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SECTION 1: INTRODUCTION TO ME VIDEO

Teaching methods have to be more for solving problems, reasoning, figuring
things out rather than only for memorizing, drilling, and doing things by rote.
And that's simply because that's what the world needs today, that's what
students have to know.

Lamar Alexander, Secretary of Education (1992)

Despite this statement and similar ones by members of the educational community,
reasoning and problem-solving are not currently the focus of most mathematics instruction.
The results of recent national and international surveys of mathemaiics achievement show
that students in the Uaited States have great difficulty understanding mathematical concepts
and applying their mathematical knowledge and skills in problem solving situations.
Although reformers advocate changes in teaching practice in order to improve mathematics
instruction, it is often not made clear what these changes might look like in real classrooms.
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What is HaRoening in the Video?

The video that you are watching portrays several different approaches to teaching
mathematics in ways that are consistent with the National Council of Teachers of
Mathematics (NCTM) Standards documents.

The mathematics teaching portrayed in this video differs from conventional
mathematics teaching in three ways: the students' role is different; the mathematics content
is different; and the teachers' role is different.

A. Students' Role as Learners of Mathematics

Students are active learners. Young children enter school with a natural curiosity
about and some intuitive I-nowledge of numbers and mathematics. Students should not
passively absorb new knowledge acquired in school, but should actively draw on their
informal, intuitive knowledge as they internalize new meanings and understandings. The
classrooms shown on the video have become, over time, places where students, working
individually and in groups, are actively involved in making sense of mathematics, drawing
upon, confronting, and expanding their knowledge of mathematics learned in less formal
settings.

This portrayal of active mathematics learning is considerably different from what most
students have experienced and come to expect in conventional mathematics classrooms. In
conventional classrooms, students often work alone and their work consists of practicing
routine exercises rather than reasoning or arguing about ideas.

What is proposed in the Standards documents is very different. Teachers create a
learning environment in which students are engaged in a variety of activities and discussions.
Students work through genuine mathematical problems. They reason about mathematics and
make connections among important mathematical ideas. A typical mathematics classroom at
all grade levels should be one in which students learn to "examine," "transform," "apply,"
"prove," "communicate," and "solve" mathematical problems.*

Masters have been provided of the curriculum standards in the "Overheads" section of
this professional development guide for use as overheads or as handouts.



B. Mathematics Content

The teachers highlighted in the video think of mathematical content according to the
standards in the National Council of Teachers of Mathematics (NCTM) Curriculum and
Evaluation Standards for School Mathematics (1989). The vision put forth in the Curriculum
and Evaluation Standards is that the curriculum serves to build students' mathematical
competence and confidence and should represent what mathematicians actually do.
Consequently, the curriculum at all levels of schooling focuses on:

(1) Mathematics as Problem-Solving. The curriculum centers on students working
through problem situations that help them to investigate and understand mathematical
content. Focusing on computational skills and practicing algorithms does nsg precede
students' engagement with problems. Students develop computational skills as they
investigate and eventually solve a wide variety of interesting problems appropriate for
them.

(2) Mathematics as Reasoning. Students make conjectures, offer evidence, and, in short,
build an argument for why they think as they do when working through problems.
Students draw on and create models or cite other mathematical facts and relationships
to justify their thinking. The focus is on students' reasoning about a problem, not
simply getting the right answer.

(3) Mathematics as Communication. Students learn to read, write, and speak the
language of mathematics in order to interpret and evaluate mathematical ideas.
Students recognize how important it is to use language and symbols to communicate
their thinking about mathematical content.

(4) Mathematical Connections. Many opportunities exist in the curriculum for students to
see relationships between different mathematical concepts as well as the connections
between mathematics and other school subjects.*

Masters have been provided of the curriculum standards in the "Overheads" section of
this professional development guide for use as overheads or as handouts.
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C. The Teacher's Role

The video also portrays teachers as taking on a very different role. This new role is
more difficult, but ultimately more rewarding for both teachers and their students.
Specifically, the teachers in this video have rejected conventional classroom practices that
often focus on telling students what to do and then telling them whether they did it right or
not. They have slowly moved away from a role that defines them as the only source of
authority for right answers and in contrast, have made ongoing progress toward incorporating
the fundamental changes advocated in tl,e National Council of Teachers of Mathematics
(NCTM) Standards documents.

(1) The teachers pose worthwhile mathematical Tasks that determine, and do not simply
influence, what students have the opportunity to learn.

(2) The teachers use classroom Discourse as a strategy for helping students make sense
for themselves of the mathematics they encounter.

(3) The teachers create and nurture a le:uning Environment that supports students'
reasoning, problem solving, communicating, and connecting ideas in the curriculum.

(4) The teachers engage in systematic Analysis of their teaching and what students are
learning as a consequence. Based on the analysis of their teaching, teachers adapt
their questions and tasks accordingly.*

Teaching in ways consistent with the Standards documents is notably different from
what most teachers have been prepared to do and it is not simple to accomplish. Teachers
must be committed to rethink their mathematics teaching. They must be willing to rethink
what it means to teach mathematics for understanding. Learning to teach for understanding
also requires teachers to have colleagues' support and encouragement.

In summary, the mathematics education community has reached consensus about
recommendations that call for fundamental changenot simply improvementin what
mathematics students learn and how they learn it. The National Council of Teachers of
Mathematics (NCTM) Curriculum and Evaluation Standards for School Mathematics (1989),
and its companion document, Professional Standards for Teaching Mathematics (1991),
explain what these important recommendations mean in the areas of mathematics curricula,
teaching practices, and teacher preparation. Most importantly, the Standards' vision of
mathematics teaching and learning is meant for each and every student. The educational
community recognizes the power of this vision to enhance the education of jj students.

Masters have been provided of the curriculum standards in the "Overheads" section of
this professional development guide for use as overheads or as handouts.

4
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SECTION 2: USING THE VIDEO AND PROFESSIONAL DEVELOPMENT GUIDE

Introduction

The teachers whose classrooms are highlighted in this video are learning to teach
mathematics in ways that are consistent with the National Council of Teachers of
Mathematics (NCTM) Standards. None of the classrooms that appear is meant to represent
ideal practice. Instead, we see teachers who are involved in the long-term process of
re-orienting their teaching along the lines suggested by the Standards documents.

The video and the professional development guide are designed to raise questions and
stimulate conversations among educators as well as help teachers to try alternative
approaches to conventional practice. Raising questions, experimenting, and engaging in
sustained conversations about mathematics teaching and learning are essential if we are to
realize the vision of a high-quality mathematics education for all learners.

The video and the accompanying guide will be useful to both teachers who are just
starting to rethink their mathematics teaching and those who already possess some knowledge
about teaching mathematics for understanding and are now beginning to change the way they
teach. The video and guide are appropriate for teachers in many different contexts, such as a
mathematics study group, a mathematics department, or at a school in-service. The materials
can also be used to introduce other viewers (e.g., prospective teachers, policy makers, and
parents) to the Standards' vision of mathematics teaching and learning.

In any of these contexts, the showing of the video will be most useful within a
len el h v. i rifer t n h r h in h 'r h m
instruetio.

When planning to show the tape, it is important to create a setting that is conducive to
viewing and discussing the video. Keep in mind that:

the video is 24 minutes long;

the room should be comfortable with seating and table arrangements that facilitate
the give and take of dialogue; and

participants will likely need a notebook or handouts to jot down their thoughts as
they watch the video and to record their responses to the questions in the guide.
Depending on how discussion of the video is orchestrated, discussion leaders also
may need chart paper, a blackboard, and a overhead projector and screen.



Uses of the Video and Professional Development Guide

We recommend the following sequence for using the video and professional
development guide. These recommendations are intended as helpful suggestions. Discussion
leaders may develop imaginative variations that also offer a good foundation for a long-range
plan that supports teachers at the local level.

1. General Orientation

Viewers observe and reflect on the video using the "Orienting Questions for Viewing
the Video" provided in Section 3. The questions are designed to help a wide range of
viewers (teacher% policy makers, parents) focus on important differences between
conventional mathematics teaching and the teaching highlighted on the video. Discussion
leaders should allocate roughly 11/2 to 2 hours to completely work through the orienting
questions with the participants. (We have included in the "Overheads" section of this guide
masters of all the orienting questions for discussion leaders to reproduce as overheads or as
handouts.)

2. AnalysiisgSdass_oo_le,g,_s_ts_m_tbs_skallr m mn Vi in light of the Standards documents)

Once viewers are oriented to the provocative themes in the video, they will benefit
from a closer analysis of the classroom segments featured on it. In Section 4 we have
devised discussion questions for four of the classroom segments shown on the video.

We think that each classroom segment will be of interest to teachers no matter what
grades they teach. For example, the discussion questions for "Mr. Lehman's Algebra II
Assessment" are appropriate for teachers at all grade levels who are interested in innovative
assessments of their students' understanding of mathematics. Also, in "Mr. Sherbeck's
Classroom," student writing is used to elicit thinking about and encourage discussion of
mathematical ideas. Analysis of this segment could lead to broader discussions about using
writing to promote meaningful learning of mathematics at any grade level. "Ms. Ball's
Third Grade Classroom" could stimulate discussions about using real-life problems in
middle-school and high school mathematics classrooms. Consequently, teachers will benefit
from working through the discussion questions for each classroom segment.

D13cussion leaders may find it useful to show again the classroom segment on the
video before or after asking teachers to discuss the questions related it. Also, leaders may
want to focus first on the classroom segment that best fits teachers' grade level and then
focus on other segments that are also relevant to teaching mathematics for understanding.
Discussion leaders may find some overlap between teachers' responses to questions in
Section 3 and Section 4. This overlap will help teachers revisit and refocus their attention on
significant issues. (Once again, we have included in the "Overheads" sections of the guide
masters of the questions for each classroom segment. Discussion leaders can reproduce these
masters for handouts or overheads.)

6
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Many discussion leaders have found that one hour (or more) is a useful block of time
to allot for discussion of the questions related to each classroom segment. (The number after
each of the segments indicates the timed place on the tape where these segments are located.
Also, included in the folder on the white pages are the questions for each of the classroom
segments.)

Count Time
Begin End

1. Ms. Ball's Third Grade Classroom 0:48 10:54
2. Ms. Jones's Seventh Grade Classroom 10:55 14:38
3. Mr. Sherbeck's Classroom 14:39 16:39
4. Mr. Lehman's Algebra II Assessment 16:40 20:25

3. Long-Range Planning

After teachers have had extended opportunities to discuss the video in-depth, it is
essential that they participate in a long-range plan that revisits, reinforces, and supporls them
as they change their mathematics instruction.

We have included a select, annotated bibliography in Section 5 of the professional
development guide. The annotated bibliography focuses on a wide array of issues related to
teaching mathematics for understanding, including teaching and assessing problem solving in
mathematics, using writing as a tool to learn mathematics, and helping all students to reason
and communicate mathematically. We have also included the National Council of Teachers
of Mathematics (NCTM) Standards documents in the bibliography (including information on
how to order them). We recommend the Standards documents as particularly valuable
resources for a long-range staff development plan. The NCTM Curriculum and Evaluation
Standards for School Mathematics provides a detailed vision of what the content, priorities,
and emphases of the mathematics curriculum should be for grades K-4, 5-8, and 9-12. The
NCTM Professional Standards for Teaching Mathematics provides a vision of the kind of
teaching needed to support curriculum changes in mathematics. It includes a number of
annotated vignettesdrawn from actual classroomsthat will help teachers at all grades
levels understand and become more involved in the process of re-orienting their teaching
along the lines suggested by the Standards.

Discussion leaders may find more immediately helpful the three papers included in
Sectior: 6 of the professional development guide. The first two papers include a focus on a
teacher featured on the video, Deborah Ball. Both papers further describe several teachers'
attempts to grapple with the questions raised by the provocative ideas and practices featured
on the video. A third paper, written by a teacher shown on the video, Michael Lehman,
describes his attempt to introduce innovative assessment practices in his Algebra II class. It
may be helpful for discussion leaders to share these papers with participants for discussion
following a viewing of the video and extended discussions of the orienting questions and the
questions for each classroom segment.

7
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*

*

Also included in Section 7 is a list of publications from the National Center for
Research on Teacher Learning (NCRTL). Through its research focus on learning to teach,
the NCRTL works to help teachers learn how to create worthwhile learnh g activities for
students, increase students' active involvement in learning, foster students' responsibility for
learning, and promote mutual respect and inclusion in the classroom. The Center's
publications may also be used to enrich teachers' conversations about the video and may
serve as an excellent resource to support a long-range plan for teacher learning.

8
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SECTION 3: ORIENTING QUESTIONS FOR VIEWING THE VIDEO

The following discussion questions are offered i a order to stimulate
conversation after a viewing of the video. The questions should help the
viewer focus on important differences between conventional mathematics
teaching and the teaching highlighted on the video. It might be useful for
teachers to jot down notes while Jiewing the video. These notes may include
any questions that come to mind during the viewing, as well as responses to
the set of questions below. Masters of the orienting questions are included in
the "Overheads" section of the guide.

Questions about the Siudents' Role

(1) When you observe the students in the video,

(a) What are students saying that you find particularly interesting or
considerably different from what students typically say in
conventional mathematics classrooms?

(b) What are students doing that you think is different from what one
typically sees during mathematics instruction?

Questions about Mathematical Content

(1) The NCTM Standards suggest that students should engage in
worthwhile activities. How would you define the content these
students are thinking about and how does this content differ from the
content offered in your textbooks?

(2) The NCTM Curriculum and Evaluation Standards recommends that
mathematics curricula at all grade levels focus on (a) mathematics as
problem-solving; (b) mathematics as reasoning; (c) mathematics as
communication; and (d) mathematical connections. What examples of
each curriculum focus are shown on the video?

(3) How do teachers and other educators in the video think about the role
and relevance of basic skills and procedures?

Questions about the Teacher's Role

(1) How do the teachers in the video describe what students in their
classrooms are saying or doing differently as they learn mathematics?

(2) What kinds of questions do teachers pose and how do they get all
students involved in thinking about these questions?

9
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(3) How do teachers guide students' responses and how do they respond
to students' unexpected ideas?

(4) Teachers in the video use and describe different approaches to
teaching mathematics (e.g., using manipulatives, alternative
assessments, student writing, group work).

(5)

(a) Could teachers use these different approaches during mathematics
instruction, yet remain tied to traditional mathematics teaching?
For example, could a teacher use group work without teaching
mathematics for understanding, or use manipulatives without any
focus on helping them reason about mathematics?

(b) If so, what inakes these different approaches consistent with
teaching mathematics for understanding?

What difficulties do teachers and other educators describe in learning
to teach mathematics for understanding?

(a) What do they describe as the benefits of trying to overcome these
difficulties?

(b) What obstacles might you confront if you want your students to
engage in these activities? How might you manage these
obstacles in order to help students focus on understanding
mathematics?

10
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SECTION 4: ANALYZING CLASSROOM SEGMENTS ON THE
VIDEO (in light of the Standards documents).*

MS. BALL'S THIRD GRADE CLASSROOM

In 1980, Ms. Ball had been teaching third grade for five years when
she began to have doubts about the success of her mathematics teaching.
When she moved from third to fifth grade, she found the math more
complicated. While she felt that she was still able to explain mathematical
ideas clearly, her students did not get the right answers with the same
consistency as in previous years. When Ms. Ball talked with the fifth
graders about their mistakes, she found that they were not clear about what
they were doing and why. She began to talk with her colleagues at the
University who steered her toward articles and books about what was wrong
with a lot of mathematics teaching and how to do it better. She slowly began
to rethink what it meant to learn mathematics and experimented with
alternative ways of teaching it. Her interest in mathematics grew. Although
she had already started a master's program in reading in Michigan State's
College of Education, she changed her focus to mathematics and then
pursued advanced graduate studies. She is now an associate professor in the
MSU Department of Teacher Education and continues to teach mathematics
at Spartan Village Elementary School.

In this third grade classroom, Ms. Ball is about to introduce a unit on
fractions. None of her students had formally studied fractions; however, Ms.
Ball was certain that they, like most eight-year-old children, had some
familiarity and experience with fractions. Therefore, the tasks she selected
for this lesson consisted of problems that would serve not only as an
introduction for her students, but also as an opportunity for her to assess
their informal knowledge (including misconceptions) of fractions.

The video segment begins with Ms. Ball in a classroom posing the
following problem about a number of loaves of bread that are to be shared by
a given number of people.

Problem: Dena had six loaves of bread. How can she share the
loaves equally among twelve people?

As the video continues, students are given time to work on the problem.
Students first work individually and then, if they choose, they may work in
consultation with the teacher or with other students. Ms. Ball then guides a
whole class discussion centering on how students thought about solving the
problem.

Masters of the questions for each classroom segment are included in
the "Overheads" section of the guide.

11



Discussion Questions:

(1) According to the NCTM Curriculum and Evaluation Standards,

"Students need to experience genuine problems regularly. A
genuine problem is a situation in which, for the individ-al or
group concerned, one or more appropriate solutions have yet
to be developed. The situation should be complex enough to
offer challenge, but not so complex as to be insoluble...
Learning should be guided by the search to answer
questionsfirst at an intuitive, empirical level, then by
generalizing, and finally by justifying (proving)." (p. 10)

(a) Do you think that the students in this class were trying to solve a
"genuine problem"? What features of the problem make it
genuine or not genuine?

(b) How did Ms. Ball use this problem to engage students and elicit
their mathematical reasoning and communication?

(c) What could be a genuine problem for students at your grade
level?

(2) During the whole class discussion, the teacher rarely gave students
any hint about whether she thought they were right or wrong, or even
if they were on the right track. Why do you think she behaved this
way? What effect did her behavior have on the students' reasoning
about math?

(3) One of the purposes for this lesson was to diagnose what students
knew about fractions as they began a unit on fractions.

(a) Why might it be important for a teacher to learn what her
students know about a topic they had not yet studied?

(b) What did you find out about what students knew? Did anything
surprise you?

(c) Contrast this teacher's diagnosis of her students' knowledge of
fractions with a more traditional pre-test approach.

(4) Ms. Ball accepted a student's definition of the unit as "cutted bread."
Would you do this? Is this good practice? What is your reasoning?



(5) According to the Professional Teaching Standards, "The teacher of
mathematics should orchestrate discourse by:

posing questions and tasks that elicit, engage, and challenge each
student's thinking;

listening carefully to students' ideas;

asking students to clarify and justify their ideas orally and in
writing;

deciding what to pursue in depth from among the ideas that
students bring up during a discussion;

deciding when and how to attach mathematical notation and
language to students' ideas;

deciding when to provide information, when to clarify an issue,
when to model, when to lead, and when to let a student struggle
with a difficulty;

monitoring students' participation in discussions and deciding
when and how to encourage each student to participate." (p. 35)

Orchestrating discourse depends "on teachers' understandings of
mathematics and of their studentson judgments about the things that
students can figure out on their own or collectively and those for which they
will need input." (p. 36)

(a) In what ways did Ms. Ball attend to these suggestions for
orchestrating discourse?

(b) Do you see places where a teacher might have made different
decisions from those Ms. Ball made? What do you think her
decisions were based upon? On what are your decisions based?

(6) The students in this class seemed comfortable reasoning about
mathematics in a whole group setting, including at times disagreeing
with their classmates. How might a teacher establish these norms of
communication in her class?

13



MS. JONES'S SEVENTH GRADE CLASSROOM

Ms. Jones has taught mathematics to middle school/junior high
students for 16 years at Dwight Rich Middle School in Lansing, Michigan.
After having taught for 11 years, she had become dissatisfied with the way
she taught math. Ms. Jones recalls teaching the operation of fractions. She
would provide children with a rule to compute a quotient or product;
carefully demonstrate the correct procedure to follow, and expect students to
duplicate what she had done. Year after year, the procedure never changed,
and just as predictably, children would get to the first or second step in the
process, and then forget what to do next. Ms. Jones would reteach the
concept and hope students would catch on.

Though Ms. Jones was afraid that she did not know enough about the
subject of mathematics, Ms. Jones wanted to learn more. In 1985, she had
the opportunity to participate in a local mathematics project. As a participant
in the project, she learned more about teaching and learning mathematics
than she had learned in all her years of teaching. Though she had to face her
own lack of knowledge and misconceptions about some fairly basic
mathematics concepts, she learned that relying on learning rules and
procedures was not enough. She learned that she needed to ask why, and to
continue asking why, until she understood the mathematics that she was
expected to teach. In the end, Ms. Jones found that she "was completely
transformed into what it meant to be a teacher and learner of mathematics."

In this segment, Ms. Jones is teaching a seventh grade general
mathematics class. Having learned that her students do not have a good
conceptual grasp of decimals, she is using manipulatives to help her students
develop decimal number sense. (Ms. Jones knows that these seventh graders
had been exposed to decimals in previous years; she also assumes that their
previous experience with decimals likely consisted mainly of paper and pencil
computational procedures.) In the class segment that appears on the video,
students are asked to use base ten blocks to find different ways of
representing a specific decimal number. They work in groups before Ms.
Jones guides a whole class discussion.



Discussion questions:

(1) The video segment shows students representing numbers with base ten
blocks. According to the Curriculum and Evaluation Standards,

"Students need to experience genuine problems regularly. A
genuine problem is a situation in which, for the individual c
group concerned, one or more appropriate solutions have yet
to be developed. The situation should be complex enough to
offer challenge, but not so complex as to be insoluble...
Learning should be guided by the search to answer
questionsfirst at an intuitive, empirical level; then by
generalizing; and finally by justifying (proving)." (p. 10)

(a) Do you think that the students in this class were trying to solve a
"genuine problem"? What features of the problem make it
genuine or not genuine?

(b) How could the problem be re-cast to make it more genuine or less
genuine?

(c) How does this method of learning decimals compare with your
textbook's treatment of decimals?

(2) The students in this segment worked in groups, as they do regularly in
Ms. Jones' class (and as is encouraged by the Standards).

(3)

(a) What is the rationale for group work? What benefits do you
think students derive from working in groups?

(b) This class was filmed in the middle of the year. What norms of
classroom discourse and behavior do you think Ms. Jones had to
cultivate throughout the school year for students to be able to
work together as they did in this segment?

(c) During the class discussion Ms. Jones consistently pushed
students to elaborate when they responded to her questions. Why
do you think she did this? Compare and contrast how she asked
questions with the more traditional questioning that seeks a right
or wrong answer from students.

(d) What other questions or different prompts can you think of to
help students develop decimal number sense?

The Professional Teaching Standards ask teachers to attend to
standards in four areas: selecting worthwhile tasks; creating a
learning environment; orchestrating discourse; and engaging in
thoughtful analysis. How did this teacher appear to be attending to
any of these standards during the lesson?
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4)

to

(4) Four standards in the Curriculum and Evaluation Standards are
common to all grade levels: mathematics as problem-solving;
mathematics as communication; mathematics as reasoning; and
mathematical connections. How did these students appear to be
attending to any of these standards during the lesson?
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MR. SHERBECK'S CLASSROOM

Mr. Sherbeck has taught for 14 years at an urban school, Beaubien
Junior High School (grades 7-9) located in Detroit, Michigan. Mr. Sherbeck
has always considered himself a teacher who focuses on eliciting and probing
students' thinking about subject matter. His undergraduate teacher
preparation as a mathematics and science teacher helped him reject
conventional classroom practices and oriented him toward a more ambitious
view of teaching. Mr. Sherbeck describes the changes in his mathematics
teaching over the years as "evolutionary rather than revolutionary." He has
continued to learn more about subject matternot only learning new subjPet
matter but also coming to understand the subject matter he teaches trylz
deeply. He has also had to learn more about innovative teaching practices
which help students understand mathematics, such as how to include writing
in a math class. When Mr. Sherbeck first started this practice, he asked his
students to write about mathematics and then showed their work to his
English department colleagues who encouraged and supported his efforts.
Mr. Sherbeck quickly saw the value in creating a context where students
write about and explain their thinking about mathematics.

In this segment, Mr. Sherbeck has asked students to write flown "in a
paragraph or two how to construct a 45 degree angle." We see on the video
students discussing their reactions to what their classmates have written.

Discussion questions:

(1) The students in this segment worked in groups.

(a) What is the rationale for group work? What benefits do you
think students derive from working in groups? What are the
drawbacks?

(b) This class was taped in the middle of the year. What norms of
classroom discourse and behavior do you think Mr. Sherbeck had
to cultivate throughout the school year for students to be able to
work together as they did in this segment?

(c) If you wanted your students to talk to each other like the students
in Mr. Sherbeck's class, how would you model this kind of
conversation? How would you give feedback to students that
would encourage constructive comments and discourage off-task
comments?

(2) Why might it be important for students to write about their
mathematical thinking?
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(3) A teacher could ask students to write about mathematics without
necessarily contributing to their problem solving, reasoning, or
communication skills. How can teachers use students' writing in
ways that promote meaningful mathematical learning?

(4) The Professional Teaching Standards ask teachers to attend to
standards in four areas: selecting worthwhile tasks; creating a
learning environment; orchestrating discourse; and engaging in
thoughtful analysis. How did this teacher appear to be attending to
any of these standards during the lesson?

(5) Four standards in the Curriculum and Evaluation Standards are
common to all grade levels: mathematics as problem-solving
mathematics as communication; mathematics as reasoning; and
mathematical connections. How did these students appear to be
attending to any of these standards during the lesson?
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MR. LEHMAN'S ALGEBRA II ASSESSMENT

Since 1990, Mr. Lehman has worked closely with
colleaguesincluding Michigan State University professors and graduate
students as well as his fellow teachers at Holt High Schoolas part of Holt
High School's transition to becoming a "Professional Development School."
As a result of this work, Mr. T eh man has made a concerted effort to change
his teaching. He realized that his Algebra II students were learning to
mechanically manipulate symbols reasonably well, but were not learning to
reason, make connections, or communicate about algebraic concepts. He
was aware also that traditional paper and pencil tests did not allow him to
analyze the kind of teaching and learning for understanding he was trying to
promote. Consequently, he incorporated into the semester examination an
assessment process that would allow students to demonstrate their
understanding to a panel of judges. A segment of this assessment activity
appears on the video.

Students had three days of preparation time, in class and on their own
time, to work with each other to create solutions to six problems. Students
were randomly assigned one of the problems when they met with the panels.
The problem to which students on the video responded is on the following
page.
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Problem: Tom and Patrici: Wainwright have decided to start raising Hungarian
Longhair V ite Rabbits to si as pets. The profit is greater if they sell their rabbits to a
wholesaler in quantities of 1000 instead of individual rabbits to individual pet stores.
They therefore plan to sell their rabbits in groups of 1000. Tom and Pat plan to start out
with 25 rabbits. They know the rabbits will approximately quadruple every month. They
will count the next month's populations after they have subtracted the rabbits they sold.
The Wainwrights have several questions they need answered before they start this
business. Your job is to try to answer them for the Wainwrights. They must be careful
not to sell too many rabbits otherwise they would end up having no income for a month
or more after they start selling rabbits.

Part 1: The Wainwrights would like to know when they will be able to start making
sales and how many groups of 1000 they can sell each month. Caution: Selling and
reproduction from one month effect the total population of the next. When figuring the
next month's population, do not count the rabbits sold during that month. Could you
give them a forecast of their first year of business?

(a) During which month will they be able to start selling rabbits?

(b) Is there a month when they will have to hold back more than 1000 rabbits from
market in order to maintain a breeding stock? If so, which month?

(c) During which month will tneir income even out to a steady income?

(d) If under their current contract, they make $2.50 for each rabbit sold, what will
their income be when it finally evens out?

Part 2: The Wainwrights start up cost where $15 for each rabbit they started with,
$5,000 for the building to house the rabbits, $250 for the proper permits to run this type
of business, and $300 for food for the rabbits.

(a) In which month will they finally b:eak even?

(b) The Wainwrights' monthly expenses are approximately $24,000 per month. How
much must they sell their rabbits for in order to continue to average $2.50 per
rabbit profit?

20
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Members of the panels which assessed students included teachers,
administrators, university faculty, community or school board members, and
advanced (i.e. Calculus or Pre-Calculus) high school students. Mr. Lehman
ensured that each panel of three contained at least one person who specialized
in mathematics. Panelists were encouraged to ask conceptual, sense-making
questions instead of procedural ones. Each student had approximately twenty
minutes to defend individually his/her solution. Students were encouraged to
show panelists written work that supported their solutions. Panelists rated
each student according to criteria developed by Mr. Lehman; they had the
opportunity to discuss with each other each student's performance and adjust

numerical rating if they were so persuaded. (See the enclosed copy of
these criteria and the grading scale.)

Discussion questions:

(1) What are the advantages and disadvantages of this type of assessment,
where students individually demonstrate their knowledge and
understanding by orally defending their solutions to problems?
Contrast what students must know and be able to dr, for this type of
assessment with what they must know and be able to do for more
traditional pencil and paper tests.

(2) Although the students prepare their solutions while working in groups,
they were required to explain their solutions individually. What might
be some advantages, or disadvantages, of allowing groups to
demonstrate their solutions collaboratively in this type of assessment
activity?

(3) If classroom instruction is not consistent with the type of sense-
making, conceptual questions that panelists ask students, then students
cannot be expected to do well on the assessment. If you knew your
students would be assessed by a panel like this, how would you
prepare them? Where would you find problems for them to work on?
How would you organize classroom discussions to model this kind of
reasoning about mathematics?

(4) What logistical or technical problems might be associated with
arranging this type of assessment? What alternatives might be used
by teachers who might have difficulty gathering a large number of
panelists, but who would like to give students opportunities to
demonstrate orally their mathematical sense-making and problem
solving abilities?
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Algebra H
Performance Assessment

Name

Mathematics:

(1) Making sense of problem 1 2 3 4 5
(Understanding concepts)

(2) Problem solving strategies 1 2 3 4 5
(Methods used)

(3) Accuracy of results 1 2 3 4 5

(4) Interpreting results 1 2 3 4 :
(What do the results mean?)

Presentation:

(1) Ability to communicate results
(Clarity, use of charts/graphs)

(2) Explanation
(Able to answer questions)

Grading Scale

26 30 A
22 - 25 B
18 21 C
15 - 17 D

Comments:
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SECTION 5: ANNOTATED BIBLIOGRAPHY

CHANGING PRACTICE: TEACHING MATHEMATICS FOR UNDERSTANDING

Ball, D. L. (1990). Halves, pieces, and twoths: Constructing representational contexts in
teaching fractions (Craft Paper, 90-2). East Lansing: Michigan State University,

National Center for Research on Teacher Learning.

Learning to teach mathematics for understanding is not easy. First, practice itself is complex. Second,
many teachers' traditional experiences with and orientations to mathematics and its pedagogy are additional
hindrances. This paper examines the territory of practice and reviews some of what we know about those
who would traverse itprospective and experienced elementary teachers. In analyzing practice, the author
focuses on one major aspect of teacher thinking in helping students learn about fractions: the construction
of instructional representations. Considerations entailed are analyzed and the enactment of representations
in the classroom is explored. The term representational context is used to call attention to the interactions
and discourse constructed in a classroom around a particular representation. The author provides a window
on her own teaching practice in order to highlight the complexity inherent in the joint constructionwith
studentsof fruitfulrepresentational contexts. The paper continues with a discussion of prospective and
experienced teachers' knowledge, dispositions, and patterns of thinking relative to representing mathematics
for teaching. The author argues that attempts to help teachers develop their practice in the direction of
teaching mathematics for understanding requires a deep respect for the complexity of such teaching and
depends on taking teachers seriously as learners.

0 Ball, D. L. (1991, September). Beginning a conversation about the NCTM Professional
Standards for Teaching Mathematics: Improving, not standardizing, teaching. The
Arithmetic Teacher, 39(1), 18-22.

The first in a series of "professional conversations" about the National Council of Teachers of
Mathematics (NCTM) Professional Standards for Teaching Mathematics, this article begins with a general
discussion of the standards, explaining that they do not reduce teaching to recipes; rather, they express
a set of shared professional values and goals for mathematics teachers and help guide teachers' efforts
to teach mathematics well. The author provides an overview of the document's first section, "Standards
for Teaching Mathematics," including a discussion of the terms tasks , discourse, environment, and
analysis. Then, focusing specifically on the standard for selecting and using good learning tasks for
students, she analyzes the strengths and weaknesses of three sample problems to help teachers
determine what a worthwhile mathematical task entails.

Ball, D. L. (1991, November). What's all this talk about "discourse"? Arithmetic Teacher,
39(3), 44-48.

The author defines "discourse" as intended by the standards. Using a discussion drawn from her own
third-grade-class and entries from her teaching journal, the author illustrates how thoughtful discourse
can help students learn to discuss mathematics.
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Baroody, A. J. (1987). Children's mathematical thinking. New York: Teachers College
Press.

In this book, the author explains how young students (K-3) think and learn about mathematics. He
argues that what we know about how children think mathematically is inconsistent with what he terms
the "absorption theory of learning." Instead of passively absorbing new knowledge, children actively
build on their intuitive, informal knowledge as they produce new meanings and understandings. The
author also suggests teaching practices which are more consistent with how students learn mathematics.

Charles, R. I., & Lester, F. (1982). Teaching problem solving: What why and how. Palo
Alto, CA: Dale Seymour Publications.

This book addresses what mathematical problem solving involves, why problem solving is so important,
and how teachers can make problem solving an integral part of mathematics instruction. After defining
and discussing what is and is not a problem, the authors present many useful guidelines and suggestions
for teachers who want to make problem solving the focus of their mathematics programs.

Charles, R. I., & Silver, E. A. (1988). The teaching and assessing of mathematical problem
solving (pp. 371-375). Reston, VA: National Council of Teachers of Mathematics.

This research-oriented collection of essays is directed to all who play a role in the reform of
mathematics teaching (math educators, teachers, administrators, etc.). Selections by Resnick,
Schoenfeld, Lester, Silver, Carpenter, Noddings, and others represent perspectives from several fields.
All are concerned with the teaching and evaluation of problem solving. Student collaboration,
alternative assessment, motivating students, student-centered instruction, the use of a constructivist
approach to teaching and learning, and problem solving for all students are just some of the issues
highlighted.

Chazan, D. (1992, May). Knowing school mathematics: A personal reflection on the
NCTM's teaching standards. Mathematics Teacher, 85(5), 371-375.

Chazan talks about his struggle to think about math and rnath teaching in new ways. The question of
why the quadratic formula works to identify the solutions of quadratic equations was student initiated.
The question inspired Chazan to pursue understanding the "whys" and not just the "how to's" in
learning and teaching mathematics. Chazan shares the process of his realization that if educators are
to teach in a meaningful and non-manipulative way, helping students to recognize the uses of math in
their daily pursuits, then teachers need to know math in that way as well. "A way I was not taught in,"
says Chazan.
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Cocking, R. R., & Mestre, J. P. (Eds.). (1988). Linguistic and cultural influences on learning
mathematics . Hillsdale, NJ: Lawrence Erlbaum Associates.

A major premise of the Standards is that all children can learn, regardless of cultural background. This
book ersplores issues critical to educating all children. Some of the topics addressed are languages of
minority children, bilingualism, and studies of specific cultural groups such as Asian-Americans,
Mexican-Americans, and Native Americans.

Connolly, P., & Vilardi, T. (Eds.). (1989). Writing to learn mathematics and science. New
York: Teachers College Press.

The Standards emphasize writing as a tool for learning mathematics. One of the video segments
highlights one use of writing in a middle school setting. This book contains several chapters that
illustrate a spectrum of options and rationales for using writing at all.levels of mathematics teaching.

Cooney, T. J., & Hirsch, C. R. (Eds.). (1990). Teaching and learning mathematics in the
1990s: 1990 Yearbook . Reston, VA: National Council of Teachers of Mathematics.

This highly accessible volume is rich with practical ideas for teachers of mathematics at every level. The
28 essays are organized in seven sections: the relationship between research and practice, effective
methods for teaching mathematics, assessing students' mathematical understanding, cultural factors in
teaching and learning, contextual factors in teaching and learning, technology, and professionalism and
its implications for teaching and learning. Each essay summarizes relevant research and includes
practical suggestions for teachers at both elementary and secondary levels.

Cramer, K., & Bezuk, N. (1991, November). Multiplication of fractions: Teaching for
understanding. Arithmetic Teacher, 39(3), 34-37.

The authors use the "Lesh translation model with five modes of representation" to illustrate how a
multiplicity of approaches help students to better understand mathematical concepts. Many activities
for teaching multiplication of fractions are used as models for different modes of representation.

Grouws, D. A., Cooney, T. J., & Jones, D. (Eds.). (1988). Effective mathematics teaching
(Vol. 1). Reston, VA: National Council of Teachers of Mathematics.

This collection of papers reports on what research has to say about what effective mathematics teaching
is and how to foster it. The papers discuss a variety of issues that must be addressed in building a
framework for effective mathematics teaching.
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Lampert, M. (1985). How do teachers manage to teach? Perspectives on problems in
practice. Harvard Educational Review, 55(2), 178-194.

The author is a university mathematics educator and an elementary school teacher. As a practitioner
striving to improve her craft and the learning environment of her elementary school classroom, she views
the teacher as a dilemma manager turning conflict into teachable moments. In this article she analyzes
two pedagogical dilemmas. The first case is drawn from her own fifth grade class. Lampert addresses
her discovery of how the misbehavior of her male students created a situation of gender inequity in her
classroom. The second case focuses on a conflict over the nature of knowledge arising in a fourth grade
science lesson.

Maher, C. A., & Martino, A. M. (1992, March). Teachers building on students' thinking.
Arithmetic Teacher, 39(7), pp. 32-37.

This article touches on several important issues related to teaching math for conceptual understanding.
The authors use dialogue between two girls working "independently yet cooperatively" on a real world
problem. The classroom teacher enters into the conversation to extend the girls' problem solving
discussion by adding a new dimension to the problem. The authors illustrate that holding back the
answer can be an effective instructional strategy.

Mathematical Sciences Education Board. (1989). Everybody counts: A report to the nation
on the future of mathematics education. Washington, DC: National Academy Press.

This report issues a comprehensive call for reform in mathematics education, from kindergarten through
graduate school. It explains the seriousness of the problem, charts a general course for the future, and
outlines a national strategy for pursuing that course. Discussing mathematics as the key to economic
opportunity, the link between equity and excellence in education, the nature of mathematics, new
standards for curriculum and assessment, new approaches to teaching, and the impact of calculators and
computers, Everybody Counts provides an overview of the current situation, necessary reforms, and
obstacles to those reforms. Arguing that high expectations yield greater achievement, the authors call
for all students to learn a significant core curriculum. They also propose changing from a "transmission
of knowledge" model of teaching mathematics to "student-centered practice" and from inculcation of
routine skills to "developing broad-based mathematical power."
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Mathematical Sciences Education Board. (1990). Reshaping school mathematics. A

philosophy and framework for curriculum. Washington, DC: National Academy Press.

This booklet proposes a framework for reform of school mathematics curricula in the United States.
It is intended to complement Everybody Counts and the NCTM Curriculum and Evaluation Standards,
and it emphasizes two fundamental issues discussed in those documents: (1) changing perspectives on
the need for mathematics, the nature of mathematics, and the learning of mathematics; and (2) changing
roles of calculators and computers in the practice of mathematics. Philosophical issues are treated in
much greater depth than in either of the other two documents and extensive reference is made to
current research on topics such as technology in education and teaching for higher-order thinking. The
booklet also proposes a set of fundamental principles, specific goals, and enabling conditions for the new
mathematics curriculum.

McDiarmid, G. W. (1992). Kathy: A case of innovative mathematics teaching in a
multicultural classroom. Fairbanks: University of Alaska Fairbanks, Center for
Cross-Cultural Studies.

This case study presents a clear portrait of a math teacher who bases her instruction on achieving
mathematical understanding rather than learning mathematical rules. Her methods are challenged by
an African-American parent who wants her daughter to learn mathematics and do well on standardized
tests. Kathy's story illustrates how all students, especially children of color, benefit from the innovative
instruction she uses in her classes.

McIntosh, M. E. (1991, September). No time for writing in your class? Mathematics

Teacher, 82(6), 423-433

The author distinguishes between math teachers teaching writing, in the spirit of writing across the
curriculum, and using "writing to learn." The article provides clear descriptions of four written forms
(logs, journals, expository, creative) that can help students learn, help the teacher assess student learning,
and put math in more "human terms."
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National Council of Teachers of Mathematics. (1989, March). Curriculum and evaluation
standards for school mathematics . Reston, VA: Author.

Reflecting a broad consensus within the mathematics education community, this document establishes
a comprehensive framework to guide reform in school mathematics in the 1990s, providing a detailed
vision of what the content, priorities, and emphases of the mathematics curriculum should be. The main
body of the document consists of curricular standards for grades K-4, 5-8, and 9-12, and evaluation
standards. The curricular standards articulate the following goals for all students: (1) that they learn
to value mathematics; (2) that they become confident in their ability to do mathematics; (3) that they
become mathematical problem solvers; (4) that they learn to communicate mathematically; and (5) that
they learn to reason mathematically. Some of the standards address these goals directly; others address
a specific topicsuch as whole number computation or statisticsin the context of the goals. All
articulate a vision of the classroom as a place where students learn important mathematical ideas by
actively engaging in conjecturing, reasoning, and exploring interesting problems; using manipulatives,
computers, calculators, and other hands-on tools; and working often in cooperative groups. The
evaluation standards address assessment strategies, judgements about students' progress, and evidence
about the quality of mathematics programs. They stress using assessment to guide instruction, aligning
assessment with the curriculum, and taking advantage of multiple methods of assessment.

To order, call (800) 235-7566 or (703) 620-9840.

National Council of Teachers of Mathematics. (1991, March). Professional standards for
teaching mathematics. Reston, VA: Author.

As part of the NCTM's broad framework for reforming school mathematics, these standards provide
a vision of the kind of teaching necessary to support the curriculum proposed in the Curriculum and
Evaluation Standards. This document rests on the assumptions that teachers are key figures in changing
mathematics education and that teachers need long-term support and adequate resources to effect the
proposed changes. It includes sections on teaching mathematics, evaluating teachers, professional
development, and institutional support for teachers. Annotated vignettes, drawn from actual classrooms,
are used throughout to illustrate teachers' interactions with colleagues, students, supervisors, and
university faculty. Running through the entire document are characterizations of five major shifts to be
made in the environment of mathematics classrooms: (1) toward classrooms as mathematical
communities (away from classrooms as collections of individuals); (2) toward logic and mathematical
evidence as verification (away from the teacher as sole source of right answers); (3) toward
mathematical reasoning (away from just memorizing procedures); (4) toward conjecturing, inventing,
and problem solving (away from mechanical manipulation and symbols); and (5) toward connecting
mathematics, its ideas, and its applications (away from viewing mathematics as isolated concepts and
procedures).

To order, call (800) 235-7566 or (703) 620-9840.
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Parker, R. E. (1991, September). Implementing the Curriculum and Evaluation Standards:
What will implementation take? Mathematics Teacher, 82(6), 442-448, 478.

The author describes the kind of instruction implied by the standards in the context of two problems,
emphasizing the importance of "good content" to creating rich problem solving experiences. Student
work on these problems is included to illustrate the approach taken and results achieved. The article
also includes a brief discussion of the kind of support teachers will need in order to change their
practice.

Peterson, P. L., & Knapp, N. F. (1992). Inventing and reinventing ideas: Constructivist
teaching and learning. In G. Cawelti (Ed.) (in press). The 1993 yearbook of the
Association for Supervision and Curriculum Development (ASCD) . Washington, DC:
ASCD.

The authors begin this chapter by "unpacking" the constructivist view of knowledge and learning. Two
case studies of constructivist mathematics teaching and learning in elementary classrooms are presented.
Through the case study approach, the perspectives and voices of the two teachers have been preserved.
Four critical questions are pursued here: What is the teacher's role in constructivist learning? How can
the teacher honor both student-constructed knowledge and traditionally-accepted knowledge? How can
teachers involve diverse students in community problem-solving? How can teachers help students handle
the risks of publicly sharing and debating ideas?

Resnick, L. (1987). Education and learning to think. Washington, DC: National Academy
Press.

This monograph addresses the question of what schools can do to promote the teaching and learning
of what are called "higher-order skills." The author presents a working definition of higher-order
thinking skills and discusses these skills in the context of various subjects, including mathematics.
Resnick challenges the common assumption that there is a natural learning sequence that moves from
lower level activities ("basic skills") to higher level ones. This assumption, which is used to justify years
of drill on the basics before thinking and problem solving are introduced, is contradicted by the cognitive
research that Resnick discusses. She says that "the most important single message of modern research
on the nature of thinking is that the kinds of activities traditionally associated with thinking are not
limited to advanced levels of development. Instead, these activities are an intimate part of even
elementary levels of reading, mathematics, and other branches of learning." Moreover, failure to
cultivate aspects of thinking, she argues, may be the source of major learning difficulties, even in
elementary school. Resnick also offers suggestions for teaching and organizing instruction in higher
order thinking.
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Resnick, L. & Klopfer, L. E. (Eds.). (1989). Toward the thinking curriculum: Current
cognitive research. 1989 Yearbook of the Association for Supervision and Curriculum
Development . Alexandria, VA: ASCD.

This collection provides an overview of recent research by cognitive psychologists on the mental
processes underlying thinking and learning in the classroom. Seven of the nine chapters focus on the
thinking processes that contribute to learning in mathematics, science, reading, and writing. These
chapters include recommendations for curriculum and instruction in these subject areas. Of particular
note are Chapter 1, an overview of cognitive research findings, and Chapter 9, a discussion of the
implications of research for instructional practices.

Romberg, T. A. (1992). Assessing mathematics competence and achievement. In Berlak,
H., Newmann, F. M., Adams, E., Archibald, D. A., Burgess, T., Raven, J., &
Romberg, A. (Eds.), Toward a new science of educational testing and assessment (pp.
23-52). Albany, NY: SUNY Press.

In this article, Romberg reviews the rationale for reforming the teaching and learning of mathematics,
and analyzes current testinj procedures. He concludes that current testing is based on an outdated set
of assumptions about mathematical knowledge, learning, and teaching, and that its continued use will
be counterproductive to needed reform. He presents principles upon which new assessment instruments
should be based and gives examples of tasks that are consistent with these principles.

Romberg, T. A., & Carpenter, T. P. (1986). Research on teaching and learning
mathematics: Two disciplines of scientific inquiry. In M. C. Wittrock (Ed.),
Handbook of research on teaching: A project of the American Educational Research
Association (3rd ed., pp. 850-873). New York: Macmillan.

In this chapter, the authors review the recent shift in direction of research on students' mathematical
learning and thinking and discuss what this shift implies for research on mathematics teaching. They
begin by examining the current state of instruction in mathematics, and they challenge the assumptions
about student learning on which current instruction is based. After analyzing more recent research on
mathematics teaching and learning, the authors discuss the new directions that they think research in
mathematics education should take.
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Schoenfeld, A.H. (1988). When good teaching leads to bad results: The disasters of "well-. taught" mathematics courses. Educational Psychologis4 23, 145-166.

The author conducted observations over an entire school year of a "good" geometry class, taught by a
well-regarded teacher whose students received good grades and continued on to college. He shows that
much of what students learned in this traditional setting is inconsistent with the type of learning that is
advocated by the standards. This article raises important and provocative questions about what kind of
mathematical knowledge students really learn, even in traditionally "well taught" mathematics classes.

Silver, E. A., Kilpatrick, J., & Schlesinger, B. (1990). Plinking through mathematics:
Fostering inquiry and communication in mathematics classrooms. New York: College
Entrance Examination Board.

This booklet explains changing perspectives on what it means to learn and do mathematics and explores
how these perspectives can be incorporated into the teaching of secondary school mathematics. Using
numerous examples of classroom situations, the booklet aims to stimulate teachers to connect thinking
and mathematics, moving toward classrooms in which students construct their own mathematical
understanding, justify conjectures, solve open-ended problems, and create their own problems. The
authors suggest ways in which teachers can encourage greater communication and inquiry in their classes
by modifying textbook exercises, incorporating non-routine problems, using group work and written logs,
and making other minor but thought-provoking changes in the ordinary curriculum. The booklet
contains much practical advice for teachers beginning the difficult, but rewarding, process of changing
the mathematics classroom, including advice on goal setting, identifying where to make changes, and
collaborating with other teachers.

Steen, L. A. (1990). On the shoulders of giants: New approaches to numeracy. Washington,
DC: National Academy Press.

Written for educators, curriculum developers, educational policymakers, and parents, this bock it:
intended to stimulate creative approaches to mathematics curricula and prompt a redefinition of what
is basic or fundamental in mathematics education for the twenty-first century. The volume includes five
essayseach written by a different mathematician presenting mathematics ns the language of patterns
and offering imaginative ways of developing mathematical ideas from kindergarten through college. The
topicsdimension, quantity, uncertainty, shape, and changeprovide examples of rich mathematical ideas
around which the mathematics curriculum might be reorganized. Themes such as measurement,
symmetry, visualization, and algorithms connect the essays. The topics covered, which are at the
forefront of current mathematics research, may be unfamiliar to many teachers, but are adaptable to
classroom teaching. The authors bridge the gap between school and real mathematics.
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Stenmark, J.K. (Ed.). (1991). Mathematics assessment: Myths, models, good questions, and
practical suggestions Reston, VA: National Council of Teachers of Mathematics.

This booklet, written for teachers, provides a collection of assessment techniques that focus on student
thinking The booklet stresses the importance of linking assessment closely to instruction and the need
for authentic assessment tasks that bridge the gap between school and real mathematics. It describes
the advantages for both students and teachers of assessment alternatives; identifies and counters a
number of myths about assessment (for example, that there is always a single answer to a math
problem); reviews current assessment practices and identifies needed changes; and offers a sample plan
for developing a new approach to assessment. At the heart of the booklet are three sections on
alternative assessment approaches: performance assessment; observations, interviews, conferences, and
questions; and mathematics portfolios. Each of these sections contains guidelines for developing and
using the assessment techniques including classroom management and logistics; sample tasks, questions,
and forms; and evaluation criteria. The booklet concludes with a section on implementing new models
of assessment, that focuses on documentation and demonstration of validity, along with guidelines for
student self-assessment.

Stigler, W. S., & Stevenson, H. W. (1991, Spring). How Asian teachers polish each lesson
to perfection. American Educator, 15(1), 12-20, 43-47.

This article, which is based on a forthcoming book entitled Cultural Lessons: A New Look at the
Education of American Children, illustrates how mathematics teaching in Asian elementary classrooms
is more engaging than in American classrooms. Asian teachers seem to "polish each lesson to
perfection." Lessons are coherent and the teacher acts more as a "knowledgeable guide, rather
than . . . dispenser of information and arbiter of what is correct." Of the many differences between what
the authors observed in Asian and American classrooms, the discussion of mathematical concepts in
Asian classrooms is of particular interest; questions posed in Asian classrooms are designed to stimulate
thought, not simply to get a correct answer. Most relevant to American concerns of educational equity
is how Asian teachers deal with diversity of students backgrounds. Asian elementary children are not
tracked or grouped by ability. In a whole-group instructional setting, Asian teachers vary their
approaches to teaching and presenting materials within a lesson to better engage students who come
to the setting with diverse past experiences.
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Willoughby, S. S. (1990). Mathematics education for a changing world. Alexandria, VA:
Association for Supervision and Curriculum Development.

Willoughby, a mathematician and educator, discusses ways teachers and supervisors can change the
mathematics education of children, focusing on the most striking differences between current and
suggested practice. He maintains that mathematics instruction should move from the concrete to the
abstract, neglecting neither; that unreal problems do more harm than good; and that children should
be taught to use calculators properly. Throughout the book, Willoughby provides examples of specific
activities and curriculum suggestions. For instance, to illustrate making "verticalconnections" throughout
the curriculum, as recommended in the NCTM Curriculum and Evaluation Standards, he suggests
activities for teaching functions at every grade level. These range from kindergartners creating a
"computer" out of a cardboard box, to third graders using circle-and-arrow diagrams, to sixth graders
using graphing computers and calculators. The book concludes with a discussion of ways to support
teachers in bringing about the kinds of changes advocated.



Summer 1990
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Rethinking
Mathematics Teaching

When teachers in the Profes-
sional Development Schools be-
gan to talk to one another about
what they wanted to rethink and
revise in their schools and class-
rooms, the subject of mathematics
teaching came up over and over
again. Some winced as they re-
membered the math classes of
their childhood and worried that
they were doing little better than
their own teachers had done. They
were not sure that their own stu-
dents either enjoyed or fully un-
derstood the mathematics that
they did in school. The depth and
breadth of this concern led teach-
ers in several schools to organize
math study groups.

This first issue of Changing
Minds describes some particular
ways of teaching
math, some of the
thinking that PDS
teachers, undergrad-
uates, and graduate
students in education
are doing with regard
to math teaching, and
some of the things
that teachers are try-
ing as they attempt to
teach mathematics in
ways that will en-
hance their students'
understanding. We
hope that these
glimpses of students
and teachers grap-
pling with the ques-
tions raised by this
sort of teaching will
help others see what
is involved in changing the teach-
ing of math, and will tempt some
teachers to look again at their own
teaching, and to join these ad-
venturers as they explore and
experiment.

The issue begins with a look at
two new publications of the Na-
tional Council for the Teaching of
Mathematics which call for
sweeping changes in mathematics
teaching. It then focuses on Deb-
orah Ball, a teacher for 15 years at
Spartan Village Elementary
School in East Lansing, an assist-
ant professor at the Michigan State
University College of Education,
and an important voice in the na-
tional conversation about the
teaching of mathematics.

After an intToduction to Ball's
classroom and to her students, her
practice, and her thinking, we lis-
ten in on two groups as they
reflect on what they have seen of
Ball's teaching. The first group is a
class of college students who are

Changing
Minds .

This is the inaugu-
ral issue of Changing
Minds, a publication of
the Michigan Educa-

tional Extension Service (EES). The title is intended to
convey the several senses in wlich contemporary ed-
ucation in Michigan is a matter of changing minds.

First, we are changing our minds about the kind
and level of education required for today's students to
prosper in a dramatically changed economy, in a
scientifically and technologically advanced democ-
racy and in a society that is growing more diverse
along just about every imaginable dimension ethni-
cally, culturally, linguk ically, in family patterns, in
the integration of handicapped peoplç into main-
siTeam institutions, and in numerous other ways.

Continued on page 2.
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considering careers in teaching.
These young men and women
have read a chapter of Active Math-
ematics Teaching by Thomas Good,
Douglas Grouws, and Howard
Ebmeier and are comparing the
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Changing Minds continued from page 1.

To build a robust twenty-first century economy, we need people
who can go beyond the rote application of standard procedures and
bureaucratic rules. We need people who can think, who can solve
novel problems on the job, who can work in teams with diverse
membership, who can communicate clearly both orally and in writ-
ing, who understand the mathematical and scientific ideas underly-
ing complex systems, who take responsibility for themselves and for
achieving results, and who want and know how to go on learning
throughout their lives. Many of these same forms of knowledge and
know-how are also required for active citizenship at all levels, as well
as for life as a consumer, a family member, and in other phases of our
lives.

Second, we now know that learning itself is a matter of changing
your mind. Real learning, learning of the sort required by the emerg-
ing economy and society, consists not in the passive accumulation of
facts and skills, but in active construction and reconstruction of
ideas, of mental models of how things work, of what written material
really means, and of the mental tools we refer to as skills, such as the
skills involved in reading, writing, and mathematics. Learning a
scientific idea the notion that when we push on an object the object
pushes back, for example frequendy means revising our common-
sense or intuitive understandings of the world around us, not just
memorizing a Newtonian law. The same is true of learning about his-
tory, about social systems, about literature, about mathematics.

Third, for most experienced as well as new teachers, learning to
teach in a way that fosters such constructivist learning involves
changing their minds about how learning really takes place and how
they can stimulate, support, and orchestrate it. For a teacher who un-
derstands that learning is construction rather than absorption, the
classroom is a room full of minds. A room full of people who bring
different strengths, preconceptions, learning strategies, languages,
values, and perspectives to the material to be learned and therefore
see it in different ways. A room full of people who may learn in
different ways, but all of whom can learn. At some level, all teachers
know this, but too few of us are aware of the conflict between what we
say we believe and how we actually behave. We have to re-examine
our beliefs, and our practice in light of our beliefs. Changing our prac-
tice involves changing our minds.

Fourth, we have to change our minds about schools and universi-
ties as institutions and about the relationships between them. If stu-
dents are to be active thinkers and learners, then we must rethink
teachers' work, as well. We cannot view teachers as industrial age pro-
duction workers, carrying out routine tasks under close supervision

Continued on page 23.

traditional style of teaching al-
gorithms recommended by the
authors with what they see Ball
doing. They feel comfortable with
the predictable, teacher-con-
trolled teaching Good and his col-
leagues describe; they react with

a mix of feelings to Ball's very
different approach, with its em-
phasis on the reasoning of eight-
year-olds. As one of them says,
"We felt she could give them more
direction, lead them to something,
because they were just spending a
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lot of time discussing zero: Thc
second group is the Math Study
Group in Elliott Elementary
School in Holt: five experienced
teachers, two -interns- who have
recently graduated from Michigan
State and are beginning their pro-
fessional careers by teaching math
in this professional development
school, one graduate student, and
two professors from the College of
Education.

We then move back to thc
classroom and watch Ruth
Heaton, a veteran teacher and a
graduate student, as she begins to
change the way she teaches math-
ematics. Ruth is working with
Magdalene Lampert, a colleague of
Deborah Ball both at the College
and at Spartan Village Elementary,
and also a nationally recognized
expert on mathematics education.
As they discuss and examine
Ruth's changing practice, Maggie
and Ruth are learning about chal-
lenges that traditional teachers
face as they try to teaLh mathe-
matics in this unfamiliar way

The last two articles, "Special
Circumstances: Rethinking Mid-
dle School Math" and "Math Pro-
jects at Holt High Schoor take us
into math classes in two second-
ary schools: Holmes Middle
School in Flint and Holt High
School.

All the teachers described in
these pages have studied mathe-
matics in traditional classrooms.
All have taught in traditional ways,
explaining the rules for conven-
tional mathematical procedures
and helping their students to mas-
ter these algorithms through re-
peated practice on a variety of
problems. As thoughtful students
and teachers encountering an ap-
proach to teaching which differs
dramatically from the images of
mathematics teaching they carry
in their heads, they are looking at
their own teaching in a different
way, and grappling with what it
might mean to try to change their
practice.



A Call to Change the Teaching of
Mathematics

A year ago the National Coun-
cil of Teachers of Mathematics re-
leased a report calling for swep-
ing changes in mathematics
curricula in American schools and
in the ways in which we assess
our children's knowledge of
mathematics.'

The Council asks us to imag-
ine ways of teaching and learning
math which are quite different
from those that most of us en-
countered in our own schooling,
and very different from the picture
that develops in our minds when
we hear a teacher telling her class
that the time has come for math.
Most teachers, both now and in
the past, have first taught children
algorithms e.g. "to divide by a
fraction, invert and multiply-
and then assigned them numerical
calculations on which to develop
skill and speed in using this rule

before moving on to the token
hated) "story- problems at the end
of the chapter.

The Council proposes revers-
ing this strategy, arguing that
-knowledge should emerge from
experience with problems: In oth-
er words, if children encounter an
Interesting problem befOre they
have learned the anthmetic opera-
tion which adults would use to
solve such a prohletn. they w ill in-
\ ent lor themselves I it is the
right problem at the nght time a

variety of ways to to solve the
problem. "Knowing' mathematics
is -doing' mathematics,- says the
Council. "A person gathers, dis-
covers. or creates knowlege in the
course of some activity having a
purpose:

But although the Council, in
their 1989 volume on curriculum
and evaluation standards. envi-

sions elementary schoolers ex-
panding their mathematical
knowledge through investigations
of interesting real world problems,
neither popular elementary
school math textbooks nor experi-
ence have prepared most teachers
for this sort of math teaching. For-
tunately the second volume struc-
tures its suggestions around par-
ticular vignettes of classroom
teaching which allow teachers to
ec more concretely what the

Louncil envisions, and to begin to
try to imagine themselves and
their own students -doing- mathe-
matics in new and quite different
ways. rhis excerpt from a working
draft of Professional Standards for
Teaching Nlathematics- suggests the
richness of the descriptions and
the commentary:

A class of primary students has been working on the following problem:

If we make 49 sandwiches for our picnic. how manv can each child have?

These students have informal ideas about division but
have not yct learned conventional procedures kn- dividing.
They also have begun to develop some understandings of
fractions, connected to their ideas about division. The teach-
er has selected this problem because she knows that it is
likely to elicit alternative representations and solution strat-
egies. as well as different answers. It will also help the stu-
dents to develop their ideas about division and fractions.

After thcy have worked for about 20 minutes. first alone
and then in small groups. the teacher asks if the children are
ready to discuss the problem in the whole group. Most, look-
ing up when she asks, nod. She asks who would like to
begin.
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The teacher provides and structures the use of time so that
the children have opportunities to tlevelop their solutions inde-
pendently. with a few others, and then in the whole group. BV
asking who would like to share their solution. she encourages the
students to take intellectual risks. She shows that she respects
their work by consulting them before she moves to the whole
group discussion.



Two girls go to the overhead projector. They write:

49
-28
22

One explains. "There are 28 kids in our class and so if
we pass out one sandwich to each child, we will have 22
sandwiches left and that's not enough for each of us, so
there'll be leftovers:'

The teacher and sn.idents are quiet for a moment, think-
ing about this. Then the teacher looks over the group and
asks if anyone has a comment or a question about the
solution.

One boy says that he thinks their solution makes sense.
but that he thinks that "9 minus 8 is 1, not 2, so it should
be 21, not 22:' The two girls ponder this for a moment.
The class is quiet. Then one says, "We revise that. 9 minus 8
is 1:'

Another child remarks that he had the same solution as
they did one sandwich.

"Frankie?" asks the teacher, after pausing for a moment
to look over the students. Frankie announces, "I think we can
give each child more than one sandwich. Look!" and pro-
ceeds to draw 21 rectangles on the chalkboard. "These are
the leftover sandwiches:' he explains. "I can cut 14 of them in
half and that will give us 28 half-sandwiches, so everyone
can get another halE'

"1 agree with Frankie:' says another child.

"Each child can have 11 sandwiches:'

"Do you have any leftovers?" asks the teacher.

"There are still 7 sandwiches left over:' says Frankie.

"What do the rest of you think about that?" inquires the
teacher.

Several children give explanations in support of
Frankie's solution.

"I think that does make sense says one girl,
but I had another solution. I think the answer is
1 + 1 +);:'

Students expect to have to justify their solutions, not just to
give answers.

The teacher solicits other students' comments about the girls'
solution, instead of labelling it right or wrong herself She expects
the students, as members of a learning community, to decide if an
idea mahes sense mathematically She respects and is interested
in their solutions, but this does not mean that "anything goes:'
The ncla step is to verify the girls answer

Students respectfidly question one another's ideas. The girls
"revise" their solution because they have been convinced bv the
boy's point. There is no sense here that being wrong is shamefid.
The teacher, listening closely, lets the students talk; she does not
get into the middle of their interchange.

Listening to a variety of solutions. the students work together

to solve the problem.

Students expect to have to justify their ideas.

The teacher expects students to reason mathematically

Students seem willing to take risks by bringing up different

ideas.

"I don't understane the teacher says. "Could you show The teacher cxpects students to clarify and justify their

what you mean?" ideas.



How does a math teacher be-
gin to think about the changes that
the Council is urging upon her?
How do we prepare new teachers
to think about teaching math in
ways quite different from the ones
that they experienced for many
Vears as students? Teachers in pro-
fessional development schools are
grappling with these ideas, and
their efforts may provide some
help and inspiration for other
Michigan educators who want to
begin to make changes in their
ways of thinking about "doing
mathematics:'

ational Council ol Teachers of Mathe-
matics (19891 Lurriculum and Evaluation
`-tandards for School Mathematics. Reston

P NCTM.

National Council of Teachers of Mathe-
matics (1989) Professional Standards for
reaching Mathematics: Working Draft, Re-
ston Va: NCTM (This working draft can be
ordered direcdv from the Council 11906
Association Drr.e. Reston, VA 220911 at no
cost until the final draft is printed. The
Curnculum and Evaluation Standards can
be ordered for $25.00 a copy)

A Community of Young
Mathematicians

In 1980. when she began to
have doubts about her mathemat-
ics teaching, Deborah Ball had
been teaching at Spartan Village
Elementary School in East Lan-
sing for five years. The crisis arose
when she moved from third to
fifth grade. She had always taught
math pretty conventionally: "I
thought I should present it. and I
should present it in ways that were
both engaging to kids and concep-
tual, and that the math just wasn't
that difficult to understand:' Her
students got right answers on their
math papers. and so she assumed
that thc processes made sense to
them. But in fifth grade the math
was more complicated, and al-
though she felt she was explaining
new ideas with the same clarity,
students did not get right answers
with the same regularity. When
she talked to them about their
mistakes they seemed less clear on
what they were doing and why.
Troubled, she began to talk to Per-
ry Lanier and Bruce Mitchell, at
the University. They steered her
toward books and articles about

mathematics, about what was
wrong with math teaching, and
about how one might do it better.
She began to rethink what it meant
to learn mathematics, and to ex-
periment with different ways of
teaching. She also enrolled in col-
lege math courses in algebra.
calculus, and number theory.

From the courses she took and
from the articles she read, Deb-
orah learned more about the disci-
pline of mathematics, and about

Students
propose, ar-
gue, concur,
dispute, and

theorize.

alternate ways to think about
teaching it. The Comprehensive
School Mathematics Program
(CSMP), which she worked with
in her fifth grade, also helped. She
had already started a master's pro-
gram in reading at Michigan State's
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College ol Education, and as her
interest in the math grew. she
changed her locus from reading to
mathematics. In 1988 she com-
pleted a Ph.D. and became an as-
sistant professor in the MSU De-
partment of Teacher Education.
She has continued, however, to
teach math at Spartan Village Ele-
mentary School.

Math as a Conversation

In 1990 Deborah's third-grade
mathematics class is a community
of mathematicians. Students pro-
pose, argue, concur, dispute, and
theorize. Deborah explains that it
is her view of mathematics, and
her ongoing observations of these
eight-year-olds, which shapes
what she tries to do there. She
gives over much of the agenda to
the children's thoughts and com-
ments, because to some extent she
models her mathematics class-
room on a vison of the commu-
nity of adult mathematicians: she
wants her students to see the en-
terprise of mathematics as a con-
versation, an ongoing community
inquiry. But Ball is a teacher as
much as she is a student of mathe-
matics, and, she says, "There's a
back and forth between reading
about the work of mathematicians
and watching and listening to
eight-year-olds and trying to
figure out what makes sense:' She
points to a couple of concrete
ways in which her classroom dif-
fers from the communities of adult
mathematicians: as a teacher she
is concerned about the participa-
tion of all individuals she must
worry and take steps if some stu-
dents do not understand the
mathematics others are discus-
sing; she also tries to keep com-
petitiveness out of her third grade,
even though it certainly has a
place in the universities where
mathematicians do their work.

Deborah's work both em-
bodies and inspires the hopes



for professional development
schools. Every day she works with
students, both in elementary
school and in the university, try-
ing to understand and extend their
thinking. Her work with eight-
year-olds informs her research;
her reflections on her own prac-
tice, on the work of others, and on
her academic discipline inform
her work with children. And she
continues to ask questions.

Visiting her classroom on a
cold afternoon in late January, vis-
itors from the University get a
chance to see Deborah and her
students at work on one of her
newest interests: what can the idea
of mathematical proof look like in
a community of eight-year-old
mathematicians?

Although math period has not
yet begun, these third graders
clearly feel that they are in the
middle of something. As they
trickle back into the classroom
from lunch, still laughing and
talking, they reach into their desks
for their math notebooks, open
them up. and inspect yesterday's
work all without prompting.

"Conjecture" Is an Everyday
Word

"Are you guys ready?" asks
Deborah, "I'd like to put up the
conjectures from yesterday:' "Con-
jecture" seems to be an everyday
word for these eight-year-olds.
T to the chalkboard are three
p. ,es of orange construction pa-
per, each stating a conjecture:

Lindiwe's conjecture : No
matter how many even num-
bers you add together, the
answer will always be even.

Betsy's conjecture: If you
add an odd number of odd
numbers, the sum will always
be an odd number. If you use
an even number of odd nurn-
bers, you will get an even
number.

"Sean Numbers":
Eight-Year-Olds
Developing Number
Theory

About a week and a half earlier,
during a discussion of the properties
of zero, a student named Sean had
proposed that 6 is "both even and
odd" because when six objects are
grouped by twos, there is an odd
number of groups. Neither his class-
mates nor his teacher agreed. Ofala
argued that their working definition
of an even number said only that
when you grouped by twos, nothing
would be left over it said nothing
about the number of groups of two.
Deborah asked Sean "why it would
be useful to have definitions such
that some numbers would end up
both even and odd?" (Sean respond-
ed that it wasn't necessarily useful,
but that he was just thinking that it
could be.) And Mei pointed out with
an edge of exasperation that if six
was "both even and odd:' then so
was 10. Sean considered this argu-
ment calmly and then agjeed, with
gracious formality "I didn't think of
it that way. Thank you for bringing
that up I see 10 can be an odd and
an even number.'

Reflecting on this discussion af-
ter the end of the teaching day, Deb-
orah wrote in her journal:

(I'm wondering if I should
introduce the idea that Sean
has identified (discovered?) a
new category of numbers
those that have this property

Keith's conjecture : I f you

add an odd number to an
even number, the answer will
always be an odd number.

Sheena's Question:
Would it work with sub-
traction? Odd minus even
equals odd?
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he has noted. Maybe they
could be named something.
Or maybe this is silly will
just confuse kids since it's
nonstandard knowledge i.e.,
not part of the wider mathe-
matical community's shared
knowledge. I have to think
about this.)

(It has the potential to
enhance what kids are think-
ing about "definition" and its
role, nature, purpose in math-
ematical activity and dis-
course, which, after all, has
been the substantive point of
spending so much time on
this this week.) What should a
definition do? Why is it
needed?

For example, a definition
of even numbers that says it's
every other (whole) number
starting with 0 (or 2) is pretty
useless for dealing with Lucy's
example of 1,421. Even the
grouping by 2 definition (cor-
ollary to Ofala's odd numbeT
definition) is not too helpful
for 1,421. But a definition
centered on divisibility is (they
all relate to this, of course, to a
greater or lesser degree) be-
cause then you can show that
1,421 is odd because 1,000 is
even, 400 is even, 20 is even,
but 1 is odd. That leads to the

Continued on page 7.

(The variety of names on the
papers around the classroom sug-
gest the diversity of the students:
more that half were born outside
the United States; many learned
English in this elementary
school.) "Numbers that end in ze-
ro may always be even;' volunteers



one child. carefully emphasizing
the "may.' Deborah writes tins on
the chalkboard. Torv reports that
she is trying to figure out what
happens when two -Sean num-
bers.' are added together. ("Sean
numbers- are even numbers that
result from doubling an odd num-
ber. Their history - they were
identified by a member of this
class two weeks ago - suggests a
bit about the way Deborah and her
students approach mathematics.
See "Sean Numbers: Eight-year-
olds Developing Number Theory:
in this issue) A third student re-
ports that he is investigating to see
whether the sum of an odd num-
ber and an even number is always

an odd number: a fourth is look-
ing at the results of adding two
even numbers.

As these students have pro-
posed conjectures. classmates
have been volunteering to assist
their investigations. Everyone
now seems to know what they
want to work on, but before they
adjourn to their groups Deborah
asks the class, "What did we prove
yesterday?"

"An odd plus an odd equals an
even.- replies Jeannie. Temba
comes to the board. writes

7
+ 7

14

"Sean Numbers" continued from page 6.

proof of Lucy's conjecture that
"you have to look at the last
numberr (Many adults know
this rule but do not know why
it works.)

A second aspect of defini-
tier is that it facilitates dis-
course. That was where we
started, because people were
meaning different things by
"even numbers" and that was
going to make debates over the
four conjectures difficult -
impossible.

Another, I think, is logical
partitioning? Well, in a case like
this, maybe, but certainly not
always, or there wouldn't be
intersecting sets in number
theory (e.g., prime numbers,
odd numbers). Thaes where
Sean's discovery fits, maybe.

Deborah turned the matter over
in her mind over the weekend. On
Tuesday, she wrote:

I decided to let Sean's idea
of numbers that can be both
even and odd have legitimacy
by pointing out that he had
invented another kind of num-
ber that we hadn't known before
and suggesting that we call

them "Sean numbers:' He
seemed quite pleased, the
others interested. I said that
when mathematicians invent
new ideas or make new conjec-
tures, sometimes their ideas are
named after them and, after all,
we had "Ofala's conjecture'
"Nathan's conjecture etc.

Commenting on her decision
later, Deborah observed:

You could have interpreted
this very differently - you
could have simply seen Sean
as a kid who was confused
about even and odd numbers
and just looked for a way to
correct him. This is a very
dear case of my view of math-
ematics shaping what I did.
An observer who focused on
children's feelings and self-
esteem would probably have
said, 'Here is a kid who is
having trouble at school, and
here is a teacher who is find-
ing a way to make him feel
good about himself: But I at
least as much saw it as an
occasion for [the class] to see
something about how these
ideas are invented by people.
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and explains. pointing to the
numbers. "Seven is odd. 7 is odd,
and is even:* Definitely an ex-
ample, but not. he agrees. a proof.
Betsy offers a proot: "If you group
an odd number by twos (she dem-
onstrates by making seven lines.
and circling three pairsl.

you have one left over. You can
make a pair with the two left over
ones."

"I agree that this is true, but it
wasn't the way we did it Yesterday:
Mei demurs. Yesterday, she asserts.
they had defined an odd number
as "an even number minus one:'
The two girls discuss whether this
difference is important.

Mei argues that we cannot be
sure that this statement holds true
for really big numbers - "numbers
in the thousands, or numbers that
we can't say' because we haven't
examined them. Jeannie disagrees.
"All odd numbers have one left
over. And you'd die before you
counted every number. Even
mathematicians can't count them
all!" Arms wave. The third graders
debate whether it is possible to
prove anything about numbers
that are too big to count.

Students Investigate

With no need for an organ-
izational intermission, groups
convene quickly at tables and
chalkboards. Students make cal-
culations in their notebooks and
on the board: the few voices that
rise above the busy hum are dis-
cussing math: "Yes, but does it al-
ways work?" "But that's a Scan
number .. :' Two girls arc investi-
gating operations with Sean num-
bers by adding 22 and 22, making
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Students in Deborah Ball's math class work together on a problem.

a diagram which shows them the
number of pairs in 44. As Deborah
notes in her journal, they have
some trouble deciding whether 44
is or is not a Sean number. When
they finally agree that it is not,
they conjecture that a Sean num-
ber plus a Sean number wrII al-
ways equal an even number that is
not a Sean number.

Nearby a boy is drawing lines
on the black board with colored
chalk. A girl asks with indignant

incredulity, "Are you playing?"
Deborah moves from group to
group, finding out exactly what
every one is doing, and how
they are thinking about the prob-
lem they have set themselves. A
boy explains to her, "We only went
up to 12,000. That doesn't prove
it: what about all the other
numbers?"

After 20 minutes of group
work, Deborah brings the class
back together and asks for a report
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on the conjecture that "an odd
plus an even equals an odd:' Mark
explains that, "At first, we were
getting lots of answers, but we
weren't getting proor Then, he
continues, Betsy joined them,
"and she had prooC' When Deb-
orah invites him to show one of
his examples, Mark defers to Na-
than, whose examples are "better:
This turns out to mean that they
involve larger numbers.

After consulting his notebook,
Nathan writes on the board

100000000000001
+ 98124

98125

explaining as he does so that "Bet-
sy said that when you add a short
number to a long one, you have to
match up the last numbers, and
the next to last:' He adds that since
Lucy says that you only have to
look at the last number to tell
whether it is even or odd. he con-
cludes that this number is odd.

Ignoring the gasp from the
back of the room which greeted
Nathan's addition, Deborah lets
Betsy explain her "proof' that an
odd number plus and even num-
ber will always equal an odd
number.

Later that afternoon, Deborah
reflects in her teaching journal on
her decision not to correct the
addition.

I did not comment, even
though it was obviously
wrong. At this particular
point, we were concentrating
on the issue of whether or not
odd plus even equals odd,
and, within that, the function
of examples and other kinds of
argument in proving that
something was always true. In
addition, getting them to
understand what it means (or
even what to do) to add these
numbers is not a trivial matter
. . Nathan had followed a
rule - that Betsy had said that



when you add a big number
to a smaller number, you have
to add the ones first (or add
the ones together?) - and n
perspective was, what good
would it do to say another
rule? . .

In tact there is little danger
that Nathan's error will go unno-
ticed. Just before the class ends.
Jeannie raises her hand to disagree
with the addition, and Betsy
moves to correct the computation.

Accompanying the visitors to
the car, Deborah remarks that
"eight-year-olds really get hooked
on number theory They love it. it's
hard to get them off it, to move on
to other things: She explains that
the unit on odd and even numbers
began a few weeks earlier, out of
questions that arose from the fol-
lowing problem: "If pretzels cost 7
cents and gum costs 2 cents, what
can Mark buy if he wants to spend
exactly 30 cents?" (See "Mean-
while at Elliott . . :' in this issue)

\Vorking on this problem, stu-
dents saw some patterns involving
even and odd numbers Iheir
questions have led them in a vari-
ety of directions.

As eight-Year-olds discuss
ideas about numbers, measure-
ment, shapes, and probability.
Deborah studies their learning and
her own teaching and carries her
thoughts and observations to
undergraduate and graduate stu-
dents at MSU, to 'her colleagues at
Spartan Village Elementary and
other professional development
schools. and, through articles in
professional journals, to mathe-
maticians and teacher educators at
other universities. Some students
and colleagues visit her classroom.
Others watch videotapes ol her
teaching and discuss them in
courses or study groups. Used in
different ways by different people.
Deborah's classroom and her vid-
eotapes catalyze important think-
ing about teaching, learning, and
mathematics. 3

Sharing a Classroom
When teachers join the Profes-

sional Development School effort,
they open the door of their class-
rooms to outsiders - people from
the University and the world be-
yond. What does this feel like? What
sacrifices must they make? Do the
demands and intrusions overwhelm
any benefits they and their students
may get from the association?

Sylvia Rundquist began her col-
laboration with Deborah Ball two
years ago, when Deborah asked Jes-
sie Fry, the principal of Spartan Vil-
lage Elementary, to help her make
arrangements to teach mathematics
daily in someone else's classroom.
At that time Sylvia had been teach-
ing elementary school for two years.
She did not feel very confident about

her math teaching and the opportu-
nity to learn from watching some-
one else attracted her. She
volunteered.

Reflecting on the arrangement
this spring, Sylvia reports that she
has loved observing her students
regularly in a situation where she
did not have to teach: through the
dual perspective of teacher and ob-
server she has come to know the
children better than she did when
she was their only teacher. And she
notices that at parent conferences
she has more insightful things to say
about them.

Just as she hoped, she has also
learned a lot about the teaching of
mathematics. Her earlier assump-
tions about math teaching, she re-

Continued on page 10.
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The View
from the
University

When college teachers try to
introduce new ideas about mathe-
matics to the young adults in their
classrooms, they get a variety of
reactions. Those reactions reflect
the fact that for the past 13 years
these students have been con-
structing ideas about what teach-
ing does and doesn't mean as they
watched their own teachers assign
workbook pages, write on the
blackboard, guide discussions.
and collect milk munev Because
many of these college students
will be the teachers of tomorrow, it
is interesting to listen in as they
wrestle with their mixed feelings.

Margery Osborne, a doctoral
student at Michigan State Univer-
sity's College of Education. works
on a research project which in-
volves her in filming Deborah
Ball's third grade math class sev-
eral times a month. She also teach-
es a section of "Explonng Teach-
ing' CIE- WI). a course designed
to help sophomores to examine
their assumptions about teaching,
learning, and schools. In late Janu-
ary. Margery's TE-101 students
watched a video ot one of the
classes in which Deborah and her
class investigated the behavior of
even and odd numbers and the
properties of zero. Margery then
broke her class into groups to
think about the similarities and
differences between Deborah's
teaching and that recommended
by Good. Grouws, and Ebmeier in
Acti'x Mathematics Ti aching. To-

day the groups are reporting their
ideas back to the rest of the class.



Similarities and Differences

The reporter for the first group
relates what she sees Deborah do-
ing to the teaching of Vivian Pa-
ley', whose book about her kin-
dergarten class students have read
earlier in the term. Most TE-101
students like Paley's informal.
conversational kindergarten, feel-
ing that five-year-olds will learn
social skills and gain self-esteem
from exploring their ideas with a
teacher who seems never to con-
tradict them. Most doubt, how-
ever, that you could learn the in-
formation and academic skills that
older children need without much
more adult guidance. "There were
times when we felt they went off
the track and hit a blind spot. \Ve
felt she could give them more di-
rection, lead them to something,
because they were just spending a
lot of time discussing zero:'

She turns then, with apparent
relief, to the more familiar ap-
proach of Good and his col-
leagues, who direct teachers to
teach algorithms directly and
briskly, assigning independent
seatwork after 10 minutes of ex-
planation and 10 minutes of oral
questioning or "controlled prac-
tice": "Whereas in the book they
had a step-by-step procedure in
teaching math: the teacher ex-
plains and demonstrates, and
gives them work and checks it."

Teaching Unsettling

The routines of Good,
Grouws, and Ebmeier recall the
third grades where these sopho-
mores studied arithmetic 11 years
ago. Deborah's teaching strikes a
discordant note and raises some
unsettling feelings. Janine fum-
blingly defends her own teachers
against the unspoken criticisms of
this new approach.

'Paley, V (1981) Wally's Stones. Cam-
bridge: Harvard University Press.
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Talking about math re-
minds me that in elementary
school, and in high school,
and even here at State last
year, I had math teachers who
have said, "You're not going to
understand this, you don't
know why this happens, I just
want you to do it:' And it
always bothered me, but I
look at this now and I want to
say "I love what Ball is doing.
The kids are disagreeing and
they're talking!" But I did
learn a lot of math growing
up, and I didn't understand it.

But I did it. And I know how
to do it now. Maybe I don't
understand it. but I'm kind of
educated because I do know
that math. And I wouldn't
have understood the princi-
ples. I still don't.

Janine pauses and Margery
tries to help her clarify her point.
"So what you are saying is, why
understand math?"

Janine nods, "I see what she is
doing and I think that's great, but I
just don't see how . . . The last
sentence dangles as she tries to

Sharing a Classroom continued from page 9.

calls, mirrored those of her own ele-
mentary school teachers: they
seemed to believe - incorrectly, she
now thinks - that "the more calcula-
tions I did, the more I would come to
understand." As she discusses the
ways her ideas have evolved through
the last two years, she jots down five
other things she has learned:

- how much discussion there
can be about math

- finding answers in different
ways is OK - [children]
don't all have to get an-
swers in the same way

- that math is not all right
and wrong - some issues
are not resolved

- a great deal of day-to-day
math involves estimating

- using concrete objects and
manipulatives to find solu-
tions is OK beyond lower
[elementary school grades]

Like outsiders who observe
Deborah's math classes, Sylvia is of-
ten amazed at the problems her stu-
dents can solve, and the level of their
thinking. As she watches her third
graders attack difficult problems
with energy and sophistication, she
raises the expectations she has for
them in other areas. And she uses
the vocabulary of the math class -
estimating, predicting, making hy-
potheses - to extend her students'
thinking across the curriculum.
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But there are costs as well as
benefits to her collaboration with
Deborah, Sylvia admits. She and her
students are locked into having
math at a particular time each day,
so that even if they become en-
grossed in another project they must
turn their attention towards math
at five minutes before one every
Tuesday, Wednesday, Thursday, and
Friday.

And there are some benefits
which, the listener guesses, probably
did not come without pain: Sylvia
says that through her association
with Deborah she has learned to be
more flexible. "I was very rigid about
my teaching:' She felt possessive
about her students and her class-
room. Now Deborah's name is next
to Sylvia's on the classroom door,
and they do parent conferences to-
gether and cosign all communica-
tions that go home to parents. Be-
cause she shares her classroom with
Deborah (and Deborah's entourage -
- often a film crew as well as visitors
from other schools and universities)
she has to endure intrusions and re-
arrange her own schedule frequent-
ly. She is managing to do all this, and
even to feel increasingly relaxed
about the changes. She is also learn-
ing, she says, that she can speak up
and set some limits: After a bit of si-
lent suffering she decided that it
really would be all right to ask the
visitors not to sit on her desk.



make sense of her thoughts. mem-
ories, and feelings. .Maybe with
,-;omething else, but with math?"
Fier voice trails off uncertainly.

A classmate dissents:

The problem with that is
that ... once you stop using
what you were just told to do.
you forget it ... I mean, you
don't really learn it. And peo-
ple say. 'Well. I'll never use
math. But there are a lot of
concepts that, if we had
learned them so we under-
stood them, maybe we would
use them.

To most of these college soph-
omores. math is a long list of pro-
cedures and algorithms. They
wonder if it is possible to spend an
hour or more struggling with one
problem and still "cover" the cur-
riculum. But even if it were, the
spokesman for the next group re-
ports. many would prefer to see
the teacher run the discussion
with a firmer hand:

[Good. Grouws. and Eb-
meierl suggested using the
first 4-5 minutes for review.
Then you could let them dis-
cuss for 20 minutes. but not
go on the whole hour. After a
while it seemed like it was
just the same four or five
students . . Plus, she never
told students they were right.
or gave them any encourage-
ment and I think that that
kind of leaves students hang-
ing. I mean. I think you
should tell kids the right an-
swer after a certain point.

"What is the right answer?"
asks Margery. Students' concern
about the length and form of the
third grade discussion has crowd-
ed out the mathematical content
so completely that a puzzled si-
lence falls. "About zero:' Margery
reminds them. No one seems to be
sure that they really know, but nei-

ther do they pause to discuss the
question or to wonder at the in-
terest that these eight-year-olds
display in an abstract point of
number theory. "Nothing: calls
out one. "It's not a number:

think that
when you

are listening
to other

people pre-
sent ideas,

whether they
are right or

,mrong, you
3re !ea-mina
something:

But as some students identify
the ways in which Deborah's
teaching troubles them, others are
beginning to look at their own dis-
satisfactions with her teaching
more skeptically to question
their own questions. Judith
volunteers:

I think a lot of our prob-
lem is that a lot of us. proba-
bly all of us. we've been
taught in the traditional way:
"Here is what this is. Here's
how we are going to do it. Go
ahead and do the problem:'
And it's hard for us to try to
understand: looking at this
other form of teaching, we
think, "How can kids do this?
It's so hard for them:' But
maybe if they do it all along,
maybe it will be better for
them.

This student is worried, how-
ever, about confusions generated
by different teachers' expecta-
tions: "What if they go to fourth

°arade

and the teacher doesn't do
this? And the kids are challenging
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and saving .1 disagree: .1 agree'?
And:' she laughs. "the teacher tells
them to shut up. You have to have
consistency:.

Alicia voices a different con-
cern: she doubts that mathematics
is logical enough to support the
scrutiny that these eight-year-olds
are giving it.

They were learning the
theory behind all this math,
but I mean, there are so many
exceptions anyway that at first
they'll think, 'Oh. great: but
once she adds in. 'Oh. this
isn't right: this is an excep-
tion: ultimately they won't
want to know everything
behind it.

Re-examining Beliefs

In applauding the way that
Deborah's students work together
on a problem over a considerable
period of time, a young man as-
serts. "The teacher can't just tell
them the answer. I think it is good
the way that they try to come up
with it by themselves:'

A groupmate disagrees:

I don't think that's right. A
lot of times the teacher just
has to give you the answer
and you have to accept it.
There are lots of things in life
you just accept. At least, I've
been taught that way.. .. And.
I mean, discussion with all
the little friends, to me it
seems useless. Because there
are kids who never talk. I
would never talk. whether I
understood it or whether I
didn't.

After a thoughtful silence, an-
other student points out that she is
assuming that those who do not
join the discussion learn little:

There's a problem in
saying that if you aren't saying



anything, you aren't getting
anything out of the discus-
sion. That would mean that
people in here who haven't
said anything this period, that
the whole hour has been a
waste for them, and they
haven't learned anything. But I
don't think that's true. I think
that when you are listening to
other people present ideas.
whether they are right or
wrong ... you are learning
something A lot of times
the people who don't speak
learn the most, because they
have the observer's point of
view, and they get to see the
whole of the discussion. Like
right now I'm talking, so I'm

not listening in the same way
figuring out what makes
sense.

As the class continues to react
to what they have liked and dis-
liked, students raise questions and
challenge one anothers' assump-
tions. Do you learn more from a
teacher who comes on strong and
displays more "personality"? Do
you learn for the "wrong reasons"
with such a teacher? Will Deb-
orah's students, even if they do not
outscore others on standardized
tests in third grade'. carry with
them, into high school and col-

'In fact. Deborah's students do exceedingly
well on these measures.

Meanwhile, at Elliott...
Like the sophomores in

Margery Osborne's exploring
teaching class, the five classroom
teachers in the Math Study Group
(MSG) at Elliott Elementary
School in Holt remember the
math classes of their childhood
very well. Unlike many of the col-
lege students, they are sure that
they want something different for
their own students. All have been
teaching for at least four .ears:
none are satisfied by the way in
which they have been working
with their students on mathemat-
ics. Several joined the PDS effort
specifically in order to look for
ways to move beyond what they
knew about math and math
teaching.

In an effort to deepen under-
standing of the teaching and
learning of math, the group
(which includes, in addition to the
five classroom teachers, two "in-
terns" who graduated from college
only last year, one graduate stu-
dent and two professors from
MSU) has read articles, inter-

viewed students, shared teaching
journals, worked together on math
problems. discussed personal
math anxieties, and analyzed cur-
ricula. Shortly before Christmas,
the group watched a video of Deb-
orah Ball teaching her class at
Spartan Village about negative
numbers. Impressed by the third
graders' command of a language
for discussing these abstract ideas
(in the interviews, teachers had
felt that their students seemed to
lack a language for expressing
their mathematical understand-
ings), and curious about the strate-
gies Deborah used to initiate st-u-
dents into this sort of discourse,
the teachers welcomed Deborah's
offer to come to Elliott and teach a
lesson. Karen Dalton volunteered
her third-grade classroom and the
group arranged to videotape the
lesson, watch the tape together,
and discuss it with Deborah.

The film they view on Febru-
ary 12 shows Deborah giving the
Elliott third graders a problem she
has investigated with her class at
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lege, the energetic enthusiasm for
mathematics that they display
this class?

Talking about their responses
to Deborah Ball's teaching, these
students lay on the table some
fundamental beliefs about teach-
ing, learning, -id mathematics. In
the next few \yeeks they will get a
chance to visit Deborah's class, to
ask her questions about her teach-
ing, and to re-examine, both in
discussion and writing, the no-
tions that have surfaced today.
Some ideas will change; others
will not. But nearly everyone will
leave their introductory education
class seeing some new possibili-
ties and new complexities in
teaching and learning. 3

Spartan Village three weeks earli-
er: "If pretzels cost 7cents each,
and sticks of gum cost 2 cents
each, what are the possible pur-
chases a child who wanted to
spend exactly 30 cents could
make?" In Deborah's class, this
problem has led to several weeks
of interesting work on odd and
even numbers including that de-
scribed in "A Community of
Young Mathematicians" and "Sean
Numbers" (in this issue of Chang-
ing Minds). After some discussion,
the eight-year-olds break into
groups and start experimenting
with number combinations, talk-
ing animatedly about prices of
gum and pretzels.

The voices are those of trea-
sure hunters. As a boy in a blue
sweater counts by rwo's "... 18, 20,
22 . . .;' other children hiss excit-
edly, "I got one;' "Three pretzels
won't work," "Try two." Karen
helps a group which has gotten
confused enroute to a workable
combination: "You had 2 pretzels
and 7 pieces of gum and it was 28
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Thy Elliott Muth Study Group at work.

cents. 1 iow would you make it 2
cents higher?" . . . "Would that do
it? Try it" Deborah crouches next
to a pair who are trying to decide
whether they can buy 7 pretzels.

After 15 minutes the class re-
convenes to discuss their findings:
a girl who proposes 4 pretzels and
one piece of gum explains, with
the help of several friends, how
she figured out. by repeated addi-
tion, that 4 pretzels would cost 28
cents. Another youngster proposes
that 15 pieces of gum will cost ex-
actly 30 cents.

"Why: asks Deborah.
"Because: volunteers a class-

mate, "15 plus15 equals 30."
"But I don't see what that has

to do with gum: probes Deborah.
"I thought gum cost 2 cents?"

Another little bo- explains
why 15 plus15 is the sante as 15
groups of 2.

Not all answers are on the
mark: someone has forgotten that
gum cost 2 cents and proposes
that the purchaser can get 23 piec-
es of gum and one pretzel. But this
error leads eventually to the inter-
esting conclusion that it is impos-
sible to buy one pretzel and come
out even. As their 40-minute math
period ends, Deborah is asking
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students to think about whether
they have found all the possible
purchases.

A Question of Equity

As the screen on the monitor
goes dark, the Elliott teachers turn
first to questions of equity: how
does a teacher meet the needs of a
diverse population of students?
After some discussion about
whether a chart might help some
of the slower kids to ce the pat-
terns involved, a teacher puts the
question more generally: "That
was one of my questions, watch-
ing the variety of kids in there:
How do you keep the kids who
have already got all your solutions
... challenged, and still going; and
then how do you get those slow
kids to come along?"

In responding Deborah turns
first to the lesson they have just
watched, and then to the more
general curricular strategies that
she uses to address diversity.

Well, it didn't happen in
her class that anyone got all
the solutions. [Two boys]
thought they had found them
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all, and I asked them if they
were sure and they said they
were, but in fact they hadn't.
That was one of the ways I
used the group discussion -
to help them see that they
didn't get all the solutions, so
that next time they get such a
problem they'll try to push a
little harder, to prove to them-
selves that they arc done.

I guess part of it, to me,
lies in trying to figure out
problems that arc rich enough
that it's not so likely that some
people are going to be totally
done and other people are
going to be totally stuck - that
there are just different things
that you could think about or
do with the problem. And
then, I usually try to have
thought through different
kinds of extensions that kind
of relate to the problem.

Part of my goal would be
that by this time of year, in
my own classroom. I would
want kids to have questions
that the data raised for them.
So partly I would be trying to
get them to a place where they
start raising questions for
themselves, saying "Hmmm,



I'm noticing something here
or "Hmmm. I see a pattern:'

And at this point, in my
own classroom, the:e's some
sign that they do do that.
Whereas earlier in the year
I'm showing them that that's
one thing that you do, when
you think you are done. You
say, "Am I sure this makes
sense? Am I sure I'm done?
And is there anything inter-
esting going on here that goes
beyond this problem?" I try to
get them used to the idea that
that's part of what you do
when you do mathematics.
Traditionally when a teacher
gives you a problem, you do
it, and then you are done and
you just wait until she tells
you what to do next.

A few minutes later a teacher
who taught some of these students
when they were younger makes an
observation which goes to the
heart of the equity question: "The
kids who were contributing the
most were not the math stars?'
"No," the third grade teacher
agrees, "those kids held back.
They were afraid to take risks with
a kind of math they weren't used
to:' She had noticed one of her
best students whispering ideas to
the boy in front of him, and wait-
ing to see how Deborah would re-
ceive his second-hand sugges-
tions. "This is really important,"
emphasizes the first teacher. We
have a lot of needy kids. The tape
is evidence that this teaching
would work for them:'

Members of the Study Group
comment that students respond
positively because Deborah ac-
cepts all comments and sugges-
tions. "But it's a particular version
of accepting everything': Deborah
reminds them, "because it's ac-
cepting everything but also ex-
pecting that everything has to be
backed up:' It is, she explains, dif-
ficult to respond to all comments
with the same neutral interest.

I think the hardest thing
for me has been to learn to act
neutral when kids are right.
Most of us are pretty inclined
to be at least nice to kids when
they are wrong, so it's not
such a big leap to learn that if

"I guess part
of it, to me,

lies in trying to
figure out N:

problems that
are rich

enough that
it's not so
likely that

some people
are going to

be totally
done and

other people
are going to

be totally
stuck."

something's wrong you are
going to say -why?" and
sound kind of neutral about it.
But what's harder is when it's
right, because we are so much
in the habit of saying "good
job:' But it's so key to do it
both ways. If you only ask
"why?" when they are wrong,
then you have just gone to a
new system of cuing them.

How to Justify

Like the college sophomores.
the group wonders how Deborah
justifies to parents, colleagues, and
administrators spending so much
time on a few problems. She ex-
plains that she shows people who
ask this question the district ob-

jectives in mathematics for the
grade she is teaching. "And most oi
the problems that my kids are do-
ing address a surprisingly large
range of these objectives? The unit
on even and odd numbers that she
has just finished, for example, in-
cluded work on more than half of
East Lansing's conceptual and
computational objectives for
third-grade math.

Instead of seeing the curricu-
lum as "little bites that come one
right after another?' Deborah uses
the model of a sandwich. With a
good problem "you are working
on a bite that is kind of deep and
has a lot of layers you want to get
at:' And although her students do
not use flashcards or practice add-
ing or subtracting in isolation,
they do extremely well on tests
that require knowledge of number
facts because they do many com-
putations as they probe a problem
or conjecture.

New Vocabularies:
Conjecture and Revision

Everyone wonders how Deb-
orah helps her students make the
transition from a traditional math-
ematics classroom to one in which
all answers are considered and
discussed. Deborah explains that
she introduces new words like
"conjecture" and "revision- as the
need arises. The new vocabulary,
she thinks, helps to build a mathe-
matical community; it also draws
attention to activities that she val-
ues like proposing "conjectures"
and "revising" answers in light of
points made by others. In addi-
tion, she coaches students in be-
havior that contributes to good
conversation. When they come to
the board, for example. she tells
them to stand to the side of their
diagram and face the class as they
explain their reasoning. She sets
up explicit rules about responding
to the comments of others: no one
is to interrupt, because students



need to think as they talk, and to
be able to revise ideas as they pro-
pose them: when your classmate
finishes what he has to say you
may (1) ask for clarification or
repetition: (2) agree or disagree.
giving reasons: or ( 3) explain how
you got the same answer by a
different process.

New classes seem to pick all
this up easily in the fall. but stu-
dents who enter later in the year
need more explicit guidance. She
tells of a newcomer who laughed
at someone whose English was
limited. Upset. she stoppea the
class to discuss the incident. "Why
did I get upset?" she asked. "Be-
cause: one student answered. -if
omeonc gets laughed at. then he

won't want to contribute to the
discussion: "And why would that
matter?" asked Deborah. "Because
II someone is too nervous to go to
the board:. explained the new-
comer, "then he won't learn any-
thing and he won't be able to show
the teacher what he knows: Look-
ing puzzled. another youngster
raised his hand. "I don't think of it

that way. I think if someone is
afraid to go to the board, we all
lose out. Because that might be the
only person who has an idea that
we ail need in order to solve the
problem: The eight-year-old had
summarized elegantly Deborah's
goals as a math teacher: a class-
room in which a community of
young mathematicians take one
another's ideas seriously and
work together to construct new
understandings.

At three o'clock Deborah ex-
cuses herself apologetically, and
heads for another meeting. As the
door closes behind her, a group
member sighs, "I just feel so inade-
quate. in terms of my subject mat-
ter knowledge: Another nods
agreement: "I just can't imagine
being able to be this thoughtful
every day. Maybe one day a
week ..

As experienced teachers who
Nere already questioning their
own teaching and asking hard
questions about their students'
understanding of mathematics,
the Elliott Study Group came to

Deborah's lesson with different
concerns than Margery Osborne's
TE-101 students. They believed
that what Deborah was doing was
difficult and, as someone had said
in the December meeting, "Not the
kind of thing you can be -trained'
to do in a one or two day mser-
vice: They were certain that this
sort of teaching required a lot of
mathematical knowledge and a
different and more demanding
sort of planning. They seem to un-
derstand immediately what Deb-
orah means when she talks about
achieving many objectives with
the same problem. Because they
know their students, they can see
how Deborah's teaching really
does address questions of equity.
They sense where the discussion
is going, and why Deborah needs
to respond to students' contribu-
tions with low-key, neutral ac-
ceptance. They bring to the video
an appreciation of children and
curriculum that the TE-101 stu-
dents are just beginning to go out
in search of.

"This Teaching is So Hard":
A Teacher Learns on Her Feet

As interest in teaching for un-
derstanding has grown over thc
last few years. teacher educators
have startcd to ask what skills, re-
sources, and knowledge experi-
enced teachers would need to
learn in order to teach mathemat-
ics in a way that has students rea-
soning rather than memorizing
rules. Like Deborah Ball, Maggie
Lampert has been developing this
kind of math teaching at Spartan
Village School. During her first
Year of graduate studs' at MSU,

Ruth Heaton, who had taught ele-
mentary school for nine years but
had no special background in
mathematics, became interested
in the work that Maggie and Deb-
orah were doing. In the winter of
1989. she and Maggie began to talk
about the possibility of Ruth's tak-
ing over the math teaching in an-
other class at Spartan Village so
that Ruth could learn more about
teaching for understanding and
she and Maggie together could
study what would be involved in

Ruth's changing her practice.
Since Ruth aims to become a
teacher educator herself, she
hoped to learn valuable lessons
from this experience.

In September Ruth began to
teach math in the fourth-grade
classroom of Jackie Frese. Every
Wednesday and Thursday until
Christmas, Maggie watched Ruth's
class, made notes in a journal she
kept on Ruth's teaching, and
talked to Ruth about what she had
seen: Jim Reineke, a graduate stu-



dent at the College of Education,
studied her learning and filmed
her class on Monday and
Wednesday.'

Clearly, Ruth doesn't have
much opportunity to make mis-
takes in private. On September 27,
after she had been working on this
teaching less than three weeks. she
wrote in her teaching journal:

This teaching is so hard.
Maybe [another professor at
the College] was right. It
would have been better to
have some time to mess
around on my own before
having people observe. As he
said, you need some time to

Not having
realized that

"whole
numbers"

would puzzle
the children,
she had not

thought about
how she

would explain
the term.

make an ass of yourseLf. Well.
I have. It really is hard one
thing that is hard is having
things pointed out to me that I
already recognize. It's also
difficult to have things point-
ed out that I don't necessarily
recognize. I am taking enor-
mous risks.

Tickle Frese took over the math teaching
during winter quarter while Ruth taught at
MSU. In late March Ruth returned to Spar-
tan Village where she will continue to
teach fourth grade math for the remainder
of the year.
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What Was So Hard?

Most of the time, however,
Ruth talks cheerfully about her
struggles - for example, she shared
them with the faculty aE Spartan
Village in November. And in Feb-
ruary she volunteered to watch a
video of the September 27 lesson
and talk about what was "so hard"
as she first began to change her
math teaching.

As the TV screen lights up, we
see the math problem printed on
the chalkboard:

-What whole numbers
could be put in

the boxes?"

26

A small hand shoots up:
-What is a whole number?"

"Like one, or two. Not ex-
plains a classmate.

"Not 1.73," adds another. Quite a
few children volunteer examples
of whole numbers:

"A million."
"Zero:.
"That's not a number:' a girl

objects.
"What is it?" Ruth asks.
"It is nothing," responds the

10-year old. After a brief but spir-
ited discussion of zero (these stu-
dents had Deborah Ball for math
last year), students return to nam-
ing large whole numbers.

"10E'
"60,000:'
"Is negative 13 a whole num-

ber?" someone asks.
"Yes: answers Ruth. She calls

on another child with a raised
hand.

"I don't understand:'
Ruth stops the VCR and turns

to me, laughing: "This sort of thing
happened a lot in the beginning. I
wouldn't anticipate problems with
words." Not having realized that
-whole numbers" would puzzle
the children, she had not thought
about how she would explain the

term, or help the children to in-
vestigate its meaning. As Ruth
switches the tape back on we see
her gesturing toward the line of
numbers running across the top of
the chalkboard, saying "Whole
numbers are the ones that are on
the number line:' Mathematically,
this is not precisely correct, as
Maggie, who was observing that
day, explained in a journal she
writes on the lessons she
observes.

[T]he numerals written
below the red dots on the
number line are what are
being referred to as "whole
numbers" i.e. 64 is certainly
on the number line although
the numeral "64" is not writ-
ten on the chart that repre-
sents the "number line:' A
complicated and abstract
point which reminds us of
how much mathematics is
involved even in the problems
that elementary schoolers
undertake.

Issues Identified

Maggie uses the journal to
help Ruth identify mathematical
and pedagogical issues:

It's hard to always know
how to handle these ambigui-
ties, even when you are aware
of them, but the issue of how
to use the number line in
math teaching is a compli-
cated one. Within mathematics
the importance of the number
line is that it represents conti-
nuity. . . . that is, it represents
the idea that there are always
more numbers in between the
other numbers.

By now the children have
opened their math notebooks and
begun generating number pairs for
the open sentence on the board.
The screen shows Ruth crouching



next to a child who has just re-
cently joined the class and speaks
no English. Her head on a level
with his. she gives him an exam-
ple of two numbers which, when
inserted in the boxes, will com-
plete the equation. Probably this is
the first time that this little boy has
encountered a problem of this
sort. Nearby, another child ex-
plains whole numbers to the little
girl on her left: "All the numbers
that aren't like 13',

Ruth talks quietly with a
youngster who is trying numbers
with nine or more zeros, and then
leaves him with a manageable
challenge: "Raise your hand when
you have five reasonable ones."
Another boy has generated quite a
few appropriate pairs and tells
Ruth that they did this last year.
She gives him a somewhat more
difficult problem to work on:
26 - < 10. He does not,
however, pick up on this chal-
lenge, and Maggie, in her journal
note, helps Ruth to think about
what may be going on inside of his
head.

(1-1lis behavior makes me
think of how much content
and social/emotional issues
are intertwined.

1. It seems to have been hard
for him to cope with hav-
ing been singled out at his
table. Right after you
walked away, the boy
across from him (who had
been listening) joked a bit
with him and then they all
took up fooling around
with rulers.

2. It may have been that he
felt "I've done my job here,
why should I be 'rewarded'
by being asked to do extra
things, when these other
guys at my table haven't
got nearly as many possi-
bilities down in their note-
books as I have in mine.

These two issues are
related to the problem of
multiple levels of ability and
trying to develop a classroom
culture that supports every-
one working at his/her own
level. In certain social groups
(maybe the one [this studentl
is in) it is probably not very
popular to be really good at a
school thing, like math: not to
show up your buddies.

A little girl consults with Ruth
and then carries her math book
over to the number line posted
above the blackboard. After a few
more minutes, Ruth calls the
group together, congratulating
them on the way in which they
have worked on the problem,
while noting that a few did not
stick to math and "that's not okay."
Then, before we can blink, teacher
and students are off on a second,
quite different, problem: they are
constructing an "arrow road:'

time, seemed reasonable L., her to
proceed in this way, she realizes
that this was part of her smuggle to
figure out how to use the math
textbook in her teaching: the book
links the two problems together in
one lesson. She laughs as she
points out that she had ploughed
ahead without ever finding out
whether the students have even
understood what they have done
because that's the way the text-
book had laid out the lesson.
Showing me the teacher's edition,
which provides a complete script
for teachers' questions and stu-
dents' answers, she observes with
a chuckle, "When I ask 'why?' it
throws everything off'

As Ruth and I turn back to the
screen, we see the arrow road di-
recting students to figure out what
operation they will need to per-
form to get from 65 to 36. A little
girl comes to the board, but as she
explains her reasoning, she forgets
to "borrow" in the tens column

-29 +36 +28
Wassorm÷masrerasmom+rwassmosesswisms±0

65 36 72 100

Ar-row Road. Ruth put the part in black on the chalkboard. Students added Ow numbers in pink t<

show the operations which would get them from one number to the next

Struggle with the Text

Ruth turns from the screen,
shaking her head in disbelief.
Why, she wonders aloud, had she
marched onto a new problem
without even discussing the an-
swers the students had generated
as they worked independently?
Now, she says, she would spend
the whole math period exploring
what they had found and the
sense they had made of their an-
swers. She explains that as she
puzzles about why it had, at that
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and a classmate gasps audibly. "If
you are going to disagree: Ruth
urges. "just raise your hands qui-
edy: A boy corrects another stu-
dent's slip of the tongue, and Ruth
commems to me.

There's a lot of social stuff
going on here, a lot of getting
really picky, and they're not
picking at the mathematics,
they are picking at each other.
It was really hard to know
what to do about that. ...
There's a fine line. You want

717



them to challenge each other,
but what is it that they are
challenging?

A boy has volunteered that in
order to get from 36 to 72, he
would add 36. Ruth asks him how
he has arrived at this answer, but
gets no substantial response.

"Did you just know it in your
head?"

"Yes:'
In this episode, Ruth com-

ments, she has entirely failed to
probe his thinking something
she would surely have done later
in the term. "I think some of that
reflects my own uncertainty at
that point, because I look at this
now and I think, 'Why didn't you
push him?"

The class presses on, consid-
ering how you decide whether to
add or subtract in order to get from
one number to another. One stu-
dent explains that she had sub-
tracted because if she added she
"would get the wrong answer."
Others describe their thinking
more lucidly One little girl gets 38
when she subtracts 72 from 100;
when a classmate explains where
he thinks she has gone wrong, she
asks some questions, ponders his
answers for 30 long seconds, then
announces with a satisfied nod, "I
agree?'

As the class adjourns, Ruth
shares with her students her puz-
zled concern about the nature of
the challenges she is hearing.

I have to think more
about this, but some of the
challenging that was going on
here today I thought was kind
of picky.. .. More like you
were challenging each other.
And that's not what these
discussions are about. It's not
your chance to dig at one
inother, it's an opportunity to
Wink about mathematics.

Her tone is genuine, thought-
ful, and puzzled.

Ideas Change Quickly

It has been hard. Ruth ex-
plains as she rewinds the tape. but
she knew at the outset that she
would not start out an expert.
"The struggle was, in some ways,
the point." The changes in her
teaching have been large and im-
portant, she reports. "It was as
hard at the end of the term as it
was in the beginning, but different
things were hard:' By December
she was worrying most about what
sort of math problems she would
give them. "And the math. That
was hard all the way through, but
probably it got harder as I recog-
nized more what I didn't know"

Looking at tapes of her teach-
ing, and reading old journal en-
tries, was often painful, because
her ideas were changing so
quickly.

Doing this lesson now. I
would have much more dis-
cussion. It seems like I was so
controlled: I mean I'd put one
little thing on the board and
talk about it. and then another
little thing. And although
there were some places here
where I pushed the kids to
talk more, now I would do
this much more. But at the
time, that was really adven-
turesome... . One thing that
strikes me when I watch it
now is how serious and ner-
vous I looked in the beginning
of the class, walking around.
That was all this stuff, like
about whole numbers: I
would think, 'What are they
going to come up with next?'
And so, when I would go
around and talk to people. I
was really fearful of their
questions.

Ruth's apprenticeship has
given everyone who has watched
her new insights about what is
hard for a teacher who tries to
change her way of teaching math.
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Together she and Maggie arc
learning more about how to orga-
nize apprenticeships tor teachers
and graduate students like herself.
They are considering how a teach-
er might begin to address limita-
tions in her understanding ot a
subject she is trying to teach.
Equally important, Ruth has
shown colleagues in PDS and in
the University that, with help and
hard work, a teacher can move in a
few months to fruitful and exciting
classroom conversations about
matt, and towards an approach
to teaching which feels more
satisfying.

Special
Circumstances:

Rethinking
Middle
School
Math

I guess overall the biggest
thing [about the Professional
Development School Project]
is that it has really made me
think . . Whereas before, I
just did. I didn't think about
what I wanted them to do,
and maybe why. You start
asking kids questions. Previ-
ously, you didn't do that. You
weren't thinking yourself, so
why would you ask kids to
think?

Three years ago. Patti Wagner
taught math to the seventh grade
special education students at
Holmes Middle School in Flint.



Math had never been her favorite
subject, but this time she felt total-
ly frustrated - "I was angry at my-
self, and angry with the students,
because I knew they had not
gained any understanding of
math." Those who were having
trouble with addition at the begin-
ning of the year were still strug-
gling in June. She had led them
through the textbook, but neither
she nor the students had enjoyed
the journey. At the year's end she
was glad to hand math instruction
over to another member of the
special education team.

In 1989 she agreed to give it
another try. Hoping for inspira-
tion, she sat in on the mathe-
matics portion of the Educational
Extension Service's Summer Insti-
tute: "I had never thought about
teaching math differently. I had
never put a whole lot of thought
into math, period. Pan of me al-
ways thought, 'Well its just se-
quential and it's very easy to teach:
once you know a skill, you just
build on it:" She was excited by
the introductory session in which
Glenda Lappan gave her audience
sets of one inch cubes and asked
them to explore area and perime-
ter. "It was so interesting to see that
people did it all different ways,
and all of them were right. In math
we've been trained to think that
there is only one right answer." She
also attended a session in which
Maggie Lampert showed videos of
her class at Spartan Village Ele-
mentary School and talked about
the ways she incorporated writing
into math instruction. She began
to think differently about her own
math teaching, and to talk to
Sandy Wilcox, a faculty member
at MSU who was working with the
Holmes PDS team, about new ma-
terials and new approaches.

A Different Approach

This year she has taken a very
different approach to math in-

struction, choosing problems that
require thought rather than the
simple application of an al-
gorithm, using manipulatives for
the first time, and encouraging
students to talk about the ways in
which they are making sense of

Ms. Wagner
finds that as
she rethinks

the way
she teaches,

she has to
face basic
questions

about what to
teach. -=7''s

math. She has learned a lot about
their thinking: "It just blew me
away" she recalls, "when I saw that
my kids were coming to my class
with such a lack of understand-
ing." And although she speaks
modestly about her accomplish-
ments - "I'm just beginning. I have
a long way to go" - she notes with
satisfaction that now all of her stu-
dents enjoy math."And I think they
are getting a better understanding,
though it's difficult to measure:'

This year, instead of following
a seventh-grade math textbook,
she has focused on very simple
and basic things - "Things you
would think these kids would
know already - like 'what does 3
plus 4 really mean? Now, write a
story for that: It was very difficult
for them: Since September they
have been working to understand
computational processes that they
have been encountering in school
for the last six years. Last month
they worked with one-inch tiles to
find ways to represent multiplica-
tion visually; since then, they have
been trying to make sense of
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Today, Patti's small fifth-hour
class is creating pictures to repre-
sent written division problems
visually. After some cheerful
warm-up conversation about ,
Patti hands each student a piece of
paper and asks them to write a di-
vision problem on one side of it,
and to draw a representation of the
problem on the other side.

After about five minutes ev-
eryone is finished. Hands wave ea-
gerly when Patti asks who wants to
put a problem on the board. She
chooses a girl in a blue sweater
who comes to the front of the
room and draws seven boxes, each
with an apple inside. "Seven di-
vided by seven:' calls a classmate;
everyone agrees.

The next volunteer, however,
leads her classmates into more
complex terrain. She puts three
circles on the board, with five
lines (representing five sticks of
gum) in each one. "Five divided by
three;' announces the girl in the
blue sweater. "Are we sure?" asks
Patti. Four heads nod confidently.
"Are there just five sticks of gum?"
asks the teacher? The girl recon-
siders and revises her answer: "15
divided by 3:' "Why divided by
three?" Patti wonders. "Because it
would be easier,- explains a
student.

When they have sorted this
out, and come to a more satisfac-
tory reason for writing the prob-
lem as 15 divided by 3. Patti turns
to the original answer: "Could we
show 5 divided by 3? Arms wave
eagerly; everyone wants to try A
tall boy draws three circles, with
three sticks in each, but everyone
else agrees that this shows 9 rather
than 5 divided by 3. A second boy
offers another suggestion: three
circles, with one stick in the first
and two in the second and third.
The tall boy gazes thoughtfully at
this sketch; eventually he nods,
"Oh, I get Patti puts the ques-
tion into words: "If there are 5
pieces of gum and 3 kids, how
many will each kid get?" "Two."



"One." "Two will get two, and one
will get one: explains someone,
and everyone nods, apparently
satisfied.

The problems are not easy for
these seventh graders, but every-
one seems to be highly engaged. A
girl who entered the class looking
tired and indifferent strains for-
ward, waving her left hand eagerly
as her classmate puts a picture on
the board. She is drawn into the
lively inquiry all around her. Some
students look puzzled when their
teacher disagrees with th( r an-
swers, but no one withdraws from
the conversation in discourage-
ment, and no one wanders from
the subject. A minute before the
bell. Patti collects student papers
and asks whether anyone watched
the Grammy awards the previous
night. It is the first time that hour
that anyone has spoken of a world
beyond mathematics.

New Problems Raised

Subjecting her math teaching
to her own critical scrutiny has
raised new problems, even though
it has been satisfying in some
ways. To begin with, Ms Wagner
has found that as she rethinks the
way she teaches. she has to face
basic questions about what to
teach:

I'm still very much strug-
gling with what my kids need
to know, as learning disabled
students, and as people who
in six years will be out on
their own. I don't feel that
months of trying to conquer
long division will make them
more prepared. I try to think
about how I use math, and
then ask, why would they
need to know this? Sometimes
I don't know. Yet for some
who continue struggling with
concepts and understanding,
getting them to enjoy coming
to math class is a beginning.

She also finds herself wonder-
ing about common practices that
she previously accepted matter-
of- factly. "They really need to
reach and reteach teachers:' she
comments, reflecting on a recent
incident. A special education
teacher she knew had been trying
to help a learning-disabled stu-
dent who was mainstreamed in
math and was confused about a
homework assignment involving
addition of fractions.

Evidently the teacher
wanted them to do it in a
particular way. And evidently
the student did not get this
down. Well, [the special edu-
cation teacherl taught her to
do it the way she thought
easier and clearer. The [regu-
lar] teacher marked them all
wrong. The answers were
right, but she wanted them to
do it in a particular way.

In the past I might have
just said, "Well, you should
have listened:' But now I won-
der, should this have hap-
pened? Should we be teaching
children that there is only one
way to get the answer?

It is clear to teachers who are
thinking about opening up their
math teaching that they need to
know more math to teach students
who ask questions and try a varie-
ty of approaches and talk about
the ways that they are understand-
ing a math problem. It is also clear
that teachers need to give math
teaching a great deal of time and
deep thought. Many elementary-
certified teachers would argue
persuasively that because they be-
lieve that the language arts (read-
ing, listening, speaking, writing)
are more important, they invest
their time and energies there and
simply do not have the time or
training that innovative math
teaching would take. Patti does not
feel particularly confident about
her math knowledge, and even af-
ter the exciting work she has been
doing in math she still gives the
bulk of her out-of-school time to
language arts. Nonetheless, she
has made major changes in her
mathematics teaching, and her
special education students seem to
be understanding what they do
and having a wonderful time. m

Projects at Holt Higb.
School

When Sandy Callis Bethell
started teaching at Holt High
School in 1984, she was, she now
recalls, "a very traditional. execu-
tive-style teacher:' But when she
returned to Michigan State's Col-
lege of Education for graduate
study three years later, she began a
process of re-thinking schooling,
learning, and mathematics.

On Friday, February 23. 1990,
the visitor to Sandy's tenth-grade
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Practical Mathematics class sees
little sign of the teacher Sandy says
she used to be. Within minutes of
the bell, the 22 boys and girls
present, about half of them
officially designated as having
special needs, (learning disabili-
ties, emotionally impairment, or
both), have organized themselves
into groups. Sandy hands each
group a piece of paper bearing a
number sentence involving two



equivalent proportions ( =
3 ==:) telling students to work to-
gether to represent their sentence
visually. A tall bov glances trucu-
lently at the paper Sandy has
handed him. "I low am I supposed
to do this?" "That s the question:
she smiles. "Then I'm not going to
do it: He lays his pencil on the
desk with emphasis. "You can do

Sandy reassures him, without
missing a heat. As she heads off to
answer another question, he re-
trieves his pencil and reexamines
the paper.

Jean Tomlinson. a special edu-
cation teacher who team teaches
with Sandy. moves along the other
side of the classroom, offering sug-
gestions and encouragement. As
the groups finish. each one sends a
delegate to the blackboard: after
about 10 minut^s there arc seven
numbered drawings on the board.
Sandy directs the students to put
the numbers on their papers and
write next to each one the equa-
tion they believe the picture at-
tempts to represent.

The next two problems are
more straightforward, showing
identical rectangles with identical
shaded portions, divided up into
different numbers of pieces. But
the fifth one provokes cries of out-
raged confusion:

"There's only one picture!" "It
doesn't make any sense:' No one
has a correct guess, so a student
from the group who generated the
picture ,comes to the board and
writes = . "A great picture:
comments Sandy "Why did you
decide to do it that way?" "It was
too simple: replies the tenth
grader.

Sandy is pleased with this
class. especially when she com-
pares it with the basic math class
she taught before she went to
graduate school. She is struggling

Ten minutes later the class
goes over the answers together.
Students immediately identify one
drawing that is incorrectly made:
it shows ",-c equal to z;. Another dia-
gram, which shows three shaded
circles followed by three shaded
circles divided into thirds, stumps
everyone but the group that has
created it (see figure above).

"Does anyone want to take a
stab at it?" Sandy asks. = ?"

ventures a brave soul. "-9,, ?" sug-
gests another. Together they work
through these hypotheses until
they arrive at a solution that, after
some discussion. makes sense to
everyone: 3 =

to develop a curriculum which en-
gages the students with math con-
cepts and not just with practical
applications of arithmetic skills.
The atmosphere is comfortable
and cooperative: "They are re-
sponding very positively," says
Sandy. "They love the class. . . .

There are none of the power strug-
gles and behavior problems:'

Puzzled About Evaluation

She is puzzled. however, about
how to interpret what she ob-
serves and how to evaluate learn-
ing. When she watches group
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work she sees students talking
about math and coming to agree-
ment, but some other observers
describe the same scene as stu-
dents copying from one another.
How, she wonders, does one get an
accurate and objective assessment
of what is going on? Her students'
poor literacy skills prevent her
from testing them on the sorts of
word problems she believes they
could solve. However she is
pleased by some of the insight
they display when they come up
to the overhead projector to ex-
plain their solutions visuaPy. At
present she uses group assess-
ment: students work on the prob-
lems together in small groups and
then collectively evaluate the con-
tribution each member has made
to the task.

Five Colleagues Collaborate

Unlike most teachers trying to
innovate, however, Sandy has five
thoughtful colleagues collaborat-
ing with her to understand her
teaching. At Holt High School, the
PDS math team includes: Mike
Lehman, who teaches full time at
Holt and developed a probability
and statistics course that Sandy is
teaching this year; Bill York. chair-
man of the Holt High School
mathematics department: Janet
Wilson, a guidance counsellor
who coteaches Algebra 2 with
Mike: Perry Lanier and Pam Stra-
hine from Michigan State; and
Sandy herself, who teaches in Holt
in the morning and at Michigan
State in the afternoon. The group
is looking closely at the two cours-
es Sandy teaches Probability and
Statistics and Practical Math and
at Lehman and Wilson's Algebra 2.
They observe classes regularly,
and have interviewed students in
practical math in order to learn
how these adolescents are undcr-
standing the math discussed in
class; they meet weekly to talk
about what they see and hear.



Bill York reports that his inter-
views with the students in Basic
Math strongly confirm Sandy's
impression that the students are
"responding positively":

Students seem to really
like the course. They say they
are able to learn more because
of the groups, and because of
the way Sandy teaches the
course.... They say they like
math, and they seem to enjoy
being there. I think absentee-
ism is lower:

He says that watching Sandy
and interviewing her students has
provided him with some real sur-
prises: "I'm a very traditional
teacher, so it has been interesting
for me to see this. I teach a lot of
honors sections. and I expect Istu-
dents to be more on task. But it is
impressive to see that they learn
anyway:

Like Sandy, Bill doesn't feel
that he has the evidence to claim
that these students are learning
more than they would in a more
traditional class, but he has found
that in interviews in which he has
asked them to work in a variety of
math problems, -they did much
better than you'd expect them to
do:' The problems required seri-
ous thought. One, for example.
asked them to find the measure of
the angles of a triangle in which
the second angle is twice the first,
and the third is three times the
first. Another problem asked them
to think about how fast two paint-
ers working together could paint a
room if one took two hours and
the other took three hours work-
ing alone. He was impressed by
the strategies they used, and the
way they thought aloud about the
problems: -They are more free,
more willing to share what they
know:'

Sandy and Mike are also inno-
vating in the courses they teach to
college-bound students using
cooperative groups and emphasiz-

ing the importance of explaining
solutions. Mike team teaches Alge-
bra 2 with guidance counsellor
Janet Wilson. Sandy and Mike
work together on a probability and
statistics course which Mike de-
veloped and which is being
offered this year for the first time.
Although the students in Probabil-
ity are older than those in Algebra
2, Sandy and Mike mention many
of the same challenges and satis-
factions when they describe their
two courses.

Inflexible Students

The biggest difficulties relate
to the somewhat inflexible ideas
about teaching, learning and
mathematics which successful
students have developed over 10
or more years of schooling. For ex-
ample, Mike, like many of his col-
leagues in other departments in
the High School, reports that
many teenagers resist working in

Classes that
make

unfamiliar
demands dis-
please some

students who
have always
gotten Ns by
memorizing
formulas for

the test.

),.\

A.

:ti.;_',

groups, arguing that teachers ought
to lecture to them and tell them
how to solve the problems in the
book. Recently, says Mike, a stu-
dent put aside her work to tell him
angrily, "This is your job:' She in-
sisted that groups could never be
as effective as a teacher's lecture.
As she berated him, Mike recalls,
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her partner shouted excitedly,
"Oh. I get this: and began to ex-
plain his new idea to a third
student.

Mike had expected students to
feel some initial frustration
which is one of the reasons he had
wanted to coteach with a guidance
counsellor but he had hoped
that they would work it through
more quickly. Sandy gets the same
msage fr3m the students taking
Probability: "They feel I'm not do-
ing my job because I don't validate
their answers:'

Classes that make unfamiliar
demands displease some students
who have always gotten A's by
memorizing formulas for the test.
'I am trying to force them into un-
derstanding;' says Mike emphati-
cally "They don't want to under-
stand. This isn't [in their minds]
the way you learn math:' But oth-
ers thrive in an environment
which values reasoning through a
problem and explaining your
thinking to others. One of Mike's
students is taking Algebra 2 for the
third time. He is, says Mike, a good
thinker, and he has now become
the class expert. Although he
sometimes has difficulty justifying
his solutions in writing on tests, he
can always make his ideas clear to
his group, and he contributes reg-
ularly to full class discussions. "It
is:' says Mike, "a big change in role
for him:'

Conversation Important

Conversation plays a leading
part in the effort to rethink mathe-
matics teaching in this profession-
al development school. Students
talk about mathematics in order to
figure out ways to apply what they
know to mathematical problems,
and teachers open up their classes
to one another and talk about
what they hope for, and what they
see and hear. Some of the biggest
challenges relate to the quality of
these conversations.



Changing Minds continued from page 2.

designed to ensure standardization. Instead, we have to think of teach-
ers as genuine professionals who need and who model all of the same
skills as other workers in the knowledge age economy of the twenty-
first century. Children are not less but far more complex and varied
than automobiles, computers. or financial systems. Helping them
learn is similarly complex. It requires knowledge, judgment, and
teamwork. Schools must be organized and managed accordingly.
Changes in teachers' work means reciprocal changes in the work of
principals and other administrators, making their roles more like
those of managers in high-tech organizations and less like those of
shop foremen in the oid industrial model factory.

To make all of these changes in teaching, learning, and schools as
organizations, we need new knowledge knowledge that is at once
theoretically powerful and deeply practical. Generating such knowl-
edge will require far closer collaboration between university-based re-
searchers and public school teachers than the profession has seen
over the past half century Professors need to spend more time in K-12
schools, working alongside teachers as professional colleagues. Recip-
rocally, teachers need to spend more time engaged in reflection and
inquiry Only through such collaboration and crossover between the
university and the schools will we get the knowledge we need to re-
new education.

The Educational Extension Service was created in the fall of 1988
to support just the kinds of changes in minds and practices sketched
above. It consists of two parallel sets of partnerships. First, partner-
ships between MSU's College of Education and a small number of
public schools these are called professional development schools
(see list on back page for specifics) where teachers and other practi-
tioners collaborate with university faculty to (1) improve teaching and
learning for K-12 students, particularly students at risk of academic
failure, (2) improve the education of new teachers and other educa-
tors, and (3) make supporting changes in both the schools and the
College as organizations.

The second set of partnerships is designed to make the results of
work in the partnership schools accessible to other schools all across
the state. Fortunately, a large number of organizations committed to
getting new knowledge into educational practice already exist
throughout Michigan. These include intermediate school districts,
professional associations, and institutions of higher education. Over
time, we plan to form partnerships with many such organizations. By
working with and through them rather than setting up an entirely new
statewide network, we can reach many schools, teachers, and admin-
istrators, and we can do so more efficiently than we ever could if we
worked alone. Such a statewide network of networks will take time to
build. We have begun working with a few organizations in each cate-
gory (see list on back page for specifics). Over the new few years, we
will gradually expand this set of dissemination partners to cover virtu-
ally every corner of the state.
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It is both difficult and impor-
tant. says Mike, to find problems
worthy of extended group atten-
tion problems that people need
to discuss, problems where you
can't just find an answer by plug-
ging some numbers into a formu-
la. He cites the example of a prob-
lem he posed on a recent test:
"Why is = x'.1'?" The groups
were to try to explain this phe-
nomenon, and failing that, to give
some examples they could use in a
proof. Some groups managed the
task while others didn't, but all
discussed their theories with one
another. Mike continues to search
for problems that provoke and re-
quire this sort of discussion. "I've
had lots of non-success here I

don't know if this is failure:'
While students struggle to ex-

plain math problems to one an-
other, teachers search for produc-
tive ways to discuss teaching. "It is
hard:' reflects Sandy, "to develop a
culture wriere we can talk. We
tend to go either to the high moral
level 'We all want kids to learn'
or to the real nitty gritty 'What
books do you need by Monday?'
PDS is about Jeveloping a way
that lies in between:'

Editor Helen Featherstone

Changing Minds is published as
a nonprofit service by the Michi-
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The National Center for Research on Teacher Learning (NCRTL) 1 was founded
at Michigan State University in 1985 with a grant from the Office of Educational
Research and Improvement, U.S. Department of Education.

The NCRTL is committed to research that will contribute to the improvement
of teacher education and teacher learning. To further its mission, the NCRTL
publishes research reports, issue papers, technical series, conference proceedings, and
special reports on contemporary issues in teacher education. For more information
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(1985-1990), the Center was renamed in 1991.
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Abstract

The author of this paper describes how he tried several different strategies to
enhance his students' understanding of the mathematics he was teaching. He asked his
students to work in cooperative learning groups, to give presentations of problems they had
solved, and to write about solutions they had found. With all these changes in teaching
strategies he began to question if traditional methods of assessing his students were
sufficient for testing the type of understanding he was striving for in his students. In this
paper the author discusses how in answer to this question he developed a performance
assessment as a final exam for his high school Algebra II class. The author explains how
he organized the exam, how the students prepared for the exam, and then the results of the
exam. He explains how some students surprised him as they performed very well and were
able to explain in detail the concepts they were dealing with. Given a chance or when
questions were rephrased, students were able to do very well explaining a problem in
contrast to drawing a blank on a traditional test and being doomed to a poor grade. Others
did not do as well as expected. Even though they had done well in class and had a good
understanding of the mathematics he had taught, they were unable to explain the concepts.
Instead they relied on memorized facts and simple computation. The author includes some
comments judges made about the students and some of the reactions of the students to this
type of final exam. The results of this assessments have direct consequences for the author's
teaching. The author concludes by discussing the consequences of this assessment, how he
will use what he learned from this assessment to iLiprove his students' understanding, and
questions that were either unanswered or created by this assessment.
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ASSESSING ASSESSMENT: INVESTIGATING A
MATHEMATICS PERFORMANCE ASSESSMENT

Michael Lehman'

I have taught high school mathematics for 14 years. Over the past several years, I
have become concerned with my students' understanding of algebra concepts and skills.
Numerous research findings point to the lack of mathematical problem-solving skills and
conceptual understandings on the part of our nation's adolescents (National Research
Council, 1989, and National Council of Teachers of Mathematics (NCTM), 1989). After my
lectures and whole-class discussions of the concepts, my students could perform the
computations quite well, but seemed to have very little understanding of what they did and
why. When I asked them to explain their reasoning, many seemed unable to go beyond
simply telling what they had done to get the answer.

To alter this situation, I have tried several different strategies to enhance students'
understanding. For example: To help students discuss and share ideas, I used small-group
cooperative learning, oral group presentations of topics and problems, and written
assignments about mathematics. My assignments seemed to help students by requiringthem
to reasor about mathematics and justify claims and responses. Discussions in their small
groups increased in length, frequency, and quality. I heard students say to each other,
"That's fine, but why?" or "We need to put this into words the rest of the class will be able
to understand."

With all these changes in strategies, I began to wonder about whether my traditional
tests were sufficient for assessing student understanding. In trying to think about assessing
student understanding differently I began to focus my attention on what the Professional
Standards for Teaching Mathematics (NCTM, 1991) says about assessment. An important
issue raised by the Standards is to "align assessment methods with what is taught and how
it is taught" (p. 110). Faced with the problem of assessing what I speculated to be a new
kind of mathematical understanding for my students, I began altering my tests both in
content and form to find out what my students did and did not understand. I wanted less
computation required on the tests and more written explanations about solutions to
problems. I have tried group assessments in the form of presentations of problems or topics
to the class as a whole. I assessed individuals based on their contribution to the group

'The author teaches mathematics at Holt High School. He is very grateful to Michelle Parker and Pam Geist for their
hours of editing and encouragement.



presentation. I also tried giving the groups a problem to solve and having them write about
their solution.

All of these changes provided me more in:,-)rmation (about my students as a group
and as individuals) than simple computational tests. However, the changes left me feeling
that I was not getting an accurate assessment of what my students understood. I kept
wondering if my students understood more than I was able to give them credit for, or
perhaps less. Furthermore, how could I "see" any lack of understanding in a way that would
help both the student and me identify it and talk about it? My concerns were echoed in the
Curriculum and Evaluation Standards for School Mathematics (NCTM, 1989), which states,
"It is not enough for students to write the answer to an exercise or even to 'show all their
steps.' It is equally important that students be able to describe how they reached an answer"
(p. 140).

My concern for trying to understand what my students are learning in Algebra 2 led
me to design their final exam for the 1990-91 school year as a "performance assessment."
Performance assessment can mean a variety of things. The California Mathematics Council
(1989) in Assessment Alternatives in Mathematics provides alternative ways to think about
how to assess student performance. The idea of performance assessment provided an
alternative to a traditional exam in which students solve a variety of problems, individually,
using paper and pencil within an allotted exam time. The performance assessment offered
students the opportunity to discuss a limited number of problems representing a wide range
of concepts and to solve them in cooperative learning groups prior to the exam. One of the
primary goals in this assessment was to have students be able to justify how they solved the
problems. During the first half of the exam period, four panels of adult "judges" each
listened to a cooperative group discuss their problem solutions.

While half the groups were doing their performance assessment, in my classroom
other cooperative groups wrote about solutions to three problems similar in style to those
described above but differing in content. I asked these students to construct their solutions
with as much detail as possible, though they did not need to do the actual computations for
the problems unless they felt it lent validity to their methods. In the second half of the
exam period, the groups changed places.

Background

Holt High School is a small Class-A school accommodating grades 10 to 12. Located
in a blue collar and middle class suburb of Lansing, Michigan, our student population is
predominantly white. A 1984 survey of high school graduates shows that about 78 percent
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of the school's students take some college courses. Students are required to take two
mathematics courses in grades 9 to 12 in our district, approximately 60 percent take
Algebra 2.

Algebra 2 is a yearlong course in which students attend 60 minutes of class per day.
In my Algebra 2 course last year, I had 28 students with a wide range of mathematical
abilities. I assigned students heterogeneously to small groups in the beginning of the year
based on their Algebra 1 and Geometry scores and their reading scores on a nationally
normed achievement test.

After I assigned students to groups, I made changes only when I saw that a wider
range of knowledge and expertise would help the students better understand the
mathematics. Students were not allowed to change groups for social reasons. If a group
had a social problem, a counselor,' who worked regularly with the class, helped resolve
conflicts.

Preparing for the Exam

Three days prior to the exam, I gave my students six problems which drew on the
main topics discussed over the year in class. I also gave them an explanation of how the
final would be conducted, which read as follows:

You should find six problems included in this packet. You should work on
these problems as a group as well as on your own time. During the exam
period you will be asked to explain your results before a panel of judges.
Each member of the group will be able to explain each problem by
themselves. Other members will be present but will not be able to offer ideas
on an individual's problem. You will not know which problem you will be
asked so be sure to study all the problems. In your explanations include
samples of graphs you may have used, calculations you may have done, charts
you made up and any other information you feel will help the judges
understand what you know. Do not write a script that you intend to read as
this would only prove you can read.

Each problem included some computation along with opportunities to explain and
make judgments based on the results of the computations. In these problems the students
were either given a situation in which they had to derive data for the problems or they were
given a set of data in which they had to decide how to analyze and expand the given

2The school counselor, Jan Wilson, and I participate in a classroom research project about high school mathematics
students' self-esteem and sense of mathematics efficacy.



information. Creating problems that would provide opportunities to show mathematical
reasoning in multiple ways, while also being interesting and worthwhile, proved to be a
major task. I worked to design the problems for several weeks along with asking anyone I
could find for ideas. With the help of many of my colleagues I was able to write suitable
problems.

I include three problems here illustrative of the range of questions students faced.

1. You and your partner have decided to go looking for a buried treasure described on
a scrap of paper found in the basement of an old house. The only clues to the
treasure's location is the following:

"The treasure is buried in a spot that is the same distance from the boulder as it is
from the railroad tracks. It is also . . ."

And the rest of the information is missing. But some other clues you may be wise
to consider are:

1) the distance from the track to the boulder is 11 yards.
2) consider the tracks as the directrix.
3) keep all of the units in yards or feet.

Keep in mind the distance of the treasure from the railroad track is interpreted as
being the length of the perpendicular drawn to the tracks from the treasure.

2. Hooke's law states that the force F (weight) required to stretch a spring x units
beyond its natural length is directly proportional to x.

You have a spring hanging from the ceiling in the classroom whose hook is 8 ft.
above the floor and you want to stretch it down to 3 ft. above the floor in order to
hook it to Mr. Lehman's belt loop. Devise a plan to determine how much weight
would be needed to pull the spring down. What would you need to consider? Be
as complete in your strategy as possible (What steps would be needed?). How
would you know if the spring would lift Mr. Lehman or not? When wouldn't it lift
him at all?

Create a set of data to prove your conjecture.

3. Suppose you are a doctor doing research on cancer cells. You have found a certain
type of cancer cells are growing as follows:

Weeks 0 1 2 3

Number of Cells 4 16 I 64

4
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You experiment with different drugs and EUREKA! XI3V causes the cancer cells
to stop all further growth and the cells start disappearing at a rate of 10,000,000,000
per hour with a maximum of 5 doses per day. More than 5 doses per day will
destroy the patient's liver and kidneys and the person will die.

If you have a patient with this type of cancer and you have estimated that they have
about 2.814749767 x 10" cancer cells, how long have they had the cell growth
occurring?

How long would you prescribe your patient take XI3V in order to make sure that
all the cancer cells disappear? How many doses will this take? Give your answer
in a reasonable unit of time (i.e., days, weeks, months, or years; which ever seems
to be the most useful).

If another patient comes in who has had this cancer for a year and is only given an
estimated 5 years to live unless you can get the number of cells in her system below
10,000,000 within the 5 years so her body can start to repair the damage the cancer
has done, would you put her on this medication and give her hope for a continued
life? Be very clear in you explanation and have the appropriate figures to backup
your determination.

The students had three class days and one weekend to work in their peer groups on
solving the problems and constructing explanations that provided support for the solutions.
When I first passed out the problems, I expected that students would waste a lot of time in
the beginning and get themselves into a time bind towards the end. Yet I was pleasantly
surprised; both the observers' and I noticed that students used their time very well during
the three days. We also noticed that the conversations went beyond simple computation to
talk about why different individuals solved the problems in certain ways and what alternative
approaches were possible. The students worked very hard but did not seem to panic or be
under the tremendous pressure I was used to seeing in traditional reviews for finals. The
class seemed to have an atmosphere of seriousness, but also of confidence. Students seemed
to believe they could solve these problems in ways they could discuss.

The Judges

I organized judges into panels of three persons that included one person who knew
the mathematics subject matter necessary to solve the problem, one person who was not as
strong in inathematical knowledge, and one prospective secondary mathematics teacher

T'he observers included Pam Geist, a doctoral student studying mathematics educetion at Michigan State University, and
Jan Wilson.
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studying teacher preparation at Michigan State University. The mathematics person could
focus on the computation and the logic of students' explanations and mathematical
understanding of concepts. The non-mathematics person could focus on the confidence level
of the student. As I explained to my students, those judges should have enough confidence
after hearing the student's explanation to entrust the student to solve problems for them.
I asked prospective teachers, scheduled to student teach in the fall, not only to help in the
assessment of the computational algorithms used to solve the problems but also to judge the
mathematical conceptual understanding students had. I also wanted the prospective teachers
to learn through experience that, even though a teacher may use many strategies to support
and develop student's learning and understanding, students may still not conceptually
understand some content. I kept myself off the judging teams since I believed I would bring
a set of preconceptions about students' abilities and understandings and thereby constrain
what I could really "see" students doing and thinking.

Before the actual assessment I gave the judges guidelines and evaluation forms for
their task (see Appendix). I developed the criteria used on the evaluation forms from
similar evaluations I had used during the school year for individual student and group
presentations. I believed students would feel comfortable with these evaluation categories
since they had seen them during the year. Furthermore, these six categories defined what
I was trying to assess about my students' mathematical knowledge without being too
burdensome to the judges. I also wanted a form that would not get in the way of students'
and judges' discussions. I gave each student a copy of the evaluation form when I passed
out the exam questions so they would know what they were being judged on as they were
preparing.

I allowed the judges to choose whether they wanted to use the evaluation form I
provided or simply give me written comments with a numerical score within the range of
points allowed on the form. Most judges found the form very usable and stuck with it, just
adding comments to the bottom. A few decided they could better reflect the students'
understanding by using more extensive written comments. Both methods seem to work quite
well as far as helping me know what my students understood. I found I had no problem
evaluating students with the combination of methods used by the judges.

I created two main categories on the form, "Mathematics" and "Presentation," since
I wanted to clarify for the students what they were being judged on. The "Mathematics"
section reflected what I believe are the four essential characteristics used in solving
mathematical problems. These were also the components we as a class had discussed and
focused on throughout the year.

6
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I included the "Presentation" section since I wanted the students to know that just
doing the mathematics was not enough. They would have to communicate their
understanding of the mathematics to the judges. Although I did not want to overemphasize
this component (presentation is not more important than mathematical understanding), I
did want it to be a part of the process.

I asked the judges to keep in mind my goal for the final exam, which was to
understand what my students understood. Also, I reminded them that this was the first time
most students had faced an assessment situation like this and, therefore, the students might
be nervous. I cautioned judges about using leading questions that might cause students to
explain problems without truly understanding them. Yet, I encouraged judges to use probing
questions to help students, when necessary, get started on their responses. I wanted students
to be able to say something and feel confident that their preparation for this final benefitted
them. If students were able to provide reasonable explanations during their discussions, and

not just get hints from judges that would make it easy, I could be somewhat assured that
students' explanations reflected their understandings.

The Day of the Exam
I reserved the library for the entire exam period (which was, under our school policy,

an hour-and-a-half long). I arranged the furniture into four areas so that four groups could
be taking the exam at the same time. Each group had as much privacy as possible during
the exam. I circulated around the room in order to handle procedural questions if they
arose.

During the actual assessment, students went before the panel of judges as a group,
but only one student presented a problem. The judges picked which problem each student
presented, therefore requiring every student to be able to discuss all the problems and not
just the one or two they felt most comfortable with. After the judges heard a student discuss
a problem, they would open the floor to other students in the group who wanted to add
anything or refute what they had heard. I set it up this way because I wanted to know what
each student understood but at the same time I did not want the students to feel totally
alone (without the peers they'd studied with) before the judges.

I combined the information I received from the judges and the problems the students
did while in my classroom for a final exam score. I used the average of the three judges'
scores for two thirds of the total exam score; and the in-class problems counted for one
third. These scores were combined to make up 20 percent of the students' nester grade.
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What I Learned About What My Stu lents Learned
The results of this assessment gave me plenty of information to digest about my

students, my teaching, and our curriculum. First, I learned that many of my students were
still only superficially learning and understanding the mathematics. In their groups during
the year I overheard excellent discussions about issues and topics we studied in mathematics,
and they were also getting better at writing explanations and justifications. However, when
it came to explaining the mathematics to the judges, they were only able to tell the steps
they took in solving the problem. They fell short when it came to explaining why they
approached a particular problems in a certain way. A common response judges heard was,
"That's the way we did it in class."

I am still trying to figure out why what we did in class did not translate into better
performances during the final. I suspect that some of the students froze in the testing
situation despite all I had done to help them relax. Some of the students seemed to have
trouble explaining problems individually. They did not have their partners to provide them
with some connecting ideas that would allow them to give a coherent explanation of their
understanding. Finally, I wonder if the students needed more practice throughout the school
year with performance assessments since the practice might help them to understand better
what they need to do to prepare and carry out a good discussion of a mathematical problem.

In addition, I was surprised that some of the students I expected to do well didn't,
and some I didn't expect to do well did! I think some prompting from judges helped these
students begin to respond to the questions. While several students did well on their own,
others gave good explanations after the judges asked several questions to help them focus
their thinking. I felt especially pleased about this finding. If these students were taking a
traditional final examination and got stuck on a problem, they would probably be doomed
to be unsuccessful and probably continue not understanding. On a performance assessment
I could tap into what they actually understood. I also could sort out their misunderstandings
from simple computational mistakes common on traditional final exams. The performance
judges could help students, through probing, sort out conceptual ideas from mistakes based
on incorrect computations.

Another way this exam differed from traditional finals is that I gained information
from three different professionals about each of my students. Each judge helped me piece
together a picture of my students' understanding that would not have been possible on a
typical final. The judges' comments reflected a wide range of observations about what
mathematical understanding my students had. Most judges focused on what sense students
could make of the mathematics they were doing. Typical of these kinds of comments was
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this example: "The student was accurate mathematically in solving but did not manifest very
deep understanding of what the problem was about." Said another judge, "Started by stating
the sense of the problemthe relationship between pressure and volume."

Often judges commented on how explanations and calculations fit together with the
problem the student was solving and his/her understanding of it. Here are three comments
about one student:

He calculated the correct equation for the parabola. The only thing he was
unable to do was explain the formula [distance] he used to get his equation
for the parabola. Other than that his explanations were very good.

Did not understand derivation of formula for parabolacould not provide
explanation for why formula workshowever set up problem nicely, clearly
understood problem.

[This judge addressed the comments to the student] I hope you continue with
your agility and explanation based on the graphical representation of this
problem. That's important. Push yourself on why the formula/equation
works.

The judges seemed to agree that this student could perform the calculations correctly.
Yet they all pointed to the student's weakness in being able to explain how or why the
formula worked. He seemed to be unable to make the connections as to why he would use
the distance formula, though he knew it was necessary to solve the problem. As a teacher
I learned that this student knew how and when to use the formula, but could not say why
it workedwhich is what I want my students to be able to do. What I learned about this
student I might not have learned on a traditional final exam.

Another set of comments provided another picture:

Explained that she is just doing the problems like the book said. [She didn't
know why she "logged" things to solve for x]. Did not really explain why she
did things very well. However, she was able to interpret her results and
seemed to understand what they meant.

I asked [student] what a log is, and she said "some number to a power" and
could explain nothing more about the concept. Throughout her performance
she also kept saying she didn't know if she was "right". All of these comments
point to an emphasis on procedureswhich for the most part were passable
until #3 where she divided instead of multiplied [even after a judge gave her
strong prompts].
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[Student] has an attitude problem. She thinks that she really understands
more than the other people in her group and she may be partially right but
she has a long way to go. When questioned she seems to think that it doesn't
matter if she's wrong if it is her opinion. She doesn't seem to realize that in
math everything isn't wide open, that there are more than opinions. She
worked on problem four and immediately identified logs. She said she doesn't
really know what a log is or what it means to log both sides. Most people
don't know. She did most of the problem well and was articulate. I couldn't
judge her accuracy not having done the problem. One serious error was
finding that the treatment would take 1,172 days and dividing by 5 to find the
number of doses. When questioned she didn't revise and simply said she
might be wrong. A judge asked about 10 days and how many doses that
would be. She seemed to understand that 2 was unreasonable but didn't want
to think about it at this point. She did do a good job explaining why it makes
sense that it would take longer to get rid of the disease than it would take for
disease to grow.

These comments give me a lot of information about this student. In class she always
offered suggestions and usually could derive a correct answer. Her classroom participation
led me to think she understood the concepts very well. However, the judges' comments
allow me to see that this student is very capable of doing the computation without having
the depth of understanding I had hoped for. On a traditional test she would have made the
one mistake with the division for which I would have taken off a few points thinking she had
just made a simple mistake. I would never have suspected the depth of her misconception
would go to the point where, when confronted with it, she would choose to stay with it even
though she would admit it was unreasonable. If I had this information earlier in the year,
I would have been able to address some of these misconceptions to work towards further
understanding.

From this student's comments I learned that she was able to perform the
mathematics and understand most of the concepts in the problem. However, with some of
the information she chose to use, she did not understand where it came from. In a
traditional paper and pencil exam, with a few lines of computation to illustrate what a
student knows, I might have never known that the student did not really understand the
distance formula.

While learning about my students' substantive mathematical understanding, I also
learned about their affective mathematical views. I learned that students seemed to enjoy
this type of assessment. They felt confident they could do it! Afterwards, several students
told me that they felt good about the exam and enjoyed taking the final this way instead of
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working problems for one-and-a-half hours. They felt they demonstrated what they really
knew. These responses gave me information usable in answering another question I have
wondered about: How can we help our students feel good about themselves in relationship
to mathematics? During the past two years I have been working with Jan Wilson in trying
to find ways to help our students improve their self-efficacy in mathematics. As stated in
Everybody Counts, "In the long run, it is not the memorizations of mathematical skills that
is particularly importantwithout constant use, skills fade rapidlybut the confidence that
one knows how to find and use mathematical tools whenever they become necessary"
(National Research Council, 1989, p. 60). When we talk about student self-efficacy, it is this
level of confidence that we are referring to.

Since only some students volunteered their comments, I cannot generalize about all
students in the class; perhaps there were several students who did not like the exam but who
chose not to tell me. However, I have been teaching long enough to know that if students
truly dislike something, they usually let you know one way or another. Also, by looking at
the expressions on students' faces during and especially after the final was done, I was able
to get a sense of how they felt about it. I did not see the strained and dejected looks I
usually see during and after finals. Rather, I saw students who felt they had accomplished
something. They were congratulating each other with "high fives" and commenting on how
they felt they did. They also offered alternative ways of explaining a problem to their peers
that the presenter had not used before the judges.

Several students who normally did not do well on exams were pleased with their
presentations. One student commented that he was grateful for the judges taking the time
to ask questions since he knew the information but had trouble finding the right words to
describe it. This was similar 'o what the judges said about him. For this student to walk
away feeling good about himself in relationship to a mathematics assessment was worth all
my efforts to plan and organize it. The next day when he found out he got a "B" on the
exam he literally jumped two feet off the ground and went down the hall screaming to his
friends.

What Now?
As I enter the 91-92 school year, my task is to use what I learned from this type of

assessment as I plan for instruction that will continue to improve my students' conceptual
understanding of the mathematics. I now know that good conversations in class do not
always transfer into good understanding down the road. I must look for ways to help
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students transform in-class conversations into meaningful understanding. Transforming what

I learned into realistic changes in my classroom is the hard job that lies ahead.
I also have to design a method of doing performance assessment throughout the year.

I cannot wait until the end of the year to gather this information since I can better help
students' understanding through ongoing assessments. Having four or five performance
exams during the school year could help me gain an understanding of my students and allow
me to help them be reflective of their growth and change. This would provide me with
better checks on their understanding, and how their sense making does and does not fit with
my instruction.

I am challenged by some hard questions about my instruction, the curriculum, and
general conditions of learning high school mathematics. First, how does a teacher come up
with problems that lend themselves to a performance type of assessment? Since the
problems require students to think about something, the problems should reflect something
worthwhile to wonder about and something real. How does a classroom teacher create
problems that fit these requirements around each issue and theme discussed in the
curriculum. This set of questions surrounds designing problems that invite discussion.

Another set of questions concerns arranging a performance assessment within the
traditional school structures. During a normal school day under normal conditions, I have
to find a way to put together panels of judges I will need several times during the year.
Where can I locate people? How can I begin to involve the community outside school?
Also, without the benefit of the university personnel who work in our building,' how does
a teacher put together these panels?

I feel very strongly about providing opportunities for performance assessments. The

kind of information I received about each student and the reactions of the students make
it clear to me that this is a much better method of assessing understanding than typical
paper and pencil tests. If I can assess my students' understanding in a more realistic
situation and at the same time increase their confidence in themselves in relationship to
mathematics, how can I simply rely on only traditional tests? '

*The College of Education at Michigan State University has been in a partnership with our school since January 1989.
This collaboration is aimed at enhancing the education of practicing professionals (at both institutions), prospective teachers,
and high school students. Some of these individuals served as judges are part of our partnership work.
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Appendix

Algebra 2
Discussion Final Guidelines

Please keep in mind that this is a new experience for the students as well as
for us. Give the students plenty of opportunity to explain themselves but if
it is obvious that they are trying to fake it or are unsure of themselves let
them know that it is not what we are after and move on.

Only one student per problem. They have been instructed that they will have
to discuss the problem on their own without help from other members of the
group. After you feel this student is finished if you want to ask another
student some questions about this problem that is fine.

If you pick a problem that a student seems unprepared for, let them do what
they can and then come back to that student with a different problem. Please
make note of this on the evaluation form.

Please use the following evaluation sheet in assessing the student's discussions.
If you find the categories I have outlined unusable or too constraining, feel
free to write comments in the comment section or on the back. In assigning
the final points you need to be as specific in your comments as possible. Also
remember that I will need these forms to discuss their evaluations for any
student who wants to check on their performance. If possible, please inform
the students of their score. If you can't due to time restrictions and
opportunity to confer with the rest of the team, I will be available for them
to check grades before school and after on Wednesday and Thursday.



Algebra 2
Discussion Final

Mathernatics:

1) Making sense of problem
(Understanding concepts)

2) Problem-solving strategies
(Methods used)

3) Accuracy of results

Name

4) Interpreting results 1 2 3 4 5
(What do the results mean?)

Presentation:

1) Ability to communicate results 1 2 3 4 5
(Clarity, use of charts/graphs)

II2) Explanation 1 2 3 4 5
(Able to answer questions)

1 2 3 4 5

1 2 3 4 5

1 2 3 4 5

Comments:

Overall Score
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Abstract

In this report, the authors describe the first year of an ongoing intervention study and the learning
of a group of teachers and researchers who are working together to make changes in the ways they
teach mathematics. When reflecting on their beginning efforts, the researchers found that several
assumptions in their planned interventions were not born out by the group's experience. The subject
matter content (integers) they selected as an initial focus of study posed major difficulties for several
of the teachers. The teachers' interest in talking about their own practices strongly influenced the
group's interactions. Collectively, the teachers and researchers created a learning community that
was grounded in watching videotapes of mathematics teaching in a third grade classroom and
discussing ideas about teaching and learning in ways that were different from their own experiences
as teachers and students. Here, the researchers pose a set of conjectures that serve as a framework
for the continuing collaboration of this group of educators' inquiry into non-traditional approaches
in the teaching and learning of mathematics.
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I remember walking timidly into the first ses-
sion of the Investigating Mathematics Teach-
ing class. I had been intrigued by the descrip-
tion of the class which would be looking at
teaching math in a third grade classroom. I
had just started my first teaching job, a part
time, temporary position in a Professional
Development School. I would be teaching
math and since I had graduated more than 10
years ago and had only a bad experience in a
masters level math course, I decided I better
find out "how to teach" math. I knew I wouldn't
be satisfied to only use the teacher's guide.
Little did I know that a year and a half later I
would still be meeting with this group of edu-
cators.

Jan

During my undergraduate work at MSU, I had
profound "rebirth" in the area of mathemat-
ics teaching. After two years of teaching, I
returned to MSU to begin graduate studies
and underwent another refocusinga kind of
"a-ha" experience. I realized tha, I was miss-
ing something: the element of genuine dis-
course and deliberation about mathematics
among students. In spite of this experience
which was, at the time, quite shaking, I came
to the IMT group the following fall feeling
refocused and confident that I now had a
handle on what I wanted for my mathematics
students and for myself

I was intrigued with the idea of utilizing mul-
timedia capabilities organized around a math-
ematics classroom. I envisioned independently
manipulating the HyperCard facilities to.find
out "what a teacher could learn" from using
such technology.

I had no idea that the technology would serve
.first as a springboard and later only as a
backdrop to the very personal and collective
professional investigation of mathematics
teaching and learning.

Lisa
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Jan and Lisa are remembering the feelings
they had the first time they came to Investigat-
ing Mathematics Teaching (IMT), which had
been described to them as an experimental
course for practicing teachers. Helen, Steve,
and Lauren, researchers with the National
Center for Research on Teacher Learning, had
organized this course in order to learn about
the ways in which a multimedia collection of
materials documenting teaching and learning
in Deborah Ball's third grade mathematics
class might be useful to teachers who were
interested in thinking about new ways to teach
math.' They advertised a "group independent
study" for elementary and middle school teach-
ers in the masters program in Michigan State
University's College of Edu.-:ation, but also
welcomed teachers who wanted to participate
without enrolling for course credit.

As the recollections of Jan and Lisa suggest,
the seven teachers who became the IMT group
assembled with different agendas, hopes and
fears. They were all, however, committed to
thinking hard about the teaching and learning
of mathematics. And like Steve, Helen, and
Lauren, the three university people, they felt
sure that they wanted to teach math in ways
that were different from those they had expe-
rienced as students in elementary and second-
ary school. They were, however, in different
places on the journey away from traditional
mathematics teaching and toward something
else. And they were in quite different places
then, on that afternoon in early October, 1991
than they are today.

Much of the history of the group is the history
of individuals rethinking their own practice
and their relationship to and attitudes toward
mathematics. Some parts of that story we have
told elsewhere (see, for example, Featherstone,
Beasley, Corbin, Shank, and Smith, 1993;
Featherstone, Pfeiffer, and Smith, in press;
and Pfeiffer, Featherstone, and Smith, 1993).
Some of it, however, is the story of an ongoing
and evolving conversation about the teaching
ofmathernatics that has lasted through most of
two academic years In December of 1991, at
the last meeting of the "group independent
study," several of the teachers expressed an
interest in continuing to meet. Steve. Lauren,
and Helen were also eager to continue the
work that we all seemed to have begun and so

we set a schedule of biweekly meetings for the
following quarter. Over winter break all the
other teachers decided that they too would like
to continue the connection. At the end of
winter quarter, we decided to continue through
spring quarter, and at our last meeting, in June,
1992, we agreed to reassemble in late August
to discuss plans for launching the 1992-93
school year. We have been meeting at least
every other week this year.

By the end of the 1991-92 school year, several
of us had begun to comment on changes in the
nature of the conversation that occurred at our
Thursday night meetings. Over the summer
Lauren, Steve, and Helen decided to examin -
these changes empirically and to try to under-
stand them better. In January 1993, they asked
the teachers to help them to think about the
changes that had occurred over time; several
intriguing conversations followed. The con-
jectures that we2 generated in these conversa-
tions included the idea that, over time, the
teachers had begun to "push each other more."
In an effort to develop a clearer understanding
of what this meant and how the ecology of
group meetings might support or discourage
this "pushing," we began to look at one meet-
ing through the lens of "discourse analysis
(Tamen, 1989; Coultard, 1992; Shultz, Florio,
and Erickson, 1982; Cazden, 1989)" and to
plan further study of the evolution of this
phenomenon over time (Pfeiffer, Featherstone,
and Smith, 1993).

Discourse analysis provides one tool for look-
ing carefully at aspects of the group's conver-
sation. It helps us to see, in the actual talk, the
ways in which the group members participate
in a collective study of the teaching and learn-
ing of mathematics and, in turn, support one
another's social, emotional, and intellectual
efforts to make changes. We learned w' at
some aspects of the discourse looked and
sounded like, and how the group worked to-
gether to understand, for example, the math-
ematical and pedagogical questions surround-
ing the efforts of third graders to grapple with
the relative size of one-half and one-fifth. We
did not explore, however, the way individuals
experienced our meetings, or the way they
thought about the relationship between what
we did on Thursday evenings and what they
did in their classrooms. Hoping to capture and
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communicate some of this, we returned to our
usual tools: writing and conversation. Jan,
Lisa, and Marian volunteered to write about
some of their thoughtsabout their own par-
ticipation in the group, about the relationship
between our joint conversations and their
teaching, about the evolution of the conversa-
tion. The nine of us then came together on a
Sunday afternoon to read and to talk about
their texts. Helen then edited the texts and the
trenscribed conversation into this paper.

Lisa and Jan's writing (p. 1) took the group
back to the moment when teachers and re-
searchers came together for the first time.
During our first meeting we watched a video-
tape of a third grade mathematics class dis-
cussing a few of the number sentences that the
students had generated in response to Ball's
request that they "write number sentences
equal to 10." One student's suggestion that
"200 take away 190 equals ten" launches a
debate which remains unresolved by the end
of the period: When a second student comes to
the board and shows why she thinks that 200-
190=190, many of her classmates agree al-
though some do not. For the next three math
periods the students work on and discuss prob-
lems that their teacher creates and poses in
order to explore and challenge the concep-
tions that underlie the approach which leads
the third graders to assert that "you can't take
nine from zero so you write down the nine."
Our conversation begins with Jan and Lisa's
written recollections of what they said and felt
during these early meetings.

Our conversation did not, however, move from
these early memories into a linear history of
thc group or of our memories of it. Rather,
these texts--some of which are reproduced
here in italicslaunched us into some reflec-
tions on schools, teachers, and administrators,
and on the reasons that the teachers have
found the gT oup useful and even necessary.

The development of this Sunday afternoon
conversation mirrors that of the IMT group.
Like the group, it starts with some texts: The
texts here are the writings of Lisa, Jan, and
Marian. The texts for the IMT group were, to
begin with, videotapes and other materials
documenting teaching and learning in Deborah
Ball's third grade mathematics class. In recent

months we have sometimes started watching
videotapes of our own math classes. Like the
conversation in the group's regular Thursday
night meetings, this conversation moves back
and between these texts and other matters.
And like the conversation in the regular IMT
meetings, this conversation ends up digging
deeply into questions that come up because of
the texts but are not always directly related to
them.

Kathy:

Carole:

GETTING TOGETHER
When I read what Jan wrote, I just started
thinking about the first time I walked in.
And "timid" is a good word. I had this
great fear that everyone here was going to
be really good at math. I knew I wasn't,
and I kept thinking, "What are they going
to think when they find out that this per-
son is in this math group that doesn't
know anything about math?"

I was really confused about why I was
there. I knew I waited to do something
about math, and Kathy and other people
talked about the NCTM Standards.] didn't
know a thing about the Standards, plus I
didn't know much about math.

FIRST IMPRESSIONS: WATCHING TAPE
When I first watched Deborah Ball end her
math class "in the middle of a problem" I
panicked. How could she do this to these
children? Would they be able to sleep at night
not having heard the answer? Is one problem
a day enough? How would I ever get through
all my "material" if I taught like that? Where
are the manipulatives? How can you teach
negative numbers to third graders? Why would
you?

In some of our early session as I recall the
others talking about "teaching this way," the
"Standards," and "discourse in the class-
room." "This way of teaching" was even com-
pared to the "Whole Language" method. This
was all new to me and I was afraid to speak up
in the beginning. I spent a lot of time listening
and thinking. I often heard doubt in some of
the other voices. Some of this had to do with a
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lack of support in their district but I also
sensed that it had to do with the fact that this
was a new way of looking at teaching math.
Maybe we were all "walking on thin ice."

Jan

Mv first response to Deborah spending 3 days
on 200-190=? was to turn to one trusted
friend in the group and say, "I can 't believe
she spent 3 days on those problems! As the
group discussed the lesson I commented that
administrators in my district would have a
very hard time with this idea.

Late in the school year, I talked of my own
perspective on the 200-190 problem as being
an important reference point in the changes in
my own thinking. Seven months after that
restless, urgent interjection (that my adminis-
trators wouldn't understand spending 3 days
on one problem), I found myself acknowledg-
ing that regardless of opposition or resis-
tance, real or perceived, that I had been expe-
riencing in my teaching, it was ME who had
had so much apprehension and conflict with
this kind of genuine discourse as a primary
pedagogical tool.

Now, I can't believe how much I've changed.
I've come to see what really happens in a
classroom where students use discourse to
construct their own understanding. To a large
extent, I had used my district administration
as a scapegoat for why I couldn't "do" that
kind of discussion in my mathematics class-
room. By this later point, a trust has devel-
oped in the group that has enabled me to put
out on the table that I had been unwilling to
say "I have a problem with this. . . ."

But it wasn 't just a matter of emotional sup-
port, but also ofproviding an environment for
intellectual exploration.

Lisa

As a beginning teacher I was in essence start-
ing with a clean slate. I was able to make my
own curriculum decisions and I had no one
watching over me. This was actually a fright-
ening experience. It seemed that the other
members in the group had either been teach-
ing for several years and "needed" to make
changes in their teaching for survival or they
had "grown up" with this way of looking at
teaching. I wasn 't sure what I thought or

Jan:

believed. I had no foundational experiences
to compare this to. I didn 't have a store of
negative experiences nor of positive teaching
experiences. A lot of teachers at my school
were looking at math in different ways but 1
can still remember being adv.sed to "just use
the teachers guide your first year."

I remember those early experiments with "test-
ing the ice." I bought math journals and,
borrowing from Deborah Ball, 1 asked my
third graders to "write number sentences equal
to 10." 1 was amazed by their responses and
by what I learned about their understandings.
I looked forward to sharing this with the rest
of the group.

Jan

I agree so much with what Lisa wrote.
Because I think she is saying that so much
is self-imposed, and I feel that way, too.
I actually get support from my
principal,but not from my colleagues.
When I say, "Have you tried this or that?"
it's as if I don't exist because I don't have
credibility. I think I had some feelings
reaffirmed here. And so I began thinking
that maybe I am making some right deci-
sions, decisions that are best for kids,
regardless of the "What chapter are you
on?" questions. and I've decided, even
though it's frustrating and I hope that
maybe someday we'll be able to engage,
that right now I have to sort of do my
thing, and talk to the one or two people
who want to talk.

Kathy: Do you think it's partly because you are a
first year teacher?

Jan:

Marian:

8

Probably. They've been around. . . .

Lisa used to talk a lot about the feeling
that no one would listen. No one.
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Lisa: I think that they listen, but. . . . A teacher
in my district is really struggling to make
changes, and she made the comment, "For
twenty-five years I've tried to do every-
thing that they've asked me to do and it's
never been what they've wanted." It was
terrible hearing the pain in that statement.

So often teachers will look and they'll
say, "Here's a teacher who's enthusias-
tic, they're dedicated to their own profes-
sional development; they're inexperi-
enced, obviously. They don't know what
teaching is all about yet." That's why it is
so revitalizing to come here and see that
there are teachers here who have been in
the classroom for twenty-five years, they
know the ropes and they're still fighting.

Kathy: It's true. I remember when I first started
out, if I'd make a comment that was dis-
couraging, or not optimistic, people would
say, "Now you sound like a real teacher!"
It wa'; like they were saying, "Now people
will listen to you."

Jan: That's what makes this group unique.
Teachers, we beat each other up. We aren't
supportive of one another, that's my ex-
perience. It's as though there's a compe-
tition: Who's going to have the cutest
bulletin board display in the hall? or what-
ever.

The IMT group is a place in which we began
to share our frustrations and insecurities. We
came to accept that teaching is strugglingof
an honorable, honest sort. We also continued
to examine interactions and issues in the vid-
eotapes and connect them to our own teach-
ing, our own experience and ideas. We began
to question episodes of mathematics teaching
in the videotapes and echoes of those ques-
tions reverberated in our own heads, pushing
us to ask such questions of ourselves and of
each other.

The group has provided me with a safe envi-
ronment in which I can discuss my own teach-
ing, listen to others, and force myself to think
about and question what I am doing. But most
important, this nurturing and challenging at-
mosphere has encouraged me to take risks.

Lisa:

Lisa

I have a time every week where about half
of the kids go out of the room to band. The
ones who are loft seem to be the ones who
have more trouble with math, so I talked
to them last week about having a math
support time. I had them break into groups
in which some people would be giving
support and others would be receiving
support.

I was watching two students who were
working together and one was pushing
the person who was having trouble, actu-
ally pushing on them. It was very vivid.
And I said, "Stop!" I held up my pen and
I told them that there's a difference be-
tween pushing a pen and sending it fly-
ing, and just supporting it. I asked them to
think about the difference. And that de-
veloped into thinking with the kids about
what you do when you help someone ride
a bicycle: You hold that back bar and you
run with them, and you don't know what
to say that's going to help, you just en-
courage them, saying, "You can do this."
You're giving the support you can, but
you can't "teach" them: The other person
really has to get it for themselves.

Anyway, at the end of the period I had
them spend the last five minutes writing
about what they learned, or what they
were thinking. And this one boy wrotc, "I
learned that getting support is much harder
than giving support." And I thought he
had unlocked the mystery of the universe.
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And I sort of thought that the bike anal-
ogy kind of connects to what we do here.
Even though we are not world class cy-
clers, we can still help each other, balance
each other out. Even though we are not
experts.

Kathy: It's harder to be on the
learn, than to be running

Helen: And it makes you think
and what's involved in
port.

bike, trying to
alongside.

about yourself
accepting sup-

THE DEVELOPMENT OF DISCOURSE
Our group began as a collection of individu-
als who were all interested in examining the
teaching of mathematics. Some of us knew
each other (three even taught at the same
school), and some of us met for the .first time
at our first session. We all thought that we
were simply participating in a ten-week uni-
versity class. But what happened in that class
over time changed our perceptions and our
goals.

A (first our meetings centered around watch-
ing and discussing videotapes of Deborah
Ball 's third grade mathematics class. The
instructors selected the tape each week, and
we discussed what was happening in that
class and how it pertained to our own class-
rooms. Through these weekly discussions a
pattern began to emerge. At first we focussed
on what was happening in Ball's classroom:
what representations the teacher used, how
specific childrei. made .sense of problems, et
cetera. Over time, however, our focus began
to shift. Instead of looking ;list at what was
happening, we also began to look at why that
might be happening. We, collectively, took a
step back to look at the bigger classroom
picture.

As a part of this new way of looking at the
tapes, we began to examine the patterns of
classroom talk: the kinds of questions the
teacher asked and the kinds of responses kids
gave to her and lo each other. Specifically,
our group started to jocus on the classroom
culture and the part that discourse played in
ft.

By discourse we meant more than just class-
room talk. We meant that students were in-
volved in explaining their ideas to each other,
that they had, and shared, reasons for their
ideas, and they listened to each other. Good
discoursc requires an environment where stu-
dents don't look to the teacher for "answers,"
but look to each other (and within them-
selves). They don 'tjust accept answers blindly
either; they ask for (and offer) logical rea-
sons.

As our group examined discourse in Deborah
Ball 's classroom, we began to change in subtle
ways. We found ourselves asking each other
the same questions that Ball asked her stu-
dentsquestions like "Why do you think
that?" What do others think?" or "Could you
say more about that?" We began to push each
other's thinking in ways that Deborah pushed
her students' thinking. In other words, while
studying the discourse on the tapes, we cre-
ated a classroom culture of discourse within
our group.

This development ofdiscourse seemed to have
a dual relationship with trust within our group.
First, we were able to develop it because we
were beginning to trust each other. But our
trust also grew as a result of participating in
discourse, perhaps because respect for
another 's ideas is inherent in good classroom
discourse. Interestingly, no one in our group
eve ,. talked about the pr:rallels that were de-
veloping between our group's talk and the
talk in Deborah Ball 's third grade classroom.
We weren't consciously aware of what was
happening, but we were modeling something
that grew out of our shared experience.

We did, however, openly discuss how we could
cultivate discourse in our own classrooms.
We wanted our students to question each other,
and to give and expect reasons for their
thoughts. As teachers, we tried to model dis-
ourse for our students. We also taught it

directly, saying things like, "It 's important
that we listen to each other."

Perhaps we were better able to teach and
model good discourse only after we had expe-
rienced it ourselves.

It is difficult to trace this experience and it
varies for different members of the group.
But, there is a shared sense that we moved
from a set of concerned individual teachers to
a collective that seeks and supports a critical
but trusting atmosphere in which we purse an
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emerging shared vision ofmathematics teach-
ing. This vision includes fostering a class-
room culture of discourse much like the one
we have experienced.

Marian

Lisa: When I looked at this description of the
way we developed discourse in here, a
couple ofthings struck me. One was where
she says "Good discourse requires an en-
vironment where students don't look to
the teacher for `answers' but look to each
other (and within themselves). They don't
just accept answers blindly either; they
ask for (and offer) logical reasons." I

crossed out "students" there and put
"teachers," because that begins to de-
scribe the discourse within our group.

Then, further down here, it says, "Per-
haps we were better able to teach and
model good discourse only after we had
experienced it ourselves." I felt very
strongly about that and thought a lot about
comments that we've made about how
the support that we've felt, the support we
continue to feel, supports the develop-
ment of what we do in our classrooms.

Debi: I was struck by that same thing, because
the thing that I realized was that I really
didn't know what discourse was and I
was trying to create it in my classroom.
And here we have done it ourselves,
slowly. It hadn't really occurred to me
that that was what we were doing in here,
but we have kind of taught ourselves, or
at least I have been taught on my own
level, so maybe I can take that and trans-
fer it more easily to what I do with my
students.

PUSHING EACH OTHER AND
DEVELOPING TRUST

At our first meeting of our second year, I was
sharing my own ideas about whether to start
the year with a set of lessons which would
engage students in a very "safe" introduction

to discoursefocusing on setting classroom
norms. The students would be encouraged to
agree or disagree with each other's puzzle
models given very cut and dry criteria.
unexpectedly, Kathy asked a question that
came at me from across the table like a bullet:
"But, isn 't the discourse in the task? " THUMP.
And I think to myself.. . she's right. If my task
is well constructed, won't students engage in
a more genuine discourse? But it is the begin-
ning of the year, so maybe we can start off in
a safer way, introduce norms and vocabulary
in a set of lessons which would require less
intellectual risk-taking for these new sixth
graders who have never been asked to think
about whether they agree or disagree with a
mathematical idea.

Already we were challenging each other and
ourselves to not take anything for granted, but
to really dig into what decisions 1,e were
making and why we were making them. This
intellectual pursuit of teaching could only
take place in a setting of trust. In this context,
a hard hitting question is not meant to embar-
rass or demeanIt is a supportive push
Often these questions are ones that are hard
to push ourselves on because we may too
quickly settle for our own perspective.

Lisa

Kathy: I don't remember even asking that ques-
tion.

Lisa:

Helen:

Kathy:

Helen:

You don't?

[to Kathy] I thought Lisa had asked it
because the next week you told us that
you had gone home aftcr the meeting and
said to yourself, "Oh, okay, now I under-
stand: The discourse is in the task."

That makes sense to rne, Helen.

But, actually, it turns out that you asked
thc question.
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Kathy: I think that's an example of trust. Lisa
was telling a story, almost in a way like
she's kind of telling us how to do dis-
course or get ready for discourse. And it
just made us all think about it. I don't Lisa:
know. I don't think you ask questions like
that to people if you don't think that it's
going to be okay with them.

Like, if I ask a question in my staff meet-
ing, people generally assume that I'm
asking it not because I'm seeking infor-
mation, but I'm sort of maybe trying to
put their idea down, or play out a problem
with it. And I think here, when we ask
questions people understand that what we
want is information.

Marian: You just said it: "Assume." We don't
assume the motive. If something doesn't
strike us right, we say, "What do you
mean by that?" or "Are you
saying that . . ?" So instead of assuming
negative motives, we try to clarify.

Jan:

Debi:

Do any of the rest of you find yourselves,
when you're talking with people, saying,
"I'm not trying to be argumentative?" I
find myself saying that a lot, because I do
ask questions. I want to understand
people's rea,sons.

GETTING TO TRUST
I want to know how we got to this trust.
Because it's really hard for me to get to a
point where I feel free to talk. I was
talking to another instructor about why I
don't talk in that class, versus why I do
talk in here. She was wondering why, and
I'm not sure why except that we've been
together longer and I was allowed to be
quiet for as long as I needed to bc, until I
felt safe enough to start sharing things.

Marian: I think too, that the shared experience of
watching and discussing thc tapes of
Deborah Ball's class was a big part of it.
We were building a common frame of

reference: We could always say, "Like in
Deborah's class. . . ."

And maybe that common frame of refer-
ence was a safely net: We were talking
about things that we were really thinking
through in our own classrooms when we
were talking about what we saw in the
other class. We could say, "Look at how
directive she was," without saying,
"You're being directive," "I'm being di-
rective." We could say, "This person on
this tape that isn't here is being direc-
tive," and we could discuss whether or
not that's okay without turning it into
something personal.

Marian: So part of that trust is because we could
take those risks with someone else first.
Deborah took those risks for us.

WHAT ARE QUESTIONS FOR?
Lauren: I wanted to pick up on Kathy's comment

that when questions were asked in the
group it was to find out more information.
I wanted everybody to talk more about
that, because that surprised me: I would
have thought questions also served other
functions besides getting information.

Helen: I think what she was saying is that they're
not a backhanded way of criticizing. That
we assume a wholesome motive, if you
will.

Debi: And that if you want to know something,
it's safe to ask.

Marian: What I think you're saying is that we also
use questions in anothcr way: Maybe we
ask questions to get each other to think
about things from a different perspective.

Lauren: I guess that's what I'm curious about. Is
that truc? And how do you think about
that?

P 2
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Marian: I was going to say that I think they're
related. That we're pushing each other,
but it's with the assumption that it's re-
ally in there. We're not saying, "This is
what you don't know," or "I don't think
you've thought about this." We're say-
ing, "Have you thought about all these
angles?" or maybe we're pushing it a
little, because we realize from our expe-
rience that pushing does help us clarify
for ourselves. And so we're helping each
other to clarify.

Lisa:

QUESTIONS AND THE
COCONSTRUCTION OF AN IDEA

And we are helping to develop an idea in
progress. I think it's really fascinating
that Kathy didn't remember asking the
question rIsn't the discourse in the
task?"] that drove my journal entries for
weeks. I had pages and pages that I wrote
about this question; it really pushed me to
think about my rationale.

to move beyond where they are, I'm just
trying to understand it. Sometimes I ask
them question in order to make them
think harder about this or to move them
with their reasoning. Probably there are
other reasons.

Marian: And that would hold here in the group
too?

Kathy: I think so.

I think about the conversation we had the
night when Steve was taking his very
strong stand on the multiplication tables.
I'm thinking about the questions I was
asking him that night: Some of the time I
wanted to know what he was thinking,
and some of the time, my questioning was
to say to him, "Stop and think about this,
Steve."

Lauren: So that's not just understanding; that's
You asked that question and later on you
were saying, "I understand now," as if it
were somebody else's idea. It was kind of
this in-progress thinking that you threw Kathy:
out, "the discourse in the task." And then
Carole built on it and it became this idea
right there on the table and we really
looked at it and it still is really with us, Lisa:
pushing us. And then it kind of came back
and you left with your own new version
of what the question was. It was kind of
like what Helen talked about when she
said that our ideas are not just celebrated,
but people grab onto a half a conjecture
and run with it. Especially in this in-
stance, where you threw out something
that just seemed so profound.

Kathy: I think questioning is several different
things. I want to revise. Jan made me
think about the questions I ask in my
classroom, and in this group as well.
Sometimes I ask students questions be-
cause I want to understand what they're
thinking. I don't want them to change
what they're thinking. I don't want them

trying to push him to think hardcr?

Yeah. It almost feels like there's a third
one, likc . . .

One is "Keep going with that idea, say
more," and other is "Stop and look back
on it."

Lauren: Another word that as come up in the
writing and the conversation is "chal-
lenging," and I've been trying to think if
pushing and challenging are the same
thing.

Kathy: I think they're different.

Lauren: How would you define the difference?
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Carole: Kathy, in your class when you say, "I
want you to look at a new idea that's on
the board. I want you to think about it," in
a sense aren't you challenging them?

Kathy:

Kathy:

Helen:

Steve:

Kathy:

Jan:

Kathy:

Lisa:

That's more like pushing.

Challenging is almost . . .

Confrontational?

It's a way of disagreeing?

But it's a strong way of disagreeing. I
think you have to have a sense that people
are going to stay with you and not take
offense and get angry before you go to
challenge them.

Are you sort of thinking of challenging
and pushing an idea?

I think it's gentler.

Lisa: I didn't feel that it was supportive, so I
backed out of it. But other people were
still engaging it so they may have thought
it was supportive.

Kathy: I thought it was a great discussion and I
just loved it. But now I'm wondering,
"What did I say? How did I say it?"

Lisa: It could have just been where I was at that
particular day: I was feeling urgency about
figuring out today what I was going to do
for this marking period, and it was a very
theoretical discussion. That was prob-
ably frustrating for me, wanting to have
answers or some feedback about what
might I do this week when I'm calculat-
ing grades. Really, you know, it was more
about questioning answers and not about
answering questions. But if we say the
group is about questioning answers and
not answering questions, that's what it
was.

Kathy: I guess I left feeling that it was unre-
solved. I didn't think people had sanc-
tioned anything.

There are supportive questions, and then Marian:
there is pushing with support. But we
have had some discussions where there is
some challenging going on, and, for me,
it was uncomfortable. That assessment
discussion that we had was very uncom-
fortable for me. I think I probably said
two words that whole night. I didn't want
to be confrontational, but I was frustrated Steve:
about how to ask questions without being
confrontational. There was a lot of con-
frontation going on and it felt like it was
backhanded so I kind of retreated.

Lauren: So that wasn't a time that you had a sense
that thc interaction was supportive push-
ing? Lisa:

I never felt like we had to come to an
answer. So I guess what I'm saying is that
that's why I didn't view it as a confronta-
tional meeting, I wasn't looking for an
answer. Maybe Lisa was looking for an
answer.

Maybe what made it seem confrontational
is that it didn't seem like there was as
much open thinking going on as usual.
On other occasions when people are push-
ing each other, there's more listening and
wondering. I didn't seem like there was
any change taking place.

It felt like we were talking at each other
and not with each other.

04
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Jan:

Jan:

Helen:

Jan:

Lisa:

Carole:

I was listening more than talking, be-
cause I'm trying to resolve a lot of these
things in my own mind. When I grade, I
sort of hide and don't let anyone else
know how I do it. I got my school to go
away from A, B, C, D. So I just liked to
hear the rationale. I have a parent who
says, at every report card, "I don't agree
with this form of grading, I want to know Jan:
how she has improved." So I wrote up an
explanation that I thought would show
him that, but he wants to know if she has
gone to a 98 from a 95!

Kathy: I guess I want to know what people think:
Do you think confrontation is bad, then,
not a good thing for our group to do? I feel
that reaching a point where we can actu-
ally confront each other and be challeng-
ing is a good place to be. It implies trust.

Is CHALLENGING BAD?
Are we assuming that we all think that
challenging is negative? Because it seems
like we are using the word that way. I Jan:
wonder if some of the negative feelings
that we might have about this are be-
cause, often when you are challenging
students in your classroom you're trying
to control their thinking. I mean, you're
hoping they'll go in a certain direction.

It's our ideas that are being challenged
and not our being. But we're so used, as
teachers, to feeling that when our ideas
are being challenged our very being is
being torn apart.

Kathy: We can't separate ourselves from our

You don't want them to conclude that
division is commutative.

Well, if you're challenging their thinking
about multiplication, your goal is to try to
get them to come to some understanding
about what multiplication is. There is
some control because you 're asking the
questions, and they're not just questions
that are out there somewhere and are
meaningless. So, I wonder whether chal-
lenge implies control.

practice.

But maybe we can do that here, right?

Kathy: But I think conflict deepens a relation-
ship. lt might be kind of uncomfortable
when you're in it. . . .

Debi: Then there are attack questions, and those
you don't want. I don't think anybody
feels safc in that sort of conflict. But
confrontation, to me, is okay.

Kathy: See, I come from a family where people
are pretty confrontational and do a lot of
attacking, but we've always kind of en-
joyed that. But a lot of people don't, and
I'm alwiys kind of surprised by that
well, I'm not surprised anymore, but I
forget.

With wrestlers, you have a prize winner
and you have a challenger who is hoping
to take control over the prize. The word
"challenge" has the connotation that there Lisa:
is going to be a winner.

I drew a mountain: I think of a challenge
as going bcyond, it's not getting at just
the basics, it's going beyond.

9 5

If anything, I feel bad that I didn't notice
that Lisa bailed out.

Debi is saying that she was allowed to
stay quiet until she was ready. I was
allowed to stay quiet because I didn't feel
comfortable engaging at the level that
other people were engaging. But I was
still engaged. I was still very much corn-
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Steve:

Debi:

pelled by the discussion, but I had just
retreated to a safe place where I could gct
a handle on what was going on because I
didn't feel safe.

But it's one thing to be putting something
on the table and saying, "Do you think
that this is true?" and talking about that
idea. And it's another thing to have "This
is what I think," "This is what I think,"
and having a butting of ideas instead of a
meshing of ideas. That was what was
frustrating: I was hoping that there would
be a collaboration, a wondering about
what are some ways to handle this. I was
not looking for an answer like, "That's
what Teri does, so that's what I'm going
to do." I was looking for intellectual ex-
ploration.

It occurred to me that when Kathy was
talking about all the ways we question
and about the teachers in the staff room
misinterpreting questions, I wonder how
kids interpret questions.

Because kids say to me, "Why do you
always ask me why?"

I'm wondering if we think about what
assumptions they're making about what
we're saying. I kind of wonder how they're
feeling. They need that silent time. I put
them on the spot.

CIRCLING BACK
Kathy: I want to go back to what Marian wrote

about the development of our discourse
and say quickly about something I dis-
agreed with: I don't think we developed
discourse because we saw it in action on Helen:
Deborah's tape. I think we developed
discourse because of our task. I think the
discourse is in the task, and I think that's
why our group has discourse, not because
it's something we learned from watching
Deborah's tape.

Marian:

Kathy:

Marian:

Kathy:

Marian:

Kathy:

Helen:

It can't be both?

It could be. But that part isn't in here. It
makes it seem like we were pretty pas-
sive, that somebody taught us how to do
discourse, and then they did discourse. I
think we were much more active in that.
Because of our task, which was under-
standing our own teaching, understand-
ing our own mathematics.

I would agree, I would say it's both.

Because I'm thinking about my own class-
room. They don't watch how to do dis-
course and then learn how to do dis-
course. If 1 give them a good task, they do
it.

The discourse is in the task?

Now it's not a question, it's a declarative
sentence. So that's what I'm disagreeing
with.

Well, do we need a group simply because
we're trying to do something that's hard
and different, or is it also because we are
trying to create conversation, and we need
to engage in conversations in order to
create them?

Kathy: Lucy Caulkens says that teachers can't
really understand how to teach writing
unless they write themselves. It doesn't
quite fit for me here, but I guess it must be
true.

I wouldn't agree that it must be true.
Maybe it's too pat.

Kathy: I mean, it seems sensible: You can't teach
writing well unless you write, you can't
have good discourse unless you . . .
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Lauren: But I think that the function of the group
is broader than that. We are learning more
than just about how to create conversa-
tions in classrooms, and maybe that's
why it's too pat to make it that simple. It
makes sense. But it sort of discounts the
power that we're learning about, the power
that the group provides. But then when
you come back to say, well, could you
learn to create conversations in the class-
room without a group, then that's clear.

My other question was, is the need for a
group specific to mathematics? Is it re-
lated to the fact that we all had bad expe-
riences learning math?

Kathy: I don't know, I mean, I want to change
hew I'm teaching reading, and I've been
thinking about it a lot this week, but I
thought, "This is going to be really hard
to do all alone."

I think it's all the same thing.

Notes
'For a detailed description of the agenda of the researchers

and the early history of the group, see Featherstone, Pfeiffer, and
Smith, in press.

'The nine authors listed here, plus one other group member
who has been unable to participate in the writing of this paper.

References
Cazden, C. (1988). Classroom discourse, the language of teach-

ing and learning. Portsmouth, NH: Heinemann.

Coultard, M. (1992). An introduction to discourse analysis.
New York: Longman.

Featherstone, H., Pfeiffer, L., & Smith, S. P. (1993). Learning
in good company (Research Report 93-2). East Lansing:
Michigan State University, National Center for Research
on Teacher Learning.

Featherstone, H., Smith, S. P., D nsley, K., Corbin, D., & Shank,
C. (in press). Expanding the equation: Learning mathemat-
ics through teaching in new ways. East Lansing: Michigan
State University, National Center for Research on Teacher
Learning.

Pfeiffer, L., Featherstone, H., & Smith, S. P. (in press). "Do you
really mean all when you say all?' A close look at the
ecology of pushing in talk about mathematics teaching.
East Lansing: Michigan State University, National Center
for Research on Teacher Learning.

Shultz, J., Florio, S., & Erickson, F. (1982). Where is the floor?
Aspects of the cultural organization of social relationships
in communication at home and in school. In Children in
and out of school. Washington, DC: Center for Applied
Linguistics.

Tannen, D. (1989). Talking voices: Repetition, dialogue, and
imagery in conversational discourse. New York: Cam-
bridge University Press.

97
Michigan State University, East Lansing, Michigan 48824-1034 CP 93-2 Page 13



NIC NATIONAL CENTER FOR RESEARCH ON TEACHER LEARNING

College of Education 116 Erickson Hall Michigan State University
East Lansing, Michigan 48824-1034

Telephone: 517-355-9302 FAX 517-336-2795

NCRTL PUBLICATIONS LIST

Publication Price

Issue Papers

IP 87-1 Buchmann, M. (1987). Teaching knowledge: The lights teachers live by. $3.00
16 pp.

IP 87-2 Kennedy, M. M. (1987). Inexact sciences: Professional education and $ 5.50
the development of expertise. 37 pp.

IP 87-3 Barnes, H. L. (1987). Intentions, problems and dilemmas: Assessing $ 3.00
teacher knowledge through a case method system. 19 pp.

IP 87-4 Floden, R. E., & Clark, C. M. (1987). Preparing teachers for $ 3.25
uncertainty. 22 pp.

IP 88-1 Ball, D. L. (1988). Unlearning to teach mathematics. 19 pp. $ 3.00

IP 88-2 Gomez, M. L. (1988). The National Writing Project: Creating $ 4.00
community, validating experience, and expanding professional
opportunities. 37 pp.

IP 88-3 Cohen, D. K. (1988). Teaching practice: Plus ça change . . . 46 pp. $ 6.50

IP 88-4 NCRTE. (1988). Dialogues in teacher education. 94 pp.

IP 88-5 McDiarmid, G. W., & Ball, D. L. (1988). "Many moons":
Understanding teacher learning from a teacher education perspective.
12 pp.

IP 88-6 McDiarmid, G. W., Ball, D. L., & Andcrson, C. W. (1988). Why $ 3.25
staying one chapter ahead doesn't really work: Subject-specific
pedagogy. 30 pp.

IP 88-7 NCRTE. (1988). Teacher education and learning to teach: A research $ 3.00
agenda. 12 pp.

IP 89-1 Buchmann, M. (1989). The careful vision: How practical is $ 5.00
contemplation in teaching? 31 pp.

IP 89-2 Florio-Ruane, S. (1989). Social organization of classes and schools. $ 4.75
21 pp.

12.00

$ 2.50

Sponsored by the United States Department of Education Office of Educational Research and Improvement

MSU is an affirmative-action, equal-opportunity Institutton



Publication P. ice

IP 89-3 Kennedy, M. M. (1989). Means and ends in professional education. $ 5.00
35 pp.

IP 89-4 Ball, D. L., & McDiarmid, G. W. (1989). The subject matter $ 5.00
preparation of teachers. 31 pp.

IP 89-5 Feiman-Nemser, S. (1989). Teacher preparation: Structural and $ 5.50
conceptual alternatives. 49 pp.

IP 89-6 Floden, R. E., & Buchmann, M. (1989). Philosophical inquiry in $ 5.20
teacher education. 36 pp.

IP 89-7 Zeichner, K., & Gore, J. (1989). Teacher socialization. 48 pp. $ 5.50

IP 89-8 McDiarmid, G. W. (1989). What do prospective teachers learn in their $ 4.30
liberal arts courses? 15 pp.

IP 89-9 Peterson, P. L., Clark, C. M., & Dickson, P. W. (1989). Educational $ 4.90
psychology as a 'foundation" in teacher education: Reforming an old
notion. 27 pp.

IP 39-10 Ball, D. L. (1989). Breaking with experience: The role of a preservice $ 4.60
methods course. 16 pp.

IP 89-11 Parker, M. B., Johnson, J., & Elmore, R. (1990). The architecture of $ 5.20
teaching. 40 pp.

IP 90-1 Zeichner, K. M., & Liston, D. P. (1990). Traditions of reform in $ 5.20
teacher education. 36 pp.

IP 90-2 Feiman-Nemser, S. (1990). Conceptual orientations in teacher $ 4.60
education. 17 pp.

IP 90-3 Kennedy, M. M. (1990). A survey of recent literature on teachers' $ 4.75
subject matter knowledge. 21 pp.

IP 90-4 Floden, R..E., & Klinzing, H. G.; Lampert, M., & Clark, D. (1990). $ 4.90
Two views of the role of research on teacher thinking. 27 pp.

IP 90-5 Larnpert, M., & Ball, D. (1990). Using hypermedia technology to $ 4.60
support a new pedagogy of teacher education. 17 pp.

IP 90-6 Buchmann, M., & Floden, R. E. (1990). Program coherence in $ 4.00
teacher education: A view from the United States. 9 pp.

IP 90-7 Buchmann, M. (1990). Making new or making do: An inconclusive $ 4.60
argument about teaching. 19 pp.

IP 90-8 Buchmann, M. (1990). Learning and action in research reporting. $ 4.75

21 pp.

2

99



Publication Price

IP 91-1 Kennedy, M. M. (1991). Research genres in teacher education. 36 pp. $ 5.20

IP 92-1 Zeichner, K. M. (1992). Connecting genuine teacher development to $ 5.-t5
the struggle for social justice. 19 pp.

IP 92-2 Ball, D. L. (1992). Implementing the NCTM Standards: Hopes and $ 5.05
hurdles. 20 pp.

IP 92-3 McDiarmid, G. W. (1992). The arts and sciences as preparation for $ 6.45
teaching. 38 pp.

Research Reports

RR 88-1 Zeichner, K. M. (1988). Understanding the character and quality of $ 4.00
the academic and professional components of teacher education.
31 pp.

RR 88-2 Ball, D. L. (1988). Research on teaching mathematics: Making subject $ 5.75
matter knowledge part of the equation. 44 pp.

RR 88-3 Ball, D. L. (1988). The subject matter preparation of prospectil $ 4.00
mathematics teachers: Challenging the myths. 31 pp.

RR 88-4 Schram, P., Wilcox, S., Lanier, P., & Lappan, G. (1988). Changing $ 3.00
mathematical conceptions of preservice teachers: A content and
pedagogical intervention. 27 pp.

RR 89-1 Feiman-Nemser, S., McDiarrnid, G. W., Melnick, S. L., & Parker, M. $ 4.75
B. (1989). Changing beginning teachers conceptions: A description of
an introductory teacher education course. 22 pp.

RR 89-3 Ball, D. L., & Wilcox, S. L. (1989). Inservice teacher education in $ 4.75
mathematics: Examining the interaction of context and content. 24 pp.

RR 89-4 McCarthey, S. J. (1989). The teccher. the author and the text: $ 4.75
Variations in the form and content of writing conferences. 25 pp.

RR 89-5 Schram, P. W., Feiman-Nemser, S., & Ball, D. L. (1990). Thinking $ 4.75
about teaching subtraction with reg7.ouping: A comparison of
beginning and experienced teachers' responses to textbooks. 25 pp.

RR 89-6 Floden, R. E., McDiarmid, G. W., & Wiemers, N. (1989). What are $ 4.75
they trying to do? Perspectives on teacher educators' purposes. 22 pp.

RR 89-7 Gomez, M. L. (1990). Learning to teach writing: Untangling the $ 5.20
tensions between theory and practice. 36 pp.

3

100



Publication Price

RR 89-8 McDiarmid, G. W. (1990). Tilting at webs of belief: Field experiences $ 5.50
as a means for breaking with experience. 49 pp.

RR 89-9 Paine, L. (1990). Orientations toward diverst.y: What do prospective $ 4.75
teachers bring? 26 pp.

RR 90-1 Floden, R. E., McDiarmid, G. W., & Wiemers, N. (1990). Learning $ 4.30
about mathematics in elementary methods courses. 14 pp.

RR 90-2 Kennedy, M. M. (1990). Generic and curriculum-specific instructional $ 4.60
planning in alternative routes to certification. 20 pp.

RR 90-3 Feiman-Nemser, S., & Parker, M. B. (1990). Making subject matter $ 4.60
part of the conversation or helping beginning teachers learn to teach.
18 pp.

RR 90-4 Schmidt, W. H., & Kennedy, M. M. (1990). Teachers' and teacher $ 4.60
candidates' beliefs about subject matter biowledge and about teaching
responsibilities. 18 pp.

RR 90-5 McCarthey, S. J. (1990). Talk about text: Changes in content and $ 4.60
authority structures in peer response groups. 17 pp.

RR 90-6 McDiarmid, G. W., & Price, J. (1990). Prospective teachers views of $ 5.80
diverse learners: A study of the participants in the ABCD Project. 59
pp.

RR 90-7 Ball, D. L., & Wilson, S. W. (1990). Knowing the subject and $ 4.60
learning to teach it: Examining assumptions about becoming a
mathematics teacher. 19 pp.

RR 90-8 Ball, D. L., & Mosenthal, J. H. (1990). The construction of new forms $ 4.75
of teaching: Subject matter knowledge in inservice teacher education.
24 pp.

RR 90-9 Merseth, K. K. (1990). Beginning teachers and computer networks: A $ 4.90
new form of induction support. 28 pp.

RR 90-11 McDiarmid, G. W. (1990). What to do about differences? A study of $ 4.90
multicultural education for teacher trainees in the Los Angeles Unified
School District. 30 pp.

RR 90-12 Gomez, M. L., & Comeaux, M. A. (1990). Start with the stone, not $ 4.75
with the hole: Matching novices' needs with appropriate programs of
induction. 24 pp.

RR 90-13 Parker, M. B. (1990). Adolescent dancing and the mentoring of $ 4.60

beginning teachers. 19 pp.



Publication Price

RR 90-14 Cohen, D. K., & Peterson, P. L. (co-directors) & Wilson, S., Ball, D., $ 7.10
Putnam, R., Prawat, R., Heaton, R., Remillard, J., & Weimers, N.
(1990). Effects of state-level reform of elementary school mathematics
curriculum on classroom practice. [Also available as E.S.C. No. 25]
174 pp.

RR 91-1 Wilcox, S. K., Schram, P., Lappan, G., & Lanier, P. (1991). The role $ 4.90
of a learning community in changing preservice teachers' knowledge
and beliefs about mathematics education. 30 pp.

RR 91-2 Wilson, S. M., & Ball, D. L. (1991). Changing visions and changing $ 6.10
practices: Patchworks in learning to teach mathematics for
understanding. 33 pp.

RR 91-3 McCarthey, S. I. (1991). Two cases of students' internalization of $ 5.50
dialogue from writing time. 50 pp.

RR 91-4 Holt-Reynolds, D. (1991). The dialogues of teacher education: $ 4.75
Entering and influencing preservice teachers' internal conversations.
23 pp.

RR 91-5 Holt-Reynolds, D. (1991). Practicing what we teach. 27 pp. $ 4.90

RR 91-6 Feiman-Nemser, S. (1992). Helping novices learn to teach: Lessons $ 5.05
from an experienced support teacher. 18 pp.

RR 91-7 Anderson, L. M., Raphael, T. E., Englert, C. S., & Stevens, D. D. $ 7.15
(1992). Teaching writing with a new instructional model: Variations in
teachers' beliefs, instructional practice, and their students'
performance. 50 pp.

R.R 92-1 Wilcox, S. K., Lanier, P.. Schram, P., & Lappan, G. (1992). $ 5.75
Influencing beginning teachers' practice in mathematics education:
Confronting constrants of knowledge, beliefs, and context. 28 pp.

RR 92-2 McCarthey, S. J. (1992). The influence of classroom discourse on $ 6.10
student texts: The case of Ella. 35 pp.

RR 92-3 McCarthey, S. J. (1992). Teachers' changing conceptions of writing $ 5.75
instruction. 30 pp.

RR 92-4 Mead, J. V. (1992). Looking at old photographs: Investigating the $ 4.70
teacher tales that novice teachers bring with them. 15 pp.

RR 92-5 Navarro, J. J. (1992). Will teachers say what we want to hear? $ 5.05
Dilemmas of teacher voice. 20 pp.

RR 92-6 Zeuli, J. (1992). How do teachers understand research when they read $ 6.10
it? 32 pp.

5



Publication Price

RR 92-7 Kirsner, S. A_ & Bethel!, S. (1992) Creating a flexible and responsive $ 6.10
learning environment for general mathematics students. 31 pp.

RR 92-8 Bird, T., Anderson, L. M., Sullivan, B. A., & Swidler, S. A. (1992). $ 5.40
Pedagogical balancing acts: A teacher educator encounters problems
in an attempt to influence prospective teachers' beliefs. 23 pp.

RR 92-9 Mead, J. V. (1992). Teachers' evaluations of student work. 37 pp. $ 6.45

RR 92-10 Nemser, S. F., & Parker, M. B. (1992). Los Angeles mentors: Local $ 5.40
guides or educational companions? 25 pp.

RR 92-11 Feiman-Nemser, S., Parker, M. B., & Zeichner, K. (1992). Are mentor $ 5.05
teachers teacher educators? 18 pp.

RR 93-1 Zeuli, J. S., & Tiezzi, L. J. (1993). Creating contexts to change $ 4.60
teachers' beliefs about the influence of research. 18 pp.

RR 93-2 Featherstone, H., Pfeiffer, L., & Smith, S. P. (1993). Learning in good $ 4.68
company: Report on a pilot study. 20 pp.

RR 93-3 McCarthey, S. J. (1993). Risks and opportunities of writing from $ 5.94
personal experience. 13 pp.

Craft Papers

$ 4.90
to teach subject matter. 26 pp.

CP 89-1 Wilson, S. M. (1989). A case concerning content: Using case studies

CP 89-2 Wilson, S. M. (1989). The secret garden of teacher education. 11 pp. $ 4.30

CP 89-3 Lappan, G., & Even, R. (1989). Learning to teach: Constructing $ 4.75
meaningftd understanding of mathematical content. 25 pp.

$ 4.60
teachers' ideas about writing instruction. 18 pp.

CP 90-1 Florio-Ruane, S., & Lensmire, T. J. (1990). Transforming future

$ 5.35
representational contexts in teaching fractions. 41 pp.

CP 90-2 Ball, D. L. (1990). Halves, pieces, and twoths: Constructing

CP 90-3 Ball, D. L. (1990). With an eye on the mathematical horizon: $ 5.00
Dilemmas of teaching elementary school mathematics. 33 pp.

$ 4.30
education. 11 pp.

CP 91-1 Reid, G. (1991). Transforming knowledge in undergraduate teacher

CP 91-2 Bird, T. (1991). Making conversailuns about teaching and learning in $ 4.60
an introductory teacher education course. 17 pp.

6



Publication Price

CP 91-3 Lehman, M. (1992). Assessing assessment: Investigating a $ 4.70
mathematics performance assessment. 15 pp.

CP 92-1 Kennedy, M. M. (1992). Learning to teach in a different culture. $ 5.75
26 pp.

CP 92-2 Ma, L. (1992). Discussing teacher education in China and relevant $ 5.40
debates in the United States with a Chinese teacher: A conversation
with Yu Yi. 21 pp.

CP 92-3 Wang, L. W. (1992). Learning co teach the elementary field $ 6.10
experience course at a teachers junior college in Taiwan. 33 pp.

CP 93-2 Featherstone, H., Pfeiffer, L., Smith, S. P., Beasley, K., Corbin, D., $ 5.94
Derksen, J., Pasek, L., Shank, C., & Shears, M. (1993). "Could you
say more about that?" A conversation about the development of a
group's investigation of mathematics teaching. 13 pp.

Conference Series

CS 87-1

CS 89-1
Vol. 1

CS 89-1
Vol. 2

Technical Series

TS 88-1

TS 89-1

TS 90-1

TS 93-1

Feiman-Nemser, S. (Ed.). (1987). Teacher education and learning to $ 13.25
teach: Proceedings of the first annual NCRTE retreat. 103 pp.

NCRTE. (1989). Competing visions of teacher knowledge: $ 13.00
Proceedings from an NCRTE seminar for education
policymakersAcademic Subjects. 231 pp.

NCRTE. (1989). Competing visions of teacher knowledge: $ 7.00
Proceedings from an NCRTE seminar for education
policymakersStudent Diversity. 106 pp.

Freeman, D. J. (1988). Compendium of items for follow-up surveys of $ 3.00
teacher education programs. 28 pp.

McDiarmid, G. W., & Ball, D. L. (1989). The Teacher Education and $ 5.40
Learning to Teach Study: An occasion for developing a conception of
teacher knowledge. 21 pp.

Stoddart, T. (Ed.). (1990). Perspectives on guided practice. 83 pp. $ 6.50

Kennedy, M. M., Ball, D. L., & McDiarmid, G. W. (1993). A study $ 15.00
package for examining and tracking changes in teachers' knowledge.
160 pp.



Publication Price

Special Reports

SR 6/91 NCRTL. (1992). Findings from the Teacher Education and Learning $ 10.65
to Teach study: Final report, the National Center for Research on
Teacher Education. 96 pp.

SR 7/92 Featherstone, H. (1992). Learning fi-om the first years of classroom $ 5.00
teaching: The journey in, the journey out. 20 pp.

SR 8/92 Sykes, G., & Bird, T. (1992). Teacher education and the wise idea. $ 8.00
52 pp.

SR 2/93 Zeichner, K. M. (1993). Educating teachers for cultural diversity. $ 7.00
40 pp.

10/4/93



Series Number Author

NCRTL ORDER FORM

Quantity***

Mail To: NCRTL Publications
Michigan State University
116 Erickson Hall
East L nsing, MI 48824-1034

Unit Price Cost

SHIP TO: Date Ordered: Total Cost $

Tax (Michigan Res. 4%)* $

Exemption Certificate #

Postage and Handling** $

TOTAL ENCLOSED $

Order form must include check or money order in US funds payable to MICHIGAN STATE UNIVERSITY or a PREPAID purchase

order. NO CREDIT CARD ORDERS. please.

Michigan residents should add a 4% state sales tax.

4r* POSTAGE and HANDLING charges for US and Canada are $1.00 for the first publication and 5.50 for each additional publication. Foreign orders

outside US and Canada must include $1.50 per publication for air mail or 5.50 per publication for surface mail.

If you need multiple copies of any NCRTL publication, you may find it more economical to order a single copy and make photocopies of it. Because

the NCRTL is federally funded, its publications are not copyrighted and you may make as many photocopies as you need.

However, if you do use part or whole of any publication, please state it is from the NCRTL and forward any articles to the Center in which our

publications were quoted.

10/4/93

1 6



CHANGING PRACTICE:
TEACHING MATHEMATICS

FOR UNDERSTANDING

A PROFESSIONAL DEVELOPMENT GUIDE

Developed by

Steven A. Kirsner, John S. Zeuli,
Linda Alford, and Michael J. Michell

The Teaching Mathematics for Understanding
Video Project

National Center for Research on Teacher Learning
Michigan State University
East Lansing, Michigan

1107



INTRODUCTION
TO THE VIDEO

A. Students' Role as Learners of
Mathematics

B. Mathematics Content

1. Mathematics as
Problem-Solving

2. Mathematics as Reasoning
3. Mathematics as Communication
4. Mathematical Connections

C. The Teacher's Role

1. Worthwhile tasks
2. Classroom discourse
3. Learning environment
4. Systematic analysis



ORIENTING QUESTIONS
FOR VIEWING THE VIDEO

Questions about the Students' Role

1. When you observe the students in
the video,

a. What are students saying that
you find particularly interesting
or considerably different from
what students typically say in
conventional mathematics
classrooms?

b. What are students doing that
you think is different from
what one typically sees during
mathematics instruction?
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ORIENTING QUESTIONS
FOR VIEWING THE VIDEO

Questions about Mathematical
Content

1. The NCTM Standards suggest
that students should engage in
worthwhile activities. How would
you define the content these
students are thinking about and
how does this content differ from
the content offered in your
textbooks?

no



0 Questions about Mathematical Content
(cont.)

2. The NCTM Curriculum and
Evaluation Standards recommends
that mathematics curricula at all
grade levels focus on
a. mathematics as problem-

solving;
b. mathematics as reasoning;
c. mathematics as communication;

and
d. mathematical connections.

What examples of each curriculum
focus are shown on the video?

3. How do teachers and other
educators in the video think about
the role and relevance of basic
skills and procedures?
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ORIENTING QUESTIONS
FOR VIEWING THE VIDEO

Questions about the Teacher's Role

1. How do the teachers in the video
describe what students in their
classrooms are saying or doing
differently as they learn
mathematics?

2_ What kinds of questions do
teachers pose and how do they get
all students involved in thinking
about these questions?

3. How do teachers guide students'
responses and how do they
respond to students' unexpected
ideas?



Questions about the Teacher's Role (cont.)

4. Teachers in the video use and
describe different approaches to
teaching mathematics (e.g., using
manipulatives, alternative assess-
ments, student writing, group
work).

a. Could teachers use these
different approaches during
mathematics instruction, yet
remain tied to traditional
mathematics teaching? For
example, could a teacher use
group work without teaching
mathematics for understanding,
or use manipulatives without
any focus on helping them
reason about mathematics?
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0 Questions about the Teacher's Role (cont.)

b. If so, what makes these
different approaches consistent
with teaching mathematics for
understanding?

5. What difficulties do teachers and
other educators describe in learn-
ing to teach mathematics for
understanding?

III

a. What do they describe as the
benefits of trying to overcome
these difficulties?
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Questions about the Teacher's Role (cont.)

b. What obstacles might you
confront if you want your
students to engage in these
activities? How might you
manage these obstacles in order
to help students focus on
understanding mathematics?



MS. BALL'S 3RD GRADE
CLASSROOM

Discussion questions:

1. According to the NCTM
Curriculum and Evaluation
Standards ,

"Students need to experience genuine
problems regularly. A genuine prob-
lem is a situation in which, for the
individual or group concerned, one or
more appropriate solutions have yet to
be developed. The situation should be
complex enough to offer challenge, but
not so complex as to be insoluble...
Learning should be guided by the
search to answer questionsfirst at an
intuitive, empirical level; then by
generalizing; and finally by justifying
(proving). " (p. 10)

116



MS. BALL'S CLASSROOM (cont.)

a. Do you think that the students
in this class N,vere trying to
solve a "genuine problem"?
What features of the problem
make it genuine or not
genuine?

b. How did Ms. Ball use this
problem to engage students and
elicit their mathematical
reasoning and communication?

c. What could be a genuine
problem for students at your
grade level?
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MS. BALL'S CLASSROOM (cont.)

2. During the whole class discussion,
the teacher rarely gave students
any hint about whether she
thought they were right or wrong,
or even if they were on the right
track. Why do you think she
behaved this way? What effect
did her behavior have on the
students' reasoning about math?

3. One of the purposes for this
lesson was to diagnose what
students knew about fractions as
they began a unit on fractions.

a. Why might it be important for
a teacher to learn what her
students know about a topic
they had not yet studied?
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MS. BALL'S CLASSROOM (cont.)

b. What did you find out about
what students knew? Did
anything surprise you?

c. Contrast this teacher's
diagnosis of her students'
knowledge of fractions with a
more traditional pre-test
approach.

4. Ms. Ball accepted a student's
definition of the unit as "cutted
bread." Would you do this? Is
this good practice? What is your
reasoning?
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MS. BALL'S CLASSROOM (cont.)

5. According to the Professional
Teaching Standards, "The teacher of
mathematics should orchestrate discourse by:

posing questions and tasks that elicit,
engage, and challenge each student's
thinking;

*listening carefully to students' ideas;
asking students to clarify and justify their

ideas orally and in writing;
deciding what to pursue in depth from

among the ideas that students bring up
during a discussion;

deciding when and how to attach
mathematical notation and language to
students' ideas;

deciding when to provide information, when
to clarify an issue, when to model, when
to lead, and when to let a student struggle
with a difficulty;

*monitoring students' participation in
discussions and deciding when and how to
encourage each student to participate. "(p. 35)



0 MS. BALL'S CLASSROOM (cont.)

Orchestrating discourse depends
"on teachers' understandings of
mathematics and of their students
on judgments about the things that
students can figure out on their own
or collectively and those for which
they will need input." (p. 36)

a. In what ways did Ms. Ball
attend to these suggestions for
orchestrating discourse?

b. Do you see places where a
teacher might have made
different decisions from those
Ms. Ball made? What do you
think her decisions were based
upon? On what are your
decisions based?



MS. BALL'S CLASSROOM (cont.)

6. The students in this class seemed
comfortable reasoning about
mathematics in a whole group
setting, including at times
disagreeing with their classmates.
How might a teacher establish
these norms of communication in
her class?
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MS. JONES'S
7TH GRADE CLASSROOM

Discussion questions:

1. The video segment shows students
representing numbers with base
ten blocks. According to the
Curriculum and Evaluation
Standards,
"Students need to experience genuine
problems regularly. A genuine
problem is a situation in which, for the
individual or group concerned, one or
more appropriate solutions have yet to
be developed. The situation should be
complex enough to offer challenge, but
not so complex as to be insoluble...
Learning should be guided by the
search to answer questionsfirst at an
intuitive, empirical level; then by
generalizing; and finally by justifying
(proving)." (p. 10)
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MS. JONES'S CLASSROOM (cont.)

a. Do you think that the students
in this class were trying to
solve a "genuine problem"?
What features of the problem
make it genuine or not
genuine?

b. How could the problem be re-
cast to make it more genuine or
less genuine?

c. How does this method of
learning decimals compare with
your textbook's treatment of
decimals?
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0 MS. JONES'S CLASSROOM (cont.)

2. The students in this segment
worked in groups, as they do
regularly in Ms. Jones's class
(and as is encouraged by the
Standards).

a. What is the rationale for group
work? What benefits do you
think students derive from
working in groups?

b. This class was filmed in the
middle of the year. What
norms of classroom discourse
and behavior do you think Ms.
Jones had to cultivate through-
out the school year for students
to be able to work together as

0 they did in this segment?



MS. JONES'S CLASSROOM (cont.)

c. During the class discussion Ms.
Jones consistently pushed
students to elaborate when they
responded to her questions.
Why do you think she did this?
Compare and contrast how she
asked questions with the more
traditional questioning that
seeks a right or wrong answer
from students.

d. What other questions or
different prompts can you think
of to help students develop
decimal number sense?



MS. JONES'S CLASSROOM (cont.)

3. The Professional Teaching
Standards ask teachers to attend to
standards in four areas: selecting
worthwhile tasks; creating a
learning environment;
orchestrating discourse; and
engaging in thoughtful analysis.

How did this teacher appear to be
attending to any of these standards
during the lesson?

127



fb
MS. JONES'S CLASSROOM (cont.)

4. Four standards in the Curriculum
and Evaluation Standards are
common to all grade levels:
mathematics as problem-solving;
mathematics as communication;
mathematics as reasoning; and
mathematical connections.

How did these students appear to
be attending to any of these
standards during the lesson?
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MR. SHERBECK'S CLASSROOM

Discussion questions:

1. The students in this segment
worked in groups.

a. What is the rationale for group
work? What benefits do you
think students derive from work-
ing in groups? What are the
drawbacks?

b. This class was taped in the
middle of the year. What norms
of classroom discourse and
behavior do you think Mr. Sher-
beck had to cultivate throughout
the school year for students to be
able to work together as they did
in this segment?



MR. SHERBECK'S CLASSROOM (cont.)

c. If you wanted your students to
talk to each other like the
students in Mr. Sherbeck's class,
how would you model this kind
of conversation? How would
you give feedback to students
that would encourage
constructive comments and
discourage off-task comments?

2. Why might it be important for
students to write about their
mathematical thinking?
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MR. SHERBECK'S CLASSROOM (cont.)
0

3. A teacher could ask students to write
about mathematics without
necessarily contributing to their
problem solving, reasoning, or
communication skills. How can
teachers use students' writing in
ways that promote meaningful
mathematical learning?

4. The Professional Teaching Standards
ask teachers to attend to standards in
four areas: selecting worthwhile
tasks; creating a learning environ-
ment; orchestrating discourse; and
engaging in thoughtful analysis.

0

How did this teacher appear to be
attending to any of these standards
during the lesson?
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MR. SHERBECK'S CLASSROOM (cont.)

5. Four standards in the Curriculum
and Evaluation Standards are
common to all grade levels:
mathematics as problem-solving;
mathematics as communication;
mathematics as reasoning; and
mathematical connections.

How did these students appear to be
attending to any of these standards
during the lesson?
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MR. LEHMAN'S
ALGEBRA ASSESSMENT

Discussion questions:

1. What are the advantages and
disadvantages of this type of
assessment, where students
individually demonstrate their
knowledge and understanding by
orally defending their solutions to
problems?

Contrast what students must know
and be able to do for this type of
assessment with what they must
know and be able to do for more
traditional pencil and paper tests.
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0 MR. LEHMAN'S ASSESSMENT (cont.)

2. Although the students prepare
their solutions while working in
groups, they were required to
explain their solutions
individually.

What might be some advantages,
or disadvantages, of allowing
groups to demonstrate their
solutions collaboratively in this
type of assessment activity?
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0 MR. LEHMAN'S ASSESSMENT (cont.)

3. If classroom instruction is not
consistent with the type of sense-
making, conceptual questions that
panelists ask students, then
students cannot be expected to do
well on the assessment.

If you knew your students would
be assessed by a panel like this,
how would you prepare them?

Where would you find problems
for them to work on?

How would you organize
classroom discussions to model
this kind of reasoning about
mathematics?



0

*

0

MR. LEHMAN'S ASSESSMENT (cont.)

4. What logistical or technical
problems might be associated with
arranging this type of assessment?

What alternatives might be used
by teachers who might have
difficulty gathering a large
number of panelists, but who
would like to give students
opportunities to demonstrate orally
their mathematical sense-making
and problem solving abilities?
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