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Computer automation of tasks is part of the natural progression of encoding information.
When the task becomes well understood and repetitive, placing the task under computer control
becomes a possibility. Computers were once programmed by rewiring rather than with the use
of a modern program, management of a limited memory was once handled by the application
programmer rather than by the operating system, and efficient use of the computer’s hardware
was once obtained by assembly language programmers rather than through a compiler. In
other areas, accounting moved from ledger books to spreadsheets, automobile fuel intake left
the carburetor for computer-controlled fuel injection, and diagnosis and scheduling left the
expert for the expert system. '

Current knowledge representation research has sought to provide schemes for encoding
knowledge about how a given system behaves, with the goal being accuracy and utility. Can an
accurate description be given with the representation language being used? Can the resulting
representation be manipulated easily to answer questions about the system being described? To
the extent that both questions can be answered affirmatively for some representation language
L, encoding information using £ is well understood. Ideally, the goal of encoding knowledge is
not the task of encoding, but the product of the encoding task. If such encodings are required
for a variety of systems, then question of automating the process of encoding arises.

This thesis considers this automation process to -be a question of whether it is possible to
automatically learn the encoding based on the behavior of the system to be described. . A variety
of representation languages £ are considered, as are a variety of means for the learner to acquire
a variety of types of data about the system in question. The learning process is abstracted as
a learning problem in which the goal is to collect efficiently sufficient information to identify
some hidden concept C' represented using the language £. The source of information about C'
is its relationship to some class of ezamples X that is assumed to be reasonably available even
ttough C itself is not. In addition to conjecturing guesses as to the identity of C, the learner
is permitted ask h v C relates to individuals z € X.

The goal of inqui  .bout this automation process is either to produce a learning algorithm
that efficiently automates the encoding of any representation that uses some useful representa-
tion language £ or to show that no such learning algorithm is possible. The centerpiece of this
thesis is that there do exist learning algorithms for two natural representation languages: propo-
sitional Horn sentences and the Crassic description logic. In addition, this thesis introduces a
new method - consistently ignorant teachers - of modeling uncertainty in the information being
collected. The goal of this thesis is to demonstrate that, by careful consideration of the task at
hand, the tools that have been developed in the field of computational learning theory can he
used to automate the process of constructing the explanations required by real-world tasks in
fields outside computational learning theory.
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PREFACE

True wisdom lies not in possessing knowledge but in sharing it.
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Chapter 1

Introduction to Computational

Learning Theory

Computational learning theory formalizes the notion of inferring a concept that correctly ex-
plains observed data. As such there must be a formalization of “concept,” “correct,” and
“data”. These ideas are best formalized simultaneously.

Data exists in units called ezamples. A conceptis a classifier: it divides the world of exam-
ples into (generally) two groups - positive ezamples that exemplify the concept, and negative
ezamples that do not exemplify the concept. Thus, a concept can be thought of as a boolean
function to label examples as either positive or negative.

To illustrate, we might take “duck,” “giraffe,” “elephant.” “table,” and “hubcap” as exam-
ples. The concept name of an animal labels the first three as positive examples and the last
two as negative examples; on the other hand, the concept two syllable names labels the second,
fourth, and fifth as positive and the rest negative.

In a learning problem we assume that a concept has been chosen and fixed, and we must
deduce the concept based solely on the labels of the examples. Continuing the illustration,
given that “duck” and “table” are the only positive examples in the list, after a moment of ‘
thought we might deduce that verb is the concept. Unfortunately, we might also deduce that
either “duck” or “table” is the concept.

This last observation brings us to the formalization of “correct.” It is not enough for a

deduced concept to correctly label the list of known examples, it must also accurately predict




the label of examples that are as yet unseen. Thus although verb and either “duck” or “table”
are identical in terms of the examples we know about, they are quite different faced with the
new example “run.”

To summarize, the learning problem assumes that some hidden concept is chosen and the
labels for the examples are assigned according to that hidden concept. The learner is expected
to deduce from a small set of examples a concept that accurately predicts the label of every
example (both seen and unseen), and the learner is expected to accomplish this task efficiently.
In order to limit the possible explanations, we further assume that the hidden concept was
selected from a set of concepts, called the concept class, that is known to the learner. We begin

with the followine formal learnability definition due to Angluin [4].

Definition 1 (s. Learnability) Let X' be a set of examples, let C denote a concept class
consisting of concepts ezpressed in some representation language L that are total boolean valued
functions over the domain X. For any C € C let size(C') denote the number of symbols needed
to represent C' using L. Let A be an algorithm designed with full knowledge of the preceding
items. Then A is an exact learning algorithm if there ezists a polynomial p such that for any
choice of target C, € C (with C. unknown to A), A cutputs in time p(size(C.)) a concept
C, € C that is functionally equivalent to C. and makes at most p(size(C.)) equivalence queries,
where an equivalence query is made by A by selecting some C' € C and then being told that C
is functionally equivalent to C. or being provided with some counterexample z € X such that

Cu(z) # C(z). If there exists such an A, the concept class C is said to be exactly learnable.

Another second learncbility definition, due to Littlestone [72], captures the notion of ongoing
learning that eventually produces a correct concept but has made few mistakes along the way.

Hence this is sometimes called mistake bounded learning or on-line learning.

Definition 2 (On-line Learnability) If there exists a polynomial p such that for any choice
of C« € C and any (perhaps infinite) sequence S of ezamples, A is called an on-line learning
algorithm if A, when presented the ezamples z; in S, predicts the label of each x; knowing only
Ti,... &i-1 and their correct labeling according to C., mispredicts at most p(size(C.)) of the
ezamples in the sequence, and takes time at most p(size(C,)) correcting for a misprediction. [f

such an A ezists, the concept class C is said to be on-line learnable.
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When the evaluation problem (i.e. computing the value of C(z) for any C € C and auny
z € X) is solvable in polynomial time, it is easy to see that an on-line learning algorithm that
keeps a current C' € C to use in predicting the label of the next example in Littlestone’s setting
exists if and only if an exact learning algorithm exists; the equivalence query essentially forces
the next prediction error to be presented immediately whereas the sequence S allows the C
used in the exact learning algorithm’s equivalence query to be profitably used until the need
arises for correction [71].

A probabilistic variation on the definition of learnability is due to Valiant [98].

Definition 3 (PAC Learnability) If there exists a polynomial p such that for any choice of
C. € C, for any probability distribution D over X, and given any e > 0 and § > 0, A is called a
probably approximately correct (PAC) learning algorithm if A sees at most p(size(C.),1/¢,1/6)
examples selecied according to D and outputs in time p(size(C.),1/¢,1/8) a concept C, such
that with probability at least 1 — &, the probability that C.(c) # C.(z) on a point = chosen
randomly according to D is at most € with respect to D. If such an A exists, the concept class

C is said to be PAC learnable.

Littlestone [72] shows that a PAC learning algorithm for a given concept class exists if
an on-line learning algorithm for that class exists. The idea used is that the on-line learning
algorithm tests its current hypothesis by taking a polynomial number of random examples. If
the hypothesis has significant error, one of the random examples chosen will demonstrate this
error and can be used by the on-line algorithm as a misprediction. The on-line algorithm is
guaranteed to make only a polynomial number of mistakes, so that the result is that throughout
the run, at most a polynomial number of random examples are witnessed before, with high
confidence, an accurate hypothesis is produced.

However, for concepts over examples from a continuous domain, PAC learnability does not
imply exact learnability; the concept class {[0,z):0 < & < 1} is PAC learnable but not exactly
learnable. Even in a discrete domain Blum [19], assuming the existence of one-way functions,
gives a hardness result for on-line learnability (and thus exact learnability as well) for a PAC
learnable class of functions. Thus. assuming that one-way functions exist, a positive learning
result in the exact model is stronger than a positive learning result in the PAC model for

boolean concept classes in which the evaluation problem is solvable in polynomial time.
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These definitions implicitly assume the size of the representations of the examples is in-
significant compared to the size of the representation of the target concept. This is a valid
assumption for many problems in computational learning theory. The concept class is fre-
quently some set of boolean formulas, and the examples are frequently bit vectors representing
variable settings. For problems in which this assumption is not valid, such as when the concept
class is the set of deterministic finite automata and the examples are strings labeled according
to whether they are in the language accepted by the target DFA, the bound on the running time
of A is often allowed to depend at most polynornially in the length of the lohgest example seen.
Care must be exercised in these settings to prevent a clever A from forcing an exponentially
longer counterexample to be given in order to justify after the fact the amount of computation
time used in identifying the target [3]. In these settings, A is required at each step in its run to
have used no more than time polynomial in the other parameters and the length of the longest
counterexample seen to that point in the run.!

We will make a numuber of modifications to the above definitions to adapt them to a variety of
settings. Among these modifications will be adding queries of the sort suggested by Angluin [4];
most important among these queries for our purposes is the membership query in wiich A is
permitted to ask at most-polynomially many questions of the form “What is C.(z)?” for
any z € X. We will often speak of the randomly chosen examples or answers to queries as
being provided by a teacher, an expert, or nature. More pragmatically, these queries may be
considered experiments designed by the learner.

The overriding goal of computational learning theory is to devise efficient learners for natu-
ral concept classes or to show that no such learner exists. Natural concept classes are taken to
be those coming into existence outside the field of computatioral learning theory because hav-
ing arisen outside the field suggests that the concept class has interest apart from the question
of its learnability. For example, the field of knowledge representation has produced a number
of languages and systems [25, 28, 39, 77, 17], cach developed to model phenomena from some
domain. To the extent that such knowledge representation languages can accurately encode

an explanation of the phenomena for which they were intended, the question naturally arises,

VIn the statement of our results the phrase “time polynomial in the length of the longest connterexample”
should be taken to mean that at cach step in the run of the algorithin, at most time polynomial in the length of
the longest counterexample scen to that point has been used.

1




“Can the encoding of the explanation be automated, i.e. learned, simply through interaction

”

with phenomenon?” Generally this answer is “No;” the richness of expression within these
natural concept classes thwarts known learning attacks. Because of this, approximations are
made to the natural concept classes and the learnability of these approximations are considered.
Even so, this thesis does devise exact learners for two natural kinds of classifiers — propositional
Horn sentences (a standard choice for encoding expert system knowledge) and the description
logic Crassic (one of a collection of description logics finding many knowledge-based appli-
cations [25]), the former using variable assignments as examples and the latter using other
Crassic descriptions as examples.

We begin by summarizing results relevant to the new work presented here and then discuss

some tools used to achieve these new results.

1.1 State.of the Art

What natural classes of formulas are learnable? The most natural class of propositional boolean
formulas, namely, the class of all boolean formulas, was shown not to be learnable given crypto-
graphic evidence by Kearns and Valiant [€6]. Carefully note that this negative result relies on
the fact that no restriction was placed on the boolean formula representing the target boolean
function. However, if we demand that the target boolean function be represented as, say, a
k-CNF formulas (conjunctions of at most k-literal disjuncts, for some constant k), then learning
algorithms exist [98, 4]. The discrepancy is that some boolean functions are represented only by
exponentizlly long k-CNF formulas so that the learning algorithm gets more time to learn the
same function. Thus, it is not necessarily the class of functions that is hard to learn, but it can
be simply that the class of formulas permitted to represent those functions are hard to learn. In
other words, the choice of representation antomatically provides a complexity parameter which
may offer the learner more time than some other representation for the same function.

The learnability question for two other natural classes, namely, CNF and DNF, was left open
by Valiant {98] when he introduced the distribution-free or PAC criterion for concept learning.
The learnability of these two classes remains open, and efforts to close these questions have led

researchers to investigate the learnability of a variety of restricted classes of boolean formulas.

~
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Algorithms exist? for learning monomials (pure conjunctive concepts) [73, 98], internal disjunc-
tive concepts [54], read-once formulas [9], monotone DNF formulas [4, 98], k-CNF and k-DNF
formuias for constant & [23, 73, 99], and k-term functions also for constant k [22]. There are also
algorithms for linearly separable formulas [73], decision lists [88], rank & decision trees (k con-
stant) [42], and decision trees [29], among others. Thus, a number of results have been obtained
for approximations to a natural class of formulas. One key result in this thesis is a learning
algorithm for a natural class of formuias, propositional Horn sentences, whose learnability was
left open by Angluin [2] when she presented a learning algorithm for the approximating class
of acyclic Horn sentences.

A great deal of work in the artificial intelligence and knowledge representation communities
deals not with propositional but with first-order concepts; as such, there is a wealth of potential
in studying the learnabuity of first-order concepts. Relatively little work has been done within
this framework, though interest is rising sharply [70, 81, 82, 15]. AAlso, DZeroski et al. [41]
describe an algorithm that learns k-clause, determinate, function-free, first-order Horn clauses
with bounded depth variables by transforming the target into a propositional monotone k-term
DNF formula. This thesis gives a learning algorithm for another very restricted subclass of
recursive first-order Horn sentences. The primary distinction of this work from that of DZeroski
et al. [41] is that the class studied is not determinate because functions can be nested to arbitrary
depth.3

First order learning results have been hard to achieve; to date, the positive learning results
for first-order concepts have been for very restricted subclasses of first-order logic. For example,
Page and Frisch [82] looked at atoms labzled according to whether they are entailed by a
particular kind of hidden first order formula. Other related first-order results come from the
field of inductive logic programming where the target is a Prolog program. Cohen [35] gives a
PAC learning algorithm for function-free, two clause, linearly recursive, closed, ij-determinant
logic programs against a given background theory. Shafpiro [95] describes a system for learning

Prolog programs in the limit (ie, exact learning, but time is an unbounded resource) using

3The results use a number of different protocols; in particular some of these results use membership querics.
The protocol used to achieve a result stated here is explained in more detail when it becomes relevant later in
the thesis.

*More precisely, the classes that result from flatlening (rewriting to contain no functions) the concepts are
not determinate.
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atoms entailed by the program to be learned. Another key result of this thesis is a learning
algorithm for a natural first-order class, Crassic, which is used in the knowledge representation
community. This learning result is inspired by other work on CLASSIC (36, 33].

An interesting question arises when changing the setting of a learning problem from the
propositional domain to the first-order domain: How are examples represented? In the propo-
sitional case there is a natural choice for representing examples — bit vectors specifying variable
settings. In the first order case, the models over which the semantics of first-order logic are
defined are frequently infinite, rendering the phrase “polynomial running time”.for an algorithm
seeing such examples meaningless. Instead of models labeled according to whether the target
formula is satisfied, logical formulas labeled according to entailment by the target are often
used. This choice of examples used in learning some particular, unknown body of knowledge .
suits the artificial intelligence and knowledge representation settings well in that the questions
normally asked within those communities involve what logical implications can be efficientl -
deduced from a particular knowledge base. A third contribution of this thesis arises from car-
rying the notion of entailment to the propositional domain to provide new results involving
examples that are not bit vectors but propositional formulas. Relevant work here comes from
the knowledge compilation literature [37, 52, 63, 92]. The results in this thesis include some
sufficient conditions for learnability under entailment.

Finally, for when the world does not operate in a well behaved way, such as when questions
are answered not by an omniscient source but by a fallible rational source, using a representation
closely related to Mitchell’s version spaces [79], this thesis provides a model, called a consistently
ignorant teacher, for the resultant uncertainty and considers a number of learning problems in
such a setting.

Interspersed among the positive learning results are a number of non-learnability results,
many of which show that some learnable class cannot be extended in a particular way while
retaining learnability according to the same criteria. Other non-learnability results show that
the types of queries used by a learning algorithm form a minimal set of queries needed to achieve
learnability for the class. An itemized list of the contributions made by this thesis appears in

the appendix.
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1.2 Tools of the 'Trade

1.2.1 Hardness Results

For relating the difficulty of predicting classes of formulas - and thus for obtaining non-
learnability results assuming the hardness of learning some class of formulas — Pitt and War-
muth [86] provide the powerful method known as prediction-preserving reductions. For example,
one of the reductions given by Kearns, Li, Pitt and Valiant [65] shows that PAC learning mono-
tone CNF and DNF formulas (without membership queries) is as hard, modulo a polynomial
time transformation, as PAC learning general CNF and DNF formulas (without membership
queries). Some of the negative results claimed in this thesis were obtained using this method, so
those negative results assume that learning CNF and DNF formulas is hard; in the event that
learning algorithms do exist for these presumably negative results, the reductions given provide
learning algerithms for CNF and DNF, something of great value indeed. At present, however,
the learnability of CNF and DNF formulas remains the central open problem in computational
learning theory.

Other negative results are based on more common hardness assumptions such as NP # RP
or the existence of one-way functions. There are also absolute (information theoretic) hardness
results that arise from adversary arguments; these results are obtained by chosing a target and
constructing a set of examples that reveals so little about the target that the learner is forced

to request more than a polynomial number of these examples to accurately identify the class.

1.2.2 Learnability Results and Prediction

Reductions can also be used to provide positive learning results. Algorithms can be constructed
that provide examples to an existing learning algorithm using a blind transformation of the
examples. That is, the learning problem for concept class C is solved using a learning algorithm
for concept class C’ and a polynomial time transformation on examples that does not require
knowledge of the chosen target from C. If we require only that the learning algorithm be
accurate and not that the algorithm produce a concept from the class C, we can use the concept
produced by the learning algorithmn for C’ together with the blind transformation on examples

as the classifier; the learning algorithm for C’ is then knowu as a prediction algorithm for C.




To illustrate the idea of a prediction algorithm, we present here our first new result. This
result extends the work of Blum, Chalasani, and Jackson [20], who describe a learning algo-
rithm for the propositional class of disjoint k-multi-symmetric functions using membership and -

equivalence queries.

Definition 4 Let V = {z,...,2z,} be a set of propositional variables. Then a disjoint k-multi-
symmetric function is a specification of a boolean valued k-ary function f on tuples of natural
numbers together with a specification of k disjoint subsets S\,...,Sr of V. The value of f is
obtained from a setting of the variables of V by evaluating f on ihe tuple (ny,....n;) where n,

is the number of variables in S; that are set true.

This definition requires that the & subsets be disjoint. By removing the requirement that an
algorithm construct a representation of this form, the class of functions in which these subsets
need not be disjoint can be predicted by Angluin’s algorithm for learning deterministic finite
automata [3]. The construction of an on-line learning algorithm is as follows.

Blum, Chalasani, and Jackson consider f to be represented as a lookup table of (n -+ 1)*
entries, one entry for each possible tuple supplied to f. The value of the function f depends
only on the count of the variables of each §; that are assigned frue. If we take a variable
assignment and write down the variable names in alphabetical order of those variables assigned
true, then for each ¢ it is an easy task to construct an n + 1-state DFA whose input symbols are
the n variable names and whose states represent the number of variables in §; assigned {rue.
It then follows easily that a DFA having the n variable names as input symbols and having at
most (n+1)* states can be constructed such that the states of the DFA represent the number of
variables assigned {rue in any particular & such subsets §;. By designating as accepting states
those states corresponding to those tuples that f labels positive examples, this DFA accepts
exactly the variable assignment that f labels positive and the DFA has essentially the same
size as the table representing f. We will use this DFA representation of the (not necessarily
disjoint) k-multi-symmetric functions, and we will use Angluin’s DFA learning algorithm to
learn the DFA representation.

We will construct a sequence of examples for the DFA learning algorithm to use from the
sequence of examples presented for f. Occasionally, we will insert some of our own examples

that serve to constrain the search facing the DIFA learning algorithny it is important to note




that knowledge about f is used neither in the transformation of examples for f into examples
for the DFA learning algorithm, nor in the selection of the extra examples inserted into the
sequence for the DFA.

Because the examples given to the DFA algorithm are supposed to represent an alphabetized
list of variables set {rue, when the DFA learning algorithm wishes to test some DFA A for
accuracy, we check to see that the language L(A) it accepts contains only strings in which the
symbols appear in alphabetical order and no symbol appears twice. To accomplish thié, we

make O(n?) checks that
L(A) (V= {m) a5V - {a) eV

is the empty language for every pair of symbols z; and z; in V with i < j. Clearly, given z; and
z;, each of these tests can be performed in polynomial time because each test can be performed
by intersecting the 3-state DFA M (i, ) shown in Figure 1.1 with A and checking the resulting
language for emptiness. Equally clearly, a string in any of the non-empty languages is efficiently
found.

Observe that M(7,7) accepts exactly those strings in which z; appears more than once, and
M (i, j) accepts exactly those strings in which z; occurs before z;. If any language L(A)NM (3, §)
is non-empty, present any string in any of these languages as the next example in the sequence

being presented to the DFA learning algorithm.

V-{x} V- (x4} \'

() L

Figure 1.1: DFA schema for testing example form.

If none of these languages is empty, then continue using A against the sequence of examples
being presented. For each example, alphabetize the list of variables set true, preserve the
example label, and hand the result as the next example in the sequence to be presented to the
DFA learning algorithm.

The matter is simpler for membership queries. When the DFA learning algorithm poses

a membership query, answer the query “no” if the string has any repeated symbols oc if the
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string i> not alphabetized. Otherwise, pose a membership query formed by setting exactly those
variables in the string to frue and res;;ond to the DFA query with the answer received from a
variable assignment membership query, which we have at our disposal.

Because Angluin’s DFA learning algorithm makes at most a polynomial number of mistakes

regardless of the sequence it sees, we have the following result.

Theorem 5 The class of (not necessarily disjoint) k-multi-symmetric functions is predictable

by the on-line version of Angluin’s DFA learning algorithm.

Proof: The above discussion shows that for any (not necessarily disjoint) &-multi-symmetric
function f, thereis a DFA A having size equivalent to the size of the table representation Ty of
f. The discussion gives a polynomial time one-to-ore mapping s between the set X’ of variable
assignment examples and t:he set A’ of alphabetized strings over variable the names in which
no symbol occurs twice. It is then shown that Ty labels e € &' a positive example if and only
if s(e) is accepted by Ay. Since the number of prediction mistakes made by the DFA learning
algorithm is at most polynomial in the size of Ay, the number of prediction mistakes is also at
most polynomial in the size of Ty. Thus the above construction produces an on-line learning

algorithm for the class of (not necessarily disjoint) k-multi-symmetric functions. O

1.2.3 Chernoff Bounds

One standard tool used in estimating the likelihood of certain properties of a probability distri-
bution in the PAC setting is Chernoff bounds. One formulation of these bounds. stated below ,

can be found in [13].

Fact 8 Let LE(p, m,(1-a)pm) denote the probability that in m independent trials an event hav-
ing probability of occurrence p is witnessed at most (1 — a)pm times, and let GE(p.m,(1+a)pm
denote the probability that in m independent trials an event having probability of occurrence p

is witnessed at least (1 4+ «)pm times. Then
[ ] [/1';‘([), m, (1 —_ a)p7n) S e—azmp/2

e GLE(p,m,(14+a)pm)<c -atmp/3

ro
&'a
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1.2.4 Importance of Membership Queries

Membership queries can make a difference - for example, monotone DNF and CNF formulas
are PAC learnable if membership queries are available [98, 4], whereas their status is open
without membership queries. Another example is provided by read-once formulas. These are
PAC learnable in polynomial time if membership queries are available [9]. However, by another
reduction of Kearns, Li, Pitt, and Valiant [65], the PAC learnability of read-once formulas
is equivalent to that of general Boolean formulas in the absence of membership queries, and
therefore as -ha,rd as certain apparently hard cryptographic problems, by the results of Kearns
and Valiant [66]. In the exact model, read-once formulas are not learnable with equivalence
queries alone [9] bur are exactly learnable with membership queries.

How much are membership queries likely to help with learning general Boolean formulas, or
general CNF and DNF formulas? Angluin and Kharitonov [10] give cryptographic evidence that
the answer in both cases is “not much.” For general boolean formulas there is cryptographic
evidence of the same sort as given by Kearns and Valiant that they are not PAC learnable in
polynomial time even if membership queries are available. For general CNF and DNF formulas
the situation is more complicated, but, in effect, there is cryptographic evidence that either
general CNF formulas will be PAC learnable in polynomial time without member. 'lip queries,
or they won’t be PAC learnable in polynomial time even with membership queries - that is,
the membership queries “won’t help” in the case of general CNF and DNF formulas.

Because the availability of membership queries may change the answer to the learnability

question for some learning problems, the results claimed in this thesis include results about the

necessity (or lack thereof) of membership queries.

1.3 Content

Each of chapters 2 through 7 of this thesis (except for chapter 4) represents a published work.
Chapters 2 through 5 provide propositional results, beginning with the most intuitive model.
Chapters 6 and 7 provide first-order results, chapter 7 discussing the less familiar concept class.

The discussion of the significance of the results of a particular chapter appear at the end of

that chapter.

‘o
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Chapter 2 represents joint work with Dana Angluin and Lenny Pitt and appears as (8].
This chapter gives the most detailed description of the relationship of variable assignments
to propositional formulas. This chapter also carefully defines the class of propositional Horn
formulas. This level of detail is omitted in subsequent chapters. The results presented in Chap-
ter 2 include two learning algorithms for the important class of propositional Horn formulas;
also presented are hardness results for the related class of 2-quasi Horn sentences. Sections 2.6
‘and 2.7 includes material left open in [8].

Chapter 3 represents joint work with Lenny Pitt, which appears as [46]). This chapter builds
directly on the work in Chapter 2, but trades the familiar variable assignment examples for
clauses labeled according to logical entailment by a propositional Horn target. This chapter
also presents two learning algorithms for‘the class of propositional Horn sentences - one a direct
learning algorithm, and the other a reduction to either learning algorithm from Chapter 2. This
chapter also presents hardness results for attempting to disallow membership queries.

Chapter 4, also representing joint work with Lenny Pitt and also extending the work of
Chapter 2, presents a learning protocol motivated by the desire to learn an efficiently applicable
representation of the target. This desire contrasts with the common desire to learn a small
representation of the target. The protocol assumes the time iaken by an expert to answer
a membership query is important, but does not assume that the expert is able to articulate
his representation of the target function. Sufficient conditions for learning under this protocol
are given and are applied to a class of formulas defined by Boros et al. [27], a class properly
containing Horn sentences and 2-CNF.

Chapter 5 represents joint work with Sally Goldman, Nina Mishra, and Lenny Pitt and
appears as [44]. A new learr.ng model is presented in this chapter. Here the teacher is assumed
to be rational but not necessarily omniscient. Viewed another the way, the teacher may have
several competing models of the world and presents categorical answers to the learner only in
those cases where the teaclher’s competing models agree. The learner is expected to acquire the
teacher’s models of the world. This chapter presents learning algorithms for a variety of concept
classes, including a concept class related to the union of boxes in d-dimensional Euclidean space.

A hardness result is given for the case in which the teacher has several competing Horn models

of the world.
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Chapter 6 represents joint work with C. David Page and appears as [43]. This chapter
presents a learning algorithm that uses no membership queries, but learns a very restricted
first-order class of recursive Horn sentences. Here the learner sees first-order clauses labeled
according to entailment by the target. This chapter also presents some discussion on the effect
of relaxing some of the restrictions on the formulas in the class; a hardness result is presented
when the restriction to unary functions is removed. A secondary result in this chapter is a new
characterization of the regular languages.

Chapter 7 represents joint work with Lenny Pitt and appears as [45]. This chapter discusses
a surprising positive learnability result for the (first-order) description logic Crassic. Here the
learner collects e}‘(a,mples labeled according to logical consequence of the target. It is shown in
this chapter that arbitrary Crassic descriptions can be learned, even when the rate of malicious

noise in the answer to membership queries is near 1/2.

14 € [
(




Chapter 2

Propositional Horn Sentences and

Membership by Satisfaction

We (joint work with Angluin and Pitt) show that the class of Horn sentences is exactly learnable
using membership and equivalence queries from a standard teacher. This set of queries is
minimal in that Angluin [4, 6] has shown that propositional Horn sentences are not exactly
learnable from a standard teacher from membership or equivalence queries alone. Observe
that Horn sentences are “almost monotone” in the sense that each clause contains at most one
positive literal. As a negative result, we show via prediction preserving reduction that the class
of 2-quasi Horn sentences — conjunctions of clauses, each clause containing at most two positive
literals - is no easier to PAC learn using membership queries than CNF. We also show, using
an inciteful observation by Vijay Raghavan [87], that 2-quasi Horn sentences are no easier to
exactly learn with equivalence and membership queries from a standard teacher than CNF.
Thus in some sense, the amount of “non-monotonicity” permitted in Horn formulas appears
to be near the edge of learnability. Further, it is interesting to note the kind of questions
the learner is permr tted to ask when learning Horn sentences are quite reasonable because the
teacher can answer them in polynomial time.

Compared to learning algorithms using membership queries to learn other concept classes,
our Horn learning algorithm might be termed “lazy” in that membership queries are commonly
aggressively applied to a counterexample to construct a new counterexainple that has some min-

imality property (say, a minimal number of variables assigned true). In contrast, our algorithm




works by keeping a sequence S of negative examples, and focuses its attention on explaining
why those examples are negative. An example is negative only if it falsifies some clause of
the target, and a Horn clause is falsified only if each of the variables in the antecedent of the
clause are set to true and the variable in the consequent is set to false. Thus the algorithm
explains a negative example in § by assuming the target contains a clause whose antecedent
consists of exactly the variabies set true by the example and that the consequent (if any) of the
class is one the variables the example makes false. Clearly the antecedent might not contain
all the variables set true by the example, so, in effect, the algorithm waits for another negative
example that is explained by the same clause and throws out zall the variables these two neg-
ative examples do not have in common; further this is the only explanation that is updated.
This, relaxed, data driven nature of this algorithm seems crucial; a number of more aggressive
approaches that atternpt to throw out as many variables as possible, or that attempt to update
several explanations in response to new information, were foiled when a clever adversary choose
the counterexamples.

Because of the nice computational structure of Horn sentences, both the membership and
the equivalence queries can be answered in polynomial time given knowledge of the target.
Thus as a benefit, the learning algorithm can be used to reduce a given Horn sentence to
its logical equivalent having the minimum number of distinct antecedents in polynomial time.
To our knowledge, there did not exist an efficient procedure for finding a minimum sized Horn
sentence equivalent to a given sentence, nor were we aware of cancnical forms for Horn sentences.
A pleasing property of our algorithm is that it produces guesses as to the identity of the target
having a monotonically increasing nuinber of distinct antecedents; thus the algorithm is capable
of determining whether the function it is being asked to learn can be represented as a Horn
sentence of a given size. This property is useful in trying to approximate a {not necessarily

Horn) concept by a small Horn.

2.1 The Problem

Let V = v,....v, be a set of Boolean variables. A literalis either a variable v; or its negation
-w;i. A clause over variable set V is a disjunction of literals. A florn clause is a clause in which

at most one literal is unnegated. A Horn senience is a conjunction of lorn clauses. The class
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of Horn sentences over variable set V is a proper subclass of the class of Boolean formulas over
V.

Let H, denote the target Horn sentence to be learned. The main result of this chapter is
that propositional Horn sentences are exactly learnable using variable assignments as exampies.
provided membership (and equivalence) queries are available. The algorithm runs in time!
O(m?®n?), making O.(mn) equivalence queries and O(m?n) membership queries, where m is the
number of clauses, and n is the number of variables of H,.

It is interesting to note that both types of queries are necessary for learning Horn sentences.
Angluin [4] shows that membership queries alone are insufficient for polynomial-time learning,
and, implicitly in [6], she proves that equivalence queries alone are also insufficient.

A similar result for learning monotone formulas in disjunctive normal form (DNF) has been
given [4, 98]. The dual of the class of Horn sentences is the class of “almost monotone” DNF
formulas — a disjunct of terms, where each term is a conjunct of literals, at most one of which
is negated. Since our algorithm is easily modified to handle the dual class, it extends the results
in {4, 98] by allowing a small amount of nonmonotonicity. (Later, we indicate why allowing
more nonmonotonicity would yield a difficult problem.) Horn sentences are an interesting
nontrivial subclass of CNF (dual: DNF) formulas, the learnability of which remains a central
open problem for the distribution-independent (“PAC learning”) model of Valiant [98]. The
research presented here also improves the results in [2], where the class of Horn sentences is
shown to be learnable by an algorithm that uses equivalence queries that return Horn clauses as
counterexamples and “derivation queries” — a type of query that is significantly more powerful
than a membership query.

By modifying the zlgorithin presented here in a relatively straightforward way [4] we could
obtain an algorithm that learns the class of Horn sentences using randomly generated examples
as in the PAC learning model, provided that the algorithm is additionally allowed to make
membership queries. Similarly, the algorithm presented here could be used in an on-line setting
i which the learning algorithm is to classify each of a succession of examples, and the algorithm
is told whether its classification is correct or incorrect before receiving each next example. The

resulting on-line algorithm makes membership queries (excluding the examples to be classified)

"The O() or “soft-O”, notation is similar to the usual O() notation except that O() ignores logarithmic
factors.




but not equivalence queries, and is guaranteed to make at most a polynomial number of errors
of classification regardless of the sequence of examples [4].

Note that because the problem of determining whether two Horn sentences are equivalent
(and producing a counterexample if they are not) is solvable in polynomial time, the oracle in
our learning protocol could be replaced by a teacher with polynomially bounded computational
resources.

The remainder of this chapter is organized as follows. Section 2.2 gives basic definitions,
notation, and lemmas that will be used throughout. In Section 2.3 we describe the algorithm
and give an example run. Section 2.4 provides a correctness proof and an analysis of the
time and query complexity of the algorithm. In Section 2.5 we present a modified version of
the algorithm which satisfies smaller time and query bounds. We conclude in Section 2.8 by

discussing some related and open problems.

2.2 Preliminaries

It is o.:en easier to discuss the satisfaction or falsification of a Horn clause when that clause
is represented as an implication. To expedite the discussion we will implicitly assume that all
Horn clauses are represented as implications. This necessitates the introduction of two logical

constants.

Definition 7 The logical constant “true” is represented by T and the logical constant “false”

is represented by F.

Next, we introduce notation that will enable us to dissect Horn clauses and discuss the
relationships between them and examples. First, recall the identity zV\/ﬁ-"=l -y = (/\f-"=l vi) >z,
where “=" is the logical connective for implication and “=" is a metasymbol indicating logical
equivalence. Now, taking /\?=1 v; = T (the empty conjunction evaluates to true) and adopting
the convention that we write (/\Ll 'v;) =F when there are no unnegated variables in the Horn

clause, we have the following definitions.

Definition 8 Let Il be anu lorn sentence over V. An example is any assignment & : V —
{T,F}. A positive (respectively, negative) czample for H is an assigninent z such that II

evaluates to true (respectively, false) when cach variable v in Il is replaced by x(v).
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Definition 9 Let x be an example; then (rue(z) is the set of variables assigned the value “true”

by = and false(z) is the set of variables assigned the value “false” by x.
By convention, T € true(z) and F € false(z).

Definition 16 Let C be a Horn clause. Then antecedent(C) is the set of variables that occur
negated in C. If C' contains an unnegated variable z, then consequent(C) is just z. Otherwise,

C contains only negated variables and consequent(C) is F.
We now describe the relationships that may exist between an example and a Horn clause.

Definition 11 An example = is said to cover a Horn clause C if antecedent(C) C true(z). We
say that z does not cover C if antecedent(C) & true(z). The ezample = is said to violate the

Horn clause C' if x covers C' and consequent(C') € false(z).

Notice that if = violates C' then z must cover C, but that the converse does not necessarily

hold.
It will be more convenient throughout the rest of the paper to consider a Horn sentence as
a set of Horn clauses, representing the conjunction of the clauses.

Our first observation is trivial, but it is helpful to state it formally.

Proposition 1 Ifz is a negative example for the Horn sentence I, then z violates some clause

of H.
We next define the N operation for examples.

Definition 12 Let z and s be two ezamples, then zNs is defined to be the example z such that

true(z) = true(z)Nirue(s).
Note that this implies that false(xns) is false(z) U false(s).
Lemma 13 letx and s be examples. If & vielates C and s covers C', then xNs violates (.

Proof: If s covers (' then antecedent(C) C true(s). Also, if = violates C, then antecedent((?) C
true(c) and consequent((') € false(x). Thus antecedent(C') C true(s)N true(z) = true(sne)

and consequent((7) € false(x) C false(s) U false(x) = false(snx). Thus, sn.c violates (*. O
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Corollary 14 Let z and s be examples. [f x violates C and s violates C, then zNs violates (.
Proof: Apply Lemma 14 after noting that if s violates C then it also covers C. O
Lemma 15 If z does not cover C, then for any ezample s, zNs does not violate C.

Proof: If antecedent(C) € true(z) then antecedent(C) € true(z)Ntrue(s) = true(zNs). Thus

zNs does not violate C. O
Lemma 18 If zNs violates C, then at least one of * and s violates C.

Proof: Observe that zNs violates C, and thus consequent(C) € false(zNs) = false(x)Ufalse(s).
Therefore, consequent(C) is an element of at least one of false(z) and false(s). But since zNs
violates C, we also have antecedent(C) C true(z) and antecedent(C) C true(s). Thus at least

one of z and s must violate C. O

2.3 The Algorithm

The ideas behind our algorithm may be understood by considering the problems that arise when
we attempt to employ more straightforward approaches. After our algorithm is motivated in
this manner, an example run is given. The correctness of the algorithm is demonstrated in the
next section; in Section 2.5 we present a more efficient version of the same algorithm.

Let H, be the target Horn sentence with respect to which equivalence and membership
queries are answered. The algorithm is based on the following ideas. Every negative ex-
ample = violates some clause C' of H,. From z we would like to add the clause C to our
current hypothesis, but we cannot exactly determine C from & alone. We know however that
antecedent(C’)-g true(r), and consequent(C) € false(z). Thus one approach would be to add

to our current hypothesis # all elements of the set

clauses{c) = {( /\ v)=>z: 2 € false(z)}
vEtrue(z)
whenever a new negative counterexample r is obtained. Each clause in this set is a possible
explanation as to why r is a negative example. and each clause guarantees that in the future &

will be classified as a negative example. Moreover, at least one of these clauses is subsumed (i.e..
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logically implied) by some clause of #,. However, in addition to adding a clause with the “cor-
‘ect” consequent, we may be adding several clauses with the “wrong” consequent. Fortunately,
this problem is not of concern because any such clause that is not logically implied by the target
formula H, will eventually be discovered when a positive counterexample is produced that does
not satisfy the clause. At this point, at least one extraneous clause will be eliminated.?

Unfortunately, a simple scenario shows that this straightforward approach is inadequate
because we can force it to add exponentially many insufficiently strong clauses. Suppose H,
is defined over the variable set V = {a,by,bs,...,b,} and in fact H, is just a single clause, C,
which is

a=>F.

Now any example in which « is set to T is a negative example. In particular, the example
with @ set to T and the variables {b;}; even set to T is a negative example. Among the clauses

generated from this example is
(@Ab2 AbyA ---Abp)=F

Now we see a negative example which is identical to the previous negative example except that
by is T instead of b;. This example does not violate the first clause that we generated so we are

obligated to exclude this negative example by generating clauses for it. Among these clauses is
(a/\bll\b4/\bsA/\brx)=>F

which, like its predecessor, is logically entailed by f,. The difficulty is now clear: there are
exponentially many negative examples with a set to T and exactly half of the variables {b;} set
to T — we are forced to exclude each one with its own clause. We have observed above that
by including clauses(x) in the current hypothesis H upon seeing a negative counterexample
z, some “good” clause is added to #, namely, the clause (A, ¢iryc(z) )= consequent(C'), where
C' is some clause of /[, thal z violates. lowever, the scenario above demonstrates that the

problem with the straightforward approach is that the antecedents of the ciauses of generated

2 . . - . . A . . ~
Step 8 of the learning algorithm of figure 2.1 incorporates this idea of discarding extraneous clauses when a
positive counterexample is produced.

21

)

-
W




by clauses(z) are too long, so this “good” clause is less restrictive than C' because its antecedent
is more restrictive. Thus, the negative examples that fail to satisfy the (good) added clause
may be only a small fraction of those that fail to satisfy C, and the clause added to H is only
an “approximation” of C. Consequently, very many such approximations to the target clause
C are generated by the examples.

. To counter this problem, a second approach might be to find smaller antecedents by using
membership queries to set more of the variables to F in the negative counterexamples that
we are given by any equivalence query. Thus, given a negative counterexample z we set some
variable which is currently T in = to F and ask whether the result satisfies H,.. If it does not,
then the result still violates some clause of H, so we leave the variable set to IV, otherwise we
set ‘the variable back to T. We repeat this process until we can set no more variables to F.
This process can be done quickly and we are left with a minimal negative example. However,
a second scenario will disclose the problem with this approach.

Suppose H, is defined over variable set V = {a,b,¢c,d} and in fact H. is
(bA c=d) A (b=>a)

Further suppose that we minimize negative examples by trying to set the variables to F in
alphabetical order. Let TTTF (that is, the variables a, b, and ¢ set to T and the variable d set
to F') be the first negative counterexample. We minimize this to FTFF and add clauses(FTFF)

to our hypothesis, so H becomes
(b=a) A (b=c) A (b=>d) A (b=>F)
Next we see the positive counterexample TTFF which simply reduces H to
(b=a)

Thus we have indeed found a clause of /f,. Next we see the negative counterexample TTTF.
But this is the same example that we saw at the beginning, and so our algorithm will never
terminate; it is forced to find the same clause repeatedly. The difficulty lies in the fact that even

though we were given an example that violated the first clause of /., our minimization produced
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an example that vioiated the second clause of H.; and this fact led to non-termination. (One
might object that it is foolhardy to decide @ priori the order in which we will try to set the
variables of our negative examples to F; rather we should dynamically decide the order in which
to minimize a new negative counterexample. However, it appears to be a difficult problem to
design a polynomial-time algorithm that is guaranteed to minimize a negative example and
simultaneously avoid rediscovering any of the previously found “good” clauses even if is known
which clauses in the current hypothesis are genuinely “good”.)

As demonstrated by the first scenario, we must reduce the number of variables set to T
in the negative counterexamples we are given, but as seen in the second scenario we cannot
do this in the obvious way. A data-driven approach solves the dilemma. A new negative
example is used to attempt to “refine” previously obtained negative examples by intersection
(bitwise conjunction) — each such intersection, if it actually contains fewer true variables than
the previously obtained negative example, is then tested to see whether it is negative (usiﬁg a
membership query.) If so, it is a candidate to refine the previously obtained negative example.

The algorithm maintains a sequence S of negative examples. Each new negative counterex-
ample is used to either refine one element of S, or is added to the end of S. In order to learn
all of the clauses of H., we would like the clauses induced by the (negative) examples in §
to approximate distinct clauses of H,. This will happen if the examples in S violate distinct
clauses of H.. Overzealous refinement may result in several examples in S violating the same
clause of H,. To avoid this, whenever a new negative counterexample could be used to refine
several examples in the sequence S, only the leftmost among these is refined.

By collecting these ideas, the learning algorithm (Figure 2.1) can be described intuitively in
the following way. The sequence S of negative examples that the algorithm maintains is used
to generate new hypotheses. Each negative example in the sequence can be explained by O(n)
different Horn clauses, and each of these possible explanations is placed in the hypothesis. Any
clause in the hypothesis which is not logically entailed by the target will be exposed eventually by
a positive counterexample. When this positive counterexample appears, the algorithm removes
any clause that this example violates from the hypothesis. On the other hand, the hypothesis
may also contain some clauses which are insufficiently strong. These clauses will be exposed
eventually by a negative counterexample. When this negative counterexample occurs, the

algorithm refines the first element of S it can (using an intersection and a membership query)

@y’
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or it appends the new negative example to the end of 5. I[n either case, after modifying S
the algorithm generates a new hypothesis from S. In Section 2.4 it is proved that this process
produces in polynomial time a hypothesis which is logically equivalent to the target.

A simulated run of the learning algorithm will now be given. Suppose H. is defined over

the variable set V' = {a,b,c,d} and in fact H, is
H,:(aAc=d) A (aAb=c)
Initially we set S to be the empty sequence and H to be the null hypothesis
S+

H:0

Suppose the first counterexample to our equivalence query for H is the negative example TTTF.
There are no elements of S that we can attempt to refine with this negative example, so we
simply append it to the end of the sequence, and since S changed we generate a new hypothesis

H by conjoining all of the clauses(s) for all s € S. Thus,
S : [TTTF]

H:(aNbAc=>d)A(aAbA c=>F)

Now suppose the next counterexample to our equivalence query for # is the positive example
TTTT. This eliminates an extraneous clause from H but does not change S, so we do not

generate a new H from S. Thus we now have
S : [TTTF]

H:(aAbdAc=>d)

For clarity, we will assume for the remainder of this simulated run that we are able to discard
immediately any extraneous clauses by positive counterexamples returned from equivalence

queries for I, and so we will only show the effect of receiving a (necessarily) negative coun-
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Set S to be the empty sequence /* s; denotes the i-th elemcnt of S. */
Set H to be the empty hypothesis
UNTIL equivalent(H) returns “yes” DO
/* main loop */
Let = be the counterexample returned by the equivalence query
IF z violates at least one clause of #
THEN /* z is a positive example */
remove from H every clause that z violates
ELSE /* z is a negative example */
BEGIN
FOR each s; in S such that true(s;Nz) is properly contained in true(s;)
BEGIN
query member(s;Nz)
END

IF any of these queries is answered “no”

THEN let ¢ be the least number such that member(s;Nz) was answered “no”

refine s; by replacing s; with s;Nz
ELSE add z as the last element in the sequence S
ENDIF

Set H to be A,y clauses(s), where clauses(s) = {(A,eiruc(s) ¥)=2
false(s)}
END
ENDIF
END /* main loop */
Return i

Pz €

Figure 2.1: Algorithm for Learning Horn Sentences.




terexample. Suppose the next negative counterexample is TTFT. We can intersect this with
the (first) element of S and get a negative example with strictly fewer variables set to T than
the (first) element of S had. We do so, replacing this element of § with the result of the inter-
section. Then, because S changed, we generate a new hypothesis H from S. (Again assuming

that all extraneous clauses were subsequently eliminated) we have
S :[TTFF|

H :(aAb=c)

Suppose our next negative counterexample is TTTF. We cannot intersect this with any element
of S and get a negative example with strictly fewer variables set to T that that element of §
currently has, so we add our new negative counterexample to the end of the sequence S. This

changes S, so we regenerate H by conjoining all of the clauses(s) for all s € §. This eventually

leaves us with

S :[TTFF,TTTF|
H:(aANb=>c)A(aAbAc=d).

Now suppose our final negative counterexample is TFTF. We cannct refine the first element
of § with this negative example, but we can refine the second element of S, so we replace the
second element of S by the intersection of that element and our negative counterexample. This

in turn mandates that we regenerate H from S, which eventually leaves us with
S :[TTFF,TFTF]

H:(aNb=>c)A(aAc=d)

Our final equivalence query for H tells us that we have learned H..
Note that the first and fourth negative counterexamples were the same, namely TTTF; thus

the current hypothesis held by the algorithm is not necessarily consistent with the examples

seen so far.

D
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2.4 Correctness and Running Time

We prove that the algorithm of Figure 2.1 correctly terminates in time O(m3n*), making
O(m?n?) equivalence queries and O(m?n) membership  reries. In the next section, a more
efficient algorithm improves these bounds to O(m?n?),0(mn), and O(m?n), respectively.

First observe that the algorithm terminates only if the hypothesis and the target Horn
-entence H, are equivalent. Therefore, if the algorithm terminates, it is correct. To show

termination in polynomial time we first prove a couple of technical lemmas.

Lemma 17 For each ezecution of the main loop of line 3, the following holds. Suppose that in
step 5 of the algorithm a negative ezample z is obtained such that for some clause C' of H. and
for some s; € S, x violates C and s; covers C. Then there is some j < i such that in step 17

the algorithm will refine s; by replacing s; with s;nz.

Proof: The proof is by induction on the number of iterations & of the main loop of line 3. If
k =1, then the lemma is vacuously true, since the sequence § is empty upon execution of step
5. Assume inductively that the lemma holds for iterations 1,2,...,k — 1 of the main loop, and
assume that during the k-th execution of the loop, at step 5 a negative example z is obtained
such that for some clause C of H, and for some s; € S, = violates C and s; covers C. Clearly,
if in step 17 of the k-th iteration, the algorithm refines some s; where j < i, then we are
done. Suppose that this does not happen. Now by Lemma 13, we know that s;Nz is a negative
example. [t only remains to be shown that true(s;nz) is properly contained in true(s,), for
then s; will be refined in step 17. Observe that each time the sequence § is modified. step
20 of the algorithm discards the old hypothesis and constructs a new hypothesis #/ from the
elements currently in §. Further observe that during each execution of the main loop of line
3, either S is modified (lines 9-21), or else a clause is removed from f (line 8). Let j < & be
the last execution of the main loop of line 3 during which § was modified. Then, during the
J-th iteration, line 20 was executed and H was reconstructed from 5. At this time a clause
¢ = (/\ue,me(&) v) = consequent(C') was included in /I, where C is the clause that © and s,
both violate. Now (' logically implies ', so € could not have been removed in line 8 during
iterations j+1,....k of the main loop. Since the equivalence query returns only examples in the
symmetric difference between the hypothesis f and the target I, a negative example obtained

in line 5 satisfies every clause of Il. By assumption, ¢ violates (*, thus consequent((') € false(r).
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But now if lrucis, ] true(z), then = would violate C, a contradiction. Therefore, true(s;Nz)

is properly coutained in ¢rue(s;). Thus the algorithm will replace s; by s;Nz in line 17. O

Lemma 18 /et S be a sequence of elements constructed for the target H. by the algorithm.

Then
1. VEV(i < k)Y(C € H.) if sk violates C then s; does not cover C
2. YeV(i # k)VY(C € H.) if s violates C, then s; does not violate C'.

Proof: The proof is by induction. We will show that properties 1 and 2 are preserved under
any modifications the algorithm makes to the sequence §.

Initially the sequence is empty, so both properties hold vacuously. Now suppose that the
properties hold for some sequence, and suppose that the algorithm modifies the sequence in
response to seeing the negative example z.

If the algorithm appends z to the sequence as, say, s;, then suppose by way of contradiction
that property 1 fails to hold. Inductively, the only way that property 1 could now fail to hold is
if there is some ¢ < ¢ such that s; covers some clause C' of f, that s; violates. But this means
siNz violates C'. This together with Lemma 17 contradicts the fact that the algorithm did not
replace s; by s;Nz for some j < i. Thus property 1 is preserved.

Now suppose by way of contradiction that property 2 fails to hold. Inductively, the only way
property 2 could now fail to hold is if there is some ¢ < ¢ such that s; and s; both violate some
clause C of H,. Since s; violates C it also covers C'. Then, by Lemma 17, some s; with j <
would have been refined instead of = s; being added to 5, a contradiction. Thus property 2
is preserved.

Now suppose that instead of appending z to the sequence, the algorithin replaces soine
sk with sgNz. Suppose by way of contradiction that property 1 fails to hold. There are two
possibilities, either there is some i < & such that s; covers and syNz violates some particular
clause C of H, or there is some ¢ > k such that sgNz covers and s; violates some particular
clause C' of H,. If the former case holds, then by Lemma 16 either x violates C or s; violates
C. If z violates C then (since s; covers C') by Lemma 17 there must be some j < i < & such
that s; was refined instead of sy, a contradiction. On the other hand, if s, violates (7, then the
fact that s; and si both violate € contradicts the inductive assumption that property 2 held

before the modification.
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Now consider the latter possibility, namely that there is some : > k such that sxNz covers
and s; violates some clause C' of H,. Then by (the contrapositive of ) Lemma 13, s, covers C.
Since s; violates C' and ¢ > k, this contradicts the inductive assumption that property 1 held
before the modification. Thus, property 1 is preserved.

Finally, suppose that the algorithm replaces some s; with s¢Nz and suppose by way of
contradiction that property 2 no longer holds. If this is the case, then there is some i # &
such that s; and sgNz both violate some particular clause C of H,. By Lemma 15, s covers
C. Further, by Lemma 16, at least one of s; and z must violate C. If s violates C, then the
inductive assumption that property 2 held before the modification is contradicted by the fact
that s; also violates C'. On the other hand, suppose x violates C'. If ¢ > &, then the fact the s;
covers C contradicts the inductive assumption that property 1 held before the modification. If
¢ < k, then Lemma 17 and the fact that s; violates (and hence .covers) C contradicts the fact

that the algorithm did not replace s; by s;Nz for some j < 7. Thus, property 2 is preserved. O
Corollary 19 At no time do two distinct elemenis in § violate the same clause of H,.
Proof: This is property 2 of Lemma 18. O

Lemma 20 Fvery element of § violates at least one clause of H,.

Proof: Each of the elements in § is a negative example, thus by Proposition 1, each of the

elements violates some clause of H.. O

Lemma 21 If H, has m clauses, then at no lime are there more than m elements in the

sequence S.

Proof: This follows immediately from the fact that each of the elements in 5 violates some

clause of /, but no two elements violate the same clause of #,. O

Finally, we have our theorem.

Theorem 22 A [lorn sentence consisting of m clauses over n variables can be exactly learned

in time O(m3n%) using O(m?*n?) equivalence queries and O(m?2n) membership queries.

Proof: The only changes to the sequence § during any run of the algorithm involve either

appending a new element to S, or refining an existing element. Thus |S] cannot decrease
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during any execution of the main loop of the algorithm. But Lemma 21 shows that there are at
most m elements of § at any time. Thus line 18 is executed at most m times. Now observe that
whenever any element s; of the sequence § is refined (line 17), the resulting new :i-th element is
s; N, which, by line 11, must contain strictly fewer variables assigned the value “true” than s;.
This can happen at most n times for each element of §. Thus line 17 is executed at most nm
times. Whenever the ELSE clause at line 9 is executed, either line 17 or 18 must be executed.
[t follows that lines 9-21 are executed at most nm+m = (n+1)m times. Note that this bounds
the total number of membership queries made by (n + 1)m?2.

Next observe that for any element s of S, the cardinality of false(s) is at most n+1 (recalling
that F € false(s)). Thus the cardinality of clauses(s) is at most n + 1. Therefore, the number
of clauses in any hypothesis H constructed in line 15 is at most (n + 1)m. Now, since each
positive counterexample obtained in line 5 necessarily causes at least one clause to be removed
from H by line 8, the equivalence query can produce at most (n+ 1)m positive counterexamples
between modifications to S. Therefore, line 8 is executed at most (n + 1)2m? times. Since each
execution of line 3 tﬁat does not result in termination causes execution of line 8 or lines 9-21,
the total number of executions of line 3 (and hence the total number of equivalence queries
made) is at most (n + 1)?m? + (n + 1)m + 1.

To complete the proof we need only show that the time needed for each execution of the
main loop is O(n?m). Using the facts (above) that at any time during the execution of the
algorithm |§| < m and |H| < (n + 1)m, and that each element of H consists of at most n + 1
variables (antecedent + consequent), it is easily verified that the time needed to execute either
of steps 8 and 20 is O(nzm.), and that these steps dominate the time to execute one iteration

of the main loop. O

2.5 Improvements to the Algorithm

We describe a more efficient version of the learning algorithm for Horn sentences. There is
a natural shorthand notation for propositional Horn sentences obtained by gathering up all
the clauses with the same antecedent set and conjoining the consequents. The conjunction of
several clauses C'y, ..., Cy with the sanie antecedent will be represented as a meta-clause whose

antecedent is the common autecedent of the clauses and whose consequent is the conjunction
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of consequent(C;) for i = 1,...,k. For example, the meta-clause
(aAbAd=>cAe)
is logically equivalent to, and will be used to represent, the conjunction
(aAbAd=c)A(aAbAd=e).

The new version of the algorithm maintains the current hypothesis as a sequence of meta-
clauses, one meta-clause corresponding to each negative example in the sequence S in the
previous version. We assume that this representation is used both by the algorithm and for
the equivalence queries. (If the equivalence queries require that the representation be strictly a
conjunctic;n of Horn clauses, further (straightforward) optimizations must be made to achieve
the time bounds below.)

In addition to this shorthand representation, we make use of the observation that once a
positive counterexample eliminates a clause, it eliminates any clause with a refined antecedent.
For example, the positive counterexample TTTF eliminates the clause (a A b A c=>d), and also
refinements like (a Ab=d) and (bA c=d). Thus, when we refine the antecedent of a meta-clause,
we do not need to re-introduce possible consequents that have been eliminated.

The effects of counterexamples on meta-clauses can be exemplified as follows, starting with

the meta-clause

(aAbAc>dAeA f).
A positive counterexample causes items to be struck from the consequent, for example, a positive
counterexample TTTTFT would result in the meta-clause

(aAbAc=dA f).

A subsequent negative counterexample that refines the corresponding negative example moves

variable(s) from the antecedent to the consequent. For example, the negative example TTFFFF

then results in

(aAb=eAdAf).
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Using suitable data structures, this means that the total processing time spent modifying the
hypothesis is O(mn), since each variable can appear in the antecedent, be moved to the conse-
quent, and be deleted, from each meta-clause. A more formal treatment follows.

We use the partial ordering < on assignments defined by z < y if and only z; < y; for
i =1,...,n. If Cis a meta-clause, let negez(C) denote the example that assigns T to all
the variables in the antecedent of C' and F to all the other variables. Then negez(C') is the
minimum example in the ordering by < that violates C'. In the new version of the algorithm,
H is the conjunction of a sequence of meta-clauses C; such that negez(C;) = s;.

We define three meta-clause operations: generating a new meta-clause from a negative
example (new(z)), reducing a meta-clause with a positive counterexample (reduce(C,r)), and
strengthening a meta-clause with a negative example (refine(C,z).)

Given a negative example z, define new(z) to be the meta-clause whose antecedent is pre-
cisely the set of variables assigned T by z and whose consequent is F'. Note that negez(new(z)) =
z. For example,

new(TFTFT) = (a A cAex>F).

This operation is used to construct an initial meta-clause from a new negative example. It re-

places the operation clauses(z). The consequent F is introduced first because the Horn clause

with antecedent set A and consequent F' logically implies every other Horn clause with an-
tecedent set A. The other possible consequents are only introduced if and when the consequent
F is eliminated by some positive counterexample.

Given a meta-clause C and an example z > negez(C') for which C is false (intuitively, z is a
positive counterexample) we define reduce(C,z) to be a meta-clause with the same antecedent

as C and consequent defined as follows.

1. If the consequent of C' is the logical constant F, then the consequent of reduce(C,z)is the

conjunction of those variables v; such that v; is assigned F in negez(C') and v; is assigned

T in z.
2. If the consequent of C' is not the logical constant F, then the consequent of reduce(C, x)
is the conjunction of those variables in the consequent of C' that are assigned 1 in .

For example,

reduce((a A b=T), TTTFT) = (¢ A b=c Ae).
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Also,
reduce((a A b=>c A d), TTTFT) = (a A b=>c).

Given a meta-clause C and an example z < negez(C') (intuitively, z is a negative counterex-
ample) we define refine(C,z) to be a meta-clause whose antecedent is all the variables assigned

T by z, and whose consequent is defined as follows.

1. If the consequent of C is the logical constant F, then the consequent of refine(C, z) is the

logical constant F.

2. If the consequent of C' is not the logical constant F, then the consequent of refine(C,z) is
the conjunction of all the variables in the consequent of C' and all the variables assigned

F by z and Tby negez(C).

For example,

refine((a A b A ¢c=F), TFTFF) = (a A c=F).

Also,
refine((a A b=>c A e), TFFFF) = (a=>bAcAe).

Note that the possible consequent d is not re-introduced here, having been (presumably) elim-
inated by a previous positive example.

The new version of the algorithm, shown in Figure 2.2, has the same line numbers as the
previous version, for ease of comparison. As for the previous version, if the algorithmn halts
then its output is correct, so we need only give bounds on its running time.

Since throughout the new version negez(C;) is equal to s; in the old version, the same
argument shows that if m is the number of clauses of the target H,, ihen there are at most m
meta-clauses in H at any time. Note that no meta-clause is ever deleted from /.

Consider the career of a particular meta-clause C;. C; is initially created in response to a
negative counterexample. When C; is first created, its antecedent consists of a conjunction of
variables, and its consequent is the logical constant F.

The antecedent of C; then only changes in response to negative counterexamples, and the
change must be to delete one or more variables from the antecedent. Thus, there can be at most
n such changes. Since every negative counterexamnple must either cause the creation of a new

meta-clause or refine an existing one, there can be at most m(n + 1) negative counterexamples.
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NewHORN
1 /* H is a conjunction of meta-clauses C; */
2 Set H to be the empty hypothesis
3  UNTIL equivalent(H) returns “yes” DO
4 BEGIN /* main loop */
5 Let  be the counterexample returned by the equivalence query
6 IF z violates at least one meta-clause of /
7 THEN /* z is a positive example */
8 replace C; by reduce(C}, z) for every C; that z violates
9 ELSE /* z is a negative example */
10 BEGIN
11 FOR each C; in H such that (negez(C;)Nz) < negez(C;)
12 BECIN
13 query member( negez(C;)Nz)
14 END
15 [F any of these queries is answered “no”
16 THEN let ¢ be the least number such that member(negez(C;)Nz) is
answered “no”
17 replace C; by refine(C, negez(C;)Nz)
18 ELSE add new(z) as the last meta-clause in A
19 ENDIF
20 /* H is already updated */
21 END
22 ENDIF
23 END /* main loop */

24 Return H

Figure 2.2: New Version of Algorithm for Learning Horn Sentences.
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The consequent of C; may change in response to negative or positive counterexamples. The
first positive counterexample to C; changes its consequent from the logical constant F to the
conjunction of a subset of the variables not in the antecedent of C;. Negative counterexamples
before the first positive counterexample do not change the consequent of C; - it remains F.
Subsequent negative counterexamples to C; may move one or more variables from the antecedent
. to the consequent of C;. Positive counterexamples to C;, after the first, can only remove
variables from the consequent of C;. Every variable can be deleted at most once from the
consequent of C;, and, if the consequent is not the logical constant F, at least one variable
must remain in it. Thus, C; can be changed by at most n positive counterexamples. Since
every positive counterexample must change one or more meta-clauses, there can be at most mn»
positive counterexamples.

Since each negative counterexample can cause at most m membership queries, no more
than m?(n + 1) membership queries will be made. With a straightforward representation of
meta-clauses and assignments as lists of length =, this algorithm can be implemented to run in
time O(m?n?).

Our analysis of the improved algorithm establishes the following theorem.

Theorem 23 A Horn sentence consisting of m clauses over n variables can be exactly learned

in time O(m?n?) using O(mn) equivalence queries and O(m?n) membership queries.

2.6 Compression

[t is interesting to note that because the membership and equivalence queries are answerable
by a polynomially time bounded teacher, it is possible to apply the Horn learning algorithms
to obtain a polynomial time algorithm that given an arbitrary Horn sentence produces an

equivalent Horn sentence whose size is at most linearly larger than the smallest equivalent

Horn sentence.

Corollary 24 There ezists a polynomial time algorithm that given any [lorn sentence Il over
n variadbles produces an equivalent Horn sentence ' whose size is Q(n) times the size of the

smallest equivalent florn sentence.

Proof: The learning algorithms presented here find a representation with the fewest distinct

antecedents, because each negative example violates some clause of the target, there are no




more negative examples in S than there are clauses in the target, and a single antecedent is
constructed from each negative example in S. For each antecedent, every consequent supported
by the target is added; there are only O(n) possible consequents for a given antecedent. Thus,
the size Horn sentence constructed by the learning algerithms is at most O(n) times the size of
the smallest representation.

Now, since membership and equivalence queries are answerable in polynomial time, given
H as input, we can construct a polynomial time algorithm to answer queries about H posed
by the learning algorithms instead of requiring a teacher. The Horn sentence H’ produced by

the learning algorithm against this substitute teacher is sufficiently small. Q

2.7 Hardness Results

If membership queries are not available, it is an open problem whether Horn sentences are PAC
learnable or polynomial-time predictable (from random examples alone.) By the reductions
of Kearns, Li, Pitt, and Valiant [65] PAC learnability of Horn sentences would imply PAC
learnability of general CNF and DNF sentences, and similarly for polynomial predictability.

It is also an open problem whether general CNF or DNF formulas are learnable or poly-
nomially predictable when equivalence and membership queries are available. For any %, let
k-quasi-Horn be the cluss of CNF formulas where each clause contains at most £ unnegated
literals. Thus 1-quasi-Horn is just the class of Horn sentences, and is learnable using equiv-
alence and membership queries. Here, using a clever observation by Vijay Raghavan about
Pitt and Warmuth’s requirements for prediction-preserving reductions [86], we show that if an
algorithm exists to learn the class of 2-quasi-Horn formulas using equivalence and membership
queries then the general class of CNF formulas (and DNF formulas) would be learnable by an

algorithm that uses membership and equivalence queries.

Corollary 25 If the cluss of 2-quasi-Horn formulas is learnable using membership and equiv-
alence queries, then the class of CNF formulas is learnable using membership and equivalence

queries.

Proof: Let the class of CNI* formulas be defined over the variable set {z,...,z,}. Introduce

new variables {y1,....y,} such that the negation of y, will behave like x;. Let (', be the
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target CNTI formula, and everywhere the variable z; appears replace it with the negation of
yi. Notice that this produces a CNF formula (over the variables {z;}? , U {yi}},) that has no
unnegated literals, and is thus Horn. Obtain a CNF formula C} by conjoining to this formula
the n clause pairs (z; V y;) A (nz; V ~y;), which require that exactly one of z; and y; is set to T
in any example that satisfies C’,. Note that C) is a a 2-quasi-Horn formula whose size is only
polynomially larger than C..

Now consider extending any example e of C, (over n variables) to an example €’ of C| (over
9n variables) by setting the value of y; to be the negation of the setting of z;. The example
z satisfles C, if and only if z' satisfles C,. The objective here is that because such a 2-quasi-
Horn C. exists for any C., we can employ a 2-quasi-Horn learning algorithm A to identify C.
by conditioning all examples as above and pretending that the extant C, is the actual target.
Clearly, this conditioning can be accomplished without knowing C..

Now_', when A poses a membership query, if every z; is set oppositely of its corresponding
¥i, then make a membership query about C. using the settings of the z; and return that answer
to A. Clearly, the answer to these two membership queries must be the same. On the other
hand, if some z; and y; are set identically, answer the query “no” - this setting violates one of
the clauses of the hypothetical C! that demands that the z; and y; be set oppositely. Thus,
answering membership queries correctly for C, does not require knowledge of C..

When A poses an equivalence query on the hypothesis H', we know that, if correct, the
variables z; and y; must behave as negations of one another in the hypothetical C.. Thus, obtain
H by replacing every variable y, by the literal -~z; and make an equivalence query against C,
about H. If the equivalence query is answered “yes” we are done because II is a CNF over
{z;}*, that ic losically equivalent to C.. If vhe equivalence query is answered “no” and an
example e (over n variables) is returned, then e satisfies C. if and only if e falsifies /T. Extend
e to an exarnple € (over 2n variables) as described above. Because /I was obtained from H'
by replacing y; with —z;, € satisfies /' if and only if e satisfies H, so that e satisfies C, if and
only if ¢ falsifies #/’. But e satisfies C. if and only if ¢/ :isfies the hypothetical (. so ¢’
satisfies C| if and only if ¢ faisifies If'. That is to say, €' is a counterexample to {/’ for the
hypothetical target C',. Therefore. sunplying A with the counterexample ¢ properly answers
the equivalence query on /I’ “no”. Thus. answering equivalence queries correctly for (%1 does

not require knowledge of (/.




It now follows that the above construction produces a learning algorithm for the class of

CNF formulas from membership and equivalence queries, provided that A exists. a

The following PAC related corollary, whose proof borrows ideas from the previous corollary,

also holds.

Corollary 28 If the class of 2-quasi-Horn formulas is PAC learnable using membership queries,

then the class vf CNF formulas is PAC learnable using membership queries.

Proof Sketch: As in the previous corollary, a 2-quasi-Horn target (over twice as many
variables) exists for a given CNF formula. The simulation now is less complicated than before. .
The randomly generated examples received are transformed_into examples of the 2-quasi-Horn
as before, the membership queries posed by the 2-quasi-Horn algorithm are answered as before,

and there are no equivalence queries to answer. a

Finally, based on the Angluin and Kharitonov result [10], we immediately have the following

corollary.

Corollary 27 Assuming the existence of one-way functions, if the class of 2-quasi-Horn for-
mulas is PAC learnable using membership queries, then the class of CNF formulas is PAC

learnable from random ezamples alone (without membership queries).

Proof: The Angluin and Kharitonov result says that under the assumption of the existence
of one-way functions, membership queries do not help when trying to predict CNF in the PAC

setting. a

2.8 Discussion

An exact learning algorithm for propositional Horn sentences using membership and equivalence
queries was presented. By the results of Angluin [6, 4] neither type of query alone is sufficient
to allow exact learning in polynomial time. The algorithm may be used to obtain an algorithm
for PAC learning or polynomial prediction {59, 86] of [{orn sentences from randomly generated
examples, provided that membership queries are also available to the algorithm.

An interesting open problem is whether the algorithm here can be extended so as to handle

restricted types of universally quantified [forn sentences (see the papers of Valiant [99] and

38




Haussler {57] for related classes of formulas). Although this answer appears to be “no”. this

class is of significant interest due to its similarity to the language Prolog, and its use in logic
programming and expert system design. The pessimism arises from the _dra,ma,tic change in
semantics between propositional and first-order logics. Specifically, the obvious first-order ana-
log of a propositional example is a potentially infinite table specifying truth assignments to
every object in the Herbrand universe of the target formula. Infinite sized examples render
“polynomial time” meaningless. Even so, in chapters 6 and 7, after discussing alternative types

of examples, we will discuss polynomiai time learning algorithms for two first-order classes.
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Chapter 3

Propositional Horn Sentences and

Membership by Logical Entailment

To motivate the distinction between teachers providing standard variable assignment examples
and teachers providing formulas labeled according to Iogica.l. entailment, consider the following
two learning tasks involving elephants. The unknown concept of an elephant might be expressed
as a boolean formula of a particular form defined over variables which denote real-world at-
tributes. For example, the formula large A grey A has-trunk A eats-peanuts might represent
exactly the set of all elephants, to the extent that an assignment to the above boolean variables
represents an elephant if and only if it satisfies the conjunction.

A related, but perhaps philosophically different problem, is obtained by viewing the target
as the description of the only world the learner has at his disposal to explore. Here, an un-
known formula ¢, may be viewed as a theory about the world, and positive examples o will
be statements which follow from the theory. For example, if the theory contained the impli-
cations that “large mobile things can crush you,” “elephants are large things,” and “elephants
are mobile.” then a positive example would be the entailed sentence “elephants can crush you,”
a fact thal one might wish to know if living near elephants. We seek to construct a theory
about the world containing assertions such as “elephants are mobile” and “elephants are larre
things” given entailed assertions such as “elephants can crush you”. Such a problem is cen-

tral to a number of areas, including expert system design (construct a knowledge base from
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example real-world facts) and logic programming (synthesize a Prolog program from example
input/output behavior).

Philosophically, the distinction between these two learning tasks can be summarized as
follows. L:arning from a standard teacher can be thought of as learning to classify. In this
setting, the unknown formula is a description of the world and the settings of the variables are
worlds which either <.: or do not satisfy the description; thus the learner is seeing a collection
of variable settings and is being asked to learn to classify those settings as “worlds” and “non-
worlds”. In contrast, learning from an entailed example teacher can be thought of as having
just one world whose description is to be deduced from truths about the world.

Though there have been numerous! interesting results in learning from standard teachers,
there has been relatively little work that investigates learning from entailed example teachers.?
We present a pqunomia.l time algorithm for learning propositional Horn sentences using mem-
bership and equivalence queries from an entailed example teacher using Horn clauses as ex-
amples. Our interest in the entailed example teacher was sparked by work in the area of
approzimate entailment [37, 92, 63, 52]. We suggest that our algorithm might be useful in this
setting, and leave open the general question of how techniques found in learning algorithms
might be helpful in this area.

The current algorithm is in fact an application of the algorithmn presented in the previous
chapter, but with a number of twists. We will present two different learning algorithms - one
of which learns the class directly and one of which applies a prediction »reserving reduction to
the learning algorithm in the previous chapter. Although the main ideas in the direct algorithm
and proof are the same as in the previous chapter, some tricks are needed to overcome a few
difficulties. The result is, in fact, a learning algorithm for a different learning problem. As with
the standard teacher, the entailment teacher algorithm learns propositional Ilorn sentences in
time polynomial in the size of the sentence to be learned.

Motivating our results, Angluin describes an algorithm for learning propositional Horn sen-
tences, from equivalence, and “derivation” queries [5]. A derivation query allows the learning

algorithm to propose a clause C', and in response, is told whether C is “subsumed.” “not sub-

!See proceedings from Workshop on Computational Learning Theory (61, 60, 48, 47, 100, 38].
“Therc has been some work in the arca of inductive logic programming that considers learning with entailed
first-order atoms [82] rather than clauses.
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surned, but entailed,” or “not entailed” by the Horn theory to be learned. Thus, our algorithm
strengthens Angluin’s result by limiting the types of answers given in response to a query (“en
tailed” or “not-entailed”). Note that queries answered “subsumed”, which we do not allow,
give information about the syntactic structure, and not just the logical structure, of the theory
to be learned. Eliminating subsumption queries has the appeal that no particular target rep-
resentation needs to be assumed, as well might be the case when examples are provided from
nature. Angluin leaves open the question that this chapter closes.

The recent results in the area of concept learning from examples were catalyzed by the
introduction of reasonable formal definitions of efficient concept learning {98, 3], and the devel-
opment of techniques for constructing efficient learning algorithms and proving their correctness.
In contrast, there has been relatively lfttle work that applies these new definitions and tech-
niques to the problem of learning from entailment (but see Section 3.2). In this chapter we
describe a polynomial-time algorithm that can learn an unknown propositional Horn sentence

®« by posing certain natural queries to a teacher.

3.1 Introduction

We consider the following learning protocol: Some propositional Horn sentence T, is chosen
and is unknown to the learner, the learning algorithm is permitted membership and equivalence
queries, and the learning algorithm sees Horn clauses labeled according to entailment by T, as

examples. We prove the following:

Theorem 28 Let T. be any propositional Horn sentence over n variables. The algorithm en-
tatlHORN (figure 3.3), using equivalence queries and membership queries (of entailed clauses)
answered with respect to the unknown formula T,, halts in time polynomial in n and the size®

of T., and outputs a Horn sentence I that is logically equivalent to T,.

More briefly, we'll say that entaillORN exactly learns the class of Horn sentences from
entailment, using eyuivalence and membership queries. This learning model is, with one impor-
tant exception, Angluin’s standard, well-investigated model of exact learning from equivalence

queries and membership queries [3]. The difference is that here the examples queried by the

Bere . . .
I'he size of a Hoen sentence is the number of symbols nceded to write the Horn sentence.
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learner and the counterexamples to the learner’s hypotheses are not assignments to the vari-
ables which may or may not satisfy Ty, but rather are Horn clauses which may or may not be
entailed by T,. We note that because Horn clause entailment by a Horn sentence is decidable,
entail HORN can be converted to a PAC or on-line learning algorithin provided that membership

queries remain available.

3.1.1 Approximate Entailment

Let T. be a known theory. In general, we would like to answer questions of the sort “Is «
entailed by T,?” Depending on 7T, and «, the general question can be undecidable, or at least
computationally intractable. Consequently, several researchers have grappled recently with the
notion of approzimate entailment. Rather than answering questions of entailment about the
actual theory 7, and query o, Dalal and Etherington propose answering questions of entailment
about a variety of strengthenings and weakenings of T, and « ([37]). They note that soundness
or compieteness or both can be lost under this protocol. Still, certain combinations of their
strengthenings and weakenings do preserve either soundness or completeness and permit the
question of entailment for queries to be answered efficiently.

Kautz and Selman construct a protocol in which soundness and completeness are preserved
even at the expense of categoricity (i.e., some questions of entailment might be answered “I
don’t know”) ([92, 63]). Specifically, they consider the case where T, is a propositional CNF
theory and suggest approximating 7' by choosing as an upper bound the unique strongest Horn

sentence entailed by 7. and choosing as a lower bound a weakest Horn sentence which entails

T.. Any Horn clause entailed by the upper bound is also entailed by 7., and any Horn clause
not entailed by the lower bound is not entailed by T.. Further, since these bounds are Horn
sentences, questions of entailment are efficiently answerable for a large class of forinulas. They
note that the upper bound, while unique, in some cases is exponentially larger than the actual
CNF theory T.. Similarly they note that the lower bound, while never much larger than T, is
not necessarily unique.

Greiner and Schuurmans also use the idea of upper bounding and lower bounding a known
CNF theory T, with Iorn sentences ([52]). They, however, demand that the upper bound

be small. Rather than finding the unique Ilforn least upper bound (which may be large),
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they attempt to find, via hill-climbing, a small Horn upper bound that performs optimally at
predicting questions about entailment among all Horn upper bounds that are “similar”.

Current attempts to construct the Horn least upper bound have a “generate and test”
fizvor to them - Horn clauses are “generated”, and are “tested” by determining (via resolution)
whether or not the CNF theory entails the clause. If so, they are included in the Horn least
upper bound.

One problem which arises is that even in cases where the Horn least upper bound is small,
there seems to be no guarantee that the number of clauses tested is small.* Hence, the number
of applications of a possibly exponential time resolution procedure might be much larger than
the size of the smallest representation of the Horn least upper bound. Iideally, we would like
to derive a Horn least upper bound from a CNF theory in time polynomial.in the size of the
Horn least upper bound. Although we cannot do this, in Section 3.4 we show how algorithm
entailHORN can be used to “lazily” construct a Horn least upper bound of a known CNF
theory when queries about entailment are received in an on-line setting and periodically we
are informed of scme error in our entailment prediction. Further, the number of appeals to a
potentially exponential-time resolution procedure is bounded by a polynomial in the size of the
smallest representation of the Horn least upper boﬁnd, and the particular expression for the
Horn least upper bound that is found is also at most polyndmially larger t_ha,n the best such

expression.

3.2 Related Work

This work builds on the work of the previous chapter that constructs an algorithm for learning
Horn sentences from satisfying assignments. The direct algorithin presented below is in fact an
application of either algorithm from the previous chapter, but with a number of twists. The
standard variable assignment examples of the previous chapter might be viewed as complete
conjuncts (or fundamental products) that are labeled as entailing or not entailing the target.
Here we do not care about such examples at all; our examples now are Horn clauses that are

labeled as being entailed or not being entailed by the target. As with the algorithm of the

‘It is an casy task to construct a small CNF theory that has a small Horn least upper bound but has an
exponential number of entailed Horn clauses.

(1]
-3
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previous chapter, the curreunt algorithm learns proposition-' Horn sentences in time polynomial
in the size of sentence to be learned.

On the other hand, we also present an algorithm for learning from entailment constructed
using either algorithm from the previous chapter as a “black box” once a suitable transformation
between the entailed example environment and the standard example environment has been
constructed. The transformation involves constructing two polynomial time algorithms that use
membership queries and equivalence queries to act as oracles for an algorithm of the previous
chapter — one to answer the membership queries of the type asked by that algorithm and one to
answer the equivalence queries of the type asked by that algorithm. The task accomplished by
each oracle is essentially converting between examples of the type available (which are clauses
entailed by exactly one of the target and the current hypothesis) and the type used by.the
algorithms of the previous chapter.

As discussed above, Angluin’s work with entailment and subsumption for propositional
Horn sentences [5] is closely related to the work presented in this chapter. Other authors have
looked at examples entailed by first-order formulas. For example, Page and Frisch look at atoms
labeled according to whether they are entailed by a hidden first order formula ([82]). Their
work examines more the effect of multiple occurrences of a variable in the hidden theory and
less the effect of connectives in the hidden theory. Our work also uses entailment as the means
of labeling examples. However, we use entailed examples to learn propositional formulas where
the connectives play a significant role within the hidden formula as well as within the exatnples
themselves. A

There are some less closely related first-order results from the field of inductive logic- pro-
gramming where the target is a Prolog program. Shapiro describes a system for learning Prolog
programs in the limit (i.e., time is an unbounded resource) using atoms entailed by the program
to be learned ([95]). Also, DZeroski et al. describe an algorithm that learns k-clause, determi-
nate, function-free, first-order Horn clauses with bounded depth variables by transforming the

target into a propositional monotone k-term DNF formula ([41]).




3.3 The Algorithm

We now present two algorithms that learn Horn sentences using membership and equivalence

queries from an entailed example teacher using Horn clauses as examples.®

3.3.1 Learning by Reduction

First, we present an algorithm for exactly learning Horn sentences by entailed example using
membership and equivalence queries; the example class is Horn clauses. In order to demonstrate
a reduction technique, we present a slightly inefficient interface which is nothing more than
polynomial time transformations to and from the examples suitable for the Horn sentence
learning algorithm of figure 2.1 or figure 2.2. Here, HORN refers to either algorithm.

The interface is accomplished by constructing algorithms that simulate the oracles for mem-
bership and equivalence needed by the HORN algorithm. The constructed oracles are permit-
ted to use entailed example oracles for membership and equivalence, but otherwise must run in
polynomial time.

The constructed oracle simulator for the membership queries asked by HORN will be desig-
nated €stp, and the constructed oracle simulator for equivalence queries asked by HORN will
be designated =stp. The entailed example oracle for membership and the entailed example
oracle for equivalence used by €stp and =stp are designated €gnT and =gyT. respectively.
The €stp oracle simulator is given in Figure 3.1 and the =gstp oracle simulator is given in
Figure 3.2.

We now argue that the answers and examples returned to HORN by these oracles are correct.
We note by convention that “Jv ¢ A” permits v to be the logical constant F. We also note that
we are tacitly assuming that we know the names of all the variables used in the hidden concept.
By assuming that the variable names are not allowed to change once our learning begins, the
oracles constructed can simply restart the HORN algorithm with an updated set of variable
names whenever the €gnT or =gnT oracles mention a new variable name. Clearly, the HORN

algorithm will need to be restarted at most once for each variable name in the hidden concept.

5The teacher could be using Horn sentences as examples ~ a Horn sentence is entailed if and only if every
Horn clause is entailed. Using membership queries about clauses {which can be viewed as degenerate seutences),

a Horn clause not entailed by the target can be efliciently extracted from a Horn sentence not entailed by the
‘target.
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€stp (%)

1 Let A be the variables set to true in z
2 if Jv € A such that €gnp(4 — v)

3 then return “no”

4 else return “yes”

Figure 3.1: Membership oracle for HORN.

=sto(H)
1 if =gnT(H) = “yes” then return “yes”
2 Let C be the clause returned by =gnt(H)
3 Let A be the set of variables in the antecedent of C
4 if C is a positive example
5 then
6 until A stops changing
7 if 3v ¢ A such that H |= A — v then A = AU {v}
8 Let z be the example formed by setting all the variables in A to T and all
variables not in A to F
9 return = as a negative example
10 else
11 until A stops changing
12 if 3v € A such that €gnT(A — v) then A = AU {v}
13 Let = be the example formed by setting all the variables in A to T and all
variables not in A to F
14 return & as a positive example

Figure 3.2: Equivalence oracle for HORN.
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For purposes of exposition, we routinely treat a complete monomial and the unique variable
assignment which satisfies it interchangeably. Likewise, we treat a set of variables and the

conjunction of those variables interchangeably.

Lemma 29 The oracle €gtpy correctly answers, in time pelynomial in the number of variable

names in the hidden concept, any membership query asked by HORN.

Proof: Clearly €stp runs in polynomial time. We must now show that the answer it provides
is correct.

The example queried by HORN is a negative example if and only if it falsifies some clause
of the hidden concept. An example falsifies a clause, ¢, of the hidden concept if and only if the
example sets every variable in the antecedent of ¢ to T and sets the consequent of ¢ to F. But
in this case, the clause whose antecedent is the set of variables set to T by the example and
whose consequent is the consequent of ¢ (which cannot be among the variables set T by the
example) is subsumed® by ¢ and is therefore entailed by the hidden target. Necessarily, among

the €gnT queries asked by €sTp, is this particular clause. a

Lemma 30 The oracle =stp correctly answers, in time polynomial in the number of variable
names in the hidden concept and in time polynomial in the length of the presented concept, any

equivalence query asked by HORN.

Proof: Clearly, the first line of =stp correctly determines whether the presented concept and
the hidden concept are logically equivalent. However, this is not enough. We must also show
that any example returned to HORN by =s1p is an example on which the presented concept
and the hidden concept disagree.

If the clause C returned by the =gnT query is a pdsitive example, then it is entailed by the
hidden concept and it is not entailed by the presented concept. Thus, step 7 cannot cause the
consequent of C' to be added to A. Ilowever, A does contain the antecedent of C'. Thus the
example = returned to HORN falsifies C' and therefore falsifies the hidden concept. At the same

time the construction in step 7 guarantees that « satisfies the presented concept. This because

®The meaning of “is subsumed by” used herc comes from automated theorem proving; the specilic meaning
here in this propositional setting is “is formed from a set of literals that is a subsel of the fiterals of”. Chapter 7,
consistent with the terminology of description logics, uses the phrase diiferently.
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step 7 finds the unique set of the variables that H demands be satisfied when the variables in
the antecedent of C are satisfied; if H is falsified when exactly this constructed set of variables
is satisfied, then H |= C, contradicting the fact that C' was a positive counterexample for H.
Also note that step 7 runs in time polynomial in the size of presented concept because for any
Horn sentence H and any Horn clause A, H = A can be answered in time polynomial in the
sizes of H and A. At most O(n?) such entailment questions are asked in this step, where n is
the number of variable names in the hidden concept.

Similarly, if the clause C returned by the =gnT query is a negative example, then it is
entailed by the presented concept and is not entailed by the target concept. Step 11 constructs
an example which satisfies the hidden concept and falsifies the presented concept. The only
difference between this step and step 6 is that we cannot answer the series of entailment question
ourselves, so we use the EgnT oracle to obtain the answers to the required entailment queries.

a

3.3.2 Learning Directly

Next we present an algorithm that does not rely on the existence of an algorithm that learns from
a teacher who provides the standard variable assignment examples. Throughout, a (and any
variation of a) is a (possibly empty) conjunction of propositional variables. We will frequently
treat a as a set; in the case that « is empty, its conjunction represents the logical constant T.
Throughout the paper, 8 (and any variation of 3) represents a set of at most one propositional
variable; in the case the B is empty, it is understood to represent the logical constant F. We
represent propositional Horn clauses with the schema a — _6;. we refer to a as the antecedent
of the clause and to 3 as the consequent.

We use the boldface € to denote a membership query and the non-boldface € for normal
set membership. As is standard, we use |= to denote logical entailment and use N and C for set
intersection and proper subset, respectively. The algorithm entailHORN is shown in figure 3.3.

Two crucial properties of entailHORN are (1) that entail HORN keeps a monotonically
growing sequence of antecedents approxAnts that provide clues about distinct clauses of the
target and (2) that entailHORN provides increasingly better approximations as to the identity
of these clauses. The current hypothesis hypoth is constructed from the antecedents comprising

approxAnts by asking for each of these antecedents which consequents are supported by the
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target (line 8). Upon receiving an equivalence query counterexample C (line 3), entailHORN
computes the (unique) minimal model of hypoth satisfying the antecedent of C' (line 4) and
tries to use this minimal model to chip away excess variables in some antecedent in approxints
(line 6). If this attempt fails, entailHORN appends this minimal model to approxAnts as the
initial approximation to the antecedent of some clause of the target for which no information
(in the form of a counterexample) has yet been provided (line 7).

Before arguing that entailHORN is correct and runs efficiently, we need the following sup-

porting definitions and lemmas.

Definition 31 If ¢ is a satisfiable formula, 1 is a falsifiable formula, and ¢ |= ¥, then ¢ is

satd to entail 1 non-trivially.

Next we present a series of lemmas which will enable us to prove the correctness of entail-

HORN.
Lemma 32 If (a — 8) & (&' — B') non-trivially, then a C o and 8 C §'.

Proof: If o € o/, then set all variables in o' to T and all other variables to F. Since there is
some variable in a — o that is set F, this setting satisfies @« — 8. Since o/ — @' is falsifiable,
this assignment falsifies it. But then (a — 8) [~ (¢ — §'), a contradiction.

Similarly, if 8 € #, then assign F to those variables in 8 and T to all other variables.
Because o' — ' is falsifiable, this assignment falsifies it. However, since 8 € #, there is some

variable in 2 that is assigned T so that @ — g is satisfied, a contradiction. 0O

Lemma 33 Let T be a Horn sentence. If T = (a — ) non-trivially, then a is a superset of

the antecedent of some clause of T.

Proof: If T contains some clause with an empty antecedent, then the lemma holds vacuously.

For the case when T contains o clauses with empty antecedent, suppose by way of con-
tradiction that the lemma does not hold. Assign T to all variables in @ and F to all other
variables. (Since a — 0 is falsifiable, this assignment falsifies it.) Now notice that since by
supposition no antecedent in 7' is contained in a, at least Qne variable in each antecedent of T°
is F, thus every antecedent in 7" is F, and so T' must be satisfied. Therefore 7" [ a0 — 3, a

contradiction. 0O

Naming the hidden target llorn theory 7., we will now argue correctness.
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entailHorn
1  approxAnts = 0
2  hypoth=10

3 while hypoth is not equivalent to the target, let C' be the counterexample returned
by the equivalence oracle '

4 & = {8 : hypoth = (ant(C) — 8)}

5 if 3o € approxAnts such that
. aNa C a
. RHS(an &) # 0
6 then replace the first such « in approxAnts by an &
7 else append & to approxAnts
8 hypoth = {& — (3 : a € approxAnts, 8 € RHS(a)}
9  return hypoth
Figure 3.3: The algorithm entailHORN used to learn Horn sentences.
RHS(a)

1 return {v:v ¢ a,* €la —v)}

°It is permissible for v be the logical constant F.

Figure 3.4: Find all consequents of entailed clauses having a given antecedent.




Lemma 34 At all times during the run of entailHORN, T, |= hypoth.

Proof: The subroutine RHS is used to explicitly check that each clause of hypoth is entailed
by T.. A clause a — 3 is placed in hypoth only if § € RHS(a) (line 8). This can only occur if
€(a — B), hence T+ |= (a — 7). Since 7. entails every clause of hypoth, T, |= hypoth. ]

Corollary 35 Any counterezample to hypoth with respect to T, must be entailed by T, but not
by hypoth.

Notice that we can easily determine whether the target is unsatisfiable by first making an
equivalence query on an unsatisfiable Horn sentence, so for expository purposes we henceforth
assume that the target is satisfiable. Also, if the target is a tautology then the first equivalence
query made by entaill HORN will be correct, so we henceforth also assume that the target is
falsifiable. Finally, under these assumptions, since the counterexamples obtained by equivalence
queries (line 3) are entailed by exactly one of two satisfiable Horn sentences, counterexample

clauses are neither unfalsifiable nor unsatisfiable.

Lemma 36 If o — [ is any counterezample of hypoth with respect to T., then there is some

clause o, — B. of Tu such that a. C a and B, € .

Proof: By Corollary 35, T = (@ — ) and hypoth [~ (@ — 3). Because hypoth |£ (a — 3),
a — 3 must be falsifiable. Consider the variable assignment that makes a T and makes all
other variables F; this assignment falsifies « — (. Since T, | @ — 3 this assigniment must
falsify T.. But T, is falsified if and only if some clause o, — 3. of T, is falsified. But this

assignment falsifies o, — B, if and only if @, C a and B € «. O

The following lemma shows that no matter what counterexample entailllORN receives from
the equivalence oracle, the antecedent that entail HORN actually uses to modify approxAnts is

the antecedent of a (possibly different) counterexample.

Lemma 37 [f« — f is « counterezample returned to entailllORN by the equivalence query

oracle in line 3, then the & computed in line | is such that & — 3 is also a countercxample.

Proof: By Corollary 35, 7, |= (« - ) and hypoth £ (« — ). Clearly & contains «, thus

T, |= (& — ). We now show that if hypoth |= (& — ), then hypoth |= (a« — 3).




Suppose that hypoth |= (& — ). Let e be any variable assignment that satisfies hypoth.
If e does not satisfy «, then e satisfies @« — 3. On the other hand, if e does satisfy « then,
since e satisfies hypoth, by construction e also satisfies &. Since hypoth |= (& — §) and since e
satisfies hypoth and &, e must satisfy 8. But then e satisfies  — B. Thus hypoth |= (o — ().
But hypoth & (o — ). Thus h‘ypoth & (& — B). Therefore, & — [ is a counterexample
to hypoth with respect to T.. m]

We want to show that hypoth is becoming increasingly closer to 7T,; to do this we have the

folowing definition which will help describe how far hypoth is from 7..

Definition 38 For o € approxAnts, we say that o properly covers a clause a. — O, if o, C &

and B, ¢ «
We are now prepared to state and prove our main lemma.

Lemma 398 If a; and ay are antecedents in distinct positions of the sequence approxAnts,

then oy and a2 each properly cover some clause of T, but oy and as do not properly cover the

same clause of T.,.

Proof: First observe that for every « in approxAnts there is some 3 such that 7. E (a — B).
This is because line 6 replaces an element of approxAnts only if the replacement, a N &, is
such that T. = (aN &) — B for some 8. On the other hand, line 7 simply appends the
antecedent of the (possibly implicit (Lemma 37)) counterexample constructed in line 3. But by
Corollary 35, this counterexample is entailed by T.. Since every ¢, when placed in approxAnts,
was a counterexample to hypoth, every a is the antecedent of some clause tha is non-trivially
entailed by 7T,. Thus, by Lemma 33, every « in approxAnts properly covers some clause of 7.
Hence o properly covers some clause of T, and a2 properly covers some clause of T,.

We now show that the clauses properly covered by «; and «, are different. Suppose not
and consider the first iteration of the main loop in which this property fails to hold. Let a
and az be two elements of approxAnts that p.u'operly cover the same clause o, — J, of T,.
Without loss of generality, assume that this iteration of the main loop caused s to appear in
approxAnts. There are two ways in which this iteration could place «; in approxAnts - either
ap was appended to approxAnts or «; was the result of intersecting & with some o) that was

in approxAnts in the previous iteration of the loop.




In the former case, since a; and ap (which is actually &) both properly cover o, — 3.,
a; N & properly covers a, — 3., thus 8, € RHS(a; N &) and so RHS{a; N &) # @. Thus, for
entail HORN not to have used & to replace a; in approxAnts, it must be that oy N & = ay.
But, since «; properly covers a. — B., 8. € RHS(a;), and since a; was in approxints when
hypoth was constructed for this iteration hypoth contains a; —~ B.. Thus 8, € &, contradicting
the assumption that & properly covers a, — (.. Thus, & could not have been appended to
approxAnts.

In the latter case, where & was used to refine some antecedent already in approxAnts, we
have that a; = &N a) where o) is some element of approxAnts in the preceding iteration of
the loop. Either a; precedes as in approxints, or «; follows oy in approxints.

Consider the case in which a; precedes a; in approxAnts. If af N & properly covers a.,
then either af properly covers a. — [, or & properly covers a, — (.. But if a4 properly
covered a. — f., then the inductive hypothesis is violated because oy and a5 properly covered
the same clause in the previous iteration. Thus, it must be the case that & properly covers
a, — (.. Since entailHORN did not use & to refine ay, it must be the case that @ N a; = ay.
But, in this case a; C & and since a; properly covers o, — ., then 8. € RHS(a;), and since
a; was in § when hypoth was formed for this iteration, 8. € &, contradicting the assumption
that & properly covers a, — S..

Last consider the case where a; follows a9 in approxAnts, in which case entailHORN did
not try to refine a; with &. If o) N & properly covers a, — J« then either o properly covered
a, — B, or & properly covered o, — B.. If af, properly covered &, — 3.. then the inductive
hypothesis is violated because in the previous iteration a; and o4 properly covered the same
clause. Thus it must be the case that & properly covers a. — J., that a. C o}, and that
B. € aj; otherwise, oy N & could not properly cover a. — 3, and yet have oy not properly
cover a, — f,. Now by assumption a, properly covers a, — f,. Consider all antecedents
used by entailHORN to create or refine (by intersection) the position in approxAnts currently
occupied by a;. Since a. C ay, every antecedent used by entail HORN in the position currently
occupied by «; must have contained e,. Further, since a; does not contain /., one of these
antecedents must not have contained .. Call the first such antecedent &'. Now observe that
since az contains both a, and .. we know that every antecedent that has occupted the position

currently occupied by «f must have contained o, and .. But then for every such predecessor,




o, of af we have that of N & is a proper subset of af because af contains 3. but & does

not. Further, because RHS(aj N &@') properly covers o, — 3 we have that 8. € RHS(a)j N &),
and therefore RHS(oy N &') is non-empty. This contradicts the assumption that &' was used to
refine the position currently occupied by a;.

Thus the antecedents in approxAnts properly cover distinct clauses of T,. ad

We now state our main theorem.

Theorem 40 LetV be a finite set of propositional variables. The class of Horn formulas using
only variables from V is polynomial time learnable from entailed ezamples using equialence

and membership queries.

Proof: It is easily verified that each step in the while loop of entailHORN takes time at most
polynomial in |V| and size of the unknown Horn formula. We need only argue that there are
only polynomially many iterations of the loop.

By Lemma 39, every antecedent in approxAnts properly covers some antecedent in 7, and
no two antecedents in approxAnts properly cover the same antecedent of T,. Thus approxAnts
never contains more elements than there are clauses in T,. Furthermore, entailHORN never
deletes any element of approxAnts, at worst it replaces some element of approxAnts by a

proper subset of that element. This can happen at most as many times as there are variables

in V. a
We immediately have the following corollaries.
Corollary 41 LetV be a finite set of propositional variables. The class of Horn formulas using

only variables from 'V is polynomial time learnable using examples and membership queries using

Horn sentences as examples.

Proof: (Sketch) At least one Horn clause of a counterexample Horn sentence must be suitable

as counterexample for entail HORN. =]

Corollary 42 Let V be a finite set of propositional variebles. The class of Horn formulas
ustng only variables from V is polynomial time PAC learnable using random examples and

membership queries using Horn clauses as examples.
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Corollary 43 Let V be a finite set of propositional variables. The class of llorn formulas
using only variables from V is polynemial time PAC learnable using random ecxamples and

membership queries using Horn sentences as ezamples.

3.3.3 Membership Queries are Necessary

In contrast to Corollary 41, we show that equivalence queries do not wield sufficient power alone
to allow exact learning of Horn sentences from entailment using Horn sentences as examples.
We also give evidence that PAC learning is similarly crippled without membership queries. This
shows that the membership queries used in the previous section are necessary.

Before presenting the result, we define a monotone negative CNF formula as a conjunction
of clauses containing only negated literals. To show the necessity of using membership queries,
we start with the following lemma. The theorem following the lemma is the result we seek in

this section.

Lemma 44 There exists an ezact learning algorithm for Horn sentences that uses equivalence
queries to an entailed ezample teacher using Horn sentences as examples, only if there exists
an ezact learning algorithm for monotone negative CNF formula that uses equivalence queries

to a standard teacher.

Proof: Any assignment to a set of propositional variables can be encoded as a conjunction
of lit- ~als over the variables - if the variable z; is to be set T then place z; in the conjunc-
tion, otherwise place —z; in the conjunction. Clearly only the desired assignment satisfies this
conjunction. Now observe that every monotone negative CNF formula is a Horn sentence,
and assume that A is an algorithm that learns Horn sentences from entailment using only
equivalence queries. Let C, be the target monotone negative CNF formula.

When A makes an equivalence query for some hypothesis H', form H by deleting any
positive literals” in /I’ and make an equivalence query against C,. If the query is answered
“yes” then we are done because 7 is logically equivalent to C.. If a positive counterexample ¢,
is returned (which by definition falsifies /, and therefore satisfies all the negated variables of
one of its clauses). then the monotonicity of €, guarantees that changing any variable setting

in ¢, from T to F results in a positive example of .. So, if e, satisfies /I’ e, must make T

I Lhis produces a clause with no literals, then take H to be an unsatisfiable formula.
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any unnegated variables appearing in any clause in which the remaining (negated) variables
are made frue; obtain e, by setting any such variable to F. Then e, falsifies H' and H so that
like e, €, is also (positive) counterexample to H against C.. On the other hand, if a negative
counterexample e, is returned (which by definition satisfies H ), since H was obtained by simply

deleting literals from (already satisfied) clauses of H', e, satisfies H'.

’

It now follows, that by returning the counterexample (e,, e,, or €ps

as appropriate) encoded
as a coenjunction of literals satisfied only by the counterexample produces a learning algorithm

tor the class of negative monotone CNF formulas. a

Angluin [6] has shown that monotone DNF formulas (DNF formulas that have only un-
negated variables) are not learnable from equivalence queries alone, even when the learner is

allowed to make queries about arbitrary DNF formulas. Our theorem now follows immediately.

Theorem 45 Horn sentences cannot be ezactly learned (with equivalence queries, but without

membership queries) from an entailed ezample teacher usirng Horn sentences as ezamples.

Proof Sketch: The dual of monotone negative CNF is monotone DNF; simply negating the

label of an example provides the correct transformation. a

We next comment on PAC learning (without membership queries) Horn sentences from an
entailed example teacher; we have the following lemma and corollary, which relate PAC entailed
Horn learnability to standard DNF PAC learnability. The standard PAC learnability of DNF

remains the central open problem in computational learning theory.

Corollary 46 Learning Horn sentences with equivalence queries from an entailed example
teacher using Horn sentences as examples is as hard a PAC learning arbitrary DNF formu-

las from @ standard teacher.

Proof Sketch: Because Kearns et al. [65] have shown that PAC learning DNF without
membership queries is no easier than PAC learning monotone DNF without membership queries,
the construction reducing the exact monotone DNF standard learning problem to the exact Ilorn
entailment learning problem leading up to Theorem 45 sufﬁées to reduce the PAC (without
membership queries) monotone DNI standard learning problem to the PAC [lorn entailment
learning problem. Thus a PAC Horn entailment learning algorithm would produce a standard

PAC DN learning algorithm. a
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3.4 Application to Approximate Entailment

We now consider the application of these entailment results outside the field of computational
learning theory by considering the problem of finding the Horn least upper bound of a known
CNF theory, where the Horn least upper bound is defined to be the (unique) logically strongest
Horn sentence entailed by the CNF theory. Even when the Horn least upper bound for some
theory is small, current methods do not guarantee that a small least upper bound will be found
without post-processing the set of entailed Horn clauses found with an algorithm such as the
propositional Horn compression result of Corollary 24. Such an approach does not lessen the
number of resolution proofs needed in the first place to obtain the set of entailed clauses. In
contrast the entailment algorithm suggested below will never approximate the actual Horn least
upper bound by any Horn sentence having more distinct antecedents than the actual Horn least
upper bound. This implies that our a.lgbrithm will never approximate the actual Horn least
upper bound by a Horn sentence that has more than n times as many clauses - and hence is
more than n? times as large ~ as the actual Horn least upper bound where n is the number of
variables in the theory. This suggests the approach of using entailHORN to find the Horn least
upper bound, using the known CNF theory to answer membership and equivalence queries.
However, although the final Horn sentence is guaranteed to be small, this approach too, could
result in far too many resolution applications. Instead, we consider a settiilg in which the
CNF theory is manipulated only when necessary (we consider running entailHORN in a “lazy”
manner), and the environment is used to provide counterexamples to the correctness of the
currently hypothesized Horn least upper bound. We consider two settings in which such an
approach seems plausible.

Consider a setting in which an agent who happens to live near elephants is provided with
some theory ¢ that describes the world. Our goal is to have the agent maneuver in the world
without getting crushed. Among the ways in which our goal can be achieved are (1) have
the agent cower in a corner predicting that everything will crush him, (2) in each situation
determine from ¢ whether he will be crushed, or (3) tractably approximate ¢ by ¢’ and have
him update ¢’ only when he observes (unpredicted by ¢') something being crushed.

Clearly solution (1} is uninteresting. Solution (2) potentially suffers from the uninteresting

features of solution (1) because in the cases where ¢ is intractable, the agent will, in effect,
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spend most of his time in a corner predicting that he will be crushed searching for a proof
to the contrary. Solution (3) seems plausible in that the agent will spend much of his time
exploring the world and only retreat to a corner to spend time manipulating ¢ when nature
deems it necessary. We refer to the agent operating under solution (3) as a lazy agent. A bit

more formally,

Definition 47 Let ¢ be a (propositional) CNF theory, let & = {o,03,...} be a set of unlabeled
clauses whose entailment by ¢ is to be predicted, and let T = {v|,v,,...} be a set of urgent
clauses labeled according to entailment by ¢. Let &1,&, ... be a sequence defined over elements

of SUT. A lazy agent is an agent who uses a prediction strategy that
1. predicts the entailment of each & “quickly”,
2. updates the prediction strategy only upon incorrectly predicting an element of T, and

3. predicts that ¢ entails & only if indeed ¢ = &;

Intuitively, the longer lived lazy agent is the one who predicts that more things are entailed.
The scare quotes around the word “quickly” in the definition are intended to bias the agent
toward using some ¢’ that is a tractable (yet small relative to ¢) approximation to ¢, if such a
¢' exists. Updating ¢’ only upon seeing (labeled) elements of T is intended to capture the idea
that only those predictions whose outcomes are observable in the world are important enough
for the agent to spend time adjusting his prediction strategy to predict them correctly; it can
be argued that the agent is concentrating on the facts that are relevant to the environment he
is exploring.

Given this definition and discussion, an agent who uses entailHORN to acquire the Horn
least upper bound to ¢ and uses intermediate hypotheses hypoth to predict the entailment of &;
seems a satisfactory lazy agent. Any clause entailed by the Horn least upper bound of ¢ must
be entailed by some Horn clause entailed by the Horn least upper bound. [t is an easy matter
to test all of the (at most n) largest Horn clauses that entail the clause to see which ones are
not entailed by hypoth and from among those use resolution on ¢ to find some new Horn clause
to use as a counterexample for entailllORN to update hypoth. Further because entail HORN
is an exact learning algorithm, we can treat it as an on-line algorithm with bounded mistakes.

This means that on Horn clauses of T the agent will make at most a number of predictive
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errors polynomial in the size of the Horn least upper bound of ¢. This is a quantitative means
of measuring the amount of time spent on resolution over ¢.

As a second setting, consider the work by Greiner and Schuurmans, which assumes an
agent who receives a sequence of randomly generated clauses ({52]). For each clause, the agent
determines (via resolution on ¢) whether the clause is entailed, and if necessary, adjusts his
approximation ¢” to the Horn least upper bound ¢’, to correct his prediction. However, the
agent constrains ¢” to have size at most &, so that prediction remains efficient. To accomplish
their goal, they define a set of transformations between Horn sentences of size at most £. In
the end, they show that they find a ¢” that is locally optimal with respect to the neighborhood
defined by the transformations. Hence, they may fail to find a global optimﬁm, even if there is
one of size at most k.

In contrast, we consider an agent who is given a set of randomly generated clauses, labeled
by entailment according to ¢. Since our algorithm produces a sequence of Horn sentences of
monotonically increasing size, we can easily determine whether there is any Horn sentence of
size k consistent with the sample. If the true Horn least upper bound has size at most k, or if
the best size & Horn least upper bound approximation is consistent with the sample, then our
algorithm will find a comparably performing Horn sentence having size at most kn2. In this
setting too, we are able to quantitatively specify the resolution work we must do by noting that
resolution over ¢ is required only to answer membership queries, and our algorithm will make

at most a number of membership queries that is polynomial in kn? and the size of the sample.

3.5 Discussion

Using techniques very similar to Chapter 2, our work closes a question in computational learning
theory left open by [2, 5]. The result is an algorithm that by asking natural questions is
guaranteed to produce a Horn sentence consistent with a set of clauses labeled as to whether
entailed by an unknown Horn sentence; furthermore, the algorithm is guaranteed to tale time
al most polynoniia.l in the size of the smallest among all such consistent Horn sentences.

This new algorithm is then applied to the problem of approximate entailment found in the
field of machine learning. Ilere, this work adds to the approaches found in the literature. Qur

approach is to confine the appeals to resolution to only those places where our polynomial time
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learning algorithm specifically asks about the entailment of a specific Horn clause. Our goal

is to accelerate the construction of a tractable Horn upper bound of a known CNF theory by
providing a sharp focus for the resolution machinery. A side effect of our learning algorithm
is that it implicitly maintains a monotonically increasing lower bound on the size of the Horn
least upper bound of the CNF theory.

We hope techniques from computational learning theory will continue to find fruitful appli-
cation in the field of machine learning. For example, can efficient learning algorithms further
limit the number of appeals to or further limit the focus of resolution in constructing a tractable,

useful approximation to a given CNF theory?

-1
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Chapter 4

Membership by Subsumption

What formal utility can be imparted to an expert’s response time when presented with a
question?  Computer Science is replete with examples of caching for speed improvement.
Computer memory hierarchies remember the most recently accessed data item. Operating
systems remember the most recently accessed fragment of code. Caching is founded on the
principle that what was useful recently will be useful shortly.

We might imagine that a domain expert operates in a similar fashion; faced with a problem,
the expert may start with those ideas that proved useful very recently, and in this way he can
be seen as caching recent results for use in the near future. Notice that this view assumes that
the expert does not reason from first principles right away - indeed, at any given moment his
description of the world may be quite different than the shortest possible description. However,
because the expert uses knowledge that has proven useful recently, a problem that is very similar
to a recent problem can be solved quite quickly given the expert’s current description of the
world, whereas that same new problem might require significant effort to solve given only the
smallest possible world description. Thus, the expert’s current world description is related to
which problems he can solve quickly - independent of his ability to articulate that description.

In the previous two chapters, we have considered two notions of example labeling. We have
seen variable assignment exainples jabeled according to whether the target is satisfied, and we
have seen clause examples labeled according to entailment by the target. In this chapter we
consider a third kind of example labeling thal seeks to capture the efficiency of an expert in

answering questions. llere we imagine that the expert has reached sowe fixed, cached repre-
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sentation of the world and he answers question according to that representation. We explore
the interaction of a learner with such an expert. QOur goal is to learn a fixed snapshot of the
expert’s cache at some moment in time, believing that by doing so we are capturing not only
a description of the world, but also the proven efficiency of the expert in reasoning about the
world.

Angluin [5] provided an algorithm for learning a restricted class of propositional Horn sen-
tence which uses what she terms a request for hint query. The answer to this query tells the
learner whether his chosen clause is subsumed by some clause of the target. In terms of an
expert/apprentice interaction, we view this as the apprentice being told that his question is triv-
ially answered by comparing the clause to the set of clauses in a proven, useful representation
- that is, the expert can answer the question quickly (as opposed to taking time to construct a
complicated proof).

We present a learning algorithm that uses subsumption queries and equivalence queries.
We then show that the algorithm is a polynomial time learning algorithm for any class of CNF
formulas that is closed under projection, closed under clause deletion, and has a polynomial
time solution to the satisfiability problem. To illustrate the utility of this generic algorithm,
we demonstrate that it learns a class of formulas constructed by Boros et al. [27] that properly

contains the class of Horn sentences and was nst previously known to be learnable.

4.1 Definitions

In order to formally model this expert/apprentice relationship, we need to specify precisely
what is to be learned by the apprentice, what information is available to the apprentice, and
the types of questions the apprentice is permitted to ask. Here we assume that the expert’s
description of the world belongs to some class F of propositional CNF formulas. We assume that
the apprentice knows F; however, we assume that the apprentice does not know the expert’s
world description itself. The apprentice’s goal is to learn the expert’s target description.

If we expect the apprentice to correct an erroneous hypothesis of the world, we must show
him that his hypothesis is, in fact, in error. The means by which we allow the apprentice access

to errors in his hypothesis is once again an equivalence query.




To consult with the expert, we allow the apprentice subsumption queries. Recall that a CNF
formula is a conjunction of disjunctions of literals and that for propositional clauses C' and C’,
C’ subsumes a clause C exactly when the set of literals in C’ is a subset of the literals in C. A
subsumption query occurs when the apprentice chooses a clause and asks the expert whether
the clause is subsumed by some clause of the target. The expert answers either “yes” or “no”.
Thus, subsumption queries can actually be viewed as membership queries using as examples
clauses labeled according to subsumption by the expert’s description of the world. Notice that
the expert can answer the subsumption query in time polynomial in the product of the the
lengths of the apprentice’s clause and the target.

To obtain polynomial time learnability for a class F of CNF formulas, we depend on F
possessing three properties — the satisfiability problem for F is decidable in polynomial time,

F is closed under variable projection, and F is closed under clause deletion. We now define

these properties.

Definition 48 Let F be a class of formulas, and let ¢ € F. The satisfiability question for ¢
is “Does there exist a truth assignment for the variables appearing in ¢ that satisfies $?” The
satisflability problem for F is decidable in polynomial time if there exists an algorithm that

correctly answers the satisfiability question for any ¢ € F and runs in time polynomial in the

length of ¢.

Definition 49 Let F be a class of formulas. We say that F is closed under variable projection
if for any ¢ € F and any variable v appearing in ¢, firing the truth value of v to be either T

or F produces a formula ¢' € F such that the size of ¢’ is no greater than the size ¢.

Definition 50 Let F be a class of CNF formulas. We say the F is closed under clause deletion
if deleting any clause from any ¢ € F produces a formula ¢' € F.

We close this section with a word on notation. We represent clauses C in an implicative
form denoted o — (8 where « is the conjunction of variables occurring negated in ¢’ and i is

the disjunction of variables occurring unnegated in .




4.2 The GENERIC Algorithm

This section proves our main result of this chapter, but first we need a general property relating

entailed clauses to subsumption.

Lemma 51 Let g =Ci AC2A---ACy, be any CNF formula, and let a.— (3 be any clause C

entailed by ¢. Then there exists some C; = a; — B; in ¢ such that C; subsumes o — B;.

Proof: Let M be the variable assignment that sets every variable in @ to T and all other
variables to F; clearly, M falsifies C. Since ¢ = C, it must be the case that M also falsifies ¢,
and therefore M must falsify some clause C; = a; — 3; of ¢. This means that every variable in
o; is set T and every variable in §; is set F'. But then « must contain every variable in «; and
none of the variables in §;, so a; — 3; is the clause whose existence is asserted by the statement

of the lemma. a

Armed with the ability to ask subsumption queries, we now present a learning algorithm for
any class F of formulas that is closed under variable projection, closed under clause deletion,
and for which the satisfiability problem is polynomial time decidable. We have the following

theorem.

Theorem 52 Let F be any class of CNF formulas such that
* F is closed under variable projection,
o F is closed under clause deletion, and
o the satisﬁabz:lit.y problem for F is decidable in polynomial time

Then F is polynomial time learnuable given equivalence and subsumption queries.

Proof: Consider the algorithm GENERIC shown in figure 4.1. Initially 4 is the universally true
hypothesis, thus ¢ = h. Every clause conjoined to A in line 17 is subsumed by some clause of
¢, therefore ¢ |= h after every update. Thus, every ¢ sunterexample obtained in line 2 x.nust be
a clause ' that i improperly fails to entail. Thus, there must be a satisfying assignment for i
that falsifies . This satisfying assignment is computed in the loop beginning in line 7.

Now, in line 13, after the satisfying assignment has been computed, 7" and /' contain the

variables assigned T and F, respectively. Since this assignment falsifies ' and ¢ = (', this
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assignment falsifies ¢. Therefore ¢ = (Azer ) — (Vyer y). Now by Lemma 51 there is some
B’ such that (A er) — B’ is subsumed by some clause of ¢; certainly \/ cp contains that 3’
and so some clause of ¢ subsumes (Azer) = (Vyer)-

The loop beginning in line 13 removes variables from F one at a time while ensuring that
some clause of ¢ still subsumes the resulting clause. Thus this loop finds a minimal set F, i.e.,
finds ezactly some B’ that is actually the B; for some clause C; of ¢.

Similarly, the loop beginning in line 15 produces a minimal set T such that (Agerz) —
(Vyer y) is subsumed by some clause of ¢, i.e., T will contain exactly the variables of a; for
some clause C; of ¢ whose §; is exactly contained in F. In other words, the clause added to A
in linc 17 is some actual clause of ¢. To see that this is not the same as some clause already in .
h, notice that the assignment computed in the loop at line 7 satisfies every clause already in A,
but this assignmen: falsifies the clause added to & in line 17.

In regard to running time, since every iteration of the while loop in line 2 produces a new
clause of the target, there are no more iterations than there are clauses of the target. In the
body of the loop, constructing the satisfying assignment for & deserves consideration. Since h
contains a subset of the clauses of ¢, it must be that A € F because .7: is closed under clause
deletion. Similarly, provisionally setting a variable to T in line 8 produces a formula in F no
larger than h because F is closed under variable projection. Last, the test as to whether the
variable can be set T in line 8 can be done in polynomial time becaunse satisfiability for F is
decidable in polynomial time. For the remainder of the while loop body, minimizing the sets

T and F requires examining each variable only once. a

4.2.1 A Note on Disposing of Equivalence Queries

As mentioned earlier, it is possible (and perhaps appealing) to replace the equivalence queries
with randomly generated examples. If our apprentice simply observes nature and verifies that
his hypothesis correctly predicts' each observation, then any misprediction can be treated as a
counterexample to what would have been an equivalence query. Assuming the expert’s descrip-
tion of the world is accurate, the apprentice will make only a number of mistakes polynomial

in the size of the expert’s description. Thus the apprentice can acquire the expert’s efficient

'Because F is closed nnder variable projection and the satisiability problem for F is decidable in polynomial
time, prediction of an observation ie, cutailment by the hypothesis  is elficiently decidable for the apprentice.
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GENERIC
1 Set h to be the empty hypothesis

2 While EQ(A) returns a counterexample ¢ — 3
/* Falsify a — 3 */

3 Set T to be the set of variables in «

4 Set F to be the set of variables in 3

5 ‘Set all variables in a to T and all variables in 8 to F and let 2’ be the result of
projecting these variable setting out of A

6 Let V be the set of unassigned variables in A’
/* Find a satisfying assignment for A’ */
For each v e V

If A’ is satisfiable when v is T
Set v T, and project v out of A’
10 Place vin T
else

11 Set v F, and project v out of A’

12 Place v in F
/* Remove extraneous variables from the consequent */

13 For each variable v in F

14 f SUBSUME((Azer =) — (Vyer-{v} ¥)), remove v from F
/* Remove extraneous variables from the antecedent */

15 For each variable v in T

16 If SUBSUME((Azer-(v) ©) = (Vyer y)), remove v from T
/* Add the new target clause to the hypothesis */

17 A= hV((Aser) -+ (Vyer d)

Figure 4.1: The GENERIC learning algorithm.

~
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description of the world without demanding that the expert answer any equivalence queries, or

indeed, without demanding that the expert even be able to articulate his description.

4.3 A Newly Learnable Class

Boros et al. [27] define a class of CNF formulas for which the satisfiability problem is decidable

in polynomial time. This class, which we call BCH, is defined next.

Definition 53 LetV a set of propositional variables. Partition V into two disjoint sets X and

Y. The class BCH is the set of arbitrary conjunctions of clauses over V such that

o No clause contains more than two unnegated variables,
e No clause contains more than two Y variables, and
o No clause contains both a Y variable and an unnegated X variable.

This class contains functions that are representable neither as Horn sentences nor as 2-CNF
formulas®. For example, taking X = {a} and Y = {b, c} shows that the formula (-a VbV c) is
in BCH, although it is representable neither as a Horn sentence nor as a 2-CNF formula.

Taking X = V shows that BCH contains Horn sentences. The first condition in the definition
is satisfied because Horn sentences permit at most one unnegated variable per clause; the last
two conditions are trivially satisfled because there are no ¥ at all.

Taking Y = V shows that BCH contains 2-CNF formulas. The first two conditions of the
definition are satisfied because no clause of a 2-CNF formula has more than two variable; the
last condition is satisfied because there are no X variables.

Thus, BCH properly contains the union of Horn sentences and 2-CNF formulas. Although

this class was not previously known to be learnable, we have the following result.
Corcllary 54 The class BCH is ezactly learnable (using time polynomial in the expert’s de-
scription’s size) from subsumptiorn and equivalence queries.

Proof: Boros et al. showed that the satisfiability problem for BCIl is decidable in polynomial
time. Next, observe that BCH is closed under variable projection and clause deletion. Thus by

Theorem 52, GENERIC is a polynomial time learning algorithm for BCH. 0o

2o - N . . . .. .
I'he class 2-CNF consists of conjunctions of clanses, cach clause containing at most two literals.
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4.4 Queries About Proof Length

As a final note we consider the notion that an expert may be able to deduce that some fact
follows from his description of the world by constructing a simple proof quickly, but beyond some
point the complexity of constructing a proof that a particular fact follows from his description
exceeds his abilities. We model this provable/unprovable by the length of the proof; we assume
that the expert can construct a proof of length &k almost instantaneously. In such a situation, the
expert’s “yes” response actually means that the clause presented by the appretice is subsumed
by some clause whose proof is at most k resolutions long. We call this a proof-length k query.

By adding the property of being closed under resolution to the hypothesis of Theorem 52

we easily obtain the following corollary.
Corollary 55 Let k be fizred. Let F be any class of CNF formulas such that
o F is closed under resolution,
o F is closed under variable projection,
e F is closed under clause deletion, and
o the satisfiability problem for F is decidable in polynomial time

Then given equivalence and proof-length k queries, F is exactly learnable in time polynomial in

the expert’s description’s size and exponential in k.

Proof: (Sketch) Since F is closed under resolution, assume that all resolvents of proofs of

length at most k are added to the target and apply Theorem 52 to this padded target. a

4.5 Discussion

This chapter provides a sufficient set of conditions under which & polynomial time learning
aigorithm using equivalence and subsumption queries is guaranteed to exist. Which, if any, of
these conditions is also necessary?

Theorem 52 can be viewed in different ways. Strictly speaking from the view of computa-
tional learning theory, the subsumption queries used by GENERIC cheat - they explicitly request

information about the representation of the target rather than merely information about the
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function represented by the target. An entailment query — “Is this clause entailed by the tar-
get?” - is a non-cheating query related to subsumption. Is there a simple set of sufficient
conditions under which a theorem analogous to Theorem 52 holds where entailment rather
than subsumption queries are used?

On the other hand, questions of entailment may demand lengthy proofs from the expert,
whereas, operationally speaking, answers to questions of subsumption would manifest them-
selves as the amount of time it takes the expert to answer an entailment question. Thus from
a practical standpoint, any delay from the expert in answering “Is this clause true?” can be
interpreted as &. ~nswer of “no” to the question of “Is this clause subsumed?” Thus, by taking
advantage of an expert caching an efficient description {as opposed to a minimal description)
the apprentice acquires an accurate and efficient description from the expert — even when the
expert is unable to articulate that description. Along this line of discussion, an obvious ques-
tion to investigate is psychological; do experts cache efficient descriptions in representation

languages amenable to acquisition by GENERIC?
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Chapter 5

Consistently Ignorant Teachers:

Membership by Consensus

Most of the theoretical work models the interaction between the learner and the environment
by an omniscient oracle (or teacher) that classifies all objects as positive or negative examples
of the concept to be learned. Thus, it is assumed that there is a well-defined border separating
positive examples from negative ones. In practice, though, classification is often unclear. For
example, suppose a robot operating in an assembly plant must determine whether a part is
defective. While some parts will be clearly defective and some clearly not defective, there may
be some parts for which the teacher cannot decide. As another example, there are situations
in which the classification of some objects is not well defined: An algorithm designed to read
handwritter cheques will likely encounter many handwritten characters that look somewhat
like a “4”, and somewhat like a “9”. In such cases, where even an expert does not have the
knowledge ‘o classify all objects, determining which objects are unclassifiable seems at least
as important as determining the classifications of objects which are classifiable. From the
learner’s perspective, the regions of the example space that defy classification create a blurry
border between the positive and negative examples that the learner must determine.

In this chapter, we introduce a new formal learning model in which the teacher (or environ-
ment) with which the learner interacts has incomplete information about the target function
due to intrinsic uncertainty or due to gaps in the teacher’s knowledge. The key requirement

we place on the Leacher is that all examples (or objects) labeled with “?” (indicating unknown
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classification) are consistent with the teacher’s background knowledge about the class to which
the unknown function belongs. In particular, the classification of any example labeled with
“?” should not be determinable from the positive and negative examples, and knowledge of
the concept class. (Thus the teacher is “consistcntly ignorant”.) Observe that the examples
labeled with “?” can be arbitrarily far away from the original border — they are just required
to be consistent with the other labels and the background knowledge of the class. The goal of
the learner will be to learn a good approximation to the knowledge of the teacher. Namely, the
learner must construct a ternary function (i.e. with values {0,1,7}) that, with high probability,
classifies most randomly drawn examples exactly as the teacher does.

Next we introduce the notion of an agreement of concepts from a concept class C, and
show that the problem of learning concepts f € C from a consistently ignorant teacher can be
modeled as the problem of learning agreements of concepts from C. As a third characterization,
we show that any blurry concept can be represented as the agreement of a finite union and
intersection of concepts from C. We then show that for any concept class C for which PAC
learning algorithms are known, these algorithms can be used to build an algorithm for learning
the agreement of nested concepts from C. For the problem of learning the agreement of concepts
from C that are not necessarily nested, we show that if the intersection and union of arbitrarily
many concepts from C is learnable, then C is learnable from a consistently ignorant teacher.
While, often, algorithms are not known for learning unions and intersections cf concepts from
C, under certain conditions it is still possible to learn the a.-greements of concepts from C. For
example, consider a class C for which the intersection of concepts from C is learnable, yet there
is no known algorithm to learn the union of concepts from C. In some cases it may still be
possible to learn C from a consistently ignorant teacher by using information gained by learning
the intersection of concepts in the agreement to aid in learning the union of these concepts. The
learner’s ability to use intersection (union) information to obtain positive results for learning
unions (intersections) of concepts from classes for which no algorithms are currently known
is intriguing. To illustrate the limits of this approach, we show that learning the agreement
of an arbitrary number of Horn sentences is as hard as learning DNF. Thus, assuming DNI
cannot be learned in the standard mode! (permitting membership queries), propositiotal Horn
sentences, while learnable in standard models from omniscient teachers, cannot be learned from

consistently ignorant teachers.
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5.1 Background and Related Work

Most previous research on concept learning assumes for any f € C and = € X that either
f(z) = 1 or f(z) = 0. In these situations the border between the positive and negative
examples is well defined. There has been work addressing the issue of mislabeled training
examples (14, 69, 97, 64] and some addressing the issue of noise in the attributes [94, 51, 74]. In
these situations, the border between the positive and negative examples may appear blurry te
the learner, but this is just the result of the noise process that has been applied to the properly
labeled example. There has also been some work considering learning from noisy membership
queries {50, 91}.

Angluin and Slonim [12] introduced a model of incomplete membership queries in which
each membership query is answered “don’t know” with a given probability. Furthermore, this
information is persistent—repeatedly making a query that was answered with “don’t know”
always results in a “don’t know” answer. As in their work, one of our goals is to model the
situation in which the teacher responding to the learner’s queries is not omniscient. Observe,
that in Angluin and Slonim’s model since the teacher is randomly fallible, there is no guarantee
that all of the teacher’s knowledge about the target concept is used in answering queries. For
example, it is possible that their teacher knows that povdles are mammals, but responds with
“don’t know” when asked if 2 french poodle is a mammal.! Further, their result for learning
monotone DNF depends very heavily on this inconsistency of the teacher. In the context of
moaotone DNF, our consistency requirement manifests itself as follows: The teacher should
know that adding positive attributes to an already positive example yields a positive example.
(Dually for negative examples.) Thus, in the standard boolean lattice defined over variable
assignments, all positive examples are above all unknown examples, which, in turn, are above
all negative examples. In Angluin and Slonim’s algorithm for learning monotone DNF, if the
teacher replies that f(z) =7 then the learner samples below z in the boolean lattice for some
(known) positive example y, implying that z is a positive example. [f none are found, the learner
concludes with high probability that x is a negative example. Thus, the teacher's ignorance

is not consistent with the knowledge that the target function is monotone; the learner can

Y[ our view, the notion of an incomplete membership oracle seems to better model noise than it models
incomplete knowledge. [ndeed, they note that their algorithm for learning monotone DNF with an incomplete
membership oracle can be used to learn monotone DNF with random one-sided errors.




determine the underlying booclean function by deducing what the teacher does not (but should)
know. In our model, this would not be possible, as the teacher’s lack of knowledge is consistent;
the best that the learner can do (and what we demand that the learner do) is to learn which
examples are positive, which negative, and which are unknown.

In other related work, Kearns and Schapire [67] genera.lized the PAC setting to non-binary
values using Haussler’s framework [56]. They define a p-concept in which each example z € X
has some probability p(z) of being classified as positive. An observation consists of an example
z drawn randomly according to D and then independently classified as positive with probability
p(z) and negative with probability 1 ~ p(z). In their model, the goal of the learner is to make
optimal predictions, or more commonly, to accurately predict p(z) for all = € X'. The goal of
the learner in our proposed model has similarities with the p-concepts model. However, here we
are interested in learning problems for which the learner need just determine whether p(z) = 0,
p(z) =1,0r0 < p(z) < 1. (If a written numeral is sometimes identified as “4” and sometimes as
“9”, the learner just wants to know this—it does not need to determine what percentage of the
population would call the numeral each value.) Similarly, our work differs from the literature
on fuzzy sets in that we do not quantify degrees of membership. (It differs perhaps even more

in our application of the learning models from computational learning theory.)

5.2 The Model of a Consistently Ignorant Teacher

We now formally define our model of learning from a consistently ignorant teacher. A blurry
ternary concept f- is created by taking any f from the base class C and changing a set of
examples ) C X from their current value to “?” indicating that the teacher does not know
their classifications. Furthermore, we require that this be done consistent with the knowledge
that f was chosen from C: If every concept f € C consistent with the labels of examples from

X —Q, labels q as positive (respectively, negative), then f» cannot label g as “?”. More formally:

Definition 56 Let f- : X — {0,1,7}, and let P = {z | f2(z) = 1}, N = {z | fo(x) = 0}, and
Q = {z| f2(z) ="}. Then [+ is a blurry (.:oncept Jor C if for every q € Q, there exists functions
Jo and fi in C such that: (1) for all x € P, fo(x) = fi(z) = 1, (2) for all x € N, fo(x) =
filz) =0, and (3) folq) =0 # 1 = fi(q). We define the blurry concept class C» = {f-| f» is a
blurry concept for C}.
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Thus for any concept class C, the class C» contains exactly those blurry concepts that can
be generated from some f € C. For a target function f, we say that an example z € Y is a
positive example if f(z) =1, is an unknown example if f(z) = 7, and is a negative example if
f{z) = 0. We assume that random examples are chosen (by nature) from an unknown, arbitrary,
distribution D, and are then given a label ftom {0,1,7} by the teacher, and presented to the
learner. ﬁsing the obvious extension of the PAC and PAC with membership query models we
say that the learner has successfully learned f» € C; if with probability at least 1 — §, the
(ternary) hypothesis output by the learner has probability at most € of disagreeing with f» on
a randomly drawn example from D. If such a polynomial-time learning algorithm exists, we
say that the blurry class C¢ is learnable, or equivalently, that the class C is learnable from a
consistently ignorant teacher, in the PAC or PAC with membership query models. Finally, note
that one way a hypothesis A might err, is if f2(z) =7 and h(z) #?. Thus, “?” does not mean

“don’t care”.

5.3 An Alternate Formulation of The Model

To understand some complexity issues involved in learning from consistently ignorant teachers,
we consider when C is the class of pure conjunctive concepts (monomials)—each concept is
a simple conjunction of variables or their negations. Let P,Q, and N be the set of positive,
unknown, and negative examples, respectively, for some blurry monomial. In this case, it is
straightforward to show that P must be representable as a (nonblurry) monomial m. Further,
it is not difficult to show that P U @ can be represented by a unate? DNF that contains only
those literals appearing in m (provided P is not empty). These observations are sufficient to
construct a PAC with membership query algorithm to learn the class of blurry monomials (for
which P is nonempty): run a known algorithm for learning (non-blurry) monomials [98] to
learn the set P of positive examples, and at the same time run a known learning algorithm for
unate DNF [9] to learn the set P U @Q of nonnegative examples. Then () and N can be easily
determined from knowledge of P and P U Q.

Is this a polynomial time algorithm? [t depends on our choice of complexity parameters.

By definition, there is some “underlying” boolean mounomial m (of size |m| < n, the number

2 A unate formula is one in which no variable appears both negated and unnegated.
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of variables) that has been turned into a blurry concept. So perhaps |m| is a reasonable size
measure for this blurry concept, and the above algorithm needs to run in time polynomial
in |m| to be considered efficient. However, as we observed, the learning problem is not that
of determining some underlying boolean concept, but that of determining the ternary blurry
concept, which requires learning N, and thus indirectly, PU @ = X — N. A particularly
nasty choice of “?” examples can result in a unate DNF describing the set P u @ that has
a number of terms exponential in n (hence, exponential in the size of any monomial frors C).
Instead of relying then, on the size of some underlying concebt, we capture the complexity of
a blurry concept by reformulating the notion as that of an agreement of base concepts, and let
the complexity rely on the complexity of the individual base concepts forming the agreement.

Let F be a finite set of boolean functions. The function Agreep is a ternary function whose

classification on example z € & is given by

1 if f(z) =1 for each f € F,
Agreep(z) =< 0 if f(z) =0 for each f € F,

? otherwise.

We now argue that the problem of learning agreements of concepts from C is equivalent to
learning C from a consistently ignorant teacher, or equivalently, learning the blurry class C».
The notion of an agreement of base concepts has independent interest, as it models a type of
unanimous vote of independent agents. The following lemma shows that being consistently

ignorant is no different than being indecisive in the face of competing hypotheses.
Lemma 57 For any class C of boolean concepts, the blurry class C» = {Agreep | F C C}.

Proof: We first show that any f» € C-» can be expressed as an agreement of concepts from C.
Let P ={z| fr(z) =1}, Q = {z | fo(¢) =7}, and N = {z | fz(z) = 0}. We construct a set
of concepts F from f- such that for all z € X, f+(z) = Agreeg(z). Initially, let F = . Now
for each = € X' for which f2(z) =7, we add to F the pai- of functions fo and f; described in
Definition 56. By definition, fo and f exist for each 2 € Q. Since all concepts placed in F
correctly classify all examples in P, it follows that for any « such that f(z) = 1, Agreeg(r) = 1.

Likewise, for all « such that f(.c) = 0, Agree;(x) = 0. Finally, observe that for any . such that
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f(z) =7 we have placed in F two concepts (fo and f;) that disagree on the classification of x
and thus Agreeg(z) =7.

We now show that for any F' C C there is a blurry concept f2 € C- that is logically equivalent
to Agreep. Select any f € F as the targei function from which f» will be created. Observe
that by the definition of Agreer, for all examples = that are classified by Agreer as positive
or negative, Agreep(z) = f(z). Let @ C X be the examples classified as “?” by Agreeg.
Since for any ¢ € @ there must be two concepts in F that classify all examples in X' — @
correctly but classify z differently, it follows that for each ¢ € @, f(g) cannot be computed
from {(z, f(z) | * € X — Q@}. Thus the blurry concept f» obtained from f by changing the

examples in @ to “?” is logically equivalent to Agreer. a

Hence, the problem of learning blurry concepts C- generated from a base class C is equivalent
to the problem of learning the agreements of sets of concepts from the base class C, (and
equivalently, learning C from a consistently ignorant teacher). Using this correspondence, we
cbtain a complexity measure for the size of f»: First, define the representation size of a subset of
concepts F' to be 3" ¢cp | fl. Now define the size of f7 € C7 (denoted by |f2|) to be the minimum,

over all subsets F C C for which Agreep = f7, of the representation size of F.

5.4 Positive Results for Learning Agreements

We show that PAC and PAC with membership query learning algorithms can be designed
to learn from consistently ignorant teachers. We first consider the problem of learning the
agreement of a pair of nested concepts. We show that if both concepts are chosen from classes
for which learning algorithms exist, then we can use these algorithms to obtain an algorithm
for learning the agreement of the functions. We then present a general result addressing how
known algorithms for learning froin omniscient teachers can be applied to learn from consistently
ignorant teachers even when the base functions are not nested. We apply this technique to
obtain positive results for learning (under certain conditions) the agreement of monomials,

monotone DNI' formulas, and DNF formulas with a constant number of terms.
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5.4.1 Learning Agreements of Nested Concepts

Observe that a concept f € C can be viewed as a characteristic function denoting the subset
of examples from & that f classifies as positive. Thus for two concepts fi and fo, we write
fi C f2 if the set of positive examples of fi is a subset of the positive examples f;. Given a set of
concepts F = {f1,..., fc} we say that these concepts are nested if fy C fo C --- C fr. Observe
that in such cases Agree(; 1 = Agreers 1 and thus, without loss of generality, we consider
learning the agreement, Agree(, (1, of two nested functions f, and f, (s and g for “specific”
and “general”). Suppose these are chosen, respectively, from known polynomial-time PAC with
membership query learnable concept classes Cs and Cg. Then the learning algorithms for Cg

and Cg can be used to learn the following blurry concept class:

Nested?(Cs,Cq) = {Agree(s, s | fs € Cs, fy € Cg,and f, C fy}.

Theorem 58 IfCs and Cg are PAC with membership query (respectively PAC) learnable con-
cept classes, then Nested?(Cs,Cq) is PAC with membership query (respectively PAC) learnable.

Proof: Let Ag (respectively Ag) be the PAC with membership query algorithm for learning
Cs (respectively Cg). We obtain an algorithm A (figure 5.1) to learn Nested:!.Cs,Cg) by
simultaneously running Ag treating “?” as “~” to obtain hg, and running Ag treating “?” as
“+” to obtain hg, demanding error at most €/2 with confidence at least 1 — §/2 from each.
Then output h = Agree(,_ 5 .1 as the final hypothesis.

We now argue that the hypothesis & output by A has error at most € with probability at
least 1 — §. By the correctness of Ag, the probability that the error of Ag is greater than €/2 is
less than §/2. Likewise, the probability that the error of Ag is greater than €/2 is less than §/2.
Clearly the error of 4 is at most the error of Ag plus the error of g, and thus the probability
that the error of h is at most € is at least 1 — §. Since As and Ag run in polynomial time,
it immediately follovw that A runs in polynomial time. Finally, note that .4 only makes a

membership query when either As or Ag does. a

We note that, under the assumption that the evaluation problems for Cs and C¢ are

decidable in polynomial time, the stronger exact learning version of Theorem 58 can be obtained

a “7” example returned from an equivalence query are given to As when it would serve as a
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Learn-Agreement-Nested-Concepts( F, €, )

Let F:= {f,, f;} such that f, C f,.

Let As be the PAC with membership query learning algorithm for Cs.
Let Ag be the PAC with membership query learning algorithm for Cg.
Simulate Ag (with parameters €/2 and §/2) as follows:

v B W N

If As requests an example, then draw a random labeled example (z, f(z)) from

D.

6 If As performs a membership query member(z) then perform a membership
query on z to obtain f(z).

If f(z) = 1 then give (z,1) to As,
Else give (z,0) to As.
Let s be the hypothesis output by Asg.
10  Simulate Ag (with parameters ¢/2 and §/2) as follows:

11 If Ag requests an example, then draw a random labeled example (z, f(z)) from
D.

12 If Ag performs a membership query member(z) then perform a membership
query on z to obtain f(z).

13 If f(z)=1o0r f(z) = “?” then give (z,1) to Ag,

14 Else give (z,0) to Ag.

15 Let hg be the hypothesis output by Ag.
16 Return the hypothesis Agreeg, , 3.

Figure 5.1: A method for learning the agreement of nested concepts.

0
P
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negative counterexample to hg, otherwise it must be a positive counterexample for Ag. Positive
and negative examples returned from an equivalence quer are handled similarly.

Another modification of the above algorithm produces an on-line learning form of Theo-
rem 58. More specifically, the modified algorithm receives an arbitrary sequence of examples
z, and is asked to predict f2(z). The algorithm may ask membership queries (about examples
v # z). Then it predicts the value of f2(z). The modified algorithm spends only polyno-
mial time to output each next prediction, and the number of times it will predict incorrectly,

regardless of the sequence of trials, is bounded by a polynomial in =, |f,| and |f,].

5.4.2 A General Technique for Learning Agreements

We now give a general technique that allows Theorem 58 to be applied to arbitrary blurry
concepts. We show how an arbitrary agreement of concepts from a class C (and hence, an
arbitrary blurry concept f» from C-), can be represented, without significant increase in size, as
the agreement of two nested concepts, one of which is an intersection of concepts from C, and
the other is a union of concepts from C.2 Thus when unions and intersections of concepts from
C are learnable, then the blurry class C» will be learnable. We then apply this technique to
show that, with some restrictions, the class of monomials, monotone DNF formulas, and DNF

formulas with a constant number of terms are learnable from a consistently ignorant teacher.

Definition 59 Let F be a finite set of boolean functions. The function Uniong is a boolean
Junction which classifies example x as “1” if f(z) = 1 for some f € F and as “0” otherwise.

Likewise, Intersecty classifies x as “1” if [(z) = 1 for each f € F and as “0” otherwise.

To discuss algorithms for learning unions or intersections of concepts from a given class,
we must provide a size measure for each concept in the class. As we defined |Agreeg|, we
define |Uniong| (respectively, |Intersects|) to be the minimum, taken over all F' C C for which
Uniongr = Uniong (respectively, Intersectp = Intersecty), of the representation size of F”.
Each concept Agreep in the class Cy is equivalent to the agreement of two concepts - Uniong

and I[ntersectr, and the size of this alternate representation is at most twice the size of the

original representation.

*There is an interesting relationship, discussed in Section 5.6, between this observation and Mitchell’s version
space algorithm [80).
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Lemma 60 [f F is a finite subset of concept classC, then Agreep = Agree [ntersecte, Uniong}

and the size of Agree{[n is at most twice the size of Agreeg.

tersecty, Uniong}

Proof: The assertion about size holds by definition, as for both functions the determining
value is the size of the set I, that appears once for one function, and twice for the other.

The functions are equivalent: note that for any example z, Agree{lntersectp,Unionp}(x) =1
if and only if Intersectr(z) = 1 since Intersectp(z) < Uniong(z). It therefore follows that
Agree{[ntersectp,Unionp}(“’) = 1 if and only if for all f € F, f(z) = 1. But, by definition,
this is exactly when Agreep(z) = 1. An analogous argument shows that the two functions
are identical when z is a negative example. Finally, since they agree as to which examples are

classified as positive and negative, they must also agree as to which examples are to be classified

w9 m]

We now use this characterization to obtain an algorithm for learning from a consistently ig-
norant teacher when finite sets of unions and intersections from the given class are known
to be learnable. To aid the exposition, we introduce Cn to denote the set {Intersectg :

F a finite subset of C}, and Cy to denote {Unionp : F a finite subset of C}.

Theorem 81 Let C be a concept class for which Cq and Cy are PAC with membership query

(respectively PAC) learnable. Then C2 is PAC with membership query (respectively PAC) learn-
able.

Proof: For any collection F' of concepts, Intersecty C Uniong, and thus by Theorem 58, if
Cn and Cy are PAC with membership query learnable then so is {Agfee{lntersectp.Unionp} :
F C C}. Combined with Lemma 60 we get the desired result. As in Theorem 358 this result

also applies when no membership queries are provided to the learner. a

The following corollary shows that the agreement of monomials with nonempty intersection

is learnable.

Corollary 62 Let C be the class of monomials, and let C} = {c:c € C7,3x c(x) = 1}. Then
C3 is PAC with membership query learnable.

Proof: The class Cn is learnable since C is closed under intersection and known to be learn-

able [98]. If I C C is a subset for which there is some example & such that Intersect(z) = 1,
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then z satisfles every monomial in F and so it cannot be the case that some variable appears
both negated and unnegated in F. Thus Uniong is a unate DNF formula, that is PAC with
membership query learnable [9]. It is also easily verified that for any finite F C C, the size of
the representation of Intersecty as a monomial and the size of the representation of Uniong as

a unate DNF formula are each O(3 ;¢ f|f|)- Thus by Theorem 61, CT is learnable. a

Note that in the above corollary, had we not thrown out those blurry concepts of C» for
which there were no positive examples, our proof would fail because it may not be the case that
Uniong is unate. Thus, we would face the task of learning the class of arbitrary DNF formulas.
Also note that the corollary applies to the dual of monomials (i.e. 1-DNF) when we discard
blurry concepts that have no negative examples.

We next consider agreements, unions, and intersections, of at most a constant number & of
concepts from a class C. Let C»(k) = {Agreep : F C C,|F| < k}, Ca(k) = {Intersecty : F C
C,|F| < k}, and Cy(k) = {Uniong : F CC,|F! < k}. Applying the known learning results for
monotone DNF [98] and DNF formulas with a constant number of terms [1, 18, 21] and the
known learning results for decision trees [29] and DFAs [3], we obtain the following corollary.
(The corollary follows because the intersection and union of a constant number of concepts
from each of the preceding classes can be represented by a single concept in the corresponding

class that is at most polynomially larger.)

Corollary 83 LetC be the class of monotone DNF (€-term DNF, decision trees, DFAs) formu-
las. Then for each constant k, C+(k) is PAC with membership query learnable. The dual results
for monotone CNF formulas and (-clause CNF formulas also hold. In the case of decision trees,

the hypothesis space is conjunctions of unate DNF.

5.4.3 Learning Unions of Boxes in Euclidean Spz -

We now turn our attention to geometric concepts. In this section we give an algorithm to learn
the agreement of a set of s axis-parallel boxes in d-dimensional Euclidean 'space ( E*) when the
set of boxes have a samplable inters;action. Throughout the remainder of this section, unless
otherwise specified, by a box we mean un axis-parallel box in E?. It is easy to show that this

class is a generalization of unate disjunctive normal form formulas, and a specialization of the

class of unions of boxes in E9.
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Previous algorithms that PAC learn an s-fold union of boxes in E? include: Long and
Warmuth [75] that runs in time polynomial in d only and Blumer et al. [23] that runs in time
polynomial in s only. There has also been work on learning unions of s boxes in the discretized
space {1,...,n}% Most of this work has focused on the special case in which d = 2. Chen
and and Maass [32] gave an algorithm to learn the union of two axis-parallel rectangles in
the discretized space {1,...,n} x {1,...,m} in time polynomial in logn and log m, where one
rectangle has a corner in the top left corner and the other has a corner in the bottom right
corner. While learning the union of these two rectangles within these time bounds was difficult,
learning the agreement of the rectangles is quite simple since the learner needs only learn the
intersection of the two rectangles which is easily achieved.

Chen [30] gave an algorithm that uses O(log?n) equivalence queries to learn the union
of two rectangles in the discretized plane (i.e. {1,...,n}?). Also, Chen and Homer [31] have
given an algorithm to learn the union of s rectangles in the discretized plane using O(s®log n)
membership and equivalence queries and O(s®logn) time. More recently, Goldberg, Goldman
and Mathias [49] have given an algorithm to learn the union of s discretized boxes in {1,...,n}¢
that makes at most sd + 1 equivalence queries and uses O((8s)? +sdlgn) time and membership
queries. Note that their algorithm, like the PAC algorithm of Long and Warmuth [75], only
runs in polynomial time for d constant.

The algorithm we present here is a PAC with membership query learning algorithm for the
agreement of s boxes in E¢ that runs in time polynomial in 1/¢, 1/6, s, and 9%. Thus, the
algorithm runs in polynomial time without demanding that one of s and d be constant (e.g.
d can be O(logs)).A key algorithm we use in learning the agreement of boxes is a PAC with
membership query learning algorithin for the union of a set of boxes that all lie in the same
quadrant of £¢, and for which the intersection region contains the origin. We call each box in
such a set an origin-incident box because each such box touches the coordinate axes in such
a way that the box contains the origin as a corner. Qur algorithm to learn the union of s
origin-incident boxes runs in time polynomial in both d and s.

To aid in learning the agreement of boxes, we also use the known algorithm for computing
the intersection of boxes [23]. Namely, we first learn an approximation for the intersection
region by applying the standard algorithm with all *?” examples treated as negative. Since the

boxes have a non-emply intersection, we can subdivide ¢ into at most 3% sub-regions based
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on this common intersection. Each sub-region can be translated and relabeled so that we can
apply our algorithm for learning the union of origin-incident boxes. In the worst case, some
piece of each of the s boxes wiil lie in each of the 3¢ regions of the sub-divided problem forcing
us to learn O(s3%) boxes.

It is important to note that in obtaining our algorithm to learn the agreement of boxes we
take advantage of our ability to efficiently compute the intersection region and then use this
information to aid in more efficiently learning the union of the boxes. It is uncommon for both
intersections and unions of concepts to be learnable, and thus, the possibility that information

from one of these could be used to learn the other is of particular interest.

5.4.3.1 Learning the Union of Origin-incident Boxes

We present an algorithm to learn the union of s origin-incident boxes in E¢ where all of the
boxes are in the same quadrant (for simplicity we only present the algorithm for the positive
quadrant). We refer to the class of origin-incident boxes in the positive quadrant as BPQ. We
define the upper corner of a box b € BPQ to be the corner of the box diametrically opposed
to the origin. Since any box in BPQ is uniquely identified by its upper corner, we denote an
origin-incident box by box(p) where p is its upper corner. Finally, we define mazCorner to be a
function that takes a set of points in the positive quadrant of E? and returns the upper corner
of the smallest box in BPQ that contains every point in the set.

In the PAC model, an important contribution in characterizing what concept classes are
learnable was made by Blumer et al. [23]. A finite set § C X is shattered by C if for each
subset §' C G, there is a concept f € C that contains all of S’ and none of § — S’. The Vapnik-
Chervonenkis dimension of C, denoted vcp(C), is defined to be the largest d for which some set of
d points is shattered by C. Building on the work of Vapnik and Chervonenkis [101], Blumer et al.
proved that any PAC learning algorithm must draw at least Q(%ln% + !%(g)-) examples.
Furthermore, they proved that the general technique of finding a hypothesis consistent with
a set of O(%ln% + thDc-ln -:—) examples, when feasible, always results in a (possibly super-
polynomial time) PAC learning algorithm®. We use this result to show that BPQ,(s) is PAC

with membership query learnable.

*There arc some technical restrictions on the concept classes for which this result applies.
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LearnBPQ(S)

/* § is a labeled sample. */

/* This algorithm will, with probability at least 1 —§, output a hypothesis with error
at most € given that || > max{2log %, 16‘“ﬁ¢3’log 133+

h:=0 /* The set of boxes in the hypothesis; represented as upper corners */
P:={z:z € 5,z is a positive example}
while there exists an example z € P
P:= P~ {z}
for each y € P if member(maxCorner{z,y}) = “yes” then
z := maxCorner{z, y}
P:= P - {y}
add box(z) to A

return A /* That is, output the union of boxes in h*/

© 00 =~ O Lt AW N =

Figure 5.2: Algorithm to learn a union of origin-incident boxes.

Theorem 84 Let BPQ (s) be the union of at most s origin incident bozes. The class BPQy(s)

is PAC with membership query learnable with time and sample complezity polynomial in s, d

1/e, 1/6.

’

Proof: To prove the theorem, we show that

1. Algorithm LearnBOQ (Figure 5.2), takes as input a sample S, runs in time polynomial in
5, and outputs a union of at most s origin-incident boxes (that is, an element of BPQ,(s))

that is consistent with the sample.

o

. The VC-dimension of BPQ(s) grows polynomially with s and d (in particular, it is at
most 2dslog3s).

It then follows from Theorem 2.1 of Blumer et al. [23] that if LearnBOQ is given a sample of
cardinality at least m = ma,x{%log %,.M‘?—”l log 15—3}, then with probability at least 1 ~ 4, it
will output a hypothesis h with error at most .

To see that (2) is true, we that the VC-dimension of BPQ is at most . A point can
be uniquely excluded from a set of points by a box in BPQ box only if at least one of its

components is the largest among all points in the set fcr that component; since there are only d




components, the VC-dimension can be at most d.> Then by Lemwa 3.2.3 of Blumer et al. (23],
the VC-dimension of BPQ(s) is at most 2dslog(3s). To complele the proof, it remains to be
shown that (1) holds. We first show that LearnBOQ produces a hypothesis that is consistent
with the sample §. The hypothesis produced is consistent with the positive examples of S since
the algorithm 'does not terminate until all positive examples of § have been removed from P
and no point is removed unless the box about to be placed in 4 contains it. Furthermore, if
box(z) was placed in h, then = was a positive example (either it was in P or verified to be
positive with a membership query). Since z is a positive example, box(z) is contained within
some box of the target. Thus no negative points (even those not in §) can be contained in any
of the boxes placed in A.

We now prove that the hypothesis 2 output by LearnBOQ contains at most s boxes. Suppose
h contained more than s boxes. Since each box of & is contained within a box of the target,
it follows that there must be at least two boxes (say b; and b;) in A that are contained within
the same box (say b}) of the target. Assume, without loss of generality, that b; was placed in
h first. Let p; be the point from P selected in step 3 during the iteration of the while loop in
which b; was added to h. Thus p; must be contained within b;. Likewise, let p; be the point
from P selected durin, the iteration of the while loop in which b; was added to k. (So p; is in
b;.) Since p; € P after b; was placed in h, a membership query must have been performed on
maxCorner{p}, p;}, where box(p}) contains p;. Furthermore, since p; was not removed during
the construction of b;, it follows that rﬁaxCorner{pﬁ,pj} is a negative example. Since p; is
contained within box(p}) it must be that maxCorner{p;,p;} is also a negative example. Recall
that the box b} of the target contains b; and b; and thus by contains p; and p;. However, this
contradicts the fact that maxCorner{p;,p;} is a negative example. Thus & contains at most s
boxes.

Finally, note that LearnBOQ runs in polynomial time, since there are at most s iterations
of the while loop, each of which takes at most O(m) time, where m is the cardinality of §. This
completes the proof of (1) above, and hence of the thecrem.

0

*In fact, the VC-dimension is cxactly d becausc any subset S of the set of points {p, : p. = {z1,.... 24} 2. =

3, £y = 1} can be selectively’ excluded from the set by the box b € BPQ having upper corner (zy,...,z4)
where £,es =2 and z,¢s5 = 4.
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We ncte that LearnBOQ is easily modified to obtain an algorithm to learn the union of s

origin-incident boxes in E? when all of the boxes are in any single quadrant.

5.4.3.2 Learning the Agreement of Boxes with Samplable Intersection

In this section we give an algorithin to learn the agreement of s boxes in E? (hence, an algorithm
to learn boxes from a consistently ignorant teacher) when the intersection region is samplable.
Our algorithm has polynomial time and sample complexity in both d and s when d = O(log s).
The intuition behind our algorithm lies in the way in which the non-empty intersection of a
set of boxes can be used to partition E? into 3% sub-regions. Let B be the set of boxes for
which we are computing the agreement. Figure 5.3 illustrates the effect of this partitioning on
a typical box b € B. The large, transparent box is h, and the solidly shaded box b; in the
center is the intersection of all boxes in B (and thus must be contained in b). By infinitely
extending the faces of b; we decompose b into a set of sub-boxes that are also axis-parallel. A
few of the sub-boxes generated by this extension have been cross-hatched. Notice that some of
the sub-boxes generated in this manner share a face with b;, others share only an edge, and
still others Vsha.re only a corner. Including by itself, the decomposition of E3 results in 3% = 27
sub-regions. In general, there are 3¢ sub-regions in E as seen informally by first observing that
the bounds of the intersection region are d pairs of parallel hyperplanes, one pair of parallel
hyperplanes for each dimension. Thus, in each dimension the sub-region lies either above both
of the hyperplanes, lies between the pair, or lies beneath both of the hyperplanes. Therefore.

we have 3 choices for each set of bounding planes giving a total of 3¢ sub-regjons.

Sub-regions and Sub-boxes. A useful way to categorize these 3% sub-regions is by the
dimension of the boundaries they share with the intersection region. For example, in Figure 5.3
a sub-regiou that shares a face with the intersection region shares a 2-dimensional boundary. A
sub-region that shares an edge shares a 1-dimensional boundary, and a sub-region that shares
only a corner shares a 0-dimensional boundary.

Since, by definition the intersection region is contained in every box in [, the manner
in which these boxes can overlap in a sub-region is restricted based on the dimension of the
boundary that the sub-region shares with the intersection region. Figure 5.4 illustrates the

constraints impused by the dimension of the shared boundary - the higher the dimension of the
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Figure 5.3: Decomposition of an axis-parallel box with respect to the intersection region.

shared boundary the greater the number of dimensions that are constrained by the intersection.
From the figure we see that in sub-regions that share only a corner point with the intersection
region, we have almost ro information about the way the sub-boxes in that sub-region might
be arranged. At the other extreme, in the sub-regions that share a face with the intersection
region, we know almost precisely how the sub-boxes are arranged—the only unknown is how
far neyond the face the sub-boxes extend.

To eliminate the dimensions of a sub-region that are already constrained by the intersection
rehgion we introduce the following notation. Let p = (zy,z,,. ..,T4) be a point in E% and
let I be a set of indices {i1,%3,...,%x} such that 1 < iy < i3 < ... < it < d. Then the
point 7z(p) = (i, Zip,...,Ti) In E* is the projection of p with respect to /. In general, if a
sub-region shares a k-dimensional boundary with a d-dimensional intersection regior, then for
any sub-box in that sub-region we need only determine the sub-box’s extent in the remaining
d —k dimensions. Equivalently, hoxes in the same sub-region can be translated to all be origin-
incident boxes in a d — k dimensional space for which we can apply LearnBOQ. Furthermore
these d — & dimensions are exactly those which are not shared with the intersection region.
let the intersection region of the boxes in B be {(z,z,,. s xd) tw; < x; < %) for constants
w; and z; (1 < i < d). Now for any point p = (ar,az,...,aq) € E%, if w; < mi(p) < 2 and
p is contained in some box b € B then for any point y such that w; < ¥ £ %z, the point
(7 R T P .,(L.[>‘is also contained in h. Thus for any point p we can ignore any

dimension 7 of p if p lies in a sub-region that is bounded between the pair of parallel hyperplanes
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Figure 5.4: Sub-region constraints imposed by the dimension of the boundary shared with the
intersection region.

that bound dimension ¢ of the intersection region. This observation is used by our algorithm
to take a collection of points for a specific sub-region, project out any dimension for which the
sub-region is bounded, and then learn all the sub-boxes in that sub-region using a version of

LearnBOQ of suitable dimension for the resulting projected and translated points.

Removing Intersection Box Estimation Error. There remains a subtle point that we
must address. So far we have assumed that we know the intersection region ezactly. How-
ever, i. t~ality, we apply a known PAC algorithm [23] to obtain a good approximation of the
intersection region; the approximation box is contained in the intersection region. To obtain

an approximation with error at most ¢ with probability at least 1 — §, this algorithm draws

16d

a sample of size max (%log %, .

log 1(—3) and returns the smallest box that is consistent with
the sample. Let IBox(S5) be a procedure that takes a sample § and returns the smallest box
consistent with 5. To apply this algorithm to learn the intersection region of the boxes in our
model, we simply modify the sample by changing all “?’; examples to negative examples.

The difficulty presented here is that the sub-region in which a point p lies may differ when
subdividing based on the true intersection region versus sub-dividing based on Lh'e underestimate

- -

for the intersection region. [Figure 5.5 illustrates how this may happen where A* is the true
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Figure 5.5: An example assigned to the wrong sub-region.

intersection region and A is our (underestimate) of A*; the point marked “?” lies between the
vertical boundaries for A*, but lies to the right of the vertical boundaries for A. We handle
this difficulty by discretizing E¢ with an irregular Cartesian grid.

Suppose we have a collection § of points from E¢. For each dimension ¢ consider the set
Si = {my(p) : p € §}. Notice that S is a collection of points from £' and that if we consider
labeling the coordinate axis for dimension i of E¢ using only values found in S;, then we will
have effectively discretized E¢ in such a way that every point of the sample S lies at some
intersection point of the resulting irregular Cartesian grid. We then expand our estimate 4
of the true intersection region A* in such a way that for every point p in §, the sub-region
generated by 4 in which p lies and the sub-region generated by A* in which p lies are the same.

An algorithm to achieve this goal is given in Figure 5.6. We have the following lemma.

Lemma 85 Let A be a non-empty underestimate of the true intersection region A*. The al-
gorithm Expand(4, S) outputs a boz A’ so that for all p € §, the sub-region generated by A’
in which p lies and the sub-region generated by A* in which p lies are the same. Furthermore,

Expand runs in. time polynomial in the size of S.

Proof Sketch: Consider the infinitely tall, finitely wide strip in Figure 5.5 bounded between
the right edges of 4 and A* in which the “?” point lies. If this strip were samplable, Expand
would have been likely to witness some point in the strip. Any point in the strip, when projected

between the top and bottom edges of A would have been a positive example. Thus the right

edge of A would have been closer to the right edge of A*. a

0105



Expand(A4,S5)

/* A is a non-empty underestimate of the true intersection rcgion. */
/* S is a set of labeled example points. */

] Let {aj,a2,...,aq) be any point contained in A.

Z Fori:=1tod

3 /* Use membership queries to obtain a lower bound for dimension i. */
Set f; to be the smallest v such that v = =my(p) for some p € § and
(a1,as2,...,8i-1,v,8is1,...,aq) is @ positive example.

4 . /* Use membership queries to obtain an upper bound for dimension ¢. */

Set u; to be the largest v such that v = my(p) for some p € § and
(a1,az2,...,8i—1,%,8i41,---,a4) is @ positive example.

5  Return the box A’ having opposing corners (¢1,%,...,¢4) and (uy,us,.. ., uq).

Figure 5.6: Algorithm to expand an underestimate A of the the true intersection region A*
to an estimate A’ such that for any point p in §, the sub-region generated by A’ in which p lies
is the same as the sub-region generated by A* in which p lies.

The Full Algorithm. Putting all the pieces together we obtain our a.lgd;ithm. We first
approximate the intersection region, and then we refine this estimate using Expand. Next
we apply a version of LearnBOQ of suitable dimension to the points in the various sub-regions
generated by the intersection region. Finally, we combine the hypotheses obtained from the calls
to LearnBOQ along with our estimate of the intersection region to obtain our final hypothesis.

The complete algorithm is shown in Figure 5.7.

Theorem 686 LearnBozesAgreement is a PAC with membership query algorithm for learning
the agreement of s azis-parallel bozes in E?. Let p* be the probability of receiving a positive
ezample from D. The sample complezity is m = Q (%; logsb—f‘ + %:—ds log s log 3(—“ + p—lglog %)

and the time complezity is O(sm).

Proof: Note that by drawing a sample of size 1/p*1n2/§ with probability at least 1 — §/2
we will obtain a positive example. It follows directly from Blumer et al. [23] that our sample
suffices to ensure that the hypothesis output by IBox(T) has error at most /3% with prob-
ability at least 1 - 2—"3;; We now show that for each of the 3¢ — 1 remaining sub-regions,
the sample is sufficiently large so that with probability at least 1 — 5—‘27 there are enough

points so that the hypothesis output by LearnBOQ for that region has error at most ¢/3¢.

[t immediately follows from Theorem 64 that it is sufficient to provide LearnBOQ with a
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LearnBoxesAgreement()

.9d. d
Draw a sample S of size m := max {%‘?ﬂ lg %, 329 f;lg(as) lg 133 p%lg %}
If there are no positive examples halt and report failure.

1
2
3 Let T be set of examples obtained by relabeling all “?” examples of S as negative.
4  Set A:= Expand(IBox(T,S)).

5 Let R be the set of sub-regions generated by A (excluding A itself).

6  For each sub-region r € R

7 Choose any point p. in the boundary shared by A and the sub-region r such
that p, is an extreme point in every dimension of the boundary. Let f. be the
coordinate transformation that translates f. to the origin of E¢.

8 /* Identify dimensions for which we already know the extent of any sub-box lying
inr*/
Let I. be the dimensions for which = is not bounded between a pair of parallel
hyperplane bounds for A.

9 /* Project out those dimensions for any point of S that lies in r, relabal “?”

examples */

Let S5, :={p':p€randp =rr(f-(p)}
If p’ € S, is labeled with “?” then relabel it as positive.

10 Set B, to be the set of boxes returned by LearnBOQ(S,).

11 Given any unlabeled example z, predict

1 ifzliesin 4

? if 3r € R,b € B, such that z lies in sub-region r and =y, ( f-(z)) lies in b
0 otherwise

Figure 5.7: The algorithm LearnBoxesAgreement for learning the agreement of a set of axis-
parallel boxes with samplable intersection region.
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d . .
sample of m' = ma.x{“"e—sdlog %, 163 dil°g(3’) log 13;30‘} points from the given region. By

applying Chernoff bounds from Fact 6 it is straightforward to show that a sample of size
m = max {%m’3d, §'f—d In Z—?—d} is sufficiently large so that there for each sub-region of weight at
least 37 there are at least m’ points from the sample with probability at least 1 — 2_57. (Note
that sub-regions with weight less than ¢/3? can contribute at most €/3% to the total error.) It
follows from Lemma 65 that the total error of our final hypothesis is the sum of the errors of
the hypotheses we generate for each of the 3¢ regions. Thus the probability that the error of
the final hypothesis is more than 3% - ¢/3% = ¢ is at most 3‘1% =§/2.

We now compute the time complexity. It is easily argued that the first five steps take O(m)
time. Observe that the loop in step 6 goes over 3¢ — 1 regions. While each of the s boxes can
be sub-divided to have a piece in ea.ch sub-region, each point in the sample falls into at most
one of the regions. Thus the total time for step 6 is }_,c5 O(sm,) where m, is the number of
sample points that are in region r. Finally since } .z m. < m, we get that the total time for

step 6 is at most O(sm). O

5.5 A Negative Result

By the results of chapter 2, the class of propositional Horn sentences is known to be PAC with
membership query learnable. We provide evidence that this result cannot be strengthened to
allow learning Horn sentences from a consistently ignorant teacher, by showing that such an
algorithm_could be used to learn the class of DNF formulas.

Unlike in the previous section where we used the knowledge of the intersection region of a
set of s boxes to aid in an algorithm to learn the agreement of any set of s boxes having a non-
empty intersection, here we show that the knowledge of the intersection region of a set of Horn
sentences appears to be insufficient in providing the leverage needed to learn the disjunction
(and thus agreement) of the Horn sentences.

Let DHF represent the class of disjunctions of Horn Sentences. We begin with the observa-

tion that the class of DNTF formulas is a subset of the class of DHF formulas.

Claim 67 For any DNF formula there exists a logically equivalent DHF formula.
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Proof: Observe that every unnegated literal v is equivalent to the Horn clause (T — v)
and every negated literal 7 is equivalent to the Horn clause (v — F). For example, abc =
(T — a)(b = F)T — ¢). Thus we can represent each term by a Horn sentence and take
the disjunction of these Horn sentences to build a DHF formula that is logically equivalent
to the given DNF formula. Finally, observe that the size of the DHF formula created by this

transformation has size polynomial in the DNF formula from which it was created. a

Using the above observation, it is easily shown that the problem of learning an agreement of
Horn sentences (without any restrictions) is as hard as learning DNF. However, as demonstrated
by our algorithm to learn the agreement of boxes, if the intersection of the Horn sentences in
the agreement were nén-empty then it may be possible to use the intersection information to
successfully learn the disjunction. We now prove the stronger negative result that learning
the agreement of Horn se..ntences even when the intersection region is samplable is as hard as

learning the class of DNF formulas.

Theorem 88 PAC with membership query learning the agreement of Horn sentences for which
the intersection region is samplable is as hard as PAC with membership query learning the class

of DNF formulas.

Proof: We prove this through a sequence of prediction preserving reductions [86]. Let DHF-
1pos be the class of DHF formulas with exactly one positive example p that satisfies every
disjunct. Let agree-Horn-lpos be the agreement of Horn sentences that have exactly one
example in their intersection. Finally, let agree-Horn be the agreement of Horn sentences with
a samplable intersection region.

Applying Claim 67 it immediately follows that the learnability of DHF implies the learn-
ability of DNF. We now give a reduction showing that the learnability of DHF-1pos (even
when the learner has a priori knowledge of the single positive example) implies the learnability
of DHF . Let f be the target of the algorithm for DHF and f, be the target of the algorithm
to be constructed for DHF-1pos . Choose as the zero vector as the positive example p known to
the learner, and let {v(;...,v,} be the set of variables over which f is defined. We construct f,
from f by adding an extra literal v to the antecedent of every Horn clause in f as well as adding
the Horn sentence (v — F)(v, — £)---(v, — F). Note that the only example satisfying every

disjunct of f, is the zero vector p.
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The DHF algorithm 4 simulates the queries for the DH F-lpds algorithm A, as follews:
When A, requests an example, A obtains a random example zr (that assigns values only to
Vi,....Un), generates the example z’ that is like z with the additional variable v set to 1, and
gives ' to Ay labeled as z was. If A, makes a membership query on some vector z’, if v = 0
then A returns “1” and if v = 1 then A responds with the result of a membership query on the
example  that is just =’ with the setting for the variable v eliminated. Once A, terminates
with hypothesis k., A is able to predict the label of any example, z, by setting v to 1 and
evaluating f; on that example. Note that setting v to 1 causes the added Horn sentence in f,
to evaluate to 0 and the antecedents of all the remaining Horn clauses to not be affected by r.

We now show that the lea.rnlé.bility of agree-Horn-1pos implies that DHF-1pos is learnable.
It is at this point that we switch from learning a standard boolean concept to learning an
agreement. Note that the learning problem for the class DHF-1pos assumes that the learner
knows the single positive example that satisfies every disjunct of the the target. Any algorithm
for agree-Horn-1pos can be used to learn DHF-1pos by simply providing the sole positive
example of agree-Horn-1pos to DHF-1pos as p and changing all “?” examples to positive
examples.

Finally, we show that the learnability of agree-Horn implies that agree-Horn-1pos is learn-
able. Recall that a PAC with membership query learning algorithm must learn under any
distribution D. When the agree-Horn algorithm requests a random example, the simulation
algorithm flips a fair coin. With probability 1/2, the simulation provides the agree-Horn al-
gorithm with the single positive point in agree-Horn-lpos (and thus the positive region is
samplable). Otherwise, a random example drawn from the oracle is given to the agree-Horn
algorithm. Clearly agree-Horn is a generalization of agree-Horn-1pos and thus at least as
hard.

Thus it follows from this sequence of reductions that PAC with membership query learning
the agreement of Horn sentences with a samplable positive region is as hard as PAC' with

membership query learning the class of DNT formulas. a

Finally, we further strengthen this result by using the hardness result of Angluin and
Kharitonov [10] showing that, under the assumption that one-way functions exist. member

ship queries do not help in learning DNV formulas (with an unbounded number of terms).
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Corollary 69 PAC with membership query learning the agreement of Horn sentences for which
the intersection region is samplable is as hard as PAC learning the class of DNF formulas

assuming that cne-way functions exist.

5.6 Relating Agreements and Version Spaces

We take a brief diversion and compare Mitchell’s definition of version spaces [80] to agree-
ments [78].

Given a concept class C of boolean functions, a finite sample E of examples, a set of positive
examples P C E, and a set of negative® examples N C E, recall that the version space [80]
is the set of concepts in C consistent with P and N. As there may be many such consistent

concepts, a version space is often represented using two sets G and S defined as follows. Let
Cv={feC:VYneN f(rn)=0 AVpe P f(p)=1}.

Next, taking g > f for functions ¢ and f to denote that g is strictly more general than f,”
define

G={feCv:3geCyg> f},

and define
S={feCv:3geC f>g}

Intuitively, G is the set of concepts in C consistent with a set of labeled examples such that the
concepts in G are maximally general and S is the set of concepts in C'v consistent with a set
of labeled examples such that the concepts in S are maximally specific.

Mitchell observes that associated with any G and § sets is a ternary function VSig ¢ (our

notation) that expresses how a version space predicts the label of an example z:

1t nced not be the case that PUN = E.
TThat is, for every z € E, g(x) > f(z) and there is some zo € £ such that g(zo) > f(£0). In other words the
set of examples labeled positive by ¢ is a proper superset of the examples labeled positive by f.
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1 if s{z)=1foreachses,
VSisg(z) =< 0 if g(z) = 0 for each g € G,

? otherwise.

We now relate agreements to VS[S'G] and discuss why the former is more appropriate for
our purposes.

Let § and G delimit a version space. To see that VS(s,G] defines an agreement of functions,
observe that for all examples z, V5(56)(z) = Agreesyg(x). Specifically, if VS5 labels an
example z with “?,” then for some s in" S and some g in G, s labels = negative, and g labels
z positive. Thus, since s and g disagree on the label of z, Agreeg,  labels = with “?” also. If
VS(s,g} labels = positive, then, by definition, every s in § labels z positive. Since the elements
of G are more general than the elements of §, every g in G labels z positive also. So Agreeg ¢
labels = positive also. (Dually when VS(s,c) labels = negative.)

Furthermore, every agreement can be represented by a ternary function, VS§is,q), for suitably
defined § and G. Let F be a subset of C. Recall that F is a finite subset of examples, and that

Agreer and f are functions with ranges {0,1,?} and {0, 1}, respectively. Define
Ca={feC:VYz € E f(z) = Agreer{z)}.

Now define

G={feCa:dgeCag> f},

and

S={feCa:3geCys [ >y}

We show that, for all examples z, Agreep(z) = VSisgy(z).

Note that all the functions in the set F are trivially contained in the set C'y. If Agreey
labels z with “?,” there exists functions fi and f; in F such that f, labels & negative and f;
labels = positive. Since f; and f, are themselves in F, they are also in C4. Further, since A
and f, are in C'4, there exists s and g in § and G respectively, such that s labels & lxegat;\re

and g labels ¢ positive. where s is at least as specific as fi and g is at least as general as fa.

0
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(So, regardless of where f; and f; “lie relative to” the elements of § and G, there is an element
of S that ia.bels z negative and an element of G that labels  positive.) Consequently, VSs.q]
iabels z with “7.”

If Agreey labels z positive then every f in Cjy, labels z positive. Since § is a subset of Cj4,
every s in S labels z positive. Thus VS(s,g) labels z positive also. (Dually when Agrees labels
T negative.)

We now discuss why the agreement representation is more appropriate for our purposes.

Membership Queries The concept classes we investigate (for example, the agreement of
a constant number of monotone DNF, k-term DNF, or decision trees) are not known to be
learnab!~ without membership queries. It can be shown that the candidate elimination algorithm
(CEA) . “fined in [80]) requires exponential time to learn these concept classes. However,
since the CisA does not have access to membership queries, the comparison seems ill-founded.
Morecver, it is not clear how to augment the CEA with membership queries. Thus, the CEA

is not appropriate for the classes we consider.

Order of Labeled Examples Even if we could augment the CEA with membership queries,
since the CEA is sensitive to the order labeled examples are provided, it is again not suitable
for our purposes.

There has been previous evidence of the exponential growth associated with maintaining
G and S sets [53, 57, 55]. Hirsh [62] has proposed avoiding this growth by constructing only
the smaller of the sets G and S and maintaining the training examples as a representation of
the unconstructed set. We present a situation in which the size of both the G and § set grow
exponentially due to the order in which labeled examples are provided to the CEA. Thus, even
representations which maintain only one of G or § do not inhibit the problem of exponential
growth.

Let C be the class of monotone monomials defined over the variable set {z;}?2,, such that
C contains exactly the constant functions (rue and false together with monomials of the form
Awes ©i where S is a subset of {1.....2n} of cardinality exactly n. For example, if n = 1,

C = {false,xy,z, true}.
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Now consider how the CEA behaves for general n. Observe that initially G = {¢rue} and

S = {false}. Suppose the following th-.. labeled examples were supplied to the CEA:
¢ the positive example (1---11---1) with all variables satisfied,
¢ the negative example (0---00- - -.0) with all variables falsified, and

» the negative example (1:--10---0) with the first n variables satisfied and the remaining

variables falsified.

After the first two examples, both G and § consist of the (*”) monotone monomials from C.
However, altering the order of the examples so that the third example is provided first causes
the G and S sets to consist of one element each. In contrast, observe that the class C is trivially

learnable with membership queries.

Conciseness We have already demonstrated that the agreement representation is always as
small as and sometimes exponentially smaller than the G and S set representation. Thus a
positive result in the agreement representation is “stronger” in the sense that we are allowed
possibly exponentially less time.

Why is the G and § set representation not always concise? Our purpose is only to capture
a ternary function. With this in mind, one reason for this relative lack of conciseness is that
the agreement representation need not use only those functions that can be partitioned into
two sets, one “general” and the other “specific;” indeed the agreement representation is free to
represent the ternary function as a set of mutually incomparable functions.

This relative lack of conciseness also occurs when the agreement representation does consist
of functions that can be partitioned into the general and specific sets - sometimes thers cxist
exponentially smaller subsets G’ and S’ of G and S respectively, that are equivalent in terms of
prediction (that is, for all examples z, VSigrsn(z) = VSig,51(x)). G and § may contain many

more consistent functions than are necessary for accurate prediction [78].

5.7 Discussion

We have presented a new formal learning model for learning from a consistently ignorant teacher.

Along with giving several useful characterizations of this model, we have given some general

9, . .
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coxaditions indicating when one can successfully learn under this model. In addition we present
a polynomial time algorithm for learning the agreement of s boxes in E? for d = O(log s). We
have also shown that learning the agreement of Horn Sentences is as hard as learning DNF
from random examples.

There are many interesting open problems raised by this work. First of all it would be
interesting to explore other concept classes for which learning finite unions (or intersections) is
hard to see if the agreement of concepts from the class is learnable. Also, although we have
shown that the complexity of learning the agreement of an arbitrary number of Horn sentences
is hard as learning the class of DNF formulas, this hardness result may not hold when the
number of Horn sentences in the agreement is bounded with respect to the number of variables.
For example, it is an open question as to whether or not there is an algorithm for learning the

agreement of a constant number of Horn sentences.
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Chapter 6

Restricted First-Order Horn

Sentences

We now make a transition from propositional concepts to first-order concepts. We return to
learning from entailment, and begin with a restricted class of first-order Horn sentences.

A natural framework for research in inductive logic programming is the investigation of
the learnability /predictability of various classes of definite clause theories, particularly in the
PAC [98] and exact learning models [4]. Relatively little work has been done within this
framework, though interest is rising sharply (15, 34, 35, 41, 70, 81, 82]. This chapter describes
new results on the learnability of several restricted classes of simple (two-clause) definite clause
theories that may contain recursive clauses; theories with recursive clauses appear to be the
most difficult to learn. The positive results are proven for learning by equivalence queries,
which implies PAC learnability [4]. In obtaining the results, we introduce techniques that may
be useful in studying the learnability of other classes of definite clause theories with recursion.

The results are presented with the following organization. -Section 2 describes the learning
model. Section 3 shows that the class H, ;, whose concepts are built from unary predicates,
constants, variables, and unary functions, is learnable. Section 4 shows that the class Ha,ey an
extension of Hy, that ullows predicates of arbitrary arity, is not learnable under a reasonable

1

complexity-theoretic assumption.! Nevertheless, Section 4 also shows that each subclass Hax

"The classes Hay and Hax {discussed next) have one other restriction, that variables are stationary. This
restriction is defined later.
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of H,.., in which predicates are restricted to arity &, is learnable in terms of a slightly more
general class, and is therefore PAC predictuble. The prediction algorithm is a generalization
of the learning algorithm in Section 3. The results of Section 4 leave open the questions of
whether (1) Hs,. is PAC predictable and (2) Hax is PAC learnable. Section 5 shows that the
techniques used in Section 4 can also be used to prove that the class TP? U CFTF Bynig[15],
which allows higher-arity functions, cannot be learned. It conjectures that a related, and in
some ways broader, class can be lea,.rned, using techniques from earlier sections. Section 6
returns to unary predicates, bui allows an arbitrary number of clauses; the resulting class is
called H,,;. Section 6 shows that this class is equivalent to the class of regular languages,
though the question of representation size remains open. While the results of this section do
not subsume any other results of the chapter, Section 6 does show that it may be possible to
obtain learnability results for some classes of definite clause theories from results about formal
languages and automata. Section 7 relates our results to other w01;k on the learnability of
definite clause theories in the PAC or exact learning models. The primary distinction of this
work from the most closely related work [41] is that the classes studied in this paper are not

determinats because functions can be nested to arbitrary depth.?

6.1 The Model

Algorithms that learn concepts expressed in propositional logic traditionally have used as ex-
amples truth assignments, or models. Such an example is positive if and only if it satisfies
the concept. But concepts in first-order logic may (and almost always do) have infinite mod-
els. Therefore, algorithms that learn definite clause® theories typically take logical formulas,
usually ground atomic formulas, as examples instead. Such an example is positive if and
only if it is a logical consequence of the concept. The algorithms in this chapter use grourd
atomic formulas (atoms) as examples in this manner. A concept is used to classify ground

atoms according to the atoms’ truth value in the concept’s least Herbrand model,* which is

*More precisely, the classes that result from flatiening {rewriting to contain no functions) the concepts are
not determinate.

A definite clause is a disjnnction of atoms, exactly one of which is unnegated.

*The least Herbrand model of a set of definite clauses (every such set has one) is sometimes referred to as the
model or the unique minimal model of the sct. The set of definite clauses entails a logical sentence if and only
if the sentence is true in this model. It is often useful to think of this model as a set, namely, the set of ground
atoms that it makes true.
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to say, according to whether the atoms logically follow from the concept. For example, the
concept {Vz(p(f(g(z))))] A [Vz(p(f(z)) — p(f(h(z))))], which is in H,1, classifies p(f(g(c)))
and p(f(h(n(h(g(c)))))) as true or positive while it classifies p(f(c)) as false or negative. If A
and B are two concepts that have the same least Herbrand model, we say they are equivalent,
and we write A = B.

In a learning problem, a concept C, called the target, is chosen from some class of concepts
C and is hidden from the learner. FEach concept classifies each possible example element z
from a set X, called the instance space, as either positive or negative. The learner infers some
concept C' based on information about how the target C classifies the elements of the instance
space X. For each of our learning problems, the concept class C is a class of definite clause
theories, and we require that any learning algorithm, A, must for any C' € C produce a concept
C' € C such .tha,t C' = C, that is, that C and C’ have the same least Herbrand model. (For
predictability we remove the requirement that C' belong to C.) The instance spsce X is the
Herbrand universe of C', and the learning algorithm .4 is able to obtain information about the
way C classifies elements of X only by asking equivalence queries, in which A conjectures some
C' and is told whether C' & C. If C' % C, A is provided a counterezample z that C’ and C
classify differently.

We close this section by observing that the union of several classes can be learned by

interleaving the learning algorithms for each class.

Fact 70 Let p(n) te a polynomial in n, and let {C; : 1 < i < p(n)} be concept classes with
learning algorithms {A; : 1 < i < p(n)} having time complezities {Ta, : 1 < i < p(n)}

respectively. Then the concept class UPL")C,- can be learned in time maz ;< p(my{p(n)T4.}.
p i=1 1<i<p(n) :

6.2 The Class Hy

The concept class ‘Hy; is the class of concepts that can be expressed as a conjunction of at
most two simple clauses, where a simple clause is a positive literal (an atom) composed of unary
predicates and unary or 0-ary functions or an implication between two such positive literals.
Allowing arbitrarily many literals in the antecedent of the implication, rather than only one,
provides no additional expressivity. This is because we are considering the least Herbrand model

to be the meaning of a concept in Hp ;. The least Herbrand model of a pair of implicative clauses
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is empty; on the other hand if one of the clauses is an atom A, the implicative clause will add
atoms to the least Herbrand model only if every literal in the antecedent of the implicative
clause unifies with 4.

As an example, the following is a concept in H;, that we have seen already.

Vz(p(f(g(z)))] A Vz(p(f(x)) — p(f(A(x))))]

Since our conjuncts are always universally quantified, we henceforth leave the quantification

implicit. Thus the above concept is written

[p(f (g A [p(f(2)) — p(f(A(=)))]

We can divide Hs,; into two classes: trivial concepts, which are equivalent (=) to conjunc-
tions of at most two atoms, and non-trivial, or recursive, concepts. The trivial concepts of H2
can be learned easily.’ We next describe an algorithm that learns the non-trivial, or recursive,
concepts in H2,. It follows that H,; is learnable, since we can interleave this algorithm with
the one that learns the trivial concepts of Hs ;.

It can be shown that the recursive concepts in H;; have the form

(p(t)] A [p(t2()) — p(ts(z))] (6.1)

where ¢; is a term, and ¢(x) and ¢3(x) are terms ending in the same vari ble, .6 The fact that
the functions and predicates are unary leads to a very concise description of a recursive concept
in Ha,1. Specifically, we can drop all parentheses in and around terms. Further, since we are
discussing recursive concepts, all predicate symbols are the same and can likewise be dropped.

Thus any concept having the form of concept (6.1) may be written [ae] A [Bz — vz], or

ae
(6.2)
Br — vz

*The basic idea is that the learning algorithm, by using cquivalence queries, is able to obtain one example
for each of the (at most two) atoms in the concept. Only a few atoms are more general than (that is, have as
instances) each example, and the algorithm conjectures all combinatious of these atoms, one for cach of the (at
most two) examples.

*The proof of this is omitted for brevity, as arc some other proofs.
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where a, 3, and + are strings of function sywbols, = is a variable, and e is either a constant or

a variable. Using this notation, determining whether, for example, ae unifies with 8z requires
only determining whether either a is a prefix of 3 or 8 is a prefix of a. For any strings « and
B, if « is a prefix of B then we write a<f.

The atoms in the least Herbrand model that are not instances of the base atom in the
concept’ are generated by applying the recursive clause. A concept is equivalent to a conjunction
of two atoms if its recursive clause can be applied at most once. For the recursive clause to
apply at all, « must unify with 8, and for it to apply more than once, 8 must unify with ~.
Hence a concept is non-trivial only if either & < 8 or 8 < « and either 3 < vy or ¥ < S. In light
of Fact70, to show that the non-trivial concepts can be learned in polynomial time, we need
show only that the class of non-trivial concepts can be partitioned into a polynomial number of
concept classes, each of which can be learned in polynomial time. Therefore, we carve the class
of non-trivial concepts into five different subclasses defined by the prefix relationships among
a, 3, and 7. The approach for each subclass is similar—generalize the first positive example in
such a way that the oracle is forced to provide a positive example containing whatever pieces
of a, 3, or v are missing from the first example. The five possible sets of prefix relationships
that can yield recursive concepts, based on our earlier discussion, are (1) f<a and <y, (2)
a<f and <7, (3) a<y and v<G, (4) a<f and y<a, (5) f<a and y<B. We do not need to

divide case (1) into two cases because the relationship between « and 7 is irrelevant here.

6.2.1 f<a and fB<vy

This class consists of concepts with the form

dpe
or — Qwz

(6.3)

Concepts of this form insert arbitrarily many copies of w between ¢ and ¥. Thus a concept of

this class has for its least Herbrand model

Pt e

7 coe R .
Since we are speaking now of recursive concepts only, we refer to the two parts of the concept as the base
atom and the recursive clause.
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Lemma T1 This class can be learned in polynomial time.

Proof: To learn this class an algorithm needs to obtain an example that contains ¢, w,
and ¥. Every example contains ¢ and ¥, and every example except an instance of the base
atom contains w. The algorithm first conjectures the null concept and receives a positive
counterexample ae, which is an instance of some atom generated by the concept (either the
base atom or the result of applying the recursive clause some number of times). There are
la} + 1 atoms of which ae is an instance—ce itself and each a;z where o; is a prefix of a.
The algorithm guesses one of these as the generated atom. (Here and throughout, when we
use the term guesses, we actually mean that the algorithm dovetails all the possible choices.)
[t then proposes the generated atom in an equivalence query and receives another positive
counterexample, which is an instance of some other generated atom. The algorithm guesses
this generated atom from this example in a similar manner. Then the algorithm guesses which
of the two generated atoms is generated later; this atom must contain ¢, w, ? (and e if e is a
constant). Fina,lly,. the algorithm guesses whether e is a constant or a variable,® and, from the
later atom guesses the values of ¢, w, and . It is straightforward to verify that there are at

most 2n3 possible combinations of such guesses. a

6.2.2 a<f and f<y

This class consists of concepts with the form

e
YT — dYwz

(6.4)

Co. cepts of this form add copies of w after a prefix of ¢1. This class has as its least Herbrand

model

de + Ppypw*
provided ¢e unifies with ¢z, otherwise the least Herbrand model degenerates to ¢c.

Lemma 72 This class is exactly learnable.

81f e is a constant, it is the last symbol in each example.
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Proof Sketch: Let pe be the the (positive) counterexample to the empty hypothesis. Assum-
ing that p = ¢ww*( for some k > 0, O(|p|?) guesses suffice to identify ¢, . and w.
If p does not contain a copy of w, then p = ¢¢ and O(]p|) guesses suffice to identify ¢. Once

¢ has been identified, conjecturing
{ ve (6.5)
will elicit a (positive) counterexample p’e that does contain copies of both ¥ and w; identifying

each of these requires only O(|rho|?) guesses. a

6.2.3 a<y and v<f8

This class consists of concepts with the form

oe
dYwr — Py

(6.6)

- The recursive rule adds nothing to the least Herbrand model, so concepts of this form have as

the least Herbrand model

¢e

, 80 concepts of this form are equivalent to

{ oe (6.7)

Lemma 73 This class is ezactly learnable.

Proof Sketch: Let pe be the the (positive) counterexample to the empty hypothesis. Because

p = ¢, only O(|p|) guesses are needed to identify o. a
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6.2.4 «a<f and y<«o

This class consists of concepts with the form

de
PYwr — P

(6.8)

Again the recursive rule adds nothing to the least Herbrand model, so concepts of this form

have as the least Herbrand model
Pe

, where ¢/ = ¢. Thus concepts of this form are equivalent to

{ ge | (6.9)

Lemma 74 This class is ezactly learnable.

Proof Sketch: Let pe be the the {positive) counterexample to the empty hypothesis. Because
p = &(, only O(|p|) guesses are needed to identify ¢'. O

6.2.5 [<a and v<8.

‘This class consists of concepts having the form

Ppwe

s o (6.10)
r — QT

Concepts of this form generate smaller and smaller atoms by deleting copies of v at the front
of w; if ¥ is not a prefix of w, the concept can delete only one copy of ¥. Any concept of this

form has the least Herbrand model described by
ov’Ce for 1 < k < n+ 1, where w = ¢

Lemma 75 This class can be learned in polynomial time.
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Proof: To learn this class an algorithm needs to obtain an example that contains @, &, w,
and (. It then must determine n. We give an algorithm that makes at most two equivalence
queries to obtain ¢, ¥, w, and (. It then guesses larger and larger values for n until it guesses
the correct value. This value of n is linearly related to the length of the base atom, so overall

the algorithm takes polynomial time.
1. Conjecture the false concept to obtain counterexample pe
2. Dovetail the following algorithms

e Assuming p = ¢y (e for some j > 1

(a) Select ¢,%,¢,& from p
(b) Guess the value of n

(¢) Halt with output

smHICe
Pz — ¢z
e Assuming p = ¢(€e
(a) Select ¢,¢,€ from p
(b) Conjecture
{ sce

to obtain counterexample p'e’. Note that

p' necessarily contains ¢ as a substring.
(c) Select ¥ from p’
(d) Guess n

(e) Halt with output
[ oynrice

I oYz — Pz
When the algorithm selects substrings from a counterexample, it is in reality dovetailing all
possible choices; nevertheless, we observe that there are only O(|[p|®) (respectively O(|p'|))
choices to try. Similarly, when the algorithm guesses the value «f n, it is actually making
successively larger and larger guesses for n and testing whether it is correct with an equivalence
query. [t will obtain the correct value for n in time polynomial in the size of the target concept.

At that point it outputs the necessarily correct concept and halts. a

Some observations about the above examnple are in order. In these, and afterward, we use

go to denote the base atom and, inductively, g+, to denote the result of applying the recursive




clause to ¢;.% 1. is worth noting that the algorithm above uses only two of the counterexamples
it receives, though it typically makes more than two equivalence queries. This is the case with
the algorithms for the other subclasses as well. It is also worth noting that when the algorithm
above guesses the value of %, it is guessing the number of times the recursive clause is applied
to generate the earliest generated atom g; of which either example is an instance.

From the preceding arguments, we have Theorem 76, below.

Theorem 76 The concept class Hy,; is learnable.

6.3 Increasing Predicate Arity

It is often useful to have predicates of higher arity, but otherwise maintain the form of the

concepts in Mq,1. For example

plus(z,0,z) greater(s(z),0)
plus(z, y, z) — plus(z, s(y), s(z)) { greater(z,y) — greater(s(z), s(y))

In this section we remove the requirement that predicates be unary. Specifically, let 3 . be the
result of allowing predicates of arbitrary arity but requiring functions to remain unary, with the
additional restriction, which we define next, that variables be stationary. Notice that because
functions are unary, each argument has at most one variable (it may have a constant instead of
a variable), and that variable must be the last symbol of the argument. A concept meets the
stationary variables restriction if for any variable z, if £ appears in argument 7 of the consequent
of the recursive clause then = also appears in argument ¢ of the antecedent. This class does
include the above arithmetic concepts built with the successor function and the constant 0,
but does not include the concept [p(a,b,c)] A [p(z,¥,2) = p(2,2,y)] because variables “shift
positions” in the recursive clause.

We begin with the following observation. As for the class Hj,1, a concept in H, is trivial
if it is equivalent to a conjunction of at most two atoms. It is straightforward to verify that,

because variables are stationary, the non-trivial concepts in H,,, have the form

[p(ti(en), o tilex D] A [p(£1( 1), oo til(€)) — p(E1(€T), ., ti(ek))] (6.11)

?If the concept is a conjunction of two atoms, the choice of which atom is go and which is ¢ is arbitrary.
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where ¢;(e;), ti(e}), and ¢](e!) denote terms ending in e;, €}, and e/, respectively, and for some

1 <j <k wehave e = e

J=u for some variable z.

Unfortunately, we have the following result for the class H;..
Theorem 77 H;,. is not learnable, assuming RP # N P.1°
Before proving the theorem, we prove the following useful lemma.

Lemma 78 Any concept in H, . generates at most two function-free atoms, that is, at most

two atoms whose arguments are constants or vartables.

Proof: The result clearly holds for the trivial concepts in H;.. Any other concept has
form 6.11 above. Suppose a concept of this form generates at least three function—free atoms.
One of these may be the base atom itself, while at least two of these atoms must be generated
using the recursive clause. For the recursive clause to be used in generating such atoms, its
consequent p(#(e7), ..., t;(€}))) must be function-free, that is, must be of the form p(ef, ..., €})),
where each e is a constant or a variable. Let p(dy, ..., dx), where each d; is a constant or a
variable, be the first function-free atom generated using the recursive clause. We show that
any atom generated after p(dy, ..., dx) is also p(dy, ..., dk); hence, no third function~free atom is
generated by the concept.

For the recursive clause to generate an atom after p(dy, ..., dx), p(d1, ..., dx) must unify with
the antecedent of the recursive clause, p(t(e}),..., ¢}(e})). Therefore, we know that for each
1 < ¢ <k, at least one of the following is true: d; = tj(e{) = ¢ for some constant c, or ¢/(e!)
is a variable z, or d; is a variable. In the first case, ¢ = ¢ (and in fact ¢; = ¢), so every atom
generated by the concept has ¢ = d; at argument i. In the second case, if el = z, then ¢; =
d;, so every atom generated by the concept has d; at argument ¢; otherwise, e = d;, so every
atom generated by applying the recursive clause has d; at argument :. In the third case, ef
must be a variable y. We have just argued the case where ¢i(e!) and €/ are the same variable,
z. If ti(el) # e/, then d; = €} = y, so every atom generated by applying the recursive clause
has d; at argument i. Thus every atom generated after p(dy,...,ds) agrees with p(d,,...dx) at

every arguinent. a

" That is, Ha,« is not PAC learnable, and therefore is not learnable in polynomial time by eyuivalence gueries.
RP g the class of problems that can be solved in random polynomial time.
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Proof of Theorem T7: We show that the consistency problem [85] for this concept class is
NP-hard. Our reduction is from the consistency problem for two-term-DNF. The consistency
problem is: given a set of labeled examples, determine whether there exists a concept in the
class that agrees with all examples on their labels. In particular, the consistency problem for
H.. requires determining whether there exists a concept in H2. that entails all of the positive
examples but none of the negative ones. If the consistency problem for a given class is NP-hard,
then that the class is not PAC learnable (assuming RP # N P) [85], ;;vhich in turn implies that
it is not polynomial-time learnable by equivalence queries.

We first claim, based on Lemma 78, that if all examples are function—free then H, . contains
a concept consistent with the examples if and only if there exists a function—free conjunction of
at most two atoms!! that is consistent with the examples. To see the if case, notice that every
function—-free conjunction of at most two atoms is in H2 .. To see the only if case, notice that
only function-free atoms can have other function-free atoms as instances; therefore, a function-
free atom is classified positive by a given concept in M. if and only if it is an instance of one
of the (at most two, by Lemma 78) function-free atoms generated by the concept.

Therefore, it is enough to show that the problem of finding a function-free conjunction of
at most two atoms consistent with a labeled sample of function-free atoms is NP-hard. (Doing
so will in fact show that the consistency problem is NP-complete, since we can efficiently check
whether a given conjunction of at most two atoms is consistent with a labeled sample.) To do
so, we reduce from the consistency problem for 2-term-DNF [85].

Define a mapping f : {0,1}* — {0,1, 2, 22,...,2,}" as follows: y = f(x) where y* = 1 and
y"tt = z; when 2/ = 1, and ' = z and y™*' = 0 when z' = 0.
Now consider any labeled sample S and construct §' = {p(y)|lz € S,y = f(x)} where §'

preserves the labels of §. We show that there is a two atom conjunction consistent with S if

and.only if there is a 2-term-DNF consistent with §.

If: Define a mapping ¢ from (propositional) terms, ¢, to atoms as follows. Start with the atom
p(z1,22,-...2,). If the literal z; appears in ¢, change z; to 1. If the literal r; appears in ¢,

change z,4, to 0. Notice that for any (propositional) term ¢ and any example ., every instance

"""That is, a single function-free atom or a conjunction of two function-free atoms.
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of p(f(z)) is an instance of g(¢) if and only if = satisfies . Thus, g(t;) A g(t2) is consistent with
S"if t; V ty is consistent with S.

Only If: Now consider a corjunction of two atoms consistent with §’. We must show how to
construct a 2-term-DNF consistent with §.

Consider any two atom conjunction, ay Aaq, consistent with S’. For each atom, a, construct
a (propositional) term as follows. If argument i(¢ < n) of a is 1, place z; in the term. If
argument n + ¢ of a is 0, place #; in the term. If arguments ¢ and j (¢ < j < n) are the same,
place both z; and z; in the term. If arguments n 4+ ¢ and n + j are the same, place both #; and
Z; in the term. We claim that the disjunction of the two terms so formed from a; and a3 is a
2-term-DNF consistent with S.

Observe that we can form two (not necessarily disjoint) subsets, S and S5 of §' such that
each atom ir S] is entailed by a; and each atom in S} is entailed .by az. Notice that neither
S1 nor S} contains any of the negative examples of S/, but between them they contain all the
positive examples of §’. Without loss of generality consider S] and ay. If the ith argument of
ay is 1, then the 7th argument of every atom in S} is 1. But the atoms in 5] have 1 as their
ith argument only if their (propositional) counterparts had z; set to 1. Therefore, placing z; in
the (propositional) term arising from a; does not mis-label any of the {propositional) examples
that gave rise to atoms in S7. Similarly if the n + ¢th argument of a4 is 0.

Finally, notice that no atom in S’ contains a co-reference (ie, no variable appears twice in
an atom). Thus if a; contains a co-reference, the co-reference must correspond to arguments
that were equal constants in the atoms in S|. However, any constants appearing among the
first » arguments of an atom in §7 must be 1, while any constants appearing among the last n
arguments of an atom in S{ must be 0. Therefore, we can make a; more specific by changing
a co-reference among the first n» arguments to a 1, and by changing a co-reference among the
last n arguments to a 0; the resulting atom entails no more than a; but still entails every atom
in 7.

A similar construction can be done for a; and ). Disjoining the (propositional) terms so
constructed produces a 2-term-DNF consistent with S. o

Our conjecture is that the class Ha,. is not even predictable (that is, learnable in terms

of any other class), though this is an open question. Nevertheless, we now show that if we
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fix the predicate arity to any integer &, then the resulting concept class Hqx is learnable in
terms of a slightly more general class, called H2 ', and is therefore predictable (the question of
learnability of Hz 4 in terms of M2 itself remains open). Concepts in 24’ may be any union
of a concept in H3 x and two additional atoms built .from variables, constants, unary functions,
and predicates with arity at most &; an example is classified as positive by such a concept if
and only if it is classified as positive by the concept in Hz or is an instance of one of the
additional atoms. For the class M2 ', we consider conjunctions of at most three atoms to be
trivial concepts. The class of such concepts can be learned by a simple algorithm that is similar
to the algorithm that learns the trivial concepts of H3,;. We now focus, instead, on the learning
algorithm for the recursive concepts of Hz 4. This learning algorithm is based on the learning
algorithm for M3, and central to it are the following definition and lemma. In the lemma,
and afterward, we use Go to denote the base atom and, inductively, G4 to denote the result
of applying the recursive clause to G;. The following lemma allows us to learn H; ; using the

algorithm for learning Hs,1.

Definition 79 Let
p(aer, ..., akex)

p(ﬂleia (XXX} ﬂke;) - p("/lei,, "'7‘/keif)

be a concept in Ha k. Then we say the subconcept at argument i, for 1 < i < k, of this concept
is
a;e;
Bie; — vie{
Lemma 80 Let
p(alel TS akek)

p(Br€l, ..., Brel) — plyiel, ..., vkel)

be a concept in Hai. For any 1 < j < k, if €

Gr = p(t1,..., ) unifiest? with p(Bi€}, ..y Bre}.), the binding generated for = by this unification

s a variable x, then for any n > 2: if

is the same as the binding generated for = by unifying t; with B;z.'3

2Note that G3 exists if and only if (/2 unifies with p(Brel, ..., Bre). If G3 does not exist, the result holds
trivially.

"The proof of this lemma is rather long. We present it here because the lemma is both non-obvious and
central to one main result of the chapter, Theorem 81.
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Proof: We prove the contrapositive. Assume that for some 1 < 7 < k&, ef,- is a variable z, and
for some n > 2, G, = p(ty, ..., tx) unifies with p(Bye}, ..., Bre}), but the binding generated for z
by this unification is not the same as the binding generated for z by unifying ¢; with 3;. Then
for some 1 < i < k, ¢; is also z, and unifying ¢; with B;z yields a different binding for z than
does unifying ¢; with 8;z. We obtain a contradiction by showing that these unifications cannot
yield different bindings.

Because the concept is stationary, and e} and e} are each z, each of ¢/ and e must be
either z or a constant. Furthermore, for the recursive clause to be applicable to generate G,
if ¢/ and e} are both constants then they must be some same constant, c. This leaves us three
cases to consider.

First, both ef and e} are some constant c. Then the recursive rules for argument ¢ and
argument j, respectively, are ;z — v;c and B;2 — ’)’j.C. Hence G, has vic and v,c at arguments
¢ and j, respectively. Then since G'; is generated, 8:t = vic and 83t = y;c for some term ¢. Then
argument ¢ and argument j always, individually bind z to ¢ after G2, giving a contradiction.

Second, ef is a constant, ¢, and ej is a variable, z. (By symmetry, this case also covers
the case where ¢/ is z and e is ¢.) Then the recursive rales for argument i and argument
J, respectively, are 8;z — v;c and Bjz — v;z. Hence G; has v;c at argument i. Since G3
is generated, we have it = 7vc for some ground term {. Then on unification of G| with
p(Biel, ..., Bxe}), = is bound to ¢{. Furthermore, it must be the case that either B; < vj or
¥; < B; for unification to succeed. Consider both cases.

Case 1: §; < v;, so B;¢ = v; for some ¢ such that |¢| > 0. Then G, has 7;¢ = Bidt at
argument 7, and v;c = B;t at argument i. Since G3 is generated, (8;t,5,¢¢t) must unify with
(Biz,Bjz), which can occur only if |¢| = 0. If |¢| = 0, then after G5 the recursive rules for
argument ¢ and argument j will always, independently bind z to ¢, giving a contradiction.

Case 2: v; < B, so vj¢ = B; for some ¢ such that [¢] > 0. Then G, has v;¢ at argument
J and vic = Bt at argument i. Since G3 is generated, (8;¢,v,¢) must unify with (Biz, Bjz) =
(Biz.v;¢z), which can occur only if |¢| = 0. If |¢| = 0 then, again, after G5 the recursive rules
for argument ! and argument j will always, independently bind z to ¢, giving a contradiction.

Finally, both ¢! and e} are the variable . Then the recursive rules for argument i and

J

argument j, respectively, are iz — 7;r and fjz — v,£. Then G has 7;¢ and 7,¢, for some
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term ¢, at argument ¢ and argument j, respectively. Since G3 is generated, we have either
B; < %: or v; < B;. Consider both cases.

Case 1: Bi < 7i, so Bi¢ = v; for some ¢ such that |¢| > 0. For G, to be generated, (7y:t,7;t)
must unify with (8;z,8;z). This is possible only if 8;¢ = v;, in which case. during unification
with G,,, m > 1, the recursive rules for argument ¢ and argument j will always, independently
bind z to ¢™¢, giving a contradiction. ‘

Case 2: v; < B4, so Bi = 7:¢ for some ¢ such that |#| > 0. For G, to be generated,
(vit,v;t) must unify with (8iz,8;z) = (viéz,B;2). For this to occur, either (A) ¢t = oy, for
see variable y, and ¥ < ¢, or (B) ¢ = ve, for some constant or variable e, and ¢ < ¥. If (A)
is true, then since t = ¥y where ¥ < ¢, we have Yw = ¢ for some w such that |w| > 0. Since
(yit,v;t) = (vivy, v;4y) must unify with (y;¢z, 8;z) = (vi¥wz, G;z), it must be the case that
Bj = vj¥w. Then z is left unbound during unification, so G3 has v;z and v,z at arguments :
and j, respectively. Then for each Gr,, m > 3, z remains unbound, and G,, has y;x and vz
at arguments ¢ and j respectively. Because z remains unbound throughont, bindings given by
the recursive rules for arguments 7 and j cannot disagree—a contradiction. If (B) is true, then
since ¢ < 9, we have ¢ = ¢w for some w such that |w| > 0. For (yit,7;t) = (yive,v;ve) =
(yigwe, v;¢we) to unify with (y;éz,B;z), it must be the case that 3; = v;¢. Then z is bound to
we. The recursive rules for arguments ¢ and j therefore have the forms, respectively, v;¢z — ¥;z
and v;¢z — v;z. Hence G, m > 3, is generated if and only if ¢gw = @™ for some 7, where
n > (m — 2). In unifying G,,, m > 2, with p(Bey, ..., Brek), the recursive rules for arguments :

and j will always, independently bind z to ¢"~™n—a contradiction. a

Theorem 81 For any constant k, the class Hj 1 is predictable from equivalence queries alone.

Proof: (Sketch) By Lemma 80, any concept C in Hzx can be rewritten as the union of
three concepts (only polynomially larger than C'), two of which are the atoms Gp and G;. The
third concept is some C in ‘Hy . whose base atom Co is G2 and whose recursive clause (if any)
generates Gy = (3,...,Gm = Gmya,. .. meeting the following condition: for all m > 0 and any
variable z in the antecedent of the recursive clause, no two argument positions impose different
bindings on z when generating G, 41 from (,,. In other words, the behavior of C' can be
understood as a simple composition of the behavior of the subconcepts at arguments 1 through

k. This observation motivates an algorithm that learns Hq in terms of Hy x'. At the highest
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level of description, the algorithm poses equivalence queries in such a way that it obtains, as
examples, instances of Go, Gy, and G; and G'j for distinct ¢ and j. The algorithm determines
Go and G from their examples, and it determines C' from G; and G;. To determine C the
algorithm uses the learning algorithm for H,,; to learn the subconcepts of C.!* We now fill in
the details of the algorithm.

The algorithm begins by conjecturing the empty theory, and it necessarily receives a positive
counterexample in response. This counterexample is an instance of some more general atom,
Ay, that is either Gp, Gy, or some G;. The algorithm guesses A; and guesses whether A; is Gy,
G\, or some Gj. It then conjectures A; in an equivalence query and, if 4, is not the target,
necessarily receives another positive example. (As earlier, by guess we mean that the algorithm
dovetails the possible choices.) This example is also an instance of Gg, G|, or some G’i, but
it is not an instance of A;. Again, the algorithm guesses that atom—call it A;—and guesses
whether it is of Go, G, or some G;. Following the second example, and following each new
example thereafter, the algorithm has at least two of of Go, Gy, G;, and G'j (some ¢ # 7).
It conjectures the union of those that it has, with the following exception: if it has both G;,
and G; (any i # j), it uses a guess of C in place of G; and G;. Again, in res;;onse to such a
conjecture, either the algorithm is correct or it receives a positive counterexample. It remains
only to show how (1) the atoms Gy, Gy, Gi, and G; are “efficiently guessed”, and (2) Cis
“efficiently guessed” from G; ard G;.

Given any atom, A, entailed by Go, we know that Gy is a generalization A. Because no
function has arity greater than 1, there are at most O((2|A})¥) genera.liza.tfons of A to consider,
all of which can be tried in parallel. Note that, because k is fixed, the number of possible
generalizations is polynomial in the size of the example. Gy, G, G'j are efficiently guessed in
the same way.

Tolearn C, the algorithm first determines the high-level structure of C; specifically, it guesses

how many variables are in the base atom and in the antecedent and consequent of the recursive

"The only subtlety is that the learning algorithm for H,,; might return a concept that is a conjunction of at
most two atoms; such a concept cannot serve as a subconcept for 2 member of Hz 5. But the only case in which
thig can occur is the case for which every atom after go is the same. And we provide the learning algorithm
with only examples of g2, g3, ... (examples extracted from G, G3, ...). Therefore, if the concept returned by
the learning algorithm is a conjunction of at most two atoms, it is in fact a single atom, ae, in which case we

may use the concept in Hz,1 whose base atom, recursive clause antecedent, and recursive clause consequent are
all we.




cla.use?f C and which subconcept uses which (if any) variable. There are at most O (k%)
possibilities, where k is fixed. The algorithm is then left with the task of precisely determining
the subconcepts of C. Because it has two examples of distinct (most general) atoms generated
.by C—G; and Gj—it has two examples of each subconcept. The algorithm uses the learning
algorithm for Hs; to learn these subconcepts from these examples, with the following slight
modification. While the learning algorithm for H2; would ordinarily conjecture a concept
in Mo, the present learning algorithm must conjecture a concept in Hai'. Therefore, the
algorithm conjectures every concept in Hx' that results from any combination of conjectures,
by the learning algorithm for H,,;, for the subconcepts; that is, it tries all combinations of
subconcepts. Because k is fixed, the number of such combinations is polynomial in the sizes of
the counterexamples seen thus far. Finally, recall that in some cases (as in concept 6.10, page
4) the learning algorithm for H2,1 must guess the value for n, where n is the smallest number of
times the recursive clause is applied to generate one of the examples.!5> Therefore, the present
learning algorithm may have to guess n. This is handled by initially guessing » = 1 and guessing
successively higher values of n until the correct n is reached. This approach succeeds provided
that the target truly contains a type 6.10 subconcept. In the case that the target does not
contain a type 6.10 concept, the potentially non-terminating, errant search for a non-existent
n halts because we are interleaving the steps form all pending guesses of all forms—including

the correct non-type 6.10 form—of the subconcept. a

6.4 Increasing Function Arity

This section provides some evidence that the techniques introduced in the previous sections are
useful in studying the learnability of other classes of definite clause theories with recursion. In
this particular, this section considers the concept class T P?U C FTF Byniq studied by Arimura,
[shizaka, and Shinohara [15]. They show that TPZ U CFT F By, is learnable in the limit
with polynomial update time, from positive examples only. Until now, the learnability of this
class in the PAC learning and equivalence query models has been unknown. Using techniques
that allowed us to show that the class Hz . is not learnable, this section shows that the class

TP*U CFTF Bunig is not learnable (in both models), assuming P # RP.

*T'he n sought is necessarily the same for all subconcepts; thus only on n needs to be found.
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Arimura, Ishizaka, and Shinohara define the class C FT F B to contain each Prolog program
P defining the predicate p with at most two clauses Co and Cy

CO = p(317 seey sk)

Cl = p(zlv "'7zk) b p(tlv "'7t/c)

meeting the following additional conditions.

1. Every argument s; (1 < 7 < k) of the head of Cyp is either a function symbol of arity 0 or

a variable symbol.
2. All arguments z,, ...,z of the body of C| are mutually distinct variables.

3. For every 1 < ¢ < k, every argument z; of the body of C; occurs exactly once in the term

t; of the head. Moreover, z; does not occur in any arguments ¢; (i # j) of the head.

In addition, the predicate arity k is fixed (as in the class M2, for example). Notice that another
way to state condition (1) is that Cy is function—free. The class C FT F Byniq is the subclass of
CFTF B whose concepts have a unique 2-mmg; a 2-mmg is a pair of maximally-specific atoms
whose instances include all the ground atoms in the concept’s least Herbrand model (the ground
atoms that logically follow from the concept). The class T P? is the class of all conjunctions of

atoms (again the bound on predicate arity is assumed, though, again, no bound is placed on

" function arity). The class T P2 U CFTF Byyiq obviously contains exactly the concepts in 7' P?

or CFTFBum'q.
Theorem 82 The class TP? U CFTF Byniq is not learnable, assuming P # RP.

Proof: [Sketch| The proof is a " nple variant of the proof of Theorem 77. Instead of function-
free examples built from an n-ary predicate p, where n is arbitrary, we use examples built from
a unary predicate p (thus the proof works regardless of how small k is restricted to be) and
an n-ary function f. The proof is modified only slightly to replace claims about function- free
concepts by analogous claims about concepts of the form p(f(t1, s tn)), where ;... t, are

either constants or variables (are function free). a
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We now define the class C FT'F [ to be the union of CFT F B and conjunctions of at most
two atoms, one of which is function-free. In a way, this class is a more natural extension
of CFTFB, in that it can also be described as the union of a function—free atom Cp and a
clause Cy which may either be an atom or a clause of the form p(z1,...,Zm) — p(t1,...;¢m)
meeting the restrictions given above. Notice also that this class is in some ways broader than
TP?U CFTF Bynig, since it includes those concepts in CFTFB that do not have a unique
2-mmg. We conjecture that CFT F B’ can be learned using methods similar to those used in
this chapter for Hs,; and Hz . This is an important area for further work since (1) it would be
the first positive learnability result, to our knowledge, for a non-determinate class of recursive
concepts with functions of arity greater than one, and (2) it would provide additional evidence

for the utility of the techniques presented in this chapter.

6.5 Increasing the Number of Clauses: The Class H,

In this section we return to the class Hy,; and extend it along a different dimension, allowing
an arbitrary number of clauses. In other words, we consider concepts that consist of arbitrarily
many definite clauses with antecedents of at most one literal where again all literals in the
clauses are built from unary predicates and from constants, variables, and unary functions. We
call this class H.,;. The folowing example is a concept in H.; that defines the even integers
using the constant 0 and unary functions s for successor and p for predecessor (of course, under

this definition each integer is represented by infinitely many different terms).

even(0)

even(z) — even(s(s(z)))

(p(2)))
)
)

even(:c) — even(p

(
even(z) — even(s

(p(s{=z

(

(
even(z) — even(p(p(z)
As in the previous section, because all literals have the same predicate and all functions
are unary, we may disregard the predicate and view the literals as strings. And again, we
may assume that for any recursive clause, both literals end with some same variable . In this
section we introduce prefic grammars and prefic languages, and we indicate how the concepts

in ‘H.| may be viewed as prefix grammars. Moreover, every prefix grammar is equivalent to
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a concept in H,,;. where, by equivalent, we mean that the set of strings generated by the
grammar is exactly the least Herbrand model of the concept, when the members of this model
are viewed as strings. The major result of this section is that the class of languages genurated
by prefix grammars, and therefore the class of least Herbrand models of concepts in 7;[,,1, is the
same as the class of regular languages. While this result alone does not lead to a polynomial-
time learning algorithm, it does lead to a weaker learning algorithm, and it also shows that
the answers to open questions about prefix grammars will provide learnability results (either

positive or negative) for H, ;.

Definition 83 (Prefix Grammar) 4 prefiz grammar is a triple
G=(%_8,F)

where ¥ is a finite set of symbels, S is a finite set of strings over T, and P is a finite set of
productions. Each production in P has the form a — 8 where a and B are strings over ©. The
sentential forms for G are the strings over % alone.'® A production o — (8 may be applied to
a string v if and only if 4 = aw for some w; the result of applying the production to ~ is the
string Pw. L(G) contains ezactly the strings w such that either: w € § or w is the result of

applying a production in P to a string in L(G).

Prefix grammars are so named because their productions may be applied only to a prefix of
a string, to rewrite that prefix. Note that, in contrast with ordinary grammars, every sentential
form generated by a prefix grammar GG is a member of L(G). The prefix languages are exactly
the languages generated by prefix grammars.

The following example shows the set of definite clauses for the predicate even from the
previous example rewritten as a prefix grammar. Predicate symbols are omitted, literals are
treated as strings, and variables in the recursive clauses are treated as the empty string. The
grammar generates strings in precisely the same way that the set of definite clauses generates

atoms. The symbol ¢ denotes the empty string.

¥ = {0,s,p}
S = {0}

16 -1~ . . . .
Chat is to say, there are no non-terminal symbols in this grammar.
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P = {e — ss. ¢ — sp, € — ps, € — pp}

Theorem 84 The classes of prefiz languages and regular languages are the same. Specifically,
for any prefiz grammar there exists a right-linear grammar only polynomially larger that gen-
erates the same language. And for any DFA, there ezists a prefic grammar that generates the

language accepted by the DFA, and the grammar is at most ezponentially larger than the DFA.

Because the proof is relatively long, we spread it over the following two sections of the paper.

6.6 The Regular Languages Contain the Prefix Languages

We present an algorithm that transforms a prefix grammar Gp into a right-linear grammar
GRr only polynomially larger than G’ p. We assume that Gp has no productions of the form
€ — §, because we can eliminate all such productions with at most polynomial growth of Gp
as follows. We assume § is nonempty, since any production ¢ — ¢ can be deleted. For each
production € — § and every symbol ¢ in Gp, add the production ¢ — dc to Gp, and if € is a

production of Gp, add § to the base set § of Gp. Remove every preduction ¢ — § from Gp.

6.6.1 Prefix Grammar to Right-Linear Grammar Transformation Algorithm

Input: A prefix grammar Gp having base set {ay, ..., @,} and productions {8; — 7, ...,
Bm = Im}-
Output: A right-linear grammar G'g for L(Gp).

We define a grammar G with start symbol S, nonterminals Vg, ..., Vj,., and all symbols

of Gp as terminals. Let Gr contain the following productions.
S — a | | Qnp l 71V01 I I 7mV0m

In addition, add to G productions of the following form until no more productions can be

added.

Vs, — wVp, where b) = ¢1Vp,
Vo, — ¢V,
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Vg'k_‘ — (pkag)

are productions already in Gp, ¢y, ..., @ are strings of terminals of Gr. ®,@,...0%
= 3; w is a nonempty string of terminals of Gg, Vg, and %“.....V:glk_‘ are
nonterminals of &g, and Vs, is a nonterminal of Gg or is €. Notice that
®1,y...,Px—1 are nonempty since every right-linear production has a nonempty

terminal string.!”

(1) Termination: To see that the algorithm halts with a grammar G g only polynomially larger
than Gp, observe that the terminal string in each new production is a suffix of some «, or ¥;
in Gp, and no new non-terminal symbols are introduced. Let « be the longest of ay. ..., an.
let 3 be the longest of 8y, ..., 0m, and let 4 be the longest of 7y, ..., Ym. it follows that at most
n|a|+m|y| such suffixes exist. Thus there are only m(m + 1)(n|e| +m|y]) productions'® added
to GRg, although the algorithm may take exponential time to construct this grammar. (We
are interested in the algorithm only to establish an equivalence between the languages and to

describe the sizes of their representations; thus it need not be efficient.)

(2) L(Gp) = L(GR): The intuition behind the algorithm is helpful in understanding why
L(Gr) = L(Gp). In presenting the intuition, and in the proof, we give the nonterminal § of
G R the alternative name “V.”. Note that this does not create a naming conflict since ¢ never
appears as the left-hand side of a production of Gp. The strings o;, | < i < n. in Gp each
assert, “a is a string in L(Gp).” The productions 8; — v;, 1 < j < m, in Gp assert, "if .3,
is a string in L({'p) for some string w, then v;w is also in L(Gp),” or less formally, “anything
that can follow J; can also follow 5;.” The right-linear grammar G g simply makes these same
assertions in a different way. We want a nonterminal Vj; to represent the set of all strings that
can follow 3 in L(Gp); that is, we want the set of strings that (G can generate from Vi to be

the set of all strings w such that fw € L(Gp). As a special case, notice that we want V. or

"We use the phrase ferminal string to mean the entire string of terminals on the right-hand side of a
production.

81t can be shown that the maximum size of any such production is bounded by a polynonual in the
size of Gp.
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S. to represent the set of all strings (hat can follow € in L{(Gp), that is, the set of all strings
in L(Gp). This shows L(GRr) = L(Gp). To achieve this result, we want a production V5 — ¥

”

in GR to assert, “y can follow 3 in L(Gp),” and we want a production Vg, — vVj, to assert,
“v, followed by any string that can follow 8, in L(Gp), can follow 3 in L(Gp).” The following
lemma says this is indeed what the productions of Gg assert. The lemma is then used to prove
that L(GRr) = L(Gp) by showing that the productions force the nonterminals to represent the

appropriate sets of strings.

Lemma 85 Atf any time during the construction of GRr, (1) if Vg — v is added to Gr then we
have 3v € L(Gp), and (2) if Vg — ¥V is added to Gr then for any f'w € L(Gp) we have
Byw € L(Gp).

Proof: All the V.-productions are added first. The result clearly holds after each of these is
added: a production V, — 7 is added only if ¥ is a production of Gp, so v = ey € L(Gp),
and a production V, — yVp is added only if 8’ — 7 is a production of Gp, so if f'w € L(Gp)
then applying 8’ — vy yields yw = eyw € L(Gp). Assume all productions added up to some
arbitrary other point in the construction of Gr have the specified properties. If the algorithm

now adds a production V3 — v, Gr must already contain productions

Ve — ¢ Vﬁ.'l
Vﬁ.‘, - ¢2Vﬁ.‘2
Vﬁ"k—l - ¢k7

where ¢1#2...dx = 8. So Bi,_, b1y € L(Gp)and B, _,dx—10x7 € L(Gp) and ... and €pyy...0x7 =
By € L(Gp).
Similarly, if the algorithm now adds a production V3 — vVy, then r must already contain

productions

Vc — & V/’i,l
Vi, — $2Va,
124




Vﬂ(k_l — ¢y Vo

where @1¢;...0x = 3. Then for any §'w € L(Gp), it is the case that 3;,_,¢xyw € L(Gp) and
Biy_, Or-10k7w € L(Gp) and ... and €d10;...0x 7w = Byw € L(Gp). o

(2.1) L(Gp) 2 L(GR):

Proof: L(Gp) 2 L(Ggr) may be restated as follows: if V, = 4 is a derivation of Gg then
€y = 7 € L(Gp). We prove, more generally, that for any nonterminal V3 of Gh, if Vi > v
is a derivation of Gg then By = L(Gp), and if V3 = vVj is a derivation of Gy then for any
B'w € L(Gp) we have fyw € L(Gp). The proof is by induction on the length of the derivation.
If the length is 1, then Vg — v (V3 — vVp) is a production of Gp, and the result therefore
holds by Lemma 85. If the length is greater than 1, let V3 — ¥;V» be the first production
applied in the derivation. By Lemma 85, for any 8"w € L(Gp) we have By,w € L(Gp). Then
the remainder of the derivation must be v;Vgn = 171 (or 7\ Vgr = 7,71 Vpr) where v172 = 7.
This derivation implies the existence of a derivation Vg = 75 (or Vgu & 72Vy) of the same
length. By the inductive hypothesis, Vgn = v, implies 8”7, € L(Gp) (and Vgn = v,Vps implies
that for any b’w’ € L(Gp) we have 3"y’ € L(Gp)). Therefore, because if 5w € L(Gp) then
Bviw € L(Gp), letting w be v, {or 72w') we have By1y2 = By € L(Gp) (or B 172w’ = By’ €
L(Gp)). o

(2.2) L(Gp) C L(GR):

Proof: We begin by proving that for any nonterminal Vg other than V,. if G generates ¥V
and Gp generates Jw then G generates vu'. The proof is by induction on the length of the
derivation of vV in Gp. If the length of the derivation is 1, G must contain a production
V. — vV5. Then 3 — 4 must be a production of Gp. Therefore, since (7p generates gw and
has a production 3 — 7, it generates yw as well. If the length of the derivation of yVj in Gy
is greater than | then, because all productions in (7 are right-linear, the last sentential form

generated before vVj in a given derivation is some v, Vj, where v = Y172, Y2 is nouempty, and
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Vi1 — v,V is a production of Gg. By Lemma 85 we know from V3 — v,V and fw € L(Gp)
that §'yew € L(Gp). By the inductive hypothesis, since Gp generates v, Vy (with a shorter
derivation than for vVg) and §'vew € L(Gp), we knoiv G R generates ¥, 7w = Yw.

To prove the complete result, let w be any string that Gp generates. If the derivation of w
has length 1, that is, if w is itself a production of Gp, then Gg has a production V, — w, so
clearly G g generates w. Otherwise, the last production applied in the derivation of w is some
B — v that maps 87’ to vy’ where w = v4'. Because G p has the production 8 — v, Gr has the
production V, — vV3. Since Gr generates vV and Gp generates §7, by our previous result

we know that G'p generates vy’ = w. a

6.7 The Prefix Languages Contain the Regular Languages

input: dfa M = (Q,q0, %, F, §)

output: prefix grammar G

1. Foreach f € F

(a) For each string v accepted by a cycle—free transition sequence from g to f.

(b) Add 4 to the base set § of G
2. Foreachqe Q
(a) For each pair of strings (a, 8) each of which induce a cycle—free transition sequence

from ¢o to ¢

i. Add the production & — B to G

ii. Add the production 8 — a to G

- (b) For each pair of strings (@, 8) where a induces a cycle—free transition sequence from

go to g and 3 induces a cycle from ¢ to ¢ which does not properly contain any cycles

i. Add the production @ — af to G

Claim 86 T7he algorithm produces a prefiz grammar that defines exactly the same language as

the given DFA.
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Proof: First observe that at each step the algorithm looks for cycle-free transition sequences.
Such sequences are bounded in length by |@|, and hence there are at most |Q|' such sequences.
Thus the algorithm terminates.

Next observe that for DFAs, a given string and an initial state uniquely determine the state
after applying the string to the initial state. Now, every production in G replaces a prefix of a
sentential form with another prefix, and the replacement prefixes are chosen from among those
strings which leave the DFA in precisely the same state as the replaced prefix. Thus every
production of the grammar is guaranteed to preserve acceptance. Finally, the only sentential
forms explicitly given for L(G) are strings accepted by the DFA. Thus L(G) C L(M).

What now remains is to show that L(M) C L(G). This portion of the proof is accomplished
by strong induction on the number of state revisitations!® by a string accepted by the DFA.
Suppose w is accepted by M and no state revisitations occur. In this case, this string was
explicitly placed in the grammar G in step 1 of the algorithm; thus w € L(G). Now suppose
inductively that all strings accepted by M causing at most k state revisitations can be gener-
ated by G, and coasider any string w accepted by M which causes k + 1 state revisitations.
Necessarily, w must cause M to revisit some state within its first |Q| symbols. Furthermore,
without loss of generality, we may assume that this revisitation is a simple-cycle. Consider
the first such revisit. Name the substring that causes this revisitation w,, so that w may be
rewritten as w,w,w, (where w, is the prefix of w, w,, is the middle of w, and w, is the suffix
of w). We can remove w,, from w and the resulting string wpw, is accepted by M and has at
most k state revisitations, so inductively, w,w, can be generated by G. Now, by our choice of
Wm, Wy induces a cycle—free transition from go to some state ¢ and w,, induces a cycle from
q to g which does not itself properly contain any cycles. But this implies that step 2 of the
algorithm added the production w, — wpwm to G. Thus we can apply this production to the

string wpw, to obtain wpw,,w, = w. Therefore w € L(G), which completes the induction and

the proof. |

This completes the proof that the regular languages are contained in the prefix languages.

'9A state revisitation occurs whenever any state that has already been visited is visited again. Thus a string

which produces the state sequence go, g4, ¢3, g0, g3 causes 2 state revisitations - | revisitation of the state ¢o and
one revisitation of the state ¢s.
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6.8 Applications to Learnability

It follows from Theorem 84 that M, ; can be learned in ezpenential time in terms of DFAs with
equivalence queries and membership queries®® using Angluin’s [3] L* algorithm.?! We should
emphasize that this result does not subsume the learnability result given earlier for My, (it
clearly does not subsume the result for H « ) for at least two reasons. First, the earlier result is
for learning in polynomial time. Second, the earlier result does not require membership queries.

An interesting open question is whether there exists a polynomial time transformation from
strings to strings such that for every prefix grammar there exists a DFA, rather than right-linear
grammar, only polynomially larger than the prefix grammar that accepts the transformation
of language generated by the grammar.?? If so, H., can be learned in terms if DFAs, and
therefore predicted, with membership and equivalence queries. If, on the other hand, it can be
shown that there exists a polynomial size prefix grammar for any NFA, then predicting H. ; is
as hard as predicting NFAs, which cannot be done (under certain cryptographic assumptions)

(10, 66).

6.9 Related Work

The concept classes studied in this chapter are incomparable to—that is, neither subsume nor
are subsumed by—other classes of definite clause theories whose learnability, in the PAC or exact
models, has been investigated [41, 82].23 Page and Frisch [82] investigated classes of definite
clauses that may have predicates and functions °f arbitrary arity but explicitly do no¢ have
recursion. In that work, a background theory?* was also allowed; allowing such a theory in the
present work is an interesting topic for future research. Cohen [35] investigates the learnability
of function-free, two clause, closed, linearly recursive, ij-determinant logic programs, given a

background theory. His positive result appeared at the same time as this chapter [43], and

29A membership query asks whether the target concept classifies a particular example as positive or
negative.

21 We say in this case that H . can be predicted using membership and equivalence queries.

2214 can be shown that if we demand that the transformation be the identity transformation, i.c., that the
DFA accept exactly the set of strings generated by the grammar, then the answer to this question is “no”.

*3Theorctical work related to the learnability of definite clauses in other models inciudes Shapiro’s [95] work
on learning in the limit, Ling’s [70] investigation of learning from good ezamples, and the work in Chapters 2
and 3 of this thesis on propositional Horn clause theorics.

A background theory cssentially represents what the learner already knows about the world.
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both are distinctive in that they seem to be the first positive learnability results for recursive
theories for which the learner is not allowed to ask about the classification of specific examples.
Cohen [34] gives a negative result when the linear recursiveness restriction is removed and the
target consists‘of a single clause.

DZeroski, Muggleton, and Russell [41] investigated the learnability of classes of function-free
determinate k-clause definite clause theories under simple distributions, also in the presence of
a background theory.?> This class includes recursive concepts; to learn recursive concepts, the
algorithm requires two additional kinds of queries (ezistential queries and membership queries).
Rewriting definite clause theories that contain functions to function-free clauses allows their
algorithm to learn in the presence of functions. Nevertheless, the restriction that clauses be de-
terminate effectively limits the depth of function nesting; their algorithm takes time exponential
in this depth. So, for example, while the algorithm can easily learn the concept even integer,
or multiple of 2, from M3, —[even(0)] A [even(z) — even(s(s(z)))]—the time it requires grows
exponentially in moving to a concept such as multiple of 10 or multiple of 1000, also in Haa.
It is easy to show that the classes M1, H..1, H2x, and H2,«, rewritten to be function-free, are
not {i,j}-determinate, for any ¢ and j.

Finally, DZeroski, Muggleton, and Russell [41] obtain their results by a transformation
to a concept class in propositional logic, and they note the importance of finding learnable
classes of first-order concepts that have no such transformation. While we have been unable to
find any such transformation for the classes presented here, showing that a class has no such
transformation appears to be a difficult task, and also one we have been unable to accomplish.
In addition, Section 6 indicates that it may be important as well to determine whether a
learnable class of first-order concepts has such a transformation to a class of formal languages
or automata, particularly when'_recursion is present. That section also leads one to speculate
about whether various classes of first-order concepts may even be interesting hybrids between
concepts of propositional logic and formal languages or automata. The relationship of concept

classes described in this chapter to other classes is also an interesting area for further research.

**The restriction to simple distributions is a small one that quite possibly can be removed.
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Chapter 7

Description Logics

Description logics, also called terminological logics, are commonly used in knowledge-based
systems to describe objects and their relationships. This chapter investigates the learnability
of a typical description logic, CLASSIC, and shows that CLASSIC se.tences are learnable in
polynomial time in the exact learning model using membership queries (which are in essence,
“subsumption queries”). It is shown that membership queries alone are insufficient for poly-
nomial time learning of CLAsSIC sentences. Combined with earlier negative results of Cohen
and Hirsh [33] showing, given standard complexity-theoretic assumptions, that random exam-
ples alone are insufficient in the PAC setting, this shows that both sources of information are
necessary for efficient learning in that neither type alone is sufficient. In addition, it is shown
that a modification of the algorithm deals robustly with persistent malicious two-sided classifi-
cation noise in the membership queries with the probability of a misclassification polynomially
bounded below 1/2. This fact that this first order language can be learned in full is surprising;

even more surprising is the robust error tolerance.

7.1 Introduction

A central problem facing automated Information Systems is knowledge acquisition (eg. [76]).
Whether dealing with expert systems, database constraints, or deductive databases, applying
kncwledge demands that knowledge be at hand. Unfortunately, extracting knowledge from

a domain expert results in either an extremely narrow base of knowledge, or an enormous
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amount of potentially buggy knowledge, or both. We address the problem of efficient knowledge
acquisition from the vantage point of computational learning theory.

Traditionally, computational learning theory has focused on propositional domains. We in-
vestigate learning in the first-order domain of description logics or terminological logics. Specif-
ically we consider the learnability of the description logic known as Crassic [39]. To the extent
that CLASSIC is a typical description logic, our results generalize to a variety of other such
logics.

Description logics are more expressive than the propositional calculus. A description logic
statement is essentially a first-order predicate calculus formula in which all but one variable is
quantified. Therefore, the meaning of a statement in a description logic, instead of being either
true or false for a given interpretation, is the subset of the universe satisfying tiie statement.
For example, suppose that the universe is a set of dogs, brown(z) asserts that z is brown, and
smaller(z,y) asserts that y is smaller than z. If it happens to be the case that Rex is the
only shaggy dog and Fido is the only brown dog, then Vy brown(z) A smaller(z,y) is a well-
formed description logic statement denoting the set {Fido} provided Fido is the largest dog in
the universe; otherwise the empty set is denoted. Likewise brown(z) A shaggy(z) denotes the
empty set. Neither statement is a closed formula in the predicate calculus and neither statement
has an associated truth value. Thus, description logics have a different flavor than the predicate
calculus. Description logics comprise “natural” classes of formulas in that description logics are

used in the field of knowledge representation {17, 28, 25, 26, 39, 68, 77, 83].

7.1.3 CLASSIC

Essentially, CLAssIC permits constructing certain quantified descriptions which distinguish a
particular subset of a domain [ of individuals. CrassIC descriptions contain primitive symbols
which get mapped to arbitrary subsets of I, disjoint primitive symbols which get mapped to
mutually disjoint subsets of I, roles which get mapped to binary relations on [, and attributes
which are roles that happen to be functions. Further, CLASSIC sentences contain constructors
which manipulate these primitives, roles, and attributes, in order to permit the denotation

of complicated subsets of 7. The following synopsis and semantics of CLASSIC is excerpted

from [26, 36, 33].
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(SAME-AS (ry.1...T1,k,) (r2.1...T24k,)) denotes the set

{z:rig (- (rra(ria(2)) = roky (- - (rea(r2,1(2))))}

of individuals for which composing the first chain of attributes is the same as composing

the second chain of attributes.

(ALL r D) denotes the set {z : Vy [r(z,y) — D(y)]} of individuals for which all of the r-
related individuals satisfy description D.

(AND D;...D,) denotes the set {x : Di(z) A--- A Dp(z)} of individuals that satisfy all of
the descriptions Dy,..., D,.

(AT-LEAST n r) denotes the set {z : [{y : r(z,y)}| > n} of individuals having at least n

r-related individuals.

(AT-MOST = r) denotes the set {z : |{y : r(z,y)}| < n} of individuals having at most n

r-related individuals.

(PRIM p;) denotes the subset of individuals denoted by the primitive symbol p; (provided by

the interpretation).!

(FILLS r p;...ps) denotes the set {z : 3y; € p; such that r(z,y1)A---Ar(z,y,)}, where the

p; are disjoint primitive symbols.
ONE-OF p; ...ps) denotes the set U, p;, where the p; are disjoint primitive symbols.
t=1

Descriptions are built from the individuals, primitives, and other descriptions. For example
if our set of individuals is the set of all dogs and breeds? and we have at our disposal the
primitive concept brown for the set of brown dogs, the role smaller for comparing dog sizes.

the attribute breed for denoting breeds, the attribute father for associating a dog with its

'In our illustrations we omit this formalism and use descriptions such as brown to denote the primitive set of
things which are brown.

?Keep in mind that these two different “types” of individuals are indistingnishable within a description logic
statement; it is the venne of the externally supplied meanings of the roles and primitives to preserve any intuitive
distinctions we may have concerning these different “types” of individuals.
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father, the attribute mother for associating a dog with its mother, and the role school denoting

the obedience school classmates, then if we wished to denote the set

{z: Yy school(z,y) — [brown(y)
A |{z : smaller(y, z)}| > 20

A breed(mother(y)) = breed(father(father(y)))] }

of dogs all of whose obedience school classmates were brown, larger than at least twenty other

dogs, and had mother and paternal grandfather of the same breed, we would write:

(ALL school (AND brown
(AT-LEAST 20 smaller)
(SAME-AS (mother breed) (father father breed))))

7.1.2 The Learning Problem

The mea.ning of a description logic statement depends on a particular interpretation. It is a
set selector: Given a choice of a universal set of individuals I, an assignment of the primitive
symbols (such as brown) to subsets of I, an assignment of the roles to binary relations on I,
and an assignment of attributes to functions from I to I, the statement denotes the set of
elements = in [ that cause the corresponding first order expression to evaluate to true, given
the semantics on the previous page.

One way to define a positive example of a CLASSIC sentence is as an individual that is
in the denotation of the sentence. One drawback of this definition is tha® the classification
of an example depends on a particular interpretation, and not just on the target concept.
Further, the classification may depend on the relationships among a potentially infinite number
of individuals from the universe. An alternative definition, taken by Cohen and Hirsh [33], and
supported in the description logic community [25, 24, 40}, is to define a positive example to be
the description of an individual (using the same description logic) that is a positive example for
every possible interpretation. Because such « description may not select a unique individual for
all interpretations, each such (positive) example is actually a concept itself, whose denotation is
a subset of the denotation of the target concept. Thus, C'is a positive example if (!, subsumes C.

This viewpoint is also supported by previous work in inductive logic programming [82, 41, 43]
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and learning from “entailment” {46, 2], where positive examples of an unknown (typically first-

order) formula are clauses or other formulas that are entailed by the unknown formula.

We employ the standard protocol of learning from equivalence and membership queries. Qur
algorithm may conjecture any Crassic description H, and is told whether or not H is equivalent
to the target description C, (i.e., has the same denotation for all possible interpretations). If
H is not equivalent to C., then the algorithm receives a counterexample, which is a positive
example of one of H and C., but not both. The algorithm also may present a description C,
and is then told whether or not C is a positive example of C, (i.e., whether or not C, subsumes
C). Of course, a standard transformation turns this algorithm into a PAC with membership
query learning algorithm.

The algorithm takes advantage of the fact that such queries C' may be arbitrary concepts,
so perhaps it is more appropriate to call these “subsumption” queries, or even “subset” queries.
The distinction between these notions is lost given the common use of the “single representation
trick” in Al - where it is often convenient and desirable to represent concepts and examples using
the same language. In fact, Cohen and Hirsh [33] note that in many implemented description
logics, “it is possible to attach an arbitrary description to an instance [example], hence the
distinction between instances [examples] and concepts is blurred.”

Because the subsumption relation is computable in polynomial time [36, 33], both member-
ship and equivalence queries are efficiently computable by a teacher. The main results of the

chapter are now summarized:

Theorem CLASSIC is learnable in time polynomial in the size of the target description and the

length of the longest counterexample, using membership (subsumption) and equivalence

queries.

Theorem Any algorithm using membership (subsumption) queries alone requires a number of

membership queries that is exponential in the size of the target concept.?

*Thus the positive result does not come solely from the membership queries. Cohen and Hirsh [33] showed
that CLASSIC is not learnable in polynomial tirme (without membership queries) in the PAC model (assuming
RP # NP), hence CLASSIC cannot be learned from equivalence queries alone given the same assumption. Thus,

ncither membership nor equivalence yueries arc dispensable - they form a minimal set of learning querics for
CLASSIC.
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Theorem CLASSIC remains learnable in the exact learning model with equivalence and mem-
bership queries, even when each answer to a membership query may be answered incor-
rectly by a malicious adversary with probability 1/2 - 1/r, where 7 is any polynomial

function of the size of the target concept.*

In particular, when a membership query is asked, an adversary flips coins, and with
probability 1/2 - 1/r, may choose to classify incorrectly. (Any future queries on the same
example are results in the same classification). We present a modification of our algorithm
that will work when r is any polynomial function of the size of the target concept. To
our knowledge, this is the first algorithm for any concept class capable of coping robustly

with such errors.

7.1.3 Comparison to Previous Results

Automating propositional explanation discovery has been well studied [7]. In comparison. effi-
cient first-order learnability has been less well studied. Even so, some results are known. Co-
hen [35] gives a PAC learning algorithm for function-free, two clause, closed, linearly recursive,
ij-determinant logic programs; he goes on to show [34] that when the condition linear recur-
siveness is relaxed, the learning problem becomes cryptographically hard. Page and Frisch [82]
show that constrained atoms (a typed logic) are efficiently learnable, Frazier and Page [43]
provide a learning algorithm for a syntactically restricted subclass of first-order Horn formulas,
and DZeroski et al. [41] provide a learning algorithm for a different restriction of first-order
Horn formulas.

Haussler {57} investigated existentially quantified conjunctive concepts and describes a graph
representation for those concepts. He showed that learning some very simple scene descriptions
is difficult. Specifically, he showed that even restricted to unary atoms such concepts are not
learnable from random examples unless RP = NP, but did give a learning algorithm for settings
where the algorithm may use a richer vocabulary than that from which the target was chosen.
[ndeed. positive first-order learning results appear to be quite rare for “natural” classes of
first-order formulas. It would seem that the difficulty of the learning task he faced revolved

around the ambiguity admitted by the graphical representation required to capture existential

*The errors are persistent, so that the algorithm ray not benefit [rom repeatedly asking the same question.
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quantification in the concept class he investigated; our concept class does not permit existential
quantification. [t will be seen that the graphs we use suffer no such ambiguity, thus we are able
to avoid the difficulty he faced.

The work most closely related is that of Cohen and Hirsh [33] who employ a graphical
representation for CLassIC concepts developed by Borgida and Patel-Schneider [26]. To explain
their results, and present ours, we briefly explain the notion of a labeled equivalence graph (called

a concept graph in [26, 36, 33]).

best friead

at-least 1 brother {shaggy, brown)

at-most 2 sister

at-least 20 child

attorney

Figure 7.1: A labeled equivalence graph.

Consider the graph in figure 7.1. This is a graphical depiction of the CLassic description of
the set of individuals who have at least one brother and at most two sisters, whose best friend
has brown hair, who are their best friend’s attorney, and whose best friend only has brown,
shaggy dogs that have at least twenty puppies. The cycle in the graph also asserts infinitely
many other SAME-AS conditions - for example, conditions about the best friend’s attorney’s
best friend.

Formally defined in Sw-ction 3, a labeled equivalence graph is a rooted, directed, vertex- and
edge-labeled graph. Further, no vertex has two identically labeled outgoing edges. The edge
labels represent binary relations over the universe of individuals, and an edge demands that all
individuals in the image of the relation satisfy the constraints asserted by the vertex to which
the edge leads.  Also, any pair of disjoint directed paths between a pair of vertices involve
only binary relations which are in fact functions. This pair-asserts that the individual selected
along one path must be the samne as the individual selected along the other path. We associate
a subset of the set of individuals J with each vertex in the graph — the subset of individuals
satisfying every constraint - whether vertex label, edge label, or assertion of equivalence at
some reachable vertex - asserted by the graph. The set of individuals denoted by the graph
is exactly the set of individuals associated with the root. Note that the presence of directed

cycles in the graph, and in particular, those involving the root, implies that the rool concept is
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being defined in terms of other concepts, ..., which are in turn being defined in terms of the
root. Thus, cycles allow co-referential definitions.

Polynomial time algorithms exist for transforming labeled equivalence graphs into Crassic
s:nwences, and vice-versa {26, 36, 33], although not all labeled equivalence graphs correspond
to valid Crassic sentences. Thus, the question of learnability of CLASSIC sentences more or
less reduces tu that of learning such equivalence graphs. What would a positive example of
an equivalence graph look like? It is another graph which satisfies all of the constraints (and
perhaps more) represented by the first. The subsumption algorithm for CrLAssIC essentially
verifies that the vertex label reached by a path in the first graph is less restrictive than the
label of the corresponding vertex (which must exist) in the second graph, and that if in the
first graph the two paths labeled by strings w, and w; lead to the same vertex, then this occurs
in the second graph as well. For example, if we add an edge or vertex label to the graph in
Figure 7.1 we obtain a positive example. Conversely, deleting an edge or vertex label from
Figure 7.1 produces a negative example. The hard part of the learning problem is to determine
the structure of the graph and the edge labels, not to determine the vertex labels. Thus,
most of the constructors from the Crassic language are not problematic; the main challenge
is presented by the SAME-AS conditions (each represented by a disjoint pair of paths between
two vertices), and the role and attributes (which are edge labels). Henceforth we assume that
all the vertex labels are irrelevant; in Section 7.4 we show how the algorithm is modified when

this is not the case.

Figure 7.2: The universally positive example for equivalence rraphs. ¥ indicates that every
possible edge label o € X appears on a directed edge from the 100t vertex back to itself.

A natural first attempt to learn such graphs would be to simply intersect the graphs which
ref)resent positive examples, thereby extracting the set of common vertices and edges. However,
since the universal positive example (figure 7.2) contains every path (and thus is subsumed by
any target), simply intersecting the graphs will not be enough. What does succeed is a variant

of the “cross-product of DI'As™ construction for regular language intersection. By repeatedly
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taking the cross-product of positive examples, a (one-sided) learning algorithm is obtained. A
problem with this approach is that the cross-product of two equivalence graphs can be as large
as the product of their sizes; the repeated crqss-product necessary to implement this approach
may yield exponentially sized hypotheses.

Cohen and Hirsh [33] circumvent this problem by restricting the number of distinct paths
through the graphical representation of a Crassic concept. Given a constant & they consider
graphs G having at most IG’Ik distinct paths (hence their graphs are acyclic). Denote this class
k-CrassiC. They show that the intersection approach above yields a O(m**!) mistake-bounded
one-sided learning algorithm for k-CLASSIC, assuming all counterexamples have size at most m.
Negatively, they show that in the PAC learning model, assuming that RP # NP, CLASSIC is not

learnable from random examples alone, even if either of the following constraints hold: (i) the

‘primitive class alphabet is singleton, the role alphabet is doubleton, and the equivalence graph

of every example is acyclic, or (ii) the primitive ciass alphabet is singleton, and the equivalence

graph of every example contains only two vertices.

7.2 The Algorithm

Simply stated, our algorithm employs the one-sided approach of graph cross-product discussed
above, but uses membership queries to bound the intermediate hypothesis size. Figures 7.3
and 7.4 give the learning algorithm. The cross-product G x H of labeled equivalence graphs G
and  is described in the next section, as is the argument that the algorithm efficiently learns.
At first glance, equivalence graphs seem DFA-like, but their semantics are quite different, so

well-known DFA learning algorithms {3, 89] do not apply.

Learn

1 Let /I be the universally positive example

2  H :=Prune(H)

3 While EQUIVALENT(H ) provides counterexample (¢
4 (i := Prune(G)

H := Prune(C x )

6 Return /f

(1]

Figure 7.3: Equivalence graphs learning algorithm.
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Prune(G)

/* G is a positive example. */ Y,
1 Foreachedgeein G
2 . If MEMBER(G\e¢)® is “yes”, then remove e from G
3  Return G.

®Along with ¢ remove any unreachable component.

Figure 7.4: Algorithm using membership queries to remove excess graph elements from a
positive example.

7.3 Equ:-alence Graphs

As discussed above, the learning problem for Crassic sentences is closely related to that of
learning labeled equivalence graphs. We first consider equivalence graphs without vertex labels,
and then indicate how the algorithm is modified to the more general case in Section 7.4. Later,

in Section 7.5, we modify the algorithm again in order to learn CLASSIC.

Definition 87 Let T be a finite alphabet. A rooted, directed, edge-labeled graph 7 is an equiv-
alence graph over T if each vertex v in G is reachable from the root and for every symbol o in
¥, v has at most one outgoing edge labeled o. The size |G| of an equivalence graph is the sum

of the number of edges and vertices in G.

A string w of 5" is G-supported if w is the concatenation of symbols on the edges of a
rooted, directed path in G. G defines an equivalence relation =¢ on strings of £* as follows:
wy =¢ wy iff both w; and w, are G-supported, and their paths terminate at the same vertex.
Thus, a G-unsupported string is not G-equivalent to any other string. The set of all strings
G-equivalent to a string w is denoted [w], and, by an abuse of notation, the set of all strings
that terminate at a vertex v of G is denoted {v];. It is easily verified that for any equivalence
graph G. =¢ is a right-invariant equivalence relation on strings, and that if w is G-supported

then so is every prefix of w.

We define a partial order on equivalence graphs based on which strings are supported and

which strings are equivalent:

Definition 88 (/i subsumes (i if cvery (7 -supported string is (75-supported and every pair of

(i -equivalent strings are (Go-equivalent.
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Examples will be labeled according to their relationship to the target under this partial ordering.
Positive examples of an equivalence graph G will be exactly those graphs G’ which are subsumed

by G.

Definition 89 ({33]) Let Gy = (V1,E,) and G, = (Va, E3) be two equivalence graphs. 7'e
cross-product of Giand G, denoted G| X G2, is defined as follows. Let py,ps,.. -»D|v;| denote
the vertices of G with p; denoting the root, and let qQ1,92,- - -, q|v,| denote the vertices of G,
with q denoting the root. If Gy or G is empty, then Gy X G, is empty. Otherwise, the vertex
set of Gy X G2 (a subset of Vi x V3) and the edge set of Gy X Gy are defined recursively:

o The graph Gy x G4 has a root denoted (p1,q1).

o The graph G1 X G2 has a vertez denoted (pi,,q;,) and edge (pi,,q;,) —— (piy,a5,) iff G1
has edge p;, —Lrp,-, and Gy has edge g, AN gj, and Gy X G2 has the vertez denoted

(piy ' @5 )-

Note that Gf; X G is an equivalence graph whenever both G; and G are equivalence graphs.

The following properties of G x G are either easily verified, or follow from [36].
Property 90
1. A string w is (G x G2 )-supported iff w is both G,-supported and G,-supported.
2. For any strings s and t, s g, x G, t iff both s =g, t and s =g, t.

3. Gu x Gy is the most specific generalization (least upper bound) of G| and G, with respect
to the subsumption ordering. That is, if Gy, G2, and G are equivalence graphs, then if G

subsumes both G| and G2, then G subsumes G x Gs.

Definition 91 An equivalence graph G is said to be pruned with respect to an equivalence

graph G. if G, subsumes G, but does not subsume any proper subgraph of G.

The following is a useful property of pruned graphs.

Property 92 Let (¢ and G. be two equivalence graphs such that G' is pruned with respect to
G«. Then for cvery vertex v in (i and cvery outgoing cdge label o from v, [vl,; contains some

(Gu-supported) string s such that so is G, -supported.

3
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Proof Sketch: Suppose to the contrary that G contains a vertex v with outgoing edge label
o such that [v]; contains no string s such that sc is G.-supported. But then deleting v’s
outgoing edge labeled o produces a proper subgraph of G that supports every G.-supported
string and leaves equivalent every pair of G,-equivalent strings. This contradicts the hypothesis

that G is pruned. a

We need the following technical lemma.

Lemma 93 Let G,, G;, and G. be equivalence graphs such that both G, and G, are pruned
with respect to G,.. If there exists a vertexr v of Gy X G such that [['U]Gl x G, contains only
G.-unsupported strings, then there are two G ,-supported strings that are G1-equivalent but not

(G1 x G2 )-equivalent.

Proof: First observe that if G, supports no strings at all - not even the empty string — then
G., G1, and G2 must each be the empty graph. In this case the lemma holds trivially. The rest
of the proof assumes that at least the empty string is supported by G, and therefore also by G,
and G by Property 90 item 1. The proof assumes the existence of a vertex v of Gy X G5 such
that [['v]]Gl « G, contains only G.-unsupported strings and then constructs two G,-supported
strings s and s’ that are G)-equivalent but (G1 x G3)-inequivalent.

Let v be a vertex of Gy X Gz such that [v]s , g, contains only G.-unsupported strings,
and let w be any string in [v]g ,,- Now, since the Gy x G equivalence class containing
the empty string contains a G,-supported string (the empty string itself) and since [[w]]Gl X Ga

contains no G’.-éupported stings, there exists a prefix w, of w and an edge label o such that
® w,o is a prefix of w,
¢ [wylg, x g, contains a G,-supported string, and
¢ [wpolg, « g, contains no G.-supported string.

Let s be any G.-supported string in [[w,,]Gl x G;- Now observe that since w is (G x sz-
supported so are both w,o and w,. Also observe that since wyo is (G X G3)-supported wyo
must be Gi-supported by Property 90 item 1. But then, by Property 92 since (¢ is pruned with
respect to G, [wy];, must contain a G',-supported string s’ such that s'o is also (3 ,-supported.
Thus we have two G,-supported strings s and s’ such that s =¢, x ¢, wy (which by Property 90

item 2 implies that s =¢, w,) and ' =g, wp, and so s =g, s'. Now since s'c is (,-supported,
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if s =g, x G, ' then s’ =g, x G, wp so that [wo]s, , g, contains the G,-supported string s'o,
contradicting the choice of w, and o. Thus s #g, x ¢, s’. Therefore we have constructed two

G.-supported strings that are Gy-equivalent but are (G X G3)-inequivalent. a

The proof that the learning algorithm is correct and efficient (Theorem 96) will follow
easily from a technical lemma (Lemma 95), which asserts that progress is made with each new
hypothesis of the algorithm. The proof of the lemma follows the proof of Theorem 96. We first

need the following definition:

Definition 94 Let G be an equivalence graph that G, subsumes. Then =&" is the equivalence

relation =g restricted to G.-supported strings.

Lemma 95 Let Gi and G, both be pruned with respect to G, and let G = Prune(Gy x Gs).

Further, suppose that G; does not subsume G5. Then Eg' is a proper refinement of Eg‘

Theorem 98 Let G. be the target concept. The algorithm Learn finds an equivalence graph
equivalent to G, and at no point during execution does the running time exceed a polynomial

in |E|, |G.l, and the size of the largest counterezample seen so far.

Proof Sketch: The initial hypothesis has one equivalence class. A simple inductive proof
shows that every hypothesis is a positive example. By Lemma 95, each counterexample causes
the number of equivalence classes over supported strings to increase by at least one. Since the
number of e{quiva.lence classes in the hypothesis is bounded above by the number of equivalence
classes in the target®, the number of equivalence queries is bounded above by that number.
Finally, observe that at each step, if G is the counterexample with the greatest number of
vertices seen so far, the algorithm has made at most |G.|2-|G|-|Z| membership queries, and has
run for at most a number of steps that is polynomial in |G.]|, |G|, and |E|. This follows from the
fact that at each step, if G * the counterexample having the greatest number of vertices seen
so far. the number of membership queries used by Prune on i x G is at most O(I%} - ng -ng).

where n;; and ne are the number of vertices in I/ and C’, respectively. Since ny; is bounded

It some vertex of the hypothesis contained no G.-supported string, that vertex would have been pruned. On
the other hand, if the number of vertices in the hypothesis containing G.-supported strings is greater than the
number of vertices in G., then the hypothesis is a negative example because some pair of (o cquivalent strings
are inequivalent in the hypothesis.
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above by ng, and since |H| < |G.|,% the number of membership queries used by a single call
to Prune is O(|Z] - |G.| - |G]), where G is the largest counterexample yet witnessed by the

algorithm.

Proof of Lemma 95: It is sufficient to show that _g x G, is @ proper refinement of = _G ,
since G is obtained by pruning from G; X G2, and no edges or vertices are added — only
deleted, hence =¢ is a refinement of =g, x G, -

Now, =g, x G, is a refinement of =¢,. Further, since both are subsumed by G., they both
support every G.-supported string. Hence, Eg; X G, 158 refinement of =g

If the number of equivalence classes of Eg' x G, exceeds the number of equivalence classes of
__G , then the lemma is proved. Otherwise, since _g x Gy 15 @ refinement of = =G , the number
of equivalence classes must be the same, and the classes must be identical. We show that this
leads to a contradiction, thus proving the lemma.

By Property 90 item 2, for any strings = and y, z =g, <G, yiff # =6, y and = EG,' ¥, and
since all three support all G'.-supported strings we have that for any G.-supported strings = '
and y, Eg; xGy Y iff z _G y and z _G y. This, together with our assumption that the
relations _gl x G, and = ‘ are identical, implies that the relations =_=g and = ‘ are identical.

By the hypothesis of thls lemma, G does not subsume G4, hence there exist strings ty and
t such that ¢; =g, t2, but ¢, #g, 2. (Otherwise, G supports some ¢ that G, does not; but
then t is G-equivalent to some G.-supported w, since Gy is pruned. But ¢ is not G-equivalent
to w, since ¢ is not supported in G,. In this case, let ¢{; =t and ¢, = w.)

Clearly, both ¢, and ¢, are supported in G|.

Case 1: both ¢; and ¢, are supported in (3. Since both ¢, and ¢, are supported in both
Gy and G,, they are both supported in ({ X G,. Since they are not equivalent in G2, they
are not equivalent in G| X G2. Let v be the vertex that ¢; and ¢, both go to in Gy, and let
vy and vy (vy # ve) be the vertices that ¢; and ¢ go to, respectively, in G X G. Since Gy is

pruned with respect to G, there exists a G.-supported string w that goes to v in Gy. If there

8For every edge of H that could not be deleted by Prune, there is some equivalence class, i.e., vertex, of G.

to which that edge can be associated. Thus the number of edges of H is at most the number of edges in G, so
|H| < |G}
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do not exist G,-supported strings w; and w, such that w; and ws go to vy and v; in Gy X G2,
respectively, then Lemma 93 applies, and we conclude that G and Gy X G, are not equivalent
on G,-supported strings, a contradiction. Since {; and w; are equivalent in G; X G2, and since
t; and w, are equivalent in G; X G5, we must have the same equivalences in G, (noting that G,
supports all four strings). But ¢; and ¢, are equivalent in G;, hence w, and w; are equivalent
in Gy, transitively. But w, and w; are not equivalent in G; X G2, contradicting our assumption
that Gy X G2 and G define the same relation on G,-supported strings.

Case 2: at least one of ¢; and ¢, is not supported in G;. Without loss of generality, assume
t is not supported by G>. Let to be the shortest prefix of ¢, such that ¢ is Gy-supported, but
to is not Go-supported.”

Both G; and G: support £, so consider the two paths that ¢ induces in these two graphs;

we claim that the _g‘ equivalence class containing ¢ is the same as the = —G'

5 equivalence class
containing {. Suppose by way of contradiction that this is not the case. Now ¢ = o102 ---0}y,
so look at the first : such that oy0;---0; is contained in non-identical equivalence classes of
Egl and Eg; Since G; and G, are pruned, the equivalence class containing oy - - -0;-; must
contain some G.-supported string w such that wo; is also G,-supported.® Now since the equiv-
alence classes of Eg; and Eg; are identical, the Eg; and Eg; equivalence classes containing
wo; must be identical. But wo; is both G- and G-equivalent to o103 --0;, contradicting

the a.ssumption that o; is the first : where o102 - - -0 reaches non-identical equivalence classes
_G'.

and = Hence ¢ is in identical :g' and =3 . equivalence classes. Now, since [t];,

in _G
contained no outgoing edge labeled o, no G.-supported string w in [[t]G2 is such that we is
G.-supported. But then this means that the outgoing edge from [¢lg, labeled o can be deleted

from G, contradicting our assumption that Gy was pruned with respect to G,. a

7.4 Labeled Equivalence Graphs

Here we consider extending the class of equivalence graphs to allow for iabeled vertices. The

set of vertex labels is required to possess enough structure to allow computing what will be

"Such a prefix exists because the empty string is supported.
*1fiis 1, wis the empty string. Clearly the empty string must be conta.med in the equivalence class represented
by the root of any equivalence graph, and since the relations E(‘i' and —j‘ are identical, the empty string must

be in identical equivalence classes in ¢y and .




the unique most specific generalization (least upper bound) between any pair of vertex labels.
Specifically, the structure we require is a finite lattice. The following definition supplies the

notion we adopt.

Definition 97 Let ¥ be an alphabet, and let L = (T, L, X,U) be a finite latiice having partial
order < over elements of the set I', having (unique) minimum element L, and having the
binary join operator U; that returns the unique least upper bound of its two operands. Then an
L-labeled equivalence graph over ¥ is a. graph G that is an equivalence graph over ¥ in which

each vertex v of G has been labeled with some v € ['.°

For any labeled equivalence graph G and any G-supported string w, let {g(w) denote the
label of the vertex reached by w. We now modify the earlier subsumption-induced partial order
for equivalence graphs to obtain a partial order on labeled equivalence graphs based on which
strings are supported, which strings are equivalent, and which vertex labels are assigned to the

supported strings.

Definition 98 Let G; and G, be two L-labeled equivalence graphs. Then G subsumes G; if
every G'y-supported string is Go-supported, if £g,(w) < €, (w) for every Gy-supported string w,

and if every pair of G-equivalent strings are Ga-equivalent.

It is shown in [33] that a CLassic description subsumes a second Crassic description iff
the labeled equivalence graph of the first subsumes that of the second. Thus, positive examples
of a labeled equivalence graph G will be graphs G’ which are subsumed by G.

We now modify the earlier cross-product definition for equivalence graphs to obtain the

cross-product definition for labeled equivalence graphs.

Definition 99 Let Gy = (V1, Ey) and G, = (V2, E3) be two L-labeled equivalence graphs. The
cross-product of Gy and G, denoted Gy X G3, is defined as follows. Let py,pa, ... .P|v,| denote
the vertices of G| with p, denoting the root, and let 15925 - - - q|v,| denote the vertices of Gy
with q; denoting the root. If Gy or Gy is emply, then Gy x Gy is empty. Otherwise, the vertexr
set of Gy x G (a subsel of Vi X V3) and the edge set of Gy x G2 are defined recursively:

I {C,}2) is a collection of finite lattices, then the tuples {{(y1,..., Ym) t 7 € It} form a finite lattice by
taking (L1,....Lm) as the minimum eclement and taking (v1,...,%m) < {(7i..... T ) exactly when v, <, 4/ for
cach 1. We will use this observation later when we returu to our discussion of CLASSIC.



o The graph G| X G2 has a root vertez denoted (py,q1) labeled tc,(p1)U la, (q1)

¢ The graph G x G2 also has a verter denoted (p;,,q;,) labeled (g, (pi,) U €g,(g;,) together
with the edge (p;,,q;,) = (pis» qj,) if G1 has edge p;, LA pi, and G3 has edge g;, = 4,
and G| x G has the vertex denoted (p;,, g;,)-

Note that G| X G is an L-labeled equivalence graph whenever both G; and G are equivalence

graphs.

Theorem 100 Let L be the minimum element of a finite lattice £ having mazimum chain
length d and having polynomial time computable join operator U, and let & bé a set of edge
labels. Then the algorithm composed of figures 7.8 and 7.4 learns L-labeled equivalence graphs
over ¥ from membership and equivalence queries in time polynomial in |I|, d, the longest

counterezample received, and the size of the target concept.'®

Proof: The algorithm is modified only in that the sole vertex of the initial hypothesis is
labeled by L and the cross-product operator for labeled equivalence graphs is used; specifically,
Prune does not change - only edge deletions are attem};ted.

Observe that a counterexample G to H must be of one of the following (not necessarily

mutally exclusive) types -
e Some string w supported by both H and G has ¢y(w) < €g(w),
¢ Some H-supported string is not G-supported,-or
¢ Some pair of H-equivalent strings are not G-equivalent.

If the counterexample G was of either of the latter two types, then G is a counterexample to
based solely on their underlying (non-vertex-labeled) equivalence graphs. Therefore, Lemma 95
applies to show that Eg;lme(HxG) is a proper refinement of Eg'. This can happen at most as
many times as there are vertices in G,. ‘

If the counterexample is only of the first type, then the underlying (non-vertex-labeled)

equivalence graphs of /I and (G (and therefore, Prune(#/ x G)) are isomorphic. As such, some

YAt no point in the run of the algorithm will it have cousumed time more thar a polynomial in |£]. d, the
size of the target concept, and the longest counterexample received to that point.
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vertex label of H was generalized. Thus, this first type of counterexample can happen at most
dnyg < d-|H| < d-|G,| times between occurrences of a counterexample of the second or third
type, where ng is the number of vertices in H.

A naive analysis assumes that in the worst case the label on every vertex must be updated
d times between changes to the equivalence classes of the hypothesis. This produces a bound
of O(dn% ) on the number of counterexamples received, where ng, is the number of vertices in
G..

A more careful analysis recognizes that, until a collection of target equivalence classes were
split, generalizing the vertex label for one of the equivalence classes generalized the label for
every target equivalence class in the collection; thus every target equivalence class need only be
isolated once and have its vertex label changed at most d times overall. This bounds the number

of counterexamples by O(dng.). Thus the algorithm witnesses O(d - {G.|) counterexamples to

its equivalence queries.

As in the case of (non-vertex-labeled ) equivalence graphs, the number of membership queries
used by Prune on H x G is at most O(|X| - ny - ng), where ny and ng are the number of
vertices in H and G, respectively, so that the number of membership queries used by a single
call to Prune is O(|Z|-|G.| - |G|), where G is the largest counterexample yet witnessed by the
algorithm.

Finally, since U can be applied in polynomial time, and since |H| < |G.| for each hypothesis
H, the class of labeled equivalence graphs are polynomial time learnable using membership and

equivalence queries. a

7.5 Application to CLASSIC

The graphical representation of Crassic ﬁsed in [36] annotates the vertices of the graph with
the AT-LEAST, AT-MOST, FILLS, ONE-OF, and PRIM constraints; thus these constraints
make a natural choice for the vertex labels discussed in the previous section. Combining these
different kinds of constraints into tuples that serve as the actual vertex label lattice £ is also a
natural choice, because ordering tuples (sq,...,sx) < (t1,...,t) exactly when every s, < ¢, is

in accordance with the notion of subsumption for Crassic [36].
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We would like to exploit this similarity to labeled equivalence graphs by employing a pre-
diction preserving reduction using the labeled equivalence graph learning algorithm developed
in the previous section. The reduction would use the polynomial time transformations be-
tween CLASSIC descriptions and their graphical representations developed by [26, 36] to turn
the CrassiC description examples into a form suitable for Learn and to turn the graphi-
cal representations queried and hypothesized by Learn into CLASSIC descriptions suitable for
examination outside of Learn. Unfortunately, the semantics imposed on the graphical represen-
tation of CLASSIC dissuade us from this black box approach; we will employ the transformations
of {26, 36, 33] only after modifying Learn.

Because no legal graphical representation of a Crassic description has non-attribute roles
participating in a SAME-AS constraint, we are prevented from constructing the suggested
universal positive example for Learn. Thus we are forced to modify Learn so that it constructs
only labeled equivalence graphs whose edge labels adhere to this restriction on equivalent strings
over the role alphabet.

In lieu of a universally positive example that satisfies every constraint of the target, we rely
on the semantics of the AT-LEAST and AT-MOST constructors to build a CLassIC description
that always denotes the empty set, which is guaranteed to be a subset (and therefore a positive

example) of any target description. Concretely, let r be any role. Then
(AND

(AT-LEAST 1 r)
(AT-MOST 0 r)

)

always denotes the empty set; such a concept is said to be inconsistent. Making an equivalence
query on the graph of this concept will provide the learner with a positive counterexample,
Go, that satisfies all the constraints of the target. The graph G serves the purpose of the
initial universal positive example / used as the initial hypothesis by Learn. Having solved the
problem of the distinction between attributes and arbitrary roles in CLASSIC, we now address
another impediment to a direct application of Theorem 100.

Most of the graphical annotations for C'Lassic possess sufficient structure to apply Theo-

rem 100 immediately. As an example of computing upper bounds for a set of PRIM vertex
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label, suppose that we have one label {red, shaggy, obese} and a second label {brown, shaggy,
graceful, obese} then the set intersection - {shaggy, obese} — is the most specific label that
generalizes both of these labels. Thus, proper generalizations are made by removing some prim-
itive from the set. Consequently, proper generalization can occur at most O(|P|) times, where
P is the set of primitives. Unfortunately, the AT-LEAST and AT-MOST constraints as used
in Crassic do not possess the structure required because they do not form finite lattices.

The set of possible AT-LEAST constraints has the ordering (AT-LEAST & + j r) < (AT-
LEAST k r) for non-negative integers k£ and j and role r; thus the AT-LEAST constraints
preclude the existence of the minirum element we need to express our initial hypothesis. Note,
however, that because the counterexample Gg obtained above is a positive example that does
not always denote the empty set, the AT-LEAST conditions appearing in Gp finitely bound
the AT-LEAST lattice. That is, any AT-LEAST constraint on the vertex of Gy reached by
any target supported string w is more restrictive than the corresponding AT-LEAST constraint
reached by w in the target. Therefore, the lattice of plausible AT-LEAST constraints for w is
finite, having as the minimal element the value reached by w in Gy.

The set of AT-MOST constraints suffers from a slightly different problem; the most general
AT-MOST constraint is the absence of an AT-MOST constraint, which is not an AT-MOST
constraint at all. This situation allows an adversary to prevent us from ever determining
certain targets, even after seeing infinitely many equivalence query counterexamples. To see
this consider the target consisting of a root with no AT-MOST constraint for role r. Now
consider a sequence of (positive) counterexamples that are simply a root with an explicit AT-
MOST condition, where example i asserts (AT-MOST i r). After example i, Learn would
hypothesize a single root vertex asserting (AT-MOST i r). Clearly, no positive example ever
allows the AT-MOST constraint to be removed from the root.!!

To overcome this difficulty, we use a standard technique of decomposing the concept class to
be learned into a collection of subclasses indexed by some parameter m such that the union of
these subclasses is the original concept class and such that there is an algorithm that given
learns the subclass indexed by m and that runs in time polynomial in m and the other relevant

parameters of the class. This permits us to “guess” efficiently the smallest subclass index in

"This problem does not arise in the AT-LEAST constraint because (AT-LEAST 0) is semantically equivalent
to imposing no AT-LEAST constraint.
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which the chosen target lies - try a value of m and if the algorithm exceeds its polynomial time
bound, restart the algorithm using m + 1. /

The decomposition we use is the value of the largest integer appearing in any AT-LEAST
or AT-MOST constraint in any vertex cf the graph. Any graph in the subclass indexed by m.‘
must have no explicit AT-MOST constraints more general than (AT-MOST m), thus whenever
we would infer a hypothesis with an AT-MOST constraint more general than this we simply
erase the AT-MOST constraint altogether.

The remainder of the CLASSIC constructs used to annotate vertices of the graph are straight-
forward. We assume predefined (finite) sets P of primitives, Z of disjoint primitives, and R of
roles. The most restrictive PRIM annotation demands that individuals satisfy every primitive.
In the worst case this annotation would be properly generalized O(|P|) times before obtaining
the null constraint not demanding that individuals satisfy any primitive. The FILLS constraint
behaves like the PRIM constraint, except over the disjoint primitives Z.

The ONE-OF constraint is most restrictive when no disjoint primitive is specified; as positive
examples are seen that name disjbint primitives in a ONE-OF constraint, the named disjoint
prim,itives are unioned to the current collection. The ONE-OF constraint of penultimate gener-
ality is the constraint that permits individuals to satisfy any of the disjoint primitives; the most
general ONE-OF constraint is simply eliminating the ONE-OF constraint altogether. Thus
there are at most O(|Z|) proper generalization made for a ONE-OF constraint.

We are now ready to apply Theorem 100 to Crassic.

Theorem 101 Crassic is learnable from membership and equivalence queries in time polyno-
mial in |R|, |Z|, |P|, s, t, and m, where R is the set of roles, I is the set of disjoint primitives,
P is the set of primitives, s is the number of symbols needed to write the target CLASSIC de-
scription, t is the number of symbols needed to wrile the largest counterezample description

witnessed, and m is the largest integer appearing in any AT-LEAST or AT-MOST constraint

in the target description.

Proof: For the vertex labels I' we chose tuples over the AT-LEAST, AT-MOST, PRIM,
FILLS, and ONE-OF constraints - the AND, ALL, and SAME-AS constraints are reflected in
the structure of the graph and were handled in Section 7.3. There are |[R| AT-LEAST, |R| AT

MOST, and |R| FILLS components in the tuple one of each for each role in R: there is also
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.

one PRIM and one ONE-OF component in the tuple. Now. ordering the tuples in accordance
with the CLASSIC subsumption relation, we find that the longest chain in the subclass indexed
by m has length O(|R|- m + |R| - |Z| + |P] + |Z|). Theorem 100 éa.pplies to each subclass. We
can assume that the largest integer appearing in an AT-LEAST or AT-MOST cons:;a.int of the
target is ¢ until the time bound under this assumption is exceeded, at which point we restart
assuming that 27 will upper bound the largest integer appearing in an AT-LEAST or AT-MOST
constraint of the target. After at most lg m restarts, our assumed upper bound will be sufficient
and will be at most twice m. This “guessing” produces at most a factor of O(lg m) slowdown

over having known m from the outset. a

This theorem is somewhat unappealing in that it actually demonstrates only a pseudo-
polynomial time algorithm for CLASsIC. For any reasonable encoding of the integers the value
of m is exponentially larger than the number of digits needed to express it; thus allowing
time polynomial in m is allowing us, in a very real sense, time exponential in m. However,
observe that the problematic constraints — AT-LEAST and AT-MOST - each form a total
ordering. Thus, the pseudo-polynomial running time of the algorithm can be reduced via
binary search to polynomial running time. Specifically, Prune will, using membership queries,
perform independent binary searches for each AT-LEAST constraint of each vertex to minimize
the value of each AT-LEAST constraint. |

Similarly, Prune will determine whether any AT-MOST constraint can be removed from
any vertex, and for any constraint that must remain, Prune will maximize the integer value
used to express the constraint. To determine whether a constraint can be removed, Prune
tentatively removes the constraint and makes a membership query on the resulting graph,
which will remain a positive example if and only if that AT-MOST constraint can be removed.
If the result is a negative example, then Prune successively doubles the current AT-MOST
constraint value and makes a membership query until a negative example is obtained. Then
a standard binary search finds the largest integer value for this AT-MOST constraint that
produces a positive example. The updated Prune is shown in figure 7.5.

The m used in this new version of Prune is meant to suggest the index of parameterization
used in Theorem 101. This modification reduces the time dependency from a polynomial in m
to a polynomial in log m, so that we have the following stronger theorem asserting the fully

polynomial time learnability of CrLassic.
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Prune(G)

Ut W N =

[=>}

N=leo]

10
11

12

13

/* Gis a positive example. Each question about whether some alteration to G results
in a positive example is answered by asking a membership query. */

For each edge e in G
If removing® e from G produces a positive example, then remove e from G.
For each vertex v
For each AT-LEAST constraint ¢ of v
Let m be the current value for c.

Perform a binary search in the range [0, m] to find the minimum value for ¢ for
which G remains a positive example, and replace the current value for ¢ with
that value.

For each AT-MOST constraint ¢ of v
If removing ¢ from G results in a positive example, then remove ¢ from G.
Else
Let m be the larger.of 1 and the current value for ¢

While replacing m with 2m in ¢ produces a positive example, replace m
with 2m in c.

Perform a binary search in the range [0,m] to find the maximum value for
¢ for which G remains a positive example, and replace the current value for
¢ with that value.

Return G

“Along with e remove any unreachable component.

Figure 7.5: Updated Prune.




Figure 7.8: A target schema requiring exponentially many membership queries.

Theorem 102 CLASSIC is learnable from membership and equivalence queries in time polyno-
mial in |R|, |Z|, |P|, s, and ¢, where R is the set of roles, I is the set of disjoint primitives, P is
the set of primitives, s is the number of symbols needed to write the target CLassIC description,

and t is the number of symbols needed to write the largest counterezample description witnessed.

Proof: The running time of the algorithm depends only polynomially on logm for the largest
integer m explicitly appearing in an AT-LEAST or AT-MOST constraint; this means that the
algorithm depends only polynomially on the number of digits needed to represent the largest
integer m explicitly appearing in an AT-LEAST or AT-MOST constraint. B'ut_ the number of
digits need to represent this m is certainly no more than s, the number of symbols needed to
write the the target Crassic description. Note also that the updated version of Prune obviates
the “guessing” done in Theorem 101 to determine a suitable value of m ~ we have abandoned

the parameterization by m completely. 0

7.6 The Insufficiency of Membership Queries

We show in this section that learnability cannot be achieved solely through membership queries.
This, coupled with the result of Cohen and Hirsh [33] shows that membership and equivalence
queries form a minimal set of queries with which CrLaAssic can be exactly learned.

To this end, we now show that it is impossible to learn the class CrLassiC sentences with
simple corresponding labeled equivalence graphs in polynomial time using membership queries
alone. To do this we exhibit a target for which an adversarial teacher will be able to force the

learner to ask exponentially many memnbership queries before producing a concept equivalent

to the target concept.
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Theorem 103 Any algorithm that uses membership queries alone requires Q(2|m) membership
queries to distinguish between CLASSIC sentences whose equivalence graphs have the form shown

in figure 7.6.
L

Proof: Figure 7.6 is a template for O(2|E|) distinct concepts based on the partitioning of
edge labels!? of T into (disjoint but exhaustive) sets §; and S;. A straightforward adversary

argument shows that at least 2!%1-1

~ 1 membership queries are still required:

First, any membership query supporting all strings with a single equivalence class is a pos-
itive example ~ no information is obtained by asking such a query. Second, any membership
query that does not support some edge label from the root is.a negative example because a
target-supported string is unsupported — membership queries of this form provide no infor-
mation. Third, any membership query that partitions the set of edge labels emanating from
the root into more than two sets is a negative example because some pair of target-equivalent
strings are inequivalent - such membership queries provide no information in distinguishing
among the possible targets. |

Thus, only membership queries that partition the set of length 1 strings into two supported
equivalence classes can provide any information. Any query that does not partition the edge
labels into exactly the same sets as the target is a negative example. There are 2/~ such par-
titions. The adversary simply answers any such query “no” until all but one of the partitionings
have been exhausted. Notice that if the learner outputs some conjecture before exhausting all
possible partitions, the teacher simply asserts that the conjecture is incorrect by choosing as

the target any unexplored partitioning. ' a

Corollary 104 The class of unlabeled equivalence graphs (labeled equivalence graphs) (Crassic
descriptions) cannot be learned in polynomial time from membership queries alone, even when

the target is known to be acyclic and contain at most three vertices.
A similar result holds when there are only two roles (i.e., |Z| = 2):

Corollary 105 The class of unlabeled equivalence graphs (labeled equivalence graphs) (CLassic
descriptions) cannot be learned in polynomial time from membership queries alone, even when

|| = 2 and the target is known to be acyclic.

276 adhere to the semantics of Crassic, consider a collection of roles all of which are attributes.

167




Proof Sketch: Simulate a set &’ of edge labels with |2/| = n = 2 by using the labels of & as
a binary code to label a depth & — 1 binary tree so that all length & — 1 strings are supported
and every string of length £ — 1 or less is in its own equivalence class. Now construct two more
equivalence classes such that e‘;ery string of length k is in one of these equivalence classes. (See
figure 7.7). These last two equivalence classes simulate the non-root equivalence classes of the
target in Theorem 103, so that learning this target requires 27~ — 1 membership queries, but

the target has only Z:':ol 2i = O(n) vertires. a

Figure 7.7: This schema requires exponentially many membership queries even though % is
known to be the set {oq,02}.

7.7 Membership Query Response Errors

Valiant [99] introduced the notion of PAC learning in the presence of malicious errors [38]. In
this learning model, an adversary is allowed to maliciously perturb the probability distribution
D on examples by substituting for an example chosen randomly according to D an arbitrary ex-
ample with arbitrary label; the probability of this substitution occurring is called the malicious
error rate [38]. A number of authors have investigated this and related models (for example,
see [11, 16, 38, 64, 84, 90, 96, 93]). In this section we investigate the presence of malicious
noise in the answers to membership queries and show that very high rates of such noise can be
robustly tolerated.

Our model of persistent malicious classification errors is as follows. Let r(-) be any poly-

nomial, and let G be any graph. The first time a membership query is made on G the teacher

S S
r(|G.])

concept. If the coin lands heads, the adversary is permitted to answer the query incorrectly

(adversary) flips a coin that with probability '3 - lands heads, where (7. is the target
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if he chooses; however, if the coin lands tails the adversary must correctly answer the query.

Thereafter, the answer to a membership query on G will be the same answer as was first given.

The language of labeled equivalence graphs admits the random construction of a number
of independent examples having the property that either all of them are positive examples or
all of them are negative examples. Exploiting this property, we give a general test for verifying
the answer to a memktearship query in the presence of even a significant amount of “persistent
malicious noise” in the answocs to membership queries.

For technical reasons, we consider only reduced labeled equivalence graphs — labeled equiva-
lence graphs in which every vertex with maximal label and outdegree 0 has indegree at least 2.
Prohibiting maximal-label vertices with indegree 1 and outdegree 0 does not change the ability
of labeled equivalence graphs to represent CLaSSIC descriptions concisely; however permitting
such vertices does illumirate a difference between the semantics of labeled equivalence graphs
and the semantics of C LAssIiC. A given labeled equivalence graph may be a negative example
of the target due to the fact that some target string is unsupported but the vertex reached by
this supported string imposes no other semantic constraint in terms of equivalence of strings or
vertex label — in CLASSIC such a graph would have arisen from some subexpression stating, “All
individuals in the relation r to individuals in this set are individuals in the universe.” Clearly
such a statement is true for every role r and every individual in the universe; eliminating such
a subexpression does not change the semantics of a CLASSIC description, but the two labeled
equivalence graphs representing these descriptions would be semantically different. We now

claim the following result.

Lemma 106 Let G, be the target, let r be any polynomial, let § > 0 be any probability, and let
G be any positive example of G.. If |Z| > 1, then there is a polynomial time algorithm using

. . . . v e . . l 1 . .
membership queries with persistent malicious classification error rate PR that determines

with probability 1 — § whether deleting a given edge, €, from G produces a positive ezample.

Proof: Let ng, be the number of vertices in G.. Let £ = 1 + ng, + 6r%(ng,)In g— Choose
a random string s from £¥, and construct a labeled path p from s using & unlabeled vertices
where the last symbol of s is the label of a self-loop edge on the last vertex. Redirect the
terminus of ¢ to the beginning of this path. If ¢ was deletable, then this new graph is a positive

example.
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If e was not deletable, then either it must be used to capture some equivalence constraint
expressed in the target or it must be used in a path .tha.t reaches some vertex label constraint
expressed in the target.!® In either case such a constraint must cccur along a path of length
at most ng, within the target, as that is the number of vertices in G.. However the first ng,
vertices of path p express no constraint of any kind, so that redirecting e must cause some
constraint of G, to be violated. Thus if e is not deletable, this new graph is a negative example.

Now generate 67(ng, ) (r(ng,) — 2)In § such variations of G being careful not to use the same
string s. It is clear that every one of these variations is a positive example if e is deletable and
every one of these variations is a negative example if e is not deletable. Ask a membership query

on each of these variations. By Chernoff bounds, the probability that fewer than % + =

2r(ng,)
of these queries are answered correctly is less than §. Thus, with probability 1 — §, e can be

deleted if and only if the majority of these queries are answered “yes”. a

We hasten to add that the assumption that the edge label set £ have cardinality at least
two is minor; the class of labeled equivalence graphs over an edge label set of size 1 can be
easily learned using a straightforward dovetailing algorithm that guesses whether there is a
cycle in the graph and if so, how long before the cycle begins. Vertex labels are modified only
in response to equivalence query counterexamples and are thus not affected by the errors in
membership query responses.

We now have the main result of this section.

Theorem 107 Let r be any polynomial and let § > 0 be given. Then the class of reduced labeled
equivalence graphs is ezactly learnable with probability I - 6y, in time polynomial in In 31;, L, d
(the length of the longest chain in the lattice over which the vertex labels are defined), the size
of the target concept, and the size of the longest counterezample received, from membership and

equivalence queries, even with a persistent malicious classification error rate of% -~

G-

Proof Sketch: Membership queries are used only in the Prune procedure of figure 7.4.
[nstead of relying on the answers, replace each such query with the procedure in the proof of
Lemma 106, with parameter § = /s, where s is the total number of membership queries that

the learning algorithm would make without noisy membership queries. Thus, the probability

that any of the invocations of this procedure is incorrect totals at most §. If the size of the

"*This makes use of the assumption that the eqnivalence graph is reduced.




target concept and longest counterexample to be received is known a priori, then s is given
by Theorem 96. If these values are not known, then the standard techrique of dynamically

guessing s can be employed while increasing the running time only polynomially. a

7.8 Summary

We have demonstrated a positive polynomial time learnability result using membership and
equivalence queries for labeled equivalence graphs with vertex labels chosen from a finite lattice,
and we adapted this algorithm to obtain a polynomial time algorithm for the “natural” first-
order concept class CLASSIC. We then showed that the learnability did not rest solely on the
power of the membership queries by giving a non-learnability result for membership query
only algorithms. Finally we showed that, although the membership queries are necessary, the
accuracy in the answers to those queries need only be polynomially better than 1/2.

Another possible research direction centers around the joining of two graphs. When the join
is computed, edge labels are deleted if the label does not appear in both graphs to be joined.
What if the edge labels are chosen from a partially ordered set, where joining two edge labels
might permit constructing an edge labeled with the least upper bound of the two edge labels to
be joined? Because the edge labels capture functions in CLASSIC, such generalizations appear
to dwell in world of second order logics. For this reason we believe that a positive result in this

direction will rely heavily upon the structure of the underlying partially ordered set.




Chapter 8

Conclusion

The goal of inquiry about automating the knowledge representation process is either to pro-
duce a learning algorithm that efficiently automates the encoding of any representation that
uses some useful representation languages £ or to show that no such learning algorithm is
possible. The centerpiece of this thesis was that there do exist learning algorithms for two
natural representation languages: propositional Horn sentences and Crassic. In addition, this
thesis introduced a new method — consistently ignorant teachers - of modeling uncertainty in
the information being collected. The thesis demonstrated that, by careful consideration of the
task at hand, the tools that have been developed in the field of computational learning theory
can be used to automate the process of constructing the explanations required by real-world
tasks in fields outside computational learning theory. This has been the foundation; it is hoped
that by way of example, the potential of adapting computationally learning theory techniques
to more ambitious domains has been demonstrated along with the considerations required in
making such an adaptation. Adapting the tools of computational learning theory to other

representation languages for many other domnains lies ahead.
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Appendix A

Thesis Synopsis

For expository purposes, we define a variety of characters that the example class might assume.
To fully describe an example class we must specify its elements and the way that labels are
assigned to elements of the exa.fnple class by the concept class. Because the examples are
intended to teach the learner the behavior of the target, we speak of the examples as being

provided by a teacher. Thus, we associate a teacher with each kind of example class.

Definition 108 (Standard Teacher) Let C be a concept class of propositional formulas, let
X be the set of truth assignments over the variables used in C, and let C, be the target. A
teacher who uses X' and labels ezamples according to whether C, is satisfied is called a standard

teacher.

Definition 109 (Entailed Example Teacher) Let C be a concept class of propositional (re-
spectively, first-order) logical formulas, let X be a class of propositional (respectively, first-order)
logical formulas, and let C. be the target. A teacher who uses X and labels ezamples according
to entailment by C. (that is. whether every truth assignment satisfying C. also satisfies the the

ezample) is called an entailed example teacher.

The next definition provides foi a new variety of teacher. The definition allows for teachers
who are rational but not omniscient; that is. teachers who have knowledge gaps for which

knowledge about the concept class does not help.

Definition 110 (Consistently Ignorant Teacher) let(C be a concept class of propositional

formulas and let X be the set of truth assignments over the variables used in . A consistently
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ignorant teacher is a standard teacher who is permitted not to know the label of some ezample
z provided that among all the concepts in C consistent with what the teacher does know, there

are concepts C| and Cy which disagree on the label of x.

In practice, the amount of uncertainty held by a consistently ignorant teacher is measured
by assuming that the teacher has some particular subset S of concepts from € in mind and
declares an example to be positive if every concept in § calls the example positive, declarss an
example to be negative if every concept in S calls the example negative, and declares “I don’t
know” if some pair of concepts in § disagree about the labeling of the erample. The learner is
permitted time polynomial in the amount of uncertainty of the teacher.

This work presents several results concerning modeling the world with propositional or first-
order concepts. This work also presents alternatives to the idea that an example is a setting
of the variables that is labeled according to whetber it satisfies the unknown propositional

description of the world. Specifically the following results have been obtained.

o Positive Results

1. Propositicnal Horn sentences are exactly learnable using equivalence and member-

ship queries given a standard teacher (Theorem 23).

2. Propositional Horn sentences are exactly learnable using equivalence and member-
ship queries given an entailed example teacher using Horn clauses as examples (The-

orem 40).

3. The first-order class H; i of conjunctions of pairs of definite clauses with k-ary pred-
icates and unary functions is exactly learnable using equivalence queries given an
entailed example teacher using literals as examples (Theorem 76). Achieving this

result produced a new characterization of the regular languages.

4. Several classes of boolean functions are learnable using equivalence and membership

queries given a consistently ignor- nt teacher (Corollary 63).

5. Sets of boxes in £¢ with samplable inteisection are PAC learnable using membership

queries and random examples given a consistently ignorant teacher using points as

examples (Theorem 66).




. Embedded multi-symmetric functions are exactly predictable using membership and

equivalence queries from a standard teacher (Theorem 5).

. CLAssIC is exactly learnable using membership queries from an entailed example

teacher using CLASSIC descriptions as examples, even when the membership queries

are maliciously erroneously answered with probability bournded polynomially below

1/2 (Theorem 107).

¢ Negative Results

<t

. PAC learning propositional 2-quasi Horn sentences (conjunctions of clauses having

at most two positive literals) using membership queries from a standard teacher

is no easier than PAC learning arbitrary DNF formulas from a standard teacher

“

(Corollary 27).

2. Exactly learning propositional Horn sentences using equivalence queries from an

entailed example teacher using Horn sentences as examples is no easier than exactly
learning arbitrary DNF formulas using equivalence queries from a standard teacher

(Theorem 45).

The first-order class Hz,. of conjunctions of pairs of definite clauses is not PAC
learnable using random examples given an entailed example teacher using atoms as

examples unless NP = RP (Theorem 77).

Sets of propositional Horn sentences with samplable intersection are not PAC learn-
able using membership queries and random examples given a consistently ignorant
teacher unless arbitrary DNF are PAC learnable using random examples given a

standard teacher, assuming the existence of one-way functions (Corollary 69).

CrassIC is not learnable using only membership queries from an entailed example
teacher using CLASSIC descriptions as examples (Theorem 103). As a consequence
of this result, random examples and membership queries form a minimal set of

queries for PAC learning CrassIC from an entailed example teacher using CLassic

descriptions as examples.
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new method -~ consistently ignorant teachers - of modeling uncertainty in the information being
collected. The goal of this thesis is to demonstrate that, by careful consideration of the task at
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used to automate the process of constructing the explanations required by real-world tasks in
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