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PME XVill PROCEEDINGS
Edited by Joiio Pedro da Ponte and Joiio Filipe Matos
Departamento de Educagio
Faculdade de Ciéncias da Universidade de Lisboa
Lisboa - Portugal

PREFACE

The first meeting of the International Group for the Psychology of

Mathematics Education (PME) took place in Karlsrure, Germany. in 1976.
Thereafter different countries (Netherlands, Germany, U.K.. U.S.A., France.
Belgium, Israel. Australia. Canada, Hungary, Mexico, Italy, Japan) hosted the
conference. In 1994 Portugal will host PME. The conference will take place at
the University of Lisbon. The University is a public institution devoted to the
creation, transmission and diffusion of culture and science. holding the
heritage of

—the foundation of University in Portugal, in 1288,

—the creation of the Lisbon King’s School of Surgery, in 1825,
—the creation of the Polytechnic School in 1837,

—the creation of the Higher Studies in Arts, in 1859,

—the institution of the University of Lisbon in 1911.

The Department of Education of the F: ulty of Sciences has a strong
record of commitment to research, teacher education and service in
mathematics education. We are pleased to be the host site for PME XVIII.

The academic program of PME X VIl includes

-~ 157 research reports

— 55 short oral presentations
— 28 poster presentations
— 4 plenary addresses

—- 1 plenary panel

— 11 working groups

— 7 discussion groups

ERIC =5




The review process

The Program Committee received a total of 184 research report proposals
that encompassed a wide variety of themes and approaches. Each proposal
was submitted to three outside reviewers drawn from PME membership who
were knowledgeable in the specific research area. In addition, one or more
Program Committee members read each paper. Based on these reviews each
paper was accepted or rejected. The short oral and poster presentations were
also read by one or more Program Committee members and on the basis of this
recommendation either accepted or rejected. If a reviewer submitted written

comments, they were forwarded to the authors along with the Program
Committee decisions.

List of PME XVIII reviewers

The Program Committee wishes to thank the following people for their
help during the review process:
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HISTORY AND AIMS OF PME

At the Third International Congress of Mathematics education (ICME 3,
Karlsruhe, 1976), Professor E. Fischbein of the Tel-Aviv University, israel, instituted
a study group bringing together people working in the area of the psychology of
mathematics education. PME is affiliated with the International Commission for the
Mathematics Instruction (ICMI). Its past presidents have been Prof. Efrain Fischbein,
Prof. Richard Skemp of the University of Warwick, Dr. Gérard Vergnaud of the
Centre Nacional de la Recherche Scientifique (C.N.R.S.) in Paris, Prof. Kevin F.
Collis of the University of Tasmania, Prof. Perla Nesher of the University of Haifa,
Dr. Nicolas Balacheff of the C.N.R.S. in Lyon, and Prof. Kath Hart of the University
of Nottingham.

The major goals of PME are: .

« To promote international contacts and the exchange of scientific information in the
psychology of mathematics education;

« To promote and stimulate interdisciplinary research in the aforesaid area with the
cooperation of psychologists, mathematicians and mathematics teachers;

« To further a deeper and better understanding of the psychological aspects of teaching
and leaming mathematics and the implications thereof

Membership

Membership is open to people involved in active research consistent with the Group's
aim, or professionally interested in the results of such research.

Membership is open in an annual basis and depends on payment of the subscription for
the current year (January to December)

The subscription can be paid with the conference fee.
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Poulos Andreas University of Salonica

Janet Elizabeth 116 Gurnards Avenue

Department of Education Binns Fishermead
Ostrovou 12-14 Milton Keynes

Fax n* 64453 Salonica Fax n° MK6 2EE
GREECE 0908 653744 UK

J.E BINNS@open.ac uk

Illana Amnon Center of Educational Tecnology Hava 20 Burla St
16 Klausner St. Bloedy -Vinner Jerusalem

! P.0O. Box 39513 93714

Fax n* Tel - Avv 61334 Fax n° ISRAEL

972 3 6422619  ISRAEL

1BBY@ RAV.OPENU.AC.IL

Michele Artigue 15 Rue Mademoiselie
Villebon Sur Yvette

91 140
Fax n* FRANCE
144 27 56 08
agligue@ malhp7.Jussieu.ir

Ana Mana Boavda Prac. Ricardo Jorge N3, 1°Esq.
Pragal
2800 Almada

Fax n° PORTUGAL

01 2954461
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Paolo Boero Dipartamento Matematica Univer it
Via L. B. Alberti, 4-1

16132 Genova

Fax n® ITALY

39 10 3538769

David Carraher 22 Railroad St. # 407
Andover
MA 01810

Fax n° USA

617 349 3535
DAVID_CARRAHER@TERC EDU

Marceto Borba Cx Postal 178
Depantamento de Matematica
UNESP

Fax n® 13500 - 230 Rw Claro-SP

? BRAZIL

UECB@BRFAPESP.BITNET

Jose Carrilio Universidad de Huelva

Dep. Didactica de las Ciéncias
Avda. Fuerzas Armadas, S'N
21007 Huelva

Fax n°
34 59 27 1000  SPAIN

Rosa Maria Bottino tstituto Per la Matematica Applicata -
N.R.
Via de Marini, 6
Fax n® 16149 Genova
39 10 6475660  ITALY

BOTTINO@IMAGE.CE.CNR.IT

Jame Dsl Rio ltam Rio Hondo N° 1

Castilho Tizapan, San Angel
01000 Atvaro Gbregon

Fax n® D.F. México

550 7637 MEXICO

JORIO@GAUSS .RHON ITA.M

Ada Boufi University of Athens - Pedagogics
Department Elementary Education
33 Ippokratous Str. Athens

Fax n® 10680

30 1 7210478 GREECE
aboufi@atlas.uoa.ariadne_t.gr

Olve Chapman Depto Cutnculum and Instruction

Ed T 702

2500 University Dr. N.W
Fax n* Calgary Aiberta
403 282 8479 CANADA

Gihan Marie
Boulton-Lewis

School of Lean ring & Development
Faculty otEducation, QUT

Locked Bag n®2, Red Mill, Qid

Fax n? 4059

07 8643987 AUSTRALIA

g.boulton_lewis@qut.edu.au

Christos Chassotis  Department of Mathematcs
Unwersily of loannina
loannina

G- 45110

Fax n¥
30 651 44112 GREECE

Chris Breen School of Education Dantel Chazan Michigan State University
University of Cape Town 116T Ercson Hall
Rondebosh East Lansing
Fax n? 7700 Fux n° M1 48824
021 650 34839 SOUTH AFRICA ? USA
CB@EDUCATION.UCT.AC ZA. dchazan@msu.bitnet
Anthony Mickage 17 Burton Road - Withington Carles Romero 1 Carretera Nova, 99, 3er, 24
Brown Manchester Chesa LaGarnga
M203GD Barcelona
Fax n? UK Fax n’ 08530
061 445 4068 3 581 1737 SPAIN
Alcia Bruno Departamento de Analisis Matematico Marta Cvit Department of Mathematcs
Castafied. Uni dad de laLaguna Unwverstty of Arizona
Lalaguna - Tenerte Tucson AZ
Fax n? 38271 Fax n° 85721
922 604023 SPAIN 602 621 8322 USA
ABRUNO@ULL.ES civik@math.arizona.edu
Ely Machado de R. Corte Real, 385 Apto 402 David John Clarke  Math. Teaching and Learning Centre
Campos Porto Alegre Australian Catholic Universtty 17
RS 90.810-080 Castlebar Road Oakleigh. Victoria
Fax n? BRAZIL Fax n® 3166
051 231 66 00 613 344 8739 AUSTRALIA
DavidClarke@mac.univ.edu.au.
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Douglas Claments  University of New York at Buffalo

Lilie R. F. Crowley  Division of Psysical Sciences and

Claude.Comiti@imag.fr

593 Baldy Hall Engineering Technologies, Lexington
Buftalo Community College Lexington KY 0235
Fax n® NY 14260 Fax n° 40506
USA 606 257 4339 Usa
LCROWLEY@ UKCC.UKY.EDU
Paul Cobb Vanderbilt University Robaert 8. Davis 501 South First Ave
Peabodg College Box 330 Highland Park
Nashwville N 2123
Fax n* TN 37203 Fax n® 08904 .
615 322 8999 USA 908 932 1318 USA
COBBP@VUCTRVAX bitnet rdavis@math.rutgers.edu.
Anne Cockburn School of Education Sandy Dawson 4172 Glenhaven Crescent
University of East Anglia - Norwich North Vancouver, BC
NR4 7TS V7G 189
Fax n® UK Fax n? CANADA
0603 259388 1 604 231 3203
dawson@siu.ca
Claude Comiti 1.U.F.M. de GRENOBLE - 30 Enk De Corte Center For Instr. Psych and Technology
Av. Marcellin Berthelot Univ of Leuvem
38 100 Grenoble Vesaliusstraat.2 Leuvem
Fax n° FRANCE Fax n® 8 3000
33 76871947 32 16 286274 BELGIUM

Jere Conirey Cornell U - Dept. of Education
Kennedy Hall; thaca
14853 - NY

Fax n® USA

607 255 1255
JC56@cornell.edu.

Bernadette Denys  5/7 Rue de la Comate
75007 Pans
FRANCE

Fax n®

33147538338

denys@mathp?.jussieu.ir

Thomas Cooney 105 Aderhold Hall Helen Doerr 526 Engineering Theory Center Bldg
University of Georgia Cornell University
Athens, Georgia hhaca, New York

Fax n® 30602 Fax n° 14853

706 542 4551 USA 607 254 8888 USA

TCOONEY®@® MOE.COEVGA EDU hdoerr@tc.cornell.edu

Moisés Conat Dep. de Dudactica de la Matematica 8rian Dog ACER

Benarroch Facul. de Ciéncias de la Education P O.Box 210
Campus Universitano de Cartuja, SIN Cambarwelt

Fax n® 18071 Granada Fax n* 3124

58 243949 SPAIN 03 277 5500 AUSTRALIA

MCORIAT@UGA.ES DOIG@ACER EDU.AU

Anbal Cortes Labpsydee - 46me St Jaques Tommy Dreytus Canter For Technologicat Education
75005 - Pans P.O BOX 305 HOLON
FRANCE 58102

Fax n® Fax n? ISRAEL

40462993 972 3 502 8967

NTOMMY®@ WICCMAILWEIZ MANN. AC IL

Kathryn Cramord 511 Silva st
Tawarama
NSW . 2026
Fax n¥ AUSTRALIA
61 2 692 4534

Kathyc@basse1 ¢s Su 02.au.

JanetM Duttin School of Mathematics
University of Hull

HUE 7RX

Fax n® UK

0482 456218
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pErnest@cen.ex.ac.uk

Laurie Edwards 129 Vallier Hall Domingos Travessa Terras de Sant'Ana 1§
Crown College, UCSC Fernandes 1200 Lisboa
Santa Cruz PORTUGAL

Fax n® CA 95064 Fax n®

408 459 4618 usa

edwards@cats.ucsc.edu

Nerida Etterton Faculty of Education Joaquin Ferter Dep. de Estadistica e Investigagion
Edith Cowan University Sanchez Operativa - Campus Univers. de Almeria
Pearson Street taCanada

Fax n® 6018 Fax n® 04071

61 9 387 7095 AUSTRALIA SPAIN

N.Ellerton@cowan.edu

Paul Ernest Univarsity of Exeter Uri Fidelman Dapto of Education
School of Education Exeter . Tecnology and Science
Devon Haifa 32

Fax n° EXi2wv Fax n® ISRAEL

392 264 736 UK

Gontran Ervynck

K. UNIV. LEUVEN

Keir Finlow-Bates  Southbank Universty S.C.1.S.M.

Espinel Febles

Univ. de la Laguna

CAMPUS KORTRYK KULAK Borough Road 103
KORTRYK London
Fax n° 8500 Fax n* SE1 0AA
32 56 246999 BELGIUM 071 8157499 UK
Gortran.Ervynck@felix Kulak.ac.be FINLOWK@UK.AC.SBU.VAX
{sabel Escud Depto Didactica de las Ciencias Mat. Efraim Fischbein  Tel Aviv University - Ramat Aviv
Unwversidad de Sevilha P.0.B. 39040
Av. da Ciudad Jardin N® 22 69978 TELAVIV
Fax n® 41005 Sevilha Fax n® ISRAEL
4645861 SPAIN 972 3 4609477
Maria Candelaria  Escuela Univ. del Protesorado de E.G.B

Misael Jose Fisico 3596 Davila St.

081 805 0702

jell2@UK.AC MIDDLESEX.VAXA

Makat: 1200
C/Heracho Sanchez.33.Tenerde Metro Manila
Fax n® 38204 Cananas Fax n* FILIPINAS
922 604023 SPAIN
MESPINEL@ULL ES
Anténio Estepa C’O bispo Alonso Vera, n°4 Robin Foster 3 Tarnbrook Close - Crag Bank
Castro 23008 Jaen Carntorth, Lancashire
SPAIN LAS 9UL
Fax n® Fax n° UK
53 212243
Joft Evans | Granville RD Fulvia Funinghetti  Dipartimento di Matematica
London Via Alberti 4
N4 4EJ 16132 - Genova
Fax n® Fax n® ITALY

39 10 3538769

Estela Kauiman
Faigueletnt

Fax n®
021 5516446

Rua Fre1 Leandro n*22 apt. 401
Jardim Botanico

R0 de Janeiro

RJ 22470 - 210

BRAZIL

Aurora Gallardo Nrcolas San Juann®1421
Col. Del Valia
03100 Mexico DF

Fax n® MEXICO

5 25 688 6111
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Elisa Gallo

Fax n®
44 602 791506 UK
TEZPGA @ UK AC.NOTTINGHAM.UNICORN.

Dipartimento de Matematica F. Ribero Universidade do Algarve
Universita di Torino Gongalves Campus de Gambelas
Via Carlo Alberto, 10 . 8000 Faro

Fax n* 10123 Tonmo Fax n® PORTUGAL

39 11 534497 ITALY

Rossella Garuu 7 - Fossoli di Carpi Simon Goodchild ~ College of St, Mark and St John Derriford
Via del Melograno Road Plymouth
Modena 41010 PI6 88H

Fax n° ITALY Fax n° UK

39 59 650810 44 752 761120

Peter Gates School of Education Zahra Gooya N® 4, 16th St. NASRKISHA
Nottingham Univaersity Ave lehran
University Park Notingham 14486
NG72RD Fax n° IRAN

Zangeneh@IREARN BITNET

Edward Martin Gray Department ot Science Education
Unwarsity of Warnick Coventry
CV47AL

Fax n° UK

0203 523237

Linda Gattuso 3417 Vendome
Monttreal
H4A 3M6
Fax n? CANADA
514 987 8477
GATTUSO.LINDA@ UQAM CA
Joaquin Gimenez  General Mitro 216
08006
SPAIN

Fax n®
34 32176887

Susie Groves Deakin Unwersity - Burwood
221 Burwood ‘Highway

3125

Fax nv AUSTRALIA

?

grovesac@deakin edu.au

Gerald A. Goldin ~ Rutgers University Scio Bldg. RM 239
Busch Campus

Piscataway, NJ - 1179

Fax n° 08855

1908 932 3477 USA
gagoidin@dimacs.rulgers edu

Lucia Giuguett Universita Degli Studi di Parma
Dipartimento di Matematica
Via Massimo d'Azeglio 857a
Fax n® 1-43100 Parma

33 521902350 ITALY

Colleen Goldsten  Maths Centre for Pnmary Teachers

Angel Gutierrez Dpto Didactica de La Matematica

P.O. Box 117 Unwv de Vaiencia
Auckland Park Apartado 22045
Fax n? 2006 Fax n® 46071t Valencia
011 726 1510 SOUTH AFRICA 34 6 3864487 SPaIN
GUTIERREZ@ MAC UV ES
Bernardo Gémez  Avda. Hispanidad, n8 Ont Hazzan Dept ¢t Science Education - Technwn
Alfonso Alzira-Valencia Israe! Inst of Tecnology
46600 Hada - 32000
Fax n* SPAIN Fax n* ISRAEL
346 3864487 972 4 325 445
TTRO1SO@TECHNION BITNET
Ines M® Gomez Visconde de Matamala 3 Josela Hernandez Cr/Malaquita. 1 - 44 C
Chaton 28028 Madrd Dominguez Santa Cruz de Tenente
SPAIN 38005
Faxn® Fax SPAIN
91 7259209 922 603544
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Rina Hershkowi Sci Teaching Dept.
Woeizmann Institute of Science Behovot
76100
Fax n® ISRAEL
972 8 344115
NTHERSHK@WEIZMANN.WEIZMANN.AC IL

Kioko Kakihana 2011 - 167 Sasagu
Tsukuba lbaraki
05

Fax n® JAPAN

0298 55 9880

Kakihana@Kasei.ac jp

Jos! Hille} Dept. of Math. Stats Concordia - 7141
Sherbrooke ST.W
Montreal Quebec

Fax n? H4B1R6
CANADA

jhillek®@VAX2.CONCORDIA. CA

Maria Kaldrimou  Early Child Houd Dep. of Education
’ University of loannina
Domboli 30 - leannina
Fax n° 45110
30 651 40823 GREECE

Meira Hockman P.O.Box 926
Gallo Manor - Sandton
2052 .
Fax n® SOUTH AFRICA
011 6401832

Lena Licén Khisty 216 So Maple Ave. n¥32
Oak Park. IL
60302
Fax n° USA
312 996 6400
U49827@UICVM

Mariela Orozco Traja18-20,4°% 3°E. A.

Hormaza Barcelona - 08004
SPAIN

Fax n°

343 4023602

Carolyn Kieran Dep. Math - INEO
Universté du Québec a Montséal
C P. 8888: Succ Centre-Ville
Fax n® H3C 3PS
514 987 8477 CANADA

R3IZ770@ER.UQAM CA

Ah-Chee IdaMok  Department of Curriculum Studies

Eugeny Kopelman Hebrew Uniersity High School

Universtat Bioleteld
Post Fach100 131
Fax n® 48100 Bretfeld 1
49 521 1062991 GERMANY

Unwersity of Hong Kong Ruppin Ste. 1
Poakfulam Road Jetusalem
Fax n® HONG KONG Fax n° 95435
852 8585649 ISRAEL
iacmoK@hkucc.bitnet
Bat - Sheva llany 27,B Agnon st. Ranna Tadato Kotagini 12.27 ban 1- chome - Kubota
43380 Okinawa City Okinawa
ISRAEL 904
Fax n® Fax n° JAPAN
‘972 3 5234117 098 895 6099
Hans Nigls Jahnke Insitut Fur Ddaktik der Mathemank Konrad Krainet IFFUniv Klagenturt

Sterneckstrasse 15
9020 Kiagenturt
Fax n® AUSTRIA
0463 2700 759

KRAINER@EDVZ UNI-KLAGENFURT ADA AT

Claude Janvier 367 Ave Victoria. Westmont Oue
Canada
H3Y 2R8

Fax n° CANADA

514 987 4637

Koicht Kumaga Joetsu Unwersity of Education
Yamayashik: 1 Joetsu-shi
Nugata-Ken

Fax n® 943

0255 26 8408 JAPAN

8arbara Jaworski  Universdy of Oxord Dept. Of

Educatonal Studies,

15 Norham Gardens. Oxford
Fax n¥ OX26PY
0865 274027 UK
JAWORSKI@UK.AC OX

Chronis Kynigos Kleomenous 19
Athaens 10675
GREECE

Fax n®

301 7249000

ckymigos@ATLAS UOA ARIADNE T GR

O
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011 339 1054

036PEL@WITSVMA WITS.AC.ZA

972 2617 673

Maria Okvialago  Facuitad de Psicologia Shukkwar: Susan  Dept. of Math & Scunce Educ. National
Marcos Campus de Somosaguas Leung Chia Y1 Teachers's College Minghsiung
28223 Madnd Chiayi. Tawan. R.O C.
Fax n® SPAIN Fax n*
3943189 386 5 2264114  CHINA
{law@mam.nsysu.edu tw
Paul Eduard Mathematics Dept. Liora Linchevski Hebrew University
Laridon P.O. Wits Mount Scoups
2050 i School of Education
Fax n° SOUTH AFRICA Fax n® 81 905 Jerusaiem

ISRAEL

Artuto Gonzalez
Larios

Fax n°
6 886111

Nicolas Sn. Juan # 1242
Colonia del Valle

D.F. 03100

MEXICO

Romulo Lins

Fax n¥
0195 340123

Av. 24- A, 1515 Malemalica
13500 Rio Claro - SP
BRAZIL

Christine Janet
Lawrie

Fax n®
067 729593

Dept. Science Technology and
Mathematics

Education University of New England
2351 Armidale

AUSTRALIA

charvey@ metz.une.edu au

Asuncion Lopez

Fax o°
003434023602

Pza. Espana n®5
Barcelona 08014
SPAIN

TTRAVIV@Technion Technion.AC 1L

Brenda Lee Night School Luu Feng Instit of Daniele Louzon Chavtar a Negb: 1126
Tecnnol. & Commerce Minhsiung Guilo - Jerusalem
Chia Y I, Twawan, Rep. of China

Fax n* Fax n¢ ISRAEL

? CHINA

BLEE@ALPHA t WFC.EDU.TW BP1795)ERUSALEM

Roza Leikin Deteh Yad Labanim Enc Love Centre For Mathematics Education
Hafa 32808 Open University, Wailton Hall
ISRAEL Mitton Keynes

Fax n° Fax 0¥ MK7 6AA

97 2 4 325 445 0908 652140 UK

e.love@open.ac uk

DLESH@ ROSEDALE ORG

lGOQ 734 1090

Stephen Letman Centre for Math. Edu Patncia Ann Lylle  Dept of Mathematics & Statistics
Southbank Universily Concordia Univers. Loyola Campus 7141
103 Borough road - London Sherbrooke St. West Montreal

Fax n® SE! 0AA Fax o’ Quebec H4B 1R6

071 815 7499 UK 514 848 2831 CANADA

LERMANS@UK AC.SBU.VAX R27141@ER.UQAM

Un Leron Dep.ot ScienceEducation Molie MacGregor  Dept of Sciences & Mathematics Educ.
Tecknion Israel Unwversity of Melbourne Parkvillle
insiitute of Technology VIC 3052

Fax n® Hada . 32000 Fax n* AUSTRALIA

972 4 325 445 {SRAEL 03 344 8739

ttr0 1 28@technion.bitnet MOLLIE_MACGREGOR@MAC UNIMELB.EDU AU

Richard Lesh 7 Madison St Carolyn Maher 30 Hey Ward Hills
Ptinceplon D Holmde!, New Jersey
NJ 08542 07733

Fax n? USA Fax o' USA

cmaher@ math.rutgers edu

[908 932 1318
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Nicolina A. Matara

Dipartimento di Matematica Universtd

José Manuel Matos R. Candido Guerrerro, 4. 1% Dio

H.Manstiel@educ.curtin.edu.au

Via G. Campi 2138 1000 Lisboa
41100 - Modena PORTUGAL
Fax n° ITALY Fax n?
0039 59 370513 294 1005
]lMOV.X::GREM |imm@mail.tct.un! pt
Joana Universiy of Macedonia Doug Mcleod San Diego State Univ.
Mamona-Downs Economics and Social Scwncas San Diego
Egnatias 156 P.0.Box 1591-Thessaloniki CA - 92182- 0315
Fax n® 54006 Fax n® usa
031 858497 GREECE - 1619 594 1581
DMCLEOD@Sciences. SDSU EDU
Helen Mansfiekd Facutty of Education Luciano Meira Federal University of Pernambuco -
Curtin University of Techology Mestrado em Psicologia Cognitiva. CFCH
Box U 1987, GPO Perth WA 8% Andar
Fax n° 6001 Fax n* Recife 50670-901 PE
619 351 2547 AUSTRALIA 55 81 2711843  BRAZIL

LMEIRA@COGNIT.UFPE BR

MARIOTTI@DM.UNIPIIT

Helona Marchand  Fac. de Psicologia e Educagio Mara do Carmo Av. Prassanguaba N° 237
Unwversidade de Lisboa Mendonga Sao Paulo S P
Alameda da Universidade 04060-000
Fax n? 1600 Lisboa Fax n® BRAZIL
7933408 PORTUGAL 011 275 8242
Mana Atessandra  Dipartimento di Matematica Ana Mesquna 6. Rue d’Anglevene
Marott UNIV. d PISA 59809 Lille
Via Buonarrot, 2 - PISA 512 FRISICE
Fax n? 56100 Fax n?
39 50 599524 ITALY 33 20 105454

Ana.Mesquita@univ_ i1 Fr

2Zvie Markovits

Fax n®
|972 4 239423

14 - A Gilboa St.
Haifta 32716
ISRAEL

John David 22 Batclifte Mount
Monaghan Leeds
L136 3PW
Fax n° ug
602 791506

TEZIM@TEN 2 NOTT.AC UK

Lyndon Charles
Martin

Math Ed Research Centie

CanddaMorera R Dr. Hennque Mranda. 149

Oxford Unwersity 4300 Porto
15 Norham Gardens Oxford PORTUGAL
Fax n° ox26PY Fax n®
865 274027 UK
‘LMARTIN@VAX.OX.AC.UK
Pedro Martinez Chislas Cies. Comunidad- Cervantes 4 Candia Morgan Departament of Mathematics
Lopez Atmena Statistics Computing Instit of Education
04720 Aguaduice Univ of London 20 Bediord Way
Fax n® SPAIN Fax n* WC1H 0AL
071 612 6686 UK
temscrm@uk ac ioe
John Mason Maths Faculty Cen Morgan | Meadow View, Okeys Lane
Opan University Fernhdi Heath. Worcester
Milton Keynes WR3 8 AL
Fax n*® MK7 6AA Fax n? UK
44 908 652140 UK 0203 523237
J.H.MASON@OPEN AC UK

40

BEST COPY AVAILABLE




Malca Mountwiten 26 Even Shmuel St

Jerusalem
97230
Fax n? ISRAEL
02 294054

Richard Noss * Dept. of Maths, Statistics and Computing
University of London Institute of Educ.
20 Bedtord Way

Fax n? WC1H OAL

71 612 6686 UK
rnoss@ioe.ac.uk

Ana PaulaMourdo  Rua Candido de Olverra n962, 47 Esq.
4700 Braga
PORTUGAL

Fax n*

Rafaet Nukez Instaute of Cognive Studies. BLDG TA
Univ. ot Calilornia at Berkeley

California

Fax n¢ CA 94720
415 723 0758 USA
nunez@csli.stanford.edu

Judith A. Mousley  Faculty of Education

Deakin University Agolong

3217
Fax n° AUSTRALIA
61 52 272014
judym@deakin.edu.au

Nunokawa
Kazuhko

Dapartment of Mathematics.
Joetsu Unwarsity of Education
Yamayashiki. Joetsu. Nigala
943

Fax n’
0255 26 8408  JAPAN

Hanlie Murcay Faculty of Education

Unwersity of Stellanbosch

Minoru Ohtarni Institute ol Education

Unwersity of Tsukuba. 1-1- 1

7600 Tanno - Dai Tsukuba city lbaraki
Fax n? SOUTH AFRICA Fax o’ 305
021 8813616 0298 53 6619 JAPAN
Nicole Nantais Faculté d'education Isolina Oliverta Rua Cidade Berra. 46 - 9° D
Universna de Sherbrooke 1800 - Lisboa
2500, boul. de 'Universté - Quebec PORTUGAL
Fax n? J1K2R1 Fax n'
819 821 8048 CANADA 351 1 630731

MTN1001@phx. cam.ac uk

Etena Nardi 2 Monard Terrace Alwyn Olvier Facully ot Education
Denmark Street - Oxford University of Stellenbosch
OX 4 1QS 7600
Fax n? UK Fax n* SOUTH AFRICA
27 21 8084499
NARDI@OX.VAX.UK.AC. aio@akad.sun.ac.za
Ricardo Terc - 2067 Massachusetls Av German Mufioz Nicolas San Juan n® 1421
N. Ky Cambyridg Ortega Co! det Valie
MA 02140 DF. 03100
Faxn® USA Fax n? MEXICO
617 3493535 525 688 6111
RICARDO_NEMIROVSKY@TERC.EDU Ecordero@CINVESMX BITNET
Dagmar Elisabet  Fagerstrand (31 Jean Elizabeth 18 Wast End Lane - Horsforth Leeds
Neuman S 165H Hassely Orton W Yorkshite
SWEEDEN LS185JP
Fax n? Fax n° UK
468 739 8884 0532 334683
EDU6JO@LUCS_03 NOVELL LEEDS.AC Uk
Marilyn Nickson Research Evaluation Division Ralph Pantozz1 154 HanaRD
Unw. Cambridge Local Exam. Syrdicate Edison
1 Hills Road Cembridge New Jersay
Fax n° CB1 2EU Fax n° 08817-2045
223 60104 UK USA

PANTOZZI@GRANDALF RUTGERS.EDU
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Victor Parsons 3 The Knoll
Hayes. Bromley
Kent, 8R 2 7DD

Fax n° UK

081316 9235

Angela Pesc Daept. of Mathemaltics
University via Abbrategrasso 209
27100 - Pavia

Fax n® ITALY

0382 505602

Corit Patkin 12 Barazani St.
Tel Aviv 69121
ISRAEL

Fax n®
Iinz 03 6476620

George Philippou  University of Cyprus
Dept. of Education Nicosia
P.0.8ox 537

Fax n’

00357 2 366741 CYPRUS

edphilip@JUPITERcca.ucy. ¢y

Tasos Anastasios Depariment of Mathematics

Patronis Unwersity of Patras
26110 Patras
Fax n? GREECE

David Pimm Cantre tor Mathematics Education
The Open Unwersity
Watton Hail. Miton Keynes

Fax n? MK6 7AA

44 908 652 140 UK
d.].pimm@open.ac.uk

Erkki Pehkonen - Dept. Teacher Education
Uniwversity of Helsinki
PB 38 (Ratakatu 6a)

Fax n? 00014 Helsinki

358 0 1918073  FINLAND

Susan Pine Math. Ed. Research Centre 15
Norham Gardens-Oxford
Ox2 9py

Fax n? UK

865 274027
|IleIE@VAX.OXFORD.AC.UK

Barbara Pence Dept. of Math & Computer Science
San Jose State Unw.

CA - 95192

Fax n° USA

408 924 5080

Jodo Pedro Ponte  Calgada do Galvio 23
1400 Lisboa
PORTUGAL

Fax n°

7573624

EJP@SCOSYSV.FC.UL.PT

Fax n®
039 721955

Sylvie Penchaliah  University of Durran Waestville Dave Pratt Dept of Science Education
Dept. of Psychology of Education University of Warwick
Private Bag X54001 Coventry
Fax n° Durban 4000 Fax n® CV4 7AL
27 31 8202866 SOUTH AFRICA 0203 523237 UK
sylvie@pixie.udw.ac.za serba@esv.warwick.ac uk
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PME XViil Working Group

PSYCHOLOGY OF INSERVICE EDUCATION OF
MATHEMATICS TEACHERS: A RESEARCH PERSPECTIVE

Group Organizers Sandy Dawson, Simon Fraser University, Canada
Terry Wood, Purdue University, USA
Barbara Jaworski, Oxford University, UK

This is the sixth year that the group has been studying the role of the
teacher educator in providing inservice for mathematics teachers. Last year
at PME XVII in Japan, the group did not meet. However, at PME in ltaly,
the work of the group focused on the propositions selected for a framework
on inservice education (INSET). In Portugal, the time allocated to the
working session will be spent preparing the draft of the text for a book on
INSET from an international perspective.

Previously, the group had decided to develop a book that would present a
sharing of experientes and practices on inservice mathematics teacher
education from an internationa! perspective. As a group, it has been
decided that the text will contain cases, incidents or vignettes, in order to
offer a sense of the nature and needs of INSET internationally. We have
identified 4 propositions which will form the framework for the book

Since the meeting in Italy, group members have been preparing
contributions for this text. In Portugal, these preparations will form the
basis for the work of the group. During the first meeting, subgroups will be
formed based on the 4 propositions. Each subgroup will then work during
the time allocated for the working group sessions to prepare a draft of the
book on INSET.

Group contact: Sandy Dawson, Simon Fraser University, Faculty of
Education, Burnaby, British Columbia, V6A 1S6

Contributions : Terry Wood, Dept. Curriculum & Instruction, 1442 LAEB,
Purdue University, West Lafayette, IN 47807 1442,
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WORKING GROUP ON
CULTURAL ASPECTS IN THE LEARNING OF M ATHEMATICS

The fact that mathematics curricula appear to be remarkably similar all over the world
makes it possible to conduct international surveys such as those conducted by the
International Association for the Evaluation of Educational Achievement (IEA).
At the same time, numerous recent studies question the nature of mathematics; the
learning of mathematics is considered not only to be the learning of a body of
knowledge but also a cultural process.
Various debates have arisen about the following points:
¢ The interactions between mathematical skills ard culture-specific representations.
¢ The universal and non-universal aspects of cognitive development
¢ The nature of the effects of systems of signs (including language) on psychological
functions: general or specific effects (Vygotski's theory questioned).

In the previous meetings at PME XVI and PME XVII, we identified three research
directions which are consistent with our interests:
¢ Informal education and formal mathematical knowledge
¢ The effects of cultural environment, including language, on the mental repre-
sentations of students and teachers
¢ Cognitive processes in learning mathematics, using a comparative approach for
different cultures.

At PME XVIII in Lisboa, we intend to consider some definitions of the concept of
culture and how they are expressed in our specific domain of the learning of
mathematics.
One of them was offered by Geertz in The Interpretation of Cultires (1973).
Geertz considers the culture concept:
an historically transmitted pattern of meanings embodied in symbols, a system of
inherited conceptions expressed in symbolic forms by means of which men
communicate, perpetuate, and develop their kitowledge about and attitudes
toward life.
Rotative panels will be devoted to the above-mentioned subjects about the current
debates, taking into account the cultural context of the country in which PME is held.
Then we should finalize the continuation of the work of the group for the next two
years.

Coordinator : Bernadette Denys
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RESEARCH ON THE PSYCHOLOGY OF MATHEMATICS
TEACHER DEVELOPMENT
The Working Group Research on the Psychology of Mathematics Teacher
Development was first convened as a Discussion Group at PME X in London in
1986, and continued in this format until the Working Group was formed in 1990.
This year, at PME 18, we hope to build on the foundation of shared understandings
that have developed over the last few years.

Aims of the Working Group
The Working Groups aims to:

- develop, communicate and examine paradigms and frameworks for research in
the psychology of mathematics teacher development;

- collect, develop, discuss and critique tools and methodologies for conducting
naturalistic and intervention research concerning the development of
mathematics teachers' knowledge, beliefs, actions and reflections;

- implement collaborative research projects;
foster and develop communication between participants;
produce a jcint publication on research frameworks and methodological issues.

Plans for Working Group Activities at PME in 1994

A striking feature of the Working Group for Research on the Psychology of
Mathematics Teacher Development in Japan in 1993 was its cohesiveness. It is
hoped that, through the activities of the Group in 1994, the dynamics of the Group
can be continued and expanded.

Group members have expressed the need to have a deeper understanding of a
range of research methodologies which are particularly appropriate for research in
the area of mathematics teacher development. Several approaches will be shared
and critiqued within the Group, and will form the nucleus of the publication
“Effective Methods for Achieving and Monitoring Change in Mathematics Teacher
Development: An International Perspective.” The focus of the publication would
be on the collection, development, discussion and critiquing of paradigms and
frameworks for research in the psychology of mathematics teacher development.

At PME in 1994, a summary of different strategies being used in different parts of
the world for mathematics teacher development will be given, and research on the
effectiveness of these will be summarised.

A start is to be made on the development of a reading/reference list which
would be an ongoing activity for the Group, and possible collaboration on various
research projects will be explored.

Nerida F. Ellerton, Convenor
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WORKING GROUP ON SOCIAL PSYCHOLOGY OF MATHEMATICS EDUCATION

JEFF EVANS, Middlesex University, ENFIELD, Middx. EN3 4SF, UK
LEO ROGERS, Roehampton Institute, LONDON SW15 SPH, UK

The Working Group did not meet at PME XVIII in Japan. The programme
for Portugal is planned to cover four 90 min. sessions as follows:

Session 1: Origins and Re-organisation of National Curricula (LR)

Superficial comparisons of mathematics curricula may be made in terms
of statements of content, specifying in what year, if at all, a
particular topic appears in a country’s curriculum. Much more useful
is a comparison such as the recently published IEA studies which begin
to look at the contexts and motivations behind the "intended"
curriculum in different countries. A study of the comparison between
English and Spanish mathematics curriculum will be briefly presented,
and some criteria for analysis proposed.

In this session, participants will be able to introduce themselves,
and to report on the situation in their own countries.

Segsion 2: Children’s Conceptions and Strategies in Designing (Tasos
Patronis, Dept. of mathematics. Univ. of Patras, GREECE)}

Our research group has tried to create a classroom activity that
integrates physical, emotional and cognitive components of children's
reality (d’Ambrosio, 1984, ICME-5) in the curriculum. Children of a
rural primary school were asked to design and construct a model of a
village in which a team of foreign children were supposed to spend
their holidays. This "modelling activity" (in a broad sense) provides
children with the opportunity to move from the real world to a "real
model* by using mathematics and physics ideas at an implicit level.

Session 3: Altermative curricula for Democratic Citizenship (JE)

Many teachers of mathematics aspire to a curriculum which provides the
basis for democracy, for "responsible citizenship", etc. What would
such curricula look like: would there be any real maths? Or would it
more resemble statistics? What problems might arise, e.g. in the
vtransfer" of school learning to applications in civic life, similar
to the problems of applying "vocational" curricula at work.

Segsion 4: Looking ahead

Links with the Cultural Aspects working group.

Proposals for a name change; e.g. "Social Apects of Maths Ed.";
"Social and Political Aspects...";

"Social and Political Issues in..."

what might usefully be done between now and the next PME?
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GEOMETRY WORKING GROUP

In 1993 the Geometry Working Group started a new period of activity, aimed to
analyze the teaching and learning of Geometry on the light of results from recent research
and of current trends in Mathematics Education. The first meeting of this period
(Tsukuba, Japan, 1993) was devoted to an overview of the field, with presenters who
talked about different components of the current problematic of Geometry Education (see
the November 1993 PME Newsletter). The coming meetings, from this year, shall be
devoted to monographic themes to be analyzed in depth from several points of view.

This year, the meeting of the Geometry Working Group shall be devoted to the
theme of Geometry Problem Solving. Several approaches can be considered. For instance:

- From a classical point of view, Polya's classification of geometric problems in
problems of construction and problems of proof, together with his recompilation of
methods and heuristics for solving problems, form a framework that continues being
useful for understanding the students' activity.

- However, current tendencies are also paying attention to the several types of
processes that happen during the resolution of geometric problems, and to issues related
to the curriculum and the position of problems in it.

- Traditional Geometry problem solving was based on constructions with ruler and
compass and figures drawn on paper. However, the everyday more frequent use of
computers in schools, and the development of specialized software rise new possibilities
and new research questions that have to be analyzed.

And, hopefully, some other approaches shall arise during the meeting.

Angel Gutiérrez; Coordinator of the Geomeiry Working Group
Dpto. de Didéctica de la Matemtica
Universidad de Valencia
Apartado 22045; 46071-Valencia (Spain)
Fax: 34 - 6 - 3864487
E-mail: gutierrez@mac.uv.es
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The PME Working Group on Representations

Group organizers: Claude Janvier, Université du Québec & Montréal
Gérard Vergnaud, C. N. R. §., Paris

Preliminary statement
Representations are key theoretical constructs in the psychology of mathematics education. For
the purposes of the working group, the meaning of this term is quite broad. It includes:

¢ Extemal structured physical situations or sets of situations, that can be described mathematically
or seen as embodying mathematical ideas. External physical representations range from
pegboards to microworld.

¢ External structured symbolic systems. These can include linguistic systems, formal mathematical
notations and constructs, or symbolic aspects of computer environment.

¢ Internal representations and systems of representation. These include individual representations
of mathematical ideas (fractions, ratios, proportions, functions...) as well as broader theories of
cognitive representation that range from image schemata to heuristic planning. )
The group does not promote any particular theory of representations even though some of its
participants may. It is essentially eclectic since it is open t0 any coherent "chunk” of principles or
concepts, or theory in construction that can display a fair amount of "predictivity" in particular
domains without being generalizable.
At Lisbon, come and check your theory against facts
As in the previous mectings, participants are invited to make presentations and discuss the
issues they raise. A ncwsletter was sent to the regular participants with this intention in mind.
Anyhow if you think you have some interesting things to report, get in touch with us.
.Otherwise, you may simply want to check out your theoretical constructs against the supremacy
of reality or you may be willing 10 see others becoming predictive on the basis of the constraints of a
situation. Then we think we have what you desire: hard facts and the conditions prevailing during
their production. We have, indced. asked many people to bring in their luggage some experimental
results that still nced interpretations. Why not come and give yours?
Details and news
The Working Group was guided by Gerald A. Goldin from the 1989 conference in Paris .
Participants were kept informed by a yearly ncwsletter. Over, the last years it has attracted roughly
50 participants at cach conference. The idea of publishing a special issue of the Journal of
Mathematical Behavior on the basis of the activitics of the group will soon be a reality. Articles have
been submitied and the referees at the time of the conference will have completed their work. More
details to come.
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Working Group:
Teachers as Researchers in Mathematics Education

Co-ordinators: J. Mousley, V. Zack, C. Breen

This group has been meeting annually since 1988 and as a working group since
1990. It aims to discuss issues surrounding the theme of teachers becoming
researchers in their own classrooms. Over the past few years, the group has also
focused on teachers educators researching their own work and on collaborative,
participant research methods. ‘

People who attend the Teachers as Researchers Working Group for 1994 will
review their own work, ahd that of other teachers, in attempting to understand and
change classroom practices. Activities will include a small group discussion about how
differant "understandings" arise from the use of various research methodologies, as well
as from different beliefs about mathematics, and about teaching and leaming.

A variety of methods of collecting and using information about our own classrooms,
in schools and in a variety of teacher education situations, will be discussed. Current
and new members of the group will have the opportunity to give short presentations
about any examples of formal or informal attempts to improve teaching which involves
teachers in the research process, as well as to contribute to the group's activities
throughout the coming year.

It is expected that the themes raised each year in ‘our discussions, such as the
positioning of teacher-researchers, reflective practice, the examination of individual and
social pedagogical beliefs, support for collegiate research, and the facilitation of
participatory research wilf be taken up again in Lisboa.
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PME Working Group
Algebraic Processes and Structure

Coordinators: Teresa Rojano and Rosamund Sutheriand

This Group was set up in PME XIV with the aim of characterising the shifts that
appear to be involved in developing an algebraic mode of thinking and to investigate the

role of symbolising in this development. The group is also concerned with the

impii~ations of their collective research for classroom practice.

The main issues discussed at PME XVI1 -vere: the necessity of distinguishing between
the nature of mathematics and the nature of algebra: the danger of separating algebraic
knowledge from symbolism when trying to characterise algebraic thinking: the
importance of incorporating methods of solving problems as a main component to
analyse the nature of algebra: the algebraic knowledge as such of school algebra. since
there is always the possibility to include “other algebras” like permutations of Boolean
algebra: the role that computer environments might play when talking about an algebraic
mode of thinking not necessarily linked to symbolic manipulation; the {semiotic)
difficulties of passing from one type of representation to others. for example, geometric
language: the shift from arithmetic to algebra and the question, "if there is a hierarchy of
growth in this shift. what role does natural language have in such growth?': the
widespread tendency to relate the cognitive structure hierarchy to the sign system used
to express the cognitive structure; the ways of using a determined sign system to
express cognitive processes in algebraic thinking: the tendency in some psychological
research works to see only the structures in the cognitive domain without incorporating
the use of socially established codes. '
1

The group are currently working on an edited book and draft chapters are being
prepared before the meeting in Portugal. The work of the group at PME XVIil will
cemre around discussion and redrafting of these chapters. organised around four
subgroups.
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Research on Ratio and Proportion

During PME XVIli the working group on ratio and proportion wilt continue
to explore the development of children's understanding of concepts of ratio and
proportiosi. In addition, this year we will explore teachers' understanding of
these concepts, and the necessary changes in teacher preparation and
professional development programs to bring about an appropriate knowledge
base for effectively teaching preportional reasoning.

The first session will be devoted to a discussion of the recent work of
working group members in the area of children's learning of rako and
proportticn concepts. New members will aiso be welcome to give brigf
presentations on current activities. This session will aiso give peopie a chance
to introduce themsetves and plan the remaining sessions in greater detail.

The second session will focus on teacher knowledge of proportionality
and related concepts. One or more invited speakers wili give brief
preséntations for discussion by the working group. We will discuss implications
for the preparation of teachers.

Since concepts of ratio and proportion are part of the complex of
concepts and skills Vergnaud refers to as the Multiplicative Conceptual Fieid,
we will attempt to extend our discussion in the third session to connect ratio and
proportion to related topics; rational numbers concepts and operations, '
quantitative reasoning, and so on.

The final session will be devoted to planning for future work by the
Working Group, particularly for PME XIX in Brazil in 1895.

Anyone interested in paricipating and in brief presentations related to
the session topics should attend the first session and/or talk to Judy Sowder.

Contact: Judy Sowder, San Dieéo State University, jsowder@sciences.sdsu.edu
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ADVANCED MATHEMATICAL THINKING
Organisers: David Tall (U.K.), Gontran Ervynck (Belgium)

The group is concerned with all kinds of mathematical thinking of students beyond the
age of 16, extending and developing theories of the psychology of Mathematics Education that
cover development of m=thematics over the full age range.

SESSION I: The Role of the Computer in learning advanced mathematical Con-
cepts.

Initiators: John MONAGHAN (U.K.), Joe WIMBISH (U.S.A.), Thomas LINGEFJARD
(Sweden).

Computing equipment is increasingly available in schools and universities. How does it
affect the learning and understanding of advanced mathematics ? The computer can be used
as a tool, introducing an opportunity for “experimental math"; doing the tedious calculations
and displaying graphical representations it furthers understanding of the related concepts. But
how does a computer help students to conceptualize and construct for themselves mathematics
that are already completely formalized by others ? The use of symbolic manipulators is part of
this topic as well. The relationship between the computer and the development of proofs wili
be discussed in the second session.

SESSION II: The Computer in Mathematical Proof.
. Initiators: Gary DAVIS (Australia), Gila HANNA (Canada), Adrian SIMPSON (U.K.).

Recalling a statement of M. Atiyah (1984): “In mathematics there are several stages involved
in a discovery, and formal proof is only the last. The early stage consists in the identification
of significant facts, their arrangement into meaningful patterns and the extraction of some
plausible law. Next is the process of testing this proposal against new facts, and only then does
one consider a formal proof”. We want a better understanding of the role of the computer in
the stages preceding the construction of a formalized proof. E.g. we may raise the question
if the views of Lakatos on the nature of proof have to be modificd according to the role of
computers ? This session may also be seen as a continuation of the work in the AMT Group

at PME-17 (1993).

SESSION III:The Psychology of Advanced Mathematical Thinking, and Future
plans,

Initiator: David TALL (U.K.)

The final session will focus attention on what psychological evidence may tell us about
advanced mathematical thinking, the construction of formal concepts, relationships between
visual and verbal/symbolic codings, cognitive aspects of proof. There will be opportunities to
relate back to the earlier sessions.

The final half hour will be devoted to future plans.

Aruitoxt provided by Eic:
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PME Working Group
Classroom Research

The purpose of this group- is to examine issues and techniques associated with
classroom research and the impact of such research on educational conditions.

The focus of discussion at PME XVIII will be centered around the uses and
limitations of innovative technology to enhance data collection and analysis in classroom
research. Presentations by invited speakers will be made describing the following research
studies. These presentations will be used as a springboard for active participant discussion
of related issues.

Multj

A portable and ine~.pensive system will be described that uses audio and video taping
coordinated with sursportive software to investigate classroom learning, This system makes
it possible to quickly access recorded data to facilitate post-classroom interviews.

The use of and implications of using interactive multimedia in classroom research will
be described. This technology consists of a CD-ROM disk with computer access, and
involves the creation of QuickTime sequences of collected videos and the creation of a
HyperCard interface. Reference will be made to the use of CD-ROM disks of children
engaged in the active construction of mathematical ideas for teacher training and classroom
research.

jv ing. indexi ildin

The use of the computer application software NUDIST to search, index, and manage
qualitative data will be discussed. Such software not only assists in structuring data but in
developing educational theory. The potentials and problematics of theory building will be
discussed with particular reference to how NUDIST is currently being used in a research

project entitled *Quality Teaching in Mathematics Education."

Contact person: Anne Teppo, 1611 Willow Way, Bozeman, MT 59715, USA
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Cabri-geometry

Organizer: Nicolas Balacheff

PME 17 in Tsukuba gave an opportunity to start a discussion group
specifically devoted to geometry in connection with computer environments,
mainly {and not exclusively) based on the example of Cabri-géométre.

Recent period actually shows a renewal of interest in geometry and the role
devoted to geometry in the curricula of most of the countries around the
World. Just to mention inside PME the Geometry Working Group. where
active discussion has been taking place for many years.

One intriguing question stems from the irruption of computers in the
classroom and at home and today several software exist that are used for
geometry teaching and learning. Among them LOGO, the Geometry
(Super)Supposer., Geometry Inventor, Geometer's Sketchpad and Cabri-

géométre, all share a more or less explicit relationship to the concept of
"Discovery learning".

Questions to be addressed in the discussion group range as follows:

What is and what could be the use of Cabri-type software in classroom and
outside classroom?

What could be the long term changes in the geometry curricula induced by
the development of computer based teaching learning environments?

What are innovative uses of Cabri-type environments for exploring not purely
geometry centred situations? (There is a growing interest in modelisation
using geometry, e.g.in mechanics, optics. statics, etc.).

All the preceding issues should be examined according to different contexts
e the traditional context of classroom, where Cabri-type software can be used
as an aid for proving geometrical facts. In this context, Cabri-géométre is
often used In conjunction with an overhead projector, as a demonstration
program with great flexibility:

¢ the context of organisation of problem-solving sessions in a exploratory
environment. where students work in small groups in front of and in
interaction with a computer;

¢ the context of mathematical research: exploring new fields in geometry can
lead to new results and insights for proving them. Cabri-géométre and other
computer based environments allow us a renewed attack on subjects of some
complexity, which could not be investigated until now due to the lack of
suitable tools:

¢ the context of production of pedagogical documents, made up of figures
accompanicd by text, to be used with or without Cabri-géométre;

« the context of research in didactique: Cabri-géométre can be used to
analyse, study and compare the ideas and constructs of students in geometry,
as produced in a standard pencil-and-paper situation or in the Cabri
computer environment, or as the result of an interaction between both.

The PME 18 meeting of the discussion group will also give an opportunity to

introduce a discussion about the new Cabri-geometry Il which is to be
released in August 94,

ERIC - —11=
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Discussion Group: “Vygotskian Rouirch and Mathematics Learning”
Convenars: Kathy Crawford & Steve Lerman

The aim of the discussion group is to examine the contribution of Vygotsky and
some of his compatriots and the implications of their theory of ieaming in a socio- -
cultural context for mathematics education. The assumptions underying Vygotsky's
position differ in several ways from the tacit philosophical and psychological position
of the mathematics education community. In particular Vygotsky challenges the

centrality of the individuai in meaning-making and insists on a social ontogeny of

consciousness. In addition his position transcends traditional Cartesian dualities
such as self/other, mind/body, feeling/thinking and subject/object. His historicai-
cuitural method of research differs significantly from predominant methodologies
which typically focus on a part of the leaming situation.

The discussion group will be coilaborative and in keeping with the tradition of

acknowtedging the cultural histories of the people there. Participants should come
prepared to make a contribution.

in the first session we:will negotiate an agenda and then work together to 1nterpret :
some aspocts of Vygotsky's work: Some!'particutar points of discussion tight be:
The identification of points of difference between Vygotsky's theory and
other ressarch paradigins.
Practical applicationiof thé “historical cultural method”
Mediation
Adtivity *
Dialectie thinking
Zone of proximal development
“Concept (as a verb)

Discussion' in the second session may centre around research questions that are
raised by Vygotsky's work and issuse of regsearch design.
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Mathematics classrooms as
complex ‘adaptive systems

A. J. (Sandy) Dawson, Simon Fraset University, Canada
Eric Love, Open Univensity, UK
John Mason, Open University, UK

Current wrilings on the nature of mathematical leaming directs attention towards cultural and social aspects of human
lifc. This is exciting and challenging work for hers in math ics education. Equally provocative work is
occurring in the arcas of biology (e.g.. Maturana and Varela), economics (¢.g., Anderson, Arthur), complexity theory
(Jen, Nocolis & Prigogine, Waldrop), chaos theory (¢.g., Kauffman), computer scicitoe and Al (e.g.. Langton et al), and
the theory of coevolution and codetermination (c.g.. Campbell & Dawson, Holland, Varela et al). The purposc of this
discussion group would be to explore the possible connections amongst recent results in these various ficlds witha
view to enriching and broadening the th ical bases and research programs in mathematics education.

One of the results of recent rescarch in those fields indicates that evolution is not just a result of random mutation and
natural selection, but equally if not more importantly, it is the product of emergent behaviour and self-organization.
Moreover, it is not as if a species or individual member of a species, evolves on its own; rather, specics seem 10 co-
evolve within a large system.

Ecosystcms, cconomies, socictics--they all operatc according to a kind of Darwinian principle of relativity:
cveryone is constantly adapting to cveryone else. (Waldrop, p. 259) .

A area of intcrest to mathematics cducation researchers would be to view classrooms as sodietics, and the individuals
within could be secn as coevolving together. How might the use of this cocvolutiopary perspective earich current
classroom rescarch by providing concepts and scalfolds from biological ad coevolutionary h digms?

| 4 B

Complex adaptive theory suggests that complex nehavior (such as is found in classrooms) need not have complex roots.
Complex behavior can and is generated from simple roots. Not only can very compiex behavior arise from simple
roots, but the development which occurs may take many different forms. Itis not possible to predict what the outcome
will be from a simple sct of roots. Applied to the teaching and leaming of matheinatics, this result has profound
implications for the outcomes teachers might expeet from their lessous and the behavior they hope their students will
display. These implications would be explored i the discussion group.

But recent results in the fictds noted at the outset idicate that whatever behavior appears at a particula time is
dependent upon cvents which have preceded it--yet the emergent behavior 1s nor predictablc from those events.

..cach emergence scts the stage and makes at caster for the emergence of the next level. (Waldrop, p 297)

‘These results place teachers (of mathematics) in a difficult situation. On the onc hand, if students arc to fearn concept v.
say, and if this might be facilitated by first leaming concept x. then it would sccm appropriate to teach 2 before ». On
Uic other hand, if students' leaming is not predictable, then there is no guasantee that teaching x will make 1t easier (or
even possible) for students to leam y. And to further complicate the situation, the teaching of x may lcad to some
totatly uncxpected behavior. Given these results, 1t would scem that ck h which pta to understand
how teachers accomplish their goals, and buw leamers come to understand mathematics, needs at the very least to
consider very carcfully its methodotogy and the gencralizabality (f not validity) of its outcomes.

Life at the edge of chaos (Lewin) is a phrase increasingly common to discussions in the ficlds noted at the ontset
‘Thosc using this phasc acc attempling to describe a region located between the state where a system dissolves wto
chaos, where conditions are so fluid that #o pattems are discernible, and a state where a system has become completely
stable and in which it cxhibits no fluidity at all  The cougecture is that tlus region, beyond unchangiug stabtlity but
just shy of random chaos.-the edge of chaos.- is where leaming takes place What implications does the; coneept of
learning at the edge of chaos have for the teaching, lcarmng and rescarching in inathcmati ducation?

Organi ity, the first d ion session would (1) provide a bricf overview of recent developments tn the ficlds
noted (15 minutes), and (2) through a series of focused questions and by working in small groups csplore the possiblc
relevance of these develog for 1 1 matheinatics cducation (60 nnutcs), so as to (3) share the outeome of

small group discussions with the goal of providing directions for further explorations (15 minutes) The second
session, again working in a mixtare of small and Luge groups. would take the results from session one wnd develop
plans for action and communication to take place sthsequent to the PME meeting
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POST-STRUCTURALISM DISCUSSION GROUP
Organisers: Paul Emest (UK) and Tony Brown (UK)

Post-structuralism is 2 loosely defined movement or set of perspectives that looks critically at
structuralist theories. It critiques structuralism in the form of Jean Piaget's structural
psychology, Claude Levi-Strauss's structural anthropology, and Roman Jacobsen's structural
linguistics, for example. The critique argues that these and other structural theorists overstress
static structure at the expense of personal agency, and ignore the contingent and historically
shifting nature of the structures of hursan thought. A central figure in post-structuralist thought
is the philosopher and historian of ideas Michel Foucault. More recently, a seminal post-
structuralist critique and contribution to psychology is contained in Henriques et al (1984).

In the past few years, a growing number of researchers in the psychology of mathematics
education have adopted or utilised post-structuralist perspectives. Perhaps the best known is
Valerie Walkerdine who gave a plenary talk at PME 14, and is well known for her post-
structuralist analysis of young children's language and reason (Walkerdine, 1988). Other recent
papers have reflected or drawn upon a post-structuralist perspective, such as those of Jeff”
Evans (PME 17), Clive Kanes (PME 15) David Pimm (PME 14) and Paul Emest (PME 15,
17). Thus post-structuralism is a part of PME thought, and needs to be discussed more fully.

Post-structuralism offers a number of important insights for the psychology of
mathematics education. It stresses the import of social context, thai of power and positioning
in inter-personal relations, the central role of discourse, language and text, and the problematic
and multiple nature of the leamer or cognising subject. Currently these issues are topics of
central empirical and theoretical interest in the psychology of mathematics education. Thus a
discussion of the post-structuralist contribution is important and apposite.

It must also be recognised that post-structuralism is a controversial and problematic
perspective. Apart from often being expressed in obscure language, and being as yet a nascent
and incompletely worked out position, it also challenges many deeply held (and felt)
assumptions widespread in the psychology of mathematics education. Thus it is appropriate to
consider what post-structuralism might offer the psychology of mathematics education in
undogmatic fashion in a discussion group. The group will proceed by short lead contributions
followed by open chaired discussion on themes such as the following.

¢ The nature and coatribution of post-structuralism Orientating over-view. Discursive
practices. Power. Critiques of constructivist and cognitivist conceptions of the subject.

¢ Critiques of post-structuralism. The under emphasis on self, individual construction, mental
structure. Constructivist critiques.

¢ Post-structuralist research in the psychology of mathematics education. Current work
and perspectives. Discourse analysis. New potential sites: ¢.g. semiotic analysis.

References

Henriques, J. et al. (1984) Changing the Subject, London: Methuen.

Walkerdine, V. (1988) The Mastery of Reason, London: Routledge.
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Psychological Foundations for Systemic Reform in Schools

Richard Lesh

Psychological Foundations for Systemic Reform in Schools

In the USA, current curriculum reforms emphase systemic initiatives. But, how is
systemic reform different from earlier initiatives based on mechanistic conceptions of
mathematics, problem solving, learning, and instruction? This session will focus on
ways that new curriculum reform efforts influence (and are influenced by ) conceptions
about what it means to understand and use mathematics in “real life" situations.

Current educaaonal practice is based on a coherent set of ideas (about goals,
knowledge, work, and technology) derived from “scientific management" principles
from the industrial revolution. Consequently, schools are not likely to change unless
these ideas are replaced with equally coherent "world views" in which knowledge is
likened, not to a machine, but to a living organism. This discussion session will
discuss why a similar shift in metaphors also must apply to the way students, teachers,
and programs are assessed. The following themes will be addressed.

e Results from adult literacy examinations which emphasize current conceptions
about basic mathematical literacy requirements for all citizens. (Saundra Young,
Adult Literacy Program, Educational Testing Service)

Principles for writing effective "performance assessment" activities which empha-
size: (i) deeper and higher-order understandings of the most powerful constructs in
elementary mathematics, and (ii) problem characteristics which are typical of
situations in which mathematics is used in a technology-based society in an age of
information. (Richard Lesh, Principal Scientist, Educational Testing Service)
Characteristics of teachers' tools (e.g., response interpretation procedures, process
observation forms) which are useful to identify conceptual strengths and weaknesses
of individual students. {Bonnie Hole, Princeton Research Institute for Research on
Science and Maathematics Learning)

* Examples of students' responses which illustrate why the preceding problems
emphasize a broader range of mathematical abilities (and students) which were not
recognized and rewarded by traditional tests, textbooks, and teaching. (Eamonn
Kelly, Assoc. Professor, Rutgers University)

e Examples showing how performance assessment activities for students provide the
basis for activities in which teachers are able to (simultaneously) learn and document
what they are learning. (Miriam Amit, Math Curriculum Director, Israel).

* Principles for assessing the quality of emerging research methodologies to explore
students' and teachers' thinking in complex situation . (Barbara Lovitts, Director,
National Science Foundation Program for Research on Teaching & Learning).

* New models for program accountability using performance assessment activities.

]: \l) vadeleine Long, Director, NSF Program on Systemic Initiatives).
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VISUALIZATION IN TEACHING - LEARNING SITUATIONS

‘ M. Alessandra Mariotti Angela Pesci
| Dip. Matcmatica Dip. Matematica
| Universita di Pisa - ltaly Universita di Pavia - italy

Everybody agrees that images have a basic role in thinking. but so far. the mental processes involved have not
vet been fully clarified.

Different and opposite positions can be found in the litcrature about the contribution of images in a varicty of
situations.

Of course cxploring general processes and mechanism would be very interesting. but it is worth limiting our
aim and considering the problem from the specific point of view of mathematical cducation, which is the
domain we arc interested in.

Thus. our discussion aims to focus on specific aspects in the particular schoot situation.

There are two main hypothescs about the role of imagery in education that we want to state cxplicitly, in order
to be discussed and cxplored

1. Thinking is spontancously accompanicd and supported by images. we usually call it *visualization',

The following can be considered a sharcd opinion among the psvchologists “thinking makes usc of
representations. some  of which are produced by imagery processcs. and some by mesc abstract
representational svstems” (Denis. 1991, p 104) Literature 1s very rich in this ficld. but “probably the greatest
obstacle to imagery rescarch is that the process it aims at specifving can be used in a wide varicty of cognition
situations" (Denis, 1991, p. 123).

On the other hand. it can be considered common opirion in the ficld of Math Education that “the cognitive
mantpulation of mathematical concepts is highly faciltated by the mental construction and availability of
adequate image schemata” (Dorfler. 1991, p 20).

2. It is possible to intentionally intcrvenc on the process of *visualization’

For some respect, ‘visualization® can be considered a subjective phenonicnon. this 1dea agrees with cveryday

cxpericnce of a great varicty in pupils' performances related to imagery.

‘This opinion may lcad to neglect or even discard the possibility of direct interventions to promote pupils’

imagery 1n mathcmatics.

On the contrary - together with many other rescarchers - we are convineed in the possibility of the positive

influence of a purposcful teaching.

Among others the following questions scem meaningful to us.

- What kind of ‘extcrnal images’ should be used in school practice”

~ Arc there general criteria to select visual aids in math teaching?

- What is the relationship between external images provided by teachers and intemal images which run in
pupils’ minds?

- When specific visual aids arc introduced. how is it possible to check their influence on pupils’ reasoning,
both in problem-solving and concepts formation?

- How docs teachers' opinion affect their attitude towards images in teaching practicc?

Scveral rescarch projects in this ficld have already started, we wish to promote a discussion and a cooperation

among all intcrested people, contributing from different points of view.

References
Darfler, W., (1991) Meaning. image schemata and protocols. Praceedings PMEE XV, Assisi, Vol. 1, 17-32

Denis, M. (1991) Imagery and thinking, in Comoldi, C & McDanict, M A Imagery and Cogmition,
Springer-Verlag
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Research on Learning Mathematics and
Programming

Proposal for a Discussion Group at PME 18, Lisbon.

Richard Noss (University of London})
Doug Clements (University of New York at Buffalo)

The idea that learning to program a computer may have some beneficial
effect on the learning of mathematics is now some thirty years old. The
early eighties brought forward a flurry of research, largely catalysed by the
appearance of Logo but this has largely subsided. Yet there is now a
renewed interest in the question, not least because the notion of what it
means to program is in a process of radical change. The group will address
a number of related questions:

e What does the research effort indicate so far?

e What issues have proved fruitful to research?

o Which methodologies have proved appropriate for the investigation
of these issues?

e What are the implications for mathematics education?

e Where should research go in the future?
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USING OPEN-ENDED PROBLEMS IN MATHEMATICS CLASS

Erkki Pehkonen, Dept Teacher Education, University of Helsinki (Finland)

The method of using open-ended problems in classroom for promoting
mathematical discussion, the so called “open-approach” method, was developed
in Japan in the 1970's (Shimada 1977). For example in the paper of Nohda
(1991), one may find a nice description of the paradigm for the open-ended
approach. This discussion group began last year in Japan (Pehkonen 1993),
where the topic of discussions was the concept “open-ended problem” and its
classroom usage.

In the group, we concluded that open-ended problems pertain to a larger
class of upen problems (i.e. problems with openness in the initial or goal
situation). Furthermore, open problems contain e.g. problem posing, project
work, and most real life problems. The presentations of the discussion group
will be published in the International Review on Mathematical Education (in
Germany known as ZDM).

In the sessions of this year, the discussion group will focus on the research
results obtained around open-ended problems. There will be again some brief
presentations (about 10-15 min) from different countries, in order to give some
starting points for discussion. The main questions will be “What scientific know-
ledge do we have from open-ended problems?” and “Are there some under-
presented fields on which we should focus our research?”.

References

Nohda, N. 1991. Paradigm of the “open-approach” method in mathematics
teaching: Focus on mathematical problem solving. International Reviews on
Mathematical Education 23 (2), 32-37.

Pehkonen, E. 1993. Using open-ended problems in classroom. In: Proceedings of
the seventeenth PME conference (eds. 1. Hirabayashi, N. Nohda, K. Shige-
matsu & F.-L. Lin). Vol. 1, 104. University of Tsukuba, Tsukuba (Japan).

Shimada, S. (ed.) 1977. Open-end approach in arithmetic and mathematics - A
new proposal toward teaching improvement. Tokyo: Mizuumishobo. [in
Japanise]
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DILEMMAS AND PARADOXES: MATH TEACHERS' AWARENESSES OF TEACHING
AND LEARNING MATHEMATICS IN MULTILINGUAL CLASSROOMS.

Jill Adler

Education Department, Witwatersrand University, South Africa.

Abstract: This paper reports on a preliminary analysis of the
first stage of a longer research project on teacher awareness of
teaching and learning mathematics in multilingual junior secondary
classrooms in South Africa. The project is framed by a social
theory of mind - that consciousness is formed through socially
mediated activity (Vygotsky, 1978), and methdologically is
concerned with a theoretically informed interpretation of espirical
data gathered in a particular way. It is situated in South Africa
where schooling contexts differ enormously and where multilingual
classrooms are the norm. This presentation focusses on an initial
set of in-depth interviews with six teachers in three different
classroom contexts, where teachers talked about the context of
their teaching, the tasks and challenges they face at the junior
secondary level in general, and language related dimensions of
their teaching in particular. A discourse analysis (Potter and
Wetherall, 1987), and hence of presences and silences in the
teachers' accounts, suggests that teachers in multilingual settings
confront and produce language related dilemmas and paradozes as
they manage their teaching. These, in turn, have implications for
educational access in the broader South African context.

Potter, J and M Wetherall (1987) Discourse and Social Psychology:
Beyond Attitudes and Behaviour. London. Sage

Vygotsky, L (1978) Mind in Society. Harvar¢ University Press.
Cambridge.
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USING PERFORMANCE ASSESSMENT ACTIVITIES TO PROMOTE INTEGRATION
BETWEEN SUB-DISCIPLINES IN TEACHER EDUCATION

Miriam Amit
Ministry of Education, Israel

Currant reform in mathematics education calls for change in instruction and
assessment. Instruction should de-emphasis drill and practice type activities
and incense emphasis on open ended real-world problem. Testing and assessment
should de-emphasis multiple choice activities and increase emphasis on
performance assessment activities. In order for true educational change to
occur, instruction and assessment must be linked. To address these changes,
the Educational Testing Service (ETS) developed performance assessment
materials for middle school mathematics based on research of Lesh and known
as the PACKETS program activities. The program strongly reflect the NCTM
standards and facilitates the delivery of interdisciplinary instruction,
cooperative learning and application of mathematical thinking ta real life
situations. For each activity the student receives a newspaper article which
provides a topical real-world starting point for a model eliciting project
size problem. These problems are generally perceived as having the potential
to contribute to the development of higher-order thinking, and assessment of
performance and conceptual understanding. Teachers’ guide include samples of
student products of the project size problem, a "ways of thinking" sheet that
analyze different approaches to solve the problem exhibited in the products,
suggested interpretations using assessment tools and written reflection to
the students. These raterials were used in an inservice teacher training
course for middle school mathematics teachers. The course was based on theory
and practice in several "sub-disciplines" such as: instruction, testing and
assessment, problem solving strategies, mathematical modelling, attitudes and
beliefs, real-world and “pure" mathematics. Each of them was taught
separately, with no interaction between the sub-disciplines. In order meet
the changes in math education and to integrate between the above, performance
assessment activities were used. At the beginning, the participants took the
roll of students and solved a model eliciting problem, working in small
groups and documenting their solutions. One activity, for example, was to
create a model for adjusting given recipes to new situations under constrains
that emerge from a newspaper article. The participating teachers used several
solution paths and came out with different models, most of which met the
requirements of the problem. The diversity of results was a surprise to the
teachers who were used to "one problem, one path, one solution". Next, taking
the roll of teachers again, participants analyzed samples of student products
according to the "ways of Thinking" sheet provided in the PACKETS program,
and expanded their analysis to peer and their own products. In performing the
activity and and assessing the products,, participants had the opportunity to
integrate between the different sub-disciplines taught in the course and even
to re-consider some of their beliefs about problem solving. In the session
the activity, the models and the integration process will be discussed.
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THE DEVELOPMENT OF PROJECTIVE ABILITIES
IN PRE-SCHOOL CHILDREN.

Poulos Andreas.

According to the Piagetian School the projective ideas in children’s mind come afier the
topological or:es and explicitly afier the age of 7-8 years. This is mainly due to the fact that the
child in this age is egocentric and he can't imagine the view from another person’s position.
There is some doubt about these conclusions and 2 reasoning on newer experiments of these
positions. In this oral reprecentation we will talk about two main research problems:
I The role that the projective ideas play in the development of geometrical thinking on
children's mind.
II: The effect of didactical intervention at earlicr ages (5-6 years old) on these ideas.

Our research programme on acquisition of geometrical concepts is based on the follow:
1. The concepts of plane figures are learned with the use of solid bodies.
2. The perceptive perception is improved in the 3D space.
3. The micro-space of the table isn't sufficient for the development of perceptive perception.
4. The children in the play perform tasks that call for the view of objects from many different
optical positions. This is a component of projective view of geometrical objects.

We study and control the evolution of children's behaviour in the process of our programme
during the year's 1992-93 and 1993-94.

The first conclusions of our observations are:
a) The children have great deal of experience, so they can "read” two-dimensional complex
figures. Also they can construct a block of objects looking at the photo or the pattern.
b) The differences between perspective and non-perspective drawings are not perceptible from
the children without proper instruction.

Wehopethuthecornpleﬁonofommmchingprogmnmewinthmwlightonthe
projective abilities of pre-school children.

References.
* Cox Mauren (1977) “Teaching perception ability to five-years-old", British Journal of
Educational Psychology 47,312-321.
* Piaget Jean & Inhelder Barbel (1971) “The Child's Conception of Space”, Routledge
& Kegan Paul. London.
* Pillow Bradford & Flavell John (1986) “Young children's knowledge about visual
perception, projective size and shape”. Child Development, 57, 125-135.
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INTEGRATING DERIVE IN SECONDARY LEVEL MATHEMATICAL
TEACHING : THEORETICAL POTENTIALITIES AND THE REAL LIFE OF
TEACHERS AND STUDENTS

Michtle Ariigue, Maha Abboud, Jean Philippe Drouhard, Jean Baptiste Lagrange
Equipe DIDIREM, Université Denis Diderot Paris 7

The research presented here is an ongoing research whose 2'm is to study the impact of the
use of C.A.S. soltwares on the mathematical representations and practices of secondary
school students.

1tis curried vul with students whuse teachers can be considered as "experts” : they have been
integrating computers to their maths teaching for many years and using DERIVE (the specific
C.A.S. cunsidered here) for more than one year. About 40 teachers are involved with students
ranging from 14 to 18 years old.

The research cumbines external and internal methodologies :

- the external stidy is based on two questionnaires (one for teachers and one for students)
aiming to collect detailed information about the way DERIVE has been used in each precise
class during the whole academic year, what was expected and what really happened, as well
as the opinions of both teachers and students about this software and its potentialities for
maths teaching and learning.

- the internal study is based on qualitative observations of classroum sessions with DERIVE,
Sessions to be observed are selected with a special subgroup of experts working together in a
C.A.S. working group created three years ago by the Ministery of Education : they have
previously experimented them and think that they are well adapted for testing some of the
hypothesis currently found in the litterature about the putentialities of DERIVE or other
C.AS.

The research began in~ 1993, A first version of the student questionnaire was elaborated and
tested with students belonging Lo the classes of the C.A.S. working group teachers mentioned
above. Some observations were also carried out and allowed us to fix the internal
methodology, specially the form taken by the a-priori analysis of situations 0 be observed
and to get more precise criteria for selection.

In the short communication, firstly we shall present the problematic of this research, relating
it to some others developed in this area, then we shall focus on the internal part of the
research. By refering o sume specific obervations, we shall show how the results obtained up
lo now lead us to reformulatc most of the hypothesis initially made by the expers and
currently found in the litterature and alsv o reflect on the conditions to be satisfied by
mathematical situations for being "good DERIVE-session candidates".
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CONTRIBUTION TO AN EPISTEMOLOGICAL AND EDUCATIONAL
ANALYSIS OF TEACHERS' PERSONAL REPRESENTATIONS ABOUT
PROBLEM SOLVING

Ana Maria Boavida, FCT- Universidade Nova de Lisboa

Several authors have claimed that the terms problem and problem solving
have several meanings according to the teacher's perspectives about the nature
of mathematics and its teaching and learning.

This presentation will report some components of a study which purpose
was to understand how some Portuguese mathematics teachers interpret
problem solving in the context of school mathematics in general and in the
context of the students’ development in particular.

The study assumed the plurality of ways of learning, the diversity of
contexts in which knowledge is constructed, the unique character of the
interaction of the individual with his or her environment, the complexity of
success or failure in mathematics and the importance of a basic mathematical
culture as a necessary condition for the construction of the Person in today's
historical and social context.

This study had a two-fold objective: (a) to analyse and to understand
teachers' personal representations of problem and problem solving in
mathematics education; (b) to explore possible relationships between these
representations and their personal philosophies about mathematics.

Methodologically, the study was organized around two complementary
components. A theoretical component, which analysed contemporary trends in
mathematical philosophy, and the meanings of the terms problem and problem
solving. Another component included the analysis and interpretation of data
collected through semi-structured interviews of teachers of mathematics
(grades th _ poth),

The interpretation of these data suggests that the interviewed teachers have
diferent meanings for problem and problem solving which affect the role and
place each teacher gives to problem solving. The relationships between their
personal philosophies about mathematics and the personal representations of
problem solving are complex, simultaneously involving mathematical and non
mathematical factors. It is also found that they claim predominantly personal
philosophies of absolutist tendency for mathematics.
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CONTEXTS AND STRUCTURES IN LEARNING TO NEGATIVE NUMBERS
Alicia Bruno y Antonio Martinén

Universidad de La Laguna

We expose the results of an experience carried out about the learning of
negative numbers with 111 students (11-12 years old). The students worked with
a curricular material in which negative numbers were presented through
concrete sltuations 1in five different contexts: possesion and debt,
temperature, above and below water level, time and road. The numbers appeared
expressing stages (s) ("1 owe S dollars", "temperature is 8 degrees below
zero"), comparisons (c) ("I owe two more than you", "in Madrid there are two
degrees less than in London") and variation (v) ("I lost 8 dollars",
“"temperaturs fell 8 degrees”). The addition and subtraction with negative
numbers was studied through the problem solving with the following structures:
(1) the addition of two states gives the total state: s +s_=s

. 1 2 .
(2) the addition of the initial state and the variation gives the final state:
s +v=s8 ;

3

f

(3) the addition of two variations gives the total variation: vtV =y

{4) the difference of the final state and the initial state gives the

variation: S, 7S, =V;

(S) the difference of two state gives the comparison: s, —s,=c.

This classification of the problems is similar to the one used by
Vergnaud (1982).

We analyse the difficulty of the problems and the strategies used by the
students (numerical and/or graphic) to solve them (Peled, 1991), according to
the kind of the structure of the problem and the context. On the other hand,
we study the kind of structures and contexts that the students choose with

greater frequency to write problems (the solutions of which are fixed

operations with negative numbers).

The problems allowing a best understanding of the operations with
negative numbers were those of the context of the possesions and debt and
those of the structures (1) and (2). Also these problems are chosen by the
students to write problems in greater frequency. The most difficult problems
were those of the context of the time and the Structures (4) and (5),

furthermore these structures were chosen occasionally to write problems.

REFERENCES

Peled, 1. (1991). Levels of knowledge about signed numbers: effects of age and
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A STUDY OF THE CHILD’S CONCEPTION OF FRACTION
- THE GENETIC DIMENSION -
USING THE CLINICAL PIAGET’S METHOD
AND SEARCHING METODOLOGICAL INFERENCES

Ely Machado de Campos

Centro Educacional La Salle de Eusino Superior

Canoas, RS. Brasil

The purpose of this investigation is to study the child's conception of fraction. The study
deals with the elementary concrete partitions of three dimensional and two dimensional figures
and the usc of Piaget's methods of collecting and organizing experimental data.

The principal objective is the chartring of the developinent of intellectual structures
related with fraction, i. e., the study of the genetic dimension.

In order to grasp the context, this work more specifically includes two sections: a dis-
cussion of Piaget’s investigation and the aplication of the clinical method to a experimental
group with 35 children aged 3-10 years old.

In the current research, the subjects were given the task of bisecting, trisecting, etc ...
a circular cardboard “cake” and other figures. In the clinical interview, which acompanied
each task, subjects were questioned about their dominace of conservation.

The findings of this study were largely as Piaget indicated and they refer how important
it is to explore the intellectual development theory abont fraction where the viewpoints of
teachers must include besides the what's to be taught, liow children learn and when they
learn (i. e., conditions to learn).

Bibliography:
1. COPELAND, D. How Children Learn Mathcwatics. New York, Macmillan Publishing
Co., Inc., 1974, 357 p.

2. DICKSON, L. BROWN, M. and GIBSON. O. Children Learning Mathematics: A Teach-
er’s Guide to Recent Research, Loudon. Cassell educational Ltd, 1988, 379 p.

3. FISCHER, H. Didatigue de la initistion mathématique & U'école primaire, Géntre, Bu-
reau International d’ Education, 1956. 180 p.

4. PIAGET, J. Essay sur quelqu=s aspects du developpement de la notion de pastie chez
'enfant. Journal de Psycholog.s Normal et Patologique, XVIII, 6.

5. PIAGET, J. INHELDER, B. et SZEMINSKA. A. La Géometrie spontanée de Uenfant,
Paris, Presses Universitaires de France. 1948. 514 .
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FROM INTEGERS TO FRACTIONS
David Carraher*, Luciane Heim, & Anallcia Schliemann*
Universidade Federal de Pernambuco, Recife, Brazi!

In learning about fractions students must rely upon what they know about integers, yet
their understanding of whole numbers at times gets in the way. For example, research
has shown that many students maintain the belief that multiplication “makes bigger” and
division “makes smaller” (Bell, Fischbein, & Greer, 1984) weli into their secondary schoo!
years. How can students reconcile former knowiedge about natural numbers with
knowledge to be acquired about fractions? Where must breaks with past knowledge and
conventions be established?

An exploratory study was undertaken with 10 middle school children to investigate
how they deal with the effect of multiplication and division by integers. This seemed a
reasonable situation for clarifying how integer knowledge is related to fraction knowledge
since successive multiplication and division by integers are equivaient to operéting by a
fraction. Children were first given single operation tasks to ciarify their interpretations of
multiplying and dividing quantities by integers. Following this they were given tasks
which involved successive division and multiplication upon a given quantity. {Both orders
were given: division followed by muitiplication and vice versa.}

Although all ten children accepted muitiplication as n-folding a quantity, there was
considerable variability about how to interpret division of a quantity by an integer. Four of
the students were inclined to view "division by n" as "breaking the quantity into n pieces”.
Even when the interviewer drew attention to the written operation, "+ 3", some students
maintained that the amount of chocolate was the same as it was before the division. This
suggest that the belief that "dividing by an integer makes smalier* may admit exceptions
in certain circumstances.

There was considerable variation among students regarding the effects of
successive integer multiplication and division upon a physical quantity. Some students
treated division and muitiplication (e.g. + 4 followed by x 3) as producing a fractional part
(e.g. 3/4) of the original amount, regardless of the order of the operations. However,
students reaching this conclusion did not necessarily realize that a fraction could act as a
multiplicative operator. Others claimed that the integer operations were not related to
fractions. Overall, the interviews suggest that the links between integer multiplication and
division, on the one hand, and fractions, on the other, ara tanuous. That some students
showed progress during the interview itself suggests that successive operations tasks
may be useful for drawing out the interrelations between integers and fractions.

* At the Technological Education Research Centers (Cambridge, MA) during 1994,




USING A LOGO ENVIRONMENT TO CREATE A MATHEMATICS CLASSROOM
COMMUNITY

Marta Civil
University of Arizona, Tucson, USA

In this paper I describe one aspect of our work with a fifth grade teacher, as we collaborate to
change mathematics teaching and leaming in her classroom. This research is part of a larger
program of work that focuses on a socio-cultural approach to learning and rejects the deficit
model for minority education (Moll, 1992). In our work, classroom teachers and university
researchers collaborate to develop innovations in teaching by developing a classroom
environment that sees the students and their families as resources for learning.

The work reported here is part of our effort to create a mathematics classroom community in
which students engage in discussions on mathematically rich problems (Cobb, 1991; Lampert,
1988). Because of the characteristics of the school and the fact that these students have been
acculturated to the school ways for five years, changing their perceptions about what it means to
do mathematics in school was met with resistance. Immersing them in a completely new
environment, namely the logo laboratory, gave us a way to break down some of the established
behavior norms and roles in the classroom. In addition, because logo was new to every student
in the class, it served as an equalizer through which students considered "less successful” were
able to shine. After a few sessions with the whole class, a very diverse group of seven students
expressed an interest in continuing working on logo. This paper will report on this micro-
community of learning focusing on social and cognitive aspects.

At the social level, the patterns of behavior of the logo group in the lab were in sharp contrast
with their behavior in the classroom. Students who were either aggressive or withdrawn in the
classroom, became more open and friendlier towards their peers in the lab. They were curious
about each other's work. Although students worked individually in the projects of their choice,
there was constant spontaneous sharing of information. Ideas traveled throughout the lab.
Some students became resources to their peers. In the paper I elaborate on the different pattems
of interaction. The students' projects gave us a window into their world and into their
understanding of some aspects of mathematics (e.g., decimals, angles, patterns). With varying
degrees of success (as I will illustrate in the paper), we engaged in conversations around their
work and their thinking. This helped us assess what was happening at the cognitive level.
Issues of persistence, confidence, intellectual challenge, and frustration shaped each student’s
personal approach to his ar her project. The projects gave them an opportunity to develop an
area of expertise (Hoyles, 1985). The effects of this expertise were quite evident in their
presentations to the whole class. Even the students whose thinking we had difficulty reaching,
gave quite coherent and articulate presentations.
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THEORY AND PRACTICE: DO STUDENT TEACHERS ENCOURAGE YOUNG
CHILDREN'S MATHEMATICAL KNOWLEDGE OF THE REAL WORLD?

Anne D. Cockburn
University of East Anglia, U.K.

Research suggests that many young children are unaware of the role of math-
ematics in adult lives (Desforges and Cockburn, 1987). Teachers have been
encouraged to present their pupils with realistic, practical problems (e.g.
Haylock, 1991; Kamii, 1989} and, indeed, such an approach forms part of the
Mathematics National Curriculum in England and Wales. Despite this, many
children have difficulty in applying their knowledge in unfamiliar contexts
(OFSTED, 1993). Personal observation supports Desforges and Cockburn's
1987 finding that early years teachers tend to provide routine mathematics

tasks rather than problems and investigations which require the application
of basic skills.

In response to a questionnaire, early years student teachers indicated that
they are strongly in favour (97%) of pupils engaging in practical mathematics
in realistic contexts (N = 36). This short presentation will consider:

(i) in what ways students act upon these beliefs on teaching practice.
(If they do not, why not?)
(i) whether such an approach has any effect on pupils' understanding,

progress and knowledge of mathematics within a real world con-
text.
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WORD PROBLEMS.
FROM NATURAL LANGUAGE TO MATHEMATICAL EQUATION: THE
RESPECT OF HOMOGENEITY

CORTES Anibal
LabPSYDEE, 46 rue St. Jacques, 75005 PARIS.

Most students in putting into equation the following problem:

A shop-keeper selling smoking items buys from a wholesaler match-
boxes and lighters by giving him 230F. If he buys 260 match-boxes and 30 lighters,
the wholesaler gives him back 3F. If he buys 160 match-boxes and 40 lighters the
whole saler gives him back 2F. What's the price of a match-box? and that of a
lighter?
write directly the system of equations: 260x+30y=230-3 and 160x+40y=230-2. Now,
to put in equation a word problem requires to pass through stages, in general implicit:

a) First, it is necessary to identify or to construct correspondences (in natural
language) between two whole sets in our problem: to @ number n of mutch-boxes
corresponds a sum of money Sa (only one)n -> Sa. In the same way, for m
cigarette-lighters: m -> Sb and nUm -> Sa+Sb.

b) Then, it is necessary to construct numerical functions starting from the
correspondences previously constructed. There is a rupture here because these
numerical functions express equivalences: the homogeneity of terms must be
respected. The functions in our problem are: the total sum of money St=Sa+Sb; the
sums of money payed in function of the number of objects: Sa=xn , Sb=ym and
St=xn+ym. In general these functions are not written down.

¢) The mental construction of these functions makes possible to connect the
numerical data to the unknowns of the problem. Now, the numerical calculation of
these unknowns requires, in our pryblem, to write a system of equations by
substitution of datas in the function St=xn+ym. This process is in general implicit.

Analysis of one representative error: some students write “"x represents the
match-boxes and y represents the lighters”. The signification of the unknowns
switches to the one of an object. Then, they write: x+y=230 and 260x+30y=230-3. In
the first equation the equal sign expresses only a correspondence: to a number of
objects corresponds a sum of money. The homogeneity of terms is not respected:
there are objects on one side and money on the other. The disregard of the
homogeneity also appers when students give two different significations to one
symbol. For example x can be also an unit-price in the second equation.

The numerical functions and the equations written down must always have the
same units and the same signification. Therefore, we can identify an operational
invariant or a principle: the respect of the homogeneity of terms in mathematical
expressions and the homogeneity of the signification of symbols. This implicit
principle guides the cognitive process involved in mathematical modelisations of
conceptulisations of reality.
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INTUITIVE NOTIONS ON SEQUECES IN PUPUILS OF SECONDARY SCHOOL

Joaquin Ferrer Sé&nchez Departamento de Diddctica de la
Matemdtica.Universidad de Almeria.
Almerfa.Spain. '

ABSTRACT
This work is about the intuitions about the concept of
sequence in pupils fourteen-fifteen years old.
A lest has bee passed to the children in a classroom
in Secondary School,which consists in two items about
sequence.In fhe first item one pupil is to explain what
a sequence is to another pupil.The second item presents
four examples,and the pupil needs to dicose whether one
one of them is a sequence and justify his choice.The
first example is about an infinite non-numerable set:a
segment ;the second example asks about of sand of a
beachjthe third one is the positions of a pendulum.The

set of odd numbers is the last example.

Responses are classified following threecriterion:
oder,infinity and regularity.Then,we analyte the
consistence of the answers given to the different above
mentioned examples.
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Exploring the source and effects of critical incidents in the
growth of the professional knowledge of mathematics teachers

LeterCates

Abstract

The field in which I wish %o report is that of the development of professional learning in mathematics teachers.
Areas of current investigation outside of Mathematics Education include work on the structure of a tsacher’s
knowledge (Shulman, Calderhead, Zeichner), the nature of knowledge sbout teaching (Schon, Calderhead,
Mclntyre and Brown,Olsen, van Manen) and the nature of professional development (Calderhead & Gates, Day,
Eraut, Carr & Kemaus), .

Shulran has writien that one ares which needs further examination is the affect subject knowledge hason a
teacher’s beliefs and classroom practice. Furthermore there is currently great interest in constructivist
approaches to learning, not just for pupils learning mathematios, but for teachers developing their teaching.
However there are some very recent signsthatthezeis o shift awny from viewing the individual as construcor of
knovledgetowardsthe social end oultural context of knowledge construction: ‘social oconstructivism’ end ‘social
interactionisre’, This stempts to merge Pygotskian ideas of thercle of language and situation, with & perspective
that learning ofun does take place as & result of some interaction with ancther, However just as we are not just
individual meaning makers, we are not just social negotiators, Atthe same timewa are s product of our past,
having psychological dispositions which may efther liberate or constrain us.

Ttis within s contexthat Iwish o report somework which looks closely atthe act of developing new idess about
teaching which are significant ancugh to bring about a change in awsreness which in its tumn brings about &
change in behaviour. The ides of exploring ‘significant moments’ (Mason, Jaworski, Gates, Davis), ‘critical
incidents’ (Trip) or “ertical events’ (Woods) is not s newoneand might even be traced back o eatly works in
Buddhism, the Vedics and other such philosophies. Howevar it seems tobeproviding an acoess into the mind of the
teachar in action’. One avea which has recetwed little atiention has been the psychological disposition of teachers
towards interpreting their expariences. Whilst much research fror & constructivist tradition has identified the
very momeats of learning of young children (eg, Steffe, Cobb et2/von Glasersfeld)litlehasbeendonein the area
of the growth of knowledge of theteacher - either novice, or expart - with & focus on the subject specialism.
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ROLE OF INTERVALS WIHEN FUNCTIONS ARE INTRODUCED
Joaquin Giménez . Computer Engineering Department, Taragona
ABSTRACT

Some distractors were found in building intuitional knowledge of dependence in no linear
graph situations. Conceptions of dependence and use of interval is analyzed.

INTRODUCTION AND OBJECTIVES

Our study try to analyze the students' conceptions (Artigue 1990) and images (Vinner 1983).
(in a “in service teacher training” experience) of global interpretation, use of variation ideas of
functions prior to the usual formal study (11-16 years old). The main questions were the
following: (a) Could we characterize an intuitional knowledge (Kieren 1992) about dependence
and variability prior the formal study? (b) What about the use and verbalisation of interval in
using global interpretations of no lincar graphs in comparison Situations?

METHODOLOGY

120 schelars (11 to 16 years old) and 5 teachers in the Tarragona area participated in a cross
longitudinal study. The set of questions included: (a) dependence, and corres-ponding linguistic
framework, (a) interpretation of scaled function and comparison of graphs in real context
situation, and (c) use of algebraic and table notation to represent a simple dependence.

MAIN RESULTS

(a) Functions are considered as graphs, and iater as a relation, but the students need the formula
at a starting point, for explicitation. (b) The observations revealed a basic geometrical view
(Azcérate & Deulofeu 1994) of dependence and no explicit link with operative understanding.
Global observations did not appear easily. (c)"Close contextual” activities as football game act
as distractor to interpretations. (d) Operative discrete understanding act as a barrier for a global
interpretation of graphs, if there is no related to a geometrical interpretation'. (e) A lot of discrete
viewing appears in functions' comparison tasks. Intervals are used for single functional
interpretations of increasement, but it scemed not necessary to talk about variability even in
comparison tasks. (f) Second part of the study (in progress) revealed that interpreting and
using real situations in a figurative way, could be a powerful intuition to improve dependence
understanding if comparison tasks are introduced.
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TEACHER THINKING AND NARRATIVE ANALYSIS
OF STUDENT TEACHER'S STORIES

Fernando RIBEIRQ GONCAIL.VES
Helena RALHA SIMOES
Carlos Marques SIMOES

UNIVERSIDADE DO ALGARVE

ABSTRACT: Mectacognition can provide an important conceptual tool for the study of
teacher thinking (Clark & Peterson. 1986: Morinc-Dershimer. 1991). In spite of his incipicnt
nature. as a scientif domain. it helps cventually to understand the complexity of the several
modes of knowing involved in teacher development, since his early beginnings (Eisner.
1985). But. if the modes of knowing and the events to which they refer are taken to be in a
differcnt domain from the practice of teaching and learning, then we must also take into
account the distinction between theory and practice that permeates our reflexion. -

Our effort in this paper is to construct a basis for working on these possibilities
through the narrative analysis of student teacher stories and histories (Josselson &
Licblich. 1993). Such terms provide clements of metacognitive reflexion. and therefore we
will try to reconstitue the emergence of the pedagogical content knowledge in teacher
education (Gudsmundottir. 1991, Shulman. 1991).
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"THE ATTITUDES IN PROBLEM SOLVING"
Josefa Hernandez, Candelaria Espinel and Martin M. Socas
La Laguna University (Spain)

The influence of affective factors In education is beyond doubt, doing
research aspects concerning with the pupil attitudes (McLeod, 1992) and
teacher beliefs (Thomson, 1992) at the preent.

Some of the aims of our paper are analyzed:

Differences between pupil attitudes toward Mathematics in general and
towards problem solving.
. Differences by ages, sex, studies of their parents.
. Relation between the puplil attitudes and the qualification in mathematics.
. Relation between the attitudes and the style of the teacher.

Our research has been carried out with students (8-11 &ears) in Tenerife
(Spain), in which 13 teachers of 7 schools and 355 children took part.
Starting from some papers by Aiken (1974, 76) and by Gairin (1987), we made
and vallidate two tests: one to measure their attitude towards mathematics and
the other their attitude to problem solving. These are made up 25 items,
referred to affective (10 reactives), comportamental (5), cognoscitive (5),
implication (2), contextual {2) and bellefs (1) components. At the same time
we make a questionaire for teachers to analyze their way of teaching.

Firstly we gave the test about attitudes towards mathematics to the
students and them about the attitudes towards problem solving. This test is
glven again to the student after we has been carried out a instructional
design about arithmetic problems. The assesment technique which we used was
Likert's added clasifications and it was given to all students. As a
consequence of these results we have found out that the attitudes of the
children towards problem solving is slightly higher than towards mathematics,
nevertheless these points do not change after carrying out the instructional
design, which was assessed in a positive way by the student as well as by the
teacher. Among the causes of these results we have found out the influence of
teacher beliefs and conceptions, as well as the instructional design which is
carried out in a short time does not make any significative changes in the
student’'s attitudes.

References:

.Alken, R. (1974) :"Two sclaes of Attitude toward Mathematics". J.R.M.E., §.
.Gairin, J (1987): Las actitudes en educacién. PPU. Barcelona.

.McLeod, D. (1992): Research on Affect 'in Mathematics Education:

A Reconceptualization and

.Thompson, A. (1992): Teachers’' Beliefs and Conceptions: A Synthesis of the
Research. In Grouws, D. (Ed.):"Handbook of Research on Mathematics Teaching and
Learning”. (A Project of the National Council of Teachers of Mathematics.
Macmillan Publishing Company. New York.
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MEDIATING UNDERGRADUATE MATHEMATICS LEARN ING
THROUGH DIALOGUE AND CO-OPERATION.

M. HOCKMAN.
University of Witwatersrand.

A learning prograsse based on collaborative and
constructivist ideas was developed and introduced into the
Math 100 tutorial system at The University of Witwatersrand
during the first semester of 1993.

The programme involves a cycle of learning, brginning with
the lecture or class, moving through group work and pro-—
active tutorials, and ending with sel § study. The
construction of the programme was influenced by the work of
Vygotsky with respect to the Zone of Proximal Developaent ,
the constructivist views of Von Glasersfeld and Lachhead, and
the existing precedents of group work and conflict lessons
developed by the Shell Centre fof Mathematical Education,
University of Nottingham. The great success of pair-learning
at religious Jeawish seminaries also sncouwraged and influenced
the development of the programae. It is hoped that the
prograsme can be adapted to become part of the tutorial
system of any maths course at a university.

The main concern of the project is the structuring of small-
group and pro-active tutorials. The aim of both these
tutorials is to encourage comsunication asong the students,
and betwesn the students and the lecturers. Maths education
at both school and university needs to move away from baing
teacher~-centred and allow the students to take a sore active
part in their own learning.

The learning programme was piloted with 350 of the 350
students in the first ymar main stream mathematics course,
and invol ved two lecturers. A questionnaire, relating to the
general atmosphere during tutorials, was completed by the
whole Math 100 class at the end of the semester. A positive
result was obtained, with the pilot project students
indicating an involvement and enjoyment of the tutorial
system, not shared by the rest of the students. Despite these
results, no significant change in academic perforsance was
observed at this stage.

References
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SLUMS CHILDREN'S SCHOOL ARITHMETICAL KNOWLEDGE
Mariela Orozco Hormaza
Department of Psychology
Universidad del Vvalle

Cali, Colombia

Several authors have described successful performances of low
socio economic level children to solve arithinetical tasks, provided
they are presented in their "everyday context” (Saxe, 1991) or in
their "context of transaction” (Carraher y Schliemann, 1985). I
would like to describe children's successful procedures in solving
a school arithmetic centered test. The test was applied individually
to 375 "slums children” to identify their number comprehension before
they enter first grade. Children's success in solving the test tasks
suggest that it is necessary to modify assessment methods in order
to be able to establish their school mathematical knowledge and ways
of reasoning. The presentation will include: a2 description of the
test, the way it was applied and the results obtained; and a
reflexion on the test content and the methods used to apply it and
to analyse the children's answers. Finally, I would like to propose
that this type of assessment allows one to identify "children's
mathematics” (Steefe (1990) and enables one to decide on "mathematics
for children” as Steefe has suggested (Steefe, 1988, 1990).

CARRAHER, T.N., CARRAHER D.W. AND SCHLIEMANN, A.D. (1985)
Mathematics in the streets and in schools. British Journal
of Developmental Psychology, 3, pp. 21-29.

SAXE, G. (1990) Culture and Cognitive Development: Studies in
Mathematical Understanding. Hillsdale, NJ: Lawrence
Erlbaum.

STEFFE, L. P. (1988) Children Construction of number sequence and
multiplying schemes. In J. Hiebert, M, Behr (Eds.).
Number Concepts and Operations in the Middle Grades.
Preston, Virginia: Erlbaum. National Council of Teachers
of Mathematics.

STEEFE, L. P. (1990) Children's construction of meaning for
arithmetical words: A curriculum problem. In D. Tirosh
(Ed.). Implicit and Explicit Knowledge. An educational
Approach. Norwood, NJ: Ablex.
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Progression in the unders of an

algebraic _rulg

MOK, Ah-Chee lda
Department of Curriculum Studies, University of Hong Kong

Most of the exercises in textbooks can be compieted by recalling
algebraic rules accurately. Thus, a correct piece of routine exercise
may not guarantee that students have achieved progress in
understanding. This study is an ongoing one and it aims to find a
better picture of how students understand an algebraic rule and how
their reasoning changes as their leaming experience grows. Students
from different levels in secondary school are chosen to do task-based
interviews. The design of the tasks are based on the pattern of the
distributive law. During the interviews, students have to distinguish the
legitimate and the illegitimate situations, and they are asked to explain
their answers.

In the trial study for designing the inteview tasks, the tasks were tried
by three students with Hong Kong educational background and of age
12, 14 and 18. They had completed secondary year one, three and five
in Hong Kong respectively. The responses of the students were found
to be mainly unistructural according to the SOLO taxonomy. (Biggs &
Collis, 1982) There was obvious difference in the reasoning strategies
of students from different age group.

The student’s responses are summarized in the table below:

Student age Characteristics of responses

age 12 unistructural, mainly substitution, tautology,
inconsistency, recall, wrong data

age 14 unistructural, mainly manipulations, goal-directed
transformation, some substitution, tautology

age 18 induction & deduction, consideration of the nature of
variable, unistructural, tautology, multistructural
but closed too soon, relational during probing

Reference:

Biggs, J.B. & Coliis, K.F., 1982, Evaluating the Quality of Learing: The Solo Taxonomy
(Structure of the Observed Leaming Qutcome) Academic Press.

Mok, AC.L, 1993, “The understanding f the distributiv> law". poster presentation in
PME XVIi, Japan.
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CONCEPTIONS OF FUNCTION: A TOOL FOR ANALYSIS OR A CONSTITUENT
OF THE MATHEMATICAL KNOWLEDGE?

Maria Kaldrimidoy, Dpt. of Early Chilhood Education, University of loannina, Greece.

The term conception {and/or misconception) appears more and more often in the litterature
of the mathematics’ education. The use and the meaning the notion has in the researches’
reports, and especially to the researches concerning the concept of function, will be the first
issue of this paper.

Usually, the term is used without an explicitly reference to his meaning. But, the context of
the researches’ reports led us to an interpretation of the term. So, "conceptions” are used in
relation to:

1. the knoweldge of the subjects {students or teachers of mathematics), as the "analogon”
{Vergnaud) construct of the concept in their minds (Breidenbach & al,, Vinner)

2. the mathematical concept, to determine the different aspects the concept has in different
topics (A. & J. Selden, Sierpinska).

3. the procedures used in mathematics, their epistemological value and other caracteristics
of the mathematics such as generalisation, definition, iconic representation.. (Artigue,
Sierpinska, Dreyffus, Kaldrimidou & Ikonomou).

Moreover, and this will be the second issue of the paper, we will try to set up an unifying
approach of the notion of conception and to present our considerations about:

1. the discrimination between the term conception and other similar terms such as ideas,
beliefs, scheme of thought,...

2. the nature, the function and the structure of conceptions in the construction of
mathematical knowledge, and consequently

3. the possibility of intervention, during the educational proces.
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Concept of Function: Aspects of Epistemology and Pedadogy, MAA Notes, Vol. 25, {pp. 1-16).
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THE COGNITIVE STRUCTURE AS A PROCESS OF DOING MATHEMATICS

Tadato Kotagiri
University of the Ryukyus

1 have peeviously reported on the cognitive structure that is observed when elementary-school
clﬁldrensmcusﬁ:ﬂyksnmmbasmdfouraﬁﬂmwﬁccﬂcuhﬁmmdingwﬂwsddo
Method (See the Procecdings of the PMEL7, 1 -240.) This structure has four phases, or
four thinking modes, identified as the Real World, the World of Models, the World of Schemas, and
the Mathematical World. All the empirical results show that every clementary-school child can
tchievcasaﬁlfactotylcveloflemﬁngnmricdconceptsbygoingthroughthefomcog\itive
wa'ldsconductedbyd\eS\idoMeﬂ\odewnifhe/sheisulledaslowlamerinmadmmﬁcs
kmﬁngbwmehdshunmﬁpulﬁemrebobjwbﬂmﬂmunddwmmofhhmﬁeﬂ‘m.

We can begin here with the question, "Why can a child understand the result of manipulating
concrete objects?” This question is not particular to the Suido Method, but is a general question
because it is popular to use concrete objects, pictures of concrete objects, and everyday-life stories
for teaching mathematics. Then, the question is, *Why can a child do and understand mathematics
by using the concrete objects, the pictures, and the stories?”

Ipropoleﬂmﬂleteisabuﬂmnnm\dud\esmmmposedofd\efwoog\iﬁwwoﬂds.
CiWFWsiMNMMWMbM&MM&,chhMMm—,
sub-, ot pre-consciously. Byasnnpleexpmmmt,itiseuytopmwﬂmﬁmeeximhdogiw
Knowledge, which is not intended to be memorized. From this point of view, the above statement of
successful seaching should be rectified as follows: Every child who has stored enough Prelogical
meb(hemmnunnndcmmdusmddwnnﬂmnulnhhwupunedmﬂuﬂmhng
modes with concrete objects, pictures, and stories. The Prelogical Knowledge is different from the
mmwwummmnawmmam leatns or memorizes
something consciously in the Drill-and-Practice situation. The memory syts of Prelogical
Kmudﬂamﬁmmnmybmeamldmmurmof
information 0 be accumulated unconsciously even if he/she is just two or threc years %

We might now consider another question, 'Whymadiﬂmwmmﬁuof
mwumwsm.mmmumum
m&Mupmm.Mnyothemofw&ummﬁmﬂlm
Nmuw*udmhfm wﬂw

lmthmWMm(Mbmﬁdfuame
understand the meanings of new words: One is Emotional Resonance, and the other is Contextyal
mnumbMMMMmaMphy,u when the child is playing
house or is enjoying a paper piciure show. In other words, we can observe the two conditions when
acﬁBWWbbmﬂﬁmanwﬁm
wmn»u-wamwwmmu,mmmm
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(,onstructlng a culture of alternative pedagogy
in a formal educational system:
an analysis of two teachers’ interventions.

Yanna Preen - Kynigou and Chronis Kvnigos*
*University of Athens, School of Philosophy, Dept. of Phitosophy. Education and Psychology

The context of this research is a logitudinal project. involving all teachers and children of a
primary school using l.ogo programming to develop alternative pedagogy for mathematics.
tipisodes about the didactical intervention of two teachers with seven years' prior Logo
teaching expericnce within the project are described. where, their developed strategies (o
influence the learning cnvironment, on the one hand in order to discourage an unreflective use
of the computational medium. and on the other, in order to help the children to focus on and
become aware of the interesting and powerful mathematical idcas which they use in amongst
their projects were challenged by the assumptions carried over from the wider educational
paradigin. A qualitative analysis of all the teachers’ verbalisations in the classroom was carried out.
supported by interview data. based on. a) video recordings of the teachers’ activity and transcription
of all their interventions throughout five teaching periods each and b) on semi - strucutred interviews
regarding their beliefs about the didactical strategies they had formed.

The preliminary results support the argument thal the teachers have developed strategies to influence
the learning environment, on the one hand in order to discourage an unreflective use of Logo, and on
the other. in order to help the children to focus on and become aware of the interesting and powerful
ideas which they use in amongst their projects. However, their efforts are not facilitated by the
assumptions carried over from the wider educational paradigm to the Logo work. even though during
the normal curriculum hours they did attempt to engage the children in classroom discussions or find
time for them to work in small groups and the school explicitly supports such pedagogy. The chifdren
come into the Loéo classroom with the expectation that the teacher is there either to provide
information or answers. or to test whether the pupil can provide them. The teachers have. in general,
gradually developed a meaningful way to communicate to the children why they are not readily giving
them factual answers, why they will often throw the responsibility of a situation back to the children
themselves, and that it is socially acceptable and legitimate for them to conjecture. theorize and make
mistakes. Even so. this does not seem to be the case of simply explaining the rules of a new game and
then playing it The teachers see important eduationai value in consistently communicating these rules
throughout the project’s duration.

Refereaces
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CARDINALITY UNDERSTANDING AND LEVELS OF ACQUISITION

Vicente Berme jo
M* Oliva Lago
Purificacién Rodriguez

universidad Complutense, Madrid, Spain

This work focused, on the one hand, on the process of cardinality
acquisition and, on the other, on the relation between the cardinal
concept and the counting procedure. To gain a better understanding of
children’s understanding of cardinality we presented four tasks: (a)
conventional sequence (CS): (b) backward sequence (Bs): (c) jump at the
beginning of the standard sequence (JBSS): and (d) jump forward and
backward in the standard sequence {JFBSS) to three groups of subjects
(i.e., Group I: M: 3:9, range 3:5 — 4:0 years; Group II: M: 4:3, range
4:0 - 4:6 years; Group III: M: 4:10, range 4:6 - 5:0 years).

As for our first goal, in general, the results showed that the
cardinality acquisition did not conform to an all-or-nothing process.
on the contrary, the present data supplied further evidence to the six
steps proposed by Bermejo and Lago (1990) in an earlier research
regarding the cardinality understanding: (1) incomprehension of the
sjituation and random responses; (2) repetition of the number word
sequence used in counting: (3) counting the set of objects again; (4)
giving the last number word of the counting sequence (i.e., the "how
many" rule); (5) responding with the largest number word of the used
sequence: and (6) a true cardinality answer. '

Concerning our second goal, the results evidenced that did not seem
to exist an essentjal relation between counting and cardinality. In
effect, many children who counted accurately failed to answer to the
cardinality question. Likewise, many children that didn’t know how to
correctly count Were able to give precise cardinality responses. Thus,
in accordance to previous research, a cultural or instrumental relation
is suggested between counting and cardinality.
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ERIC e g1




THE STABILITY OF ALTERNATIVE PROBABILITY CONCEPTIONS
P. E. Laridopn and M. J. Glencross
Universities of the Witwatersrand and Transkei

As reported at PME 17 (Laridon and Glencross, 1993), ongoing research
uses questionnaires adapted from Green (1982) to investigate the
understanding of probability amongst grade 9 pupils in the
Witwatersrand and Transkei areas of South Africa. This questionnaire
has been applied to about 1 200 pupils.

A more detailed analysis is here presented of two series of
items from Green’s questionnaire. The first of these consists of
questions related to expectations pupils have on drawing balls from
bags; the second series deals with spinners. A novel sequential path
approach to the statistical analysis of these series of items is
used. Alternative conceptions are posited as being the basis on which
pupils made choices amongst the alternatives presented with each item
in the series. The group of pupils fitting into a particular
conception as indicated by a choice is followed through the series.
some startling results emerge in terms of the actual final percentage
of pupils who have used a particular conception consistently
throughout the series. The outcomes of this analysis, questions
statements often made adbout the stability ana por-i.tohco of
alternative conceptions. Serious doubts are also raised about the
reliability of the usual statistical analyses of instruments
consisting of multiple choice items.

In Green’s questionnaire some of the multiple choice items are
followed by an elicitation of reasons for the choice made. The
cascade analysis of the items mentioned above is illuminated by an
analysis of these free responses. The categories obtained are
discussed in terms of possible underlying causes as found in the
literature (Borovenik and Bents, 1991).
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THE BUILDING OF MEANINGS IN MATHEMATICS: AN APPROACH OF THE
CONCEPT OF FRACTION.

L{_!Ez Carretero, Asuncién. 1.M.E.B. (Investigation Area I.M.I.P.A.E).
ouncil o arcelona. Spain.
Gallego Lazaro, Carlos. Teaching Staff College. Ramon Llull University.

Barcelona. Spain.

This work intends to be a contribution from a psychological perspective
to the study of the mental functioning in the Mathematics field. It
analyses the formation of concepts, and more specifically some aspects
of the building of the fraction's notion.

The work places the problemetic in the frame of the mental
representation in order to tackle the cognitive dynamics responsable
for the building of meanings in Mathematics.

Thanks to the theoretical means of "the representational model" and
"the operational context" (Moreno-Sastre, 1988) ,this work studies the
interaction produced between the representational content -variables

of the task- and the operations that the subject makes to relate these
variables.

- It has been noticad how different conceptual schemes together with

forms of symbolic expression are generated and coordinated in the
process of elaboration.

The building of meanings in Mathematics in the first stages could be
considered as a progressive coordination of operations and
representational contents. The dynamics of the formation of the schemes
could be the responsable for the building of the mathematical
knowledge.

The elaboration of a symbolic language able to express the mathematical
relations is the result of a process of creation which does not only
resultin the reorganisation of the conceptual relations at a more
complex level, but it can also open impassable mental tracks up to
know.

The aim of this communication is to relate the conclusions of this work
to Vergnaud's concept of "the Concaeptual Field", to the ideas around

" Brousseau's "Epistemologic Obstacle", and to the studies carried out

Q
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Berh,M.J.,Lesh.R.,Post,Th.R. ,Silves,E.A. (1983) :Rationsl Number Concepts. In
:Acquisition of mathematics concepts and processes.london, Ed. Academic Press
Inc.

Brousseau,G. (1983):Les obstacles épistémologiques et les problémes en
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IMMIGRANT UNIVERSITY STUDENTS' EXPRESSION OF
PROBABILISTIC CONCEPTS FROM THEIR LIFE EXPERIENCES
: Louzon, D. and Zinn, B.
Rothberg Schoo! for Overseas Students, The Hebrew University of Jerusalem

The primary aim of our teaching is to enhance students' capabilities in
dealing with probabilistic concepts, and secondly to support immigrant youth in
their adaptation to a new country.

Students are invited to use theoretical models, for instance Venn diagrams or
Bayes' rule, as a basis for illustrating a fife situation of their choice. The process
involves going from the model to the situation (the reverse of modeling). To
successfully undertake this task, a student must understand the theoretical mode! and
its structure, select an appropriate subject for this mode!, assign each part of the
subject to its counterpart in the model, and to evaluate the fit between the subject
and the model. Students must then pose mathematical questions about their
representation. This process demands flexibility on the part of the student.
Immigration is a stressful process, requiring flexibility in adapting to the host
country. We make use of the fluid situation in which our immigrant students find
themselves to instill new learning strategies for problem-solving.

A pilot study, using Venn diagrams as the theoretical model, was undertaken
with Frerich-speaking immigrant students. The pilot study gave an indication of
students' increased interest, firstly in writing their own interpretations of the
model and secondiy, in active fearning during class through generating their own
exercisas. The reverse modeling gave immigrant students a legitimate opportunity to
express nostalgia for what they left behind as well as their reactions to the host
country's culture during their process of adapting to the new country. These
concerns were reflected in the students’ choice of topics which ranged from ltalian
soccer teams, Israeli culture as viewsd by Asterix comic strip, airport baggage
control, and international politics. The degree of students' activity and the fusion of
their affective and intellectual involvement led us to extend the study.

An experimental group, which did not differ from control groups on pre-tests
of basic algebra and probability skills, was provided with many opportunities to
write their own interpretations of models. during a semester course on Probability.
The experimental group's achievements on the final exam were significantly higher
than those of the control groups. Eliciting students' expressions of probabilistic
concepts seems to be an avenue worth pursuing. We are trying to implement this
teaching strategy with logic problems, which form part of psychometric tests for
university entrance.
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THE RESOLUTION OF TWO COMBINATORY TASKS BY MATHEMATICS TEACHERS

Helena Maria d'Qrey Marchand
Faculdade de Psicologia e de Ciéncias da Educagao-
Universidade de Lisboa

Formal operational thinking is the frailest of all stages of cognitive development studied
by the Geneva School (Inheider & Piaget, 1955). Research on formal thinking in
adolescence shows that the average age of access to formal stage is substantially
different from the one claimed by Piaget and Inhelder in 1955. Research, which was
aimed to study adults' cognition, shows 1) that subjects that used formal thinking were few
and 2) that a significant number of subjects never reached a fully formal level. Faced with
these results, Piaget (1972) reformulated his first conception of formal thinking. In this
reconceptualisation Piaget not only admitted that the age level of 11/12 years should be
extended to 15/2G years but he also pointed out 1) the role of the environment, 2) the role
of the capacities and 3) the role of professional specialisation in the construction of
formal operational structures. In 1972, Piaget suggested that the cognition of adults be
studied through tasks related to their profession or related with problems with which they
were familiar.

What happens with adults with a high level of schooling (average = 17 years) and
with a professional experience essentially in teaching? Do they control formal
operations? Do mathematics teachers solve easier formal tasks than teachers of
other scientific areas? In this type of population, do formal tasks with familiar
content induce formal thinking more easily than formal tasks with academic
content?

The aim of this communication is to report some research data gathered to answer these
questions.
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OECD STUDIES OF EDUCATIONAL INNOVATIONS:
THE CASE OF THE NCTM STANDARDS

Center for Researéh in Mathematics and Science Education
San Diego State University (USA)

The National Council of Teachers of Mathematics (NCTM) has played a
significant role in efforts to change school mathematics in the
United States. NCTM has focused its efforts on the development and
implementation of the Curriculum and Evaluation Siandards for
School Mathematics (NCTM, 1989). The activities of NCTM provide-an
interesting opportunity for a case study of how a professional
organization of mathematics teachers can provide direction for
educational change in an entire country.

Romberg and Webb (1993) have presented the historical background
for understanding NCTM's role in developing the Standards. In this
case study we are analyzing the various factors that influenced
NCTM's work. We are also gathering data on the extent to which the
Standards have been implemented. Main sources of data include
interviews with educational leaders and observations in classrooms.

Seven other case studies of educational change are being conducted
in the USA (see Romberg & Webb, 1993) and a number of other
researchers have begun to carry out similar studies of educational
change in several other OECD countries (e.g., Keiichi Shigematsu in
Japan). Researchers who are participating in similar studies are
invited to identify themselves at the session.
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PROBLEMATIZATION IN THE TEACHING AND LEARNING PROCESS:
STUDENTS AND TEACHER ATTITUDES

Maria do Carmo Domite Mendonga
University of Campinas

This paper relates the results of a study in a 6th grade class based in a
problematization approach. This approach stresses active learning produced from
information from students’ social reality. Two aspects were emphasized: (a) the
action, to motivate students to act within new situations of his or her reality in order
to modify it; (b) the dialogue, as the teacher faces patiently the differences of points
of view and, among the, to reveal enough similarities to establish communication
concerning the goal aimed by the group.

Of major interest was the study of students” attitudes towards mathematics
learning when the educator is looking from an externalist view of mathematics, as
mathematics connects itself with other ficlds of study and as the teacher considers
the socio-cultural context of the students.

The class had 36 students. They were regarded as the weakest 6th grade class
of the school with a quite low achievement in mathematics and in other subjects.
The average age of the students was 14 years old. They worked in groups of 4 or 5
during their math classes in a spontancous arrangement. Two of the strategies used
in the work were the following (concrete examples will be given at the presentation):

(1) SE—-SPONTANEOQUS: Make evident a situation in the school context.
The teacher must be attentive to emphasize a situation that is significant for the
students and, then, to carry on a discussion about it, in order to develop a
problematization process.

(2) GTS—GENERATOR THEME: ask the students to choose a *“generator
theme” from their social reality and help them to observe and investigate it in order
to unleash a problematization.

Experimental evidence shows that there was an increase in interest of most of
the students. they were excited about mathematics classes. Some problematizations
allowed the introduction of new mathematics topics. Others were used essentially to
present some exercises to practice skills and techniques. Still others enabled a
synthesis of what students had learned, providing them the opportunity to develop
skill in communicating mathematical ideas. Finally; some problematizations helped
to develop in students a greater sense of what mathematics is, how it has been
created and why to study it.
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ASSESSING STUDENTS' MATHEMATICAL ACTIVITY IN THE CONTEXT OF DESIGN PROJECTS

Judit N. Moschkovich
Institute for Research on Leaming
Palo Alto, CA US.A.

Research in cognition and learning has pointed out the need for closing the gap between leaming
mathematics in and out of school (Carraher, Carraher, and Schiiemann, 1985; D'Ambrosio, 1991; Lave,
1088; Saxe, 1991). This perspective redefines what mathematics is and extends mathematical activity to
include more than using rote aigorithms. Following this perspective, cutrent curriculum guidelines and
standards for mathematics call for engaging students in *real world® mathematics rather than mathematics
in isolation of its applications, However, it is not clear how application projects will change students’ activity
ot how these projects will affect assessment practices.

The Middle-schoo! Mathematics through Appiications Project (MMAP) is designing curriculum
materials in line with these standards and investigating students’ activity when using these materials in the
classroom. In this aftemative learning environment students explore mathematical concepts in the context of
design projects. One of the 4-6 week units, Antarctica, puts middie school students in the role of designers
who are creating a research station for a scientific expedition to Antarctica. This unit guides the students,
working mostly in small groups, through the design and analysis process. Tools include ArchiTech, IRL-
designed software that allows students to create fioor plans and analyze information on their station's
heating and building costs. .

This paper presents the preliminary analysis of research undertaken in one MMAP classroom using
the Antarctica project. The analysis focuses on several issues in assessment practices raised by the design
project curriculum, The paper describes the central issues and tensions encountered in the design and
investigation of assessment practices: How does an abplication based, long term project affect classroom
assessment practices? How are the assessment needs diferent than in a traditional classroom? What
activities do assessment practices focus on: the design process, the presentation of products, students’ uses
of mathematical tools, or students' mathematica! arguments? On what other productive activities might
assessment practices focus?
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STUDENTS' PROBLEM SOLVING APPROACHES
AND THEIR SPATIAL AND ABSTRACT REASONING

Conceicdo Almeida
e
Ana Pauta Mourdo

Instituto de Educagao
Universidade do Minho
Braga, Portugal

The investigation of students' problem solving abilities - nature,
origine and development processe - has been one of the major concerns of
our recent work.

The study reported here is part of this investigation. Its purpose is to
investigate how different problem-solving approaches, used by 10th grade
students to solve school mathematical problems and other problenis
(curriculum content free), are related to their spatial and abstract
reasoning.

The results of the study are presented and discussed with reference to
its purpose.

Some suggestions to the teaching and learning of school mathematics
are made.
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USING INTERACTIVE MEDIA FOR CLASSROOM OBSERVATION!

Judith A, Mousley Peter Sullivan
Deakin University Australian Catholic University
Geelong, Australia Christ Campus, Australia

The software presented is a multi-media package aimed at improving classroom observation and
research skills. It is being developed for use in pre-service and in-service mathematics education, but has
potential for use in other professional education contexts. Resources included within the program include
films of pre- and post-lesson interviews with the teachers, videos of the lessons (and any parts thereof),
transcripts and other lesson documentation, associated readings and bibliographic data bases, graphic
representations, and other resource materials.

Four lessons, based on six components of quality teaching (see Mousley & Sullivan, this volume) were
planned, taught and videotaped. They are now stored on CD-ROM disc to enable interactive analysis of the
lessons. Our current research is examining how interactive media cun be used to form comprehensive data
bases of classrooms in action, and how these can be used in teacher preparation, in-service professional
development and educational research.

Using on-and off-campus teacher education students, the project is using case study methods to
determine different levels of interactions, (a) between users and the program, and (b) within small groups
of uses, during the employuient of a variety of pedagogical styles and student tasks. Teaching and learning
range from a transmission mode, where the lecturer plots the leaming path, to individual or group research
projects of the students' own design using the program's resources.

This project has four aims. The first is to further understandings about the potential of muiti-media
technologies to promote reflection, discussion and writing by groups of teachers and student teachers. The
second is to increase knowledge about how technology can be used to stimulate more student-directed
professional development and particularly group discussions and research projects (including teachers'
research into their own practices). The third aim is to provide a detailed evaluation of some uses of
interactive media to enhance classroom observation during the practicum as well as for researchers. Lastly,
we aim to explore the potential for students on different camput.es (or distance education students with
access to appropriate networks) to contribute to a group analysis of mathematics classroom interaction and
to a common data base.

Conference participants are encouraged to contribute to the further development of this project by adding
to interactive documents that the software contains, including data bases of (a) questions which could be
researched using the program's materials, (b) comments, suggestions and questions about the research
project, and (c) short quotations and bibliographies appropriate for the styles of teaching demonstrated.

1 This research Is being funded by the Australian Research Council, Australian Catholic University and Deakin

Un{verslty.
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INTEGRATION OF INDIVIDUAL QL STIONING
IN THE ERROR ANALYSIS PROCESS.
(An example with the algorithm of division)

NANTAIS, Nicoie
Université de Sherbrooke, Québec

Error analysis is a very good approach to identify errors that the children commit in applying arithmetical
algorithms. Many authors (Ashlock, 1976, Cox, 1975, Radatz, 1979) have studied errors and tried 1o
classify them as well as make hypothesis concerning their causes.

Errors can come from many different sources: computation crror, understanding error, application of
false rules. misunderstanding of numeration. and these kinds of errors can be corrected in different
manners depending on their source. So, for teachers, it is important to know not only where the children

have committed errors, hut also what kinds of crrors, why they were commitied, and how to correct them
effectively.

In teacher preparation courses, W .ave developed a global didactical approach in which we use error
analysis for understanding arithmetical algorithms {Nantais. 1990, 1991a). This approach consists in six
steps that allow future teachers not only to classify pupils’ errors. but also to leam why the child does

;,hal and what to do to remediate a specific kind of error. We describe these steps and cach of their aims
elow.

The first_step consists of a task analysis to identify difficulties proper to cach arithmetical
algorithm which having its own rules based on numeration principles. The second step is the
classification of errors of which we know the typology from the literature (Ashlock, 1976, Cox,
1975, Ginsburg. 1977, Radatz, 1979). The third slep consists of determining hypothetical causes.
The fourth step is the preparation of a list of exercices based on the difficultics identificd in step 1 and
the classification of a group of pupils' answers in a grid that permilts to see, at a glance, where
the difficultics lic for each child as well as for the group, Nevertheless. this step doesn't allow necessarily
to know the understanding of the construction of the algorithm in the application of rules or of the
understanding of the numerical principles underlying them. Then. the fifth step consists of the design
of individual questioning devcloped in accordance with the specific problem identified in step 4; this
questioning is based on the design of the mini-interview developed by Nantais (1991b). And the sixth
and last step, the development of a remediation program to aid individual pupils or a

group of pupils correct their erors as well as understand what they do when they apply arithmetical
algorithms.

In this presentation, we will hring some results of an experimentation of this approach by future teachers
and highlight the essential role of individual questioning of step 5 with fifth graders on their
understanding of the division algorithm.

. Asitock. R.B.. (1976). Errors Patterns in Computation, a semi- programmed approach, Merrill Pub. Columbus, Ohio.

. Cox, L. $(1975). Systematic crrors in the four vertical algorithms in normal and handicaped populations, Joumal for
Research in Matematics Education. november. 1975

- Ginsburg. H. (1977). en's A ic: j cess. New York, Litton Educational Publishing.

Children's arithmetic: the Jeaming Process.
. Nantais. Nicolc, (1990). 1.'apprentissage des tables de multiplication versus la ménorisation. Instantanés mathématiques.
APAME, Vol. XXX, no. 3.

. Nautais. Nicole. (19912). Unc démarche danalyse d'crreurs appliquée A Falgorithme de multiplication. Bulletin de ' AMO.
Vvol. V, no. 3.

. Nantais, Nicole. (1991b). La MINL-ENTREVUL: un neuvel outil, d'évaluation de la compréhension mathématique au
primaire., Presses de I'Université de Moniréal, Coli. Prix Jeanne-Grégoire,

. Radatz, H. (1979). Error analysis in mathematics cducation. Joumal for Research in Mathematics Fducation, no. 10.
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ABOUT SYMBIOSIS BETWEEN NOTION AND ALGORITHM IN INTEGRAL CALCULUS

German Mufioz Ortega & Francisco Cordero Osorio
Departamento de Matemitica Educativa, CINVESTAV-IPN, México.

The phenomena that integral calculus describes are characterized by the relationship between
magnitudes intervening and variations given among those magnitudes. When studying this
phenomenon, particular problems are inferred (see group | in figure) which partially describe the
behaviour of phenomenon. For instance, from movement two kind of questions can be posed: atout
“real causes” of movement or about "calcuation” of the evolution of movement systems.

' Ab— Ab—y ¢ Ab—;
Phenomenon Particular problem Mathematical Model Theories
Ap._.l ; Ap_J ’__ Ap..__!
— 1 1 2 { —3
(Ab) Abstraction (Ap) Application,

Each particular problem requires the following components to be solved (see group 2,3 in figure):

* Processes of abstraction in which student's *notions" (with associated meanings) are present when
he is faced to problems. These processes are essentially of two types: empirical abstraction and
reflective abstraction (Piaget & Garcia, 1992).

* Mathematical models are outer representations of de subject as an consequence of process of
abstraction,

* Symbolic language in which the subject gives to symbols some rules and meanings (syntax and
semantics).

* Theories appear when the structure of several mathematical models are studied and concepts,
theorems and algorithms are part of it.

Based on the scheme above, we can state that:

* The present teaching of Calculus is focused on groups 2 or 3, that is, definitions of concepts are
analysed and algorithms are practiced and then to go back to group 1 to study problems of
applications. In this sense, Dreyfus (1990, p.125) has reported that "students leam calculus
procedures in a purely algorithmic level” and "teachers and students learn to say what integral and
its geometrical representation is and they identify with difficulty a methodology which enables them
to study continuous variations phenomena® (Cordero, 1993).

* Concepts and algorithms are the result of a set of problems or of a set of situation in the same
sense as Vergnaud -conceptual field-(Vergnaud, 1990).

* Notions and algorithms cannot be isolated. On the contrary, a symbiosis exists between them.
Questions such as what mechanisms are present in this symbiosis? How to structure a conceptual
field which enhances this symbiosis and the understanding of concepts and algorithms of Calculus?,
The specific problems we are studying are: a) problems "with initial conditions”, b) prediction and
accumulation ndtions, and c) Taylor’s series and the foundamental theorem of calculus both used as
a device of calculus, taking in account all the above elements for discussion.

REFERENCES

Vergnaud, G.(1990).La théorie des champs conceptuels. Vol. 10, No.13, pp.133-170. CNR et
Université, Rene Descartes.

Piaget, J. & Garcia, R.(1992). Psicogénesis e Historia de la Ciencia. Ed. Siglo XXI, México, 5a. ed.
Dreyfus, T (1992). Advanced Mathematical Thinking, pp. 113134, Kluwer Academic Publisher
Library.

ERIC 102 .

Aruitoxt provided by Eic:



DOES YOUR ANSWER MAKE SENSE?

THE ROLE OF TEACHER QUESTIONING IN STUDENT JUSTIFICATIONS
Ralph §. Pantozzi

Rutgers University

This paper describes a temporal sequence of questioning observed in interactions between a
teacher and pairs of students during the course of a longitudinal study. Analysis of these interactions
reveals processes that assist the teacher in constructing a working knowledge of children's thinking.
While students develop solutions to a problem, the teacher asks them to explain aspects of their
work.

Method

Data for this analysis came from scven videotapes of students working in pairs on a problem
situation. Each videotape was accompanied by a complete transcript. Each session was examined
for examples of interaction between students and teacher and the resulting cffects upon the next
interaction.

Results and Conclusions

My analysis of these videotapes reveals a temporal pattern of five levels of teacher
questioning. This pattern of questions is important because it triggers the students to justify their
solutions. During this sequence of questioning students begin to make sense of ther own answers,

They develop a self-motivated need to discover and jusiify multiple solutions.
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ON STUDENTS' CONCEPTIONS OF THE REAL CONTINUUM

Tasos Patronls and Joanna Mamona-Downs
University of Patras and University of Macedonia. Greece.

There is a fair amount of research on students’ formation of the basic concepts of
Analysis - especially of the concept of limit - but only a few works focus on the
conceptions about the continuum of real numbers. This is a communication of some
results of on-going research on the subject. We asked the following question to
students of mathematics and to future primary school teachers:

" Given the two sets of real numbers A ={0.3, 0.33,0.333., ..} and
B = {0.4, 0.34, 0.334, ...}, does there exist a real number x which is, at the same
time, greater than all elements of the set A and less than all elements of the set B?"

Below we include some of the main conceptual formations and prejudices that we
have identifled in the responses of 68 students of Mathematics and 20 students of
Education. Formations {(a), (B), (C) and (D) are somewhat related to those
identifled by Mamona. and Mamona-Downs (1987 , 1990 ), while (E) and (F) are
new. ’

{A} Dependence on the symbolic representation (or form) of numbers.

Example : The number x in the question does not exist because * there is no digit
between 3 and 4 . so it is impossible to form such a decimal number ",

{B) Each of the twp given sets expresses an on-going process without end.
This leads to an diinishing interval which never degenerates to a single point
between thé sets A and B . (This conception was more frequent among future
primary school teachers ).

(C) “Infinite induction” used for the definitions of the sexs A and B.

Each of the two given sets has a member of “infinite order”, {expressed respectively
as "0.333..." or as "0.333...4"), which is the "final result” of the process; these
nuinbers consequently are not usually considered as equal to the real number x in
the given question.

{D) Explicit Use of Limits:

Application of the usual rule to find the limit of a geometric series. sometimes
together with an attempted “e-$" reasoning.

(E) If a<x for every member of an {infinite) set A, then we should also have

Sup A<x.
Example: “The number x in question does not exist: otherwise we should have
supA<x<inf B, which is not true since supA=infB".

(F) Arguing from R {s dense in its ordering and is order -complete.
From the existence of an x; such that 0.3<x;<0.4, an xg such that 0.33<x<0.34

and so on, some students infer the existence of x in the given question “obviously by
passing to the tmit"
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PEER_COLLABORATION — AN ESSENTIAL ELEMENT FOR
TH F_THE L ~ CI APPROACH
THE LEARNIN MATHEMATICS -

SYLVIE PENCHALIAH
(UNIVERSITY OF DURBAN-WESTVILLE, SOUTH AFRICA)

This report forms part of a research project by the author, on
children's intuitive/spontaneous problem solving, with regard to
multiplication and division word problems. The theoretical
framework is based on Socio - Constructivism (basic premise -
learning is a social activity as well as an individual
constructive activity). The principles of Qualitative and Action
Research Methodology were followed.

For a period of four months, work has been done with Junior
Primary children, at a school that has implemented the problem -
centered approach for approximately four years. Group sessions
were conducted, twice a week, for ten weeks with small groups
(i.e. 4 to 6 children). These children were given different
types of multiplication and division word problems, which they
worked out however they wished (eg. by modelling, drawing
diagrams or mental/abstract methods). These steps were followed:

1. Their behaviours were observed in relation to:
1.1 their solution strategies
1.2 their social interactions

2. These observations were reflected upon and
3. subsequently modified in the succeeding group sessions.

One of the many interesting observations that was made, has to
do with social interactions within these groups. Now fundamental
to the Problem-Centered Approach based on Socio-Constructivism,
children/individuals learn through their interactions and
discussion with others. But many of these young children had
great difficulty in listening to each other's ideas. In this
paper/poster some ideas will be shared on how this problem was
addressed by the author.

Feb94/SP/3p
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A teaching of the absolute value in secondary school. Study of
: "institutionnalisation®.

Marie-Jeanne Perrin-Glorian
Equipe DIDIREM, Université Paris 7

Previous researches (Perrin-Glorian 1993) showed how important is the articulation between
the course of the teacher and the sense actually involved by the pupils during activity of
probiem solving. Even if students use with sense in probem solving some tool that we can
identify as a mathematical concept, we may observe later a loss of sense, after the course when
definitions and formalisins are given.

The present research intends to identify relevant variables for institutionnalisation (Brousseau
1987), on the side of pupils and on the side of teachers. In order to do it, we chose to make
some cases studics by observing several classes on the same mathematical topic.

We chose the 10th grade (15-16 years old) because it is in France the first year of "lycée"
(second cycle of general secondary school) and the last year before orientation of students to
scientific, literary or economic section. We retained two mathematical topics that are new at this
level : the absolute value (including the absolute value function) and homothety.

In our presentation, we broach two parts : on the one hand, the place of the absolute
value in the French curriculum and specificities of the teaching of such a topic, on the other
hand, the study of the non strictly mathematical part of the discourse of the teacher.

About 5 years ago, the absolute value was introduced in the 8th grade (13-14 years old)
with regard to relative numbers. But it was considered as difficult and of no real use for this
level. Now students meet the absolute value for the first time in the 10th grade as distance on
the real line and as a particular function (the theme of functions is important at this level). But,
since there is no more formalisation of the notion of limit in secondary school, it is not very
uscful for problem solving : it is a tool to have sherter formulations, to define functions with
only one algebraic cxpression, instead of several ones, and it is a mean to make
counterexamples : it gives the only function studied at this level that is continuous and not
differentiable everywﬁere. The statute of this concept makes it difficult to introduce it as an
implicit tool to solve a problem.

On the second point, we present the comparison of the discourse of the same teacher in
two classes : the first one had a good level, the fevel of the second one was lower. We started
from the hypothesis that the teacher fits to his students and we were looking for differences.
This teacher has a somewhat innovative practise in the 2 classes : during one session, students
are proposed problems involving the new concpts as implicit tools ; they arc organized in small
groups to solve them. During the next session, the teacher directs a synthesis, and, at this
Juncture, gives the lesson : definitions, explanations ... Moreover, this teacher gives much
place to heuristics in his discourse.

We detected 2 main differences between the 2 classes :

- lime is not managed in the same way : there are more digressions in the class of lower level.
Moreover, in this class, they are caused by an ervor or an insuffisantly accurate answer of a
student ; they give an opportunity to record previous lessons. In the other class, they give an
opportunity to anticipate further lessons. Paradoxically, more difficult questions may be asked
in the class of lower level.

- there is more heuristic discourse in the class of lower level, but it is more algorithmized.
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KINDS OF ARGUMENTATION USED IN GEOMETRY

JOVANA REZENDE and LILIAN NASSER
UNIVERSIDADE FEDERAL DO RIO DE JANEIRO ~ BRASIL

Secondary school students encounter, in general, many difficulties in geometric
questions requiring justifications and proofs (Balacheff, 1987; Hanna, 1990). This study
focuses on the kinds and levels of argumentation used and its main aim is to try to
understand and alleviate students' difficulties on argumentation tasks.

The first pilot study was carried out with 13 year-old-students starting the geometry
systematic course. As they did not have sufficient previous experience with geometry,
they were reasoning at a low van Hiele level {van Hiele, 1986) and could not answer the
argumentation questions.

Another attempt was tried with freshman students at the Mathematics
undergraduate course. According to their answers to several tasks, the following kinds
of argumentation were identified:

- Inconsistent reasoning: the student cannot organize his reasoning to justity

the assertion;

- Empirical justification: the student refies on the verification of some
examples;

- Graphic expianation: the student justifies the assertion through a graphic or
figure,

- Reference to a higher authority: the student accepts the truth of the
assertion based on the authority of the textbook or the teacher;

- Acceptable justification: the student succeeds in justifying the assertion,
expontaneously or after prompting;

- Formal prootf: the student writes a proof to justify the assertion.

A deeper observation will be carried on with another sample of freshman
undergraduate students at the Geometry course, in which two aspects will be
investigated: if the kinds of argumentation suggested are validated and if it is possible to
improve the kinds of argumentation used through suitable instruction.
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THE CONSTRUCTION OF THE CONCEPT OF FRACTIONAL NUMBER

Maria Judith Sperb Ribeiro

Universidade Federal do Rio Grande do Sul
Porto Alegre, RS, Brasil

The purpose of this work is to investigate the understanding of the concept of fraction
by elementary school’s students.

The application of a writen test and subsequent observations made in a fourth grade class,
show that in general, the cliildren have problems with fundamental concepts of fractions.

Interviews and other related activities realized with two students (10 years old) of this
class, choosen at random, showed that the symbols were introduced before the students
could understand their meaning. The students did the fractional number operations by just
applying mechanically some rules that they didn’t understand.

A suplementary work perfomed with this two children, using manipulative material,
diagrams and real world situations, indicatc that the difficulty was a consequence of insuficient
exploration and discovery experiences and not a lack of mental hability.

From our experience we conclude that students in a ten-year-old mental level have in-
tellectual conditions to construct the concepts of fraction if their teacher understands and
respects their knowledge process. For the correctly understanding of fractions, we believe it
is crucial the use of concrete material and that the students do some activities that allow
them to develop strong mental images of fractions.
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The correspondence between rational numbers and the number line: a
classroom experience in Secondary School.

. Isabel ROMERO and Luis RICO. Dep. de Didictica de la Matemitica. Univcr-sidad de
Granada. SPAIN.

Abstract

This work belongs to a wider study about the initial comprehension of the
concept of real number by students of Secondary School. It has been carried out as an
action research experience with a class of children fourteen-fifteen years old.

In order to explore the intuitions of the pupils about the correspondence of the
rational numbers and the number line, two questions were made at different moments of
the didactical process. In the first one, we asked wheter they thought that rational
numbers filled the number line. The second question was posed as an exercise: pupils
needed to asigne a number to some given points on a line in which the points 0 and | were
also marked; in the end we asked whether they thought that there was always a number
corresponding to any given point on the line, and which kind of number could it be.

The answers to the first question were Yes and No in a similar proportion; the
reasons pupils gave were fuzzy and diverse, and in some ocassions served to justify
opposite opinions. In the second question, pupils asigned finite decimals or fractions to the
given points, answered that there was always a number corresponding to any point of the
line, and that this number was an integer, a fraction or a decimal (finite).

This result ilustrates the difficulties of dealing with the correspondence between
the geometrical continuum and the numerical continuum, which is a key point in the
classical construction of the concept of real number.
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AFFECTIVE VARIABLES AND MATHEMATICS ACHIEVEMENT:
" A STUDY OF A SAMPLE OF SECONDARY STUDENTS
IN BRUNEI DARUSSALAM
Khoo Phon Sai and Palanisamy K. Veloo
Universiti Brunei Darussalam

The study explored the relationships among sclected affective varables and
mathematics achicvement and the extent to which these affective variables accounted for
observed variance in maths achievement. The subjects comprised 259 secondary students.
Data was collected through the administration of an Asscssment of Mathematical Abilitics
test (AMA) and a sct of instruments consisting of Attributions in Maths (AIM) (Relich,
1986), Maths Belicf Scales (MBS) (Kloostcrman 1991), Maths Attitude Scale (MAS) and
Maths Classroom Perception Inventory (MCPY).

The major findings of the study arc generally consistent with those reported in the
Literature. For example, high maths achicvement (as measured by AMA) is positively
correlated with maths sclf-concept, enjoyment of maths and confidence in leaming maths
but negatively with maths anxicty (Reys, 1984; McLeod, 1992). Analysis of variance
results showed that girls arc more likely than boys to attribute success to cffort, have
greater self-concept and enjoyment of maths and more positive attitudes towards maths.

The method of systematic decomposition of variance based on a series of
regression analyses showed that the unique contribution of each block of affective variables
ranged from 0.3% to 4.7%. In contrast, variables such as gender, class type, age, previous
exam grade and monthly maths test marks provided larger unique contributions ranging
from 12.0% to 29.8%. The resulis of the study fail to confirm the hypothesis
(Kloosterman, 1991) that belicfs about how maths is leamed account for a considerable
portion of the variance in mathematics achicvement scores.
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USE OF ALTERNATIVE METHODS OF ASSESSMENT
El va and VAnia Maria Pereira dos Santos
Escola Municipal Alcide De Gasperi aad Projeto Fundio-Matemética UFR]
Universidade Federal do Rio de Janeiro (UFRJ) and Projeto Fundio-Matemética UFRJ

=Assessment practices send a powerful message to students about the mathematical thinking,
expericnce and content that is valued” (Tzur, Brooks, Enderson, Morgan and Cooney, 1993, p. 151).
Assessment methods should change if teachers want to have students valuing mathematics, knowing
how to argue and question in-school as well as out-of school situations that deals with logical thinking,
and willing to try out diffcrent solutions. Since 1993, a group of five school teachers together with five
college students (math majors) and one university mathematics educator have been investigating the use
of alternative assessment techniques in different grade levels. This paper discusses two experiences
realized by one middle school teacher from this group. In the 1993 study, the 30 seventh grade
students explored geometric topics (e.g., plane and spatial figures, angles and triangles) and the teacher
tried out several assessment instruments. She used group work, open-ended questions, coficept maps,
group and individual contests, and self-asscssment of their performance. The driven forces for her
innovations in teaching and assessing were threefold. First, her own belicfs that should exist other
ways to cxamine students' mathematical knowledge besides the traditional paper-pencil tests. Second,
her long teaching practice giving evidence that good grades are not always equivalent to a meaningful
mathematical understanding and bad grades do not necessarily means that students don't understand
mathematics. And, lastly the discussions within our study group with the rich input of the college
students offering their own point of view about assessment (Webb & Coxford, 1993).

The pilot experience in 1993 showed us the potential of (a) concept maps to diagnose students’
conceptions and misconceptions, (b) open-cnded questions to exhibit a variety of students' solutions
and interpretations, (c) assessment in group to develop socialization skills and to teach students about
other ways of thinking, and (d) self-assessment to develop students' awarcness of their strengths and
weaknesses in mathematics. The analysis of several instruments of assessment offered us with a richer
picture of students' mathematical thinking and understanding. Therefore in the second study, that was
initiated in February 1994 with a grade eight classroom we will pursue thesc aspects. Throughout the
year this classroom will be obscrved and interviews will be conducted in order to gather further
information about the advantages and difficulties of using alternative assessment techniques. In
February 1994, while revisiting geometric topics explored in 1993, we have concentrated our analysis
on the effects of the use of concept mapping and open-cnded tasks and it was perplexing to perceive
how students arc achicving mathematical maturity about themselves and can solve problems in a variety
of ways.
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A GEOMETRIC-ALGEBRAIC APPROXIMATE TO THE TRIGONOMETRIC
FUNCTIONS WITH THE USE OF SUPERCALCULATORS.

Leopoldo ZiRiga Silva
Tecnoldgico de Estudios Superiores de Ecatepec, México.

On the investigations made regarding the organization of a precalculus course, we have
recoursed to the graphic representation, as the nearest to the student's intuition to agree with new
concepts. It has the purpose of finding teaching options to make possible to give the students the
knewledge, abilitics and the necessary strategies for the study of caleulus.

This investigation was made in the Technological of Advanced Studies of Ecatepec, México
with students in the first year of university leve! (between 17 and 22 years old) and it was made in
the frame of the Didactic Engineering {Artige, M. 1990] as an investigation methodology.

We worked on the trigonometric functions theme attending the results obtained in the
preliminary analysis of Engineering [Zaiiiga, L. 1993]

The central part of the research was based in the study of the functions in rclation to the
mechanisms that operate the transference between the algebraic and geometric contexts.

Within the development of the experience we used the supercalculator (Texas Instruments T1-
81) m order to examine to what point it gives information that can lead to the problem solution and
how is it that the student interacts with it under the knowledge and abilitics that was pretended to
develop. At the same time we are concerned of observing and analyzing the competence (as to be
capable or not) of the students as the involved cognitive process!.

On the other hand, the cvaluation was constant, and it was made according to a resource called
“Tasks", winch consisted in problems designed to obscrve the advances and difficulties in the
students throughout the rescarch. We also applied a final exam on the theme. The type of problems
worked werce as the following examples:

Without the use of a supercalculator:- Determine amplitude, period, intersection points with the
axis and draw the graphic of the function: y = 3 sen (x - ”/6).

With the use of a supercalculator:- How many solutions docs the cquation sen(l/x)=0 have?
Argument your answer.

The results obtained in this investigation, shows a better competence on the students in the
problems solution, as a comprchension of sufficient satisfactory concepts.

In the rescarch (and after that) we also observed that the students appealed to the graphication
i an spontancous way with the pumose of fortifying its analytic procedurcs. We consider
necessary in the didactic stratcgies manufacturc and on the systematic obscrvation of feaming
experiences, to study such student's conduct.

Also, the results show meaningful flowings: for example, to approach the proper calculus
problems, the students subject to the study, will not have as an additional problem the graphication
of functions, at lcast on which respects to the trigonometric functions. Its possible that the abilitics
and knowledge acquired, the student reflect as use tools on their following courses.

REFERENCES

Artigue M., (1990). Ingénicric Didactique. Recherches en Didactique des Mathématiques. Vol. 9,
No. 3, pp 281 - 308. La Pensée Sauvage: France.

Ztiiiga L, (1993). Competencia, Cognicion y Curricula en precalculo en un ambiente grafico: un
accrcamicnto cualitativo a las funciones trigonométricas en ¢l marco de la ingenicria
didactica. Master Thesis. CINVESTAV-IPN: México.

71—




THE WORKER STUDENT AND HIS RELATIONSHIP WITH MATHEMATICS
Luiz Clsudio da Silva and Vixia Maria Pereira dos Santos .
Colégio Estadual Walter Orlandiae and Projeto Fuadiio-Matemética UFRJ
Universidade Federal do Rio de Janeiro (UFRJ) and Projeto Fuadiio-Matemstica UFR]

There is considerable research documenting the gap between in and out-of school mathematics(e.g.,
Bishop & Abreu, 1991; Carraher, 1988; Lave, 1988) and there is still a nced to investigate ways to
actually bridge this gap with school teaching. This study is part of a project that explored the language
and discourse of a group of 15 fourth grade students (with ages varying from 15 to 24) that came to an
evening school after a full day of work (Jsilva, 1994). Data source included a dialogue, classroom
observations and audio-taped interviews. The dialogue with the students was to identify their
professional activity and mathematical concepts they used with no awarcness of them. In this paper we
talk about one student who affirmed in class that disliked mathematics. When describing his daily
routine as an apprentice of baker he talked about a recipe for making French bread. He explained the
effects of heat on the yeast, the different proportions he had to be aware of when doubling or halving
the recipe, and ways he would divide the dough. The language he uscd to describe his task was full of
mathematics and he wasn't aware of it. The two episodes (the oral and the written recipe) together with
an audio-taped interview helped us to identify the richness of terms and meanings he had used. His
interest for mathematics began to increase after these events with the researchers. This occurred
because we could point out for him work situations that had a lot to do with school mathematics. In his
discourse we could identify room to explore (a) differcnces and similanties between forms and size; (b)
length, mass and volume conscrvation; and (c) fraction concepts (haif and third of continuons and
discrete scts, proper fractions and equivalence of fractions). His out-of-school experience with
mathematics (as well as the other students' professional experience) offercd a better context for leaming
matherzatics meaningfully. And could easily raise more interest in students than the routine and out of
context problems proposed by the teacher or textbook. But the teacher wasn't able to perceive the
potential of her students' expericnce or to use the information provided by the research to make a bridge
between their use of math in the work culture with the school mathematics. We strongly agree with
Borba (1993) when he argues that an alternative for the classroom action would be for teachers to

consider a closer relationship between tacit knowledge from culture and school knowledge.
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A VERBAL-ARITHMETIC PROBLEM SOLVING MODEL, THAT JUXTAPOSE
TWO SELF-SUFFICIENT REPRESENTATIONAL SYSTENMS
Josefa Hernandez and Martin M. Socas
La Laguna University (SPAIN)
The Polya’ model (1957) to solve mathematical problems, Inspiration

source to a broad list of subsequent models (Schoenfeld, Mason-Burton-Stacey),
and the model for competence based on .epresentational systems proposed by
Ggldin (1985,87) within the framewor’ ~f information-processing theory give us
changes in the raising of arithmetic oroblem solving, since these are moved
from a verbal-syntactic system to the f.rmal notational systenm.

We are doing research on a model to solve verbal-arithmetic problenms,
adapted for Primary schoolchildren (8-11 years), which contemplate the Polya’
stages and which facllitate the use of different representational systems.

This model consists of 6 stages, not necessarily lineal: reading;
understanding; visual-geometric representation-performance and solution;
formal representation-performance and solutlon; solutions and verification.
Starting from reading, we are trying to understand it with the help of the use
of drawings, which represent the slituation as a whole together with the
writing of the data and the unknown. The third stage tries the children to
solve the problem in the visual-geometric system in a self-sufficient way, we
are previously learning to use this representational system in its semantic
and syntactic aspects. We emphasize that the visual-geometric solution or the

dlagram are not only considered to be a visual support, which is baslcally

semantic 1n research, but also an autonomous way of solving problems. The
fourth stage 1s referred to the problem formal solution by means of arithmetic
operations. Both solution ways involve a verification in terms of equality or
inequality (S5th stage). The sixth stage consists of the verificatlon of the
solution within the framework of the problem wording. During the processes we
are trying to control the planning system used by the children, that ls to
say, to develop a manager who control their own advance, as well as the
attitudes which cause the performance of the model towards the problem solving
and mathematlics.

We are design a normal index card to implement this model, which can be
extended to non arithmetic problem.
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Pre-algebra from a different perspective
. L. Streefland
Freudenthal institute
Utrecht, The Netherlands

History

The term ‘algebra’ stems from ‘Hisab «l djabr we al moekabalah’ by al Charezmi
(+ 840). Algorithm’ stems from the author’'s name. The title means
reorganising or reqrouping terms or parts, while changing their state.Those
activities, that also might be charactererised by schematising and
algebrising concern the treatment of first and second degree equations in a
verbal -numerical format.Is not this algebra, or is it? Yes, it is; algebra
without letters' Was pte-algebra anticipating al Charezmi’'s work?

Frangois Vidéte (1540-1603) was the first mathematician who used letters for
both known and unknown (values of) magnitudes in equations. It was a great
step torward. The general treatment of equations had been achieved then. Is
this algebra? Superfluous to ask!

Equations are only one part of algebra and their transition from an
arithmetical environment to a formal algebraic one took a considerable amount
of time. This implies a warning! If pre-algebra is defined as a stage of
transition from arithmetic to algebra, then - as historical development shows
- one ieeds to be caretul about the duration thercof in mathematics education.

Pre-algebra

The historical learning process of mathematics shows both the foreshadowing of
future events (anticipating) as well as looking back (viewing them
retrospectively).

Examples of pre-algebra from the *Maths in context proiect'l) will be
presented, together with some provisional results.They will illustrate both
the beforement ioned general principles, that is taking a retrospective view
aiming at anticipation and their mutual connection in a course. It will turn
out that the transition from primary school mathematics (arithmetic) to
algebra can be anticipated rather early by intertwining 2) particular learning
strands in primary school mathematics.

conclusion

After all the examples will make clear, that mathematics education as a
subject is a desiyn science and that the educational profits of research, for
instatice, arc not determined by the integrity of the rescarch-design and the
methods applied, but rather by the justice done to the subject matter in the
backqround of the philosophical and theoretical tramework one has. This means
that distortions need to be avoided. trum the learners perspective formal
mathematics is distorted mathematics due to its rigidity as a product. This is
true for pre-algebra in particular,

notes

1) This is a co-project ot the Freudenthal institutc and the National Center
for Research in Mathemat ical Scicaces Education at the University of
Wisconsin, Madison, USA.

2) Streefland, L. The desiqn of a mathematics course. A theorotical
retflection, 1.. Stieefland (¢d), The legacy of Hans -Freudenthal, special issue
of Educational Studies it Mathematics, 25 (1/2) 1993, 109-135

F KTCEST COPY AVAILABLE —u115

Aruitoxt provided by Eic:




ACCELERATING THE DEVELOPMENT OF COGNITIVE AND METACOGNITIVE
SKILLS: THE MATHEMATICAL THINKING SKILLS PROJECT
Howard Tanner and Sonia Jones
University College of Swansea, Wales, UK.

The ability to think formally and to generalise and explain underpins the secondary
mathematics curriculum. Recent research studies using problem centered learning suggest that
cognitive acceleration is possible in early adolescence. (Cobb et al 1992, Shayer & Adey
1992) There is also evidence to suggest that pupils’ metacognitive development can be
enhanced. (Tanner & Jones 1993)
This paper describes a project to develop and evaluate a thinking skills course. There are
two strands to the course:
1. the development of a structﬁred series of cognitive challenges to stimulate the
progressive evolution of key skills in the areas of strategy, logic and communication;
2. the use and development of teaching techniques which encourage the maturation of
the metacognitive skills of planning, monitoring and evaluation.
Underpinning both strands is a continual emphasis on the need to explain rather than
describe, to hypothesise and test, and to justify and prove. Activities are structured to
encourage the development of a small number of general strategic or cognitive tools. Each
activity is targeted on at least one of the schema of formal operations.
350 children aged between 11 and 13 from twelve classes in six secondary schools in Wales
followed the course and were compared with an equal number of matched control groups
using pre-tests, post-tests and structured interviews. Assessment instruments were devised
to assess pupils’ levels of cognitive development, and their ability to use strategic and
metacognitive skills. A Likert type attitude questionnaire was applied and subjected to factor

analysis. Statistical data were supported by participant observations made and recorded

during intervention lessons.
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THE FUNCTION CONCEPT FOR STH TO 8TH GRADE STUDENTS

LUCIA A.A. TINOCO
UNIVERSIDADE FEDERAL DO RIO DE JANEIRO - BRASIL

The function concept has been introduced at secondary school in Brazil about fourty
years ago, and its teaching is concentrated on the last three years in most of the schools. But
the importance of this concept and the difficulty of its teaching have incentivated the
research in this topic. Most of them reffer to the use of machines in order to improve the
students' aquisition of the concept.

The present works was developped by a group of the "Projeto Funddo" team, at
1992/93, and focused the four phases of the function concept construction, based on the
classification proposed by Bergeron, J. and Herscovics, N (1982), particularly, the second
and third phases: initial mathematization and abstraction which can be developped from
grade 5th to 8th.

The work is grounded on the answers of secondary teachers and students to a
questionary/test applied in order to know their main ideas about the function concept and its
teaching. Analyzing the results of the questionaries and tests, we have observed that there
is no comprehention of the function concept in the meaning reinforced by Ponte (1990): as
an especific tool for explore variation problems.

In this sense, the group has concentrated its attention to these two tasks:
1) The explicitation of the main characteristics and involved ideas in the first three phases
proposed by Bergeron and Herscovics (1982) (intuitive comprehention, initial
mathematization and abstraction), to be developped in the first years of the secondary
school.

Through a serious work at that phases it is possible to have a formal treatment of the
functions in the last high school years, but now with thc pertinent notation and -
nomenclature.

2) The experiments have been made in 6th, 7th and 8th grade classes of public schools in
Rio de Janeiro by teachers and undergraduate students of the group.

Its results are beeing useful to:
- aprimorate the conclusions about the phases’ characteristics and activities,
- recognize some other knowledges and tools necessary to improve the construction of the
function concept by the students.
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CHILDREN’S UNDERSTANDING OF RANDOM GENERATORS

Kathleen Truran
University of South Australia

This paper discusses the premise that young childsen do not intuitively perccive similarities between
the behaviour of different, but mathematically identical, random generators. This study is innovative
because children are asked to compare the behaviour of one random gencrator with others. These
experiences are not generally encountered as part of the classroom mathematics experience,and so far
as the writer can ascertain, similar questions have not often previously been asked by researchers.
Previous studies have in the main been limited to investigating the behaviour of one random
gencrator, usually a coin, dice or spinner of the type of question presented by, for example, Green
(1983) and Hoemann and Ross (1982)

The communication will summarise data collected using group tests and individual interviews from
primary school children aged from 7-12 years from a range of primary schools in South Australia. It
will explain children’s perceptions of the behaviour of familiar and unfamiliar random generators in
identical situations, for example, playing a game of Ludo. The child is asked doe example whether a
game of Ludo would be equally fair if it was played using a six-sided die, six numbered balls in an
urn, tickets numbered 1-6, or a spinner with 6 equal sections are used.

This research investigates the thinking processes and affective ideas children use when confronted
with such situations. Examples of results based on gender and culture will also be discussed.

Preliminary findings indicate that children predict different results depending on whichever random
generator is used in a game. This raises the question are their responses developmental or
cxpericntial; or do children respond to a tactile stimulus? For exampic:

1.  Why do you say the game of Ludo will not be fair if you played using the six-sided die
and these tickets numbered 1-67

R Because they are different. That (the dic) is plastic and fecls hard. These (the tickets) are
paper and they arc soft.
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CONTROL PROCESSES PURING THE SOLUTION OF GEOMETRIC
CONSTRUCTION PROBLEMS IN COMPUTER

Marianna Tzekaki, Lecturer,
Department of Early Childhood Education, Aristotle University of Thessaloniki

The proposed oral communication refers to the operation of control process developed within the
frames of the solution of geometric construction problems in computers. It presents data from the
observation of students (12-13 years old) during the construction of geometric figures in a
computerized environment, especially organized in order to offer control indications along the
course of a construction.

Such indications, related to the faced geometric knowledge, allow the students to examine the
validity of their decisions and their actions and to look for answers adjusted to the construction
problems they face. It must be point out that the students, interpreting such external indications,
tend to convert them into internal control criteria, according to their knowledge. This fact leads
them to adjust or even to change the indications meaning, in order to correspond to their pre-
existing structure. Thus, the paper presents the interpretation or change procedures of control
indications, which are a priori homogeneous, but their reading varies per student and per faced
geometric concept.

It is indicated that the functionality of such control processes depends on how an external indication
tends to be assimilated in a proper internal criterion, that is in a criterion which, for cach faced
knowledge, gives to the pupit valid control means for his action or for his decision.
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A PILOT STUDY ON STUDENTS' COGNITIVE DIFFICULTIES IN CALCULUS

University of Nottingham * Middle East Technical University
| Shet! Centre for Mathematical Education Science Education
| Nottingham, NG7 2RD, UK Ankara 06531, TR

This research reports the results of a pilot study which aimed to get feedback about students’
cognitive difficulties in calculus. A diagnostic questionnaire was designed to observe them and
piloted with 18 A-level second year students in England, 1993. A-level is a 2 year academic
course for 16-18 year old students. The primary concern was to approach these difficulties by
studying the students’ errors and misconceptions. This research also examines the implication of
these difficulties for constructing the design of the main study. The purpose of the main study is to
investigate enginecring students' cognitive difficulties in calculus in computer-based environment
compared with non-computer-based environment.

A substantial amount of rescarch in errors and misconceptions has been done at the precollege and
college level in traditional environment ( Orton, 1980; Selden, 1989; Amit and Vinner, 1990), but a
smaller body of work exists at these levels in a computer-based environment (Tall, 1986).

The presentation will focus on the issues arising from the rescarch to form tie hypotheses of the
main study. A brief explanation of findings correlated with literature will also be given.
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AN ANALYSIS OF DIAGRAMS USED BY SECONDARY SCHOOL
PUPILS IN SOLVING MATHEMATICAL PROBLEMS

Palanisamy K Veloo Francis Lopez-Real
Universiti Brunei Darussalam University of Hong Kong

Two hundred secondary school pupils were given a set of ten mathematical word-problems to
solve. The pupils ranged from Form 1 to Form 4 and the mathematical content of all the problems
did not go above the Form 1 level. The pupils were instructed to draw a diagram which they
considered would be helpful for solving cach problem and to incorporate any important
information into the diagram. This presentation analyses the diagrams and discusses the results
with respect to four classifications:

i) the degree to which the diagram was concrete or symbolic

if) the degree to which the relational aspects of the problem were represented

iii) how much of the relevant data was present in the diagram space

iv) the extent to which the data was incorporated into the diagram.

The analysis showed a statistically significant difference in the fype of diagram drawn by the four
age-groups. The Form 3 & 4 pupils drew more diagrams at the Symbolic end of the continuum
and less at the Concrete end compared with the Form 1 & 2 pupils. A similar result was found
with respect to the Relational construct, again the Form 3 &4 pupils drawing more diagrams at the
positive end of the continuum. As regards the correlation between a successful outcome for the
solution of a problem and the type of diagram drawn, two highly significant factors emerged.
These were: (i) the degree to which the relational aspects were represented, and (if) the degree to
which the data was incorporated into the diagram.

However, a very important ‘negative’ result also emerged from the study. Despite being given
explicit instructions to draw a diagram, ncvertheless no diagram was drawn in approximately 30% -
of all cascs. The hypothesis that the diagram was omitted in cases where the pupils could casily
solve the problem by other means was not bome out in the analysis. In fact the opposite is the
case, the paired frequencies of Diagram Drawn' and 'Success’ being significant at the 1% level.

The implications of thesc results are discussed and in particular it is argucd that there is an urgent
need to help children with a diagram-drawing strategy for problem-solving in an explicit and
positive way rather than simply leaving it to chance and the spontancous intuition of a few visually-
oriented pupils. '

References
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The Construction and Re-presentation of Images in Mathematical Activity
Grayson H. Wheatley and Dawn Brown
Florida State University

Evidence is mounting that imagery plays a significant role in math-
ematical reasoning. When students are engaged in meaningful mathematics
rather than rote computation, it is quité likely they will be using some form of
imagery. Kosslyn posits three processes in the act of imaging: construction , re-
presentation, and transformation of the image. In previous work we have
discussed transformation of images and the role it plays in mathematics learning.
Drawing upon the work of Brown, Kosslyn, Krutetski, Lakoff, Presmeg, von
Forester, and Wheatley, this paper will lay out a theoretical position on the
construction and re-presentation of images in relation to mathematical activity.

The construction of an image is the most fundamental of the three
processes. If a student fails to initially construct an image there is nothing to re-
present or transform. While engaged in mathematical activity, whether of a
numeric or geometric nature, students construct images. For example, they may
be shown a geometric figure briefly and asked to draw what they saw. When they
make their drawing, they are operating from a constructed image. The nature
and quality of the image will influence the drawing which results. If at a later
time they are asked to draw what they saw, the students then must re-present
the image. This act of re-presentation is complex and subtle. For example,
Piaget has shown that the image constructed may undergo change over time with
no intervening intervention. In many cases the re-presented image may have
been modified or it might be a prototype which is then transformed based on the
demands of the task. Furthermore, the nature of the re-presentation is greatly
influenced by the intentions and goals of the individual at the time of re-
presentation.

This presentation will provide elaborated descriptions of image
construction and re-presentation in the act of doing mathematics as well as
detailed examples of each. Examples of different re-presentations being evoked
by different tasks will be illustrated. Based on our previous work, we believe
activities which encourage the construction of images can greatly enhance
mathematics learning. Further, some individuals are particularly successful in
constructing and re-presenting images. Our programmatic research over the past
five years 'suggests that students who naturally use images in their thinking
easily make sense of novel mathematics tasks while students who score low on a
test of mental rotations often do not.
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THE INTERVIEWER'S ROLE IN THE EMERGENCE OF MEANING
- Tracey Wright
TERC, Cambridge, MA

5I'his presentation will be based on my experience interviewing elementary school
children in the Students' Conceptions of the Mathematics of Change project. The
project intends to contribute new foundations for the teaching and learning of the
mathematics of change from elementary school to college. A major goal is to explore
ways to foster continuity between elementary school mathematics and calculus. Some
of the thematic focuses are qualitative integration and differentiation, the
interpretation of numerical and graphical patterns to describe change, and the
interplay between symbolic expressions and physical change over time or space.

Our elementary study is based on what we call Learning Situations, that is, four or five
sessions during which individual students hold a conversation with the interviewer
as they explore ideas and use tools to make sense of mathematical problems.

What is the goal of such a conversation? It is not to teach the child because we do not
have a specific pre-defined way of understanding the problem situations that we want
the child to adopt. It is not to evaluate the child because we do not use an apriori
scheme to categorize children's responses. The primary goal of our interviews is to
understand what becomes meanirgful for the child as she deals with situations
involving motion and graphing.

The focus of this presentation will be an analysis of the role of the interviewer in light
of this ongoing challenge: How does meaning emerge for both the interviewer and
the child in the context of an interview? How does the interviewer help the child to
express what is significant to her? In what sense does the interviewer guide the child
through the particular graphing phenomena we wish to explore? I will also focus on
the interaction between the interviewer and the subject. How does what is

meaningful get negotiated? Who is the teacher? Who is the learner? Is there an
expert here?

After exploring these questions I will address a broader issue: How do we as
researchers make sense of what the child does and says in light of our beliefs that the
interviewer's words and acticns must influence the child? I will give examples from

my experience as an interviewer, looking at both the child and the interviewer as
subjects.

Reference. Tierney, Nemirovsky, Wright and Ackerman (1993). Body motion and
children’s understanding of graphs. In PMENA 15th Proceedings (Pacific Grove CA).
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MATHEMATICAL UNDERSTANDING AMONG SUGAR CANE FARMERS

Nadja Maria Acioly, C.N.R.S, FRANCE

Abstract

This study is aimed at analysing the cognitive functioning of illiterate subjects or subjects with littie
schooling in the mathematical domain. These subjects, while working as sugar-cane planters, have to
deal with mathematicai computations involving the determination of the area of different plots of land,
and to develop, without any direct help from school instruction, an understanding of mathematical
relations. This understanding, however, is developed through the use of non-precise schemes, which,
depending on the measures chosen to be included in the computation, may sub estimate of
overestimate the final results. Twenty-one sugar cane workers, occupying different levels in the
hierarchy of the sugar cane plantation, from cane cutters to supervisors and administrators. took part
in the study. Following an ethnographic study of the work in the plantation, data were collected in
three phases. in phase | subjects were individually interviewed about how they would compute the
area of plots of measures spontaneously given by themselves, followed by the computation of areas
of plots with measures suggested by the interviewer. In this phase, the precise shapes of the plots
(quadrilaterals or triangles) were not drawn. Phase Il consisted of a more formal interview in which
the subject was presented, in view of drawings on paper, with the same perimeter, but different
surfaces. They had to: (a)compute the area of quadrilateral and triangles representing piots of land
with all measures indicated; (b) compare the surfaces of figures representing plots of land: and (c)
double the area of a square. Phase lil consisted of field observations and interviews to clarify some
points raised by the results of previous phases, and determine the most common types of plots that
workers deal with in their everyday activities. Results of the first phase show the constant use of non-
precise computational schemes with choice of elements that overestimate (in the case of cane
cutters) or sub estimate (in the case of supervisors and administrators) the area to be worked. In the
second, more formal phase, new strategies, aimed at correcting distortions increased by the irregular
shape of plots were found. Finally, in the third phase, we found that workers at aii levels seem to be
aware of the distortions resulting from the use of a wrong formula and that these distortions can be
compensated by other sociai mechanisms. The choice of measures in this context may be interpreted
as a result of the particular social interactions in which computations take place, thus lllustrating how
the development of mathematical understanding is intertwined with the cultural context involved in
the situation where problems are solved. Results are discussed in terms of methodological and
conceptual issues relating culture and the development of mathematical knowtedge.
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AWARENESS OF LEARNING, REFLECTION AND TRANSFER
IN SCHOOL MATHEMATICS

Alan Bell
Shell Centre for Mathematical Education
University of Nottingham

The aims of this project were to investigate the metacognitive skills and
concepts possessed by students of secondary school age in some typical
mathematical learning environments, to explore the feasibility of
raising the levels of their awareness by appropriate interventions, and
to study the effects of such enhancement on the students' mathematical
attainments.

The outcomes of the project include, as well as these results detailed
below; the Teachers' Handbook containing the set of suggested
enhancement activities, trialled and including examples of students'
work; the Evaluative Instruments, partially developed but needing
further improvement; and the set of Case Studies of the seven classes
during the main experimental year. (Documents available at present
from the Shell Centre are the Summary Report , the Teachers’
Handbook . Evaluation ).

Excerpts from each of these aspects will be displayed.
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NUMERICAL UNIVERSES
Alicia Bruno y Antonio Martinén (Universidad de La Laguna)
In the teaching of the natural numbers to primary school it is usually

insisted that these numbers can be used to express cardinals and not in the
fact that can be used to express a measurement. We belleve that, always that
were be possible, activities would be carried out in which numbers for measure
were used, because in this way the learning of the numbers would be more
complete and more congruent with posterior numerical extensions.
Numerical Situation: A number is used to express different numerical
situations ("I have got 2 sweets”, "the length of the table is 2 meters,...).
Numerical Region: The situations can be grouped in numerical region according
to a characteristic concept (cardinal, ordinal, ratio of cardinals,...). A
numerical region is of the numerical set A if all the numbers of & can be used
to express numerical situations of this region. For example, the following are
reglons of Z': ordinal, cardinal, ratio of cardinal, measurement of scalar
magnitudes of one direction, measurement of scalar magnitudes of two
directions. However, the cardinal region is not of R, because 0'3 does not
express a cardinal.
Numerical Universe: The numerical universe of a set A is the set of the
numerical regions of A.

If we consider an extension of the numerical set A to the numerical set
B, the number of regions of A is greater than the number of regions of B, that
is to say, the numerical universe decreases. However, the numerical situations
corresponding to = common region to both sets increase. For example, with the
numbers of O' more lengths than with those of Z’ can be measured, but the
cardinal and ordinal regions are not in the numerical universe of Q’ which are
in universe of 1'. In the practice of teaching, when extending the number sets
usually introduces pupils to an environment in which it seems that the
interpretations of the numbers (their numerical universe) is Increased, when
in fact what Increases are the numerical situations belonging to regions
common to both sets. This causes that puplils associate each number set almost
exclusively with a single region, the one on which it was insisted more. in
the literature certain ideas are found that have some points in common with
numerical universe: Kieren (1988), Greeno (1991) and Vergnaud (1990).

REFERENCES

Greeno, J. (1991). Number sense as situated knowing in a conceptual domain.
Journal for Remsearch in Mathematics Education, 22, 3, pp 170-218.

Kieren, T (1988). Personal knowledge of rational Numbers: Its Intuitive and
Formal Delopment. In Hiebert, J. and Bher, M. (eds). Number concepts and
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MATHEMATICAL EDUCATION AN PUPILS OF DEPRIVED
CULTURAL BACKGROUNDS

Inés M* Gomez Chacén
Instituto de Estudios Pedagégicos Somosaguas. Spain.

In this study we tray to evaluate students' ability in order to
learn mathematics. This pupils belong to the Centre " Taller NORTE
JOVEN" -placed in a suburban area of Madrid- and follow a Math
program for students in a disadvantaged social-cultural context
and all of them are out of school system and have a limited
backgrounds in mathematics.

It describe how cultural background and affective factors
could be important in the way they learn and they are taught.

The method 1 have followed has been elaborate mainly
through:

- Autobiographies in about their experiences in clasroom's
teaching and learning mathematics.

- Strategy games. As games can replace some of the
uninteresting routines of drill and practice with a self-motivating
procedure, and they can offer to "piayers" a variety of problem
solving experiences during which they are enabled to observe
themselves as problem-solvers, and upon which they can later
reflect, in order to appropriate mathematics as their own.




THE COLOR CARDS - LOGICAL REASONING TESTS (CC-LRT)
Christos Chasiotis
Department of Mathematics, University of loannina, Greece
The educational importance of logical reasoning, the unexpectedly low levetl of student
performance in that area and the great diversity of the theoretical and methodological
aproacheas of the related educational and psychological research, justifies the search
and development of suitable and convenient assessment and research instruments.

The Color Cards - Logical Reasoning Tests (CC-LRT), based on simple games with a
collection of color cards, free of logical and mathematical terminology. can be utilised for
the assessment of logical reasoning of students and teachers, in all school levels, and
the investigation of the corresponting cognitive processes.

The variation of different variables of the situation, number of different colors and
number of cards, logical form of propositions and type of logical tasks, leads to difterent
forms, equivalent or not, of these tests. Some of these forms can be considered as
variations or extensions of the well known Wason's Four Card or Selection Task.

Some forms of these tests, concerning deductive reasoning from a conditional
hypothesis and testing a conditional hypothesis with complete or incomplete data, will be
presented, followed by some results of alternative analyses of students responses,
indicating that partial correct responses can be obtained by the application of incorrect
rules, and leading to alternative hypotheses about the underlying cognitive processes.

References
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CARNAVAL MATEMATICO
"FORMAL" MATHEMATICS IN AN "INFORMAL" SETTING

Marta Civil
University of Arizona, Tucson, USA

This poster describes a mathematics project for ethnic minority children (ages 11-13). The
overall goal was to provide the participants with a mathematically rich and supportive
environment to promote their interest and confidence in doing mathematics. The program used a
combination of "formal” and "informal” time. During the formal time, the participants worked in
small groups at four different stations on activities ranging over probability, geometry, patterns
and functions, and measurement. Each station had a middle-school teacher whose role was to
facilitate the children's work by encouraging mathematical conversations around the participants'
ideas. During the informal time, the participants chose among an array of logic and strategy
games and geometric and topological puzzles that were spread around the room. These
"carnivals" took place in non-school settings: the Children's Muscum and the Public Library.

This project set out to 1) broaden the participants' views about what mathematics is by engaging
them in topics and methods that usually receive little to no attention in school; 2) promote gtoup
work in mathematics by presenting them with activities that called for cooperation with their
peers; 3) cnhance the participants' communication skills in mathematics by encouraging them to
explain their thinking.

The participants expressed surprise that what they were doing was actually mathematics. The
influence of their in-school mathematics experience was quite noticeable. Yet, they appeared to
gain an appreciation for the different methods to go about a problem and for the variety in the
tasks they worked on. The poster will elaborate on each of the above objectives as well as
discuss implications for school teaching. This project provided a laboratory for in-school
teaching innovation by giving the teachers a chance to focus on mathematics topics and
instructional methods that are not commonplace in school curricula. The teachers have since then
implemented many of the aspects of the project in their regular classroom teaching.

A research objective of this project was to study the participants' behavior during th: infurmal
time, in which they had more control over what to do and with whom. The conceptual
framework guiding this work draws upon research on formal versus informal learning,
especially on studies on mathematical performance in out-of-school versus in-school settings
(Lave, 1988; Nunes, 1992; Schoenfeld, 1991). The sources of data consist of surveys,
interviews, observations, the participants’ folders, and videotaping. I looked at questions such
as: What caught the participants' attention? How did they tackle the task? How persistent were
they? Did everybody participate? The poster addresses these questions as well as implications
for the development of mathematics programs in “informal” settings.

References
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York: Cambridge University Press.
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Segal (Eds.), Informal reasoning and instruction (pp. 311-343). Hillsdale, NJ: Lawrence
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Funding for Carnaval Matemético was provided by a grant under the Eisenhower Mathematics
and Science Education Act.
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TRIADS: The implications of a new theoretical structure

David Clarke Came Bamett Sandra Frid
Australian Catholic University Far West Laboratory Curtin University
Oakleigh, Victoria 3166, Australia ~ San Francisco, Cal., USA Perth, West Australia

ABSTRACT

Recent research in education, and mathematics education, in particular, has led 10 the
identification of independent categorizing systems intended to mirror the structures found in
such diverse fields as teacher professional development (Barnett, 1992); student writing in
mathematics (Clarke, Stephens, & Waywood, in press); and student acquisition of calculus
knowledge (Frid, 1992). There are particular characteristics of these categorizing systems
which display a tantalising similarity:
«  Contextual similarity - the common location of all three studies within
educational environments;
«  Structura! similarity - the "three-valued" (triadic) structure of all three
categorizing systems;
+  Conceptual similarity - categories in each system resemble each other in
the nature of their conceptual distinctions.
This degree of similarity suggests that each categorizing system is an independent manifestation
of a more fundamental triadic system (TRIADS). This paper examines the characteristics of
these triadic sysiems and makes comparison with other systems (or analytical frameworks)
found in the research or theoretical literature, in an attempt to establish the significance of the
degree of conceptual similarity found in the categorizing sysiems employed in mathematics
education. Itis proposed that the privileging of abstraction which has characterized
contemporary models of learning is mistaken, and that cognitive sophistication be identified
with personally contextualized knowledge rather than with formally abstracted knowledge.
TRIADS is proposed as a robust structure having relevance in a variety of educational contexts.
It is also proposed that conceptual similarities between the first two levels of TRIADS and
Skemp's (1% '6) diadic structure for mathematical understanding support the addition of a third
level, to be called Contextual Understanding.
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Mathematics Curriculum Design - A case: 12-16 in Andalucia (Spain)

Rafael Carretero. Centro de Profesores. Aracena, Huelva (Spain)
Moisés Coriat. Dep. de Did4ctica de la Matemética. Universidad de Granada. Spain
Pedro Nieto. Centro de Profesores. Sevilla (Spain)

Abstract
According to the 1990°s Spanish Ley de Ordenacion General del Sistema
Educativo (LOGSE), Mathematics Curricula in Andalucia have been designed along
various years and, for the 12-16 Step, they end with Advisory Documents. We give a
visual sketch of an Advisory Document (Carretero, Coriat y Nieto [ 1993)):
Firstly, we present an overall view of Andalucia's open Mathematics Curriculum. The
open character leads to state three levels in the teachers’ planning and programming
tasks: Sequencing, Organizing and Class-Room Activities.
Secondly, the attention is focused on the Organizing Level, and, within it, on the
Adapted Conceptual Structures (ACSs) (Cockroft [1985], Rico [1992]), whose
meaning and general framework are resumed.
The framework is then applied to an ACS exemple whose title is Big and Small.
Globally, Sequencing, Organizing and Class-Room Activities Levels are intended as

tools allowing teachers to exchange their experiences or issues and to conncct them with
research in Mathematics Education.
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REFLECTION ON PRACTICE: THE CONCFPT OF FUNCTION AS A CONTEXT

1. Escudero. M. Garcia, S. Llinares y V. Sinchez
Departamento de Did4ctica de las Ciencias (Matematicas)
Facultad de Educacién. Universidad de Sevilla, Espaiia.

There are lots issues about In-service Mathematics Teacher Education that worry both
researchers and mathematics teacher. In this poster we focus on two interrelated aspects of
mathematics teaching and professional development of the teacher:

(i) the analyses of practice and the design of tools that facilitate mathematics teachers’
reflection process about their own practices, and

(it) the design and analyses of teaching tasks that support and encourage mathematical
reasoning and learners’ perspectives to do mathematics.

The mathematics teachers’ conceptions about mathematics, mathematics teaching and
learning have on impact on (i) the analysis process on mathematical content and the way' “that

teacher designs and posing teaching tasks. and (ii) their own professional development
processes.

In this context (design of teaching and professional development of mathematics
teacher), we think that there are some questions that must be addressed,

(i) What is the meaning of : 'doing mathematics’, "teaching mathematics’, ’learning
mathematics in the classroom’, ...?

(i) What is the meaning of mathematics content (both process and product aspects?.

If we think about the school mathematical content as a process, we are in favour.of
a perspective that hightlight process as problem solving, communication about mathematics
(classroom discourse), mathematical reasoning (explore examples and no-examples to
investigate a conjeture), etc. Consider the school matheinatics as a process imply one
different way to think about mathematics teaching situations.

In this poster we focus on several aspects of the mathematics teacher’s job of teaching
mathematics in one context of in-service teacher education. The analisis of relationships in
the classroom between '

- TASK-ACTIVITY

- MATHEMATICS TEACHER, AND

- LEARNERS,
fnto an institutional context are the content of the one pedagogical intervention in a inservice
teacher education.

The concept of function is the mathematical content in the tasks analyzed. The
relationship between the task and the activity should be the content of teacher’s thinking
process. Two tasks and their analysis are presented as examples of discusion in inservice
mathematics teacher education.

This report forms part of the Project PS91-0102. DGICYT. Madrid.
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GRAPHS AND CONCEPTUAL MAPS

Maria Candelaria Esplnel Febles
University of La Laguna (Spain)’

From the point view of understanding, the explanatory power of a model
depends upon its capacity to account for the observed phenomena using the
smallest possible number of parameters. Today it seems to be widely recognised
that the abllity to compare and to classify constitutes one of the fundamental
mechanisms which lile at the root of intelligent behaviour.

The conceptual map (Novak, 1990, 1988) 1is wusually represented by a
dlagram which allows to show the conceptual structure of a discipline, or one
part of it, following an order of greater to smaller level of generality. The
objetive 1s to make use of it as a didactic tool for explaining thelr great
help as an Iinstrument for significant learning of concepts, this 1s, to
memorise, recognise and finally to explain in the best way.

The technlque for constructing this model is placing the most outstanding
concepts or main explanatory power in the higher part of a net and they are
going to add others of smaller nevel of generality. From this procedure, we
have a net which vertices are the concepts and its edges are thelr relatlons
between concepté? The mathematic model is a connected graph. If thlis graph is
a tree the concepts are golng to be organised as levels. If the graph has
cycles it has interlace notlons and that supposes a better understanding of
the concepts. Graph theory 1s one of the most flourishing branches of
combinatorial mathematics and constitutes an extraordinary mathematic tool to
study the conceptual maps.

This research on study the conceptual nets introduces a few elements of
the terminology of graph theory, concretely, X-trees, minimal spanning tree,
Steiner trees and dendrograms. We take as examples the analysis conceptual

maps in mathematics made by a group of teachers and student teachers.

REFERENCES
BARTHELEMY, J.P. - GUENOCHE, A. (1991) Trees and Proximity Representations.
John Wiley & Sons.

NOVAK, J. (1990) Concept Mapping: A Usseful Tool for Sclence Educatlon.
Journal of Research in Science Teaching. 27, 937-949.
NOVAK, J. - GOWIN, D.B. (1988) Aprendiendo a aprender. Martinez Roca.
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-~ NONTRADITIONAL ACTIVITIES IN MATHEMATICS CLASSES

Misget Jose §. Fisico
Math Instructor, Brent International School, Manila
Editor, Vita Mathematica (A Series of Magazines for Elementary and High School Students)
Member, Mathematics Sociely of the Philippines (MSP)
Member, Mathematics Teachers Association of the Philippines (MTAP)
Trainer, Philippine Delegales (o the international Math Olympiad

.

In mathematics education, the way a student learns about the subject matter is just as
important as what he learns about it. Most math teachers, apparently, associate their learners to
an empty can where knowledge is poured in. Thus, students learn in a very restricted manner.

To have a more conducive atmosphere for learning mathematics, a creative teacher who
is also diligent and resourceful should always consider giving mathematics activities which do not
only help in the learning processes but also captivate the attention, the curiosity, and the sense of
wonder of the students.

Realizing that best lessons in life come from actual experiences, the author developed
nontraditional mathematics activities where students experience learning in a more intimate and
interesting manner.

Some of these activities® which the author would be sharing are the following.

a. Cartooning the Lessons in Mathematics

Cartooning caricatures mathematical ideas. It makes principles, theorems, numbers and
symbols “come alive” through the art of exaggerating lessons (but making sure that basic principles
are retained.) The humor or the essence of each doodle usually depends on the caption or the
expression in each animation.

This activity which shows the aesthetic, philosophical and humorous aspects of mathema-
tics is based on the assumption that learners scribble or -nake “nonsense” doodles whenever they
feel like killing time or they are pressured to listen to uninteresting lectures.

b. Essays in Mathematics Classes

As a mathematics activity. expository writing helps learners understand mathematical
concepts clearly and concisely. Asking students to write math-related compositions minimizes rote
memaorization on the processes in solutions which are usually given in class. Thus, an activity of
this sort enhances a deeper understanding of problems, making the acquisition of skills in problem
solving an easy task to achieve.
¢. Rhyming in Mathematics Classes

Many topics and concepts in mathematics are perplexing to students. if these are not
properly taught, misconceptions may arise. As an example, the cancellation process is a
misnomer toplc. When assessed, most students have a hard time explaining thedifference between
cancellation of expressions which sum up to zero and cancellation of rational expressions which
give a quotient of one. Rhyming the lessons helps in eliminating math-misconceptions.

In addition, the use of rhymes makes leaming Ideas lighter and within the reach of the
average student. It also helps students possess the following virtues - discipline, perseverance and
the need to compromise. To relate rhyming words, say prove, disapprove, move, mood, and
groove In such a way that the meter as well as the essence of each expression is correct involves

a lot of patlence and compromise with a students’ belief without jeopardizing mathematical
principles.

* Samples of work of itudexts will be distributed during the conference; Other activities such as
newspaper clippings, translation actlvities, etc. will be delivered if time permits.

18 th Annuat Confetence. intenationol Gic 4 for the Psychology of Mothematics Education. Universty of Lisboa. PORTUGAL
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OPERATIONS WITH POLYNOMIALS~CONCRETE MATERIAL
ESTELA KAUFMAN FAINGUELERNT and FRANCA COHEN GOTTLIEB
UNIVERSIDADE SANTA ORSULA - Rio de Janeiro - Brasil

Purpose - Demystify the teaching of algebra introducing the concept of algebric
expressions and operating with them by games with concrete material.

Strategy - Starting by the visualization of the areas of squares and rectangles, the
pupils were able to:

. write algebric expressions of 1%% and an degrees
. write algebric polynomials of 15t and an degrees
. operate with polynomials of 1%t and an degrees

. generalize to higher degrees without the use of the concrete mater

ial, descovering
rules and writing them in corrent language.

Construction of the geometrical forms and writing the correspondent algebric
expressions using the mesures of the sides.

Construction of the geometrical forms corresponding to algebric expressions
previousely given.

Descover rules for notable products.
Accomplish factorations.

Focalization of reversibility and generalizations in every activity.
Concrete material used -

- 4 red squares with side of 8 cm

« 4 blue squares with side of 8 cm
. 20 red square with side of 2 cm

. 20 blue squares with side of 2 cm
« 12 red rectangles of 8 cm by 2 cm
« 12 blue rectangles of 8 cm by 2 cm

The experience - It was applied in three classes of the 7th grade (age 12-13), total
of 96 pupils. They worked in groups of four. Every group was accompanied by the
teacher and the coordenator of Mathematics.

Result ~ The pupils who participated in the experience did not find any difficulty
with equations and systems.

952 of these pupils were promoted.
Bibliography ~ Hilde Howden - Algebra Titles for the Ovrhead Projector-CCA. Cuisinaire
Material

Jakubo e Lellis - Matemitica na Medida Certa. Ed. Scipione.

Estela Kaufman Fainguelernt and others. Trabalhando com Geometria.
Ed. Atica.
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THE OSTENSIVE REDUCTION IN ALGEBRAIC MANIPULATION

Elisa GALLO
Department of Mathematics
University of Turin - Italy

Algebraic manipulation is what is used to transform a formal expression into another of the same
algebraic object; the formal transformations of expressions make sense when they are inscrted in a
conceptually structured context, even if they operate on the ostensive plane of the expression.

The adaptation of the models activated by the pupil during the algebraic manipulation, in order to
create & model ad hoc, is provoked by the action which links the subjective pole (what the pupil
knows) to the objective pole (what the pupil produces), which we refer to as control.

The question at the basis of our research on algebraic manipulation is therefore: what is the dynamics
of control during the solution of an algebraic exercise?

An algebra exercise may be taken as a problem or not: the latter is true when the pupil automatically
applies a procedure without using controls. If, on the contrary. control is present in ihe solution, the
exercise becomes a problem and control is developed at the level of perception and the perceptive
reorganisation of formulas; at the level of the use of resources (models) and procedures (other
models); at the level of syntax: at the level of meanings, namely global and local semantics.

The manipulation which takes place in terms of formal ostension must also be carried to the
conceptual level, with the action of control: we are studying the phenomenon of the ostensive
reduction of manipulation (present when the pupil does not manage to adjust his knowledge and the
formal object with which he is working in the two processes of the instantiation of knowledge and of
the application of semantics to knowledge) and its didactical overcoming.

References

Battu M., Gallo E., Testa C.. 1993, Evaluation ¢t contrdic dans le calcul littéral comme probléme,
Proceedings of CIEAEMA4S5, Cagliari (in press).

Gallo E., Amoretti ., Testa C., 1990, Utilisation de modtles géométriques en situation de résolution
de problemes: contrble descendant et ascendant, Proceedings of CIEAEM41, Bruxelles.

Gallo E., Battd M., Testa C., 1991, The control in problem resolution, Proceedings of PMEXV,
Assisi, vol. L.

Gallo E., 1992, Control and solution of “algebraic problems”, Proceedings of Workshop on algebraic
learning, Torino (in press).

Gallo E., 1994, Algebraic manipulation as problem solving, Proceedings of First ltalian-Spanish
Research Symposium in Mathematics Education, Modena.
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STUDENTS' GOALS IN LEARNING MATHEMATICS: A CRITICAL ANALYSIS OF YEAR 10
STUDENTS' ACTIVITY IN A MATHEMATICS CLASSROOM
Sim chjl
College of St. Mark and St. John, Plymouth U.K.

1 am currently engaged in exploring the nature of students’ activity in a mathematics classroom using a social-
constructivist model of cognition as a basis for interpretation of events observed and students' accounts of their

activity. The object of this presentation is to outline the mode! and describe how I am using it to explain students’
activity.

Investigating cognition in everyday practice Lave (1988) offers an explanation of cognition as being "...
constituted in dialectical relations among people acting. the contexts of their activity, and the activity itself” (p.
148). Lave develops her mode! of cognition from observations of individuals engaged in ‘everyday’ activities
such as shopping in a supesmarket or dieters preparing calorie controlied meals. This provides a starting point for
explaining classroom activity but it is insufficient. as El'konin (1961) points out educational tasks differ from
everyds, ~sksin that the goal of an educational task is a change in the acting subject rather than the object of the
activity. This change in the acting subject is belicved to be due to 8 process of interpretation or relection
{Goodchild 1992), Neisser describes ‘the perceptual cycle’ which illuminates how the reflective process may
operate. Mathematical activity is clearly central to the practice of the class observed and this has been
characterised as processes of metaphoric and metonymic transformations (Emest 1993) Thus the model | wish to
present synthesises the contributions of Lave, Neisser and Emest.

The data interpreted by the above model arises from my attendance, throughout the year, at every mathematics
lesson of one year 10 class where | tape record the teacher’s remarks to the class and conversations 1 have with
individual students regarding their interpretation of the activity. Using the model I believe it is possible to identify
three different levels of goals towards which students work: their rationale (Mellin-Olsen 1987) for engaging in
activity, their purpose in the set task and a dichotomy between production and interpretation.

REFERENCES

El'konin, D.B. (1961) in Davydov, V.V. and Markova, A K. (1983) A concept of educational activity for
schoolchildren. Soviet Psvchology 21(2).

Emest, P. (1993) Mathematical activity and thetoric: towards a social constructivist account, Proceedings of PME
17 Conference, Tsukuba, Japan, 2, 238-245

Goodchild, S. (1992) Active learning, reflection and interpretation. Mathematics Education Review I.

Lave, J (1988) Cognition in Practice. Cambridge, Cambridge University Press

Mellin-Olsen, S. (1987) The Politics of Mathetnatics Education, Dordrecht: Reidel

Neisser, U. (1976) Cognition and Reality. San Francisco, W.H. Freeman
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VERIFIER - A SELF LEARNING METHOD
IN EARLY GEOMETRY & MATHEMATICS

by
H. Orbach, B. llany-Gigozinsky

BETH BERL TEACHER TFAINING COLLEGE
CENTER FOR THE INSTRUCTION
OF MATHEMATICS

The purpose of the "VERIFIER" teaching atd Is to develop visual
perception and discrimination of shapes as a basis for geometric
thinking. Furtherinore, it also aids in the identification of numbers and
of groups, series, and basic facts concerning mathematical exercises.

“VERIFIER" 18 a serles of four teaching alds with accompanying booklels
for ages 3-4; 4-5; 5-6; 6-7 and 50 on. The exercises within each level are
also presented in increasing levels of difficulty, Teachers can also create
thelr own worksheets.

All the teaching alds are designed to be sclf-correcting and allow the
child to proceed at his own pace.

Each tool consists of a transparent box and a set of tiles. The child solves
the exerciscs by selecting tiles and placing them in the appropriate
places on the transparent bottom part of the box, turns it upside down

and verifics his answers by comparing the pattern to the one in the
booklet.

The "VERIFIER" and its accompanying booklets contain:

1. Shapes - the child learns to identify and distinguish between the
basic shapes (circle, square, triangle, etc.) and discovers intuitively
the principles of conservation of the characteristics of the various
shapes during transformation within a plane.

2. Patterns —- the child discovers the concept of mathematical patterns
by tdentifying the missing shapes which complete the pattern.

3. Directions - the child develops his ability to perceive directionality
on a plane and to use concepts such as atove, below, right and left.

4. Coordinates - the child develops his abtlity to coordinate on a plane.
He must take into consideration up to four criterions at once (shape,
size color, full or empty).

5. Reading numbers and identifying groups - the child learns to count
and recognize numbers, utilizing geometric groups. The emphasis s
on separation and classification of shapes. )

6. Exercises - Include drills with addition, substraction, division,
multiplication and equations.
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EVERY CHILD CAN DO MATHEMATICS

Tadato Kotagiri
University of the Ryukyus

What is Doing Mathematics? Creating mathematical ideas is probably one of the most
important activities and building ideas into a whole system is hard work. In this process, symbols are
used as, for example, concrete materials are used in planning and building a house. Therefore,
operating symbols is a part of Doing Mathematics.

In the nature of things, creating mathematical ideas is pretty amusing and everyone can enjoy
it. But actually many people have failed to enjoy it, aithough they think it would be amusing. The
reason is that it is difficult to operate symbols in mathematics. This algebraic operation should be
one of the main reasons wiry people have difficulties in doing mathematics.

MJ, a fifth-grade boy and slow learner in mathematics, could name the numerals up to a
four-digit number and count concrete objects such as apples or a picture of appies. But he couldn't
answer 6+7 correctly although he could do 9+4. He knew how to add .ne-digit numbers: that is, he
could count his fingers one by one to find the answer. What I like to clarify here is that he didn't
operate figures as mathematical symbols and he operated only numerals and fingers, i.c., the verbal
and the concrete.

KB, a third-grade gir and also slow leamer in mathematics, Q 3 “63
could answer 4+9 by using the concrete objects called the Tiles.| - qég)
}

But when she tried to operate figures in order to answer 4+9, she ued
couldn't do the same thing in figures as she did in Tiles as shown 3 —
in the Dats-1. Data-1

1t is unthinkable that a child, who is not good at operating mathematical symbols, is a good
mathematics leamer. Then, the issue is whether or not every child can operate mathematical symbols.
My findings, which are based on the Suido Method, show that the anawer is affimative. (Refer to
the Proceedings of the PME17, [I-240.)

The Data-2 is KB's and the Data-3 is MJ's. These data show that they became abie to
manipulate mathematical symbols as if thcy manipulated concrete objects. Also, it is obvious that

they could continue to identify
the quantitative meanings of

3+17 9+4 )
operating figures. As the result, “;é} 5) 7<2§§)
they m W. ﬁ.nm f,?f‘ jﬁﬂ 4 :/7 3’17 %
algebraically as if they paid no o — - l‘ 3

|
sttontion o the meanings of the L
mathomatical symbols. Data-2 Data-3

Note: The subjects in my research are Canadian and Japanese. The ressarch resuits thet | am interested in
dosen't depend on the culturel difference between Canada and Japan. | am piessed 10 acknowledge the
considerable sssistance of Dr. T. Kisren, University of Alberta, and Dr. W. Szeteia, University of British Columbia.
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SOME PROBLEMS IDENTIFIED WITH MAYBERRY TEST ITEMS IN ASSESSING
STUDENTS' VAN HIELE LEVELS.
Christine Lawrie
University of New England, Armidale, Australia.

In the early 80s Mayberry (1981) developed a diagnostic instrument to be used to assess
the van Hiele levels of pre-service primary teachers. The test which was carried out in an
interview situation, was designed to examine seven gcometric concepts. There has been no
reported attempt to (a) replicate this work in Australia; (b) consider the items in some alternative
format; or (c) analyse the validity of the test questions. '

To address these issues, a detailed testing and interview program of 60 first year primary-
teacher trainees was undertaken at the University of New England. This paper considers one
aspect of the findings of this study. When collating the results in the assessment of van Hiele
levels, some of the students' reasoning was not consistent with expectation according to the
Mayberry items. Interviews did not appear to clarify these inconsistencies. On analysis of the
results by concept and by level, it was considered that certain aspects of the Mayberry items had
the potential to lead to incorrect assessment of a student's level of understanding in geometry. In
particular, four main features were found to account for major problems to the test validity.
They were:

1. incorrect assignation of a level to certain items;

2. unequal treatment of concepts across levels;

3. uneven distribution of questions across levels; and

4, unbalanced distribution of question focus within levels.
Conclusion

This analysis not only gives us a clearer perspective about the Mayberry test and the
results, but also provides further insight into the van Hiele Theory itself. In particular it
provides further empirical evidence about what it means to work at a particular level. It
reinforces the hierarchy of the van Hiele levels, and that the level at which a student is working
can be discerned. However, it refutes the van Hiele notion that the levels are discrete, lending
support to the findings of researchers including Gutierrez (1991) which suggest that there are
some students whose answers clearly reflect two consecutive levels of reasoning simultaneously.
References
Gutierrez, A., Jaime, A., and Fortuny, J. M. (1991) An alternative paradigm to evaluate the
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Colours Towards R*

Moisés CORIAT BENARROCH. Departamento de Did4cticade la Matematica.
Universidad de Granada. Granada, Spain

Pedro S. MARTINEZ LOPEZ, Inst.de Bachillerato “Bahia de Almeria”. Almeria.
Spain.

Julidn BAENA RUIZ Inst. de Bachillerato "Montes Orientales™. lznalloz,
Granada (Spain)

Abstract

Referring to real number first learning at Secondary School Level. a
Phenomenology (in Freudenthal's sense), incorporating a full variety of examples and
didactic situations, is lacking. To reach such a goal. we claim the need exists for tools
to allow the design and study of didactic plans and obstacles (like those revealed By
Sierpifiska | 1987, 1990)) arising in the Class-room.

Colours towards R+ suggests a complementary, manipulative approach to the
real number learning and teaching at Secondary School Level; such an approach was
first fully described by the same authors {1993).

We present an activity based upon colours (used by us in in-service teachers
training courses), allowing (a) to ask significative questions related to a particular
encapsulation process (Tall {1991]). exhaustion, and (b) to link infinite and limit
intuitions. on the one hand, and real number first learning, ont the other. As far as
human groups enjoy handling colours, the activity appears as culture-independent.
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ALGEBRAIC REPRESENTATIONS AND DISCOURSE
IN A "TRADITIONAL" CLASSROOM

Luciano Meira
Federal University of Pernambuco

This poster looks at the ways in which the teaching and learning of algebra are
intertwined with the representational and communicative processes going on in the
classroom. The extensive body of research in algebra has demonstrated teacher's and
students' difficulties regarding this subject. Many have argued against the current focus of
algebra instruction on 'formal procedures for transforming symbolic expressions and
solving equations to find the hidden value of the variable." (Fey, 1990, p. 70) This
general aim of traditional teaching generates other more specific difficulties such as (1)
understanding the transformative character of algebraic representations; (2) building
algebraic models of situations; (3) proving results for algebra problems; (4) understanding
the function uf algebra concepts and notations. Recently, several aiternative approaches
for algebra teaching have been suggested to help students overcoming these obstacles:
(1) the "arithmetization" of algebra, in the sense of stressing the areas of continuity
between algebraic and arithmetic problem solving (e.g., Smith, 1994; Falcdo, 1992; Lins,
1991); and (2) the algebraic modeling of functions based on activity upon physical events
and situations (e.g., Meira, 1991; Greeno, 1988).

Although we seem to know much about “algebraic thinking" (even if it is very hard to
define), we lack a robust understanding of algebraic activity in the classroom context. In
order to better understand the difficulties reported above and to place those difficulties in
relation to classroom processes, this research analyzes the mathematical activity of
teachers and students in the everyday practice of algebra. teaching and learning in a
traditional classroom. The data for this presentation consists of videotapes of a teacher's
and his students' algebraic activity in one eighth grade classroom, and videos of pairs of
students from the same classroom as they participated in several problem solving
sessions.

A preliminary microgenetic analysis of the data suggests that (1) there were many
instances in the classroom where the students' procedural work with algebraic notation
could be developed into more elaborated algebraic thinking; (2) there were not enough
instances where the teacher was able to capitalize on emergent representational and
interactional scenarios in order to develop an advarced sense of algebraic activity, and (3)
a significant part of the students' algebraic activity during the problem solving sessions
involved little or no direct engagement with algebraic notations. The poster will illustrate
these claims through the presentation of protocols that show several categories of clashes
between the teacher's and the students' understanding of algebra.
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USING INTERACTIVE MEDIA FOR CLASSROOM OBSERVATION!
Judith A Mousley  Peter Sullivan

Deakin University Australian Catholic University
Geelong, Australia Christ Campus, Australia

The software presehted is a multi-media package aimed at improving classroom
observation and research. It is being developed for use in pre-service and in-service
mathematics education, but has potential for use in other professional education
contexts. Resources included within the program include films of pre- and post-lesson
interviews with the teachers, videos of the lessons (and any parts thereof), transcripts
and other lesson documentation, associated readings and bibliographic data bases,
graphic representations, and other resource materials.

Four lessons, based on six components of quality teaching (see Mousley & Sullivan,
this volume) were planned, taught and videotaped. They are now stored on CD-ROM
disc. Our current research is examining how interactive media can be used to form
comprehensive resource bases on mathematics education, and how these can be used
in teacher preparation, in-service professional development and educational research.

Using on-and off-campus teacher education students, the project is employing case
study methods to determine different ievels of interactions, (a) between users and the
program, and (b) within small groups of users. Teaching and learning styles range from
a transmission mode, where the lecturer plots the learning path, to individual or group
inquiry-based projects of the students' own design usihg the program's resources.

This project has three aims. The first is to further understandings about the potential
of multi-media technologies to promote reflection, discussion and writing by groups of
teachers and student teachers. The second is to increase knowledge about how
technology can be used to stimulate more student-directed professional development,
including teachers' research into their own practices. The third aim is to provide a
detailed evaluation of some uses of interactive media to enhance classroom observation
during the practicum as well as for researchers.

Conference participants are encouraged to contribute to the further development of
this project by adding to interactive documents that the software contains, including data
bases of (a) questions which could be researched using the program's materials, (b)
comments, suggestions and questions about the research project, and (c) short
quotations and bibliographies appropriate for the styles of teaching demonstrated.

1 This research is being funded by the Australian Research Council, Australian Catholic University and

Deakin University.
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THE IMPORTANCE OF CONTEXT IN ASSESSING MATHEMATICAL LEARNING
Marilyn Nickson, Alison Green, Sarah Hughes
University of Cambridge Local Examinations Syndicate

The poster presentation will be provide details of a study of the effects of contextualisation in questions
assessing mathematical learning. The effects of context in mathematics tests has been established (e.g.
APU 1985, Carraher 1989) and some of these effects have been noted in connection with mathematics
examination papers for 16 year olds (Key Stage 4) (SEAC 1992). Examinations at this level reflect the
recommendations of the Cockroft Report (DES 1982) which advocated the testing of a larger proportion of
mathematics in context, with a view to expanding the place of the uses and applications of mathematics
within the taught cumiculum. This has been accompanied by a move towards criterion-referenced testing
which sets out to assess what the pupil can do and thus to reward positive achievement (DES 1982). Four
levels of activity have been identified in the process of responding to a contextualised question and one of
the concerns of the study is to explore whether it is possible to reward a pupils for achievement at each of
these four fevels. Examples of such questions and how they can be ‘decomposed' into these levels will be
illustrated together with the various combinations of components in contextualising questions (e.g.
numbers with diagrams or the written word with pictures). Major concerns of the study, therefore, are to
establish the extent to which it is possible (a) to deduce any evidence of the mathematics a pupil knows at
each leve!, (b) to reward a pupil's response at each level and (c) to determine the facilitating or inhibiting
effects of particular contexts in relation to particular kinds of mathematics. A flowchart will be included in
the poster to indicate the progression of the project and the questions being addressed.

The project is being undertaken by the Cognitive Psychometrics Section of the Research and Evaluation
Division at the University of Cambridge Local Examinations Syndicate to investigate the effects of context
in assessing the mathematical learning of children at Key Stage 2 (7-11 year olds) in the National
Curiculum. The project is known as Cambridge Primary Assessment (CamPAs).
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A LOOK AT GEOMETRY IN NATURE AND AROUND US - ANOTHER WAY TO

TRAIN UNDERGRADUATE PRESERVICE TEACHERS TO TEACH GEOMETRY
Dorit Patkin - State Teachers College Seminar Hakibbutzim
~ Israel Educational Television, Tel-Aviv,62507

Ilana Levenberg - Municipally High-school, Haifa, Israel
Introduction- The activity described below is a part of a course in Euclidean
geometry in the State Teachers College. It is known that geometry is a subject
which needs visualization skill and students whose visualizasion skill is not
developed enough have difficulties in studying geometry. In addition, students
think that geometry is closed, dead, emotionless and boring.
In order to show the beauty of the geometry and to understand its implementation
in our daily life the activity includes slides and pictures. The subjects which
are presented throughvthe slides are: from nature's architecture of diatoms to
the bold shapes of city skylines, from naturally occuring polyhedra to artistic
and functional adaptations created by humankind, from ratio and proportion
conciderations of nature to the subtle use in proportion in our everyday life.
By using these slides and pictures we bring together the wide expance of
geometry and make this important subject much more meaningful to the students.
The aimg- Using these slides and the activity around it makes the learning more
meaningful by helping the students move from a concrete to a pictorial and
finally to an abstract representation. This activity is a pictorial bridge from
the concrete to the abstract. It engages the visual sense and brings to the
students an awareness of geometry in functional as well as aesthetic setting. It
is an inherent multidisciplinary approach relating geometry to a plethora of
contexts such as life science, social science ecology etc..
In such an activity every student can take part, and can develop his visual,
drawing, logical and applied skills across the cognitive geometry levels of the
students according to van-Hiele's theory.
The activitieg- The activities can be done while introducing a topic, developing
it or summarizing it. Several slides and pictures are introduce to the students
and they are asked what they can see - for example a slide of a wheel of a car.
The students are asked to determine the geometrical shape they are shown, to draw
it or to explain how to draw it, to give other examles of wheels in other shapes
and so on. Another activity is with a triangle garder In the three corners there

are roses. Questions are asked like - Where we have to put the sprinklers? - Can

we do it in every triangle garden? Activities and questions such as these enhance
the lessons and motivate the students to the awareness of geometry in nature and
the world around us.
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LOGO AND PROBLEM SOLVING STRATEGIES:
AN EXPERIMENTAL STUDY WITH PRIMARY SCHOOL CHILDREN

v Mgria Isgbel Pereira * and Luisa Morgado **

* Escola Superior de Educagio de Leiria

** Faculdade de Psicologia e Ciéncias da Educagio da Universidade de Coimbra

In an adequate environment LOGO programming can facilitate the development of cognitive

skills, particularly in what concerns problem solving skills in mathematics.

With the purpose of evaluating the effect of LOGO programming in problem solving
strategics, we started an investigation with two groups of 7 and 9 years old children. OQur main
hypothesis is that LOGO facilitates the generalisation of the procedures that children use to solve
problems.

This study had three different parts: pre-test, tasks and post-test. The study was made in two
primary schools in Leiria between January and June 1993. 1t involved sixty four children, half of
them with seven years and the other half with nine years. Each age group was divided in a control
and a experimental group. Each of this four groups had sixteen children. All the children in the
experimental groups had at least one year of experience with LOGO programming. In establishing
these groups we tried to make them as homogeneous as possible in what concerns the psychogenetic
development of the children involved, in pasticular the concepts of space, laterality and perspective
coordination. During the pre-test and the post-test, piagetian proofs were used to measure these
concepts in the children involved. Between the two tests children were asked to perform two tasks.
Those tasks involved the use of LOGO programming in experimental groups and cut-paper
manipulatives in control groups.

The analysis of data collected from the tests made allows us to draw some conclusions about
the strategies that LOGO programming children use to solve problems and to compare the
generalisation skills of the children in experimental and control groups.
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The Language LOGO and the construction of mental representatlon in the
‘ child, an experimental study

José Peres Monteiro Lu!u Morgado
Escola Superior de Educac#io da Guarda Universidade de Colmbra

Introduction: We examine the question of knowing whether the
language LOGO may become a favorable learning context for the users to
develop their ability of mental representation or of building up concepts,
when solving concrete problems.

' Hypothesis: H1- The practice of LOGO mainly benefits the
development of the ability of mental representation or the building up of
concepts of the individuals who have used this language of programming
rather than the simple practice of using a piece of paper and pen.

H2- The practice of LOGO helps the individuals to
-achieve a precise and rigorous verbal codification in the description of the
behaviour adopted in the acomplishment of the problem solving tasks.

Experience: Twenty eight children aged eight to nine and
attending the third year of primary school took part in this experimental
research. There were two groups A (LOGO) and B ( paper and pen). In
the phases of pre-test and post-test all the students in both groups
performed the same piagetian tests. They were used to evaluate concepts
of length measurement. mental representation and space orientation. In
the experimental phase the two groups performed the same type of
tasks, where group A used LOGO and group B used only paper and pen.

Results: The results revealed that group A (LOGO) in the mental
representation test (second post-test) obtained higher results than group
B (paper and pen). No statistical differences were noticed.

The students of group A {LOGO) used a more precise and acurate
language when describing the procedures subjected to a mental
representation.
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Mathematical notions and operative cognitive tools in
occupational settings

: Janine ROGALSKI
Senior Researcher Equipe Psychologie Cognitive Exgonomique
CNRS-Université Paris 8 2 rue de ia liberté 93526 Saint-Denis Cedex 2

Supporting operators in complex occupational activities is & general trend in
technical settings (such as process control). Mathematical notions are involved as tools, and
tables of values and functional graphical representations often play a role in suppost systems.
An important issue is concerned with the availability of such tools depending on the
operators’ vocational knowledge about the entities modclized in such mathematical ways and
their knowledge about the mathematical notions themsclves.

An empirical study was developed about the use of a graphical-based operative
cognitive tool, devoted for helping operators on prognosis, anticipation for resources and
actions in forest fire fighting. (We define as “operative cognitive tools” various types of
artifacts -from graphical representations, abacus, tables of values, pocket calculators to
expert systems- that take in charge of the cognitive operations required by a task. )

The forest fire tool integrates in the same graphical representation two
(linear) modcls : one represents the relationship between the distance (y-axis) of the front fire
by respect to time (x-axis), the other links the quantity of required means and the fire spread
through a twofold valuation of the y-axis (distance and number of firetrucks). Available
means depending on time may be represented on the same graphic. Comparing the curves of
the expected and required means allows to evaluate time intervals were action is possible.
Relating time intervals to distance intervals allows to cvaluate (spatial) zones where action is
possible. (Ground properties -read on topographical maps- are used for decision making. )

tors are firemen Officers ; most of them get a scientific background (more
than 2 years at universitary level). Nevertheless, using the FFT appears to present specific
difficulties, some of them revealing ill-acquired notions about functions and graphs.

We will present global results about the main hypotheses : 1) specific training on
the tool is required even if no new notions are involved and 2) specific experience in the
domain (forest fire fighting) facilitates training and use of the tool, and qualitative data about
the type of errors. Implications for required mathematical background and/or specific
vocational mathematical training will be discussed.
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PROJECT EME: A EUROPEAN MATHEMATICS EDUCATION RESEARCH DEGREE
Leo Rogers, Mathematics Education, Roshampton Institute London SW15 5PH
1. Background.

) An ERASMUS Network has besn in operation for three years which now involves the

universitiss of Thessaloniki!, Bielefeld, Bologna, Grenoble, Inetitute of Education London, loanina,
Parma, Regensburg, Roshamplon Inatitute, and Southbank University London.

The subject of this programime is “Didactics of Mathematics” and involves the exchange of
students on undergraduste programmes who are training 10 be teachers. There have been a number
of meetings of the teaching staff involved, to discuss the details of their different programmes, and
the project is continuing with opportunities for curriculum development and teaching siaff exchanges.

b) Two TEMPUS projects have been submitted, one bringing the University of Sofia into the
above network, and the other, a proposal by Roshampton Instititte involving, Warsaw, Wroclaw, Pavia
and Utrecht in a schems 1o deveiop a higher degree programme in Mathematics Education.

2. The Proposal.

As a result of this cooperation, and motivated by the report of the Commities for Mathematics
Education published in the EMS Newsletier,2 a proposal was later published3 giving details of the
work in progress, nqd the possible future development of European Graduate Leval siudies in

ﬁnmulido;smuubm:

a) Each university has developed its own characteristic programme in dicactics of mathematics.
The content and style of thess programmes not only reflect local and national interests, but also the
individual experties of the tulors has its outlet in the topics included in the programimne.

b) The idea of a European Programme in Didactics of Mathematics at Masters or Doctorate level
is based on two principles:

() Modulariaation of coursss,  and (W) Credid Tranafer. ,

For example, a student might enrol for a Masters or Doctorate degree in one country, but
study for part of the time in another community country, thereby gaining credits which can be
transferred back to the institution in the home country 1o count towards their final qualification.

The success of this scheme depends on the agreement to adopt the the principles of the
European Credit Transfer System (ECTS), and to ensure that their programimes are constructed
according 10 a modular scheme whereby aX students are able to take advantage of self-contained and
viable shoit courses. :

Central to this is the idea of a Linit of Study which may be spread over a period of one

. Semaester or one term, or organisad as a period of “intensive study” of, say, two weeks. A rx...coer of
European Universities are adopting this method of organising programmes, although the Unite -
Modules may need to be of different lengths, according to the aime of the courses.

Further information and a more comprehensive description of the programmes invoived may
be oblained from Leo Rogers at the address above.

1. Coordinator: Prof. Athanassios Gagatsis, Department of Mathematics, Aristotle University of
Thessaloniki, 54006 Thessaloniki.

2. Dorfler,W.(1992) Europsan Mathematical Society (EMS) Newsietier No.4, June 1992, (14-15)

3. Rogers,L. (1993) EMS Newsletter 7, March 1993
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PUPILS' UNDERSTANDING OF BEGINNING ALGEBRA

Lai-Leng Sch
University of Oxford, UK

{Nooo 8 | ;QQOOP_L:@
-

When Ben was asked to translate the above balance puzzie into an algebraic

equation, he wrote
3x + 15 =56x

Without completing this equation, he stopped and said,
"Can't do that ... ... unless you swap them round.”

He then wrote
5x +9=3x+15

and solved the equation. This episode showed that Ben had the idea that an equation
with one unknown could be solved only when there was more of the unknown on the left
hand side of the equation than on the the right hand side.

This is an example of the ideas that pupils may form during the learning process,
some of which may not be intended by teachers or authors of teaching materials. As
such unintended ideas may be impediments to the learning of algebra at a later stage, it
is essential to comprehend how pupils come to understand beginning algebra.

This study examines pupils' growth of understanding of beginning algebra in
clasges using individualised learning materials. Of particular interests are:
¢ What images do pupils construct?

* How do pupils go about constructing these images?
¢ How do these images compare with those intended by authors of teaching materials?

The study involves 5 case studies, each on a pair of pupils aged 11-13. The

methods of data collection include video recording and personal observation in

classrooms, interviews and post-tests.

The presentation displays some of the results obtained in this study.
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USING A COMPUTER ENVIRONMENT IN THE CLASSRROM TO LEARN THE CONCEPT
OF PROPORTION
Martf,E., Steren,B., and Garcia-Mila,M.
Universitat de Barcelona

The aim of the present study is to analyze the process of learning the concept of proportion
displayed by 12-13 year-old student dyads when they use a computer environment in their
mathematics class. We hypothesize that computers can be an effective mean to foster the process of
learning difficult mathematics concepts such as proportion. When the students use a computer
environment the process of learning becomes more interactive, motivating and self-regulated (Pea,
1987). The computerized didactic sequence we propose is the result of an interdisciplinary
collaboration among cognitive psychologists, mathematics teachers, and software designers. The
main principles that have guided the design of the didactic sequence are the following:

1. To integrate the didactic sequence in the curriculum of mathematics.

2. To present a set of similar problems based on the same physical phenomenon (light and
shadows) but becoming progressively complex. This complexity is defined in terms of the
students' rate of progress in the psychological construction of the concept of proportion (Vergnaud,
1983).

3. To help the students overcome their difficulties with a set of retroactive regulation (text
and graphic feedback) according to the type of errors displayed. .

4. To foster interaction between students as a way to optimize the process of learning using
a computer environment.

In addition, two complementary analyses are undertaken. The first one consists of
comparing the results obtained in the pretest and the posttest in both, the experimental (working
with the computer environment) and the control (working with a noncomputerized version of the
didactic sequence) groups. The second one is a microgenetic analysis of the working process
displayed by a subset of dyads while they interact with the computer environment.

In the present poster, we describe and theoretically justify the didactic sequence involved in
the computer environment, and we present the results of the first analysis (pre/posttest differences).
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THE HISTORY OF MATHEMATICS AND THE LEARNING OF
MATHEMATICS: PSYCHOLOGICAL ISSUES

Paul Emest (UK)

Introduction to the Plenary Panel of Lucia Grugnetti (italy), Teresa
Rojano (Mexico), Anna Sfard (Israel) and Eduardo Veloso (Portugal)

Currently an historical reconceptualisation of the nature of mathematics is
underway. Until recently the widely accepted view of mathematics was that of
modernism which envisaged the building of timeless and indubitable structures
of thought based on a logical masterplan, the Euclidean paradigm. However the
failure of the prescriptive programs of the logicist, intuitionist and formalist
schools to achieve absolutely certain foundations for mathematical knowledge is
well documented (Ernest, 1991, Kline 1980, Tiles, 1991). In contrast, a new
tradition in the philosophy of mathematics has been emerging which has been
termed post-modernist (Tiles, 1991), maverick (Kitcher and Aspray, 1988) and
quasi-empiricist (Lakatos, 1976). This perspective is primarily naturalistic,
concerned to describe the nature of mathematics and the practices of
mathematicians, both current and historical. It is and fallibilist in its epistemology
as well as inter-disciplinary and historicist (Lakatos, 1976; Kitcher, 1984).

The reconceptualisation of the nature of mathematics as essentially
historical, in philosophy, mathematics education and adjacent fields, such as
Piaget's genetic epistemology, is a development of great significance. It has
strong implications for epistemology, encompassing the nature and justification
of all knowledge, for methodology, as well as for theories and research on
learning. For example, much of the controversy around radical constructivism
centres on the fact that this position adopts the view that all knowledge,
including mathematics, is a fallible construction. Inducting learners into a body
of knowledge that is the contingent product of historical, cultural and
evolutionary forces is a different problem from teaching under the traditional
view. It demands more humility from teachers and researchers, and the
realisation that learner errors are not absolutely defined, but only relative to a
conventional body of knowiedge.

The admission of a historical perspective centre stage in the psychology of
mathematics education thus is of deep and widespread significance. However
the indications of its importance go beyond philosophy and methodology. There
are also vital ways in which the inciusion of the history of mathematics is central
to the content of research in psychology of mathematics education. This will be
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evident in the contributions of panel members. But 1 should also mention that
there are important schools of thought beyond those represented on the panel
in which history plays a central part, such as Dutch, French and German
research in the didactics of mathematics. Thus, for example, the international
research community in mathematics education has had its perceptions of the
place of history in mathematics education, and in the psychology of mathematics
education in particular, changed by the contribution of French researchers.

CONCEPTUAL DEVELOPMENT AND OBSTACLES
The parallel between the cuitural development of mathematics and individual
psychological development has been explicitly noted at least since the 19th
century biologist Haeckel formulated his biogenetic law: ‘ontogenesis
recapitulates phylogenesis'. In the realm of mathematics this parallel was
extensively elaborated by a number of authors such as by Branford in 1908
(Fauvel, 1991: 16). In psychology this insight was further developed by
Vygotsky as a central feature of his psychological theory.
Every function in the child's cuitural development appears twice, on two
levels. First, on the social and later on the psychological level; first

between people as an interpsychological category, and then inside the
child as an intrapsychological category. (Vygotsky, 1978: 128)

Now as Freudenthal said in 1983, "We know for sure that this [biogenetic] law is
not true in a trivial way...The young learner recapitulates the learning process of
{hujmankind, although in a modified way." (Steiner, 1989 27-28) Thus the
history of mathematics cannot absoiutely dictate the necessary order in the
iearning or development of mathematical concepts. But since mathematics
concept formation appears to be a recursive operation, the historical stages in
the elaboration and extension of concepts provides an illuminating if sometimes
loose parallel of great richness. Consequently, the history of mathematics is
widely used to provide a genetic epistemological analysis of mathematical
concepts for psychological and didactical purposes.

During the course of its history science changes, and some of these
changes are dramatic enough to be termed revolutions (Kuhn, 1970). Gillies
(1992) claims that there are revolutions in mathematics too. There is a powerful
analogy between Kuhn's theory of normal and revolutionary development, and
Piaget's theory of assimilation and accommodation in cognitive growth,
respectively. Both a scientific revolution and schema accommodation are
triggered by a contradiction or cognitive conflict.

Bachelard (1951) anticipated Kuhn's ideas, and invented the concept of an
‘epistemological obstacle' which prevents progress and development in the
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history of ideas. He writes of revolutions as ‘ruptures’ in thought when an old
style of thinking which is acting as an epistemological obstacie is swept away.
Thus in mathematics well as the leaming of new knowledge, uniearning to
overcome epistemological obstacles is also needed. For example the fact for
natural numbers {(n>1) that multiplication is a procedure that produces larger
numbers ceases to be true for rational numbers or integers. Multiplication no
longer always 'makes bigger. Many examples like this, and deeper ones too
(e.g. shifts in the definition of a function), are indicated in the history of
mathematics. Thus analysis of the history of mathematics provides researchers

with a tool for anticipating psychological obstacies in the leaming of
mathematics.

MATHEMATICAL PROCESSES

Problems and problem solving are central to both the history of mathematics
and psychology of mathematics education. In both areas they stimulate
knowledge growth, Historical problems, such as the Kanigsberg Bridge Problem,
which stimulated Euler to create Topology (Wolff, 1963) aiso serves well to
introduce students to network theory in today’s classroom. But the paraliel | wish
to remark on is in the realm of mathematical processes and strategies. Pappus
distinguished between analytic and synthetic problem solving methods. Two
thousand years later the distinction was used by psychologists to distinguish
different levels of cognitive processing (Bloom, 1956). More generally,
methodologists of mathematics such as Descartes 1628) and Polya (1945) have
offered systems of heuristics which have driven research in problem solving in
psychology and mathematics education (Groner et al., 1983). Problem solving
research in mathematics education research stili has much to learn from the
history of mathematics, and in the era of computers that history continues to
grow and evolve new methods.

ATTITUDES TO AND PERCEPTIONS OF MATHEMATICS

it is widely remarked in the mathematics education literature that student and
teacher attitudes and pefceptions of mathematics are important factors in
learning (e.g. Emest, 1991). Indead, much of the research on girls or women
and mathematics talks of the problems caused by the stereotypicai perceptions
of mathematics as a male domain (e.g. Walkerdine, 1988). Thus a further
important area of impact of the history of mathematics is on student (and
teacher) attitudes to and perceptions of mathematics. In his survey, Fauvel

(1991: 4) suggests that the uss of the history of mathematics in teaching has the
following outcomes. '
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Helps to increase motivation for learning

Makes mathematics less frightening

Pupils derive comfort from knowing they are not the only ones with problems
Gives mathematics a human face

Changes pupils’ perceptions of mathematics

One of my own areas of research and interest has been in the area of the
philosophy of mathematics education, conceming a historicised
reconceptualisation of mathematics {social constructivism as a philosophy of
mathematics), and its impact in theory and practice on teacher and student
personal philosophies of mathematics (e.g. Ermest, 1991). Although there is
insufficient research on the relationship between the use of the history and
positive attitudes to and useful perceptions of mathematics (Stander, 1989), a
number of experimental teaching programs reported at PME use a historical
approach and have positive outcomes (e.g. some Italian experiments described
by Bartolini-Bussi, 1991).

These are just some of the important relationships that exist between the
history of mathematics and the psychology of leaming mathematics. My
colleagues will offer more detailed explorations into such relationships.
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RELATIONS BETWEEN HISTORY AND DIDACTICS OF MATHEMATICS
Lucia Grugnetti, Dipartimento di Matematica, Universita di Parma

History of mathematics in mathematics education: why?
Among all subjects involved in mathematics education, nowadays there is a growing
debate concerning the role of the history of mathematics in mathematics education. On
the other hand, at least for the time being, teaching of scientific subjects does not
emphasize the historical point of view. Perhaps something will change: in the proposal of
the programs for Italian high secondary schools, conceming calculus for example, it is
written "It will be possible to follow the historical itinerary which, starting from
Archimedes, arrives to Newton and Leibniz through the contributions of Cavalieri,
Torricelli and other precursors of calculus.” On the contrary, in the almost all Italian text-
books for high secondary schools, the development of calculus is not the historical one;
in fact it goes from the concept of function to the concept of limit (one of the most
complex mathematical concepts) and then from the concept of derivative to the concept of
integral. On the other hand, I believe that, with regard to mathematics, an historical
approach is advantageous for the student because it allows them to think of mathematics
as a continuous effort of reflection and of improvement by man, rather than a "definitive
building” composed of irrefutable and unchangeable truths.
Concerning the teachers they must remain aware of the inherent relativity of knowledge,
and that to provide students with an adequate view of the way science builds up
knowledge is in the long run worth more than the acquisition of facts (von Glaserfeld,
1991) {4].
Risks and difficulties
The crux of the matter is "how can we methodologically develop a teaching itinerary from
a historical point of view?". In my opinion, the historical approach to mathematics
involves the passage from a disciplinary to an interdisciplinary treatment in the broadest
sense of the word. The passage from a disciplinary to an interdisciplinary approach is
really fundamental if we want to try and bypass one of the several risks in introducing
history of mathematics in mathematics education: the anachronism. As Weil (1978) {11}
"There is a vast difference between recognizing Archimedes as a forerunner of integral
and differential calculus, whose influence on the founders of the calculus can hardly be
overstimated, and fancying to see in him, as has sometimes been done, an carly
practitioner of the calculus.” Moreover, once we introduce at school 2 mathematician or,
in general, a scientist, it is fundamental to analyse the political, social, economical context
in which he lived. By this way it is possible to discover that facts and theories, studied in
different disciplines, are concretely related. As Pepe (1990) [9] reminds us, the "meeting”
between history and didactics of mathematics must be developed taking into account the
negative influences that they can have one on the other. A possible negative influence of

 history on didactics is the increasing of a notionistic ambit, with interesting and curious
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references which are, in effect, not cssential. On the contrary, the history of mathematics
offers us several examples which “gain” by an interdisciplinary approach (L. Pepe, 1990)
as, for example: the number systems of ancients; Galileo, the mathematization, the
experimental method; Descartes and the analytical method. Fortunately we have not yet
"standards"” in the field of history of mathematics in the didactics of mathematics; in fact
this field is nowadays open to discussions and suggestions. Among the different
proposals there are the well known French works of some IREM [6] that are, in
particular, concemned with a critical analysis of "originals” directly in classrooms.
Another proposal comes from the USA where, for example, F. J. Swetz [10] says thata
direct approach to historically enriching mathematics instruction and the learning of
mathematics is to have students solve some of the problems that interested early
mathematicians. Such problems offer case studies of many contemporary topics
encountered by students in class. According to Swetz, that problems transport the reader
back to the age when the problems were posed and illustrate the mathematical concems of
the period. According to me, the approach by problems can be easily utilised also by
teachers that are not really concerned with history of mathematics, but there is the risk, if
there is not a "contextualisation”, that we offer to students a too much fragmentary idea
of the history of mathematics. By this , I do not want to discourage the approch to
mathematics and to history of mathematics by problems, but that we must be conscious
of the inherent obstacles and misconceptions. In this perspective, the proposals of using
originals, as IREM, are very interesting on condition that we pay a big attention to the
inherent difficulties. Coming again to the Italian proposal of the mathematics program for
high secondary school, whereas we want to follow the historical itinerary, we must be
conscious, once again of needs and potentialities together with difficulties and obstacles.
For example, conceming the teaching of calculus, the Cavalieri’s theory of indivisibles
could be an interesting point, on condition that since the originals by Cavalieri are very
difficult, we use a sort of "didactical transposition” of that theory.
Some suggestions from Italian experiences

An interesting use, from a didactical point of view, of the Cavalieri's theory, can be
found in a cultivate italian text-book (L.. Lombardo Radice, L. Mancini Proia, 1979) [8]
to find the area of the ellipse:
If we have the circle: x2 +y2=1and the cllipse: x%/a2 + y2/b2 =1
and if we consider the chords obtained by cutting the circle and the ellipse by stright lines
which are parallel to axis y, we have: y2=a2-x2 ; y2=b2(@a2-x2)/a2
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The ratic of the two chords is b2 /a2 ,so weobtain: E:C=b:a from which

E = C b/a. We know that C = ma?; therefore E =t ab.

It is important to underline at Jeast two important aspects of such an activity. The first is
that it is inserted in a historical approach to calculus starting from the way in which
Archimedes calculated the area between a parabola and one of its chords. This approach
allows teacher to follow also with students the historical process in which the problem of
the quadratures (integration) preceds the problem of the tangents (derivation). Moreover I
think that, by this process, students can also appreciate later "modem" integration as need
of generalisation. At the same time, if we try to follow, in a certain sense, the historical
process of calculus and, as in the previous examples, the theory of indivisibles, we have
to develop with students a critical analysis concerning that theory. So why the XVII
century was the moment of the theory of indivisibles? Or why the calculation of areas
and volumes being one of the main problems of that century? An implicit use of history in
designing teaching is introduced by the research group of Modena (M. Bartolini Bussi).
Early historico-epistemological studies of this research group resulted in the adoption of a
particular context which could have emphasised the dialectical feature of mathematical
experience as well as offered opportunities to develop meaningful historical studies in the
classroom: it is the context of mathematical machines . For example, some elements of
the study of conic sections are considered in the project Mathematical Machines in High
School. The leading motives of this teaching experiment can be described under the
following keywords: geometry, history, machines. [1]. The research group of Genova
(P. Boero) considers, particularly, the following uses of the history of mathematics in the
teaching of mathematics: 1) as a source of ideas, for the teacher, on “fields of experience”
in which to construct mathematical skills and concepts, through suitable teaching
itineraries and situations; when used this way, the pupil does not necessarely have to
receive explicit information on the historic background used for the teaching project; 2) as
a field of study for pupil, in order to work on particular mathematical objects (conccpts
and formalisms), to analyse their historical evolution and to translate from one formalism
to another; 3) as an opportunity to set off developing mathematical discussions and
demostrations, based on questions which have arisen in the course of the history of
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mathematics [2]. The research group of Genova (F. Furinghetti) uses the history of
mathematics education to analyse mathematics teaching problems and educational
phenomena. Moreover, according to this group, it is important to realize an integration of
the history of mathematics in school mathematics [3]). From the research group of
Cagliari (L. Grugnetti) comes an example of the history of mathematics also in view of an
interdisciplinary teaching: the Liber Abaci by Leonardo Pisano (Fibonacci) as a source of
problems (from XIIith century) which concern different teachers and subjects: Italian
and Latin (what kind of language is that of the Liber Abaci?), history (The development
of the Middle Ages in Europe and Islam, geography (the West, the Middle East "Islam"),
mathematics (the pupils’ strategies for solving some questions from Liber Abaci;
Leonardo Pisano's strategies: why he solved his problems by those strategies?) {5].
Interdisciplinarity is also the leading motivation for the interest of the research group of
Rome (M. Menghini) in the history of mathematics. The purpose of interdisciplinarity is
not to show how mathematics can be applied to other disciplines, nor to examine a certain
pericd in different fields, but to show how different disciplines help all together to form a
branch of knowledge. And this can be observed better "from a certain distance”, when
the concept is clearer; also because the sistematization process can be very long [7]. Also
other Italian research groups are begining to work on the role of the history of
mathematics in mathematics education. The different points of view allow a dynamic
debate on this subject and point out a growing up of an important ficld of mathematics

education.
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THE CASE OF PRE-SYMBOLIC ALGEBRA AND THE OPERATION OF
THE UNKNOWN :

Teresa Rojano
'\ p to “ 1Y : Bd n'v‘
Centro de Investigacion y Estudios Avanzados del | P N (Mexico)

The notion of rupture or cut in knowledge as in Bachelard (1970), which in turn gives rise to the
concept of epistemological obstacle, is used as a central element linking the historical and
educational domains. One characteristic of the case presented here consists of the formulation of
conjectures on the didactic obstacles of epistemological origin (Brousseau, 1976) which are
present in individuals in transition from arithmetical to algebraic thinking and the empirical
exploration of such conjectures by means of clinical studies with subjects who are beginning to
learn symbolic algebra. On the basis of the results obtained at an ontological level, the historical-
cpistemological analysis is once again taken up with the aim of seeking possible correspondence
with the new didactic findings. This movement back and forth between history and didactics is
what places this work in the ficld of mathematical education and not in that of the history or the
epistemology of mathematics (Filloy, 1990).

Two motnents of pre-symbolic algebra.

“rom the comparison between two moments in the symbolic cvolution of algebra, before the
appearance of The Analytic Art by F. Vidte (ed. Witmer, 1983), the presence of cuts or didactic
obstacles in the process of acquisition of algebraic language is conjectured. The moments in
question are (a) that of the Practical Mathematics of the Htalian Renaissance (X1 - XV centurics)
represented by the abbacus books (Egmond, 1980), characterized by a dedication to the solution
of practical problems expressed in vernacular form and using the methods of orienta!
mathematics. In these texts there is a diversity of strategies used to solve problems which, from
the point of view of the symbolic algebra currently in use, would be identical problems; it is the
specific numerical characteristics of each case which guides the strategy for problem solving and
there is not an explicit operativity regarding unknown quantities (Filloy and Rojano, 1984a). The
second moment (b) is that of the first text book of advanced algebra, the De Numerics Datis by
Jordanus de Nemore, written in Latin i.n about 1225 (ed. Hughes, 1981). Concrete numbers never
appear in the statemient or the argument in this work. Most of the propositions correspond to the
solution of systems of equations that can be reduced to a quadratic. The work with general
numbers allows the cases solved previously to be recognized and thus, a general strategy of the
book is 10 try to reduce the new cases to carlier propositions. In the argument, the quantitics
discussed are designated by letters and there is no syntactic operativity on them except
juxtaposition to indicate addition (Puig, 1991).
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As well as pertaining to well differentiated symbolic levels, the medieval works referred to also
have common features: there is no systematic treatment in the operations carried out on those

terms of the equation which involve unknowns. This disposition “not to operate with unknowns",
which appears to be connected with the symbolic insufficiency of these works compared with the
symbolic algebra inaugurated by Vidte, lcads to the formulation of conjectures as to the presence
of didactic cuts in the process of transition from arithmetical thought to that of algebra. One of
these cuts is located precisely at the moment in which, for the first time, students face the need to
operate the unknown in the solution of linear equations with terms with "x" in both members.

A_didactic cut of epistemological grigin
Among the most cloquent manifestations of the rupture mentioned above are the typical

spontancous responses of students in the clinical interview to items of equation solving sucit as
2x+3=5x. The children tend to assign an arbitrary value to the unknown on the right side and
solve the equation 2x+3=constant, which does not require operation of the term x. Or else,
when they are asked to find the value of x in x+5=x+x, we get what we have called polisemy

of x, that is the response: "this x (the onc of the right) has a value of 5 and the other two (one on
cach side of the equation) can have any value (the same value for both)* (Filloy & Rojano,
1984b, 1989). The term polisemy of x is used when, within the same statement (algebraic), the
same symbol 1s assigned meanings which pertain to different semantic fields. In one case thi is
ihe semantic ficld to which the notion of specidic unknown pertains. In the other, it iy the
semantic field of general numbers. Examples of the cleven cognitive tendencies reported in this
study are: conferring intermediate senses 10 morg abstract matheiatical texts, and focusing on
readings madc in language strata that will not atlow solving the problem situation (Filloy. 1991
(b). '

Findings like those referred 1o previously, obtiined at an ontoligical level, with subjects who are
i transition frem anthmetical thought 1o aigebraic thought, correspond Lo moments of significant
change in the historical development of algebraic tanguage and lead to guestions about how the
mathematical signs systems used and therr imterpretation (as in the case of how pre-algebraic
students read algebra's signs system) predetermine the modes of analysis and the strategies for
solving problems modeled in these systems of signs. In turn, this opens up a new perspective for
re-visiting the history of the symbolic systems within algebraic knowledge, taking it now as an

element of theoretical analysis for cognitive sciences (Fitloy and Puig, 1991).

Towards a new type of research program
An example of this new line of research 1s the analysis which Filloy (1991 (a)) carries out on
proposition XHI of The Book of Syuures by Leonardo Pisano (medieval miathematician, also

*known as Fibonacci). The proposition in question states that: “the square of any number can be
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expressed as the sum of successive unevzn numbers, starting with the unit”. In the analysis, the
differences between the mathematical signs systems used by Leonardo to express his arguments
and the mathematical signs system of current symbolic algebra play a central role and it is shown
that this proposition, in the latter system of signs, can be proved in a simple and brief manner,
unlike the long and complicated formulations of Fibonacci. This contrast is used to show the fact
that the mathematica} signs system used announce the strategies for solving problems and guide
the sense of al! the inferences made during the argument, which, in the case of Leonardo, can be
related with what is observed in the development of thinking in children today, when they try to
altain competence in the use of algebra at secondary school. That is to say, the new program of
rescarch proposed is to observe and describe in the work”of pre-vietic algebrists, such as
Fibonacci, ine cognitive tendencies like those found in children who are beginning the study of
algebra, in order to better formulate existing hypothesis and to develop new, plausible hypothesis
about these tendencies.

Puig (1991) describes another piece of rescarch of the same sort, on the mathematical signs
system used by Jordanus de Nemore in De Numeris Datis, In this paper, the author attempts 1o
describe De Numeris Daiis as one of the strata of language which, looked at retrospectively from
current symbolic algebra, arc scen as less abstract. Tius can be related with the objective of
th, swing light on the uses of mathematical signs systems which will culminate in the competent
use of the system of signs of symbolic algebra.
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WHAT HISTORY OF MATHEMATICS HAS TO OFFER
TO PSYCHOLOGY OF MATHEMATICAL THINKING

Anna Sfard
The Hebrew University of Jerusalem, Israel

A few years ago, in a conversation with a mathematician, I complained about my
students’ resistance to the seemingly simple idea of a complex number. The
mathematician would not accept the claim that the subject might be inherently
difficult. He hinted that it could be a problem of an incompetent teacher
rather than of incapable students or a difficult subject matter. I insisted
that there is a stumbling block the nature of which was not yet clear to me. I
brought lots of evidence. Eventually, the mathematician seemed to be giving in.
‘Yes, the problem might be somewhat more complex than I thought’, he said. But
then, after a thoughtful pause, he exclaimed: "0K, it's difficult, but I assure
you that I would make the students understand the idea in no time: I'd Just
write the axioms of a complex field and show that the concept is well-defined’.

1 knew then, as 1 know now, that the mathematician I talked to was not an
exception. Teachers are sometimes equally insensitive to profound difficulties
students have with seemingly simple concepts. Several years and many hours of
reading, researching, and thinking later, 1 began to realize the reasons of
this insensitivity. It may be stated in many different ways, depending on the
school of thought to which one belongs: one can say that the students and the
teacher do not share one paradigm, or that, without realizing, they are engaged
in different mathematical practices, or that they don't participate in the same
mathematical discourse. In whatever words one puts the explanation, the message
is always the same: the student and the teacher cannot communicate because,
although they may be using identical expressions, they live in incompatible
mathematical worlds, they are playing according to different rules, and their
thoughts go in parallel rather than clash or coincide.

There 1s no better way to analyze this problem than by scrutinizing the
historical development of mathematical knowledge. History is the best
instrument for detecting invisible conceptual pitfalls. History makes it clear
that the way toward mathematical ideas may be marked with more discontinuities
and dangerous Jjumps than the teacher's are likely to realize. If the
mathematician I talked to were aware of the turbulent biography of complex
numbers, he would probably be more attentive to my classroom horror stories.
Similarly, if the mathematics teacher of the French writer Stendhal bothered to
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look into some original mathematic~1 texts, the latter would have been less
likely to complain for the sake of posterity that his difficulties with
negative numbers “simply didn't enter [the teacher's] head" (see
Hefendehl-Hebeker, 1991). Indeed, it would be enough to have a brief glimpse at
the emotion-laden statements of eighteenth and nineteenth century
mathematicians to realize that there must have been some major disparity
between the emerging ideas and established knowledge. Here is an example of
such a revealing utterance:

. The talks about “impossible numbers, which, being multiplied together,
produce unity.. [are] all jargon, at which common sense recoils; but, from
its having been once adopted, 1ike many other figments, it finds the most
strenuous supporters among those who love to take things upon trust and hate
the colour of a serious thought" (Frend in 1796).

The point I wish to make here is that historical disputes, however fierce, tend
to be completely forgotten once mathematicians manage to reconcile themselves
with the problematic notions. As follows from the conversation quoted above,
for a modern mathematician nothing could appear simpler than complex numbers.
Stewart and Tall (1983) comment, tongue in cheek: "Looking at the early history
of complex numbers, the overall impression is of countless generations of
mathematicians beating out their brains against a brick wall in search of what?
A triviality" (p.5). In the classroom, however, problems are 1ikely to appear
at any of the junctions at which mathematicians themselves faltered and asked
questions. Thus, history seems to have much to offer to the psychologist who
studies the learning of mathematics.

To fully grasp the view I try to present, one has to understand far-reaching
changes occurring right before our eyes in philosophers' conception of human
knowledge. The Cartesian implicit assumption about the possibility of "God's
eye view" of the world is gradually giving way to a non-objectivist position --
position which questions the claim that scientific theories "tell us what
properties things have in themselves" (Putnam, 1987, p. 13). New winds in
philosophy of mathematics may be viewed as after-shocks of this major
conceptual upheaval. As a traditional stronghold of "absolute truth" and
objectivity, mathematics may be the last domain of human intellectual activity
to succumb, if only partially, to the doctrines of relativism and historicism
(philosophy of science was revolutionized much earlier by Kuhn, Feyerabend, and
their followers; in fact, it may well be that this is where all the trending
away from the Cartesian paradigm started). Robust as it always was in its
objectivist positions, even this most analytical of sciences could not, in the
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longer run, remain unaffected by the sweeping blow of the postmodern Zeitgeist.
Since lakatos declared it fallible and quasi-empirical, mathematics has been
steadily proceeding toward a new identity. The image of mathematics as a
*stark, atemporal, formal, universe of ideal knowledge" (Kaput, 1983) was
abandoned for the sake of the idea that knowledge in general, and mathematical
knowledge in particular, is a form of social practice. As such, it is
inter-subjective rather than objective, it is Judged by criteria of
acceptability and usefulness rather than of "perfect correctness™, and above
all - it is in a constant flux and can never be regarded as a finished product.
Thus, even though the term “practice" may have different meanings for different
writers, one implication is common to.all the possible interpretations: human
thought and thinking in large, and mathematical thought and thinking in
particular, cannot be fully understood in isolation from their history.
According to Kuhn, understanding science and its development is a hermeneut ical
task, and hermeneutics means, among others, using a method of analysis which
considers history as consequential (Berenstein, 1986). The same may be said in
the context of mathematics.

Being deeply convinced of its importance, I have been using historical analysis
in practically all my studies of concept formation. Whether I dealt with the
learning of algebra or with the development of the notion of function, the
historical perspective proved invaluable source of insights into the subtleties
of learning process and into the nature of student's difficulties. This talk is
too short to present any of these analyses. To illustrate my claims, let me
therefore elaborate on the opening example. According to what was said above,
my mathematician's insensitivity to student's difficulties with the concept of
complex numbers could probably be successfully treated with a dose of
historical insights and a hermeneutical exercise. If the mathematician looked
into historical sources he might have realized that 1ikf in the case of
mathematicians who lived a few hundreds of years ago, the student could be a
captive of an inadequate system of epistemological and ontological beliefs.
Today, like in the past, certain implicit meta-matematical assumptions may be
the barrier which prevents the concept of a complex number from entering into
the realm of mathematics. Indeed, the idea of extracting square root from 2
negative number is inadmissible to a person whose understanding of number is
based on the metaphor of physical quantity, for whom numbers are
mind-independent entities, and who does not consider the possibility of
bringing such entities into existence by mere axiomatic stipulation. To realize
all this it would be enough to read carefully and with a hermeneutical eye
texts written by Leibniz, Euler, and many other mathematicians.
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The task, of course, is far from easy. It is extremely difficult to put oneself
into intellectual shoes of another generation of practitioners. This is
probably why pupil's fundamental problems with the idea of complex number tend
to be overlooked by the teacher. The latter's own implicit beliefs make him or
her oblivious to the possibility of somebody having a different epistemological
and ontological attitude. Those who stand at the top of a mountain might have
forgotten the changing landscape they watched themselves while climbing the
hill for the first time. One of the few works which have shown that the problem
of an inadequate meta-mathematical framework does exist and obstructs learning
of complex numbers is the study by Tirosh and Almog (1989). The authors attempt
to probe learners' hidden conceptions led them to the conclusion that "the
students are reluctant to accept complex numbers as numbers, and [they]
incorrectly attribute to complex numbers the ordering relation which holds for
real numbers". One finds here a striking similarity to the stance taken by past
mathematicians who rejected the concept of complex number on the basis of the

claim that "a square root of -1 is both greater than infinity and smaller than
minus infinity".

In this brief talk I tried to make a case for historicism. This last term is
used here in its "benign" non-Popperian sense, which reminds the researcher
that “agent's ebistemic principles and their standards of reflective
acceptability ... vary historically" (Geuss, 1981). Mathematics, Tike any other
kind of human knowledge, is inextricably entangled into its own past, and thus
considering history when trying to understand the ways people conceive and
construct mathematical universes is not an option -- it is a necessity.
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PRACTICAL USES OF MATHEMATICS IN THE PAST:
A HISTORICAL APPROACH TO THE LEARNING OF
MATHEMATICS.

Eduardo Veloso (Portugal)

If we accept that students attitudes and perceptions of mathematics are
important factors in learning and if we believe that the integration of history in
the teaching of mathematics has some effect on those attitudes and perceptions,
two possible next steps would be i) to answer the questions raised by John
Fauvel (1991) “why the value of using history is so hard to put across in the
right quarters?” and “what is getting in the way of this simple beneficial
improvement?” and ii) to discuss the present situation in what concems how
that integration is practiced, in order to appreciate what kind of effect it has or
could have on those attitudes and perceptions. I will try to propose an answer to
John Fauvel questions and to suggest and give examples of alternative ways of
carrying that integration.

Firstly, the answer to John Fauvel questions could be based on the analysis of
some “good reasons for using history” suggested in the same article and quoted
by Paul Emest in the introductory statement: “helps to increase motivation for
leamning”, “makes mathematics less frightening”, “gives mathematics a human
face”. In fact, many teachers today think that they can use other teaching
strategies (for instance computers, manipulatives, challenging problems) to
increase motivation, to eliminate the fear of math and even to teach human
mathematics, without the additional burden of learning history of mathematics.
And the right quarters simply don’t understand why do we must integrate
history in the teaching mathematics if our objectives for school mathematics are
mainly the understanding of mathematical concepts and the acquisition of
modern techniques. So, only when the point of view expressed in the Cockcroft
Report that “the mathematics teacher, has the task [...} of helping each pupil to
develop so far as is possible his appreciation and enjoyment of mathematics itself
and his realization of the role which it has played and will continue to play both
in the development of science and technology and of our civilization...”
(Cockcroft, 1982) will be openly accepted as a description of the main
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objective for school mathematics, we could be assured that 2 sound rationale for
the integration of history in the teaching mathematics can be built.

Secondly, in what concerns the present practice of integration, we might say that
the main stream is not satisfactory at-all. The basis for this practice is the idea that
the history of mathematics could be._identified with the life and works of the
great mathematicians. So, from the poorer ways of using history in the classroom
— telling anecdotes about some mathematicians — to the ones that are most
promising — activities using mathematical texts of the past — what is always
implicit is the history of mathematics ds a science. This is of course a valuable
way to integrate the history of mathematics in education, and there are very
good examples of this practice (see fo‘r instance (Fauvel 1990). But most
mathematical texts written by mathematicians are difficult to be interpreted by
the average student, and their use is more appropriate for classes of students with
a good disposition to mathematics. So it is probable that this practice, if
exclusive, would result, for the majority of students, in the perception of
mathematics as a distant and mostly inaccessible domain, reserved for some gifted
people. It is not in this direction that the integration of mathematics in its
teaching is expected to change the perceptions of the students.

The history of mathematics is not just the history of the building of mathematics
as a science, it includes the practical uses of mathematics, less or more
sophisticated, during the slow development of our technological society. When
the students develop activities concerning this practical uses of mathematics in
the past, they may

» realize that people like them used elementary and intuitive mathzmatics with
ingenuity, in order to make their work more productive and their iives better;

« see mathematics as a science “storicamente determinata +; fortemente intrecciata
con le altre manifestazione culturali delle varie epoche.” (Bussi 1992) (free
translation; “historically determined and strongly connected with the other
cultural accomplishments of the different prriods”™).

When possible, the examples of practical uses of mathematics gain to be taken
from the local history (Fauvel 1993). This point could be illustrated with the
experiences that are being carried, in Portugal, on the relations between
mathematics and the techniques of navigation used by the Portuguese pilots
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during the voyages of the 15th and 16th centuries. This is a very rich domain, as
suggested by the following examples (for more details, see (Veloso 1992)) .

The mathematics of astronomical navigation. The beginnings of astronomical
navigation in the Atlantic occurred in the second half of the 15th century, when
the Portuguese ships navigating near the coast of Africa were forced by strong
headwinds to make long detours across the ocean to return to Portugal, without
reference points on land. Navigators need to know their progression to the north,
and they develop rudimentary ways to do it, resorting to the only references they
had available, the position of the stars. Adapting old astrological instruments, like
the quadrant, to new needs, they measured each day the altitude in degrees of
the North Star and used a known correspondence of difference in degrees to
distance navigated in latitude, in leagues (1° < 16 1/3 leagues).

Pupils can recapitulate the reasonings of their ancestors when they study the
simple mathematical principles of the quadrant, follow the method of Eratéstenes
to measure the earth, and discover the correspondence between degrees and
distances.

Interpretation of marine texts. The nautical handbooks of the 15th and 16th
centuries were written. by the pilots themselves, making successive copies of the
most important rules used in the navigation, and introducing modifications
requested by new conditions or findings. They are a rich source of texts, written
in an interesting style and embodying almost always a mathematical component.
There are rules for navigation with the Pole Star (“the regiment of the North™),
with the Sun (“the regiment of the declination of the Sun™) and with other stars
(for instance,“the regiment of the southern cross™), rules to compute the
corrections in distance when the course is deviated for any reason (“the
regiment of the leagues™), rules to know the time during the night (“the regiment
of the hours of the night”), and so on. Pupils will interpret these texts,
discovering and exploring the mathematical underpinnings of the rules. When
they read the nautical handbooks, written without the algebraic symbolism
introduced later in the history of mathematics, they will appreciate the strength
and utility of the mathematical language. ’
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Building and graduating naudical instruments. After the quadrant, many other
types of instruments of navigation were introduced, like the modified astrolabe,
the cross shaft and the kamal. Several processes were developed for the correct
graduation of these instruments. Pupils can understand the mathematical
principles of the different instruments, work in small groups to build models of
some of them, and even explore their uses in several ways.
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The Historical Dimension of Mathematical Understanding —
Objectifying the Subjective

Hans Niels Jahnke
IDM, University of Bielefeld, Germany

1. The cognitive quality of culture — a plea against fast food mathematics

In the following, I shall ask for the role history and culture could play in the teaching
and learning of mathematics. Besides L. S. Vygotsky, Jerome S. Bruner has doubtlessly
been the psychologist who, in part against Piaget, has pointed out the significance of
culture for cognitive development. Though the considerations I am going to quote date
back nearly thirty years, they still appear worth considering. At the core of his early
conception of cognitive development was the belief that “the human, species-typical way
in which we increase our powers comes through converting external bodies of
knowledge embodied in the culture into generative rules for thinking about the world
and about ourselves.” (Bruner {1972}, 115) Though this may be a widely shared
viewpoint, I have nowhere read a more impressive description of the resulting conceptual
problem for (cognitive) psychology than with Bruner:"It is always difficult for the
psychologist to think of anvthing ‘existing’ in a culture or however one wishes 1o
express the presence of traits and skills transcending any one individual's life or even
the span of a generation. Psychology is in the main acultural and ahistorical in its
theories: ... We are, alas, wedded to the idea that human reality exists within the
limiting boundary of the human skin!" (Bruner, Olver, & Greenfield [1967], 321) This has
been written in 1967, and I am well aware that meanwhile a lot has been done to overcome
the said deficit, particularly with regard to mathematics instruction and by scientists who
feel obliged to the context of “psychology of mathematics education”, Nevertheless, 1
shall not be wrong in assuming that, on the whole. Bruner's statement is still true and that
we find it as difficult as before to understand the cognitive quality of culture and history in
a theoretically appropriate way. An indication for this is again found in Bruner when,
today, he speaks of a "cultural psychology” (Bruner [1990]) as a desideratum and not as
an existing discipline.

This unsatisfactory state of affairs within cognitive psychology is reflected in a
corresponding pedagogical uncertainty about the role of culture and history in the
teaching of formal sciences. Though, frequently, lip-services are payed to the cultural
dimension, in reality only very few people take it serious. In fact, even if we accept the
thesis that the formal sciences are founded in and by culture, it is not at all obvious that the
cultural dimension should be made an explicite object of teaching. As far as [ know, even
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Bruner did not held the idea to assizne a greater relevance to the history of science in the
teaching of formal sciences , and it must be stated that the movement of "New Math" to
which Bruner adhered, at the time the above lines were written, was characterized by a
profoundly unhistorical conception of mathematics and of mathematics instruction.
Bruner's thesis about cognitive development is at first sight merely a proposition which
states something about the evolution of human thinking. It is a cultural achicvement that
man generates ever more mediated and powerful systems of symbols. But it is doubtful
whether making culture a topic will contribute anything towards making the conversion of
cultural artefacts into generative rules more profound and more efficient. Somehow, it is as
with logic. Thinking is logical, nevertheless it is doubtful whether a treatment of logic
proper will contribute anything towards enhancing thinking.

There are two lines of argument for the significance of the history of mathematics for
teaching which we owe to the 19th century. The first is known as "biogenetical law" and

" says that the cognitive development of the individual recapitulates the development of the

human race on the whole. Hence, the conclusion is, teaching should also present the
subject matter in the order of their historical genesis. Without doubt, this "law" may claim a
certain plausibility. Mathematical reasoning in the individual develops from primitive
counting skills to higher mathematical compentencies as it has been in history. In essence,
however, this "law" seems to be too undifferentiated and, on the whole, wrong. Firstly, it
provides, strictly spoken, no legitimation for treating history of mathematics in the
classroom, but, at best, requires that the makers of curricula should know something about
history. Secondly, every person grows up in a new and different culture, and if his mental
development consists in transforming the artefacts of culture into his personal mental
property, then the way of leaming cannot recapitulate history.

The second argument in favor of history is much more specific and has exerted a strong
influence on many mathematicians and mathematics teachers, at least in Germany.
Mathematician Otto Téplitz formulated it most poignantly in the 1920ies. It starts from the
observation that, for many learners, mathematics is a conglomerate of techniques and
concepts whithout meaning. At some point in time, however, these contents have been
invented as answers to concrete questions posed by human beings, and if we would go
back to the times when they emerged, “the dust of the times, the scratches of long use
would drop from them, and they would rise before us as entities full of life.” (Toeplitz
[1927], 90) Hence, history of mathematics could play an important, even decisive, role in
teaching by giving recourse to the original, proper meaning of mathematical concepts.
Without doubt, this thesis deserves a detailed discussion. I should like to confine myself to
some short remarks.

It is certainly true that we obtain crucial insights into our thinking by going back to its
beginnings. A comparison to teaching general history is useful. There, too, we invest much
effort in teaching history to adolescents in the hope that they will grasp something about
their identity als social and cultural beings. But the example of teaching general history
shows also something else. In general history, there has been a significant and instructive
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change of paradigm. In the 19th century, educated European people held the view that it
is most important to teach the ancient history of the Grecks and Romans, because this
period constituted the origin of Western civilization. Knowing this history was identical
with knowing our innermost identity. Today, this view is certainly no longer held. Of
course, we continue teaching Greek and Roman history, but it has lost its prime
importance. Modern history is deemed as significant as the ancient. and it is a matter of
debate which part has contributed more towaras forming our identity. Our present-day
teaching of history has become more pluralistic. We leam something about our past in an
exemplary way, but only few teachers will still conceive of history as of a process in which
a "Western” identity was formed and developed cver higher.

To me. this has significant consequences for discussing Toplitz thesis. On the one hand,
in affirming it. Just as Greek history remains important, it is a significant experience to recur
to the origin of a mathematical concept. On the other hand, in correcting it: I would deny
that something like the proper meaning of a mathematical concept exists at all and as well
that it can be found in its origins. Rather, it is an overwhelming experience that history
introduces those who beome involved with it to a foreign world which may be interesting
and fascinating, but which is considerably at odds with one's own notions about
mathematics. I shall go into this in more detail with two examples in the main part of my
lecture. ]

The tension between history and the notion of mathematics which is formed in today's
classrooms has a simple and important consequence which is not always taken seriously
enough by those who plead in favor of more history in mathematics teaching. History of

tics is di t! At all times, scientists have written for a close circle of colleagues
and experts, and what they wrote was the fruit of long and intense reflections. There is no
reason to assume that this should be easily accessible to adolescent students, even if
subject matter is concerned which today seems to be quite clementary and which we can
teach to a larger circle of students without great problems. Indeed, we have to state that
while the idea to include history in onc's teaching is considered attractive by many, it has
not been very successful as yet. Vhere it is done, there arc mostly entire groups composed
of teachers and scientists devoting themselves to this task with much engagement (for
efforts of this type in France and Italy see Commission Inter-IREM Epistémologic et
Histoire des Mathématiques [1992] and Bazzini & Steiner [1989]). Of course, the
achievements of individual excellent school and university teachers should not be
neglected, too. However, as a rule, teachers consider history of mathematics as additional
subject matter in face of too short a time and they do not feel prepared adequately.
Somehow, history is felt to be aliento normal classroom work (see Jahnke {1991]).

In view of this situation, it seems to be crucial to arrive atan adequate understanding of
the aims of integrating history into the curriculum. These aims should be realistic and
regard the difficulties mentioned. Above all, we shouid develop an appropriate (neither t00
exaggerated nor too low) idea of what history can achieve. This idea will not be casy to
claborate and will require not only pragmatic work but profound reflection as well. Thus, 1
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should like to pose my above question once more: does the explicit inclusion of cultural
and historical references yield an indispensible cognitive support for learning mathematics,
and if so, which is the cognitive quality of this contribution, and how can it be described?
Or rather: does history provide only additional subject matter which has nothing to do
with “mathematics proper" and which, at best, does no harm, but which has no intrinsic
connection to the mathematics we teach?

Faced with questions of this type, it is often useful to take a step back and look for
analogous situations in other fields. We know that every vital function of man is culturally
mediated, however basic and close to his biological needs it may be. It would be easy to
think that while this cultural moulding is a fact of life, becoming aware of it plays no role
for exercising them. But this is simply not true. Even if we consider functions so basic as
sexuality and nutrition, it is quite evident that their cultural dimension plays a quite
important part in our everyday world. How strongly sexuality is culturally thematized, 1
need not dwell upon, nor on the extent to which this thematization influences our actual
experience of sexuality. But even in regard to nutrition it is true that while one can eat
without knowing anything about the culture of eating, it is not only gourmets who know
that one cannot really relish food without knowing about manifold cultural aspects (eating
habits, producing and refining foodstuffs, how and where the raw products are grown).
This includes quite naturally a historical dimension as well, and quite a branch of experts is
fully occupied with disseminating knowledge about these things in magazines, books, films
and advertising. Of course, the cultural dimension of eating is differently perceived by
different people, with some quite claborately, with others only in rudiments. To formulate
things polemically: eating without cultural perception is consuming “fast food", the latter
meaning both the products and a certain attit ade towards cating.

This example teaches us something clse, too. The way. how the eating cuiture is
conveyed to us, embraces also historical di.nensions, though they they may be rather
reduced. Thus, like any culture, the cultu.e of eating should be differentiated into two
aspects: into a synchronous and a diachronous culture. The crucial problem is then to
understand how the synchronous and the diachronous culture are intertwined and how
they interact.

What does this comparison teach us? To me, one insight seems to be most important:
the cultural moulding and reflection of our basic needs is a spontaneous, patural, human
process. It is not intentional. Nobody consciously decides to look for the cultural
dimension of nutrition and sexuality in order to motivate people to maintain their own lives
and their species, but vice versa, culture is an integral part of these functions. "Fast food",
however, also shows: culture has natural enemies. Culture of cating is not simply there, but
it has to be developed. enhanced and defended.

For mathematics teaching, this means: the value of the historical view is missed if we try
to make it function for some other purpose. If we only intend to "motivate” our students
and to keep their attention awake, the real importance of the historical view is missed.
History should be a natural component of teaching and it cannot be justified by anything

o . 178 — 1

RIC

Aruitoxt provided by Eic:




E

O

but itself. History of mathematics requires justification just as little as mathematics proper.
Whoever gives mathematics lessons in which questions of how a concept came historically
into being never arise, has already made a far-reaching decision about the cultural framing
of his teaching. To say it polemically: he has opted for fast food mathematics.

In the subsequent parts of my lecture I should like to develop first somc considerations
on the reiationship betwéen mathematics and culture from two small case studies. and then.
in the closing part, I shall present a model for the intcgration of history into teaching which
aims at interlinking the synchronous and diachronous culture of teaching.

2. Cultural dimensions of mathematics — the case of quadratic equations

In order to study the significance of cultural and historical frames for understanding
mathematics I shall discuss two cases: the history of quadratic equations and the
‘introduction and justification of the transfinite ordinal numbers by Georg Cantor. Let us
begin with quadratic equations. We shall confine ourselves to two texts (episodes). While
they are presented here in their historical order, we shall see that, from the viewpoint of
school teaching, it does not make sense to study them in this order. Indeed, the first text is
difficult to understand, and its relation to quadratic equations is not evident. This
highlights some of the difficulties historical texts frequently entail.

The text in question is theorem 6 from the IInd book of Euclid's Elements (in the
following we say Euclid I, 6): If a straight line be bisected and a straight line be added
10 it in a straight line, the rectangle contained by the whole with the added straight line
and the added straight line together with the square on the half is equal to the square
on the straight line made up of the half and the added straight line. (Heath [1956], 385)

Thus, the theorem says (see fig. 1): AD-DB + CB2=CD2,

A 1] 8 D
(o)
M
K L P
E G F
Figure |

Obviously, the meaning of this and other theorems in Euclid 11 is not casy to decipher.
The historians' standard view ist that this is algebra 1n geometrical disguise, the so-called
“geometrica! algebra". According to this, the theorem is a means to construct geometrically
the solution of a quadratic equation of the form
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X +ar=h?,

This can be achieved in the following way. The idea is somehow concealed in the
wording of the theorem, since the Greeks expressed it additively. If we reformulate the
theorem slightly, the idea can be seen better:

AD-BD =CD* -CB!

Here, the difference between the two squares on the right side has a geometrical meaning.
It is the angular area NOP situated around the point H (fig. 1). Such angular figures were
‘designated by the Greeks with a proper term as a "gnomon". Since the gnomon at hand is
the difference between two squares, it is suggestive that the Pythagorean theorem must
somehow be applicable. Indeed, if we take

AB=a
as the given quantity and
BD=x
as the sought one, then we have
(a+x)x = x* +ax = Gnomon.

The gnomon, however, is a difference between two squares and shall be= %, Thus, the
Pythagorean theorem can be applied to construct the solution of the equation:

(5]
2 2
($+x) = 4(3)
2 2
This yields immediately a geometrical construction of a root by means of compass and
ruler. :

As has been said above, this interpretation has not remained unquestioned, as no
source can be found with the Greeks in which this theorem is used in this way (sce f.c.
Uunguru [1975/76] and van der Waerden [1975/76]. For a discussion cf. Artmann [1991])
One finds, however, that it has been used for gecometrical problems which, today, we would
describe algebraically by quadratic equations. Thus, for instance, in Euclid If, 11 the golden
section is derived from our theorem Euclid 11,6, and, algebraically, the golden section
requires the solution of a quadratic equation. Likewise, Appolonius has characterized the
conic sections by conditions which take recourse to the corresponding theorems in Euclid
I Nevertheless, it may rightfully be asked whether it is justified to speak simply of algebra
here. Euclid 11 contains purely geoemtrical theorems which are used to solve purely
geoemtrical problems. However this question may be answered, in any case, to me the
conclusion seems irrefutable that Euclid I belongs into the history of algebra, because

some subsequent authors referred explicitely to Euclid or used similar geometrical figures
in order to justify the undisputably algebraic formulae for solving quadratic equations.
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This is, for instance, the case with al-Khowarizmi, and with this we come to our second
text. In the 9th century A.D., al-Khowarizmi (see Rosen {18311) formulated a verbal rule to
solve the quadratic equation of the type “Roots and Sqares are equal to Numbers” (c.g.:
x?+10x =39): "...you halve the number of the roots, which in the present instance yields
five. This you multiply by itself: the product is twenty-five. Add to this thirty-nine; the
sum is sixty-four. Now take the root of this, which is eight, and subtract from it half the
number of roots, which is five; the remainder is three. This is the root of the square
which you sought for; the square itself is nine "(l.c., 8). He justified this rule by the
following geometrical diagram

S A
G
B
25| D
H
Figure 2

The square AB represents the x? sought, to which the two rectangles G und D of size
5x are made adjacent. In the lower left corner is then a square of size 5-5= 25 "missing". If
it is added, the large square SH has the area 25+39 =64 and, thus, the side length 8 =5+x.
Therefore, a solution of the equation is x =3.

Obviously, there is a certain similarity between this figure and that in Euclid. Al-
Khowarizmis's figure, however, is much simpler, and its meaning is much casier to decipher.
It does not aim at a geometrical theorem which would have to be formulated statically, but
rather for an arithmetical or geometrical, in any case algorithmic, determination of a certain
quantitiy. Al-Khowarizmi's figure must be read dynamicall, and it is incomplete in the sense
that it does not contain any equality at all. We must mentally add this equation. Al-
Khowarizmi's figure has only an operative meaning, but this meaning is clear and
unmistakable.

This purely cognitive description of the difference between Euclid and al-Khowarizmi,
however, remains incomplete and unintelligible, if the respective cultural context is not
considered. Indeed, there is evidence that al-Khowarizmi belonged to a group of Arabian
mathematicians who followed an anti-Euclidean attitude and did mathematics not out of a
theoretical, but out of a purely practical interest. Solomon Gandz has described this very
impressively, and I should like to quote him at some length:"A¢ the university of Baghdad
founded by al-Ma'mun (813-33), the so-called Bayt al-Hikma, ‘the House of Wisdom',
where al-Khowarizmi worked under the patronage of the Caliph, there and then
flourished also an older contemporary of al-Khowarizmi by the name of al-Haijaj ibn
Yusuf ibn Matar. This man was the foremost protagonist of the Greek school working for
the reception of Greek science by the Arabs. All his life was devoted to the work on
Arabic translations from the Greek. Already under Harun al-Rashid (786-809) al-Haijaj
had brought out an Arabic translation of Euclid's Elements. When al-Mamun became
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Caliph, al-Haijaj tried to gain his favor by preparing a second improved edition of his
Euclid translation. Later on (829-30) he translated the Almagest. Now al-Khowarizmi
hever mentions this colleague of his and never refers 1o his work. Euclid and his
geometry, though available in a good translation by his colleague, is entirely ignored
by him when he writes on geometry. On the contrary, in the preface 1o his Algebra al-
Khowarizmi distinctly emphasizes his purpose of writing a popular treatise that , in
contradiction to Greek theoretical mathematics, will serve the practical ends and needs
of the people in their affairs of inheritance and legacies, in their law suits, in trade and
commerce, in the surveying of lands and in the digging of canals. Hence, al-Khowarizmi
appears to us not as a pupil of the Greeks but, quite to the contrary, as the antagonist of
al-Haijaj and the Greek school, as the representative of the narive popular sciences. At
the Academy of Baghdad al-Khowarizini represented rather the reaction against the
introduction of Greek mathematics. His Algebra iinpresses us as a protest rather against
the Euclid translation and against the whole trend of the reception of the Greek
sciences. "(Gandz [1932], 65/66)

In the history of medieval Arabic algebra, there were obviously two currents. One
E consciously adopied Greek traditions and founded the methods to solve quadratic
E equations by recurring directly to Euclid Il. This current can be designated as a scientifc-

i academic one. The other current had its sources more in Indian mathematics and in Near
and Middle East traditions oriented towards popular applications. Van der Waerden

; speaks of a tradition of popular mathematics in Egypt and in the Near East during the
hellenistic and post-hellenistic epoch (van der Waerden [1985), 14); similar statments have
been made by J. Hoyrup (see Scholz [1990], 43). Al-Khowarizmi was probably inspired by
these sources. Thus, the history of algebra seems to be fed by different lines of tradition
which had been influenced and shaped by various theoretical and practical interests.

If we take these facts for granted, we may ask whether such knowledge should be part
of the mathematical teaching offered to our students. I should like to answer this clearly in
the affirmative. Why? The core of my answer is that history serves to thematize problems
which concern the students and for which there is no opportunity of discussion in the
usual learning environment. This concerns a host of aspects among which I should like to
single out two, which seem particularly important to me. The first is the contrast, already
mentioned, between practical and theoretical mathematics. This contrast can first be
connected with the question why al-Khowarizmi's solution of the quadratic equation is so
easy to understand and why Euclid's theorems prove to be so inaccessible. We had already
pointed out that al-Khowarizmi's diagram must be read dynamically, as a step-by-step
calculation of a quantity which is represented as a geometrical variable. This type of
mathematics is characterized by the immediately perceptible connection between the
motive of action (one wants to know a concrete quantity), plan, and action. On the other
side, there is the unwieldy Euclidean theorem. It does not immediately express its meaning
and why we should bother at all with such a theorem. As mathematicians, we are familiar
with this phenomenon. Many theorems of mathematics have no meaning out of
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themselves, but only as components of a theoretical structure. To establish and to develop
such a structure, i.e. a theory, is not only a cognitive achievement, but requires also a
certain social and cultural context within which dealing with such purely mental structures
makes sense (and, as we know, leads often to substantial practical conclusions). In Gréece.
for instance, a book like Euclid's can only be understood if we take into consideration the
cultural climate in which philosophies of mathematics like those developed by Platon and
Aristotle could grow. Students, too, are confronted with the contrast between theoretical
and practical mathematics from the very beginning of their mathematical career, but there is
no place in teaching where the perceptions, attitudes, motives and sentiments linked with
the different types of mathematics can be thematized and reflected upon. Thus, important
distinctive features of mathematics are reduced to individual observations never publicly
mentioned which frequently turn into bizarre sediments of an unreflected mathematical
biography. Here, history would offer an opportunity to relate one's own experience to the
historical lines of traditions and, thus, to experience subjective impressions as objectively
founded.

My second point refers to the concept of variable. This is a fundamental concept of
mathematics. It is fundamental for the mathematical mode of thinking and for the way how
mathematical objetcs exist. However, it does not belong to its 'subject matter' and is not
explicitely treated. Though being one of the most fundamental ideas of mathematics, the
concept of a variable is more a notion of meta-mathematics than of mathematics itself. The
simple idea to suppose something not yet known as known and to represent it by a symbol
“x" required a long history before it was claborated. In al-Khowarizmi, we evidently find
variables in geometrical form, but already conceived of operatively as constituents of
algorithmic procedures. Al-Khowarizmi did certainly not invent variables, but rather they
had already existed for a long time within the practical popular tradition. In Greek
mathematics, Pappus reported about the "analytical method” which embraces the very idea
of assuming what is sought as known. It is very probable that this idea goes back to the
tradition of practical mathematics. It is this very idea, Descartes mentions again at the
beginning of his "geometry" (1637). The meaning of the concept of variable is obviously
not confined to finding the correct algebraic equation for elementary mathematical
problmes. In his dispute with Frege, Hilbert has pointed out that systems of axioms can be
compared to systems of conditional équalions. Every axiom is some kind of equation for
the undefined terms occurring within it, which must in consequence be regarded as
variables (cf. Steiner {1964], Steiner {1965] and Jahnke [1978], 147 - 151). In tis
generalized sense, the use of variables is even not only constitutive for mathematics, but
for any theoretical science. Every science contains basic concepts which are at first onyl
partially interpreted and are progressively determined by new applications and new
theorems in the course of theoretical progress.

Again, we have to note that current teaching has no proper place for such ideas
though they are constitutive for an adequate understanding of mathematics.
Consequently, we encounter only a small number of pupils and students who are
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somehow aware of the significancz of the method of setting the "unknown” equal to "x".
At best, they will see this as a "brilliant trick”, but none will realize that the concept of
variable is a key to large parts of the history and philosophy of science. Thus. there is again
the danger that this important achievement becomes a “bizarre sediment” within an
unreflected mathematical biography. Such ideas should and can be thematized
independent of historical contexts, but 1 claim that the very_individual character of a case
like al-Khowarizmi's substantially contributes towards understanding the general meaning
of a concept like that of variable. This insight is deepened by the contrast between our
present purely symbolical algebra and its geometrical versions which can be found in
history. This contrast provides the opportunity of imbedding the meaning of algebra in
broader contexts and making it understandable.

These brief remarks will suffice to make clear how 1 think that history could be
included into the topic of "quadratic equations”. Obviously, not genetically as a means to
teach the algebraic methods of solution. This should be done in one of the usual ways. In
th¢ subsequent period of exercises, however, one of al-Khowarizmi's texts could be read.
His geometric derivation is mathematically fascinating and challenging for students.
According to the classroom situation, the other. more difficult cases of quadratic equations
can be treated as well. If al-Khowarizmi's book is then discussed as a whole, the class will
be guided immediately to the cultural and historical context. With regard to his practical
motives, al-Khowarizmi is very explicit. Among the interesting questions is the one which
practical applications al-Khowarizmi offers for quadratic equations. The students will be
bitterly disappointed and find not one unartificial example. Perhaps comparisons with the
textbook in use will be possible. The cultural context would also provide a key for a bricf
glance at Euclid, but under normal circumstances this would be going too far. I am
convinced that the students’ material view on algebra will substantially profit from this
excursion into history.

3. The cultural dimension of mathematics - Georg Cantor's introduction and
justification of the transfinite ordinal numbers

As my second case, I should like to treat the introduction and justification of the
transfipite ordinal pumbers by Georg Cantor in 1883. Obviously, this case is far from the
former with regard to content and historical period, yet there is a relationship. This is
established by the generalized meaning of the concept of variable of which I have spoken
above. Cantor introduced the transfinite ordinals as symbolic quantities having certain
properties. This procedure was not as evident to him as it is for us today, and, hence, he
gave quite a number of reasons which can only be understood when considering the
cultural and philosophical context of his time. These I am going to analyze. As a result of
this analysis, Cantor will prove to be a typical representative of a transitional period from
the 19th century to modern mathematics, and getting familiar with his mode of reasoning
offers us a unique access to the origins of modern mathematical thought.

Q

RIC 184 7

Aruitoxt provided by Eic:



To understand Cantor's situatiun, we must realize that there are two different
components in Cantor's sct theory. One is the set theoretical description of point
aggregates of real numbers or of spaces of higher dimension. This was intuitively
accessible to Cantor's colleagues, and as an informal way of speaking this type of set
theory had existed a long time before Cantor. He was only the first to start a systematical
study in this field and to attain remarkable and surprising results. His achievements in this
area were received and used by his colleagues. Quite different is the situation with the
theory of the transfinite cardinals and ordinals, which Hilbert later designated as “one of
the most audacious creations of the human mind”. This part of set theory met with
widespread lack of understanding and even sharp criticism among his contemporaries.

The emergence of set theory started in 1872, when Cantor published a paper on the
uniqueness of Fourier series representations (in regard to Cantor's biography and the
emergence of his set theoretical ideas cf. Dauben {1979] and Purkert & Hgauds {19871).
For the theorem to be proved he needed the new concept of a "derived set” to characterize
certain subsets of the reals. He defined the derivation P' of a subset P of the reals as the set
of all limit points of P. In the same paper he gave also a new foundation for the real
numbers. an achievemnet which had been sufficient to sccure him a prominent place in the
history of mathematics. In 1874, Cantor published another paper where he proved that the
algebraic numbers are countable whereas the reals are not. In 1877, after many efforts, he
was successful to prove the result, surprising even to himself, that the the set of points of
the unit square has same the cardinality as the set of points of the unit intervall.

Though some of these results were a real sensation, they remained within the limits of
the widely accepted set theoretical description of the continuum and its subsets. From
1879 on, however, Cantor began publishing a series of papers under the heading "Uber
lineare uncndliche Punktmannichfaltigkeiten” ("On linear infinite point sets™), part 1 to 6, in
which he accomplished the decisive step towards the theory of transfinite ordinals. This
was in the Sth contribution published in 1883 (Cantor [1883]). In the introduction, C-u«r
wrote that his studies had progressed to a point “where their continuation becomes
dependent on an extension of the concept of the real whole number beyond the p: esent
limitations, and this extension falls into a direction where nobody has hitherto sought
it." (1.c., 73) He was well aware of the fact this his endeavour was “in a certain opposition
to views widely held concering the mathematical infinite and to opinions frequently
defended on the nature of numbers” (1.c.). Therefore, he devoted most of this paper to
historical and philosophical reflections on the infinite and his new transfinite ordinals. In its
entire character. this paper went beyond what was then mathematically accepted use, and
Felix Klein's amazing foresight was required to ensure that Cantor's work could be
published at all in a mathematical periodical.

To understand Cantor's epistemological problem and the audacity of his step, we must
go back a bit. Cantor had already introduced the transfinite ordinals in the second paper
“On lincar infinite point scts” of 1880 as symbols designating the order of a certain iterative
procedure (Cantor [1880]). If P is a set of points, and if PP’ ,...P™, .. .are derivations of P

Q
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of finite order, we obtain the first derivation with infinite order and, thus, the first infinite

ordinal according to P’ ={"}P"". After P’ follow then P‘**", P!®*? The derivation of

n=l
order of P is then defined by P*“? =(")P*"". This process can be continued over all
=l
polynomials in , up to expressions like P, P*" etc. In the present context, the most
important fact is that intuitive-geometric examples can be given for all these sets, as Cantor
showed. Therefore, the transfinite operative symbols w,@”,*", ...have a clearly
determined, intutive meaning, too. In order to illustrate the situatiuon, one could perhaps

. . - .
draw an analogy to fractions. Fractions like vy or 7 can be understood as operative

symbols producing parts from a whole (e.g. a cake). In this sense, fractions have a well-
defined intuitive meaning. But it is something very different to detach fractions from this
intuitive meaning and to conceive of them as of autonomous objects, for which an abstact
calculus. the calculus of fractions, is established.

This is precisely the step Cantor does in the said 5th paper. The transfinite operative
symbols - Cantor speaks of “bestimmt definierte Unendlichkeitssymbole” ("definitely
defined symbols of infinity") (Cantor [1883], 74)- are detached from their intuitive context
and conceived of as "unendliche reale ganze Zahlen" (“infinite, real, whole numbers")
(L.c.). As we have seen, Cantor was well aware of the audacity of this step, and I am going
to discuss some of his arguments for justifying it. My purpose is not to reconstruct Cantor's
mathematico-philosophical views completely, but I shall select some of his arguments,
classify them. and relate them to their cultural and philosophical background within 19th
century Germany. I distinguish seven arguments:

Cantor distinguishes between two meanings of the reality of whole (finite or infinite)
numbers, their intrasubjective or immanent reality and their transsubiective or iransient
reality (l.c., 90/91). The former consists in the relations of numbers to other "components of
our thinking". the latter says that numbers have to be considered also as expressions or
images of processes in the exterior world with which the intellect is confronted. A
concept's immanent reality, according to Cantor, presupposes that its relations to the other,
previously formed concepts are well-defined and consistent. Consequently, purs
mathematics must deal only with a concept's immanent reality and is not subject to a
metaphysical control. In this sense, it is "free” mathematics. Against that. "applied”
mathematics (analytical mechanics and mathematical physics) must take into account the
relationship towards external objects and is insofar metaphysical in its foundations and
objectives.

The strategic function of this reasoning is clear. It provided a general legitimation
against all those colleagues who frankly denied the existence of the actual infinite and
therefore would reject the transfinite ordinal numbers. If GauB, Abel, Jacobi, Dirichlet,
WeierstraB, Hermite and Riemann had been subject to a metaphysical control, Cantor said,
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the modern theory of complex functions, which at first had no applications, could never
have been developed. Cantor extended this general argument by another one specific to
the mathematics of the 19th century.

2. The example of Ideal elements. The transfinite ordinals and the actual infinite, Cantor
says, are creations just as legitimate and at the same time alien to the everyday mind as the
complex numbers had been ages ago (l.c., 74). We may note that this argument has a
certain tradition in mathematics. Leibniz and others had already justified their use of
infinitesimally small numbers with the same remark. In the 19th century, this entire method
of introducing new, intuitively uninterpretable concepts in a purely symbolical way had
been elaborated into a systematic technique by various mathematicians. Thus, for example,
infinitely distant points, straight lines and planes in projective geometry, one infinitely
distant point in the complex plane and ideal algebraic numbers had been created and
proved to be powerful mathematical instruments. Cantor pointed explicitely to these
examples, and indeed a present-day mathematician who has grown up with these
techniques has difficulties in understanding why Cantor was exposed to such a strong
criticism. Thirty years later, David Hilbert used the very same argument to legitimize his
formalist foundation of mathematics. Hilbert considered only finite combinatorial objects to
be intuitively interpretable, and the rest of mathematics turned into a universe of "ideal
elements”. Cantor's proclamation of the liberty of pure mathematics thus was, under
philosophical aspects, an offshoot into mathematical modernity which nevertheless had its
distinctive genesis within the cultural and philosophical soil of the 19th century.

Cantor's roots in 19th century culture can be scen most impressively from the fact that
he was not simply a formalist and was not content with a formal view on pure mathematics,
either. For him, there was no doubt that immanant and transient reality will always be in
accordance, and he saw the reason for that "in the unity of the universe to which we
belong as well” (1.c., 91). Thinking and external reality are in the last instance tied together
by an inner harmony even if this is not evident at any time and in all respects. In order to
claborate the material meaning of the transfinite ordinals, Cantor, thus, advanced quite a
number of additional arguments which again have their roots in 19th century culture.

3. The Appeal to Internal Intuition ("[nnere Anscahuung"). In various parts of his text,
Cantor appeals to "internal intuition” ("innere Anschauung”) as proof that the transfinite
ordinals exist. In one place he says, that the concept of counting possesses an immeadiate
objective reality in our internal intuition and that this proves the reality of ordinal numbers
even when they are definitely infinite (1.c., 76). A little later, he states that the laws of these
numbers can be derived with apodictic certainty from “immediate internal intuition” (1.c.,
78). He even proclaims the theorem that any set can be well-ordered to be an universally
valid law of thinking (l.c.). The entire scope of this appeal to internal intuition can be
understood only within the cultural climate of 19th century Germany. The concept seems
to appear first in Kant where it is the psychological correlate to pure intuition. It designates
our ability to internally grasp spatial and temporal forms as the basis of geometry and
arithmetics, independent of any external empirical perception. Later on, this concept was
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extended and linked to that of "productive imagination”, then designating the ability to
imagine cven objects which go beyond spatio-temporal intuition. Internal intuition thus
meant the ability of imagining worlds which lie beyond our empirical everyday world. The
concept also had an important pedagogical function, as all pedagogical authors from
Herbart to Diesterweg agreed that the development of internal intuition in contrast to
external perception is the main aim of mathematics instruction (c.f. Jahnke [1990], 34 - 62).

- During the entire 19th century, the concept of internal intuition played an important role in
the mathematical literature, because ideal elements such as the infinitely distant points in
projective geometry, while not being empirically perceptible, seemed accessible to internal
intuition, and Cantor used it in precisely this way in the phrases mentioned above. He was
firmly convinced that such an internal intuition existed and was apt to prove the existence
of a mathematical object, and he could trust that this would convince his readers, too.

4. The Aesthetical Argument, The beauty of a theory was a much-used topos in the
scientifc literature of the 19th century, and. consequently, Cantor also wrote that it was
“pure delight” for him to see how the number concept splits into the iwo concepts of
cardinal and ordinal number when one ascends to infinity (l.c., 90).

5. The Legitimacy of Abstract Speculation. Kronecker, Cantor's strong opponent, held
the view that only the finite whole numbers really existed and that, in the last instance, all
other analytical concepts should be conceived of as relationships between finite whole
numbers. This conception, later designated as “carly intuitionism", was directed against
most analysts of the time, in particular, however, against Cantor. In a very poignant remark
of his paper, Cantor supposed that Kronecker's intention was "1o draw limits to the free
Slight of the mathematical speculation, to prevent its falling into the chasm of the
‘transcedent’.” (1.c., 82) This leads directly into one of the hottest and typically German
disputes within 19th century science. While philosophy and science had been closely
allied at the beginning of the century, such as in romantic natural science ("romantische
Naturforschung”), an anti-philosophical turn occurred later which led to a predominance of
positivistic views. Cantor, obviously, views himself as being on the side of speculative
thought and opposed to positivism even in 1883. He believes to advance a strong
argument when he reproaches Kronecker for being attached to "wtilitarianism”. C. G.J.
Jacobi had already instisted, against Fourier, that he "did science for the glory of the
human mind”. Within the German academic climate, it was not opportune, even at the end
of the century, and despite the positivism, to be considered an adherent of "utilitarianism".

6. Organismic Conception of Nature. Cantor does not state it openly, but he
nevertheless suggests to the reader in connection with one of his remarks about Leibniz’
and Spinoza's philosophy that transfinite numbers are a first step towards a mathematics
which would be suitable for an organismic research into nature, whereas the mathematical
analysis hitherto used sided with the mechanical explanation of nature. Again, we observe
a cognitive motive of romantic natural science (l.c., 86).

7. Mathematical Generalization and Differentiation of Properties. Against those

mathematicians and philosophers who saw in the existence of the actual-infinite a
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contradiction to other concepts and principles of mathematics, Cantor argued that it is one
of the essential features of mathematical generalization that the generalized objects do not
necessarily have the same properties as those which had been assumed at the outset. For
finite sets, cardinal and ordinal number (in German "Anzahl", we say for the sake of
simplicity “"ordinal number") are congruent in the sense that sets of the same cardinality
also have the same ordinal number. This is no longer true for infinite sets. Sets of the same
cardinality may very well have different ordinal numbers. This is so, because for infinte sets
the ordinal number is dependent on the previously defined well ordering, whereas for finite
sets the possible different orders lead to the same ordinal number. In the finite case, the
commutative law of addition holds for ordinal numbers, but this is not true for infinite sets,
since 1+w=w # @ +1. For finite sets, an ordinal number is either even or odd. in the infinite
cases, it can be both. because of w-2 = i+e-2. The situtaion is like that with complex
numbers; where one cannot distinguish between positive and negative numbers either (l.c..
75, 77. 78). Teacher students should be able to sce the analogies to problems learners
encounter when switching from calculating with natural numbers to fractional or negative
numbers. Among other things, with fractions the "law™ that multiplication increases a
number will not longer hold true.

If we try to sum up these arguments, we will not be able to percieve them as a closed
edifice of reasoning. The very same internal intuition which made Cantor “see" his
transfinite ordinals served him as a reason to consider the infinitely small quantities
mathematically illegitimate. Nevertheless, there is, as we have scen, a perhaps surprising
relation to some general trends in German cultural history of the 19th century. Cantor’s
entire arguments had alrecady played a part eighty years before in the romantic movement
and romantic natural science. Romanticism had had to cede to positivist views, but some
lines of thinking which originated from romanticism remained vital within the German
academic world. With Cantor they fused again into a surprising synthesis.

Again, we may ask whether our students can profit from such a text and from being
able to comprehend it historically. Of course, today, one hundred years after Cantor, we
will not justify the introduction of the transfinite ordinals in the same way. Nevertheless,
the tension between theoretical concepts and their intuitive interpretation remains a
problem which concerns every mathematician, 1 would even say, every scientist, and for
which there is no definite answer. It is precisely this which makes the historical view
indispensible. Cantor's text quoted contains a fascinating mixture of aspects which can be
immediately linked to present-day learners' experience and other aspects which must be
inferred from the contemporary context. But even the romanticist subcurrent in Cantor's
thinking is not so alien to our present-day problems as may seem at first glance. The big
topic ot romanticism of imagining worlds which lic beyond the everyday world has
attained surprising actuality in the computer age with its artificial worlds. Thus, the
historical view does not only lead us back into the past, but enables us to see our pres.nt-
day problems more clearly.
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4. The Twofold Cirlce

To close, I should like to sketch a conception for integrating historical dimensions into
mathematics teaching. As I have said in the beginning, it is particularly important to relate
the sychronous and the diachronous mathematical culture to each other. The synchronous
culture contains the culture of dialogue and work in the classroom just as well as the role
of mathematics in public life, in economy and technolgy and the image which is attached '
to it. The diachronous culture must be related to this life of mathematics, but it should not
simply affirm the sychronous culture, but should rather widen our visions.

My principal thesis is that the concept of "hermeneutics" is suitable to describe the
pedagogical interaction between synchronous and diachronous culture. At a first glance,
this thesis has quite simple consequences. The mathematics teacher who wants to use
history of mathematics in his teaching should understand something of the historian's
work. I mean this in the sense that also a physics teacher should understand something
about the phsicists's work, at least so much as to have an approximate idea how physical
theories refer to reality, which is the role of experiments, how hyotheses are obtained and
tested. If history of mathematics is not to deteriorate into a dead dogma, a mere addition to
the dogmas of mathematics, then the teacher introducing history should know something
about historical sources and the basically hypothetical character of large parts of our
historical knowledge.

On the other hand, my thesis implies the claim that the historian's perspective represents
an important element of an appropriate teaching culture. Seen under the aspect of method,
history of mathematics, like any history, is essentially a hermeneutic effort. Theories and
their creators are interpreted, and the interpreter is always aware of the hypothetical, even
intuitive character of his interpretation. Interpretation itself takes place within a circular
process of forming hypotheses and checking them against the text given. In the case of
history of science, the objects of this process of interpretation, the scientific subjects
(individuals and groups), are again hermeneuticians who interpret fields of objects. Of
course, this view of scientific work will be adequate with varying precision in different
times and different ficlds. But if we do not understand it too narrowly, this description can
very well be advanced. Scientific interpretation, too, is now subject to the circular process
of forming hypotheses, testing and revising them. He who is concerned with history, thus,
has to do with a complex network of interpreters, problem fields, and interpretations
(theories) which I have represented in a little diagram and which 1 should like to name the
"twofold circle".

This diagramm consists of :. ;1.mary circle in the right bottom representing the circular
relation between a scientist (8), a theory (T) and a field of objects (O) and a large
secondary circle representing the hiztorian (81), a historica! interpretation (T|) and the
primary circle as his field of objects. i

My proposition that the teacher should know and understand something about the
historian's perspective if he takes history of mathematics into the classroom, refers precisely
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Figure 3

to the problem that he/she must be aware of this twofold circle and able to move within it.
Only this will enable him and his students to acquire a certain freedom against the subject
matter to form hypotheses and to be ready to think oneself into other persons w ve
ived i ther ti

For me, this thinking oneself into another person and into a different world seems to be -
the core of an educational philosophy, providing a basis for historical contents in
mathematics teaching. He who thinks himself into a scientist or into a group of people
doing mathematics, has to do mathemaztics as well, he moves as a mental game in the
primary circle. This compels him, {or instance, to imagine the theoretical conditions the
historical person is explicitely or implicitely supposing. These. however, he will know hut
incompletely, he will have to mobilize imagination to form hypotheses about them. The
essential thing in this is that doing mathematics in the primary circle is guided, in its
objectives, by other aspects which result from relations within the secondary circle.

Thinking ourselves into other persons leads us to reflect about our own relationship to
mathematics. This reflection, in turn, is objectivated by the material (mostly texts) we are
working upon. Certain aspects of the historica! person will be casily accessible to us,
others will reamin alien. Again: Why? As always in hermeneutics, our own self
unavoidably comes into play, and it is not felt to be a disturbing factor. but a decisive
prerequisite to insight.

A third element in this work is of especially pedagogical value. ‘The roles of teachers
and students have to change necessarily if hermeneutics is to be taken seriously. Surely,
their roles will not become equal, but morc symmetrical. At certain points the authority of
the teacher will necessarily end.

Let me end with the statement that in all fields of life it will become more and more
important in the future to consciously relate the diachronous and synchronous culture.
The teaching of mathematics should participate in this process.
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Some Pros And Cons

Carolyn Kieran
Département de Mathématiques, Université du Québec & Montréal, Canada

Why do we need to consider new approaches to the teaching of school algebra? In
reporting the seventh- and eleventh-grade results of the fourth mathematics assessment
of the National Assessment of Educational Progress (NAEP), Brown et al. (1988)
concluded that: "Secondary school students generally seem to have some knowledge of
basic algebraic and geometric concepts and skills. However, the results of this
assessment indicate, as the results of past assessments have, that students often are not
able to apply this knowledge in problem-solving situations, nor do they appear to

| understand many of the structures underlying these mathematicai concepts and skills"
‘ (pp- 346-347). However, to cover their lack of understanding, it appears that students
| resort to memorizing rules and procedures that they eventually come to believe
represents the essence of algebra.  Brown et al. reported that a large majority of the
students of the NAEP study felt that mathematics is rule based and about half of the
students considered that learning mathematics is mostly memorizing.

Such findings are not limited to the United States. In the algebra research reports
| presented here at PME and at other international gatherings, time and again we have
| heard that students can learn to carry out the expression-simplification and equation-
‘ solving tasks we give them, but are unable to justify the operations they carry out. What

is it in current algebra instruction that leads students to this impoverished state of
cognition?

In this paper I will attempt to begin a discussion on an alternate approach to the
teaching of algebra. The first part is a theoretical analysis of the development of algebra
and of students’ cognitive difficulties. The second part addresses questions related to the
adoption of a functional approach to algebra from the very beginning. And the third part
of the paper describes one researched attempt at organizing the teaching of algebra
around the notion of function.

A Functional Approach To The Introduction Of Algebra —
|
|
|
|
|

Theoretical Background

A. Process-Object Model

Anna Sfard, my co-researcher in the project to be described later in this paper. has
analyzed the development of various mathematical concepts, definitions, and
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‘representations, from a combined historical and psychological perspective. This analysis,
supported by research findings in the learning of school mathematics, has shown that
abstract notions such as number and function can be conceived in two fundamentally
different ways: structurally (as objects) or operationally (as processes). Sfard (1991) has
presented the distinctions between the two approaches in the following way:

There is a deep ontological gap between the structural and the operational
approach. Seeing a mathematical entity as an object means being capable of
referring to it as if it was a real thing--a static structure, existing somewhere in
space and time. [t also means being able to recognize the idea "at a glance”
and to manipulate it as a whole, without going into details. In contrast,
interpreting a notion as a process implies regarding it as a potential rather than
actual entity, which comes into existence only in a sequence of actions. Thus,
whereas the structural conception is static and integrative, the operational is
dynamic and detailed. (pp. 4-5)

Sfard has claimed that the operational conception is, for most people, the first step in
the acquisition of new mathematical notions. The transition from a "process” conception
to an "object” conception is accomplished neither quickly nor without great difficulty.
After they are fully developed, both conceptions are said to play important roles in
mathematical activity. The process-object duality of mathematical concepts, which is a
pivotal part of the discussions in this paper, has also been elaborated in somewhat related
ways by other researchers in the mathematics education research community, including,
Douady (1985), Dubinsky (1991), Harel and Kaput (1991), and Gray and Tall (1991).

At the heart of these models is the notion that mathematical conceptions lie in the eyes

of the beholder. To illustrate, I quote from a recent paper by Sfard and Linchevski
(1994):

When you look at an algebraic expression such as, say, 3(x +5) + 1, what do
you see? It depends. In certain situations you will probably say that this is a
concise description of a computational process. 3(x +5) + | will be seen as a
sequence of instructions: Add 5 to the number at hand, multiply the result by 3
and add 1. In another setting you may feel differently: 3(x + 5) + | represents
a certain number. It is the product of a computation rather than the
computation itself. Even if this product cannot be specified at the moment due
to the fact that the component number X is unknown, it is still a number and the
whole expression should be expected to behave like one. If the context
changes, 3(x + 5) + 1 may become yet another thing: a function -- a mapping
which translates every number x into another. This time, the formula does not
represent any fixed (even if unknown) value. Rather, it reflects a change. The
things look still more complicated when a letter appears instead of one of the
numerical coefficients, like in a(x + 5) + 1. The resulting expression may now
he treated as an entire family of functions from R to R. Alternatively, onc may
claim that what hides behind the symbols is a function of two variables, from
R2 to R. There is, of course, a much simpler way of looking at 3(x + 5) + 1: it
may be taken at its face value, as a mere string of symbols which represents
nothing. It is an algebraic object in itself. Although scmantically empty, the
expression may still be manipulated and combined with other expressions of
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the same type, according to certain well-defined rules. (emphasis in the original
version, p. 191)

B. The Development of Algebra

The above example is particularly appropriate because it sets the scene for the
continuation of our discussion. In that example, we saw how an algebraic expression
can be interpreted as a computational process, a fixed but unknown number, a function, a
family of functions, and a string of symbols. The order of these interpretations is
significant, because it reflects the historical development of algebra. As we next look
briefly at this evolution, it is to be kept in mind that what was conceived in terms-of
process at one level became reconceptualized as an object in the next phase of
development. (See Sfard (1991) and Sfard and Linchevski (1994) for more details.)

1. Operational algebra. During this period, which encompasses all of what we refer
to as rhetorical algebra, algebra was characterized by the use of ordinary language
descriptions for solving particular types of problems and, with a few exceptions, lacked
the use of symbols or special signs to represent unknowns. Even the approaches of the
Renaissance mathematicians of the 16th century were purely verbal and operational.
Generalized computational processes on number continued to be the focus until Vieta's
work of the late 1500s at which time algebraic objects were conceptualized. This is not
meant to suggest that the presence of symbols can be equated with the development of a
structural view. But it is extremely difficult to imagine conceptualizing a process as an
object when one has only words to work with and does not have some symbol system.

2. Algebra of a fixed value (of an unknown). Algebra could enter a structural phase
once a means was developed to present a computational process in a very concise and
highly manipulable way. Symbolic algebraic expressions with an unknown represented
by a letter were such a means. It was Vieta who, by the end of the sixteeath century,
definitely set a basis for symbolic algebra. rrom now on, an expression such as 3(x + 3)
+ 1 (using the symbolism of today) could represent not only a set of operations to be
carried out on some unknown number, it could be viewed also as a number itself, albeit
an unspecified onc. The process-product distinction with respect to algebraic
expressions, first mentioned by Davis (1975), captures the essence of the point to be
made here. '

Historically, this phase had to be attained before any future progress could be made.
The process had to itself become an object: in fact, the algebraic expression came to be
interpreted as having a double sense. Similar developments occurred carlier with respect
to the operations of division and subtraction whereby objects such as 1/3 and -4 were
created.

There is some evidence