiplication or repeated addition, and little improvement from Year 7 to 10.

We suspect that this is due to the concepts of repeated addition, multiplication and repeated

multiplication (exponentiation) not being sufficiently distinguished by students. This is a very

important aspect of arithmetic that needs considerable emphasis in pre-algebra courses.

The literature reviewed above on students' use of algebraic symbolism has listed several

obstacles related to the conjoining error. Students' responses to this testing have provided examples
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of all of these. However, many of the responses which students have constructed (e.g., to Items
MS3 and MSS) are not explained by these obstacles. Instead, they seem to arise from students'
drawing parallels with notation systems other than algebra. The published obstacles seek to explain
students' errors from within mathematical systems and ways of thinking and symbolising and from
an assumption that operations are clearly conceived, but students seem instead to often use a personal
shorthand that only looks on the surface like algebra. For example, the conjoining error results in a
syntactically well formed answer, but students' answers are often ill-formed. The personal
shorthands draw on principles from a variety of other (informal) systems, such as the practice of
abbreviating words and leaving out unimportant words when writing a note. Personal shorthands are
not used consistently from question to question, nor is one symbol (or lack of symbol as in
conjoining) kept for one meaning. Students often achieve closure in the sense of completion of a
Gestalt, rather than applying a formal rule. Because their personal shorthands use the same surface
features as does algebra, it is difficult for teachers to explain that the meaning is quite different.
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THE INTUITIVE RULE

"THE MORE OF A - THE MORE OF 13"

Ruth Stavy and Dina Tirosh

School of Education, Tel-Aviv University

Abstract

In the last 20 years, researchers have studied students' mathematical and scientific conceptions and
reasoning. Most of this research is content-specific. It was found that students hold ideas that are
often not in line with accepted scientific notions. In our joint work in mathematics and science
education. it became apparent that many of these alternative conceptionshail from the same intuitive
rules. We have so far identified two such rules: 'The more of A - the more of B", and, "Everything
can be divided by two". The first rule is reflected in students' responses to many tasks, including all
classical, Piagetian conservation tasks, in all tasks related to intensive quantities, and in tasks
related to infinite quantities. The Second rule is observed in responses related to successive division
of material and geometrical objects and in successive dilution tasks. In this paper we describe and
discuss the first rule and its relevance to science and mathematics education.

Throughout the past 20 years, researchers have studied students' conceptions and reasoning

in the context of science and mathematics. Many have pointed out the prevalence of persistent

alternative conceptions which are often not in line with the accepted scientific notions. Such

conceptions covered a wide range of subject areas in physics (astronomy, mechanics, electricity,

heat, light, the particulate nature of matter), in chemistry (mole concept, concept of equilibrium), in

biology (growth, health, photosynthesis, heredity) and in mathematics (function, infinity, area).

(For surveys of students' conceptions, see Driver, Guesne, & Tiberghien, 1985; Eylon & Lynn,

1988; Fischbein, 1987; Hart, 1981; Osborne & Freyberg, 1985; Perkins & Simmons, 1988).

Most of this research has been content-specific, and aimed for detailed descriptions of particular

altc . concepts (Thijs & Berg, 1993).

I., our work in mathematics and science education, it has become apparent that many

alternative conceptions are based on common, intuitive rules. We have so far identified two such

rules: "The more of A, the more of B", and "Everything can be divided by two". In this paper we

describe and discuss instances of the first rule.

Conservation Tasks

Conservation refers to the understanding that quantitative relationships between two objects

remain invariant (are conserved) in the face of irrelevant changes in one of the objects. In the

standard conservation task, the subject is first shown two objects that, in addition to being

perceptually identical, are known to be equivalent with respect to acertain quantitative property. The

experimenter then proceeds to deform one of the objects in such a way that its perceptual identity is

lost while maintaining the quantitative relationship. Finally, the subject is asked whether the objects

are still quantitatively equivalent.

We shall now consider some student responses to scientific and mathematical conservation

tasks.
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A. Scientific Tasks

1. Conservation of Ouantity of Matter - Piaget and his colleagues' studies on the development of

the principle of conservation of quantity of matter are concerned with children's dependence on shape

or form when asked to judge the relative quantity of matter. When comparing the (equal) amounts of

water in two differently shaped cups, children up to about age five or six, paid attention only to the

relative heights of the water in the two cups, arguing that "there is more water in the taller cup"

(Piaget, 1965/1952). In a similar experiment involving the conservation of clay, responses were

split. Some children argued that the thicker slice had more clay than the thinner one, while others

responded that "the longer piece of clay has more clay than the shorter one" (Piaget & Inhelder,

1974/1941).

2. Conservation of Weight

(a) Changes of state. Stavy and Stachel (1985) studied children's understanding of the

invariance of weight during the process of solid to liquid state transformation. They presented

children aged 5 to 15 with two identical candles, one of which was then melted. The child was asked

about the equality of weight (whether the solid candle and the melted one weighed the same). Many

children between ages six to ten argued that "the solid candle weighs more because it is harder or

stronger than the liquid candle."

(b) Expansion. Megged (1978) studied children's understanding of the invariance of weight

during the process of heating water. In this case, the volume of the heated water is actually larger

than that of the unheated water, but its weight remains constant. Many children aged six to ten,

however, argued that "the heated water is heavier because its volume is larger."

3. Conservation of Volume - Lovell & Ogilvie (1961) asked children to compare the amount of

water spilled when two cubes of exactly the same shape and size, one of which was made of wood

and the other of lead (and therefore much heavier), were lowered very carefully into a full pint pan.

They found that many of the children between age six and ten thought that the heavier cube displaced

more water than the lighter cube of the same size and shape.

B. Mathematical Tasks

1. ;slumber conservation - Piaget's (1965/1952) studies on the development of the number

concept are concerned with children's reliance on length and density information when they are

asked to compare the number of objects in two parallel rows, containing the same number of objects.

Young children (until the age of about five or six) only paid attention to the relative length of the two

rows. Rows of the same length were said to have the same number of objects; otherwise, the longer

row was said to be more numerous than the shorter row. Some older ages, based their judgments

on the relative density of objects on the two rows, stating that the denser row was more numerous.

2. Conservation of area - Piaget, Inhelder, and Szeminska (1960) presented children with two

identical rectangular arrangements of six blocks. One arrangement was altered by removing two

blocks from one end and placing them on the other. The children were then asked if the rectangles

still were the same size and "have the same amount of room". Many children aged five to six tended

to argue that one configuration was larger because it looked longer.
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3. Conservation of angle - Noss (1987) and Foxman& Ruddock (1984) presented children with

two identical angles, one of which had longer arms than the other. They found that many children

between the ages of ten and fifteen argued that "the angle with the longer aims is bigger".

In all these, as well as in other cases of conservation (e.g., length [Piaget, Inhelder &

Seminska, 1956]), children's responses seem to derive from a general rule according to which

"more of A implies more of B". A similar phenomenon was observed with tasks related to intensive

quantities.

Intensivity Tasks

Intensive quantities are formally defined as follows "If a,b,c,... are pans of a system, and y

is a property such that y(a) = y(b) = y(c)..., then y is said to be an intensive quantity. The value of y

for the entire system may be defined by y(system) = y(any pan). Clearly y(system) is independent

of the size (or extent) of the system" (Canagaratna, 1992, p. 957).

Intensivity tasks involve presenting the subject with two systems which are identical with

respect to a certain intensive quantity but different in size. The subject is asked to judge or to

compare the values of the intensive quantity in the two systems.

A. Scientific Tasks
1. Concentration - Stavy, Strauss, Orpaz & Carmi (1982)presented children with three cups of

sugar water of the same concentration. The contents of two of these cups were poured into one

empty cup, and the children were asked to estimate the sweetness (concentration) of the combined

cup compared to that of the original third cup. It was found that the majority of children aged six to

ten claimed that the combined cup was sweeter. Two types of justifications were presented: "The

cup with more sugar is sweeter" and "The cup with more water is sweeter". Both of these

justifications share the structure of "the more of A, the more of B". In this case the perceptual

change in the quantity of water was salient and directly elicited "the more water, the sweeter"

response. Most likely, this salient difference in the amount of water also indirectly encouraged "the

more sugar, the sweeter" response. The reasoning behind this response was probably that "the more

water, the more sugar," therefore "the more sugar, the sweeter.".

2. Temperature - Strauss, Stavy and Orpaz (1977) presented children with three cups containing

equal amounts of hot water at the same temperature. The water from two of the cups was poured

into an empty cup, and children were asked to compare the temperature of the water in the combined

cup with that of the third cup's contents. The majority of children aged six to eight claimed that the

water in the combined cup was warmer. Theseincorrect judgments were justified with reference to

the amount of water -- namely, "the more water. the warmer" A similar response was observed

with older students, who were asked to refer to the same problem, and were presented with

numerical values of temperature (e.g., 40 "C in each cup). Mostchildren between ages seven and

eleven argued that the temperature of the combination was higher than that of the third single cup.

These responses were accompanied by an arithmetic calculation (e.g., 40+40=80).
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B. Mathematical Tasks

1. Comparing infinite sets - Students aged 13 to 25 were asked to compare the number of points

in two line segments. According to Cantorian set theory, any two line segments contain the same

number of points. Yet about half of the students across the entire age group claimed that "Ihe longer

line segment contains more points" (Tirosh, 1991). Similarly, students of the same age group were

asked to compare the numerosity of two infinite, entnterable sets: The set of natural numbers and

the set of odd numbers. Many of them argued that "Set A contains more elements than set B and
therefore its numerosity is bigger'.

Reactions to these as well as to other intensivity/density tasks seem to evolve from the

application of the same general rule: "The more of A, the more of B". This response was observed

in both children and adults.

Other Tasks

The intuitive rule "The more of A, the more of B" seems moreover to operate in many
instances other than those involving conservation or intensivity tasks. We shall provide some
examples.

A. Scientific Task

I. Time - Levin (1982) studied the nature and the development of the time concept in young

children. She asked nursery school children and kindergartners to judge whether two lights were lit

for the same amount of time, or which light was on for more time. The lights were lit for the same
duration but differed in size and/or brightness. Her findings indicated that children tended to
associate the longer duration significantly more often with the bigger than with the smaller light, with

the brighter than with the dimmer light, and with the bigger and brighter than with the smaller and

dimmer light. She concluded that this phenomenon may be based on a mediational mechanism of
"any more is more time'.

2. Free fall - Gunstone & White (1981) presented first-year physics students with a problem: An

iron sphere and a plastic sphere of the same diameter were held next to each other, two meters above

a bench. Subjects were asked to compare the time it would take for the metal sphere to fall to the

bench with the time it would take the plastic sphere. Some claimed that the metal sphere would fall

faster because "A bigger weight will cause bigger acceleration". Champagne, Klopfer and Anderson

(1979) presented first year physics' students with a similar task related to free-fall of two rectangular

prisms of equal volume but different masses. Seventy-two percent of these students argued that "the

heavier an object, the faster it falls, and that since lucite is denser than aluminium, it falls faster".

B. Mathematical Tasks

1. Arithmetic Operations Tirosh, Wilson, Graeber, & Fischbein (1993) presented college

students with several tasks concerning arithmetic operations. One such task is related to the
relationship between factors and products in multiplication expressions. Many of these students

argued that when one of the factors increases, the product always increases. While this statement

holds for natural numbers, it does not for negative numbers [e.g. 2 x (-4) 2 8 x (-4)1. it seems that

1378
300



the students who made this overgeneralization were operating according to the rule "the bigger the

factor, the bigger the products".
2. Percentage tasks - Rachmani (personal communication) presented students at different age

levels with several problems in an attempt to assess their understanding of percentages. One of these

problems was the following: "Joe saved 25% of his salary. Maya saved 50% of her salary. Can

you determine which of them saved more money?" Obviously, the answer to this problem is "no",

because Joe and Maya's salaries are not known. Yet many students responded that "Maya saved

more money. because she saved a higher percentage."

Discussion

We have presented students' responses to a variety of tasks in different subject matters --

some deal with physical objects while others refer to mathematical ones, some focus on extensive

quantities while others involve intensive ones. All these tasks, though, have some common features.

In each of them, two objects (or two systems) which differ in a certain, salient quantity are
described. The student is then asked to compare the two objects or systems with respect to another

quantity. In all these cases, a substantial number of students responded according to the rule "The

more of A (the salient quantity), the more of B (the quantity in question)".

In all the cases described above, "The more of A, the more of B" led to inappropriate

answers. In many tasks embedded in everyday as in scientific situations, however, a responsebased

on this rule leads to correct accurate conclusions. For instance, "the more money you have, the more

candy bars you can buy". People of different ages tend to use this rule in many situations,
sometimes appropriations and sometimes not. The question which naturally arises, then, is why the

use of this rule so far outspans its applicability.
One possible explanation is that the rule is used as a first approximation in solving a certain

problem. This may serve as the starting step in a process of exploration. Often, approximation is

made in the absence of a solid understanding of the situation. An example of such behavior was the

reaction of a science educator from our department when asked to judge whether two given angles

were equivalent. She explained that she was unfamiliar with this problem, but that it seemed to her

that the most sensible answer should be "the angle with the longer arc is larger".

Another possible explanation is that using this rule gives the solver a grip over the situation,

as it creates a causal/logical relationship between the various components of the system. Such a

relationship gives the sense (though often erroneously) of an ability to predict.

There are several possibilities as to the nature of this causal relationship: (a) a qualitative

relationship -- as A increases, B also increases, (b) a quantitative relationship of the form B=kA. It

could also be that in some cases the relationship between A and B is perceived as qualitative and in

others as quantitative. This issue should be further investigated.
It was also observed that the solver often views "The more of A, the more of B" as self-

evident, and that its use is frequently accompanied with a sense of confidence. Self-evidence and

confidence are two major characteristics of intuitive reasoning (Fischbein, 1987). In fact, this rule

has some additional characteristics of intuitive reasoning: immediacy, globally and coerciveness.
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Though it seems intuitive, there is still a need to explain why this rule is activated in the

situations described above. Let us recall that in each of these tasks, the two objects or systems differ

in one particular quantity. Our claim is that the intuitive rule is directly triggered by immediate

perceptual differences or by salient differences between symbols associated with perceptual images,

such as numbers. These are often visual, as in the conservation and intensivity tasks. A source of

support for this claim is provided by Bruner's (1966) experiment related to conservation of quantity

of liquid. Here, children aged four to seven were verbally asked about the conservation of liquid.

The task was carried out behind a screen. It was found that half of the four-year-olds and all the

others correctly replied that the amount of water was the same when the screen was used. When no

screen was present, though, most four- and five-year olds said that "the higher the water, the more

water to drink".

We have suggested so far that "The more of A, the more of B" is an intuitive rule which is

activated by specific, perceptual input. What could be the origin of this intuitive rule?

At this stage we can only suggest several speculative possibilities.

(a) it is an innate. intuitive rule. The following, surprising excerpt, taken from
Tinbergen's (1951) book on the study of instinct is in line with this possibility:

Oystercatchers preferred a clutch of 5 eggs to the normal clutch of three. Still more

astonishing is the oystercatchers' preference for abnormally large eggs. If

presented with an egg with normal oystercatcher size, one of herring gull's size,

and one double the (linear) size of the herring gull's egg, the majority of choices fall

upon the largest egg (p.45).

It seems that the oystercatchers' decisions are determined by the implicit probably

innate laws of "the more, the better" and "the larger, the better".

(b) Overgeneralization from successful experience. As mentioned above, often in
everyday life and in math and science problems, the rule 'The more of A, the more B" is applicable.

Children, starting from early infancy, encounter many situations in which perceptual differences

between two objects go hand in hand with quantitative parallel differences in another property of

these objects. It is reasonable to assume that children generalize these experiences into a universal

maxim: "The more of A, the more of B".

At this stage in our inquiries, it is impossible to determine which of the above possibilities is

the source of this intuitive rule. However that may be, repeated experiences reinforce the rule,

enhancing its use in other seemingly similar situations.

We have mentioned before that this rule is often used in situations in which it is not
applicable. Yet, with regard to each of the tasks described above (and to other tasks as well),

children at different ages and/or with different levels of instruction at some point start using it

selectively.

Most four-year-old children, for instance, argue "the higher the water level, the more water"

in the conservation of the quantity of matter task, while practically all ten-year-olds know that the
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amount of is preserved ;n this task. How can such changes in response be explained? Why do

people use this rule in certain situations and discard it in others?

With age and/or instruction, schemes, rules, and bodies of knowledge related to a specific

task and groups of tasks are developed or reinforced. As this occurs, people realize the
inappropriateness of the rule "The more of A, the more B" in some of these specific tasks.
Consequently, in respect to these, the rule loses its power in favor of other, competing knowledge.

For instance, in the ease of conservation of quantity of matter, "The higher, the more" is replaced by

identity or compensation considerations. In addition, with age and/or instruction children become

aware of the need to examine their initial responses, to consider other factors which might be relevant

to the task, and to avoid conflicting arguments. Thus, they gradually learn the boundaries within

which "The more of A, the more B" is applicable.

Although over time children cease to use the rule in certain instances, it does not altogether

disappear and continues to dominate in various other situations. In fact, in many of the previously

described instances (e.g., comparing segments, comparing angles, free fall) older children and adults

kept using the rule. Thus it seems that like many other intuitive rules, this rule persists and retains its

dominance.
The status of the rule however, is unclear with regard to those cases in which subjects seem

to overcome its dominance and give judgments not in line with it. For instance, when a child

correctly judges conservation tasks, is this because the rule "The more of A, the more B" has ceased

to exist for these tasks, or does it exist but fail to compete with other bits of knowledge? Support

for the possibility that the intuitive rule continues to exist comes from the following example. A very

distinguished physics professor, an expert in astronomy, when answering a question on a television

science program, was heard to explain that: "the force that the larger star exerts on its moon is larger

than the force that the smaller moon exerts on the star". Of course this professor was familiar with

'Newton's third law (the law of action and reaction), according to which any two bodies exert the

same force on each other. The next day, he explained that, tense because appearing on a television

program, he had momentarily lost concentration and given an immediate uncontrolled response.

Such slips are very common.

What is the relevance of this type of intuitive rule to science and mathematics education?

First, it is crucial that teachers, policy makers, and curriculum developers be knowledgeable about

the common roots of many seemingly unconnected, content-specific alternative conceptions. Such

knowledge has predictive power: it enables teachers and researchers to foresee students' possibly

inappropriate reactions.

It is equally important to improve our understanding of how children overcome the
coerciveness of such rules. This knowledge can help teachers and curriculum developers plan

sequences of instruction which take the role of intuitive rules into consideration and look for ways to

overcome them. Finally, this paper points strongly to the importance of raising students' awareness

of the need to be consistent, and to boost their critical thinking. All of these are necessary to the

formation of boundaries with regard to the use of intuitive rules.
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CHILDREN'S INVENTED STRATEGIES AND ALGORITHMS IN DIVISION

Ruti Steinberg
state Teacher Training College,

Seminar Hakibbutzim, Tel Aviv, Israel

Thomas C. Carpenter, Elizabeth Fennema,
University of Wisconsin, U.S.A

This paper describes procedures and algorithms for solving
division problems with large numbers that were invented by
fourth grade students in a Cognitively Guided Instruction
(CGI) class.

Division with large whole numbers is one of the most

difficult arithmetic operations taught in elementary school. The

standard "long division" algorithm is not transparent and it is

hard to understand why it works. Many students learn the algorithm

in a rote manner, without meaningful understanding and without

relating the steps of the procedure to their conceptual knowledge

of division. Simon (1993) found that prospective elementary

school teachers could not give meaningful explanations why the

long division algorithm works or what the different steps mean.

Lampert (1992) analyzed the complexities of the long division

algorithm and suggested ways to teach it meaningfully. One

question that Lampert posed was: "Is it possible to teach division

(with large numbers) in ways that support students' creative

engagement with mathematical ideas?" (p.222) This paper suggests

one way of answering this question in which students construct

their own knowledge.

We report here strategies that fourth grade students

developed to solve division problems with large numbers. We were

interested in students' invented procedures and in their move

towards the use of more symbolic representations. The use of

symbols might help the children record their actions and serve as

tools for developing and inventing new procedures and algorithms

(Carpenter, Fennema, & Franke, 1992). When children invent their

own procedures and algorithms, they usually have a better

conceptual understanding of them and avoid errors that are common

when children learn procedures in a rote fashaion (Crpenter,

Fennema, Franke, 1993a; Greeno, Riley, & Gelman, 1984; Putnam,
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Lampert, & Peterson, 1989).

Development of Division Strategies. Children can construct

meaningful ways to solve division and multiplication problems from

an early age (Carpenter, Ansell, Franke, Fennema, & Weisbeck,

1993). At first children model the semantic structure of the

problems closely, with manipulatives. Thus they model partitive

and measurement problems differently (Carpenter, Fennema, &

Franke, 1993b; Kouba, 1989). Later, children use more flexible

counting strategies that are abstractions of their modeling

strategies. To solve measurement problems, children can skip

count or add or subtract until they reach the given number and

then count the number of counts. In partitive division they use

similar strategies based on guessing and adjusting the number

needed in each group. Children then use derived facts strategies

which usually exploit or involve some known multiplication facts

and counting on or adding. Most of the strategies beyond modeling

the problem with manipulatives for 1- or 2-digit numbers are

conducted orally, sometimes with the help of tallies to keep

track, or writing the sequence of numbers in the patterns.

Murray, Olivier, & Human (1992) described the development of

third grade students' strategies for division problems with 2- and

3-digit numbers. They found that groups of children in the class

progressed differently and that with time, the children depended

less on the structure of the division problem for their solutions

and solved all of them similarly.

In this paper we describe a few strategies invented by fourth

grade children and one third grade child for solving division

problems with large numbers. We especially concentrate on

strategies which use symbolic representations.

Methodology and Classroom Setting. This paper is part of a case

study of the relationship between instruction and the learning

process in a fourth grade class. The teacher taught mathematics

using Cognitively Guided Instruction (CGI) (Carpenter, & Fennema,

1992). In this approach the children have opportunities to solve a

variety of problems, construct their own solution strategies,

discuss them and present them.

Sample. One teacher and her 21 students were followed intensively

for 5 months (December, 1992 to April, 1993) in a mid-west city in

the U.S The class was diverse racially and socio-economically. A

strategy of one third grade child in Israel will also be discussed
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here.

Methodology. Thirty lessons were observed and the teacher was

interviewed 13 times. Each student was interviewed twice on

solution strategies for a variety of problems, students' journals

were examined, and their strategies were recorded during classroom

observations. The standard division and multiplication algorithms.

were not explicitly taught and no textbook was used.

Results and Discussion

For many reasons, many of the children in the class used

quite basic strategies at the beginning of the study. During the

study most students shifted their strategies for division problems

from directly modeling the situations with single counters units

or base-10 blocks to using counting and symbolic procedures. For

partitive problems, for example, children who solved problems by

dealing by 10's and l's with base-10 blocks at first, started to

just write 10's in each "box" they drew. For example, here is a

solution to a partitive problem
(253:23) described by a child who

began with rather basic strategies (begining of January):

He drew 23 "boxes," he wrote 10 in each and counted by 10's:

"10, 20...230," he then drew another tally in each box and got the

answer 11 in each box.
In the second interview, in April, only one child dealt by

l's for the problem 42:3 (par), but about a third of the class

still dealt 10's with blocks for this problem. Interestingly,

'when the children solved a problem with larger numbers (226:8,

par) at that time, they tended to just write the 10's in each

"box" and didn't use the blocks. Also more children tried in this

situation to start by guessing a number and checking it

(realizing it will take a lot of labor to construct the 226 in the

problem by dealing). The checking and adjusting was done either

by patterns of counting, or by adding and multiplying.

For example, Jill solved the problem by guessing 50. She

counted by 50's and realized it is too much. She tried 30:

301p° 312_20_30 30 30
90 ;1(f),34 -->240 240-16=224->answer 28(R2)

20 40
Bob solved this problem by guesing and checking by mental

multiplication: 8x20->160 8x30->240 too much.

8x25->160+40->200 3x8->24 so it is 28 and 2 left over.

Guessing and testing was also used to solve measurement
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problems. On Febuary 2 David solved the problem: "One box of

pancake mix makes 24 pancakes. If I made 175 pancakes, how many
boxes would I have?" He solved it by guessing how many times he
should add 24. He tried 7 24's and added them vertically, adding

pairs of 4's and 20's (breaking numbers to make it easier):

to
if

(:)3f,
go

2 e
k.

0 k 24)

)i

b8
2_0 )0(24A I °

0

it 0 72

He tried another 24 -> 192
(too many), needed another
box for the extra 7->8 boxes

Another symbolic strategy that involved guessing used the
child's knowledge of multiplication. To solve 253:23 (par.), the
child assumed that there are no remainders in this problem, and
looked for what number to multiply 23 to get 253. He immediately
saw it will be more than 10: 10x23=230. He looked for the ones
digit of the number that, when multiplied by 23, makes the ones
digit end in 3.

11. 1x23=23 will give 3 in the ones place
23
23 The multiplication algorithm the child used here

230 is very meaningful to him and he is able to play
253 with it and solve the "puzzle" by manipulating

the numbers in the algorithm flexibly.
Pam's Algorithms Involving Remainders We will describe here the
development of Pam's algorithms over the 5-month period. Pam is a
very able child in mathematics. When asked a problem with 2-digit
numbers in December (42:3, partitive) she solved it very quickly
by guessing a number and c%ecking it with multiplication: 12 x 3
36 (remembers), 13 x 3 = 39 and 14 x 3 = 42, so it is 14. Only
when she had to work with larger numbers did she try her new
algorithm. In the beginning of January the children were given
the problem 253:23 (partitive). Pam wrote a division number
sentence. She separated 253 into 200 and 53 and checked how many
times 23 goes into each one of them. She did that by adding 23's
(and doubling the results). She found that 23 goes into 53 2
times with remainder 7 and 8 times into 200 with remainder 16.
She added the two results and got 10 with remainder 23, which gave
her anoter "whole" 23, so the answer is 11(R0) or 11. Similarly
she solved the problem 108:6 :
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253:23
6x4=24

/ \ / 6x10=60

200 53 16(R4) (R2) 60+24=84

: 23 :23 //
lAt(RO)

6x2=12

8(816) 2(R7)
96

\ // another 23
11(RO)

Pam shared her invention with the class and found that she

needed to explain it and represent it in clearer ways so her

classmates and the teacher will understand. The teacher took the

time to listen to her strategy individually and to understand it.

Pam improved her explanations and the way she represented the

writing and it developed to the examples above. The teacher asked

her questions in class to help her clarify her algorithm for the

children. For example, for 108:6, Pam said: "Take the 8 and divide

it in 6," the teacher asked: "What does that mean?" Pam: "How many

6's go into 8? 1 and remainder 2" (January 21). The children were

used to regularly presenting their strategies to the class. The

social norms and expecti.tions of this class enabled a very diverse

group of students to each develop solution strategies suitable to

their understanding and development.

Pam extended the algorithm to a 4-digit problem (1542:3

partitive) on February 2nd. She separated 1542 into 1000+500+42

and checked separately how many 3's go into each and what were the

remainders. She then added the remainders and adjusted the result

if the remainder was over 3:

****** ****** ******************************
***** ****************

1542:3 -> 3's in 42 3's in 500

15x3=45 3x33=99
less 3 is 42 3x66=198 (double)

so it is 14(RO) 3x132=396 (double)
(add 33->3x165=495 (396+99=495)

(another 3) 3x166=498 -> 166(R2)

1000:3 -> double the 500: 3x332=996 3 more-) 999 (3x333)

so 1000:3 "333(R1) together: 14(RO)
166(R2)
333(R1)
513(R3)-->514(RO)

********* ********************************************************
Pam used this algorithm every time she solved a division

problem with large numbers (both for partitive and measurement

problems), until she realized she can use easy multiples of the

first result to find the other parts without investing so much

309 - --

1387



labor. On March 1, she wrote a word problem for herself (a

regular activity in the class): 9786:14. She stared by finding

how many 14's go into 86, as usual, and found that it is 6(R2).

(She added 28+28+28=84 (vertically) and 2 left to get to 86.)

Then, instead of finding the number of 14's in 700 and 9000, which

she realized would be tedious, she took 9800 instead. She found

out that there are 7 14's in 98 (84+14=98) and concluded that

there are 700 14's in 9800. 98:14=7 -> 9800:14=700

She still needed to subtract thenumber of 14's in 100, since

she needed 9700 and not 9800. She already knew this result from

the 98 found before:

100 : 14 = 7(R2) -> 700 - 7(R2) = 692R(12) (see how easily she

manipulated the remainders - 7 from 700 is 693, taking away the

remainder 2 gives 692 and remainder 12.) -> So 9700:14=692R(12).

Adding the two parts she found:

692(R12)

6(R2)

699(RO)

gives the result 699 (another 14 from the remainders).

While Pam's division procedures might not be the most

efficient and quick ones, she had the opportunity to invent them,

to understand their origins and to be engaged in a worthwhile

mathematical investigation. While doing so she showed flexibility

in manipulating the numbers and the remainders in a meaningful

way. Pam also had the opportunity to have her invention recognized

and appreciated by the other children and the teacher who

supported her in her explorations. Talking, explaining, answering

questions and writing about her strategy in words and in symbols,

helped her develop symbolic representations and meta-cognitive

processes to explain her thinking.

Divide and Keep Dividing the Remainders. Dan, a third grade

Israeli boy, descibed his invention for the problem 777:8 (He

posed the problem to himself symbolically.) -> 7 hundred divided

by 2 is 3. The 1 hundred that is left from the 7 you also divide

into 2, giving 5 tens. 7 tens divided by 2 is 3 tens, plus the 5

tens from before is 8. The 1 ten that is left from the 7 you also

divide into 2, for 5 ones. 8 divided by 2 is 4 plus the 5 from

before is 9. The answer is 389. We can write this strategy

schematically, writing the 5's that the child remembered on top of

the dividend:
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55
778:2
389

Although Dan developed

divisible by 2, we can

remainders and writing

For example, to divide

(2)
3(1)

33(1)
778:3
222
258(R4

778:2
or 334

55
389

his strategy for specific numbers that are

generalize it by continuing to divide the

the results above the appropriate places.

778 by 3, we can write:

)->259(R1)

7 hundreds divided by 3 is 2 hundreds. 1 hundred is left. We

divide 100 by 3, which is 3 tens (write the 3 above the 7 tens to

remember), 10 is left. Divide the 10 by 3, which is 3 and

remainder 1. You write 3 above the ones to remember (or you can

think about 100:3 as 33(81) and write it). 8 divided by 3 is 2

(you write it), and remainder 2. (you can write it). You add the

numbers for the hundreds, tens, ones and remainders, adjust the

remainders for another 3, and get the answer. This algorithm is

relatively transparent.
Conclusions

Enabling children to develop their own solution procedures

for division problems with large numbers can help them make sense

of the problems, develop meaningful understanding of division and

promote progress toward the development of symbolic

representations. In this paper we have described some of the more

interesting strategies that we have seen children invent. They

are a sample of the many invented strategies that we have

observed. Classroom discussion of the children's invented

strategies further helps them. to understand the properties of

division procedures and to compare different methods of solution.
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STUDENTS' ABILITY TO COPE WITH ELEMENTARY LOGIC TASKS

THE NECESSARY AND SUFFICIENT CONDITIONS

Jonathan Stupp and Shlomo Vinner

Hebrew University of Jerusalem, Israel

ABSTRACT

This paper describes an experiment conducted with 10th grade students. The aim of
the experiment was to examine whether students in a self-instruction approach can acquire
some concepts of logic presented to them by formal definitions and a few examples. The
students were asked to construct their own examples, to answer questions about relations
between the concepts and to prove certain statements. Another aim of the experiment was to
examine the students' intuitions about certain principles of logic and their ability to learn by
means of symbols in a general way. The results show that the students can succeed with
mathematical reading comprehension tasks but they have difficulties with logical
manipulations.
1. INTRODUCTION: Logic and formal symbols constitute a part of the many tools we use

in mathematics. In the high-school level the use of these tools is rather scarce, as it seems

that it adds more problems to the students in addition to the many problems which they

already encounter. The constructivist approach, which is used nowadays by many educators,

evades as much as possible the use of formal definitions and formal logical deductions. Yet,

we think it is important to examine how difficult it really is for high-school students to deal

with logic and formal definitions at least for students with above average abilities since

in their future studies they may encounter these aspects of mathematics.

H. Freudenthal (1973, Chapter 6) speaks also in favor of teaching the elements of

logic because "thinking situations in every day life usually are too simple." But he cautions

against teaching it in a way which might deter the students from using logical argumentation.

We chose the method of self-instruction. We wanted to find out if students can learn

the formal definition by themselves with only the help of guiding questions. In this way there

is a good chance to expose many cognitive aspects which naturally appear when a student has

to cope by himself with learning new concepts. For example: Can students deal with general

statements devoid of specific content, which are represented by letters? Or to what extent do

the students regard logical truths as truths which are accepted intuitively and therefore do not

need any formal proof? Do the students possess any logical schemata in the sense of Skemp

(1971)? When the students use intuition in logical reasoning, is it distorted and misleading?

These aspects were already investigated by E. Fischbein (1981) in the case of infinity.

As we cannot prevent students from the natural urge of using intuition, we have to

check whether their logical intuition is not distorted. With wrong intuitions mathematical
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argumentation will be a very difficult task.

Also, Skemp (1971) speaks in favor of introducing the use of symbols because only

by using them one can better communicate his ideas and can express his mathematical

arguments in a clear way.

As the subject of our experiment we chose the concepts of necessary and sufficient

conditions. These two concepts occur frequently during the Mathematics lessons and students

tend to confuse between these concepts. There is a tendency, and not only in Mathematics,

to consider every condition as both necessary and sufficient. "If A then B" is often

automatically construed also as "If B then A." In non-mathematical every-day language we

usually phrase statements as a sufficient condition, although we mean both sufficiency and

necessity. For example: When a father tells his son, "If you wash the car you'll get $10,"

he means of course that the son will get the money if and only if he washes the car. But in

dealing with mathematical statements the distinction between these two concepts is crucial,

and, therefore, an additional aim of this study was to clarify this distinction to the students.

It is easier for the student if a mathematical condition is both necessary and sufficient, it then

saves thinking too much. How easy it would have been for the student if the vanishing of the

derivative at a point were a necessary and sufficient condition for an extremum point.

Therefore, students often fail to discern a stationary point which is not an extremum point.

O'Brien (1973, 1975) investigated the problematics which arise in understanding

conditional statements and found difficulties both by adolescents and college students even

after they have taken a basic course in logic.

2. METHODOLOGY: Our experiment took place at the High School for Sciences and Arts

in Jerusalem. This is a boarding school for students who excel either in the field of science,

music or the plastic arts. Each year the School accepts about 70 students out of

approximately 300 applicants. They have to pass several tests before they are accepted. The

working sheets were given to 44 10th grade students. These students were not the students

who excel in Mathematics (They are grouped in a different class), although most of them

intend to matriculate in the higher level of matriculation test.

The atmosphere in this School encourages non-routine ways of studying, and hence

produced a positive attitude towards the experiment. We mention this in order to emphasize

that the difficulties students had with the working sheets during the experiment, were a result

of real cognitive difficulties and not a result of lack of motivation.

The working sheets were written so that the formal definitions appeared at the
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beginning and the students were immediately asked to give appropriate examples. In this way

we could check whether the definitions 'ere understood at least at an elementary level. Then

we continued with more complicated questions which examined the deeper understanding of

the definitions, examining especially whether the students perceived the relation between the

definition of a necessary condition and the definition of a sufficient condition.

The first 5 exercises do not deal with Mathematics but with the general meaning of

the concepts. Only the 6th exercise deals with a purely mathematical instance of necessary

and sufficient conditions.

The students were given 90 minutes for the task. In order to ease theatmosphere and

to avoid unnecessary pressure they were told that this was not anexamination. We allowed

them to consult the teacher if they confronted any difficulty.

The Working Sheet

A,B will represent attributes, situations or events. We'll call them by the
mathematical term: 'conditions'.

First Definition; Condition A is necessary for condition B, if B cannot exist without

the existence of A.
ALEkample: A - the sky is cloudy; B - it is raining.

Remark: A can exist without B. Perhaps the sky is cloudy, but it doesn't rain. So
even if A is necessary for B, one cannot derive the existence of B from the existence of A.

Exercise Give two examples of pairs A and B, so that A is necessary for B.
Exercise 2:
a) A is necessary for B. A does not exist. Is it possible that B exists? Justify your

answer.
b) A is necessary for B. B does not exist. Is it possible that A exists?
Second Definition: Condition A is sufficient for condition B, if from the existence of

A, one can conclude the existence of B. Compare with the first definition.

An Example: A - Ron is a mathematics teacher. B - Ron knows the Pythagorean

theorem.
Murk: If A is sufficient for B, B can exist even without the existence of A. Maybe

a person knows the Pythagorean theorem, without being a mathematics teacher. This is
precisely the difference between a necessary and a sufficient condition.

Exercise 3: In the first example (A - cloudy sky, B - it is raining), which condition

is sufficient to which?
Eaffeise 4: Give two examples of pairs A and B, so that A is sufficient for B.

Exercise 5:
a) Is A necessary and sufficient for itself?
b) Give two examples of pairs of conditions, A and B, so that A is both necessary

and sufficient for B. Try to give a non-mathematical example. For a
mathematical example consider the congruence theorems.

Exercise 6: This time we will deal with a mathematical example. Let A stand for: 'N
is an even number,' and let B stand for: 'N is a multiple of 4.'
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a) Is A necessary for B?
b) Is A sufficient for B?
c) Is B sufficient for A? Give a mathematical reason for your answers.
Exercise 7: Which of the following statements is true for any conditions A & B?
a) If A is sufficient for B, and B is sufficient for A, then A is both necessary and

sufficient for B.
b) If A is both necessary and sufficient for B, then so is B for A.
c) In order to show that A is both necessary and sufficient for B it suffices to show

that A is sufficient for B, and B is sufficient for A.
Exercise 8: (Taken from O'Brien (O'Brien 1975/76).
Four cards are presented to you. Each card has a number written on one side and a

letter on the other side. A sufficient condition for an even number to be written on one side,
is that the letter on the other side will be taken from the letters A-I. Which of the cards must
be turned over in order to either affirm or contradict the above statement?

18 7

3) ANALYSIS OF THE STUDENTS PERFORMANCE

First, we would like to note that concerning the non-mathematical examples we were

not particular about facts but about logical correctness. For example, if a student wrote that

the shining of the sun is a sufficient condition for the fact that it is still daytime, we

considered it as correct, disregarding the rare phenomenon of the northern midnight sun.

We divided the performances into three basic categories.

Category I: Here we included answers which indicated that the student understood the logical

aspect and also indicated a satisfactory ability to express his reasoning in a formally correct

language.

Category U: Here we included answers which were logically correct, but lacked formal

reasoning or if there were any reasoning, it was poorly formulated. Answers in this category

indicated that the student relied on his natural logical intuition. He did not justify his answer

with a formal proof either because it seemed absolutely obvious to him or because he could

not do it. Fischbein (1987) claims that students use a kind of "Primary Intuition" as a basis

to rely on. Their intuition serves them like an axiom system and therefore there is no need

to justify it. As long as the student's intuition leads him in the right direction there is no

harm in using intuition. Answers in the 2nd category indicated that the students possess the

correct primary intuition. However, they lack an analytical ability which can establish this

intuition.

Category El: Here we included wrong answers, or answers which were officially correct

(from the "yes` or "no" aspect), but were followed by a totally wrong argumentation.316
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Answers in this category indicate that the student lacks the logical elements needed for the

context of the task involved.

Since the various exercises were not on the same level of difficulty, we will treat in

our analysis only those exercises the analysis of which is interesting from the cognitive point

of view.

exercise 2: a) Almost all students (40 out of 44) concluded correctly that if A is necessary

for B and A does not exist, then B cannot exist. They argued correctly that it is a direct

conclusion from the definition. We included answers of this type in Category I. The 4

remaining students were students whose mother tongue was not Hebrew. Since in formal

definitions mastering the language in which the definitions are given is crucial, this might

explain the wrong answers. b) Here there is no definite conclusion, since if A is necessary

for B and A exists, B may or may not exist. Thirty students gave the right answer, but didn't

give examples for each case. It was absolutely obvious for them, and they probably did not

realize that if a statement may be true or not according to the specific instance, a fully

correct answer is an example for each case. This might explain the difference in the

distribution among the categories between part a and part b.

We deliberately changed the role of the letters in the definition of a sufficient

condition. This time A stood for the sufficient condition. We wanted to check whether the

students assigned a particular meaning to the particular letter, or they understood that the

choice of the letter is arbitrary.

Exercise 3: Thirty-six students answered correctly and the choice of the letter did not confuse

them. They suggested correctly that in the first example the statement B ("It is raining") is

sufficient for the statement A ("The sky is cloudy"). It is interesting to note that 2 students

interchanged the letters representing the statements in order to avoid confusion. Eight

students focused on the letters and not on the content of the statements and gave wrong

answers.

Exercise 5: a) Thirty-four students claimed correctly that A is both necessary and sufficient

for itself, but 21 of them gave no justification. These were classified as category II students.

Only 13 showed that if we set A =B in the definitions they are trivially fulfilled. These

answers were included in Category 1. Among the remaining 10 answers there were answers

like: "A stands for different conditions." This clearly shows no ability to cope with formal

symbols. The student is rejecting the question because he believes that A cannot be both

sufficient and necessary.



xcrcise 6; Here we wanted to check if the students understood necessity and sufficiency

concerning pure mathematical concepts. In this case A stands for: N is an even number, B

stands for: N is a multiple of 4. Thirty-one students answered correctly that A is necessary

but not sufficient for B. Only 4 of them gave a counter-example of an even number which

is not a multiple of 4. Once again, the answer was probably intuitively obvious for them so

that they did not bother to give a fully justified answer. We included only the 4 fully justified

answers in category I, including the remaining 27 under category II. Among the 13 wrong

answers was one of a particular interest. A student wrote that if A is necessary for B, it also

must be sufficient for B (this despite all the previous examples). Here we probably see the

influence of the every day semantics of the words. "Necessary' has a much stronger

connotation than "sufficient". Therefore, if something is necessary it is also sufficient.

Excise 7: In this exercise the students were tested for their ability to work with general

logical principles about general conditions, denoted by letters and devoid of any specific

content. Till now letters denoted numbers, geometrical points, functions, etc. Now it is a

totally new experience for them to regard letters as denoting statements. The students'

performance in this exercise was very poor. They had to conclude by themselves that if A

is sufficient for B, then B is necessary for A, and that the relation of being both necessary

and sufficient is a symmetric relation. Only 6 students answered correctly all the parts of the

exercise and were included in category I. There were 18 correct answers to part a, 11 to part

b, and 14 to part c, but they were given in terms of "true" or "false" without any formal

argumentation. The students showed they possess the correct intuition but lacked the ability

to reason in a formal symbolic language. About half of the students were unable even to give

a correct "true" or "false" answer. This confirmed Freudenthal's thesis that at this stage, in

general, students cannot work with formal logic.

Extraiica: This is a modification of O'Brien's 4-cards problem (O'Brien 1975).

Twenty-two students, exactly half, answered correctly, namely that only the cards Eland°
must be turned over. But only 2 of them argued why cardsM and Mare irrelevant. Since

the argumentation why we have to turn over card andia was correct, we included all

the 22 answers in category I.

Five students claimed that cardsUand (0 have to be turned over and argued that if

on the other side of there is a letter not among A-I, the statement is refuted. They

confused here sufficiency with necessity. Five students claimed that only has to be turned

over. Among them were students who gave the interesting reason why cards(2)and ill were

318

1396



irrelevant. "Seven is not an even number and T is not among A-I." For them the relevance

of the card stemmed from the actual words appearing in the statement. Only even numbers

and letters from A to I were mentioned, therefore Nand fare irrelevant. This is a problem

where one has to deduce logically, because there is no concrete experience to rely on. So the

students use the words appearing in the text to rely on in their reasoning.

Seven students wrote that cards Mand (must be turned over. This would have been

the answer if we had written "necessary" instead of "sufficient."

Yet, relative to the poor results of this exercise reported by different authors (O'Brien

1973, Adi, 1980), we think that the results in our case were pretty good, and we relate this

partly to our usage of the way of self instruction. In this way students internalize the new

concepts, and can use them later in a correct way.

4. CONCLUSION: In this research we wanted to investigate several issues. We wanted to

check the ability of high-school students to learn by themselves the concepts defined in a

rigid formal way (a la Bourbaki). As can be seen from the table (given at the end), most

answers belong to categories I and II, showing that the students understood the concepts and

were able to work with them. Except in exercise 7, more than 2/3 of the answers belong to

these categories (on the average, as not all the exercises have the same level of difficulty).

In Exercises 2,5,6,7 and 8, where formal reasoning was required, most students knew

the right answer but had difficulties in using formal arguments and symbols. We conclude

that the majority of the students who participated in this experiment possess the correct

logical intuition but it is pre-mature for them to deal with symbolic logic.

The students possess certain logical schemata which help them to deduce correctly but

without being able to formalize their arguments. This was especially prominent in Exercise

7, which dealt with abstract conditions presented by letters devoid of specific content.

Therefore, the students had nothing to rely on except their intuition (see Fischbein (1987)),

and this is in contrast to Exercise 6, where the students could use their knowledge about

numbers.

We believe that introducing logical tasks in high-school, at least in small doses, will

enhance the developing of logical schemata in their thinking, and it will be easier for them

to reach, as Piaget put it, the level of propositional or formal operation, "where thought no

longer proceeds from the actual to the theoretical, but starts from theory so as to establish

or verify actual relationships between things. Instead of just coordinating facts about the

actual world, hypothetico-deductive reasoning draws out the implications of possible



statements and thus gives rise to a unique synthesis of the possible and necessary.' (Piaget,

1953, p.19).
Table 1

Distribution of Students to the Cognitive Categories I-111 (N=44)

Cat I Cat II Cat III Cat I Cat II Cat III

2a) 40 0 4 7a) 11 18 15

2b) 10 30 4 7b) 7 11 26

3 36 0 8 7c) 8 14 22

5a) 13 21 10 8 22 10 12

6 4 27 13

Table 2
Distribution of Students Answers to the Reading Comprehension Tasks (N=44)

Correct Wrong

1) 44 0

4) 37 7

5b) 31 13
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PRACTISE WHAT YOU PREACH: INFLUENCING PRESERVICE

TEACHERS' BELIEFS ABOUT MATHEMATICS.

KN.an Swinson and Mal Shield, Centre for Mathematics and Science Education, Queensland

University of Technology.

School experience forms the basis of preservice teachers' beliefs about
teaching and mathematics. Many of these beliefs are quite negative. The

results of an intervention program aimed at using practical experiences to
modify beliefs are reported. The study is based on interview, written survey
and student writing. Results suggest some success was achieved in modifying
preservice teachers' beliefs.

Preservice teachers' beliefs about mathematics teaching and learning develop

during their own schooling and are influenced by the experiences they have as

mathematics students (Bal1,1988). Beliefs such as you are either good at mathematics or

you are not, answers in mathematics are either right or wrong, and memorising facts and

procedures is the way to learn mathematics have been found to be prevalent among

preservice mathematics teachers (Frank, 1990). As the beliefs teachers and beginning

teachers hold influence their teaching and student learning (Kagan, 1992; Crawford,

1992) it is essential that graduates from preservice courses hold appropriate beliefs about

teaching and how students learn mathematics, that arc congruent with those given in the

NCTM Professional Standards.

These include challenging and extending student ideas, encouraging students to work

independently or collaboratively, using concrete materials as models, and using a variety

of tools to reason, make connections, solve problems and communicate.

Reviewing research on mathematics teachers' beliefs Thompson (1992) concluded

that beliefs are resistant to change as they have been reinforced over a long period. There

is evidence (Crawford, 1992) to suggest that the traditional forms of teacher education

have been largely ineffective in changing ....student teachers beliefs about teaching and

learning" (p.162). Programs specifically aimed at modifying pre service teachers' beliefs

have been undertaken (Grover & Kenney,1993) and their results offer some hope
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preservice teachers' beliefs may be beneficially modified. Moreover, the results suggest

that if we are to have prospective teachers rethink and modify their beliefs, we must

create situations where these beliefs are faced and reconsidered (Wilcox, Schram, Lappan

& Lanier, 1991). The obvious place to attempt such an intervention program is in a

mathematics methods course.

The study described here is an attempt to alter pre service teachers' beliefs by

having them:

1. reflect on and elaborate about their conceptual understanding of the mathematics

they would teach;

2. in a small group situation, use materials and aids to actively construct a

conceptual understanding of the mathematics they will teach and through

discussion and reflection gain an insight as to how children learn mathematics;

and

3. throughout the program reflect on their experiences to gain an awareness of their

understanding of the difficulties experienced by children learning mathematics.

The Study

Methodology

The study involved nine students enrolled in a one semester preservice methods

unit for secondary mathematics teaching. The students had selected secondary

mathematics as their second (minor) teaching subject. All had been awarded degrees in

fields such as music, drama or biology with a minor strand in mathematics. At their first

meeting the preservice teachers completed a questionnaire and two problem solving tasks.

The questionnaire, developed from those of Schoenfeld (1989) and Pehkonen (1992),

contained 62 closed and 3 open questions concerning beliefs about mathematics and its

teaching and learning. The problems were (1) finding the maximum area enclosed by a

rope and (2) determining the fairness of a payout in a game of chance. One week later

they were interviewed, audio taped, and questioned about, their school experiences,

metacognitive processes, and their attempts at solving the two problems. Based on the

information gathered, three of the preservice teachers who exhibited a range of beliefs

about mathematics and its teaching and learning were selected for closer study.
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Supplemental data was obtained from journals, written work, elaboration

worksheets, observation and discussion of their practice teaching, and observation during

the workshops. The elaboration worksheets were developed to aid the students'

conceptual understanding of the mathematics discussed and to provide researchers with

data concerning the preservice teachers' thinking.

Figure 1 Elaboration worlisheet

CONCEPT

Nettle example
Everyday example

Diagram/picture/graph

Description of the workshop program

In real world situations, users of mathematics communicate and share ideas for their

common good. This new program, first taught in the second semester of 1993, provided a

similar setting where student-student
interaction and communication was an essential

ingredient, with students working collaboratively toward common goals as they

cooperated in small group problem solving activities. During every class the preset-vice

teachers participated in small group problem solving activities. In this way it was

envisaged that the course would not only prepare students to teach in a mathematics

classroom, but would also be a forum where their personal beliefs about mathematics and

its teaching would be challenged and developed.

Discussion, clarification, elaboration and reflection were used extensively

throughout the program, students were encouraged to think quietly about a concept or

problem, write down their ideas, move into a group mode for discussion, clarification and

elaboration then finally undertake individual reflection. To assist them to examine their
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conceptual development of the mathematics, elaboration worksheets were used at the
beginning and end of each topic to enable changes in the conceptual structure to be noted
and analysed.

Experience with other groups of secondary methods students suggested that the
present group would not be familiar with the use of materials for learning or teaching
mathematics and would have negative or neutral beliefs concerning their use. This was

supported in the questionnaires and interviews, for instance, Ida a music\mathematics
student commented:

"in mathematics we never cut out anything or did anything with our hands
except write."

Students brought prior beliefs about mathematics processes which were

incomplete or erroneous. In order to challenge these procedures, materials were provided

so that concrete irrefutable instances were seen to be in conflict with their prior beliefs.
This form of cognitive conflict was seen as an essential element in bringing about student

change. All activities in the course were selected or constructed to allow the use of
concrete materials. The use of materials was preceded by a discussion of where the
mathematics is used in the real world of children, and the relationship between the
materials, the language used and the mathematical symbolism was then closely examined,
discussed and reflected upon. Initially students reluctantly used these aids, however by
the end of the program they considered them an integral part of every lesson and
Searched for alternative and different materials to use.

Tracing the change in student beliefs

The three students, Jan, Ann and Ida, chosen for closer investigation, indicated
that the mathematics program they had experienced at school was "basically straight
from the textbook" consisting mainly of "facts and procedures to be memorised" with the

teacher demonstrating the steps to be followed. Group work and the use of materials
were not a part of their high school mathematics. The influence of these experiences on
their beliefs- concerning mathematics and mathematics teaching is highlighted by their

response that knowing you understand a piece of mathematics is based on "getting the
right answer" and "knowing the steps to go through." Student beliefs about mathematics
and its teaching and learning were determined at different times in the program by
examining and discussing. their attempts at problem solving, reviewing the elaboration
worksheets, and by comparing the pre- and post- questionnaires.
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Problem solving

Problem 1. In the corner of a rectangular room we are going to "fence off' a

section of the floor. To do this we are going to use a piece of rope 16m long. What is

the maximum floor space that can be fenced off with this piece of rope.

Problem 2. To play a game three disks are used, two red on both sides and one

disk has a red side and a blue side. The game is played by tossing the disks: if they all

turn up red Bill gives Tom $1, if the disks turn up two red and one blue Tom gives Bill

S2. Is the game fair?

Student problem solving protocols and interviews identified a number of

preconceived beliefs about mathematics such as the product and not the process was

considered the important part of solving a problem. For example Jan, a

biology\mathematics student, stated her first thoughts were "I've got to get the answer."

While Ida said "the whole thing was going through my head. Oh my goodness what if I

get this question wrong. What if it is incorrect."

Both Ann and Ida did try alternative strategies after obtaining solutions but only because

they believed the answers may be wrong.

The three students believed diagrams aided visualisation and assisted with finding

solutions. Ida stated "I try to visualise what I am doing" and Jan, when discussing her

diagram said, "a bit of visualising." The effect of school experiences on beliefs is

illustrated clearly by Ann and Ida. Ann, when discussing her solution to question one,

indicated she realised her strategy was inappropriate but continued with it. When

questioned about this she replied "well I differentiated but really didn't know wt.. I was

doing that, its because we were supposed to differentiate" and "I realised it was wrong."

Ann had only previously attempted optimisation problems in calculus and believed

calculus must be used. Ida, discussing the probability problem which she had successfully

solved using logic, explained "I'm a music student and I'm very...er...l don't think in

mathematical terminology very much and so I thought maybe I should think

mathematically. I wasn't sure er just seemed I'd rather do it in a logical way than to do it

with all that confusing terminology and that sort of thing." For Ida mathematics and its

terminology are not logical.

Elaboration worksheets

The major purpose of these worksheets was to assist students clarify their

thoughts and to act as a starting point for discussion. From classroom observation, in this
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role they were very successful. A secondary use of the worksheet was to gather data on

change in student beliefs and concepts. A comparison of the elaboration worksheets done

before and after each topic suggested student concepts had remained poorly developed

and only minimal change occurred.

Ida's initial elaborations on algebra were in terms of labels but these changed to

discussing unknowns. Ann's description of algebra moved from "using letters to represent

unknown values" to "I think algebra is the part of mathematics which is the most fun! It

can be applied to a wide range of problems the unknown is represented by a letter."

No student described algebra in terms of modelling or generalising.

For decimals Jan initially equated the idea with just the notation "it is a dot used in a
number", later describing it as "a different way of expressing fractions." Ida's conception

expanded to seeing "the decimal point divides the wholes from the parts."

Questionnaires

An examination of the responses on the pre- and post- questionnaires suggested

that students' beliefs concerning good mathematics teaching underwent some

modification during the program. Jan changed from agreeing to disagreeing good

mathematics teaching involves "doing computations with pencil and paper" with a similar

change for "doing word problems." This change is unexpected as the use of word
problems and pencil and paper computations had been discussed in the program and their

positive and negative attributes highlighted. To the question "when solving problems the

teacher explains every step exactly" both Jan and Ann moved from agreeing to

disagreeing. Arm altered her view from being undecided on "much will be learned by

memorising rules" to full disagreement. Similarly she changed from agree to disagree

"that everything will always be reasoned exactly." Her beliefs that "some people are good

at mathematics and some are not" and "in mathematics something is either right or it's
wrong" changed from sort of true to a definite not true at all.

Ida's initial beliefs about good mathematics teaching were fairly congruent with
those of the NCTM Standards. Minor modification did occur, such as moving from
agreeing to strongly agreeing to "there is usually more than one way to solve problems"

and similarly for "the idea that games can be used to help pupils learn mathematics" and

"pupils can sometimes make guesses and use trial and error." Moreover her belief that

"everything will be reasoned exactly" changed from undecided to disagree.

326

1404



Discussion

A one semester course is somewhat restrictive in terms of providing sufficient

time for significant assimilation and accommodation which will alter beliefs. The three

students in this study commenced the program with the preconception that mathematics is

learned without the aid of materials or discussion and that demonstration is the acceptable

mode for teaching. For Ann and Jan these beliefs altered to a position where group work

with materials was seen as an integral part of learning mathematics. Ida's summary about

how she would like to teach mathematics highlighted the students' new beliefs. She

wrote "In groups with lots of games, problem solving, visual aids, colour and exciting

ideas. Not chalk and talk but hands on experiencing and learning."

While there were some positive modifications of students' beliefs about teaching

and learning mathematics, an examination of their elaboration worksheets suggested the

mathematics concepts are very poorly developed.

This study has several implications for preservice teacher education courses. The

students prior beliefs about mathematics and its teaching and learning should be

determined. Programs can then be implemented to provide active contexts for students to

undertake mathematics in ways contrary to past experience. However, the present study

also highlighted the deficient conceptual development of the mathematics the students

will teach. How this deficiency can be overcome in a methods program warrants further

investigation.
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A TRAINING PROCEDURE FOR PROBLEM SOLVING: AN APPLICATION OF GAGNE'S

MODEL FOR DEVLEOPING PROCEDURAL KNOWLEDGE

Margaret Tap lin

University of Tasmania at Launceston, Australia

This paper describes a small-scale training program which explored whether the management of
problem solving strategies could be improved by teaching children to use aprocedure commonly
used by persevering, successful problem solvers. The training programfollowed Gagne's model for
developing procedural knowledge and was implemented individuallywith a sample of six twelve-
year-olds. Descriptive analysis suggested that it was possible to train these children to use the
problem solving procedure and that its use enhanced their managementof problem solving strategies

and their likelihood of success.

Although a great deal has been written and debated about mathematics problem

solving, it is still clear that there are difficulties associated with teaching people how to

succeed at it. One of the lines which has been followed in the attempt to contribute to an

understanding of the problem solving process is the comparison of the problem solving

strategies of experts and novices in the hope that the heuristicsused by the experts can be

taught to the novices (Newell & Simon, 1978, Schoenfeld, 1985). However, teaching the

use of heuristics alone does not appear to have enhanced problem solving performance

(Schoenfeld, 1985) so there is also a need to explore managerial strategies used by

successful problem solvers (Schoenfeld, 1985, Lester, 1985, McLeod, 1988).

One of the managerial strategies related to problem solving is concerned with

perseverance, in particular with spending time on task effectively, rather than giving up too

soon because of not knowing what to do next, or "overpersevering" when it might be more

efficient to use another strategy such as help seeking. There has been little attention paid to

the question of how time is most effectively managed once a student has exhibited

willingness to persevere with a task. Mason, Burton and Stacey (1987) caution that

perseverance can be a hindrance if the problem solver persistently pursues the first idea

which comes to mind. They emphasize the importance ofreflective, flexible thinking,

particularly in planning strategies to be used and in seeking insight orfresh ideas.

Taplin (1992) addressed this notion of effective perseverance by exploring managerial

strategies used by children in their attempts to solve mathematics problems. The focus was on those

students who were termed "perseverers" because they reached a stage in their problem solution

where they recognised that they had not reached a satisfactory answer and decided to take some

action - start again, modify their strategies or change to different strategies rather than give up

immediately. The study suggested that "perseverers" who were ultimately successful were more
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likely to be flexible in trying different approaches with the same data, or cues, provided by the

problem, whereas those who eventually gave up were more likely to spend their time repeating the

same approach. A model was developed (Figure 1) which described the sequence of strategies used

most consistently by successful students.

The small-scale project described in this paper investigates the effectiveness of applying this

theoretical model to a teaching experiment with a small sample group (Uprichard and Engelhardt,

1986). Consistent with Uprichard's and Engelhardt's recommendation, evaluation of the

instructional sequence is based primarily on observation, with comparisons being made between pre-

treatment and post-treatment performances. Because the training program was aiming to train

children to use a particular strategy pattern, or procedure, it was based on Gagne's (1985) model for

developing procedural knowledge.

Theoretical Basis: A Model for Developing Procedural Knowledge

Gagne defines procedural knowledge as knowing "how to classify and [having] specialized

rules for manipulating information" (Gagne, 1985, p.103). She suggests that the availability of

procedural knowledge is one of the main distinguishing factors between experts and non-experts.

She identifies two categories of procedural knowledge: pattern - recognition and action-sequence.

Pattern-recognition refers to classifying information so that the learner is able to recognise specific

examples of concepts by relating them to general patterns. Action-sequence requires "that an

individual not only recognize the pattern specified by the conditions, but also carry out a sequence of

actions - either covert ('mental') actions or both covert and overt ('physical) actions" consisting of

"a series of steps in their correct sequence"(p.103). Gagne suggests that these two categories are

closely linked together in the acquisition of procedural knowledge.

The first step in acquiring procedural knowledge is the creation of a propositional

representation for the procedure, that is direct exposure to the procedure which enables the learner to

generalise patterns and recognise action sequences. This involves the student being made aware of

the steps involved in the procedure, either through reading about it, having it described, or observing

others modelling the action or modelling a thinking aloud protocol. Gagne suggests (p.118) that an

appropriate modelling aloud protocol could begin with, "My goal is to [solve the problem]. There

are (data] and I have [strategies] available". The next step in developing procedural knowledge is to

translate this information into "productions" in the form of 1F/THEN statements. One production is

created to represent each step in the action. Figure 1 shows the propositional representation

developed for the training program. This was derived from the model used most frequently by

successful problem solvers in Taplin's (1992) study.
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Figure 1: Propositional representation of problem
solving model

Erogusition: goal is to [solve problem]. There are [data] and I have [strategies]
available

IF strategy is

successful THEN
finish

select a strategy

select data

(P1) IF unsuccessful THEN
check whether more
information is needed

IF more information
needed THEN select

(P2) IF sufficient information has

been collected THEN try
refining same approach. (Try
this 1-3 times.)

IF strategy is successful
THEN finish

(P3) IF unsuccessful THEN
try a different strategy with the
same data.

The first two steps of the model involve the student deciding what is to be done and which of

the data given or implied by the problem are needed in order to do it. If the chosen strategy leads to

immediate success, then the solution would obviously be completed. If unsuccessful, however, the

next step is for the problem solver to refer back to the problem to check whether any information has

been overlooked (P1). Once this has been checked and necessary adjustments made, the problem

solver has between one and three attempts at refining the initial strategy, perhaps by checking for

arithmetical errors or trying different numbers (P2). If this is still unsuccessful, the problem solver

switches to a different strategy (P3). The steps Pi to P3 are repeated as many times as is necessary

until a solution is obtained.

The model shown in Figure 1 was modified into a format and language which proved to be

easier than the full version for children to understand. This adaptation is shown in Figure 2.
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Figure 2: Simplified problem
solving model

1. Try an approach.

2. Try it 2-3 times in case using different numbers or correcting errors might
work.

3. Try something different. (You might decide to come back to your old way
later.)

Procedure

A randomly selected sample of six twelve-year-old children, three boys and three girls,

participated in the training program. All were regarded by their teachers as being of average problem

solving ability. Each student worked individually with the experimenter and was asked to complete

four non-routine number problems. The first of these problems was given to the student as a pre-test

to be worked through without any guidance. The purpose of this was two-fold: to determine

whether the student was prepared to engage with the task for more than one attempt, and to

investigate whether the student was already intuitively using the proposed model. In some instances,

when it was obvious that the student was not going to solve the pre-test problem, the experimenter

intervened and suggested that it might be a good time to look at the model to sec if it would make the

solution'easier: On other occasions the student made several attempts at the problem then decided to

give up, which was when the experimenter suggested looking at the model.

The first stage of Gagne's model is to show subjects the procedural representation. The

experimenter explained the model, then worked through a sample procedure, verbalising each step as

it occurred. After the explanation and demonstration of the model, students were asked to repeat the

first problem while the experimenter guided them to use the model, prompting them to change to a

different approach after a maximum of three repetitions of the previous approach. To facilitate this

the experimenter intervened when it was time to implement a change of approach.

At the next stage of Gagne's model the learner is the one who attempts to use the procedure.

However, Gagne suggests that there is a need to have verbal guidance and constant reminders of the

sequence. She suggests that many attempts need to be made before the learner is able to perform the

task smoothly and rapidly. After successful completion of question I the students were given

questions 2 and 3. The experimenter monitored the strategy pattern and reminded students, when

necessary, to follow the model. Finally the students were given the fourth problem and asked to

attempt a solution, following the model, without any prompting from the experimenter.
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Gagne cautions that at this stage of acquisition, there are two major obstacles. One is the

limitation on working memory and the other is the learner's lack of pre-requisite skills. She suggests

that it is more useful to provide lists of steps in the sequence or other prompts rather than expecting

the learner to memorise the steps. This is why, in this study, theexperimenter gave verbal prompts

as well as displaying the model. The other obstacle described by Gagne is the learner's lack of pre-

requisite skills. In the case of the present study, this would refer to a lack of a sufficient range of

strategies to enable the child to be flexible. It was possible that a student might recognise the need to

change to another strategy, but not to have any others available. Consequently students were told

that, if they wanted to change approaches but did not have any ideasabout what to do next, the

experimenter would offer some ideas. When this request was made, theexperimenter would offer a

number of suggestions and students would then choose from these alternatives.

SummaasIDUIC4111C1

There were three distinct stages in the procedural acquisition processdescribed above. In the

first the students needed to be told when and why it was a good idea to change to a different strategy

at a particular time. In the second they were able to recognise the need for change on some

occasions, but were inconsistent and still needed prompting at times. The third stage was one of

independence, where the student was able to follow the procedure and make appropriate changes of

strategy without any prompting. The rate at which eachstudent progressed through these stages in

shown in Table 1. Emphasis was placed on observing how effectively the students were able to

exhibit use of the problem solving model rather than just on the correctness or otherwise of the

answer (Silver, 1985).

Table 1: Summary of students'
acquisition of problem solving model

Needed prompting
to change strategy

Inconsistent in need
for prompting

Able to change
strategy at
appropriate time
without prompting

Michelle 1(i)*,2,3 4

Angela 1(i),2 3,4

Jodi 1(0 4 3

William 2,3 1(i) 4

Ore: 1 3 4
raig i

* I(i) refers to second attempts at Question 1, after discussion of the training model

Problem 2 is not included in the table for either Jodi or Greg. Both solved thissuccessfully

at their first attempts, so did not need to use the model. An example of a student's progress through

the stages is Michelle's. She needed prompting for each of the first three problems, but suddenly
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became able to use the model independently for the fourth. Overall it can be seen that four of the six

students needed frequent prompting to change strategies on the first problem, with the other two

needing it intermittently. However all students were able to use the model independently or almost

independently by the third or fourth problem. These patterns in the development of students' use of

the model suggest that it is feasible to "train" children to use it, at least on an individual basis.

As well as considering the patterns of students' requisition of the training model, it was

important to consider the extent to which they were able to select different approaches when they

either chose to do so themselves or were prompted to do so. Table 2 indicates, for each question,

the extent of the student's independence in selecting new strategies.

Table 2: Summary of students'
ability to select new strategies independently

Needed guidance
to select new
strategy

Inconsistent in
ability to select new
strategy

Able to select new
strategy without
assistance

befichelle 1(i) *,2 3 4
2 1(i) 3,4

Jodi 1(i),41(i),4 3
William 2 1(i),4 3
Greg 1(i) 3,4
Craig 1(i) 2,4 3

*1(i) refers to second attempts at Question 1, after discussion of the training model

From Table 2 it can be seen that five of the six students required assistance with selecting

new strategies at appropriate times when first introduced to the model. However it is apparent that

all six became more independent in their abilities to select their own "new strategies" without

assistance as they became more experienced with using the model. This also suggests that flexibility

in problem solving is a skill which can be developed through training.

Limitations of the Training Program and Implications for Further Development

The training program took place over a short period of time, which did not allow for

investigation of consistency in strategy patterns or long term retention of the model. Also it did not

provide any insight into how effectively the training program could be integrated into the classroom.

When introducing the strategy sequence model to students for the first time, it was necessary

to make some minor modifications in order to reduce the loads on their working memories (Gagne,

1985). Such a discrepancy may indicate that details identified by research are not always

straightforward to implement because the children do not always have the capacity to incorporate all
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details at rust . Refinements of the model would therefore need to be introduced as competency in its

use developed. Nevertheless, in spite of the simplifications which had to be made to the model to

make it "usable" by the target group, there seemed to be evidence to suggest that the students

benefited as the result of the experience.

Two main questions have arisen from the training program.

(i) Would students automatically refine their strategy sequences over a period of time,

e.g. from grade six to grade ten? If so, what would be the implications for the

training program? A long term exploration could shed some light upon the

development of children's capacities to deal with the more complex models suggested

by the research.

(ii) What long-term effects would the training program have? Would students use it

automatically and easily in a variety of problem solving situations and retain its use

over a period of time? Could it be successfully implemented with children who are

initially non- perseverers?

To date this study has developed a model to enable children who are willing to spend time on

a problem solving task to improve the effectiveness of the way they spend this time. In the small-

scale training program which explored the extent to which use of the model could be "taught", it was

found that the original model was too complex for the working capacities of children. It had to be

simplified to account for the amount of information which they appeared to be able to use.

However, this does not detract from the fact that the simplified version of the model seemed to make

some contribution to the students' problem solving skills. This development is consistent with the

aims of action research.

The ultimate aim of any training program such as the one developed in this study is for it to

be effective when implemented in a natural classroom setting. Thus the training model described and

modified in this study, and particularly the questions outlined above, would need to be implemented

in a group experimental situation (Uprichard and Engelhardt, 1986). Similarly the questions listed

above would need to be investigated in classroom as well as one-to-one situations.
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EXAMINATION OF A RELATIONSHIP BETWEEN CHILDREN'S
ESTIMATION OF PROBABILITIES AND THEIR UNDERSTANDING

OF PROPORTION

John Truran

University of Adelaide

There is some debate as to whether asking children to compare two urns containing different
proportions of balls of two colours is a test of probabilistic understanding, of perceptual responses,
or of proportional reasoning. This paper reports the results of clinical interviews with 32 children
aged from 8 to 15. It argues that children's language does indicate that they are fully aware of the
probabilistic nature of such situations and that in the case of certain and impossible events, where
proportional reasoning is not possible, some children can be seen to be moving spontaneously
towards using formal mathematical language. Strategies used in more general cases are shown to be
far more idiosyncratic than have been reported in other research. It is suggested that there is room for
further research to see whether probability scales can provide a useful unifying approach for learning
consistent ways for comparing proportions.

One technique used in the assessment of children's understanding of probability has been to present

to a subject two urns containing different proportions of balls of two colours and to ask which urn

would be the better to choose if one wanted to draw out at random a ball of a specified colour. This

technique has been used by Piaget & Inhelder (1951), Siegler (1981), Green (1982) and Singer &

Resnick (1992). Others, such as Hoemann & Ross (1972), have done similar work involving the

comparison of sectors of spinners. It has been argued by some (e.g., Fischbein, 1975, pp. 82 - 89)

that in such experiments children may be making perceptual rather than probabilistic judgements.

This paper presents results of an investigation into this matter using clinical interviews. Full details

arc contained in Truran (4992). Clinical interviews in general, and Piaget's work in particular, have

been criticised for being biased towards articulate subjects. However, the clinical interview provides a

valuable exploratory mechanism for finding out something of what some children are thinking in

order to develop more precise approaches to a wider selection of children. It is particularly valuable

when beginning research into children's understanding of a specific topic.

In this paper examples will be provided to show that children's language does indicate that they arc

fully aware of the probabilistic nature of comparing urns and that in the case of certain and impossible

events, where proportional reasoning is not possible, some children can be seen to be moving
spontaneously towards using formal mathematical language and towards the development of a

probability scale. In more complex situations, however, they use a very wide variety of proportional

strategies, usually inconsistently. Research evidence is quoted which suggests that the use of a

probability scale to assist in proportional comparisons can reveal a more complex pattcm of
proportional reasoning than is usually reported. It is suggested that there is room for further research

to see whether probability scales can provide a useful unifying approach for learning consistent ways

of comparing proportions.
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METHODOLOGY

Two primary schools and two state high schools were selected from suburban Adelaide, South

Australia. One primary school was a Catholic school in a low socio-economic area, the other was a

state school in a middle to low socio-economic area. Both high schools were in middle to low socio-

economic areas; one had a strong academic tradition, the other had both a strong academic stream and

a significant number of non-academic students.

Eight students from each of Years 4, 6, 8, and 10 were interviewed. For each level teachers at each

school were asked to make available two boys and two girls of "average" academic ability who would

be reasonably articulate. It is my impression that the students provided were often of above average

ability, particularly in the high schools. All children were adequately articulate; only one or two

showed marked signs of nervousness.

Each student was individually seated at a large table and interviewed for about 30 minutes. The sect-

ion summarised here occupied about 10 minutes near the end of the interviewing time. The interviews

were tape recorded, and in almost all cases were conducted in privacy with few interruptions. No

rewards were offered at any stage. There was no evidence that subjects were unwilling to be co-

operative or to give of their best, though some did show signs of low self-esteem. But some clearly

regarded escape from their timetabled activity as a definite bonus.

The younger subjects had usually not met probabilistic ideas in any formal way as part of their school.

studies. However, the Year 10 students had all had some formal teaching in the topic by the time of

the interviews.

Subjects were presented with beads of four colours (red, green, yellow and blue) and asked to

nominate which colours he or she liked most and least. These two colours were discarded and all

subsequent work was done with the two colours about which the subject had less strong feelings.

Subjects were presented with two urns containing balls of two colours and asked which urn would be

the better to choose if one wanted to draw out at random a ball of a specified colour. I used a table of

random numbers before each situation was presented to the subject to randomise variables like the

desired colour, the box in which the correct answer was placed and the side of the table on which the

box containing the correct answer was placed.

For convenience, in this paper all questions and answers have been standardised. Green (G) is

always the desired colour, and blue (B) the other colour. The contents of Box X are presented first,

and then the contents of Box Y. The question asked is standardised to "If you want to draw out a

green ball which would be the best [sic) box to choose, Box X or Box Y, or are they both the same?"

In cases where the contents of the two boxes do not have equal proportions, then the box where 0

has the higher probability is given first.
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Before administering the interviews a list of possible pairs of boxes was drawn up. The list was a

substantial expansion of the list used by Piaget & Inhelder (1951). During the interviews I attempted

to establish whether the subject was using any particular rule for comparing proportions, and to ask

questions which would test whether that rule was being used consistently. So there was no constant

administration of a fixed set of questions to each subject. Some of the questions were quite difficult to

answer, but subjects were not pressed if they seemed to be becoming uncomfortable. The clinical

interview was seen as a flexible instrument allowing me to select which areas ofthe child's thinking

needed investigation and to use the limitcd available time as efficiently and as gently as possible. It

had the further advantage that it was able to obtain both verbal and non-verbal responses from the

subjects, and to be able, in some cases, to compare these for consistency of thinking.

Siegler (1981) has investigated children's comparison of proportion in several concrete situations,

one of which involved comparing probabilistic urn models. He found some differences between

children's strategies when comparing urns and when comparing the other situations. This suggests

that probabilistic situations were perceived as different in some way. Similarly, while the children in

this sample answered many of these questions by comparing proportions, their language and the way

they approached certain and impossible events show that they were aware that they weredealing with

probabilistic situations. So, if it can be shown that children do have some intuitive ideas onto which a

deeper understanding of proportion can be built, this may prove to be a valuable way of planning

instruction in two different but related topics.

CHILDREN'S PROBABILISTIC LANGUAGE

Some children show in their comments an awareness that they want to maximise their luck. Several

examples will be quoted here.

Many students, and almost all the older ones, use language like "you've got a better chance".

PL (Year 4, M, 8:8) 30 3B v 20 1B1

Box Y. You've got a better chance of picking up more Gs because its got 2 Gs and 1 B.

If you pick from this box they're the same soyou could pick up a B. So if you picked

from this box, you'd get a 0 more easily.

CO specifically related his response to his experiences in a "drunken walk" gameat the beginning of

the interview.

CO (6) (Year 6, M, 10:5) 30 5B v 2G 1B

Because there's 2 Gs and only 1 B, but in box X there's 3 Os and 5 Bs and if you

reached in and pulled out a B one and put it back in, you could reach in and pull out

This abbreviations means that subject PI, who is in Year 4, mate, aged 8 years and 8 months was presented

with box X containing 3 green bolls and 3 blue balls and box Y containing 2 green balls and I blue ball and

asked which box would be the best one to choose if he wanted a green bell, or whether they were both the same.
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another B one. In box Y you could reach in and pull out a G and give it another shake,
reach in and pull out another G and shake but then you could pull out a B one which only
puts you back one and you could put it back and take a G one and keep on going viceversa.

HD frequently used words like "easier" and harder":

HD (Year 6, F, 11:4) 2G IB v 5G 2B

X, because it's only got one B and 2 Gs so it wouldn't be hard to get the Bs, and Box Y
has got 2 Bs and 5 Gs so that would be easier than box X because it's got 2 and B's gotonly 1.

AM used language involving "sometimes":

AM (4) (Year 4, F, not recorded) 00 3B v IG 2B

Y, that's got one G. That's [X] got no G. Sometimes you might end up with one G.

DR explicitly stated that she was making a judgement based on what would happen after the box was
shaken:

DR (Year 4, F, 8:9) 10 2B v 3G 2B

I think I'd go for Y.... Because in Box X there arc 2 Bs and you want the colour G and
there's only one G in there, and unfortunately you might shake it and get the colour B
out, so you wouldn't be very happy then. If you had Box Y you'd just shake it and getG out because with the B in it you've only got 2 Bs and in that box you've got 2 Bs anda G.

In some cases, as will be shown below, the difficulties of doing the calculation placed the idea of
comparing probabilities into the background. JM used phrases like "you've got more of a chance" for
several of the easier questions. However, in more difficult cases she seemed to be dealing just witha
rule which she has devised:

JM (Year 8, F, 13:7) 30 5B v 4G 7B

JM I would say they are equal.
I Why?
JM Because in Y they all have 2 Bs to every one G except one which is only one B to

one G. And in this one, they have all got two Bs to one G except one, 1 is to 1 soboth the same.

So a surprisingly large number of subjects do make explicit statements which suggest that they arc
aware of the probabilistic nature of what they arc doing. However, even the older subjects who had
been taught probability in class did not use technical terms, and when more difficult numbers were
involved they tend to forget about the probabilistic aspects of the situation.

APPROACHES TO CERTAIN AND IMPOSSIBLE EVENTS

Children's responses to situations involving probabilities of 0 and 1 have the potential to illustrate
ideas strictly about probabilities as opposed to ideas about proportions. Fischbein et al. (1991) have
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suggested that the concept of "possible" may develop before the concept of "certainty". The results

from these interviews suggest that some children develop mathematically mature language for certain

and impossible events before they can use it for possible events.

T1 (Year 8, M, 12:7) 2G OB v OG 3B

Box X.
I Can you say why?
TI Because you've only got a chance of getting a 0, you can't get any other.

Some children may even be able to quantify such absoluteness.

LH (Year 8, M, 13:1) 2G OB v 3G 013

They are both the same.
I Why?
LH Because you've got G in X and Y and you have 100% chance of getting a G .

Not all children, however, sec things as clearly as this. They may opt for the lesser or the greater

number and they may not be totally consistent.

NP (Year 8, F, 13:1) 4G OB v 2G OB

X.
I Why?
NP Because it's got more than in Y.

NP 2G OB v 3G 1B

Box X.
I Why is that the best one?
NP Because whichever one you pick you are going to pick G.

The opportunity for concrete practice helped to clarify doubt.

ML (Year4, M, 8:10) 5G OB v 2G IB

Both the same.
I Can you tell me why?
ML That one's got two and if I do this [demonstrating removing beads from Box X) I

get Gs and Gs and Gs, 1,2,3 and you've got it. And this one's easier; you just
stick your hand in and pull it out.

I So which one would be the best one?
ML Box X.
1 Why have you changed to Box X.
ML Box X, you haven't got no Bs in it.

Examination of all 32 interviews shows that while there were no wrong answers to situations like aG

OB v OG dB (a, d * 0), some children did not appreciate that situations like aG OB v ca OB

(a * c) were equi-probable. In such simple cases some children spontaneously quantify probabilities

of 1. There are no examples of children's spontaneously quantifying probabilities of O. Some child-



ran may not be able (at least without reflection) to order simple cases like aG OB v cG dB
(c, d x 0).

A small set of clinical interviews does not enable generalisations to be made. But it can show that

some children do possess certain intuitive ideas which may mean that these ideas are fairly widely

held by children. I would argue that these results do suggest that ideas about probabilistic reasoning

and language used may be quite sophisticated by Year 8. In the next section I will show that the use

of proportional reasoning in probabilistic situations is very inconsistent, and then suggest that the

intuitive ideas which children do possess might be used as the basis for alternative instructional

strategics when teaching proportional reasoning.

GENERAL STRATEGIES FOR COMPARING PROBABILITIES

An examination of the 32 interviews has revealed at least 19 different strategies of proportional

reasoning which children used to compare probabilities. These strategies are used inconsistently,

according to the perceived complexity of the situation. Examples of each kind are provided in Truran

(1992, pp. 211 - 216); there is only space to list them here.

(1) No obvious reason.

(2) Mere description of content.

(3) "Intuition".

(4) Use of different strategies for each box.

(5) Bias towards the lesser number of a pair.

(6) Strategies involving 'more', etc, but without quantification.

(7) Comparing a and c if b and d are equal.

(8) Comparing a and c if b and d arc unequal.

(9) Comparing b and d if a and c arc equal.

(10) Comparing b and d if a and c arc unequal.

(11) Decomposition of c into a, and c - a, so that b and d - b may be more easily compared.

(12) Approximating (e.g. "20 3B is about even").

(13) Comparing odds with 1:1.

(14) Comparison of la-b1 and I c - d I.

(15) Comparison of lc-al and I d - b I.

(16) Comparing with even proportions.

(17) Comparison of 5. , a (the " within" strategy described by Freudenthal, 1978).
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(18) Comparison of g ,13. (the "between" strategy described by Frcudenthal, 1978).

(19) Comparison of probabilities (i.e. a+b c +d ).

This list is significantly longer than, and in some cases different from, lists produced by workers

who have sought to understand children's understanding of proportions, such as Karplus & Peterson

(1970), Karplus & Karplus (1972), Karplus et al. (1974), Siegler (1981) Hart (1984) and Koch

(1987) and, for probability, such as Falk et al. (1980), Green (1982) and Fisher (1988).

It is argued here that the very wide differences in results which have been obtained by such workers

suggests that an instructional strategy is likely to meet with many difficulties. Hart's (1984) strategy

specifically attempted to show students the fallacy of some of the more common inappropriate

methods, but if there is such a diverse number of methods used so inconsistently, then such an

approach may be simply too hard.

APPLICATION TO TEACHING

The relationship between research into children's naïve understanding and appropriate classroom

practice has not always been well developed. Hart's (1984) work was effective in showing one way

to eliminate the use of additive strategies, but less effective in replacing them with alternative
strategies. On the other hand, Lamon's (1993) study, like many others mentioned abose, con-

centrated on how children co-ordinate two aspects of the ratio, be they parts or wholes.

However, it has been argued by Acredolo et al. (1989) that a methodology which asks a subject to

make a specific choice between two ratios discourages the subject from integrating the relative im-

portance of the numerator and denominator of each ratio and is more likely to lead to an over-

emphasis on one part, usually the numerator. They developed a methodology which in effect asked

subjects to locate ratios on a number line and they found that such an approach showed that children

are capable of greater and more accurate integration of numerator and denominator than is revealed

when merely asked to choose between two ratios.

It has been shown in this paper that children do have some probabilistic understanding when compar-

ing urns and that at least some children develop sound mathematical language to describe impossible

and certain events. This suggests that the teaching of probability measures with a number line may be

effective and that it may also be effective in providing helpful strategies for comparing proportions in

general.

The way is open to see whether probability scales can also provide a unifying structure for the

teaching of ratio and proportion.
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COMPARING INFINITE SETS: INTUITIONS AND REPRESENTATIONS

Pessia Tsamir & Dina Tirosh

Tel-Aviv University & Kibbutzim Teaching College

Abstract

Initial investigations suggest that students' intuitive decisions concerning the equivalency
of two given infinite sets are largely determined by the way these sets are represented. So Jar the

effects of two types of representations were investigated: the numerical-horizontal and the
numerical-vertical representations. Our study was mainly aimed at determining which
representations (numerical-horizontal, numerical-vertical, numerical-explicit or geometric)
yielded higher percentages of 1-1 correspondence reactions. For these purposes, 189 middle
class 10th to 12th graders were asked to react to 12 problems dealing with comparing infinite
sets. The problems presented different representations of the same infinite sets. It was found
that 1-1 correspondence justifications were mainly elicited by numerical - explicit and by geometric
representations. The discussion suggests ways of adjusting these findings to two different
approaches to teaching: Analogy and conflict.

Introduction

Though the concept of infinity is at the heart of mathematics (Goetz, 196), and though it

is generally known to be extremely difficult to grasp (both from the phylogentic and ontogentic

aspects), only several studies have attempted to take into account the accumulating knowledge

available on cognitive obstacles related to this concept. One such commonly reported obstacle is

related to comparing infinite sets. Unlike with finite sets, here the use of criteria for comparing

infinite sets, such as "Each element in one set can be paired with one element of the other set"

(the 1-1 correspondence criterion), and "the whole is greater than its parts" (the part-whole

criterion), often leads to contradictory solutions. For instance, in the case of comparing the

number of elements in the set of natural numbers with that of the set of multiples of four, the use

of the 1-1 correspondence criterion would lead us to conclude that the sets have the same number

of elements, whereas the "part-whole" idea suggests the conclusion that the set of natural

numbers has more elements than the other set.

Hence, using both of these criteria to determine if two infinite sets have the same number

of elements, leads to inconsistencies. In order to avoid this, one criterion should be selected,

while other criteria may be used if and only if they lead to the same conclusion. The 1-1

correspondence is the criterion which was elected, within the Cantorian set theory, to determine

if two given infinite sets contain the same number of elements.

Research consistently shows that when asked to compare infinite quantities, naive

students often base their responses on their acquaintance with finite sets. These students often

use a variety of criteria to respond to various tasks related to comparing infinite quantities. In

fact, it is widely reported that students tend to use incompatible criteria for comparing infinite

quantities, including the part-whole criterion, the 1-1 correspondence criterion, and other
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notions such as "All infinite sets have the same number of elements, since there is only one

infinity ", and "Infinite quantities are incomparable" (Duval, 1983; Sierpinska, 1987; Tall, 1980;

Tsamir & Tirosh, 1992).

Some initial investigations (Duval, 1983; Tsamir & Tirosh, 1992) suggest that students'

intuitive decisions concerning the equivalency of two given infinte sets are largely determined by

the way these sets are represented. So far the effects of two types of representations were

investigated. The first one is the numerical- horizontal representation, e.g,

( 1 . 2, 3, 4,... ) (4, 8, 12, 16, ...)

This representation often yielded part-whole reactions.

The second type of representation is the numerical- vertical representation of the two

infinite sets, for example,

(1, 2, 3, 4,...)
(4, 8. 12.16,...)

This representation elicited the use of the 1-1 criterion for comparing the sets more often than did

the numerical-horizontal representation.

The effects of other representations such as the numerical- explicit representation, e.g.,

(1. 2, 3. 4, ...)
(12, 22, 32, 42, ...)

have not yet been studied.

From an instructional perspective, it is important to determine which types of

representations of a given problem elicit the use of the 1-1 correspondence criterion. This study

aimed to investigate this issue.

Method

Sample

The sample consisted of 189 children from three different grade levels: Sixty-eight tenth

graders, 60 eleventh graders, and 61 twelfth graders. Different achievement levels were

represented in this sample: About a third were high achieving students, a third were middle level

students, and another third consisted of low achievers.

Instruments and Procedure

Twelve problems were developed for this study, in each of which two infinite sets were

described. Subjects were asked to determine whether the number of elements in the first setwas

equal to, greater, or smaller than the number of elements in the second set, and to explain their

answers. All sets presented in the problems were enumerable ones.
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Pair

Arithmetic

A= (1, 2, 3, 4. 5. 6_1

B= (i. 1, 12 , 2, 211 3, ...)

C= (1. 2, 3, 4. 5. 6, ...)
Pair II

D= (3. 6, 9, 12, 15. 18, ...)

E= (1. 4. 9. 16. 25.)
Pair III

F= {4. 8. 12, 16. 20....)

G= (1. 2, 3. 4, 5,...) H= (3, 4, 5, 6,

Triple I
G= (1. 2. 3, 4. 5, ...)

11= (1 4. 5, 6, 7, ...)

I= (1. 2, 3, 4, 5, ...)

.1= (12.22,32,42,52, ...)

Triple 11

1= ( 1 , 2, 3, 4, 5, ...)

1= (1, 4, 9, 16, 25, )

Geometric

2 3

A: Sides of equilateral triangles
B: Midsegments of equilateral triangles

1

C: Sides of equilateral triangle
D: Perimeters of equilateral triangle

1 2

2

2

3

3

3

E: Areas of squares
F: Perimeters of squares

3 4

4

4

2 3

4

/ \
G: Upper bases of trapezoids
H: Bottom bases of trapezoids

'777

1
2

I: Sides of squares
1: Areas of squares

3

Figure 1: Schematic Representation of the Problems
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The 12 problems consisted of three pairs and two triples. In each pair, two identical sets

were presented, one in its numerical-vertical representation and the other in its geometric

representation. Each of the two triples consisted of one geometrical and two numerical

representations of the same problem (see Figure 1). The geometric representation consisted of a

schematic drawing describing the two sets, a verbal explanation, and a vertical representation of

the sets. The problems appeared in a fixed order: First the seven numerical problems and

following them, the geometric ones.

Let's refer to an infinite set of trapezoids:

2 cm. 3 cm. 4 cm.

3 cm. 4 cm. 5 cm. 6 cm.

(1) In each trapezoid the upper basis is 2 cm. longer than the bottom base

(2) Each base is 1cm. longer than that of the trapzoid on its left

Set G is the lengths of the upper bases (in cm.), namely G= (1, 2, 3, 4, 5, 6, ... )
Set H is the lengths of the bottom bases (in cm.), namely H= (3, 4, 5, 6, 7, 8, ... )

(a) Circle your answer:

The number of elements in set G is greater than / equal to / smaller than / the number of
elements in set H.

(b) Explain your answer.

Figure 2: Example of a Geometric Representation of a Problem

Results

Table 1 shows that students' decisions as to whether two given infinite sets have the

same number of elements depend largely on the way these problems are represented. The

highest percentages of "The same number of elements" reactions were given to the numerical-

explicit representation of the problem described in Triple II (86%), and to the geometric

representations of all problems (75%-86%). Four of the five numerical-vertical representations

yielded about 50% "The same number of elements" responses. The only exceptional problem

that yielded more such responses in its numerical-vertical representation (61%) was the last in the

series of the numerical representation, succeeded by a problem that referred to the same set, but

was presented geometrically. Thus it seems that higher percentage of "same number of
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elements" responses has to do with the location of this particular problem in the questionnaire.

Support for this explanation is provided by the fact that during administration of the

questionnaire the experimenter observed that some students erased their initial, non-equal

reactions in favor of the same number of elements reactions after responding to the problem in its

geometric representation.

Table 1
Frequencies (in %) of "Same Number of Elements in Both Sets" and of "1-1 Correspondence"

Reasoning

The Sets Compared The Representation

Same Number

of Elements*

1-1 Correspondence

A= (1, 2, 3,....) numerical - vertical 47 6

Pair I
I

B=
1 1, 1-f, 2, ...) geometric 80 45

C= ( 1, 2, 3, ...) numerical - vertical 52 9

Pair II D= (3, 6, 9, geometric 76 49

E= ( 1, 4, 9, ...) numerical - vertical 52 5

Pair III F= (4, 8, 12, ...) geometric 82 37

G= (1, 2, 3, ...) numerical-horizontal 25

Triple I H= ( 3, 4, 5, ...) numerical - vertical 49

geometric 75 33

I= (1, 2, 3, ...) numerical-explicit 86 52

Triple II J= (12, 22, 32, ...) numerical-vertical 61 13

geometric 85 33

* The other most frequent "equal" answer was: "All infinite sets have the same numberof

elements".

The lowest percentage of "The same number of elements" responses was given to the

only problem which was represented in a numerical-horizontal manner (problem 2- 25% correct).

This finding is consistent with the findings of other studies which reported that numerical-

horizontal representations of two sets, one of which is a proper subset of the other set, elicit "The

sets do not have the same number of elements" responses.
Not less striking are students' justifications to these tasks. Basically, two main kinds

of explanations were used to justify "The same number of elements" judgment: (a) There is only

one kind of infinity, and (b) there is a 1-1 correspondence between the two sets. The judgment:
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"The number of elements in the two .,zts is not equal" was mainly justified by the argument "One

set is a subset of the other one". In some of the problems, when one set was not a proper subset

of the other, (for instance, the sets {4, 8, 12, (1, 4, 9, 16, ...)), students used the
"differences" strategy, namely, they examined the differences between pairs of consecutive

elements in each set, and compared the matching differences. For instance, in the case of the sets

described previously, they noted that the differences in the first set are always four, whereas the

differences in the second set constitute the series (3, 5, 7, ...). They concluded that the first set

contained more elements because the gaps between its elements was constant whereas in the

second set the differences increased, so that the set was less condensed.

As our major interest is in representations that evoke the use of the 1-1 correspondence

criterion, we shall look mainly at the extent to which students referred to it. Table 1 shows that

the percentages of "1-1 correspondence" justifications matched those of "The same number of

elements" reactions, in the sense that the highest percentages of these justifications were given to

the numerical- explicit representation and to the geometric representations. The lowest

percentages of these justifications. on the other hand appeared on the numerical-horizontal

representation. It is notable that while the numerical (horizontal and vertical) representations

yielded only up to 13% of 1-1 correspondence justifications, the matching, geometrically- based

representations drew significantly higher percents of these justifications (33 to 49%).

Another issue of interest was students' consistency in using a certain justification across

tasks. Our data revealed that about 25% of the students consistently came up with "All infinite

sets have the same number of elements, since there is only one infinity". A substantial number

of students (about 50%) used the pan-whole criterion and the the 1-1 correspondence criterion

alternatively, depending on the representation of the problem: 1-1 correspondence justifications

for numerical-explicit and geometric representations, and part-whole justifications when

responding to the same problems, in their numerical-vertical and horizontal-representations.

Discussion

A main aim of this study was to determine which representations of a given problem that

dealt with comparing infinite quantities yielded higher percentages of 1-1 correspondence

reactions. Much like other studies, our data suggest that students' responses are largely affected

by problem representation (Even, 1993; Silver, 1986; Arcavi, Tirosh, & Nachmias, 1989). It

was found that geometric and numerical- vertical representations elicited "equal number of

elements" reactions. One-to one correspondence justifications were mainly elicited by two kinds

of representations: numerical-explicit and geometric representations.

The question that naturally arises is why do certain representations of the same problem

elicit certain responses, while other evoke other responses? Our conjecture is that the visual

presentation of the problem had a great impact on students' responses. In both the numerical-

explicit and the geometric representations, the two infinite sets were arranged so that pairing

elements stood one below the other, and consisted either of the same numbers (e.g., 1, 1 square,
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2, 2 square), or were associated by ar. illustrated geometric relation. (i.e., the upper and bottom

bases of trapezoids). Such presentations invited the student to grasp pairing elements of the sets,

which lead to 1-1 correspondence reactions (much like in the case of the dancing hall, when all

people are dancing in male-female pairs, and no one stands alone, in which.case you immediately

know that the number of men and women in this hall is the same). However, other

representations, especially the numerical- horizontal ones, lead students to examine each of the

sets as a separate entity, and then to the attempt to compare the total number of elements in one

set to those in the other. Such an attempt naturally leads to the examination of the inclusion

relationship between the sets (or, in the absence of such a relationship, to other criteria based on

the notion of inclusion, such as comparison of the consecutive differences, or, again to the

conclusion that both sets have the same number of elements because they are infinite).

What could be the contribution of this study to mathematics education? Information

concerning the interrelations between various modes of presentations of a given problem and the

typical reactions elicited by these is of crucial importance for instruction planning. Such

information is invaluable for instruction related to complex. counter-intuitive topics such as the

comparison between infinite sets. These topics neccessitate not only analytical instruction of the

theorems, definitions, etc. but also draw special attention to intuitive schemes that may well

compete with the formally learnt materials.

Two approaches to instruction related to such topics are teaching by analogy and the

conflict teaching method. The information gathered in this paper is valuable for designing

instruction on comparing infinite quantities according to both these approaches. When teaching

by analogy, both the explicit numerical and the geometric representations could be used as

anchoring tasks since they intuitively trigger the desired response. All that is left is to convince

the learners that these anchoring tasks are identical to the target tasks (i.e., the horizontal

representations of the same problems that commonly elicit part-whole responses). Within the

conflict teaching approach, on the other hand, a conflict may be derived from presenting the same

problem in two different modes: an horizontal representation which elicits "part-whole"

responses, and a geometrical representation triggering 1-1 correspondence reactions. Our initial

investigations suggest that in such conflicts, a substantial number of students tend to trust 1-1

correspondence justifications. They view the geometric representation as more convincing and,

in a way, as a proof that the two sets contain the same number of elements.

Returning to our initial reasons for taking up this study, it is notable that so far most

research in mathematics education that deals with students' conceptions has tried to pinpoint

certain cognitive obstacles in learning specific subject matters. Such research is necessary for

planning instruction. Yet, the time seems ripe now to proceed to the next stage: that of using this

knowledge for actual instruction. This paper clarifies that in the case of comparing infinite

quantities, both the numerical-explicit and the geometric representations are preferable (as they

intuitively yield 1-I corrrespondence reactions) to the numerical-horizontal representation (which

is often used when teaching this theory). Further, this study suggests how to adjust the finding

related to the interrelationships between intuitions and representations to two different approaches
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to teaching: Analogy and conflict. It is hoped that such information may help the sensitive

teacher to plan his or her instruction of the complex, non-intuitive world of infinite sets.
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TRADITIONAL MATHEMATICS CLASSROOMS-
SOME SEEMINGLY UNAVOIDABLE FEATURES

Shlomo Vinner

The Hebrew University of Jerusalem, Israel

ABSTRACT

Some typical classroom behaviors in mathemataics lessons are described and
analysed. These behaviors are not something that the educational system is proud
of or wants to encourage.The behaviors might he considered as a result of the
common teaching and testing styles. It is suggested, however, that both the
teaching and the learning styles are implied by very deep social and psychological
reasons . The classroom behaviors which the mathematical education COMMUllity
wants to eliminate reflect, perhaps. some basic cognitive and emotional needs and
inclinations. These might be the need for cognitive security. the inclination to
prefer procedures to concept analysis (because procedures are simpler) and the
need to survive through mathematics classrooms and mathematics exams.

§1. The Traditional Classroom. Most of the mathematics education research does not deal

with the traditional classroom as a whole. There might be several reasons for that: 1. The cognitive

research focuses on student concepts and thought processes independently of the classroom context.

(Here is an implicit assumption that the cognitive structure is an invariant of the context.) 2. The

classroom reality is too complex to be studied in a systematic way. There are too many factors and

too many aspects involved in each classroom event. 3. The traditional classroom has already been

labelled as negative. It is the cause of the common mathematics education practice. namely.

mathematics as a collection of unrelated prescriptions for solving common test items. Our aim

should be the elimination of the traditional classroom. Therefore, we should use our time, money

and energy to create alternatives to the traditional classroom and to examine them.

If you add to this that a moderated version of (3) is also the assumption of the majority of the

research and development funding agencies then it becomes quite clear why there are relatively feW

mathematics classroom studies. Without 'ejecting the above (I) - (3) I would like to raise some

doubts about them. It might be true that cognitive structures are situation invariants but the

researcher must deal with them in a given context. It is quite possible, that in that given context

subjects will react in such a way which will not reflect their cognitive structures. In addition to that.

there are factors which are not cognitive that determine the subjects behavior (emotional, social and

so on) and these factors strongly depend on the context. It is true that the classroom reality is
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extremely complicated but it is also extremely important to understand. Therefore. it is preferable to

use research methods which are not "true experimental" and to study the classroom reality than to

ignore it. Finally, the traditional classroom and all its associated factors (supervision. evaluation.

state examinations, matriculation, social relations and so on) may be the cause of the poor practice

that we all denounce but it may well be also a result of very serious psychological, social and

economical reasons. If it is so. our chance to change the practice is very little before we understand

these reasons. My impression is that some essential elements of the human nature are the cause of

the current mathematics education practice. Whether it is possible to overcome these elements is not

quite clear. Being less cautious I would even say that it is doubtful. Therefore. I suggested the

"seemingly unavoidable features" in the title of the paper.

If I have to charecterize the approach of this study it is the in vire approach. A possible paradigm

for this approach is the didactical contract by Broussau (for details see Balacheff. 1990) Another

possible paradigm is the meaning negotiation paradigm by Bauersfeld and others (for details see

Bauersfeld et al.. 1988). Steinbring (19911 has a similar approach. I will not refer directly to these

in my paper. I mention them heir in order to gke some coordinates to my work and also in order to

keep them as background paradigms to which the reader can refer as an additional interpretation tool

for some of my findings. The episodes which I will describe and analyze in this paper arc either

classroom episodes or classroom related situations. Namely, they are "natural enviroment" episodes.

All of them occur in regular mathematics classrooms or at office hours, in homework assignments

and tests. There was no external intervenience in the natural course of a lesson, an office hour

meeting and so on. Hence, this surly can be considered as a classroom study. In most of the cases I

was also the teacher but not in all of them. The students that I taught were average science colllege

students (not mathematics majors). Other students were regular high school students. I am not

discussing remedial classes here. I am saying this in case some readers will raise a question about

the students' mathematical abilities.

§2. How to please the teacher? The pseudoconceptual behavior. In any traditional

classroom, the students. ;f they want a passing grade. have to please the teacher in one way or

another. 'This will probably be the case also with non-traditional classrooms. As long as students

depend on an external authorities for evaluation and grading they will have to do something in order

to please these authorities. The attempts to please the teacher can be implied by different reasons.

For some students it is the desire to be loved and appreciated. For other students it is the

understanding that the teacher's evaluation is important for their future. Also, good grades might
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increase their parents' warm affections, might establish their social prestige and so on. Answering a

question is the most common way to please a teacher. Of course, the teacher is interested in answers

based on mathematical knowledge. The teacher looks for meaningful answers, conceptual

understanding and analytical thinking. These notions are not necessarily familiar to the students.

They might have a more behavioristic approach to the entire learning process. They look for the

right answer (the response ) to a given question (the stimulus ). The internal processes are not

necessarily important. The main concern is that the answer will make the desired impression.

Therefore, all kinds of (intelligent and not intelligent) guessing are legitimate. The moment a student

realizes what the desired answer is, he or she will repeat it. even without understandig . in similar

situations. A behavior which might make the impression that it is based on conceptual thinking but

in fact it is not, I would like to call a pseudo-conceptual behavior. This is in contrast to real

conceptual behavior. Observe, for instance, the following class discussion in the beginning of a

mathematics lesson in a 12-th grade class. The teacher tries to explain how to do the homework

assignment on recursion, a topic with which the majority of the class has serious difficulties.

Teacher: Give a recursion rule for the sequence: an= n2

Students: ...

Teacher: What is a recursion rule?

Student A: a,-a,

Student B: 2n- l

Student C: a 1+a 1 =a 2

Teacher: How should you express ?

Student D: /

Student E: n

Teacher (writing on the blackboard): (n+li = n2 +2n+1 = +. +1

af+ I = an + 2n +

The correct answer to the teacher's original question is: an+, should be expressed by means of an

and a. Thus, the students, in a way. were "quite close" to the correct answer. However, there

was very little thinking involved in the above dialogue. It was mainly blind guessing. On the other

hand. if you do not know the particular topic ( recursion, in this case ) you might get the impression

of a meaninful discussion. The charecteristic of the students' reactions is the following: The tenn

expressed by the teacher evoked in their mind certain associations. Since they lack understanding of
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the topic they cannot examine these associations and tell whether they constitute a correct answer or
not. Thus, there are two alternatives. The first one is to remain silent. The second one is to express
what they have on their mind. At least some students do not think they risk anything by telling the
teacher what they have on their mind. If you usually do not practice critical thinking or you lack the
reflective abilities you cannot consider the uncontrolled reaction as a negative one. If you lack the
mechanism of examining your associations and determining whether they make any sense in a given
situation then remaining silent is not an option. In the above behavior thestudents miss only one
stage: the control stage. All of us have associations when we hear or see a certain notion. We cannot
control our associations. They are the spontaneous intemal reaction to a given stimulus. We can
control our behavior, which is the external reaction to a stimulus. This is what education ( and in
this case mathematics education ) is all about. The students' behavior in the above event, in which a
conceptual analysis did not occur although it should have occurred, is, accordingto the terminology I
suggested earlier, a pseudo-conceptual behavior. I would like to emphasize that this is a
characterization of a behavior and not of a person. Every person, including an outstanding
mathematician, can demonstrate a pseudo-conceptual behavior. The aboveevent, which started with
the teacher's attempt to clarify the meaning of a recursion rule, ended with an action that does not
relate to meaning. The teacher presented to the students a procedure for the right answer. In the next
set of problems to be given to the students, this procedure will serve as a generic model for the
desired answers to which the students will arrive by mere imitation. Thus. the teacher - perhaps
unwillingly, perhaps because of the need to move on (and you cannot move on in a mathematics
lesson without writing some symbols or numbers on the blackboard) - did not do anything to
encourage a real conceptual behavior. Implicitly, the pseudo-conceptual behavior is encouraged in
this event and in many similar events.

§3. The how to solve it syndrom. Many of the difficulties students have with mathematics
are a result of communication failure. Sometimes the cause of the failure is local. By this we mean

an attertnative understanding of a term or terms involved in a given context. Sometimes thecause of
the failure is global. By this I mean an alternative understaning ofan entire framework or even the
entire mathematics. It is well known that for many students mathematics is a framework where you

get formulae into which numbers are plugged. In order to solve a given problem one should carry
out the calculations with the numbers which were plugged into the relevant formulae. Thus, the
leading principle in mathematics is the following: plug the numbers in the relevant formula and
calculate! Bearing this in mind, a student might have serious difficulties when some parts of
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mathematics which do not have the above features are presented to him or her. Here is typical case.

After discussing in class the notion of an increasing function. I gave, in addition to the examples

and the visual explanations. also the formal definition. That is: A./in/et/imps increasing at a certain

domain if for every .v and in this domain such that .r <.t also fix ,1<ji.v.). A week later a student

came to my office with a desperate expression on her face. She opened her notebook at the above

definition and said with an apologetic voice: / have thought about it through the entire week and

still don't understand how von solve it.

A declaration that there is nothing to be solved in this case would have very little effect on the

desperate student. Such a deeply rooted conception cannot be changed by one sentence. Here is

another example:

Teacer: Can you explain what is lint ?

n> ri

Student: That's i .

Teacher: / didn't mewl a numerical answer. I meant an esplanation.

Student: / don't.undemand.

Teacher: I mean what is this number that you are supposed to find. We talked about it many times in

class.

Student: I hare no idea.

Teacher: It's the number to which nil_ tends t gets closer and closer I when n increases without

any restriction ( namely, you substittak n by numbers which get larger and larger I.

Student: Will von ask such questions on the final?

Teacher: Yes. of course.

Student: In In entire lift, I haven't written a math exam that had words in it.

Here, again . the belief that mathematics involves only calculations implied by substitutions in

given formulae blocked the student's way to other. much more important. aspects of mathematics.

The student does not realize that a mathematical expression has a meaning and one can ask about its

meaning without asking about the numerical result of this expression. The student is not mentally

prepared to relate to any question which is not directly related to the question how to solve it. The

last question means, almost in all cases, how to obtain a numerical answer.
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§4. The search for rules as an expression of the need for security . Many mathematics

teachers know that very often, while explaining concepts or while being involved in mathematical

reasoning, the concentration level of their students goes down significantly. On the other hand.

when they present operational rules ( mathematical prescriptions ) the students become quitealert.

This is quite plausible behavior if the assumption is that mathematics is calculations of numerical

expressions obtained from given formulae by substitution. The bottom line of any mathematical
discussion should be a "how ot) do it or a how to solve it rule, as indicated in the last section.

The students hardly accept. and even reject the idea that a mathematical situation will be given to

them and they will have to use their own considerations in order to determine what the answer

should he. They always expect a universal rule which will guaranteean answer. Moreover, the

answer is supposed to be obtained mechanically. Although all this can be considered as a result of

the common teaching style and the common testing style it might be also a result of some basic

cognitive and emotional factors. The cognitive factor is that procedures. in case there are not

extremely complicated, are easier to handle than concepts. It is part of the human nature, with some

exceptions. of course, to prefer simple tasks to complicated tasks. The emotional factor is probably

related to the need for security. The fact that somebody has tools (procedures) to deal with a
situation contributes to his or her security. They have something in hand to start with. It feels

insecure to face a problem without knowing how it should be solved. This requires to create a

solution procedure. not only to carry it out. This might be considered as a threat by many students.

Here is an episode that may illustrate it:

Student : What is lien ;1" when n...*oo ?

Teacher: How do you deal with it ?

Student: it's 1, isn't it ?

Teacher: Let's see.You can write =-2 _'In 2(1 +1/n2)

After some more verbal explanations the teacher concludes that the above limit is I.

Student: But this is exactly what I said.

Teacher: Yes. yint did, but I minted to show you the logic behind it.

Student: / don't need your logic. I hare nt Dune one. I just wanted to know whether my answer

is corm?.
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Teacher: And what is your logic ?

Student: It's : that's I.

In the above situation the student made up an ad hoc rule to deal with the task. Her problem was

that this rule was not suggested to her by the teacher. Therefore, her personal security was not

complete. She came to the teacher to get an approval to the rule she invented. The approval was

supposed to be given by the acknowledgement of her numerical result. When she failed to get this

approval she became quite frustrated. She expressed her frustration by two implicit statements:

1.Your explanations were totally unnecessary since they led to a numerical answer that I already

knew. 2. I do not need your logic because I already have logic which is better than. yours. It is

shorter and it led me to the same answer which was obtained by your obscure and compliocated

logic that I do not want to adopt.

§5. Concept Substitutes. I have spoken earlier about the commom tendency in many students

to avoid concepts. A typical class situation in which students have to face concepts is when the

teacher asks them "what is ...T For instance: What is a rectangle? What is a function? What is a

vector? and so on. Many students, in many cases. develope what I call concept substitutes which

they use. perhaps. in their inner speech (see Vygotsky. 1962) and offer them to the teacher when

being asked. Here, I would like to mention two typical concept substitutes. Because of space

problems I will give only one example for each one of them.

1. The criterion as a concept substitute. A common answer to the question "what is an increasing

function?" is : it is a function whose derivative is positive. I even know some teachers who accept

this answer as a correct one. To justify their point of view they would claim that in all the basic

courses we deal only with differentiable functions and there are at most finite number of points in

which an increasing differentiable function is not positive (equal to 0, in this case). Therefore, there

is no need to insist on the original definition and to mess with it. No harm will be caused if the

student uses the criterion for the concept instead the concept itself. Even if you accept the

pedagogical principle that it is alright sometimes to sacrifice the mathematical accuracy for the sake of

clarity and simplicity, in this case you just encourage the tendency to avoid conepts. (There are cases

in which a criterion for a concept is a sufficient and necessary condition. In these cases, it is possible

to claim that since the concept definition and the concept criterion have the same extension there is no
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point to insist on fine distinctions between same extensions but different intentions. I am even

ready to argue about this point of view although I would not declare a war against it). The fact that

we compromise so easily about situations like that is an additional indication to the general claim that

both teachers and students will prefer simple paths and shortcuts to facing difficult problems which

require high level of thought processes.

2. The example as a concept substitute. What is a derivative? I asked a student who came to me to

ask for an exemption from my college calculus course. Her request was justified by the claim that

she had a calculus course in high school. Her answer to my question was: if y=a.t2 then y'=2x.

Can you give another example? I kept on asking in order to see how rich was her pool of

examples.Yes, she replied, if y=ax2+bx +c then y'=ax+b. But what does it mean to differtiate? 1

refused to stop my inquiry at this point. After a short pause she said: To differentiate means to

divide by .1. 1: And what is the derivative of y=c? She: y'=0...itere lclx) = 0...the result is as if

you get 0 ...to differntiate is as 4f you divide by x. (The emphasis was in her intonation).

The student tried to construct the meaning of the derivative out of her (mistaken) examples. She

came up with something which was more or less coherent with her examples. When I embarrassed

her with my question about y=c she "invented" a system in which the result of dividing a constant

by x is 0. As a matter of fact, she knows that this cannot be the case. Therefore she says with a

special emphasis: as if you vet 0 By this she raised an additional wall between the world of

numbers with which she is familiar and the world of mathematical symbolism which she,

unfortunately, does not understand.
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Young children's unit-related notions have been shown to play significant roles
in their construction of mathematical knowledge. However, the theoretical
framework with a specific focus on units is still under development. The goal
of this paper is to initiate a more systematic discussion and research on
children's unit-related notions and their roles in children's construction of
mathematical knowledge.

Introduction

Steffe and his colleagues (Steffe et al. 1983) investigated young children's counting

and its relationship to the types of units the children constructed. The research was based on

the belief that the construction of countable units is a prerequisite for counting. In fact, they

claim that "(a)t the root of all quantification and of all numerical thinking and operating lies

the construction of discrete, repeatable units and their conjunction." (p.4) They were able to

identify a variety of units children counted. Furthermore, they argued that these unit types

were closely related to children's mathematical development. Their subsequent works

showed that children's notions of units play significant roles in their understanding of other

elementary school mathematics (Cobb and Wheatley, 1988; Steffe and Cobb. 1988).

More recently, a number of researchers have reported that children's notions of units,

and other unit-related ideas, play significant roles in their construction of a variety of

mathematical concepts, such as fractions, ratios and proportions, and geometric problem

solving. The fact that researchers have identified children's unit-related notions as an

important factor in such a wide variety of mathematical concepts suggests that children's unit-

related notions are "recurrent, recursive, and increasing complexity across mathematical

domains." (Lamon, 1993, p.133)

Although some researchers have suggested that there may be a link between children's

unit-related notions and a variety of mathematical concepts, much of the existing research

focuses on specific mathematical concepts. Ft rthermore, in some cases, it is not even clear

that the researchers' notions of units are corptible. However, if children's notions of units
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are an important part of their growth of mathematical power, then it is crucial that

researchers come to a consensus on these issues.

In this paper, I will review, briefly, the major existing research that focuses on

children's unit-related notions and try to point out some of the differences among these

researchers' viewpoints. I will further suggest problems associated with children's unit-

related notions as they relate to mathematical knowledge construction. However, the purpose

of this paper is not to discount the usefulness of these ideas; rather, it is hoped that this paper

will start a more cohesive effort among researchers to study and analyze children's unit-

related notions as a fundamental constructive mechanism of mathematical knowledge.

Counting

Steffe and his colleagues (Steffe et al., 1983) identified several types of units:

perceptual, figural, motor, verbal, numerical composite, and abstract composite. Their

subsequent investigations (Cobb & Wheatley, 1988; Steffe & Cobb, 1988) identified different

types of units of ten children may construct such as an iterable unit and an abstract singleton.

It was clear that these different types of units were central to understanding (whole) numbers

because "(a) natural number, in our view, is no more and no less than the result of operations

that constitute the abstract entity we call "unit", carried out so many times, and now

considered as one composite whole." (Steffe et al., 1983, p.11)

A crucial aspect of the unit construction process in their theoretical framework is what

these researchers termed the integration operation. It is the integration operation that will

allow children to form a unit composed of existing units. They argue that "the operations

that constitute experiential items (which then manifest that aspect of 'oneness' or

'discreetness') are analogous to what we called the mental act of 'taking together' - except

that what is being taken together to create experiential items is a plurality of sensory signals."

(p.3) Therefore, the unit construction process is a building-up process. A child starts witha

unit, then a group of the unit is integrated to form a "larger" unit.

This perspective helps us to understand, and appreciate, many difficulties young

children encounter as they try to make sense of our numeration system, From this

perspective, the construction of a large unit, say a hundred, requires multiple applications of

the integration operation. In other words, a hundred is a unit of units (tens) of units (ones).

Furthermore, in order to deal with large numbers, a child must be able to deal with a number
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of these units simultaneously. That this is not a simple task is often evidenced by a young

child producing a counting sequence like "... fifty, sixty, seventy, eighty, ninety, a hundred,

two hundreds, three hundreds,..." Such an "error" is caused by the fact that children must

coordinate at least three different units.

Rational Number and Proportional Reasoning

Watanabe (1990 found that second graders' strategies to coordinate different units

were related to their understanding of simple fractions like one-half. In the study, he

identified four different types of unit coordination schemes: one-as-one, one-as-many, many-

as-one, and many-as-many. Children who had developed quantitative understanding of one-

half also had developed the one-as-many and many-as-one schemes, but only when the many-

as-many scheme was available was the abstract understanding of one-half evident. Although

his study only shows correlation between children's understanding of one-half and their unit

coordination strategies, it nevertheless suggests the potential explanatory power of a

theoretical framework that focuses on children's unit-related notions.

Behr et al. (1992) pay very close attention to the notion of composite units as they

analyzed children's rational number knowledge. They not only provided an extensive

semantic analysis of fractions using the notion of composite units but also invented a notation

system that was consistent with the mathematics of quantity that made different unit types

explicit. Using the notation system, they were able to suggest a variety of constructive paths

for simple fractions like 314. Their analysis again showed how complex an understanding of

-fractions really is.

Lamon (1993) and Lo and Watanabe (1993) suggest that children's understanding of

ratios and proportions require them to construct "a ratio as a unit." They argued that the

ability to take a ratio such as "9 to 2" or "4 quarters to 6 candies" as a unit and act upon it

played a significant role in young children's proportional reasoning. For example, Lo and

Watanabe documented (1993) how a fifth grader used her ability to freely move among

different (yet equivalent) ratios she had constructed to solve a variety of proportion tasks.

However, this "ratio as a unit" notion raises a fundamental question: What is a unit? It

appears that the "unit" in this sense is not quite identical to the unit in counting, or even

rational number, contexts. This issue will be addressed later in this paper.
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Exponential Function and Splitting

In her study of students' understanding of exponential functions, Confrey (1990)

proposed the notion of splitting. She defines splitting as "an action of creating

simultaneously multiple versions of an original, an action which is often represented by a tree

diagram." She argues that the geometric character of splitting, its relationship to similarity,

distinguishes it from counting. Confrey believes that splitting can be the basis of an

alternative construction of positive real numbers. She further suggests that counting-based

approaches to rational numbers too often reduce multiplication as repeated addition and a

fraction as a part of a whole, both rather limiting perspectives, while splitting can facilitate

children's construction of more sophisticated multiplicative perspectives.

In her report. Confrey defines a unit as "the invariant relationship between a successor

and its predecessor; it is the repeated action." Thus, in the counting world, the unit is the

action of adding one while in the splitting world the action involved is multiplication by N.

Thus, a two-split starting with one results in the sequence, I, 2, 4, 8, 16, 32,... The

constant relationship between any two consecutive terms is that the successor is always the

totality of two versions of the predecessor. Furthermore, in the splitting world, establishing

the relationship 8/2 = 32/8 is accomplished by noting that both 8 and 32 are two "growth

units" away from their respective predecessor, 2 and 8. Resnick and Singer (1993) pointed

out the importance of the factorial structure of whole numbers in children's understanding of

ratio reasoning, and the splitting naturally leads to such a structure. Thus, the notion of

splitting seems to suggest not only an alternative constructive path for whole numbers but also

fractions, ratios, and proportions.

However, like the notion of "ratio as a unit," this notion of unit as a "repeated action"

does not appear to be consistent with the notion of units proposed by other researchers. So,

are these researchers using the same word to describe different constructs? Or is there a way

to reconcile this apparent differences? In the following section, I will present a short

discussion on some of the fundamental issues with the notion of units.

Fundamental Issues

The first issue I would like to discuss is the question: What is a unh? As it has been

discussed above, there does not appear to be a consensus as to what a unit is. There are two

words tnat arc used by a variety of researchers to denote this notion of unit: unit and unity.
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In the realm of counting (and whole numbers), these two words appear to be almost

interchangeable. According to McLellan and Dewey (1909), "(i)n the simple recognition, for

example, of three things as three the following intellectual operations are involved: The

recognition of the three objects as forming one connected whole or group - that is, there must

be a recognition of the three things as individuals, and of the one, the unity, the whole, made

up of the three things." (p.24, emphasis original) Thus constructed three, in turn, can

become a unit that composes another unity, say nine. If there is any distinction between a

unit and a unity, it seems to lie in the person's action. If the person does not act upon the

whole, it is a unity, but when a person acts (or intends to act) upon the whole, it is a unit.

However, many researchers do not appear to make such a distinction. For example, Lamon

(1993) describes how 3/4 of 16 objects is a unit of units of units: i) 16 one-units, ii) 4 four-

units, and iii) 1 three-(four-unit). The first two units are constituent parts of larger wholes;

however, the last unit does not share that characteristic. If we distinguish a unit and a unity,

the first two are units while the third is a unity. A natural question to ask is if such a

distinction is important. I will leave that question for the reader to consider further.

Although the notion of counting units is already complex, the ideas like "a ratio as a

unit" or a unit as a "invariant relationship between the successor and its predecessor" further

complicate the issue. On the surface, these "units" are not units in the same way one is a

unit. In fact, these "units" are really a second order unit in that the relationship exists (in the

mind of the individual) between objects which must be recognized themselves as unities. So,

in what sense are these relationships units?

It is clear that there ar.s a variety of ways for a person to construct a unit. For

example, the integration operation Steffe et al. (1983) suggested is a way for a person to

"build up" larger units from what have been constructed. However, the integration operation

does not explain the construction of the unit of one. The nature of the constructive process

ffvthe unit of one seems to be qualitatively different from that of such units as ten and

hundred. Here is-where an apparent paradox in the "unitizing" operation lies. McLellan and

Dewey (1909) argued that, in order for a person to recognize three colored cubes as three,

the person must view the cubes, simultaneously, similar and different. They must be similar

so that they can be counted but they must be different or there is no threeness.

Such a paradox was also discussed by Steffe et al. (1983).
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Number is a conceptual creation. A particular number is produced as a double
act of abstraction - for, as Euclid observed, a number is a unit (a multitude)
that itself is composed of units. There is a first act of abstraction that produces
units from sensory-motor material ... and there is a second act of abstraction
that takes these units as the material for the construction of a unit that
comprises them ... (p.1)

Thus, in order to construct a unit, there must be a multitude. Yet, what is a multitude if it is

not a collection of units? Furthermore, the direction of such unit construction process is

opposite of the integration operation. That is, a new unit is constructed from an old one

when its components are recognized as a unit. Thus, the unitizing operation is more of a

decomposition than an integration.

This perspective is consistent with the idea suggested by Maturana and Varela (1980).

They argued that

(t)he basic cognitive operation that we perform as observers is the operation of
distinction. By means of this operation we specify a unity as an entity distinct
from a background, characterize both unity and background with the properties
with which this operation endows them, and specify their separability... If we
recursively apply the operation of distinction to a unity, so that we distinguish
components in it, we respecify it as a composite unity that exists in the space
that its components define because it is through the specified properties of its
components that we observers distinguish it. (p. xix)

Thus, the unitizing process is really a further breaking up of the existing unit. The

decomposition as a unitizing process is especially useful as we try to understand children's

rational number concepts. Furthermore, a unit constructed as a result of decomposing a

different unit is a unit, not simply a unity (if we make this distinction).

A Hypothesis

So, what does this apparent paradox about the construction of a unit tell us about the

notion of a relationship as a unit? It is clear that no unit, even (or especially) the unit of one,

exists in a vacuum. A unit is constructed as it relates to a whole which is composed of the

unit. Thus, it is not unreasonable to say that all units are relationships.

Maturana and Varela's idea of distinction may provide a framework to describe the

relationship between Confrey's notion of splitting and Steffe et al.'s integration. Although

the integration and splitting operations are not inverse of each other, they are complementary

in the following sense. The splitting operation may be needed to construct units from a
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multitude and the unit thus constructed can be integrated. On the other hand, in order to

apply the splitting operation repeatedly, the result of a split must be unitized, and this process

may be through the integration operation. Unfortunately, we know very little about such

mental operations and further research is needed.

Suggestions for Further Studies

If children's unit-related notions are truly "recurrent, recursive, and increasing

complexity across mathematical domains" another important question is; no all unit - related

notions provide a usifid frameitork for all mathematical knowledge? If not, which unit-

related notions are important across a Variety of mathematical topics and which are specific

to a email! topic? In the existing literature, there are two ideas that may be of importance

for a variety of mathematical ideas: unit coordination and unit conversion.

Steffe and Cobb (198$) argued that as young children construct more sophisticated

number worlds, relationships between units go from unrelated, co-existing, to coordinated.

Watanabe (1991) presented evidences that childrdn's coordination schemes may be related to

their understanding of simple fractions like one-half. Lo and Watanabe (1993 a & b)

documented how children's ability and inability to coordinate different units impacted their

proportional reasoning. Wheatley and Reynolds (1993) also indicated rat individuals' ability

to coordinate units influenced the quality of their geometric problem solving. It thus appears

that unit coordination is relevant across a variety of mathematical topics.

One of the most critical ideas in Behr et al.'s (1992) semantic analysis is the notion of

unit conversion. The ability to convert 4(1-unit) to 1(4-unit) plays a significant role in their

analysis. They point out that further research on the unit conversioi, principle is essential. It

is not clear if this unit conversion principle is related to the notion of unit coordination

presented by Watanabe (1991). However, there seems to be an agreement that additional

research is needed to further our understanding of these ideas.

Other important ideas suggested in a variety of research reports include the notions of

decomposition of units (Behr et al., 1992; Piaget et al., 1960), re-unitizing (Behr et al.,

1992), and re-initialization of units (Confrey, 1990). Understanding of these notions is

essential if we are construct a rigorous theoretical framework on units and unit-related

notions.
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MULTIMODAL FUNCTIONING IN UNDERSTANDING CHANCE AND DATA CONCEPTS

Jane M. Watson and Kevin F. Collis

This paper presents some of the results from the pilot stages of a large project studying Australian children's

understanding of concepts related to chance and data. The model used for the analysis of responses is that developed

and extended by Biggs and Collis (1982, 1991). The appearance of multimodal functioning in some responses and its

relationship to the level of functioning within the concrete symbolic mode are of particular interest. The specific topics

covered in this report include comparison of two groups from graphical presentations, interpretation of a bar chart and

decision-making about the fairness of dice.

An important theoretical goal of this study is to gain an appreciation of the types and levels of cognitive

functioning which occur when students solve problems involving chance and data. For some time now

researchers (e.g., Davis, 1984; Johnson, 1987) have been suggesting intuitive and visual influences on the

problem solving process which cannot be identified directly with logical mathematical functioning. The

work of Fischbein (e.g., 1975) and Tversky and Kahneman (1971) over the years suggests that the study of

probability may be an area where intuitions play a particularly significant role. Also recent work of

Berenson, Friel and Bright (1993) in statistics shows a strong visual component in many decisions related to

graphical interpretation, and research of Campbell, Collis and Watson (1993) has shown that the purely

imaginative and story-creating aspect of mental functioning may be at least a motivating factor in some

problem solving activities. While it is acknowledged that basic levels of logical functioning are required to

solve certain problems, it is of interest to explore the interaction with other forms of functioning exhibited by

problem solvers.

A very useful model for considering this type of functioning is that of Biggs and Collis (1991).

Evolving from the neo-Piagetian SOLO Taxonomy (Biggs & Collis, 1982) which stressed the sensors- motor,

ikonic, concrete symbolic, and formal modes of operation within which learning cycles operate, the model

incorporates an acknowledgment of the existence and importance of intermodal and multimodal

functioning in many types of teaming experiences. Hence it is to be expected from this model that earlier-

developed modes continue to develop in parallel with later modes and provide opportunities for interaction

which may facilitate intellectual functioning in general. Of particular interest here are the ikonic and

concrete symbolic modes, these being associated with intuitive functioning and the symbolic learning which

takes place in school and which is usually rooted in concrete materials. Results demonstrating multimodal

functioning in the acquisition of understanding of fractions (Watson, Campbell & Collis, 1993) and the work

of others in the field of stochastics (Berenson, et al., 1993; Fischbein & Gazit, 1984; Watson & Collis, 1993)

lead to the belief that such functioning will also occur for concepts in statistics and probability.

The study reported here was designed as a pilot to examine the hypothesis of .multimodal

functioning in chance and data. Three different types of chance and data stimulus materials were selected

because it was speculated that the different contexts would draw on different aspects of both the ikonic

mode and the concrete symbolic mode in each case. This should give at least a partial view of the range of
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thinking strategies used by children and, at the same time, make it possible to note any underlying

similarities between the modes of thinking utilised.

Procedure

The data for this report were extracted from the larger study (see Watson (1992) and Watson, Collis

& Moritz (1993) for a fuller description of the study and data collection). Interviews from 18 students, six

each in Grades 3, 6 and 9, were analysed to explore visual, imaginative and intuitive aspects of ikonic

functioning and their relationship to functioning in the concrete symbolic mode. The students were chosen

from larger groups on the basis of responses to a paper-and-pencil questionnaire; a range of apparent

abilities was selected. Three interview protocols were used: a four-part problem on the comparison of two

groups which invited visual ikonic functioning in conjunction with concrete symbolic reasoning, a series of

questions on the interpretation and manipulation of a large bar chart with moveable parts, and a question

about the fairness of dice which allowed for intuitive beliefs to be expressed. These will be discussed in

turn.

Comparing Groups

The interview protocol used is shown in Figure 1. In succeeding parts the questions were the same

for each graph, asking the students to determine which class had done better or whether they had done the

same. The idea for the item was adapted from Gal, Rothschild and Wagner (1990). Assuming that problems

of this kind could be solved at a high level (i.e. detecting a universal principal involved) by intuitive (in this

case basically data visualisation) means or by taught mathematical symbolic techniques (concrete

symbolisation), or by means of an interaction between the two, it is possible to speculate that by taking some

well thought -out problems and analysing a range of students at different age levels we should be able to

find the following methods of solving the problem at the relational level: (i) by visualisation only, (ii) by a

mathematical technique only, or (iii) by a combination of (i) and (ii).

There were three approaches to solving these problems. The Visual method involved looking at the

graphs and making some type of visual comparison of the two classes. Nearly everyone used this approach

for Part 1. Only two students, however, used a visual comparison successfully for Part 4: a Grade 6 student

said the Black class had less people and were doing pretty well, and a Grade 9 student asked if the class

sizes were the same and then said it looked as if the Black class had more "right". Half of the students used

visual comparison only to answer the questions.

A second method, termed Total, referred to those who added scores to obtain total scores for each

class and then decided the better class on the basis of the highest total. Six students used this approach for

at least one part; for one student it was the only strategy. All students who used it for Part 4 incorrectly

chose the Pink class because of unequal class sizes.

The third method employed the Averag to compare the two groups. Three students used this for

one or more parts and all were successful at all parts of the problem. The results on the four parts of the

question for the 16 students who completed it are shown in Figure 2. They have been ordered by the

number of parts successfully completed. The ordering displays a perfect Guttman type hierarchy except in

two instances, one of which resulted from a counting error and the other a visual error. That is, generally

students completed each part correctly up to an error but none correctly after that.
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Two schools arc comparing some classes to see which is 2. Number of People

better at quick recall of 9 maths facts. In each part of this

question you will be asked to compare different classes. 4
3

1. First consider two classes, the BLUE class and the 2

RED class. Tice scores for the two classes are shown GREEN 1

on the two charts below.
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In the BLUE class. 4 people scored 2 correct and 2
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In the RED class. 3 people scored 6 correct and 3 people

scored 7.
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Figure 1. Comparison of Group

The responses to this item are of interest for two reasons. First is the aspect of multimodal

functioning demonstrated by the use of both ikonic (Visual) and concrete symbolic (Total and Average)

processing. Second is the level of concrete symbolic processing associated with an increasing number of

correct responses to the sub-parts of the protocol. As all responses appreciated the numerical aspect (even if

only single, bigger, fewer, etc.) of the problem, there are no totally ikonic responses. Such responses would

be of the form "the Blue class because Blue is my favourite colour" or "Green because it is fatter than

Purple". A couple of younger students did make comments about classes being their favourite colours, but

none made a decision based on this criterion. In terms of the unistructural (U), multistructural (M), and

relational (R) levels of the concrete symbolic mode, it would appear (as was true for fractions) that ikonic

support was available and increased in sophistication with the level of concrete symbolic response. A
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summary of the hypothesized types of responses and their ikonic and concrete symbolic character is given
in Figure 3 in the format of Watson, et al. (1993). It shows the increasing sophistication of multimodal
functioning (labelled A and P for ikonic) used in responding to this protocol. It is interesting that even .. hen
the average is a commonly used tool, the presentation of the problem invites multimodal functioning.

Int.
No.

Approach Q1 (Re t) Q2
(Green)

Q3 I
(Equal) 11

Q4
(Black)

Comments

6.3 Visual (1,2.3.4)
--= Brown Pink (3) more bigger mix; (4) tame for 7.14.9. lest

for 6,5.4.3,2.13.4 Visual (1.2.3.4) V Brown Pink (3) they've got a 7
3.3 Visual (1.2.3.4) Brown Pink (3) they've got a 7; (4) ifs got the most things3.6 Visual (18.2.3.4) Brown Pink (1°.2*) adding up could decide : (3) more

high numbers, despite favourite colour
6.5 Visual (1.2.3,4) Yellow Pink (3) more 5s & 6s; (4) more people and more

scores9.6 Visual (1,2,3.4) Brown. Pink (1) still 6 people, but all 6 got a better mark;
Yellow (4) probably. but more people3.1 Total (1.2.31 Yellow - (3) counting in fingers, error in adding33 Visual (I.), Total (I ,2.3.4) Brown Pink (I ) decided. THEN added; (3) counting error

(48/47). also counts group sizes: (41 counted
group sizes9.1 Visual (I ). Total (2.3,4) Purple Pink (2) adding error, 34 instead of 44: (4) Pink 36,
Black 21: no. of students6.2 Visual ( in, ), Total (I ,2.3,4) Pink (1) decided. THEN added; (4) 198 better than
1303.2 Visual (l,4.), Total (2.3.4) V VI Pink (4) Begins adding. Then decides Pink higher.
more people6.4 Visual (1.2.3.4) V Brown (4) lets people and doing pretty well.9.3 Visual (1.2,3.4)
(4) asks if clut size the same: looked like
more right6.1 Total (1,2.3). Average (4)
(I) notes group sizes the same: (2) trust. but
notes visual clues to this; (3) syounetrv; (4)
Pink better. but... average.93 Visual (I). Average (2,3.4)
-

9.4 Visual (1.2). Average (3,4)
-

Figure 2. Comparison of Groups

Type of response
Level and Ikonic Support

Ikonic Concrete SymbolicVisual comparison only
Totals only

Visual and totals

Visual soinparison in complex case
Visual, totals and average

1A

14

In

In

U
1st 1

hi 1
R 1

R 1
Figure 3. Comparison of Groups Multimodal Functioning

Interpretation of a bar chart
The protocol for this interview was based on a large bar chart with coloured moveable columns

showing the four ways children in a class travel to school (car, bicycle, bus or walk). It was devised after
discussion with L Pereira-Mendoza. Eighteen children were represented on the chart at the beginning of
the interview with the highest frequency for travel by bus. Students were asked a series of questions and
allowed to change the chart to show answers where appropriate. The questions were (i) 'how many
children are in the class?', (ii) 'how many more walked than rode bikes?, (Hi) 'what is the most likely way a
new child would travel to school?', (iv) 'how might the chart look if the bus didn't comet', and (v) 'how
might the chart look on a rainy day?'. With this problem it was speculated that the nature of the questions
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in the main would determine the strategy. The first two gave very little option but to use numbers and

operations (concrete symbolic) with min, nal visualisation or intuition required; the last two again required

the use of numbers and operations but this time withconsiderable ikonic (visualisation) support. The third

question gave the children the option to use either mode, depending upon their interpretation of the

question.

This protocol was used as a foundation question of particular interest in relation to Grade 3 children.

It was asked of all Grade 3 and 6 children. SeveralGrade 3 children claimed to be unfamiliar with the chart

shown but only two needed the details of the frequency on the left side explained. Figure 4 shows the

results for all 12 children and summarizes in the first two columns the manner in which children coped with

the mathematical aspects related to the basic operations covered and in the third column the results of

compensating when changing the chart for a response. These again show a Guttmann type hierarchy. The

remaining columns indicate the method of response when the child was asked how a new child came to

school, with a brief note of imaginative elaborations in the final column. In relation to question (iii) one

child would make no guess, two based a decision on the fact that the bus column had the mostchildren

(frequency approach) and the rest made up stories tojustify a choice. Nine students used ikonic support in

the form of imaginative stories from outside themathematics class experience.

Int.
No.

Able to take in
Information

Perform basic
operations

Compensate
for totals

New student Monk Support

No guess Story Frauency

35 (help)
live close

3.4 (help) (all count)
3.6

live close

6.2
might have bike

3.1 (count error) doesn't know way

33
3.2

more shoes than cars

6.3
poor. used to walking

6.5
house further, rain gear

6.6
not safe on bus

6.4
many elaborations

6.1
Figure 4. Interpretation of Bar Chart

It is likely that the first listed response is 'prestructural' with respect to this task, that those who

could perform the basic operations but not compensate for totals are unistructural, and that those who could

compensate are multistructural. It is of interest that at both levels some responses included ikonic support

and others did not. This is summarized in Figure 5 in a similar fashion to Figure 3.

Type of response lkonic Support Level of ConcreteSymbolic Response
P

U 1

u1
M I
M1

Difficulty interpreting information
Basic Operations only

Ability to compensate (or totals

IA

lA

-

IA

Figure 5. Bar Chart problem - Multlmodal Functioning

Fairness of Dice

The protocol for this interview began by asking if the student believed that one number comes up

more often than others when dice are thrown. It then went on to explain about fair and unfair dice and
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presented the student with two (Grade 3 and 6) or three (Grade 9) dice with the determining which
were fair and which not (again devised after discussion with L. Pereira-Mendoza). One diewas fair (red)
and one had been loaded on the side with a five on it (blue). The third die (for Grade 9) had two of each of
the numbers one, two and three on it. Because of the nature of the problem expectationswould be that
ikonic strategies would involve the use of physical characteristics, all of which in thiscontext would be
inconclusive, and that these would form a set of strategies preliminary to trials of some sort. The highest
(relational) concrete level would be represented by a few controlled trials. The dependenceon perception (of

physical attributes in this case) is one of the features of ikonic mode functioning, while the use of a limited

set of concrete experiments upon which to generalise is one of the marks of concrete symbolic functioning.
Of the students asked, over half believed that some numbers came up more often than others,

although a couple of Grade 9 students were unsure. In determining the fairness of the dice, there appeared
to be four stages. One Grade 3 had an anthropomorphic view of the dice including comments like "3 lets

other numbers come up", "[It] changed its way", and "It's trying to confuse me". Ten studentsused the
physical characteristics of the dice as a means of deciding their fairness. This includednoting the heaviness
of the loaded die and using the fact that each die had numbers I to 6 to declare them fair. Of these ten
students, three mentioned tossing the dice but could not instigate any systematic method of doing so. One
other student tried tossing the dice but tossed them at the same time and could not distinguish later which

numbers appeared on which dice. These four responses are considered in transition to a full understanding

of using experimental trials to determine fairness. Finally six students (two in Grade 6 and four in Grade 9)
successfully carried out trials as a basis of determining which dice were fair. These responses are
summarized in Figure 6 where it can be seen that it is more likely that students who use trials to determine
the fairness of dice will believe in general that no numbers are more likely to come up than others. As
before, Guttman type progression is evident.

Int. All numbers same chance Dice decide Physical Characteristics Idea of trials only Carry out trials
3.6 (several rolls)
3.2 (depends on method) (red. guess)
3.1 (appearance)
3.3 (heavier)
3.5 (same numbers - fair)
6 3 (heavier)
9.3 (unsure) (heavier)
3.4 (bigger) (3 tosses, change

to fair)
6.2 (changed from 6) (larger, rounder) (confused)
6.1 (heavy) (few only)
9.4 (nos.. 1.6)
6.5 (together)
6.4 (10)
6.6 (6)
9.2 (wishing) 1 (10)
9.6 (4. plus)
9.1 1 (MI6)93 (20)

Figure 6. Fairness of Dice

It is hypothesized that those who use physical characteristics to determine the fairness of dice are

mainly relying on ikonic features rather than logical concrete symbolic reasoning. The hypothesized

relationship between the ikonic support and the level of concrete symbolic functioning is shown in Figure 7.
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In this particular problem, it would appear that ikonic support is for lower level concrete symbolic

responses. This is unlike the previous two cases where ikonic support of different types occurred along with

the highest level responses.

T . of re s.. me lkonic Support Level of Concrete S mholic Re .nsc

The dice decide
Physical Characteristics only to decide
Conflict of physical characteristics A unsuccessful trials

Unsuccessful Vials

Successful use of trials

IA
Is
la

--

-

P
U

M 1
J

R

Figure 7. Dice problem - Multimodal Functioning

Discussion

In relation to the study of problem solving in the area of chance and data it would appear that not

only will attention need to be given to multimodal functioning but also it will have to focus on the type of

ikonic support which is used. The three problems presented here indicate that visual, imaginative, and

intuitive ikonic support are all possible.

A

B

Preliminary Decision

IK CS

Work in ikonic mode Work in concrete
symbolic mode

4,
Create images, intuitions

(i) **Atit)

C Process according to criteria
irrelevant to mathematics of
given problem, e.g. hunch,
belief

D Solution irrelevant for
mathematical
propositions given

Process using techniques
associated with "work place"
mathematics

4,
Solution translated back to
original context (logical
mathematical steps not
readily nor usually
available)

4,
Create statements/
representations in new
system

Process according to
-4-1111' concrete symbolic rules

4
Solution translated back
to original context
(logical mathematical
manipulative steps
readily traced)

Figures. The Problem Solving Path (adapted from Collis & Romberg, 1991)

These aspects of lkonic functioning and Its interaction with concrete symbolic functioning are

illustrative of the problem solving path suggested by Collis and Romberg (1991) and shown in Figure 8. In

the figure a respondent begins by following either an ikonic (IK) or concretesymbolic (CS) course of action.

Some people continue down one path or the other. Consider several examples. Student 3.6 followed path

1K (I) reaching an irrelevant solution for the third protocol: that the dice decided how to fall. In solving the

problems set in the first protocol, two students (6.4 and 9.3) followed path IK (ii) using visual clues only to

compare groups successfully. In all three protocols there were students (3.1 on the first, 3.4 and 6.1 on the
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second, and 6.6, 9.1, 9.5, and 9.6 on the third) who chose a straight CScourse of action for response. On the

other hand, some people used both modes, corresponding to the horizontal arrows in Figure 8. Nine

students worked at level B creating images/stories in response to parts of the bar chart protocol, while both

the first and third protocols elicited responses which can be associated with the interaction at level C in
Figure 8. It would appear that the responses in this study would illustrate that all of the kinds ofprocessing

suggested by Collis and Romberg (1991) occur in the area of chance and data. That they do not all appear in

the same problem is not surprising since context has a part to play in the selection of a solution strategy.

Conclusion

Two important findings are suggested by this study. First is the confirmation of the underlying

structure suggested by Collis and Romberg (1991) which accounts for all responses obtained. In addition

the responses appear to cover all possible paths in their model. Second is the appearance of different

specific strategies according to the context of the protocol set. Not all protocols elicited all possible paths to

solutions. Both of these results are of major significance if confirmed in more extensive studies. For

mathematics educators, particularly those embarking on studies of the teaching and learning of chance and

data, we must know both the underlying structure and the specific courses of action which are likely to be

chosen, if we are to make intelligent suggestions for the curriculum and for methods of instruction. Further

research is called for to confirm these findings and expand the contexts in which they may occur. In the area

of probability and statistics, the ground is ready for tilling and planting.
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WORKING WITH TEACHERS TO ADVANCE THE ARITHMETICAL KNOWLEDGE

OF LOW-ATTAINING 6- AND 7-YEAR-OLDS: FIRST YEAR RESULTS

Robert Wright
Southern Cross University

Lismore NSW Australia

In each of six schools, four low attaining first graders (6- or 7-year-olds) were individually taught
in an early arithmetic program consisting of four 30 minute lessons per week, during an eight-week
teaching cycle. The progress of the 24 participants and that of 13 counterparts of similar ability
levels is documented via pre- and post-assessments. In each school, the four participants were
taught by a teacher undertaking an on-going, prototype, professional development program aimed
at preparing specialist teachers in intervention in young children's arithmetical learning. The work
of Steffe and colleagues in early arithmetical learning provided the theoretical basis for the
intervention program. Children's progress is documented using four models, each of a different
aspect of early arithmetical knowledge. The progress of the participants notably exceeded that of
their counterparts providing a positive indication of the viability of the intervention program.

This paper focuses on results from the first year of a four-year (1992-5) research and development

project which, in broad terms aims to: (a) establish an accredited, year-long, professional

development course for teachers; (b) which has as its focus a program of early intervention in

arithmetical learning; (c) through which selected first-grade children (6- or 7-year-olds) are placed

in a long-term, individualised teaching program; (d) the purpose of which is to advance their

arithmetical knowledge to a level at which they are likely to learn successfully in a regular class. In

the first year of the project a teacher in each of six schools taught four children individually for 30

minutes daily, four days per week, for an eight-week teaching cycle. The specific focus of this

paper is the progress of the 24 participants and its comparison with that of 13 counterparts as

documented by pre- and post-assessments.

The professional development program. Both prior to and during the eight-week teaching cycle

the six teachers undertook a 20-week, prototype, professional development program. In this

program the teachers were released from their regular work for the morning half of each day for the

duration of the 20-week period. The program consisted of: a six-week orientation; four weeks

involving assessing children and planning teaching programs for four selected children; the eight-

week teaching cycle which involved teaching the selected children individually four mornings per

week and a professional development meeting on the fifth morning, and a final two weeks of post-

assessment. The program commenced in mid - August 1992, and occurred during the last two terms

The research reported here has been funded by Grant No. AM9I8(X)64 from the Australian
Research Council and by contributions in kind from government and Catholic school systems of the
North Coast Region of NSW. Additional support has been provided by research grants from
Southern Cross University. I acknowledge the work of Margaret Cowper, Rosalie Dyson and Garry
Stanger who made significant contributions to the research project described in this paper.
Additionally, I am particularly grateful to the children, teachers and schools involved.
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of the 1992 school year. (The school year runs from early February until mid-December and has

four terms in all.) Further details of this program are available elsewhere (e.g. Wright, 1993a).

Theoretical framework. Four models, each of a particular aspect of early arithmetical

development, underlie the current study: (a) a five-stage model (Table 1) of early arithmetical

meanings and strategies adapted from work by Steffe and colleagues (Steffe, von Glasersfeld,

Richards, & Cobb. 1983; Steffe & Cobb, 1988; Steffe, 1992; Wright, 1989; 1991; 1992; in press);

(b) a five-level model of facility with forward number word sequences (FNWSs) in the range one to

one hundred (Table 2); (c) a five-level model of facility with backward number word sequences

(BNWSs) in the range one to one hundred (Table 3); and (d) a four-level model of ability to

identify numerals (Table 4). The models of number word sequence development draw on work by

Fuson and colleagues (e.g. Fuson, Richards & Briars, 1982). The terms 'stage' and 'level' are used

in the sense explicated by von Glasersfeld and Kelley (1982). These four models are applied in the

instructional program as well as in the assessment (e.g. Wright, 1993h) of children's early
arithmetical knowledge.

Methodology. The methodology used in this report has its basis in the theories of early

arithmetical development of Steffe and colleagues (e.g. 1988) and has been used extensively by the

current author to document development in young children's arithmetical knowledge (e.g. Wright,

1989; 1991; 1992; 1993b; 1993c; in press). The method allows for: documenting in detail,

development over time of an individual's arithmetical knowledge; qualitative comparisons among

individuals' developing arithmetical knowledge; and comparisons both within an individual and

among individuals of developments of different aspects of arithmetical knowledge such as

meanings and strategies, facility with number word sequences and ability to identify numerals.

The Study

The children. Across the six schools 94 first-graders (minimum 14 and maximum 17) were

selected by the first grade teacher(s) for initial assessment (i.e. the pre-interview). In each school

the first grade teacher(s) was/were asked to include if possible, at least 10 children they regarded as

being amongst the least advanced of the grade cohort, in terms of their arithmetical knowledge. In

each school four of the least advanced children were chosen on the basis of the initial assessment to

participate in the eight-week teaching cycle. Ninety-two of the 94 children who were initially

assessed were reassessed in the week immediately following the eight-week teaching cycle. This

report focuses on the progress of the 24 participants and 13 counterparts during the teaching cycle.

The group of 13 counterparts comprised all children who were initially assessed, did not participate

in the teaching cycle, and did not attain at least Stage 3 of arithmetical meanings and strategies

(Table 1) in their initial assessment, that is they were prenumerical (Steffe et al., 1983, p. 73). All

but two of the participants were prenumerical on their initial assessment and thus the 13
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counterparts are regarded as being of ability similar to that of the participants at the time of the

initial interview.

Table 1. Stages of Early Arithmetical Meanings and Strategies

Stage 0: Preperceptual. When attempting to count is unable tocoordinate number words with

items.
Stage 1: Perceptual. Can count visible collections.
Stage 2: Figurative. Can solve additive tasks involving screened collections but counts from one

when doing so

Stage 3: Initial Number Sequence Sequential Integrations. Counts-on to solve additive and

missing addend tasks involving screened collections.

Stage 4: Implicitly-Nested Number Sequence Progressive Integrations. Uses counting-

down-to to solve subtractive tasks and can choose the more appropriateof counting-down-to and

counting-down-from.

Stage 5: Explicitly-Nested Number Sequence Part /whole Operations. Uses a range of

strategies which include procedures other than counting-by-ones such as compensation, using

addition to work out subtraction, and using known facts such as doubles and sums which equal ten.

Table 2. Construction of FNWSs in the Range One to One Hundred

Level 0: Absence of FNWSs. Cannot produce the FNWS from "one" to "twenty", allowing errors

such as omissions.
Level 1: FNWS from "one" as an unbreakable string. If errorssuch as omissions are ignored.

the child can produce a number word sequence from "one" toaround "twenty". The child cannot

produce the number word just after a given number word. Dropping back to "one" does not appear

at this level.
Level 2: FNWS from "one" to "twenty" as a breakable string. The child can produce the

number word just after a given number word but drops hack to "one" when doing so.

Level 3: FNWSs as chains in the range "one" to "ten". Produces the number word just after a

given number word in the range one to ten without dropping hack, but will typically drop back for

number words after "ten".

Level 4: FNWSs as chains in the range "one" to "thirty". Produces the number word

immediately following given number words in the range one to thirty without dropping hack.

Level 5: FNWSs as chains In the range "one" to "one hundred". Produces the number word

immediately following given number words in the range one to one hundred without dropping

hack.
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Table 3. Construction of BNWSs in the Range One to One Hundred

Level 0: Absence of BNWSs. Cannot produce the BNWS from "ten" to "one".

Level I: BNWS from "ten" to "one" as an unbreakable string. Can produce the BNWS from
"ten" to "one" but cannot produce BNWSs from number words less than "ten". The child cannot

produce the number word immediately before a given number word and the "dropping hack to 'one'

strategy is not available to the child.

Level 2: BNWS from "ten" to "one" as a breakable string. The child can produce the number

word immediately before a given number word up to "ten" but will typically drop hack to "one"
when so doing.

Level 3: BNWSs as chains in the range "one" to "ten". Produces the number word

immediately before a given number word in the range "one" to "ten", without dropping hack, but

will typically drop hack to "one" for number words after "ten".

Level 4: BNWSs as chains in the range "one" to "thirty". Produces the number word

immediately before given number words in the range "one" to "thirty" without dropping back.

Level 5: BNWSs as chains in the range "one" to "one hundred". Produces the number word

immediately before given number words in the range one to one hundred without dropping back.

Table 4. Numeral Identification

Level 0 Cannot identify some or all of the numerals in the range I-10.

Level I Can identify numerals in the range 1-10 only.

Level 2 Can identify numerals in the range 1 -20 only.

Level 3 Can identify one and two digit numerals only.
Level 4 Can identify one, two and three digit numerals.

Pre- and post-assessments. The arithmetical knowledge of each of 24 participants and 13

counterparts was assessed via a pre-interview held in September 1992 and a post-interview held in

December 1992. In each of the six schools the assessment interviews were conducted by the

teacher who was undertaking the professional development program and was responsible for

teaching the children in the individualised teaching program. The interview tasks included simple

additive and subtractive tasks involving screened and unscreencd collections, saying FNWSs and

BNWSs, stating the number word before or after a given number word, and identifying one-, two-,
and three-digit numerals. Each interview was videotaped for subsequent analysis. This analysis

included determining a level or stage according to each of the models of early arithmetical

development referred to earlier. Detailed descriptions of this assessment procedure are provided

elsewhere (e.g. Wright; 1993h; in press).
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The teaching sessions. The prototype professional development program undertaken by the

teachers included: developing a bank of instructional activities; understanding the purposes of the

activities; and learning ways to present the activities in individualised teaching sessions. Each

teacher used the hank of instructional activities to develop for each of the four children she taught,

an individualised teaching framework, that is. a weekly plan containing around six sets of

instructional activities which is reviewed and updated daily. The initial development of teaching

frameworks occurred under the guidance of members of the research team as did weekly

redevelopments of the teaching frameworks. The latter was informed by the teachers' on-going

reviews and evaluations of their teaching sessions. All of the teaching sessions were videotaped,

and these videotaped records together with written notes made during and after teaching sessions

were used by the teachers for the on-going redevelopment of the teaching frameworks.

The instructional activities. The instructional activities were adapted from those used in

constructivist teaching experiments (e.g. Steffe et al., 1983; 1988; Cobb. Yackel & Wood, 1992;

Wright, 1989; 1991; 1993c) and included: (a) additive and subtractive tasks involving collections

or rows of counters some or all of which are hidden; (b) activities involving copying or counting

sequences of sounds or movements; (c) activities using numeral cards arranged either singly or in

numeral tracks or grids; (d) ascribing number to spatial patterns which are briefly displayed; (e)

activities using collections of tens and ones; (f) number word sequence activities such as reciting

sequences and stating number words before or after a given number word.

Results and discussion. Table 5 shows for each of the six schools, the stages or levels on each of

the four models for pre- and post-assessments of the four participants and the counterparts (zero to

three depending on the school). The following observations concerning the progress in terms of the

model of stages of early arithmetical meanings and strategies (see Table I) of the 24 participants

and their prenumerical counterparts can he made: (a) Twenty-three of the 24 participants advanced

at least one stage, 10 advanced at least two stages and two advanced three stages. (b) Nine of the

24 participants advanced to at least Stage 4. (c) Eight of the 13 counterparts advanced at least one

stage but none advanced two stages or more. (d) In eachschool the advancements of the

participants notably exceeded those of the counterparts (exceptingSchool C which had no

prenumerical counterparts). (e) Five of the thirteen counterparts and one of the 24 participants did

not advance to a numerical stage (i.e. beyond Stage 2). Also evident in the results is that the

participants made notable progress in terms of the models of FNWS.BNWS and numeral

identification and as before, their progress was significantly in advance of that of the 13

prenumerical counterparts. When one considers that the teachers in this study were undergoing a

prototypical professional development program it seems reasonable tointerpret the results

described in this report as a positive indication of the viability of the intervention program. In

period from August to December 1993 a revised version of the program was implemented in 10

new schools. This will continue in the new school year which commences in February 1994.
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Table 5

Levels in Pre- and Post- Assessments for Participants and Counterparts in Six Schools

Gender Arithmetic
Strategies

M Male
F- Female 0-5

Pre Post
School A Participants

Forward
NWS

0-5

Pre Post

Backward
NWS

0-5

Pre Post

Numeral
Identification

0-4

Pre Post

M 2 3 3 3 0 1 0 0

F 2 3 3 4 0 3 0

F 2 3 3 5 I 4-5 2

F 2 4-5 3 4 3 4 1 3

School A Counterparts
M 2 2-3 4 4 3 3 2 2-3

F 2 3-4 4 4-5 4 3-4 3 3

F 2 3 4-5 5 2 4-5 3 3-4

School B Participants
M 1 3-4 3-4 5 3 5 1 3

F 2 4 3 5 2-3 4-5 3 4

M 2-3 3-4 3 4 3 5 2 3

F 2-3 3-4 4 5 3-4 5 3 4

School B Counterpart
M 2 3-4 4 4 3 3 3 3

School C Participants
M 2 4 3 5 3 5 2-3 3

F 2 3-4 4 4-5 3 4-5 3 3

M 2 3-4 4 4 3 4 3-4 3

F 2 3 4 5 3 3-4 3 3-4

School 13 Participants
F 2 4-5 3 4-5 2 4 0-1 2-3

M 2 5 3 4 3 5 3 4

F 2 5 3 5 3 5 3 3

M 2 3-4 3 5 3 5 3 4
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Table 5 (cont.)
Levels in Pre- and Post- Assessments for Participants and Counterparts in Six Schools

Gender Arithmetic
Strategies

M - Male
F- Female 0-5

Pre Post

School D Counterparts

Forward
NWS

0-5

Pre Post

Backward
NWS

0-5

Pre Post

Numeral
Identification

0-4

Pre Post

M 2 3 3 4-5 2 3 3-4 1-2

M 2 3-4 4 5 3 4 3 3

F 2 3 5 5 5 5 3

School E Participants
F 2 3 3 4 0 3-4 0 3

M 2 2-3 4 4-5 0 4 3 3

F 2 4 4-5 * 5 3

M 2 3 5 4 3 5 3 3

School E Counterparts
M 2 2 5 4 3 3 3-4 I

M 2 3 5 5 5 5 3 3

M 2 3-4 5 5 5 5 4 4

School F Participants
F 2 4-5 3 5 2 5 2 3

F 2 3 3 5 3 5 3 3

F 2 4-5 4 4-5 3 5 I 3

F 2 3 4 4 3 3 2 3

School F Counterparts
M 2 2 4 4-5 2 3 2 2

F 2 2 4 4 4 3 3 2-3

M 2 2-3 4-5 5 5 5 3 3

Note: Table entries in the form of a range, e.g. 2-3. rather than a single level, indicate that the

precise level could not he determined.

* This datum was not available.
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SCHOOL CULTURES AND MATHEMATICS EDUCATION REFORM

prna Yackel
Purdue University Calumet

This paper investigates the differences in the processes by which elementary
school teachers at two different research sites revised their instructional practices
and established an inquiry approach to mathematics in their classrooms. These
differences are accounted for by relating the teachers' beliefs and values to both
the microculture of the classroom and the more encompassing culture ofthe local
school community. The paper concludes with a discussion of what appear to be
critical issues for reform in mathematics education, based on the experiences at the

two research sites.
For the past eight years my colleagues and I have been involved in a

research and development project at the elementary school level that has

pragmatic goals that are highly compatible with the current reform movement in

mathematics education. These include that students he actively involved in

sense-making and that they develop increasingly powerful mathematical concepts

as they engage in mathematical explanation, justification and argumentation,

For many students and teachers engaging in mathematics teaching and learning

that has these goals requires a reconceptualization of their views about what

constitutes mathematical activity, about what it means to learn (and teach)

mathematics, and about the nature of mathematics itself (Shifter & Fosnot. 1993;

Wood. Cobb, & Yackel, 1991).
Initially, we developed an approach to teacher development by reflecting on

our experiences of interacting with teachers and their students at one research

site. This approach appeared to be generally successful in helping the teachers

at that site realize what we have called an inquiry form of practice in their

classrooms (Cobb, Wood, Yackel, & McNeal, 1992). However, the difficulties we

initially encountered when working with teachers at the second research site

indicated that some of our suppositions and assumptions about teacher

development needed to be revised. In particular, it became apparent that several

implicit, taken-for-granted assumptions that we and the teachers at the first site

made about learning, teaching, schooling, and mathematics in fact reflected

culturally-situated beliefs and values. This in turn indicates that some of the

seemingly self-evident assumptions that underpin current reform

The research reported in this paper was supported by the National Science Foundation under

grant numbers DMS9057141and MDR 855-0560 and by the James S. McDonnell Foundation.

All opinions expressed are solely those of the author.

Several noUons central to this paper were elaborated In the course of discussions with Paul Cobb

at Vanderbilt University.
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recommendations might be in direct conflict with the beliefs and values of some
pedagogical communities. Clearly, to the extent that this is the case. it poses a
major challenge to all interested in reform in mathematics education.

Establishing a Basis for Communication with Teachers
Elsewhere, we have argued that a first priority when working with teachers

is to help them become aware of and make problematic aspects of their current
practice (Cobb, Wood, & Yackel. 1990). Only then would they have reason to
attempt to reform their instructional practices while working with us. The
approach that we developed initially was influenced by our experiences of
interacting with the classroom teacher prior to and during the first teaching
experiment and uses children's understanding of place value and their use of the
standard two-digit addition algorithm as an initial setting for discussion.
Previously, we have documented the success of this approach when working with
second grade teachers at the first site:

... (the teachers) began to differentiate between correct adherence to
accepted procedures and mathematical activity that expressed conceptual
understanding.

... We did not have to convince them (the teachers] that children
should learn with understanding. Rather, they had assumed that this kind
of learning was occurring in their classrooms. A shared desire to facilitate
meaningful learning and a general concern for children's intellectual and
social welfare constituted the foundation upon which we anti the teachers
began to mutually construct a consensual domain (emphasis added]. (Cobb,
Wood, & Yackel, 1990)

In retrospect, we can say that not only was "a shared desire to facilitate
meaningful learning and general concern for children's intellectual and social
welfare" the basis upon which we could construct a consensual domain, but that
we and the teachers had a taken-as-shared understanding of what constitutes
children's intellectual and social welfare. This taken-as-shared understanding
was central to the basis for communication that we established with the teachers.
We now realize that our notion of what constitutes children's intellectual and
social welfare reflects assumptions about what it means to be a child in school.
Both we and the teachers assumed that our taken-as-shared view was self-
evident. The very language used in the above passage indicates that we had not
rclativized the notion for ourselves. In Walkerdine's (1988) terms, it was part of
our own and the teachers' regime of truth.

In her critique of the child-centered British primary schools, Walkerdine
argues that central concepts such as what a child is and how children become
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normal are social constructions. This perspective is extremely useful in

attempting to explicate some of our implicitly held assumptions.
The child' as a sign within the child-centered pedagogy is not simply a

description of a pre-existing child. The practices themselves, in their
regulation, produce what it means to be a child: what behaviours, words..

etc. are used and those are regulated by means of an apparatus of
classification, and a grading of responses. The child' becomes a creation ...

(Walkerdine, 1988, P. 203.204)
Following this argument. children come to be seen in light of the practices that

define them. Thus. "Mathematics becomes cognitive development. Cognitive

development becomes a description of the child. This exists as a regime of truth.

a system of classification in which what counts as a properly developing child

may be recognized. and in which certain behaviours are required and produced"

(p. 205).
In this view, what it means to be a child in school is not a pre-existing

notion, independent of history and culture. Rather. it is continually regenerated

by the members of a pedagogical community as they participate in the practice of

schooling. This notion became important for us when we attempted to make

sense of our interactions with teachers at the second site.
The Second Site as a Contrasting Case

The research at the second site began three years later. The school system

at the second research site placed a great deal of emphasis on computational
proficiency but this was not viewed as an insurmountable difficulty given that we

had worked with.teachers who employed a drill based approach at the first site.

During the induction sessions at the first site, the teachers realized the
incompatibility of an emphasis on drill and practice with their desire to foster

their notion of children's intellectual and social welfare and understood the need

to develop alternative instructional approaches. Unlike the first classroom

teacher at the first site who viewed herself as weak mathematically and who was

dissatisfied with her textbook-based instruction, the teacher at the second site.

Mr. K., viewed himself as strong mathematically. He was aware that his principal

and his colleagues thought of him as an exceptional mathematics teacher. In

prior years he deviated from his textbook to include much more drill and practice

than the textbook called for and had been recognized by the local newspaper the

previous year because of this drill-based approach to mathematics instruction.

Prior to the school year I met with him for three days to induct him into the

project. It soon became apparent that attempts to help him view his practices as
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problematic were ineffective. In the following paragraphs I attempt to account for
this ineffectiveness.

Like the teachers at the first research site. Mr. K. was interested in
students' intellectual and social well being and wanted them to express
themselves. However, for him there was no apparent conflict between his
mathematics teaching practices and these other goals. This lack of conflict can
be explained by returning to Walkerdine's contention that concepts such as the
child or what it means to be a child in school are themselves constituted by the
local pedagogical community.

In this school, strictly enforced discipline was highly valued. As the
principal said. 'This is what the parents want." He did not clarify what he meant
by this. However, as the year progressed it became apparent that it meant that
the children should follow, without question. rules and regulations set out by
adult authorities, including the principal, the teachers. and other school staff.
Two features of this conception of discipline are noteworthy. First, from my
perspective, a number of the rules appeared to be arbitrary. Second, there was
no discussion of the rationale for any of the rules. (There were discussions of
whether or not a rule was violated in a given instance but not of whether or not
the rule was appropriate.) This emphasis on following rules sans rationale both
expressed and contributed to the taken-as-shared view of the chid in school as
one who follows prescribed instructions without question. Since, as Walkerdine
points out, children are evaluated in terms of the taken-as-shared conception of
the normal child, children who followed rules and instructions were considered to
be acting appropriately. Thus, in this school setting, adults showed their concern
for children's intellectual and social welfare by helping them learn and follow
rules. Further, to know or make sense of things meant to be able to state the
appropriate rule.

Given this view of the child in school, it was natural for Mr. K. to want
children to express themselves by saying the right things in the rightway. And
for him, showing concern for the children's intellectual and social well being
meant helping them produce correct answers by following rules and procedures.
There was, for him, no conflict between the consequences of traditional
mathematics instruction discussed during his induction into the project and his
view of the child in school.

Renegotiation of Classroom Social Norms
By considering the ways in which the teachers at the two research sites

negotiated classroom social norms it is possible to further clarify the beliefs and
values of the two pedagogical communities. It became apparent during the first
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teaching experiment that both the teacher and the children reorganized their

beliefs about what constitutes mathematical activity, their roles in the classroom,

and about the nature of mathematics. This reorganization was made possible by

and itself contributed to the constitution of the classroom social norms that

characterize inquiry instruction. A retrospective analysis of the video-recordings

made during this experiment indicate that the teacher used several types of

interventions to initiate and guide the negotiation of social norms (Cobb, Yackel,

& Wood, 1989; Yackel, Cobb, & Wood, 1991). The critical issue for this

discussion is that, in all cases, the teacher discussed her rationale for particular

expectations. There is every indication that she took it as self-evident that the

negotiation of classroom social norms necessarily involves a discussion of the

underlying rationale. For example on the first day of class a student gave an

incorrect answer as the entire classdiscussed a problem. The teacher explicitly

told the students that it was acceptable to make a mistake in her class and went

on to give a rationale for why it was acceptable, "we learn from our mistakes, a

lot."
This emphasis on a rationale was quite typical. As a consequence, the

social norms established in this classroom were not mere directives that the

children were expected to follow. Instead, they were integral aspects of an

encompassing perspective on what it meant to know and do mathematics in

school.
In the analysis of the process by which the teacher initiated and guided the

mutual construction of the classroom social norms for inquiry mathematics, we

were aware that the teacher had taken the initiative and had made interventions

that reflected pedagogical beliefs that she had constructed prior to her

participation in the project. Thus, we had influenced the particular social norms

the teacher attempted to establish in her classroom, but not the process by

which she did so.
The claims made earlier concerning the pedagogical practices

institutionalized at the second research site are further substantiated by the

manner in which Mr. K. typically initiated the negotiation of social norms. For

example, he, like other teachers at both research sites, had rules to govern

behavior in the classroom, which were posted so the children could see them.

Several of these rules conflicted with expectations that characterize inquiry

mathematics. In our meetings and interactions with Mr. K. we emphasized the

importance of establishing the expectations that characterize inquiry

mathematics. He agreed with us completely. However, it soon became apparent

that he assumed he could do so within the framework of his usual practice. The
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absence of any conflicts between these rules and attempts to developan inquiry
form of practice is quite reasonable given the taken-as-shared beliefs and values
of his pedagogical community. His role as a teacher involved specifying rules and
ensuring that children followed them. From his point of view, the proposed
changes in his instructional practices involved adding rules sans rationale to his
list. And, in the absence of a rationale, the possibility that the rules might be in
conflict does not arise.

In light of these arguments, it would be legitimate to question whether or
not it is possible for teachers whose beliefs and values are similar to Mr. K.'s to
develop an inquiry form of practice. My experience of working with him indicate
that the answer is a resounding, 'Yes." By the end of the year. he had radically
revised his instructional approach (Yackel. Cobb, & Wood. in press). His
students actively engaged in mathematical argumentation and became
particularly adept at questioning and challenging each other's explanations
( Yackel. 1992; Yackel & Cobb. 1993).

Summary
I have argued that "the desire to facilitate meaningful learning and a

general concern for children's intellectual and social welfare" were critical in
making it possible for the teachers at the first research site to make their
traditional instructional practices problematic. We have also seen that what it
meant to facilitate learning and to be concerned about children's intellectual and
social welfare differed significantly between the two sites. It was for this reason
that Mr. K, as a representative of his pedagogical community, did not come to see
his drill-based instructional approach as problematic during the induction into
the project. Further, the changes that Mr. K. and other teachers at the second
research site had to make to develop an inquiry instructional approach were far
more radical than those required of the teachers at the first site. The latter group
of teachers were able to develop forms of practice compatible with current reform
recommendations by guiding the establishment of alternative social norms in
their classrooms. In contrast, Mr. K. and his colleagues had to transcend their
pedagogical community's taken-as-shared view of the child in school and change
the very process by which they initiated the renegotiation of social norms. Even
with hindsight, I find Mr. K.'s efforts to reform his practice quite remarkable and,
in large measure, attribute this to his relatively deep understanding of
mathematics and to his mathematical values.

We have seen that, at the first research site, the compatibility between our
own and the teachers' conceptions of children's intellectual and social welfare
enabled us to develop a basis for communication. In contrast, it was the
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compatibility between our own and Mr. K.'s mathematical values that eventually

made it possible for us to communicate effectively. In addition, it was his desire

to further encourage mathematical activity that involved the creation and

conceptual manipulation of mathematical objects that led him to see his

traditional instructional practices as problematic. It was as he and the students

renegotiated what counted as a mathematically insightful solution and an

appropriate mathematical explanation that the social norms characteristic of an

Inquiry approach began to emerge. Thus, the combination of Mr. K.'s

mathematical expertise and values. and the students' spontaneous development

of solutions that he judged as insightful drove their interactive constitution of an

inquiry mathematics tradition.
Implications for Reform in Mathematics Education

In the course of the analysis I have argued that teacher's and researchers'

activities both reflect underlying understandings and conceptions about

schooling in general and the child in school in particular. It is with this in mind

that I join Apple (1992) in calling for mathematics educators to consider the

ideological and social groundings and effects of their reform recommendations.

The issue I raise is: what are the implicit assumptions underlying the reform, as

represented by documents such as the Standards (National Council of Teachers

of Mathematics. 1989). In responding to Apple. Romberg (1992) states that the

NCTM documents were based on the belief that, 'The notion that mathematics is

a set of rules and formalisms invented by experts, which everyone else is to

memorize and use to obtain unique, correct answers, must be changed" (p. 433).

The analysis in this paper shows that developing a practice compatible with this

belief requires greater change for members of some pedagogical communities

than for others. In some cases, there is a general compatibility between this

belief and a pedagogical community's taken-as-shared views of what it means to

be a child in school. That compatibility can be used as the basis for initiating

change. In other cases, there is a basic and deep-rooted incompatibility.

Given that the first research site was a rural/suburban white middle class

community and the second site was an inner city minority community, this raises

the very real possibility that reform efforts in which researchers assume that

their culturally-situated communities are ontological certitudes might well result

in even greater disparities in the type of mathematics education children
experience than is now the case. Such a consequence would be tragic given the

explicit acknowledgement of the issue ofdiversity in documents such as the

Standards. In my view. Apple is right when he calls for us to clarify the

ideological, social, and political dimensions of our efforts to initiate reform in
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mathematics education. Only then can we guard against the possibility that we
will unknowingly foster even greater inequities.

References

Apple. M. W. (1992). Do the Standards go far enough? Power, policy, and
practice in mathematics education. Journal for Research in Mathematics
Education 23(5) 412-431.

Cobb, P.. Wood, T.. & Yackel. E. (1990). Classrooms as learning environments
for teachers and researchers. In R. B. Davis. C. A. Maher. & N. Noddings
(Eds.), Constructivist views on the teaching and learning of mathematics (pp.
125-146). Reston. VA: National Council of Teachers of Mathematics.

Cobb, P.. Wood, T., Yackel, E., & McNeal. B. (1992). Characteristics of classroom
mathematics traditions: An interactional analysis. American Educational
Research Journal, 29, 573-602.

Cobb. P., Yackel. E., & Wood. T. (1989). Young children's emotional acts while
doing mathematical problem solving. In D. B. McLeod & V. M. Adams (Eds.).
Affect and mathematical problem solving: A new perspective (pp. 117-148).
New York: Springer-Verlag.

National Council of Teachers of Mathematics. (1989). Curriculum and evaluation
standards for school mathematics. Reston, VA: NCTM.

Romberg, T. A. (1992). Further thoughts on the Standards: A reaction to Apple.
Journal for Research in Mathematics Education. Q(5), 432-437.

Shifter, D. & Fosnot. C.T. (1993). Reconstructing mathematics education: Stories
of teachers meeting the challenge of reform. New York: Teachers College
Press.

Walkerdine, V. (1988). The mastery of reason: Cognitive development and the
production of rationality. London: Routledge.

Wood. T., Cobb. P., & Yackel. E. (1991). Change in teaching mathematics: A
case study. American Educational Research Journal, ati. (3). 587-616.

Yackel, E. (1992, August). The evolution of second grade children's
understanding of what constitutes an explanation in a mathematics class.
Paper presented at the Seventh international Congress of Mathematical
Education, Quebec City, Canada.

Yackel. E.. & Cobb, P. (1993. April). Sociomathematical norms. argumentation
and autonomy in mathematics. Paper presented at the Annual Meeting of the
American Educational Research Association, Atlanta, GA.

Yackel, E., Cobb, P., & Wood, T. (1991). Small group interactions as a source of
learning opportunities in second grade mathematics. ,Journal for Research in
MaihrmalicaZaulatian. 22(5), 390-408.

Yackel, E., Cobb, P., & Wood, T. (in press). The interactive constitution of
mathematical meaning in one second grade classroom: An Illustrative
example. slournal of Mathematical Behavior.

14'10
392

BEST COPY AVAILABLE



SYMBOLIC AWARENESS OF ALGEBRA BEGINNERS

Michal Yerushalmy Bcba Shterenberg

University of Haifa Center of Educational Technology

Algebraic Patterns is one component of a new algebra curriculum built to support technological

intensive guided inquiry. Together with activities designed for it, Algebraic Patterns forma microworld

to motivate the use of algebraic statements and argumentation todescribe and explain numerical

phenomena. It presents the user with numerical lattices, 'local' and 'global' algebraic tools find

feedback about algebraic statements made by the user. In this paper, we describe the first stages of

students' development of algebraic language, of symbolic fluency, students' preferences for single

or multi variable description, and the first perceptions of symbolic equivalence.

Patterns have been assumed to be an appropriate springboard to the use of

generalizations and algebra. The Standards (1989) and others (Kieran 1993)

suggest that the inductive study of patterns should underpin the beginning of the

algebra learning. However, a few recent studies suggest that the link between

patterns and algebra is not trivial. Lee and Wheeler (1987) report that students

can formulate excellent verbal generalizations without needing to use the

algebraic language. MacGregor & Stacey (1993) report on difficulties of 14-15

years old students to formulate functional relationships between variables

algebraically while being able to easily describe a computation procedure.

Some evidence suggests that technology can motivate the involvement in

describing patterns. Software that presents examples of partial sequences (such as

King's Rule O'Brein 1985) motivates the creation of other examples which

comply with the hidden rule. Spreadsheet can be used to create a large collection

of numerical data by talking symbolically to the software. The first type of

software emphasizes the creation of more examples, but does not require nor
provide tools for, algebraic conversation. The second type focuses on 'pattern

making' rather than 'pattern describing'.

. Through our new development of a computer intensive secondary school

curriculum in Israel which is based on guided inquiry learning (Yerushalmy

Chazan & Gordon 1988) and on the function as its central concept, we developed

a microworld to support the evolution of symbolic awareness by manipulating

and describing patterns algebraically . While such awareness can be defined in

many ways let us identify our major goals of the first stages of the development of

symbolic language as:
-Identifying numerical phenomena and describing them with symbolic
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statement. (by statement we mean a function, a functional relationship,
relation, or any other symbolic argumentation or description)
-Getting a sense of when a description by symbols is profitable.

-Being fluent and flexible in choosing alternative symbols.

-Revising statements according to changes in the phenomena
-Identifying equivalent meaning in non-equivalent symbolic description.

-Being aware of, and able to evaluate, the power (generality) of each
symbolic statement.

A microworld that can support the creation of such symbols' awareness at a naive
stage should include a large variety of numerical phenomena, tools to identify

patterns and an easy way to express ideas in symbols. That was our motivation in

designing Algebraic Patterns (Yerushalmy & Shterenberg, 1992).
DESCRIPTION OF THE MICROWORLD

The microworld, called Algebraic patterns attempts to address the following
needs:

-To provide a motivated arena for generalizations of numbers' phenomena

-To support generalization by providing tools of various levels.

-To allow dynamic changes of patterns to provoke higher levels of generality

-To support algebraic language as a language to conjecture about numbers

-To support algebraic language as a language of argumentations and proofs in
algebra.

The microworld Li built of three layers: The middle layer is the first layer the user

sees. It consists of a dynamic numbers' lattice which is a finite collection of either

a folded sequence or a matrix. The sequence can be folded in many ways, each

affects the patterns found between the rows. The lattice can be arranged in a

variety of geometric shapes and dimensions which affect the internal patterns in
the lattice. The upper layer consists of stamps which can be put down on the

lattice. The stamps act as 'lens' to help identify patterns. Local relations between
the cells in the stamp (of size 2 to 9 cells in various geometrical shapes) can be

described either by one variable, by many variables (according to the number of

cells), by functional relationships between the variables or by any mix of the
above methods. The bottom layer (usually invisible layer) is the index layer. It

identifies a location, either in a sequence or in a matrix and can provide global

language to describe the lattice: i.g. f(n) =n"2 -5 or f(n)-f(n-1)=5 or f(i,j)=5-j.

A AO 111 organizational look ia available 12 gm user;

The organizational tools help students collect numerical examples, make

algebraic statements, and digest the connection between numeric and symbolic
phenomena. The tools are: a window of examples (randomly chosen or
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intentionally stamped by the user) that can be screened for generalizations, a

table of values (in a single or two variables) of thestamped cells' which can be

screened for global generalizations, an option to locate each example by its

indices in the index layer and a window which assembles the list of statements

written by the learner. In figure 1 we present the lattice, the stamps, symbols and

generalization list.
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Figure 1: The major windows of Algebraic Patterns

A it of analysis tools serves it_ei learner in this microworld;

Analysis of the correctness of algebraic conjecture: The statements' window

presents judgmental feedback on each suggested algebraic conjecture. In

addition, a non-judgmental, "mirror" format feedback allows the substitution of

numerical examples into each statement.

Analysis of the 'generality power' of the conjecture: The software allows

reconstruction of hidden lattices using the user's descriptions (algebraic

statements). The 'power' of statement depends on the amount of variables used

in a single rule. A function description may need only a single input to describe

the whole collection of numbers while a rule connecting three variables will

require two independent inputs. Another 'test of generality' can be carried out

using geometric manipulations of the lattice. A statement that correctly describe

more than a single variation of the lattice can be considered more general.

SOME OBSERVATIONS
During the year of 92-93 we studied groups of learners using the Algebraic

Patterns. We report on an experiment conducted with 130 7th graders who had

used the microworld through guided inquiry in pairs for about 8 weeks with the

specific written activities and whole class discussions. This learning unit replaced
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the regular algebra introduction to variables and simple manipulations. The

experiment included comparison groups (80 students at the same school) who (at

the same time) learned the regular algebra I first units. The teachers were part of

a team, which we met and worked with for a year, implementing our intensive

computerized algebra curriculum. We observed the classes at various times and

prepared the discussions with the teachers as well as their final tests. We present

preliminary observations.

The need to use symbols to describe generalizations

A first striking impression raised in talking with and studying the students was

that even when they were primitive, or even incorrect, symbolic statements

turned out to he a popular way to express ideas. This impression was tested by

asking students to describe the behavior of a few sequences without requiring a

certain method or strategy to carry out this task. None of the groups

(experimental and comparison) had directly dealt with such tasks (the lattice had

never been presented as a sequence). Only three out of 80 comparison students

chose to use symbolic description of the sequence, while 25% of the experimental

group chose description by variables. These re:Albs fit the assumption that

students do not have difficulties generalizing a collection of numbers, but that

they will not naturally choose to do so in algebraic symbols. Some of the various

uses of symbols are presented in figure 2 below.
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Figure 2: Four different uses of variables to describe given numerical sequences

(experimental group's students)
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The impact of the 'local tool' on generalizations:
The stamp which acts as lens zoomed into the lattice was introduced to motivate
the search for 'interesting neighborhoods' of numbers, to ease the identification

of examples and to support the exchange of ideas using variables.
Observations from students' tests suggest that the stamp had these effects.

In the 'sequences problem', mentioned above, the stamp was voluntarily used to

identify connections among consecutive elements of the sequence; The most
common used stamp was the horizontal stamp (of 2 or 3 cells) which yielded

descriptions such as: a, a +2. a +2 (a mistake rooted in an attempt to describe

infinite sequence with a local stamp while the functional description f(n+ 1)-

f(n)=2 is more appropriate but not learned at that time yet) or x-10,x,x+ 10.

While the stamp was used as an immediate lens into the pattern, there was no

such use at the comparison groups.
In another item, the lattice problem, we asked to identify connections among

numbers in a lattice and to describe them using variables. The answers of the

groups were very different. While most experimental students formed stamps and
described the relations algebraically, only very few of the comparison group used

algebra to talk about the connections. One third of the comparison group
described the connections verbally (interestingly not even one experimental
student did that). The comparison group's students 'invented' stamps in order to
ease the descriptions and the generalizations. In figure 3 we present a typical

work from each of the groups.
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Figure 3: A lattice described by stamps and variables (right) by an experimental

student and another lattice, described by words and 'invented' stamps.
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The description of functional relationships in one or more variables
The literature suggests that in lower levels of understanding of variables students
use letters as a replacement of a single number. It also mentioned however that it

often seems to be an easy task to describe a connection between two adjacent
terms in a sequence using a single variable (a,a+ 1) but difficult to describe the

rule (or the function) that creates the sequence.

Since we watched students learning with the Algebraic Patterns in pilot studies

and realized that they tend to use many variables in each stamp we planned the

learning sequence start from their natural use (which we called the algebraic

imitation of arithmetic) and gradually led them from the generalizations in many
variables towards the reduction of the number of variables down to a single

variable.

Teachers reported that the use of many variables was a benefit to students and

especially to less able ones. It seems that for them writing conjectures after

naming the cells in many variables was easier than expressing the cells directly

with functional expressions. We consider this finding an important one and would

like to investigate its possible dependency on the learning sequence we used.

Meanwhile we would like to suggest two explanations using data from the tests

and the classroom: In the 'sequence problem' we found a noticeable difference

between the expressions used to described the first three sequences (arithmetic
sequences) and the Fibonacci sequence. In the fourth sequence, the use of
variables increased. Students who described the first three sequences in words

such as: "Jump 2 to get the next one.." could not find a description appropriate to

the Fibonacci sequence and decided to use algebraic language. The use of many

variables increased (the need to express that each number depends on the

previous two and the lack of algebraic recursive language at that time forced

them to use three variables c=b+ a.)
In the 'lattice problem', we found a clear differentiation among different

experimental classes. In one of them all students described the lattice using a
single variable and the teacher reported that she had emphasized the advantages
of using a single variable which other teachers did not do.

Teachers' priority are always an important factor of the students' actions however

another factor seems to intervene here: the hidden message of the assessment.

Quite often we defined the task as: "find as many statements possible..". Writing

in a single variable makes it more difficult for beginners to write many

statements; for example: when one fills the 'square' stamp with a,b,c,d one can

write: d =c+ 1, d =b+6,b= a+ 1, (a+ d)=(b+c) etc. However, filling it out with

a,a+ 1, a +5, a + 6 says a lot about the connections but makes it harder write other
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statements like: a +(a +6)=(a+ 1)+ (a +5) ,-or those just learning to use symbols.

Since at this preliminary stage students wett ilot worrying yet about algebraic

proofs, they wanted to create as many statements as possible and therefore did

not use the single variable description.
The above examples suggest that at the first stage of developing symbolic

awareness the use of multi variables description is useful. We assume that when

the emphasize on algebraic argumentation replaces the emphasize on symbolic

fluency the types of use of variables will change as well.

The perception of equivalence
Equivalence among statements, presented as a comparison of functions in a

single variable, are formally introduced later in our curriculum, following the of

symbolic rules. We did not plan to examine the equivalence among different

statements in this introductory unit (more than that, the statements had never

been named as functions). However, teachers kept telling us that students
developed symbolic awareness of equivalence of statements. Here is a script

taken from a group discussion in which the teacher suggested that the winner will

be the one with maximum different statements to a given stamp and a given

lattice:
I have b = a +2

I have more: I wrote b = a+ 2
h +1 = a+ 2 + 1
b +1 = a + 3
b+a =a + a + 2

Other students: "That is not fair, he has three same statements"

Why?
"Because all the statements describe the same thing. He is arguing the same

thing 4 times!"
There had been no discussion about equations or legitimate operations or any

other symbolic argument. This is an indication that the symbols ourstudents used

were meaningful to them.

CONCLUDING REMARKS
In the described experiment we concentrated only on the first stages of the shift

from arithmetic to algebra. In our newly developed curriculum this shift is wider,

deeper and longer. It is wider in the sense of other needs to establish the
foundations of algebra, such as the shift from words to graphs, from numbers to
graphs, from words to symbols, deeper in the sense of more serious work to do

along the way with this specific microworld. (we would like especially to
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emphasize in later stages the need to carry out proofs and argumentations in

symbols and to use global language (the language of functions)), longer in the

sense of the impact of such a construction of algebra on symbolic awareness, as

described above, at later stages.
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Changing Attitudes to Mathematics through Problem Solving
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University mathematics may he presented in (I way that causes many
students to cope by menumising what they perceive as a liAed body of
knowledge rather than learning to think fur themselves. This research studies
the effects on students' attitudes of a course }dish encourages co-operative
problem-soling coupled with reflection on the thinking activities involved. A
pre- and post-test revealed that attitudes changed significantly during the
course. Half the students stated belimehand that university mathematic% did not
make sense. A majority of these declared negative attitudes to mathematics as
abstract facts and procedures to be memorised. reporting an.xiety, fear of neu
problems and lack (:, confidence. After the course all measures investigated
improved, confirming that appropriate problem-salving can alter Alm/oils'
perception of mathematics as an active thinking pmcesA,

The teaching of university mathematics may be so formal that it teaches "the product of
mathematical thought rather than the process of mathematical thinking" (Skemp. 1971).
Over the last decade, a ten week. 30 hour problem-solving course has been taught at
Warwick University based on the framework of Mason, Burton & Stacey. (1982) to
encourage students to improve their mathematical thinking. In written responses,
students had often commented on their difficulties %ith fonnal mathematics:

Maths education at university level. as it stands. is based like Many subjects on the system
of lectures. The huge quantities of %sods covered by each course. in such a short space of
time, make it extremely difficult to take it in and understand. The pressure of time seems to
take away the essence of mathematics and does not create any true understanding of the
subject. From personal experience I knots that most courses do not have any lasting
impression and are usually forgotten directly after the esamination. This is surely not an
ideal situation, where a maths student can learn and pass and do %ken. but not have an
understanding of his or her subject. Third Year It urn la Mathentath A Student. 1991

The aim of the problem-solving course is to provide students v, ith an alternative view of
mathematics as a living activity. Each week students solve problems together in a two
hour session then reflect on their actions in a one hour seminar. 'they are never given
solutions, but are encouraged to share ideas and reflect on their effectiveness. Skemp's
theory (1979) of goals and anti-goals proves valuable in allowing them to focus on the
cognitive source of difficulties rather than the emotimal symptoms.

The Universiti Teknologi Malaysia has similar problems. There is a wider range of
ability (from the 50th to 90th percentile. with the top 10% going abroad for their
education). The students are dutiful and eager to please their teachers by working hard
and learning the procedures to pass the examinations. As one student commented "To
be good in maths requires rood toemory and lots of practice...
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Based on a pilot study in the University of Warwick, it was hypothesised that the
attitudes of UTM students could be fundamentally changed through a problem-solving
course of the type outlined above. The first-named author translated the materials to
Bahasa Malaysia (the languaue of instruction in the UTM) and taught a ten Neek, thirty
hour course.

The 24 males and 20 females taking part in the research were a mixture of third, fourth
and fifth year undergraduates aged 18 to 21 in SSI (Industrial Science, majoring in
Mathematics) and SPK (Computer Education). covering the full honours degree range
(see table 2 below). In the first two hour meeting each week. after an introduction by the
instructor, the students spent the major part of the time working on the problems in their
own in small groups of 3 or 4. After half an hour or so the instructor reviewed the
situation, to see how well things are progressing, ensuring that everyone is solving the
same problem and considering ideas generated by the students. She gave no clue nor
made any attempt to lead the students towards a possible solution. They were
encouraged to experience all aspects of mathematical thinkingformulating, modifying,
refining, reviewing problems and their solutions. specialising to simple cases,
generalising through systematic specialisation. seeking patterns, conjecturing, testing and
justifying. During the one hour meetinti. the students were encouraged to reflect on their
mathematical experience and talk about their attempts to solve problems. The instructor
commented on the effectiveness of the solutions, discussing where things may have gone
wrong, where students may have failed to take advantage of certain things, and ended by
summarising what the students had done.

The students' performance and attitudes were monitored by classroom observation, a
questionnaire at the beginning and end of the course, and semi-structured interviews.

Classroom Observation

Initially, the students were very confused. They kept asking questions like "What shall I
do now?" "Is this the right way of doing it?" when they became stuck after a frantic
attack on the given problem. For a kw weeks they showed enormous resistance. Little
by little the resistance was worn away until, after four weeks, they were slowly able to
make decisions and think for themselves. By this time they began to write a "rubric"
commentary outlining their problem-solving activity.

Their knowledge of mathematics is sufficient to solve all the given problems. At first
they were set simple problems which helped tremendously in giving them a sense of
success to help build self-confidence, not only in those who were unwilling to tackle
something new because they had failed in the past, but also those who were successful in
regular mathematics courses. The instructor herself has not solved all the problems given
in the course. On several occasions she solved a problem in front of the class, showing
that even a mathematician does not produce a neat, straightforward textbook proof. This
encouraged students to feel less reluctant to make conjectures which might prove to be
wrong on the possible route to success. Their discussion became livelier as they moved

402

1460



into doing things that they could explain to theirfriends, rather than simply satisfying the

course requirements or pleasing the instructor. Their problem-solving became " a more

creative activity, which includes the formulation of a likely conjecture, a sequence of

activities testing, modifying and refining," (Tall. 1991).

Questionnaire
An attitudinal questionnaire on mathematics and problem-solving, based on common

responses in a Warwick pilot study, was given to the students in the first week of term

and again following the course.

Section A: Attitudes to Mathematics
1. Mathematics is a collection of facts and procedures to be remembered.

2. Mathematics is about solving problems.
3. Mathematics is about inventing new ideas.

4. Mathematics at the University is very abstract.

5. 1 usually understand a new idea in mathematics quickly.

6. The mathematical topics we study at University make sense to me.

7. I have to work very hard to understand mathematics.

8. I learn my mathematics through memory.
9. 1 am able to relate mathematical ideas learned.

10. In a few sentences describe your feelings about mathematics.

Section B : Attitudes to Problem-Solving
1. I feel confident in my ability to solve mathematics problems.

2. Solving mathematics problem is a great pleasure for me.

3. I only solve mathematics problems to get through the course.

4. I feel anxious when I am asked to solve mathematics problems.

5. I often fear unexpected mathematics problems.

6. 1 feel the most important thing in mathematics is to get correct answers.

7. I am willing to try a different approach when my attempt fails.

8. 1 give up fairly easily when the problem is difficult.

Responses
Under each statement, students responded to a five-point scale: Y, y, n, N (i.e.

definitely yes, yes, no opinion, no and definitely no). Their responses arc given in Table

1. Rather than have separate columns for Y and y (which then have to be added to give

the total "yes" response), the table has total "Yes" (Y+y) in bold print and a column for

the subset "Y" who express the stronger definite opinion. The table reveals, for example,

that 34 students (77% ) regard mathematics as facts and procedures to be remembered,

with a subset of 18 (41%) expressing this opinion strongly (a "definite yes").



Mathematics Yes Y No N Solving Problems Yes Y No N
facts & procedures 34 18 8 2 2
solving problems 27 10 16 4
inventing new ideas 21 4 21 6
abstract 25 i3 17 0
understand quickly 9 0 30 5 5
makes sense 22 4 22 5 0
work hard 37 15 5 1 2
learn by memory 30 1 12 2 2
able to relate ideas 24 8 18 2 2

confidence 26 7 17 2 1

pleasure 43 25 1 1

only to get through 16 4 27 8 1

anxious 17 1 24 4 3
fear unexp..)cted 30 10 12 3 2
correct answers 21 4 21 3 2
try other approach 42 17 0 0 2
give up 19 3 24 9 1

Table 1 Responses for 44 students on the Pre -test Questionnaire
The table in this form conceals valuable information about individuals. Responses to the
statement that mathematics "makes sense" divides the students into equal groups, Group
S consisting of the 22 sit dents for whom it does and Group N, the 22 students for whom
it does not. Table 2 shows the degree classification of the groups.

Degree Class
Grou N (22 students) Grou S (22 students

11-2 1 Ill 1 P F 11-1 11-2 Ill P
SPK year 5

ill-1
5 2 11_ 0 0 0 3 3 0 0 0Students SPK year 4 5 3 0 0 0 2 4 I 0 0

SSI year 3 3 O1 0 1 0 0 1 2 0 0 0 0
Total 3 ; 13 5 3-1 117100

Table 2 . The distribution of students for whom mathematics makes sense (Group S) and does not (Group t)
The two groups have almost identical distributions, so there is no correlation between
examination success and whether the students consider mathematics makes sense. Table
4 shows the data for the two groups on the pre- and post-test for Part A. Items underlined
in column 1 show a significant (<5%) or highly significant (<1%) change in the total Yes
response (compared with No and ) using the X2 test with Yates' correction. Underlining
in the Yes columns refers to significant changes for each group.

Mathematics
Group N (22 students) Group SY(22 students)

Yes Y No N Yes Nu N
PA: P,,t l're Post Pre j'rw Pre Post Pre Post Ike l'OM Pre Pew Pre PO4: Pre Post Pre Pot

facts & procedures 4 20 6 16 2 1 /6 1 4 1 0 14 5 2 / 7 16 1 4 1 1
solvingproblems T 9 21 2 /0 13 0 4 0 0 1 18 21 8 1/ 3 0 0 (1 1 1
inventing new -ideas 1 6 18 1 8 14 2 4 0 2 2 15 19 3 7 7 3 2 0 00
abstract 1 21 11 12 7 I 8 0 0 0 2 4 4 I / 16 18 0; 2 0
understandguickly ' 4 8 0 0 13 12 2 / 5 2 5 12 0 3 17 9 3 1 0 /makes sense 0 14 (1 2 22 7 5 0 0 1 22 21 4 3 0 0 0 0 0 1
work hard 4 19 15 6 5 1 5 0 0 2 2 18 /3 9 i 4 8 I 0 0 1
learn by m e m o r y 4 17 6 1 0 3 15 I 3 2 1 13 5 0 0 9 16 I 4 0 /
abl):1" relate ideas 1.' 6 14 1 4 14 7 2 0 2 1 18 21 / 7 0 1 0 0 0 0

Table 3 Responses to Part A of the Questionnaire
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Figure 1 shows the percentage of total "Yes" responses (Y plus y ) to the statement that

"university mathematics makes sense ". Group S remains at I(10% positive before and

after. but 64% of Group N change from "No" to "Yes".

I.:nivet.sity mathematics makes sense

OIL

near

00

0

00
0

20 40 60 80 100,,

F gure 1 University mathematics "makes sense'

Figure 2 shows the same bar-chart layout for the other statements, re-arranged to place

related statements side by side.
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Figure 2 . Attitudes to Mathematics

Each graph tells a consistent story, supported by significance tests front Table I.

(a) There is a significant decrease in the perception of mathematics as facts

and procedures to be remembered (from 91 04 to 27% in Group N) and the

perception that university mathematics is "abstract" remains low in Group

S, whilst diminishing significantly in Group N.
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(b) A significant overall increase in perception of mathematics as solving
problems and inventing new ideas, changing mainly in group N.

(c) Significantly more students overall now claim that they understand ideas
quickly and can relate mathematical ideas together (mainly group N).

(d) Significantly fewer students overall claim they have to memorise ideas
and fewer claim to work hard to understand (not statistically significant).

Results of Section B : Attitudes to Solving Problems

The data from section B is given in table 4.

Solving Problems
Group N (22 st idents) Group S (22 students)

Yes Y No N Yes Y No N
Pr,: Post NC Post Pre Post I've Post Pre Post Pie Post I've Post Pre Post Pre Post Pre. Post

confidence 7 9 16 I 3 13 5 I (1 0 1 17 20 6 9 4 1 I 0 1 1

pleasure T 21 21 1 1 9 1 0 I 0 0 1 22 21 14 /2 0 0 0 0 0 1

only to pet through 1 14. 4 4 0 8 16 2 9 0 2 2 0 0 0 19 21 6 8 1 1

anIdous .1 12 6 1 0 8 15 1 1 2 1 5 0 0 0 16 21 3 8 I 1
fear unexpected 1 17 6._. 7 2 3 14 1 2 2 2 13 4 3 / 9 17 2 7 0/
correct answers 1 11 2 3 0 8 19 2 5 1 1 8 3 1 / 13 17 1 6 1 2
try other approach 7 21 ^21 8 9 0 0 0 0 1 1 21 22 9 // 0 0 0 0 1 0
give up 1 13 3----- 1 0

- 8 19 3 8 1 0 6 2 0 0 16 18 6 12 0 2
Table 4 : Responses to section B of the Questionnaire

A subset of these results is displayed pictorially in Figure 3, re-arranged as before.

(e) Confidence increases overall from pre-test to post-test and the pleasure in
solving problems starts very high and stays there.

(f) Anxiety when faced with problems is reduced to a low level in both
groups (zero in Group S), whilst fear of the unexpected falls significantly.

(g) Willingness to try a new approach remains very high in both groups: the
tendency to give up with a difficulty reduces significantly to a low level.

(h) Extrinsic pressuresolving problems only to get through the course
reduces significantly overall, and (possibly due to a willingness to try out
ideas) concentration on getting correct answers reduces significantly.

Before the course, Group N display many negative qualities, 64% are motivated to do
problems "only to get through the course" and, though all but one derives pleasure from
solving problems, 55% feel anxious, 77'7 experience fear of the unexpected, 59% give
up easily and only 44% feel confident. In contrast, Group S has a majority of positive
responses everywhere except for a fear of the unexpected they arc confident, take
pleasure in getting solutions, have low anxiety, are willing to try a new approach without
giving up too easily, and see mathematics as more than getting right answers.
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Figure 3 : Attitudes to Problemsotving

On all items in both section A and B there is a positive change, except for some so

extreme that little change is possible. in many cases the marked distinctions between
Group N and Group S is considerably lessened. In particular, increase in confidence
(graphs (e)) is associated with viewing the task as a positive goal to be achieved, and

decrease in anxiety and fear (graphs (f)) is associated with the diminution of the negative

feeling of wanting to avoid failure (an anti-goal in Skemp's theory. 1979).

Student comments
In the questionnaire, the students were asked to write a few sentences describing their

feelings about mathematics. In the pre-test. the feelings of both groups seemed very

much influenced by three factors: the nature of mathematics, personal feelings (such as

motivation, interest, pressure etc.) and teaching methods. In Group N, of 7 responses

related to the nature of mathematics; 5 were negative saying it is 'too abstract', 'seems
pointless', and 'theory more difficult than practice'. Thirteen responses relating to

personal factors included 10 negative, such as 'lack of motivation'. 'put off by amount

that needs to be done' and 'puzzled by what is going on'. The positive feelings were

mostly about it being 'enjoyable and challenging'. 'great sense of satisfaction when able

to understand new concepts and to solve problems' and 'effort put in is worthwhile'.
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Five responses relating to teaching were all negativesuch as 'difficult to follow' and
'delivered in a dull atmosphere'. In Group S. there were 5 responses related to the nature
of mathematics (3 positive), 14 responses about personal factors (12 positive) and 3

responses about teaching factors (all negative). Overall, in the pre-test, only 22% in
Group N express positive feelings in comparison to 68% in Group S.

After the course the comments improve dramatically as is shown by Table 5. (The
percentages do not add up to 100% due to response, including more than one factor.)

Group N Group s
Positive Negathe Positive Negative

Pre PostPre i Past Pre ; Post Pre ! Post
nature of mathematics 9 1 23

14 i 64
0 0

23 i 5

45 I_11
23 ! 14

14 32

55

0 , 0

9 I 5

9 9

14 , 5

_personal
teaching

Table 5 Classitication of written responses

Comments written after the course include:.

Maths has always given me a lot of problems because 1 don't have the ability for
memorisation. ... Now that I know about mathematical thinking, my interest and desire to
learn maths have increased. (male. 4SPK)

This is the first time that I have actually used math., to think. Before 1 just learnt maths to
pass the exam. (female. 4SPK)

The way maths is taught here, it seems as though it is difficult and !erring.... There is no
opportunity to display one's creativity. This makes it real dull and frustrating. (male. 5SPK)

am beginning to think instead of just doing the tutorial questions.... I think 1 am learning
more because I understand 1% hat is going on. (female. 3SS1)

The course should have been introduced earlier. ... After follow ing the course I am more
confident to solve any maths problem that is given. (female. 5SPK)

These are consistent with the classroom observations and the changes intimated by the
questionnaire, supporting the hypothesis that the course in problem-solving changes the
attitudes of students from mathematics as a body of procedures to be learned to
mathematics as a process of thinking.
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VYGOTSKIAN APPLICATIONS IN THE ELEMENTARYMATHEMATICS
CLASSROOM: LOOKING TO ONE'S PEERS FOR HELPFUL EXPLANATIONS

Vicki Zack, St. George's School, Montreal, Canada

After discussions regarding non-routine problems were concluded, the 24 students in the

author's own Grade 5 classroom were asked to indicate in writing whether at any time
during the discussions (which took place in pairs, then in groups of four, then in a small

group of 12) they found an explanation helpful. If yes, they were to indicate who gave the
explanation, and to try to state how it was helpful. The adept peers in the classroom
garnered the majority of the votes. Several categories or types of helpfulness emerged
from the children's responses. These related to help Ms a-vis (1) the parameters of the
problem, (2) important but straightforward information, (3) help with problem-solving
strategieslthinking, and mathematical concepts, and (4) alternate approaches to
solutions.

How is knowledge acquired? and What role does social interaction play in
that acquisition? As a teacher-researcher in my own elementary school classroom
(10-11 year olds), I have been engaged in investigating the ways in which peers
interacting together can contribute to the construction of their knowledge. The
constructivist position is that "cognition is an invention, not a reproduction; we
reassemble (construct) information taken from the outside world in ways that allow
us to make personal sense of it" (Miles & Huberman, 1990). The most prevalent
metaphor in the decade of the 80's was that of children as builders, actively filtering
new information in light of what they already know in order to revise their
personal, dynamic, ever-changing model of meaning (Pearson, 1993, p. 502). From
Vygotsky, researchers have focused on the social nature of learning and the key role
which peers and teachers play in facilitating the learning of individuals. Vygotsky's
zone of proximal development-- the difference between the learning a child can
construct on her own and what she can accomplish with the assistance of someone
else (a teacher, a parent, or a knowledgeable peer)--might well be "the most popular
learning construct of the 1980's" (Pearson, 1993, p. 503). Vygotsky's theory, and the
investigation of the social construction of knowledge, is gaining a following among
researchers in mathematics education (Yackel, Cobb Sr Wood, 1991; Sekiguchi, 1993;

Olivier, Murray & Human, 1993; Forman, 1992). Moll has however pointed out that
despite the fact that Vygotsky's ideas gained newfound visibility in the 1980's, there
is a dearth of writings related directly to education (1990, ix).

Classroom set-up

St. George's is a private, non-denominational school, with a middle class
population of mixed ethnic, religious, and linguistic backgrounds; the population is
pre-dominantly English-speaking. The total class size this year is 24; however I
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always work with half-groups (12 children in each group) of heterogeneous ability.
Problem solving is at the core of the mathematics curriculum in my classroom;
non-routine problems are drawn from various sources (Charles & Lester, 1982;
Meyer & Sallee, 1983, and others). Mathematics class periods are 45 minutes each day
(and are at times extended to 90 minutes). Problem solving is the focus of the entire
lesson three times a week. in class the children often work in Groups of Four teams:
each teacher-selected heterogeneous team has 4 members, a problem is given, is
either worked through by the members together from the start at their table, or
begun by each child and then discussed together at their table (the members select
the approach they favour). The children work first with a partner, and then when
both pairs are ready, the two pairs discuss the solution to the problem together as a
Group of Four. When the three teams are ready (they consider themselves ready
when all team members have "understand" the solution--any member can be called
upon to present, although they usually present on a rotation basis), they gather
together. Presentations of the solutions to the whole group of 12 take place at the .

chalkboard. Each week the children also work on one challenging problem at home
(Problem of the Week), and are expected to write in their log about all that they did
as they worked the problem. The children present their Problem of the Week
solutions to the class.

I videotape a pair and then their team (Groups of Four) on a rotating basis,
and videotape all the presentations done at the board (Groups of .Four team
discussions, and Problem of the Week discussions), and observe and take notes
during the sessions. Much of the class session is conducted by the children. Data
sources: focused observations, videotape records, student artifacts (copybooks),
teacher-composed questions eliciting opinions (written responses), class discussions
regarding research topics.

A look at helpful explanations

I know from the results of previous inquiries I have made among the
children I teach that they do find talk and peer-given explanations helpful when
engaged in solving non-routine problems, especially when they are stuck, as for
example, if they realize that they did not understand the problem, or that they got
the wrong answer (Zack, 1993). The children value "clear" explanations, but to date
we have arrived together at only a general definition of what constitutes a "clear"
explanation (Zack, 1993). We will be continuing to finetune our definition. Most
pertinent to the issue at hand here in regard to explanations, however, is that my
adult perspective and the vantage point from which the children see the same peer-
given explanation diverge at times. As classroom teacher I am constantly assessing
the explanations and presentations given by the children as they work. In the course
of doing so over the last four years, I have discovered that at times what I have
judged to be a clear explanation is not necessarily considered to be so by the children.
Yackel and Cobb (1993) have written recently about what they call adequate and
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inadequate explanations. A child-given explanation may sound eminently clear to
the adult teacher, but if the child listening does not connect with it in a way that
helps her make meaning of it, then it is inadequate for that listener.

Hence, I decided to inquire in order to see what the children would say.
Which explanations would the children judge to be helpful to them? Which
children are the ones seen to be giving the helpful explanations? What kinds of
help do the children value? Would there be a pattern regarding when these helpful
explanations are seen to be given, that is during the work done in pairs, in the
foursome, or in the group of twelve?

And so, after the discussion of the problem was concluded, I asked the
children to write a response to the following question:

Was there an explanation given by a fellow student that helped you to
understand the problem? or helped you to understand the
problem better? If yes, tell me the student's name. If you can, tell
me how or why the explanation helped.

I must clarify that when I first began, I posed the question as a recall question at the
end of October 1993. I asked the children to think about the problems done in
September and October (10 problems), and to answer the above question. In
November and December, 1993, I asked the students to write a reply to the question
above immediately after the conclusion to the discussion of each problem. There
were 11 problems discussed during the November-December months. The child
could nominate one, more than one, or no candidates, provided that they supported
each one of the nominations with a reason. The total number of nominations (see
Table 2) would have been higher had I used the November-December approach
from the start in September. As it was, the number of November-December
nominations outnumbered the September-October nominations by a ratio of 4 to 1.

The type of help the children felt that the explanations provided

As I considered the students' written responses, it was possible to see
emerging a number of 'categories' of types of help the children felt the explanations
were providing. The term 'categories' is not quite right in that they are not discrete;
they overlap and at points are closely interconnected. All are important. The ones I
was most interested in were the ones dealing with conceptual issues (3A, 3B, 3C,
below), and alternate approaches to problem solutions (4, below). I know from
previous findings that reference to alternate approaches and valuing of these
approaches does not occur frequently (Zack, 1993), thus I was especially alert for
evidence of any such occurrences.
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TABLE 1

Brief description of types of help children identified

#1 Parameters or conditions of the problem: The child felt that the peer explanation had helped
her to better understand what the problem was requiring her to do, and what the conditions
were.

#2 Factual information: The child felt that the peer explanation had provided information
needed for the solution; I coded it as #2 when I deemed it straightforward information. Eg. the
distance between the bases in a baseball diamond is 90 ft. (This was the basic information
needed in a problem which required that the children think about area, before they had
learned the algorithm for area.)

#3 How to solve the problem:

#3a How to determine the problem-solving strategies to use, how to organize your information, your
thinking.

#3h How to represent your ideas with mathematical symbols, eg. fractions or decimals, and what
that means, eg. what does 1 /3 represent (as part of a whole, as equivalent to 2/6, and as a way
to solve the problem), or what is a right angle and is it still a right angle in different
orientations.

#3c Focusing on the essence of the problem. The children noted an element which I as teacher have
termed the essence or key idea in a problen It has much to do with the other conceptual
elements and with the conditions of the problem noted above, but is central to the problem. I am
not suggesting that the children when noting it are picking out that it is essential; in only one
instance has a child presenter (highly adept) spoken specifically about key ideas.

Presenting an alternate solution to the problem, a solution which is simpler (i. e. more
economical) or aesthetically more pleasing. Two students last year, and two this year (all
adept) stated that hearing an alternate solution helped them to better understand the problem
itself or their own thinking. (See aesthetic reasons, Zack, 1993)

Unable to classify. Some responses were vague. For example, "She helped me understand it
better" attested to the fact that the explanation was helpful but the child did not specify how,
and when interviewed could not elaborate.

When interviewed, the children shed light on how the explanations helped
them. What struck me was that some children were aware that the explanation
helped them with only one component, and that they were still in the dark about
the picture, the problem, as a whole. One child, Eric (less adept), said, for example,
that his partner Janet had helped by telling him "what 1 sixth means", but he
quickly added that he "didn't really understand the problem, just the two quarters";
"two quarters" functioned here as his shorthand for "fractions". He was able to show
how what his group-of-four team-mate Janet did and said helped him recall having
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learned about the 'pie' chart (in sixths) back in his old school (i. e. three years ago).

In talking about the same problem as Eric was referring to above, another
student, David, who was adept, credited a peer explanation (by an adept peer) with
providing the missing puzzle piece that he needed to solve the problem. David
impressed me with his grasp of the larger picture; he seemed confident about how it
all fit together.

In another instance which caught my attention I saw that two adept students,
Jeff and Abe, were sparked in their thinking by two less adept children, Sheree and
Karen, whose explanations served as catalysts to Jeff and Abe (see the shaded boxes
in Tables 2 and 3), although Sheree and Karen were not themselves able to solve the
problem nor follow the thinking of those who did solve the problem correctly.

A high number of nominations for helpful explanations go to the "able" peer

As the data on Table 2 indicates, a substantial proportion of the votes went to
the children who are adept. My first global assessment of the children's
achievement was done in November, 1993, prior to my analysis of the children's
responses regarding helpful explanations.

I will note briefly my criteria for assessing a child as adept, moderately adept,
or less adept vis-a-vis problem solving. The adept children (this year: 5 boys, 2 girls)
often "get" the problem solution fairly early on or prior to the large group (group of
12) discussion, can see miscues and revise, can explain their thinking in talk and in
writing and are often on the right track. The moderately adept children (this year, 4
girls) "get" a number of problems prior to the large group discussion, can sometimes
see their miscues and revise, can often explain their thinking in talk and in writing
and are sometimes on the right track. The less adept children (this year: 9 girls, 4
boys) cannot solve many of the problems, often cannot see miscues and revise, can
sometimes explain their thinking in talk and in writing and are often not on the
right track.

The analysis of the data indicates not only that a good proportion of the vote
went to the adept peers, but also that a good proportion of these votes dealt with
issues related to problem solving and to mathematical concepts. In regard to #3a,
problem-solving strategies and ways of thinking about the problem, 29/40 or 72%
went to the adept group; in terms of class members, this group represents 7/24 or
29% of the class.
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Discussion of the findings

The findings seem to indicate that the children do nominate the explanations
of the more adept more often than others. Sierpinska has suggested that
"understanding is irrevocably linked with . .. explaining (which has traditionally
been separated from understanding)" (1992, 78). Hence it may then follow that the
ones who have a better grasp are the ones who will tend to give the better
explanations. As one of my students stated last year: "If the person really
understands the problem, they should have a good explanation." In the next phase
of the study, I will be analyzing the videotapes of four of the children nominated as
able explainers, in order to see whether I can identify some characteristics of good
explainers and of good working partners, for as I have stressed elsehere, the
cognitive, social and affective aspects are intertwined (Zack, 1993). I will also be
taking note of the characteristics of the explanations of the less adept children who
are paired with the afore-mentioned able explainers. We need to consider the
attributes of the explanations of all the children.

It is possible that many votes went to the children whose explanations
reflected the correct solution. The nominating was done after the discussion was
concluded, and after the class had agreed upon what was the correct answer. Perhaps
some of the discussions which had occurred along the way may have contributed to
the children's construction of meaning but the children may not recall those as
such. Explanations which are embedded in the flow of the talk, especially in the
beginning phase, may be harder to distinguish than those offered towards the end.
Two children last year made note of the fact that it is easier to follow the discussion
during the large group (of twelve) session due to the fact that the possibilities have
been narrowed down somewhat (Zack, 1993). When I asked the children in January
to indicate whether the explanations they had cited as helpful occurred during the
time they were working in a two-some, or when in four-some, or when they were
part of the group of twelve presentation, the results were 23 occurrences when in
pairs, 15 when in a four-some, and 58 when in a group of twelve,

It is also possible that the patterns of talk might be gender-based, with males
tending more to 'holding the floor' presentations, and with females feeling more
comfortables with collaborative, 'side-by-side' talk and building together (Edelsky,
1984, cited by Belenky et al., 1986, p. 145). The children may identify the notion of
explanation with the 'holding the floor' stance, and as mentioned above, may not
see the kernels of explanation when they are embedded in the flow of the talk.
There must be more work done on how mathematical meaning is shared, with
attention paid to the explanations given by children at all levels of achievement, so
that we can better understand the children's understanding and the means they use
to extend their ways of knowing mathematics.
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DIFFICULTIES WITH COMMUTATIVITY AND ASSOCIATIVITY ENCOUNTERED BY

TEACHERS AND STUDENT-TEACHERS

Orit Zaslaysky

Technion - Israel Institue of Technology

Irk Pe led

University of Haifa

This study explores difficulties that mathematics student-teachers and
teachers have with the concepts of binary operation, associativity and
commutativity and investigates their sources. These difficulties are
encountered while they are engaged in a task of generating special examples of

a binary operation. The findings indicate that the subjects have not formed an
integrated concept of binary operation. Their difficulties can he traced back to
earlier experiences, vet are not merely a result of exposure to over-emphasis

of a limited example space of binary operations. Early experience which
involves changing order of expressions seems to have caused confusion with

regard to the associative and commutative propel s.

Through their college education mathematics student-teachers and teachers have been exposed

to many kinds of binary operations, and have been engaged in'checking whether the associative or

the commutative properties hold for the relevant mathematical sets they have been dealing with

(Hadar and Hadass (1981) provide a broad collection of such binary operations). Nevertheless,

when asked in a study by Tirosh. Hadass and Movshovitz-Hadar (1991) to generate examples of

binary operations, which call for searching beyond the four basic operations, student-teachers failed

to do so. Tirosh et al. (ihid) attribute their failure to the strong hold of early experience. This study

investigates this issue further by looking at the types of problems the subjects encounter and by

searching for a more detailed explanation which is not confined to dealing with their experience

relating to the four initial operations.

The task used in Tirosh et al. (ihid) asks the subject to determine whether there exists a binary

operation which is either commutative and not associative (C & NA) or associative and not

commutative (A & NC). Such a case %%mild differ from each of the four basic operations extensively

dealt with in earlier experiences, for which either both properics hold or both do not hold.

Since this study does not focus on the issue of students' beliefs as much as it does on

explaining the sources of difficulties, the task used by Tirosh et al. (ibid) has been changed to

encourage subjects to make a stronger effort in search for special examples (as further detailed in the

method section). The study discussed here is part of a larger study in which subjects were asked to
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generate counter-examples (Zaslaysky & Pe led, 1994). The task of generating examples has been
shown by Bratina (1986) to be powerful in revealing difficulties.

METHOD

Subjects

Two groups participated in the study. One group consisted of 36 in-service mathematics
teachers, and the other group included 67 pre-service mathematics teachers, most of which were in
the third year of their undergraduate studies. The study was can-led out within the frameworks of an
in-service professional development course for mathematics teachers and of two university level
mathematics methods courses.

Research Instrument

The task analyzed in this paper with which the subjects were presented was part of a larger
study on the generation of counter-examples. The subjects were given a false statement (supposedly
suggested by a student), and explicitly were informed that the statement was false. Their task was to
produce at least one example to convince this (supposed) student that his statement is false. They
were also asked to specify in detail the process that led them to their response.

The false statement used in this study was:

Any commutative operation is also associative

RESULTS

Of the 67 student-teachers only 21 students (31%) suggested an example. The rest either did
not give an answer or stated (11 cases) that the wrong claim isa correct one. However, only 3 of the
21 examples were correct. In the second group, the 36 teachers, 20 (55%) teachers gave at least one
answer including 4 who gave more than one answer (yielding a total of 26 examples). The rest did
not give an answer and 2 of them stated that the claim was correct. In this group out, of the 26
examples 16 were correct.

Altogether 47 examples were constructed, 28 (60%) of which were wrong. These 28 wrong
examples were further analyzed in order to identify chi ,iculties exhibited in the process of generating
an example as required. Note, that two of the teachers constructed two wrong examples each. The
rest of the subjects constructed at the most one wrong example each. Four main categories of
difficulty were identified. These difficulties relate to:

I. The Associative property. This category includes three kinds of difficulties:
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- Wrong translation of the formal definition of Associativity to the specific operation

defined (e.g., for the operation a*b=la+bl , refuting the associativity by showing that:

la+bl+Icl *Ial+lb+cl , instead of: I la+bl+c I * I a+ lb+cl I ).

- "Over-generalization" of the associative property to hold for two distinct operations

(e.g., defining the operation as a*b=a-b (multiplication), and trying to refute the

associativity by showing that: (a.b)+c* a(b+c), instead of: (ab)c = a(bc) ).

- Including a superfluous condition for associativity which involves changing the order

in the expression (e g., for the operation of intersection of sets, defining the

associativity property by:

(A nfi)r)C = (Bnc)r, A. instead of: (A nB)rIC = A n(BnC) ).

2. The Commutative property. This category includes one main kind of difficulty:

- Confusing the operation sign with the number sign when changing the order of the

elements (e.g., for the subtraction operation checking the commutativity by showing

that: -2-3 = -3-2, instead of showing that:

-2-3 * 3 -(-2) ).

3. The notion of binary operation. This category includes one main type of difficulty:

- Producing an ill-defined or inappropriate operation (e.g., constructing an unary

operation: a*=a2-1, then checking its so-called commutative property by using an

inappropriate expression as follows: a*b=(a+b)2-1 ).

4. Logical inferences. This category includes one main kind of difficulty:

- Verifying that the defined operation is commutative by checking one special instance

(e.g., for the non-commutative operation a*b=ab , "verifying" that it is commutative by

showing that: 24 = 42 ).

Table I shows the distribution of difficulties exhibited in the responses to the task. Note, that

the discrepancy between the number responses analyzed (8 teachers' and 18 student-teachers', a total

of 26) and the total number of difficulties found (30) is due to the fact that in three responses more

than one type of difficulty was identified.

1194 97



'Fable 1: Types of difficulty

"I'pes of Difficulty

Group

l
(associatoel

2
(commutative)

3

(binary operation)
4

(logical)
Other

Student-Teachers

Teachers

6

6

3

1

3

0

2

1

6

2

Total 12 4 3 3 8

Looking as a whole at the two distributions of types of difficulty in Table I. no significant
difference was found between the moo sample-populations (on a Chi-square test, with value 3.37
(Pearson), p>0.491. Most of the difficulties were related to the associative property. This type of
difficulty was particularly frequent among the teachers (6 out of 8 teachers). The eight responses
categorized as "other" are cases in t%hich an operation had been checked and found to be associative.
Arriving at such an impasse the search was terminated without finding a counter example. These are
cases in which it is not completely clear whether the subjects realized that no correct example had
been generated.

DISCUSSION

The current study has shed some more light on the causes for the weak concept that student-

teachers and teachers hold surrounding related properties of the binary operation. Tirosh et al.
(1991) have suggested that extensive experience with special cases in the primary grades is the main
cause for the creation of the belief that binary operations are either C&A or NC&NA. The findings
of this study offer a more detailed explanation of this phenomenon which reaches beyond the mere
learning and over-emphasizing of special cases of binary operations. Most of the difficulties
identified as belonging to categories 1 or 2 (see Table 1) involve the issue of order . An examination
of the mathematics curriculum suggests that the way in which the issue of order is interwoven could
be a critical source of confusion. In the course of learning, there are many instances in which the
two properties -- commutativity and associativity -- are applied simultaneously without making a clear
distinction where exactly each one is used. This is not entirely farfetched, considering that the two
properties deal with sonic son of change in order: While commutativity involves the change in the
order of elements, associativity involves the change in the order in which the operation isexecuted.

For example, when a child is asked to calculate the following: 6+7+4, he is usually
encouraged to do it more efficiently by using the following strategy: (6+4)+7 . A careful analysis of
this strategy shows that, in fact, the two properties are (implicitly) applied interchangeably. First,
the associativity is applied, by: (6+7)+4 = 6 +(7+4). Then the commutative property is used in the
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following step: 6+(7+4)=6+(4+7). Finally, the associative property is applied again:

6 +(4+7)= (6 +4) +7. Since students are rarely expected to specify or justify each step, they often are

offered a general explanation fot this shortcut as a whole, by saying something like: the order does

not matter. In higher grades similar shortcuts are common with algebraic expressions instead of

numbers. These sort of experiences could easily contribute to the confusion between the two

properties, by putting them under one roof. Stein (1986) discusses the use of shortcuts by

elementary mathematics teachers, and suggests that some teachers introduce them without a clear

idea of why they work. No wonder, therefore, that some students tend to think of commutativity

and associativity as dependent properties, as indicated in Tirosh et al. (1991).

The issue of order can also account for difficulties related to the associative property in itself.

The incorrect cases in which associativity was checked for two distinct operations could be traced

back to discussions on the topic of conventions regarding order of operations. These discussions

often involve checking the truth value of statements such as: (a+b)c=a+(bc). This expression

looks much like the expression for associativity: (a*b)*e=a*(b+c), except that it deals with two

distinct operations instead of the same one.

Difficulties connected to the commutative property (see category 2) can also be elucidated by

past experiences. The treatment of two inverse operations as interchangeable (e.g., subtraction of a

number is equivalent to the addition of its opposite), seems as a source of confusion regarding the
commutative property. This principle could lead to the inappropriate substitution of one operation

with its inverse (e.g., 5-2=5+(-2)=-2+5 ) in the course of checking whether one operation is

commutative . A similar problem arises from the involvement in moving elements around in a given

expression by attaching the operation sign to them (in the last example the subtraction sign could be

seen as attached to the number 21. Consequently, these two approaches lead to the inference that a

non-commutative operation (such as subtraction) is supposedly commutative.

CONCLUSIONS

In the current study it was established that both mathematics teachers and student-teachers

struggle through the concept of Binary Operation as well as the commutative and associative

properties which relate to it. This struggle seems to have emerged from past experiences, in which

much confusion had been created by the recurring theme of Order appearing in several different

meanings and contexts. Considering that these salient difficulties were exhibited by grown-ups who

have studied many advanced undergraduate courses in mathematics, it can reasonably be expected

that children encounter similar, and perhaps even stronger. difficulties. Those undergraduate

courses should have provided the students with an opportunity to resolve these difficulties. Clearly.

these courses did not facilitate the integration of the scattered pieces into one full concept. The lesson

to be learned is that this kind of integration should he done explicitly up front and not be left entirely

to the individual.
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DIVISIBILITY AND DIVISION:

PROCEDURAL ATTACHMENTS AND CONCEPTUAL UNDERSTANDING

Rina Zazkis and Stephen Campbell

Simon Fraser University

Abstract

This study contributes to a growing body of research on teacher's content knowledge in

elementary mathematics. The general subject matter under investigation is elementary
number theory. Specifically, we focus upon preservice teachers understanding of
concepts related to the multiplicative structure of whole numbers: divisibility,
factorization and prime decomposition. Twenty clinical interviews were conducted with
volunteers from a class of students enrolled in a professional development course,
'Foundations of mathematics for teachers'. We have adapted a constructivist-oriented
theoretical framework for methodological guidance in data acquisition, analysis and
interpretation. Results from this study reveal in detail the participants' strong dependency
upon procedures. Such procedural attachments appear to compromise and inhibit
development of more refined and meaningful structures of conceptual understanding.

Introduction
This report is based upon results from the first few months of a three year project

investigating preservice teachers' understanding of elementary mathematical concepts and

operations. The specific concepts involved pertain to elementary number theory. Herein we

present an abbreviated formulation of our theoretical and methodological approach and a

preliminary sketch of part of the cognitive terrain we are attempting to survey. Our objectives

for this study were:

(a) to explore preservice teacher's understanding of elementary concepts in the theory of

numbers with emphasis given to concepts involving divisibility and the multiplicative structure

of non-negative integers;

(b) to analyze and describe spontaneous cognitive strategies of solving unfamiliar problems

involving and combining those concepts;

(c) to adapt and extend a constructivist-oriented theoretical framework for the analysis and

interpretation of those strategies and the cognitive structures supporting them.

The results of this study provide a preliminary basis of a descriptive theory for the

development of cognitive constructs involving elementary number theory concepts, their

properties and relationships.
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Theoretical Framework

Action-process-object framework

The particular interpretation of constructivism used in this study is based upon

Dubinsky's action-process-object developmental framework (Dubinsky, 1991). Dubinsky
developed this framework as an adaptation of ideas of Piaget to the studies of advanced

mathematical thinking. Previously it has been used in studies of undergraduate mathematics
topics such as calculus and abstract algebra (Ayeres. et. a/., 1988; Breidenbach, et. al., 1992;
Dubinsky, et. al.. in press). We suggest this theoretic.: ,erspective is useful for investigating the

development of mathematical understanding in general and is not limited to advanced
applications. One of the goals of this study was to substantiate this claim.

The essence of Piaget's theory is that an individual, dis-equilibrated by a perceived
problem situation in a particular context, will attempt to re-equilibrate by assimilating the
situation to existing schernas or, if necessary, reconstruct particular scheinas enabling the
individual to accommodate the situation. Dubinsky holds that the constructions which may
intervene are mainly of three kinds -- actions, processes, and objects.

An action is any repeatable physical or mental manipulation that transforms objects in

some way. When the total action can take place entirely in the mind of an individual, or just be

imagined as taking place. without necessarily running through all of the specific steps, the action
has been interiorized to become a process. New processes can also be constructed by inverting
or coordinating existing processes. When it becomes possible for a process to be transformed by
some action, then we say that it has been encapsulated to become an object. We illustrate these
notions below as we explore the extent to which this theoretical framework contributes to an
understanding of number theoretical knowledge construction and development.

Method and Technique

Individual clinical interviews with preservice elementary teachers were conducted using
an instrument that allowed for the flexibility to probe and clarify participant understanding of

elementary number theoretical concepts. The instrument was designed to reveal the participants'
ability to address problems by spontaneous construction of new connections within their existing
content knowledge. The questions covered a spectrum ranging from elementary number concepts
(e.g. What does it mean to you that a number is an even number?) to more subtle and
sophisticated problems requiring deeper conceptual insight into elementary number theoretical
properties and relationships (e.g. What is the smallest positive integer divisible by every integer,
1 through 10?). During the interviews, each of which lasted for about one hour, the participants
were probed, when appropriate, for understanding that may not have been apparent from their
initial response. In circumstances where participants experienced difficulties with a particular
question they were encouraged to reflect upon and articulate, or otherwise express, the nature of
those difficulties. In cases where such activity proved inadequate in leading the participant to a
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realization of a solution or, alternatively, resolution of their difficulties, the interviewer would

progressively allude to, or provide, additional information. This method proved conducive to

uncovering and identifying the possible source and depth of conceptual and/or procedural

difficulties. In addition, this method incorporates an important diagnostic dimension, described

by Simon as a 'continuum of conncctibility', demarcated by clear distinctions regarding the

connectedness of an individual's knowledge as exhibited within the context of a clinical

interview (Simon, 1993). The interviews were usually concluded with general questions

regarding the participant's mathematical background, experience, attitudes, beliefs and mental

processes.

Data Source.
Twenty preservice elementary school teachers participated in the study. They were

volunteers from the group of students involved in a professional development course called

"Foundations of mathematics for teachers". The concepts/topics of factorization, least common

multiple, greatest common divisor, prime and composite numbers, prime decomposition and the

fundamental theorem of arithmetic, divisibility and alternative 'divisibility rules' for the numbers

2, 3, 5, and 9 were part of their curriculum. The mathematical background and experience of the

participants varied considerably, even though the interviews were conducted after the number

theory related topics were 'covered' in their course.

Analysis
The interviews were transcribed and categorized in terms of different questions, their

dift iculty, and identifiable cognitive patterns of various degrees of sophistication exhibited by the

participants. The action-process-object framework was used to guide the analysis of the

interviews for the manners in which the participants appeared to think about the specific topics

and problems presented to them. We illustrate an application of this model with an abbreviated

phenomenological analysis or 'genetic decomposition' of the concept of divisibility:

Divisibility - an abbreviated illustration of genetic decomposition

A construction of the concept of divisibility as a conceptual object starts with specific

examples of divisors. These divisors are usually small numbers such as 2, 3, 4 and 5. Initially,

divisibility by 3, for example, is an action: a learner has to actively perform division and obtain a

quotient of a whole number, with no remainder, in order to conclude a posteriori that a number is

indeed divisible, or not divisible, by 3. Later, the activity of division may be interiorized as a

conceptual process, such that the action is intended but not actually performed. In this case, the

student has conceptualized the notion that it is the division procedure itself that determines

whether or not a whole number satisfies the 'rule' or criterion for divisibility. In this way, the

action/process distinction can be used to distinguish between procedural activity and procedural
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understanding. Encapsulation of divisibility as an object begins with an awareness of the
concept of divisibility as an essential property of whole numbers independently of the procedural

aspects of division. The concept of divisibility at this stage is conceived as a bivalent, yes or no,

property of whole numbers. That is to say, when a and d are whole numbers, a is a priori either
divisible by d or riot divisible by d. More generally, 'divisibility by n', encapsulated as a
conceptual object, may be indicated when used to determine 'compound' divisibility properties:

For example, when divisibility by 2 and 3 is used to infer divisibility by 6; or when indivisibility

by 2 is used to refute divisibility by any other even number. We defer considerations regarding

coordinated and iterative structures, and the role of equilibration on encapsulation.

Interpretation of Results

We've identified several major issues and problematics from which we attempt to
thematize a general schema for multiplicative number structure. Previous discussion of
multiplicative structures (e.g. Vergnaud, 1988; Graeber, et. al., 1989; Greer, 1992) focused on

contextual situations. In this research we are interested in the development of cognitive structures

of number concepts and operations per se. In what follows we provide several examples which

identify potential sources of difficulty relating to procedural attachments in attaining conceptual

understandings.

Basic concepts/definitions: Mathematical vocabulary

It was found that a significant percentage of our participants experienced difficulties

grasping conceptual aspects of mathematical definitions, seemingly invoking various forms of

linguistic inference that provided a rational for preserving meaning in terms of procedural

understanding. A frequent claim was, for instance, that 3 is a multiple of 18, since "you'multiply

3 by 6 to get 18". In this case the meaning of the word 'multiple' was conflated with the concept

of factor, apparently due to a linguistic association with the activity of multiplication: "A

multiple is something you multiply with". Another common claim was that 5 is divisible by 2.

since "you can divide any number by whatever you want" or "5 is divisible by 2, but the result

isn't a whole number". In this case the concept of divisibility was conflated with the process of

division. Given the use of similar terms in these cases and others, many participants appeared to

be forcing the meanings of words like 'multiple', 'divisor' and 'divisible' into existent procedural

schemas, rather than accommodating them with viable structural modifications.

Development of divisibility concepts in terms of action-process-object

The majority of participants were not able to discuss divisibility as a relation or property

of numbers without performing division. This tendency is an indication that their construction of

divisibility has not developed beyond action or process. This can be attributed to the absence of a

conceptual basis that, when present, opens a path to deductive reasoning and prwlf strategies.
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Furthermore, the absence of conceptual understanding justifies and supports an adherence to and

a dependence upon specific examples that, in turn, reinforce a strictly empirical attitude towards

mathematics. The following excerpts from interviews exemplify this.

1: Suppose 1 have an even number which is divisible by 7. Say I've now divided it by 7.
Would I still end up with an even number?

S: You'd have to try. You'd have to try to see if it works.

The claim "you cannot be sure that the result is a whole number if you don't know what

the result is" seemed to be typical in this group of teachers. Thinking of divisibility as an action

is exemplified in the following excerpt:

Interviewer: Do you think there is a number between 12358 and 12368 that is divisible by

7?
Nicole: I'll have to try them all, to divide them all, to make sure. Can I use my calculator?
Interviewer: Yes, you may, but in a minute. Before you do the divisions, what is your

guess, what is your bet?
Nicole: I really don't know. If it were 3 or 9 / could sum up the digits. But for 7 we didn't

have anything like that. So I will have to divide them all. [Indeed, Nicole
performed several divisions to find the number that gives a whole quotient when
divided by 7 and only then answered the original question positively)

Nicole: Yes, there is one. 12362 divided by 7 is 1766 exactly. No decimal part. So this is

the number.
Interviewer: Do you think there is another number in this interval that is divisible by 7?
Nicole: I'll just keep checking, 'cause I can't see a pattern happening, I don't know an

easier way that you do it to find -- in a glance.

Thinking of divisibility as a process is exemplified in the following excerpt. This illustrates a

procedural understanding, rather than just a procedural activity, of division.

Interviewer: Do you think there is a number between 12358 and 12368 that is divisible by

7?
Jennie: Let's see. [performs long division without calculator] 12359 divided by 7 gives

remainder 4. So.. 60,61,62... 12362 will be divisible by 7.
Interviewer: Its interesting. How did you know? I haven't seen you doing division.
Jennie: If this one 112359/ gave remainder 4, the next one will give remainder 5, and the

next one--6, and the next one 7, which means zero or no remainder. So if you
divide 12362 by 7 there will be no remainder, it will be divisible.

It is interesting to note Jennies use of the future tense in the discussion of divisibility. Her

statement "if you divide...it will be divisible" may be interpreted as a transitional dependenceof

the divisibility property of the number on the procedural activity of division. Indeed, the

definition of divisibility is implicitly procedural: a is said to be divisible by b if and only if the

quotient alb is a whole number. But how can one be certain that the quotient is a whole number

without knowing what this number is? Achieving this certainty is a step towards mathematical

maturity as well as a step towards encapsulation of divisibility as a mathematical object.
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Awareness of and ability to apply the 'divisibility rules' helps to make this step. Divisibility rules

may help the learner to separate between performing division and considering divisibility as a

property of a number. On the other hand there is adanger that divisibility as a property of a
number may be reduced to seeking patterns of digits. For example, when one of our interviewees

was asked "Do you think there is a number between 12358 and 12368 that is divisible by 7?"

replied that 12358 was probably such a number since the sum of its digits is 14, which is
divisible by 7. More common (repeated three times in a group of 20 students) answer was: "I
would guess that 12363 is divisible by 7 since 63 is divisible by 7."

Roughly one half of the participants were thinking of divisibility as an action and one
half of the participants have interiorized the process for divisibility. Only one student in this

group demonstrated encapsulation of divisibility as an object. The following excerpt shows that

Pam perceived divisibility by 7 not only as an a priori property but also could explain how often

this property is found within a contiguou's set of whole numbers.

Interviewer: Do you think there is a number between 12358 and 12368 that is divisible by
7?

Pam: / think there is.
Interviewer: Do you know which number it is?
Pam: Not yet, but 1 can find it if you want me to.
Interviewer: No, you don't have to find it. But if you don't know what it is, how do you

know it is there?
Pam: Here we have 9 numbers. And I know that if I take any 7 numbers there will be one

divisible by 7, And here I have 9, which is more than 7.
Interviewer: Are you saying that if I pick any 7 numbers I wish there will be one divisible

by 7?
Pam: I didn't mean that, what I mean is if you take these numbers one after another there

will be one of them divisible by 7.

The understanding of the modular distribution of numbers that share a certain divisibility
property is further indication of 'objectivity' in Pam's divisibility concept. Pam's idea that "every

seventh number is divisible by 7" was a singular exception in the repertoire of this group of
preservice teachers. For example, Nicole, after finding the number divisible by 7 in the given

interval, was asked whether she could have predicted the existence of such a number without
calculating it. Her answer was negative, followed with the explanation: "the further you go, the
more they grow apart". This description was accompanied with a hand-waving that indicated

progressively increasing intervals. Has the process of repeated addition not been encapsulated?

Divisibility: proof and refutation;

In one of the interview questions participants were asked to consider the number
M=33.52.7 and decide whether it was divisible by each of the numbers 7, 5, 3, 2, 15, 11, 9 and
63. Asking participants to consider the number given in its prime decomposition, we hoped to
divert their attention from dividing when checking divisibility and motivate a focus towards the
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multiplicative structure of M. Still, there were several individuals who calculated the value of M

and then performed division by 7. On the other hand, there were individuals who easily

concluded divisibility by 7, 5, and 3, since "those were among the factors", but had to calculate

the value of M in order to check its divisibility by 15 or by 63. Determining the decomposition of

63 as 32.7 and then contrasting the prime exponents of63 to the prime exponents of M was a

strategy used by only five of our participants.
Another point of attention was that the 'proof of divisibility was in most cases more

readily achieved than the refutation. It may seem obvious to a mathematically inclined person to

claim that M is not divisible by either 2 or 11 since these are not factors in the prime

decomposition of M. More than half of our participants inferred divisibility by 7 or 5 by

considering the prime factors of M, but could not infer indivisibility by 2 or 11 using the same

approach. For some participants, the question about 2 seemed easier than the question about 11,

when they noted that "M is an odd number (as a product of odd numbers), so "2 can't go into it".

For them, the mystery of divisibility by 11 remained unsolved unless the actual division was

performed. We would like to suggest that these students may not 'believe', or at least not 'believe

in practice', in the fundamental theorem of arithmetic that assures the uniqueness of prime

decomposition. Most students could quote the fundamental theorem of arithmetic and exemplify

how the factors in the prime decomposition of a given number will be the same (but for the

change of order) and will not depend on which factor was found first. But when asked about

divisibility of M by 11, it was apparent that many students did not over-rule the possibility of a

"different decomposition". Another possible explanation for this phenomenon may be that

divisibility has been encapsulated to an object whereas 'indivisibility' has not.

Complexity of structure.,
Understanding 'divisibility by n' as a generalized object is likely to be proceeded by the

encapsulation of separate processes of divisibility for specific numbers. These encapsulations

need not occur simultaneously for all numbers. For example, in Nicole's interview we suggest

that she may be thinking of 'evenness', or divisibility by 2, as an object; of divisibility by 3 as a

process; and of divisibility by 7 as an action. At some point, one may speculate, a critical mass is

obtained and a generalization of the process of encapsulating divisibility for specific numbers

may serve as a catalyst for the encapsulationof 'divisibility by n'. These issues and others will be

the subject of further refinements of our theoretical framework andempirical investigations.

ISsam1212055C1'...inlatingailia011112fillg,
One of the tenets of Dubinsky's theoretical perspective is that hew processes may be

obtained from existing processes by coordinating existing processes or by inverting existing

processes. The tasks presented to participants in the interviews make it possible to observe their

constructions and their struggles with coordination as well as with inverting. The process of
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divisibility by 15 is a coordination of divisibility by 5 and by 3. It was found that tasks involving

coordination were problematic for many of our participants. Another major difficulty appeared

when participants were asked to do 'reversed tasks'. The ability to check whether or not an object

has a certain property appears to be easier than to construct an object that has such a property. In

our study, participants who were able to check successfully whether a number was divisible by

15 using simple divisibility rules for 3 and 5, had significant difficulties providing examples of 6

digit numbers divisible by 15 that are quite readily constructible using those very same rules.

When analysed and interpreted in terms of this theoretical framework, response to
questions and tasks such as these have worked particularly well in revealing the pervasiveness of

procedural attachments even when some degree of conceptual understanding is in evidence.

Educational Importance
We believe with Steffe (1990) and many others that improvement of mathematics

education starts with improvement of mathematical knowledge of teachers. Improvement of

mathematical knowledge of teachers starts with a deeper understanding of their existing
knowledge and its construction. This study provides details, or. using Shoenfeld's terminology

(Schoenfeld, Smith, & Arcavi, 1992). serves to provide a finer granularity of knowledge in the

domain of divisibility and factorization. Developing a conceptual understanding of divisibility

and factorization is essential in the development of conceptual understanding of the
multiplicative structure of numbers in .erieral.
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